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ABSTRACT

We consider the eigenvalue problem —e?Av + f'(u.)y = p, with Neumann
boundary conditions, in a smooth bounded domain  in R2, arising from the
evolution problem u; = e2Au — f(u), with the same boundary conditions. Here f
is the derivative of a double well potential with two equal minima at +1, and u,
is a smooth function with a sharp interface v contained in Q.

The goal is to characterize the eigenvalues p that vanish in the limit ¢ — 0
(critical), and their corresponding eigenfuntions. It is shown that these eigenvalues
are related to the eigenvalues A of a regular Sturm-Liouville problem on the curve
vbyp= 62/\+0(63). By changing to local coordinates r(=signed distance from )
and s(=arclength on «) in a neighborhood of 7, and then stretching variables (n =
r/e), Alikakos and Fusco have shown that the critical eigenfunctions, appropriately
normalized, separate in the limit € — 0 to U'(n)O(s), where U’ is the derivative
of the solution of U" — f(U) = 0, U(0) = 0, U(+oo) = £1, and O(s) is a periodic
function. Elaborating on this separation result, we prove that © is an eigenfuction
of the above mentioned Sturm-Liouville problem. We thus establish the following

characterization for the eigenpair (u, ¥):
i = e + 0(63) , i =U'(r/e)@i(s) + O(e), 1=1,2,.. .‘,m,

where m is fixed but arbitrary. The proof involves among other things spectral
analysis of radial operators, justification of formal asymptotic expansions, and
perturbation theory.

The same analysis carried to the case where u, is a radial equilibrium of the cor-
responding evolution problem with an interface v, shows that every such solution

is unstable.
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Chapter 1

INTRODUCTION

Let © be a bounded domain in RY, N > 1, and consider the free energy

functional

(1.1) Je(u) = /ﬂ{f;|vu|2+F(u)}dz,

where 0 < £ < 1 is a small parameter and F is a double-well potential with equal,
nondegenerate minima at © = —1 and u = 1 (Fig. 1).! Two evolution problems

associated to J., in the sense that J, serves as a Liapunov functional for them,
are the Allen—Cahn model
us = €2 Au — f(u), in © x (0,00),

Ou
(1.2) = 0, on 99 x (0,00),
u(z,0) = uo(z), in Q,

and the Cahn—Hilliard model

U = A(—szAu + f(u)) , in Q x (0,00),
(1.3) %ﬁ- = %(—52Au + f(u)) =0, on 90 x (0,00),
u(z,0) = uo(z), in §2,

where A is the Laplacian, n is the unit outward normal to 02 and f = F'.
It is shown in [F2] that the Allen-Cahn and Cahn-Hilliard models can also be
considered as the L? and Hy 1 respectively, gradient flows for the functional J..

Here H, ' is the subspace of H™! consisting of functions with zero average.

1 All figures can be found in the appendix.



Equation (1.2) was proposed in [A-C] as a model for the motion of an antiphase
boundary that separates two phases of a crystalline solid, whereas (1.3) was pro-
posed in [C], [C-H] to model phase separation and coarsening in binary alloys at
a fixed temperature. The function F represents the free energy per unit volume
and its two wells correspond to different stable material phases.

In this work we assume N = 2 and we concentrate on the Allen-Cahn model.
As the functional J, suggests, a typical initial condition for (1.2) (and for (1.3) as
well) is evolved into a layered function with sharp interfaces of width O(e) [deM-
S1), [F1], [F-Hs]. For the Allen-Cahn model in one dimension the motion of the
developed interfaces is studied in [B-K1], [C-P1,2], [Fu], [Fu-H] where it is shown
that their speed is exponentially small (in €). In higher dimensions [B] and [B-K2]
have shown that radially symmetric interfaces evolve by mean curvature (see (1.5)).
In [deM-S2] the connection between the dynamics of (1.2) and motion by mean
curvature is established for smooth interfaces without symmetry assumptions. The
same connection is also established in [E-S-S] without requiring smoothness of the
interface and also allowing the possibility of singularities. For a survey of these and
related results we refer to [F3] where the Cahn-Hilliard and Phase-Field models
are discussed as well.

THE PROBLEM. An important aspect of the study of the slow motion in
[C-P1,2], [deM-S2], [Fu], [Fu-H] is the spectral analysis of the linearization of
(1.2) about an appropriate function u. related to a solution of (1.2). In this thesis

we consider such a linearization and study the eigenvalue problem
— A+ fllup=pup, in 9,

(1.4) )
5=

associated to (1.2), where u, is a layered “step-like” function that takes values

0, on 0}

from near —1 to near +1 (the points where F attains its equal minima) and jumps
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from —1 to 41 in an e-neighborhood of a smooth closed curve v contained in
Q. The precise definition of u. is given in (2.9). We are interested in particular
in the critical eigenvalues of (1.4) (i.e. the ones that vanish as ¢ — 0) and their
corresponding eigenfunctions, whose relevance to the motion of the interface has
been brought out in the works of [A-B-F1,2], [A-F1,2], [C-P1,2], [deM~-S2]. The
critical eigenfunctions are localized on the interface and drive it while the critical
eigenvalues are related to the speed of the interface. Therefore obtaining estimates
for these eigenvalues/eigenfunctions is important in making rigorous the relation-
ship of (1.2) and (1.3) for small € to certain geometrical problems like motion by

mean curvature
(1.5) v=—¢’k,

where v is the normal velocity of the interphase v and « is its mean curvature, or

the Hele—-Shaw Problem

Ap=0, in N7,

op _ .[Om
(1.6) 57;—0, on 00 & v—ﬂ[an]‘y,
L= €eak, on v,

where v and « are as before, [O1/0n], is the jump of the normal derivative of u
across 7 and a,f are constants.

MOTIVATION. In the approach of [deM-S2] an approximate solution u§(z, t)
of (1.2) is constructed via the method of asymptotic expansions, and a theorem is
proved stating that if u¢ is the true solution, then ||u® —u{|| stays small over a time
interval of order £€72. An important step in carrying out the argument involves a

lower bound on the spectrum of the linear operator

Liw=—e*Aw + f'(u(-,1))w.
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It is shown that min o(L§) > —Ce?, where C is a constant. This allows control of
l|u® —ut|| over the desired time interval (which we notice that it has to be of length
of order €2 in order to meaningfully compare (1.2) with (1.5)), and ultimately
allows the proof of the rigorous relationship between (1.2) and (1.5). This is one
motivation for studying the eigenvalue problem (1.4). However there is more to
it. Before we get into this, we want to give a clue about the origin of the critical

eigenvalues. For this purpose we consider an 1-dimensional analog of (1.4) where
fW=30 —w, we=tahy, Q=(-11)
=5 —u), ue = tanh o, =(-1,1).

Then (1.4) becomes

W7 -t =, —l<z<l, $(x])=0,
with
3 o 1
q(z) = 2tanh % 3"

Hence, for € small, q is exponentially close to 1, except for those = belonging to
an interval of length of order ¢ about zero. The supposition that the eigenvalues

p of (1.7) are approximated by the eigenvalues fi of
4" +o=p¢, —-l<z<l, ¢'(£1)=0,
leads to the conclusion that u, is close to
fn =1+¢€2n?x? | n=0,1,23,...

However, this is false because (1.7) has an exponentially small eigenvalue, py; =
O(e~¢/¢), ({C-P1}, [Fu-H]). Thus the problem is considerably more delicate.
The example above suggests that the critical eigenvalues owe their existence to

the layer of u., that is, its behavior near the interface. The objective of this thesis
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is to make this precise for the problem in higher space dimensions. For special

geometries the spectrum may be calculated explicitly. The first example where

this was done is

The Solid-Morales Example : Consider the eigenvalue problem (1.4) in the
case where @ = {(z,y) : =1 <z <1,-1 <y <1} and u, = u(z) = U(z/e)
with U = U(n), n € R being the solution of

(1.8) U'" - f(U)=0, U()=0, qlir:? U(n) = £1.
The eigenfunctions i are of the form
P(z,y) = X(2)Y (¥),

where X and Y are solutions of the eigenvalue problems

(1.9) —2X" 4+ fllue)X =AX, -l<z<l, X'(£1)=0,

(1.10) —e2Y" = ety ~1<y<l1, Y'(£1)=0.
Then the eigenvalues p of (1.4), in this setting, are given by
f= fimn = Am + €2V = Am + 2n?7?, m,n=0,1,2,3,...
and so the spectrum of (1.4) in this setting consists of three types of eigenvalues

Hoo = O(e_c/c) , because Ag = O(e_c/’) , ([C-P1], [Fu-H])
uon=0(62), n>0,
pmn = C, m>0,
where ¢ and C are constants independent of €. Let us point out some of the
significant aspects of this computation. First there is only one negative eigenvalue,
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ftoo, and the rest of the spectrum is positive. Therefore u., if it were an equilibrium

would be 1-dimensional unstable. The exponentially small eigenvalue suggests a
superslow flow on the associated unstable manifold. Moreover the positivity of
the rest of the spectrum together with its difference in the order of magnitude
suggests that the unstable manifold is a stable object on which the flow evolves
slower than it evolves towards it. It turns out that all these can be made rigorous
by applying the 1-dimensional theory developed in {C-P1,2] and [Fu-H]. The
spectrum provides important stability information and suggests persistence for
extremely long times of certain special solutions.

We note that in the example above the potential and the geometry are very
special and allow computation by separation of variables. It is natural to try to
understand the problem for a general interface v and general geometry (2. A result

in that direction is

The Alikakos—Fusco Estimate : Alikakos and Fusco for the purpose of
making rigorous and more generally clarifying the relationship between the Cahn-
Hilliard equation and the Hele-Shaw problem (1.6), considered the eigenvalue
problem (1.4) with a profile u. that is related to the the inner expansion of a
solution of (1.2) with interface 4. The relevant form of u. (dictated by formal

asymptotics) in a é-neighborhood of « is given by
v (- r 2 _
(1.11) ue(:z:)_U(e) + en(s)V (6) +0(e?), §<r<8,

where time is suppressed. Here r = r(z) is the signed distance of z from v, that
is taken negative if z is inside 7, and positive otherwise, s = s(z) is the distance
along v of the projection of z from a fixed point on v, & is the curvature of v at

s, U is the solution of (1.8) and V is a smooth bounded function in R satisfying
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the orthogonality condition

(1.12) / T UV dn = 0.

In [A-F2], for a u, defined as above, they established the following uniform (in ¢)

estimate for the counting function of the critical eigenvalues of (1.4)
(1.13) #{p:p<coand p<Ke?’} <C(K + K) N2

for all ¢ small, where ¢, C, K,K are constants and N is the dimensionality of 2.
This estimate implies that the nth eigenvalue behaves like e2n2/(N 1) ([Cou-H])
and therefore for N = 2 like e2n?. This agrees with the explicit calculation in the
Sold-Morales example. In particular this result attempts to quantify the intuition
that the critical eigenvalues are coming from a problem with 1-dimension less. In
the present work we determine precisely the origin of these eigenvalues. In that

direction we establish the

Theorem (Theorem 6.5, Corollary 6.6, Corollary 6.8). If {u;}2, are

critical eigenvalues of (1.4) with u, as in (1.11) then

s Hi
e =M
where \; 1s the ith ¢ = 1,...,m, eigenvalue of the problem

— 0"(s) + g(s)O(s) = AO(s), 0<s<¥,
(1.14)
0(0)=06(), ©6'(0)=0'(),
where £ 1is the length of v and s is arclength.
The result above makes precise the estimate (1.13) and complements it by

showing where the critical eigenvalues are coming from. In addition it provides
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information about the asymptotic form of the critical eigenfunctions and in par-
ticular on the way they separate in the limit ¢ — 0. In [A-F2] it is shown that if
Y is a critical eigenfunction of (1.4) with u, as in (1.11), then ¢p —» U'O ase — 0
where U is the solution of (1.8) and O is some ¢-periodic function of s. In this
thesis we establish that @ is an eigenfunction of (1.14). Although in dimensions
more than one no general statement can be made about the multiplicity of the
eigenvalues, as a consequence of the theorem above, we have that the multiplicity
of the critical eigenvalues is at most two, and moreover, we establish a kind of

one—to—one correspondence between the p’s and the A’s and show

Corollary (Remark 6.9). If {y;}™, are the first 2n + 1 critical eigenvalues

of (1.4) then there is an €o such that

p1 < po Sps < pg Sps <o < pan < Pontl

for all 0 < € < €.

The potential ¢ in (1.14) depends on the curvature & and in general on f and
the form of u.. However, in the case where u, is a radial equilibrium for the Allen—
Cahn (1.2) or the Cahn-Hilliard (1.3), it is shown that g(s) = —«? (Proposition

7.1), independent of f.

The present work is organized as follows. Chapter 2 contains background ma-
terial that is needed in the rest of the development. In chapter 3 we study a
particular case of (1.4) that plays an important role in the subsequent work. The
domain  here is an annulus, 7 is a circle of radius p and u.(z) = U((r — p)/e),
where U is the solution of (1.6) and r = |z|. In the direction of studying the
spectrum of the related operator, we extend the results of [(A-MP-P] and [N-F]

regarding the asymptotic form of the principal eigenvalue and the decomposition
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of the spectrum to a critical and noncritical part. In fact there is only one critical
eigenvalue. The presence of the curvature term 1/r in the operator results in an
O(e?) eigenvalue in contrast to O(e—c/ ¢) that occurs in the one-dimensional case.
The rest of the spectrum is bounded away from zero. In chapter 4 we justify the
formal asymptotic expansion of the principal eigenfunction of the operator intro-
duced in chapter 3 up to any order and we show that the limit as ¢ — 0 of the
principal eigenvalue when divided by €2 is —1/(4p?), and thus it is a purely geo-
metrical quantity (the curvature of ) independent of the function f. In chapter
5, with the aid of the results for the radial case, we study the radial part of the
general operator and we show that it has one critical eigenvalue while the rest of
the spectrum is bounded away from zero uniformly in €. After obtaining informa-
tion about the asymptotic expansion of the critical eigenvalue, we show that the
principal eigenvalue generates the potential g(s) in (1.14) in the sense that the
limit as € — 0 of the principal eigenvalue when divided by €? is g(s). Chapter 6
is dedicated to the proof of the main theorem. One of the tools that is used in
the proof is a perturbation result from mathematical physics (Lemma 2.2) that
enables us to relate the spectra of (1.4) and (1.14). A consequence of the main
theorem is the characterization of the multiplicity of the critical eigenvalues. In
chapter 7, we consider another radial problem in which u, is either an equilibrium
of (1.2) or of (1.3). In this case the analysis of the spectrum provides stability
information for these special solutions. The rest of this final chapter consists of

some observations and speculations.



Chapter 2
PRELIMINARIES

2.1. The Setting.

Let f:R - R, (f = F') be a C? function with the following properties:
(a) f has exactly three zeros  f(£1) = f(0) =0,
(4 f(*1)>0, f(0)<0,
(© [ f(z)dz=0.
The hypotheses above on f imply that F has two equal minima at +1; therefore,

there exists a unique solution U of
U'"-fU)=0, U=U(z), z€R,
(2.1)

U(0)=0, lim U(z) = #1,
z—zoo
corresponding to the heteroclinic orbit joining (0, —1) to (0,1) in the phase plane.
This solution U is strictly increasing and we will refer to it as the “heteroclinic”

(see Fig. 2). It can be shown, using phase plane analysis, that there are positive

constants 3, B’ such that the following estimates hold true
1-U(2) ~ e,

(2:2) U'(z) ~ BB'e™"*, as z — 00,
U(2) ~ — 2Bl

with similar estimates as z — —oo. An example for the considerations above is

Fw)= 2@ 17, f(u)= 3 —w),
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for which the corresponding heteroclinic solution is

V4
U(z) = tanh X

We call the example above the model problem and we study it in some detail in
section 3.3.

Let © be a bounded domain in R? with sufficiently smooth boundary, and let
~ be a C? simple closed curve, parametrized by arclength s € [0,2], contained in
Q. If the point 4(s) on the curve is represented by the vector (y1(s),72(s)), then
the unit (outward) normal vector to 7y at s is #(s) = (¥2(s), —%1(s) ), where ¥, is
the derivative of 4; with respect to s, i = 1,2. Let r be the signed distance along
o of the point z in § from 7, satisfying r < 0 inside y and r > 0 outside. Then

for 6 sufficiently small, the equation
(2.3) 2 = 7(s) + 5 s)

defines a diffeomorphism from the cylinder [—26,26] x [0, £], where the end points

s = 0 and s = £ are identified, into the the 26—strip
(2.4) Qg5 :={z:d(z,v) <26},

and Qy5 C Q, with d(-,-) being the Euclidean distance. Recalling that the curva-

ture k = k(s) of v at s is defined by

fc=det(’.).(1 72>,
T2

an easy computation shows that the Jacobian of the transformation defined by

(2.3) is given by
a(xl’m2)
9(r, s)

11

J(rys) = = (14 «r).



Moreover, for the local coordinate system (r, s), it can be shown that the following

geometric laws hold

K
T 14kr’

1 KT
2. Vs = ——— As = ———
(26) Vsl (1 +kr)?’ s (1+ &r)®’

(2.5) |Vr|2 =1, Ar

where V and A are the gradient and the Laplacian in the original variable z, and
k is the derivative of £ with respect to s.

Motivated by formal asymptotics (see chapter 1), we define
o —u (- r 2 (L
(2.7) To(r,s) = U (6) +er(s)V (e) + W (e,s) ,

where U is the “heteroclinic”, V is a bounded C*(R) function satisfying the or-

thogonality condition

(2.8) /_ T UV e =0,

and W is a bounded H? (R x [0,£]) function. If w : R — R is an even, nonde-

creasing in (—o00,0), C* cut-off function
. 1 .
(@) =1, <y, w(E@=0, if |21,
we define u. : & — R by
T r

wl(—=)u(r,s)x(1-w({=)), if d(z,7) <24,
(2.9) ue(z) = (25) ( (25))

+1, if d(z,v) > 26,
where (r, s) are the local coordinates for z € 35, and the minus sign corresponds

to points z inside v while the plus sign to z’s outside 7.

In the present work we study the eigenvalue problem

{ LY =N+ f'(ue)p =pp, inQ,

% _
on

(2.10)
0, on 011,

12



where u, is defined in (2.9).

2.2. Facts.

Our hypotheses imply that the potential f'(u.) is strictly positive and close to
f'(=1), f'(1) for z respectively inside or outside v, except an O(¢) strip around
the interface. This suggests that all the interesting phenomena take place in a

thin neighborhood of 4. This becomes precise by the estimates that follow.

Lemma 2.1 (Agmon type estimates). Let 0 < @ < min{ f'(£1)}. Then
there is a positive constant €9 such that if ¢ is en L? normalized eigenfunction of

(2.9) corresponding to an eigenvalue u < a the following pointwise estimate holds
(2.11) [p(z)] < Ce~clVe 2 € Qas N Daens

for all 0 < € < €¢. Here C, c are constants depending only on a, and b i3 a

constant independent of €.
For the proof we refer to [H] and [H-S]. An application of the maximum principle
to the elliptic equation

—e2AYp +h(z)p =0, T€QN D,

where h(z) = f'(ue) — ¢ > 0 in Q \ Q2.3, leads to the exponential estimate away

from ~:
(2.12) lp(z)| < Ce %,  z€QN Qoes,

for 0 < ¢ < gy.

The estimate (2.12) shows that the mass of the eigenfunctions corresponding

to eigenvalues satisfying the hypothesis of Lemma 2.1. is concentrated in an O(¢)

13



neighborhood around 5. Choosing é sufficiently small, we may assume without

loss of generality that for z € Qs = {z : d(z,v) < 8} the Jacobian J satisfies
0< b, <J=1+kr <8,

with 6* = 1+ émax{|x(s)| : 0 < s < £}. Identifying the functions ¥(z) and
¥(r(z), s(z)) and with the use of (2.5) and (2.6), we can write (2.10) in the coor-

dinates (r,s) as

€ e 62 52 "pbs 1 f— _
(Q13) Lo = o (4 ), — T (1 2) + 1@ =1,

where 1 = ¥(r,s), =6 <r <8, 0<s <Y, is an eigenfunction of (2.10), and u.

is given by (2.7). Observe that for —26 < r < 26 we have

(2.14) ¥(r,0) = (r,f), ¥r(r,0) = ¢ (r,€), s(r,0) = s(r,£),

with the same conditions holding for the second derivatives as well. We will refer
to the above as the periodicity conditions.

In terms of the stretched variable n = r/e, and with

(2.15) s = vewlens),  —v<n<, 0Ss<e,
we can rewrite (2.13) as
1 . g2 P ~ -
2. - _ . A
(2.16) 14 ken ((1 + nen)tﬁn)” 14 ken (1 + nen) +F( )¢ a4

where U, is the stretched profile
(2.17) Ue(r,s) = U(n) + ex(s)V(n) + W (n,s).

Let £¢ , be the operator defined in the left hand side of (2.16). Defining

1 0 o '
(2.18) L:; = — T pp 5; ((1 + R&U)g;]') + f (Ue)a
. 1 a( 1 8
(2.19) Ly=— 1+ ken Os (1 + ken 53) ,
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we can write by (2.16)

(2.20) LE,=L;+eL;.

Lemma 2.2 (The Decoupling of Small Eigenfunctions). Let {the Yoce<eo
be o family of stretched eigenfunctions of (2.16) corresponding to {tteYo<e<eq, Wwith
pe=0 (€2), for 0 < € < €0, and normalized by requiring

L pbfe

e a0 = [ " JR0n) 1 nen)dnds =1

Then J’e(ﬂ,s) separates in the limit € — 0, and along o subsequence of €’s
L p8fe . 9
[ [, Gtas) = OO dnds — o,
0 —b/e
where U is the “heteroclinic”, and © is an £-periodic function of s.

For the proof we refer to [A-F2].

Lemma 2.3 (Approximate eigenvalues/eigenfunctions). Let A be a self-
adjoint operator in a Hilbert space H, and let I be a compact interval in R. Let
{11, ...,%n} be linearly independent normalized elements in the domain of A and
let p1, ..., ptn be in I. Assume that the following conditions hold true:

(1) A= pithi +ri, Ilrill < e, i=1,..,n,
(2) there is a number a > 0 such that I is a-isolated in the spectrum of A in the

sense that

(e(A)NI)N (I +(—a,0)) =2.

If E = span {¢1,...,¢n}, and F = closed subspace associated to a(A)N1I, then

d(E,F):= sup d(¢,F) < ‘/—\/;_Ea

ll8li=1
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where A, is the smallest eigenvalue of the matriz ((¢i,¢j)), and d(-,-) s the

distance induced by the norm of H.
For the proof we refer to [H-S].

Remark 2.4. The “distance” d is not symmetric, and d(E, F) = 0 if and only

if ECF.

Remark 2.5. Let IIp be the orthogonal projection on the eigenspace F. If
d(E,F) < 1 then it can be shown ([H-S]) that the restriction IIp|E to E is
injective. Therefore if o(.A) NI is discrete of finite multiplicity and if d(E,F)< 1

then Lemma 2.2 implies that A has at least n eigenvalues in I.
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Chapter 3

A RADIAL CASE

In this chapter we consider a radial form of the eigenvalue problem (2.10) in
which the domain € is an annulus and the interface is circular. More precisely let
p>1be afixed numberandlet @ = {z:0<p—1<r=|z| <p+1}. Let
~ be the circle of radius p contained in Q and define u(r) = U((r — p)/ €) where
U is the heteroclinic. We note that this u. is a special case of (2.7) for which
V = W = 0. We also note that r — p is the signed distance of z from «. In this
setting (2.10) becomes

e? r—op
L8 = —— N 1 — yPe -1 1
3.1) o9 —(ré') +f (U( . >>¢ uPte, p—1<r<p+l,
#(o—1)=¢(p+1)=0.
Similar eigenvalue problems have been studied in [A-B-F1,2], [A-S], [A-MP-

P], [C-P1,2], [Fu-H], [N-F].

3.1. The Radial Operator.

To study the eigenvalue problem (3.1), it is convenient to use the stretched

variable 5 defined by n = (r — p)/e. Then for

®(n) = Ve d(p+en),

we rewrite (3.1) as

1 Y '
€ = — — Q = p,€¢ Ie ,
£38= (o +em®) + /U&=, n€

&'(n) =0, n€dl.,

(3.2)

17



where I, = (—1/¢,1/€). We observe that the eigenvalues u”¢ are not affected by

the change of variable from r to 5. Moreover defining the norm || . ||,,c by

IRI2, == /I B2(n) (p + en)dn,

we see from

p+1
#0) rir = [ #(oen)(o+en)edn = [ ) (o+en)dn = 1215,
p—1 L3 €
that if the eigenfunctions ¢ are L?(rdr) normalized, then the stretched eigenfunc-
tions @ are L2((p + en)dn) normalized. Moreover, observe that if h is a radial

function in © and we define A(n) = e h(p + €n), n € L., then

2T p+1
”h“Lz(Q) = (/ / (hz(r)r dr dO)
0 p—1

Thus the normalization ||A||,.. = 1 corresponds to ||h||f2(q) = V27, where h and

1

/2
=V 2””h||p,€ .

h are related as above. For € I,, we have p— 1 < p+¢en < p + 1; therefore

(b-1) /, & (n)dn < |82, < (p+1) /I () dr .

Hence the norm ||. ||, is equivalent to the usual L? norm. Denoting by

1A = / K2(n) dn

—00

the latter, we observe that if h € L?(R), then
lim ||2flpe = VP IRl

Remark 3.1. As ¢ — 0, I, — R and f'(U(£1/€)) — f'(+1) exponentially as
follows from (2.2). Thus it is natural to associate with (3.2) the following singular

Sturm-Liouville problem in L*(R)

(3.3) —y"+ f(Uy=p"y, y=yn), neR.

18



We define

* d2 ! *®\ __ 2
(3.4) =gz +fU), D) =HR).

For the operator £* we have the following

» (i) Since f'(U) is bounded below, L* is of limit-point type at £oo (see [Co-L]),
and so real eigenvalues of £* (if any) are simple. Moreover its eigenfunctions are
characterized by the number of their zeros [W].

» (ii) From (2.1) after differentiation, we obtain
(3.5) ~U"+ f(UU' =0.

Thus U’ is a solution of (3.3) corresponding to p* = 0. Using the estimates (2.2)
we see that U’ is in L2(R). Therefore U’ is an eigenfunction of £*. Moreover since
it is positive (as the derivative of an increasing function), we finally conclude by
(i) that U’ is the principal eigenfunction of £*.

» (iii) The hypotheses on f imply that f'(U) — f'(£1) > 0, as n — Foo and
so if f* = min{ f'(+1)}, the eigenvalues of L* are bounded below f* while the

essential spectrum is [ f*,00).

Now we deal with the spectral properties of £5. We start with a Lemma which
leads to obtaining pointwise estimates of the type (2.12) for the principal eigen-

function of £5. Similar estimates have been obtained in [A-S].

Lemma 3.2. Let w > 0 be a solution of the problem

1 (A _
(36) - P+€1]((p+€n)w) +9(’7)w—0, '—1/5<'I7< 1/6

w' (=1/e) = w' (1/e) =0,

where g 1s a bounded, continuous function satisfying

(3.7) g(n)>c* >0, ne[-1/e,—a)U(a,1/e]
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for some positive constants ¢ and a. Then the following estimates hold:

(3.8) w(n) < Ae~elnl, n€[-1/e,—a] U [a,1/e],
(3.9) lw'(n)| < CAeell, n€(-1/e,—a] U [a,1/e],
(3.10) lw"(n)] < CAe~cl" | nel-1/e,—a) U [a,1/e],

where A = 2max{w(+a)}e®® and C, C are constants independent of €. Moreover

the mazimum of w is attained on [—a,a].
Proof. Let n > a. Then the equation in (3.6), and (3.7) yield
((p+en)w') = (p+en)g(n)w > (p+en)c’w > 0.

Integrating over [7,1/¢] and using the boundary condition at 1/¢ we have

—(p+en)w'(n) > 0.

Thus w is decreasing on [a,1/¢]. Utilizing this information in the equation (3.6),

we get

0=—-w"-

w' + w
py g(m)

> —w'" +ctw.
Now if w is the solution of the problem
—w" + v =0, a<n<l/e
w(a) = w(a) =a, w'(l/e)=0,

then by a known comparison principle (see for example [P-W] ), we conclude that

w(n) < w(n), where
_,y_ coshe(n—1/e)
w(n) = Otcoshc(a ~1/e)’
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Therefore

(3.11) w(n) < 2aet®™ a<n<l/e.

For n € (—1/¢,1/¢), define v(n) = w(—n). Then v satisfies

{—v"+—-€—v’+g(—r))v=0, —-l/le<n<1/e
p—en
v' (=1/e) =v' (1/e) =0.

Now if § > a, v is increasing, and since 0 < p—1 < p— €7, we obtain
" 2
—v +c“v<0.

Thus

v(n) < 24ece=M | a<n<l/e,
where & = w(—a). But then from the definition of v, we conclude

(3.12) w(n) < 2aecTV | —1/e <n< —a,

and so the first assertion is proved.

To prove (3.9) we start from the equation

(3.13) ((p+ en)w') = (p+en)g(nw.

If M is a bound for g, then from (3.13) and (3.11) we get

(p+enu') <AM(p+1)e™", n2a.

Integrating over [7,1/¢] and using the boundary condition at 1/¢, we obtain

—(p+en)w'(n) < AM(p+1)c7 ™" — ™).
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Then

AM(p+1)

(3.14) 0 < ~w'(n) < =1

[ —e™/],  nZa.

Repeating the same argument we get

AM(p+1)
c(p—1)

Now (3.9) follows from (3.14) and (3.15).

(3.15) 0<w'(n) < [e" —e¢/¢], n<-—a.

Utilizing (3.8) and (3.9) in the equation (3.6), we obtain
[0 ()] < MA™ + ~=2 CAe™", 1 ¢ [-a,a]

from where (3.10) follows.
Finally evaluating w at the (interior by (3.8)) point where it attains its maxi-
mum, we obtain

0< —uw' = —g(fl)uh
which in light of (3.7) implies that this maximum is attained on [~a,a]. O

Remark. The existence of a positive solution of (3.6) imposes a structure
hypothesis on g. More precisely, a necessary condition for existence of positive
solutions is that ¢ changes sign on [—1/¢,1/e]. This follows from the proof of
Lemma 3.2, because if ¢ is positive, say, then w is increasing and decreasing at
the same time, and thus it is constant. But the only constant solution of (3.6) is
the zero solution.

£

Proposition 3.3. Let u® < ph® < .-+ — oo be the spectrum of Lj with
homogeneous Neumann boundary conditions. Then the following hold:
(1) uf <0, for all € small.

(2) ui*—0,ase—0.
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(3)  There ezist positive constants €9, and Co independent of € such that

ug,e > Co for all 0 < € < €.

Proof. (1) The principal eigenvalue of (3.1) is given by

[ 1vhE+ £ @) de
,uf’e = inf Q2 5
hew'2(Q) Rllz20)
h=h(lz)
2n p+1
/ / [(he)? + F/(U)A?] r dr d8
= inf 0 p_l2 T
1,2 L P
hEhv:h(v-()n) / / k% rdrdf
0 -1
on [ [(H)" + £ o+ en)dr
= el T ’
hew'3(1.) 2 / R (p + en) dn

where A(n) = /e h(p + €n). Thus we have

ple = inf / [¢'2 + f'(U)@z] (p +en)dn,
2=t
pe=

where W12 = W12(I,). We note that the same chracterization holds for any

other eigenvalue. For ¢ = o, U’, with a. = ||[U']|,,, we get

W oo+ 1) [ (U4 FOW] o+ eman.

Utilizing the facts that f'(U) is positive outside a compact interval independent

of € and that U’ is the principal eigenfunction of £*, we finally obtain

W <alp+1) [ (U4 FOU) o+ en)dn =0,

This completes the proof of (1).
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(2) Let ¢, be the principal normalized (|[®1}5,c = 1) eigenfunction of £f that

we can take to be positive. Then

1
pt+en

(p+en)®) + f/(U)By = u?*®1, nel.

Multiplying by U’ and integrating over I, we get

—/ ((p+6n)45’1)'U’dn+/ f’(U)¢1U’(p+6n)dn=uf’5/ P,V (p +en)dn.
I I

Integrating by parts twice and using the boundary conditions that @, satisfies and

(3.5), we obtain

(3.16) (p+en)®1U" |y, —e/I $,U" dn =yi’"/ &,.U' (p+en)dn.

We want to show that the right hand side of (3.16) tends to zero as ¢ — 0. This
will imply that p{"® — 0, provided that its coefficient is bounded away from zero.
We do this in three steps.

Step 1. H? estimates.

From the identity

pyt = /1 [82 + f'(U)P} ] (p +€n)dn,
we get
we > [ PO o+ enydn,
and moreover via (1)
1812, = ut* — /, U2 (p+en)dn < - /I FHUYEE (p + en) dn.

Now since |[U| < 1, if m = min{ f'(s) : |s] £ 1} and M = max{|f'(s)| : |s| £ 1}

from the the first inequality above, we obtain

(3.17) pc >m,
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while from the second

(3.18) 184 Hlp.e < VM.

Multiplying the equation

€

—P! —
pt+en

& + f(U)P1 = u
by #", integrating over I,, and using the boundary conditions, we obtain
1 £ g

1201 = [ ()= )85 o+ ey
Hence finally using the Cauchy-Schwarz inequality,
(3.19) 182 < 2M.

Step 2. L estimates.

Let [—a,a], a > 1 be a fixed interval outside of which f'(U) > c?, where c is a
positive constant. Then for g = f'(U) — p§*® we have m < g(n) < M —m < 2M,
n € I.. Moreover since pf*® is nonpositive g > c? outside [—a,a]. Thus the
hypotheses of Lemma 3.2 are satisfied; therefore, the maximum of &, is attained

at some point in [—a,a], and moreover,
(3.20) &1(n) < 2e° max{P;(xa)}e ",  n¢[—a,a],

by (3.8). We now show that we can obtain a bound in the right hand side of (3.20)
that is independent of . Let 5* € [—a,a] be the point at which &; attains its
maximum and let 7 € [—a,a]. Then
n* a
B =t + [ B©ds <t + [ s,
n —a
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Integrating with respect to n over [—a,a], we get

2ad,(n*) < d,(s)ds + 2a/ |87 (s)| ds

< \/—% (/_ 161(s)|? ;)1/2 +2aV2a (/_ 6" (5)|? ds>1/2 .

Now using that

( /_aalh(n)lzdn)ms —( /_:Ih(n)lz(p+en)dn>l/25 bl

from the inequality above, via (3.18), we obtain

(3-21) @1(n") < C(a,p, M),

where C(a,p, M) is a constant. The same argument applied to &, via (3.19),

leads to
(3:22) max_|#(n)] < Cla,p, M).
—a<n<a
Using the equation that @, satisfies, (3.21), and (3.22), we have
(3.23) max |#7(n)| < C(a,p,M).
—a<n<a
Now via (3.21), (3.20) becomes
(3.29) &,(n) < Ce~l,  n¢ [~a,al.

Utilizing (3.24) in (3.9) and (3.10), we obtain

(3.25) @y () < Ce~, n¢ [-a,a],
(326) Iéll'(n)l < CC_CMI ’ 77¢ [_a" a] ’
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o

where C is a generic constant independent of €. By (3.24) choosing b sufficiently
large, we get

1
& (p+en)dn < 5.

2
b<n|<1/e
Hence
b 1
(3.27) [ #+endnz3.
—b
This via
b b
453(77*)/ b(P +en)dn > /645"1’ (p+en)dy
yields
3.28 @
( ) 1(') ) - 2\/6—

Step 3. Estimates of the terms in (3.16).
o [ L $U '(p + en)dn is bounded away from zero. We argue by contradiction.
Assume that there is a sequence of ¢’s along which the integral above converges to
zero. Since the integrand is positive and U’ is independent of ¢ this would imply
that &, converges to zero a.e. along a subsequence of ¢’s. But this contradicts
(3.21) and (3.27).
o The first term in (3.16) is exponentially small as follows by (2.2)‘a.nd (3.21),
while the integral in the second is bounded, because ¢; and U"' are in L?. Thus
the left hand side of (3.16) is O(e). This combined with the fact that the coefficient
of ¢ is bounded away from zero imply that uf’® — 0 as ¢ — 0. The proof of (2)
is complete.

(3) If lim p&° > min{ f'(£1)} as ¢ — 0, we have nothing to prove because

min{ f'(£1)} > 0 by hypothesis (b) on f. So without loss of generality, we assume
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that u£ remains bounded, below min{ f'(£1) }, for 0 < € < €o. In this case, there

is a fixed interval {—a,a}], and a positive constant c, such that

(3.29) W< fU) - ngl-aal,

uniformly in € for 0 < € < g (see Fig. 3). Because of the nodal characterization of
the eigenfunctions, we know that &, has one zero 79 = ng. Thus we may assume
without loss of generality that $,(—1/¢) < 0 and $5(1/e) > 0 (see Fig. 4). We
claim that no € [—a,a]. Evaluating &, at the points where it attains its extrema,
we have
-85 = (uy* ~ f'(U)) 2.

It then follows that the negative minimum and the positive maximum are attained
in th place where u%'° — f'(U) > 0, namely in [—a,a]. Therefore 79 € [~a,a]. We
note that &, behaves like &,, for n > a (by (3.29)). Moreover &, < 0,forn < —a
therefore &, is decreasing. Hence applying the Comparison Principle to —&,, we
obtain 0 < —$5(n) < —2&5(—a)e(*tM, —1/e < n < —a as in (3.12). Thus finally
28,(—a)e(*tM < $y(n) <0, —1/e < n < —a. Therefore pointwise estimates like
(3.21), (3.22), (3.23), (3.24), (3.27), (3.28) hold for @ as well. To show that u5"*

is bounded away from zero, we start with

1 &

Cpten ((p+em)®)) + f(U)b1= {1, el
1 &

Cp+ten ((p+en)®y) + f/(U)Pr=pf°®,, nel.

Multiplying the first equation by &,, and the second by &;, subtracting, and

integrating the resulting equation over [, 1/¢}, we obtain

1/e
[ 1=t en) @t (o eny ) &1] dr

0
1/e
=(m" - ué’")/ @192 (p +en)dn.

o
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Integrating by parts and using the boundary conditions (D2(no) = 0,91(1/e) =

&,(1/e) = 0), we have

1/e
(330)  —B1(no)Py(mo)(p +€mo) = (11" — K7°) /,,  ud (p+en)dn.
From our assumptions on &, it follows that —®%(ne) < 0 so the left hand side
of (3.30) is negative, while the integral term in the same equation is positive. To
obtain the lower bound of u5 we solve (3.30).

Claim 1. There is a positive constant C; idependent of € such that

1/e
(3.31) € < @192(p +en)dn <1,
o
for all € sufficiently small.
Proof of the Claim. We start with the left inequality. Via orthogonality of the
eigenfunctions we have
1/e o Mo
/ $19; (p +en)dn = —/ $1P2(p+en)dn = / @1|®2|(p +en)dn,
No —-1/e —1/e

by the sign assumption on &;, thus

1/e 1 1/e
[ edorendi=; [ aidalo+enin

7

0 ~1/e

1 a
>3 [ @il +endn.

—a

In light of Harnack’s inequality, applied to the equation (L — b )P =0,

(3.32) min $; > C' max $,,
[n]<e [n|<a

where C' is a positive constant independent of ¢, and (3.28) the inequality above

becomes

1/e a
/ 2192 (p+en)dn 2 C"/ |81 (p +€n)dn.
n

0 —a
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Supposing that along a sequence of ¢’s f"lo/ ° @8, (p+en)dn — 0, we are led to the

conclusion, via the inequality above, that |#;| — 0 a.e. in [~a,a]. This, however,
contradicts the fact that @, is a normalized function attaining its maximum on
[—a,a]. The right inequality follows from Cauchy-Schwarz because ¢, and ¢, are
normalized. The proof of the Claim is complete.

Claim 2. There is a positive constant C; idependent of ¢ such that

(3.33) @1(10)P2(m0)(p + €m0) 2 C2,

for all sufficiently small €.

Proof of the Claim. We argue by contradiction and assume that there is a sequence
£n — 0 along which @ (10)85(n0)(p + €n0) — 0. This via (3.32) would imply that
@' (ne) — 0. Because of (3.21), (3.22), (3.23) the sequence {$3"} is bounded
in the C?[—a, a] topology. Recalling that 5 and no are bounded, and using the
Arzela—Ascoli theorem and a diagonal argument we can choose a subsequence of

{en}, that we denote again by {¢n}, along which the following hold
Qeﬂ 02 Q* Prén PH* €n *
2 %2 N o Mo" — 7o -

We then have that 5" converges uniformly on [—a,a] to the solution of the initial

value problem?
-8+ f'(U)2; = p59;, —a<n<a,
@3(n5) = 23 (5) = 0.
By uniqueness &} is identically zero. But this again contradicts the fact that &,

is positive in a set of positive measure, uniformly for all small €. This completes

2 It turns out that the hypothesis that pf'¢ < min f'(1) is equivalent to the fact that
the limiting operator £* (see (Remark 3.1)) has a second eigenvalue. In this case pg'* is this
eigenvalue and @} is its corresponding eigenfunction (cf. section 3.2).
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the proof of the Claim.

Utilizing (3.31) and (3.33) in (3.30), we obtain
@1(n0)®3(10)(p + €m0)
1/e
/ &8, (p+en)dn
1

0

2> ﬂ1’€+03-

= prt

The conclusion then follows from the fact that pf* = 0(62). a
We collect the estimates obtained for @, in the proof of Proposition 3.3, in the

Lemma 3.4 Let &, be the principal eigenfunction of Lf. Then there are con-
stants a, C = C(a,p, f'), C' = Ce® and o such that the following pointwise

estimates hold true

_‘132&"')(((‘¢1 < C’ ¢1(TI) < Cle_chﬂ ’ 77¢ (—a?a) )
_max |#<C, B <O, nf (-aa),
_max |87]<C, (@) ST, ng (~a0),

for all 0 < € < €q, where ¢ i3 a fized constant.

Similar results to those of Proposition 3.3 have been obtained in [A-B-F1,2],
[C-P1] and [N-F]. Our method in the proof of parts (2) and (3) is that of [N-F].

3.2. Some Remarks.

» The estimate (3.24) is the analog of (2.12) in the stretched variable setting
under the appropriate normalization, & = /e¢. From the proof of Proposition
3.3 it follows that the estimates above hold true for the second as well as any

other eigenfunction of L, corresponding to an eigenvalue that remains below

min{ f'(£1) }, for all small ¢.
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» Using the estimates of Lemma 3.4 and the Arzela-Ascoli Theorem it can
be shown (as in [A-MP-P] or [N-F]) that &, converges in the C},, sense’ to
(vPU'l[)~'U’' (the principal eigenfunction of the L*). Moreover if £*, the limiting
operator, has a second eigenvalue, then it can be shown (using for example the
variational characterization of eigenvalues and an estimate like (3.24)) that u5*
converges to that eigenvalue, and $, converges to the corresponding eigenfunction
in the above mentioned sense. This is, in particular, the case in the model problem
(see section 3.3), where the limiting operator £* has two eigenvalues. If on the
other hand £* has no other eigenvalue exept 0, then u5® converges to a point

in the essential spectrum of £*. Hence, in both cases, it is bounded below by a

positive constant.

» We expect £ to be of order O(e?). To prove this it is natural to use (3.16).
So dividing through by €* [, $1U'(p + en) dn and using the information we have

for each term in (3.16), we obtain

'up’e / QIU” dT]
L= . + O(e).

e? p
e/ &,U' (p+en)dy
I,

Assuming that &; converges in the C?,_ sense to (y/p||U’||)"'U’, and because of

the estimates provided by Lemma 3.5 it follows that as ¢ — 0, the term

/ &,U" dn

3 By this we mean that if K is any compact set in R then

sup |®; — aU'| + sup|($1 — aU')| — 0,
K K

as € — 0, where a = \/p||U’||~!. Notice that even though &, is not defined in the whole real
line, the above makes sense because K C I, for all e < g9 (I¢ = R,as ¢ — 0).
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tends to zero. Hence the first term in the right hand side of the equality above

is of the form 0/0, as ¢ — 0, and thus to be able to evaluate the limit we need a
“L’Hépital” type argument.Information about the “derivative” of @; with respect
to € is provided by the asymptotic expansion in ¢ of @;. In the next chapter we

obtain such an asymptotic expansion, and using it we prove that

P
. B _L
ll—x»rtl) g2 4p?

3.3. Appendix: The Model Problem.

The objective of this section is to compute the spectrum and the eigenfunctions

of the model bistable operator defined by

(A1) Ah = —h" + f'($)h,  D(A) = H*(R),
where
f(d’):%(ﬁﬁa—qﬁ), and ¢(m)=tanh§, z€eR.

We note that ¢ is the unique (heteroclinic) solution of the problem

{ '~ 1(4) =0
y(0) =0, y(doo) = £1.

(A.2)

Since the potential

ey =Sy 2f 1
f'(¢) =5 tanh® 5 — 2

is bounded, the operator A is self-adjoint in L?, and moreover of limit—point type

at £o00. Therefore for A real, the equation

(A.3) Ah = \h
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has at most one L? solution (see [Co-L]). In particular the eigenvalues of A are

simple.

Since f'(¢) — 1 as = — =00, it follows that if o.(A) is the essential spectrum
~ of A, then
oe(A) =1, 00).

Now if g4(A) is the set of the eigenvalues (discrete spectrum), it follows
ois(A)C[-1/2,1).

To compute the eigenvalues of A, we follow a standard method that can be
found for example in [L-L], where similar eigenvalue problems for the Schrodinger

operator are studied.
Claim 1. o04(A) ={0,3/4}
Proof of the Claim. We write (A.3) as

z”-Jrl)h=0, z€R.

3
A4 h'" — = tanh’
(A.4) + ()\ 5 tanh 515

Using the change of variable £ = tanh 7, we obtain

dh _1-¢ dh @h 1-¢ d (1-& dh
de = 2 d¢’ de? =~ 2 df 2 d¢)

hence (A.6) becomes

1—521(1—52 dh

3 1
5 & 5 d—€)+()\—§£2+§)h=0, -1<é<1

or equivalently

d dh 4(1-N)\,
(0% ) (- 55 -0, cear

34




For ) an eigenvalue of A, we have 1 — X > 0. Setting a =2v/1— X and s = 2 the

equation above becomes

d dh a?
& (0-0F)+ (ern-Ig)n-o

which is the Legendre equation. Its solution h that is finite for £ = 1 (z = o) is

given by
h(E)=(1 €9 Fla-s,a+s+1,a+1,(1-£)/2),

where F is the hypergeometric function . For h to be finite at { = —1 we require
that a — s = —n where n = 0,1,2, ...; then F is a Legendre polynomial of degree

n. Thus the eigenvalues are determined from the equation
a? = (s —n)?.

Recalling that a = 2v/1 — A, we obtain

Y
A=d, =18 4”)  n=0,1,2,...

Moreover the requirement a > 0 determines the number of the eigenvalues via

a = s —n. Hence n < s = 2, therefore

(2-0)
— 2 0
2-1? 3

Z.

Ao =1

Mo=1-

The proof of the claim is complete. 0
Next we compute the corresponding eigenfunctions.

Claim 2. The eigenfunctions of A are given by

ho(z) = 3sech2.322 , hi(z) = 3sech-32i tanh ?2—
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Proof of the Claim. We start from the fact that the general solution of the
equation

d dh m?
E(u-g’ E)+(k(k+1)—1_€2>h=0, —1<é<1

where k,m = 0,1,2, ..., that is bounded at £ = 1 is given by

m

2\m /2 d
h(€) = (1~ €)™ am DO

where
1 d*
P(€) = o @(fz —1)*

is the Legendre polynomial of degree k. In the case we discuss we have
k=s=2, m? =a?=4(1-)),

and so the eigenfunctions of (A.4) are given by

(€)= (1= €)™/ - Pi(E), =01
with
me=2v1-X=2, m=2y1-X\=1,
Since
Pi() = 53¢ - 1)
we obtain

ho(€) = (1 - )Py'(§) =3(1 - €%),

m(€) = (1 -V P &) =361 - ¢/,
Changing to the z variable, we finally have

ho(z) =3 (1 — tanh? g) = 3sech2§ ,

1/2
hi(z) =3 tanh% (1 — tanh® %) = 3sech

T

T

The proof of the claim is complete. O
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Chapter 4

ASYMPTOTIC EXPANSIONS

In chapter 3 we proved that the spectrum of £? is decomposed to a critical part,
consisting of the principal eigenvalue, and the noncritical one. We now use this
decomposition to obtain an asymptotic expansion of the principal eigenfunction.

We deal only with this eigenfunction, hence we omit subscripts.

4.1. The Principal Eigenfunction.

We recall that if (u¢,®) is the principal eigenpair, then
L= 8" - —— '+ f(U)b=p"F, nel
(4.1) pten
&'(n) =0, n € dl,

where I, = (—1/¢,1/€). Substituting the formal expressions
& =0 +eb +2b 4+, ﬂp’e=ﬂo+€ﬁ1+€2ﬁ2+---

into (4.1), we obtain, after equating like powers of ¢,
=% + f'(U)Po = Foo,

k k-1 i
- - - 1 -
&y + f'(U)k = E Bi®r—i + ; E (—%) i, k2>1
i=0

1=0

(4.2)

Instead of solving (4.2) in I, with homogeneous Neumann conditions at dI., we
solve them in the whole real line and we seek solutions that are in L. This choice
is suggested by the following observation. Since we already know that p¢ — 0 as

e — 0, we choose fig = 0 in the first equation in (4.2). The corresponding &, then
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is U', which by (2.2) almost satisfies the boundary conditions, for € small. We thus
have what we have already noted, namely, that & — ¢°U’ in some sense, where £°
is some normalization constant. At first, it seems that there is some freedom in
choosing the function @, (and hence the rest of the &;:’s), but there is not. This
follows from the fact that the left hand sides of (4.2) are of the form L£*&, where
L* was defined in (3.4), and so the equation £L*@o = 0 has (up to a multiplicative
constant) only one L?(R) solution. Dealing with the rest of the &;’s we need the

following;:

Lemma 4.1. Let ¢ be a continuous function satisfying the conditions

() lomI < Ce=oll nl>M,  and (i) /_°° U'(n)e(n)dn =0,

where C, a, and M are positive constants. Then the problem

(43) W Oh=p, [ Umhndn=0,

has a unique ezponentially decaying solution hg. Moreover hy decays ezponentially

as |n| — oo.

Proof. We know that U’ is the unique (up to a multiplicative constant) L?
solution of the homogeneous equation in (4.3). Seeking a second solution in the

form wU’', we see that w satisfies

(4.4) w(n) = /0 ! U_':("éj ds + wo

where ¢ # 0 is a constant. Then a particular solution h, of the nonhomogeneous

equation is given by

o) = =2 [ U@V [l — wl))(e)ds.
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Therefore, the general solution of the nonhomogeneous equation is alU' +bwU'+hy,

where a, b are arbitrary constants. Collecting terms, we obtain

M) = AU (o) 4 U'(o) [B— / " U'(s)so(s)ds] o"(—],‘i—zsg

+0') | Tsets) [ 5% ds

where A, B are new constants. Defining

2= [ UGels)ds,

and observing that Z(oo) = 0, by the orthogonality condition (ii), we rewrite the

representation of h as

) = AV () + [ B + 20000 [ s

0 -2 [ g+ [ 20 [ ]

Integrating by parts in the bracket, we finally obtain

(4.5) h(n) AU’ (n) + [B+Z(0) U ('7)/ U'2( ) U( )/ sz(‘(S))

We estimate each term in the representation of h separately. We start with Z.

From (2.2) we have that
(4.6) Cie P <U'(n) < Ce™P", as n— co.

Then observing that

2=~ [ US)els)ds,

n

and using hypothesis (i) on ¢, we obtain

(4.7) 1Z(n)| < Cae™ A7, as n— oo,
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with a similar estimate for  — —oo0.

Claim 1. I(n):=U'(n) [, Z(s)U'~?%(s)ds decays exponentially as |n| — oo.
Proof of the Claim. We choose M > 0 so that for > M (4.6) and (4.7) are
satisfied. Then

M
o Z(s) " Z(s)
I(U) =U ("7) [/0 U,z(s) ds + UIZ(S) ds
from where it follows that

7
1l <) [or o [ e as|

n
<C (e-ﬂn + e—ﬂn/ e(B—a)s ds) ,
M

where C!, C", C are constants. The inequality above implies that |I(n)| decays
exponentially. The proof for  — —oo is similar.

Now the term U'(n) f; U'~2(s) ds by (4.4) is a second solution of the homogeneous
equation and as such it is not in L?(R). Thus for A to be in L?, we must choose

B = —Z(0), in (4.5). Hence we define

Z (s)
4.8 h AU'(g) = U'
(48) o(n) = AU'(n) = U'Ga) [ e ds
Then by Claim 1, ho is exponentially decaying as |y| — co. The orthogonality
condition in (4.3) determines A uniquely. ‘
Claim 2. k) decays exponentially as || — oo.
Proof of the Claim. Differentiating (4.8), we get

) = 40" (0) - U"o) [ s ds =

Since U" satisfies exponential estimates of the same order as U’, the second term

in the expression above behaves like I in Claim 1, and so for |n| big enough it is
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exponentially small. Now from (4.7) and (4.8) follows that Z/U" is exponentially
decaying. Therefore h) decays exponentially as |n| — oo. This completes the

proof of the Lemma. 0O

Remark. From (4.5) we see that any bounded solution h of (4.3), with ¢
satisfying the hypotheses of Lemma 4.1 is given by (4.8). Hence such an h is

necessarily in L2(R), and moreover h and k' decay exponentially as In] — oo.

We now return to the formal asymptotic expansion of @. For solvability in (4.2),
we choose the fix’s so that the right hand sides are orthogonal to U’ (the kernel

of the L* operator). We write a few of the equations (4.2)

—85 + f'(U)o = foPo
- - - - 1=
—) + f'(U)®) = fo®1 + 11Po + p @5

_ - = - - 11 -
- + f'(U)D2 = fioP2 + f1P1 + f2Po + p [45'1 - Qd%]

Since u”* — 0 as e — 0, we choose fip = 0 and so &, = U'. Then &, satisfies
F I () "3 - [ 1 "
-7 + f{(U)®, = iU +;U .

For the right hand side to be orthogonal to U’ we require i, = 0. Thén as can be
easily verified, #; = —(1/2p)U'n + a1U’, where a; is appropriately chosen so &,

and U’ are orthogonal. Utilizing this in the the equation for &,, we see that

_ - 3 1 ay
_¢H IUQ — 7 I_ " _ [ ot H.
2+ f(U)®: = iU _2P2U n _2P2U + pU

For solvability we need jiz = —1/(4p?). Then &, = —(3/8p%)U'n? — (a1/2p)U'n +
a,U', where a; is an appropriate constant. Continuing this way and with the aid
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of Lemma 4.1, we obtain up to any order, the unique &,’s that are orthogonal to

U', and decay exponentially. The next Proposition justifies the formal expansion.

Proposition 4.2. Let & be the principal eigenfunction of (4.1) normalized by
IBll,e =1 and let B, k =0,1,2,... be the solutions of (4.2) provided by Lemma

4.1. Then, given n

k
(4.9) ”45 —& > emn|| =0(H), 0<k<n,
m=0 e
k !
(4.10) “ (45 —-&) e"‘ém) =0(e**1), 0<k<n,
m=0 P,€

for all € small, where ££ i3 a function of € satisfying

lim €5 = (VAU =60

The proof is given in the next three Lemmas. But first we introduce some

notation. Writing

LoF = ——
pten

: & +L%, k=0,1,2,...,

where L£*®;, is the left hand side of (4.2), and defining

k
(4.11) Se=3Y e™Pm, k=01,2,...,
m=0

we compute

k
(4.12) LiSk =Y e"fmSt-m - Ak,  k=0,1,2,...,

m=0

where

D k=0,1,2,....

k—m»

I
©
+i—
m
=
)~
!
© |
S’
3

(4.13) Ay



Lemma 4.3. For each k = 0,1,2,... there is a function £§ given by

k -1
(4.14) §,€c=(Zem(ém,¢>p’€+0(s"c/‘)) : k=0,1,2,...

m=0

so that the following holds

=0(e"*), k=0,1,2,...

pe

k
(4.15) “45 —& ) e"dn

m=0

where {, )p . 18 the inner product in L*((p+en)dn, I.) and c is a positive con-

stant.

Proof. The proof is by induction.
We show that [|& — £5Bo||5.e = O(€), where £~ = (&0, )p,e + O(e~¢/¢). Since
&, does not satisfy the boundary conditions on 09I, , we define @y = Dy + an? 4 by
so that &) = 0 on I,. This is accomplished if

a=-S(U"(1/e) = U"(-1/e)], and b=~ [U"(1/e) ~U"(-1/e)]

Setting oo = an?® + bn, and we = L500 we have

EU"

LBy = —
0T T pten

+ wo , §6=0 on dI.,

Using as in [A-B-F1,2] the decomposition
(4.16) $— By =co®+Qo, with ($,Qu), =0,

we see that Qg satisfies

"

eU
Qo =(1-— Pep
L£5Qo (1 —co) + o+ en

Qo(—1/€) = Qo(1/e) =0
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We estimate Q. Taking inner products with Qo, and using the orthogonality
condition (Q, Qo )

= 0, we obtain
pse

(4.17) (L;Q(” Qo >p,€ = /I U"Qo dn + / woQo (p +€n)dn.

On the other hand, Proposition 3.3 yields

<£;Qo, Qo >p,€ 2> CO||Q0"2,e

and so from (4.17), we obtain

2 UII2 1/2
ol @l e ([ odn)  1Qolle+ wollclQollse-

Clearly, ||wol|,,e = O(e™*/¢), for some positive constant c, so finally
(4.18) iQoll,e < Const.c.

Now writing (4.16) in terms of the original function &, we have
(4.19) &1 —co) =Po + Qo+ 00.-

Taking inner products with ¢ we get

(4.20) 1—co=(%0,8),,+0(e).

On the other hand by taking norms in (4.19) and using that o=U',1—¢co>0
(by (4.20)), and (4.18), we have

(4.21) l1—co= (/; U2 (p+en) dn)l/2 + O(e),

and so
lim(1 - co) = VAU 0.
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If we set £§ = (1 — ¢o)™?, from (4.19) we get
1€ — £3%ollp.c = O(e).-
From the definition of £§ and (4.20), it then follows
e-1 __ /& —cfe
;7 =(%0,2),,+0(c). ‘

Hence the first step of the induction is complete.

We now assume that with £§ as in (4.14) we have [|® — £; Sil[p,e = O(e**?), for
every 0 < i < k, and show that ||® — &, Sk+1llp,e = O(e"“), where {iH_l = |
Zf::lo em<d—5m,d5>p’e + O(e_"/s). Defining Sk41 = Skt1 + k41, and wipp =

Ef,ak.H, so that
£;§k+1 = E;Sk+1 + Wk41, S’;c+l =0 on BIE N

we have that ||ok+1]|p,e and Jlwk41|l,,e are exponentially small quantities. Using

the same decomposition as before we write
(4.22) P — Sep1=ck1®+ Qirr,  with (8,Qr41),, =0.
Hence Q41 satisfies

L5Qk+1 = (1 — ck41)p? P — L7 Sk41 — Wit

Qlk+1(_1/5) = Q'k+1(1/5) =0

Using (4.12), we obtain

k+1
(423) E;Qk+l = (1 - ck+1),u”’545 - z €m,L_thk+1—m + €k+2Ak+1 — Wk+1 -
m=0
Now
k+1 k+1 Emﬂ
Z €™ fim Sk+1-m = Z ¢ - [fi+1—m5k+l-m +3-2].
m=0 m=0 *k+1-m
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To simplify the notation, we set

_ k41 o
m [
eu = dqm P fm = Mk+1 3 S — €z+1—m5k+l—m = Tm
é.k-§-1—m m=0 £k+l—m

Then

k+1 k+1
(4.24) Z E™ fmSk41-m = My19 — Z gm€" Trn .

m=0 m=0

We note that the sum in the right hand side of (4.23) starts from m = 2, because
go = q1 = 0 (u2° = uf° = 0) and thus by the induction hypothesis, we have the
estimates for T, 0 < m < k — 1. From (4.23) (4.24) we have

k+1
E:Qk-{-l = (1 - Ck+1)/tp’€¢ - Mk+1¢ + Z qume + €k+2Ak+1 — Wk+1 -

m=0
By taking inner products with Q41 and using the Proposition 3.3, we obtain

k+1
Col|@r-+1ll5, < ( Y ™ aml I Tmllpe + €2l Artallp,e + IIwk+1IIp,e) 1Qx+1llp.e -

m=0
By the induction hypothesis, we have ||Tm||p, = O(e*+*?*™™),0<m < k+1, and

by Lemma 4.1 ||Ak41||p,e < 0o. Therefore the inequality above becomes

|Qk+1llp,e < Const. gkt?
From (4.22), we have
(4.25) Q(l_ck+1)=sk+l+Qk+1 +Uk+l,

and thus

1-— Ck41 = (Sk-{-l,é) + O(C_C/E) .

Taking norms as before in (4.25) we obtain

11— crt1] = |Skt1llp,e + O(e5%?).
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Now

1/2

k+1 2
. . m.E . 1]
ZE,I},IISk+1||p,e=}1_If},[ / (mE_oie én ) (P+6n)dn] = VAU £ 0

Setting £§,, = (1 — ck41)™", we obtain
I# — &&41Se41lloe = O("*?),
where
(7 = (Sk41, 9 )M +0(e~/%).
This completes the proof of the Lemma. O
Lemma 4.4. Let n be fized. If £ is as in Lemma 4.8 then (4.9) holds, i.c.

k
“qs —€ ) e

m=0

=0(eH), 0<k<n.
pE

Proof. Let k be fixed. Then from

”¢ - flf:Sk”p,e = O(€k+1) ) 0< k < n,

we obtain
(4.26) |8 — €5Skllpe = O(¥) + 165 — €1 1ISkllp e -
Now

& &5 = 1 :

(Sn,®),,+0(e/e) (8,9 ), +O0(el)
_ — Yom=k+1 e™(&m, P >p,¢ +0(e™°)
((5n,2),.+0(e=</)) ((5k,8), .+ O(e=/))
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Since the denominator is bounded away from zero it follows
€5 — &kl < O(e**1).
Utilizing this in (4.26), we finally obtain (4.9). O
Lemma 4.5. Let n be fized. If €5 is as in Lemma 4.3, then (4.10) holds, i.ec.

k !
(G
m=0

=0(*"), 0<k<n.
pE

Proof. From (4.25) we get
(4.27) @ — &L.Sk = &k Qk + Ekok

where Q; = O(e**!), and of = O(ek'*'l). For an estimate on Q}, we start from

(£500,Qe),. = [ 102+ FWIQ o +en)dn

e

from where we obtain

IQ4IZ, < (£5Q4, Q) + Const.[|Qx |2,

By the proof of the second step of induction in Lemma 4.3, we have

. |
(L5QuQx),, < (Z €™ gm | [Tl + €[ Aklle + uwknp,e) 1Qklpe

m=0
Therefore

IQLIIZ .. < Const.ck+10(e**1) 4+ O(eF+1)?.

Hence finally ||Q%]l,, < Const.e¥*!. Differentiating (4.27) and using the inequal-

ity above, we obtain
(@ — €£S8)'llp,e = O(*+).
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But then as in Lemma 4.4, (4.10) follows. This completes the proof. O
Remark 4.6. As in the proof of Proposition 3.3 (see (3.21)) using (4.9) and
(4.10), we obtain the pointwise estimate

k
-] m3 - k+1
(4.28) max | &(n) — &, ) e"Im(n)| = O(*),  0<k<n.

4.2. The Principal Eigenvalue.

& = & + By + 2P, + --- is the asymptotic expansion of the principal

eigenfunction of £f, and u”* = fio + €fix + €%jiz + - -- is the formal expansion of
the principal eigenvalue, we saw in section 4.1 that

3 U'le—ﬂ'UIT]-*"GzU',

_ _ 1 _
¢ =U' Q = - ! ! @ = — —

where a1, and a, are chosen so that &;, and @, are orthogonal to U’, and fip =
fip = 0, and jig = —1/(4p?), were chosen that way to have solvability in (4.2). In
this section we justify the expansion of u?*. The fact that fig = 0, follows from

Proposition 3.3 (jio = lim.—,o u#¢). Rewriting (3.16) as

(4.29) O(e=c/¢) — 6/1 oU" dn = ,u”"/l: ®U' (p+en)dn,

and using that @ = (U’ + O(e), then Proposition 4.2 for n = 0 implies

(4.30) il_lg : SU" dn = {,./ U't"dn=0,
(4.31) tig [ 80" (p +en)dn = & o017 = VAU,

by recalling that £, = (y/p ||U'||)™*. Thus dividing both sides of (4.29) by ¢ and
taking limits as € — 0, we get fi; = lim._o(u”¢/e) = 0. Next we deal with the

third term.
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Proposition 4.7. If u?* is the principal eigenvalue of Lf then

Proof. Dividing (4.29) by €2, we obtain

pe

l ng _ M
(4.32) 0(e) - 2 /I autin ="

/ SU' (p+en)dy.
I,
Writing

_ teqrt e
l/ QUlldnzf ¢ £lU U“d'r]‘*'é‘/ U’U"dﬂ
£ I, I, [ E I,

__:/ ¢_£fU’Ulldn+£_i_Uﬁ ,
€ e 2

al,

and using that ¢ = £§ (U’ —ebU'+ EalU') + O(e?) , we obtain

1 U'y" 1\ U’
—/@U“dnzgl _h dp+&(an+-) —| +0(?).
€ Jr I 2/) [ 2
3 € 81,
Taking limits we have
.1 "o b [ el
lim= [ oU"dp = =U'U"ndn (by (2.2))
e—0 € I, 2 —oo
_& [T U'?d after integrating by parts
4p J_o n and using (2.2)
1% iy
= W (by the definition of f*)
Taking limits in (4.32) and utilizing the result above and (4.31) we finally get
w1
lgﬂ) g2 —4p2 )

Thus the proof is complete. [
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Chapter 5

THE RADIAL PART OF THE
GENERAL OPERATOR

In this chapter we consider the radial part £; of the £ , operator and we show
that its spectrum is decomposed to a critical part consisting of one eigenvalue and
a noncritical part. We also study the asymptotic forms of its principal eigenvalue
and its corresponding eigenfunction. In this and in the next chapter we will denote

the derivatives of U by U, (}, etc.

5.1. A Radial Operator.

We study the eigenvalue problem

1
L = — 1 . — I6
(5.1) = T (4 wem)Ry)y + f(UIR=VE,  m €l
Ry(n) =0, n € dI’

where & = k(s) is the curvature of v at s, and I{ = (—é/¢,6/¢). Hence R and v

depend on s as well. We recall that (see (2.17))
(52) Ue(r,s) = U(n) + ex(s)V(n) + W (n,5)..
Via (5.2) and the fact that
(5.3) ﬂwa=fa0+mvﬂa0+é[WWNV+§f%mV2+0@5,

it is seen that £; is a perturbation of the operator £~fl defined by

Fep . 1 = IND — 5P 5
LoR:= T+ ren ((1 +nen)R,,)n + f(U)R =7R, n€l,

Rofn) = 0, n€ol.

(5.4)
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Regarding Zf, we have the following

Proposition 5.1. With s fized, let ) < i < --- — 0o be the spectrum of f;
with homogeneous Neumann boundary conditions. Then the following hold:
(1) 1 <0, for all € small.
(2) 1 — 0 as e — 0; more precisely
" K2

m —=-——.
e—0 g2 4

3 There ezist positive constants €9, and C, independent of € such that
p

172>Csf01"0<6<80.

The proof of Proposition 5.1, being similar to that of Propositions 3.3, and 4.7
is omitted. We point out that (5.4) and (3.2) (and (5.1) as well) have the same
limiting problem (as € — 0), namely (3.3), and so we expect a similar behavior of
the two spectra which we indeed have. We note that if v is a circle of radius p

then
I v 1 . l‘f
m — = —— = —,
e—0 62 4p2 e—0 62

Thus the result of Proposition 4.7 is recovered.

Remark. Because of the continuous dependence on parameters and since s lies
in a compact interval, the results (1)~(3) of the Proposition 5.1 hold uniformly in
s. In particular there is a positive constant Co = min{C, : 0 < s < £} such that

3 > Cp for all s and 0 < € < &o.

In what follows we use the notation

(u,v), :=/6uv(1+n€n)dn, Null? = (u,u),,
I

that can be extended to ¢ =0 as

(w0) = (uvdy= [ wodn, i =l = (),

—_00
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If R, is the principal eigenfunction of (5.4) normalized by

€

1/2
(5.5) Rl = ('/;6 R (1 + ken) dn) =1,

then using Proposition 5.1 it can be shown the analog of Proposition 4.2 which

reads as

(5.6) =0(e?).

H!

R, —E; (U - e%f]n +EOH€U)

Here k = s(s) is the curvature, « is a constant given by

[ Undn
2||U||2

'

(5.7)

so chosen to have U L (—1/2)Un + aU,* lim._.o & = IUII~!, and the H! norm
is compatible with the || .]|. norm. As we have pointed out, R, depends on s, (s is
a parameter) but since it lies in a compact interval, the estimate (5.11) is uniform

in s. Therefore,

(5.8) R, — € (U - ngn + eomU) = 0(e?)

Loo

holds uniformly in s. We now study the spectrum {v; : i = 1,2,3,...} of
the L; operator by using the information we already have for the spectrum
{#; 1 =1,2,3,...} of the [:f, operator. We fix s. If R; and R; are the cor-
responding normalized eigenfunctions, then by the variational characterization of
the eigenvalues, we have

n = [ (B + FOIRE] (L + ren)dn

< /N [Rﬁ,, + f,(Ue)R%] (1 + &en)dn

€

=51+ [ £ = POV 1+ wen)dn.
I6

€

4 If f is odd then U is even, hence a = 0.
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Similarly

i< [ (10) - FOIR A+ sen)dn.

[

So defining

(5.9) o) = [ (1) = FO) w1+ sen)dn.
we have ‘

(5.10) b1+ A%(R1, R1) < vy < 0y + Af(Ra, Ra).
Moreover

2 ( 2
vy = max ?j‘.} /6[<P,,+f(Ue)<P ] (1 + ken)dn

llelle=1 ¢

> min / [#2 + f'(Ue)p® | (1 + ken) dn
tolh=a
Plle=

= min /
pL R, I

€
flelle=1

[0 + F'(U)p* | (1 + xen) dn + A%, w)}

Since { R; : i =1,2,3,...} is a complete orthonormal set in L? ((1 + wen)dn, I%),
if o L Ry, we have

=) aiRi, a =(<P,Ri)e=/ @Ri(1 + ren)dn

=2 I:‘
and so

‘ (Lip,0), —/I [‘P?,+f'(U)‘P2](1+K€77)d77.

= Y (aiRi, R;),

i,j=2

(o]
=2 i
=

2
> i Z a?, ( by Proposition 5.1(3))
=2

=iy, (1=ll¢lle,o L R1)
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Thus we finally have

(5.11) vy > 3 + min Aj(e, ).
¢LlR,
llelle =1

Now if ¢ is an L? normalized function by applying the mean value theorem in

(5.13) and using (5.2), we get

|A% (v, )| < Ce,

where C is a constant independent of €. Utilizing the inequality above in (5.10)

and (5.11), we obtain

(512) "y — 171 = 0(6)5

(513) Vo 2 172 + 0(6) .

Now (5.12) and Proposition 5.1(2) imply that v; — 0 as ¢ — 0, while (5.13)
and Proposition 5.1(3) imply that v, is bounded below by a positive constant

independent of €. We summarize these results in

Lemma 5.2. Let vy be the principal eigenvalue of L5, and let vy be 1ts second
in order. Then there are constants Cy and gg such that

(1) v1 —0ase—0 for all s €[0,£],

(2) w2 > Co for all0 < € < €9, and for all s € [0,£].

The next Lemma, gives information about the asymptotic expansion of the prin-

cipal eigenfunction R; of L3.

Lemma 5.3. Let R; be the normalized principal eigenfunction of L3, and let

Vo be the unique solution of the problem

Gl K f@h=-f VT, [ Ok =o.

—00

5 In the proof of Proposition 5.4 it is shown that actually 11 — i = O(e?).
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Then

(5.15) =0 (e,

H!

‘Rl - 5; (U - E%UT] +€CMKU + EK,V())

where  is the curvature at s, a is as in (5.7), and £ — |U|~! as e = 0.

Before the proof we make the following remarks: V in (5.14) is the second term
of the expansion of U,, hence by (2.8) the problem (5.14) is solvable. Moreover,
by Lemma 4.1 it is uniquely solvable in L?(R), and its solution Vp, as well as its

derivative V] decay exponentially as [n| — oo.

Proof. Since U — e(k/2)Un + eaklU + ekV, does not satisfy the boundary

conditions, we define
w=U —egUn+eanU+enVo +an® + by,

where a and b are chosen so that w'(+6§/¢) = 0. We note that a and b are functions
of s. However, because of the exponential estimates that U and V} satisfy a and

b are exponentially small for all s. As in Proposition 4.2 we write
(5.16) Ry —w=2R+Q,
with Q L R;. Then Q satisfies

L;Q=(1-2)nR - Liw

Q'(=6/e)=Q'(6/e) =0

Observe that

LZf,w _ (Ef, +[F(U.) - f'(U)]) ((]_ng]n+€anU+SKVo) +g
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where g = [:‘;',(ar]2 + bn), and so ||g|l. = O(e~*/¢), for some positive constant c.

Now using (5.3), we have

(éf' + [f'(UC) - f,(U)]) (U - G-gUn +eomU +enV0) +g

e2k?

- 1+ ken

Ijn+U

(U(l —a)+ - Vo') —exf"(U)WVU +exf'(UWVU

e?xk?

)
+e?k? ( FUUWVs +a f"(U)VU) +0(e%)

+ fIOWU + - (= f' VT + F"UWVD)

= e?Y + 0(e%).

Therefore we can write
L:Q=(1-2)1R — ey + Z.,
with Z, = 0(63), from where we obtain
(£70:Q), = -¢XY,Q), +(2.,Q),
Since Q is orthogonal to R;, via Lemma 5.2(2), we get
CollQlz < —*(¥,Q), + (2, Q). -

Hence using that Y is in L2, and ||Z.|| = O(g®), we obtain

|Qlle < Const.e?.
Returning to (5.16) and writing it in the original variables, we get
(5.17) Ri(1-2) =U—e§Un+eanU+enVo+g+an2+b17.
Taking norms we have

1 -2z = HU - sg-Un + earlU +exVy

+ 0(62) ,
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and taking limits as € — 0, we see that the right hand side converges to ol

Thus setting &5 = (1 — z)™! from (5.17), we finally get

HR1 — & (U - egUn +eaklU + enV(,) =0(e%).

&

To obtain the estimate for the derivatives it suffices to show that ||Qyll. < Cé?,

because then the result will follow from (5.16). Starting from

(£50,Q), = [ 103+ £@)Q + e,

and since for € small f'(U,) is bounded, utilizing ||Q||c < Ce?, we have

Qa2 < (£5Q,Q), +CillQl2
= - (V,Q), +(2.,Q), + C1lQll2
<Y Qe + 1Zelle QM + CuliQle
< Cret +0(e™el7).

Hence ||@,]|e < Ce?. The proof of the Lemma is complete. O

Proposition 5.4. Let vy be the principal eigenvalue of L5. Then

131 I‘&2

(5.18) ll_% 2= +4q(s) = A,

where k = k(s) i3 the curvature at s, and

1
Ul

Rt . - 2 .
(5.19) q(s):= / {f’I(U)(K2VV0 + WU) U+ fz—f"'(U)VzUz} dn
with Vy being as in Lemma 5.9.
Proof. Starting from
Ry =€ (U - egUn + eomU) +0(e?),
Ry =& (U - e-;—Un +earl + EK%) +0(e),
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we obtain

BBy = E565 {U% + ex(~Un + 2007 + UVo)} +0(e%).
Then

A5(Fa, Ba) = [ 1£(U0) = FO)) a1+ wem)

=& (ezp‘ + (ex + 26%ar?) | f'(UWVU? dn) +0(e%),

1

where we have used (5.3), with
. . KZ .
p° = / {f”(U)(nzVVo + WU)U + —2—f'"(U)V2U2} dn.
4
Using (2.8) and because of the exponential estimates on U, we get
fUWUdy = — f FIUWVUdy = O(ee/%).
12 [n[>8/e

Thus
“(R1,Ry) = e2E5 €5t + O(%).

Therefore from the definition of p¢, ¢, and the properties of Ef and &5, we have

A%(Ry, Ry)

(5.20) lim ——— =li_rgff tpf=gq.

e—0

Moreover from (5.6) and Lemma 5.3, we get

[ RaRa ot wenydn = s [ 00+ ren)dn +0C).
I8 I8

L 3

Thus

(5.21) lim RiRy (1 + ken)dn =1.
E— I¢6
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Now from (5.1) and (5.4), we obtain

A;(RI,RI) =(n — 171)<R1,R1 )C )

therefore

A%(Ry, R
V1=l7+ f( 1 1)

1 <R1’R1>e .

Finally dividing by €2 and using Proposition 5.1(2), (5.20) and (5.21), we obtain

lim . s +
cl->0 e 4 9

The proof is now complete. O

We conclude this section with a Lemma to be used in the next chapter. For the

proof we refer to [A-F2].

Lemma 5.5. Let Ry be the principal eigenfunction of L, normalized by requir-
ing ||[Rille = 1. Then

| Raslle = O(e),

where Ry, is the partial derivative of Ry with respect to (the parameter) s.

5.2. Asymptotic Expansions.

This section deals with the principal eigenfunction and eigenvalue, so we omit

subscripts. As in the radial case we consider the formal expressions

R=Ro+eRi+®Ro+--+, v=in+en+evp+- -
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Substituting these expressions in (5.1), we obtain after equating like powers of €
—R{ + f'(U)Ro = Ry
—R! + f'(U)Ry = inRo + Ry + 6 (R — f"(U)V Ro)
—R! + f'(U)R; = 5Ro + 51 Ry + o Re + 6 (R} — f'(U)V Ry)

2
~ k2R — ( FOW + % f”’(U)V2> Ro

Choosing g = 0 (11 — 0 as ¢ — 0), we get Ry = U. For solvability in
the second equation we require #; = 0 (we recall that ffooo UUdnp = 0, and

= Mu )WU? dn = 0), hence R, = xR1, where R is a solution of the equation
(5.22) ~R!'+ f'(U)R, =U - f"(U)VU.

For solvability in the third equation we need

1 00 _ _ . .
ST | _{-+ B f @ R) U+ R0} dn
107 /- 2 "

or equivalently after using that Ry = U and Ry(n,s) = x(s)R1(n), and integrating
by parts
K K

2 2 m .. ~ .
Vg = —— 4+ — / RlU + f“(U)VRlU dT]
5 o ) )

1 / * ( 1" K " 2\ rr2

+ — f'(OW + —f"(U)V* ) U dq.
NI J-co 2

Utilizing the fact that the unique L? solution of (5.22) that is orthogonal to U is

given by Ry = (-1/2)Un + aU + V, and the orthogonality condition (2.8) the first

integral in the expression of 7, becomes
“U”2 = T _ 1 1" 72 " !
1 + WU 2f (UYWU*n+ f1U)VWU ) dn.
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Hence for ¢ as in (5.19) we have

5.2 5y = % (wi - Lo ) d
(5.23) n=-gtitiEn L\ -5 fUVU™ ) dn.

Next we show that
* ] 1 " r2
Indeed, multiplying by Un the equation (5.14) that V; satisfies, and integrating
we get
/ —Vi'"Undn + / F(UYWoUndy = — / FUWVUdy.
Integrating by parts twice in the first integral, and using the exponential estimates

that U and V; satisfy, we obtain

oo

/ (—'U"+f'(U)U)%ndn+/ (=VoU + V3U) dn = —[_ f'UVUndn,

—00 —o0

which via (2.1) leads to

2 / VoU dn = / fUWU?ndy.

—00

Thus (5.23) becomes

2
K A
172=—-z+q=A,

as in Proposition 5.4. Hence Lemma 5.3 and Proposition 5.4 justify the formal

results above, and thus

R(n,s) = EU(n) + e€k(s)Ra(n) + O(?),

where R; is the unique solution of (5.22) that is orthogonal to U. Moreover, as in

Lemma 5.3 it can be shown that

(5.24)  R(n,s) = &U(n) + etsr(s)Ri(n) + €25 Ra(n, ) + O(€%)
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where R3(7,s) is the unique orthogonal to U solution of

(5.25) — R+ f'(U)Ry = AU + &2 (R; - f"(U)VRl)

— k*Un - ( f'(UOW + '“7:- f"’(U)V’) U,

with R; as above, and £ — ||U|| ™!, as € — 0.
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Chapter 6

THE GENERAL OPERATOR

In this chapter we consider the general operator defined in (2.10). We show
that its critical eigenvalues originate from the eigenvalues of an 1-dimensional
Sturm-Liouville problem. As a consequence of that connection we show that the
multiplicity of the critical eigenvalues is at most two. Moreover, we show that
there is a kind of one-to—one correspondence between the two spectra.

As we have noticed, if 3 is an eigenfunction of (2.10) corresponding to the

eigenvalue u, then the stretched function

(6.1) P(n,s) = Vep(en, s)

satisfies the equation
(6.2) Lo =Ly + L3 = pi

in the strip Q5,., where £; and L; are defined in (2.18) and (2.19) respectively.
If p is an eigenvalue of (2.10) satisfying the hypothesis of Lemma 2.1, and Pis a

corresponding stretched eigenfunction, then from (6.1) and (2.11) we obtain
(6.3)  [(n,s)| SCveem,  2b<|n[<26/e, 0<s<E,

for 0 < € < &g, where C, ¢, and b are positive constants independent of . If ¢

and 1/; are as above then

/Qv,bz(z)dm = /96 1/)2(:1:)dz+/9\m Y¥(z)dz.
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Now changing to r, s variables and then stretching, we get after using (2.12)

¢
(6.4) /Q P (z)dz = /(; ‘/;6 2 (n,s) (1 + ken)dnds + 0(e=°%),

where I® = (—6/¢,6/¢). This fact motivates the following normalization

14
(6.5) 1912,y = /0 /N F%(n,5) (1 + ken)dnpds = 1.

In addition to the notation

<u,v>5 = /6uv(1+nsn)dn, ||| :=<u,u>€,
I‘
<u,v>:=<u,v)0=/_ uvdn, ul|® == ||u||(2,=<u,u>o,

used in the previous chapter we will also use

14
(o) i= [ [ o trendnds,  fulfi= (uu),,,
o Jis

14 oo
(o), = (uvdy, = [ [ wdnds,  full = uld, = (wuo,-

If ¢ satisfies (6.2), and R is the principal eigenfunction of the L7 operator nor-
malized by ||R||c = 1, we define

(66) 0(8) = <’I,Z(',S),R(°,S)>e :
Then as in [A-F2] we consider the decomposition
(6.7) ¥(n,5) = ¢(n, s) +6(s)R(n,5),

where

(6.8) <¢(-,s),R(-,s))e =0.
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Lemma 6.1. Let ¢ be a stretched eigenfunction corresponding to the eigenvalue
p < Ce?, with C independent of €, and normalized by W|les = 1. Then there exist

constants €g, and C; independent of €, such that

(6.9) ¥ — 6R||.s < Cie,

(610) ”"Zalles S Cl .

for all 0 < € < €.

Proof. From (6.7) since (6.8) holds, we obtain
1912 = 1112 + 6 ()IRIZ = lllIZ +6%(s)-
Integrating with respect to s, we get
_ ¢
(6.11) I, = oI, + [ 6 e)as,
from where we obtain
¢
(6.12) / 6%(s)ds < 1.
0
Now if v is the principal eigenfunction of the £} operator from (6.7) we get
L =L+ vOR,
and so taking inner products with 1, we obtain
(L29,9), = (L54,9), +vO(RY),
= <£f,¢,¢>e +0<£§¢,R>e + v6?.

Hence by Lemma 5.2
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Integrating by parts twice in the left hand side of (6.13), and observing that

dn(£b/e,s) = g (£6/e,s), since R satisfies the boundary conditions, we obtain

<L;¢’R>e = V( ¢’R>5 - ’(/;1,(7],3)(1 + KEU)R(YI’S)lq::E&/e

= —¢~n(7’a s)(l + KEU)R(TI’ 3)|n=:{:5/5 (by (68))

By (6.4) and a simple regularity argument the boundary term above is of order

O(e~¢/). Utilizing this fact in (6.13), we obtain
(LsP,% ), > Colldl% +60(e™</*) +v6* .

Integrating with respect to s, we have

£ 14
(£558)., 2 Collolz, + 0() [ oyds+v [ (s)as,
0 0

and since
<Lf71;’1;> :<‘C€ ) ~> _62<£€1/;1‘Z>es
S /, (2) banas (w 62)

=y — 14
= e//;61+n€ndnds (by(21.))

we get

2
614 Cololi+e [ L, s
¢
Sp——u/ 02(s)ds—0(e_°/‘)/ 6(s)ds.
0 0

Now utilizing

p<Ce?, (by hypothesis )

—v < Cée?, (by Proposition 5.4 )

/Ole(s)ds <Ve (/Ol 02(s)ds)1/2 < Ve, (by (6.12))
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with C being a generic constant, in (6.14), we obtain

2 < 2
(6.15) CollI2, + € / / ——apds< et
Hence
(6.16) l|4lles < Ce,
. <C.
(6.17) //161+K6ndnds_C

Now (6.9) follows from (6.7) and (6.16), while (6.10) follows from (6.17) and the

assumption 0 < 6, < 1+ ken. The proof is complete. [

Remark 6.2. We already know that ||R — €Ul — 0, as ¢ — 0, where
— JUJ|"! := &, by Lemma 5.3, and so Lemma 6.1 in light of the separation

result of Lemma 2.2, says that § — £;10, in L?, along a sequence of ¢’s converging

to 0.

Remark 6.3. From (6.11) and (6.16), we obtain
e

(6.18) 1—C%2§/.¥@yk51.

0
Moreover since the left hand side of (6.14) is nonnegative we get

¢
> 1// 6*(s)ds + O(e—c/‘) ,
0

which because of (6.18) and (5.18) becomes

(6.19) p>v—0(e*) > —Cé

with C independent of €. The estimate (6.19) was first obtained in [deM-52] in

the case where & = RY and V = 0 in the definition of u. (see (2.7), (2.9)). In
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[A-F1] it is proved that the same estimate holds for a bounded domain {2, in the

presence of a nonzero V satisfying the orthogonality condition (2.8).

Remark 6.4. Let 1;, ¢; be critical eigenfunctions of (2.10), and let ¥i, ‘!Zj be

as in (6.1). Then starting from

Q Qs Qs
and changing variables in the middle integral, we obtain via (2.12)
l -~ -~
/ "l)i",bj dr = / / ¢i¢j (]_ + KE?]) d’l] ds + O(e—c/e) )
Q o JI§

Now using the decomposition (6.7) we get from the equality above

t ¢
/Q%bﬂbfdw = /0 /1 . $:¢; (1 + men)dnds + /0 6:6; ds + O(e™/¢) .

Finally utilizing (6.16) in the last equality, we obtain

4
(6.20) L’(,b,”l/)j dr = /0 9,‘9j ds + 0(62) .

Theorem 6.5 Let {y);}™, be eigenfunctions of (2.10) with ||illrz(a,) = 1,
corresponding to the eigenvalues {u;}™,, satisfying p; < Ce?, i=1,2,...,m, and
let {1;}7, be the associated stretched eigenfunctions normalized by 1billes = 1,
1 =1,2,...,m. Then the following hold : for each : =1,2,...,m

(6.21) s — UOjifles = 0,
(6.22) ‘6‘_2 -\,

as € — 0, where Oj; and )\j; are eigenfunctions and eigenvalues of the problem

{ —0"(s)+ A(s)0(s) = AO(s), O0<s<?
(6.23)
0(0) = O(r), ©'(0)=0'(¥)
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where X(s) is defined in (5.18). Moreover if {\i}, are eigenvalues of (6.23),

then there is an €9 > 0 and there are eigenvalues {uj,}7%, of (2.10) such that
(6.24) pi = 2 + O(%), i=1,2,3,..,m

for all 0 < € < €.

Proof. Let (u, 'J)) be an eigenpair satisfying the hypothesis.
Step 1. We show that along a sequence of €’s p/e? — A, and P — UO, where )
is an eigenvalue of (6.23) and O is one of its corresponding eigenfunctions.

Proof of Step 1. Starting as in Lemma 6.1 from the decomposition ¥ =¢+0R,
where 6 = (¢, R),, and (¢,R), =0, and (6.2), we get

€ — e? 1;3 T 7
Lap—vé= 1+m517(1+n517)3 vt

Multiplying by the test function h(s)R(n, s) and integrating with respect to n and

s, we have

(6.25) /0‘ (L56 — v, R) h(s)ds =€’ /Ot /If (1 _f;en)sR(Tl,S)h(S)dn ds

£ _ e
—/0 V(¢,R>€h(s)ds+u/0 (¢,R)Eh(s)d3.

Integrating by parts twice in the left hand side of (6.25) and using on the one
hand the orthogonality condition <¢,R)€ = 0, and on the other the fact that
P(£6/€) = dy(£6/e) = O(e~°/¢), the left hand side becomes

£
O(e_c/e)/o h(s)ds.

Moreover, since 1, (-,0) = ¥s(-,£), the first term of the right hand side equals

e [ [ (R b9 + R, ) ) dns.

s 1+ ken
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Hence (6.25) takes the form
{4 £ 7
—c/e —_— ¢8 s s
O(e )/ h(s)ds = 52/0 /If e R, $)h(s) di ds
£ 14
—€ / ‘/;6 7 +n€ R(n,s)hs(s)dnds —/ vO(s)h(s)ds +y/0 6(s)h(s)ds.

Dividing by €2 and utilizing the facts

51_{11 IR—¢U|. -0, (Lemma 5.3)
!51(1) EE = A(s) | ( Proposition 5.4)
| Rslle < Ce, (Lemma 5.5)
1Belles <, (by (6.10))
6 — €7@ along a sequence of €’s (Remark 6.2)
_T< 6% <C, (by hypothesis and (6.19))

we obtain by passing to the limit along a sequence of ¢’s for which R, — 0,

6 — €710, and pfe® — A,

/0 l [04s + (A = A(5)) O] h(s)ds = 0.

Hence p/e? converges along a sequence of €’s to an eigenvalue of the problem
(6.23) while 1 converges to U@, where O is a corresponding eigenfunction. This
completes the proof of Step 1.

In general the eigenvalues of (6.23) are not simple and their multiplicity is at
most two. Let A\; < A2 < ... be the sequence of the distinct eigenvalues. Let
An be such an eigenvalue and let @, be one of its (possibly two) corresponding
eigenfunctions.

Step 2. We show that there is an €, and an eigenvalue p;j, of (2.10) such that

e An — i ] < €3(En +1)
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for 0 < € < €p, where &, is a constant independent of €.
Proof of Step 2. With w : R — R an even C'™ cut-off function as in the

definition of u, (see (2.9)), and z € §, we define
(6.26)  n(z) = 0%w (%) [U (g) +en(s)R (g) +e*R, (g s)] On(s),

where r and s are the local coordinates of z in (s (see (2.4)), R, and R; are
the unique orthogonal to U solutions of (5.22) and (5.25) respectively and o7, a
normalization constant so that |[$hs]|z2() = 1. We point out that the definition
of J)n makes sense for all z €  because outside Qg5 it is A,, = 0. If £° is the
operator defined in (2.10) we will show that 1/;,, is an approximate eigenfunction
of L¢ corresponding to the approximate eigenvalue €%\, in the sense that

L = Antpn +7n,  inQ

(6.27) N
s =0, on 0f,
on

where the error term r,, satisfies
(6.28) “Tn”L?(Q) S 5,,63 .

e Verification of (6.27) and (6.28). We omit the subscript n. Noting that
A Li,a"/; b z E 526
Lo = _
0, T € QN Qs

where Ei’, is as in (2.13), we consider the cases: z € Qs,and z € Qa5 ~ Q5. First

recall that

Lo = Lo+ L5d,

62 ((1_{_,.;7‘)‘(,5) +f’(u )11[; £e¢__ 1 1;5
14+ &7 "r A ST 14 kr \l4kr)] '’
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where u. is as in (2.9). For z € Qs it is w = 1, hence

ot [5 (2) sesoms (3 4 (£ ) o0
ue=U (g) + ex(s)V (g) + W (g,s) .

Starting from

+ [f'(U) - F ()]

Lo =~ + FU) -

and using (5.3), (5.22), and (5.25) we compute

2,2
£5¢—€2AU+(EK—EK A )U+(en _ - )R’1+O(53).

ct@ T 14 kr 1+ kr
Therefore
3,2 2.3
[0 = o° 2X-_enr-~ snrR,G O(e3) .
=0 [6 v 1+m‘U+1+m' 1|6 +0()
Now since

[ [0 ()of asma

(r=em) 7/ /I (k3n?)? ) g2 my02 dn df =0(e")

s 14+ ken

and

/‘/5 {62K3r
o Jos U1

R, (-16:) 9}2 (14 &r)drds

(r=en) 17 (5°n)® an 2 4 7
— ds =
=€ /0 s 1 . R (n)O°dnds = O( )

we finally get
L) = o*e?AUO + O(%).
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Moreover

2
2pef _ 20 Kér — 2Kk - _ K -
€ L,'(/)— € "J%a [(1+ )2¢33 (1+I€1‘)3¢’] )

where &, is the derivative of the curvature k. Now using the definition of 1&, we

find

[ [ (g i} i =0)

by changing to stretched variables. Therefore we can write
Ezﬁi",z' = —520'6[.]933 + 0(63) .
Now

Lo =L +L59
= €20°U (—O4 + X0) + O(*)
=e20°UAO + O(?)
=e2)\o® [U +exRy + 62R2]9 +0(e?)

=2\ + A°,
with A = 0(53). Similarly for = € Q.5 ~ Qs we obtain
LE ) =e*Xp+ B,

with B¢ = 0(53), by observing that for € small and |r| > 6, U, Ry, and R,
are exponentially small, and that since w does not depend on s the s part of the
operator is not affected by the presence of w and so the eigenvalue A. Thus (6.27)

and (6.28) are proved.
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Choose €, so that

En(én + 1) < min{)\n_l.l — An, ’\n — /\n—l} .

By our assumption the right hand side is positive and so such an €, exists. Then
the interval

I5 = [An—€(@n +1), Ante(En+1)]
contains no other eigenvalue of (6.23) for all 0 < € < en. For k > ¢n + 1 define

_—
C = [62/\,, - 53‘“'—:—, M, + €

sént+1
— |-

Then either

(i (022 @y, i@ ) ) n ) ) £ 2,

or

k
k

(I,i,k + (—53'“ 'I'c‘ 1(5n +1), & (n + 1))) N(o(LYNIEL) =2

In the first case there is an eigenvalue p;, of £° such that
€20 — 1] < ¥(En +1).

In the second case Lemma 2.3 applies with e* = &€, a = ((k — 1)/k)(En + 1)€°,
E = span{z/:n}, F = closed subspase associated to o(£%) N I} ;, and A\, = 1,

therefore

B - én€’ _ Cn k
d(E,F) = d(tn,F) < [(k —1)/k](én + 1)ed T Entlk-1 <

1,

by the choice of k. Hence I} , contains an eigenvalue pj, of £%. Thus in both

cases there is an eigenvalue p;, of £° such that

(6.29) le? X\ — g, | < 2(En + 1),
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for 0 < € < €,. In particular

The proof of Step 2 is complete.

From (6.29) we draw the conclusion that the convergence u/ €2 — ), in Step 1,
happens in a continuous manner as ¢ — 0 and not just along a sequence of ¢’s.
Moreover since @ in the limit » — U@ is the eigenfunction corresponding to A,
the limit above is independent of the sequence. Thus b — U®, as e — 0.

Now given A\; < Ay < +++ < A distinct eigenvalues of (6.23) (multiplicities
are not counted), with corresponding eigenfunctions 0,,0;,..., O,, we form the

approximate eigenfunctions 1/;1, 1/;2, ceey zﬁm as in (6.26). Then for

Cm = max{él,ég,. .. ,5m}

< i iy — ).
o= em+1 15{213—1{)"“ Ai}

we have that there are eigenvalues p1;,, ftj,, .- -, #j,, Of L° such that
€2 — sl < (em + 1)e*,
t=1,2,...,m,forall0<e<eg. O
Despite the fact that in more than one dimensions no general statement about

the multiplicity of the eigenvalues can be made, because of the connection of the

w’s with the A’s we have the following

Corollary 6.6. Let y; < pit1 < pis2, be three consecutive critical eigenvalues
of L5. Then pr/e?, k = 1,i+ 1,7 + 2 cannot converge to the same A. Hence the

multiplicity of the critical eigenvalues is at most two, for all € small.

Proof. From the Theorem above we have that

Hii-2
62

Ei o Kita
€2 — g2

<
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converge, as € — 0, to some Aj; < Aji,, < Aj,,. Now if 1y, Yiy1, Yis2 are the

orthogonal to each other critical eigenfunctions corresponding to the p’s above,
and if Oj;, O,,,, ,0j,,, are associated to the ¥’s in the sense of (6.21) (i.e.,

b~ — U@), then from (6.20), we obtain by passing to the limit ¢ — 0
_ ¢
(6.30) Sk = U1 / 0,0;ds, klelii+1,i+2}.
0

Since the @’s are the corresponding eigenfunctions to A’s the assumption that Aj; =

Xjisr = Ajiyr = A leads to the conclusion that ©;;, Oj;,, ,@ji,., orthogonal to
each other by (6.30), are eigenfunctions corresponding to A. This is a contradiction

because the multiplicity of the A’s is at most two. U

Remark 6.7. From the proof of Corollary 6.6 we see that if A is a simple eigen-
value of (6.23) and p/e? — A, then p is simple as well. Indeed if we assume that
p has multiplicity two and ;, 1; are the orthogonal to each other eigenfunctions

corresponding to u, then from (6.30) we see that
¢
0= / 0:0;ds,
0

where ©; and O; are eigenfunctions of (6.23) corresponding to A. But this con-

tradicts the simplicity of A.

Corollary 6.8. Let pu; < p2 < -+ < pm be the first m (counting multiplicities)

eigenvalues of the L° operator. Then

i=1,2,....m, where A\; < Ay <+++ < A, are the first m eigenvalues of (6.29).

Proof. First we show that



From the Theorem we have that there exists an eigenvalue of (6.23) A* such that
p1/e? — X*. On the other hand Step 2 of the proof of the Theorem yields an
eigenvalue p° such that p°/e? — A;. Then it follows that u°® < p, for all €
sufficiently small. Since the principal eigenvalue is simple it follows that u® = p,
which in turn implies that A\; = A*.

Next we show that if

e—0 62
then
Pkl
3—1’»1(1) €2 Akt -
Clearly
. Hk+1 . Bk
. > — = A.

(6.31) ll—l;r(l) e ll—r»r(l) €? Ak

We argue by contradiction. First assume that

. HE+1
lim >
e—0 €

= A > Akl

Then there exists a p°® # pg41 such that p°/e? — Apqq.

Case 1. Ak < Ak41-

Then pir < p° < pr+1, for all € sufficiently small.

Case 2.  Ap = Agq1.

Since the multiplicity of the p’s is at most two (Corollary 6.6), we conclude that
1° ¢ {p1, 2y, pk—1}- Thus px < p® < pisa, for all € sufficiently small. In
both cases the conclusion is that u° is the k + 1st term in the sequence of the
eigenvalues. Hence p1° = pix41, a contradiction. This contradiction shows that

A1 € Ak41. On the other hand if we assume that

) k+1
lim Hkt
e—0 62

=M < Ak41,
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then [ = k, so we consider

Casel. Ap—1 < Ak < Ap41.

In this case we have that Ax is the limit of ux/e? and pg41/€?, which is a contra-
diction by Remark 6.7.

Case 2.  Ap—1 = Ak < Ak41.

If this happens then we have that ux—1/e?, pi/e? and pri1/e? converge to A,
which is a contradiction by Corollary 6.6. Thus A\; = Az41. We show that I = k+1.
Again we argue by contradiction. So assume that [ # k + 1.

Casel. I=k.

Then since the multiplicity of A’s is at most two we get Ay = Ak+1 < Ak42. Now
by Corollary 6.6 we conclude that [ = k 4+ 1 which is a contradiction.

Case2. I=k+2.

Then Ax < Ai41 = Akpz < Ag43. Set A = Agg1 = Apy2. Then applying the same
argument as in Step 2 of the proof of Theorem 6.5, we conclude that A is the limit
of exactly two (Remark 2.5 and Corollary 6.6) p “eigenvalues,” namely Prs1/€2
and pig42/€?. This would imply that [ = k+1 which is a contradiction. The proof

of the Corollary is complete. 0O

Remark 6.9. It is known, see for example [Co-L], that the eigenvalues A of
(6.23) satisfy

/\1<)\2S/\3</\4SA5<"'</\271S/\2,1+1<-".

Thus from Corollary 6.8 we conclude that given m, there exists an £, > 0, such

that the first m eigenvalues u of L£¢ satisfy the same order relation, namely

pr < p2 S pz < pg Sps <00 < pon < Pontl,
forall0<e<emand2n+1< m.
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Chapter 7

DISCUSSION

We conclude this work with some remarks, observations and speculations orig-
inating from the already mentioned results. These topics will serve as departure
points for further research.

» The results regarding the asymptotic form of the critical eigenvalues, (Propo-
sitions 4.7 and 5.4 and Theorem 6.5) can be viewed as an attempt to study the
variation of these eigenvalues with respect to the variation of the domain (stretched
variables), or with respect to the diffusion coefficient 2. In that direction the in-

terpretation of these results is

dy
- =\
de? £2=0 ’

i.e. the derivative of u = p(e?) at €2 = 0 exists. Here p is a critical eigenvalue
and ) is either an eigenvalue of the Sturm-Liouville problem (6.23), or A = A,
in the case where y is the principal eigenvalue of the radial part of the operator

(Proposition 4.7). From this point of view these results are related to the ones

_ about continuity properties of the eigenvalues with respect to the coefficients of

the equation or the domain (see [Cou-H}).
» The eigenvalues of the linearized Cahn-Hilliard operator (see (1.3))

CA(PD$+ flu)p=pb, in @
(7.1) o OA$

—6—7’;__—_671__0, on 0N
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are characterized variationally ([B-F}) by

/ [e€2|Vh|2 + f’(ue)hz] dr

fin = max miAI} =1 ’
n lilwfv"z / H?dx
Q
where
Wi ;:W2'2(Q)n{h:/hdz=0, -0 on 39} )
Q on
Mo =1,  H=(-ax)"h,

M, c I*(®), dimM,=n-1.

We note that Ay is the Laplacian with homogeneous Neumann conditions, and H
is orthogonal to M,, in the usual L? sense. Now observe that the numerator in the
Rayleigh quotient for p, coincides with the one for the eigenvalues of the Allen—
Cahn operator which we have studied. This suggests that information about the
spectrum of the Cahn-Hilliard operator can be obtained through the spectrum of

the second order operator. In fact there are results in this direction ([A-B-F1},

[A-F1,2], [B-F)).

> A radial eigenvalue problem similar to (3.1), that is relevant to the study of

the slow motion of special solutions (bubbles) of the Cahn-Hilliard problem, is
2

A €

Lh:=——(rh") + f'(ve)h = fih, -1<r<p+1,
(12) —(rh') + f(ue)h = i p pt+1
h'(p—1)=h(p+1) =0,
where now u. is a radial (increasing) equilibrium of (1.2) of constant mass m*,
with a layer in a small neighborhood of a circle of radius p ([A-F3}, [A-McK],

[A-S]). Hence u. satisfies

2
~ S (rul) + f(u) =0, p-l<r<p+l,
T
(7.3)

p+1
wlp-1=ulp+1)=0, [ udrdr=m’,
p

-1
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where o, — 0, as € = 0. This u, is characterized variationally as a minimizer of
the functional (1.1) subject to the mass constraint. For this u, it can be shown
([A-McK], [A-S)) that there are points 7§ and r§ in (p—1,p+1) with r{ < p < r3

satisfying
(7.4) Irf —r3l < Ce

and such that the following estimates hold

0<1-u,r)< Ce(e/a)r=r2) )
0<ul(r) <(1/e)Ce /=) - 4 re<r<p+1

lue(r)] < (1/€%)Ce(clNr2),

7.5 .
( ) 0 < ue(r) -1< Ce—(c/c)(rl—r) , )

0 <ul(r) < (l/s)Ce"(C/E)(r:_') , ¢ p—1<r<r

ut(r)l < (1/e})Ce /A=,

/
where C, ¢ are constants independent of e. We note that the same estimates hold
if we replace o, with 0 and discard the mass constraint. In this case u. is an
equilibrium of the Allen-Cahn problem (1.2), and the estimates above are like the

ones provided by Lemma 3.2. In particular the results we are about to mention
also hold in this case.

For the spectrum of (7.1) we have

Proposition 7.1. There exist positive constants €o, and C independent of ¢
such that the spectrum of L with homogeneous Neumann boundary conditions has

the following structure:

ﬂ1<0<é<ﬂ2§ﬁ35-°-—+oo,
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for 0 < € < 9. Moreover

. [ 1
lim HL_

e—0 -6_5_ p2
The proof of the Proposition above is similar to the ones of Propositions 3.3 and

4.7 and so we only give a sketch of it.

Sketch of the Proof. Differentiating (7.2), and setting w = u/,, we obtain
2 2

£ 3
(76) —-;‘—(rw')'+fl(ue)w=—r_2w’ p—1<1‘<p+1,

wp—1)=w(p+1)=0.

From the variational characterization of the eigenvalues we obtain

p+1
/— (®(w')? + f'(ue)w?®) rdr

AL +0(e0),
/ wlrdr
p—1
and so via (7.6)
p+1
/ wir~2rdr 5 .
/:‘l < 62 P—lp+1 +0(e—c/e) < - € - +0(e—c/€) < 0,
/ w? rdr (p—1)
p—-1
for € small.

Next we show that fi; /e? — —1/p?, as ¢ — 0. Let h; be the principal eigen-

function of (7.2) that we can take to be positive, and normalized by

p+1
/ Rirdr=1.
-1

Multiplying (7.2) by w and (7.6) by h, subtracting the resulting equations and
integrating, we get

p+1 pt1 4 p+1 ,
i / hiwrdr = _52/ “hywdr — € / (hllwr - hlw'r) dr.
P P P

-1 -1 T -1
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Now using on the one hand that h} = w =0 at r = p+ 1, and on the other that
hiw' is exponentially small, by the above mentioned estimates, we get

-1 1 7

p+1 p+1 q
(7.7) iy / hiywrdr = —¢? / —hywdr — 620(6"‘3/‘) .
p -
We estimate the integrals in (7.7).
(i) Let p° be the point defined by u.(p®) = 0. Then p® € (r§,75), and so p© — p,
as € — 0 by (7.4).
(ii) Defining U.(n) = u(p® + €n), where 5 = (r — p°)/€, we obtain from (7.3)
€

78) -U!-
(7.8) ¢ T o ren

U;+f(U€)=o'€a 77€Ic’ U::(T]):O’ 7766[:,

where I, = ((p— p* —1)/e, (p—p° + 1)/€). Recalling that u. is increasing, from
the estimates (7.5) follows that —1 < u, < 1. Thus U, is bounded independently
of €. So using a diagonal argument we can find a sequence €, — 0 such that the
corresponding solutions U, converge in the C}_ topology i.e. in C? sense over

compact sets in R (see Section 3.2), to the unique increasing solution of
~U"+ f(U)=0, U(0)=0, U(foo)==1,

i.e. to the “heteroclinic.” The uniqueness of such a U implies that the limit is
independent of the sequence €y, thus U, converges to U, in the above mentioned
sense, as € — 0.

(iii) Let V. be defined by V.(n) = veh1(p® + €n). Then V, satisfies

—V - ;;—je—nvzw'(vem =iV, nel,

(7.9)
Vi(n) =0, n € 9I,, / Vi(n)(p® +en)dn=1.
al.

Utilizing that f'(U.) converges to f'(U) as ¢ — 0, uniformly on compact sets in

R, it follows via the maximum principle that V. satisfies estimates as in Lemma
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3.4. Hence passing to the limit ¢ — 0 in (7.9) we obtain that along a sequence of

e’s V. converges to the solution of
(7.10) -V'"+ (U)W =pV, V=V(), neR, VeIViieew =1

Now V > 0 and since the maximum of the V,’s is attained in a compact interval
independent of €, the maximum of V is attained in the same interval. Thus V is
nontrivial and thus it is the principal eigenfunction of (7.10). Therefore u* = 0 (see
Remark 3.1), and because of simplicity V = aU’, where a = p~12||U ”Ij'}(m) . Again
because of the independency of the limit from the sequence of €’s, we conclude
that V. converges to aU’, and f1; — 0, as € — 0.

From the definition of w and u, follows that Ul(n) = ew(p® + €n), hence

p+1
[, mwrdr = /, (g + enhu(p* 4 en) (5 + o) dr

f V(n)U (m) (p* +en)dn.

Similarly

/p+11h dr = 2 /V( U (1) —— d
“hywdr = A . .
p—1 ' \/E I, 1 " peten

Utilizing these expressions in (7.7) we obtain

~

=4 Vo(mUL(n) (p° + en)dn = —/ Ve(n)Ué(n)pe

I

1
- —c/e
T en dn \/EO (e ).

Because of the estimates (7.5) (in the stretched form), and the results of (i)-(iii)

Lebesgue’s Theorem applies and so taking limits as € — 0 in the equality above

we have
. 2 _ 1 2
ll_rf[l) 2P WUz w) = T a|Ullz:m) »
or equivalently
lim ﬂ—l =—-—
e—0 62 p2



Finally the assertion that fj; > C > 0 is proved in the same way as in the

Proposition 3.4.

Remark. In the proof above we used an alternative way in showing that fi; — 0
and V. — aU’, or equivalently that the first term in the asymptotic expansion of
the principal eigenfunction is U'. This method has been used in [A-B-F1] and
[N-F].

» As we mentioned the result above also holds in the case where u. is an
equilibrium of the Allen-Cahn problem (1.2). We thus conclude that there is no
equilibrium of (1.2) with interior interface that is stable. For this type of circular

interfaces equation (1.14) takes the form

1
-0"(s) — p—29(3) = \O(s), 0<s<?
0(0) = 0(¢), ©'(0)=06'(Y)
with £ = 2rp. We note that the first three, counting multiplicities, eigenvalues of

the problem above are
/\1-:—— and A2=A3=0.

This suggests that for a general curve  (1.14) has at least two negative eigenvalues
with the extreme case being the circular interface. Apparently there is some
interesting relationship between the spectrum and the isoperimetric iI;equality. A
consequence of such result would be that any equilibrium of (1.2) with interior
interface is at least 2—-d unstable, and that any equilibrium of the Cahn-Hilliard
with interior interface is unstable. These results would complement well the work
on the complexity of stable equilibria for (1.4) done by Casten and Holland [Ca-
H], Matano [M], and others, and will also provide information for the constrained

problem (solutions of the Cahn-Hilliard with specified mass), and for systems.
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» Our main theorem clarifies (1.13) but it does not include it, since the con-

vergence

can not be assumed uniform over all critical eigenvalues without justification. We
expect such a uniform correspondence to hold; it would add significance to the O
equation. This in turn could be used for building the tangent space to an invariant
manifold in L? over which the flow would be approximately determined by (1.5).

That would be the dynamical systems approach for relating (1.2) to (1.5).

» We expect these results to have analogs in the Cahn-Hilliard setting.
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Figure 1. The functions F and f = F'.

Figure 2. The heteroclinic U and its derivative U’.




Figure 3. The potential f'(U).

Figure 4. The second eigenfunction of L, .
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