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ABSTRACT

We consider the eigenvalue problem —e'^Atp + f'iue)ip = fJ-tp, with Neumann

boundary conditions, in a smooth bounded domain Q, in arising from the

evolution problem Ut = e^Au — f{u), with the same boundary conditions. Here /

is the derivative of a double well potential with two equal minima at ±1, and ««

is a smooth function with a sharp interface 7 contained in 12.

The goal is to characterize the eigenvalues /x that vanish in the limit e ̂  0

(critical), and their corresponding eigenfuntions. It is shown that these eigenvalues

are related to the eigenvalues A of a regular Sturm-Liouville problem on the curve

7 by /X = A+0(e^). By changing to local coordinates r(=signed distance from 7)

and s(=arclength on 7) in a neighborhood of 7, and then stretching variables (t) =

r/e), Alikakos and Fusco have shown that the critical eigenfunctions, appropriately

normalized, separate in the limit e —» 0 to £/'(r/)0(s), where U' is the derivative

of the solution of U" — f{U) — 0, 17(0) = 0, 17(ihoo) = dbl, and 0(5) is a periodic

function. Elaborating on this separation result, we prove that 0 is an eigenfuction

of the above mentioned Sturm-Liouville problem. We thus establish the following

characterization for the eigenpair (/x, xp):

fxi=:e^\i + 0{e''), tPi = U'(r/e)0iis) + O{e), i = 1,2,..., m,

where m is fixed but arbitrary. The proof involves among other things spectral

analysis of radial operators, justification of formal asymptotic expansions, and

perturbation theory.

The same analysis carried to the case where Ue is a radial equilibrium of the cor

responding evolution problem with an interface 7, shows that every such solution

is unstable.
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Chapter 1

INTRODUCTION

Let be a bounded domain in R^, N > 1, and consider the free energy

functional

(1.1) ./£(«) = j|^{y|Vup+F(u)Jda;,
where 0 < e ̂  1 is a small parameter and F is a double-well potential with equal,

nondegenerate minima at it = —1 and u = 1 (Fig. 1).^ Two evolution problems

associated to in the sense that Jj serves as a Liapunov functional for them,

are the Allen—Cahn model

(1.2)

i
' ut = e Alt — /(it) , in f) X (0, oo) ,

^ = 0, on do, X (0, oo) ,
dn

it(x, 0) = uo(3;), in ,

and the Cahn-Hilliard model

' Ut = A(—e^Au + /(it)) , in n X (0,oo),

(1.3) (—Alt + /(it)) = 0, on do, X (0, oo) ,
dnI dn ''

[ it(x.,0) = ito(x), in 11,

where A is the Laplacian, n is the unit outward normal to dO. and f = F'.

It is shown in [F2] that the Allen-Cahn and Cahn-Hilliard models can also be

considered as the and respectively, gradient flows for the functional J^.

Here Hq^ is the subspace of consisting of functions with zero average.

^ All figures can be found in the appendix.



Equation (1.2) was proposed in [A-C] as a model for the motion of an antiphase

boundary that separates two phases of a crystalline solid, whereas (1.3) was pro

posed in [C], [C-H] to model phase separation and coarsening in binary alloys at

a fixed temperature. The function F represents the free energy per unit volume

and its two wells correspond to different stable material phases.

In this work we assume N = 2 and we concentrate on the Allen-Cahn model.

As the functional Jg suggests, a typical initial condition for (1.2) (and for (1.3) as

well) is evolved into a layered function with sharp interfaces of width 0(e) [deM-

Sl], [Fl], [F-Hs]. For the Allen-Cahn model in one dimension the motion of the

developed interfaces is studied in [B-Kl], [C-P1,2], [Fu], [Fu-H] where it is shown

that their speed is exponentially small (in e). In higher dimensions [B] and [B-K2]

have shown that radially symmetric interfaces evolve by mean curvature (see (1.5)).

In [deM-S2] the connection between the dynamics of (1.2) and motion by mean

curvature is established for smooth interfaces without symmetry assumptions. The

same connection is also established in [E-S-S] without requiring smoothness of the

interface and also allowing the possibility of singularities. For a survey of these and

related results we refer to [F3] where the Cahn-Hilliard and Phase—Field models

are discussed as well.

THE PROBLEM. An important aspect of the study of the slow motion in

[C-P1,2], [deM-S2], [Fu], [Fu-H] is the spectral analysis of the linearization of

(1.2) about an appropriate function related to a solution of (1.2). In this thesis

we consider such a linearization and study the eigenvalue problem

( - e'^Axf; + f'(ue)i> = nip , in Q.,

(1-4) { n
■— = 0 , on oU

^ on

associated to (1.2), where Ug is a layered "step-like" function that takes values

from near —1 to near -f-1 (the points where F attains its equal minima) and jumps



from —1 to +1 in an e-neighborhood of a smooth closed curve 7 contained in

Q. The precise definition of is given in (2.9). We are interested in particular

in the critical eigenvalues of (1.4) (i.e. the ones that vanish as e —^ 0) and their

corresponding eigenfunctions, whose relevance to the motion of the interface has

been brought out in the works of [A-B-F1,2], [A-F1,2], [C-P1,2], [deM-S2]. The

critical eigenfunctions are localized on the interface and drive it while the critical

eigenvalues are related to the speed of the interface. Therefore obtaining estimates

for these eigenvalues/eigenfunctions is important in making rigorous the relation

ship of (1.2) and (1.3) for small e to certain geometrical problems like motion by

mean curvature

(1.5) v = -s^K,

where v is the normal velocity of the interphase 7 and k is its mean curvature, or

the Hele-Shaw Problem

' A/x = 0 , in \ 7 ,

(1.6) — = 0, on 50 & V = P
dn

5/x

-dn.

fi = eaK, on 7,

where v and k are as before, [5/x/5n].y is the jump of the normal derivative of

across 7 and a,/3 are constants.

MOTIVATION. In the approach of [deM-S2] an approximate solution Ti^(x, t)

of (1.2) is constructed via the method of asymptotic expansions, and a theorem is

proved stating that if is the true solution, then stays small over a time

interval of order . An important step in carrying out the argument involves a

lower bound on the spectrum of the linear operator

CfW - -e^Aw + w



It is shown that min(T(£f) > -Ce^, where C is a constant. This allows control of

\\u' — n||l over the desired time interval (which we notice that it has to be of length

of order in order to meaningfully compare (1.2) with (1.5)), and ultimately

allows the proof of the rigorous relationship between (1.2) and (1.5). This is one

motivation for studying the eigenvalue problem (1.4). However there is more to

it. Before we get into this, we want to give a clue about the origin of the critical

eigenvalues. For this purpose we consider an 1-dimensional analog of (1.4) where

/(u) = - u), Ue = tanh^, = (-1,1).

Then (1.4) becomes

(1.7) + q{x)ip = fitp, —l<i<l, ^'(±1) = 0,

with

.  . 3 . 2 X 1
q(x) = - tanh — .
'  2 2e 2

Hence, for e small, q is exponentially close to 1, except for those x belonging to

an interval of length of order e about zero. The supposition that the eigenvalues

// of (1.7) are approximated by the eigenvalues p, of

-£^(f>" + <l> = p<j) , —1<X<1, <^'(±1) = 0,

leads to the conclusion that is close to

= 1 + e^n^TT^ , n = 0,1,2,3,....

However, this is false because (1.7) has an exponentially small eigenvalue, fii =

0(e~'^/^), ([C-Pl], [Fu-H]). Thus the problem is considerably more delicate.

The example above suggests that the critical eigenvalues owe their existence to

the layer of that is, its behavior near the interface. The objective of this thesis



is to make this precise for the problem in higher space dimensions. For special

geometries the spectrum may be calculated explicitly. The first example where

this was done is

The Sola-Morales Example : Consider the eigenvalue problem (1.4) in the

case where = { (x, y) : —1 < a: < 1, —1 < y < 1} and = U{xfe)

with U = U{r})^ T] £R being the solution of

(1.8) U"-f{U)=0, t/(0) = 0, ^lim^l7(r;) = ±l.

The eigenfunctions ip are of the form

V'(x,y) = X(x)r(y),

where X and Y are solutions of the eigenvalue problems

(1.9) -e^'X" +f'(ue)X = \X, -l<x<l, X'i±l) = 0,

(1.10) -e'^Y" = e^'vY, -l<y<l, r(±l) = 0.

Then the eigenvalues /a of (1.4), in this setting, are given by

= fimn = Am + = A^ + , m, n = 0,1,2,3,...

and so the spectrum of (1.4) in this setting consists of three types of ieigenvalues

A^oo = 0(e~'^/®) , because Aq = , ([C-Pl], [Fu-H])

//o„ = 0(e^), n>0,

A'mn ̂  C* , ?7l > 0 ,

where c and C are constants independent of e. Let us point out some of the

significant aspects of this computation. First there is only one negative eigenvalue.



Hoo, and the rest of the spectrum is positive. Therefore if it were an equilibrium

would be 1-dimensional unstable. The exponentially small eigenvalue suggests a

superslow flow on the associated unstable manifold. Moreover the positivity of

the rest of the spectrum together with its difference in the order of magnitude

suggests that the unstable manifold is a stable object on which the flow evolves

slower than it evolves towards it. It turns out that all these can be made rigorous

by applying the 1-dimensional theory developed in [C-P1,2] and [Fu-H]. The

spectrum provides important stability information and suggests persistence for

extremely long times of certain special solutions.

We note that in the example above the potential and the geometry are very

special and allow computation by separation of variables. It is natural to try to

understand the problem for a general interface 7 and general geometry 11. A result

in that direction is

The Alikakos—Fusco Estimate : Alikakos and Fusco for the purpose of

making rigorous and more generally clarifying the relationship between the Cahn-

Hilliard equation and the Hele-Shaw problem (1.6), considered the eigenvalue

problem (1.4) with a profile that is related to the the inner expansion of a

solution of (1.2) with interface 7. The relevant form of Ug (dictated by formal

asymptotics) in a ̂ -neighborhood of 7 is given by

(1.11) ue(x) = U{^)+ e/c(s)V (^) + O(e'), -S<r<6,

where time is suppressed. Here r = r(x) is the signed distance of x from 7, that

is taken negative if x is inside 7, and positive otherwise, s = s{x) is the distance

along 7 of the projection of x from a fixed point on 7, k is the curvature of 7 at

s, U is the solution of (1.8) and V is a smooth bounded function in R satisfying



the orthogonality condition

/oo
f"{U)U"'Vdrj = 0.

-OO

In [A-F2], for a defined as above, they established the following uniform (in e)

estimate for the counting function of the critical eigenvalues of (1.4)

(1.13) #{ fi : fJL < Co and < Ke^ } < C{K +

for all £ small, where cq, C, K,K are constants and N is the dimensionality of Q.

This estimate implies that the nth eigenvalue behaves like ([Cou-H])

and therefore for iV = 2 like e^n^. This agrees with the explicit calculation in the

Sola-Morales example. In particular this result attempts to quantify the intuition

that the critical eigenvalues are coming from a problem with 1-dimension less. In

the present work we determine precisely the origin of these eigenvalues. In that

direction we establish the

Theorem (Theorem 6.5, Corollary 6.6, Corollary 6.8). If {ni}^i are

critical eigenvalues of (1.4) with Uc as in (1.11) then

lim ̂  = Xi,
e-*0 e

where Xi is the ith i — 1,... ,m, eigenvalue of the problem

( - 0"(s) + g(s)9{s) = X0(s), 0 < s < ̂,
(1.14) {

[0{o) = 0{e), 0'{o) = 0'{e),

where t is the length of "f and s is arclength.

The result above makes precise the estimate (1.13) and complements it by

showing where the critical eigenvalues axe coming from. In addition it provides



information about the asymptotic form of the critical eigenfunctions and in par

ticular on the way they separate in the limit e —> 0. In [A-F2] it is shown that if

t/) is a critical eigenfunction of (1.4) with Ug as in (l-H), then ip —> U'0 as e 0

where U is the solution of (1.8) and 0 is some ̂ -periodic function of s. In this

thesis we establish that 0 is an eigenfunction of (1.14). Although in dimensions

more than one no general statement can be made about the multiplicity of the

eigenvalues, as a consequence of the theorem above, we have that the multiplicity

of the critical eigenvalues is at most two, and moreover, we establish a kind of

one-to-one correspondence between the /i's and the A's and show

Corollary (Remark 6.9). If are the first 2n-|- 1 critical eigenvalues

of (1-4) then there is an eo such that

< /^2 < A's < A'4 < /^5 < • • • < y-2n < /^2n+l ,

for all 0 < e < Co.

The potential g in (1.14) depends on the curvature k and in general on / and

the form of Ug. However, in the case where Ug is a radial equilibrium for the Allen-

Cahn (1.2) or the Cahn-Hilliard (1.3), it is shown that ̂ (s) = — (Proposition

7.1), independent of /.

The present work is organized as follows. Chapter 2 contains background ma

terial that is needed in the rest of the development. In chapter 3 we study a

particular case of (1.4) that plays an important role in the subsequent work. The

domain Q, here is an annulus, 7 is a circle of radius p and Ug{x) = U(^{r — p)/e),

where U is the solution of (1.6) and r = |x|. In the direction of studying the

spectrum of the related operator, we extend the results of [A-MP-P] and [N-F]

regarding the asymptotic form of the principal eigenvalue and the decomposition



of the spectrum to a critical and noncritical part. In fact there is only one critical

eigenvalue. The presence of the curvature term 1/r in the operator results in an

o(^) eigenvalue in contrast to 0{e that occurs in the one—dimensional case.

The rest of the spectrum is bounded away from zero. In chapter 4 we justify the

formal asymptotic expansion of the principal eigenfunction of the operator intro

duced in chapter 3 up to any order and we show that the limit as e —► 0 of the

principal eigenvalue when divided by is — l/(4p^), and thus it is a purely geo
metrical quantity (the curvature of 7) independent of the function /. In chapter

5, with the aid of the results for the radial case, we study the radial part of the
general operator and we show that it has one critical eigenvalue while the rest of
the spectrum is bounded away from zero uniformly in e. After obtaining informa

tion about the asymptotic expansion of the critical eigenvalue, we show that the
principal eigenvalue generates the potential gi^s) in (1.14) in the sense that the

limit as e 0 of the principal eigenvalue when divided by is g{s). Chapter 6

is dedicated to the proof of the main theorem. One of the tools that is used in

the proof is a perturbation result from mathematical physics (Lemma 2.2) that
enables us to relate the spectra of (1.4) and (1.14). A consequence of the main

theorem is the characterization of the multiplicity of the critical eigenvalues. In

chapter 7, we consider another radial problem in which is either an equilibrium
of (1.2) or of (1.3). In this case the analysis of the spectrum provides stability
information for these special solutions. The rest of this final chapter consists of

some observations and speculations.



Chapter 2

PRELIMINARIES

2.1. The Setting.

Let / : R R , (/ = P') be a function with the following properties:

(a) / has exactly three zeros /(±1) = /(O) = 0,

(b) /'(±1)>0, /'(0)<0,

(c) J^^f{z)dz = 0.
The hypotheses above on / imply that F has two equal minima at ±1; therefore,

there exists a unique solution U of

(U"-fiU) = 0, U^U{z), zeR,
(2.1) {|CI(0) = 0, ^ hm^ C/(z) = ±1,

corresponding to the heteroclinic orbit joining (0, —1) to (0,1) in the phase plane.

This solution U is strictly increasing and we will refer to it as the "heteroclinic"

(see Fig. 2). It can be shown, using phase plane analysis, that there are positive

constants /3, (3' such that the following estimates hold true

1 - C7(z) ~ /3'e-^" ,

(2.2) U'{z) ~ , as z oo,

U"{z) ~ ,

with similar estimates as z —+ — oo. An example for the considerations above is

F(u) = - 1)% =

10



for which the corresponding heteroclinic solution is

z

U{z) — tanh - .

We call the example above the model problem and we study it in some detail in

section 3.3.

Let be a bounded domain in with sufficiently smooth boundary, and let

7 be a simple closed curve, parametrized by arclength s G [0,^], contained in

Q,. If the point 7(5) on the curve is represented by the vector (71 (5), 72(5)), then

the unit (outward) normal vector to 7 at s is v(s) = (72(5), —7i(^)) > where 7,-, is

the derivative of •ji with respect to s, i = 1,2. Let r be the signed distance along

V of the point x in Q from 7, satisfying r < 0 inside 7 and r > 0 outside. Then

for 6 sufficiently small, the equation

(2.3) X = 7(s) + rv{s)

defines a diffeomorphismfrom the cylinder [—28,28] x [0,£], where the end points

5 = 0 and s = ̂ are identified, into the the 25-strip

(2.4) •—{x : d{x,^) <28} ,

and ̂ 25 C fi, with d(-, •) being the Euclidean distance. Recalling that the curva

ture K = k(s) of 7 at 5 is defined by

« = detf? V)
\7i 72/

an easy computation shows that the Jacobian of the transformation defined by

(2.3) is given by

11



Moreover, for the local coordinate system (r, s), it can be shown that the following

geometric laws hold

(2.5) |Vr|2 = 1, Ar = "1 + /cr '
1  /C7^

(2-6) 1^^P = 7T-^ =^  ̂ (1 + Kry (1 + Kry

where V and A are the gradient and the Laplacian in the original variable x, and

k is the derivative of k with respect to s.

Motivated by formal asymptotics (see chapter 1), we define

(2.7) u.(r, s) = U (j) + ek(s)V [j) + e'W (p .) ,

where U is the "heteroclinic", is a bounded C^(R) function satisfying the or

thogonality condition

/oo
f"{U)U"'Vdz = 0,

-OO

and W is a bounded ( R x [0,£]) function. If w ; R R is an even, nonde-

creasing in (—oo,0), C°° cut-off function

u{z) = l, if 1^1 <^, uj{z) = 0, if l2|>l,
we define > R by

'" (i?) ± " (jj)) • ^ •
± 1, if d(i,7) > 26,

where (r, s) are the local coordinates for x G ̂^257 the minus sign corresponds

to points X inside 7 while the plus sign to x's outside 7.

In the present work we study the eigenvalue problem

( C^rj; + f'{ue)ip = flip, infi,

(2-10) { , .0
= 0, on dil,

12

(2.9) Ue(a:) = <



where is defined in (2.9).

2.2. Facts.

Our hypotheses imply that the potential f'{uc) is strictly positive and close to

/'(—I), /'(I) for X respectively inside or outside 7, except an 0(e) strip around

the interface. This suggests that all the interesting phenomena take place in a

thin neighborhood of 7. This becomes precise by the estimates that follow.

Lemma 2.1 (Agmon type estimates). Let 0 < a < min{/'(±l)}. Then

there is a positive constant eo such that if is an normalized eigenfunction of

(2.9) corresponding to an eigenvalue fi a the following pointwise estimate holds

(2.11) \rPix)\ < , X e \ ,

for all 0 < e < Eo- Here C, c are constants depending only on a, and b is a

constant independent of e.

For the proof we refer to [H] and [H-S]. An application of the maximum principle

to the elliptic equation

—At/> + h{x)'ip = 0 , I € \ ̂2eb ,

where h{x) = fiu^) — /^ > 0 in \ ̂2eb, leads to the exponential estimate away

from 7:

(2.12) \xP(x)\<Ce-^^',

for 0 < e < eo-

The estimate (2.12) shows that the mass of the eigenfunctions corresponding

to eigenvalues satisfying the hypothesis of Lemma 2.1. is concentrated in an 0(e)

13



neighborhood around 7. Choosing 8 sufficiently small, we may assume without

loss of generality that for a: € fig = { x : d(x,7) < ̂ } the Jacobian J satisfies

0 < < J = 1 + /cr < ,

with = 1 + 6max{|K(s)l ; 0 < s < ̂}. Identifying the functions V'C®) and

T/)(r(x), s(x)) and with the use of (2.5) and (2.6), we can write (2.10) in the coor

dinates (r, s) as

(2.13) ((1 + ̂OV-r),. - +/'(«<)V-= ,
^  1-I-/cr 1 + Kr\l + Krj^

where tp = '0(r, s), —6 r ̂  8, 0 < s < is an eigenfunction of (2.10), and

is given by (2.7). Observe that for —28 < r <28 we have

(2.14) ^P{r,0) = xp{r,e), t/>,-(r,0) = Vr(r,^), V'a(r,0) = ̂.(r,^) ,

with the same conditions holding for the second derivatives as well. We will refer

to the above as the periodicity conditions.

In terms of the stretched variable r/ = r/e, and with

8  8
(2.15) xp{r],s) = y/etp{eri,s), --<»?<-, 0<s<£,

we can rewrite (2.13) as

(2.16) ({1 + K6r])tPr,) (tX^I =^  ' l + KeT]V 1 + Keri yi + KET] J ̂

where Ue is the stretched profile

(2.17) Ue{r,s) = U{ri) + eK(s)V{r]) + e^Wirj^s) .

Let Ci . be the operator defined in the left hand side of (2.16). DefiningT/,5 *

1  d f 1 d\(2.19) C, — - ^ \1 + Ker] ds) '

14



we can write by (2.16)

(2.20) = c,% + .

Lemma 2.2 (The Decoupling of Small Eigenfunctions). Lti {0e}o<c<eo

be a family of stretched eigenfunctions of (2.16) corresponding to {^e}o<«<co>

He = 0(e^), for 0 < £ < Co, and normalized by requiring

rt eS/c

f [ rpl{v,s){l + Ker])dr,ds = l.
Jo J—S/e

[ f {■ipe{v,s)-Uiil)G{s))^dr]ds^O.
Jo J-6/e

Then ■^c{r),s) separates in the limit e 0, and along a subsequence of e's
rt f6/t

-bit

where U is the "heteroclinic", and 0 is an ^.-periodic function of s.

For the proof we refer to [A-F2].

Lemma 2.3 (Approximate eigenvalues/eigenfunctions). Let A be a self-
adjoint operator in a Hilbert space 7i, and let I be a compact interval in R. Let

be linearly independent normalized elements in the domain of A and

let Hii—ijt'n ie in I. Assume that the following conditions hold true:

(1) Atpi - Hifpi + fi , lln|l<e*, i = l, ...,n,

(2) there is a number a > 0 such that I is a-isolated in the spectrum of A in the
sense that

((7(A) \ /) n (/ + (-a, a)) = 0 .

If E = span {i/'i,..., z/'n), and F = closed subspace associated to a{A)ClI, then

d(E,F)-.= sup d{4,,F)<:^

15



where A» is the smallest eigenvalue of the matrix {{tfijtpj)), and is the

distance induced by the norm of Ti.

For the proof we refer to [H-S].

Remark 2.4. The "distance" d is not symmetric, and d(E, F) = 0 if and only

if F C F.

Remark 2.5. Let 11^ be the orthogonal projection on the eigenspace F. If

d(F,F) < 1 then it can be shown ([H-S]) that the restriction 'U.f\E to E is

injective. Therefore if a{A) fl / is discrete of finite multiplicity and if J(F, F) < 1

then Lemma 2.2 implies that A has at least n eigenvalues in I.
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Chapter 3

A RADIAL CASE

In this chapter we consider a radial form of the eigenvalue problem (2.10) in

which the domain is an annulus and the interface is circular. More precisely let

p > 1 be a fixed number zuid letn = {x:0<p — l<r = |xl <p + l}. Let

7 be the circle of radius p contained in Q, and define Uc{r) = U{{r — p)/e) where

U is the heteroclinic. We note that this is a special case of (2.7) for which

V = W = 0. We also note that r — p is the signed distance of x from 7. In this

setting (2.10) becomes

(3.1)
j  ■■= -y W)' + /' (^(^)) ̂ • p-l<r<p+l,
\4,'{p-i) = 4,'(p + l) = o.

Similar eigenvalue problems have been studied in [A-B-F1,2], [A-S], [A-MP-

P], [C-P1,2], [Fu-H], [N-F].

3.1. The Radial Operator.

To study the eigenvalue problem (3-1), it is convenient to use the stretched

variable t] defined hy rj = {r — p)/e. Then for

= ̂/e (^(p + er?),

we rewrite (3.1) as

M :=
p + £1]3.2

((p + ery)<?')' + f'{U{v))^ = , T]ele,

= 0,

17



where h = (-1/e, 1/e). We observe that the eigenvalues are not affected by

the change of variable from r to rj. Moreover defining the norm || . ||p,£ by

2

p,e nn= I h'^{l){P + £V)d^^
Jl.

we see from

f  (f>'^{r) rdr = f (f>'^(p + erj) {p + erj) edrj (p + £»?) = ll^llp.e >
Jp-i Ji. Ji.

that if the eigenfunctions <j> are L^(rdr) normalized, then the stretched eigenfunc-

tions ̂  are L^{{p + £'n)dr}) normalized. Moreover, observe that if /i is a radial

function in and we define h{r)) = \/e h{p + erj), t) & le, then

||^||L2(fi) = J {h^{r)rdrd^ = V^^||^|lp,e •
Thus the normalization ||^||p,c = 1 corresponds to ll^||i:,2(n) = where h and

h are related as above. For r/ € /e, we have p — l<p + er7<p + l; therefore

(p - 1) y ̂\r)) dr] < < (p + 1) y dv •
Hence the norm ||. ||p,£ is equivalent to the usual norm. Denoting by

/oo
h'^iv)dv

-OO

the latter, we observe that if /i € Zf^(R), then

li™. ||/i||p,£ = y/p\\h\\.
c—►O

Remark 3.1. As £ -^ 0, R and f'{U{±lle)) /'(±1) exponentially as

follows from (2.2). Thus it is natural to associate with (3.2) the following singular

Sturm-Liouville problem in T^(R)

(3.3) -y"+ f'(U)y = p*y, y = yiv), n^R.

18



We define

(3.4) C'-.= -^+f'(,U), D(C-) = H\tL).
For the operator C* we have the following

► (i) Since f'{U) is bounded below, £* is of limit-point type at ±00 (see [Co-L]),
and so real eigenvalues of C* (if any) are simple. Moreover its eigenfunctions are

characterized by the number of their zeros [W].

► (ii) From (2.1) after differentiation, we obtain

(3.5) -U"' + f'{U)U'=0.

Thus U' is a solution of (3.3) corresponding to /x* = 0. Using the estimates (2.2)

we see that U' is in L^(R). Therefore U' is an eigenfunction of C*. Moreover since

it is positive (as the derivative of an increasing function), we finally conclude by

(i) that U' is the principal eigenfunction of C*.

► (hi) The hypotheses on / imply that f'{U) /'(il) > 0, as t; —> ±00 and

so if f* = min{/'(±l)}, the eigenvalues of £* are bounded below f* while the

essential spectrum is [ /*, 00) .

Now we deal with the spectral properties of C^. We start with a Lemma which
leads to obtaining pointwise estimates of the type (2.12) for the principal eigen

function of £p. Similar estimates have been obtained in [A-S].

Lemma 3.2. Let w > 0 be a solution of the problem

I  ̂—{{p + eT])w'y + g{rj)w = 0, -l/e<77<l/e(3.6) I P +
[ w'{-lle) = w'{lfe) = 0,

where g is a bounded, continuous function satisfying

(3.7) g{ri) > > 0, rje [-1/e, -a) U (a, 1/e ]
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for some positive constants c and a. Then the following estimates hold:

(3.8) w{rj) < Ae-'\''\ , »7e[-l/£,-a] U [a,l/£],

(3.9) K(77)| < , r;€[-l/e,-a] U [a,l/e],

(3.10) K(»7)| < , rj£[-l/e,-a] U [a,l/£],

where A = 2max{iy(±a)}e'''' and C, C are constants independent of e. Moreover

the maximum of w is attained on [—a, a].

Proof. Let r] > a. Then the equation in (3.6), and (3.7) yield

((p + £T])w'y =(p + eTj)g(T))w > (p + £Tj)c^W > 0 .

Integrating over [t;, 1/e] and using the boundary condition at 1/e we have

-(p + £rj)w'(j]) > 0.

Thus w is decreasing on [a, 1/e]. Utilizing this information in the equation (3.6),

we get

0 = -id" —w' + gitjjw
p + erj

> —w" + c^w .

Now if li) is the solution of the problem

— w" + c^w = 0, a < r] < 1/e

w{a) = w(a) = a, u)'(l/e) = 0 ,

then by a known comparison principle (see for example [P-W] ), we conclude that

w{t}) < wirj), where
cosh. c(t] — 1/e)

w{ri) - a—— —-r .
cosh c(a — 1/e)
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Therefore

(3.11) w{rj) < a<T]<l/e.

For T) € (—l/e,l/e), define v{t]) = w{—r]). Then v satisfies

— v"-\ —v' + g{-r])v = 0^ —1/e < r/< 1/e
p-^v

^v'{-l/e) = v'{l/e) = Q.

Now if T/ > a, u is increzising, and since 0<p — l<p — erj, we obtain

—v" + c^v < 0.

Thus

v{ri) < 26:6''^""''^ , a <T] <l/e,

where a = w{—a). But then from the definition of v, we conclude

(3.12) w{r}) < , -1/e <t] <-a,

and so the first assertion is proved.

To prove (3.9) we start from the equation

(3.13) Hp + erj)w')'= (p + eT])g(r])w .

If M is a bound for gr, then from (3.13) and (3.11) we get

{{p + eT])w'y < AM{p + , r}>a.

Integrating over [r/, 1/e] and using the boundary condition at 1/e, we obtain

-(p + er))w\'n) < AMip + ly-He-"" - e-"'' ].
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Then

(3.14) 0 < ], r]>a.
c{p - 1)

Repeating the same argument we get

(3.15) 0 < u;'(r7) < -e-=/=], rj<-a.

Now (3.9) follows from (3.14) and (3.15).

Utilizing (3.8) and (3.9) in the equation (3.6), we obtain

lu;"(r?)| < MAe-'" + -^CAe-'\ r) i [-a,a]
'  P

from where (3.10) follows.

Finally evaluating w at the (interior by (3.8)) point where it attains its maxi

mum, we obtain

0 < -w" = -g{r])w,

which in light of (3.7) implies that this maximum is attained on [—a,a]. □

Remark. The existence of a positive solution of (3.6) imposes a structure

hypothesis on g. More precisely, a necessary condition for existence of positive
solutions is that g changes sign on [—1/e, 1/e]. This follows from the proof of
Lemma 3.2, because if g is positive, say, then w is increasing and decreasing at

the same time, and thus it is constant. But the only constant solution of (3.6) is
the zero solution.

Proposition 3.3. Let <■■ ■ -^ oo be the spectrum of C'p with
homogeneous Neumann boundary conditions. Then the following hold:

(1) < 0, for all £ small.

(2) /ij 0, aj e —> 0.
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(3) There exist positive constants £o, and Co independent of £ such that

> Co for all 0 < £ < £o-

Proof. (1) The principal eigenvalue of (3.1) is given by

■f'' - inf
/ [\Vh\'' + f'iU)h^]dx

Jq

h=h{\x\)
/•2ir rp+l

/  / l(K)'' + f{U)h']rdrde
=  int ^2-^-'

rr\yiir ^rdrd,yp-t-J

=  inf

Jo Jp-1

27r / [(h'f + f'{U)h'^] {p + £1)) dr]
Jl.

27r j {p + er]) dr]
where h{r}) = y/ih{p + er/). Thus we have

/xf'® = inf / +f'iU)^^]{p + £T])dr),
Ji.

\mp..=i

where = W^'^{Ie)- We note that the same chracterization holds for any
other eigenvalue. For $ = agU', with ag = ||l/'||p,«5 we get

p'l' < ag{p + 1) ^ + f'{U)U'^ ] {p + eri) drj.
Utilizing the facts that f'{U) is positive outside a compact interval independent
of £ and that U' is the principal eigenfunction of C*, we finally obtain

/oo
[V"^+f'{U)V'^]{p + e<,)d,, = 0.

-OO

This completes the proof of (1).
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(2) Let be the principal normalized (H^iUp.e = 1) eigenfunction of that

we can take to be positive. Then

— ((p + erj)^[ )' + f'iU)$x = , V^Ie.
p + erj

Multiplying by U' and integrating over Ic, we get

-J^ i{p + £vWU'drj + f'iU)^iU'{p + eTi)drj = p'{' $iU'{p + eri)drj.
Integrating by parts twice and using the boundary conditions that <51 satisfies and

(3.5), we obtain

(3.16) {p + er,)0iU"\sj^-e [ ̂lU" dr] = f ̂lU'{p + erj) drj.
J I, J It

We want to show that the right hand side of (3.16) tends to zero as e 0. This

will imply that 0, provided that its coefficient is bounded away from zero.

We do this in three steps.

Step 1. estimates.

From the identity

Pi'= [^'i + +

we get

Pi'> [ f'iU)$lip + £T])dr),
Jit

and moreover via (1)

ll^'i lllf = Pi'' - f f'i^)^i (P + SV)dv<- I {p + £V) df].
J I, Jit

Now since |I7| < 1, if m = min{ f'{s) : |s| < 1} and M = max{ |/'(5)| ; |s| < 1}

from the the first inequality above, we obtain

(3.17) P^i''>m,
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while from the second

(3.18) ll^'illp,. < VM-

Multiplying the equation

+ f'{U)^l = /Xf'<?!
p + er]

by <5", integrating over Ic, and using the boundary conditions, we obtain

J It

Hence finally using the Cauchy-Schwaxz inequality,

(3.19) ||<f;'||,,.<2M.

Step 2. L°° estimates.

Let [—a, a], a > 1 be a fixed interval outside of which f'{U) > c^, where c is a

positive constant. Then for g = f'{U) — Pi'^ we have m < g{r)) < M — m < 2M,

■q € le. Moreover since /ij'^ is nonpositive g > <? outside [—a,a]. Thus the
hypotheses of Lemma 3.2 axe satisfied; therefore, the maximum of is attained

at some point in [—a,a], and moreover,

(3.20) <fi(j7) < 2e"max{<fi(±a)}e~'''''l , 77^ [-a,a],

by (3.8). We now show that we can obtain a bound in the right hand side of (3.20)
that is independent of e. Let q* G [—a, a] be the point at which attains its

maximum and let q € [—a,a]. Then

5^i(r7*) = ^i(r/) + r ^[{s)ds<Mri)+ f \^'i{s)\ds.
Jr) J — a
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1  / /•" „ . . 1

Integrating with respect to t] over [-a,a], we get

2a^i{T]*) < j ̂i{s)ds+2aj |<Pi(s)|ds
a a \l/2 / j-a \ 1/2+2av/^(^y l^i(^)l^^

Now using that

(/" I'lWI'rf')) ' <^^=^_JKri)\''(p + er,)d,, ̂
from the inequality above, via (3.18), we obtain

(3.21) ^i{v*)<Cia,p,M),

where C{a,p,M) is a constant. The same argument applied to via (3.19),

leads to

(3.22) max < C{a,p,M).
— a<rf<a

Using the equation that <?i satisfies, (3.21), and (3.22), we have

(3.23) max \$'l{r])\ <C{a,p,M)
— a<Tl<a

Now via (3.21), (3.20) becomes

(3.24) ^fi(r/) < r]^[-a,a].

Utilizing (3.24) in (3.9) and (3.10), we obtain

(3.25) l^i(i7)l ̂  , rii [-a,a],

(3.26) |<fi (r?)! < [-a, a],
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where C is a generic constant independent of e. By (3.24) choosing b sufficiently

large, we get

J  ̂l{p + eri)
b<\r,\<l/i:

Hence

/■' 1(3.27) J ^^]{p + £V)dv>:^-
This via

yields

fb rb

J {p + £v)dv> J ^^lip + £v)dv

(3.28)

Step 3. Estimates of the terms in (3.16).

• fj ^il/'(p + eT])dr] is bounded away from zero. We argue by contradiction.
Assume that there is a sequence of e's along which the integral above converges to

zero. Since the integrand is positive and U' is independent of e this would imply

that converges to zero a.e. along a subsequence of e's. But this contradicts

(3.21) and (3.27).

• The first term in (3.16) is exponentially small as follows by (2.2) and (3.21),

while the integral in the second is bounded, because <Pi and U" are in . Thus

the left hand side of (3.16) is 0(e). This combined with the fact that the coefficient

of is bounded away from zero imply that > 0 as e —> 0. The proof of (2)

is complete.

(3) If hmp2'^ > min{/'(±l)} as e 0, we have nothing to prove because
min{ /'(dbl) } > 0 by hypothesis (6) on /. So without loss of generality, we assume

27



that ̂ 2' remains bounded, below min{ /'(±1) }, for 0 < e < eo- In this case, there

is a fixed interval [—a,a], and a positive constant c, such that

(3.29) n^''<f'{U)-c^ 77^ [-a,a],

uniformly in £ for 0 < £ < £0 (see Fig. 3). Because of the nodal characterization of

the eigenfunctions, we know that <^2 has one zero tjq = r]o- Thus we may assume

without loss of generality that ̂ 2(—1/c) < 0 ̂nid ̂ 2(l/£) > 0 (see Fig. 4). We

claim that rjo G [-a,a]- Evaluating $2 at the points where it attains its extrema,

we have

=ii'}' - f(u))^2 n

It then follows that the negative minimum and the positive maximum axe attained

in th place where — f'{^) — 0) namely in [—a,a]. Therefore rjo € [—a,a]. We

note that ̂ 2 behaves like <?i, for jy > a (by (3.29)). Moreover $2 < 0, for rj < —a

therefore $2 is decreasing. Hence applying the Comparison Principle to —^2, we

obtain 0 < -^2{ri) < -2^2{-a)e''^''+'>\ -1/e < t] <-a as in (3.12). Thus finally

2$2(— < $2{v) ̂ 0? —1/e < < —a. Therefore pointwise estimates like

(3.21), (3.22), (3.23), (3.24), (3.27), (3.28) hold for ̂ 2 as well. To show that

is bounded away from zero, we start with

-  Up + er,m' + f'(U)ii= ^ € J, ,
p + er)

- -4— Hp + + f'(U)$2= p'2'^2,
p + er)

Multiplying the first equation by ̂ 21 and the second by ̂ 1, subtracting, and

integrating the resulting equation over [7/0,1/e], we obtain

/  [-((/' + )' ̂ 2 + {{p + er])$'2 )' ̂ 1] dT]
Jrio

ri/e

= (/xf- /x^'®) / ^1^2 (p + ery) drj.
Jrio'no
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Integrating by parts and using the boundary conditions (^2(^0) = 0,^'x(l/e) =

= 0), we have

yl/c
(3.30) + erjo) = ( p'l'" - ) / ^1^2 (P + •

Jvo

From our assumptions on <p2> it follows that < 0 so the left hand side

of (3.30) is negative, while the integral term in the same equation is positive. To

obtain the lower bound of /ij'^ we solve (3.30).

Claim 1. There is a positive constant Ci idependent of e such that

/•l/c
(3.31) Ci< <fi«f2(/9 + £»7)dT/< 1,

Jr\o

for all e sufficiently small.

PToof of the Claim. We start with the left inequality. Via orthogonality of the

eigenfunctions we have

/•l/e r'Ho rVo

/  ̂̂ $2{p + er^)dri = - ^1^2 {p + er])dr] = ^i\^2\(p + ev) dr],
Jrio d-l/e J-l/e

by the sign assumption on ̂ 2 5 thus

fi/= . . 1

'Vo ~ -1/

^l/c /-l/c
/  ̂1^2 {p + er]) dr] - ^i\^2\{p + erj) dr]
Jvo ^ J-i/'

1>-J ^i\^2\{p + ev)dv-

In light of Harnack's inequality, applied to the equation (£® — = 0,

(3.32) min > C max $ 1,
lf>|<a lij|<o

where C is a positive constant independent of e, and (3.28) the inequality above

becomes
rl/c fa

/  ̂1^2 (p + £V) dr] > C" \$2\ip + £r])dr].
Jna J-a

rl/i

'Vo
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Supposing that along a sequence of e's ^1^2 (p + ̂'H)

conclusion, via the inequality above, that \$2 \ —* 0 [—a,«]• This, however,

contradicts the fact that ̂ 2 is a normalized function attaining its maximum on

[—a,a]. The right inequality follows from Cauchy-Schwarz because and ̂ 2 are

normalized. The proof of the Claim is complete.

Claim 2. There is a positive constant C2 idependent of e such that

(3.33) ^i{r]o)^2im){P + £^0) > C2 ,

for all sufficiently small e.

Proof of the Claim. We argue by contradiction and assume that there is a sequence

e„ —> 0 along which ̂ i(^o)^2(^o)(p + £^70) 0- This via (3.32) would imply that

0- Because of (3.21), (3.22), (3.23) the sequence {^2") is bounded

in the C^[—a,a] topology. Recalling that and rjo are bounded, and using the

Arzela-Ascoli theorem and a diagonal argument we can choose a subsequence of

{£„}, that we denote again by {en}, along which the following hold

^2" ̂  ̂2 > /^2''" 1^2* > "lo" Vo n

We then have that ̂ 2" converges uniformly on [—a, a] to the solution of the initial

value problem^

-  + f'{U)$l = , -a<r^<a,

^2('7o) = <(%) = 0.

By uniqueness ̂ 2 i® identically zero. But this again contradicts the fact that ̂ 2

is positive in a set of positive measure, uniformly for all small e. This completes

2 It turns out that the hypothesis that < min /'(±1) is equivalent to the fact that
the limiting operator C* (see (Remark 3.1)) has a second eigenvalue. In this case pj' ^bis
eigenvalue and i® its corresponding eigenfunction (cf. section 3.2).
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the proof of the Claim.

Utilizing (3.31) and (3.33) in (3.30), we obtain

. Mvo)^2M{p + ̂Vo)+-jTre
/  (p + £ri)dTi
Jtio

>  + C3 .

The conclusion then follows from the fact that = O(e^). □

We collect the estimates obtained for 1 in the proof of Proposition 3.3, in the

Lemma 3.4 Let be the principal eigenfunction of £®. Then there are con

stants a, C = C(a,p,f'), C = Ce" and eo such that the following pointwise
estimates hold true

max < C, — 5
—a<ri<a

max \$[\<C, \^'ii'n)\ < , r/^(-a,a),
—a<ij<a

max m<C, |<fi'(T7)| < , rj^i-a,a),
—a<ri<a

for all 0 < e < eo, where c is a fixed constant.

Similar results to those of Proposition 3.3 have been obtained in [A—B—Fl,2],
[C-Pl] and [N-F]. Our method in the proof of parts (2) and (3) is that of [N-F].

3.2. Some Remarks.

► The estimate (3.24) is the analog of (2.12) in the stretched variable setting

under the appropriate normalization, (P = \/e({>. From the proof of Proposition

3.3 it follows that the estimates above hold true for the second as well as any

other eigenfunction of corresponding to an eigenvalue that remains below
min{ /'(±1)}, for all small £.
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► Using the estimates of Lemma 3.4 and the Arzela-Ascoli Theorem it can
be shown (as in [A-MP-P] or [N-F]) that converges in the sense^ to
{y/p (the principal eigenfunction of the £*). Moreover if £*, the limiting
operator, has a second eigenvalue, then it can be shown (using for example the
variational characterization of eigenvalues and an estimate like (3.24)) that

converges to that eigenvalue, and ^2 converges to the corresponding eigenfunction
in the above mentioned sense. This is, in particular, the case in the model problem

(see section 3.3), where the limiting operator C* has two eigenvalues. If on the
other hand C* has no other eigenvalue exept 0, then converges to a point

in the essential spectrum of C*. Hence, in both cases, it is bounded below by a

positive constant.

► We expect to be of order 0(£^). To prove this it is natural to use (3.16).
So dividing through by fj ^iU'(p + er/)drj and using the information we have
for each term in (3.16), we obtain

/ ^iU"dr,
=  + 0(e).

E J ^lU'{p + ET]) dr]£2

Assuming that converges in the sense to (v^||U'||) and because of
the estimates provided by Lemma 3.5 it follows that as e —> 0, the term

I ^iU"dT]
Ji.

^ By this we mean that if K is any compact set in R then

sup 1^1 - aU' I + sup 1(^1 - aU')' | —► 0 ,
K  K

as e -+ 0, where a = y/p\\U'\\~^ ■ Notice that even though is not defined in the whole real
line, the above makes sense because A C A, for all £ < co (A —► R, as e —> 0).
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tends to zero. Hence the first term in the right hand side of the equality above

is of the form 0/0, as e —0, and thus to be able to evaluate the limit we need a

"L'Hopital" type argument.Information about the "derivative" of with respect

to e is provided by the asymptotic expansion in e of #i. In the next chapter we

obtain such an asymptotic expansion, and using it we prove that

lim

p.c

/^1 _
ff—>6 4p2

3.3. Appendix: The Model Problem.

The objective of this section is to compute the spectriun and the eigenfunctions

of the model bistable operator defined by

(A.l) Ah-.= -h" D{A) = H''{R),

where

and <^(a:) = tanh ̂  , xGR.

We note that (j) is the unique (heteroclinic) solution of the problem

y" - m = 0

y(0) = 0, y(±oo) = ±l.
(A.2)

Since the potential

fi/ /\ ^ ^/(^) = 5tanh ---

is bounded, the operator A is self-adjoint in , and moreover of limit-point type

at ±oo. Therefore for A real, the equation

(A.3) Ah = Xh
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has at most one solution (see [Co-L]). In particular the eigenvalues of A are

simple.

Since 1 as i -> ±00, it follows that if (Je.{A) is the essential spectrum

of A, then

ae(A) = [1, 00).

Now if ad{A) is the set of the eigenvalues (discrete spectrum), it follows

ad{A)C[-l/2,l).

To compute the eigenvalues of A, we follow a standard method that can be

found for example in [L-L], where similar eigenvalue problems for the Schrodinger

operator are studied.

Claim 1. crd{A) = {0,3/4}

Proof of the Claim. We write (A.3) as

(A.4) h" + ^ tanh^ ^

Using the change of variable ̂  = tanh |, we obtain

dh 1 — dh

dx 2

hence (A.6) becomes

1 _ ̂2 ^ dh

2 ^ V 2

or equivalently

1-^2 ̂  /i_^2

2  d^ V 2 dCj'

+  + -KK'
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For A an eigenvalue of A, we have 1 — A > 0. Setting a — 2y/\ — A and 5 — 2 the

equation above becomes

which is the Legendre equation. Its solution h that is finite for ̂  = 1 (x = oo) is

given by

h{0 = (1 - F(a-s,a + s + l,a + l,il-0/2) ,

where F is the hypergeometric function . For h to be finite at ̂  = — 1 we require

that a- s = -n where n = 0,1,2,...; then F is a Legendre polynomial of degree

n. Thus the eigenvalues are determined from the equation

= (5 — n)^ .

Recalling that a = 2\/l — A, we obtain

A = A„ = l-^f-^, n = 0,l,2
4

Moreover the requirement a > 0 determines the number of the eigenvalues via

a = s — n. Hence n < s — 2, therefore

A  1 P-1)' 3
^  4 4 n

The proof of the claim is complete. □

Next we compute the corresponding eigenfunctions.

Claim 2. The eigenfunctions of A are given by

X  X Xho{x) = 3sech^- , hi{x) = 3sech- tanh - .

35



Proof of the Claim. We start from the fact that the general solution of the

equation

where k,m = 0,1,2,..., that is bounded at ̂  = ±1 is given by

h{()=(i-er"^Pi:(o.

where

is the Legendre polynomial of degree k. In the case we discuss we have

k = s = 2, = 4 (1 — A) ,

and so the eigenfunctions of (A.4) are given by

,  d"*"
MO = (i " = 0,1

with

mo

Since

we obtain

= 2\/\ — Aq — 2, TTi\ — 2 \/l — Ai — 1.

^2(0 = 5(30-1)

'■o(0 = (i-0^'"(0 = 3(i-0).

h,(0 = (1 - = 3 f (1 - 0)"O
Changing to the x variable, we finally have

/  X \ Xho{x) = 3 ^1 — tanh^ — j = Ssech^— ,
X / X Xhi{x) = 3 tanh 2 ~ taiih — j = 3sech— tanh —

The proof of the claim is complete. □
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Chapter 4

ASYMPTOTIC EXPANSIONS

In chapter 3 we proved that the spectrum of is decomposed to a critical part,

consisting of the principal eigenvalue, and the noncritical one. We now use this

decomposition to obtain an asymptotic expansion of the principal eigenfimction.

We deal only with this eigenfunction, hence we omit subscripts.

4.1. The Principal Eigenfunction.

We recall that if is the principal eigenpair, then

+  = r/eJ,
(4.1) ; "

<f'(r7) = 0, vedle,

where = (-1/e, 1/e). Substituting the formal expressions

^ = ̂0 "1" "f" £^$2 "b n n n 5 ~ 1^0 "t" "b ̂  "b *'

into (4.1), we obtain, after equating like powers of e.

(4.2)

+ f{U)^o = fio^o ,

-#i' + f'{u)$i = 1 E(-;) . 'SI
1=0 ^ 1=0 ̂

Instead of solving (4.2) in with homogeneous Neumann conditions at die, we

solve them in the whole real line and we seek solutions that are in . This choice

is suggested by the following observation. Since we already know that > 0 as

e —> 0, we choose /xq = 0 in the first equation in (4.2). The corresponding <Po then
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is U', which by (2.2) almost satisfies the boundary conditions, for e small. We thus

have what we have already noted, namely, that ̂  ^U' in some sense, where

is some normalization constant. At first, it seems that there is some freedom in

choosing the function (and hence the rest of the but there is not. This

follows from the fact that the left hand sides of (4.2) are of the form where

C* was defined in (3.4), and so the equation £*^o = 0 has (up to a multiplicative

constant) only one L^(R) solution. Dealing with the rest of the ̂ t's we need the

following:

Lemma 4.1. Let he a continuous function satisfying the conditions

(i) |<^(J7)1 < , lr?l>M, and (u) / U'(tjMv) dr] = 0,
J — OO

where C, a, and M are positive constants. Then the problem

/OO
U'{Tj)h{r])dr] = 0,

-OO

has a unique exponentially decaying solution /iq. Moreover H'q decays exponentially

as I77I —> 00.

Proof. We know that U' is the unique (up to a multiplicative constant)

solution of the homogeneous equation in (4.3). Seeking a second solution in the

form wU', we see that w satisfies

"  c
ds +wo ,{*■*) "(>?) = I

where c 7^ 0 is a constant. Then a particular solution hp of the nonhomogeneous

equation is given by

hpir}) = -- I U'{v)U'{s)[w{i])-w{s)]ip{s)ds.
c Jo
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Therefore, the general solution of the nonhomogeneous equation is all' +bwU' + hp,

where a, b are arbitrary constants. Collecting terms, we obtain

ds
%) = AU'irj) + U'iv) U'{s)(f{s)ds^ J

U'\s)
/"> dt+ U'{v)I I

where A, B are new constants. Defining

^(^)= / U'{s)<p{s)ds,
J — OO

and observing that Z(oo) = 0, by the orthogonality condition (ii), we rewrite the

representation of as

f dsh{,,) = AV(n)+lB + Z{0)]U'(v)J^

Integrating by parts in the bracket, we finally obtain

(4.5) Mo) = ̂nt) + [B + Z{0)]U'{n) ds .

We estimate each term in the representation of h separately. We start with Z.

Prom (2.2) we have that

(4.6) < U\r]) < , as rj oo .

Then observing that

=  U'{s)(p(s) ds ,
Jti

and using hypothesis (i) on (f, we obtain

(4.7) \Z{t])\ < , asT]-*oo,
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with a similar estimate for rj —*■ -co.

Claim 1. I{r]) := U'{r]) Z{s)U'~^{s) ds decays exponentially as I77I 00.
Proof of the Claim. We choose M > 0 so that for r; > M (4.6) and (4.7) are
satisfied. Then

•" Z(s)
I( i:

Z(s)
l) = U'(r,)

from where it follows that

U'^(s)

W-))! < v'ii) C' + C" r ds
JM

where C", C", C are constants. The inequality above implies that \I{r])\ decays

exponentially. The proof for rj —> —00 is similar.

Now the term U'{q) U'~^{s) ds by (4.4) is a second solution of the homogeneous

equation and as such it is not in iy^(R). Thus for h to be in , we must choose

B = —Z(0), in (4.5). Hence we define

Zis)
(4 h ds.8) oiv) = AU'iv) - U'iv) f

Jo
.

U'^s)

Then by Claim 1, Hq is exponentially decaying as I77I —^ 00. The orthogonality
condition in (4.3) determines A uniquely.

Claim 2. Hq decays exponentially as Iry] 00.

Proof of the Claim. Differentiating (4.8), we get

h'M = AU"{r,) - U"{ri) [
Jo

' Z{s) ds — z{v)
C/'2(s) U'irj) '

Since U" satisfies exponential estimates of the same order as 17', the second term

in the expression above behaves like I in Claim 1, and so for [771 big enough it is
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exponentially small. Now from (4.7) and (4.8) follows that ZjU' is exponentially

decaying. Therefore h'^ decays exponentially as |t7| ̂  oo. This completes the

proof of the Lemma. □

Remark. From (4.5) we see that any bounded solution h of (4.3), with
satisfying the hypotheses of Lemma 4.1 is given by (4.8). Hence such an h is
necessarily in L^(IR), and moreover h and h' decay exponentially as [t?] ^ oo.

We now return to the formal asymptotic expansion of For solvability in (4.2),

we choose the /it's so that the right hand sides are orthogonal to U (the kernel
of the £* operator). We write a few of the equations (4.2)

+ f'{U)§o = fio^o

—^1 + f'{U)^i = /xo^i + /^i^o "I" ~ ^0

—^2 d" = ^0^2 + + P'2^0 + —

Since /x'''® —> 0 as e —> 0, we choose /xo = 0 and so = U'. Then satisfies

-4'; + f'(u)$i = ii,u' + ^u".
For the right hand side to be orthogonal to U' we require /xi = 0. Then as can be

easily verified, = -{l/2p)U'T} + aiU', where oi is appropriately chosen so

and U' are orthogonal. Utilizing this in the the equation for ^2, we see that

+ f(U)42 = li2U' - - ̂ U' + ^U" .
For solvability we need p,2 = ~l/(4p^)- Then $2 — ~'(3/8p^)C/'»7^ — {aif2p)U'ri +
02?/', where 02 is an appropriate constant. Continuing this way and with the aid
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of Lemma 4.1, we obtain up to any order, the unique ̂ fc's that are orthogonal to

U', and decay exponentially. The next Proposition justifies the formal expansion.

Proposition 4.2. Let ̂  be the principal eigenfunction of (4-^) normalized by

= 1 and let 3k, k = 0,1,2,... be the solutions of (4-2) provided by Lemma

4.1. Then, given n

k

(4.9) =0(e''+'), 0<k<n,

(4.10)

m=0 P.e

0<k<n,

^  m=0 ' p<'

for all e small, where is a function of e satisfying

linia = (v/pni)-':=6
e—*0

The proof is given in the next three Lemmas. But first we introduce some

notation. Writing

k = 0,l,2,....

where C*3k is the left hand side of (4.2), and defining

fc = 0,l,2,... ,
m=0

(4.11)

we compute

k

(4.12) C;Sk= A: = 0,1,2,... ,
m—O

where

1  ̂ / \ "*
^ = 0.1,2.....
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Lemma 4.3. For each k = 0,1,2,... there ia a funetion given by

(4.14) « = + t = 0.1,2,...
^ m=0 ^

SO that the following holds

k

(4.16)
m=0

= 0(£'+'), *:=0,1,2,...
p,c

where ( , ) is the inner product in L"^ (fp + erfjdrj, Iff) and c is a positive con-
\  / p,5

stant.

Proof. The proof is by induction.

We show that = 0(e), where + 0(e~''/^). Since

<fo does not satisfy the boundary conditions on dig, we define ̂ 0=^0 + <"7^ +

so that ̂ 0 = 0 on dlf. This is accomplished if

a = -i[U"{l/e)-U"i-l/e)] , and b=-- [U"il/e) - U"i-l/e)] .

Setting (7o = arf + fe/y, and wq — C^pOo we have

eU"

p + er]
+ «jo , ^0 = 0 on dif ,

Using as in [A-B-F1,2] the decomposition

(4.16) #-^o=co^ + Qo, with (^,Qo = 0,

we see that Qq satisfies

eU"
£'Q„ = (l-c.)„''-$+

Oi(-iA) = Oi(i/£) = o
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We estimate Qo- Taking inner products with Qo, and using the orthogonality

condition (^$,Qo) ̂ ̂ = 0, we obtain

(4.17) (^p<3o, = / U"Qodi]+ f woQo{p + eri)dr].
'  Jit Jit

On the other hand, Proposition 3.3 yields

(£;qo.Oo),,, >Coiiooii;,.

and so from (4.17), we obtain

C'ollQo||p,e ̂  p er] IIQo||p,« + ||^ollp,e||Qo||p,e •

Clearly, Utt^oHp.e = for some positive constant c, so finally

(4.18) 1IQo||p,£ < Const.e.

Now writing (4.16) in terms of the original function we have

(4.19) ^(1 — Co) = ̂0 + Qo + fo •

Taking inner products with ̂  we get

(4.20) l-c„ = {io,i)^, + 0{e-'>').

On the other hand by taking norms in (4.19) and using that <Po = U', 1 — cq > 0

(by (4.20)), and (4.18), we have

(4.21) l-co = ̂y U'^ {p + erj) dr]^ + 0(e),
and so

lim(l - Cq) = ̂/p\\U'\\ ̂  0.
£—►0
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If we set = (1 - Co) \ from (4.19) we get

||<?-eS<PoL.. = o(£).

From the definition of (q and (4.20), it then follows

a-' = +

Hence the first step of the induction is complete.

We now assume that with as in (4.14) we have ||<P — ̂f5i||p,£ = 0(e''''^), for

every 0 < i < k, and show that ||^ - = 0(e'^'^^), where ^ =

p t Oie'"!^). Defining Sk+i - Sk+i + ffc+i, and Wk+i =
Cp(Tk+ii so that

J^^pSk+l = CpSk-\-l + 'Wk+l , =0 '

we have that llo-fc+il|p,£ and llicfc+i||p,£ are exponentially small quantities. Using

the same decomposition as before we write

(4.22) - 5fc+i = cfc+i^ + Qit+i, with (^,Qfc+i = 0.

Hence Qfc+i satisfies

C'^Qt+t = (1 - - C'^St+i - uin+i

Oi+i(-l/£) = <2'm.i(1/£) = 0

Using (4.12), we obtain

fc+i

(4.23) C^pQk+i = (1 - - 53 ̂""fimSk+i-m + e''+^Ak+i - Wk+i •
m=0

Now
fc+1 pmj-.

m=0 m=0 — m
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To simplify the notation, we set

*:+! m-

=5„, = i = T„
te ' Z-^ te
>fc+l —m m=0 ̂fc+1 —

Then

fc+l k+l

(4.24) ^ e^'fimSk+i-m = Mk+1^ - ̂  qme^'T^ •
m=0 m=0

We note that the sum in the right hand side of (4.23) starts from m = 2, because

qQ — qi = 0 (y[z^'^ = Hi'' = 0) and thus by the induction hypothesis, we have the

estimates for Tm, 0 < m < fc — 1. From (4.23) (4.24) we have

fc+i

^pQife+i — ~ Cfc+l)A'''''^ ~ Mk+i^ + qm£"^Tjn + — Wk+l n
m=0

By taking inner products with Qk+i aiid using the Proposition 3.3, we obtain

^m=0

By the induction hypothesis, we have HTmllp^e = 0(e'^''"^~'"), 0 < m < A: + 1, and

by Lemma 4.1 ||Afc+i||p,£ < oo. Therefore the inequality above becomes

\\Qk+l\\p,e < Const. 6'=+^

From (4.22), we have

(4.25) ^(1 — Cfc+i) = Sk+i + Qk+i + (^k+i,

and thus

l-cn.i = (5n.,,#)+0(e-''').

Taking norms as before in (4.25) we obtain

11 - Ck+l\ = ||5'<:+i||p,£ + 0(6^"*"^) .
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Now

lim ||5jt+i||p,£ = lim
e—>0 £—>0

fc+1

)  ip + £ri)d^

1/2

= x/pr'll/0

Setting . 1 = (1 - cjt+i) , we obtain

where

«+r' = (5'+..'f),,.+o(^"''")

This completes the proof of the Lemma. □

Lemma 4.4. Let n be fixed. If is as in Lemma 4-S then (4-9) holds, i.e.

m=0

= 0(e*^+^), 0<A:<n.
p,e

Proof. Let k be fixed. Then from

ll'f-«5»llp,.=0(£'+'). 0<k<n,

we obtain

(4.26) ll'f - enSlL,. = <?{£'■") + l« - «nl l|S»ll p.£

Now

a-(i = < 5». + 0(e-'/-) < Si,« + 0{e-«/')

(( >p„ + 0{e-'/')) (( S,, S ), , + 0(e-/-))
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Since the denominator is bounded away from zero it follows

Utilizing this in (4.26), we finally obtain (4.9). □

Lemma 4.5. Let n be fixed. If in is as in Lemma then (4-^0) holds, i.e.

=0{e''+'), 0<k<n.
^  m=0 Pi®

Proof. From (4.25) we get

(4.27) ^ - aSk = ilQk + ik^k ,

where Qk = 0(e'^"'"^), and Ck = 0(e^'''^). For an estimate on Q'^., we start from

{CpQk,Qk)p^^= I [Qk +f'iU)Ql]{p + er])dri
Jit

from where we obtain

\ml.. < +

By the proof of the second step of induction in Lemma 4.3, we have

( C;Qi„Qt + e'+'||At||,,. + ||un||p,.) ||(?i||p,. .
^m=0

Therefore

WQ'tWl, < Const.£'+'0(e'+') + 0(£'+')'.

Hence finally < Const. Differentiating (4.27) and using the inequal

ity above, we obtain

IK® - «5ii)'llp,. = 0(£'+').
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But then as in Lemma 4.4, (4.10) follows. This completes the proof. D

Remark 4.6. As in the proof of Proposition 3.3 (see (3.21)) using (4.9) and

(4.10), we obtain the pointwise estimate

= 0(e'=+^), 0<jfc<n.(4.28) max
m=0

4.2. The Principal Eigenvalue.

If $ = ̂0 + + £^^2 + n n n is the asymptotic expansion of the principal

eigenfunction of /I®, and = /Zq + £^1 + £^fi2 + • * n is the formal expansion of

the principal eigenvalue, we saw in section 4.1 that

3o = U', =-^U'r)+ aiU', ^2 = ,
where oi, and 02 are chosen so that ̂ 1, and #2 orthogonal to U', and /xq —

fii = 0, and /X2 = —l/(4p^), were chosen that way to have solvability in (4.2). In

this section we justify the expansion of /x'''®. The fact that /xq = 0, follows from

Proposition 3.3 (/xq = lime_o Rewriting (3.16) as

(4.29) 0(e~''/®)-e / $U" drj = fj,''-' f ̂U'{p + £r)) drj,
Jl, Jl.

and using that # = ̂lU' + 0(e), then Proposition 4.2 for n = 0 implies

(4.30) lira dr, = J U'U" ̂77 = 0,

(4.31) lim / ̂U'{p-\-£'n)dr] = i^p\\U'\\^ = y/p\\U'\\,
£-0 Ji^

by recalling that = iy/p\\U'\\)~^. Thus dividing both sides of (4.29) by e and

taking limits as e —> 0, we get pi = lim£_o(//'''®/e) = 0. Next we deal with the

third term.
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Proposition 4.7. If is the principal eigenvalue of C^p then

lim
£-+0

1

4p2 •

Proof. Dividing (4.29) by , we obtain

(4.32) 0(e) J ̂U" dr] = ̂  ̂U' {p + erj) drj.
Writing

^j^^U"dr] = J^ t-^U"drj + ̂  j^U'U"drj

-I 'e  e 2

and using that ̂  (u' - ef^U' + eaiU'^ + 0{e'^) , we obtain

u" + 0(e^).
a/.

Taking limits we have

lim- f ̂U"dr] = ̂  f -U'U"r}dr] (by (2.2))
£-0 £ 2p J_^

_  f°° ,2 , falter integrating by parts\
~^pj-oo l^and using (2.2) )
_ 11^ II (by the definition of )

"^Py/P

Taking limits in (4.32) and utilizing the result above and (4.31) we finally get

lim
P

p,e

e-^0 Ap^

Thus the proof is complete. □
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Chapter 5

THE RADIAL PART OF THE

GENERAL OPERATOR

In this chapter we consider the radial part of the operator and we show

that its spectrum is decomposed to a critical part consisting of one eigenvalue and

a noncritical part. We also study the asymptotic forms of its principal eigenvalue

and its corresponding eigenfunction. In this and in the next chapter we will denote

the derivatives of U by U, U, etc.

5.1. A Radial Operator.

We study the eigenvalue problem

1 ((1
(5.1) ^  1 + KET]

+ Ker])Rr,\ + f'iU,)R = uR, rj e

R^(t]) = 0,

where k = k{s) is the curvature of 7 at s, and = [Sfe^S/e). Hence R and v

depend on s as well. We recall that (see (2.17))

(5.2) Ue{r,s) = U{r]) + £K{s)V{r]) + e'^W{T],s) .

Via (5.2) and the fact that

f"{U)W + + 0(.=),(6.3) f'{U,) = f'{U) + eKVf"(V)+e^

it is seen that is a perturbation of the operator defined by

CiR := -7—^^ ((1 + K£T])Rr,) + f'iU)R = uR, 7; € /;
^  1 + K£T] \ / T](5.4)

RM = 0, rj e dil
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Regarding we have the following

Proposition 5.1. With s fixed, lei ui < U2 spectrum of

with homogeneous Neumann boundary conditions. Then the following hold:

(1) ui < 0, for all e small.

(2) ui 0 as e —* 0; more precisely

l'Zei = -T-

(3) There exist positive constants Sq, and Cg independent of e such that

i'2 > Cg for 0 < £ < £o-

The proof of Proposition 5.1, being similar to that of Propositions 3.3, and 4.7

is omitted. We point out that (5.4) and (3.2) (and (5.1) as well) have the same

limiting problem (as e —> 0), namely (3.3), and so we expect a similar behavior of

the two spectra which we indeed have. We note that if 7 is a circle of radius p

then

i'l 1 1-
hm — = - —r = hm — .
£-+0 4p^ c—►o

Thus the result of Proposition 4.7 is recovered.

Remark. Because of the continuous dependence on parameters and since s lies

in a compact interval, the results (l)-(3) of the Proposition 5.1 hold uniformly in

s. In particular there is a positive constant Co = min{ Cs :0<s<£} such that

f'2 > Co for all s and 0 < e < Co

in what follows we use the notation

{u,v)^ := + K£T])dT], \\u\\l := (u,u)^ ,

that can be extended to e = 0 as/OO
uvdr], ll"|P := ll"llo = ("'")o •

-00
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If is the principal eigenfunction of (5.4) normalized by

/  \ 1/2

(5.5) II.R1 We = f J^ R\ (1 + dr)j = 1,
then using Proposition 5.1 it can be shown the analog of Proposition 4.2 which

reads as

(5.6) Ri ~ it {y ~ + eaKU^ = 0{e^).

Here k = k{s) is the curvature, a is a constant given by

iT^U'rjdrj
(5.7) a =

mr

so chosen to have tl ± (—l/2)C7r/ + «I7, ̂ lim£_>o = ||^7|| ^ , and the norm

is compatible with the ||. norm. As we have pointed out, Ri depends on 5, (s is

a parameter) but since it lies in a compact interval, the estimate (5.11) is uniform

in s. Therefore,

(5.8) Ri - it (y ~ + eanU^ = 0{^)

holds uniformly in s. We now study the spectrum {vi : i = 1,2,3,...} of

the operator by using the information we already have for the spectrum

{ui : i — 1,2,3,...} of the operator. We fix s. If Ri and Ri are the cor

responding normalized eigenfunctions, then by the variational characterization of

the eigenvalues, we have

1^1= / [Rlr, +f'{Ue)Rl]il +Ker])driJl!

= h+ I lf'(U,)-f'{U)]R\(l + KeT,)dr,.
Jit

^ If/ is odd then U is even, hence a = 0.
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Similarly

f [f'{U,)-f{V)]R\{l + iceri)d,,.
Ji;

So defining

(5.9) := / [f'{Ue)-f'{U)]f^(l + Ker])dr].
Jit

we have

(5.10) v\ + A'f{R\^R\) < vi < i^i + A'f{RiiRi).

Moreover

[ ['pI +f'(Ue)'p'^]{l +Kerj)dTj

/  f'{UeW]0-^i^^r])dr]
Jit

1/2 = max mm

llvll.=i •

> min
(p±Ri
\MU=i

= mm

ifi±Ri
llvl|c =

in (/ [ipl +f'iU)(p'^]{l +K£r))dri +A'f(ip,ip)\ .
-fli [Jit )
c —1

Since { .Ri : i = 1,2,3,... } is a complete orthonormal set in ((1 + Ker})dr], ,

if V? ± Ri, we have

(^ = ̂aiRi, ai = (v?,Ri)^= / v?Ri(l+ «£??)d??
-• O Jiti-2

and so

{a^ip,cp)^= f [^1 +f'(U)<^^](l +Ker})dTi
Jit

— ̂  ̂ (^O.i^iRi^Rj')^
i,j=2

oo

i=2

oo

> U2 (by Proposition 5.1(3))
t=2

= i>2, (1 = llvlU^Vf-L-Ri)
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Thus we finally have

(5.11) U2>i>2+ min
V-LKi
llvll.=i

Now if if is an normalized function by applying the mean value theorem in

(5.13) and using (5.2), we get

< Ce,

where C is a constant independent of e. Utilizing the inequality above in (5.10)

and (5.11), we obtain

(5.12) ui-i>i=0{eY

(5.13) 1^2 > *^2 + 0(e).

Now (5.12) and Proposition 5.1(2) imply that i/i —0 as e —» 0, while (5.13)

and Proposition 5.1(3) imply that U2 is bounded below by a positive constant

independent of e. We summarize these results in

Lemma 5.2. Let ui be the principal eigenvalue of and let U2 be its second

in order. Then there are constants Co and £o such that

(1) ui 0 as e 0 for all s € [0,^],

(2) 1/2 > Co for allO < e < £o, and for all s € [0,^].

The next Lemma gives information about the asymptotic expansion of the prin

cipal eigenfunction i?i of

Lemma 5.3. Let Ri be the normalized principal eigenfunction of and let

Vq be the unique solution of the problem

(5.14) -h" + f'(U)h = -f"{U)VU, f U(rj)h(r^)dri = 0.
J — oo

® In the proof of Proposition 5.4 it is shown that actually i^i — i/i = O(e^).
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Then

(5.15) Ri - Cl (u - +£aKU + ckVo)^ = 0 (e^)
V  2 / Wfji

where k is the curvature at s, a is as in (5.7), and > ||?7|| as e 0.

Before the proof we make the following remarks: V in (5.14) is the second term

of the expansion of Ug, hence by (2.8) the problem (5.14) is solvable. Moreover,

by Lemma 4.1 it is uniquely solvable in L^(R), and its solution Vq, as well as its

derivative Vq decay exponentially as |t;| ̂  oo.

Proof. Since U - £{Kj2)tjrf + eanU + enVo does not satisfy the boundary

conditions, we define

w = tl — e^tfr] + eaKU + e/cVb + arj^ + hr),

where a and b are chosen so that w'(^^Sfe) = 0. We note that a and b are functions

of s. However, because of the exponential estimates that U and Vo satisfy a and

b are exponentially small for all s. As in Proposition 4.2 we write

(5.16) Ri-w = zRi+Q,

with Q ± Ri. Then Q satisfies

= (1 - z)uiRi - C,

Q'{-Sle) = Q'iSle) = 0

Observe that

+ [f'iUg) - f'iU)]) (tl -£^Uv + eocKU + skV,) + g
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where g = + 677), and so HflfHe = 0(e for some positive constant c.

Now using (5.3), we have

(r, + [f'{V,) - f'{V)]) (y - c^Uri + eanU + ekVo) + g

^U{1 -a) + - K I - eKf"{U)VU + eKf"{V)VV
1 + Kerj \ 2

2 2

+£V"(c)»'£' + ̂  (-/"(C)Kt/, + /"'(t/)F^£;)
+e^/c^ (^f"(U)VV, + af"{u)vu) + O(e')

;= e^Y + 0{e^).

Therefore we can write

C^Q = (1 — z)uiRi — e^Y + Zg ,

with Zs = O(e^), from where we obtain

{C',Q,Q), = -e'(Y,Q), + (Z,.Q)^.

Since Q is orthogonal to Ri, via Lemma 5.2(2), we get

Co\\Qf.<-e'{Y,Q)^ + {Z.,Q)^.

Hence using that Y is in L^, and ||.^e|le = O(e^), we obtain

IIQIIs < Const. .

Returning to (5.16) and writing it in the original variables, we get

(5.17) i?i(l — z) — U — e^Urj + eaKU + e/cVb + g + arf + brf

Taking norms we have

\1 — z\ = tl — e^tlr] + eaKU ckVo +0(e^),
2  €
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and taking limits as e —» 0, we see that the right hand side converges to \\U\\.

Thus setting = (1 - from (5.17), we finally get

Ri - (u - + eaKU + ekVo) = O(e^).

To obtain the estimate for the derivatives it suffices to show that HQtjIU <

because then the result will follow from (5.16). Starting from

(£^Q, g ^JQj + f'iU)Q^]{l + Ksrj) d-q,
and since for e small f'{Ue) is bounded, utilizing ||g||c < Ce^, we have

= -£2 (F,Q>^ + (Z.,Q)^ + Cil|Q|l^

<£2||y||,||g||, +11^,11, IIQIU + Ciligil^

< C2 + 0(e-^/=) .

Hence < Ce^. The proof of the Lemma is complete. □

Proposition 5.4. Let v\ he the principal eigenvalue of Then
2

(5.18) lim^ = -y+9(5);=A,
where k = k{s) is the curvature at s, and

(6.19) ,(.) := |/"(P)(«^VV„ + WU)U + p"'{V)V'V'^ d„
with Vo being as in Lemma 5.3.

Proof. Starting from

Ri = - e^Uq + eaK,U^ + O(e^),
— e^tlq + eolkU + e/cVo^ + O(e^) ,
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we obtain

RiRi = ilCi + £K(-U'ri + + TO)} + 0{e^)

Then

A',(R,,R,) = lf'{U,) - f'(U)] R.fii (1 + K£'))<ir)

= «« + (« + as'""') f"{U)VU^ + 0{s') ,

where we have used (5.3), with

|/''(C/)(KVVb + w)i7 + y/''W^'f/'|
Using (2.8) and because of the exponential estimates on U, we get

/ f"iU)VU^ dTj = - f f"{U)VU'' df] = 0(e-<=/=).
Jli JM>S/e

Thus

Therefore from the definition of p®, q, and the properties of and we have

(5.20) lim
^  ̂ £—>0 £—►o

im p = hm(,iiP =

Moreover from (5.6) and Lemma 5.3, we get

/ RiRi {I + KET]) dr] - (1(1 [ {I + KET]) dr) + 0{e).
Jit Jit

Thus

(5.21) lim / RiRi (1 + KET]) df] = 1.e^O Jjs
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Now from (5.1) and (5.4), we obtain

A'f(Ri,Ri) = {ui - v'i)(Ri,Ri )^,

therefore

A'JRuRi)

Finally dividing by and using Proposition 5.1(2), (5.20) and (5.21), we obtain

hm — = —— + q
e-*o 4

The proof is now complete. □

We conclude this section with a Lemma to be used in the next chapter. For the

proof we refer to [A-F2].

Lemma 5.5. Let Ri be the principal eigenfunction of normalized by requir

ing = 1. Then

\\Ru\U = Oie),

where Ris is the partial derivative of Ri with respect to (the parameter) s.

5.2. Asymptotic Expansions.

This section deals with the principal eigenfunction and eigenvalue, so we omit

subscripts. As in the radial case we consider the formal expressions

R = Ro + cRl + 6^R2 + • • • , 1^ = 1^0+ + £^1^2 + • • •
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Substituting these expressions in (5.1), we obtain after equating like powers of e

-R'^ + f'iU)Ro = v^Ro

—R'l + f'{U)Ri = uiRq + uqRi + {R'o ~ f'{U)VRoi)

-R'^ + f'iU)R2 = U2R0 + i?iRi + U0R2 + « (^i - f"iU)VRi)

- k'tjR'o - [nU)W + p"'iU)V'\ Ro

Choosing uo = 0 {ui 0 as e -> 0), we get Rq = tl. For solvability in

the second equation we require ui = 0 (we recall that UU dr] = 0, and

J-oo f"iU)VU'^ drj = 0), hence .Ri = kRi, where Ri is a solution of the equation

(5.22) -R'l + f'{U)R, =U- f"{U)VU.

For solvability in the third equation we need

"'=7^2 r {"= ^ <'1
Wr ^ ^

or equivalently after using that Ro = U and Ri{r},s) = K{s)Ri{rj), and integrating

by parts

=  + r (RiU + f"(U)VRiU)
2  \\U\\^ J-00^ ^ ^

V2 drj

\\uf

Utilizing the fact that the unique solution of (5.22) that is orthogonal to U is

given by R\ = (—1/2)17?7 + aU + Vb and the orthogonality condition (2.8) the first

integral in the expression of V2 becomes

+ 1" (voU-\f"(U)VU^,, + r{U)VV^u'j d,,.
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Hence for q as in (5.19) we have

(5.23) = 4 +' +15^ £ n
Next we show that

J°° (v„U dr, = 0.
Indeed, multiplying hy Urj the equation (5.14) that Vo satisfies, and integrating

we get

/oo rao r<x>
-Vi'Ur,dq+ / f'{U)VaUvdri = - / f"{U)VU^v drj.

-OO j—OO J—oo

Integrating by parts twice in the first integral, and using the exponential estimates

that U and Vb satisfy, we obtain

/OO fOO fOO
(-U + f'{U)U)Vovdri+ / {-VoU + V^U)drj = - / f"{U)VU'r] drj,

- OO J—OO «/—*oo

which via (2.1) leads to

/OO roo
VoUdr,= / f"{U)VU''qdq.

-OO J —OO

Thus (5.23) becomes

1^2=—— +9 — A,
4

2is in Proposition 5.4. Hence Lemma 5.3 and Proposition 5.4 justify the formal

results above, and thus

+ ei\K(s)RM + 0(£').

where .Ri is the unique solution of (5.22) that is orthogonal to U. Moreover, as in

Lemma 5.3 it can be shown that

(5.24) R(r?,s) = + ee2<s)Ri{q) + 4- 0(£^) ,
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where R2(r},s) is the unique orthogonal to U solution of

(6.25) - + f'(U)R2 =XU + k' (r; - J"(U)VRi)
- ̂iir, - h"(u)w + Y/"'(a)v') u,

with .Ri as above, and > ||17||~^, as e -> 0.
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Chapter 6

THE GENERAL OPERATOR

In this chapter we consider the general operator defined in (2.10). We show

that its critical eigenvalues originate from the eigenvalues of an 1-dimensional

Sturm-Liouville problem. As a consequence of that connection we show that the

multiplicity of the critical eigenvalues is at most two. Moreover, we show that

there is a kind of one—to—one correspondence between the two spectra.

As we have noticed, if xj) is an eigenfunction of (2.10) corresponding to the

eigenvalue then the stretched function

(6.1) = y/£tp{£T],s)

satisfies the equation

(6.2) := =/XT/!

in the strip Qg/e, where and are defined in (2.18) and (2.19) respectively.

If /i is an eigenvalue of (2.10) satisfying the hypothesis of Lemma 2.1, and xf) is a,

corresponding stretched eigenfunction, then from (6.1) and (2.11) we obtain

(6.3) \tP{Ti, s)l < , 2b < \t]\ < 28/e, 0 < s < ̂,

for 0 < e < £0, where C, c, and h are positive constants independent of e. Jf xp

and xp are as above then

f xp'^{x)dx= f xp'^{x)dx+ / xp'^{x)dx.
Jq JQe
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Now changing to r, s variables and then stretching, we get after using (2.12)

(6.4) [ ip'^{x)dx= f f +K6ri)dr} (13 + 0(6'"^ ,
Jci Jo Ji^

where = (-<5/e, 6/e). This fact motivates the following normalization

(6.5) Ufmci.f,) ̂  dr)ds = \.

In addition to the notation

("'")£•=/ «"(1+ «£'?) Iklle := ("'«)«'
Jli /OO

uvdr], ||«||^ := ll"llo = («'")o '
-OO

used in the previous chapter we will also use

( u, V := uv (1 + Kerj) dr] ds , l|u||^^ := {u,u ,

/.f l-OO
{u,v)^:={u,v)^^= / uvdf]ds, ll«||a := ll"llL = ( ">" )o5 "

Jo J—OO

If satisfies (6.2), and R is the principal eigenfunction of the operator nor

malized by lli^lle = 1, we define

(6.6) 9(s) := ( ̂(•, s), R{-,s) .

Then as in [A-F2] we consider the decomposition

(6.7) ^{r],s) = (f){r],s) + 9(s)R{r],s),

where

(6.8) {^{■,s),R(;s))^=0.
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Lemma 6.1. Let 'ip be a stretched eigenfunction corresponding to the eigenvalue

fi < Ce^, with C independent of e, and normalized by = 1. Then there exist

constants eo, and C\ independent of e, such that

(6.9) \\i> - dR\\es < Ci£ ,

(6.10) Us\\es<Ci.

for all 0 < £ < £o-

Proof. From (6.7) since (6.8) holds, we obtain

Integrating with respect to 5, we get

(6.11) U\\ls = \\'f>\\ls+ I 0\s)ds,
Jo

from where we obtain

(6.12) [ 0^{s)ds<l.
Jo

Now if u is the principal eigenfunction of the operator from (6.7) we get

C'^4> = C'^cf> + ueR,

and so taking inner products with we obtain

Hence by Lemma 5.2

(6.13) ( -A >, > Co 11^112 + «( H
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Integrating by parts twice in the left hand side of (6.13), and observing that

<^,(±6/e,5) = since R satisfies the boundary conditions, we obtain

= u{4>,R)^- Mr],s){l +

= -xkr,ir],s){l +

By (6.4) and a simple regularity argument the boundary term above is of order

0(e~'^/^). Utilizing this fact in (6.13), we obtain

(c'JJ),>CoU\\'i + «o(e-"')+ueK

Integrating with respect to s, we have

>.. > CoUWl. + oic"'-) e(B) ds + uj^ e^s) ds,
and since

= .WIlL+e^/7..(T^)/*"^ {by (6.2))
= ̂-£2 f' f (by (2.14))

Jo Jit 1 + Ke'Z

we get

(6.14) '''''''

<//-!// 9'^{s)ds - 0{e "1^) f 6{s)ds.
Jo Jo

Now utilizing

/X < Ce^ , ( by hypothesis )

-u< Ce^ , ( by Proposition 5.4 )
\  ft / ft \ 1/2y 6{s)ds ^'^{s)dsj <\/^, (by (6.12))
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with C being a generic constant, in (6.14), we obtain

(6.15) CoUWls + e' f /
Jo Ji! ̂

Hence

(6.16) \\<i>hs<Ce,

(6.17) / / —p—dr}ds<C.
^  Jo Jit 1 +

Now (6.9) follows from (6.7) and (6.16), while (6.10) follows from (6.17) and the

assumption 0 < < 1 + ner]. The proof is complete. □

Remark 6.2. We already know that \\R — ^'U\\c 0, as e —* 0, where

ll^ll"^ := by Lemma 5.3, and so Lemma 6.1 in light of the separation
result of Lemma 2.2, says that 6 -> ^ sequence of e's converging

to 0.

Remark 6.3. From (6.11) and (6.16), we obtain

(6.18) 1-C^e^< / 6'^{s)ds<\.
Jo

Moreover since the left hand side of (6.14) is nonnegative we get

fjL>u f 9\s)ds + 0{e-'^'),
Jo

which because of (6.18) and (5.18) becomes

(6.19) 0(£^) > -Ce^,

with C independent of e. The estimate (6.19) was first obtained in [deM-S2] in
the case where fi = and = 0 in the definition of (see (2.7), (2.9)). In
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[A—Fl] it is proved that the same estimate holds for a bounded domain fl, in the

presence of a nonzero V satisfying the orthogonality condition (2.8).

Remark 6.4. Let rpi, tpj be critical eigenfunctions of (2.10), and let be

as in (6.1). Then starting from

/ tpitpj dx= Jpiipj dx+ xf^iipj dx,
Jq JQs

and changing variables in the middle integral, we obtain via (2.12)

/ rpi-tpj dx = f f (1 + K£T]) d-q ds + 0(6"*^/®) .
Jsi Jo Jl^

Now using the decomposition (6.7) we get from the equality above

/ rl)iipjdx= f f <j)i(j)j(l +Keq)dqds+ / 6idj ds + 0(6'"^') .
Jn Jo Ji^ Jo

Finally utilizing (6.16) in the last equality, we obtain

(6.20) / rpiipj dx= f OiQj ds + O(e^).
Ju Jo

Theorem 6.5 Let be eigenfunctions of (2.10) with ||V't||L2(n^) = 1,

corresponding to the eigenvalues satisfying m < Ce^, i = 1,2,... ,m, and

let {'4>i}^i be the associated stretched eigenfunctions normalized by ||V'i|lea =

i = l,2, ...,m. Then the following hold : for each i — 1,2.,... ,m

(6.21)

(6.22) I A,-,,

as e 0, where 0j,. and are eigenfunctions and eigenvalues of the problem

- 0"(s) + X(s)0(s) = X0{s), 0 < 5 < ̂
(6.23) {

0(0) = 0(i), 0'(O) = 0'ii)
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where A(s) is defined in (5.18). Moreover if are eigenvalues of (6.23),

then there is an £o > 0 and there are eigenvalues of (2.10) such that

(6.24) fij, = £^Xi + 0{e^), z" = 1,2,3, ...,m

for all 0 < e < £o-

Proof. Let be an eigenpair satisfying the hypothesis.

Step 1. We show that along a sequence of e's —> A, and tp U0, where A

is an eigenvalue of (6.23) and 0 is one of its corresponding eigenfunctions.

Proof of Step 1. Starting as in Lemma 6.1 from the decomposition ip = (f> + OR,

where 0 and ( =0, and (6.2), we get

Ct(j) - V(t> =—T (t^—)1 +/ce77 VI + «£??/3

Multiplying by the test function h(s)R(r},s) and integrating with respect to rj and

s, we have

(6.25) ^ {C^<t>-v<i>,R)h{s)ds=e''j^ (l + KSzy)
-f u(xJ},R)^h{s)ds + fi [ (rp,R)^h{s)ds.

Jo Jo

Integrating by parts twice in the left hand side of (6.25) and using on the one

hand the orthogonality condition (^<f>,R')^ = 0, and on the other the fact that

xpr,{±Sle) = (pni^dfe) = 0(e~''/^), the left hand side becomes

0(e-'=/") / h{s)ds.
Jo

Moreover, since — z^s(-,£), the first term of the right hand side equals

—(Rs{v,s)h(s) + R{T],s)hs{s)')dT]ds.Jo Jit 1 + te?? V /
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Ips
+ KET)

Rs{r],s)h(s)dT] ds

Hence (6.25) takes the form

—  f f ———R{riTs)ha{s)drj ds — f i'6{s)h{s)ds + fi / 6{s)h(s)ds.
Jo Jit 1 Jo Jo

Dividing by and utilizing the facts

lim \\R-eU\U-^0,
e—*Q

U

lim — = A(s)
£—0 £2

\\R3\U <

WMes^C,

6  along a sequence of e's

( Lemma 5.3 )

( Proposition 5.4 )

(Lemma 5.5)

(by (6.10)}

(Remark 6.2)

— C < — < C, (by hypothesis and (6.19))

we obtain by passing to the limit along a sequence of e's for which R3 —> 0,

6 —> ̂ "^0, and ̂ /e^ —> A,

/ [0s£ + (A - A(s))0]/i(s)ds = 0.
Jo

Hence ///e^ converges along a sequence of e's to an eigenvalue of the problem

(6.23) while ip converges to U0, where 0 is a corresponding eigenfunction. This

completes the proof of Step 1.

In general the eigenvalues of (6.23) are not simple and their multiplicity is at

most two. Let Ai < A2 < ... be the sequence of the distinct eigenvalues. Let

An be such an eigenvalue and let 0n be one of its (possibly two) corresponding

eigenfunctions.

Step 2. We show that there is an e„ and an eigenvalue of (2.10) such that

|e^A„ - HjJ < £^{Cn + 1)
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for 0 < e < fin, where is a constant independent of e.

Proof of Step 2. With a; : R ̂  R an even C°° cut-off function as in the

definition of (see (2.9)), and x € we define

(6.26) r^„(x) (^) [tl Q + eK{s)R, Q + e'^2 (^,5)] 0„(s),

where r and s are the local coordinates of x in Q,2S (see (2.4)), Ri and R2 are

the unique orthogonal to tl solutions of (5.22) and (5.25) respectively and (t® a

normalization constant so that |i^n||L2(n) = 1. We point out that the definition

of xfn makes sense for all x G because outside f226 if is '^n = 0. If is the

operator defined in (2.10) we will show that ■^n is an approximate eigenfunction
of corresponding to the approximate eigenvalue e^A„, in the sense that

= e^Xnipn + , in 0

dipn(6.27)
 0

.  dn

where the error term Vn satisfies

= , on dO, .

(6.28) lk„llL2(n) <c„£\

• Verification of (6.27) and (6.28). We omit the subscript n. Noting that

f  , X G ^26
rv = < '

( 0 , X G n \ ̂ 26

where £^3 is as in (2.13), we consider the cases: x G fifi, and x G ^26 \ ̂ 6- First
recall that

>Cr,> = '

with
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where is as in (2.9). For x € it is a; = 1, hence

+ eK{s)R\ + e^R2 , 5^ 0(-s),
s)V (-)+£2py(-,s) .u, = U{-

<£

Starting from

C'J = + SXV)i - + [m.) - f'iu)] i,.
1 +

and using (5.3), (5.22), and (5.25) we compute

1  „ e/c
——Ci'^ = e \U + [cK-eK r - —
a'G V 1 + Kr

Therefore

e/c^r^
e'XU-T U +

1 + /cr 1 + «r
0 + O{e')

Now since

{l+^r)drds
1 + /cr Ve-

(r=.,)^, /' / &Lu2^,,)0Ur,ds = O{e'')
Jo Jii 1 + '^^'n

and

I' !
Jo Jl./< 1 4- Ker]

Ri{t])©^ dr] ds = O(e^)

we finally get

C'J = a'e'^XUG + O(e')
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Moreover

e^C^ip = -e^ipsa -
^ K^r — 2/C 7 Ka 7

^ss - TTT-rr^V'j(1 +/cr)2 (l + «r)^ '

where Ka is the derivative of the curvature k. Now using the definition of we

find

I! L
by changing to stretched variables. Therefore we can write

e''aJ = -e^<T'U0as + O{e^).

Now

= £V"f7(-0„ + A6>) +0(e')

= e^a'U\0 + O{e^)

=  [il + ekRi + e^R2]0 + O(e^)

=  4" ,

with = O(e^). Similarly for x € fi2« \ ̂6 we obtain

•  A>

with B' = O(e'), by observing that for e small and [r] > 6, U, iZi, and R2

are exponentially small, and that since u does not depend on s the s part of the

operator is not affected by the presence of u and so the eigenvalue A. Thus (6.27)

and (6.28) are proved.

74



Choose En so that

e„(c„ + 1) < niin{A„+i - A„, A„-A„_i}.

By our assumption the right hand side is positive and so such an £n exists. Then

the interval

7-:= [A„-e(cn + l), A„ + e(c„ + l)]

contains no other eigenvalue of (6.23) for all 0 < e < En- For fc > + 1 define

—

n,k n

Then either

U, + +1). +1)}}"
or

(j;,, + V<'" + + ̂')) "
In the first case there is an eigenvalue of C' such that

je^An - nj^ \ < e^(c„ + 1).

In the second case Lemma 2.3 applies with e* = c„£^, a — {{k — l)/fc)(c„ + 1)£^,

E — span{?|^n}, F = closed subspase associated to fl and A, = 1,

therefore

d{E,F) = d{i>n,F) < = c„ + 1 fc - 1 ̂  ̂ '

by the choice of k. Hence f. contains an eigenvalue of £®. Thus in both

cases there is an eigenvalue fij^ of such that

(6.29) le^An-^jJ <£^(c„ + l),
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for 0 < £ < £n- In particular

lim ̂  = An .
£—0 £2

The proof of Step 2 is complete.

From (6.29) we draw the conclusion that the convergence /x/£^ —> A, in Step 1,

happens in a continuous manner as £ —> 0 and not just along a sequence of £ s.

Moreover since 0 in the limit ̂  170 is the eigenfunction corresponding to A,

the limit above is independent of the sequence. Thus ̂  > 170, as £ —> 0.

Now given Ai < A2 < • • • < A^ distinct eigenvalues of (6.23) (multiplicities

are not counted), with corresponding eigenfunctions 0i, 02^ • • • > we form the

approximate eigenfunctions - as in (6.26). Then for

Cfji = max(ci, C2,..., Cm}

£0 < — min {Xi+i - A,}
Cm + 1 1

we have that there are eigenvalues .. •, of such that

l£^A,- - flj. \ < (cm + !)£',

i = 1,2,..., m, for all 0 < £ < £0. □

Despite the fact that in more than one dimensions no general statement about

the multiplicity of the eigenvalues can be made, because of the connection of the
/i's with the A's we have the following

Corollary 6.6. Let fn < fii+i < Hi+2, be three consecutive critical eigenvalues

of Then k = i^i l,i + 2 cannot converge to the same A. Hence the
multiplicity of the critical eigenvalues is at most two, for all e small.

Proof. From the Theorem above we have that

ti <
£2 ~ £2 ~ £2
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converge, as £ —> 0, to some Xj. < < ̂ji+2- Now if t/*,, V't-t-15 V'i+2 the

orthogonal to each other critical eigenfunctions corresponding to the /i's above,

and if 0j,., ,0j.+2 are associated to the t/j's in the sense of (6.21) (i.e.,

ip tj) ilO), then from (6.20), we obtain by passing to the limit e —> 0

(6.30) hi = \\Uf f 0h0j,ds, k,le{i,i + l,i + 2}.
Jo

Since the 0's are the corresponding eigenfunctions to A's the assumption that Xj- =

Aj.+i = Aj;^2 = A leads to the conclusion that 0j,., ,&j<+2J orthogonal to
each other by (6.30), are eigenfunctions corresponding to A. This is a contradiction

because the multiplicity of the A's is at most two. □

Remark 6.7. From the proof of Corollary 6.6 we see that if A is a simple eigen

value of (6.23) and ///e^ —> A, then /x is simple as well. Indeed if we assume that
fj, has multiplicity two and t/i^, il^j are the orthogonal to each other eigenfunctions
corresponding to /x, then from (6.30) we see that

= [ 0i©j ds ,
Jo

where ©i and ©j are eigenfunctions of (6.23) corresponding to A. But this con
tradicts the simplicity of A.

Corollary 6.8. Let /xi < /X2 < • • • < /Xm the first m (counting rnultiplicities)
eigenvalues of the operator. Then

lim ^ = Ai,
e-+0 £•'

i = 1,2, . . . , m, where Xi < X2 < • • • < X^ are the first m eigenvalues of (6.23).

Proof. First we show that

lim ^ = Ai.
£-►0 £2
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From the Theorem we have that there exists an eigenvalue of (6.23) A* such that

On the other hand Step 2 of the proof of the Theorem yields an

eigenvalue fji° such that /:x°/£^ —»• Ai. Then it follows that fi ^ for all e

sufficiently small. Since the principal eigenvalue is simple it follows that fi° =

which in turn implies that Ai = A*.

Next we show that if

lim ̂  = Ai, i = 1,2,..., fc ,
£-►0

then

lim = Ajt+i.
£-►0 £■'

Clearly

(6.31) lim > lim ^ = Afc .^  ' £—0 £2 £—0 £2

We argue by contradiction. First assume that

lim —\\> Afc+i
£—>■0 e

Then there exists & n° ^ such that n° Ajt+i.

Case 1. Afc < Xk+i-

Then fik < n" < f^k+ii for all e sufficiently small.

Case 2. Afc = \k+i-

Since the multiplicity of the //'s is at most two (Corollary 6.6), we conclude that

n° ^ Thus Hk < < fik+1, for all e sufficiently small. In
both cases the conclusion is that fj,° is the k + 1st term in the sequence of the

eigenvalues. Hence fi° = //jt+i? a contradiction. This contradiction shows that

A; < Afc+i. On the other hand if we assume that

lim = A/ < Afc+i,
£—►0 £2
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then I = k, so we consider

Case 1. Afc_i < Ajt < Ait+i-

In this case we have that Ajt is the limit of and /Xfc+i/e^, which is a contra

diction by Remark 6.7.

Case 2. A]t_i = Xk < Afc+i.

If this happens then we have that fik-ije^, and converge to Xk,

which is a contradiction by Corollary 6.6. Thus A/ = Ajt+i. We show that I =

Again we argue by contradiction. So assume that I k + 1.

Case 1. I = k.

Then since the multiplicity of A's is at most two we get Ajt = Ajt+i < Ajt+2. Now

by Corollary 6.6 we conclude that I = k 1 which is a contradiction.

Case 2. I = k + 2.

Then Ajt < Ajt+i = Ait+2 < A;t+3. Set A = Ajt+i = Ait+2. Then applying the same

argument as in Step 2 of the proof of Theorem 6.5, we conclude that A is the limit

of exactly two (Remark 2.5 and Corollary 6.6) /x "eigenvalues," namely fik+ils^

and /Xfc+2/e^. This would imply that I = k + l which is a contradiction. The proof

of the Corollary is complete. □

Remark 6.9. It is known, see for example [Co-L], that the eigenvalues A of

(6.23) satisfy

Aj < A2 ^ A3 < A4 < As < • • ■ < A2n ^ A2n-t-l

Thus from Corollary 6.8 we conclude that given m, there exists an Em > 0, such

that the first m eigenvalues /x of satisfy the same order relation, namely

/^1 < < /^3 < /^4 < /^5 < • • ■ < l^2n < /^2n+l ,

for all 0 < e < £m and 2n -f 1 < m.
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Chapter 7

DISCUSSION

We conclude this work with some remarks, observations and speculations orig

inating from the already mentioned results. These topics will serve as departure

points for further research.

► The results regarding the asymptotic form of the critical eigenvalues, (Propo
sitions 4.7 and 5.4 and Theorem 6.5) can be viewed as an attempt to study the

variation of these eigenvalues with respect to the variation of the domain (stretched

variables), or with respect to the diffusion coefficient £^. In that direction the in
terpretation of these results is

dfi
de?

= A,
£2=0

i.e. the derivative of ^ = /i(e^) at = 0 exists. Here /x is a critical eigenvalue
and A is either an eigenvalue of the Sturm—Liouville problem (6.23), or A = A,

in the case where // is the principal eigenvalue of the radial part of the operator

(Proposition 4.7). From this point of view these results are related to the ones
about continuity properties of the eigenvalues with respect to the coefficients of

the equation or the domain (see [Cou-H]).

► The eigenvalues of the linearized Cahn-Hilliard operator (see (1.3))

I" - A(-e^A^-l-/'(u£)(^ = //(^, in Q,
(7-1) < d(l> dA<t> ^ _

^ on on
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are characterized variationally ([B-F]) by

+ f(u,)h'] dxL
Un = max mm = ^ )

m dxJ ̂

where

:= n|h: J hdx = 0, = 0 onafij,
ll^lU^cn) = 1 j H = {-An) ^ h,

Mn C L^(i2) , dim M„ = n - I.

We note that An is the Laplacian with homogeneous Neumann conditions, and H

is orthogonal to M„ in the usual sense. Now observe that the numerator in the

Rayleigh quotient for fin coincides with the one for the eigenvalues of the Allen-

Cahn operator which we have studied. This suggests that information about the

spectrum of the Cahn-Hilliard operator can be obtained through the spectrum of

the second order operator. In fact there are results in this direction ([A-B-Fl],

[A-F1,2], [B-F]).

► A radial eigenvalue problem similar to (3.1), that is relevant to the study of
the slow motion of special solutions (bubbles) of the Cahn—Hilliard problem, is

£2
£h := {rh'y + f'{ue)h = p.h, p-1 <r < p + l,

(7.2) { r
h'{p-l) = h'ip + l)=0,

where now is a radial (increasing) equilibrium of (1.2) of constant mass m*,

with a layer in a small neighborhood of a circle of radius p ([A-F3], [A-McK],
[A-S]). Hence satisfies

£2- —{ru'^y + /(«£:) — p-l<r</) + l,
(7.3) { ^ /.p+i

u.4(p-l) = u',(p + l) = 0, / u,{r)rdr = m*,
Jp-i
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where o"£ —> 0, as e —> 0. This Ug is characterized variationally as a minimizer of

the functional (1.1) subject to the mass constraint. For this Ug it can be shown

([A-McK], [A-S]) that there are points rf and in (p — 1, p + 1) with rf < /> < rf

satisfying

(7.4) |rJ-r=l<C£

and such that the following estimates hold

0 < 1 - Ug{r) < ,

0<<(r) <(l/e)Ce-<^/=)(^-^5), ►  rl<r< p + l

(7.5)
K(r)l < (l/£2)Ce-(^/')('-^*^),
0 < Ug{r) - 1 < ,

►  p — 1 < r < rj0<<(O

|<'(r)l < (l/£2)Ce-(^/^)('-'-^),

where C, c are constants independent of e. We note that the same estimates hold

if we replace (Tg with 0 and discard the mass constraint. In this case Ug is an

equilibrium of the Allen-Cahn problem (1.2), and the estimates above axe like the

ones provided by Lemma 3.2. In particular the results we are about to mention

also hold in this case.

For the spectrum of (7.1) we have

Proposition 7.1. There exist p■ ositive constants Sq, and C independent of e

such that the spectrum of C rvith homogeneous Neumann boundar'y conditions has

the folio-wing structure:

/ii < 0 < C* < /t2 ^ As ^ oo,
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for 0 < e < Co- Moreover

T  Ai 1
lim — = r .
c—«-0

The proof of the Proposition above is similar to the ones of Propositions 3.3 and

4.7 and so we only give a sketch of it.

Sketch of the Proof. Differentiating (7.2), and setting w = u'^, we obtain

-2 ^2

- ̂{rw'y + f'{ue)w = , p-l<r<p + l,(7.6) I r r
w{p — 1) = vi>{p + 1) = 0 .

From the variational characterization of the eigenvalues we obtain

fP+i

/  (e^(iu')^ 4- f'{ug)w'^) r dr
A. < ̂  pi + 0{e-'l-),

j  r dr
Jp-i

and so via (7.6)

'P+irp+i

A. < ^ +0{e-"')<- + 0(e-/') < 0,
Jp-1

w r r dr „

r dr

for e small.

Next we show that -1/p^, as e -> 0. Let hi be the principal eigen-

function of (7.2) that we can take to be positive, and normalized by

.p+i

/ ^ - dr = 1.hir
Jp-i

Multiplying (7.2) by w and (7.6) by h, subtracting the resulting equations and

integrating, we get

fP+l rp+l j fP+l ^
pi I hiwrdr = -e^ I -hywdr — j {h\wr — hiw'r) dr.

J p—\ J p—i ^ J p—i
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Now using on the one hand that h'l = lu = 0 at r = /? i 1, and on the other that

hiw' is exponentially small, by the above mentioned estimates, we get

/•/>+! /•/'+1 1
(7.7) fii I hiwrdr — —e^ j -h\wdr — e^O{e .

Jp—\ Jp—i ^

We estimate the integrals in (7.7).

(i) Let be the point defined by Us{p') = 0. Then p® G (rf,r|), and so p® —> p,

as e —^ 0 by (7.4).

(ii) Defining Ue{ri) = Ue{p' + £??), where t] = {r - p')/e, we obtain from (7.3)

(7.8) -U'J ^—U', + f{U,) = a,, UM = 0, rj E dl,,
Pe+£V

where = {{p - p" - l)/e , {p- p' + 1)1 e). Recalling that Ug is increasing, from

the estimates (7.5) follows that -1 < < 1. Thus Us is bounded independently

of £. So using a diagonal argument we can find a sequence Sn —^ 0 such that the

corresponding solutions Us^ converge in the topology i.e. in sense over

compact sets in R (see Section 3.2), to the unique increasing solution of

-[/" + /(f/) = 0, 1/(0) = 0, U{±oo) = ±l,

i.e. to the "heteroclinic." The uniqueness of such a U implies that the limit is

independent of the sequence £„, thus Us converges to [/, in the above mentioned

sense, as £ —^ 0.

(iii) Let Vs be defined by Vs{t]) = y/ehi{p' + er]). Then Ve satisfies

(7.9)

- K" - -TT— ^
P^ + ST]

K'('7) = 0, ledls, f V^{r)){p^ +er))dT] = l
Jdl,

Utilizing that f{Us) converges to f'{U) as £ -+ 0, uniformly on compact sets in

R, it follows via the maximum principle that Vs satisfies estimates as in Lemma
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3.4. Hence passing to the limit e —> 0 in (7.9) we obtain that along a sequence of

e's Ve converges to the solution of

(7.10) -v" + f'(u)v = fi*v, v = v(rj), rjeR, Vp\\v\\mR) = i

Now V > 0 and since the maximum of the K's is attained in a compact interval

independent of e, the maximum of V is attained in the same interval. Thus V is

nontrivial and thus it is the principal eigenfunction of (7.10). Therefore fi* = 0 (see

Remark 3.1), and because of simplicity V = all', where a = 1I^IIl2(r) • Again

because of the independency of the limit from the sequence of e's, we conclude

that Ve converges to all', and /ii —> 0, as e —> 0.

Prom the definition of w and Ue follows that = ew{p'^ + erj)^ hence

/  hiwrdr= f hi(p'+ eT})w{p'+ erj) {p^ + erj) edrj
Jp-i Jh

= ̂ f Ve{T])U',{T]){p' +eT])dr].
v£ Ji.

Similarly

/  -hiwdr=^l Ve{T))U'^{r])—^—dTi.
Jp-i r s/e Ji^ p" + erj

Utilizing these expressions in (7.7) we obtain

^ / V,(r,)U',(v)(p'+e,,)d^ = - f VMU'.('t)-;;r^<'v-ViO{e-'/-).
e  7/. Ji. P

Because of the estimates (7.5) (in the stretched form), and the results of (i)-(iii)

Lebesgue's Theorem applies and so taking limits as e —> 0 in the equality above

we have

I™ I1^IIl2(R) = ® ll^lli2(R) 5

or equivalently

v  Pi 1hm — = —^ .
c-*o p
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Finally the assertion that p,2 > C > 0 is proved in the same way as in the

Proposition 3.4.

Remark. In the proof above we used an alternative way in showing that /ii —> 0

and Ve -> all', or equivalently that the first term in the asymptotic expansion of

the principal eigenfunction is U'. This method has been used in [A-B-Fl] and

[N-F].

► As we mentioned the result above also holds in the case where Ug is an

equilibrium of the Allen—Cahn problem (1.2). We thus conclude that there is no
equilibrium of (1.2) with interior interface that is stable. For this type of circular
interfaces equation (1-14) takes the form

- 6>"(5) - ̂ 0is) = X0{s), 0 < s < ^
6)(O) = 0(£), 0'(O) = 0'(£)

with I = 2-Kp. We note that the first three, counting multiplicities, eigenvalues of

the problem above are

Ai = — , and A2 = As = 0 .

This suggests that for a general curve 7 (1.14) has at least two negative eigenvalues
with the extreme case being the circular interface. Apparently there is some

interesting relationship between the spectrum and the isoperimetric inequality. A

consequence of such result would be that any equilibrium of (1.2) with interior

interface is at least 2-d unstable, and that any equilibrium of the Cahn-Hilliard

with interior interface is unstable. These results would complement well the work

on the complexity of stable equilibria for (1.4) done by Casten and Holland [Ca-
H], Matano [M], and others, and will also provide information for the constrained
problem (solutions of the Cahn-Hilliard with specified mass), and for systems.
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► Our main theorem clarifies (1.13) but it does not include it, since the con

vergence

can not be assumed uniform over all critical eigenvalues without justification. We

expect such a uniform correspondence to hold; it would add significance to the 0-

equation. This in turn could be used for building the tangent space to an invariant

manifold in over which the flow would be approximately determined by (1.5).

That would be the dynamical systems approach for relating (1.2) to (1.5).

► We expect these results to have analogs in the Cahn-Hilliard setting.
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Figure 1. The functions F and f = F'.

Figure 2. The heteroclinic U and its derivative U'.
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Figure 3. The potential f'{U).

Figure 4. The second eigenfunction of Cp^e
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