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ABSTRACT

The dissertation makes four major contributions: (1) An applied
problem has been formulated, solved, and implemented along with compu-
tational tests. (2) An in-depth literature review has been done for
the multidimensional assignment problem, with special results derived
for one, and a summary of others. (3) A solvable case of the NP-hard
three-dimensional planar assignment problem has been solved with a
polynomial-time solution. (4) A new multiple traveling salesman
problem has been introduced, and a heuristic developed and analyzed
for a class of random problems.

The source problem is a tourism industry convention scheduling
problem in which interviews among buyers and sellers are to be
scheduled on a one-to-one basis during available time periods.
Preference 1ists provided by both sellers and buyers are to be used
to get mutual preference coefficients for optimization. A secondary
goal is overall distance minimization for buyers moving between
meetings.

The dissertation contains an exposition of several different
types of model formulations of higher dimensional assignment problems
and related problems which appear in the literature. The focus is on
the three-dimensional planar assignment problem, which is the basic
model of the tourism convention application. The general problem is

shown to be NP-hard in computational complexity.
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The primary tourism convention problem is shown to belong to a

polynomial bounded special class of the three-dimensional planar
assignment problem. A two phase optimization solution is presented
which consists of a two-dimensional capacitated transportation problem
and a succession of two-dimensional classical assignment problems.

In the first phase, optimal interviews overall are found for buyers
and sellers, and in the second phase, nonconflicting time schedules
are made for those optimal meetings. An application of the "marriage
theorem" is used to derive the nonconflicting schedules.

A new multiple traveling salesman problem is defined which is a
simultaneous, overlapping, nonconflicting problem. It appears in
consideration of the secondary objective of the tourism problem, and
is referred to as the "musical chairs traveling salesman problem"
(MCTSP). An heuristic method of solution is presented which is a
succession of distance minimizing two-dimensional classical assignment
problems, after a judicious starting assignment is found by the first
one. When the secondary objective is included in the tourism con-
vention problem, the second phase of the three-dimensional planar
assignment solution is modified to include the MCTSP heuristic.

A probabilistic analysis is done for the general MCTSP heuristic,
using for weights independent random variables from a gamma
g(1/n,8) distribution, where n is the number of time periods,
salesmen, and cities (assumed equal for the analysis). The ratio of
the expected objective function value of the heuristic solution to

that of a randomly chosen solution is shown to be less than

(1 + an(n-1))/(n-1).




The solution method is computer implemented using four mutual

preference objective coefficients with data from a recent tourism
convention. A logarithmic cost is found to give the largest per-
centages of high preferences to both buyers and sellers. Computational
tests are reported for problems of varying size using random
independent preferences and random competitive preferences. The
algorithm demonstrates the ability to resolve the conflicts and give
almost as good solutions for data with strong competition and
similar preferences as for random preferences, as indicated by ranks
of preferences for resulting assignments. The average distance
traveled when the MCTSP heuristic is not used in Phase Il is greater
than when it is used by a factor of 2.5 or more in all random
problems, based on a sample grid supplied for the problems. With
the number of time periods held constant, and numbers of buyers and
sellers proportional, the CPU time is almost linear with problem size
as depicted by the number of sellers.

Several potentially fruitful research areas are presented with

some conjectures.
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CHAPTER 1

OVERVIEW

1-1. INTRODUCTION

This dissertation is based on a travel convention application,
which is modeled as a three-dimensional planar assignment problem.

A secondary objective requires the solution of a variation of the
m-salesmen traveling salesman problem, which we have coined the
"musical chairs traveling salesman probiem."

A polynomial-time algorithm for our case of the three-dimensional
planar assignment problem is presented. A heuristic for the musical
chairs traveling salesman problem is given, and its expected perform-
ance is analyzed. The methods are implemented with data from a
recent travel convention.

A literature survey of assignment problems and m-salesmen
traveling salesman problems presents numerous problems related to
those solved here. The conclusion of the dissertation describes
related prospective research problems.

1-2. THE SOURCE PROBLEM: A TOURISM
INDUSTRY CONVENTION

1-2.1. Description of the Source Problem

This research originated in a scheduling problem often
encountered in the annual conventions of several trade associations,

particularly those in the travel and tourism industry (Fowler, 1976).
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Due to the nature of the business conducted, the convention trade
shows for these organizations do not use the typical drop-in display
booths. Instead, individual meetings between the sales representa-
tives and the prospective buyers are scheduled. The prospective
buyers are tour brokers. The sellers are representatives of motels,
hotels, and various tourist attractions.

The typical situation involves an unequal number of buyers and
sellers, a series of time periods in which all visits must be con-
cluded, and a requirement that these meetings are on a one buyer, one
seller basis.

When the tourism convention is in the planning stage, each
seller who expects to set up a booth at the convention submits to
those who are planning the meeting schedules, a preference list of
buyers he would 1ike to meet. Each prospective buyer, on the other
hand, who expects to attend the convention, submits a preference
list of sellers whose booths he would like to visit. A1l lists are
in order of preference, Tower numbers in sequence showing more
favored choices. These preferences are used, in some way, to measure
the desirability of buyer j meeting seller k. This coefficient is
denoted by Cjk'

There are fewer buyers than sellers. Hence each buyer will
be assigned a meeting in each time period available for meetings
at the convention, while some sellers will have fewer meetings than

time periods available. An additional requirement will be imposed



in the planning to balance to the extent possible the idle time

periods among the sellers.

The tourism convention scheduling problem is to arrange all
buyer-seller meetings, buyer j with seller k, in such a way as to
minimize the sum of the Cjk over all scheduled meetings. The meet-
ings take place in a large arena, and so there is a secondary
objective of minimizing travel distance of the‘"trave11ng buyers,"

as they go from booth to booth in successive time periods.

1-2.2. Mathematical Formulation

An integer programming formulation may be made for the time-
buyer-seller scheduling process for the tourism industry convention.
It constitutes a three-index assignment problem of the three planar
sum type, with a secondary objective which resembles the m-salesmen
traveling salesman problem. These problems will be explored in
later chapters.

Let positive integers q, r, and s be the number of time periods,
. buyers, and sellers, respective]y; with q < r <s. The "cost" of
assigning buyer j to seller k is Cjk‘ (The derivation of these costs
from the ordinal ranking specified by the buyers and sellers is dis-
cussed later.) The distance at the convention from the booth of
seller k to the booth of seller h is given by dkh‘ Both Cjk and dkh
are assumed nonnegative. Define N = [qr/s], the integral part of the
average number of buyers a seller will see. The decision variable
Xis = 1, if in time period i buyer j meets seller k; otherwise,

13

xijk = 0.



The source problem is stated:

r s
Minimize % 1) CapXss (First objective) (1.1
j=1 j=1 k=1 KK a-n
S S g-1 r
Minimize d .. x... . | (Secondary
kZ] h21 kh 121 j§1 Xijk *4+41,jh| objective) (1.2)
Subject to:
12] X ik <1 (§=1,...,r3k=1,...,s) (1.3)
P
jz] Xi ik <1 (i=1,...,q3k=1,...,s) (1.4)
S
kz1 Xiik = 1 (i=1,...,9:3=1,...,r) (1.5)
o7
X;s, > N (k=1,...,s 1.
51 391 ijk ) (1.6)
Xijk = 0,1 (i=1,...,033=1,...,r3k=1,...,8)  (1.7)

The objective (1.1), with (1.3), (1.4), (1.5) and (1.7) are a
three-dimensional assignment problem: each buyer-seller pair can meet
at most once (1.3); each seller in each time meets at most one buyer
(1.4); each buyer in each time meets exactly one seller (1.5). The
objective (1.2) resembles a traveling salesman problem in that it

minimizes total distance traveled by all buyers. Constraints (1.6)



are an added optional restriction which require each seller to have

approximately an average number of meetings at the least.
1-3. SUMMARY

There are a large number of practical problems which could be
viewed from the perspective of mu]tidimensionaT traveling salesman,
transportation and/or assignment problems. Scheduling a timetable
of meetings between tour brokers and vendors is a ranked multi-
objective problem as well.

The Titerature survey of multidimensional assignment problems
reveals a vast array of formulations. The travel convention problem
belongs to the class of irregular three-dimensional nlanar assign-
ment problems, using the first objective. The three-dimensional planar
assignment problem is not a minimum weight three-dimensional match-
ing problem, belongs to computational complexity class NP-hard, and
because of the lack of total unimodularity of the constraint matrix
cannot be solved as a relaxed LP to get integer solutions as required.

Although the general three-dimensional planar assignment problem
is a NP-hard problem, we show that our problem is in class P, by
virtue of the fact that the desirability of an assignment is time
invariant. We solve this problem optimally by first assigning buyers
to sellers in Phase I, ignoring the time dimension, using a capaci-
tated transportation algorithm. The solution of this problem gives
the set of booths which each buyer will visit. Corresponding to this
solution, in Phase Il we use the "marriage theorem" to prove the

existence of nonconflicting time schedules for the buyers, which are
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found by solving a sequence of two-dimensional assignment or matching
problems. Thus, because of the time invariant nature of the stated
preferences of the buyers and sellers, we define two phases for
arriving at the scheduled meetings.

The secondary objective of the tourism problem is to minimize
the total distance traveled by the buyers in proceeding to the
scheduled meetings with sellers during the successive time periods.
When the secondary objective is included, Phase I of the solution is
unchanged, since it determines the optimal meetings according to the
first objective, which takes precedence over the second. Phase II
becomes the "musical chairs traveling salesman problem," an NP-hard
problem. We solve this problem heuristically by adding a distance
objective to the series of assignment problems of Phase II, after an
auspicious start for each buyer in the first time period. The
heuristic is essentially a global nearest neighbor approach.

The heuristic which we develop for the musical chairs traveling
salesman problem is of more general significance, since it can be
applied to the generé] m-salesmen traveling salesman problem.

For a general probabilistic analysis, the admissible "distances,"
or weights, are assumed to be independent random variables from a
gamma g(1/n,8) distribution, where n is the number of time periods,
buyers, and sellers (assumed equal for the analysis). The ratio of
the expected objective function value to that of a randomly chosen

solution is shown to approach zero as n approaches infinity.



CHAPTER II
SURVEY OF MULTIDIMENSIONAL ASSIGNMENT PROBLEMS
2-1. OVERVIEW OF TWO-DIMENSIONAL ASSIGNMENT PROBLEMS

As a part of the survey of multidimensional assignment problems,
the two-dimensional assignment problem is considered first as a
backdrop. The classic simple case will be seen from several view-
points, and a variety of other related problems, called "assignment
problems," will be described, some of which are linear programs and
some of which are not. Each model has several higher-dimensional

counterparts.

2-1.1. Classical Simple Assignment Problems (2DAP)

2-1.1.1. Regular.

(a) Definition. Suppose that there are n positions to be
filled by n men, and costs aij for the ith man in the jth position.
Any assignment is specified by a permutation

1,2,...,n

=
1l

Jyadgae-ady
in which the ith man is assigned to position ji = n(i). An optimal
assignment is one that minimizes .g] 3 (1) (Ha11, 1967).

Looking only at the "cost" mggrix, the 2DAP may be briefly

defined as the problem of finding a subset of the elements of the nxn

matrix, (aij)’ with exactly one element from each row and column, such
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that the sum of the elements is minimized (Lawler, 1976). The probliem
is also that of a permutation of the columns of the matrix which
minimizes the trace of the matrix (the sum of the elements on the main
diagonal).

Returning to the context of assigning men to positions, in order
to obtain another mathematical model, let x1j=1 if man i is assigned
to position j; otherwise, x1j=0. Then the 2DAP is stated:

n n

Minimize } )
i=1 j=1

335%43 (2.1)

Subject to:

n
Yoox;.=1 0 (§=1,...,n)

n
Z] x1j=1 (i=1,...,n)

[

x,.=0,1 (a1l i,j) .

The two-dimensional matching problem (2DM) (Garey and Johnson,
1979) affords another introduction to 2DAP. Let A and B be
disjoint sets having the same number n of elements. Let subset MCAxB
be a collection of admissible ordered pairs, called cells, {(a,b)}.
A matching, 2DM, is a subset M'CM, where M' has exactly n elements
and no two elements of M' agree in any coordinate. The 2DAP is the
weighted matching problem in which each cell has a weight (cost) and
the objective is to find a matching having the minimum total weight.

If MCAxB, a matching may be considered always possible for the sake
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of the assignments, by giving very unfavorable costs to "inadmissible"
cells, effecting M=AxB.

Like many combinatorial optimization problems, the 2DAP is
associated with a network (Klee, 1980). The minimum weight matching
problem can be formulated as a problem on a complete bipartite graph
. becomes a weight on

J
the edge from node i of the first class to node j of the second, an

Knn with n nodes in each class. The number a,
assignment becomes a matching (a set of n disjoint edges spanning the
2n nodes of Knn)’ and the optimal solution gives the value of the
minimum weight matching.

In addition to the foregoing descriptions of the assignment
problem 2DAP, of order n, it can also be expressed as a 2n x n2

zero-sum, two-person game (von Neumann, 1953).

(b) Exact methods of solution. The 2DAP has n! feasible

assignments. In practice, if n is of even moderate size, this is a
prohibitive number for solution by total enumeration. The 2DAP is
readily seen to be a special case of the two-dimensional transportation
problem, with equal numbers of sources and destinations, and all
supplies and demands equal to one. Both the 2DAP and the two-
dimensional transportation problem may be formulated as integer linear
programming (ILP) problems defined on a graph. They are included
among those ILP's on graphs which are really LP's, in the sense that
every basic solution to the corresponding LP is integer (Garfinkel

and Nemhauser, 1972). The extreme points of the polytope formed by

the feasible region have integer coordinates. This is guaranteed by
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a constraint matrix which is known to be totally unimodular, a
property which will be studied in relation to some three-dimensional
assignment problems in Section 2-3. With the capacitated two-
dimensional transportation problem, the 2DAP belongs to the class of
problems called minimum cost capacitated flow problems. Although
they could be solved by the simplex method, special purpose, graph-
oriented algorithms are considerably more efficient. The special
transportation simplex method can be further streamlined for the 2DAP
solution (Spivey and Thrall, 1970).

In regard to the network algorithms for the exact solution of
the 2DAP, the dual to the ILP formulation provides an important

ingredient. The dual to the corresponding LP is formulated:

Maximize W = (2.2)

Ine~-1-
=

—-—
+

I ~3
<

Subject to: u, + Vj.i aij (a1l i,J)

The dual decision variables, u, and Vj’ are unrestricted in sign.
Complementary slackness conditions are: xij(ui + vj - aij) =0 (all
i,j). A variety of network algorithms have been devised. They share ‘
the idea that at each iteration the trial values of Xij’ Uss and Vj’
always satisfy two of the three conditions: primal feasibility, dual
feasibility, or complementary slackness. They differ principally in
which two of the three conditions are simultaneously satisfied.

(c) Time complexity. The 2DAP is solvable in polynomial time,

i.e., polynomial bounded number of computational steps. The required
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number of elementary computational steps is bounded by a polynomial
in the size of the problem (Lawler, 1976). This problem therefore
belongs to the class known as P (Garey and Johnson, 1979). The 2DAP

can be reduced to a minimum cost flow problem, which can be solved

with exactly n flow augmentations. Each flow augmentation can be

determined by a shortest path computation of 0(n2) complexity. Thus

the 2DAP is at worst O(n3) in complexity (Lawler, 1976).

2-1.1.2. Irregular. Suppose sets A and B in the matching
problem have unequal cardinality; let |A] = p and |B| = g, and p < q.
Then some members of B will fail to be matched. Some positions will
fail to be filled in the assignment. When the two index sets have
unequal cardinality, the assigned problem is called irregular (Shamma,

1971). The irregular 2DAP is stated:

Minimize E ? ;s X s (2.3)
i=1 j=1 Y
Subject to:
E X;o <1 (j=1,...,q)
i1 M
g Xj3 =1 (i=1,...,p)
=1
Xiy = 0,1 (a1l 1,3) .

This is a weighted, incomplete matching problem (Lawler, 1976).
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The same situation may occur in the two-dimensional
transportation problem, when total supply is not equal to total
demand.

In order to solve the irregular 2DAP by the same method used for
the regular 2DAP, dummies are supplied to make the index sets equal
in cardinality, and suitable costs, usually zero, are given to the
resulting potential matches. The best available algorithms are of
complexity O(pqz) (Klee, 1980).

References to the best available algorithms for the 2DAP, as
well as other recent survey material regarding combinatorial
optimization, appear in Klee (1980). Other references to exact
solution methods for the 2DAP are given in Kurzberg (1962), and also
in Hung and Rom (1980). The standard algorithm for the classical
two-dimensional assignment problem, 2DAP, is still considered to be
the Hungarian method [Kuhn (1955,1956); Lawler (1976); McGinnis
(1983) 7.

2-1.2. Qther ILP Two-Dimensional Assignment Problems

2-1.2.1. Frieze (AP2). Another version of a two-dimensional

assignment problem appears in Frieze (1974). Consider m projects and
n students, usually m < n. The maximum number of students which can
be assigned to project j is given by bj (j=1,...,m). Each student

must be assigned to exactly one project. AP2 is formulated:

n

m
Minimize (or maximize) } ) a;.x:. (2.4)
i=1 j=1 9
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Subject to:

1 (i=1,...,n)

ne-13
X
-
[
H

X:: = 0,1 (all i,j)

The a;; are appropriate cost (or profit) coefficients. This problem

is considered to be solved efficiently by well-known methods. This

version will be seen in higher-dimensional problems of the same
pattern. AP2 does not reduce to the irregular 2DAP when b(j) = 1,

(j=1,...,m), unless m > n.

2-1.2.2. Generalized assignment problem (2DGAP). The

generalized assignment problem is a 0-1 programming model in which

it is desired to minimize the cost of assigning n tasks to a subset
of m agents. Each task must be assigned to one agent, but each agent
is limited only by the amount of resource, e.g., time, available to
him and the fact that the amount of resource required by a task
depends on both the task and the agent performing it. Coefficient
ij is the cost incurred if task j is assigned to agent 7, rij >0

is the amount of a resource required by agent i to perform task j,
and a; > 0 and bi > 0 are, respectively, the minimum and maximum
amounts of the resource that may be expended by agent i. The formu-

lation is:
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mon

Minimize ] ] ¢
i=1 j=1

Subject to:

n
gij;rugjg%(ﬁhnum

Xij = 0,1 (all i,3)

It is readily observed that for certain choices of the parameters
Pijs 2y and bi’ that 2DGAP includes regular and irregular, 2DAP and
AP2. However, unlike those problems, the corresponding LP solution
is not guaranteed to be integer, since the constraint matrix is not in

general totally unimodular. However, an efficient branch and bound

algorithm is known to exist for 2DGAP (Ross and Soland, 1975,1977).

2-1.3. Non-ILP Two-Dimensional Assignment Problems

2-1.3.1. Bottleneck. The bottleneck assignment problem with

aij > 0 is obtained by replacing the linear objective of the 2DAP

with: min max (a
i,d

worker i to do job j on an assembly line, the bottleneck assignment

1] . Xij)' If aij represents the time required by
problem can be interpreted as that of minimizing the cycle time of
the assembly Tine. The bottleneck assignment problem is also used to
obtain equitable solutions, in the sense that the least desirable

assignment is made as good as possible. In this type of application
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a.. is inversely related to the desirability of assigning man i to

N
job j. Although the bottleneck problem can be reformulated as a
Tinear assignment problem, more efficient methods are available. Two

methods of solution are discussed in Garfinkel (1971), including the

threshold method.

2-1.3.2. Quadratic. The quadratic assignment problem may be
defined in the context of a location problem. There is a set of n

locations in which m plants must be constructed, where m < n. The unit

cost of shipping from location i to location j is Cij' Also, the volume

required to be shipped from plant k to plant & is dkz‘ Let Xik=] if
plant k is assigned to Tocation i; otherwise X1k=0' Then the con-

m
straints are: ) X;, < 1, (i=1,...,n), since each location can have
k=1 n
at most one plant; _Z] Xip = 1, (k=1,...,m), since each plant must
":
have exactly one location. If plant k is assigned to Tocation i and

lant ¢ to locati iy ippi i . . .. -
p cation j, the shipping cost is C1Jdk2 + cJ]de. There

fore, the total shipping cost is

E ?

l = C;.d %o Xso o

i,3<1 k,e=1 19 ke"ik™je
it  k#e

Thus the two-dimensional quadratic assignment problem is stated:

n m

Minimize ) Y Caady o XX
i,3=1 k,g=1 19 ke "1k%je

it k#e

(2.6)



16

Subject to:

m
kz1 Xsp <1 (i=1,...,n)
n

Z_I X]k =1 (k=-|3 sm)
1:

Xsp = 0,1 (a1l 1i,k)

The book by Garfinkel and Nemhauser (1972) contains extensive
material, algorithms, and references relative to the two-dimensional
quadratic assignment problem and the other different types of
assignment problems with integer programming formulations. A
perturbation method has been developed for solving the quadratic

assignment as well as quadratic bottleneck problems (Burkard, 1976).

2-1.3.3. Algebraic approach. Again the descriptive word,

"generalized," is applied to a class of assignment problems, in the
Generalized Linear Assignment Problem (2DGLAP) (Burkard, Hahn, and
Zimmerman, 1977). 1In this case, the generalization is to a class

of objective functions which is studied by algebraic methods and
characterized in terms of an axiomatic system. It presents a
different type of formulation from those described thus far in the
two-dimensional assignment problem overview. This algebraic approach
to network flow problems provides a unifying framework within which

otherwise distinct problems can be tackled by similar methods; this
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idea is extended to more general linear programming type problems in
Frieze (1982).

For 2DGLAP, the coefficients of the objective function can be
chosen from a totally ordered commutative semigroup, which obeys a
divisibility axiom. Special cases of the general model are the
linear assignment problem (2DAP), the linear bottleneck problem,
the p-norm assignment problem, and the lexicographic multi-
criteria assignment problem. The algorithm solving the 2DGLAP is
based on admissible transformations, and is polynomially bounded.

The methods and philosophy used for 2DGLAP can be used to create
generalized traveling salesmen problems, quadratic assignment problems
and quadratic bottleneck assignment problems, transportation_problems,

and certain other network flow problems.
2-2. OVERVIEW OF HIGHER DIMENSIONAL ASSIGNMENT PROBLEMS

In moving to a survey of higher dimensional assignment problems,
from two-dimensional, many new formulations arise. There is added
flexibility in assignment problems with new dimensions, such as time
or space. The three dimensions in the special source problem of this
dissertation are time periods, buyers, and sellers at a tourism
industry convention. Other models will also be described in this
section. |

When the formulation of a three-dimensional assignment problem is
as an integer linear program, the constraint matrix may not be

totally unimodular, and so the corresponding LP does not have an
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integer solution guaranteed. Two-dimensional problems in complexity
class P may give way to NP-hard or NP-complete higher dimensional
problems. Clever theorems and algorithms which have been developed
for three-dimensional assignment problems may generalize in an
obvious way to multiindex assignment problems, and yet not be very
efficient for these higher dimensions. For example, a tree-search
technique has been devised by Pierskalla for one three-index assign-
ment problem; but in generalizing to a multiindex problem, the
dimensionality of the problem increases extremely fast, namely by
products of factorials—and so it is very doubtful that even small
multidimensional problems (dimension > 5) could be solved in any
reasonable amount of time. To gain a thorough understanding of these
models, some stronger combinatorial concepts or topological concepts

may need to be applied (Pierskalla, 1967,1968,1982).

2-2.1. A Generalized Classical Assignment Problem

The first model to be discussed is one which is called
generalized in that is intended to encompass most multidimensional
classical type assignments. Rather than exactly two sets of elements
assigned optimally relative to each other, let £ = the number of sets
of elements that are assigned optimaily relative to each other, sub-
Jject to specific constraints. This generalized problem is called a
"g-index AP,"¢ > 2 (Shamma, 1971). This model is described in detail
here in order to show how many different separate formulations may

arise.



The following definitions summarize the different parameters

encountered in the generalized assignment problem, z-index AP:

Dimension £. The number of subscripts on the decision
variable x.

Index set Ij. The set of values that the jth subscript can
assume (j=1,...,£).

Index range nj. The number of elements in the jth index set,
i.e., Ij={1,2,...,nj}, (§=1,...,8).

Constraint set. The set of all constraints imposed in the
g-index AP.

Condition. The constraints may be grouped according to the
indices which are kept fixed. Such a grouping is called a condition.
The number of constraints in a condition is the product of the index
ranges of the indices which are held fixed to form one constraint.

Order tj. The number of indices held fixed in each equality or
inequality constraint in the jth condition. If the order is the same
for all conditions, the common value t is the order of £-index AP.

Order set Tj' The set of the fixed indices in jth condition;

h T.| = Define t. = ¢-t. = ¢ - ..
ence | Jl t efine tJ £ tJ £ |TJ|

i
Order complement set T&. The set of indices over which the
sum is taken in the jth condition. It is the complement of the order
set .5 [T,] = %,.
Maximum number of conditions M. The maximum number of possible
conditions. If g-index AP is of order t, M = (%).
The parameters which have been defined will be used to formulate

the generalized ¢-index AP, in the following way:
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Given a class of index sets I = {11’12""’Ij""’15}’ an assignment is
a selection of elements of the sets in I, one element from each index
set. An assignment, {11,12,...,ij,...,i€}, for example, might be
{2,3,1,...,7}. A rating matrix is assumed known, and i 5 5 is
-Is 2,---3 E;
the value of the matrix corresponding to the assignment above. Let
the decision variable x, . . . =1 if the corresponding
1],12,...,1k,...,1g
assignment (selection) is made, ik € Ik’ over the class of index sets;

otherwise, let it be zero. MNow, the £-index AP is formulated:

n,oon ng
Minimize } ) N JR C X . (2.7)
‘|,|='| 12='| ]g:] 11312’--031 1]’12’...’15
Subject to:

(Condition 1) ] ... } «x <1 (i5,J€T)

SR PO PR j
all i,3€T, 1772 2
(Condition 2) 7§ ... Z_ Xi],iz,...,ig <1 (ij,jGETZ)
all i.,j€T
J 2
(Condition k) [ ... ] x1.1’1.2,m’1.£51 (i5,€T,)
all i.,j€T
J k
(Condition M) } ... } x, imsesii =1 (1,3€Tw)
- 1 £ M
all 1,,j€T, J
X

11,12,...,1 =0,1 (ij,j=1,...,£) .
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Equality constraints are used when they can be attained by some
feasible solution. Take at least one condition to be equality, for
nontriviality of the optimal solution. These equality conditions are
written last by convention. If there are less than the maximum number
M of possible conditions, use Tk=¢ for unused possible conditions,
beyond the highest used condition index. For a further definition,
when each index has the same range n, and each condition has the same
order t, then the g-index AP is called regular, and may be denoted
(g,t,n). The simple assignment problem, 2DAP, becomes (2,1,n).

A method of solution is described (Shamma, 1971) for the regular
g-index AP. The algorithm to solve (¢,t,n) is a combinatorial
technique which has not been considered before. It uses objective

values of certain subsets of feasible solutions in a 2DAP whose
optimal solution corresponds to an optimal solution of (£,t,n) of the
given subset of feasible solutions. The pattern of feasible solutions
is analyzed. If the index range n is odd, feasible solutions are
generated based on congruence relations. If n is even, two orthogonal
Latin squares are used. The optimal solution is found by solving a
sequence of simple 2DAP's.

It is of further interest to note the size of £-index AP, in
terms of the number of decision variables (j§1 nj), the number of con-
straints in Condition i (jegTinj)’ and the total number of constraints

M
.). For a regular g-index AP, denoted (&,t,n), the number

() = n

i=1 jeT. J

of decisidn variables is ng, the number of constraints in condition i
is nt, and the total number of constraints is Mnt, with M = (E)

t
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usually. Thus 2DAP, or (2,1,n) has n2 variables and 2n constraints

in all. Among three-dimensional assignment problems, (3,1,n) has n3

3

decision variables and 3n constraints, while (3,2,n) has n” decisions

and 3n2 constraints.

2-2.2. The Axial Three-Dimensional Assignment Problem (3DAP-Axial)

2-2.2.1. Definition. The regular 3-index AP of order 1, using
the generalized terminology of Section 2-2.1, is often referred to in
the literature as "the 3-dimensional assignment problem" (Klee, 1980).
It may be described in concepts analogous to 2DAP. In the scheduling
of men to positions, there could be an added dimension, such as time
period, piece of equipment, or some other factor perhaps qualitative
in nature, to be considered in making an optimal allocation. Suppose
(aijk) is the cost tensor for assignment of man i to position j and
equipment k. Then the 3DAP-axial is the problem of assigning men to
positions and equipment on a one-one-one basis so as to minimize the
overall cost.

The 3DAP-axial may be briefly defined as finding a subset of n
elements of the elements of the nxnxn array (aijk)’ or box, with
exactly one element from each row, one from each column, and one from
each value on the third axis, such that the sum of the elements is
minimized. Or, among all sets S of n triples (i,j,k) such that no
two members of S agree in any coordinate, find one for which

Y a,. is a minimum.
. k
(i,3,k)es ™
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In order to obtain a mathematical model, let x...=1 if the

ijk
decision is to assign man i to position j and equipment k; otherwise,

Xijk=0' Then, 3DAP-axial is stated:
I Il (2.8)
Minimize Qs oap X s 2.8
i21 jo1 k=1 KTk
Subject to:
i3 ( )
Xesp, = 1, k=1,...,n
i=1 j=1 13K
n n

D) Xj56 = 1 (§=1,...,n)

.. sn)

~
o~
x
e
[
oy
1
—
-
—
-
(]
—
-

X:a, = 0,1 (all i,3,k)

It can be seen that 3DAP-axial, like 2DAP, is a minimum weight
matching problem. A three-dimensional matching (30M) may be
described in the following way (Garey and Johnson, 1979). Let A, B,

C be three pairwise disjoint sets having the same number n of
elements. Let subset MCAxBxC be a collection of admissible triplets,
called elements, {(a,b,c)}. A matching is a subset M' CM, where M
has exactly n elements and no two elements of M' agree in any
coordinate. For example, if A is n men, B is n positions, and C is n
pieces of equipment, then the men, positions, and equipment would be

matched in a one-one-one fashion. If aijk is the cost of assigning
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man i to position j with equipment k, then 3DAP-axial is to match men,
positions, and equipment in a fashion that minimizes overall cost.

The similarities between 2DAP and 3DAP-axial are not extensive.
The 3DM problem is included in the "basic core" of six known
NP-Complete problems (Garey and Johnson, 1979), whereas 2DM, the

“marriage problem," can be solved in polynomial time. Moving on to
the minimum weight matching problems, 2DAP and 3DAP-axial: 3DAP-
axial is NP-Complete, while 2DAP admits a polynomial algorithm (Klee,
1980).

Another important dissimilarity between 2DAP and 3DAP-axial is
seen when considering their ILP formulations. The tripartite
graphical representation cannot adequately portray 3DAP-axial, since
costs are assigned to triples of nodes rather than to pairs of nodes,
or arcs. Furthermore, unlike 2DAP, the solution of the corresponding
relaxed LP is not guaranteed to give the required integer solutions
for 3DAP-axial, since in general the constraints define a polyhedron
with a great number of noninteger extreme points (Pierskalla, 1967).

A further geometric interpretation may be seen for 3DAP-axial.
Let A, B, and C be sets of equal cardinality n, and (i,j,k) a point
in AxBxC. Since E E x; =1 (i=1,...,n), no other point in AxBxC

j=1 k=1 13k
can be included in a feasible solution which is on the plane perpen-
dicular to the A-axis, through point (i,0,0). Similar statements
hold for j and k. Since all constraints are equalities, each plane

perpendicular to an axis (at an integer less than or equal to n)

contains exactly one point. See Figure 1.
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C
(o,o,k)T_ ——(1,0,k)
(0,5,k) ?"Tf"'ﬁ—(i,a',k)
] 1 , 1A
_--:l---"::--/,»i/" i.0.0 A
--..'.--|---’ 1
. 1 [}
(O’J’i;/, (1,3,0)
B

Figure 1. Representation of selection (i,j,k) from AxBxC.

The irregular 3DAP-axial occurs when the ranges of the index
sets are unequal. If the index sets, A, B, and C, have cardinality
P, q, and r, respectively, and p < g < r, then some members of B and
C may fail to be matched. The formulation requires some inequality
constraints in order to get feasible solutions. Then the formulation

of the irregular 3DAP-axial is:
r
Minimize 121 j21 kzl 34 5k%4 4k (2.9)

Subject to:

121 j21 Xige < 1o (k=Toeiior)
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~TO
~1-%
| A
—

-
——
[ 4

u

——

-

-
0
A

Xs s
i=1 k=1 1k

r
j21 kZ] X jk 1, (i=1,...,p)

Xijk = 0,1 . (a1l i,3,k)

Equality constraints are used whenever they can be attained by some
feasible solution.

As usual, if a regular problem is desired for a solution method,
the smaller index sets may be augmented by dummy members to give
equal ranges, making the problem regular.

The irregular 3DAP-axial is then a minimum weight, incomplete

matching problem, in concept.

2-2.2.2. Solution methods. An algorithm for the irregular

3DAP-axial was given by Pierskalla (1967,1968), which is based on a
tree search technique of the branch and bound variety. The method is
a form of implicit enumeration of all basic feasible points. Dual
subproblems are used to provide easily computed but not necessarily
tight bounds for the primal assignment problem.

Although the branch and bound solution by Pierskalla (1967,1968)
gave the optimal solution to the axial multiindex assignment problem,
it was not considered efficient for larger multidimensional problems.
He presented a tri-substitution method for obtaining close-to-
optimal solutions for the irregular 3DAP-axial (Pierskalla, 1966).

The tri-substitution method works on a principle similar to the
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simplex method of linear programming; however, it differs from the
simplex method in that three new variables are inserted and three
removed at each step. Furthermore, it is an additive algorithm in
the sense that at any step only additions and subtractions are
performed.

The 3DAP-axial is included in the discussions and solutions
reviewed by Leue (1972), Burkard and Frohlich (1980), and Kaufman
(1975).

A two-dimensional transportation problem formulation was used
by Swanson (1976) to solve a special irregular 3DAP-axial. He con-
siders the simultaneous assignment of man-product-equipment, with the
simplifying assumption that the cost of man-product assignment,

d;., plus the cost of product-equipment assignment, ejk’ is equal to

1J

the cost of man-product-equipment assignment, c That is,

ijk’

dij + ejk' The method described by Swanson can be extended

“ijk T
to as many dimensions as desired as long as the additive cost feature
is kept intact. Thus an axial three-dimensional assignment problem
with this special objective function can be solved by the simpler
methods of a two-dimensional transportation problem, in spite of the
fact that the 3DAP-axial in general is NP-complete.

The special irregular 3DAP-axial solved by Swanson's
representation of it as a two-dimensional transportation problem, can

be generalized not only to higher-dimensional assignment problems,

but also to restricted three-dimensional transportation problems with
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interpretations of assignment availabilities. This is an area of

possible future investigation.

2-2.3. The Planar Three-Dimensional Assignment Problem (3DAP-Planar)

2-2.3.1. Definition. The regular 3-index AP of order 1, (3,1,n),
has been called 3DAP-axial, with a maximum of 3n constraints in all.
The regular 3-index AP of order 2, (3,2,n), is known as the planar
three-dimensional assignment problem, or 3DAP-planar, with a maximum
of 3n2 constraints in all [Burkhard and Froh]ich (1980); Leue (1972);
Shamma (1971)]. The planar problem does not involve a one-one-one
matching type of assignment and so is not as similar in concept to
the classical 2DAP as is the axial problem.

The nxnxn cost tensor, (aijk)’ is given. The mathematical

formulation of 3DAP-planar is:

n n on
Minimize )} ) 7} a
i=1 j=1 k=1

i3k jk (2.10)

Subject to:

1]
—_
-

X (j,k=1,...,n)

ijk

Hne-1>

e
-—

(i,k=1,...,n)

ne~1>3

=
e
[
~

|

p—

-

[
—

~13

(1,3=1,...,n)

-~
1]
—
x
—da
[ &N
~
§
—
-

Xijk = 0,1, (a1l i,j,k)

o
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The irregular 3-index AP of order 2 has unequal index set
ranges, necessitating some inequality constraints. Let A, B, and C
be the index sets with cardinality p, q, and r, respectively, with

p <q<r. Then the formulation of the irregular 3DAP-planar is:

Minimize % E E a (2.17)

e oy Xao &
i=1 j=1 k= KTk

Subject to:

E] Xj ik = 1, (3=1,...,q9:k=1,...,r)
i=

-E] Xijk-i 1, (i=1,...,p;k=1, ,r)
J:

r

L X5k = 1, (i=1,...,p3j=1,...,q)
Xi sk = 0,1, (for all i,j,k)

As usual, equality constraints are used whenever they can be
attained by some feasible solution; and, if desired, the smaller
index sets may be augmented with artificial elements to give a
regular model formulation.

An application of the irregular 3DAP-planar is to schedule
client j to meet with agent k at time i, optimally overall, so that
each client meets one agent at one time, each agent meets at most one
client at one time, and each client and agent pair have no more than

one time of meeting scheduled. It is immediately recognized that the
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irreqgular 3DAP-planar is the skeleton model for the tourism convention
problem, which is the source problem for this dissertation.

In order to get a geometric interpretation of 3DAP-planar, let
(i,3,k) be an element selected from AxBxC as shown in Figure 1. Since
§ Xijk=]’ (i,j=1,...,n), no other point of AxBxC is in the same
feasible solution with (i,j,k), if that point is on a line perpendicu-
lar to the AxB plane at (i,j,0). Since all constraints are equalities,
each Tine which is perpendicular to a coordinate plane, AxB, BxC, or

CxA, at a point with integer feasible coordinates, has exactly one

point.

2-2.3.2. Solution methods. The primary reference for solution

of the planar three-dimensional assignment problem is still the work
of Vlach (1967), in much the same way that Pierskalla's work (1966,
1967,1968) is most often referenced for the axial model. Both planar

and axial models may be considered to be included in the solution of

the generalized £-index AP (Shamma, 1971) and a matroid intersection
problem solution (Burkhard and Frohlich, 1980).

Vlach (1967) devised an algorithm speci%ic to the 3DAP-planar.
It is based on the branch and bound technique as described by Little,
Murty, Sweeney, and Karel (1963) for TSP, but using ideas frequently
employed in solving assignment problems. Instead of solving the
irregular 3DAP-planar directly, Vlach normalizes the coefficients of
the objective function so that Cijk = Cijkl + kijk’ where the kijkls
are constants which make all objective function coefficients non-

negative with at least one zero in every row, column, and diagonal in




the objective coefficients tensor. The bounds obtained by this

solution are used in a branch and bound algorithm.
Some discussion and further work on solution methods for both
the planar and axial three-dimensional assignment problems are given

in a paper in German by Leue (1972).

2-2.4. Three-Dimensional Transportation Problems

Transportation problems are considered to be combinatorially
equivalent to assignment problems, and so the literature on higher
dimensional transportation problems and their solution is of
interest. Like 2DAP, the two-dimensional transportation problem can
be extended in several ways, depending on the type of index
summations of the constraints. Schell considered four cases:

(1) three planar sums; (2) two planar sums; (3) one planar and one
axial sum; and (4) three axial sums (Schell, 1955). The three planar
sum case of Schell's work is called the solid transportation problem,
and the multiindex problem, in a series of articles by Haley (1962,
1963,1965,1967), Vlach and Moravek (1967a,1967b), Vlach (1965), and

Svabova and Marunova (1967). Quite a bit of study has gone into the
determination of feasible solutions, as well as into their very
existence.

The three-planar-sums solid transportation problem has for a
restricted case 3DAP-planar, and is formulated in the following way:

n m
Minimize | } E
i=1 j=1 k=1

€35k 5k (2.12)
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Subject to:

n

iz1 X3k = Rjk
m
jz] Xijk = Byi
kE] Xijk = Eij
Xjjk 2 0

A11 constants are assumed given nonnegative, and the constraints hold
for indices ranging over their values. It is also required that the

constants satisfy:

m n

jz1 Ajk = iZ] Bki (k=1,...,p)
m

L By = jzl E4 5 (i=1,...,n)

n .

-iz.l E,ij - k=-l Ajk (J_],--.,m)

One application of the multiindex problem is described as
minimizing the cost of moving a set of p different commodities, from
n origins, to m destinations. The same set of restrictions arise when
a single commodity has to be moved by different methods, e.g., road,
rail, etc. This may also be a capacitated transportation problem,

with upper bounds on the decision variables.
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Haley (1962,1963,1965) starts a discussion of necessary and
sufficient conditions for the existence of a solution, and gives an
algorithm which is essentially an extension of the modi-method for
the two-dimensional transportation problem. He also shows that the
three-axial-sums transportation problem can be transformed into the
three-planar-sums case.

It is worth noting that, although the planar and axial regular
3-index AP which have been introduced, along with some other ILP
problems which are classified as assignment problems, can be con-
sidered as special cases of three-dimensional transportation problems,
the methods developed for these latter problems cannot all be expected
to guarantee integer solutions when used for assignment problems. In
particular, Pierskalla (1968) warned that the polyhedron defined by
the constraints has in general a great number of noninteger extreme
points and the approach taken by Schell (1955) and Haley (1962,1963,
1965), as well as the simplex method, will most often not yield integer

solutions.

2-2.5. Other ILP Three-Dimensional Assignment Problems

2-2.5.1. Frieze (AP3). Another assignment problem used by

Frieze does not fit into the generalized 3-index AP described pre-
viously. The following model is used by Frieze (1974) and Frieze and

Yadegar (1981):



m n
Maximize J ) % 35 5K%4 5k (2.13)

1"] j=] k:]
Subject to:
m -
121 k=1 x5 3k 5-bj’ (3=1,...,n)
m n
TZ] JZ] X-le ick’ (k=1, "sp)
n
Z E = 1, (1:]’ ’m)
j=1 k=1 1K
Xjjk = 051 (all i.3,k)

The above problem would arise if each student i had to be

assigned a project j and a supervisor k, and a was the suitability

ijk
of this assignment. Assume without loss of generality that b]""’bn’
c],...,cp are positive integers. Supervisor k is to be assigned no
more than Cy student-project pairs, and project j is to be assigned
no more than bj student-supervisor pairs. Thus, AP3 is not a one-one-
one assignment like the 3DAP-axial unless all bj and c, are equal to
one.

AP3 is known to be an NP-hard problem (Frieze and Yadegar, 1981).
AP3 was formulated as a bilinear problem and solved heuristically,
using a series of solutions to AP2 (Frieze, 1974). In the same paper,
Frieze suggests replacing the objective function of AP3 by a convex

function which agrees with the original one at integer solutions and

applying an algorithm by Tuy (1964). A third approach is given by
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Frieze and Yadegar (1981) using the idea of Lagrangian relaxation

introduced by Held and Karp (1971) and a subgradient algorithm.

2-2.5.2. MWeighted (3DGAP). Another ILP three-dimensional

assignment problem model (Ross and Zoltners, 1979) resembles very
closely what has been named the two-dimensional generalized assign-
ment problem (Ross and Soland, 1975,1977). A third dimension of
task-completion levels is introduced into the earlier model. The

formulation is:

Minimize ) ) Cuvy Xs (2.14)

as < ) ) PijkXigk < bi (for all 1 €1)

1_
jEJ keKij
) Y Xy = 1 (for all jE€J)
i€l kE€K,. W
1J
and Xijk = 0,1 (for all i€l, jE€J, kEKij) . (2.12)

This 1is related to the two axial sums models, since there are two
conditions for one index set each.

The weighted three-dimensional assignment problem may be viewed
as a model then for determining an assignment of tasks to agents.
Each task j must be completed by only one agent i at one of several
admissible levels indexed by a discrete set Kij' The levels may
correspond to alternative methods for alternative amounts of effort

the agent might employ to complete a task. Thus, the decision
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variable, Xijk’ reflects the option of choosing an agent i and a
performance level k for each task j. As before, Cijk is some
coefficient of disutility, and rijk is a coefficient of resources
used, with a, and bi the lower and upper bounds, respectively, for
the amount of resource available to agent i.

This model is shown by Ross and Zoltners (1979) to encompass
a variety of integer programming models, including knapsack models,
transignment models (Caswell, 1972), the 2DGAP, and facility
location. Specialized algorithms have been devised for various
applications to exploit the model structure more efficiently than
would be accomplished using general purpose integer programming
algorithms. The most commonly employed solution is branch and bound.
Other methods used include extreme point ranking, decomposition, and

heuristics, with many references found in Ross and Zoltners (1979).

2-2.6. Non-ILP Three-Dimensional Assignment Problems

2-2.6.1. Bottleneck. A1l of the three dimensional assignment
problems which have been considered up to this point have a linear
objective function. The corresponding bottleneck problems are to

minimize { max (a;., X::.)}.
i,3.k ijk™ijk

2-2.6.2. Quadratic. Another important model can be considered
in the realm of zero-one integer problems which classify as three-
dimensional assignment problems, namely the three-dimensional
quadratic assignment problem. Any of the linear models which have

been described might for some applications better use the quadratic
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objective function Z, where Z = ) ) , accom-
1]
n

E ) Z %3 jkamn™i jk*2mn
panied by the standard definitions and exp]anat1ons of variables and
constants.

Pierskalla (1967) used the same tree search, branch and bound
algorithm which he designed for the axial multidimensional (three
and higher) assignment problem, with appropriate modification, to

find an optimal solution for the multidimensional (three and higher)

axial quadratic assignment problem.

2-2.6.3. Algebraic approach. Burkard and Frohlich (1980)

present a matroid intersection problem which includes as special
cases both the axial (3DAP-axial) and planar (3DAP-planar) three-
dimensional assignment problems. They describe two approaches at
solution, one using admissible transformations and another using
subgradients. They report that the computational tests showed that
the subgradient approach was considerably faster than the transforma-
tion method. Lawier (1976) in the chapter on "Matroid Intersections"
assigns the problem to formulate the three-dimensional assignment
problem as a problem involving the intersection of three matroids.

This suggests again the need to search for optimization models
which may include other problem formulations which were thought to
be different or even unrelated.

Algebraically, the study of combinatorial properties of
multidimensional matrices, including zero-one matrices, has important
meaning for assignment problems and other classical combinatorial

problems (Jurkat and Ryser, 1968). Some important two-dimensional
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theorems such as Konig's theorem (Ryser, 1963) do not generalize
trivially. Some references suggested by Ryser (1982) are by Csima

(1970), and Brualdi and Csima (1975).

2.2.7. Source Problem as a Three-Dimensional Assignment Problem

It is seen that many different types of model formulations may
be interpreted as higher dimensional assignment problems. At Teast
one of the summation equality conditions must have equality to one in
order to select an "assignment."

In regard to the special research problem of this investigation,
the first objective (1.1) with constraints, forms a restricted
irregular planar three-dimensional assignment problem, 3DAP-planar.
The restriction is brought about by the last constraint (1.6), which
causes the elements of the largest set to have approximately equal
"lack" of assignments. The source problem is classified as irregular
because of unequal index ranges for time, buyers, and sellers. The
objective function coefficients are of the form, Cijk = Chjk (for
all i,h=1,...,q).

The secondary objective of the source problem is seen to be

related to the multiple traveling salesmen problem.

2-3. THE PLANAR THREE-DIMENSIONAL ASSIGNMENT PROBLEM

The tourism industry convention problem which is of special
interest in this study belongs to the general class of planar three-
dimensional assignment problems (irregular 3DAP-planar). Before

proceeding to a discussion of special solution methods for the source
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problem, the general problem deserves to be recognized for its
difficulty. It will be shown to be NP-hard in computational com-
plexity, and to possess a constraint matrix which is not totally

unimodular.

2-3.1. Absence of Total Unimodularity

2-3.1.1. Definition. The mathematical formulation of any
version of assignment problem, if it has a linear objective function,
places the problem in the category of integer linear programming.
The classical two-dimensional assignment problem, 2DAP, deals with
two sets of elements to be assigned relative to each other optimally.
In the field of integer programming, these problems, along with two-
index transportation problems, are included among those with a special

mathematical structure, total unimodularity of constraint matrix,

which guarantees an optimal integer solution. Therefore, these two-
index assignment problems may be solved using any extreme point
linear programming method, such as the simplex method. In practice,
special purpose, graph-oriented algorithms are usually considerably
more efficient (Garfinkel and Nemhauser, 1972).

A square, integer matrix B is defined to be unimodular if the
absolute value of the determinant, D = |detB| = 1. An integer mxn
matrix A is called totally unimodular if every square, nonsingular
submatrix B of A is unimodular. It is clear that Amxn is totally

T

unimodular if and only if the transpose Amxn is.
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2-3.1.2. Two theorems. The following two theorems are given

with proof by Garfinkel and Nemhauser (1972). They also appear in
corresponding material in Lawler's book (1976). The first theorem
guarantees integer extreme point optimal solution(s) for an integer
linear programming problem with totally unimodular constraint matrix
A and integral right-hand side vector b. The second theorem will be
used to prove total unimodularity of any three-dimensional planar
assignment problem if the range of each index set is set at most two.

Theorem 1: Let A be an integer matrix. The following statements
are equivalent:

1. A is totally unimodular.

2. The extreme points (if any) of S(b) = {x|Ax < b, x > 0} are
integer for arbitrary integer b.

3. Every square nonsingular submatrix of A has an integer
inverse.

Theorem 2: An integer matrix A with aij = 0,1,-1 for all i and
J, is totally unimodular if:

1. No more than two nonzero elements appear in each column.

2. The rows can be partitioned into two subsets Q] and Q2 such
that

(a) If a column contains two nonzero elements with the same
sign, one element is in each of the subsets.
(b) If a column contains two nonzero elements of opposite

sign, both elements are in the same subset.
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2-3.1.3. A totally unimodular 3DAP-planar. Let n = 2 for the

regular three-dimensional planar assignment problem, which may then
be abbreviated as (3,2,2). The eight decision variables are portrayed

in Table 1.

TABLE 1
DECISION VARIABLES DISPLAYED FOR 2x2x2 3DAP-PLANAR

\\\\5\\
i\ 1 2
: 1M X112
X211 X212
X X
) 121 122
X221 X222

The constraints for the 2x2x2 3DAP-planar are easily seen to

give the corresponding constraint matrix A12x8’ as shown in Table 2.

TABLE 2
CONSTRAINTS AND MATRIX FOR 2x2x2 3DAP-PLANAR

~

2 ) SETH
... =1 (§=1,2; k=1,2

121 ijk 00001100

00000011

2 10100000

... =1 (i=1,2; k=1,2) A = 01010000

jzl 13k ( 00001010

2 00000101

Y ;5 = 1 (121,25 §=1,2) 10001000

k=1 'J 01000100

00100010

0001000 1]




Theorem 3: A is totally unimodular.

Proof: A is totally unimodular if AT is, and so it will be
shown that AT is totally unimodular using Theorem 2.

Partition the rows of AT into Q] = {1,4,6,7} and Q2 = {2,3,5,8},
as shown on the matrix, with the Q] rows emphasized by "*". See

Table 3.

TABLE 3

PARTITIONED TRANSPOSE OF CONSTRAINT MATRIX
OF 2x2x2 3DAP-PLANAR

OW* Q_I
Q
Q

* Q'I
Q

* Q1

* Q]

I

O O — - O O O O
- - O O O O O O
O O O O O — O —
o — O ~ O O O O
— O — O O O O O
O O O —~ O O O —
OO -~ O O O - O
o — O O O = O O
— O O O — O O

O O O O -~ - O O
O O O O —~= O -~ O

O O O O O O —

Next, check that matrix AT and sets Q] and 02 satisfy the
requirements for Theorem 2:
1. Each column of AT has exactly two nonzero elements.
2. (a) In each column of AT, it is verified that one nonzero
element is in Q] and the other is in Q2.
(b) Matrix AT contains only positive or zero elements, and

thus there are no nonzero elements of opposite sign in any column.
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By Theorem 2, matrix AT is totally unimodular, and hence also
matrix A is totally unimodular. (QED)

Note that Theorem 2 cannot be used to prove total unimodularity
of AT for a three-dimensional planar assignment problem if the range
of any index is more than two, since in that case AT has some
columns with more than two nonzero elements.

A counterexample will be given next to show that larger versions

of 3DAP-planar are not in general totally unimodular.

2-3.1.4. Counterexample. Although it has been proved above

that a 2x2x2 3DAP-planar does have total unimodularity of constraint
matrix, the following counterexample denies that property to higher
index ranges. Let the 3x3x3 3DAP-planar have the 27 decision
variables, (Xijk)’ arranged in the chart in Table 4.

Define objective function coefficients, (Cijk)’ by the chart in
Table 5.

When this particular three-dimensional planar assignment
problem, which is an integer linear programming problem in itself,
is relaxed to 5 linear programming problem, the optimal LP solution
yields minimum objective value equal to 0.5. The noninteger
decision variables for an optimal solution are shown in Table 6 with
row totals formed for calculation of the corresponding value of the

objective function.



TABLE 4

DECISION VARIABLES DISPLAYED FOR 3x3x3 3DAP-PLANAR

1 2 3
1M X112 *113
! X211 X212 X213
31 *312 *313
X121 X122 %123
2 X221 X222 X223
X321 X322 %323
X131 X132 %133
3 X231 X232 X233
%331 X332 %333




TABLE 5
OBJECTIVE FUNCTION COEFFICIENTS FOR 3x3x3 3DAP-PLANAR

NN , ,
T 0 0
1 0 1 0
0 0 0
0 0 1
2 0 1 1
0 0 0
0 1 0
3 1 0 1
0 0 0
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NONINTEGER OPTIMAL LP SOLUTION FOR COUNTEREXAMPLE 3DAP-PLANAR

TABLE 6

A N

Obj.
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It is clear that with all objective function coefficients
Cijk = 0 or 1, no integer solution could give an objective value of
0.5. Furthermore, there are only twelve feasible O or 1 solutions,
and these also can easily be checked to see that none gives an
objective value of zero.

Therefore, linear programming solution methods are not adequate
to produce guaranteed optimal integer solutions for three-dimensional
planar assignment problems, and usually other techniques must be

employed.

2-3.2. Computational Complexity NP-Hard

A total assignment problem (3DA), which is a special case of
3DAP'-planar, is proved NP-complete in a paper by Frieze (1981).
Since the problem 3DA is reducible to the irregular 3DAP-planar, the
Tatter is of computational complexity NP-hard (or NP-complete).

The problem 3DA, shown by Frieze to be NP-complete, is the
existence of a total assignment of the regular planar form, in a sub-
set of PxQxR, where P, Q, R are finite disjoint sets of equal size.
One application of 3DA is the following timetabling problem: given
m teachers, m classes andm time periods and a setSof triples, {(i,j,k)},
where we can schedule teacher i to meet class j in time period k, we
ask if it is possible, using only triples from S, to arrange that in
each time period, each teacher is assigned to exactly one class and
vice-versa, so that after m periods every teacher has taught every

class.
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The mathematical formulation is derived for 5k © 1 if (i,3,k)

is in the set S; otherwise aijk = 0. The 3DA is stated:

Maximize Qs Xs s (2.15)
i=1 j=1 k=1 IRk

Subject to:

m

121 Xijk = 1 (j,k=1,2,...,m)

m *

jz] X_ijk - -l (1 ,k=],2,-..,m)

m

kZ] Xi ik = 1 (i,j=1,2,...,m)

Xijk = 0or1 (all i,j,k)

If the optimal solution to this 3DAP-planar is m2, then a
feasible solution exists for a problem with the cells of S admissible;
that is, a total assignment exists.

Although complexity has been mentioned quite a bit earlier in
this dissertation, we give a brief discussion here because of the -
application to 3DAP-planar, the central problem. Standard references
for detailed analysis of the concepts of complexity are Garey and
Johnson (1979), Aho et al. (1974), and Klee (1980). A problem X is
said to be (polynomially) reducible to Y, written X « Y, if each
polynomially bounded algorithm for solving Y can be used to produce

a polynomially bounded algorithm for solving X. This does not
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require that X or Y actually admits a good algorithm, but only if Y
does so does X. Note that reducibility is transitive. A problem Y
is called NP-hard if every problem in NP is reducible to Y; if, in
addition, Y itself belongs to NP, then Y is NP-complete (Klee, 1980).
Since the NP-complete problem 3DA is reducible to 3DAP-planar,

then 3DAP-planar is NP-hard.



CHAPTER III

A SURVEY OF MULTIPLE TRAVELING SALESMAN PROBLEMS

It has been noted in Chapter I that scheduling a timetable of
meetings between tour brokers and vendors is a multiobjective problem.
The primary objective is to arrange meetings in harmony with the
preferences specified by the participants. The secondary objective
is to minimize the travel time of the clients as they move from booth
to booth for the meetings in successive time periods. The previous
chapter was a survey of multidimensional assignment problems and a
study of the three-dimensional planar assignment problem in particular,
in order to gain an appreciation of the primary objective of the
tourism industry convention scheduling problem. In this chapter,
the familiar single traveling salesman problem (TSP) and m-salesmen
traveling salesman problem (m-TSP) will be surveyed, followed by the
definition of a new type, which we have coined the musical chairs
traveling salesman problem (MCTSP). This review will give a stronger
background for the presentation of solution methods and heuristics

in later chapters.

3-1. OVERVIEW OF SINGLE TRAVELING SALESMAN PROBLEM (TSP)

The traveling salesman problem (TSP) is that of finding a
least-distance route for a salesman who must visit each of n cities,

starting and ending his journey at City 1.

50




3-1.1. Mathematical Formulation

Let N = {1,2,...,n} be the set of cities, or nodes. Let aij =

distance from i to j (a,; = = for all i). In many applications, it

19
is true that aij = 3y (symmetric case), but sometimes not
(asymmetric). Let Xij = 1 if the salesman goes directly from i to j;

otherwise Xij = 0. Then the TSP is:

n n
inimi X s 3.1
Minimize 121 jz] 3 5%5 s (3.1)

Subject to:

n

}ox:s =1 (j=1,2,...,n) (3.2)
i=1

n

) ox.: =1 (i=1,2,...,n) (3.3)
=1 Y

) X;5 > 1 (all nonempty proper subsets S of N) (3.4)
i€s jEMs I

Xij = 0,1 (all i,j) (3.5)

Constraints (3.2), (3.3), and (3.5) are recognized to be the
2DAP, and (3.4) is a set of 2"-2 loop constraints to eliminate subtours
from feasible solutions. The TSP is of computational complexity NP-
hard (Klee, 1980). There are alternative constraints to (3.4) for
subtour elimination in the TSP formulation (Wagner, 1975; Svestka and
Huckfeldt, 1973; Christofides, 1979).

An alternative formulation of TSP, called the Miller-Tucker-

Zemlin formulation (1960), is given by Svestka and Huckfeldt (1973).



52

This formulation also appears in the survey article by Bellmore and
Nemhauser (1968). Additional decision variables Yis for i=1,2,...,n,
are arbitrary real numbers which satisfy constraints (3.4') given

below, instead of (3.4) from previous formulation.

Yi = Y; + nx;; <N - 1, for all i#j and i#1, j#1. (3.4")

Thus there are (n-1) (n-2) constraints of type (3.4'), and n con-

straints for each of types (3.2) and (3.3).

3-1.2. Graph Theoretic Formulation

The TSP is included in five basic network optimization problems
discussed by Klee (1980) in a survey of combinatorial optimization.
The assumptions which are used in the definition of TSP are that a
Toopless directed or undirected finite graph G = (N,A) is given, as
foundation of a network (G,a), with function o:A={0,»]. A tour is a
spanning simple circuit, or Hamiltonian cycle, and TSP is the minimum
tour problem, that of finding a shortest tour for a complete G. In
many applications, the triangle inequality for a is assumed, especially

if the interpretation is some kind of distance.

3-1.3. Algorithms

One exact solution technique is to solve relaxation 2DAP's and
use branch and bound to break up subtours (Garfinkel, 1982a; Bellmore
and Malone, 1971).

Bellmore and Nemhauser (1968) compiled a survey of algorithms

that had been developed for either exact or approximate (heuristic)
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solutions to TSP. They state minimum assumption, fundamental
definitions, followed by several theorems, solution techniques, and
computational results. Another important algorithm is branch and
bound, based on 1-trees (Held and Karp, 1970,1971). Effective
solution techniques for the Bottleneck TSP are reported by Garfinkel

and Gilbert (1978).

3-1.4. Related Problems

The applications of TSP include computer wiring, vehicle routing,
clustering of data, job shop scheduling, archaeological seriation,
and minimizing wallpaper waste (Garfinkel, 1977; Klee, 1980).

The TSP can be formulated as a problem calling for a maximum
weight intersection of three matroids (Lawler, 1976). The TSP is
also a special case of the quadratic assignment problem (Garfinkel
and Nemhauser, 1972).

In the case that one node is not distinguished as the home city,
then the salesman need not traverse a Hamiltonian cycle, so that the
problem is to find a minimum Hamiltonian chain. To transform the
shortest Hamiltonian chain problem to TSP, it is only necessary to
add a "dummy" node * as well as arcs (i,*) and (*,i) for all i€N,
with distances App = Apy = 0 (Garfinkel, 1982b).

3-2. OVERVIEW OF M-SALESMEN TRAVELING
SALESMAN PROBLEM (M-TSP)

One important extension of TSP allows a fixed number m of

salesmen. Then the m-salesmen traveling salesman problem (m-TSP)
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may be stated as follows (Svestka and Huckfeldt, 1973): Given m
salesmen and n cities, find m sorties such that every city (except
the home city) is visited exactly once by exactly one salesman, so
that the total distance traveled by all the salesmen is minimum.

Two other important scheduling and sequencing applications include
bank messenger scheduling (Svestka and Huckfeldt, 1973) and printing

press scheduling for multiedition periodicals (Gorenstein, 1970).

3-2.1. Mathematical Formulation

A new distance coefficient matrix (dij) is formed from the
original (aij) for one salesman. Matrix (aij) is augmented by m-1
new rows and m-1 new columns, where each new row and column is a
duplicate of the first row and column of the matrix (aij)' It is
assumed the first row and column correspond to the home city. Set

all other new elements of the augmented matrix to infinity. See

Table 7.

TABLE 7
NEW COEFFICIENT MATRIX FOR M—%SP

(dkﬁ) -




A1l other terms have the same definition as for TSP formulation:

n,xij,yi. Define r =m+ n - 1, and then i,j=1,2,...,r. Then m-TSP

is (Svestka and Huckfeldt, 1973):

- . . r r

Minimize 121 jz1 dijxij s

Subject to:

r

I ox::=1 (§=1,2,...,r) (3.7)
i=1 1

r

Y oxes =1 (i=1,2,...,r) (3.8)
=1 "

n L. .

yi'yj+ [ﬁ]xiji[ﬂm'z (all i#j, and i,j=1,2,...m) (3.9)
Xij = 0,1 and y; are arbitrary real numbers (all 1,j) (3.10)

This formulation of m-TSP reduces to the TSP when m = 1. Constraints
(3.7), (3.8), and (3.10) are the 2DAP, for r cities. Cities 2,...,m=1
are dummy nodes. Constraints (3.9) block the formation of infeasible
tours or subtours, those containing no dummy nodes. There are
(n-1)(n-2) constraints, independent of m, of type (3.9), and r con-
straints for each of types (3.7) and (3.8).

Svestka and Huckfeldt (1973) developed a branch and bound
algorithm for this formulation based on the 2DAP relaxation. Another

formulation for m-TSP appears in Fox et al. (1980).

3-2.2. Related Problems

A graph-theoretic formulation of m-TSP, which reduces to TSP
when m=1, is given by Frieze (1980), along with a worst-case analysis

of an approximation algorithm.
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Other variations on m-TSP are being studied as to applications,
formulations, other restrictions, and algorithms (Ali and Kennington,
1980; Gavish and Srikanth, 1980; Rao, 1980).

3-3. FORMULATION OF THE MUSICAL CHAIRS
TRAVELING SALESMAN PROBLEM

The second objective of the tourism scheduling problem gives
rise to a new type of multiple traveling salesman problem which we
have coined the musical chairs traveling salesman problem (MCTSP).

This section gives the mathematical formulation of this problem.

3-3.1. Mathematical Formulation

Let N = {1,2,...,n} represent a set of n cities, and
M={1,2,...,m} a set of m traveling salesmen. Suppose each sales-
man jE€M has a specified list Nj C N of g cities which he must visit
in a sequence of q periods, one city per period. The trips must be
nonconflicting, i.e., at most one salesman can visit a given city in
a given time period. Assume 0 < q <m < n. This implies that each
city k€N is to be visited by at most g traveling salesmen, whose
identities are known in advance.

Let M C M be the set of salesmen who will visit city k, for
each kEN. The distance from city k to city h, for any two cities,
k and h, is denoted by dkh' A trip of salesman j must be a
Hamiltonian chain on the complete subgraph whose nodes are Nj. A
feasible solution is one in which no two of these Hamiltonian chains

agree in any component. The optimal solution minimizes the sum of
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all the salesmen's trip lengths, i.e., the total distance traveled by
all the salesmen.

Define Xijk = 1 if during time period i salesman j visits city k;

otherwise, x. = 0. The MCTSP can now be formulated as:

ijk

% % (q? r§ ) (3.11)
Minimize d, .. X oop X . 3.

kS1 h=1 KB TgEy gmy TIKTIHLLIN
Subject to:
l(e%. Xijk = 1 (3=1,...,m; i=1,...q) (3.12)

J

m )
jZ] X 5k <1 (k=1,...,n; i=1,...,q) (3.13)
Xijc = 0,1 (a1l i,3.k) (3.14)

Constraints set (3.12) requires that each salesman j must visit
each city in Nj exactly once. Constraint set (3.13) is the nonconflict-
ing constraint: at most one salesman is at any city at any one time.
Constraints (3.14) require the 0,1 decisions.

Objective function (3.11) reflects the fact that each salesman's
trip is a Hamiltonian chain. This corresponds to our tourism industry
application. If a Hamiltonian ciruit (rather than a chain) were
required, the objective function would include for each salesman the
distance from the city visited at time g to the city visited at time 1.
The objective function could be similarly modified for the case when

the salesman must start and end at home.
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Thus MCTSP is a simultaneous, overlapping, nonconflicting
multiple salesman problem. If m =1 and n = g, MCTSP reduces to TSP;
and since TSP has been seen to be NP-hard in computational complexity,

then the same is true of MCTSP.
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CHAPTER IV

POLYNOMIAL-TIME SOLUTION FOR FIRST
OBJECTIVE OF TOURISM PROBLEM

The tourism convention scheduling problem, using the primary
objective only, corresponds to the 3DAP-planar in which the costs

are time invariant ( for all t,t'). For the first time,

“tik T Ct'jk’
we present here a polynomial-time optimal solution of complexity
0(r3s3) for this important class of problems.

Using a capacitated transportation model, we first assign the
buyers to sellers, ignoring the time dimension (Phase I). By
appiication of the marriage theorem, we prove the existence of a
schedule which is feasible over time corresponding to the Phase I
solution. This feasible solution can be found by solving a succession
of 2DAP's 1in Phase II.

The Phase I capacitated transportation problem is equivalent to
3s3).

a 2DAP of complexity at most O(r Phase II is composed of gq

2DAP's each of complexity O(s3). Therefore, the solution method is
in class P of complexity O(r3s3) + qO(s3) = O(r3s3). See Lawler (1976)

for techniques.
4-1. SOLUTION METHOD—PHASE I

Suppose in the tourism industry problem, (1.1) and (1.3) through

(1.7) in Chapter I, we ignore the times and consider the problem of

59
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assigning buyers to sellers. Assume for discussion purposes the
appropriate dummy buyers have been added so that r = s. The problem
can be formulated as a capacitated transportation problem. Each
buyer supplies q time periods, each seller demands q time periods, and
each buyer-seller pair can meet at most one time. Let z.

jk
buyer j meets seller k, and 0 otherwise. The "cost" of a meeting

= 1if

between buyer j and seller k may be designated by Cjk’ with lower
values indicating greater mutual desirability of a meeting.

The formulation is:

s s
Minimize )} ) c., z. (4.1)
351 k=1 Ik Tk
Subject to:
s
jz] Z5 = 9 (k=1,...,s)
s .
kz] ij =q (3=1,...,s)
ij = 0,1 (3=T,...,83 k=1,...,8) .

The integrality constraints on zjk may be replaced by 0 j_ij <1,
giving a capacitated transportation problem which will produce integer
solutions.

Problem (4.1) is a relaxation of the original 3DAP-planar of
Chapter I. Suppose that the gqr constraints of (1.5) are replaced by
the r surrogate constraints obtained by summing over i. Then suppose

the gs constraints in (1.4) are replaced by the s constraints obtained
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by summing over i. Then letting zjk = Xijk’ for all j,k gives

i=1
formulation (4.1) when r = s.

We refer to the solution of (4.1) as Phase I.

At the conclusion of the Phase I solution, it is known which
buyer-seller pairs optimally are to have meetings, based on their
mutual preferences. It remains for Phase II to schedule the times for
the meetings in a nonconflicting fashion. One might question the
existence of a feasible nonconflicting scheduling solution in the
light of the complicated situation. However, we present an algorithm

for the completion of the polynomial-time solution.
4-2. SOLUTION METHOD—PHASE II

4-2.1. The Marriage Theorem

The method of determining a feasible time schedule corresponding
to the optimal solution to (4.1) is based on the Marriage Theorem
(Ryser, 1963), which is:

“Let A be a (0,1)-matrix of order n such that each row and
column sum of A is equal to the positive integer k. Then

A=P, +P,+ ... +P

1 2 k
where the Pi are permutation matrices."

A graph theoretic version of the theorem (Bondy and Murty, 1976,
p. 73) is:

"If G is a k-regular bipartite graph with k > 0, then G has a
perfect matching." Thus if a two-dimensional assignment problem has

exactly k > 0 admissible cells in each row and column, it has a

feasible solution. (Note that the theorem does not imply that k or
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more admissible cells in each row and column guarantee a feasible
solution. However, if the marriage theorem conditions are satisfied,

there are k different solutions having no arcs in common.)

4-2.2. The Time Schedule

The solution to (4.1) in Phase I gives a set of rq buyer-seller
pairs such that each buyer and seller is in exactly q pairs. Con-
sider first the 2DAP of assigning buyers to sellers in time period 1,
considering only the rq cells corresponding to pairs obtained in
Phase I as admissible. By the Marriage Theorem this problem has a
feasible solution. After the first period assignments are made, each
buyer and seller has exactly q-1 feasible cells remaining. So again
in the second time period a feasible set of assignments can be found
by solving a 2DAP. In general, in time period i, i < i < q, there
are exactly q + 1 - i feasible cells corresponding to each buyer and
seller, so that a feasible assignment exists.

The process of solving this sequence of 2DAP's is referred to
as Phase II.

Thus we see that Phase I and Phase II together provide a new
polynomial-time solution for the primary objective of the tourism
convention scheduling problem, an important special class in the class

of NP-hard three-dimensional planar assignment problems.
4-3. FORMULATION FOR IMPLEMENTATION

In this section we formulate the model as implemented for the

tourism problem. This formulation takes into account the fact that
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the number of sellers exceeds the number of buyers and that the
number of visits of each seller is to be at Teast the integral part
of the average number. We present a small example to illustrate the
procedure. The computational results for the implementation for the

tourist problem are given in Chapter VII.

4-3.1. Phase I

In the tourism problem, q < r <s, so that some, perhaps all, of
the sellers will have less than q visits. Thus in Phase I a single
dummy buyer is added to (4.1) which supplies q(s-r) time periods.
The value of Zr+1,k is the number of time periods that seller k is
idle. We want the number of visits of the individual sellers to be
at least the integral part of the average number. Thus we add the

constraint:

Oizr+]’kiq - [qr‘/s] .

This insures that each seller has at least [qr/s] visits, as
required by the tourism problem. Assign "cost," Cr+1,k = 0 for the
dummer buyer r+l.

The formulation of the Phase I capacitated transportation

problem now is:

rtl s
Minimize ] ] ¢

s, Zs
j=1 k= Ik Ik
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Subject to:

r+1

jzl Zj = 9 (k=1,...,s)

s

L Z5 = @ (3=1,...,rt1)

0<zy <1 (3=1seeears k=T1,...,8)

0 < ZkS9- [qr/s]  (k=1,...,s) .

23y integer (j=1,...,r+1; k=1,...,s)

4-3.2. Phase II

Since r < s, there will be s - r idle sellers during each time
period. Thus in each time period, one dummy buyer r + 1 capable of
meeting s - r sellers is added (rather than s - r individual dummies),
thus transforming the assignment problems for scheduling meetings in
each time period into capacitated transportation problems. In time
period i, cell (r+1,k), for i <k <s, is admissible if and only if
seller k has been idle in less than Zr+1,k of the first i - 1 time
periods. For 1 <j<r, 1 <k <s, cell (j,k) is admissible in time
period i if and only if ij = 1 and buyer j has not been assigned to
seller k in any of the previous time periods. (This formulation is
equivalent to solving a sequence of 2DAP's with s - r dummies
satisfying the Marriage Theorem conditions. Hence feasible solutions

are still guaranteed.)
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The formulation of the capacitated transportation problem to be
solved in time period i is now given.

Define decision variables

x§1) = (1 if in time period i buyer j visits seller k
0 otherwise
(3=1,...,r+1;5 k=1,...,s)

For the cost matrix let

= [0 if ij

(i') _

and X3k 0 for all i', 0 <i' <i -1

ajk = ]

= otherwise
(3=1,...,r; k=1,...,s)

For the dummer buyer r+l1, define

r+1,k < %r+1,k

i-1 .
- - (i')
3] K 0 if 12;] X

©  otherwise
(k=1,...,s)

The problem is formulated for period i:

Lo TS (1)
Minimize jZ] k§1 a5 Xjk (4.3)



Subject to:

]

XSE)= 1 (k=1,...,s)

J=1

S .
kzl Xgl)= 1 (§=1,...,r)

v$y) > Ointeger  (3=1,...,m+15 kel,uuss)

For a given value of i, (4.3) can be seen to be a capacitated

transportation problem.

Note that the decision variable Xijk of the original problem
formulation in Chapter I, (1.1) through (1.7), corresponds to xg;) of

the above formulation.

4-3.3. Example
let q =3, r=6, and s = 10. Then [qr/s] = 1, so that each

seller must have at Teast one meeting during the three time periods.
Costs Cjk appear in Table 8 for the Phase I capacitated transportation
problem.

The Phase I solution matrix, (ij)’ overall is shown in

Table 9.



TABLE 8

PHASE I COST AND REQUIREMENTS
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Seller
Buyer 1 2 3 4 5 6 7 8 9 10 Supplies
1 50 3 56 4 8 5 60 76 76 60 3
2 4 6 24 76 25 59 56 57 56 58 3
3 57 6 76 56 7 5 57 58 24 4 3
4 76 58 5 4 3 58 59 56 58 56 3
5 76 24 76 23 22 76 76 76 76 25 3
6 56 56 58 5 8 25 58 59 4 7 3
7 2 2 2 2 2 2 2 2 2 2 12
Demands 3 3 3 3 3 3 3 3 3 3 30
Total
TABLE 9
PHASE I SOLUTION MATRIX
Seller
Buyer 2 3 4 5 6 7 9 10
1 1 1 1
2 1
3 1 1 1
4 1 1 1
5 1 1 1
6 1 1 1
7 0 2 0 1 1 2 2 0




A Phase II feasible scheduling of meetings for the buyers is
shown in Table 10. Each column contains the sellers a buyer will

visit in the three time periods.

TABLE 10
PHASE II MEETING SCHEDULES

Buyer
Time 1 2 4 6
1 2 1 10 3 5 4
2 6 7 2 4 10 9
3 4 8 6 5 2 10

The secondary objective of minimizing the total distance traveled by
the buyers is treated heuristically in an alternative Phase II (when
the secondary objective is to be included). This heuristic is

described in Chapter V.



CHAPTER V

HEURISTIC SOLUTION FOR MUSICAL CHAIRS
TRAVELING SALESMAN PROBLEM

In the preceding chapter, a polynomial-time solution was
described in two phases for scheduling optimal interviews at a
tourism industry convention. These meetings were arranged on the
basis of mutual preferences of buyers and sellers, that is, clients
and tour brokers. Nonconflicting meetings were scheduled in the
available time periods, but distances between sellers' booths were
not considered in that solution to the tourism convention problem.

In this chapter, we develop a heuristic solution method for

the MCTSP, which arises from the secondary objective. The MCTSP

is the problem of finding a solution which minimizes the total
distance traveled by the buyers. A mathematical formulation for the
MCTSP was given in Chapter III. With one buyer, this reduces to the
TSP, which is NP-hard (Klee, 1980).

5-1. OVERVIEW OF HEURISTIC

This heuristic is a modification of Phase II of the assignment
problem solution method. Phase I of the solution which was
described in the preceding chapter will be unchanged, since it deter-
mines optimal interviews on the basis of the first objective, which

takes precedence over the secondary. Phase II becomes a variation of
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the m-salesmen traveling salesman problem: the minimization of the
total distance traveled by all the buyers in proceeding to scheduled
meetings with sellers during the available successive time periods.
We solve this problem heuristically by adding a distance objective
to the series of assignment problems of Phase II used for scheduling.
In the capacitated transportation problem solved for time period i,
2 <1i <q, the cost of an admissible cell (j,k) is the distance
from the seller which buyer j visited in time period i - 1 to
seller k.

The first time period is handled differently. There is not a
"home" booth for each buyer in the sense of the traveling salesman
problem, and each buyer's route is a Hamiltonian chain rather than a
Hamiltonian cycle. For the first time period, the buyers are
assigned auspiciously for their starting sellers, in the following
way: Each buyer j has a set Nj of q sellers. For each seller k in
Nj let bjk denote the distance from seller k to his nearest
neighbor in Nj. An auspicious start for buyer j would be a seller k
for which bjk is large. He then would only travel this distance
once since he does not return "home." For the first time period,
then, we solve the capacitated transportation problem as a maximiza-

tion using a reward matrix (bjk) in the admissible cells.

5-2. FORMULATION

In this section the formulation of the MCTSP heuristic is given.

The example from the preceding chapter will be continued in the next
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section. Chapter VI contains an analysis of the performance of this
polynomial-time heuristic for a certain class of random MCTSP's.

The formulation of the capacitated transportation problem solved
each time period i has constraints identical to those given in (4.3).
Let dkh = the distance from seller k to seller h. The objective in

the first time period is

rtl s
s 1) (1)
Maximize | ) b ¥l (5.1)
=1 k=1 gk Tk
(1) & (s -
if zjk =1

- otherwise

(j=]9---,r; k=],...,S)

bryq i = O (k=1,...,s) (5.3)

The equation (5.2) defines the reward of an admissible cell in
period 1. Thus b§l) is the minimum distance from seller k to another
seller to be visited by buyer j. Otherwise, the cell is inadmissible.
Equation (5.3) states that the cost of assigning a dummy buyer to any
seller is zero.

Let pi(j) indicate the seller, for any i,j,h, (1 < i < q;
1<j<ry;1<h<s), towhich buyer j is assigned in time period i:
p'(j) = h if and only if x§;) = 1. For time period i, (2 < i <q),

the Phase II objective is:



7 7ol () (5.4)

Minimize }

j=1 ka1 dk Ik

b(1) = fd (5-5)

i1 (3) .k

if 2 = 1 and x§ll) =0, (0<i'<i-1)

= otherwise

(3=1,...,r; k=1,...,s)

For the dummy buyer r+1 define

1
(1) _oqqse v (1)
" 03F L. XMk < ek (5.6)

«» otherwise

(k=1,...,s)

Equation (5.5) defines the cost of cell (j,k) as the distance
from the current location of buyer j to seller k if he is to visit
seller k and has not yet done so. Otherwise, this cell is inadmissible.
Equation (5.6) says that the cost of assigning a dummy to a seller k
is zero if seller k has not yet had his quota of idle periods,

Zr+1,k' Otherwise, this cell is inadmissible.
5-3. EXAMPLE

Continuing the small example, suppose the ten seller booths are
set up in the convention arena in two rows of five, with distances as

shown, on a coordinate system (at the real conventions, it is often
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not possible to travel a straight route between two booths, because

of arrangement in aisles, different rooms, or other setups):

1

1 2 3 4
(0,1) (1,1) (2,1) (3,1)
1 /?

6 7 8 9
(0,0) (1,0) (2,0) (3,0)

Thus, dist(1,6)=dist(6,1)=1; dist(3,7)=dist(7,3)=v2 = 1.414.

5
(4,1

10

)

(4,0)

distances between any two booths are easily calculated, using

Other

Y5 = 2.236; /10 = 3.162; /17 = 4.123. The seller to seller distance

matrix (dkh) is seen in Table 11.

TABLE 11
SELLER TO SELLER DISTANCES

\\\<i§11er
Seller

1 2 3 4 5 6 7 8 9 10
1 0 1 2 3 4 1 1.414 2.346 3.162 4.123
2 1 0 1 2 3 1.414 1 1.414 2.236 3.162
3 2 1 0 1 2 2.236 1.414 1 1.414 2.236
4 3 2 1 0 T 3.162 2.236 1.414 1 1.414
5 4 3 2 1 0 4.123 3.162 2.236 1.414 1
6 1 1.414 2,236 3.162 4.123 O 1 2 3 4
7 1.414 1 1.474 2.236 3.162 1 0 1 2 3
8 2.236 1.414 1 1.414 2.236 2 1 0 1 2
9 3.162 2.236 1.414 1 1.414 3 2 1 0 1
10 4.123 3.162 2.236 1.414 1 4 3 2 1 0
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The nearest neighbor matrix for the first time period

maximization is given in Table 12.

TABLE 12

NEAREST NEIGHBOR DISTANCES

\\\\\Esller

Buyer 1 2 3 45 6 78 9 10
1 e 1414 e 2 e 1414 e e e
2 1418 w2 e e w11 e e
3 o 1414 e e e 1414 e e e 3,162
: e T T T g
5 R I T,
6 e e
7 6o 0o 0 00 0 o 0 0 0

Table 13 gives the Phase II scheduling for the meetings with

sellers as determined by the MCTSP heuristic for the three time

periods.

TABLE 13

MCTSP MEETING SCHEDULES

\\\\Egyer
Time

. 1 2 3456
1 41 10 3 2 9
2 2 7 4 510
3 6 8 510 4




CHAPTER VI
PROBABILISTIC ANALYSIS OF THE MCTSP HEURISTIC
6-1. INTRODUCTION

The results presented in this section are primarily of
theoretical interest, since the assumptions required for the analysis
are very limiting. For a certain class of random problems it is
shown that the ratio of the expected objective function value of the
heuristic solution to that of a randomly chosen solution is less than
or equal to l—j;ééﬁitj)-where n is the number of time periods, buyers,
and sellers (assumed to be equal). This result does not necessarily
apply to the Euclidian distance problems which we solve in the tour-
ism scheduling problem. It only offers the reassurance that, for a

class of problems which we are able to study analytically, the

heuristic can be shown to perform quite well.
6-2. ASSUMPTIONS

For purposes of the analysis assume that there are n cities, n
salesmen, and n time periods. (Although similar results can be
obtained without this assumption, its use greatly simplifies the
arguments.) We also assume that the distances between cities are
given by an nxn asymmetric distance matrix (dhk). It is assumed that
the distances dhk’ h#k, are independent observations of a random

variable x having a gamma probability density function:
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X
a=1 B

g(XZOL, B)=2(“—'e_—, fOY'X_>_0.

8% T'(a)

. 1 . .
For our analysis we assume o = and g can be an arbitrarily

defined positive number. The expected value of x is E(x) =-%.

(Hence if we wish to have E(x) equal to some constant ¢ for all n,
we could define B = cn.) The variance of x is V(x) = %-82.

We assume that the initial placement of the salesman (i.e., the
choice of a feasible assignment problem solution for time period 1)
js arbitrary, e.g., salesman j is assigned to city j, j=1,....n.

The assignment problem solved for time period i, 2 < i < n, has

n- i+ 1 admissible cells in each row and column. Cell (j,k) is
admissible if salesman j has not yet visited city k. The cost of an
admissible cell (j,k) is dhk where h is the city occupied by salesman
j at time i-1. A cell (j,k) which is admissible at time i-1, is still
admissible at time i, unless salesman j was assigned city k at time
i-1. However, the cost of an admissible cell (j,k) changes in each
time period because salesman j is starting from a different city.

The total distance D traveled by the salesmen is the sum of the
optimal objective function values of the assignment problems solved
in periods 2 through n:

n
D= ) Z* (6.1)
i=2 !
where Z; is the optimal objective function value for the ith assign-

ment problem solved in period i. D and the Z? are functions of the



77
random variables dhk’ and are therefore random variables. An upper
bound on the expected value of D can be obtained from upper bounds

on the expected values of the Z?.
6-3. ANALYSIS

Let 7} denote an upper bound on the expected value of Z?. In
estimating 7é we can assume that the costs of the n{n-1) admissible
cells are independent observations of x, since these costs are
simply the n(n-1) nondiagonal elements in (dhk). In estimating 7%

3 <1i <n, we are in fact being conservative in assuming that the
costs of admissible cells are independent observations of x. We show
below that the expected cost of an admissible cell in any time period
is less than or equal to E(x).

The unconditional probability that a randomly selected distance
dy i sh#k will appear as the cost of an admissible cell in time period
i, 2 <1 <n, is the probability that cell (j,k) is admissible where
j is the salesman in city h at time i-1. Cell (j,k) is admissible
if salesman j has not yet visited city k. There are n-1 cities other

than h to be visited by j. He has already visited i-1 of these and

has n-i+1 yet to visit. The probability that k is among the cities
n-i+1

n-1"°
Suppose, on the other hand, that in p, 1 < p < i-1, of the

yet to be visited is therefore

first i-1 periods, the optimal assignment problem solution included
the cell which for that period had a given distance dhk’ h#k, as its

cost. During these p time periods, the salesman at city h was
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assigned to city k. We can conclude salesman i who is currently at
city h, was not assigned to city k in any of those p time periods.
Thus he will visit city k in one of the remaining n-p time periods
(or n-p-1 if period i-1 is not one of the p periods). He has n-i+]

cities yet to visit. The probability that k is among these cities
n-i+l

n-p °
We have shown that in time period i the probability that a given

yet to be visited is at least

distance will appear as the cost of an admissible cell, given that it
is the cost of a cell appearing in an optimal assignment in one or
more previous periods, exceeds the probability that a randomly
selected distance will appear as the cost of an admissible cell.
Furthermore, the expected cost of a cell used in an optimal solution is
less than E(x). Hence the expected value of admissible cells in any
time period is less than or equal to E(x). Thus in computing 7%, we
are being conservative in assuming that f(x) is the pdf of the costs.
We now compute 7}, an upper bound on the expected value of the
optimal assignment problem solution at period i using this assumption.
At stage i each row and column has k = n-i+1 admissible cells.
Each of the k permutation matrices in the marriage theorem gives a
feasible assignment. None of these solutions have cells in common.

The objective function value Z for each of these solutions is the sum

of n independent random variables each having probability density

function g(x:-%, 8). Thus the pdf of Z is g(Z: 1, B8), an exponential
e

with g(Z) = "L/8 750, and E(Z) = 8. The cumulative distribu-

1
B
tion of Z is:
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G(z) =1 - e'Z/B, Z > 0. The distribution of the objective function
value W of the best of these n-i+1 solutions is the first order
statistic of n-i+1 observation of Z.

The cumulative distribution of W, H(W), is given by:

1!

1-01-6WI™ ™, wso (6.2)

-+
_(ﬂ_%_l )W

H{W)

1 -¢e

B
n-i+1"

H(W) is the cumulative exponential distribution with E(W) =

8
n-i+1

Thus from (6.2) we have an upper bound 7} =

From (6.1) it follows:
n

8
)< 122 n-i+l

1 (6.3)
1

The following steps provide a bound on the summation in (6.3).

n

T (/4)

i=1
n-1

+ 7 (1/1)
=2

1
—

n-1 i
<1+ 3 J (i/x)dx
i=2 i-1

1]
—
+

n-1
1[ (1/x)dx

It
—
+

wn(n-1).



The summation, Z (1/i), is a rectangular approximation of
n-1 i=2
j (1/x)dx = 2n{n-1) as shown in Figure 2. From Figure 2 it can

n—
also be observed that ) (1/i) < an(n-1). Hence from (6.3) we obtain:

i=2

D < B(1 + an(n-1)).

A solution which is randomly chosen from the set of all feasible
MCTSP solutions has an objective function value v which is the sum
of (n-1) n distances. Its expected value is therefore (n-1)n E(x) =
(n-1)B. Hence the ratio of the expected heuristic objective function
value to that of a randomly chosen solution is less than or equal
to l—i—%?%ﬂ:llu This ratio is near zero for large n. The
g(x:1/n,8) distribution was chosen to make the analysis mathematically
more tractable. We can only speculate whether the results would be
more or less optimistic, if we could analyze other classes of
distributions. We know of no reason why the choice of g{(x:1/n,8)
would bias the results. The gamma distribution is a very flexible

mode1 which has been used in a variety of applications.
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Figure 2.

2 3 4 (n-1)

Rectangular estimate of integral.
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CHAPTER VII

COMPUTER IMPLEMENTATION

The algorithms described in Chapters IV and V were implemented
on the DEC-10 computer at The University of Tennessee. The FORTRAN

program uses the primal network code, "GNET," of Bradley, Brown and

Graves (1975,1977) to solve the capacitated transportation subproblems.

This program was applied to data taken from a recent convention in
the tourism industry, using four possible mutual preference
coefficients for the primary objective function. We have supplied

a 15 x 14 grid to locate the sellers, in order to obtain distance
data to be used in the MCTSP heuristic. The heuristic which is
currently being used was also applied, using the same data. In
Section 1, the four cost coefficients are defined for the 3DAP-planar
algorithm, and the currently used heuristic is described.

Since the true objective in these assignment problems is not
well defined, the purpose of these tests is to study the characteris-
tics of the solution produced by each of five methods (as opposed to
demonstrating that one method dominates the others). These results
are presented in Section 2.

In addition, we solved with our algorithm eight problems 1in
which the buyer and seller preference lists were generated randomly.
The problems were used to estimate: (1) the effect of problem size
on computation times and the quality of solutions; (2) the effect of

the preference structure on the quality of the solutions. With
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number of time periods held constant, and numbers of buyers and sellers
proportional, the CPU time is almost linear with problem size as
depicted by number of sellers. Furthermore, even for problems in which
certain buyers and sellers are much more popular than others, the
3DAP-planar algorithm is able to resolve the conflict and come up with
solutions which are almost as good as when the preferences are uncorre-

lated. The problems with random data are reported in Section 3.
7-1. THE TOURISM CONVENTION EXAMPLE

There were s = 204 sellers, r = 142 buyers, and g = 25 time
periods, in these representative convention data. Preference lists,
identification codes, and names were provided for buyers and sellers.
Each buyer's 1list had between zero and 108 requests for sellers,
with an average of 27.1. Each seller's list had between one and 107

requests for buyers, with an average of 27.4.

7-1.1. Cost Coefficients for the 3DAP-Planar Algorithm

In order to use the 3DAP-planar algorithm, preference "cost"
coefficients, Cjk’ must be supplied for each pair of buyer j and
seller k. Initially, in the case of the tourism convention examples,
each buyer (seller) had ranked approximately 27 choices of sellers
(buyers), in order of preference, a low ranking signifying a high
preference. If a seller was not given a place on a buyer's list,
then he was assigned a rank equal to the total of all possible ranks.

Thus, sellers not given a rank were assigned a rank of 20910, derived

by:



S
T ok = s(s+1)/2 .
k=1

The essentially infinite rank causes the scheduling of these

unrequested meetings to be denied if possible. Similarly, each seller

had ranked approximately 27 choices of buyers, and buyers not given a

rank were assigned a rank of 10153:

: j=r(r1)/2 .

il o~

J
In representing the desirability of a meeting, four cost

coefficients were tested. A sum cost:
Cik T %5kt By
a logarithmic cost:
Cig = 1n(ajk) + 1n(8kj) = ]n(ajkskj)
a buyer preference cost:

ik T %k

and a seller preference cost:

ik = Bkj

where %k = the rank assigned to seller k by buyer j, and Skj

rank assigned to buyer j by seller k, (j=1,...,r;k=1,...,s).

(7.2)

the

The sum cost gives a balanced combined ranking, based directly

on the two ordinal rankings in the preference lists. The logarithmic
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cost is designed to give smaller differences among higher ranked
choices since the log function has diminishing slope. (The opinion
expressed by the schedulers was that the buyers and sellers would,
for example, be relatively indifferent in choosing between their 25th
and 30th preferences, but not between their Tst and 2nd preferences.)

The buyer preference cost and the seller preference cost were
used primarily to provide a basis of comparison for the other
schedules. However, from a practical standpoint, the buyer preference
cost is reasonable, since a seller would be interested in being

visited by any prospective buyer who requested him.

7-1.2. Currently Used Scheduling Method

The scheduling method currently used is a three phase heuristic
developed by Dr. Oscar Fowler of The University of Tennessee and
Dr. John Plotnicki of Colorado State University. The phases use
different rules to define admissible buyer-seller pairs and to define
the order in which the pairs are considered. When an admissible pair
is considered, a visit will be arranged between the given buyer and
seller if they have a free time period in common. Once a visit is
arranged, it is permanently fixed, as is the time period in which it
takes place.

The first two phases of the heuristic are buyer oriented. Each
phase makes multiple passes over the list of buyers. Each pass
attempts to schedule one additional visit for each buyer. In
scheduling a visit for a buyer j, the sellers are considered in the

order which they occur on buyer j's list of preferences. Phase I
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only considers perfect matches, i.e., visits between a buyer j and a
seller k where j has requested k and vice versa. Phase II considers
visits in which only the buyer has requested the seller. Phase III is
seller oriented. This phase makes multiple passes over the 1ist of
sellers attempting to schedule one additional visit for each seller
during each pass. In scheduling a visit for a seller, the buyers are
considered in the order of the seller's preference. In this phase,
a buyer-seller pair is admissible if the seller requested the buyer.
The three phases are described below.

Phase I—Perfect Matches

This phase makes multiple passes through the 1ist of buyers. Each
pass attempts to schedule one additional visit for each buyer. Only
buyer-seller pairs in which the buyer and seller choose each other
are admissible. The buyer's preference determines the order in which
these pairs are considered. In each pass each buyer is assigned a
visit with the most preferred seller k on his request list satisfying
the following conditions (if such a seller exists):

(1). A meeting between j and k has not already been scheduled.

(2). Buyer j is on the requested list of seller k.

(3). Buyer j and seller k have a free time period in common.

If, in a given pass, no seller on buyer j's preference list
satisfies these conditions, no visit will be scheduled for j. Then
buyer j will be skipped on subsequent passes. The passes stop when
no buyer's preference list contains sellers satisfying (1), (2), and

(3). At this point the second phase of the heuristic begins.
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Phase II—Buyer Requests

This phase is identical to Phase I except that condition (2) 1is
dropped. A pair (j,k) is admissible if buyer j requested seller k.
As before, the buyers are considered in rotation and each buyer's
preference 1ist determines the order in which the sellers are
considered.

Phase III—Seller Requests

This phase is identical to Phase II except the roles of buyers
and sellers are requested. Multiple passes are made over the list
of sellers. Each pass attempts to schedule one additional visit for
each seller. For each seller, the buyers are considered in the order
in which they occur on the seller's 1list of preferences, and a visit
is scheduled when a buyer having a free time period with the seller
is found. A seller is eliminated once his preference list is exhausted
and the passes stop when all sellers have been eliminated.

The steps of Phase I and Phase II of the heuristic are given
below. Phases I and II differ only in the criteria used to determine
admissibility in step 6. Phase III is the same as Phase II with the

roles of buyers and sellers reversed. The variables used are as

follows.
j = index of buyer being considered for scheduling.
pj = position on buyer j's preference list currently being

considered, i.e., the seller k to be considered is the pjth choice

of buyer j.

= total number of sellers on buyer j's list of preferences.
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r = number of buyers.
The steps are as follows:

1. Set pj =0, j=1,...,r |
Set j = 0. Go to Step 2.

2. Set j = (j+1) Mod (r+1). If j =0, set j = 1.

Go to Step 3.

3. If buyer j has been eliminated, go to step 2. Otherwise

go to Step 4.
. .= p. + 1. . . .
4. Set pJ pJ 1 If pJ > qJ go to Step 7

5. Let k be the seller having position pj on buyer j's list of
preferences, i.e., ajk = pj. If (Phase I only: j is on k's preference
1ist and) j and k have a free time period i in common, go to Step 6.

Otherwise, go to Step 4.
6. Schedule a visit between j and k in period i. Go to Step 2.

7. Eliminate buyer j. If all buyers have now been eliminated,

stop. Otherwise, go to Step 2.
7-2. TESTS USING TOURISM DATA

Five schedules were derived for the sample tourism convention
data. These schedules were derived using the current heuristic,

Method I, and the 3DAP-planar algorithm with the four different cost

coefficients (7.1) through (7.4), Methods II through V, respectively.




89

The current heuristic does not consider distances, but we have
calculated them for the buyers in that schedule. The MCTSP heuristic
which was described in Chapter V was implemented in conjunction with

Methods II through V.

7-2.1. Remarks about Methods

In terms of the preference rankings of buyers' and sellers'
assignments, the heuristic and the other methods are not directly
comparable, and are biased in favor of the heuristic for the following
reasons.

(1). The 3DAP-planar algorithm methods were constrained to
give each seller at least 17 visits (the integral part of the average
number of visits per seller).

(2). The heuristic had added flexibility in scheduling the times
of meetings. In actuality, some buyers and sellers were represented
by more than one agent. The 204 sellers were represented by 300
agents, and the 142 buyers were represented by 242 agents. In our
program we ignored the extra agents completely. In the heuristic,
they were ignored in the logic used matching buyer-seller pairs except
in determining if a buyer and seller had a free time period in common.
A visit could be scheduled between a buyer j and a seller k if any
agent of j had a free time period in common with an agent of k. The
result was the sellers and buyers having multiple agents could get
more visits and also more of their high preferences.

The 3DAP-planar algorithm could handle multiple agents in an

ad hoc fashion, simply by treating them as separate buyers or sellers.
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In this case, the preference Tists of the agents representing a
seller(buyer) must be mutually exclusive in order to prevent duplicate
assignments. However, this was not done in our test runs, nor were
the balancing constraints relaxed. A rigorous study of the case of

multiple agents is an area of future research.

7-2.2. Results

A summary of the results from the five methods is given in
Table 14. The total number of meetings scheduled by the heuristic
is 3539, almost the same as the 3550 meetings scheduled for each
test of the 3DAP-planar algorithm. This algorithm gives 25 meetings
to each individual buyer and at least 17 to each seller.

Column 1 of Table 14 is the CPU time consumed by the entire run.

Column 2 is the number of requested visits granted per seller. These
numbers do not include visits scheduled with buyers who were not
ranked by the seller. Column 3 is the rank which the seller had
assigned to the buyers with whom the requested visits were scheduled.
Columns 4 and 5 give the corresponding information for buyers.
Column 6 is the distance traveled per visit for the buyers. No unit
is given for the distance, but on the grid used for sellers' booths,
the distance between any two adjacent booths is one, and the maximum
distance between any two booths is about 19.

Method I used 47 seconds of CPU time, and methods II through V
each used about 6.5 minutes. CPU time is not a major consideration
in the light of other expenditures and the infrequency of the use of

the system. The average distance traveled per buyer is 7.40 for the



TABLE 14

SUMMARY OF TESTS ON TOURISM EXAMPLE

(1) Seller Buyer (6)
DEC-10 (2) (3) (4) (5) Distance
Method CPU No. Visits Rank of Visit No. Visits Rank of Visit{ for Buyer
Used Time |Min.|Ave.|Max. | Min.|Ave.|Max. { Min. [Ave. |Max. Min.|[Ave.[Max.| Min.|Ave.|Max.
(1)
Heuristic |47 s 1 11.8]20 1 14.0| 78 0 |16.8(78 1 25.5|108 1 7.40117.8
(I1)
Sum Costs {6.5m | 0O [11.1]18 1 18.6| 93 0 |16.5(25 1 18.6| 25 1 3.10(15
(I11)
Logarith-
mic Costs [6.5 m | 1 13.5(23 ] 14.9{ 93 0 {13.3|25 1 17.5(107 1 3.10{18.4
(1V)
Buyer
Preference
Costs 6.5m | 0 5.3{14 1 22.01106 0 116.5{25 1 13.31 47 1 3.05(17.7
(v)
Seller
Preference
Costs 6.2 m | 1 16.6(23 1 11.3(103 0 4.0117 1 23.0|102 1 3.09({16.4

L6
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heuristic, versus approximately 3.10 for the 3DAP-planar methods in
conjunction with the MCTSP heuristic.

Predictably, Method IV gives a good solution from the standpoint
of buyers' preferences, and Method V gives a good solution from the
standpoint of sellers' preferences. The heuristic performed well in
terms of the total number of requested visits granted to buyers, with
an average slightly higher than Method IV. This high average was
achieved by granting some buyers as many as 78 of their requested
visits (the result of multiple agents and no constraints on the number
of buyers' or sellers' idle periods). Method II appears to be bjased
toward buyer requests, while Method III is biased toward seller
requests.

Figure 3 shows the percentage of buyers who got visits with their
j-th choice for i=1,...,25. Predictably, Method IV dominates the
other methods. Method III does well in giving buyers their first 5 or
so choices, and then drops rapidly. Method II performs well throughout
the first 25 choices.

Figure 4 shows similar data for the sellers. Method V dominates
the other methods. Methods I and III appear to be tied as the second
best. From Figures 3 and 4 it can be seen that Method III (Tlogarithmic
costs) is the only method which gives both buyers and sellers a large

percentage of their high preferences.
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7-3. PROBLEMS USING RANDOM DATA

7-3.1. Description of Problems

We ran two sets of problems, using the 3DAP-planar algorithm
with sum costs and four sizes of problems in each set. The four sizes
each used q = 25 time periods. The numbers of buyers and sellers
(rxs) was 25x50, 50x100, 75x100, and 100x200 for Problems I through
IV, respectively. The sum cost objective was chosen arbitrarily as a
representative one which has been considered for practical use, and
for ease of interpretation.

Each of the eight problems was run with and without the
implementation of the MCTSP heuristic for distance minimization in
Phase Il of the solution. With the use of the same distance grid
for all problems, the distance between adjacent sellers is one. The
maximum possible distance between sellers with 50, 100, 150, and 200
sellers is 14.3, 15.2, 16.6, and 19.1, respectively.

The first set of problems gave to buyers preference lists which
were independent random permutations of s sellers, and to the sellers
preference lists which were independent random permutations of r
buyers. Since every buyer (seller) was given a rank by every seller
(buyer), no missing ranks were supplied to the data.

In the second set of problems, some competition and conflict
were introduced by making some buyers (sellers) generally more
highly preferred than others. A buyer's preference list is a random
permutation of s sellers, subject to the following requirements:

First place on the 1list is filled by any seller k with probability
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proportional to k. Second place on the list is then filled by any
seller k, given that he was not first on the list, with probability
proportional to k. In general,the i-th place on the list (i =2
through s) is filled by any seller k, given that he was not one of
the first i - 1 on the list, with probability proportional to k. Each
seller's preference list is constructed in the same fashion, relative

to the buyers.

7-3.2. Results

Tables 15 and 16 give summaries of the results of the two sets
of random problems. In each table, Column 1 gives the CPU time with
and without use of the MCTSP heuristic for distance minimization in
Phase Il of the solution. Columns 2 and 3 give the information con-
cerning ranks of the visits granted to a seller and a buyer.

Columns 4 and 5 give the distance results with and without the MCTSP
heuristic.

Note that the numbers of requested visits granted are not
reported in Tables 15 and 16. A1l visits are requested, and each
buyer was assigned 25 meetings for each time period. The average
number of meetings per seller was 12.5 in all problems. Therefore,
each seller was constrained to have at least 12 meetings. In each
problem, this minimum was attained by the schedules. In the first
set of independent random problems, the maximum attained number of
meetings for a seller was 17, 18, 17, 18 for the problems I through
IV, respectively. In the second set of competitive random problems,

the corresponding numbers were 17, 20, 20, 20. This indicates a




SUMMARY OF INDEPENDENT RANDOM TESTS

TABLE 15

Problem (1) (2) (3) Distance for Buyer
Size DEC-10 Seller Buyer (4) (5)
(Buyers x CPU Time Rank of Visit Rank of Visit MCTSP No MCTSP
Sellers) | MCTSP[No MCTSP|Min. [ Ave. | Max. | Min. [ Ave. [ Max. | Min. | Ave. | Max. | Min. | Ave. | Max.
(I)
25x50 54 s 49 s ] 10.7 | 25 1 14.5| 45 1 1.71 1 14.04 1 5.40 |1 14.04
(11)
50x100 [ 2.0 m{ 1.8 m | 1] 16.9 49 1 18.0 | 58 1 2.14 [ 13.04 1 5.82 | 14.87
(I11)
75x150 [ 3.2m| 2.9m | 1 21.3| 75 1 21.4| 76 1 2.58(14.04 1 6.52 | 15.63
(IV)
100x200 | 4.7 m| 4.2 m {1 24.5| 81 1 24.8| 94 1 2.98117.03 1 7.46 | 18.39

L6




SUMMARY OF COMPETITIVE RANDOM TESTS

TABLE 16

Problem (1) (2) (3) Distance for Buyer
Size DEC-10 Seller Buyer (4) (5)
(Buyers x CPU Time Rank of Visit Rank of Visit MCTSP No MCTSP
Sellers) [ MCTSP|No MCTSP|Min. | Ave. | Max. [ Min. | Ave. | Max. | Min. | Ave. | Max. [Min. | Ave. [ Max.
(1)
25x50 56 s 50 s 1 10.9| 25 1 16.8| 50 1 1.75| 11.40{ 1 5.62( 14.32
(11)
50x100 |2 m 1.8 m | 1 19.1{ 50 1 22.11 100 1 2.23114.32) 1 5.92 | 14.87
(I11)
75x150 {3.3m 3.0m| 1 24.4| 75 1 27.91 150 1 2.56 | 15.81¢ 1 6.681 16.12
(IV)
100x200 { 4.9 m| 4.4 m | 1 31.1] 100 1 31.3| 200 1 3.02|17.69] 1 7.481 17.69

86
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small amount more imbalance in the number of meetings granted to
sellers when there is more competition for meetings. However, the
3DAP-planar algorithm appears to be able to resolve the conflicts
and produce schedules which have almost the same maximum numbers of
meetings for sellers in the four problems, as for independent random
data in the first set of problems.

Figure 5 shows the relation between CPU time and the size of
the random problem as measured by the number of sellers. The largest
CPU time is shown, i.e., for the random competitive problems using
the MCTSP heuristic. It appears to have a slight upward curvature.
This applies to problems with q = 25, and number of buyers proportional
(half) to the number of sellers.

As to the differences of quality of solution obtained for the
two sets of problems, the ranks of scheduled visits for the random
competitive preferences were somewhat higher. In all cases shown in
Table 16 the maximum possible rank (least févored preference) was
attained, but somewhat lower maximum attained ranks are seen in
Table 15. Average ranks between the two sets of problems show higher
figures for the random competitive data than for the independent
random data. However, the difference is not great.

The average distances traveled when the MCTSP heuristic is not

used is greater than when it is used in all problems by a factor of
2.5 or more. The four competitive random problems with and without
MCTSP each have s1ightly higher distances than the corresponding four

independent random problems. This may be explained by the fact that

R
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Figure 5. CPU time for random problems.
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a few of the sellers have a relatively large number of visits when
the competitive random preference data is used, in spite of the con-
strained minimum number of visits for all sellers.

We have seen that for the problems reviewed, those which were
designed with differences of desirability among buyers and sellers
were given poorer quality solutions as to ranks of assigned visits
and distances traveled. A higher maximum number of visits attained
by any seller in the second set of problems also indicates the
differences among the sellers' "popularity" with buyers.

The reduction in the quality of the solutions for the competitive
random data is not very marked. The solutions are almost as good as
those for the independent random problems, which gives a good recom-
mendation to the 3DAP-planar algorithm's ability to resolve the con-
flicts, even in the presence of strong competition and similar

preferences.



CHAPTER VIII
CONCLUSION

"It is the large generalization, limited by the happy
particularity, which is the fruitful conception" (Whitehead, 1925).
In this closing chapter, we look back on what has been accomplished,

and look ahead at other prospective research.
8-1. ACCOMPLISHMENTS

One of the earliest optimization problems to be studied in the
field of operations research was the assignment problem (Lawler,
1976). We have studied a special class of three-dimensional planar
assignment problems, with a very realistic and reasonable restriction

on the objective function (c Ci1k for all i,i'). We have

ijk =
developed the first polynomial-time solution, 0(n6), which we have
seen for an important class of problems, represented in this study by
a scheduling problem arising in the tourism industry conventions.
Furthermore, we have defined an important new class of
m-salesmen traveling salesman problems, called the musical chairs
traveling salesman problem. It arises as a secondary problem in the
tourism scheduling, and a heuristic is devised which is very useful
in its own right for other applications. This heuristic is analyzed
probabilistically for a class of cost distributions.

The current method which is being used in the tour convention

scheduling was described. Recent tour convention data were used with
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the current heuristic, and also with the two phase 3DAP-planar

algorithm for four different cost coefficients, with and without the

MCTSP heuristic. In addition, eight problems of differing sizes and
differing types of random data were analyzed. The solution method
was found to perform well.

We have indicated some areas of prospective research throughout
the dissertation. In the following sections are some other research

directions.
8-2., MCTSP ALGORITHMS

A topic for further research is the development of other
algorithms for the MCTSP. A rather special feature of this problem
is the fact that,’independent of the distance matrix, certain
feasible solutions are much more likely to be optimal than others.
The fact that an optimal solution can be characterized a priori
could be exploited in a solution method.

An optimal solution is likely to be one in which the different
salesmen's Hamiltonian chains have many arcs in common. For example,
if we were to modify the problem so that each salesman starts at
a different city and then makes a Hamiltonian tour of all the
cities, then an optimal solution would exist in which all of the

salesmen's tours contain the same set of arcs. This problem could

be solved by solving the standard traveling salesman problem.
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An examination of random problems verifies that it is true,
in general, that in an optimal solution the different salesmen's
chains will have many arcs in common. Consider a random problem
(either symhetric or asymmetric) in which the distances are indepen-
dent observations of a random variable X with expected value E(X)
and variance V(X). (The independence assumption is for simplicity;
a similar argument holds without this assumption.)

Assume that there are n salesmen, n cities, and q times
(q<n). Consider an arbitrarily chosen feasible solution. Let Y,

j
denote the length of the chain of salesman i. Then,

qE(X) and
qv(X).

E(Yi)

V(Yi)

Let Z denote the total length of all the chains of all the

salesmen. Then:

E(Z) = nE(Y.) = nqE(X)

and
) - ] 7
V(Z) = V(Y.,) + 2 0s s Y.) V(Y.
i=1 ] EYINE) I
n i-1
= ngV(X) + 2qV(X) )} J P4 (8.1)
i=1 j=1
where pij is the correlation coefficient between Yi and Yj:

Pss = P'ij/q (8.2)

1]
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in which p1.j denotes the number of arcs the chains of salesman i
and salesman j have in common.

From (8.1) and (8.2) it can be seen that the larger number of
arcs the chains comprising a solution have in common, the larger
V(Z) will be. The variance of a given solution is between nqV(X),
(corresponding to none of the chains having arcs in common), and
anV(X), (corresponding to each of the chains having the same set of
arcs).

Since E(Z) is the same for all of the feasible solutions, those
solutions having the larger values of V(Z) are more likely to have
very small (and also very large) values of Z. Hence solutions in
which the chains have many arcs in common are more likely to be
optimal.

The heuristic method presented in Chapter V is biased toward
producing the type of solution most likely to be optimal. As was
shown in Chapter VI, the arcs most likely to be admissible for a
salesman at a given time period are those which have been used in
previous time periods by other salesmen. -

This idea could be further exploited by first finding an optimal
traveling salesman tour of all the cities (assuming this is com-
putationally feasible). Then a MCTSP which gives preference to the
arcs in this tour could be applied. For example, the heuristic of
Chapter V could be modified by assigning a cost of zero in the
assignment problems to the arcs in the optimal traveling salesman
tour. This would tend to give our essentially greedy algorithm some

"Took ahead" capability.
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8-3. OBJECTIVE FUNCTIONS

8-3.1. Efficient Versus Equitable

The linear (efficient) and bottleneck (equitable) objective
functions are included among the general class of zp and g_ norms
which are defined on a real vector space. Let Cjkxijk be nonnegative
components of a vector, cx, in qrs-dimensional vector space. The &

p
norm is defined by (Ortega, 1972):

Hcsﬂp = 121 jgl kzl (Cjkxijk)p 1/p .
The 2_ norm is the limiting case of the zp norm as p->« (Rudin,
1974).

A multiobjective algorithm which treats the Tinear and
bottleneck objectives would be easy to develop. Another interesting
possibility would be the development of an algorithm which handles

the general Zp norm.

8-3.2. Time Preferences

This section provides some very stimulating ideas for future
research. [t consists of conjectures rather than rigorously proved

results.

8-3.2.1. Conjectures. The tourism scheduling problem has been
described under assumptions that some of the sellers at the con-
vention will necessarily have some idle periods. Suppose each

seller k can specify a degree of preference C%k for each time period
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i. Assume Cgk is the combined mutual preference of buyer j and
seller k, as before. Suppose also that the cost of buyer j meeting
seller k at time i is:

1 + C"

Cijk = Cik ik (i=1,...,03 j=1,...,r; k=1,...,s) (8.3)

where as before q, r, and s are respectively the number of time
periods, buyers, and sellers.

A similar problem is one in which the buyers do not necessarily
have q visits, are therefore idle in some time periods, and have

stated time preferences ¢33 The cost coefficients in (8.3) are

replaced by:
Cijk T ikt Sk teq; - (8.4)

We conjecture that the problems having cost coefficients
given by (8.3) and (8.4) can be solved optimally by a polynomial-
time algorithm.

We give below a formulation of a capacitated transportation
problem which is the basis of our conjecture. The formulation
relates to the problem associated with (8.3), but can be easily
modifed for (8.4). The solution of this capacitated transportation
problem provides each buyer with a set of sellers to visit. It
also provides each seller with not only the set of buyers who will
visit, but also the set of time periods during which he will be

idle. The problem is formulated so that associated with any feasible
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solution there appears to exist a nonconflicting time schedule in
which the specified visits are made and the buyers are idle during
the specified time periods. We have not yet been able to develop

an algorithm to find the nonconflicting time schedule (if one exists).

8-3.2.2. Formulation. The general idea of the formulation is
as follows: Suppose we were to simultaneously solve three capaci-
tated transportation problems, assigning (1) buyers to sellers,
(2) sellers to time periods, and (3) time periods to buyers. We add
an artificial or slack variable (i.e., a dummy cell) to each row and
column of all the problems. However, each artificial or slack
variable is both a row dummy for one capacitated problem and a column
dummy for another. Each of the three possible combinations of
capacitated transportation is linked by a set of artificial or
slack variables. This linkage is made in such a way so as to
guarantee that if buyer j is assigned to seller k, then seller k
will be assigned to some time period i, and time period i will be
assigned to buyer j.

The problem which results after adding the linking artificial
or slack variables is a (g + r +s) by (q + r + s) capacitated trans-
portation problem. Its solution provides a solution to the three
assignment problems (1), (2), and (3). Furthermore, it appears
that there is a nonconflicting time schedule of visits corresponding
to this solution. However, the solution does not directly provide
a time schedule and we have been unable to develop a method for

determining one. Table 17 illustrates the capacitated transportation



TABLE 17

INITIAL ARTIFICIAL SOLUTION

times

buyers

S
sellers

q r
times sellers buyers
r X X | X X X X X X 0 0
X r x| x x x X X X 00
X X r|x X X X X X 00
X x x{0 000 O0O0 X X
X x x{0 0 0 0 00O q X
X Xx x{0 0 0 0 6 O X q
x x x| 0 0 00 00 X X
0 0 0}tg x x x x X X X
0 0 01 x g x x x x X X
0 0 0x x g x x Xx X X
0 0 0fx x x g x X X X
0 0 0 x x x x g x X X
0 0 0} x x x x x q X X
r...rq. q
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formulation. The numbers in the cells represent an all artificial-
slack solution. We assume q < r < s. The numbers on the right
margin are supplies and the numbers on the bottom margins are demands.

The rs admissible cells in the center rectangle (buyer-seller)
represent assignment of buyers to sellers. Each buyer supplies q
visits and each sé]]er demands q visits. The cost of the cell
corresponding to buyer j and seller k is Cgk' The capacity of each
cell is one.

The qr admissible cells in the upper right rectangle (time-buyer)
represent assignments of time periods to buyers. Each time period
supplies r visits and each buyer demands q visits. (Since each
buyer is to make q visits, all of the rq assignments are used in the
final solution.) The cost of each of these cells is zero. (If buyers
were to make less than q visits and had time preference, as in (8.4),
these costs would reflect the buyers' preferences.

The remaining admissible cells are designed to assure that if

buyer j is assigned to seller k, seller k will be assigned to some
time period i and time period i will be assigned to buyer j.

The sq admissible cells in the lower left rectangle (seller-
time) represent the assignment of time periods for visits to sellers.
Each seller supplies g visits and each time period demands r visits.
The cost of assigning se]]ef k to time period i is C%k' The
capacity of each cell is one.

The g diagonal cells in the diagonal of the upper left square

(time-time) represent unused visits in time period i. The variable
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corresponding to cell (i,i) in the square represents the number of
jdle buyers in time period i. Since these cells represent artificial
variables, their cost is some large number M.

The diagonal cells of the center right square (buyer-buyer)
represent idle periods for each buyer. The artificial variable
corresponding to a cell (j,j) in the square is the number of
unassigned time periods buyer j has. The cost of each cell is

also M.

8-3.2.3. Linkage. The linkage provided by the artificial and
surplus variables is most easily seen by observing the stepping stone
pattern of a simplex pivot. The number of the cells in Table 18
illustrate how the values of the variables might change in the most
simple type of pivot. In this pivot, when seller-buyer assignment
(k,j) is made, a seller-time assignment (k,i) and a time-buyer
assignment (i,j) is effected by the linking variables. Table 19
illustrates a more complex pattern which might occur when reassign-

ments are being made inside each of the three subproblems.

8-~3.2.4. Solution. An inductive proof of the existence of a
nonconflicting time schedule corresponding to the optimal solution
seems possible. Obviously, such a schedule exists for the original
artificial solution (nobody going anywhere) shown in Table 17.
Assuming you have a solution with a nonconflicting time schedule,
you would need to show that no unresolvable conflicts are introduced
by a pivot of the primal algorithm. Even if a nonconflicting schedule

does exist, the solution does not directly provide it.



TABLE 18
A SIMPLE PIVOT

times sellers buyers
X X | X X X X X X
3
times {x |-1 x I x X X X X X +1A
X | X X X X X X X
X | x x x| x
>
X | X X +M\ -1 x
buyers
X | x x X
X | x x X X
X X X X X X X
Y ;
+1 X -1 x x x X X X
X X X X X X X
sellers
X X X X X X X
X X X X X X X

112
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TABLE 19
A MORE COMPLEX PIVOT

times sellers buyers
-1 X X | X X X X X X +1]
< T
times X X | X X X X X X -1 N+]
X| x X X X X X X
X| X X X X | X
S—
x| x x +1Q -1 X X | x
buyers
X| x x X X X
>
X| X X +1 x x x -1
X X|x x X
X X| X X X
FAATY X 21 x X X
sellers A
/
+1 -1 X X X X X
X X X X X
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It may be possible to start with the time schedule corresponding
to Table 17, and at each pivot update the schedule. Or it may be
possible to further "jury rig" the formulation to provide this
schedule directly. It is more likely that a feasible time schedule
can be found in a Phase II application of the marriage theorem as in
our original heuristic, using the entire (r + s +q) by (r + s + q)
tableau shown in Table 17. At each stage i, in the seller-time,
time-time, and time-buyer subproblems, only the cells corresponding

to time period i would be feasible.
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