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Abstract

In this dissertation, we study the long-time behavior of the solution to a type of dissipative
wave equation, where the operator in this equation is time-dependent and self-adjoint, and
the solution to this equation is defined in a metric measure space satisfying appropriate
conditions.

We first consider the solution to an important particular dissipative wave equation in
Euclidean space, where the operator is uniformly elliptic and in divergence form for each
fixed time. We derive the asymptotic behavior of the solution to this equation. Furthermore,
the work done for this particular problem serves as a stepping stone, allowing us to study
the solution to the general type of dissipative wave equation.

When we study the general problem, the operator in the dissipative wave is assumed to
correspond to a Dirichlet form. We link hyperbolic PDEs with the firmly established theories
for parabolic PDEs and Dirichlet forms, subsequently deriving the asymptotic behavior of

the solution to the general dissipative wave equation.
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Chapter 1

Introduction

1.1 Basic definitions and assumptions

Throughout this dissertation, we assume that X is a metric space with a complete metric d.
Let 7 be the topology on X induced by d, and assume that (X, 7) is separable. Also, let m
be a positive Radon measure with respect to (X, 7). We will refer to the triple (X, d,m) as
a metric measure space.

For 1 < p < oo, we define the function space LP(X) to be the collection of all f: X — R
such that [, |f(z)[Pdm(z) < oo; note that the definition of the above spaces depends on the
measure m. We define the norm |||, x) on LF(X) via || f[l1sx) = (fy \f(x)|pdm(x))l/p.
The space H := (L*(X), (-,-)r2(x)) is a Hilbert space with inner product (-,-)z2(x) defined
via (f, 9)r20x) == [y f(@)g(x)dm(x). We also have the identity ||f||iz(X) = (f, [)r2x)

Let L : H — H be an operator with domain D(L) that is dense in Hj in this case, we say
that L is densely defined. Any densely defined operator L admits a unique adjoint operator
L* such that (Lf, g)r2x) = (f, L*g)r2x) for f € D(L) and g € D(L*); the operator L
is self-adjoint if L and L* are equal as operators on H. An operator L is positive in H if
(Lf, [)r2(x) = 0 for all f e H.

Let @ : H x H — R be a symmetric bilinear form, meaning that the domain of Q is
D(Q) x D(Q) and Q(f,g9) = Q(g, f) for f,g € D(Q). Note that D(Q) represents the
component-wise domain of Q, not its full domain. We assume that D(Q) is dense in H, and

O(f,f) >0 for f € D(Q). We say Q is closed if D(Q) is a Hilbert space when endowed



with the inner product Q(f,g) + (f,9)r2(x). The form Q is a Dirichlet form if it is closed
and satisfies: 1) g = min{max{f,0},1} € D(Q) if f € D(Q) and 2) Q(g,9) < Q(f, f).

Example 1.1. The prototypical Dirichlet form onRY is Q(f,g) = [pn a(x)V f(x)-Vg(zx)dz,
where for instance 0 < a(z) € CY(RYN). This form corresponds to the self-adjoint operator
Lf ==V - (a(zx)Vf(z)). When reading this dissertation, keep this example in mind when

Dirichlet forms are referred to.

In general, Dirichlet forms are definable within the context of many types of metric
measure spaces with no relation to partial derivatives. That is to say, in general, Q(f,g) =
Jx dQ(f,g), where Q(f,g) is a signed Radon measure on X. We say that Q is the energy
measure form associated with Q.

A Dirichlet form Q is strongly local if Q(f,g) = 0 whenever f is constant on a
neighborhood of the support of g. Also a Dirichlet form Q is regular if D(Q) N C.(X)
is: 1) dense in D(Q) with respect to the norm <Q(f, )+ Hf”%z(x))l/z and 2) dense in
C.(X) with the uniform norm.

We can extend Q@ and Q in the following way. An m—measurable function f is “locally”
in D(Q) if for every relatively compact open set G C X, there exists fo € D(Q) such that
f = fa m—a.e. on G. The set D(Q);, is the collection of all such functions f. Consequently,
Q(f, f) is a Radon measure on X for each f € D(Q)e.

1.2 Description of the problem

Let (X, d, m) be a separable metric measure space. For each t € R, let A(t) : H — H be a
densely defined, self-adjoint and positive operator in H. We seek to describe the long-time

behavior of the solution to

u(x,t) + u(x, t) + A(t)u(x, t) =0, re X, t>0, 1)
(u, us)(x,0) = (ug, ur)(x), reX, .

where u; := dyu and uy := 0?u. Under appropriate conditions, we are able to show that

the asymptotic behavior of the solution to (1.1) aligns with the asymptotic behavior of a



prescribed solution of
ve(x,t) + A(t)v(z,t) =0, z€ X, t>0, (1.2)

meaning the solution of (1.1) exhibits the diffusion phenomenon; note that v, := d,v. More

precisely, u(z,t) exhibits the diffusion phenomenon if
lu(a,t) = vz, )| 2y < C (E+ 1) (w0, w)] (1.3)

for some K > 0, where ||(ug,u1)|| represents the appropriate norm for the data uy and u,.
We will clarify what the appropriate norm for the data is later. The constant K and the rate
of decay rate for [[v(x,?)|| 2y, depend on properties of the metric measure space (X, d,m)
and the operator A(t). In pr1nc1ple we expect that [[v(z, )2 x) (t + 1E — 0o as t — co.
Hence, as a consequence of (1.3), we expect that ||u(z,t)| 2, behaves like [[v(z,t)[[;2(x) as
t — 0.

One of our greatest challenges is determining how the behavior of the solution u to
(1.1) relates to properties of the operator A(t). Hence, we do not focus on A(t) “directly.”
Instead, we focus our attention on the bilinear form & : D(\/A(t)) x D(y/A(t)) — R
defined via &(f, g) \/_ ) f, \/_ )9)r2(x)- In many cases, \/_ (t)f, \/_ )9) L2(x) can
be rewritten in a convenient way, allowing us determine the behavior of u under relatively
mild assumptions. For instance, in chapter 2, we have X = RY and A(t) defined via
At)f(z) := =V - (a(z,t)V f(x)) for f € D(A(t)). In this case, & is defined by &(g,h) :=
Jan a(z,t)Vg(z) - Vh(z)dz for g,h € D(y/A(t)). Consequently, the behavior of u depends
on the coefficient a(x,t) > 0. We discuss & further in section 1.3, and we introduce some of

the machinery.

1.3 Dirichlet forms and the intrinsic metric

Remark 1.2. The intrinsic metric p, defined in (1.4), determines the behavior of the solution

u to (1.1). Howewver, in many cases, p is essentially “invisible.” For example, see chapter

2, where X = RN and A(t) in (1.1) is defined via A(t)f(z) := =V - (a(z,t)V f(z)). Here,



a1 < a(z,t) < ay for constants ai,as > 0, and this results in p being the Euclidean metric
on RN. Consequently, chapter 2 and thus the main procedures for showing the diffusion
phenomenon (1.3) can be understood without knowledge of the machinery presented in this

section.

We reframe problem (1.1) in the sense that we do not start with an operator A(t). Instead,
for each t € R, we start with a strongly local, regular Dirichlet form & having domain D(&;),
and then we obtain A(¢) via Fukushima, Oshima and Takeda [6, Theorem 1.3.1]. This
theorem states that given a Dirichlet form &, there exists a densely defined, self-adjoint and
positive operator A(t) such that &(f, ) = (v/A®)f, /A®#)g)12(x) for f,g9 € D(&).

The first significant assumption we make is that there exists a strongly local, regular

Dirichlet form & on L?(X) that serves as the reference form, meaning

Clg(f>f)Sgt(faf)gc28<f>f) (D)

for all f € D(€) and t € R, where the constants ¢; and ¢; > 0. We also assume that
D(&) = D(€) for all t € R.

Let I' be the energy measure form associated with the reference Dirichlet form £. The
form & is closely linked to the behavior of u via the intrinsic pseudo metric p on X, which

is defined by

pla,y) = sup{f(x) = f(y) : f € D(E)ioe N C(X), dU(f, f) < dm(x) on X}, (1.4)

where “<” here means less than or equal to as measures on X. We now “forget” about the
original metric d, replacing it with p. For € X, define the p—ball Bi(z) := {z € X :
p(z,z) < R}. It will be shown later that the behavior of m(Bf/z(x)) and exp <—M> as
t — oo essentially dictate the decay rate for [Ju(z,t)|| 2y as t = oc.

In the case when X = R¥, d is the Euclidean metric, m is the Lebesgue measure and
dU(f, f) = a(z)|V f(x)|*dx, then p = d, if a(x) = 1. If a(z) < 1 in some open set U, then

p may be viewed as a version of d that has been “stretched” in U, i.e., d(y, z) < p(y, 2) for



y,z € U. Similarly, if a(x) > 1 in U, then points in U have been “compressed” together, i.e.,
p(y, 2) < d(y, 2).

1.4 History

Matsumura [22] considered the problem

u (2, t) + ug(x, t) — Au(z, t) = 0, r RN t>0, (15)
1.5
(U,Ut)(l’, O) = (Uo,ul)(l‘), S RN?

and he used Fourier methods to establish sharp LP(RY) — L9(RY) decay estimates for the
solution to (1.5) and its space and time derivatives. In particular, for ug, u; € C°(RY), he

showed

00, 0)] gy < C (6 1) 1902 (g, ) (1.6)

where o := (a1, ..., an), |a| == a4+ - +ay and 9y := 01 --- OgN.

Inequality (1.6) offers us a key insight as to why we expect solutions to damped wave
equations will exhibit the diffusion phenomenon (1.3). That is to say uy in (1.5) is “weaker”
than u; and —Aw in the sense that the L? norm of u; decays to 0 more quickly as ¢t — oo.
Therefore, we treat uy in (1.5) as a perturbation. Hence, one might expect that the solution
to (1.5) behaves like a solution to the heat equation v (z,t) — Av(z,t) = 0. This insight,
which was previously known, appears to be necessary in obtaining analogs to (1.6) in more

[14

general settings. We will show that this insight holds in a “weaker” sense in more general

“new” main tool that we use.

settings. This is the
Following Matsumura’s results, many authors have considered variants of (1.5), including
variants where —A is replaced with a more general, time-independent operator. Many

authors have also considered variants of the form

u(x,t) + a(x)b(t)u(z, t) — Au(x,t) =0, ze€X,t>0, (1.7)



where X C RY and the damping coefficient is in separable form. Note that until recently,
(1.7) was considered with either space- or time-dependent damping coefficients, and the
methods used for these two types of problems are incompatible.

Ikehata [11, 10] and Ono [30] considered (1.7) as an IBVP, initial boundary value problem,
with constant damping; here the set X = RY \ K for some K compact. Similar IBVPs
with space-dependent damping coefficients have been thoroughly studied, e.g., Nakao [26],
Ikehata [12, 13], and Mochizuki and Nakao [23]. Sobajima and Wakasugi [36] considered
(1.7) with radially symmetric, slowly decaying space-dependent damping. They demonstrate
the diffusion phenomenon, obtaining a sharp decay estimate for a modified L? norm of the
solution.

Todorova and Yordanov [41] considered the problem (1.7) with X = RY a constant
damping coefficient and the nonlinear term |u|P. They developed a weighted energy method
that uses a special weight related to the fundamental solution of (1.5).

Todorova and Yordanov [42] considered problem (1.7) with X = RY and a slowly
decaying, space-dependent damping coefficient. They used a weighted energy method with a
special weight. Similar weighted energy methods were implemented in [17, 19, 20, 27, 28, 36].
Nishihara and Zhai [28] and Nishihara [27] considered (1.7) with a defocusing nonlinear term
—|uP~1u and a slowly changing damping coefficient that was either space- or time-dependent
. This was followed by Lin, Nishihara and Zhai [19, 20], and Khader [17] who studied (1.7)
with a slowly changing, radially symmetric damping coefficient and a defocusing nonlinear
term —|u|P~1u.

The problem (1.7) with X = RY and a slowly changing, time-dependent damping
coefficient has been thoroughly investigated; see Reissig and Wirth [34], and Wirth [43, 44].
Using Fourier methods, Wirth obtained sharp LP(RY)— L?(RY) decay estimates for solutions.
Mochizuki and Nakazawa [24] showed energy decay for solutions to (1.7) with a nonseparable
damping coefficient.

For damped wave equations with slowly changing, space-dependent coefficients, Radu,
Todorova and Yordanov [31] proved the exact gain in the decay rate for all higher order

energies in terms of the first order energy.



Many authors have demonstrated the diffusion phenomenon for the abstract problem
uy + uy + Bu = 0, where u belongs to a Hilbert space ‘H and B is a time-independent
nonnegative self-adjoint operator in H. For example, see Ikehata and Nishihara [14], Chill
and Haraux [2], Radu, Todorova and Yordanov [32], and Nishiyama [29].

Ikehata, Todorova and Yordanov [15] showed a more complex diffusion phenomenon for
abstract wave equations with strong damping. Then Radu, Todorova and Yordanov [33]
proved the diffusion phenomenon for the problem Cuy + u; + Bu = 0 in a Hilbert space H,
where B and C' are two noncommuting self-adjoint operator on H, which excludes the use
of the spectral theorem. Instead, they used consecutive approximations with conveniently
defined diffusion solutions. They also expanded their decay gains that originated in [31],
giving the exact gain in the decay rate for ||0ju|| in terms of ||u]|.

By resolvent arguments, Nishiyama [29] showed the diffusion phenomenon for the problem
uy + Auy + Bu = 0 in a Hilbert space H. Here A and B are two noncommuting self-adjoint
operator on H, satisfying some additional conditions. Yamazaki [45] studied abstract wave
equations with time-dependent damping.

Dirichlet forms have been thoroughly investigated, e.g., see the book by Fukushima,
Oshima and Takeda [6].

Extensive research has been done to study the behavior of solutions to parabolic PDEs
in metric measure spaces, such as (1.2), with operators related to general Dirichlet forms;
for example, see Sturm [37], Lier]l and Saloff-Coste [18] and the references therin. Significant
results for these parabolic PDEs will be presented in chapter 3. These results allow us to
contribute to what little was known about solutions to hyperbolic PDEs in metric measure

spaces, such as (1.1), in the context of general Dirichlet forms.

1.5 Dissertation structure

In chapter 2, we show that the diffusion phenomenon (1.3) holds in the particular case where
(X,d,m) is N—dimensional Euclidean space with Lebesgue measure; the operator A(t) in
(1.1) will be a divergence form operator defined via A(t) f(x) := —V - (a(z,t)V f(x)), where

a; < a(x,t) < ap for constants aj,as > 0. The work in chapter 2 primarily consists of



developing three key tools to show (1.3); this work is an important stepping stone that
allows us to complete the work in chapter 3.

In chapter 3, we present our main results, showing that the diffusion phenomenon (1.3)
holds in more general settings via expanding on and significantly modifying the three key
tools that were developed in chapter 2; the results we give are valid for more general metric
measure spaces X and more general operators A(t). As a consequence, we are able to show
the diffusion phenomenon when A(t) is not uniformly elliptic, or when X = S! x RY where
S1 is the unit circle in R2. In chapter 3 we state well-known results for parabolic PDEs,
which, by themselves, do not necessarily give any decay for the solution u to (1.1). Also,
fairly routine properties such as a finite speed of propagation for u require proof.

A proof of existence, uniqueness and regularity for the solution u to (1.1) is given in
appendix A; this is only necessary for the work in chapter 3. Appendix B contains proofs of

necessary lemmas.



Chapter 2

The diffusion phenomenon

The material in this chapter has been published in the journal Discrete & Continuous
Dynamical Systems; see Taylor [39].
Let (X, d, m) be N—dimensional Euclidean space with Lebesgue measure. In this chapter,

we study a particular case of problem (1.1), namely

u(x,t) + w(z, t) — V- (a(z, t)Vu(z,t)) =0, reRY >0, 21)
(1, ) (, 0) = (u, 1) (), r €RY. |

We prove that the solution u to (2.1) exhibits the diffusion phenomenon (1.3), meaning that

u asymptotically behaves like a solution to

vy(z,t) = V- (a(z,t)Vo(z, 1)) =0, reRY, t>0, (2.2
v(z,0) = up(z) + us(z), e RN

As a corollary to the diffusion phenomenon, we obtain a sharp decay estimate for
(@, t)|| p2rw). We also obtain decay estimates for [[Vu(z,t)| j2gny and [[ue(z, ¢)[| 2 gy-
We introduce three key tools to show the diffusion phenomenon (1.3). The first tool is the
improved decay, which specifically refers to the gains in the decay rates for space and time
derivatives of u in terms of u. This gain in decay is expressed in a weighted average sense.
Note that the improved decay was initially developed in Radu, Todorova and Yordanov

31, 33)].



The weighted energy method that was developed in Todorova and Yordanov [41] is the
second key tool. One important consequence of this weighted energy method is that the
solution u to (2.1) decays exponentially for x outside of the ball {z € RN : |z| < (¢+1)1+9/2},
where > 0 can be arbitrarily small.

The third key tool involves the fundamental solution of (2.2), which encodes decay
properties for (2.2); these properties are found in Friedman [5, Chapter 1]. We prove that
u — v, the difference between the solutions of (2.1) and (2.2), can be expressed in terms of
the fundamental solution of (2.2) acting on derivatives of u. This representation of u — v

permits the three key tools to work together.

2.1 Assumptions, basic facts and results

2.1.1 Assumptions for problem 2.1

For k € N, let H*(R™) be the standard Sobolev space W*2?(RY). We assume the data
(uo, ur) are in H* (RY) x H? (R"), and the support of the data satisfies supp(uo, u1) C {z €
RY : |z| < Ro} for some Ry > 0. We also assume that a(z,t) € C* (RV*!) and its first
and second order derivatives are bounded and continuous in RV*!; this includes the mixed

space-time derivatives. In addition, we assume

a; < a(x,t) < ag, (B1)
lay(z,t)| < a;;%, (B2)
a(x,t)

) <
’&tt(xa )’ _a4(t+1)27

where the constants ai, as, az, and ay > 0.

Remark 2.1. Whenever assumption (B1) is satisfied, so is assumption (D) with ¢; = a; and
¢y = ay. The reference Dirichlet form € is defined via E(f, g) == [pn Vf(2)-Vg(x)dz, where
f.g € H (RY). Similarly, the Dirichlet form & is defined via E(f, g) == [pn a(z,t)V f(z) -
Vyg(z)dz.

10



Remark 2.2. With the reference Dirichlet form & defined in remark 2.1, we see that the

intrinsic metric p defined in chapter 1 is the Fuclidean metric d.

Remark 2.3. Generalized versions of assumptions (B2) and (B3) will appear in chapter 3.

2.1.2 Existence, uniqueness and regularity for problem (2.1)

These are given by

Lemma 2.4. (Existence, uniqueness and regularity) Under the assumptions of subsection

2.1.1, problem (2.1) admits a unique solution such that
3
u € [)C([0,00); H*/(RY)); (2.3)
i=0

see Tkawa [S, Theorem 2].

2.1.3 Results for problem (2.1)

Theorem 2.5. (Diffusion phenomenon) Let u(z,t) be the solution to (2.1), where the

assumptions in subsection 2.1.1 hold. Then fort >0

_N+42
> |

2 2
Ju(z,t) — U(x7t)||L2(RN) <C(t+1) (uovul)”mle(RN) J

where v(x,t) is a prescribed solution to (2.2), and the constant C depends on ay, ..., a4, N,

and Ry.

The prescribed solution to (2.2) will be shown to have the property ||U(x,t)’|iQ(RN) <
C(t+1)2 ||(u0,u1)||zng1(RN). Combining this with Theorem 2.5 gives the following

corollary.

11



Corollary 2.6. Let u(xz,t) be the solution to (2.1), where the assumptions in subsection

2.1.1 hold. Then fort >0, the following hold:

2 N 2 .
Ju(z, ) 2@yy < C (E+1)72 [[(uo, ur) 2 o ey (i)
2 _N_ 2 ..
IVu(@, )] 2@y < C In(t+2) (¢ + 1727 [[(uo, un) [z s vy » (i)
N
lus(, )| F2gany < C It +2) (E+ 17272 || (o, w) 3z 1y (iii)
where the constant C' depends on aq,...,a4, N, and Ry.

Remark 2.7. Using the same method, it is possible to consider a more general problem

c(z, t)uy + bz, t)u, — V - (a(z,t)Vu) =0, r€RY, >0,
(u, up)(x,0) = (ug, ur)(x), r € RY,
where a,b,c € C? (RN+1) have bounded first and second order derivatives and each satisfies

assumptions similar to B1, B2, and B3. Conclusions analogous to Theorem 2.5 and Corollary

2.6 can be achieved via analogous proofs.

Remark 2.8. In this chapter, we have estimates for spatial derivatives of the fundamental
solution to (2.2); see Lemma 2.21. In chapter 3, we are missing analogs to those estimates,
and as a consequence, the analog in chapter 3 to the diffusion phenomenon Theorem 2.5 is

not as strong as it potentially could be.

2.2 Improved decay for dissipative wave equations

2.2.1 Preliminary lemmas

The lemmas in this subsection are standard and presented for completeness.
Lemma 2.9. (Energy inequality) Let u(x,t) be the solution to (2.1), where the assumptions
in subsection 2.1.1 hold, and let T > 0. Then for 0 <t <T

2 2 2 2
@, Ol gz@ny + ez, O @y + lww (@, )l 2@y < C) ([ (wo, wi) g2 @y s

12



see Tkawa [8, Proposition 2.6] or cf. [9, Theorem 2.15].

Lemma 2.10. (Finite speed of propagation) Let u(x,t) be the solution to (2.1), where the
assumptions in subsection 2.1.1 hold. Then u has a finite speed of propagation; see Ikawa
[9, Theorem 2.7]. Hence, the support of u is compact for all t > 0 since the support of the

initial data (ug,uy) is compact.

2.2.2 Improved decay

The purpose of this subsection is to obtain the gains in the decay rates for derivatives of u

in terms of u. These gains in decay are expressed in a weighted average sense.
Definition 2.11. For i = 1,2, respectively, we use the first and second energies:

Ei(t;u) :== %/]RN (afu(x,t))Q + a(x, t)|VO u(w, t)|*dx.

The improved decay for the first energy F;(t;u) is proved in the following proposition.

Proposition 2.12. Let u(z,t) be the solution to (2.1), and let the assumptions in subsection

2.1.1 be satisfied. Forr >0 and 6 > 0,

/ (t+ 1) By (t;u)dt < C [l (wo, w) o vy + C/ (t+ 1) lulfogry e, (24)
0 0

where C' depends on as,as, and 6.

Proof. We begin by taking the L2(R") inner product of equation (2.1) and 2u;. Then apply
assumption (B2) and get

as
t+1

at (”utHiQ(RN) + <CLVU X VU>L2(RN)> S _2 ||ut||iQ(RN) ‘l‘ <aVu s VU)LQ(RN) . (25)

Similarly, we take the L2(RY) inner product of equation (2.1) and u to obtain

1
2 ((Ut ;W) pa@yy T 3 HuHi?(RN)) = ||Ut||i2(RN) —(aVu, Vu)ogw) - (2.6)
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Next, define the continuously differentiable function
1
2 2
Y () i= [Juellpony + (ue s W) pony + 5 [ullZe@ay + (aVu, V) pogny;

for the regularity, see Lemma 2.4. Then combine (2.5) with (2.6) and add %Y(t) to both

sides. This gives

9 y ) 0 as )
Notice that w;u > —1 (u? + u}), giving
0<Y(t). (2.8)
Similarly,
Y (t) < llullagry + 3E1(t ), (2.9)

since wyu < 1 (u? +uf) and 2B (t;u) = HUtHiQ(RN) +(aVu, Vu)agny. Apply (2.9) and

(aVu, Vu) o eny < 2E1(tu) to the RHS of (2.7) and obtain

360 + 2@3

0 / ' 0 2
Y () +Y'(t) + Ey(t;u) < P [l 2y + ( t+1

t+1 - 1) Ey(t;u). (2.10)

Multiply both sides of (2.10) by the integrating factor (¢ + 1)? to see that
O (t+1)°Y (1)) + (t+ 1) Ei(t; u)

39+2a3
t+1

(2.11)

<O+ 17 [[ulZagar, + (1 + 1) ( _ 1) Ea(t: )

Next integrate both sides of (2.11) with respect to ¢, from 0 to r. To complete the proof,
we estimate the integrals of the first and last terms of (2.11) by the initial data. Note that

14



(2.8) and (2.9), followed by assumption (B1) give

(t+ DY (8] = (r+ 1)V () =Y (0)
>0 — (HUOHiZ(RN) +38:(0; u>>

2
> —C(a2) [ (w0, ur)|[ 12w 1 vy -

Define T := max {0, 30 + 2a3 — 1}. Then for all > 0,

r 6+ 2 To 6+ 2
/ (t+1)° (% - 1) Ei(t;u)dt < / (t+1)° (m - 1) Ei(tuw)dt,  (2.12)
0 0

t+1

39+2a3
t+1

Lemma 2.9 to the RHS of (2.12), obtaining

since —1 <0 for t > Ty. Apply assumption (B1) and then the energy inequality

" 30 + 2a

[0 (B2 1) Buttugde < Clan0a,) o) o
0

for all » > 0. Therefore, the proof of (2.4) is complete. O

The improved decay for ||Ut||ig (zny 1s shown in the following proposition.

Proposition 2.13. Let u(z,t) be the solution to (2.1), and let the assumptions in subsection

2.1.1 be satisfied. Forr >0 and 6 > 0,

jﬁ @-%1)&”Ih%HiqRN)dtESC7H(Um1u)HileaRN)+-C7/€(tﬁ-lf‘lnuni%RN)da (2.13)

where C' depends on as,as, and 6.

Proof. Add fi—llEl (t;u) to both sides of (2.5) to obtain

0+1
t+1

9—{—1 as
—F(t;
t+1 1(’u)thjtl

Er(tu) + 0y By(tu) < —2 ||utl|%2(RN) + (aVu, Vu) g, -

Next, bound (aVu , Vu>L2(RN) from above by 2F;(t; u), and then multiply both sides of the

resulting inequality by the integrating factor (¢t 4+ 1)?*1. This gives

0 ((t+ 1) By u) < =206+ D lugl oy + (0 4 1 4 2a3) (t + 1) By (£ ).

15



Next, integrate both sides of this inequality with respect to ¢, from 0 to r, and note that
(t + 1) By (t;u) ‘::0 > —FE1(0;u).
To complete the proof of (2.13), apply the improved decay Proposition 2.12 to the term

Jo (6 + 1+ 2a3)(t + 1)’ By (t; w)dt, obtaining the last term on the RHS of (2.13). O

The next two propositions show the improved decay for FEs(t;u) and ||utt||iQ(RN),
respectively. These propositions are analogous to Propositions 2.12 and 2.13, except with

larger weights on their left-hand sides.

Proposition 2.14. Let u(x,t) be the solution to (2.1), and let the assumptions in subsection

2.1.1 be satisfied. Forr >0 and 6 > 0,

/(t—|—1)9+232(t;u)dtSCH(uo,ul)Hzngl(RN)—|—C’/ )7 il iy (210
0 0

where C' depends on as, asz, ay, and 6.
Proof. Begin by taking the L2(RY) inner product of 9, (uy +u, — V - (aVu)) = 0 and 2uy

to obtain

8t< HuttHig(RN) + <aVut s Vut>L2(RN) + 2 (atVu s Vut)Lg(RN) )
(2.15)

=—2 HuttH%g(RN) + <3atvut +2a4Vu ) Vut>LQ(RN) ’

Similarly we take the L2(R") inner product of d; (uy + us — V - (aVu)) = 0 and u; to obtain

1
O (<Utt , Up)pagey + ) HUtHi?(RN))
(2.16)

= ||utt||iQ(RN) — (aVuy VUt)m(RN) — (@ Vu, VUt>L2(RN) :

16



Now, define the functions

2
a
Zy(t) = (t(—l—g)l)z (@Vu, Vu) agny, Zo(t) = (Vg , V) oy, and

Zg(t) = <(2att — at) Vu s Vut>L2(RN) .
Next, define the continuously differentiable function

1
2 2
V(1) = lull 2@y + (uee s we) 2@y + 5 el 72,

+ (aVuy, , Vut>L2(RN) +2(a;Vu, Vut>L2(RN) + Z4(t),

noting that Z;(t) is also continuously differentiable. Importantly, the presence of Z;(t) in
Y (t) ensures that Y (¢) > 0, which will be shown later.

Observe that the left-hand sides of (2.15) and (2.16) sum to Y'(¢) — Z/(t). Thus (2.15)
combined with (2.16) gives Y'(t) + 2By (t;u) = Z{(t) + 3Z5(t) + Z3(t), and adding Z2Y ()

t+1
to both sides gives
0+2 0+2

To estimate the RHS of (2.17) from above, we estimate Z](t), Z5(t), and Z3(t). First, notice
that

(a3)?

a3—1
Zit) < t+1

T ot+1

Zy(t) + (aVug , Vug) 2wy (2.18)

by assumption (B2) and 2a |Vul [Vu| < =5 IVul? + (t + 1)a |Vu|*. Next, assumption (B2)

gives
as
Zg(t) S P (aVut y Vut)Lg(RN) . (219)
Observe
4((1,4)2 1
Zg(t) S <m +1 Zl(t) + 5 (aVut y Vut>L2(RN) s (220)

. att—a 2 'lL2 a U 2 . a. 2 a, 2
via |(2ay — a;) Vu| [Vu| < (2ar 22 [Vul® 4 |V2t| , with (2a4 — at)2 < ?t(+‘i))4a2 + (2t(+i))2a2 by

assumptions (B2) and (B3). Now use (2.18) - (2.20) to estimate the RHS of (2.17) from

17



above by

0+ 2 C(a 1

?Ij&%ﬂ—%o(mhm)2ﬂ0+-(tii)+§)<aVUt,VuﬁpmNy (2.21)
The following estimates hold:
2(as)”

Z1(t) < ———F 2.22

() < 2B ), (222
0<Y(t), (2.23)

3

Y (t) < fluellfz@ny + B sl T2y + 2 (@Vur , V) gy + 221 (2). (2.24)

The proof of (2.22) follows from the definitions of Z;(t) and E;(t;u). To show (2.23),
note Y'(t) > (aVug , Vug) oy + 2(a:Vu, V) pogny + Z1(t) since uguy > —3 (uf +uf).
Also, —2a;Vu - Vu; < w +a|Vu|’, and (a,)* < (as)’a? by assumption (B2). Hence

(t+1)?2
—2a;Vu - Vuy < |Vu|? + a|Vu,|?, meaning that 0 < Y'(t). The proof of (2.24) is

(t+1 (t+1)2 a
similar to the proof of (2.23).

Apply (2.22) and (2.24) to bound (2.21), and hence the RHS of (2.17), from above by

9+2 2 C(ag,&4,9) )
P ||Ut||L2(RN) + WEl(t,U) (2 25)
1 (C (as,0) '
+3 (t—l——l + 1) ((aVut » V) oy + ||Utt||i2(RN)> :
Replace the RHS of (2.17) with (2.25) to obtain
0+ 2 1
Iy 1Y( )+ Y'(t) + §E2(t;U)
0+ 2 C (a3, as, 0) Clas,0) 1 (2.26)
as, aq, as,
< ey 2T 2 Byt
< Nl + T B+ (S5 - 3) B

recalling that (aVus , Vug) 2 pny + HuttHiQ(RN) = 2F5(t;u). Multiply both sides of (2.26) by
the integrating factor (t+1)%+2 and integrate in ¢, from 0 to r. Then apply the improved decay
Propositions 2.12 and 2.13 to the integrals involving F(t;u) and ||ut||i2(RN), respectively.

18



This way, we get the last term on the RHS of (2.14). Thus we only need to bound the
integrals involving the first two terms and the last term of (2.26) by the initial data.

The integral involving the first two terms of (2.26) is bounded via inequalities (2.23) and
(2.24), i.e., observe that

r 642 r
0+2 ! _ 0+2
/0 (t+1) <—t - Y(t)+Y (t)) dt = (t+1)"7?Y (1) |,_,

> —C(ag, as) ||(u0au1)||§{2><H1(]RN) .

To bound the integral involving the last term of (2.26), define T := max {0, 2C (a3, 0) — 1}.
Then for all » > 0,

/or(t +1)0+2 <W - %> Pttt

< /OTO (t+1)%+2 <M — 1) By (t;u)dt,

t+1 2

(2.27)

C(a3,0)
t+1

since — % < 0 for t > Ty. To complete the proof, apply assumption (B1) and then the

energy inequality Lemma 2.9 to the RHS of (2.27), obtaining

" C(a3,9) 1
/0 (t+1)"+ <t+—1 - 5) Ey(t; u)dt < C(ag, as, 0) || (uo, 1) |72 g v

for all » > 0. ]

Proposition 2.15. Let u(x,t) be the solution to (2.1), and let the assumptions in subsection

2.1.1 be satisfied. Forr >0 and 6 > 0,

r 5 9
/0 (t + 1)9+3 ||utt||L2(RN) dt <C ||(u07u1)||H2><H1(RN)

. (2.28)
e / (410 [l 2 g, .

where C' depends on as, as,ayq, and 6.
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Proof. We use the functions Z;(t) and Z5(t) defined in the improved decay Proposition 2.14.

Define the functions

Zy(t) =2 (ayVu, Vut)LQ(RN) and

Y(t) = HuttHig(RN) + <CLV’U¢ s vut>L2(RN) + 2 <atVu s Vut>L2(RN) + Zl(t)

Notice that (2.15) gives Y'(t) 4 2 ||Utt||i2(RN) = Z{(t) + 3Z5(t) + Z4(t), and adding %Y(t)

to both sides gives

043 ,
H—ly(t) + Y1) + 2 [Jugl| 2 mry =

0+ 3

1Y O+ Zi(t) +32%:(1) + Za(t). (2.29)

Similar to (2.20), (2.23) and (2.24), respectively, we have

(as)? (aVuy , Vi) o,
< 27 .
0<Y(@®), (2.31)
Y () < [luslfo@n) +2@Vuy , V) gy + 221(2). (2.32)

2 2
To show (2.30), use 2 |ayVu| [Vu| < (Hl)aj’f'vu‘ - ”‘Zf{' , with a?, < (E:T1))24 a® by assumption

(B3). Next, apply (2.18), (2.19), (2.22), (2.30) and (2.32) to the RHS of (2.29) and get

0+ 3
t+1

C ((l3, Ay, 9)
(t+1)3

C’(ag,é’)

B (t:
1) + tr1

Then multiply both sides of this inequality by the integrating factor (¢ +1)%+3

and integrate
with respect to ¢, from 0 to r. To obtain the last term on the RHS of (2.28), apply the
improved decay Propositions 2.12 and 2.14 to the integrals involving F4(t;u) and Fs(t;u),
respectively. Note that inequalities (2.31) and (2.32) give

[ (Fra sy a= wr eyl

2
> —C(as, a3) || (wo, ur)| 2 g1 vy -
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Therefore, the proof is complete. O]

2.3 Weighted energy method

Let 6 > 0 and Q(t) := {z € RY : |z| > (¢t + 1)1+9/2}. One goal of this section is to prove

that the derivatives of the solution to (2.1) decay exponentially for = € Q(t). More precisely,
mon, |12 - s 2
16"V UHLI(Q(t)) < C M H(uU?ul)”H?le(RN)

for some k£ > 0, where n = 0,1 and m =1 —n,2 — n; see Proposition 2.20.

Definition 2.16. The weight we use in this section is

||

W(x,t) := e’ #1, where v > 0 will be chosen conveniently. (2.33)

The following observations will be employed later:

W2
<-W, < 2.34
VW[ = =47 WW,. (2.35)

Note that —W, < K—i because m < €™ for all m € R.

Definition 2.17. Fori = 1,2, respectively, we define the first and second weighted energies:

Eiw(t;u) = W (z,t) ((qu(w,t))z + a(m,t)|V8§_1u(a7,t)|2>dw.

RN
The first weighted energy estimate is given by the following proposition.

Proposition 2.18. Let u(x,t) be the solution to (2.1), and let the assumptions in subsection

2.1.1 be satisfied. Assume vy in (2.33) is such that 0 < v < ﬁ Then fort >0,

Eyw(t;u) < (t+1)" Eyw(0;u). (2.36)
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Proof. For W (x,t) as in (2.33), define the functions

Zy(t) =2V - (au,WVu) and Zs(t) := aW, |Vul> = 2W ] — 2u,a VW - Vu.

Also define the function

Y (t) == Wui + aW|Vul?,
and note that Y'(¢) is continuously differentiable as an L' (RY) function by Lemma 2.4.
Next, multiply equation (2.1) by 2Wu, to get

Y'(t) = Zi(t) + Zo(t) + a; W |Vul? + Wi, (2.37)

Note that Z5(t) < 0; to see this, observe that

a® | VW 2| Vul|?
2W

—2 (us) (a VW - Vu) < 2Wu? + = 2Wu — (2a7) a Wy Vu|?

via Young’s inequality. Then recall that —W; > 0 by (2.34), and notice that 2ay < 1 since
a < as and0<'y§ﬁ.
Now using Z5(t) < 0, assumption (B2) and W; < 0, we refine (2.37) and get

a3
t+1

Y'(t) <

Zy(t) + ——a W |Vul2

Thus Y'(t) < Zy(t) + 25 Y (t), since a W [Vul* < Y (t), and integrating the former inequality

with respect to z, in RY gives

atEl,W(t;u)S/ Zy(t)dz + 3

Eyw(tu).
]RN t+1 17W( 7U)

Now, [zv Z1(t)dz = 0 since u has compact support in z, and we thus have

a
OB w(tiu) < H_—SlELW(t; w).
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To complete the proof, multiply both side of this inequality by the integrating factor (t+1)7,
and then integrate with respect to ¢, on [0, r]. O

The following proposition gives the second weighted energy estimate.

Proposition 2.19. Let u(x,t) be the solution to (2.1), and let the assumptions in subsection

2.1.1 be satisfied. Assume vy in (2.33) is such that 0 < v < %. Then fort > 0,
Eyw(t;u) < Clas, as) (t+1)* (Eyw (05 u) + Eaw(0;u)). (2.38)
Proof. For W (x,t) as in (2.33), define the functions
Zy(t) =2V - (0 (aVu)Wuy), Zs(t) := aWy|Vu|* — 2Wuj, — 2uy a VW - Vau,

4&3
t+1

Z3(t) := a,VW - Vu, and Z4(t) := (attW + a; Wy — atT/V) Vu.

Also define the function
Y (t) := Wi + aW|Vu|* + 2a,WVu - Vu,

and note that Y () is continuously differentiable as an L' (]RN ) function by Lemma 2.4.
Next, multiply 0 (utt +u — V- (aVu)) =0 by 2Wuy to get

8
+ 30 W Vg2 + Wi, + HL?’latWVu V.

As in the proof of the weighted energy estimate Proposition 2.18, we get Zy(t) < 0.
Consequently, Z,(t) < 0, assumption (B2) and W; < 0 give

Y/<t) SZI (t) — 223(t> Uy + 2Z4(t) : Vut

- (2.39)

t+1

3(13

+ P 1CLW|VUt|2 -+

a:WVu - V.
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To refine (2.39), apply the following inequalities, which are proved via Young’s inequality:

2|Z5(0)] |uw| < ia—gml/Zg(t)Q + %Ufm
21 Z4(t) - V| < 53;41/24(15)2 + ‘f“W V.
The refinement is
Y'(t) < Zy(t) + ia:;/zg(tf + ;;;V; Zy(t)? + t4j31Y(t). (2.40)
Recall that m < e™ for all m € R. Thus |VVV\2 < 43?; and W2 < (t‘ff) . Therefore,
Z3(t)? < C(ag)% and Z,(t)* < C’(o@,,a@% by assumptions (B1) - (B3) and

0 <7 < z. Apply these estimates for Z3(t)*> and Z,(t)* to (2.40) and obtain

3 2
W7 [Vu” | Ay (2.41)

Y/(t) < Zl(t) + Cl(ag,a4) (t + 1)2 t+1

For 4" = 3, define the weight W’ := exp (7/1&'1) and notice that W? = W’. Thus (2.41) is

the same as

aW' | Vul?

(t + 1)4(13 8, ((t 4 1)—4:13 Y(t)) < Zy(t) + Ci(as, as) (t+1)2 .

(2.42)

Integrate both sides of (2.42) with respect to x, in RY. Now [.y Zi(t)dz = 0 since u has

compact support in z. Also, [,y aW’ |Vu| dr < (t + 1) Ey w(0;u) by weighted energy

R

estimate Proposition 2.18, since 0 < +/ < 5, Therefore,

9, ((t+ )dos /R ) Y(t)dx) < MELW(O;U).

t -+ 1)2+3a3

Now integrate this inequality with respect to ¢, on [0,r] and get

/RN Y (r)dz < (r + 1)% Cy(as, ay) <ELW(0; u) + /RN Y(O)dx), (2.43)
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Observe that
/ Y (r)dx = Eow(r;u) + / 2a, WNu - Vu,dx (2.44)
RN

RN
for » > 0. Hence, we estimate the second term on the RHS of (2.44). Notice that Young’s

inequality and assumption (B2) give

9 2 (as)”

(r+1)

W : W
124, WVu - V| < “T Vi, |? + 22w |V < “7 IV |? + SalV [Vul?.

a
Thus, by the weighted energy estimate Proposition 2.18,

2 (as)’

mELW(O; w). (2.45)

1
/ 20, WVu - Vu,dzr| < =FEyw(r;u) +
RN 2

To complete the proof, apply (2.44) and (2.45) to estimate the LHS and RHS of (2.43) from

below and above, respectively. We obtain

1
§E27w<7“; U) S (7" + 1)4a3 Cg(ag, (14) (El,W(O; U) + E27w(0; U)) .

]

The next proposition shows that derivatives of the solution to (2.1) decay exponentially

outside of a ball.

Proposition 2.20. (Ezponential decay) Let u(x,t) be the solution to (2.1), and let the
assumptions in subsection 2.1.1 be satisfied. For & > 0 and Qt) = {z € RN : |z| >
(£ + 1072,

myon_ |2 — s 2
10"V uHLl(Q(t)) < C ety H(u07u1)||H2><H1(RN) (2.46)

for some k > 0, where n = 0,1 and m = 1 —n,2 —n. The constant C' depends on

ai, a2, as, a4, ROJ and 0.

Proof. Consider the notation aW := a(x,t) W(z,t), where W is the weight from (2.33), with
v = @. Then observe that

2 2

() oo

-1
H@”V"U\!il(g(m < H (V aW) (2.47)

L) L2(Q()
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by Holder’s inequality. Consequently, for v = % in the weight function W,

2

|(varr) gpoa

L2000 < (t+1)* C(as, as) (Erw (0;u) + Eow (05 u)) (2.48)

by the weighted energy estimates Propositions 2.18 and 2.19. Notice that

1|2 ~
H (\/ aW) < (t+ 1)%(1+5) @/ e+’ N—1 g,
1

L2(Qt)) a1

by assumption (B1) and polar coordinates. Additionally,
since rN 2737 < C(v, N) for a sufficiently large C'(y, N) and r > 1,

/Oo e Ny < C (v, N) /OO e~ 2D g — o=t Gy, V) N).
1 1 (t + 1)5

Therefore,

2
N
7

S e*%(t#»l)‘s (t + 1)
L2 (Q(1))

(493 Cay, 7, N). (2.49)

|(va)”

Combine (2.47) - (2.49) to get
||atmvnu||2Ll(Q(t)) < e300 (1 4 1) T 0D O (ay ag, a4, 7, N) (BLw (0;u) + Eaw (0;u)).

Note that e~ 10+ (¢ 4 1)2(+0)=0+4as < (qy ~, N, §) for a sufficiently large C(as, 7, N, 8).
Also, By w(0;u) + Eaw(0;u) < C(ag, vy, Ro) H(uo,ul)HingHl(RN), where Ry is the size of the

support for the data (ug,u;). Therefore, to complete the proof, choose & = 7, and replace

the dependence on v with a dependence on ay since v = é. O

2.4 The representation of the difference between solu-
tions of (2.1) and (2.2) in terms of the fundamental
solution of the parabolic problem (2.2)

The differential equation in (2.2) has a pointwise, classical fundamental solution I'(z,t; &, s)

for z,6 € RY and 0 < s < t. The fundamental solution allows the transfer of decay from
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the solution of (2.2) to the solution of (2.1). The properties of I'(z,¢; ¢, s) are in Friedman
[5, Chapter 1]. Importantly, Friedman [5, Chapter 1, (6.12)] and [5, Chapter 1, (8.14) and

Theorem 15] give the following lemma.

Lemma 2.21. (Fundamental solution decay properties) Let I'(x,t;€,s) be the fundamental
solution of (2.2). Then

P&l <C (-9 eap (02250, 0)
\Ggif(x, t; 67 8)‘ <C (t o 8)7% exp (_C%) ’ (11)

Definition 2.22. We use the notations:
ref [ g
RN
(aVsI‘)tx’Sg = /N a(§,s)Vel(z, €, s) - g(&, s)dE,
R

for scalar f(&,s) and vector g(,s), with f(,s),|g(¢,s)| € LY for any 1 < p < oo. The

following lemma makes use of Lemma 2.21 to get bounds for the operators Tt and (aVEI’);’S.

Lemma 2.23. (Diffusion operator estimates) Let I'(x,t; &, s) be the fundamental solution of
(2.2). Then for f(x,-),|g(z,-)| € L*RY) N LA(RY) and 0 < s < t, the following properties
hold:

5 Fll gy < C 1F (s 8|2y (M)
T8 ] gy < C (6= 9)7 5 1f(2,8)l| sy (i)
1(@VeD)s® 9] oy < Claz) (¢ = )72 [lg(, )] ey (i)
1@VeD)s gl oy < Claz) (= 9)5 gl o)l ey - (iv)

Proof. We prove (i) and (ii). By Lemma 2.21(i),

|z

s <€ =9 Femp (-0 ) s (150
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Take the L2(R™) norm of both sides of this inequality. To get (i), apply Young’s convolution
. . €T 2

mequality [ %, bl ey < [l sy Kl aeny, where b = ezp (~CEL) and & = ()]
To get (ii), let h = |f(x, s)| and k = exp <—C%). To prove (iii) and (iv), repeat the proof
of (i) and (ii), except use Lemma 2.21(ii) instead of (i). O

Next, we rewrite the solution v(x,t) of (2.2) as
v(x,t) = T5 (u 4 uy) . (2.50)

This solution satisfies

v(z,t) € C([0,00); L*(RY)) , (2.51)

by Lemma 2.23(i) and the continuity of I'(z, ; €, ).
The next proposition precisely determines the difference between the solutions of (2.1)

and (2.2) in terms of the fundamental solution of (2.2).

Proposition 2.24. (Integral identity) Let u(x,t) be the solution to (2.1), where the

assumptions in subsection 2.1.1 hold. Then fort >0

t t/2
u(z,t) = v(x,t) — DL 2, — / IS ugsds + / (aVeD)o* (Veus) ds (2.52)
0

t/2

holds in the L*(RY) sense, where v(x,t) is the solution to (2.2) rewritten as in (2.50).

Np(e ')

and define u(z,t) := [n ne(y) u(z —y, t)dy. Note that uc € C* (RY x [0, 00)) because of the

Proof. Let € > 0. Mollify u(z,t) in space, i.e., use a standard mollifier n.(z) = ¢~

regularity (2.3) and the mollification. Moreover, supp (u) N (RN x [0, t]) is compact because
of the finite speed of propagation Lemma 2.10. Now, define

f(x,t) == ug(z,t) + ug(x,t) — V- (a(z, t) Vu(x, 1)) .

Write the above identity as uf —V-(aVu®) = —u,+ f€ and consider this as a nonhomogeneous

version of (2.2). Then by the presentation and uniqueness theorems in Friedman [5, Chapter
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1, Theorems 12 and 16],
t
u(z,t) = Tt0u° — / b (us, — f€) ds. (2.53)
0

Apply integration by parts in s to fot/ *Ttsyc ds, moving the derivative from ¢, to I':*, and

get

t/2 t/2
/ Thus,ds = T4 2uf — T50uf — / / (OsL(x, 15 &, 5)) ug(€, s)déds. (2.54)
0 0 RN

For the last term on the RHS of (2.54), use the fact that I'(z,¢;&, s) is a classical solution

to the backwards problem, i.e., use
05F<.’E, t7 57 S) = _vf : (a(ga 8) Vgl—‘(l', t? 57 S)) )

where z,£ € RY and 0 < s < t. Then apply the divergence theorem to the last term on the
RHS of (2.54) and get

t/2 t/2
/0 Tl ds = Th2us — TH0uS — /0 (aVeD)o® (Veus) ds.
Using this identity, rewrite (2.53) as

t

u(x,t) =v(x,t) — DL 208 — / Ib5us ds
£/2

(2.55)

t/2 t
+/ (aVeD)o* (Veus) d8+/ I feds,
0 0

where v¢(x,t) = TL0 (uf+uf). Take ¢ — 0. Using the regularity (2.3), the first three
terms on the RHS of (2.55) converge, respectively, in L?(R") to the first three terms on
the RHS of (2.52) because of the diffusion operator estimate Lemma 2.23(i). Similarly, the
fourth term on the RHS of (2.55) converges in L*(RY) to the fourth term on the RHS of
(2.52) because of the diffusion operator estimate Lemma 2.23(iii). Therefore, we only need

| Jo e peas —0ase— 0.

L2(RN)
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Note that the diffusion operator estimate Lemma 2.23(i) gives

t
‘ / b feds
0

By using the regularity (2.3) and the boundedness of a and Va, we get:

t
<c / 15, )| g, ds. (2.56)
L2(RV) 0

for 0 < s <t, where M(t) is a real-valued function of ¢, and
er - (Uss +us—V- (CLVU))HLQ(RN) —0 as e — 0.

By the properties of u, see Tkawa [8, Equation (1.5)], we have|luss +us — V - (aVu)ll 2y
= 0, hence || f€|| reeyy — 0ase— 0. Application of the dominated convergence theorem to

the RHS of (2.56) completes the proof. O

2.5 The diffusion phenomenon and decay for problem
(2.1)

In the proof of Theorem 2.5, the improved decay is used to extract decay from the second
and third terms on the RHS of the integral identity (2.52), after using the diffusion operator
estimate Lemma 2.23(i). Then the diffusion operator estimate Lemma 2.23(iv) is used to
extract decay from the fourth term on the RHS of the integral identity. This comes at
the price of having to estimate ||Vus(z, s)|| 1~y Which is paid by the exponential decay

Proposition 2.20, followed by another application of the improved decay.

Proof of Theorem 2.5. We consider the cases when ¢ < 1 and ¢ > 1. First, assume that

t < 1. Then by the energy inequality Lemma 2.9,

lu(z, Ol 2@y < CO) (o, un) 2w i1 ey (2.57)
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and the diffusion operator estimate Lemma 2.23(i) gives
2 2 2
||U(ZE, t)”L?(]RN) = ||F20(u + ut)HL2(RN) S C ||u0 + ulHL?(RN) :

Therefore, ||u(z,t) — v(z, t)||i2(RN) < C ||(uo, ul)“?ﬁle(RN)’ and Theorem 2.5 is verified for

t < 1. Now, assume that ¢ > 1. Define the functions
K N-=3 2 ¢ N 2
Zi(t) == | (s+1) 7 |[ulz, s)llpe@mn)ds, Za(t):= [ (s+1)7 [lus(z, s)[[2@mm) ds,
0 0
t N t N+4
Z0(t) = [ 5+ )5 [V o) aemy s, Za0)i= [ (55 1 ) e ds.
0 0
Also define the function
t N-3 2
Y(t):= [ (s+1) = [uz,s) —v(z,s)|12@n) ds,
1

which has continuous derivative Y'(t) = (¢t + 1)°z ||ju(z,?) _U(:E,t)HiQ(RN) ds via the
regularity (2.3) and (2.51).

In the integral identity (2.52), subtract v(z,t) from both sides, and then apply ||'||i2(RN)

to obtain
(t+1)2Y'(t)<C (t+1)2 (L + L+ 1)), (2.58)
where
2 t 2
I = Hrgt/%t”wm, I, = H / T, ds . and
t/2 L2(RN)
t/2 2
I = / (aVeD)H* (Veu,) ds
0 L2(RN)
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We estimate each of Iy, I, and [3. For I, the diffusion operator estimate Lemma 2.23(i)

gives C' I < Hut(a:,t/Q)HiQ(RN). Thus

C (t+1)N _(t/2+1) ||Ut(517 t/2)||L2 (RN)

t/2 ,
= [ 0 (s D e M) s+ @) e,

and using 2u g, < ;f% + (s + 1)u?, gives
Ni2
C(t+1)72 L < Zo(t) + Za(t) + [lua ()72 -
Let 6 = . Then by the improved decay Propositions 2.13 and 2.15, respectively,

Zo(t) <C Zy(t) + C ||(uo, w) 32 g1 ey »

Za(t) <C Zy(t) + C || (uo, ua) 72 g1 vy -

Hence

(t+1)" L < C Zu(t) + C (s u) e eprsgan (2.59)

where the constant C' depends on as, az, as, and N.

Now, proceed to estimate I5. Observe that the diffusion operator estimate Lemma 2.23(i)

t t 2
I, < (/ HF;’SUSSHLQ(RN) ds) <C </ [wss (@, 8)[| 2w ds) ,
t/2 t/2

and the RHS is bounded from above by C (¢t + 1) ftt/2 |luss(z, s)||iQ(RN) ds via Holder’s

gives
2

inequality. Thus

t
t+ 1) L<o @2+ / ity (2, 5) |22 vy ds < C Zu(t).

t/2
Therefore, as above, use the improved decay Proposition 2.15 with 6 = 1 to get
(t+1)F L<CZ{)+C (o, un) |32 11 vy (2.60)
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where the constant C' depends on as, az, as, and N.

Now we address 3. Observe that the diffusion operator estimate Lemma 2.23(iv) gives

t/2 N2 2
I3 < </ C(CLQ)(t - S)_T+ ||vus(x73)||L1(]RN) dS)
0

2

. t/2
C (t + ].)_N7+ (/ C((IQ) ||VUS<CC, S)HLl(RN) dS) s
0
since t > 1. Thus by Holder’s inequality,
Nao t/2 . , t/2 . ,
t+1) L <c /0 (54 1) % Clas)?ds /0 (5 + D)F [Vus(a, )2y ds. (261)

Then the exponential decay Proposition 2.20 with § = 5 and Q(s) = {z € RY : |z] >
(t +1)0+9/2} gives

< —k(s+1

[ Vus(z, S)HLl Q(s)) = C ||(u07u1>||H2><H1(RN)

Combine this with the estimate
N1 2
IV ts (2, $) 17 ey < 1208) I Vua(@, 9) 720y < C (s +1)2 5 [V (, ) 72000 -

where Q(s)¢ is the ball {z € RV : |z| < (¢ + 1)+9/2} and |Q(s)¢] is the volume of the ball,

and obtain the estimate
[Vt )y < (5 4+ D35 C V(e )Ty + e C (0, 00) vy -
Apply this estimate to the RHS of (2.61) and get
(t+ 1) I < C Zs() + C oy 1) 32 o) -
Now use the improved decay Proposition 2.14 with 8 = % to obtain

(t+1)"F I3 < C Zy(t) + C [|(wo, wr) [ vy (2.62)

33



where the constant C' depends on ay, as, as,as, N, and Ry. Next, apply (2.59), (2.60) and
(2.62) to the RHS of (2.58) to get

(t+1DFY'(t) < C Zi(t) + C ||(uo, un)| 3o s e (2.63)

where the constant C' depends on ay, as, as, as, N, and Ry. Then by (2.57) and HuHig(RN) <

C HU_UHi%RN) +C ”UHi?(RNV
! N-3 2 ! N-3 2
20 = [ 4105 e ds+ [ (5D (o, 5) e, ds
< C ) ey + € VO +C [ 641 o) e .
Note that
lo(@, ) 72@n) < C 577 lluo + un 71wy < C(Ro)s™ 2 [luo + | Fagan) (2.64)
by the diffusion operator estimate Lemma 2.23(ii). Thus
Z1(t) < € (o, ) Py oy + C Y (1), (2.65)
Therefore, estimates (2.63) and (2.65) give
(t+1)3Y/(t) < C || (uo, ) 32y + C Y (B). (2.66)

Multiply both sides of (2.66) by (¢t + 1)_3. Then wuse the integrating factor
exp (22 (t+1)7%?) to get Y(t) < C H(uo,ul)Hzngl(RN). Therefore, the RHS of (2.66)

is bounded by the initial data, giving
N+2 2 5 2
E+1)2 flulz, t) = v(@, ) [p2@ny = (E+1)2Y () < C |[(uo, wa) [z i1 vy »

completing the proof. O
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Proof of Corollary 2.6. To prove (i) for ¢ < 1, use (2.57). For t > 1, use the diffusion
phenomenon Theorem 2.5 and (2.64).

To prove (i), let § = &, and notice that
2 2 ' 2
o
(17 [V, ey = [Vl ey = [0 (G54 07 [Vl ) s

Use 2 |Vu - Vu,| < [Vul® + (s + 1) [Vu,|? to obtain
s+1

2 2
(t+ 1) [V, )2 @) — [Vtolz2@n

t

t
<(0+2) / (5 + 1) | Vul g ds + / (54 1) [Vt l[agumyds.
0 0

Apply the improved decay Propositions 2.12 and 2.14, respectively, to the first and second
terms on the RHS and get

t
2 2 - 2
(t+ 1)9+1 ||VU($at>HL2(RN) <C ||<u07u1>||H2><H1(RN) + C/o (s+ 1)9 ! Hu||L2(RN) ds.

Then use part (i) of this corollary, i.e., use |’U<x,5)||iQ(RN) < (s + 1)72C(uo,
u1)||§pr1(RN) to complete part (ii) of this proof.

0+2

&, except estimate (¢ + 1)

To prove (iii), repeat the proof of (ii) with § =
Hut(x,t)HiQ(RN) instead of (t 4+ 1)/*+? HVu(x,t)HiQ(RN). Similarly to above,

2 2
(t+ D" lur(@, Ol p2geny — luallzzn
t t
<(0+3) / (5 + D" |72y ds + / (5 + 1) [Jugs | 72 gy ds.
0 0

Apply the improved decay Propositions 2.13 and 2.15, respectively, to the first and second
terms on the RHS, and then use part (i) of this corollary. O
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Chapter 3

The diffusion phenomenon in metric

measure spaces

The material in this chapter is in preparation for submission to a peer-reviewed journal; see

Taylor and Todorova [40]. The results of this chapter generalize the results of chapter 2.
Let (X, d, m) be a separable metric measure space satisfying appropriate conditions, and

let A(t) be a densely defined, self-adjoint operator on L?(X,m) for each ¢t € R. In this

chapter, we address problem (1.1) in general, which we now restate as

g (x, t) + ug(x, t) + A(t)u(x, t) =0, re X, t>0, (3.1)
(u, ) (2, 0) = (uo, ur)(), x€ X, '

Under suitable conditions, we prove that the solution to (3.1) exhibits the diffusion
phenomenon (1.3), meaning that u asymptotically behaves like a solution to (1.2), which we
now restate as

vz, t) + A(t)v(z, t) =0, ze€ X, t>0, (3.2)

As a corollary to the diffusion phenomenon, we obtain decay estimate for [lu(z,t)| 2(x),
E(u(z,t),u(x,t)) and [luy(z,t)| 2(x)- Recall that € is the reference Dirichlet form that was
introduced in assumption (D), which we will restate below.

There are several difficulties we must overcome to obtain the results in this chapter; these

results are the main results of this dissertation. The intrinsic metric p that was introduced
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in section 1.3 is defined in an abstract way, making p hard to understand; we will address
this difficulty in sections 3.1.2 and 3.7. Also, the estimate of Sturm in [37, Corollary 2.5]
for the fundamental solution p(z,t;z, s) of the parabolic equation (3.2) is not sufficient to
guarantee |[v(z,t)||2cx) S (6 +1)"M/* as t — oo for some M > 0. Thus, we impose the
further condition (S) in section 3.1.2. We also make substantial changes to the proofs of
existence and regularity in Lions and Magenes [21, Chapter 3, Section 8] to make them work
in our case; see section 3.1.3 and appendix A. Moreover, a significant amount of effort is
required to demonstrate even standard properties such as the finite speed of propagation
for the solution to (3.1); see section 3.2. Recall the three key tools that were introduced in
chapter 2, namely the improved decay, weighted energy and fundamental solution to (3.2).
We need to significantly modify these tools to make them suitable for our work in this
chapter; see sections 3.3, 3.4 and 3.5, respectively.

The main results of this chapter are applicable for the following three examples, which

we will make precise and fully detail in section 3.7:

El: The space X is RV, and we introduce a new metric p that is intrinsically linked to
A(t), satistying %|x —y| < plz,y) < Clz — y|° locally for some € € (0,1) and C > 0.
This metric p is the same as the metric in Fefferman and Phong [3], Fefferman and
Sanchez-Calle [4], Jerison and Sanchez-Calle [16], and Nagel, Stein and Wainger
[25]. We define the operator in (3. 1) by A(t)f ZZ 1 Op,(a;(z, )0, f), giving
the Dirichlet form &(f,g) = [an > in 1 a;(x, )0y, f Op,gdx. The coefficients a;(x,t) >
0 are bounded, and the form & is only required to satisfy &(f, f) + [flZ2mv) =

ollfIz
A(t) is not required to be uniformly elliptic. Note that H¢(RY) denotes a fractional

He®N) with 6 > 0 and € € (0,1) the same as above, independent of ¢t. Hence

Sobolev space W?(RY). The coefficient ax(x,t) in Example 1, given in section 7, is

zero for x = 0.

E2:  The space (X,d,m) is a (smooth) Riemannian manifold with Riemannian metric d,
Riemannian volume measure m and nonnegative Ricci curvature. The self-adjoint
operator A(t) satisfies 0 < c;Ay < A(t) < oA, for t € R, where Ay is the Laplace-

Beltrami operator defined on X and ¢, ¢y > 0.
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E3:  Thespace X is RY with a weighted L? inner product (f, g) r2(x) := (/v &, 9V/) r2wn),
where 0 < ¢; < ¢(x) < ¢y for constants ¢, and ¢o. We define the operator in (3.1)
by A(t)f = —@ SN 0, (0(x)as(,1)D,, f), giving the Dirichlet form &(f,g) =
Jan SN ai(@,8)0, f Ou,g $(x)dz. For 1 <i < N, the coefficients a;(z, t) are assumed

to satisfy 0 < a; < a;(x,t) < a;n on RY x R, where a;; and a;, are constants.

3.1 Assumptions, regularity and results

3.1.1 Assumptions on the Dirichlet form &

We assume that & is a strongly local, regular Dirichlet form on L?(X,m) for each t € R. By
strongly local, we mean &(f,g) = 0 when f is constant on a neighborhood of the support
of g. Also, a form is regular exactly when D(&) N C.(X) is: 1) dense in D(&;) with respect
to the norm (&(f, f) + ||f||%2(X))1/2 and 2) dense in C.(X) with the uniform norm.

We now restate assumption (D) as (D1). We fix a strongly local, regular Dirichlet form
& on L*(X,m), and we assume that D(&) = D(E) for all ¢ € R. The form & serves as the

reference form, meaning

al(f, ) &S, [) < ee(f, f) (D1)

for all f € D(€) and t € R, where the constants ¢; and ¢y > 0. As was stated in section 1.3,
the behavior of this reference form is linked with the behavior of the solution to (3.2) via
the intrinsic pseudo metric defined in the next subsection.

Throughout this chapter, we will apply 0; to &, and we will work with the resulting

object, hence we define the form derivative

(6tgt)(f7 g) = ]1L1£>I3-) (gt+h(f7 g) - 5t(f7 g)) /ha

and we define (92&;)(f,g) similarly. Now since Dirichlet forms have properties such as a
Cauchy-Schwarz type inequality, see (C-S) below, one might want to make the assumption

that (0,&)(f,g) is also a Dirichlet form, but this is restrictive since that would not allow
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(0IE)(f, f) < 0 for any f € D(E). To avoid this restriction, we assume that (9:&;) € C(R)

can be written as a finite linear combination of Dirichlet forms for ¢ = 1, 2, i.e., we assume

O1£)(F.9) =3 us€l(f9) (D2)

for i =1,2 and J > 1, where o, ; € R and |y ;| + g ;| > 0 for 1 < j < J. We assume each
form &/ is a strongly local, regular Dirichlet form having D(£7) € D(&;). Note that a, ; can

be negative.

Remark 3.1. In chapter 2, the Dirichlet form &, is defined via E(f, g) fRN a(x, )V f(x)-

Vy(x)dz. If a(z,t) were in C3(RY x R), then we would have (9/&,)(f,q) = EF*(f,9)/2 —
EX(f,9)/2 fori=1,2, where E''(f,g) == [on (|0ia(z,t)] + Oja(z,t)) V f(z) - Vg(z)dz and
EX(f.9) = Jan (10ia(z, )] = Oja(x, 1)) V f(z) - Vg(x)da.

Recall from section 1.1 that an energy measure form I; is defined via &(f,g) =
S « dU4(f, g). In proving the finite speed of propagation and in many other places throughout
this chapter, we will “apply” 0; to the energy measure form I';, and we will estimate the
resulting object 0;I';, which we call a form derivation. In particular, we will frequently need
local control over the total variation of &,I';. Let IV by the energy measure forms which
correspond to the Dirichlet forms Stj for 1 < j < J, and for i = 1,2, define the i-th form

deriwvation of the energy measure form I'; via

AOT)(f9) =Y aigdli(f,9)

Consequently, these definitions “coincide” with the limit definitions for time derivatives of

I';; see lemma 3.8 below. Now for ¢ = 1,2, we assume

ijl i [T (f, f) < ———=dTy(f, f), (D3)

(\t! + 1)

where c3, ¢4 > 0 are constants, f € D(€) and t € R. Note that “<” here means less than or

equal to as measures on X.
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Remark 3.2. Assumption (D3) generalizes assumptions (B2) and (B3) from chapter 2 via

remark 5.1.

Remark 3.3. In proving the existence, reqularity and finite speed of propagation for the
solution u to (3.1), we can weaken assumption (D3) to Z}]=1 \ai,j\df‘{(f, ) < coridly(f, f).

3.1.2 Requirements for the intrinsic metric p

Let £ be the reference Dirichlet form coming from the previous subsection, and let I' be its
associated energy measure form. As in section 1.1, we have D(E),,. = {f € L3 .(X,m) :

['(f, f) is a Radon measure}, and as in section 1.3, the form & has an associated intrinsic

pseudo metric p on X

plx,y) = sup{f(z) — f(y) : f € D(E)ioe N C(X),dU(f, f) < dm(x) on X}.

In the case when X = RY, m is the Lebesgue measure and dU'(f, f) = a(x)|V f(x)|* dx,
we see that p is the Euclidean distance d, if a(z) = 1. If a(z) < 1 in some open set U, then
p may be interpreted as a version of d that has been “stretched” in U, i.e., d(y, 2) < p(y, 2)
for y,z € U. Similarly, if a(x) > 1 in U, then points in U have been “compressed” together,
Le., p(y,2) < d(y, z).

We assume the topology induced by p is equivalent to the original topology induced by
d on X, guaranteeing that p is a metric and = +— p(x,y) is continuous on X. We assume
that for every x € X and R > 0, the p-ball Bi(z) := {z € X : p(z,2) < R} is relatively
compact in X. The relative compactness of the p-balls is equivalent to (X, p) being complete
via Sturm [38, Theorem 2].

Recall that m is the measure given with X. Let p(z,t; z, s) be the fundamental solution

of (3.2), where x,z € X and s < t. We have the estimate from Sturm [37, Corollary 2.5]

platiz,sPm (B2 @) ) (B s )

: Ve (3.3)
(-0 (14 Y
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where constants Cp,Cy > 0 and J > 2. We note however that (3.3) alone is not sufficient to

guarantee L2-decay for p. Hence, for R sufficiently large, we assume

where the constants €, C' and M > 0. In section 3.7, it will be shown that examples E1 -

< CR™, (S)
L2 (X)

[ B m(h() e (—%) dm(y)

E3 satisfy (S). Note that the LHS of (S) is an upper bound for ||p(z,t;-, S)Hiz(X) if we take

R? ~t — 5. We think of M as being the largest constant satisfying
M
”v(mvt)HL?(X) SC@E+1)74 Jloollpx (3.4)

for t > 1, where v(x,t) is a solution to (3.2) with data vg. In the special case where (3.2)
is v; — Av = 0 with X = RY, we see that p is the Euclidean metric on RY, meaning (S)
is satisfied with M = N if m is the Lebesgue measure. Furthermore, in this case, IV is the
largest constant satisfying (3.4) for ¢ > 1.

Fix 2o € X and let §,7 > 0. Define the set As(t) := {x € X : p(x,z¢) > (t+1)1+9/2} and

p(x,xo)Q

the function W,, = exp (’y £

). If (X, p, m) were N-dimensional Euclidean space with the
Lebesgue measure, then we would have m(B%(z¢)) < CRY and limy_, q(t) HW,Y_l ||L1(A5(t)) =
0 for any polynomial ¢(t). Many other triples (X, p, m) also satisfy these two properties. We

9

ask that (X, p,m) is not too “irregular,” which means we assume

lim ¢(t) HWW_

Jim 1HL1(A5(t)) =0 and m(B%(z)) < CRM (W)

for some xy € X, all 6,7 > 0, all R > 0 sufficiently large and all polynomials ¢(¢). In section
3.7, it will be shown that examples E1 - E3 satisfy (W). We regard m(Bf%(zo)) as a loss in
the sense that ||f||il(3%(a:0)) < m(Bh(zo)) ||f||i2(B%(m0)), but this loss is manageable since we

are assuming that M in (W) is the same as in (S) above.
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3.1.3 Regularity of the solution to (3.1)

Let A be the nonnegative definite, self-adjoint operator associated with the reference Dirichlet
form & from subsection 3.1.1. We introduce the Hilbert spaces H := D(E), V := D(A) and
W := D(A%?) equipped with their norms respectively

LA = W ey + €L F) NI = NI + A2 )

1F1 = IAIS + IAY2F ey
The standard theory of Lions and Magenes [21, chapter 3, section 8] gives:
u(t) € C([0,00); H) and  w(t) € C([0,00); L*(X)).
However, we need:
u(t) € C([0,00); V) and  w(t) € C([0,00); H).
Obtaining this better regularity solely from [21] requires the distributional identity

(A)f, 9)u = (f, Al)g)n, (3.5)

where f,g € V, which essentially requires the restrictive assumption that A and A(t)
commute for all ¢. We “recover” (3.5) via introducing the time-dependent Hilbert spaces
H(t) with common domain D(E) and equivalent norms ||f||§{(t) = HinZ(X) + &(f, f).

Consequently, we have

(A f, ) aey = (f, AD) g) He).-

Improving the regularity given by [21] will most likely require several strong, hard to
check assumptions. For instance, we do not expect that the set of eigenfunctions of A(%)

remains fixed as ¢t changes.
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Our results depend on the conclusions of Proposition 3.4 below, meaning that we are
not restricted to the particular hypotheses of Proposition 3.4; see appendix A for a proof of

Proposition 3.4.

Proposition 3.4. (Ezistence and regularity) Let (D1) - (D3) and the assumptions in
appendiz A.1 be satisfied. Then for any data ug € W and uy € V, there exists a unique
solution to (3.1) such that:

0= [[A(®)u(t) + w(t) + v (t)]| L2 (x), (i)

uy(t) € C([0,00); H) N L([0,T); V) and uy(t) € C([0,00); L*(X)) N L*([0,T); H), (i)

u(t) = ug + /Ot us(s)ds and u(t) =uy + /Ot Uss(8)ds (iii)

for all t € [0,00) and all T > 0.

Since w(t) € L*([0,T); V) for T > 0, we have u(t) € C([0,00);V) by the first part of
(iii). Also, observe that uy, is an L?(X) function, not just a distribution. This fact allows us

to apply the parabolic theory of Sturm [37].

3.1.4 Results for problem (3.1)

We assume that (D1) - (D3), (S) and (W) are satisfied. We also assume that the existence and
regularity from Proposition 3.4 hold. Then we obtain the following Theorem and Corollary

for data up € W and u; € V' with support in Bf (w) for some w € X and Ry > 0:

Theorem 3.5. (Diffusion phenomenon) Fort > 0, the solution u(z,t) to (3.1) satisfies

M
2|

lu(z, t) = v(@, Ol 2 < C (E+1)72 |l(uo,un) vy

where v(x,t) is a prescribed solution to (3.2). The constant C' depends on Ry and
1, Co, €3, 4y M coming from (D1) - (D3), (S) and (W).

Note that M is the same as in conditions (S) and (W). The prescribed solution v(zx,t) of
(3.2) will be shown to have the decay ||v(z, t)”ig(x) < C (t+1)"7 ||(ug, u1)||> ;- Combining

this property with Theorem 3.5 gives the following corollary:
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Corollary 3.6. Fort > 0, the solution u(x,t) to (3.1) satisfies:

lu(z, )72 < C (E+1)7% || (uosu) ||}y (i)
E(ulz, t),u(z, 1)) < C It +2) (t+1)72 1 [|(ug,un) |}y » (id)
ez, 6122 < C It +2) (¢ 4+ 1)7% 2 || (ug, w2 s (i)

where the constant C' depends on Ry and cy, ¢z, c3,cq4, M coming from (D1) - (D3), (S) and
(W).

Remark 3.7. Theorem 3.5 could potentially be strengthened. We would need an estimate
for E(p,p), where p = p(z) € H is the fundamental solution p(x,t; z,s) of (3.2) with x,t and
s fized. In principle, we might expect that €(p,p) would behave like ”Mi?(x) [(t—s).

3.2 Finite speed of propagation in metric measure
spaces

In this section, we prove the finite speed of propagation for u, and in section 3.4, we improve
on this finite speed of propagation. If (X, p, m) were N-dimensional Euclidean space with the
Lebesgue measure, then the cone energy Ex(¢,t;u) defined by (3.10) would be differentiable
for ¢ > 0, allowing us to prove the finite speed of propagation. In general though, Ex (¢, t; u)
may not be differentiable for ¢ > 0, but lemma 3.10 below guarantees that Ex(t,t;u) is
absolutely continuous, which is sufficient for proving the finite speed of propagation for w.
We now give standard energy inequalities. Define the energy and total energy,

respectively, as

1 1 1
B f) = 5 [ 0P dm(a) + SE(F D), Tolt £) = Esf) + 5 [ 1) Pdm(a).
X X
For any T > 0, the solution to (3.1) satisfies the following energy inequalities for ¢ € [0, T:
Te(t;u) < C(es, T) Te(0;u), (3.6)
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E(t;0u) < Cy(cs,cq,T) (E(0;00u) + Tg(0;u)) . (3.7)

Recall the spaces H,V and W defined in subsection 3.1.3. See appendix B for the proofs

of the following two lemmas:

Lemma 3.8. (Switching) We assume that (D1) - (D3) hold. Let g(x),h(z) € H, and
suppose f(xr) € HN L*(X,dl(g,g)). Then fori=1,2,

o [ savdom) = [ s o e o
b's b's
where Ty is the energy measure form associated with &, and 0T is the i-th form derivation
Of Ft'

The above lemma states that we may freely switch the time derivative and integrals

involving the energy measure form I';. Now we give an integration-by-parts formula:

Lemma 3.9. (Integration-by-parts) We assume that (D1) holds. Let f(x) € H N C.(X),
and suppose g(x) € H and h(x) € V.. Then

/X FdTu(g, ) + /X gdTy(f, 1) = 2 /X fg(A(®)h)dz, (3.8)

where Ty is the energy measure form associated with &, and A(t) is the operator in (3.1).

Let @ be any Dirichlet form and Q its associated energy measure form. An important
ingredient in the proofs of lemmas 3.8 and 3.9 is a “weak” integration-by-parts formula given

by Fukushima, Oshima and Takeda [6, Equation 3.2.15]

/X £dQ(g. 1) = Q(fg, h) + Q(Fh.g) — Qlgh. f), (3.9)

where f € D(Q)NC.(X) and g, h € D(Q) N L>®(X,m).
Let 2o € X, T > 0, and choose ¢? < %, where ¢y comes from assumption (D1). Define

the cone function k(z,t) := max{T —t —c p(z, x¢),0}, and note that x(z,t) € D(E)NC(X)

for each fixed ¢ since we are assuming the balls B%(x) are relatively compact; see Sturm [37,
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Subsection 1.5C]. Next, define the cone energy on the set U C X

1 2 2
B (11, ) = /M wla ) (Jule, t2)? + (e, 1)) dm(x) 10

1
_|_Z_l/Mm(x,tl)dFtQ(u(x,tz),U(%t2))v

where t1,%3 > 0 and u is the solution to (3.1).

Lemma 3.10. We assume that (D1) - (D3) and the regularity from Proposition 3.4 hold.

The cone energy Ex (t,t;u) is Lipschitz continuous in [0,T] for any T > 0.

Proof. Suppose t, > t; > 0. We have

|Ex (t2, t2;u) — Ex(t1,t2;u)|
<t -1 (3 [ (WP + u@P)dm(o) + 5 [ aruute) )

<C(cz) (t2 = t1) sup (luz, )||lm + [Ju(z, 1)]|12) -
te[0,T

by assumption (D1). Similarly
[Ex (1, t2;u) — Ex (1, t1; u)|
to
< / 0, B (b1, 5: )| ds (3.12)

t1

< C(T,cp,c3) (t2 — 1) sup (lule, )l a + llue(z, Ol + lue(z, )] 2) -
telo,T
by the switching lemma 3.8 and assumptions (D1), (D3). Therefore,
‘EX(tQ,tQ;u) — EX(tl,tl;u)] < (tQ - tl)C

for 0 < t; <ty < T via (3.11) and (3.12). Also, lim; ,o+ Ex(¢,t;u) = Ex(0,0;u). O

As a corollary to the preceding lemma, we see that the cone energy Ex (¢, ¢; u) is absolutely

continuous. Hence the classical derivative %Ex(t,t;u) exists for a.e. t € (0,7) and is
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Lebesgue integrable, satisfying
b d
Ex(t,t;u) = / d—EX(s, s;u)ds +Ex(0,0;u) (AC)
o ds

for t € [0,T7.

For tg € (0,T),let B(to) := Blp_, ) ,.(20), and let S(to) := {2 € X : p(2, mg) = (T'—1o)/c}.
Observe that the cone function k(z,t) = max{T —t — c p(x, zy),0} is differentiable at ¢ = ty
for any fixed € X\ S(to). Thus Ex\sq,)(t, to; u) is differentiable at ¢ = ¢, for any ¢y € (0,7'),

by dominated convergence, meaning

d 1
—Ex\sxt0) (t; to; w) = lim —— (Ex\s¢to) (¢, to; w) — Ex\s(to) (to, to; )
dt t=to t*}t+ t t()
) (3.13)
— EEB(tQ) (t7 t07 U)

t=to

for any ty € (0,T). Also, Egu)(t,to;u) = Ex(t,to;u) — Ex\se)(t, to; u) is differentiable at
t =to for a.e. tg € (0,7T), since Ex(¢,to;u) is differentiable for a.e. t € (0,7"). Therefore,

d 1
—E t,to;u = lim
s (to) (T, to; ) gttt E— T

(Eg(to)(t,to;u) — Es(to)(to,to;u)) =0 (3.14)

for a.e. ty € (0,7), since Eguy)(t,to;u) = 0 for t > ty via the fact that x(z,t) = 0 for
(x,t) € S(to) X [to, 00).

Let Q be the energy measure form associated with some Dirichlet form Q, and suppose
f € L3(X,Q(h,h)) and g € L*(X,Q(k,k)). The Cauchy-Schwarz inequality for energy

measure forms is

2
9dQ(h, k)
X

< /X F2dQ(h, 1) /X Q. k); (C-5)

see Fukushima, Oshima and Takeda [6, Lemma 5.6.1].
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3.2.1 Proof of the finite speed of propagation

Proposition 3.11. Let u(x,t) be the solution to (3.1). Assume that (D1) - (D3) and the
reqularity from Proposition 3.4 hold. Then u(x,t) has a finite speed of propagation with
respect to the intrinsic metric p, namely Ex(t,t;u) < C(T,¢c3)Ex(0,0;u) for 0 <t <T.

Proof. By (3.13) and (3.14), we have %EX(t=t05u)|t:to = %EB(to)(t7t0§u>‘t:to for a.e.
to € (0,T). By the regularity of u, the switching lemma 3.8 and dominated convergence,
limg .y, ﬁ (Ex(t, t;u) — Ex(t, to;u)) = %Ex(to,t;u)}t:to for all ¢y € (0,7). Thus, we see

LEx(t,t;u L (Ep) (t, to; u) +EX(t0’t;u))‘t:t0 for a.e. tp € (0,7). Replace the

)|t:t0 -

variable ty with ¢ to obtain

d 1 1
Lt tu) = — -/ (uf? + [ 2dm(z) — -/ dT (i, )

dt
B X X (3.15)
+/ K (u + ug) ugdm(z) + —/ kA (u, ug) + —/ kd (0,T) (u,u)
X 2 Jx 4 Jx
for a.e. t € (0,T). By the integration-by-parts lemma 3.9, with g = w; and h = u,
1 1
—/ rRdly(u, uy) = / rut(A(t)u)dm(z) — —/ udl (R, ). (3.16)
2 Jx b 2 Jx
By assumption (D3),
1
—/ kd (0T) (u,u) < 0—3/ RdL ' (u, u) < csEx(t,t;u). (3.17)
4 J/x 4 Jx

Observe 0 < }Lfs(to) dl's, (u(to), u(to)) < limy 4 - % (Esto) (¢, to; u) — Esrg) (to, to; u)) =
0 for a.e. to € (0,T) by (3.14), so we have

/ wdly (K, )
5(t)

for a.e. t € (0,7) by the Cauchy-Schwarz inequality. By the strong locality of &, we have

2
< / dFt(u,u)/ |ug)* dTy(k, k) = 0 (3.18)
S(4) S(t)

dl'y(k, k) = 0 on any relatively compact open set that is disjoint from supp(k) = B(t); see
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[6, Corollary 3.2.1]. Also, B(t) = S(t) U B(t) by Sturm [38, Proposition 1]. Thus

/utdft(m,u) / wdly (K, ) / wdly (K, )
X B(t) 5(t)

1 1 )

-/ dFt(u,u)—i——/ g2 T (1, )
2 Jaa) 2 JBa)

for a.e. t € (0,7) via (3.18) and the Cauchy-Schwarz inequality (C-S).

+

/ Ty (1, )

B(®)

(3.19)

IN

The constant ¢ in the cone function k was chosen so that dI'y(k,k) < codl'(k, k)
Aeadm(z) < 2dm(x); see Sturm [37, Sections 1.2B and 1.5C]. Therefore, |u,|* dTy(k, k) <
2 [ug|* dm(z) and

IN

1
iEX(t,t; u) < ——/ lu|*dm(z) + / K (u+ ug + A()u) ugdm(z) + csEx (¢, t;u).

via applying (3.16), (3.17) and (3.19) to (3.15). Since 2uu; < u? + u? and uy + A(t)u = —uy
in L2(X),
d

%Ex(t,t;u) < (1+c3)Ex(t, t;u)

for a.e. t € (0,7). Integrate in ¢ from [0,7] and utilize the absolutely continuity (AC)
of Ex(t,t;u). Then apply Gronwall’s lemma to obtain Ex(r,rmu) < C(T,c3)Ex(0,0;u),

completing the proof. O

Remark 3.12. Since uy(x,t) = ui(x) + fot uss(x, s)ds, we see supp(un(z,t)) N Bh(y) C
supp(ug(x,t)) N Bh(y) for ally € X and R > 0.

3.3 Improved decay in metric measure spaces

Recall that the energy for a function v is defined in section 2 as E(t;v) = L [, |v*dm(z) +
%&(v, v). The purpose of this section is to obtain the gains in the decay rates for components
of the energies in terms of u. These gains in decay are expressed in a weighted average sense.
The most significant change from chapter 2 is the application of the difference quotient
below.

The improved decay for the energy F(t;u) is proved in the following proposition.
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Proposition 3.13. Let u(x,t) be the solution to (3.1). Assume that (D1) - (D3) and the

reqularity from Proposition 3.4 hold. Forr >0 and 6 > 0,

T

/0 (t+ 1) E(tw)dt < Cl(uo, )32y + C / (41 ulZay dt, (3:20)

where C' depends on ¢y, c3 and 6.

Proof. We begin by taking the L?(X) inner product of equation (3.1) and 2u;. Then apply
assumption (D3) and get

C
0 (Il + €3, 0)) + 2wl ) = @) () < 2= i, ). (3.21)

Similarly, we take the L?(X) inner product of equation (3.1) and u to obtain
O ((ut ’ u>L2(X) + % ||U”%2(X)> = ||ut||i2(X) = &(u,u). (3.22)
Next, define the continuously differentiable function
V(8) = lonlagy + (o ) gy + 5 NulEagey + ).

Then combine (3.21) with (3.22) and add -2 Y (¢) to both sides. This gives

1
O VYO + Bt € — V() + ) — Bt (329
T 1 U ——— —c U, u) — yU). .
t+1 T+l t+170 ’
Notice that wyu > —1 (u? + u?), giving
0<Y(t). (3.24)
Similarly,
Y(t) < [lullzz +3E(t; ), (3.25)
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since wyu < 3 (u?+uf) and 2E(t;u) = ||U/t||i2(x) + & (u,u). Apply (3.25) and & (u,u) <
2E(t;u) to the RHS of (3.23) and obtain

0 y 0 2 39+2C3
YW +Y'() + Elt:u) < —— ||l —1) E(t: ). 2
ALYV O+ Bl < o il + (50 1) B, 629

Multiply both sides of (3.26) by the integrating factor (¢ + 1)? to see that

O ((t+ 1Y) + (t+ 1D)PE(tu)

39+2C3
t+1

(3.27)

<O(t+ 1)1 ||u||ig(X) +(t+ 1) < - 1) E(t;u).

Next integrate both sides of (3.27) with respect to ¢, from 0 to r. To complete the proof,
we estimate the integrals of the first and last terms of (3.27) by the initial data. Note that
(3.24) and (3.25), followed by assumption (D1) give

(t+ 1)V (1), = (r+ 1Y (r) = Y(0) >0 — <||uo|!iz(x) + 3E(0; u))
> — C(ca) ||(uo, ul)”?{xL?(X) :

Define Tj := max {0, 30 + 2¢3 — 1}. Then for all » > 0,

/Or(t L1y (M - 1) E(t;u)dt < /OTD(t + 1) (39;2103 - 1) E(t;u)dt,  (3.28)

t+1 t+

30+QC3
t+1

to the RHS of (3.28), obtaining

since —1 <0 fort > Ty. Apply the energy inequality (3.6) and then assumption (D1)

" 30 + 2c¢
[ e (B 2 1) Bt < Clea ) o) e
0

for all » > 0. Therefore, the proof of (3.20) is complete. O

The improved decay for HUtHi?( x) is proved in the following proposition.
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Proposition 3.14. Let u(x,t) be the solution to (3.1). Assume that (D1) - (D3) and the
reqularity from Proposition 3.4 hold. Forr >0 and 6 > 0,

T

/0 (1) el 22 ) d < C (o) s o) + C / (041 ulZay dt, (3.29)

where C' depends on ¢y, c3 and 6.

Proof. Add %E(t; u) to both sides of (3.21) to obtain

0+1 2
H—lE(t;u) + 0, E(t;u) < -2 HutHL2(X) +

0+ 1

3
t—l——l —575(“: U)

C
E(t;
<’u)+t+1

Next, bound & (u,u) from above by 2E(t;u), and then multiply both sides of the resulting
inequality by the integrating factor (¢ + 1)°*!. This gives

0 ((t+ D) E(t;u)) < =20t + D JullFaix) + (0 + 1+ 2¢3)(t + 1)°E(t; w).
Next, integrate both sides of this inequality with respect to ¢, from 0 to r, and note that
(t + 1) E(t;u) ‘::0 > —E(0;u).
To complete the proof of (3.29), apply the improved decay Proposition 3.13 to the term

Jo (0 + 1+ 2¢3)(t + 1)? E(t; u)dt, obtaining the last term on the RHS of (3.29). O

If A(t) were time-independent, then the proofs of the two following propositions would
follow directly from the proofs of Propositions 3.13 and 3.14 via applying 0, to (3.1). However,

the time-dependence in A(t) causes increased complexity in these proofs.

Remark 3.15. In chapter 2, the third time partial derivative of u exists. We however, do
not know that d3u exists for the solution u to (3.1). To bypass this deficiency, we employ
difference quotients. This makes the proof of the following proposition more technically

demanding than its analog in chapter 2.
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For h > 0, define the difference quotient operator D" by

th<t) — f<t+h})1_f<t)v

where f(t) is a function, an operator, or a form. Let u"(t) := Dhu(t) and A"(t) := D"A(t),
and define w(t) := u(t + h). From (3.1), we have

ul, +ul + A(t)u" + A"(t)w = 0. (3.30)

Proposition 3.16. Let u(x,t) be the solution to (3.1). Assume that (D1) - (D3) and the
reqularity from Proposition 3.4 hold. Forr >0 and 68 > 0,

| ¢+ 0B < Ol )y + € [ @10l i (33
0 0

where C' depends on ¢y, c3,cq and 6.

Proof. Define the functions

(c3)?

(t+1)2

1
Zy(t) = (@&)(w,uh), Y(t) = 2E(t;uh) + <u? , uh>L2(X) + 5 HuhHQLQ(X

Zl(t) =

gt<wvw)v ZQ(t) = (atgt)(uh’uh>’ Z3(t) = (afgt>(w7uh)7

o+ Za(t) + 224(8).

Also define the “difference” functions

= —2(03’)2 w, wy — U = Wy, U) —
Q:(t) = (t+1)2€t< Jwp—u"),  Qa(t) = (D"E) (wy,u") — Za(t),

Qs(t) == (D"0,&) (w,u") — Z5(t),  Qu(t) := (D"&) (w,u") — Zu(t),

Q(t) == Qu(t) +2Qx(t) + 2Qs(t) — Qu(t) — 2Q4(1).

Take the L?(X) inner product of (3.30) and 2ul to obtain

o) (ZE(t; uh)—|—2Z4(t)> = —2Q,(t) -2 ||u?H2LQ(X)+322(t)+2Q2(t)+223(t)+2Q3(t). (3.32)
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Similarly, take the L?(X) inner product of (3.30) and u” to obtain

1
0 (<u? ) o 3 Huhnigm) = o) — £ ) = Zult) = Qu(t). (3.33)

The left-hand sides of (3.32) and (3.33) sum to Y'(¢) — Z{(¢). Thus combining (3.32) with
(3.33) and adding Z2Y(t) + Q1(t) to both sides of the result gives

t+1
2
le;Y@)+}”@)+2£qu%
t+1 (3.34)
0+ 2 '
ZXITYU%+ZKQ—Qﬂﬂ+32ﬂﬂ+22ﬂ0—ZAO+Q@)
We proceed to estimate the RHS of (3.34) from above. First, notice that
/ 2 (03)2 h
Zi(t) = u(t) = — n T 2(t) + (E (&) (w, w) + 2 (w, u"))
) (3.35)
<%z + (€) g, uh)
Tt+1 2(t+1) Y
by assumption (D3) and 2&(w, u") < H%St(w,w) + 2L (u", u"). Next, assumption (D3)
gives
3 hoh
< . .
Zy(t) < = 15t(u ,u') (3.36)

For the Dirichlet forms & with 1 < j < .J, we have 2 |5tj(w,uh)| < €&l (w,w) + L& (uh,uh)

by the Cauchy-Schwarz inequality (C-S) with e > 0. Then with € = @%)2, we have

274(t) < Zt) + (& o) (3.37)

(ca)?(t +1)?

by assumption (D3). Similarly, with € = i%”l, we have

~ Z4(1) < Z2(t) + ZE ), (3.38)

Utilize (3.35) - (3.38) to estimate the RHS of (3.34) from above by

0
+2Y
t+1

T4 3) a4 Q) (3:9)

(t) + C (c3,cq) Z1(t) + (
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The following estimates hold:

2(03)2

0<Y(t), (3.41)
2 3 2
Y(t) < ||uhHL2(X) + 3 HU?HLQ(X) + 28, (u", u) + 22, (). (3.42)

The proof of (3.40) follows from the definitions of Z;(¢) and E(t;w). To show (3.41), note
Y (t) > E(u,ul) + Zi(t) + 2Z4(t) since ufu" > —3 ((u")? 4 (u})?). Similarly to (3.38),
we see —2Z4(t) < Zy(t) + E(u,u"), showing Y (t) > 0. The proof of (3.42) is essentially
identical to the proof of (3.41).

Apply (3.40) and (3.42) to bound (3.39), and hence the RHS of (3.34), from above by

0+2 12 0(03,04,9)
t+1 Hu HL2(X) (t+1)2 E(t;w>
1 (C(es.0) (3.43)
C3, h o, h h||?
Replace the RHS of (3.34) with (3.43) to obtain
0+ 2 1
T2V ) + Y () + =Bt
t+1 2
(3.44)

9+2 hl12 0(03,64,9) 0(03,9) 1 h
<< —E' . —\ ) = .
%11 ‘u HL2(X) (t + 1)2 (t; w) r+1 5 E(tu") +Q(1),

recalling that &(u®,u") + [|ul = 2E(t;u"). Multiply both sides of (3.44) by the

integrating factor (¢ + 1)%+? and integrate in ¢, from 0 to r. Then let h — 0. Observe that

22y

Q1(t) through Q4(t) approach zero uniformly on [0,7] as h — 07 because of the regularity
of u and &; and because of the fundamental theorem of calculus. Also, integration by parts

gives [ (t+1)772Q)(t)dt = (t +1)772Qu(t)|,_, — (0+2) [y (t+ 1) Qu(t)dt — 0 as h — 0.
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Therefore, [ (t+1)**2Q(t)dt — 0 as h — 0. By inequalities (3.41) and (3.42), we see

r

lim [ (t+41)%"2 (
h—0+ 0

0+ 2

o Y (t) + Y’(t)) dt = lim (t+1)°72Y(1)],_,

h—0t

2
> —C(c, e3) || (uo, ur) ||y -

Define Tj := max {0, 2C (c3,6) — 1}. Then for all » > 0,

< /OTO (t+1)0+2 <M — %) E(t; u;)dt,

t+1

(3.45)

since % — % < 0 for t > Ty. The RHS of (3.45) is bounded above by C(ca, c3, ¢4, 6)
[ (uo, ur)|[3,, ;; via the energy inequality (3.7) followed by assumption (D1). We therefore

have

2

" 0+ 2 C (c3,c4,0)
< 0+2 22 3 ) . ‘
< [Fr e (5l + S e ) a

"1
/0 L )P Bt )t — Clcay s, 0, 0) || (o )2

To complete the proof, apply (3.20) and (3.29) from the improved decay Proposition 3.13 to
the parts of the RHS involving F(t;u) and ||ut||%2( x)» respectively. This way, we get the last
term on the RHS of (3.31). O

Proposition 3.17. Let u(x,t) be the solution to (3.1). Assume that (D1) - (D3) and the
reqularity from Proposition 3.4 hold. Forr >0 and 68 > 0,

/ (t+ 1) w2 xy dt < C (o, w7y + C/ (t+ 1" ullagxydt,  (346)
0 0

where C' depends on ¢y, c3,c4 and 0.

Proof. Adopt the notation in the proof of Proposition 3.16, except define the functions

Y(t):=2B(tu") + Zi(t) +2Z4(t) and Q(t) := Q1(t) + 2Qa(t) + 2Qs(t) — 2Q(1).
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The LHS of (3.32) is equal to Y'(¢) — Z{(t). Thus adding ‘Z+3Y( ) + Q1(t) to both sides of
(3.32) gives

0+3
Y (1) + V(1) + 2 [ul |
24":; (3.47)
) Y (t) + Z{(t) — Qu(t) + 3Z5(t) + 2Z3(t) + Q(2).
Similarly to (3.37), utilizing € = ;% and assumption (D3), we have
L (la)f ho h
3()_t+1((63)2 1<)+gt(u7u) (3 8)

As in the proof (3.41) and (3.42), we have 2|Z4(t)| < Z1(t) + & (u",u"). Hence the following

estimates hold:

0<Y(), (3.49)

V(1) < [Juf |1 + 26", ut) + 22, (2). (3.50)

Estimate the RHS of (3.47) with (3.35), (3.36), (3.40), (3.48) and (3.50) to obtain

0+ 3
t+1

O(Cg, 0)

C(c3,¢4,0)
HL2(X) = t+1 (- 1)3

(t+1)3

A

Y(t)+Y'(t) + 2 |uf E(t;u") + E(t;w) + Q(t).

Multiply both sides of the above inequality by the integrating factor (¢ +1)°*3 and integrate

in ¢, from 0 to . Then let h — 0%, and observe that limy,_,o+ [; (¢ +1)*"3Q(t)dt = 0, as in

the proof of Proposition 3.16. By inequalities (3.49) and (3.50), we see

043

lim [ (t+1)" (t I

h—0t 0

Y(t)+Y’(t)) dt = lim (t+1)"73Y(t)

h—07t ‘t 0

> —C(ca, ¢3) | (w0, wr) [ -
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We therefore have

" 2 2
/ (t + 1)0+3 Hutt||L2(X) dt — 0(627 03) H(Uo, ul)HVxH
0

< /0 "1y (—Ot(cj”f)E(t; ) + —O((tci Cf)’f)E(t; u)) dt.

To complete the proof, apply the improved decay Propositions 3.13 and 3.16 to the parts of
the RHS involving F(t;u) and E(t;u;), respectively. This way, we get the last term on the
RHS of (3.46). 0

3.4 Weighted energy method in metric measure spaces

The purpose of this section is to show that dyu and 0?u essentially decay faster than
any polynomial outside of a ball; see the fast decay Proposition 3.20. This result is an
improvement on the finite speed of propagation from section 3.2. The most significant
changes from chapter 2 are that we must choose the weight W much more carefully and we
must work with the abstract energy measure form I';.

Fix some 2o € X. For R > 0, define fr(z) := (R — p(x,20))+ € HNC(X). Let
0 < x(s) <1 be a smooth cutoff function on R such that y =1 for |s| < R—1and y =0

for |s] > R. For 0 <y < 1 and r € R, we define

Py (r) == x(R—r)exp (’yM) :

We define the weight
W(a,t) = By (fal)). (351)

where R = R(T) is chosen large enough so that supp(u(t)) C Bl _,(xo) for ¢ € [0,T]. This

can be done since u has a finite speed of propagation in the intrinsic metric p and the

+1
t € [0,7T]. Since ®y(r) is smooth in r and $g;3(0) = 0, we have W (x,t) € H is bounded by

Fukushima Oshima and Takeda [6, Inequality (3.2.27)]. We also have W (x,t) € C.(X) with

initial data has compact support. Observe that W (x,t) = exp <7M> on supp(u(t)) for

support in Bf(zo) := {x : p(x,x9) < R}. Let h(z) € H, and since & is a regular form, we
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choose a sequence h,,(z) € H N C.(X) such that h,, — h in H as m — co. We claim

- p(xva)
/)(gdft(W,h)—/)(Zy —— Wagdly(fr,h), (3.52)

where g(z) € L?*(X). By the chain rule [6, Theorem 3.2.2], we have d['\(W,h,,) =
fﬁo Wdl(fr, hm) and dU,(W, W) = (27 (fﬁo W)2dUy(fr, fr). Since dUy(fr, fr) <
codU(fr, fr) < codm(z) via Sturm [37, Sections 1.2B and 1.5C], we have g € L*(X, dTy(W, W)

)ﬂ L*(X,dUy(fr, fr)). Thus (3.52) is valid with h,, instead of h because of [6, Lemma 5.6.1],

UngI‘t (W, hp } (fx g*dT (W, W) ) (fX Al (R, hn )) < o0, and similarly for the
RHS of (3.52). In a similar way, | [, gdI'y(W, hy,, — h)| and ’fX 22 fﬁo Wagdly(fr, hm — h)

— 0 as m — 0. Therefore, we have demonstrated (3.52).

We consider the weighted energy
Ew(t;v) := / W (2, t)|v|*dm(z / W(z,t)dl¢(v,v). (3.53)

Proposition 3.18. Let u(x,t) be the solution to (3.1). Assume that (D1) - (D3) and the

) - (
reqularity from Proposition 3.4 hold. Let v in (3.51) be such that 0 < v < % Then for
t>0
Ew(t;u) < (t+ 1) Ew(0;u).

Proof. By lemma 3.9 with W = f, u; = g and u = h,

/WdFt Ug, U /utdFt(Wu —2/ Wu(A(t)u)dx = —2/ Wy (uy + uy)de.
X

Hence,

d
—Ew(t;u) /Wt|ut|2da:+ /WtdFt u, U —2/ W || da:'—/ udly (W, u)

dt
(3.54)
—|—§/XWd(8tFt)(u,u).
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Apply (3.52) to — [ uy dT'y(W, u), and observe

T, T
9 /Xﬂypi+10)WutdFt(fR,u)

w T,
S/ — || *dTy(fr, [r) +/ 0272quFt(u w)
supp(u) €2 supp(u) (t+ )

S/ W|ut|2dx—627/ WidDy(u, ),
X b

for t € [0,T] by the Cauchy-Schwarz inequality (C-S) and the fact dT'(fgr, fr) <
codl(fr, fr) < codm(z); see Sturm [37, Sections 1.2B and 1.5C|. Also, note that W; =

— fﬁo) W on supp(u). Since 0 < v < i and W; < 0 on supp(u), we estimate the RHS of

(3.54) from above by 1 [, Wd(8,Is)(u, w). We thus conclude

d C3
—Ew(t;u) < t;

by assumption (D3). Apply Gronwall’s lemma. ]

For h > 0, recall the difference quotient operator D" by D" f(t) = w, where f(t)
is a function, an operator, or a form. Also recall that u”(t) = D"u(t) satisfies ul, + ul +

A(t)ul + A" (t)w = 0, where w(t) = u(t + h) and A"(t) = D" A(t).

Proposition 3.19. Let u(z,t) be the solution to (3.1). Assume that (D1) - (D3) and the
reqularity from Proposition 3./ hold. Let «y in (3.51) be such that 0 < y < %. Then for
t>0

Ew (t;up) < Cles,ea) (E+ 1) (Ey (0;u) + Ew (0;w)).

Proof. Choose W such that W = exp (7%?2) on supp(u(t)) for t € [0, 7 + h|. Define the

functions

ZMt, ) : /Wxtd(ar Y (), w(t)), Zi(t,s) :—/XWt(x,t)d(asl“s)(uh(t),w(t)),
Z(t.s) : / W (e, AT )W (1), w(t)),  Zi(t,s) = /X W (e, O)d(D.0) (™ (1), wilt)),

28t = | mpfﬁ?)vv(x,t)u?<t>d<asrs><fR,w<t>>,
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and note that they are continuous is ¢ and s by lemma 3.8, the continuity of W and the
regularity of u. For i = 1,...,5, define Z;(, s) to be the same as its corresponding Z"(t, s),
except where w, u”* and ul are replaced by u, u; and uy, respectively. Then by the regularity
and compact support of u, the boundedness of W and assumptions (D1) and (D3), we have
ZMt,s) — Zi(t,s) uniformly in h, without regard to t or s, for i = 1,...,5. For example,

with 1 < j < J, the Cauchy-Schwarz inequality (C-S) gives

2

/T/V:Etalf‘J RE) =y (t), u(t))
/ W (o, £)2dTS (1) — n(£), u(2) — (1)) / T (u(t), u(t))

X

<C(W, ez, e3)[[u (t) — ()3 llu(®)II3

t+h

and the RHS converges uniformly in h because u(t) — w,(t) = & [ wi(s) — w,(t)ds and

u,(t) is continuous in H. For i = 5, we utilize the compact support of u and [ |u}'(t) —

(O PdT(fry fr) < [Juf(t) — wa (D)2 (x
By lemma 3.9 with W = f and u? = g,

/ Wdr,(ul', u / hdl, (W, " / Wul(A(t)u")da

=— 2/ Wul (ul 4+ ul + A"(tH)w)dw,
b

where u" and A"(t)w are the same as in (3.30). Hence as in the proof of Proposition 3.18,

we have

d C3 h h ph
—F ——Ew(t; -2 A . .
7 w(t;u) < | wt;u) /XWut (t)wdx (3.55)

By lemma 3.9 and (3.52),

2 /X Wb (A" (£)w)dz — /X Wd(DT) (i, w) — /X QW%Wu?d(Dth)( Fr )

1 t+h
=— E/ Z0(t, s)ds.
t
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Also,

, , d /1 [th . 4 1 [tk ,
/X Wd(D"Ty)(uf, w) = — (E /t A s)ds) _ZE /t ZM(t, s)ds.

We rewrite (3.55) as

d : d
S Ew(tiu) < - C+31 (t;uh) + Z ZIt1) = Z 21t 1) + Q). (3.56)

where Q(t) = 30, (h SR gh(t, s)ds — ZM({, t)) 4 (% gt s)ds—Zf(t,t)).
By assumption (D3), the Cauchy-Schwarz inequality (C-S) and the inequality —W; =

(ww0)? w2
YW S e

on supp(u), we see

Cles)

21(4.0)] < 3Ew(tsu) + 5 s (),
\Zo(t )] gHLlEW@;ut C 33/ WAL, (u, )
220,0) < iy Bwltin) + iy ce Bt 1Ze0] < 22 Bt
Furthermore, since dU'y(fr, fr) < codm(z) and v < ﬁ, we obtain
260601 < 72 | Wl P ) + ', )
< H%EW( ﬁ/xw%m(u u

We observe that Ey (t;u), [ W?dL(u,u) and [, W?3dly(u,u) are bounded from above by
(t + 1) Ew(0;u) via the first weighted energy inequality Proposition 3.18 because v < 662
and W(z,t) = exp (7%) on supp(u(t)). Therefore, S0, |Z;(t,t)| < 2ad3 By (5 ue) +
Cles, ca)(t + 1) 2By (0;u), and |Z:(t, )| < 2Ew (tu) + Cles)(t + 1) 2By (0; w).
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Integrate (3.56) in ¢ from [0,7]. Then take h — 0%, and notice that [ Q(t)dt — 0 as

h — 0% by the uniform convergence of the Z. Hence, the above bounds for | Z;(t,t)| give

1 "3c3+ 3 L 3
§Ew(7’; Ur) S / t3—|— 1 Ew(t U,t)dt + 01 (Cg, C4)(t + 1)03 QEw(O; u) + §Ew(0, Ur).
0

Apply Gronwall’s lemma to complete the proof. O

Define the set A;(t) = {x € X : p(z,m) > (t + 1)1/} for § > 0, where

7o does not vary. Fix the constant v such that 0 < 7 < -1, and define Kj(t) :=

6co?

_~ P@.w0)?

i) Ag(t) €T ( ’yt+—1> dm(zx). We are now in the position to show that d,u and 9?u essentially
decay faster than any polynomial on As(t), i.e., for i = 1,2, we have the following estimate

via Holder’s inequality:

1|2 2

i 2
Hat“HLaAa(t» = H <W> La(45(6) (3.57)

| (Vi) ot

L3 (As(t)Nsupp(u(t)))
<K;5(t) Ew(t; 0, 'u),
where W is the weight function defined in (3.51). Recall that W = exp (7”(3;—?)2> on
supp(u(t)) for 0 < t < T, where the choice of T" may be arbitrarily large. By the weighted
energy Propositions 3.18 and 3.19, we see that the weighted energy FEy can grow at a
polynomial rate in t. We overcome this polynomial rate of growth via the first part of
assumption (W), i.e., limyoo () W14, = O where g(t) is any polynomial. In
particular, Kj(t) decays faster in time than any polynomial ¢(¢). Hence by (3.57), the
weighted energy Propositions 3.18 and 3.19, and assumption (W) we have proved

Proposition 3.20. (Fast decay) Let u(x,t) be the solution to (3.1). Assume that (D1) -
(D3), (W) and the regularity from Proposition 3.4 hold. For § >0, 0 < v < % and t > 0
large enough,

I9;

2 2
u||L;(A5(t)) <C Ké(t)l/z [ (o, w) |5 g » (3.58)

where i = 1,2, and the constant C' depends on ¢y, co, c3,cq, Ry and 9.
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Therefore, dyu and 9?u are essentially confined to the ball As(¢)°. The second part of
assumption (W), namely m(Bf(z¢)) < CRM for R sufficiently large, allows us to capitalize
on this fact. We obtain the complementary estimate to the fast decay

loul; < 1A@° o

<O (t+ 1) || ol (3.59)

L(As(8)°) “Hm (As(t)°) 5(H)°)

for t > 0 large enough and i = 1, 2.

3.5 The representation of the difference between solu-
tions of (3.1) and (3.2) in terms of the fundamental
solution of the parabolic problem (3.2)

From Sturm [37], with s < ¢, let T and S’ be the transition operators associated with the
parabolic and coparabolic operators 0;+ A(t) and 9, — A(t), respectively. Also, let p(z,t; z, s)
be the fundamental solution to problem (3.2). Note that we use a slightly different notation
for p. From [37, Proposition 2.3], we have that p(z,t; z,s) is the kernel of the transition
operator T7, and for f(z,r) € L'(X) + L>®(X), with s < t and r € R, we note that

TP f(a,r) =17 (f(x, 7)) = (p(2,t; 2, 8), [(2,7) 2(x)- (3.60)
By the contraction properties of 77 in [37, Section 1.4 C], we have
TN L2y r2 ) < 1 (3.61)
Additionally, if t — s is large enough, then
1T s poxy < C (E—5)7F (3.62)

by condition (S) and [37, (2.20.a) and Corollary 2.5]. There is a solution to (3.2) of the form

v(x,t) = T ug. (3.63)
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Proposition 3.21. (Integral identity) Let u(x,t) be the solution to (3.1), and assume that
the reqularity from Proposition 3.4 hold. Then fort > 0

t
u=uv- / Tiussds (3.64)
0

holds in the L*(X) sense, where v(x,t) is the solution to (5.2) rewritten as in (5.63).

Proof. By Sturm [37, Proposition 2.3], we see p(z,t;z,s) solves the coparabolic problem
A(s)*v(z,s) = —0sv(z,s) on X x (0,7), with 7 < t. Recall A(s) is self-adjoint. Thus

w(T) == ((p(:c,t;z,5),u(2,5)>L§(X))E:0 - /OT Es(p(z,t;2,8),u(z,s))ds

- / <p($, t; 2 8)7 US(Z, S)>L§(X)d5
0

=0

by [37, Section 1.4 A, Remark iii]. The two integral terms in w(7) are equal to
Jo (p(z,t; 2, ), uss(2, 8)) 2(x)ds since u is an L*(X) solution of (3.1). Hence we conveniently
rewrite w(7) = Ty u(x, ) —Tug+ [, Tfussds via (3.60) since uy € L*(X) C LY X)+L>(X).

Let w := u(x,t) — T up+ f(f TFussds. To complete the proof, we will utilize the convenient
form of w(7) to show that ||W||ig(X) = lim,_,;— (w(7T),w) 2(x), noting that the RHS is zero.
Observe that w(7) and w € L*(X) since T3 2y p2xy < 1 and u, uy € C([0, 00); L*(X)).
Thus we also see that lim, - [ Tfusds =[5 Tfugds in L2(X). Now by [37, Lemma
1.5], with # = L*(X) and St = S’, we have (T u(z,7),w)2(x) = (u(z,7), Stw) r2(x) —

(u(x,t),w)r2(x) as 7 — t~, completing the proof. O

3.6 The diffusion phenomenon and decay for problem

(3.1)

We now prove our main theorem via combining the improved decay and weighted energy

methods with the representation for u given by (3.64).
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Proof of Theorem 3.5. In assumptions (S) and (W), on page 41, we take R to be t'/2C for
some constant C' > 0. Thus (S) and (W) are valid only if ¢ is large enough. Hence, we
assume t > Ty for some Ty > 1 large enough. Note that for 0 < ¢ < T}, the energy inequality
(3.6) gives

e, Oy < Ces To) oy ) gy - (3.65)

Also, the transition operator estimate (3.61) gives
2 2 2
[v(z, )l[720x0) = ITFuollz2xy < C lluoll72(x -

Therefore, |u(z,t) — v(a:,t)||ig(X) <C ||(u0,u1)||quL2(X), and Theorem 3.5 is verified for

t < Ty. Now, for t > Ty, define the function

V(O i= [ (54" fule,s) = ole ) g ds.

To

which has continuous derivative Y'(t) = (¢t + 1)# |u(zx,t) —v(x,t)“%z(X) ds via the

regularity of u and Sturm [37, (1.19)]. Also define the functions

t t
Z0(t) = / (5 + 1) "5 u(, 5)[ 22 ) ds and Za(t) := / (5 + 1) s, ) 2o s .

In the integral identity (3.64), subtract v(z,t) from both sides, and then apply ||-||iz(X) to

obtain
t+ 1Y) <C (t+1)2 (I + 1),
where [ ':‘ft/2T5u ds”2 and [ ':‘ft Tsu d5)2
1 - 0 t Wss L2(x) 2 - t/2 Tt ss L2(X).

For I, the transition operator estimate (3.61) gives

t 2 t 2
B ([ imutigds) < ([ ot sl )
t/2 t/2
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and the RHS is bounded from above by C' (t + 1)f;/2 || uss(z, s)||iQ(X) ds via Holder’s
inequality. Thus

t
u+n¥hscww2+n%”/ lttss(@, )| 72y ds < C Za(t).
t/2

Now we address ;. Observe that the transition operator estimate (3.62) gives

t/2 M i
I < / Ct — ) Juss(a, 8)ll s ds
0
2

To t/2
M
<C(t+1) (/0 HUSS(x:S)HLI(X) ds +/T HUSS(an)HLI(X) ds> 5
0

sincet > Ty > 1. For s < Ty, the finite speed of propagation and the second energy inequality
(3.7) give [te(, )|y < Clez Boy M) [tz )l 120 < € N(utoy )y pr- By Holder's
inequality,

2
< Ytgz [ttas (2, )] 1) ds> < ;{2(5“)—% ds 7{[{2(3+1)3 [ uss(, $)[|71(x) ds, and for s > Ty,

the fast decay Proposition 3.20 and the complementary estimate (3.59) with § = ﬁ give

M

letas (2, ) [ ) < Ka()2 C (o ) gy + € (54 D)%% Juaas (2, 9) [T aepey -
Hence, since Kj(s) decays faster than any polynomial as s — oo,
(t+ D)2 1L <C Zo(t) + O (o w)l[3
Therefore, combining the estimates for I; and Iy, we see
(t+ 1Y (1) < C Za(t) + C || (o, 1) [}
The improved decay Proposition 3.17 with § = @ gives

(t+1)2Y'() < C Zi(t) + C |(uo, w3 s
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where the constant C' depends on cs, c3, ¢4, M and Ry. Then

t

Zi(t) <C |[(uo,wd)[yy + C YO +C | (s+1)7F [[u(x, )]}z, ds

To

<C |[(uo,w) [ +C Y (t)
by (3.6) and (3.62). Therefore,
(t+1D)2Y(1) < C |l(uo,w) [ +C Y ().
To complete the proof, apply Gronwall’s lemma. n

We now prove the corollary to our main theorem.

Proof of Corollary 3.6. To prove i for t < Ty, apply (3.65). For ¢ > 1, utilize the diffusion
phenomenon Theorem 3.5 and (3.62) applied to (3.63).

To prove (ii), let § = %7 and notice that

(t + D)0 (u(t), u(t)) — & (ug, uo)
:/0 9, ((5 + 1)1 (u(s), u(s))) ds

<0 +2) /0 (s +1)°E(u(s), u(s))ds + /0 (5 +1)772E (uy(s), us(s))ds

via 2 |E(u(s), us(s))| < w + (s + 1)E(us(s), us(s)) Apply assumption (D1), and then

the improved decay Propositions 3.13 and 3.16, respectively, to the first and second terms

on the RHS and get
t
(t+ DE(u(t), ult) < C (w0, w)llyy + C/O (s + 1) flu(s) 172 x) ds.

Then use part (i) of this corollary to complete the proof of part (ii).
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To prove (iii), repeat the proof of (ii) with § = &, except estimate (¢ +1)7+? ||ut(t)||i2(X)
instead of (t + 1)°F1E(u(t), u(t)). Similarly to above,

2 2
(t+ D7 a2 ) = el
t

t
<(0+3) /0 (s + 1) ug(8) 720y ds + /0 (5 4+ 1) s () | 2 x) ds-

Apply the improved decay Propositions 3.13 and 3.17, respectively, to the first and second
terms on the RHS, and then use part (i) of this corollary. O

3.7 Examples

We now give the details for examples E1 - E3 described in the introduction of this paper.
In our first example, we create a nonnegative definite, self-adjoint operator A(t)f :=
—Z?;l Oy, (a;(2,1)0,, f) on L*(RY) with N > 2 such that ay(0,¢#) = 0. We note that
A(t) is not separable, i.e., we cannot write A(t) as f(t)B, where f(t) € R and B is a
time-independent operator. We show that Theorem 3.5 is applicable, with M = N.

In our examples, we will show that all the necessary conditions required to ap-
ply Sturm (3.3) are satisfied, including two major conditions. These two conditions
are the doubling property m(B5 (z)) < 2/m(B?(z)) and the Sobolev-type inequality
(fB;’(m) |f|‘72%2dm(y)>T < CSW;)W (pr dU(f, )+ Jae(m r‘2f2dm(y)), where z €
X, r >0, the constant Cs > 0 and f € D(E) N C.(B?(x)). Observe that (UP) and (SUP)
in [37] are satisfied via (D1); see remarks (i) and (ii) in [37, subsection 2.2].

Example 1. Let N > 2. For x = (21, 2s,...,2x) € RY, define 2’ := (19,...,2y5) € RV 7L
For y € RN! define 0 < x(y) < 1 to be a smooth cuttoff function such that x(y) = 0 for
|y| <land x(y) =1for |y| > 2. Fori =1,...,N — 1 let a;(z) := 1, and let 2ay(x) :=

2+1 + x(z )

Consider the reference form

dg
f g /]RN Zl 1 1 axl )axl(l')dflf,
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for f,g € H'(RY), and note that this form is closed in H*(RY) via the Friedrichs extension
method over L?(RY) since the coefficients a; € C*(RY). Hence £ is a Dirichlet form. The
operator A associated with £ satisfies Af = — SV 8%1_ (al(x)%(x))

Without loss of generality, we assume N = 2, and now create the operator A(t). For
71 € R, let 0 < xi(71) <1 be a C3(RY) cuttoff function such that y;(x;) = 0 for |z, < 1
and yi(z) = 1 for |21] > 2. Then define k(z1,t) = Foxi(z1), B(t) == (1 + k(z1,t))A,
C(t) == (gf (xl,t))a%l and A(t) := B(t) + C(t).

We note that A and A(t) are uniformly elliptic away from z = 0. Hence, one may expect
that the intrinsic metric p behaves like the Euclidean metric at large scales. Similarly, one
may expect that v, the solution to (3.2), behaves as if A(t) were —A. Thus we expect M in
Theorem 3.5 and Corollary 3.6 to be exactly N.

We now verify that the conditions required to apply Theorem 3.5 are met, and then we
show M = N. Clearly & satisfies (D1), and it also satisfies (D2), (D3) because we can
separate W(xl,t) into its positive and negative parts to create new Dirichlet forms. Also,
| (DLA(t ))fHL?(]RN < CE)(JJAfI3. 2@y FE(Sf; f)) fori = 0,1,2, so assumption (A1) is satisfied.
Observe that || A(# )f”m RN) = > 51IB(t )f”p RN) —IC®) 172 (RN) = %HAJCH%%RN) —CiE(f, 1)),
meaning (A2) is satisfied. We note that A(t) satisfies (A3).

The forms € and & are closed in H?(R") via the Friedrichs extension method over
L*(RY), and C>*°(RY) is dense in H?*(RY) endowed with the H norm. Hence these forms
have the same closure over C®(RY), giving us that these forms are strongly local and
regular. Similarly, C>°(R") is dense in D(A) = V. Furthermore, C>*(RY) C W, meaning
the containments W CV C H C L?(X) are dense. Also A(0) = A.

Recall that we are assuming N = 2 without loss of generality. As in Hérmander [7, (1.6)],
X5 23l 0 — x@2) 0 g

we write A = X? + X2 + X2 + Xo, where X; = 83@ s Xo = 57 e X3 = X750,
Xo = —x(@a)x(w2) £ are C vector fields. Let [|£]1> := 22, X, f112a g+ /1 22(as, and
A := supyecs el e f(2)g(x)dx|/|[|g]|]. Then since X; and the commutator [X, X
span the tangent space at each z € R? we apply [7, (3.4)] with K := m C R?, ie., we
apply

1f]

ey < CA+ XS (3.66)
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for all f € C°(K) and some constants C' and € > 0. Notice that integration-by-parts

followed by Holder’s inequality gives

0

. f(@) 5—(x(z2)X (x2)g(x))dx

2
81‘2

| af@gtads

<Cy | fll2@ey (gl 2@y + [ X9l 22

for g € C°(R?). Hence if f € CX(K), then ||| Xof||| < Co ||f]l12, meaning || f]|gege) <
Cs ||| f]]| by (3.66). Therefore if h € C°(R?), then ||Al|gerzy < Cu||[h]]| = Cu(E(h, k) +
HhHQLQ(Rg))l/2 since A is uniformly elliptic on R? \ B3(0) and B3(0) CC K.

Consequently, the intrinsic metric p is the same as the metric in Fefferman and Phong
[3], Fefferman and Sanchez-Calle [4], Jerison and and Sanchez-Calle [16], and Nagel, Stein

and Wainger [25]. Thus we have the local estimate
1 €
alt =yl < ple,y) < Clz =y, (3.67)

so p generates a topology on R? that is equivalent to the Euclidean topology, and (X, p) is
complete, meaning BR(z) is relatively compact for each # € R? and R > 0. Furthermore,
the intrinsic metric p satisfies a doubling property and a Sobolev-type inequality; see Biroli
and Mosco [1, Page 133], and see the references therein.

Observe that A < —A on L*(RY), so

lz =yl < p(z,9) (3.68)

for all z,y € R?*. Thus Bi(z) C Bg(z) for all z € R? and R > 0, meaning the second
part of (W) is satisfied with M = N (= 2). From (3.67), we see p : R? x R* — [0,00) is
continuous. Hence p(a,b) < R, for some constant Ry > 0 and all a,b € B3(0). Let L(z,y)
be the Euclidean line from x to y. Then since —3A < A for € R?\ B;3(0), we have
plz,y) < V2|z —y| if L(z,y) N Bs(0) is empty. Suppose 21,2 € L(z,y) N dBs(0), where
z,y € R%. Then p(z,y) < p(x, 21) + p(21, 22) + p(22,y) < v2|z —y| + Ry. Thus

Br(x) C B\%R+R1 (x) (3.69)

71



for all z € R? and R > 0. Therefore, (S) and the first part of (W) are satisfied with M = N
(= 2) via (3.68) and (3.69).

In our second example, we construct an operator on L?(X), where X is the cylinder

RY x S1. We show that Theorem 3.5 is applicable, with M = N.

Example 2. Let X be the cylinder RV x S!, which is a Ricci-flat Riemannian manifold
since the sectional curvatures are 0. We assume the self-adjoint operator A(t) satisfies
0 <Ay < A(t) < uAgon LX) for t € R, where Ay is the Laplace-Beltrami operator

defined on X. Hence we take the reference form to be

E(f.g) = /X Vaf(2) Vag(a)dm(z).

where Vg is the gradient on X. Therefore, the intrinsic metric p is exactly d, meaning
that M in Theorem 3.5 and Corollary 3.6 is exactly N, assuming A(t) satisfies the necessary
conditions. Notice that constructing such an A(t) is not difficult, e.g., we could have A(t) f :=
—Va- (£ +Ek0))/(t* + 2k(0))Vaf(z)), where k() > 0 is a smooth function for § € S

Since the Ricci curvature of X is nonnegative, we have that the intrinsic metric p satisfies
a doubling property and a Sobolev-type inequality; see Saloff-Coste [35, Inequality (14) and
Theorem 3.1].

In our third example, we construct an operator on L*(X) = (f/¢, gv/) r2~). We show
that Theorem 3.5 is applicable, with M = N.

Example 3. Let ¢ € C3*(RY) have bounded derivatives and satisfy 0 < a; <
o(x) < ag for z € RY, where ai,as are constants. Consider the weighted L2-space
on RY with inner product (f,g)r2cx) = (fvV®,9vV®)r2@wv). We define the operator in
(3.1) by A(t)f = —@ SN O, (¢(2)as(x, )0y, f), giving the Dirichlet form &(f,g) =
Jan SN ai(w,8)0p, f Ou,g plx)dr. For 1 < i < N, the coefficients a;(z,t) € C3(RY x R)
are assumed to have bounded derivatives and satisfy 0 < a;; < a;(x,t) < az on RN x R,
where a;; and a; are constants. Since ¢ and a; are bounded above and below by positive

constants, we see that the intrinsic metric p is equivalent to the Euclidean metric d on
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RY. Therefore, M in Theorem 3.5 and Corollary 3.6 is exactly N, if for instance the time
derivatives of a; decay sufficiently over time. We also note that the intrinsic metric p satisfies
a doubling property and a Sobolev-type inequality; cf. Biroli and Mosco [1, Pages 132-133],

and see the references therein.

Remark 3.22. In example 3, with more careful analysis, it may be possible to consider a

more general weight ¢(x) belonging to the Muckenhoupt class As.
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A Existence, uniqueness and regularity for the solu-

tion to (3.1)

Appendix A is devoted to proving Proposition 3.4, conveniently restated below; this shows
existence, uniqueness and regularity for the solution u to (3.1).

Let A(t) and A be the operators associated with the Dirichlet forms &; and &, respectively.
As in subsection 3.1.3, we have the Hilbert spaces H = D(E), V = D(A) and W = D(A3/?)

equipped with their norms respectively

ANz = 122y + €D WA = 1A + HAF 2 -

116 = 11 + A2 -

We include the proof because we need higher regularity than what is available via the

standard theory of Lions and Magenes [21, chapter 3, section 8]. They prove
u(t) € C([0,00); H)  and  wu(t) € C([0,00); L*(X)),
but we need
u(t) € C([0,00); V) and  w(t) € C([0,00); H).

Obtaining better regularity solely from [21] would essentially require (A(t)f,g)y =
(f, A(t)g)m, which is not generally the case. To recover this identity, we introduce the

time-indexed Hilbert spaces H (t) with common domain D(€) and equivlent norms

1 ey = I F 12y + ELF ).

Consequently, (A(t)f, 9)uw = (f, A(t)g)nw)- Also, the Galerkin method we employ avoids
the need to mimic the technical proofs of regularity in [21], which would be further

complicated by the presence of H(t).
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Improving the regularity given by [21] will most likely require several strong assumptions,
and checking that these assumptions are satisfied may not be feasible in practice. For
instance, suppose for the moment that the operator A(t) has the same set of eigenfunctions
for all t € R, and also suppose that those eigenfunctions form a complete orthonormal
set for D(A). Then we can improve the regularity of the solution w given in [21] via the
standard technique of revisiting and strengthening the Galerkin approximation procedure

that generated u.

A.1 Additional conditions

We assume D(A) = D(A(t)) for all t € R and D(A%?) C D(A(0)%*?), and assume each

containment in W C V C H C L*(X) is dense. We introduce the forms

a(t; f,g) = (A@) f, A(t)g) L2 x) + E(f,9)  and  b(t; f, 9) = E(f, 9) + (f, 9) L2 x)-

These forms are used to generate approximate solutions to (3.1). We assume the maps

t — a(t;-,-) and t — b(t;-,-) are twice and three times continuously differentiable on R,

'y

respectively. Similarly to Lions and Magenes [21], we assume

O (A f, A1) 2(x) | < Cu(T) IF1ly Nlglly (A1)

AT) Iy < AT N1l + IA@) N2 x) (A2)

for t € [0,T] with f,g € V and k = 0,1,2, where 7" > 0 may be chosen arbitrarily and
a(T) > 0, Cr(T),\(T) > 0. We also assume

At)f € C(R; L*(X)) (A3)

for f € V, allowing us to show wu(#) is continuous in L*(X).
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A.2 Statement of the main proposition

Define the Hilbert spaces V = L*([0,T];V), H = L*([0,T]; H) and V' = L*([0,T]; L*(X))

with inner products (~, '>v’ (-, )H and (~, ')v" respectively.

Definition A.1. We say that f(t) € V has a weak derivative g(t) € V and data f(0) if

(f,¢)y, + (9,9)), = = (£(0),6(0))y,

for every ¢(t) € C((=T,T); V). Similarly, f(t) € H has a weak derivative g(t) € H and
data f(0) if

for every ¢(t) € C*((=T,T); H).

Since C2°((0,7T); V') is dense in V, we see that weak derivatives in V) are unique up to the
data and sets of measure zero in t. Similarly, weak derivatives in H are unique up to the
data and sets of measure zero.

For convenience, we restate Proposition 3.4 as

Proposition A.2. Let (D1) - (D3) and (A1) - (A3) be satisfied, and let T > 0 be arbitrary.

There ezists a unique solution to (3.1) such that:

0 = ||A()u(t) + u(t) + uw(t)|| r2(x) for t € 0,77, (i)
w; is the weak derivative of u in V with data g, (ii)
Uy 18 the weak deriwative of uy in H with data uq, (iii)
t
u(t) = ug +/ us(s)ds € C([0,T); V), (iv)
0
¢
w(t) = uy +/ uss(s)ds € C([0,T); H), (v)
0
un(t) € C(0,T): (X)), (vi)

The remainder of this appendix is separated into subsections each handling different

aspects of the proof of Proposition A.2.
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A.3 Approximate solutions to (3.1):

We begin with the Faedo-Galerkin method; cf. Lions and Magenes [21, page 267]. Recall
that ug,u; are the data associated with (3.1). Let W’ C W be a complete orthonormal set
for W. Since W is dense in V, there exists a countable subseteq {w;};eny of W’ such that ug
is in the closure of the linear span of {w;};eny with respect to W and w; is in the closure of
the linear span of {w;};eny with respect to V. Thus we assume, without loss of generality,
that {w; }ien = W'.

Note that wy,...,w,, are linearly independent in H for all m. By assumption (D1),
the norm || ||, = b(t; f, f) is a norm on H that is equivalent to the original norm on H.
Hence, wy,...,w,, are linearly independent in H(t) norm for all m. For ¢t € R, we apply

Gram-Schmidt to {wy, ..., w,}, with respect to the H(¢) norm, obtaining:

b(t7 h’l? ’U)g)

ot I, W2) b(t; by, ws) b b(t; ha, ws)
b(tv h17 h’l)

b(t; by, hi) + b(t; by, hy)

hl(t) = wq, hg(t) = Wy — hl, hg(t) = W3 — hg,

Let v;(t) := hi(t)/\/b(t; hi(t), hi(t)). Observe that hi(t),...,h,(t) are linearly independent
in H(t) for t € R, and &(f,g) is continuous for ¢ € R, meaning that b(¢; h(t), hi(t))
remains bounded away from 0 for ¢ € [-T,T], where T > 0 may be arbitrarily large.

Thus L

_ 1 3 : . 3 . ..
TR0~ o @) € C3(R) since b(t,-,-) € C*(R) by assumption, giving

m

vilt) =Y kij(t)w;, (A1)

=1

where each k;;(t) € C3(R). For each m € N, we define an approximate solution to (3.1)

U () = Z Gim ()5 (t) = Z Gim (D) w3, (A.2)

with G (t) and g;,,(t) € R. Since the v;(t) are orthonormal in H(t), the system

a(t; U (1), 0; (1)) + b(t; Opu (1), v;(2)) + b(t; runm(t),v;(t) =0, t€[0,T], 1<j<m,

(Gim, 0t Gim)(0) = (i, Bim), 1<i<m
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is equivalent to

My ()G (t) + Mo ()0,Gon(t) + O2Gon(t) =0, t € [0,7],

(GmaatGm>(0) = (O‘mvﬁm)a

(A.3)

where G,,(t) is the column vector (Ginn(t)),<;<p,, and the real-valued m X m matrices M (t)
and M, (t) are entry-wise once continuously differentiable for ¢ € R since b(t,-,-) € C3(R)
and a(t,-,-) € C?*(R) by assumption. Observe that (A.3) has a unique solution and
Gn(t) € C3([0, T];R™), 80 G (t) € C3([0,T]). Hence g;(t) € C3([0,T]) by (A.1), and since

{wy,...,wy} and {v1(t),...,vn(t)} have the same linear span, u,, is the unique solution to

a(t; (1), w;) + b(t; O (t), w5) + b(t; Fum (t), w;) =0, t€[0,T], 1<j<m,

(A.4)
We choose data {(Vim, Mim) t1<i<m such that
Z VimW; — Uug in W as m — oo, and mewi — up in V as m — oc. (A.5)
i=1 i=1

If ug or uy = 0, then we respectively choose v;,,, = 0 or n;,, = 0 for all 7 and m.

A.4 Estimates for the strong energies of the approximate solu-

tions:

Define the strong energy as e(t; f) := a(t; f, f) + b(t; 0.f,0:f). In this part, we derive
estimates for e(t; u,,) and e(t; dyu,, ), subsequently deriving the estimate ||uy, |3 + || Opum |3 +
102um |3 < C(T) (||uoll?y + ||ui])?3) for ¢ € [0,T] and m € N, where C(T) is independent of
m. The latter estimate will allow us to obtain a solution to (3.1).

Define Y;(t) := e(t; um) + ||uml|/?%, and proceed as in Lions and Magenes [21, page 267],
substituting 20;u,,(t) in for w; in (A.4), which is allowed by (A.2), to obtain

Y{(t) = (9re)(t; ) + 2 (tm, Optin) gy — 2(t; Ot Oytim) < (04) (85 ) + [[1eaI7y + | Ot [

85



By assumptions (D3), (A1) and (A2), we have (9;e)(t; uy) < C1(T)Y1(t). Also, ||Opum %
< Oy b(t; Oy, Oyuy,) by (D1). Hence, we obtain

Y{(t) < C3(T)Ya(t),
meaning we have the first estimate for the strong energy,
e(t; um) + [[uml[zy < Co(T) (€(05um(0)) + [lum(0)II7) - (A.6)
Therefore, we have
[l + 10kl < C5(T) (lum (O)F + 10rum(0)17) < Co(T) (uollyr + [luall) (A7)

by (A.5) and assumptions (Al), (A2) and (D1).
Now we derive the second estimate for the strong energy. Define Y5(t) := e(t; Oyu,y,)

+ ||yt |13, Apply 0; to (A.4) and then substitute 207u,,(t) in for w; to get
Y3 (t) 4+ P{(t) = 3(0ee)(t; Ortim) + 2 (Opttm, O tim ), — 2b(t; 07 iy, Of ) + Pa(t),

where Py (t) := 2(0ya)(t; um, Oyum) + (010)(t; Oy, Oy, ), and Py(t) := 2(0%a)(t; tum, Ot
+ (020) (t; Opttyy, Optiy) — 4(04D) (t; OFtn, Oy, ). Similarly to above,

Y3(t) + Pi(t) < Co(T)Ya(t) + Pao(t) < Cs(T) (Ya(t) + Ya (1)) (A.8)

since Po(t) < Co(T) (Ya(t) +Yi(t)) by reasoning similar to above. Next, observe that
4|(0sa) (£; tm, Optim)| < a(t; Optum) + 1| Opti |7 + Cro(T) (alt; ) + [[umll7,) by (A1) and (A2),
giving 2| Py (t)| < Ya2(t) + C11(T) Yi(t). Hence we see

2P, (t) — 2P1(0) > —Ya(t) — Ya(0) — C1u(T) (Yi(t) + Y1(0)) (A.9)
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Change the variable in (A.8) from ¢ to s and integrate is s on [0,¢], with ¢ < T, and then
apply (A.9) to obtain

I v + ).

%Yg(t) — =Y5(0) < Cs(T) /OtYZ(S) + Yi(s)ds +

Bound Y; from above by Cg(T) (||uol|? + ||u1]/%) via (A.7), and apply Gronwall’s lemma to

obtain the second estimate for the strong energy
e(t; Optim) + Oy < Cra(T) (uollyr + [luallz + €(0; O (0)) + |0 (0)I7) - (A.10)

Substitute 07u,,(t) into (A.4) for wj, let ¢ = 0, and note (A(0)f, A(0)g)r2(x) =
(A(0)32f, A(0)/2g) 12(x) for f = um(0) and g = 0u,,,(0). Thus since D(A*?) C D(A(0)*/?),
we see

b(0; 87 1 (0), 01 (0)) = =b(0; Dyt (0), 8 (0)) — a(0; 1 (0), 87 (0))

< O (ln(O) Iy + 10 O)3) + 55(0; 0 (0), B (0).

Hence the second estimate for the strong energy (A.10) and the choice of data (A.5) give

101 + 1107 w77 < C1(T) (luolliy + llually) - (A.11)

A.5 Existence of solution to (3.1) and regularity:

Combining (A.7) and (A.11), we have ||ty |12+ st |3+ |02 um |3 < C(T) (Juollfy + [Jusl?)
for m € N, where C'(T) is independent of m. By the reflexivity of V and H, we can find a

subsequence {u,, } of {u,,} such that
Up, — u weakly in V, Oy, — x1 weakly in V,  02u,,, — Yo weakly in H.

Hence we obtain Proposition A.2 (ii) with w; := x1 since Jyu,, is the weak derivative of u,,

in V with data u,,(0). Since (-,),, is a bounded bilinear form on ¥ x V and V is dense in

H
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H, we have Oyu,,, — u; weakly in H. Thus we also have Proposition A.2 (iii) with uy := X2
since 0%, is the weak derivative of dyu,, in H with data du,,(0).

We proceed to show parts (iv) and (v). Approximate u; in V with functions in
C>((0,T); V) to show that u; is also the weak derivative of U := wgy + fot us(s)ds in V
with data wg. Thus we see (u — U, c;S’)V = 0 for every ¢(t) € C*((—T,T7);V). Let
n(t) € C*((0,T7);V) and define U(t) := ffT n(s) — n(—s)ds € C*((=T1,T);V). Then
note 0 = (u —U, \If’)v = (u - U, n)v, implying that ||u — U||y = 0. Therefore, we alter u on
a set of measure zero in ¢, demonstrating Proposition A.2 (iv). Part (v) similarly follows.

Now we will show parts (i) and (vi). Recall that we are assuming {w; };en is a complete
orthonormal set for V. Consider the set Sy of all functions of the form ,(t) := Zp: ¢, (t)w,,
where ¢;(t) € C°((0,7);R) for each j and p ranges over N. Note that Sp is (Jizlse in V.
Now for p < my,

T
0= / a(t; Uy, ¥p) + b(t; Oy, + afumka Pp)dt (A.12)
0

by (A.4). Define the operator A, : V' — V' with domain V, via (.Atf, )3 =
fOT (A()f(t), g(t)) 2(x) dt. Note that fOT a(t;-,-)dt is a bounded bilinear form on V x V,
allowing us to replace u,, with w in (A.12) via taking k — oco. Then the density of Sy

allows us to replace v, with v € V. Therefore, we see
0= (Atu + Ut -+ Ut (.At + 1)1))\;/,

and by a forthcoming lemma, the operator A; + 1 is surjective, hence 0 = || A;u + uy + wy||yr.
We alter u;; on a set of measure zero in ¢ to obtain Proposition A.2 (i).

By the regularity of u, i.e., part (iv) and assumption (A1), ||A(t)(u(t) — u(s))||r2x) =
0 as t — s, and assumption (A3) gives |[(A(t) — A(s))u(s)|/z2(x) — 0 as t — s. Thus
A(t)u(t) € C([0,T]; L*(X)). Also, us(t) € C([0,T]; L*(X)) by part (v). Therefore uy(t) =
—uy(t) — A(t)u(t) € C([0,T); L*(X)), proving part (vi).

We now give the promised lemma. Denote the range and null space of an operator 17" by

R(T') and N(T), respectively.

Lemma A.3. The operator A, +1:V" — V' is surjective and self-adjoint.
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Proof. Let {y;};es and {¢x(t) }rex be complete orthonormal sets for L?(X) and L*([0, T]; R),
respectively.  Define Yji(t) := ¢p(t)y;, and note that {Yp};resxx is a complete
orthonormal set for V.

Note that A(t) 41 is self-adjoint and injective, giving L2(X) = R(A(t) + 1) ® N ((A(t) +
1)*) = R(A(t) + 1) since R(A(t) + 1) is closed. Thus (A(t) + 1)~ : L*(X) — V is bounded.
Let v(t) := (A(t) + 1)~ 'y; and observe

[o(t) = v(s)llv <C(T) (Hv(t) —o(s)ll g + [A(#) (v(t) - v(S))Hmpq)

<CUD)|I(A(t) + 1) (v(t) — v(s)) [l r2(x)

via assumptions (A2), (D1), the nonnegativity of A(¢) and the identity &(f,g) =
(A1), gz for f € D(A(). Also, (A + 1) (o(t) — 0(s)) = 45 — (A() + D(A(s) +
)7 l'y; = 0in L*(X) as t — s by assumption (A3). Therefore, v(t) is continuous in V, so
v(t) € V, giving y; and hence Y, € R(A;+1). Since A(t)+1 is closed, we have A;+1 is closed.
Hence R(A; + 1) is closed, meaning that R(A; + 1) =V’ since {Y] i }ryesxx € R(A+1).
Thus A; + 1 is surjective.

Consequently, N'((A; + 1)*) = {0}. To show A; + 1 is self-adjoint, we only need to show
D((A; + 1)*) € D(A; + 1) since A; + 1 is symmetric. Let x € D((A; + 1)*), and note
that (A, + 1)*z = (A + 1)z1 = (A + 1)*z; for some 21 € V because A; + 1 is surjective.
Therefore, 1 = x € D(A; + 1) since x — x1 € N((A; + 1)%). O

A.6 The energy inequalities and uniqueness for the solution to
(3.1):

We now prove standard energy inequalities, and as a consequence, we prove that the solution
to (3.1) is unique, completing Proposition A.2. As in section 3.2, we have the following

notation for the energy and total energy:

B f) = 5 [ 108 OFdm@) + 560, Telt: )= BE D) +5 [ 15 0Fdn(a)
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Take the L?*(X) inner product of (3.1) with 2u; + u to obtain
O (E(tyu) + Tr(t;u) + (u,w)r2x)) + 2E(tw) — (8:) (u, u) = 0.

Then assumption (D3) gives (0;&)(u,u) < 2¢3E(t;u). Hence we have the first energy
inequality

Te(t;u) < C(es, T) Tp(0;u) (A.13)

for t € [0, T]. As an immediate consequence, this completes Proposition A.2.
To prove the second energy inequality, take the L?(X) inner product of (3.30) with the

difference quotient u” to obtain
8y (B (") + |0 |21 ) — %(atgt)(uh, &) + (DM€ (w, Bit) = 0,
Similarly to above, (8;&;)(u", u") < 2¢3E(t;u"), and ||0yu”||12(x) > 0. Hence,
O (e E(t;u")) < =0, (e7*#(D"E) (w, u")) + e >*'Qu(t), (A.14)

where Qp(t) = —2c3(D"E)(w,ul) + (D"(0,&))(w,u™) + (D"E)(dyw,u™). Integrate both
sides of (A.14) in ¢t from 0 to r, where r < T, and then take h — 0. We apply dominated

convergence, which is permitted via the regularity of u, and we see
(OB 0|y < — (5000w 0w) [y + [ QU (As)
0
where Q(t) = —2c3(0;&;) (u, Opu) + (02E:) (u, Ou) + (0:E:)(Oyu, Oyu). Estimate

1 1
|(8t5t)(u, @tu)] S Zlgt(ﬁtu, at'U/) + 4(C3)2(€t(u, U) < §E(t, @u) + Cl(Cg, T) TE(O, U)

via assumption (D3) and the Cauchy-Schwarz inequality (C-S), followed by (A.13). Similarly,
estimate

Q(t) < Cles, e, T) (E(t; 0pu) + Tg(0;u)) .
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via assumption (D3). Therefore, inequality (A.15) gives
%E(T;&nu) < Ci(es,e4,T) (E(O;@ru) + TE(0;u) + /07’ E(t; 6tu)dt) :
Apply Gronwall’s lemma to obtain the second energy inequality
E(t; 0u) < Cy(es, ea,T) (E(0; Opu) + Tip(0; u)) (A.16)

for t € [0, 7.
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B Proofs of lemmas 3.8 and 3.9

Let &£ be the reference Dirichlet form discussed in subsection 3.1.1, and let & be the time-
dependent Dirichlet form corresponding to the operator A(t) from (3.1). Recall the space
H = D(€) has norm (E(f, )+ ||f||%2(X))1/2, and H = D(&) for all t € R. Also, £ is a regular
form, meaning that for any f € H, we can find f,, € H N C.(X) such that ||f,, — fllg — 0

as n — o0.

Proof of lemma 3.8. We prove the lemma for ¢ = 1 since the proof for ¢ = 2 is similar.
Let g,h € H and f € H N L*(X,dly(g,g)). Since € is a regular form, we can find
Gnshn € H N C(X) such that ||g, — g|lg and ||k, — hllg — 0 as n — oo. Define
fm := min{max{ f, —m},m} for m € N, and note that f,, € H via [6, Theorem 1.4.2 (iii)].
From subsection 3.1.1, recall the identity d(0;I;)(gn,hn) = ijl al,jdfg(gn,hn). Define
I'% := Ty, where T; is the energy measure form associated with &. For 0 < j < J, define the

functions
Foal) = [ fudUllgnitn), Fi0) = [ fudtitg.n). P(e)= [ fari(a.n).
’ X X X
Weak integration-by-parts (3.9) and the fundamental theorem of calculus give
t
Fr?z,n(t) - Fr?b,n(o) = / (05E5)(fnGns bn) + (0sEs) (fnhns gn) — (0sEs)(gnhn, frm)ds.  (B.1)
0

Thus F), ,(t) € C'(R) since we assume (0,&) € C(R). By assumption (D2) and weak
integration-by-parts (3.9), the integrand of the RHS of (B.1) is equal to

S (€1 ) + EXFohns 9a) — EX(guins fu)) = S a3 (5)
i1 1,5 \CsUmGn; Nn s \Jmln, dn s\Gnlln; Im =1 Ljt mmn ’

which is continuous since, as above, (9;&;) € C(R). Hence,

[ ,
P = Fo(0) = [ 327 an P (s)ds. (B.2)
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Therefore, the lemma will be proved once we show F, ,(t) — F7(t) uniformly as m,n — oo,
where 0 < j < J, since this will mean that ijl o F7(s) = [ fd(9,I) (g, h) is a uniform
limit of continuous functions.

Recall that dl'y(g,g9) < c2dI'(g,9) by assumption (D1). Hence the Cauchy-Schwarz

inequality (C-S) and assumption (D3) give

|Fi(t) - F(t /Ifm— f2ari(, g>/drf<h ) <0/ f — FPdT(g, g>/ ar(h, ).

Thus since f € L*(X,dI(g,g)), we have F? (t) — F(t) uniformly as m — oo via dominated
2
< C(m) (Ign = gll 1hnllZr + llgnllF 1rn — BIIZ),

meaning Fy, (t) — F},(t) uniformly as n — co. O

convergence. Similarly, |FJ, () — FZ,(t)]

Proof of lemma 3.9. Since € is a regular form, we can find g,(z), hy,(x) € H N C.(X) such
that ||g, — gl|lz and ||hm — hllg — 0 as m,n — oo. Weak integration-by-parts (3.9) gives

/X fdrt(gna hm) = 575 (fgna hm) + 57? (fh’rm gn) - gt (gnhnu f)

\/X gndrt(.ﬂ hm) = 515 (fgna hm) + gt (gnhma f) - gt (fhm; gn) .

Combining the left-hand sides of these identities gives

X X

and note |&(fgn, hm)> < (c2 )zg(fgn,fgn)g(hn,hm) by assumption (D1). Take m — oo,
and notice & (fgn, h) = [y fgn(A(t)R)dm(x). Take n — oc. ]
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