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ABSTRACT

This work concerns the development of an analytic model to predict the stress-
strain and damage behavior of ceramic matrix cross-ply laminates. The validity of the
model is to be assessed by experimental observations. Major features of the analysis
include : prediction of transverse matrix cracking in the 90° plies at each increment of
applied stress utilizing a fracture criterion to determine the increase in crack density,
prediction of interfacial slip zones between the 0° and 90° ply groups, and a bilinear
constitutive formulation to account for the non-linear behavior of the 0° ply groups within
the cross-ply composite.

This work presents a novel approach to analyze cross-ply ceramic composites in a
rational manner, while most other analyses of ceramic composites are confined to the
simpler case of unidirectional reinforcement. The analysis employs basic concepts of
fracture mechanics to establish criteria for the complex process of multiple crack formation
within the laminate. The incorperation of the non-linearity associated with the 0° plies
along with interfacial slippage between the 0° and 90° ply groups in the damage prediction,
leads to the stress-strain response of the cross-ply lay-up. In this manner, the current
approach enables the prediction of both damage states and the stress-strain behavior of the
laminate.

A comprehensive mechanical testing program which complements the analytical
portion of this work, provides essential verification of stress-strain data for the
unidirectional and cross-ply laminates, along with quantitative information concerning

damage initiation, as well as interlaminar shear strength.
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CHAPTER 1
INTRODUCTION

Ceramic Matrix Composite Description

Ceramic composite materials are potential candidates for structural components in a
variety of applications, due to their ability to retain their properties in high temperature and
aggressive environments as compared to most metals as well as polymeric and metal
matrix composites. Additionally, ceramic composites demonstrate enhanced toughness
and ductility, when compared to monolithic ceramics, due to the energy absorbing
mechanisms that are associated with the damage evolution preceding the failure of the
composite.

In polymeric composite material systems, desirable properties such as stiffness and
strength are obtained by imbedding stiff, high strength fibers into relatively soft and weak
matrix material. Generally the matrix provides a means to bond the fibers to each other
and contributes little to the stiffness and strength of the composite. For example, in typical
polymeric composites such as graphite/epoxy, the stiffness parallel to the fibers is
approximately twenty times greater than that in the transverse direction. Similarly, the ratio
of longitudinal to transverse strengths can be on the order of 30-40:1. It should also be
noted, that since the strain to failure in polymeric matrix materials generally exceeds the
failure strain of the fibers, and polymeric composites are strongly bonded at the fiber
matrix interface, fiber fracture may precede matrix cracking. An example of this behavior
is depicted in Figure 1.1(a), for unidirectional reinforcement with the loading direction
parallel to the fibers. In this case, isolated fiber breaks occur without debond between the

matrix and neighboring fibers.




In contrast, the stiffnesses of the fibers and matrix in ceramic matrix composites
are approximately equal. Consequently, the ratio of longitudinal to transverse stiffness for a
typical ceramic matrix material system is 1-2:1. However, the fibers are much more
ductile than the matrix, and their primary role is to enhance the ductility and energy
absorbing capacity of the inherently brittle ceramic matrix. Since the strain to failure of the
fibers in a ceramic matrix composite largely exceeds that of the matrix material, failure of

the matrix material precedes that of the fibers. This is depicted in Figure 1.1(b), where

matrix cracks are spanned by intact fibers.

A ,
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Figure 1.1.  Comparison of (a) Ductile and (b) Brittle Matrix Composite

Material Systems

Obviously, the aforementioned differences concerning strength and stiffness
between polymeric and ceramic matrix composites can be readily extended to laminate lay-
ups other than the unidirectional cases shown in Figure 1.1. Consider for example a cross-
ply laminate with transverse ply groups (90° plies) sandwiched between longitudinal ply
groups (0° plies) as shown in Figure 1.2. Under applied load, as transverse cracking of

90° plies takes place in both the ceramic and polymeric composites, the overall stiffness
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and strength of the laminate will decrease. However, in view of the nearly equal stiffness
values for the 0° and 90° plies within the ceramic matrix laminate, it is apparent that cracks
in the 90° plies will cause a significant reduction in the composite stiffness and strength.
This stands in contrast with the case of a polymeric matrix cross-ply composite, where
fracture of transverse plies will have only minor effects on the strength and stiffness of the

laminate.

-

Figure 1.2. Typical Cross-Ply Laminate

In view of the foregoing differences between polymeric and ceramic matrix
composites, it is evident that a clear understanding of the behavior of a particular material
system is essential before initiating any type of predictive analysis. Hence, to model
ceramic matrix material systems it is necessary to be aware of their characteristic features,

instead of resorting to familiar approaches used in polymeric composites.




CHAPTER 2
LITERATURE REVIEW / PROBLEM STATEMENT

2.1 Overview

After reviewing the investigations available in literature it appears that, with the
exception of unidirectional configurations, little work has been done with ceramic
composites to model the stress-strain response of stacking sequences usually encountered
in the study of continuous fiber composite laminates such as cross-ply, angle-ply, and
quasi-isotropic lay-ups. Although a limited number of models exist that consider ceramic
cross-ply laminates, none seem to correlate the experimentally observable damage with the

prediction of stress-strain response in a comprehensive manner.

2.2 Publications Concerned with Unidirectional Ceramic Matrix Composites

Although the current work focuses on cross-ply ceramic matrix laminates, it
incorporates information from earlier experimental and analytical studies of unidirectional
laminates, since they provide some essential insights into the general mechanical behavior
and damage mechanisms associated with ceramic composites. It turns out that a thorough
understanding of unidirectional stress-strain behavior is most helpful in modeling the
response of cross-ply ceramic matrix composites. An up-to-date compilation of
publications related to the modeling and testing of unidirectional ceramic composites is
provided by the list of references [1-32]. This listing is categorized in the following
manner : references [1-13] consist of publications that deal primarily with modeling,
references [14-20] include modeling supported by experimental work, while references

[21-29] are mainly concerned with experimental material characterization. Selected key
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articles from these three groups concerning unidirectional ceramic composites will be
discussed in more detail below. Additionally, references [30-32] are review articles dealing
primarily with unidirectional ceramic composites.

Some of the earliest efforts to characterize the response of ceramic composites were
made during the early to mid 1970's. One of the first articles concerning the behavior of
brittle-matrix composites, where the fibers are more ductile than the matrix, was published
in 1971 by Aveston, Kelly and Cooper [1]. Although this work was not specifically aimed
at the study of modern advanced ceramic laminates (the authors consider fiber reinforced
cement, plaster and glass), the analysis (referred to as the "ACK model") addresses the
phenomenon of matrix failure preceding fiber fracture. This work established the need to
distinguish between brittle and ductile matrices when modeling composite materials, and
suggests a clear-cut distinction between ceramic and polymeric matrix composites.

In 1986, Schioler and Stiglich [32] published a literature review discussing the
"current state of ceramic composites”. This survey reviewed the various fiber/matrix
systems available at that time, along with manufacturing techniques and material
properties. The authors also pointed out that although the development of new materials
systems was advancing, there was a significant lack of experimental data and appropriate
modeling. In the same year, Budiankski, Hutchinson and Evans [4] published a key paper
addressing the analysis of unidirectional ceramic composites. In this article which, as
pointed out by the authors, was directly motivated by the earlier work of Aveston, Kelly
and Cooper, they developed a shear-lag type model to explain the mechanism of load
transfer from the cracked matrix material to surrounding intact fibers. The authors also
addressed slippage at the fiber-matrix interface, and established an energy criterion to
predict the critical stress levels for the inception of the first matrix crack. However, they
did not extend their analysis to predict the evolution of subsequent cracks, and therefore did

not attempt to predict crack densities or global stress-strain response. A large number of
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unidirectional shear-lag models followed the work of Budiankski ez. al., selected notable

works are given in references [5-7,9-17]. Many of these papers extended the shear-lag
model by incorporating detailed analysis of specific damage mechanisms. For instance, in
references [5-7,9,10] the authors focus on the details of matrix cracks spanned by intact
fibers, while in [13], the authors studied the relations between thermal expansion in the
presence of interfacial slippage and matrix cracking. Another example of a very specific
model, although not a shear-lag analysis, is presented in [8]. In this work, the details of the
stress-field ahead of a crack as it grows between laminate plies is studied. In contrast, the
shear-lag models in references [12,14-17] are modified versions of the basic model
proposed by Budianski et. al. in [4] (reference [15] incorporated the model of [4] ad hoc).
It seems that the main purpose of these works was to correlate the results of mechanical
testing, such as the initiation of matrix cracks and stiffness reductions, with existing
models, rather than extend the shear-lag analysis. References [12,16-17] consider matrix
cracking and employ an energy criterion along with interfacial slippage, while the authors
in [14] utilize a model that employs statistical fiber fracture analysis in conjunction with
matrix cracking.

It should be noted that many of these models focus attention on specific failure
mechanisms, which is of interest to material scientists, but they fail to provide overall
stress-strain predictions to correlate with experimental results. In contrast, a detailed model
that aims at predicting the observed "global" response of unidirectional ceramic composites
was developed by Weitsman and Zhu in references [18-20]. This model utilized the
energy criterion of Budianski, Hutchinson, and Evans [4] to predict the progression of
matrix cracking along with interfacial slip between the fiber and matrix. Additionally, this
work incorporated statistical aspects of fiber fragmentation and failure.

As mentioned previously, a listing of investigations that address the experimental

characterization of unidirectional ceramic composites are given in [14-29]. Many of these
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works prove to be valuable sources for experimental data, such as material properties [15-

17,20-22,29], stress-strain response [16-21,24,28,29], and observations of associated
damage mechanisms [15-17,20-22,25-29]. Additionally some of these works have
documented experimental techniques utilized by the authors to study the mechanical
characteristics of the various ceramic composites under investigation [15-17,21,23,29].
The details of the specific contributions of these works are discussed below.

Some of the earliest experimental publications concerned with ceramic matrix
composites were conducted by Prewo et. al., starting in 1980 [24-28]. These works
considered the basic mechanical response of various glass matrix ceramic laminates
(mainly unidirectional lay-ups). These investigations revealed the presence of several
damage mechanisms, namely, matrix cracking, fiber breakage, and fiber-matrix interfacial
debonding and slip. Most of these observations were made during post-test examination
of the fracture surfaces of the specimens. Additionally, these early works reported the non-
linear stress-strain response associated with ceramic matrix laminates. Although detailed
observations of damage were reported, little effort was made to associate the observed
damage with stress-strain behavior.

References [15,21] are NASA technical memoranda by Bhatt et. al. which studied
the experimental characteristics of SiC/RBSN (SCS-6, 140 micron silicon carbide fiber /
reaction bonded silicon nitride). These works demonstrated new techniques to observe
damage mechanisms employing in situ x-radiography during incremental loading, in real-
time. Although it was shown that x-rays may provide accurate information about matrix
crack initiation and progression, along with some details of the crack shape in the specimen
interior, the technique lacks resolution (magnification), especially in the cases of smaller
diameter fibers, such as Nicalon, which are typically 15 microns in diameter. Additionally,
since these experiments dealt with large SCS-6 fibers, the authors were also able to achieve

satisfactory observations with conventional microscopes. Detailed photographs of
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interfacial slip and fiber pullout, often difficult to obtain with other material systems were

reported.

The work of Daniel et. al. [16,17] employed real-time observations of damage in
unidirectional ceramic matrix composites by monitoring the specimen surface with an
optical microscope during loading. Using magnifications of approximately 600-800 X,
they were able to observe details of matrix crack initiation and progression between intact
fibers (albeit on the specimen surface), along with fiber breakage and fiber crack opening
displacements. Additionally, several micrographs in [17] suggest that it may be possible to
identify interfacial failure zones between the fiber and matrix, although it would be difficult
to assess the slip zone length from those photographs. It should also be noted that this
investigation employed a manually operated loading device resulting in variable rates of
displacement, hence affecting the reproducibility of stress-strain curves.

A publication by Davidson, Rousseau and Campbell in reference [22] successfully
employed in situ mechanical testing of unidirectional ceramic matrix composites within a
scanning electron microscope (SEM) to achieve real-time observations of damage
progression during quasi-static and cyclic loading. Using this test set-up, they were able to
record crack densities and measure crack opening displacements. It should be noted that
this technique has several limitations. One of the greatest difficulties is due to the confined
space available within the SEM, requiring very small specimens that must be loaded with
devices built specifically to fit within the SEM enclosure. Additionally, use of the SEM
requires metallic coating of the surface to be viewed, hence newly formed fracture surfaces
that are not coated may not reveal the detailed images that are anticipated from the SEM.

To support the work conducted by Weitsman and Zhu in [18-20] the author of this
dissertation constructed a traveling microscope system to be used in conjunction with
standard load frames that can accommodate fixtures that minimize misalignment and

bending, such as that discussed in [23]. This system, which includes a controller and
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digital function generator, combines the advantages of the aforementioned systems

[16,17,23] (i.e. real time damage observation under load), along with carefully controlled
loading of the specimen. This set-up results in reproducible stress-strain curves in addition
to crack initiation and progression measurements. Additionally, in view of the lesser
restrictions on specimen size with this system, there is more flexibility in making strain

measurements.

2.3 Publications Concerned with Cross-Ply Ceramic Matrix Composites

The list of publications concerned with modeling and experimental characterization
of cross-ply laminates is given in references [36-45]. References [36,37] are concerned
exclusively with the modeling of cross-ply ceramic composites, while the articles in [38-
42] contain analysis supported by mechanical testing. Articles [43-45] represent purely
experimental investigations. As mentioned previously, it is clear that in the case of ceramic
composites there is an obvious lack of models addressing the behavior of cross-ply
laminates. Additionally, many of the models that do exist can be described as
"preliminary” since they often omit characteristic damage mechanisms associated with
ceramic cross-ply laminates, resulting in poor predictions of laminate stress-strain
response. Most of the existing models are of a shear-lag type analysis [38-42], where a
simplified analysis is employed to account for the transfer of stress is from the cracked 90°
plies back to the intact 0° plies through shearing stress at the 0°/90° ply interface (For
further details of this type of analysis, the reader is referred to Chapters 4-6 of this
dissertation).

Before discussing the publications concerned with modeling of ceramic
composites, it should be noted that several shear-lag analyses for polymeric composites are

given in [33-35]. These articles are listed herein since their models are often utilized for the
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more complicated circumstance of ceramic cross-ply laminates. The authors in [33,34]
developed predictions for matrix cracking utilizing an energy criterion along with laminate
stiffness reduction, while in [35] the same type of analysis was extended to include
"global" stress-strain response. Additionally, all three works reported reasonable
agreement between predicted and experimental data for polymeric composites.

Turning attention to the articles related to shear-lag analysis of ceramic cross-ply
laminates, Daniel in [38] presents a model to determine the stress distributions within the
laminate and overall specimen stiffness for a fixed crack spacing. Since no attempt is
made to predict the formation of new transverse crack, this analysis requires the
introduction of experimental values for crack densities to predict the stress-strain response
of the laminate. Additionally, neither slippage between plies, or the non-linear behavior of
the 0° ply groups is addressed. Another attempt is presented in a series of papers authored
by Chou et. al. [39-41]. They consider a somewhat more comprehensive shear-lag model
that includes the effects of interfacial slip between the fibers and matrix in the 0° plies along
with matrix cracking in both ply groups, but omits slip between the 0° an 90° ply groups.
Due to some essential shortcomings this model also requires the introduction of
experimentally determined crack densities and presumed slip zone lengths as ad-hoc
quantities to predict the stress-strain behavior of the laminate. Their comparisons between
the predicted stress-strain response and experimental results significantly overestimates the
laminate stiffness. One source for the lack of correlation can be attributed to their omission

of the non-linear behavior of the 0° ply groups.

In references [36,37], Xia et. al. consider distinct damage mechanisms in ceramic
cross-ply laminates. In article [36] they consider the growth of transverse cracks in the 90°
ply groups, while the second work [37] is concerned with the progression of the foregoing
cracks into the 0° plies after reaching saturation density in the 90° ply groups. The

resulting stress-strain predictions from these models have the typical features associated
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with the response of cross-ply laminates. However, the results are not compared with

experimental data, which makes it difficult to assess the validity of these models. It
should be noted that although these works include slip at the fiber-matrix interface in the 0°
plies, they assume a perfectly bonded 0°/90° interface.

In summary, although the existing models for cross-ply ceramic laminates include
some specific details of material response, they neglect to address the damage mechanisms
associated with this lay-up in a thorough manner. Specifically, many of the models do not
account for the progression of matrix cracking by means of a fracture criterion, and they
overlook the interfacial slip at the 0°/90° interface, and in many cases fail to address the
non-linearity of 0° ply groups. Additionally, few comparisons are made between the
aforementioned analytical schemes and experimental data, making it difficult to evaluate the
results. Since the main purpose of any type of model should be to predict the overall
response of the material system, it is necessary to correlate its predictions with
experimental results and explore the effects of various parameters on the predictions.
Consequently, many of the above models are incomplete.

The publications concerned with the mechanical testing of cross-ply laminates are
given in references [38-45]. As an overview, references [38-41,44] proved to be good
sources for material properties, while [38-42,44,45] reported reasonable stress-strain data,
and [38,39,42,44,45] included detailed observations of damage mechanisms. These
investigations will be discussed in further detail below.

One of the earliest experimental investigations concerning modern ceramic
laminates was conducted by Brennan and Prewo in [43]. They reported the flexural
response of several glass-ceramics consisting of SiC fiber and lithium aluminosilicate
(LAS) matrix material. It should be noted that their main goal was to develop a high
temperature toughened material system, therefore these mechanical tests focused on

comparative toughness measurements employing notched bend specimens along with
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charpy impact tests, while axial tensile tests were not conducted. In addition to toughness

measurements, they presented detailed SEM photographs of fracture surfaces, and
examples of fiber pullout.

Daniel in reference [38] studied the tensile response of SiC/CAS (15 micron silicon
carbide fiber/calcium aluminosilicate), cross-ply laminates along with detailed observations
damage progression employing in situ microscopy. The stress levels for the initiation and
accumulation of transverse cracking in the 0° and 90° plies were recorded along with
details of the micro-cracking sequence between fibers in the 90° plies that precedes fully
developed transverse cracks. Additionally, observations were made of the tendency of
transverse cracks to branch, forming a "delta" shape as they grew toward the 0°/90°
interface.

Chou et. al. in [39-41] conducted tensile tests for SIC/CAS cross-ply specimens,
and emplbyed a replication technique to transfer surface features (transverse cracks in both
the 0° and 90° plies) of the specimen edge at various applied stress levels. From the
replicas, sequences of photo-micrographs were made to show the progression of matrix
cracking with applied stress. To study the laminate response the authors conducted two
types of tests. The first consisted of continuous loading up to failure, while monitoring
strain to obtain the stress-strain response. In the second type of test, the specimen was
loaded and unloaded in a cyclic manner, each time to a higher stress level, and the
specimen stiffness was determined from the slopes of the stress-strain record during

unloading.

Another notable investigation of SiC/CAS and SiC/LAS ceramic cross-ply
laminates was conducted by Kim [44]. This investigation monitored acoustic emission
(AE) activity emanating from the specimen during load application to detect the initiation
and progression of damage conjointly with optical measurements of crack density.

However, no attempt was made to correlate acoustic signatures with damage mechanisms.
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It should also be mentioned that crack density measurements were made after removing

the specimens from the test machine at predetermined stress levels for microscopic
examinations, hence many of the finer cracks may have closed upon removal of the load,
resulting in fewer observable cracks.

In summary, many of the aforementioned publications concerned with the
experimental characterization of ceramic cross-ply laminates provide verifications for
several of the experimental observations noted in this dissertation. However, they
frequently lack essential data necessary as input parameters for modeling. Additionally,
detailed information about damage evolution necessary for correlation with analytic stress-
strain predictions is often incomplete. Specifically, none of the aforementioned works
contain detailed in situ transverse crack density data as a function of applied stress, or
information regarding the interfacial shear strength between the 0° and 90° ply groups. It
will be shown that the above information is essential for the construction of a predictive
model for ceramic cross-ply laminates.

Although information concerning the interface between laminate ply groups is
virtually nonexistent, there is a wealth of articles related to the behavior of the fiber-matrix
interface, for example [46-59]. At this time, there seems to exist only a single reference
related to inter-ply shearing strength by Wu ez. al. [60]. In this work the authors examined
the interfacial shearing characteristics of SiC fiber reinforced zirconia titanate composites.
Tests were conducted with a custom made shear fixture that "pushed-out” a number of
plies from the composite to measure the interlaminar shearing strength. Although this
investigation was concerned with a unidirectional configuration, the aforementioned fixture
provided a guideline to the design of the apparatus employed to assess the interlaminar

shearing strength of ceramic cross-ply laminates in the current study.
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2.4 Problem Statement

Unidirectionally reinforced ceramic matrix composites are of limited use in
structural applications due to their extremely low transverse ductility. For this reason, it is
necessary to employ more versatile lay-ups in order to achieve acceptable multidirectional
toughness values. The simplest such lay-up would be the cross-ply laminate, consisting of
0° and 90° ply groups. For obvious reasons, it is important to model and mechanically test
the response of the cross-ply laminates in order to develop a rational predictive capability
for their behavior. |

Considering the state of the art in the study of cross-ply ceramic composites, it is
apparent that investigations predicting the stress-strain response of this material system in a
comprehensive manner are not available at the present time. Therefore, this dissertation
will focus on the development of an analytical model to predict the behavior of ceramic
cross-ply composites, accompanied by an appropriate mechanical test program to correlate
stress-strain predictions and actual material behavior.

The purpose of the analytical model is to predict the stress-strain response of
ceramic matrix cross-ply laminates, in correlation with the associated damage states. This
approach will enable the modeling of material behavior without resorting to empirically
prescribed damage parameters, such as transverse crack density and slip zone length, as
often transpires in the current literature. The features of the current analysis not present in

previous works include:

- Incorporation of the non-linear behavior of the 0° plies within the cross-ply composite
into the analysis. It should be noted that this issue is not mentioned in any of the
aforementioned works on cross-ply composites, although the non-linearity of

unidirectional material is often reported in experimental investigations.
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- Prediction of the evolution of transverse matrix cracking in the 90° plies based on a

fracture criterion that accounts for the non-linear stress-strain response of the 0° plies.
It should be noted that the few investigations that employ a fracture criterion to predict

damage evolution consider only linear behavior.

- Evaluation of the length of interfacial slip zones between the 0° and 90° ply groups
based on a shear strength criterion at the interface, along with its evolution with applied
load. Other investigations which dealt with slip, such as references [37,39-41],
confined their attention to slip at the fiber/matrix interface, but neglected slippage at the

interface between the 0° and 90° ply groups.

The second aspect of this investigation consists of an extensive experimental program to
verify the validity of the proposed model and provide essential material properties. Major

elements of the experimental investigation include:

- Stress-strain data for cross-ply and unidirectional ceramic matrix material systems.
While most of these data are available in the literature, detailed firsthand observations

are necessary for model verification .

- Transverse crack density in the 90° plies data as a function of applied stress. Only
scant information about this aspect of laminate damage is available in the current
literature, and detailed experimental results are necessary for comparing with the crack

densities predicted by the model.

- The development of a custom made test method to determine the interfacial shearing
strength between the 0° and 90° ply groups in the cross-ply laminate. With the

exception of reference [60], this subject was not considered in any other investigations.
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CHAPTER 3
EXPERIMENTAL OBSERVATION OF THE MECHANICAL BEHAVIOR

OF CERAMIC CROSS-PLY LAMINATES

3.1 Specimen Description

Two SiC/CAS (Nicalon fiber/Calcium alumino-silicate glass-ceramic matrix)
ceramic cross-ply lay-ups, [02/902]s and [02/904]s were obtained from Corning. These
laminates were manufactured using a hot press process resulting in square plates of
approximately 6 x 6 inches with thicknesses of 0.065 and 0.095 inches respectively . The
plates were machined with a water cooled diamond saw into specimens of approximate
dimensions of 6 x 0.5 x 0.065 and 6 x 0.5 x 0.095 inches. Tapered glass/epoxy end tabs
were employed to reduce stress concentrations near the grips, thus limiting the number of
failures outside the gage section. The specimen edges were polished using standard
diamond compounds to 3 micron to facilitate microscopic observation of damage

mechanisms in real time.

3.2 Experimental Set-Up / Testing Procedures

Testing was conducted on a MTS 50 Kip servo-hydraulic test system with 442
controllers and a Microprofiler function generator. Instron "Supergrips" were used in
conjunction with Instron mechanical wedge action grips to minimize the effects of bending
and torsion on the specimen and provide clamping in a controlled manner. An Olympus
BH2 optical microscope mounted on a XYZ platform was used in conjunction with a
digital chip camera to record all activity on the specimen surface during applied load. This

video system was connected to a VHS format video cassette recorder to save all test
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records in real time as load was applied. The final magnification of this video system was

approximately 750X. A schematic representation of the test set-up is shown in Figure 3.1

below:
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Figure 3.1 Experimental Set-Up

All tests were conducted in stroke (displacement) control at a loading rates from
0.003 to 0.010 inch/minute. An MTS 632 extensometer with a one inch gage length was
used to monitor strain. To collect stress-strain data, the specimens were loaded
continuously to failure while load and strain signals were recorded using an HP3497 data
acquisition/control unit. To determine crack densities as a function of load/stress, it was

necessary to interrupt the loading intermittently at pre-determined stress levels. During




these stages, the surface of the specimen was scanned for evidence of damage. The stress

and strain levels were then recorded to correlate observed damage with a specific points on
the stress-strain curve. It should be noted that the stress-strain curves for both the

continuous and intermittent tests were in close agreement.
3.3 Ceramic Matrix Cross-Ply Stress-Strain Behavior

A number of stress-strain curves were collected for the two aforementioned lay-
ups. Although the curves are highly non-linear, they are nonetheless closely reproducible.

Several examples for the [02/90,] are shown in Figure 3.2. below:

150 —
Lay-Up [0,/90,] y

100
- Specimen 6-6
¥
% csscsssare Specimen 6-7
z% 50 ===== Specimen 6-8

0 I | | 1
0 0.1 0.2 0.3 04 0.5 0.6
Strain[%]

Figure 3.2 Stress-Strain Behavior of [02/902]s Laminate

It should be noted that these curves are for the continuous loading case. Additional
examples of the cross-ply ceramic stress-strain behavior are given in Appendix A, Figures

Al through A7. Distinguishing features of these curves consist of an initial linear range

18



followed by two basically linear regions, each with subsequent reductions in slope. The

curves then terminate with a region of slightly increasing slope. Before discussing theories
that account for this non-linear behavior, it is first necessary to identify the various damage
mechanisms that occur during loading and distinguish the roles played by these

mechanisms in the overall response of the material system.

3.4 Damage Mechanisms

There are basically three observable damage mechanisms associated with cross-ply
ceramic composite at the ply level. These are : transverse matrix cracking in the 90° plies,
interfacial slippage between the 0° and 90° plies, and the internal damage mechanisms
within the 0° plies that account for the non-linearity of unidirectional ceramic matrix
composites. The latter consist of the following mechanisms : transverse cracking in the
unidirectional material spanned by intact fibers, fiber breakage, and fiber-matrix interfacial
slippage. However for this investigation, analysis was conducted at the laminate ply level
with the behavior of the unidirectional material taken as a "lumped” property to be used as
an input to the cross-ply model. Therefore, the current analysis is not concerned with the
detailed mechanisms at the fiber-matrix level, and focuses on the ply level behavior. For
detailed modeling of the behavior of the 0° plies, the reader is referred to references [18-
20].

Transverse matrix cracking is readily observable in this material system with the
aid of an optical microscope. On the other hand, interfacial slippage is not easily detected
in a direct manner. However, close inspection of the 0°/90° interface in the vicinities of
transverse cracks in the 90° ply groups suggests the existence of an interfacial slip zone
since there are noticeable discontinuities in the crack opening displacements at those

locations.
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3.4.1 Transverse Matrix Cracking

As mentioned before, the surface of the specimen was continuously monitored
during the loading in real-time to observe damage mechanisms. Particular attention was
paid to the edges of the specimen in anticipation of observing transverse matrix cracking
and interfacial slippage between the plies.

Generally, the damage state consists of transverse cracks in the 0° and 90° plies
with the latter spanning the 90° ply group in a nearly straight line. At the vicinity where a
crack in the 90° ply impinges upon the 0° ply group, there is usually a clustering of parallel
cracks in the 0° ply group as shown schematically in Figure 3.3 below. Moving along the
interface away from this location, the crack density in the 0° ply decreases, indicating a
reduction in the stresses borne by the 0° plies. Since the crack face is stress free, the 90°
ply cannot support any load at this location, hence there is evidence of a shear-lag type
behavior where the stress is being transferred back to the cracked 90° plies from the intact
0° plies through shearing stress at the ply interface. An example of actual transverse
cracking, accompanied by a cluster of cracks in the 0° plies is given in Figure 3.4 below. It
is also interesting to note the presence of a broken fiber in the 0° plies of Figure 3.4.
Additional photographs of matrix cracking are given in Appendix B.

Scanning a 0.5 inch length of the specimen at each interval of loading, it is possible
to observe the initiation and progression of the transverse cracks in the 90° ply group and
obtain a reasonably accurate crack count, and thereby their density as a function of applied
stress. The initiation and progression of transverse cracking occurs sequentially in the
following manner : transverse cracks initiate in the 90° plies, and under increased load

extend into the 0° plies where they are bridged by intact fibers. Upon further load increase,
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Figure 3.3 Transverse Matrix Cracking Schematic

the cracks in the 90° plies reach a saturation density while the crack density in the 0° plies
rapidly exceeds that in the 90° plies, increasing until failure. An example of this crack
accumulation and associated stress-strain response is shown in Figures 3.5a and 3.5b
below. This crack progression process lends some insight to the mechanism that is partly
responsible for non-linear stress-strain behavior of the cross-ply laminate.

Referring to Figures 3.2 and 3.5, the first "knee" in the stress-strain curve occurs at
approximately 50 MPa and corresponds reasonably well with the initiation of transverse

cracking in the 90° plies, while the second reduction in slope at around 100 MPa seems to
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agree with the saturation state of the foregoing cracks. Upon further loading the effects of

transverse cracking in the 90° plies seem to be overshadowed by other mechanisms.

{
A
;
] £ ;
: b
""
e.
i b
I :
B4 ¥
i ;
{1 %
5 A
14
He g 5
;i:
28
i

Figure 3.4 Typical Transverse Cracking in a Cross-Ply Laminate

Since one of the primary objectives of the experimental portion of this research was
to provide data to correlate the predictions of matrix cracking from the analysis with
mechanical tests, care was taken to record the sequence of damage progression
simultaneously with the stress-strain behavior and ultimate strength. Specifically, the key
damage parameters include the stress level of transverse crack initiation in the 0° and 90°

plies as well as the final crack saturation densities. These data for the cross-ply specimens

are summarized in Table 3.1.
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TABLE 3.1 Cross-Ply Strength and Damage Data

Spec.  Lay-Up Oult Oinitiation  Olnitiation Saturation Saturation
Number [MPa] [MPa] [MPa] Density [#/in]  Density [#/in]
90° Plies 0° Plies 90° Plies 0° Plies
6-1 [02/902]s 151.0 65 65 32 180
6-2 [02/907])s 145.8 103 86 20 122
6-3 [02/907]s 136.9 43 108 36 146
6-4 [02/902]s 151.9 65 75 34 238
6-5 [02/907]s 154.9 42 105 40 180
6-6*  [02/902]s 139.0 NA NA NA NA
6-7*  [02/902])s 139.3 NA NA NA NA
6-8*  [0,/902]s 149.0 NA NA NA NA
5-3 [02/904)s 134.7 72 50 20 186
5-4 [02/904]s 136.6 51 51 24 192

*Continuous Loading Tests

It was mentioned at the beginning of this section that the stress-strain behavior for
this material is highly reproducible. Additionally, from Table 3.1, it can be seen that the
ultimate strength values, transverse crack initiation stress levels, and saturation density are
also fairly consistent. There are some disparities in the crack initiation stress levels,
however this is not unexpected since it is sometimes difficult to identify the initiation of a

newly formed crack until the load level is increased, and the crack opens fully, enabling
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positive identification. Furthermore, it is well known that all cracking phenomena are

inherently stochastic due to the randomness of the initial flaw distributions.

3.4.2 Interfacial Slippage Between the 0° and 90° Plies

As mentioned before, there is evidence of interfacial slippage between the 0° and
90° ply groups. This can be surmised from the photograph in Figure 3.4, noting that
where the transverse crack in the 90° ply reaches the interface, there is a pronounced crack
opening displacement. Hence, one may infer that there is a mismatch in the displacements
at the interface between the 0° and 90° ply groups, which may be attributed to slip.

It should be noted that this slip zone does not necessarily result in a debond
between the plies at the interface, and may simply constitute a region where the interfacial
shear stress has overcome the resistance to relative motion between the two ply groups.
Consequently, this region cannot support any increase in shear stress, akin to plastic
yielding.

There are two interdependent parameters associated with the slip zone. The first
being its length, [, being measured along the 0°/90° interface away from the location of
the transverse crack in the 90° ply group. A schematic representation of the slip zone is
shown in Figure 3.6 below. It should be realized that the actual slip region is not as clearly
defined as the idealization in Figure 3.6, since in reality, the 0° and 90° ply groups are not
delineated by a clearly defined boundary. It is believed that this entanglement of the 0° and
90° plies at the interface provides a more complex debonding mechanism as compared to
the simpler case of the often studied fiber/matrix interface.

The second parameter associated with the slip zone is the interfacial shearing

strength between the 0° and 90° plies,7,. Basically, this parameter is defined as the

maximum shearing stress that can be sustained at the interface by the material system. In
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view of the preceding discussion it would be incorrect to assume that 7, is the same as the

fiber/matrix interfacial shearing strength. Therefore, it was necessary to develop a new

experimental method to measure 7,. A schematic diagram of the testing fixture used to

estimate the inter-ply shearing strength shown in Figure 3.7.

A Z
x
-
ls
-t
L
Figure 3.6 Schematic Slip Zone Length
I
P R E @ EEBENSR P
—! Anvil | |2 7 2Specimen? 7 : Die -

Figure 3.7 ""Mini-Shear" Inter-Ply Strength Fixture

This fixture is designed to be installed between the actuator and the crosshead of
any standard testing machine that can accommodate flat platens. The specimen, which

consists of a [0n/90m]s lay-up, is inserted in the fixture, with the outer 0° plies constrained
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displacement of the anvil are then monitored throughout the test. It should be noted that a

very small specimen is required to avoid buckling and reduce misalignment in order to
minimize any uneven shearing stresses at the two 0°/90° interfaces. Since two cross-ply
lay-ups were available in the current research, the dimensions of both the testing fixture and
specimens were dictated by the available specimen thicknesses. This resulted in nominal
specimen dimensions of 0.25 x 0.25 x 0.095 inches. Due to difficulty in maintaining
specimen alignment, an alternative specimen, of 0.125 inch length in the axial loading
direction was also employed. From the load-displacement record, an estimate of 7, was
calculated through a simple force balance relationship,

The tests were conducted in stroke control, using constant displacement rates. The
first two tests were conducted at a loading rate of 0.05 in/min, which turned out to be too
fast, making it difficult to observe the evolution of interfacial failure. Subsequently, the
displacement rate was reduced to 0.005 in/min. A typical load displacement curve for a

mini-shear specimen is shown in Figure 3.8 below:
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Figure 3.8 Load Displacement Response of the Mini-Shear Specimen
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Additional load displacement curves are presented in Appendix C detailing the results of
the seventeen additional tests that were conducted. It should be noted that Figures C1
contain the tests using 0.25 inch length specimen, while Figures C2 are for the shorter
specimens with axial length of 0.125 inch. Additionally, Figures C1(a) and (b) were at the
aforementioned exceedingly high loading rate, while the remaining tests were run at 0.005
inch/min. Although there is noticeable scatter in the load-displacement record given in
Figure 3.8, the general characteristics of the mini-shear specimen response are discernible.
It should be noted that the microscope video system used to detect transverse cracking in
the cross-ply tensile tests was also employed for this series of experiments. Since a
continuous video record of the specimen surface was recorded in real time and the
displacement rate was constant, it was possible to correlate observable damage (i.e.
interfacial slippage) with the corresponding location on the load-displacement curve.

From Figure 3.8 it can be seen that the load-displacement response of the mini-
shear specimen is characterized by an initial nearly linear region up to a peak load level
where the interfacial damage zone initiates (as observed through the microscope). This
occurs at approximately 375 pounds. It should be noted that the observable damage is
randomly distributed along the length of the interface region as the peak load is approached.
Just prior to the peak load, the damage at the interface begins to "link up" resulting in a
complete debond of the 0° and 90° ply groups. At this instability point, the load drops
rapidly to a level of approximately 160 pounds, as the unbonded inner 90° ply group
separates from the 0° plies. Then, as the 90° ply group continues its downward motion, it
is forced into the cavity of the fixture. The observed sequence of damage initiation and slip
zone growth leading to ply separation is shown in Figure 3.9 below for the specimen
whose load-displacement curve is given in Figure 3.8. Figure 3.9(a) shows the state of
damage as interfacial slippage initiates prior to attainment of the maximum load level.

Note that the interfacial cracking on the left side of the 90° ply group extends from the
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interface into the 90° plies, indicating that the shear failure may deviate from the 0°/90°
interface. On the other hand, this photograph reveals that there is also damage in the right
side interfacial region, indicated by a fine crack running parallel to the 0°/90° boundary. In
Figure 3.9(b), the specimen exhibits complete interfacial slippage on both sides of the 90°
ply group. Notice that at this stage the anvil of the test fixture has penetrated the top of the
specimen giving conclusive evidence of initiation of "push-in" of the 90° ply group. This
circumstance is more pronounced in Figure 3.9(c). Note that both outer 0° ply groups
remain supported by the fixture. Additional examples of the sequence of interfacial shear

failure are Appendix D.

Figure 3.9 Damage Progression for the Mini-Shear Test

To estimate the 0°/90° interfacial shear strength, the load level where interface
failure occurs is divided by the shear fracture area. After studying the sequence of the
damage progression and the corresponding load-displacement curves for all the tests, it 1s

believed that the interface failure occurs just prior to the maximum load level. Therefore,
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the shearing strength parameter, 7, is calculated using this value. The results from all the

interlaminar shear strength tests are given in Table 3.2 below :

TABLE 3.2 Mini-Shear Specimen Interlaminar Shear Strength Data

Specimen Shear Failure

Number Area [in?] Load [Ibs] Interfacial Strength [MPa]

2 0.0615 657 36.83
3 0.0603 592 33.85
4 0.0630 740 40.49
5 0.0600 522 29.99
6 0.0610 472 26.67
7 0.0605 483 27.52
8 0.0317 371 40.35
10 0.0312 331 36.57
11 0.0319 327 35.34
12 0.0315 375 41.04
13 0.0316 347 37.86
15 0.0312 355 39.23
16 0.0314 344 37.77
17 0.0309 303 33.80
18 0.0312 238 26.30
19 0.0318 408 44.23
20 0.0312 303 33.48
21 0.0306 479 53.96

Average 36.40

Stdev 6.75

Observing the strength data in Table 3.2, it can be seen that there is substantial

scatter in the interfacial shearing strength values. These inconsistencies may be attributed
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to the inherent statistical characteristics of the interfacial failure phenomenon. For instance,
the meandering of cracks in the damage zone between the random distribution of fibers and
flaws most likely contributes to the scatter shown in Figure 3.2. Other sources of scatter
are likely to be caused by slight variations in ply thickness of the laminate as well as
variations in the 0°/90° interface leading to slight eccentricities of the loading. Additionally,
another source of scatter in the shear strength data may be attributed to small inaccuracies
associated with the test fixture, which in combination with variations in specimen thickness
leads to specimen misalignment.

In Table 3.2, the average interfacial shear strength is given to be approximately 35
MPa. However, careful inspection of Figure 3.9 reveals that the anvil pushing down on the
90° plies is slightly thinner than the 90° ply group. This results in the formation of inclined
cracks in the 90° plies below the corners of the anvil, in conjunction with the initiation of

damage at the interface as depicted in Figure 3.10 below:

\/

Mode I
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Figure 3.10 Mode I Cracks Accompanying Interfacial Shear Failure

These cracks have the tendency to open perpendicular to the loading direction, hence they

can be classified as Mode I fracture. Since pure Mode II fracture toughness is several
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times greater than that of Mode I, it is possible that the drop in load preceding interfacial

failure is partially a result of the formation of the Mode I cracks, and not entirely caused by
the Mode II interfacial failure as intended. Consequently, the calculated values of the
interfacial shearing strength, as recorded in Table 3.2 are likely to be lower than the actual

value.

3.5 Non-Linearity of the 0° Ply Groups

As mentioned earlier, the non-linear behavior of the 0° outer plies plays a
significant role in the overall response of the cross-ply laminate. This non-linearity, and the
associated damage mechanisms causing it, have been addressed in great detail in other
works [18-20], which include a comprehensive model that accounts for the evolution of
damage mechanisms under load and prediction of the stress-strain response of the material.
Several examples of unidirectional stress-strain tests conducted by the author in support the
research in [18-20] are given in Figure 3.11 below. It should be noted that although these
stress-strain curves exhibit some time dependency indicated by the different responses for
the three loading rates, the characteristics of the curves are similar. Furthermore, replicate
tests at a rate of 0.003 in/min. have shown remarkable reproducibility. From Figure 3.11, it
can be seen that the stress-strain response of the unidirectional material is linear until the
stress reaches approximately 200 MPa, becoming non-linear beyond that point. To
understand the role this non-linearity plays in the behavior of the cross-ply consider the
following : As may be inferred from Figures 3.5(a) and 3.5(b), the transverse cracking in
the in the 90° ply group has reached the saturation density at an applied stress level of
approximately 100 MPa. It stands to reason that since the stress in the 90° plies vanishes
at the location of such transverse cracks, the 0° plies must support the entire far-field

applied stress at these locations. Consequently, the stress in the 0° plies may exceed 200
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MPa over some regions adjacent to the locations of the foregoing cracks. However, as

noted from Figure 3.11, this stress level exceeds the "yield point" on the unidirectional
stress-strain curve, thus contributing to a reduction in the overall laminate stiffness. Upon
further increase in load, a larger region of the 0° ply material "yields", leading to a further
reduction in global stiffness of the composite. This interaction between the cross-ply
behavior and the non-linearity of the 0° plies will be discussed further in Chapters 5 and 6

when the analysis of the cross-ply ceramic matrix laminate is presented.
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Figure 3.11 The Stress-Strain Response of a Unidirectional Ceramic

Matrix Composite
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CHAPTER 4
LINEAR SHEAR-LAG ANALYSIS

To introduce this chapter, it should be mentioned that the linear analysis presented
herein follows that of R. J. Nuismer and S. C. Tan in references [33,34]. However, some
modifications were made in the current formulation by considering a kinematically
admissible displacement field which is shown to lead to the linear shear stress distributions
assumed by Nuismer and Tan. Additionally, a more comprehensive method to determine
the energy available for crack extension was formulated in the present analysis in order to
accommodate the more general case of non-linear material behavior which will be

considered in subsequent chapters.

4.1 Basic Considerations

Consider a ceramic cross-ply laminate as shown in Figure 4.1 below with exterior

layers of 0° plies and interior 90° plies. An average axial stress, G, , is applied resulting in
the cracking of the 90° plies. The crack spacing, 2L, is assumed to be uniform along the

length of the specimen.
The analysis assumes the following displacement field with uniform transverse

strain, £, in the y-direction:

u, = u(x,2)
v, = YE, +v,(x,2) 4.1]

w, = W,‘(-X,Z)

where the subscript i=1 corresponds to the 90° and i=2 to the 0° ply groups.
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Due to the symmetry of the model about both the x and z axes, a quarter volume

representation can be used as shown in Figure 4.2. The distances ; and h; refer to the

thicknesses of the 90° and 0° ply groups, and % denotes half the thickness of the laminate.

|
I I
IS NS |][1: 2L
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i

| |l 120

~ ||| 2L
b

Figure 4.1 Cross-Ply Specimen Geometry

A
Matl || Matl _f
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Figure 4.2 Quarter Volume Representative Element
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For an orthotropic laminate, the following constitutive relation applies for the two

ply groups :
1% rc, ¢, ¢, 0 0 07°[&)"
GY C12 C22 Czs 0 0 0 E.V
o, ¢, C, C; 0 0 O g,
le.[ |0 0o 0 ¢, 0 of |7 [4.2]
T, 0 0 0 0 G O -
T, 0 0 0 0 0 Gy V)

Also define an average ply property through the thickness of ith ply group,

indicated with an overbar, namely:

h;
7O = '}i—jt(i)dz [4.3]

i0

Based on geometry and applied loading, it is reasonable to make the following

assumptions:

(i) Since the laminate is thin and stress free at the surfaces at z = +h the condition

o,(xh) =0, suggests:

c,=0 [4.4i]

(ii) To remain within the context of an essentially one dimensional analysis, we

assume:

Mi_o [4.4ii)
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Consider the "global" equilibrium of the two ply groups over an infinitesimal

distance, dx, as shown in Figure 4.3 below. The overbars indicate the average axial stress

in each ply, and 7" is the interfacial shearing stress between the two ply groups. |

'

—_ o — g (2)
O—(I) + ao-x dx 0-(2) + ao—,\; dx
* dx x dx

Figure 4.3 Equilibrium Force Balance

A straight forward force balance results in the following equilibrium equations relating

normal stresses to interfacial shearing stresses:

5o =T [4.5i]
—h,
5= ‘ ’S) [4.5ii]

Where primes indicate derivatives with respect to x. Additionally, the "global" force

balance at any location 0<x<L yields:

GO +GPh, =0 h [4.5iii]
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Employing o'’ =0, it is possible to eliminate €, from the first two equations in

[4.2], then averaging the normal stresses over the thickness of the plies using [4.3] results

in the following constitutive relations:
A0 — (r)—r O
Y 11 1 Q 8

(r)_
“Q,z ‘+0,

0z [4.6]

Next consider the axial displacements, u,(x,z) in the two ply groups. It is reasonable to

assume parabolic displacement fields in the two ply groups as depicted in Figure 4.4

below:

A:

i L 3 0°plies
A

i....
—

o~
ST

90°plies ( X

= 0°plies

il

Figure 4.4 Assumed Displacement Field in the 0° an 90° Ply Groups

These displacements can be expressed as variations with respect to z; given by second

order polynomials as follows:

u,(x,2,)= f(x)l}ﬁc{%j } 0<z,<h, [4.7a]
1, (x,2,)= f(x){a2+b (};)%{Z) } 0<z,<h, [4.7b]
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where =2 , L=1-h

Employing [4.3] to take averages of [4.7] with respect to z we get:
_ ¢
u,(x)=f(x) a, +—3— [4.8a]

i, (x)= f(x){a2+b2—2+%2:| [4.8b]

Using the fifth equation of [4.2], and employing the assumption given in [4.4ii], we obtain

the following constitutive relation for the shearing stresses in each ply:

20 = o 9% (4.9]

% 9z

Substituting the displacement fields from [4.7], the shearing stresses in each ply can then

be written as:

V= f(x)Cé?(%)% [4.10a]
T@= f(x)Cg)(b2+202§h—z-ji [4.10b]

Note that the symmetry condition, 7 (x,z, =0)=0, is automatically satisfied by the form of

u,(x,z,). On the other hand, for the stress free surface at zp=h, we have:

8 (x,2,=h,)=0 [4.11]

xz
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Which in view of [4.10b] we get:

by=-2c, [4.12]
Continuity of displacements (no slip between ply groups) at the interface requires:
u, (x,2,=h)=u,(x,z,=0) [4.13]
Employing this relation in [4.7] yields:
a,+c =a, [4.14]
Since the shearing stresses in each ply group must match at the interface we have:

T (0.2, =hy) =72 (x,2,=0)=7"(x) [4.15]

xZ

Then from [4.10] along with the relation in [4.12] the following result is obtained:

2
o=y =2y 4.16)

h h, h,
Additionally, employing [4.12] in [4.8b] yields:

u(x)=f (x)[a2 —%cz] [4.8b]

The results in [4.8a], [4.14], [4.16], and [4.8b]' consist of four linear equations in four

unknowns, namely, ay, a2, ¢j, and ¢z as shown below:
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1 0 U3 0 (g 7 (x)
0 1 0 =2/3 ||a i, (x
JERIN [4.17]
1 -1 1 0 |lg| f0)] 0
0 0 CP/h C2Ih|lc, 0
Solving simultaneously yields:
3 AR
c=—C(2)( 2 1 [4.18a]
F 2 N BCD+RCE ) f(x)
3 g-k ) 1
c=——C“)( 21 [4.18b]
22 B CR+RCS ) f(x)

Employing the last result, the shearing stresses in equations [4.10] can be written as:

(1) ~(2) - =
a__ 3CC5 i

=T CThACIR b A5
From [4.15] along with [4.19], the interfacial shearing stress becomes:
T = Ass(ﬁz - ﬁn) where Ay, = —_h,gf%f,j?” [4.20]
55 55

Note that equation [4.20] is a constitutive relation for the interfacial shearing stress in terms

of the average displacement over each ply group. Using the definitions for z; and z with
[4.19] and [4.20], the shearing stresses in the two ply groups can be expressed in terms of

the interfacial shearing stress as:
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=

V=a(x)z , @=a(x)h (%) [4.21]

where
T (x)

a(x) 7

The first two equations of [4.5], along with [4.6] and [4.20] can now be combined

to form a second order homogeneous ordinary differential equation for 7*(x) with constant
coefficients. This is accomplished by taking two derivatives of [4.20] with respect to x,
and substituting one derivative of [4.6] with respect to x into this expression. Terms
involving derivatives of stresses are then eliminated by employing equations [4.5i] and

[4.5ii], resulting in the following expression:

7 -lt"=0 [4.22]
where
A 1 1
% =" ot om
by Oy
The solution of [4.22] reads:
7" (x) = A, sinh(@,x) + B, cosh(0yx) [4.23]

However due to symmetry about x=0, By=0 and we have:

1" (x) = A, sinh(e,x) [4.24]
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To determine Ay, we utilize the fact that the crack surface at x=L within the 90° ply group

is traction free. Therefore:

G. (x=L)=0

5O (x=L)= G.h [4.25]

h,

Where the second of equations [4.25] follows from the global equilibrium given in [4.5iii]

and G, is the average applied stress on the laminate. Differentiation of [4.20] and

evaluation both at x=L gives:

(L) = ASS(M};—E‘,—(QJ [4.26]

Upon recalling [4.6] we have:

=) Dz =(2) )z
1) 2 - (2)
11 11

w(L)=

Whereby, employment of the condition in [4.25] along with [4.5iii] results in:

_OWz

€
=7, _ 12 &~y
w(L)=—35

v [4.27]
_, 1 (G.h _
0= | - 0%,

11

Substituting this result into [4.26] gives :
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" As (GROY (0 28 0
(L) = = x +Z - 4.28
w RO\ WO T o 14281

Note that differentiation of [4.24] and evaluation at x=L gives:
7" (L) = Ayet, cosh(e, L)
Consequently, Ay can now be determined from the last two results:

77’ (L)

= [4.29]
o, cosh(a, L)

Note that 7" (L) is given in [4.28] in terms of &, and the yet unknown transverse strain, E)..
With Ay thus determined the interfacial shearing stress is given as a function of position, x.

The normal stress distributions now follow upon integration of equations [4.5i] and
[4.51i]. The constants of integration are evaluated with the aid of [4.51ii] and [4.25]. In

summary, the resultant stress distributions are then given by:

7" (x) = A, sinh(e,x)

5’;”(x) = i(cosh(ocoL) - cosh(aox)) [4.30]
o,
=7 =0

0= Z T

The value of £ is obtained from the condition that in the absence of transverse

loading, Ny=0 we have the following expression for equilibrium in the y-direction:

L L
G hL=h[5dx+h, [6Pdx=0 [4.31]
0 0
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Expressions [4.6] give the following relations for the transverse stresses in each ply group:

=) _ =) =
o, =(0, +C2&:‘v

_ _ [4.32]
6.0 =CoP +CE,

where
/O
Q(l) ( (1)) /Q(l)
Q(Z)/Q(Z)
Q(2) ( (2)) /Q(Z)

Carrying out the integration in [4.31] results in the following expression for the transverse

strain:
-G.(C,hL + Bk k
£ = x( 3 ﬁ] 1 3) [4.33]
’ ﬁ1k1k4 + L(Czhl + C4h'2)
where
B = €-¢c) (Lcosh(aoL) - ———S‘"h(“"L))
aO aO

k, = Ag; (R, 00 cosh(ay, L))

hQ(l)
h,

k - (1) (2) (Z)Q(l)

ky =

Substitution of [4.33] into [4.28] results in a relation between 77(L) andG,, thereby
determining Ag in terms of &, . The stress distribution predicted by the shear-lag model is
sketched in Figure 4.5 below. The shear stress 7 (x) is an odd function of x vanishing at
x=0, while the normal stress in the 90° ply vanishes at x=L. Note that the stress in the

=)

outer plies, G,” reaches a maximum at x=L.
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Figure 4.5 Linear Shear-Lag Analysis Stress Distributions

At this stage, it should be realized that the half crack spacing, L, is still an arbitrarily
prescribed quantity, and to calculate the aforementioned stress distributions, L would have
to be treated as an input to the analysis. Since one of the major goals of this dissertation is
to develop a predictive failure model, a method to determine L will be presented in section
4.2.

To establish a stress-strain curve for the cracked laminate, it is necessary to
calculate the global axial strain, £,. To accomplish this, it should be realized that the outer
plies remain intact during transverse crack formation in the interior 90° plies, thus the

average global axial strain is given by :

0|
il
&l
IS
~~
[\(
N’

* L [4.34]

A straight forward integration of [4.6] over the region 0< x <L, yields the following

expression:



x T (2)
11

£ = L[—_—h — 0P - —’i'L-(cosh(aoL) - S‘—‘“‘-(i"ﬁ)] [4.35)

h, T o o,L
All terms in this equation are known for a given crack spacing and applied stress, hence a

stress-strain curve for the composite can be generated as a function of the crack spacing.

4.2 Transverse Matrix Crack Progression / An Energy Criterion For the
Determination of Transverse Crack Spacing

To correlate the crack spacing, 2L, in a predictive manner with levels of applied
stress, &, , a fracture criterion is employed to compare available and required levels of
energies at crack spacings L and 2L. When, based on fracture considerations, it is
energetically advantageous for a new crack to form, the crack spacing is updated by
inserting a new crack between each pair of existing cracks while holding the applied stress
constant. The new stress distribution is calculated from [4.30], with the global strain given
in [4.35] providing the corresponding point on the stress-strain curve. This brings about an
abrupt increase in global strain at some fixed levels of applied stress, resulting in a
"softening” of the stress-strain curve.

The subdivision of crack spacing is depicted in Figures 4.6 below. Note that in
Figure 4.6(a), the view is of the edge of the specimen normal to the y-coordinate (see
Figure 4.1), while Figure 4.6(b) depicts the progression of a crack front being viewed

normal to the z-coordinate as it propagates across the width of the specimen.
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Figure 4.6(a) Progression of Transverse Matrix Cracks (Edge View)
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Figure 4.6(b) Progression of Transverse Matrix Cracks (Side View)

Consider now the energy criterion for the propagation of a new crack that is located
midway between existing cracks spaced at a distance of 2L. For this purpose consider a

region in state 1, with crack spacing 2L and a region in state 2 with crack spacing L as

depicted by the side view in Figure 4.6(a). It is assumed that an edge crack of length "a"

exists in the region of state 2 as shown in the side view of Figure 4.6(b). The crack is
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assumed to propagate in a straight front spanning the entire thickness of the 90° ply group.

The energy available for crack growth, J, is given by :

dIl
J=—— , N=U-W 4.36
A [4.36]

Where IT is the total potential energy of the system, U is the elastic strain energy and Wis
the external work done on the system, while dA denotes the new fracture surface area. For
the problem at hand, the crack of length "a" extends across the width of the cracked 90°

plies and the incremental crack area, dA is then 2hjda (see Figure 4.2). State 2 is assumed

to be established over the entire width of the coupon when:
J=Jic [4.37]

where Jyc, the critical value, is a material property that can be determined experimentally
for a given material system.

A typical load displacement curve that results from a crack formation in a body
under applied load is shown in Figure 4.7 below. It is well known that the area under this
curve is equal to the elastic strain energy, U, and the area above the curve is the
complementary energy, U*. The sum of these areas is then the work given by Pv, where P
and v are the external load and displacement, respectively. Substituting W=Pv back into

[4.36] gives the following result:

[M=U-Pv=-U*
whereby
*
j=4u [4.38]
2hda
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Figure 4.7 Cracked Body and Energy Content

For the linear elastic response case, U *= U and the areas above and below the curve are
equal. Since the subsequent analysis will consider the non-linear stress-strain response of
the laminate, the complementary energy will be used from here on to maintain consistency
of presentation. Employing [4.38], the available energy for the formation of a new

transverse crack between two existing cracks is then given by:

_ U Lr2=U'L
2h,

J [4.39]
Equation [4.39] expresses the change in energy between the two crack spacing
configurations, and the factor 2 is used so that comparisons are made on the same material
volume. Furthermore, assuming steady state crack growth, U™ in the above equation are
evaluated per unit distance in the y-direction. |

To evaluate the right hand side of [4.39], it is necessary to compute the energy at
the two half crack spacings of L and L/2. This can be accomplished through integration of
the stress distributions in equation [4.30). For a crack spacing of L, the contribution due to

normal stresses is given by:
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Laoi’ Lo?

Uy(L)=4h [ [EP(6")d6Vdx+4h, [ [EP(62)d6Pdx [4.40]
00 0 0

In addition, it is necessary to consider the contribution of the shearing stresses, 7, in both

ply groups. The resulting equation is then :

Lh ,m L7 1(2)
U (L) = 4“' J‘?,a) T(l))dT(l)dzdx+4J.J‘ J’ya) ‘”)d't‘”dzdx [4.41]
00 0 Oh 0

Obviously, U ' =U,+U. [4.42]

g T

To evaluate [4.40], it is necessary to express the strains in both ply groups in terms of
stresses by means of the constitutive relation, [4.6]. In [4.41], the expression involves an
additional integration since the shearing stress varies linearly with z as shown in equation

[4.21]. Substitution of [4.6] into [4.40] gives:

LG ~(1)_Q2 LGP 5@ 1(22)
12 %y 3 =(1 2
U,(L)= 4h]jde "dx+4hZJ‘ j T “Zubsop [443)
0 11 1

Carrying out the inner integration yields:

(1) (2)
UL(L)= mj( -5 QYE }b mj[ ‘”Q(”}b [4.44]

The expressions for the stress distributions are then given in [4.30], and the final

integration can be computed in a straightforward manner.
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To compute the energy term due to shearing stresses, a similar approach is used,

with an additional integration with respect to z. Recalling [4.21]:

W =ax)z T‘”-a(x)h,( J [4.21]R

h—h
and noting the continuity of shearing stresses at the interface as given in equation [4.15]:
0 (x,z,=h)=12(x,2,=0)=1"(x) [4.15]R

then, employing the known interfacial shearing stress 7” (x) along with the first equation of

[4.30] we have:

T(l) _ a(x) AOZSlnh(aOX)
hy
[4.45]
T = a(x)h,[ ) A, sinh(¢, x)( —z ]
~h T\k-h
Additionally, from the fifth of equations [4.2], we have:
(t) - C(,)'}/ilz) [49]R
Using these last two results in [4.41] and carrying out the integration gives:
. 2 h(2e, L) L
U, = A5 sinh(20,.) J( hz,) + h;)j [4.46)
3\ 4a, P CE
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4.3 Considerations of the Weak Fiber-Matrix Interface in Ceramic Matrix

Composites

It is well known that the interface between the fiber and the matrix in ceramic
composite materials is much weaker than that in polymeric composites. This characteristic
feature of ceramic matrix composites is generally desirable since the weak interface gives
rise to some of the energy absorbing mechanisms that contribute to the ductility of the
composite. This weak interface has significant implications on the transverse toughness of
ceramic matrix composites. For this purpose, consider the transverse crack in a cross-ply

laminate as depicted in Figure 4.8 below.
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Figure 4.8 Transverse Crack and Fiber / Matrix Interface Interaction
This figure suggests that when a growing crack encounters a fiber, the weak interface

provides a path that has less resistance to crack propagation than the matrix material

without fibers. Hence, as the crack circumvents fibers, it expends less energy than it would
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growing through matrix material. This process of a crack growing around a fiber is

idealized in Figure 4.9 below for the case of fibers evenly spaced at a distance, S :

il
P92
\ o /

Ply Interface

Figure 4.9 Detail of a Crack Growing Between Parallel Fibers

From simple geometric considerations, the relationship between the fiber spacing and
radius can be related to the fiber volume fractions for various packing geometries, such as
square and hexagonal arrays. For instance, for a square array the fiber spacing S is then

given by:

1
S=2r (—Jz -1 [4.47]

Where r is the fiber radius and Vyis fiber volume fraction. Then for a typical fiber volume

fraction of 40% for a Nicalon/CAS ceramic composite the fiber spacing is given as:

$=0.8025r=0.4d [4.48]
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Where d is the fiber diameter. Then if the fracture area is taken to be the distance between

the fibers(assuming perfectly debonded fibers), the net fracture area becomes
S/(S+d)=28% of the original value, 2h;. This would imply that a lower bound on
transverse toughness is given by J°=0.28]" , where J?° and J7 are the toughness of the
90° ply group and the neat matrix material respectively. It should be realized however that
in reality the fibers are not aligned in a square array, and the interfacial strength at the

fiber/matrix interface contributes to the transverse toughness, therefore it is reasonable to

consider J?>0.28]". Several values of fracture toughness will be employed in the

subsequent parametric studies to explore this issue further.

4.4 Summary of Linear Analysis and Implementation

Equations [4.1] through [4.46] constitute the necessary expressions to determine

the stress-strain response of the ceramic cross-ply laminate. These results are implemented

by incrementing the far field applied stress , G, and carrying out simultaneous calculations

for two crack spacings, 2L and L, at each fixed level of the applied stress &, . This enables

a comparison of energy at the two crack geometries. The analytical/computational scheme

is as follows:

(1) Assume an initial crack spacing 2L. This assumption may be guided by experimental

observations, i. €., approximately one crack per inch.

(2) Consider some level of the far field stress, &, which is then incremented gradually.

Increments of about one percent of the failure strength of the composite generate an

acceptably dense stress-strain curve.
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(3) Calculate the transverse strain from equation [4.33].

(4) Calculate the constants 7 (L) and A, using equations [4.28] and [4.29].

(5) At this point the normal and the interfacial shearing stresses are known functions of x,

given in equations [4.30]. Furthermore, the shearing stress component, 7 (x,z) is given

by equations [4.21].
(6) Calculate the global strain for the composite using equation [4.35].

(7) It is now necessary to check if this applied stress can be sustained with the assumed
crack spacing. This requires evaluating equations [4.43] and [4.46] with crack spacings of
L and 2L. The value of available energy is computed by equation [4.39] and compared

against the transverse fracture toughness, Jjc,, of the material.

(8i) If the available energy is less than the fracture toughness, then the assumed crack
spacing of 2L is consistent with the applied stress. In this case, the global strain, which
corresponds to the crack spacing, 2L, as calculated in step 6, is valid and a new point on the

stress-strain curve is obtained. At this stage it is necessary to increment the applied

stress, &, , and repeat the procedure to determine the next stress-strain value.

(8ii) If the available energy is equal to the fracture toughness, it is necessary to replace the
current crack spacing, 2L, by half its value, L, and repeat the process starting from step 1.
The next comparison of energies will then involve geometries with crack spacings of L and

L/2 for energy comparison.

(9) The analysis is terminated when the applied stress reaches the experimentally

determined strength of the composite.
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A case study is shown in Figure 4.10 below for a [02/902]s cross-ply lay-up:
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Figure 4.10 Comparison of Linear Model and Experimental Stress-Strain Response

It can be seen that at the earlier stages of loading the model predicts the stress-
strain response of the laminate reasonably well. The first subdivision of transverse cracks
occur at a stress level slightly above 50 MPa and there is a corresponding "jump” in the
strain. After this point, there is a noticeable reduction of the slope of the curve, indicating
that the overall stiffness of the laminate has been reduced due to the introduction of the
transverse cracking in the 90° ply group. This process is repeated as the load is increased
further, and the results from the model agree with the experimental data until the applied
stress reaches about 100 MPa. At this point, the predicted and the experimental stress-

strain curves diverge since the model predicts insufficient levels of available energy to

introduce further cracks until &, reaches approximately 120 MPa. This discrepancy at the
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higher levels of loading demonstrates the inadequacy of the linear model in capturing the

response of the laminate and the need to address the non-linearity in the 0° plies as

discussed previously.
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CHAPTER 5

MODIFIED SHEAR-LAG ANALYSIS FOR THE BILINEAR RESPONSE OF
THE 0° PLIES

5.1 Introduction

Although the shear-lag analysis of Chapter 4 seems to show some prospect for
correlating predicted stress-strain behavior with experimental results, it exhibits obvious
shortcomings. The most noticeable discrepancy is the underestimation of the global strain
at higher stress levels. This is not surprising considering that the linear analysis only
addresses a single damage mechanism, transverse cracking in the 90° plies. Recalling the
stress-strain response of the outer 0° ply group shown in Figure 3.11, it is obvious that the
significant non-linearity in the response of those plies must be taken into account when
trying to model the behavior of the cross-ply composite.

To simplify the formulation and computational work, the stress-strain curve for
typical unidirectionally reinforced SiC/CAS is approximated by the bilinear behavior

shown in Figure 5.1 below, where the bilinear stress-strain curve is indicated by the solid

lines overlaying the experimental data. A "yield point”, 5,, is used to locate the onset of the

nonlinear behavior, and a reduced modulus is then used then for stress levels aboveo,. A

bilinear constitutive relation can then be defined in the following manner:

=) _ ADe=r, Az
o, =0+, &
O] O O} i=1,2
=) _ i) (35—
o, =0, +0, €,
while
—=(2) _ (2)r Dz —=(2
0. =0+ €, (TP <0o,) 5.1]
—(2) _ A2 D= A =(2) ’
5.”=0, )u2'+ 1(2)8)'+O- (0,7>0,)
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It should be noted that the stress in the outer plies is a function of x and may be greater than

or less thano,, the "yield point", within the region 0 < x < L. Considering conceivable

stress distributions, it can be seen that three possibilities exist. This is demonstrated in the

sequence of stress distributions sketched in Figure 5.2. The location where the stress, o,

in the outer plies attains the level of 6, is given by x*

400
Specimen 1-1 [0];¢
300 |
—_ (2)
a1
% o) Qi
= 200 49—2
w
[75]
L
)
100 }
(2)
Qpy
0 L. ] 1 ] I | [
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Strain [%]

Figure 5.1 Bilinear Representation of the Unidirectional Stress-Strain Curve
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. 2
Case (i) : 67 is less thano, A(S()

throughout the domain, (0<x<L)

G,
0
and the first two equations in [5.1] will /
suffice. - X
L
Case(i)
.e —(2) . (2)

Case (ii) : 6,7 18 greater thano, at ‘GX
x=x* and it is necessary to use the

G,
appropriate expression from [5.1] for 0 _____/
&? to the left and right of the X

x* L
location, x* .
Case(ii)
oy =(2) @

Case (iii) : G, 1s greater thano, for ‘Gx
all x values, and only the second /
expression from [5.1] for &* needs O,
to be considered. - X

Case (iii)

Figure 5.2 Bilinear Stress Distributions

These three possible stress distributions depend on the level of the applied stress,&,. It is

thus necessary to consider three distinct solutions for the case of the bilinear behavior of the
0° plies. With these possible stress distributions in mind, it is advantageous to rewrite

equations [5.1] in terms of position in the following manner :
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6(1) — (I)H'+Q(1)

X

(0<x<L)
5O — D577 Q)+
o, 2+ 05 g,
[5.2]
=(2) _ 1(2)=r (2)
0, =0 h+0; € (0Lx<x¥)
P

A
where 6‘=0'0[ ———‘(-'2—)}

11

5.2 Case (i), 7.” <0, for all locations, (0<x < L)

For this situation the stress in the outer plies is less than the yield stress throughout

the entire domain and the linear analysis of Chapter 4 applies. Since the stress distribution,

=(2) (2)

G,”, is calculated for each small increment in applied stress, and &, attains its maximum

at x=L, it is a relatively simple matter to determine the applied stress level where the onset

of non-linearity occurs and the linear analysis is no longer valid.

5.3 Case (ii), §» 2 0,, (0<x*<L)

X

In this circumstance it is necessary to consider two separate solutions within the
regions 0<x<x* and x*<x<L, respectively. The procedure to determine the
governing differential equations parallels that for the linear analysis, however at each step
involving the constitutive relation in the outer plies, the appropriate expression from
equation [5.2] must be employed, providing the required modifications to the solution

procedure.

The equilibrium equations remain unchanged since they are independent of the

constitutive relations. Hence:
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OC)) [4.5(R

o —h

o T()

o = [4.511]R
g h,

5Ok +5Ph, =5k [4.5i{]R

Since the shear response is assumed to remain linear, and since the condition of no

interfacial slip between the plies still holds, we retain the relation :

_ Al el
T = Ass(uz = u‘) where Ay = 3—}:2)6‘—5&-(1—) [4.20]R
hICSS +h’2C55
l
Differentiating [5.2] once with respect to x gives :
1
‘ 50 =00 (0<x<x*)
| /P =0’ (0<x<x*) [5.3]
i G/ P =0%u (x*<x<L)
Upon differentiating [4.20] twice and employing [4.5] and [5.3] one obtains:
7 —a,T =0, aé-A‘S[ 1(1) 1(2)j (0 x < x*)
hOy  hQ
[5.4]

1 1
(h,Q“) 0 ‘”J rErEh

At x=0,7° =0 due to symmetry. [5.51]
At x=L,c" =0 since the crack face must be stress free. [5.5ii]

To solve these two equations, the following boundary conditions must be considered:
|

|

1
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At x=x*,0 =0, defined as the point where yielding occurs. [5.5iii]

X

However, in view of [4.5iii], the last boundary condition can be expressed in terms of Ei”

to read:

G h-o4h,

h,

o (x¥)= [5.5iv]

Since the interfacial shearing stress,7 *, should be continuous at x=x* (though the
slope,7”°, may be discontinuous at x*) the following relation is utilized to match the

shearing stresses when solving [5.4]:
At x=x*, T (x*+)=T (x*-) [5.5v]
Solving the first differential equation in the region (0 < x < x*)and using [5.5i]:

T* (x) = A, sinh(@,x) [5.6]

Taking one derivative of [4.20] and evaluating at x=x*:

i (x*) - ﬁ]'(x*)) [5.7]

T,'(x*) =A55( A

For 0 < x < x *, the constitutive relation in [5.2] yields:
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W(x*)-Q(l)(“(‘)(x*) 0YE,)
" [5.8]

—, 1 =
(x*) = T(()'i”(Jc*) - Q,‘j’q)
11

Substituting this expression back into [5.7] and using the boundary conditions [5.5iii] and

[5.51v] we get :

(2)

Now, differentiation of [5.6] and evaluating at x=x* upon comparison with [5.9] results in

the following expression for Ap :

Ay =k(k, - kT, +k,E,) [5.10]
where
Ass

o h o, 00 cosh(er,x*)
e aroat)

(2)
k, = hoy

h,

D (2) (2) /()
( 12 12 On )

With A determined, an expression for 7" (x) within the range 0 < x < x * is at hand. It is
now possible to determine the normal stresses by integrating [4.5] with respect to x, and
the constants of integration are found with the aid of the boundary conditions in [5.5iii] and

[5.5iv]. Then the stress distribution in the region 0 < x < x * is given by:
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7" (x)=A,sinh(0x)

_o B O A

O'i”=o-" 02 1 "9 (cosh(a,x*)—cosh(o,x) [5.11]
heooho kg o”)

_w_0h GOh

ook b

1t should be noted that at this stage, equations [5.11] still contain two unknown parameters

namely, x* and €, (note that Ap is given in terms of £, in [5.10] ).

To determine the stress distributions in the region x* < x < L, consider the second

differential equation in [5.4], with the solution:

7" (x) = A, sinh(ey,x) + B, cosh(at,x) [5.12]

Note that in the absence of a symmetry condition as in the preceding solution, both

constants A; and B; must be determined. These constants can be evaluated with the aid of

the two remaining boundary conditions in [5.5], which were not used thus far:

At x=L, V=0, since the crack face must be stress free. [5.51i]R

At x=x*, T (x*+)=7"(x*-), due to continuity of 7" (x). [5.5V]R

Upon matching the expressions in [5.12] and [5.6] at x*, the condition of [5.5v] yields the

following relation:

A, sinh(a, x*) + B, cosh(a,x*) = A, sinh(ax*) [5.13]

To utilize [5.5ii], take one derivative of [4.20] with respect to x and evaluate at x=L:
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[5.14]

b_lz'(L)-ﬁ](L))
h

e Ass(

In view of [5.2] we have:

m(L)=i(,)(&§”(L>—QS>E,.)
[5.15]
B = (3 (1)~ 0%, =)

11

Substitution of [5.15] into [5.14] and employment of the boundary condition [5.5ii] yields:

A ]; _ () (2) O"-

11 11

This expression can be written in a more compact form as:

77 (L) = kO, +kE, — k, [5.17}
where
=
o'k,
Thlarer
A; 6
k7=T"T—
ROy

Differentiation of [5.12] with respect to x evaluated at x=L, and comparison with [5.17]

then results in:

Ao, cosh(e, L)+ B, sinh(e, L) =k,G, +kE,~k, [5.18]
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Now note that equations [5.13] and [5.18] are a set of linear equations in A; and By which

can be written in matrix form. Upon inversion, we have:

{Al} 1 [ cosh(a,x*) -a, sinh(a,L)HkSEX + kg€, — k,,} [5.19]

B[~ D|-sinh(e,x*) @, cosh(e,L) || A,sinh(c,x*)

where D =q, cosh(c, (L—x*))

Thus A; and B; are given in terms of £ and x*. Recall that Ag in equation [5.10] is also
given explicitly in terms of £ and x*, hence there are four unknown parameters, A}, B}, €,
and x*, and two independent linear equations in {5.19]. To get a solution to this system of
equations, two additional conditions are needed.

Before turning to the details, note that the stress distribution within the region

x*< x <L can be calculated once the constants A; and B; are known. The stress

distributions are determined by integrating [5.12] as indicated by the equilibrium conditions
in [4.5]. Carrying out the integrations and using the stress free boundary condition in

[5.5ii], the stress distributions in the region (x* < x < L) read:

7" (x) = A, sinh(¢,x) + B, cosh(c,x)

g = —I—{Al(cosh(alL) — cosh(a,x)) + B (sinh(e, L) - sinh(a,x))}  [5.20]

haoy
ook h,

Returning to the two additional conditions required for determining the foregoing

four unknown parameters, note that the condition 6> =0, at x=x* must also hold for the
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. =) . o .
expression for O in the region x* < x < L given in equation [5.20]. Furthermore, the

global equilibrium condition in the y-direction, which remains the same as in [4.31], gives:

L L
&L=k [ dx+h[5Pdx=0 [4.31R
0 0

Recall from equation [4.6] that the constitutive relation for the transverse stresses was

given by:

=) _ A=+ (l)
o, = ot + 0 € y

5?9 = 097 + OPF
o, o Uy + 05y

[4.6]R

Substituting equation [5.2] into [4.6] it is possible to express the transverse stresses, 0'(‘)

=(2)

terms of the longitudinal stresses &. . Note, however that ¢, will now be given by two

distinct expressions over the two regions 0 x<x* and x*<x< L. Carrying out the

substitution, the following result is obtained:

V=3 +CE,
TP =CT + CE, (0 € x < x*) [5.21]
f” CGP+CE,-C (x*<x<L)

where

Q(l)/Q(l)

Q(l) ( (l)) /Q(l)

Q(z)/Q(Z)

Q(z) ( (2)) /Q(Z)
cs =010

Q(Z) ( (")) /Q(Z)

Q(Z)O-/Q(Z)
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These expressions can now be substituted back into [4.31] to carry out the integration. It

should be noted however that the integration must be split between the two ranges noted in
[5.21] employing the appropriate expressions for&'> from [5.11] and [5.20]. Further

manipulations and regrouping of results give the following expression for £, in terms of

|

x*:

th7(L —x¥)+ hl[cwﬁs + C5ﬁ9 - C](ﬁs + ﬂ9)]

G [nC/(B, + B)) — WC,B, + hCx * +h Cy(L - x*) = b Csfp,

where

and

B, = x * cosh(ayx*) — sinh(oyx*)/ &,

B, = (L —x*)cosh(e,L) - sinh(e;, L)/ ; + sinh(a, x*)/ ¢,
B, = (L - x*)sinh(a, L) - cosh(ex, L)/ &, + cosh(o, x*)/ o,

4
h ha,
_ kk.B
Bs=——"—
o,
B, = kkB _ oghx*
o, h,
71\ 1 [ ks kka, ]
Y- :5 ke —kka,
Y3) -k —kka |
74‘ i —"'ks _k1k3a1-
Ys ‘=B —kg  kk,0
Ys) L k, kKo, ]

D = @, cosh(ar, (L — x*))
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B, = iB, + 7B

ha,

B, = Y28, +7sPs

ho,

B, = ¥sB, +¥ebs

{
{

ha,

o {hl(CZL +C(Bs + By) - G5 - Csﬁs) + 1’12(C4x *+Ce(L - x*))}

cosh(a, x*) }

sinh(a, L) sinh(0z,x*)

sinh(og, x*)
cosh(o, L)sinh(otyx*)

}




Examination of equation [5.23] reveals that all terms on the right hand side are
constants or functions of x*, defined above. Therefore £, is given in terms of x*, and all
that remains at this stage to complete the solution is to determine x*.

To determine x*, an iterative root finding scheme is employed using the fact that at

x* the value of G'* must equal the yield stress,o,. The following procedure is then

employed:

step (1)  Guess an x* within the region (0 S x*< L),

step (2)  Calculate all constant parameters listed subsequent to [5.22].
step (3) Calculate €, from [5.22].

step (4)  Calculate Ap, A, Bj in equations [5.10] and [5.19].

step (5)  Calculate &% (x*) employing [5.20].

step (6)  Check if G2 (x*)=0,,. If so, then x* has been located. If not,
iterate by choosing another x* location in step (1) and repeat

the process.

It should be noted that a systematic iterative procedure employing a bisection algorithm is
used to determine x*, resulting in rapid convergence. This iterative method is discussed in

detail in references [62,65].

To complete this solution, it is necessary to determine the global strain, €,. This is

done similarly to the linear case, however since there are now two constitutive relations on

the region (0 < x < L), it is necessary to split up the integral used to determine the global

strain. Employing equation [5.2], the following result is obtained:

— * = (2) (2) s L —=(2) )z =
g _uz(L)_i{]o-x Y 8}' O-x ¥ E)'—O-

o dxt o
0 11 x* 11

d 23
=T L x} [5.23)




o

&, once again using the appropriate expressions in the two

Inserting the expressions for 0,
regions from equations [5.11] and [5.20], and carrying out the integration gives the

following result:

_ 1
E,=—x I Opx* A° (x*cosh(aryx*)—sinh(a,x*)/ o, ) - ;g)e\x*} [5.24]
oL %

GR(L-x% 1 I_A,((L—x*)cosh(a,L)—sinh(a,L)/a]+sinh(a1x*)/al) }

+Q(1)L h, ho, [+B1 ((L-x*)sinh(e, L)—cosh(e, LY/, +cosh(e,x*)/ o)
—(Q5E,+6)(L—x*)

5.4 Case (iii), 6” >0,, (0<x<L)
This case resembles the linear solution since the entire field between the cracks has
yielded, and then x* is effectively located at x=0. This results in solving a single differential

equation, namely the second of equations [5.4] which gives:

7 —alt =0, al—/;zss{hll“ﬁ ém] (0<x<L) [5.4]R

The boundary conditions are the same as for the linear case, the only departure from the
linear solution is that the fourth equation of [5.2] must be employed for the response of the

0° plies, resulting in the following stress distribution:

7" (x) = A, sinh(¢,x)

g (x)= ——é‘—(cosh(a,L) — cosh(a,x)) [5.25]
he,
_ 5h-co h
GO ()= et
h,

12



where A =k (kT +KkE, —k,)

with
_ Ass
==
h o, cosh(e, L)
_h
k, = h2Q(2)
11
(1 (2)
_ X2 ¥p
k3_ ) 2(2)
i1 11
o)
ky =—=>

A2)

11
Once again, the constant A; is given in terms of transverse strain, which is determined
from equilibrium in the y-direction, giving the following result:

£ = C7th + k|k4ﬂ1 — ax(csl'—lL + klkzﬁl )
’ kk,B, + L(Cyly + Cohy)

[5.26]

where

(C1 - C5)(

——~(Lcosh(e, L)~ sinh(e, L)/ ;)
1

B =

and the constants C; are given in [5.21].
The global strain is again determined according to the same procedure as in the

previous cases. Upon integration of the constitutive relation for the 0° plies we get :

s B0 _ 1 Gh A

{ sinh(e, L)
L oY Rk ko

o,L

(cosh(a,L) - j —(07E, + 6‘)} [5.27]
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5.5 Calculation of Available Energy for Crack Growth with Bilinear

Response

Once the expressions for stress distributions are at hand, they can be incorporated
within equations [4.40] and [4.41] to calculate levels of available fracture energy.
However, since there are three solutions in the bilinear case, it is required to calculate the
energy available for crack formation for each case separately. Recalling the solutions for
the stress distributions in the bilinear case, the evaluation of the integrals in [4.40] and
[4.41] becomes more complex than in the linear analysis of Chapter 4 due to the presence
of multiple expressions for the stress distributions within the domain 0<x < L.

As noted earlier, sub-case(i) of the bilinear solution coincides with the linear case,

and the procedure for the energy calculation is identical to that given in section 4.2.
5.5.1 Energy Calculation for Bilinear Response, Case(ii)

For this case, there are two distinct stress distributions within the intervals
0<x<x* and x*<x<L (see Figure 5.2). To compute the complementary energy,

recall equations [4.40], [4.41] and [5.2]:

o-(l) L 0-(2)

U (L) = 4hlJ' Jg(l) “’)do*‘”dx+4h,lj J‘ea) m)do"”dx [4.40]R

% (2)
by T Rty

U;(L)=4ﬂ 7o ‘”dzdx+4j j [72(E2i0deaxr  [441R
000

Ok 0
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50 = o0+ OV, 0<x<L)
(2) Q(Z) Q(Z) (0 <x< X*)

&7 =0 m + QS’E), +6  (x*<x<L) [5.2]R

A(2)
5 — 11
O=0, 1—- )
11

Focusing on the calculation of complementary energy due the normal stresses, split [4.40]

as follows:

U,(Ly=1+1,

O.(l)

where I, =4h, j j EV(60 WGV dx [5.28]

2
Lo

I, =4h,] [EP(62)d6Pdx
00

Note that I; and I, represent the energy contribution in the 90° and 0° plies, respectively.
Since the integral I1 relates to the linear, 90° ply group, the constitutive relation given in
[5.2] remains unchanged throughout the region 0<x< L. Employing the first of

equations [5.2] yields:

o-(l)

h=2m f J 6 - OY'E, M6 dx (5.29]

Which, upon carrying out the inner integration gives:

-(1)
I = 45’3) [( 2) . 0LE }fa [5.30]
0
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However, in view of the distinct expressions for 3. within the two regions 0< x <x*

and x*<x <L as given in [5.11] and [5.20], it is necessary to split up the integration as

shown below:

* ) L (=M
I = 4h J’ ( 2) —ES) 1(;)5)' +j Q_ES) I(é)gy dx [5.31]
0 M

Consider now the integral I, which represents the energy contribution of the 0°
plies. Since the stress-strain relation changes at x=x* in the 0° plies, it is necessary to split

the integral at this location:

0-(2) 0-(2)

I,=4h, j j 82( <2’)do<2>dx+j jsm 62 )d6Pdx [5.32]

The appropriate expressions for the strains in terms of stresses from [5.2] must then be
inserted into [5.32]). However, it should be realized that within the region x*<x <L,

namely in the second integral of [5.32], the bilinear constitutive relation must be used since

6 will range from zero to a level that exceeds the yield stress, 0. This requires that the

integration from x* to L must be split again between values of 6'» above and below o,

leading to the following result:

6(2)
e @\ 752
I, = (2) J j ~£,05 a6 Pdx
11
[5.33]
L[os® _g 0@ o ~(2) -F Q(Z)

 46® \ax

x oY (2)
+4h7J' .[ o 40, + .[ 2D
10 11 11
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~(2)

At this stage it is possible to carry out the inner integrations in [5.33] with respect to o

and obtain the following expression:

(2) (2)
L= (2) J[ _(2)8 Q(Z)}b A(2) .[[ 652)(EYQ1(22) + 6)]d"
11 x
[5.34]

1 (o} 1 .. Op
+4h2(L—x*){ 1(12)( 20 — 048, Q(Z)) 6% [Go(e o +0')—70)}

The contribution of available energy for crack growth due to the normal stress distributions
G\ as indicated in equation [5.28] is then given by the sum of equations[5.31] and [5.34].
The evaluation of equation [4.41] is simplified by the fact that the shear response is
assumed to be linear, independent of the level of applied stress, consequently it is only
necessary to consider the variation of stress distributions within the two regions
0<x<x*and x*< x <L to properly carry out the integrations in [4.41].
On the interval 0 < x < x * it is possible to employ the same procedure that led to

equation [4.46], but with the upper limit of integration changed from x=L to x=x*. Thus:

Osxex* 2 sinhQoyx*) x*\ h . h
(vr) ?"( i, )(Cé? c;?] .

For the region x* < x < L the expression for the interfacial shearing stress is given

by equation {5.20] :
7" (x) = A, sinh(e,x) + B, cosh(a,x) [5.20]R

As in the linear case, the shearing stresses in the 0° and 90° plies must match the interfacial

shearing stress at z=hj, namely:
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T8 (2.2, =h) =10 (x,2,=0)=7"(x) [4.15]R

xZ

Utilizing [4.15] and [5.20], the expressions for the shear stress distributions in equations

[4.21], within the region x* < x < L can be written as:

m_

7% = a(x)z = —(A, sinh(q,x) + B, cosh(;,x))

2z
h

7 _ [5.36]
@ = a(x)h (Z‘:_;,J = (A sinh(0;x) + B cosh(a,x))( ; -z )

These expressions can now be substituted into [4.41] to evaluate the integrals in a
straightforward manner. The final result for the complementary energy due to shearing

stress for x* < x < L becomes:

wesst 2( bk )| (AT+B]), .
(Ur) —E(Cgls)T o J{ . [sinh(2e, L)—sinh(2,x*)]
[5.37]

B -A)L-x%) AB

[cosh(2c, L)—cosh(2ex, x*
5 2 ! (2a,L) (2o x*)]

Finally, the total complementary energy for the case(ii) bilinear solution is the sum of the
contributions from the normal and the shearing stresses given in equations [5.31], [5.34],

[5.35], and [5.36]. Or, using the notation for this section:

U'=U,+U. =1L+ L+(U) " +(U))™ [5.38]

T
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5.5.2 Energy Calculation for Bilinear Response, Case(iii)

For the third case, the applied stress, G, , has reached the level at which the stresses

in the 0° have exceeded the yield point, o, over the entire region 0 < x <L as shown in

Figure 5.2. Consequently, the stress distributions are prescribed by the same expressions
throughout the problem domain, namely equations [5.25], since a single constitutive
relation applies to the stress-strain behavior of the 0° plies in this case.

Once again consider the complementary energy contribution due to the normal

stresses, 6. for 0 < x < L. Equation [4.40] still applies, however since the fourth equation

of [5.2] holds for all x, it is necessary now to split only the inner integrations with respect

toG.” similar to the energy computation in case(ii). This leads to the following

expression:

Lo-(l)

* ~( 4] 1
U, (1)_[ _[ -£ Q12 )dO' dx

L [0y 5 @) o ~ (2) @ _ & [5.39]
+4hzf{f—8 L 450 1 I —5% dé'(z)}dx
0

(2) A(2) x
0 11 11

Upon performing the inner integrations, the final expression for the complementary energy

from the normal stresses becomes:

—D)\2 - 2)
4hl T (o-/‘(’l)) —(Dx (1) ( (2) (2)
= TJ.( 5 R (2) J. (8 O )
0 [5.40]
oif 1 1 507 +6 £07
+4}’7L{70 o " Fo | T % =2 (2)
11 11 11 11

79




Similarly, the energy contribution due to shearing stresses for this case is analogous
to that of the linear case, however the expression for the interfacial shear stress is now
given by equations [5.25] instead of [4.24]. The resulting contribution to the

complementary energy then reads:

. 2A%(sinhe,L) L
U= {( sinh(2aL) L L [5.41]
3\ 4o 2\ &

The total complementary energy available for crack growth for case(iii) is then given by the

sum of [5.40] and [5.41].

5.6 Two Case Studies for the Shear-Lag Solution with Bilinear Response

It has been shown that in the circumstance of bilinear response, three solutions
given in cases i, ii, and iii of the previous section must be considered to account for all
possible stress distributions which depend on the level of the applied stress, G .

The bilinear analysis introduces a second mechanism, namely, a reduction in the
stiffness of the 0° plies which contributes to the overall "softening" of the laminate stress-
strain behavior. In a more subtle manner, the non-linearity of the 0° plies affects the
formation of new transverse cracks in the 90° plies. This is due to the way the stress
distributions influence the levels of available energy for crack formation in the 90° plies.

To illustrate this behavior, a case study employing the bilinear analysis is shown in
Figures 5.3(a) and (b). The material properties and specimen geometry used for this

preliminary study correspond to [0/902]s SiC/CAS laminate. They read as follows:

Y =05"=110 Cy =52 J =15
=05 =120 Cy =37 2L,=25
0 =0 =30 0, =200 h=h,=0.4
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The stiffness values are given in GPa, while the "yield stress", 5, has units of MPa. Ply

thicknesses hj, k2 and initial crack spacing, L, are in millimeters, and the fracture

toughness is in J/m?2 .

From Figure 5.3(a), it is obvious that introduction of the nonlinear stress-strain
behavior of the 0° plies has considerably improved the prediction of the cross-ply stress-

strain response, compared to linear analysis of Chapter 4.

150 -
(a) Lay-Up: [02/902]5:_,-" _____ ="
h;=h,=0.4 mm
120 |
Je=15Im? 7
< 90
A,
Z,
% Specimen 6-7
£ 60 P
wn
.................... Linear Model
oFLH - Bilinear Model
0 ] | | 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6

Strain[%]

Figure 5.3  Comparison of Bilinear and Linear Models with Experimental

Results (a) Stress-Strain Response

For this analysis, the "yield point", o, , was taken to be 200 MPa. It turns out that a
stress, G, in the 0° plies of 200 MPa corresponds to an applied stress of 100 MPa for
the [02/90;]s cross-ply laminate. At this stage, the influence of the reduced modulus of the
0° plies initiates "softening" of the cross-ply response. This mechanism results in an

increase in global strain as the applied stress exceeds the foregoing level. This can be
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observed in Figure 5.3(a) by the location where the linear and bilinear results begin to
diverge, which is just above 100 MPa.

In spite of the forgoing improvement in the stress-strain response, it is still
necessary to compare predicted values for the crack density and experimental results. Such

a comparison is shown in Figure 5.3(b) below:
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h;=h,=0.4 mm
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0.4 0.5 0.6
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Figure 5.3 Cont. (b) Transverse Crack Density

Comparing the experimental and predicted crack densities, it is obvious that the transverse
crack density predicted by the bilinear model significantly overestimates the experimental
results.

Although the reasons for this discrepancy are not immediately obvious, some
insight can be gained by studying the effect of the parameters used for this analysis. Since
most of the material properties listed above have been experimentally verified, changing

these values is not justified. However, recall that the fracture toughness is only known for
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the matrix material without fiber reinforcement. Therefore, in view of the weak fiber-
matrix interface discussed in section 4.2, it is reasonable to vary Jj¢ parametrically and
observe the effects on the cross-ply laminate response. The results for several values of
Jic ranging form 12 to 30 J/m? are shown in Figures 5.4(a) and (b) for [02/90;]s.

Recall, that as new transverse cracks are formed, there is a corresponding "jump" in

the average laminate strain at the fixed applied stress level, &, . With this in mind, it can be
seen from Figures 5.4(a), that increasing the level of the fracture toughness, Jj¢ has the
tendency to delay transverse crack initiation and progression. This is most noticeable at the
earlier stages of applied stress in the test where the introduction of new transverse cracks
has a more significant effect on the stiffness of the composite. Additionally, it should be
noted that the corresponding stiffness of the laminate increases with higher fracture
toughness values as indicated by the elevation of the stress-strain curves.

Turning attention to the Figure 5.4(b), the effect of Jjc on the transverse crack
progression is more discernible. For Jjc = 30 J/m?2, it can be seen one less subdivision of
transverse cracks occurs than for the other three cases, reducing the final crack density to
approximately 50 cracks per inch. Nevertheless, this value is still about twice that of the
experimental data. Furthermore, it should also be noted that a value of J;¢ = 30 J/m? is

unrealistically high, since the published values of fracture toughness for the unreinforced

matrix material are approximately 25 J/m2 .
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Figure 5.4 Effect of J;c On the Response of a [02/902]s Lay-Up
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A second parametric study for a [02/904]s lay-up was conducted to see if the previous
results remain consistent for this lay-up as well. It should be noted that for this lay-up, the
material properties are the same as the previous case study, however, the 90° ply group
thickness was doubled to #;=0.8 mm. The stress-strain response and the crack density
progression for this case is then give Figures 5.5(a) and (b). The results for the [02/904]s
laminate follow trends that are similar to those for the [02/902]s case. In particular, in
Figure 5.5, it should be noticed that similarly to the previous case study, there is elevation
of the stress-strain curves accompanied by a delayed transverse matrix cracking with
increased fracture toughness. Once again, for the largest fracture toughness value, Jic =
30 J/m?, the final transverse crack density attains a level that is about twice the
experimental results.

The results from these two case studies demonstrate that, as may be expected, an
increase in the fracture toughness reduces the progression of transverse cracks. However,
even when unrealistically high levels for Jj¢ are prescribed, the predicted transverse crack
density is still approximately twice as large as the experimental value. Therefore, it is
necessary to consider the inclusion of slippage between the 0° and 90° ply groups as an
additional mechanism to achieve reductions in overall laminate stiffness at lower transverse

crack densities.
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CHAPTER 6
MODIFIED SHEAR-LAG ANALYSIS WITH INTERLAMINAR SLIP

As discussed in Chapter 3, there is an indication of a slip zone at the interface
between the 0° and 90° plies. This phenomenon was not included thus far, but must be
considered on its own merits, as well as in view of the discrepancy between predicted and
observed transverse crack densities noted at the end of Chapter 5.

It is obvious that introduction of an interfacial slip between the ply groups would
result in a discontinuity between the displacements in the 0° and 90° plies within the slip
region. This mismatch would then give rise to dissipative energy which has not been taken
into account by the foregoing linear and bilinear analyses. Furthermore, this dissipative
energy would result in a decrease in the available energy for crack formation, thus reducing
the predicted values of crack density. At the same time, "slippage” between the plies
would provide a softening mechanism that would contribute to additional global strain in
the laminate.

This reasoning seems capable of yielding the desired result, namely a decrease in
the transverse crack density leading toward more realistic values, yet preserving the overall
stress-strain response of the model by introducing additional global strain via slip at the
interface. The latter addition may compensate for the possible reductions in predicted
strains stemming from fewer transverse cracks.

To generate the solution in the presence of slip, the simpler case of linear behavior
will be addressed first. Subsequently, the more complicated cases that includes the non-

linear behavior of the 0° plies along with interfacial slippage will be addressed.
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6.1 Linear Response Coupled with Interlaminar Slip.

Consider a slip zone of length /. shown in Figure 6.1 below, which is assumed to

occur when the shearing stress, 7" (x), at the interface between the 0° and 90° plies attains

the level of the shear strength,7.. Typical stress distributions in the presence of a slip

region are sketched in Figure 6.2 below.

N —

) IPE—
X

Figure 6.2 Schematic Stress Distributions in the Presence of Slip

Denoting a constant interfacial shearing stress within the slip zone by 7, we have:
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7' (x)=constant=7, (L—I <x<L) [6.1]

At the location of a transverse crack, the boundary conditions of [4.25] still apply:

o (x=L)=0
5.h [4.25]R

h,

cP(x=L)=

Additionally, in view of the equilibrium equations [4.5] the stress distribution within this

slip zone, L—1I < x < L is then given by:

T(x)=1,
o0 (x) = LE2X) (6.2]
h
5P(x) = Gh_ T.(L-Xx)
h, h,

Consider now the contact zone 0 < x < L—1[_. For this region, the analysis is similar to the
linear solution without slippage, with modified boundary conditions at x=L-Ig obtained
from force balance considerations at the inner edge of the slip region as depicted in Figure

6.3 below.

=2
Oy-a—| (r *

Oy=a—| 90° 7%

Figure 6.3 Force Balance Within the Slip Zone
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These boundary conditions read:

cO(L-1)= l
h1 [6.3]
o (L~1)= 5,:’;_7:".;
I R O

The solution within the contact region,0 < x < L—I will remain the same as that in

Chapter 4, with modified boundary conditions of [6.3], governed by the identical

differential equation given in [4.22] :

7 -alt'=0 [4.22]R

s 1 1
where a f:zs(h, 7t Q(z))

Note the symmetry condition 7" (x = 0) =0 from Chapter 4 is still valid, and the solution

to [4.22] remains:
7" (x) = A, sinh(¢,x) [6.4]

Again, it is necessary to determine the constant Ag. However, in contrast to Chapter 4,
boundary conditions [4.25] are now replaced by the expressions in [6.3]. Recall the

constitutive relations for normal and shearing stresses given in equations [4.6] and [4.20]:

O — iz (!)
O, Wt OnE y

0 _ 0,

- le U,

~ [4.6]R

+ Q22 sy

90




! }:z 4 ) where A =

Ieile
hCD +hCY

[4.20]R

Using the same procedure as for the linear analysis without slip, differentiation of [4.20]
with respect to x and substitution in [4.6], followed by employment of the boundary

conditions in [6.3] yields the following result:

! (L'l-“)zi,‘ss(faémﬂy[ 0 ’&D'?-l.aé 6.5
11

11 11

Differentiation of [6.4] with respect to x, evaluated at x=L-I;, and comparison with [6.5]

gives the following expression for Ag:

Ay =k (kT +kE, )~ k, (6.6]

where
k= Ass/ (R g QPO cosh(ory (L-1,))

il

Tk

k=000 -0’0
— T:lsao

® cosh(or,(L~1,))

It is interesting to point out that the constants, k,, are the same as for the linear case if the
parameter L is replaced by L-I;. However, an additional term, kg appears in the current

solution. With Ap determined, integration of the equilibrium equations results in the

following stress distribution for the linear slip solution within the region 0 S x<L-1 :




7 (x) = A, sinh(ot,x)

59 (x) = f;:_ + —1,)) - cosh(oz,x)} [6.7]
5= TE T
o h

As expected, this stress distribution reduces to the linear solution without slip if the slip
length, /s is set equal zero.

Notice that the constant Ag is now given in terms of the transverse strain £, as well
as the newly introduced parameter, /;. To evaluate these two unknowns it is necessary to
employ equilibrium in the y-direction as in the linear solution without slip, together with
numerical iteration needed to satisfy the condition given in [6.1]. Equilibrium in the y-
direction is accomplished with equation [4.31]. However, since the stresses within the slip
and contact regions are prescribed by distinct expressions it is necessary to split the
integrals in [4.31] as shown below:

\ “

G hL=h, ja<”dx+h1 jo“’dx

L_

[6.8]
‘ +h, J'O'(z)dx+i5 jo‘”dx 0

‘ L1

—0)

Recalling equations [4.32], the transverse stresses &, can now be expressed in terms of

the longitudinal stresses:

g0 =G5 + G,
50— 50+ O [4.32]R
y
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G =010
C,=0%-(o9) 1o
C=07"/07
G = Qz(g) "( 1(22))2/Q1(12)

Upon substituting the longitudinal stresses from [6.2] and [6.7] into [4.32], and inserting

this result in [6.8], the transverse strain Ey can be expressed as follows:

2

N ) _ —
(2 (C% "Cl )(Lls —"ZL)-O-X(C3hL+ﬁ1k1]‘:x)+ﬂ|k8

£ = 6.9
) Bk, L{Cyh+Col) (69]

(CI—CB)

0

where f3,=

{1t o1 L

oy

Note that, with the exception of [, all other terms in [6.9] are known. A comparison
between the expressions for transverse strain in [6.9] and [4.33] indicate that when ; is set
equal to zero, the two expressions will be identical as expected.
As already mentioned, an iterative technique must be used to determine the slip
zone length, I This is accomplished by noting that by definition, at x=L-I;, the interfacial
shearing stress, T (x=L~- [.) must equal the shear strength, ‘L'v It is therefore possible to |
employ an iterative procedure similar to that used to find the position of the yield zone, x*,

in Chapter 5. This procedure is outlined below:

(1) Select a value for the slip zone length, I

(2) Calculate f3;, and €, from equations [6.9].
(3) Calculate Ap from equation [6.6].
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(4) Calculate 7" (x = L — I.) by using equation [6.7] and check to see if

7°(x=L~1)=1.. If so, then [; has been located, if not, it is necessary to

perform another iteration by returning to step (1).

With the stress distributions in hand, the next step is to determine the global strain
of the composite necessary construct the stress-strain curve. As before, the global strain of
the cross-ply is still given by:

g, =‘72—29 [4.34]R

Employing the appropriate constitutive relation from [4.6] and splitting the integration of

iz; between the contact and slip regions, the following expression is obtained:

L1, =(2) 2z L =(2) g

_ 1 0, -0y'E, c.7-0YE

E=—i | 2—2dx+ | =—2"dx [6.10]
0 11 L, 11

Substituting the expressions for & > (x) from equations [6.2] and [6.7] and carrying out
the integration gives the following expression for the global strain for the linear slip

solution:

Exh__i:.(l __lsz_j_ 2z
s 2L 12 *y

1 A, _ .
hzaoL[(L I)cosh(o, (L—1))

[6.11]

0

sinh(ao(L—ls))]
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6.2 Bilinear Response Coupled with Interfacial Slip

When the bilinear response of the 0° plies and an interfacial slip between the 0° and
90° layers of the laminate are considered simultaneously, the location of the onset of the
non-linear region, x*, and the length of the slip zone, /5, must be determined conjointly.

Note that the location where & = o, (x=x*), may occur on the right or to the left of the

location x=L-Ig, as indicated by x* and x"* respectively in Figure 6.4 below:

X
-

x*! x* L

Figure 6.4 Interaction Between Yield and Slip Zones

As mentioned previously, determining the location of x* in the bilinear case, and the length

lg in the presence of interfacial slip, require numerical iterative solutions even when
considered separately. Obviously, the complexity is further increased when the slip and
bilinearity occur simultaneously. In such a case it is not known a priori which

phenomenon, interfacial slippage or yielding, occurs first. Additionally, relative positions

of x* and L-Ig may change with the amplitude of the applied stress, 0, as well as with the
crack spacing L. Thus, at one level of applied stress, L-Ig may exceed L-x* (slippage

precedes yield), while at a later stages in the loading, the length of the region L-x* may

become larger than L-Ig if the yield zone extends past the slip zone. This requires the

generalization of distinct sets of solutions to account for each situation.
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Essentially, the iterative solution must simultaneously determine two roots for the

two foregoing locations. Then, based on the relative location of x* and L-Is, the appropriate
solution for the corresponding stress distributions must be determined .

A third case of the combined bilinear and slip analysis occurs when the yield zone
extends over the complete domain 0<x<L, and the location x* is effectively located at the
origin, x=0. This situation resembles the third case of bilinear solution without slippage
depicted in Figure 5.2. However, for the current circumstance the presence of the slip zone
must also be taken into account, adding to the complexity of the solution.

To categorize the distinct sub-cases of bilinear response of the 0° plies coupled with

slip at the 0°/90° interface, the following terminology will be employed:

"Case I" : The slip zone exceeds the yield zone, i.e. L-Iy <x*.
"Case II" : The yield zone exceeds the slip zone, i.e. L-Ig >x*.
"Case III" : Yielding over the entire domain, i.e. x*=0, with slippage over

the region L—[ <x<L.

6.2.1 Bilinear Response Coupled with Interlaminar Slip, Case 1

In this case, the bilinear response of the 0° plies occurs over a distance L-x* which

is smnaller than the slip range, L-I; as shown in Figure 6.5 below:

\ X
'

x* L
Figure 6.5 Shearing Stress Distribution for Combined Bilinear Response and
Interfacial Slip, Case I
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This circumstance requires the derivation of three distinct solutions for the regions

0<x<L-Il,L-l <x<x*,and x*<x<L.
To begin, consider the region, 0 < x < L -/ . Since x*>L-I;, the response of the 0°

plies is linear in this range. Consequently the boundary conditions at x=L-I; given in

equations [6.3] still hold, and the solution for the region 0<x <L -1 can be expressed by

the same form as in [6.7], namely:

7" (x) = A, sinh(a,x)

G (x) = Tk, A {cosh(arg(L - 1)) - cosh(ax)}  [6.12]

o hag
GiZ)(x) - Ex}; _ O'i])
h —h

where

k= Ass /(R 0, 0O cosh(ao (L~1,))
hQ

ky=—="-

— N H(2) (2) (D)
k4"Q12 11~ 12 ¥11

kg = T.:l.vao
cosh(e, (L-1))

It should be realized that the constant Ag contains the yet unknown parameter /s, which

needs to be determined. Nevertheless, it is important to notice that although equations
[6.12] and [6.7] have identical forms, the actual values of /g and hence Ag in [6.12] will
differ from those in [6.7] since their values will be influenced by the non linearity that
occurs in the subsequent regions beyond 0<x < L-1[.

Consider next the region L—/ <x<x*. Since this range falls within the slip

zone, the interfacial shearing stress is given by, .. The normal stresses, . are obtained
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by integrating the equilibrium equations of [4.5] and employing the following boundary

conditions at x=x*:

M [6.13]
h

5. (x=x%)=0, , T, (x=x%)=

Consequently, the stress distribution in the region L—I <x<x* is given by:

T (x)=",

T, (x*—x) + G h—0,h,
hy hy

T (x*-x)

h,

[6.14]

—(1
Gy (%)=

=(2) —
o (x)=0,-

Turning to the third region, x* < x < L, the interfacial shearing remains 7., and the
normal stresses are found by integrating equations [4.5] with the familiar boundary

conditions at x=L:

o’(x=L)=0

Py TE [4.25]R

h,

Consequently, the stress distributions within the region x*< x < L are given by:

T'(x)=1,
7.(L-x)
h
Ggh 1, (L-x)
h, h,

cP(x)= [6.15]

=(2
P (x)=
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However, recall from the definition of x*:
cP(x=x¥)=0,

Hence, substitution in the third equation of [6.15] yields:

x*:zt’hl;—‘ww [6.16]

5

Since all terms on the right side of [6.16] are known, the location of x* is determined from

equilibrium, independent of /5. This results in a substantial simplification of the remaining

analysis for the Case I solution.
At this stage, the stress distributions within the aforementioned three regions are

given in equations [6.12], [6.14] and [6.15]. As mentioned earlier, the constant Ag is still

given in terms of the transverse strain, £, and the slip zone length I;, which remain to be
determined. Employing equilibrium in the y-direction will result in an expression for€, in
terms of I; as well as various material constants. To determine /g and complete the
solution, it is necessary to recall the condition, 7" (x = L—1,)=7,, and employ an iterative
numerical method.

To satisfy transverse equilibrium, condition [4.31] must be split over three regions
as shown below:

-

hL=h, jlé;l>dx+ TE;”dx+ ja;”dx
-1 X'

0 L-I,

[6.17]

L"'I_‘. x' L
+hy| [6Pdx+ [ 6Pdxc+ [GPdx|=0
—{ X.

0 L-;
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As shown in Chapter 5, the constitutive relations given in [5.2] can be employed to relate

lateral to longitudinal stresses as follows:

5 =CEP +Cp,
gP=Ca"+CE  (0<x<x¥) [5.21]R
;” C6,°+CE,-C, (x*<x<L)

where

G =07/

Q(l) ( (1)) /Q(l)
Q(2)/Q(2)
Q(Z) ( (2)) /Q(Z)

CS = Q1(22) /Q(Z)

Q(z) ( (2)) /Q(z)
Q(Z)O./Q(Z)

(i)

The integration in [6.17] can be carried out using the appropriate distributions of G,” from

equations [6.12], [6.14] and [6.15]. Straightforward, albeit tedious manipulations give:

h,C,(L-x*)—(C,—-C, ){ k(‘;ﬂ‘ +h,0, (x*—L+lS)}

0

3 ~6XF‘—’2—5L(C, —C)+Ch(x*~L+1)+Ch (L—ls)+CSE(L—x*)} :

0

‘T.:{(Cl-C3)(I‘V(L—ls)+@%ﬂ)_)+(c C)(L ;*)}
> > {6.18]
' kk4ﬁ1 .
{ o LG -G+ C L+, Cox*+h, C(L— x*)}
0

where B, =(L—I )cosh(cy(L~1,))-sinh(a, (L-1))/ %,
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Notice that the constants k; carry over from equation [6.6] and the transverse strain is given
in terms of known constants, with the exception of the yet unknown slip zone length, .
To determine ; it is necessary to employ the same type of iterative procedure as was used

in section 6.1 for the linear slip solution. The procedure is outlined below:

(D Calculate x* from equation [6.16].
2) Select a trial value for the slip zone length, /s, consistent with x* > L-I;.

(3)  Calculate §,, and £, from equations [6.18].

4 Calculate Ag from equation [6.12].
&) Calculate 7" (x = L — ) using equation [6.12] and check to see if

7°(x=L~1)=1,. If so, then I, has been located, if not, it is

necessary to perform another iteration by returning to step (1).

The global strain that corresponds to the present solution is obtained by integration
of the constitutive relations over three regions considered herein. Employing [5.2] the

global strain is then found to be:

Ll (2) (2)= (2) (2) L =(2) 2z ~
£ == ——Z-Adx 28 g (S22 579 4 [6.19]
x L (2) Q(Z) 2)

0 11 L, 11 X 11

Upon substituting the appropriate stress distributions, and carrying out the integration, the

final result reads:

(6.7-vL-00E b )LL)~ 2Pl

_ 1 0

gx LQ(Z) T*
+hy(x*—L+1, )0y~ fzz)é').)——z“;(x*—L+ls)2 (6.20]

el s oo
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6.2.2 Bilinear Response Coupled with Interlaminar Slip, Case 11

For this case the region of bilinear response of the 0° plies extends beyond the

interfacial slip zone i.e. x* < L- I; as depicted in Figure 6.5 below:

Figure 6.6 Shearing Stress Distribution for Combined Bilinear Response and
Interfacial Slip, Case II

As in Case I it is necessary to construct three solutions for the stress distributions within

three distinct regions. In this case these regions consist of 0<x<x*, x*<x<L-IL, and
L-l <x<L.

Referring to Figure 6.6, the innermost region, 0<x<x*, is governed by linear
response and is bounded at x=x* by a region where bilinear behavior occurs without slip.
Hence, the boundary conditions given in [5.5iii] and [5.5iv] hold. Consequently, the
derivation in Chapter 5 remains valid , leading to expressions that are formally identical to

those in equations [5.11]. Thus for the region, 0Sx<x* we have:

T*(x)= A sinh(a,x)

o= O.h —O'th + 4 (cosh(aox*)—-cosh(aox)) [6.21]

ooh ko o
G = ax}_l__‘m
o ok
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Ass

k ==
(1 (2
ha, QY0P cosh(er,x*)

k, =Go( 1(11)'*'% 1(12)J
b =P

hy
k= (0o -oPat)

As noted in Section 6.2.1, it should be emphasized that in spite of the identical forms of

equations [6.21] and [5.11], the actual values of Ap and x* for the current case will differ

from those in Chapter 5 since they depend on the solution over the entire region 0<x<L.

Turning to the region x*<x<L-[, itis noted that the solution in this range can be

constructed similarly to the approach used to arrive at equations [5.12] through [5.20], with

the exception that the boundary conditions [4.25] at x=L must be replaced by appropriate

conditions at x=L-I;. Then in accordance with [5.12], the general solution for the interfacial

shearing stress for x*<x<L~[ is given by:

7°(x) = A, sinh(a,x) + B, cosh(, x) [6.22]

The condition of continuity of the interfacial shearing stress at x=x* is still maintained as in

Chapter 5, namely:

T (x*+)=T7 (x*-) [5.5v]R
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However, in the present case it is necessary to recognize the presence of the slip zone

which begins at x=L-I;. Consequently, the appropriate boundary conditions are again given

as:

*

f FO(x=L~1)= ”A’s
| I [6.3]R
EiZ)(sz_l.\-)= O-xh _T.le
hy n

Enforcing the continuity of shearing stresses at x* as indicated in [5.5v], the expressions

for the shearing stresses from [6.21] and [6.22] give the following result:

A,sinh(a,x*)+ B, cosh(a, x*)=A sinh(o,x*)

Which in view of [6.21] can be rewritten as :

A,sinh(, x*)+ B, cosh(04,x*) =k, (k, ~k,5, +k,E, )sinh(c, x*) [6.23]

Recall the stress-strain relations,

=) _ s [OF
o, = 1lul+Q12€y

o (0<x<L)  [52R]
0, =0, U +05E,

50— D7 ODg
0. =00+ E, (0<x<x*)
&0 =02 +0F, +6 (x*<x<L)

(2)
11

A2
where 6=0,| 1-=%

and relation [4.20] that remains valid up to x=L-/;, the edge of the contact zone:
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T = ASS(”_‘Z }Il ’71) [4.20]R

Differentiation of [4.20] and evaluation at x=L-I; yields:

E;(L_lj)_ﬁl(L—lx)) [6.24]

|
r"(L-l.\.>=A55( =

Note that equation [6.24] now plays the same role as [4.26] in Chapter 4. Then utilizing
[5.2] yields:
(L-1 )'Eﬁ( 5 (L-1)-0%E,)

! [6.25]
(1= (7 L0, )

11

. A, &R _(m ;;>j a} o
T (L-1)=—= +€ =2 T | Q] [6.26]
A l z)h2 (1) 1(12> 1(12)

|

|

\
Substituting [6.25] into [6.24] along with the boundary conditions in [6.3] then gives:
Comparing this last result with [6.22] evaluated at x=L-I;, we obtain:

A0, cosh(o, (L—1))+ B,y sinh(e, (L-1,)) =k +kE,—k; [6.27]

where

k=it

Ass( () m)

6 (1) A2)
h kQ ‘

k—A55 +rl

5L )
h 11
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It should be noted now that [6.23] and [6.27] constitute a pair of linear algebraic equations

for A; and B; which, upon inversion, can be arranged in matrix form as follows:

{Al}_ 1 {cosh(a,x*) —alsinh(al(L—ls))Hkﬁx+k6?:}_—k,,

B D|-sinh(oqx*)  o,cosh(or(L-1) AoSinh(aox*)} [6.28]

D
where  D=gq,cosh(a, (L-1 —x*))

Comparison of [6.28] with [5.19] shows that the two expressions will be equal when /;=0
in [6.28], which demonstrates that [5.19] is indeed a limiting case of the more general
result obtained in {6.28].

It is important to observe that at this stage the constants, A; and B; contain the three
yet undetermined quantities, namely, x*,€, and [;. These three unknowns are exactly
matched by three boundary conditions. The first of these is the requirement that the lateral

loading, Ny=0, leads to a condition of transverse equilibrium, while the remaining two

conditions are given by:

GO (x=x*)=0
N (=27 ° [6.29]
T (x=L-1)=T,

Employment of [6.22] along with equilibrium equations in [4.5] and the boundary

conditions of [6.3] yields the following expressions for the stress distributions within the

interval x*<x<L-I[ :

7" (x)= A, sinh(e,x)+ B, cosh(¢, x)
11 Al[cosh(a,(L—lx))-cosh(a,x)]

5O (=T —

h oy |+ B [sinh(a,(L-1,))-sinh(cx)]

ch hal(x)

[6.30]
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Finally, in the region L—I <x<L the interfacial shearing stress distribution is
prescribed by the value of the interfacial shear strength,7., and the normal stress
distributions, & in the 0° and 90° plies are then determined from the equilibrium
equations of [4.5] along with the familiar boundary conditions at the location of the
transverse crack:

c"(x=L)=0

G h 4.25]R
5O (x=L)= G.h [4.25]

hy

Consequently, in the region L—[ Sx<L the stress distributions are given by:

T (x)="T,
7. (L-x)
h
Gh T.(L-x)
h,

G, (x)= [6.31]

-—(2
P (x)=

With the stress distributions over 0<x<L expressed in equations [6.21], [6.30]
and [6.31], it is now possible to determine the constants A and B in terms of the

unknown parameters, namely, x*, ?:y and ;.

The condition of transverse equilibrium given in [4.31] still applies. Appropriately
splitting the integrations over the three regions for the current solution, the following

expression is obtained:

x* L1, L
6_ﬁL=h,[ [6Pdx+ [G0dx+ J‘E)(,”dx}
0 x* L-l,

[6.32]

+hzﬁ6;2>dx+76;”dx+ j&;ndxj|=0

0 -,
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The integrations indicated in [6.32] are carried out after expressing the transverse stresses, |

&, in terms of the axial stresses, 5y in analogy to equation [5.21]. Further

manipulations yield:

Gy (L-x*)-h(C -G, YBy+Bio)—mBs(C,—C;)
_ =T fmB(C=C)+h By(C—C)+Chx*+Ch (L—x*)}

= 6.33
k {hlﬂs(cl_Ca)"'hlﬂs(cl_C5)+h1C2L+th4X*+hZC6(L—x*)} [ ]

where

B, =x*cosh(o,x*)—sinh(o,x*)/
B, =(L—~1,—x*)cosh(e, (L-1,))-sinh(e, (L-1,))/x, +sinh{0, x*)/c,
B,=(L~1,—x*)sinh(e,(L~1,))—cosh(e,(L—1,))/ e, +cosh(e;, x*)/ e,

ﬁ7 = %ﬁz +Y4ﬁ3

- ha,
_hx* _kkp
Bi= h ha, B, = Y8, +7sBs
oy
k1k4ﬂ1 .
ﬁS = h’lao ﬁg’_‘ }/3ﬁ2 +YGﬁ3 +T\‘lc(l’_lv—x*)
ho, h

B, = kB, _ Oohx* .
h1a0 hl ﬂlozi

2h,
and

( Tk, kko ]

711 1 s 183t cosh(alx*)
V2= ks Kk . *

D sinh(a;, (L—1,))sinh( 0ty x *)

|73} __k7 -k k¢, i

(v.) [k —kko ]

" k5 k11<3 ‘ sinh(ot, x*)

=—|- a

Vs[Tp| e cosh(o, (L—1,))sinh(0t,x*)
b’s, B k, k k0, i
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Note that the constants k;-k4 carry over from the definition of A¢ in equation [6.21], while
ks-k7 and D are given in [6.27] and [6.28] respectively.

With the transverse strain, £, expressed in terms x* and l;, according to [6.33], the
problem reduces to determining x* and I simultaneously employing a numerical iterative

scheme. The procedure is outlined below:

Step (1)  Guess an initial slip zone length, ;.

Step (2)  Guess an x* location, (note: x*<L-Is by definition).

Step (3) Employing [6.30], check if the first condition of [6.29] is satisfied, i.e.
P (x=x*)=0,. If so, then x* for the current [, is valid. If not repeat
the procedure starting again at step (2).

step (4)  Employing [6.30], check if the second condition of [6.29] is satisfied,
ie. 7 (x=L-1)=1,.
If so, then x* and /; have been located. If not then repeat the procedure

starting at step (1).

It should be pointed out that this iterative scheme consists of a double root locating
algorithm, first selecting trial values for the slip zone length, I, in the outer loop of the

procedure and then the location of x* is determined for each value of /s within the inner

loop .

With the solution thus available, it is now possible to calculate the global strain, &,.

Employing [5.2] the following result is obtained:

S R - L'l: —_ —_ ~ —(2 2)=— ~
L _i[et-oe,  HEP-0tE -6 t50-0PE-6
S Y L VY e
(2) Q(Z) Q(Z)
0 11 11 L1, 11

dx [6.34]

x*
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These integrals can be evaluated in a straightforward manner after substituting the stress
distributions for the three regions from equations [6.21], [6.30], and [6.31]. The global

strain for the combined bilinear response and interfacial slip, Case II is then found to be:

s B __1 [Ghx* hsp s 3
Exzuz( ) @ JO'X . _ﬁ((’xﬁ‘f*‘g)ﬂs+ﬁ6)_Q1(22)8yx*}
L OPL| b h [6.35]

+ Q}(;)L{EX}T(g_x*) ”7}:—(6;::37 +§yﬁ8 +ﬂ9)_(Q](22)—8_y +6)(L_x*)—%ﬂ10}

6.2.3 Bilinear Response Coupled with Interlaminar Slip, Case III

This case represents a limiting circumstance of Case II, when the region of bilinear
response of the 0° plies extends completely to the origin, i.e., x*=0. The slip zone, I,
however is still located within 0<x<L.

The analysis for this case resembles the circumstance of linear behavior with slip,
since it does not necessitate the consideration of two sets of constitutive relations for the

response of the 0° plies. However, it remains necessary to construct two solutions within
the contact and slip regions, namely, 0<x<L-I and L-[ <x<L.

For the region, 0Sx<L—[, the stress distributions are determined similarly to the

linear slip analysis, however since the reduced modulus of the 0° plies applies in the

present case, it is necessary to use the replacements 0 =07, and o, —¢,. Thus in

analogy with [6.7], the stress distributions are given by:
7" (x)=A,sinh(e, x)
=) Tl A
G (x):—hl—+ﬁ—{cosh(a,(L—l_v))—cosh(alx)} [6.36]
1

Eﬁ_&il)h

h,

=2
G (x)=

where
A=k (k0 +hiE ~k, )~k
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and

k=4 /(R 0, QPO cosh(at, (L-1,)))

h (1)
k= i
(1) (2) (2) (1)
k 12 12
1
Q()

Tl
cosh(a (L-1))

2
mCL-C8 hL+(C=C, )(k,/gﬂ,ax—klk4ﬂl—k3ﬂl+r L(L~1)+=5x i )
L(hl C2 +h2C6)+(Cl _Cs )klksﬁl

8), =

1 .
B, =g{(L—ls)cosh(a, (L-1))-sinh(eq (L-1))/ e, }
1
It should be noted once again, that although the solution procedure is the same as for the
linear slip case, the constants k;, Ao have been redefined for the current solution.
Turning to the slip region, L—I, <x<L, the solution has an identical form as in the

linear case expressed in equations [6.2]. Therefore, for L-, Sx<L we have:

T (x)=1,
* L _
60(x) = L) [6.37)
h,
O'J(f)(x) = th _ 7, (L_ X)
h, h,
Similar to previous cases, the average normal strain is found to be:
-, =) _ 2z _A L (2) (2) "
‘0, £ -0
g= | 2570 g [ 22 02 579 4y [6.38]
L 0 O LL—!, 11

Substituting the expressions for &\ from [6.36] and [6.37] and carrying out the

integrations, the global strain for Case III becomes:
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*

ch Tl

[t g
X—Ta
1 __‘_A".; - I -
hzalL[(L I )cosh(ay (L—1))

[6.39]

sinh(e, (L - l_v))]

al
6.3 Special Considerations Concerning the Progression of the Slip Zone

Sections 6.1 and 6.2 contain the formulations for all possible cases of interfacial
slippage coupled with bilinear behavior of the 0° plies. These solutions suffice when

considering a fixed geometry with a specific half crack spacing, say L. However, recall

that it is necessary to consider two crack geometries with half crack spacings of L and L/2

at each applied stress, &, , in order to compare available energy levels for crack growth.

Two such geometries are depicted in Figure 6.7 below:

T 7
2L %

1
AN Lii_ i X
State 1 T State 2

Figure 6.7 Crack Density and Slip Zone Progression

-—
-

Ny Srs prup
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It should be realized, that the current model considers that the introduction of new
transverse cracks are accompanied by slip zones with lengths equal to that in the previous
crack geometry. Although this assumption is an inherent limitation to the model, the
alternative approach would be to calculate the growth of every individual set of slip zones
for all of the transverse cracks as they form progressively. Such an analysis would
become intractable because it will no longer involve slip regions of equal lengths, thereby
incurring the loss of symmetry about x=0.

It turns out that as the two foregoing geometries are considered, it may be possible
to have a slip zone length for a crack spacing of L/2 which is shorter than that for spacing
L, as sketched in Figure 6.7, with I's < I;. This circumstance cannot be handled in the
context of the present model, which considers two states with fully established transverse
cracks that span the entire width of the specimen, but does not address the details of the
transition between states 1 and 2. Therefore, although the situation where I's < [ may occur
in reality, it will be discarded in the present analysis in order to retain tractability. When

such a circumstance is nevertheless predicted by the current analysis, the resulting value of
I's < I will be modified to read : I's = I;. This modification implies that for a crack spacing

of L/2, a given value of &, will correspond to a prescribed value of /;. In the context of the

previous analysis, this circumstance implies an over specified boundary value problem
whose solution, though simpler since the slip zone length is now known, requires a

modified approach.

6.3.1 Modified Linear Response Coupled with Interlaminar Slip

Recall from section 6.1 the stress distributions for the linear slip solution. For the

region 0<x<L—I the interfacial shearing stress was given as:
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7" (x) = A, sinh(0yx) [6.71R

And we had the boundary condition:
T (x=L-1)=r1, [6.1]R

However, since by hypothesis the value of /s is considered to be known, it is possible to

solve for Ap immediately from [6.1] and [6.7]:

*

— TS
~ sinh(ay(L-1))

A, [6.40]

The stress distributions in this modified case will retain the same form as in section 6.1.
Specifically equations [6.2] and [6.7] will apply within the respective regions 0<x<L—[
and L—I <x<L. Additionally it should be noted that the calculation of global strain for
this modified case will remain the same as that given in section 6.1, upon employment of

the modified value of Ap given in equation [6.40].

6.3.2 Modified Bilinear Response Coupled with Interfacial Slip, Case I

In this case, the necessary modification is accomplished by a simple adjustment of
the analysis of section 6.2.1. Since the slip length, I is again known by hypothesis, the
constant Ag is once again given by [6.40]. The remainder of the solution will then retain

the forms given in section 6.2.1, employing the modified value for Ag, for the stress

distributions for the three regions given in equations [6.12], [6.14] and [6.15].

114




6.3.3 Modified Bilinear Response Coupled with Interfacial Slip, Case 11

In this case, the hypothesis that /i is prescribed will result in a more complicated
modification than in sections 6.3.1 and 6.3.2. The reason for the additional complexity is
due to the fact the condition in [6.1] will influence the solutions in the adjacent regions
O<x<x* and L—-I1 <x<L. It should be noted that the formulation of this solution
closely parallels that of section 6.2.2.

The form of the modified solution in the region 0Sx<x* remains unchanged,
since boundary condition [6.1] applies to a location outside this region. Consequently, the

stress distribution is still given by:

T*(x)=A,sinh(o,x)

g\ = G.h _Goh, + L (cosh(ayx*)—cosh(eryx))  [6.21]R

Tk by ha
s T _Th
"k h

Turning to the region x*<x<L—I , we note that the form of the solution given in [6.30] as
well as the boundary conditions stated in [5.5v], and [6.3] remain valid. However, since
the slip zone length is now assumed to be known, it is necessary to include the condition

given in [6.1]. Summarizing these conditions, we then have:

T (x*+)=17 (x*-) [5.5v]R
5ﬁ”(x=L—lx)=%
— . [6.3]1R
ch 7l

G (x=L-1)=—=

nh
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T (x=L-1)=7, [6.1]R

Recall that in view of [6.23] we had :

A, sinh(c, x*) + B, cosh(q,x*) = A, sinh(0,x*) [6.23]R

Employing [6.1] gives:

A sinh(e, (L - 1))+ B, cosh(e(L— 1)) =7, [6.41]

Upon inversion, these last two expressions can then be arranged matrix form to read:

{Al} _1 li cosh(a,x *) —cosh(a,(L—ls)):H T, } (6.42]

B|~ D|-sinh(o;x*) sinh(o(L—-1,)) ||A,sinh(oox*)
where D =sinh(e,(L-1, - x*%))

Note that equation [6.42] is analogous to [6.28], with the constants A; and B once again

given in terms of the parameters x*,€ , and Is, however the parameter Is is now presumed
known. The stress distribution for this region, (x*<x<L—L), which is still give by [6.30],
reads:

7" (x)= A,sinh(¢e,x)+ B, cosh(o, x)

1 [A[cosh(e(L-1,))-cosh(ax)]
ha; |+B[sinh(e, (L~1,))-sinh(0,x)|

50 (=T
hy
gh_hgPw)

h, h,

[6.30]R

=(2 —
P (x)=
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Now the modified expressions for A; and B are given in [6.42] (instead of [6.28] in

section 6.2.2).

Finally, within the region, L—[ <x<L, the expressions for the stress

distributions can be taken directly from section 6.2.2, namely:

T (x)=T,
T,(L—x)
h
Gh T.(L-x)
h, h,

As in the previous solution for Case II, it remains necessary to determine the

" (x)= [6.31]R

—=(2
G (x)=

unknown parameters x* and €, that are needed to compute the constants A; and B;. This

is accomplished, as before by first employing equilibrium in the transverse direction,

resulting in an expression for the transverse strain, £, in terms of x*:

Cohy (L—x*)~h (C, = Co)(By + Bro)—hmBs (C,—C5)
=5, {mB.C~C)+R B (C=C)+ Chx*+Ch(L-x*)]
" {By(C~C)+hBy(C = Co)+ Gy L+, Cox ¥+, Cy(L—x*)}

[6.33]R

m

where
B, =x*cosh(ayx*)—sinh(o,x*)/ ot

B, =(L-1,—x*)cosh(e,(L-1,))-sinh(e, (L—1,))/ e, +sinh(c,x*)/
B,=(L~1,—x*)sinh(c, (L-1,))—cosh(oy (L—1,))/ o, +cosh(c, x*)/ o,

&=%&+nm

L hoy
_hx* _kkp,
B. = I hat, B,= Yzﬁ;ll';}’sﬁ_a
kk,B, ! .
ﬁs - hlao ﬁg=73ﬁ2+7/6ﬁ3 +7.\-l_\-(L—lx"x*)
ﬁ = k1k2ﬁl _ O-ohzx * . zl‘a' hl
. Tty b ﬁm:_f_xl_v
2h,
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These expressions are the same as in section 6.2.2, however, in the present case the

constants ¥, will differ from those listed in 6.2.2 and now read:

1 Jo Kk
i _1 _;{IZ 7, cosh(o, x*)
"5p "4 1| cosh(e, (L-1,))sinh(cryx*)
73 ) |1 —kk,

[0 —kk *
Ya 1 1%3 szinh(alx*)
75 >=B 0 k1k4 inh L1 - .
Ye ~1 kk, sinh(ct, (L—1,))sinh(c,x*)

D =sinh(a, (L1, — x*))

In summary, the modifications to due to the assumption that [ is prescribed do not
change the forms of the solutions expressed in section 6.2.2, but require adjustments in the

various constants listed therein.

It should also be noted that since the slip length [s is assumed known, it is no
longer necessary to use a nested root finding scheme to determine the slip and yield zone
lengths as in section 6.2.2. A single iterative procedure will suffice to determine the

location of x*, which is the only parameter that needs to be determined.

6.3.4 Modified Bilinear Response Coupled with Interfacial Slip, Case III

The procedure in this circumstance closely resembles the modifications employed
in 6.3.1 for the linear case. The stress distributions and the global strain calculations will

be the same as derived in section 6.2.3 for an unknown [;, with the exception that the

constant Ap is now given by :
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*

TA\'
~ sinh(e, (L-1,))

A, [6.40]R

Subsequently, the complete modification for this case is accomplished by employing the

foregoing expression for Ag in the expressions given in section 6.2.3.
6.4 Summary of Solutions and Order of Occurrence

It may be helpful at this point to summarize the results for the various solutions
developed for the cases with and without interfacial slip between the 0° and 90° ply groups.
The following list is arranged in the typical order of damage initiation and progression, as it

occurs in the cross-ply ceramic laminate under monotonically increasing applied stress,

o,.
(1) Linear Analysis Without Slip: The results of this case remain valid at relatively low

levels of applied stress, when the interfacial shearing stress is below the interfacial shearing

strength, T°(x)<7,, and the stresses G in the 0° plies are below the yield stress, o, of the

0° plies over the entire range, 0 < x < L. This solution is given in Chapter 4.

2) Linear Solution with Slip : As the applied stress, G, increases, the maximum value of
the interfacial shearing stress attains the level of 7, over a region L—] <x<L. Since the
maximum value of 7 (x) occurs in the vicinity of the transverse crack located at x=L, the

slip zone emanates from the crack location and extends inwardly with each increase of

applied stress (see Figure 6.2). If the stresses,G.> remain below G,, there is no need to

address the non-linearity of the 0° plies. Locating the length of the slip zone, [; requires a

single iterative operation. This solution is given in Section 6.2.1.
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(3) Bilinear Solution with Slip, Case I : Upon further increase in the applied stress, the slip
zone extends further inward from the crack location at x=L while the stresses in the 0° plies
continue to increase until they reach, and then exceed, the "yield stress",o,. Referring to
the normal stress distribution shown in Figure 6.2, it can be seen that the axial stress in the
0° plies has a maximal value at the crack face (x=L), hence the onset of yielding will initiate

at this location. At this stage, the non-linearity of the 0° plies must be considered. Due to

the relative magnitudes of 7, and G,, it turns out that the location of x*, where G’ (x*)=0,

is located inside the slip region. Since the axial stresses within the slip zone are linear
functions of x, as discussed in section 6.2.2, the location of x* is obtainable in a

straightforward manner. In this case the slip zone length, I, can be determined through a

single iterative procedure.

(4) Bilinear Solution with Slip, Case II: Additional increases in applied stress, &, , result in

further growth of both the slip and yield zones. At a certain stage, the extent of the yield
zone may exceed the length of the slip zone as depicted in Figure 6.6. Specifically, we then
have x* < L-I;. The details of this solution, given in section 6.2.2 reveal that the
determination of the slip zone length I; along with the yield location x* requires the

employment of a nested simultaneous iterative procedure.

(5) Bilinear Solution with Slip. Case III: In this circumstance the non-linear response of
the 0° plies occurs over the entire domain, 0<x< L, while the slip region is confined to the

region L—I <x<L. The solution resembles the linear analysis with slippage, however the

reduced modulus of the 0° plies must be employed for all x. The slip zone length for this

case is again determined by means of a single iterative procedure.
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6.5 Energy Calculations for Linear and Bilinear Stress-Strain Response with

Interlaminar Slip

As mentioned at the beginning of this chapter, the mismatch in the average
displacement between the 0° and 90° plies within the slip zone gives rise to a dissipative
energy term. The energy is caused solely by the frictional forces associated with the
slippage between the 0° and 90° ply groups, resulting in a reduction of the available energy
for transverse crack formation.

However, it should be noted that any of the preceding solutions which included
interfacial slip, have implicitly incorporated the discontinuity in displacements over the slip
zone at the 0°/90° interface. Consequently, the evaluation of the complementary energy,
U*, which involves volume integrals, accounts for the presence of the aforementioned
dissipative term. Hence, the expressions for U*, given in equations [4.40] and [4.41]

remain valid in the presence of slip as well. Namely:

L G(xl) L 0;2)
Us(L)=4h | [E0(60)d6Vdx +4h, | [EP(6P 6P dx [4.40]R

00 00

Lyt LR
ULy =4 [ [F0(E0WTOdzdx +4[ | [72(F2 )72 dzdx [4.41]R

00 0 )

And as before:

U'=U,+U, [4.42]R

In spite of the formal validity of the preceding expressions, it is necessary to

exercise care to split the above integrals among the appropriate ranges of x, with due
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consideration for the proper stress distributions that change within the distinct regions. In
this context it is helpful to recall the constitutive equations that account for the bilinear

response of the 0° plies. From Chapter 5 we have:

X

50 = D57’ (1)
o Wb +0, € ¥

(0<x<L)
=) _ () g
o, = o U +05 €
5D — 0P’ +OPF
o, =0 +0;'E, (0<x<L)
2 2 2 * [5-2R]
5= 1<1>L72f_{_Q(2)€ +6 (x*<x<L)

where
‘ A(2)
\ - = .—_11_
| 0=0, )
| 11
|

6.5.1 Energy Calculations for Linear Response with Interlaminar Slip

In this case there are different stress distributions on the two regions, 0<x<L—[

and L—I <x<L as shown in Figure 6.2. This requires splitting the integrals of [4.40] and

[4.41] over these regions to carry out the integrations with respect to x. However, since the

response of the 0° plies is assumed linear for all x in this circumstance, the inner

integration with respect to 6" in [4.40] can be carried out directly, leading to:

L1, (1) L [ (=m)?
, R T o 1 1 ) Iy
— gPow x 1) A
UG(L) (1),[ 0, UrE, + ) n -0, UnE,
Qll L1,
[6.43]
LI, 2 L (2)
4}% ( O, ) <2)Q(2) J (2)Q(2) x
2 9 (2) &
11 0 11 [,
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The expressions for the stress distributions of [6.43] are then given in equations [6.2] and
[6.7].

Turning to the energy contribution of the shearing stresses U, to the total
complementary energy U™, it is possible to employ the expressions given in Chapter 4 for
the linear case without slip. The only difference, in view of the presence of slip, occurs due
to the necessity to split the integrations in [4.41] between the slip and contact regions.

Upon performing the integrations, we obtain:

. 2 sinh{20,(L—1))) L-I "2
;=2 g S0 EL) L) HrPL e Te el
3 4a, 2 Cs C

As noted earlier, the total complementary energy available for transverse crack formation is

still given as:

*

+U, [4.42]R

U'=U,+U,

[

6.5.2 Energy Calculations for Bilinear Response with Interlaminar Slip, Case I

The contribution of the axial stresses to the complementary energy resembles that

expressed in section 5.5.1 in the absence of interfacial slip, namely:

O (=MmY? Lf (=m)?
I = 4@) {J‘[(O';) _Ein 1(;)5,\-]&‘* J((O.XT)—EJEI)QS)E)'}dx} [5.31]R
it | o x

123



(2) (2)
I, = g}f?) I[( 2 ) - _(2)8 Q(Z)}' 4?22) J.[( 2 ) EA('Z)(E}’Ql(Zz) +6‘)de
0 o [5.34]R

Ah (L — x* 1 0'0 @) 1 = N L A _0'3
hz( X ) (2) O-Oey 12 +-= (2) O-O(SyQIZ + G) .
11 2 Qll 2

where U,=1+I,
The only modification required due to the presence of interfacial slip is the necessity to
further split the ranges of integration to account for the distinct solutions listed in equations

[6.12], [6.14] and [6.15]. Then expressions [5.31] and [5.34] can be recast in the

following form:

<1) (1>
1_4h1 —mQ(l) J —-5MoWg
1 (1) 12 y (1) x 12 &~y
1 L-1,
g

4}11 ( ) ~gWoWg

) 2 x 12 &y

11 g

(2) (2)
—(2) (2) -—(2) (2)
2 (2) j € Q (2) J‘ 8 Q
11 L,

422) (( 2) —53)(5ny§’+6)]¢ [6.46]

11 x°

[6.45]

1 (o @ 1 2 o,
+4h,(L—x*) (2) —2——0-er Q‘Z’ 0,(€,0p; +6)— By

The energy contribution from the shearing stresses for this case is calculated
according to the same procedure as for the linear slip solution. It should be noted that since

the shear response is assumed linear, and is uncoupled from the non-linear response of the
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0° plies, the integrations can be carried out without regard to the location, x*, and it is only

necessary to split the integrals at x=L-I;. Consequently, it is not surprising that the result is

given by a form that is identical to that obtained for the linear slip case, namely:

.2 of sinh(2og(L-1) L-L) oo, [ b
U1—3{A0( 2o, > J+(1)1HC§?+C§? [6.44]R

6.5.3 Energy Calculations for Bilinear Response with Interlaminar Slip, Case II

For this case, the calculation of the contribution of the axial and shearing stresses to
the complementary energy, U™ are analogous to the two previous cases. Employing the
general equations for the complementary energy due to axial stresses (equation [4.40])

results in the following expressions:

—(1) (1)
—(1) (1) =g
1 (1)J x 12 ) (l) J Gx Q]Z 8)'
L (1)
‘—(1) g
o0 J O, ¢,
“ L~

(2) 0-(2)
(2) (2) =z N2 A
L=23 0 mI -57(5,07+6)
11 0 *
2)
(2) (2)
i j 2 (£,09+6) [6.48]
11 L~

2 2
+4hZ(L—x*){ 1(2)(2 O,E, Q(Z)j Ql(z)(o'o(ngl(;)‘*'a)_%‘)}

11 11

[6.47]

Note that the integration with respect to x, along with the constitutive relations from [5.2],
was divided among the three ranges consistent with the stress distributions given in

equations [6.21], [6.30] and [6.31], respectively. Obviously the sum of these last two
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expressions constitute the total complementary energy from the axial stresses, namely,

U,=1+I,.

The contribution due to shearing stresses for this case also follows the previously
established procedures. Recall that in this case,7 (x) consists of both sinh(¢;x)and

cosh(e,x) terms, as shown in [6.30]. Consequently, the integrations leading to U, are

somewhat more complex yielding the following expression:

N

[ (sinh(2ay(L-1)) x*) (A*+B2), . |
Aoz( ( 4;0 : ) x2)+( 14a]‘){Smh(Za,(L—ls))—smh(Zalx*)]

U: =24 >

3| (B*-AY)(L-1—x*
[L( 1 1)(2 s X )+AlBl [Cosh(za](L—ls))—COSh(zaIX*)]‘*'(T:)Zl [649]

55 55

1 J
6.5.4 Energy Calculations for Bilinear Response with Interlaminar Slip, Case III

In this case the energy due to axial stresses is given by the same expression as in
[5.40] in the absence of slip, except that in the present case, it is necessary once again to
split the integrations between the slip and contact regions and employ the stress

distributions in [6.36] and [6.37] appropriately. We then have:

L-1 =) (l)
* 4h| ' (O-X ) —(1)— (l) (1) )
Uo=0m I[ 2 9% (1) J‘ —0; 12
110 11 1,
4 g®y (2)
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The complementary energy attributable to shearing stresses in this case is given by
an expression that resembles equation [6.44] for the linear slip solution. However, in this

circumstance, it 1s necessary to account for the reduced stiffness of the 0° plies by

replacing o, with ¢; to obtain:

2] ofsinh(2o(L=0)) L1 (oo, || B B
Ue= 3{’4"( > jﬂ“(%) IH suarecl ECED

4o,

This concludes the derivations for the various sub-cases of the slip solutions.
Though the implementation of these results is fairly straightforward, it is obvious from the
preceding analysis that there are numerous details that need to be addressed. To examine
these details in turn, the logic and development of a computer program written by the
author, which incorporates the numerous results presented in this chapter, will be
presented. Additionally, specific case studies to examine the effects of input parameters
such as fracture toughness, interfacial shearing strength, and specimen geometry on the
response of the ceramic matrix cross-ply composite will be presented. Correlations will be
made between the predicted response and laboratory data to assess the validity of the

analytical model.
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CHAPTER 7
MODEL IMPLEMENTATION AND CASE STUDIES

As mentioned previously, a computer program was written to implement the
solutions derived in Chapters 4-6. A number of case studies were then conducted to
evaluate the effect of the material parameters Jjc and 7, on the predicted stress-strain
response and damage progression of the ceramic cross-ply laminate. Predicted and
experimental results were compared for both [02/902]s and [02/904]s laminates.

The computer program was written in THINK C version 7.0 for the Apple
Macintosh Computer. With the exception of some Macintosh specific graphic routines,
this code should be easily portable to any platform with an ANSI C compiler, albeit real-
time viewing of stress distributions would need to be disabled, or rewritten for the specific
system. The bulk of the code and all accompanying algorithms associated with the
mechanical analysis were developed by the author, while several specific utility subroutines
concerned with vectors/arrays and dynamic memory allocation were supplied through a
numerical package included with reference [66]. The complete program consists of

approximately 1500 lines of code listed in Appendix E.

7.1 Computer Algorithms

Although brief procedures to implement the analysis were given for each section in
Chapters 4-6, at this stage a more comprehensive outline of the computer program is
required to describe the manner by which the various solutions were implemented. The
algorithm for the main program segment is outlined in Figure 7.1 below. Note that
subscripts within the flowchart diagrams are omitted to maintain consistency with the

actual program code given in Appendix E.
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At the start of the program, material properties are specified, together with initial

and final applied stress levels and a prescribed stress increment. For each increment of

applied stress G, , two complete solutions are computed, for the current and subdivided

crack spacings (Since a quarter volume element is employed, multiples of the initial half

crack spacings L, and L,/2 will be used throughout this discussion). These calculations
take place within the subroutine "stresscalc”, where the stress distributions, strains, and
complementary energy are determined.

Main Program

initialize Variables, Material Properties, etc.
Set Intitial Slip Length, lx =0

Y

Set initial crack spacing, L,
Set O,

Y

Enter Main Program Loop

Y

pot Call stresscalc, for  ——
L,

Call stresscalc, for

L,/2
Y

Increment Applied No Check fracture criterion.
| Stress, O, < New Crack Formation ?

v Yes

Divide Crack Spacing, L,=>L,/2
Hold &, Constant

Figure 7.1 Main Program Flowchart
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The levels of complementary energy for the two crack spacings are computed in
"stresscalc” and then returned to the main program. The fracture criterion is then employed
to determine if it is necessary to update the crack spacing. If the criterion is satisfied, the
crack spacing is divided, while the applied stress, &, is held constant for the next pass
through the loop with the updated crack spacings. If the energy criterion is not satisfied,
the applied stress is incremented. This process is repeated until the prescribed final stress
level is reached.

As might be expected, "stresscalc" is a key subroutine within the program. This
subroutine contains all the necessary decision making algorithms to determine the
appropriate solution type corresponding to the applied stress level and crack spacing,
namely, the appropriate combination of linear, bilinear and slip effects. The first part of

this subroutine evaluates the stress Eiz) in the outer, 0° plies, at x=L to determine if the

solution will be linear or bilinear as shown in Figure 7.2 below:

Subroutine "'stresscalc'

Bilinear Analysis ?
Yes - No

Bilinear Analysis - (x=L) _G,h > Linear Analysis
x - - =%

Figure 7.2 Entry Point to Subroutine "'stresscalc"

If it turns out linear analysis applies, the program executes the steps outlined in the
flowchart given in Figure 7.3. The first step in the linear analysis determines if there is
interfacial slip between the 0° and 90° plies. The iterative subroutine "GetLsLinear" returns
a trial slip length, "lsnew". A check is then made to see if the trial slip length, "lsnew” is
greater than the previous slip length (recall the modified analysis of Chapter 6). If the slip
length, Is has grown, it is set equal "Isnew", and the calculations for the transverse strain,
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axial strain, stress distributions and complementary energy are carried out in accordance
with section 6.1. On the other hand, if the trial slip length, "Isnew" decreases, it is
discarded and the modified analysis of section 6.3.1 is utilized with the previous slip
length. At this point all parameters (in either case) are written to an output file, and the
value for the complementary energy is returned to the main program. Finally, it should be
noted that if the slip length is found to be zero, this circumstance reduces to the case of

linear response without slip.

Linear Analysis

Get Slip Length, Isnew
Isnew=GetLsLinear
Standard Linear Analysis * Modified Linear Analysis
[=Isnew Yes Slip Zone Growth No Calculate Ao
Calculate Ao [ [ Isnew > 1 7 P> Calculate E,
Calculate €, .
Calculate:

Global Strain, &,

p»-| Stress Distributions, B',Ei)(x),’l'*(x) Ua—
Normal Energy, U

o2
Shear Energy, U:

Y

Update Output File

v

Return Tota'I Energy To
Main Program

U=U,+U,

Y

MAIN PROGRAM

Figure 7.3 Linear Analysis Flowchart for the Subroutine "stresscalc"
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Referring to Figure 7.2, if it is determined that & (x = L)has reached the level of

o,, routines for the bilinear analysis apply. The algorithms for the bilinear analysis are

outlined in Figure 7.4 below.

Bilinear Analysis

Calculate x*

Y

Get Slip Length, Isnew
Isnew=GetlLsCase1

v

Assume Case 1 Applies
|

Start Case It Analysis

Verify Isnew <x*? |- — — — — — — |
Standard Case | Analysis * Yes Modified Case | Analysis

Izlsnew Yes Slip Zone Growth [=Isnew

N No

Calculate 4, [ lsnew > 1 2 ———»| Calculate 4,

- s M —
Calculate €, Calculate €,
Calculate:

Global Strain, €, .
L | Stress Distributions, G (x),T (x) |e—
Normal Energy, U;
Shear Energy, U:

Y

Update Output File

Y

Return Total Energy To
Main Program

U'=U,+U.

v

MAIN PROGRAM

Figure 7.4 Bilinear Analysis, Case I of the Subroutine "stresscalc"
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At the start of these routines, it is assumed that the Case I of the bilinear analysis
with slip as detailed in section 6.2.1 applies. Recall from section 6.2.1 that we have a
closed form expression for x* given in equation [6.16], but need to employ an iterative
scheme to determine the slip length, I;. A trial slip length, "Isnew" is then determined in
the subroutine, "GetLsCase1" and compared with x*. If "Isnew" is greater than L-x*, the
assumption of using a Case I slip solution is correct, and we can proceed with the steps
outlined in Figure 7.3. Otherwise, it is necessary to consider the Case II slip solution. The
rest of the Case I algorithm is carried out similarly to the linear algorithm of Figure 7.3
described earlier.

As the applied stress, G, , is increased during the Case I solution, the growing yield
zone may eventually exceed the length of the slip zone. In this circumstance, the Case II
slip solution derived in section 6.2.2 applies. The algorithm is given in Figure 7.5 below.

The first step for the Case II algorithm is to obtain x* along with the trial slip
length, "Isnew" simultaneously in the subroutine "GetLsCase2". As before, a check is
made to determine if the slip zone has grown, and the standard or modified routines are
then employed accordingly. Note for this case, it is also necessary to iteratively recalculate
x*_ for the modified solution employing the subroutine "GetXstarCase2Zmod".
Additionally, in both the standard and modified cases, it is necessary to check if the yield
zone has extended over the entire region 0<x<L, i.e. x*=0. If this occurs, Case II no
longer applies, and we must consider the Case III bilinear slip solution.

The flowchart for Case III is given in Figure 7.6. In this case, the procedure to
implement the solutions is similar to the linear case outlined in Figure 7.2. Of course, the
specific subroutines for this algorithm will be different from the linear case since they now

correspond to the analysis of section 6.2.3, for Case III.

133



Case Il Analysis

Get Slip Length, Isnew
Get Yield Zone Length, x*
Isnew, x* = GetLsCase2

Y

Start Case lll Analysis

v

Check if x* = 0 2 Yes _/
Standard Case Il Modified Case Il

Analysis * No Analysis

[ =Isnew Yes Slip Zone Growth No | Get Yield Zone Length, x*

' Isnew > 1 ? x* = GetXstarCase2mod

<« Y85 Checkifx'=07
Start Case Il Analysis * No
Calculate D Calculate D
Calculate ¥, Calculate ¥;
Calculate f3, Calculate f,
Calculate Calculate: _ Calculate
A, A, B, —1 Global Strain, &, o . - A, A, B
Stress Distributions, 0, (x),7 (x)

Normal Energy, U;
Shear Energy, U:

Y

Update Output File

Y

Return Total Energy To
Main Program

U =U,+U,

Y

MAIN PROGRAM

Figure 7.5 Bilinear Analysis, Case II of the Subroutine ''stresscalc"



Case Il Analysis

Get Slip Length, Isnew
Isnew=GetLsLinear2
Standard Case |l Analysis * Modified Case Ill Analysis
I=isnew Yes Slip Zone Growth No Caleulate A,
Calculate A, - [ lsnew > ? ™ Calculate g,
Calculate €,
Calculate:

Global Strain, &, .
L | Stress Distributions, a'il)(x), T‘(x) | —
Normal Energy, U,
Shear Energy, U:

Y

Update Output File

Y

Return Tota'l Energy To
Main Program

U'=U,+U,

MAIN PROGRAM

Figure 7.6 Bilinear Analysis, Case III of the Subroutine ''stresscalc"

7.2 Case Studies

A total of 24 case studies were conducted for the [02/907]s and [02/904] lay-ups to

examine the influence of the fracture toughness, J;c and the interfacial shear strength, 7, on

the stress-strain response and crack density accumulation. The material properties and

dimensions corresponding to these lay-ups are given below. The stiffness values are given

in GPa, while the yield stress, 6, has units of MPa. Specimen thickness and initial crack
spacing are given in millimeters, and the larger thickness, #; = 0.8 applies to the [02/904]s

laminate. We employed:
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M _ §§)=110 Cé;)=52 21‘0:25

11
V=05 =120 Cy =37 h=04, 0.8

11

v=0=10 0,=200 =04

12 —

The case studies conducted for the [02/90,]; lay-up are listed in Table 7.1 below:

Table 7.1 Case Study Parameters for the [02/90,]s Laminate

Case Study Number _Jic Dim?] 7. [MPa]
1 15 35
2 15 45
3 15 55
4 12 35
5 12 45
6 12 55
7 20 35
8 20 45
9 20 55
10 30 35
11 30 45
12 30 55

Since the fracture toughness of the matrix material was reported to be
approximately 25 J/m2 by Budianski et. al [7], Jic=15 J/m? was chosen as a reasonable
starting point for these studies in view of the weak fiber-matrix interface. The interfacial
shear strength was found experimentally to be about 35 MPa. However, there is reason to
believe that it may be higher as mentioned in Chapter 3, consequently, the interfacial shear
strength was varied between 35 and 55 MPa for each prescribed fracture toughness value.

The resulting predictions stress-strain response and crack densities for Jjc=15 J/m? are

given in Figures 7.7 (a) and (b).
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The results in Figure 7.7(a) and (b) reveal that increasing T_: postpones the onset of
transverse matrix cracking. Since transverse cracking leads to reduced specimen stiffness,
it would be reasonable to expect that each increase in7, should result in a raising of the
stress-strain curve. However in Figure 7.7(a), it can be seen that the curve for case 3
unexpectedly terminates at a higer stress level than case 2. This apparent contradiction can
be explained if we consider that the length of the slip zone, ;, which is governed by the
shear strength, also influences the overall stiffness of the laminate. A larger slip zone will
result in a more compliant specimen, if all other factors are equivalent. Therefore, since the

crack densities for cases 2 and 3 are the same as observed from Figure 7.7, and the larger

value of 7, for case 3 results in a shorter slip zone, the laminate has a corresponding higher

overall stiffness. Hence, an increase in 7:: has two contradictory effects on the stiffness of

the laminate since it affects both the extent of the interfacial slippage and the density of
transverse cracks. Overall, the predictions for the stress-strain response and crack density
in Figures 7(a) and 7(b) are reasonably close to the experimental results for cases 2 and 3.
The results for Jyc =12 J/m? are given in Figures 7.8. The lowering of the fracture
toughness yields a somewhat better correlation between the experimental data and the
predicted stress-strain response. However, the predicted level of the crack density at

saturation for case 6 exceeds the experimental results by about 25 percent. It is interesting
to note that since the saturation crack densities for cases 4, 5 and 6 differ for J;c =12, the
stress-strain curves no longer cross over each other as they did for Jic =15.

Additional case studies for Jjc =20 and 30 J/m2 were also conducted to

demonstrate the increase in laminate stiffness with fracture toughness. These results are

shown in Figures 7.9 and 7.10. Note that the choice of J;c =30 J/m?Z is unrealistic since it

is larger than the fracture toughness of the matrix material (25 J/m2). However employing

Jrc =30 J/m?2 illustrates the sensitivity of the stress-strain predictions to fracture toughness.

137




Crack Density [#/inch]

Stress[MPa]

150

100

50

(a) Je=15 J/m?

Specimen 6-7 [0,/90,]¢
o Case 1, TS=35 MPa
° Case 2, ‘CS=45 MPa
° Case 3, T,=55 MPa

| | 1 I

0.1 0.2 0.3 0.4 0.5 0.6
Strain[%]

(a) Stress-Strain Response

50

40

---------- Case 1, ’ts=35 MPa
----- Case 2, TS=45 MPa

"""" Case 3, ‘L'S=55 MPa /—

Specimen 6-4 [0,/90,] (b) Je=15 J/m?

0.1 0.2 0.3 0.4 0.5 0.6
Strain[%]

(b) Transverse Crack Density

Figure 7.7 Response of a [0,/902]s Laminate for Bilinear Slip Analyses

Case Studies, J;c=15 J/m2
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Figure 7.8 Response of a [02/90;]s Laminate for Bilinear Slip Analyses

Case Studies, Jic=12 J/m?2
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(b) Transverse Crack Density

Figure 7.9 Response of a [02/90,]s Laminate for Bilinear Slip Analyses
Case Studies, J7c=20 J/m?2
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Figure 7.10 Response of a [02/90,2]s Laminate for Bilinear Slip Analyses

Case Studies, J;¢c=30 J/m2
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The additional series of case studies conducted for the [02/904] laminate includes

the ranges of Jjc and 7, listed in Table 7.1 below:

Table 7.2 Case Study Parameters for the [02/904]s Laminate

Case Study Number Jic [I/m2) 7. [MPa]
13 15 35
14 15 45
15 15 55
16 12 35
17 12 45
18 12 55
19 20 35
20 20 45
21 20 55
22 30 35
23 30 45
24 30 55

e P—— e ——————— e e————— A S ———
LS

The results for this lay-up are plotted in Figures 7.11-7.14. Figures 7.11 show good
correlation between the experimental and predicted stress-strain response as well as
transverse crack density. Similarly to the [02/90;]s laminate, the best agreement between
the experimental and predicted results are obtained for an interfacial shearing strength
of 7,=55 MPa. Although this value exceeds the experimentally observed level of 35 MPa,
this not surprising in view of the aforementioned limitations of the experimental approach
employed to measure7,. Turning to Figures 7.12-7.14, it is noted an increase in the
fracture toughness delays the onset of transverse cracking and enhances the overall

stiffness of the laminate. These observations are consistent with the results obtained for the

[02/902]5 laminate.
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Figure 7.11 Response of a [02/904]s Laminate for Bilinear Slip Analyses

Case Studies, J;c=15 J/m?2
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Figure 7.12 Response of a [02/904]s Laminate for Bilinear Slip Analyses
Case Studies, J;c=12 J/m?2
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Figure 7.13 Response of a [02/904]s Laminate for Bilinear Slip Analyses
Case Studies, J;c=20 J/m?2
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CHAPTER 8
SUMMARY AND CONCLUSIONS

8.1 Summary

The primary goals of this research were to develop a comprehensive analytical
model to predict the stress-strain behavior of ceramic cross-ply laminates along with a
mechanical test program to provide material properties, damage observations, and laminate
stress-strain data for correlations with the predictions from the model. These goals were
achieved through the development of a shear-lag type analysis which predicts both the
evolution of damage associated with this material system, along with the resultant stress-
strain response. Additionally, mechanical testing was conducted to characterize material

response and generate the data required as input to the model.

8.1.1 Mechanical Testing Program

As shown in Table 3.1, a total of ten tensile tests were conducted for the ceramic
matrix cross-ply specimen. Stress-strain response and laminate strength was measured for
each of these tests. Seven of these tests include detailed studies of the initiation and
accumulation of transverse crack density with monotonically increasing applied stress. The
stress-strain data is plotted in Figure 3.2 and Appendix A. Stress levels for transverse
crack initiation in the 90° ply groups along with saturation density are summarized in Table
3.1, while crack density accumulation measurements are given in Figure 3.5 and Appendix
A. Selected photographs of microscopic examinations of transverse cracking are presented

~ in Figure 3.4 and Appendix B.
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As mentioned previously, information concerning the interfacial shearing strength
for ceramic matrix cross-ply material was non-existent. Therefore, a test fixture was
designed and built which provided interfacial shear failure between the 0° and 90° ply
groups of the cross-ply specimens. The details of this fixture are discussed in Chapter 3.
A total of nineteen "mini-shear" tests were conducted to examine the progression of
interfacial failure and measure the interfacial shear strength. The results of these tests are
summarized in Table 3.2. This work resulted in an experimental measurement for a lower
bound estimate of the interfacial shearing strength. Micrographs for several "mini-shear”
specimens depicting interfacial damage initiation leading to ply separation are shown in

Figure 3.9 and Appendix D.

8.1.2 Predictive Shear-Lag Analysis

A comprehensive model to predict the evolution of damage along with the
associated stress-strain behavior of the ceramic matrix cross-ply laminate has been
developed. Specific features of the model include transverse matrix cracking within the
90° plies along with interfacial slippage between the 0° and 90° ply groups. Additionally
this model incorporates the non-linear behavior of the 0° plies. Transverse matrix crack
progression in the 90° plies is predicted by means of an energy criterion that accounts for
both the material non-linearity of the 0° plies and the dissipative effects of interfacial slip
between the 0° and 90° ply groups. Interfacial slip-zone lengths are determined by
considerations of shearing strength at the 0°/90° interface. Since damage and "yielding"
evolves in a sequential manner with applied stress, it was necessary to construct individual
solutions to account for all combinations of damage and material non-linearity. These

solutions are summarized below:
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(1) Linear analysis without interfacial slip : A linear solution that considers matrix crack

progression is outlined in Chapter 4.

(2) Bilinear Analysis : Two more solutions that consider matrix cracking along with

bilinear response of the 0° plies is given in Chapter 5.

(3) Analysis involving Interlaminar Slip : Seven solutions that account for all combinations
of linear and bilinear response of the 0° plies along with matrix cracking and interlaminar

slip are developed in Chapter 6.

These solutions were incorporated in a computer program to evaluate the damage state and
the associated stress-strain response of the laminate with applied stress. This program is
outlined in Chapter 7. Twenty four case studies for [02/902]s and [02/904] laminates were
conducted to study the effects of input parameters and correlate results with experimental

data.

8.2 Conclusions

The aforementioned material properties, laminate response characteristics, and
damage observations not available in current publications have been determined.
Specifically, the following conclusions concerning the [02/902]s and [02/904]s lay-ups are

presented :

(1) Laminate stress-strain response was found to be highly non-linear, but reproducible for

a given loading rate as shown in Figure 3.2 and Appendix A.
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(2) It is possible to accurately measure transverse crack initiation and progression under
monotonically increasing applied stress. Although these measurements contain inherent
scatter, primarily due to the random nature of brittle fracture, the general sequence of

matrix cracking in both the 0° and 90° plies was found to develop in a consistent manner.

(3) Careful inspection of matrix cracking provides evidence of shear-lag type behavior
between the 0° and 90° ply groups. This is observed by noting that at the locations where a
transverse crack in the 90° approaches the 0° plies, there occurs a clustering of closely
spaced matrix cracks in the 0° plies. This suggests a region of increased axial stress in the
0° plies as the load carried by the cracked 90° plies is transferred to the 0° plies through

shear at the interface. This phenomenon is shown in Figure 3.4 and in Appendix B.

(4) Slippage between the 0° and 90° ply groups can be observed in the vicinity where a
transverse crack in the 90° impinges upon the 0°/90° interface. This is most noticeable as
the transverse cracks in the 90° ply group "open" under applied stress, resulting in a

disparity in displacement between the 0° and 90° ply groups.

(5) A lower bound estimate of the interfacial shearing strength between the 0° and 90° plies
was obtained. Additionally this investigation presents a new testing procedure to measure

the interlaminar shearing strength of cross-ply laminates.

Turning to the results of the predictive shear-lag model, the following conclusions

can be made:

(1) The linear analysis presented in Chapter 4 along with the energy criterion for transverse

crack progression predicts the laminate stress-strain response fairly well at lower applied
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stress levels. However, the model significantly underestimates the "global” strain of the
laminate beyond that point as shown in Figure 4.10. Nevertheless, this analysis
demonstrates the usefulness of the shear-lag approach as a basis for a more a

comprehensive model.

(2) In Chapter 5, the linear analysis of Chapter 4 was modified by introducing a bilinear
constitutive relation for the 0° ply groups, resulting in a significant improvement in stress-
strain response (Figures 5.3-5.5). This consequence illustrates that it is essential to account
for the non-linear stress-strain response of the 0° plies to realistically model this laminate.
In contrast to the satisfactory prediction for the stress-strain response, the predicted
saturation crack density with this model turned out to be 2-4 times larger than the
experimental results. Increasing the fracture toughness value, even to unrealistically high
levels, provides only modest improvements between predicted and experimental crack
densities. It should be noted that these results were consistent for both the [02/907]s and

[02/904]s laminates.

(3) The introduction of interlaminar slip along with bilinear response of the 0° plies
results in good correlations between experimental data and model predictions for both
stress-strain response and saturation crack density. The results from the parametric studies
in Chapter 7 show that both interfacial shearing strength and fracture toughness have
significant effects on the predicted results. An increase in the fracture toughness delays the
onset of transverse matrix cracking, resulting in higher laminate stiffness. On the other
hand, it was observed that the interfacial shearing strength plays a dual role in the laminate
response. Lower interlaminar strength will be accompanied by longer slip zones and

higher levels of dissipative energy. This circumstance reduces the amount of available
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energy for transverse cracking leading to a increased laminate stiffness, resulting in a trend
that is similar to that of increasing fracture toughness. However, longer slip zones will also
result in increased laminate strain. Hence, the interaction between interfacial shearing
strength and fracture toughness must be considered in full detail to evaluate the effects of

these material properties on laminate response. Overall, the best predictions were obtained

with Jjc=12 /m2 and 7,= 55 MPa for both the [02/90,]5 and [02/904] laminates.
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APPENDIX A

CERAMIC CROSS-PLY LAMINATE STRESS-STRAIN CURVES AND
CRACK DENSITY DATA
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Figure Al.  Axial Test Results for Specimen 6.1, Lay-Up : [02/902]s
(a) Stress/Strain Behavior
(b) Crack Densities in the 0° and 90° Plies vs. Strain
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Figure A2.  Axial Test Results for Specimen 6.2, Lay-Up : [02/902]s

(a) Stress/Strain Behavior

(b) Crack Densities in the 0° and 90° Plies vs. Strain
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Figure A3. Axial Test Results for Specimen 6.3, Lay-Up : [02/902]s

(a) Stress/Strain Behavior

(b) Crack Densities in the 0° and 90° Plies vs. Strain
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(a) Stress/Strain Behavior
(b) Crack Densities in the 0° and 90° Plies vs. Strain
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Figure AS.  Axial Test Results for Specimen 6.5, Lay-Up : [02/902]s

(a) Stress/Strain Behavior

(b) Crack Densities in 0° and 90° Plies vs. Strain
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Figure A6. Axial Test Results for Specimen 5.3, Lay-Up : [02/904]s
(a) Stress/Strain Behavior
(b) Crack Densities in the 0° and 90° Plies vs. Strain
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Figure A7. Axial Test Results for Specimen 5.4, Lay-Up : [02/904]s
(a) Stress/Strain Behavior
(b) Crack Densities in 0° and 90° Plies vs. Strain
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APPENDIX B

EXAMPLES OF MATRIX CRACK PROGRESSION IN THE 0° AND 90°

PLIES OF CROSS-PLY CERAMIC LAMINATES UNDER
MONOTONICALLY INCREASING LOAD
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(b) Additional Transverse Cracking in the 90° Plies, G/Gy¢ = 0.48

Figure B1. Transverse Crack Progression in a [02/902]s Ceramic Matrix Composite
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(d) Matrix Crack Progression in the 0° Plies, G/Gyj¢ = 0.82

Figure B1. Continued
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(f) Damage State Prior to Failure, G/Gy)¢ = 0.95

Figure B1. Continued
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(b) Matrix Crack Progression in the 0° Plies, G/Gy)¢ = 0.64

Figure B2. Transverse Crack Progression in a [02/904]s Ceramic Matrix Composite
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(d) Matrix Crack Opening in the 0° and 90° Plies, G/ Gyt = 0.97

Figure B2. Continued
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- APPENDIX C

MINI-SHEAR TEST LOAD-DISPLACEMENT CURVES
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APPENDIX D

EXAMPLES OF INTERLAMINAR SHEAR FAILURE AS OBSERVED
DURING THE MINI-SHEAR TESTS
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Figure D4. Shear Failure Sequence For Mini-Shear Specimen 16
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APPENDIX E

COMPUTER PROGRAM SOURCE CODE
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/* Basic Operation:

This program generates the stress-strain response curve along with the damage growth
predictions as a function of applied stress. The output file is called "stress”, and an additional
file called "stress2" which contains only the data at the current crack spacing is also
generated. These output files contain the following data in column type format:

Average applied stress [ Mpa), sigxbar
Average global strain, epsxbar

Average transverse strain, epsybar
Crack Density [cracks/in], density

Slip zone location, [meters], I-Is
Normalized slip zone location, (I-Is)/i
Yield zone location [meters], x*
Normalized yield zone location, x*/|
Normal complementary energy [J], energy
Shear complementary energy [J], U1+U2
Total Energy [J], energy+U1+U2

The input information that must be supplied by the user and entered in the source code prior to
compilation is listed below:

Beginning applied stress level [MPa), startstress

Final applied stress level [MPa}, endstress

Stress increment [MPa], inc

initial crack spacing [meters], Lo

Fracture toughness [J/m”2], Jic

Ply group thicknesses [meters], h1,h2

Moduli [GPa], Q1[il[j]l, Q2[i){j], C1[5][5],C2[5][5]

Reduced axial modulus ratio, E1=0.25"E0 where E0=Q2[1][1]

Interfacial shearing strength [MPa], Ts

Number of points to evaluate stress distributions at, Numpoints (usually 100-200 suffices)

This program requires no run-time input from the user. The program executes on the basis of
the input parameters entered in the source code, and then generates the aforementioned output
files. As the code executes, all printf statements are directed to a console window on the
computer screen, (mainly for debugging purposes). This information is also "echoed" to a file
called "echo” to archive the details of the computer run. Normalized plots of the stress
distributions (stress vs. [x / crack spacing] ) are drawn in a second pane below the console
window, primarily for debugging purposes. The stress distribution data can also be displayed
to the screen by removing the comment markers in the printf statements after the stress
distribution loops (note: this severely affects execution time since there will be "numpoints”
lines printed for each applied stress interval ).

Finally, it should be realized that although this program is fully functional, run-time user input
was excluded to minimize the size of the source code, and improve execution speed. This code
could be employed as a basis for developing application software, however the author wouid
like to be informed before any modifications are made to the code with the exception of input
parameters.

Questions are welcome, please contact me, Don Erdman at ErdmanDL@ORNL.GOV
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#include  "ShearlLagBiSlip.h"
FILE *fpstress;

FILE *fpstress2;

double Lo, k , density ,1s=0.0;

void main(void)
{

FILE
FILE

*fpecho;
*fpenergy,;

double statei,state2, Jvalue,l1,12;
int startstress , endstress;

double sigxbar,last,l,Jic,inc;
double

double
double

h1, h2, hbar;
A55,alpha0, alphat;
EO, E1,eps0,sigx0, sighat,energy;

double
double

*Ct,"C2 , *cc;
“*Q1,""Q2;

console_options.left=5;
console_options.txFont=4;
console_options.nrows=15,
console_options.ncols=102;
cecho2file ("logfile",0,stdout);

fpenergy= fopen(*Energy.out”,"w");
fpstress = fopen("Stress.out”,"w");
fpstress2 =fopen("Stress.out2","w");

fprintt(fpstress,”Stress {MPa] \t
fprintf(fpstress, "(I-Is)/I

fprintf(fpstress2,"Stress [MPa) \t
tprintf(fpstress2, “(I-Is)/!

WindowInit();

cc=dvector(1,7);
C1=dmatrix(1,6,1,6);
C2=dmatrix(1,6,1,6);
Q1=dmatrix(1,6,1,6);
Q2=dmatrix(1,6,1,6);
h2=0.4000/1000.0;
h1=0.8000/1000.0;
hbar=h1+h2;
Jic=30.0;

Jvalue=0;

startstress=1.0;
endstress=135.0;

inc=2.0;

E0=120.0;
sigx0=200.0/1000.0;
eps0=sigx0/EQ;
E1=0.25"E0Q;

sighat = sigx0 - (E1 * eps0);

//main program starts here

/I output file pointers

1/ energy for states 1 and 2, available energy, crack spacings

/I start and stop levels for the stress increment

/I applied stress, last stress level, fracture toughness, stress increment
/! specimen thickness

/I material constanst, see analysis

/i material constanst, see analysis

//material constanst, see analysis
/Imaterial constanst, see analysis

// system console set-up for viewing data as generated

// open the output files

// the next 4 lines put headers on the output files, hence file content defined

Strain [} \t epsybar \t Crack Density[#/in] &t I-Is [m] &t ");
\t xstarfm] \t xstar/l \t energy \t shear energy\t total energy \n");

Strain [] \t epsybar \t Crack Density[#/in] \t s [m] \t *);
\t xstar[m] \t xstar/l \t energy \t shear energy\t total energy \n*);

/I set up a mac graphics window for plotting stress distributions in real time

/I allocate memory for vectors and arrays

/! define the ply thickness
/! define the ply thickness
/! define the specimen thickness
// define the fracture toughness

// define the 1st applied stress level

/I define the last applied stress leve!

/! define the applied stress increment

/I define the first modulus in o° plies

// define the yield stress in o° plies

/1 define the yield strain in 0° plies

/f set the reduced modulus in 0° plies

// see the def. in bilinear constitutive relation
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C2[5][5) =37.0; /I define laminate moduli
C1[5]){5] =52.0;
Q2{1][1)=120.0;
Q2{1]{2]=30.0;
Q2[2][2]=110.0;
Q1[1]{1]=110.0;
Q1[1][2]=30.0;
Q1[2][2]=120.0;

cc[1)=Qt[1][2] / Qi[1][1]}; // the Ci vector defined in bilinear analysis
ccl2]=Q1[2)[2] - ( ( Q1[1){2) * Q1[1][2] } / Q1[1][1] );

cc[3)=Q2[1][2] / Q2[1][1];

cel4}=Q2[22] - ( ( Q2[1)[2] * Q2[1]){2] ) / Q2(1])(1} );

cc{5}=Q2[1}[2}/E1;

cc[6)=Q2[2){2] - ( Q2[1}[2) * Q2[1){2] / E1);

cc[7]=sighat*Q2[1}{2)/E1;

A55 = 3*hbar"C1[5)[5]*C2[5][5] / (h1* C2[5][5] + h2* C1[5][5] ); // material property def, see analysis
alphaO=pow(AS55/hbar*(1/(h2*E0)+1/(h1°Q1[1](1])),0.5);
alphai=pow(A55/hbar*(1/(h2*E1)+1/(h1*Q1[1][1])),0.5);

printf("sighat=%+10.6f\n",sighat*1000),

printf("aipha0= %+10.6f\n",alpha0);

printf("atphai= %+10.6f\n",alpha1);

printf(*"A55= %+10.6f\n",A55);

printf("------ \n");

forintf(fpenergy,"U*(L) [/mA2] \t 2U*(L/2) [U/mA2] \t  J[J/mA2] \t Stress (MPa] \n");

L0=0.00635"2; /I set the initial crack spacing
k=1;
sigxbar=startstress; /! set applied stress
while (sigxbar<=endstress) /! start the main loop
/! refer to flowchart in figure 7.1
11=L0/k;
12=L0/(k"2);
density=(k+1)/(2.0"L0)"0.0254; /! calculate crack density

printf("\n going to get statel\n");

state1=stresscalc(sigxbar,sigx0,sighat,|1,A55,alpha0,alphal, EO , E1, Q1, Q2,h1,h2,hbar,cc,C1,C2,1.0)*1ES;
printf("end of state 1\n");

printf(" R \n");

printf("going to get state2\n®);

state2= stresscalc(sigxbar,sigx0,sighat,|2,A55,alpha0,alphal, E0 , E1, Q1, Q2,h1,h2,hbar,cc,C1,C2,0.0)*1ES;
printi(“end of state 2\n");

printf(" - -ne- \n");

Jvalue=(2*state2-state1)*1.0;

printf("%A\t%N\t%M\%An", state1,2"state2,Jvalue,sigxbar);

fprintf(fpenergy, " %f\t%\t%At%f\n",state1,2"state2,Jvalue,sigxbar);

last=sigxbar;
if ((Jic-Jvalue)<=4.0) /! check fracture criterion
/I change inc if approaching Jic

sigxbar=sigxbar+0.5;

else

{

sigxbar=sigxbar+inc;
if(Jvalue>=dJic)

fprintf(fpenergy,"new crack\n");

k=k*2;
fprintf(fpenergy,"k=%f\n" k);
fprintf(fpenergy,"NEW CRACK LENGTH, k=%f\n" k),

Jvalue=0.0;
sigxbar=last;
}

fclose(fpenergy);
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fclose(fpstress);
fclose(fpstress2);
} // end of main program

1/ This is the subroutine where we calculate the stri

double stresscalc(sigxbar,sigx0,sighat,|,A55,alpha0,alphal, E0 , E1, Q1, Q2,h1,h2,hbar,cc,C1,C2,kick)
double sigxbar, sigx0, sighat, | , A55, alpha0, alphat, EO, E1,h1,h2 hbar,*cc,**C1,"*C2;
double “Q1, ""Q2;

long kick;
{
long numpoints , i; // number of points in stress distributions
double sigx2xstar, sigx2l,epsybar,epsxbar, xstar, energy,U1,U2; /I stress at x* and at 2L, average strains, energies
double *sigx1, *sigx2 ,"Tau, *x ,Tauprimi; /I stress ditribution vectors
double A0,A1,B1,D,Ts; /] stress distribution amplitudes
double *g,"k,*b,energylinear,Isnew,lsnew2; /I constants for stress distributions
double *case2vector;x; // vector for x* and Isnew in slip solution

printf("\o\n In the stress loop, the Applied Stress = %+10.6f\n",sigxbar);

Ts=55.0/1000.0; /I define interfacial shearing strength
xstar=0.0; // yield location

Isnew=0.0; // trial slip lengths set zero each pass through
Isnew2=0.0;

numpoints=100.0; /I define numpoints
Tau=dvector(0,numpoints); /] set up the distributions vectors

sigx1=dvector(0,numpoints});

sigx2=dvector(0,numpoints};

x=dvector(0,numpoints); /I x position vector
k=dvector(1,8); /I alpha, beta and gamma vectors
g=dvector(1,9);

b=dvector(1,10);

case2vector=dvector(0,1);

sigx2l=sigxbar/1000.0*hbar/h2; /I check if bilinear analysis
printf("sigx2(L) = %+10.6f\n\n", sigx2i*1000);

it ( sigx2l<=sigx0) /I start linear analysis

{ /l see flowchart in figure 7.3

//printf("Linear Analysis\n");
Isnew=GetLsLinear(Ts,A55,l,sigxbar,alpha0,cc,Q1,Q2,hbar,h1,h2);
l/printf("Isnew=%e\n",Isnew);

if (Isnew>=ls) // regular linear solution
{
Is=lsnew;
k[1]=A55/(hbar*alphaC*Q1{1}{1]"Q2[1][1]"cosh(alpha0*(l-is) )} });
k[3)=hbar/h2*Q1[1][1];
kl4}= Qi{1)[2] = Q2(1][1) - QI[1)[1} * Q2[1][2] ;
k[8)=Ts"Is*alpha0/(cosh(alpha0*(I-is)));
b{1]l=( (I-Is)*cosh(alpha0*(l-Is)) - sinh(alpha0*(l-Is))/alpha0 }*(cc[1]-cc{3])/alphaO;
epsybar=((cc[3]-cc[1])"Ts*(I*Is-Is*Is/2)-sigxbar/1000*(cc[3]*hbar*i+b[1]"k[1]"k[3])+b[1]"k[8])

/( 1"(cc[2}’h1+cc[4]*h2) +k[1]°k[4]*b[1]); // transverse strain calculation

AO=k[1]*(k[3]*sigxbar/1000 + k[4]*epsybar)-k[8]; // shear amplitude
}

else . // modified linear solution

{

k{1]=A55/(hbar*alpha0*Q1[1]{1]*Q2[1][1]*cosh(alpha0*(l-is) ) );

k{3)=hbar/h2*Q1[1][1];

ki4l= Q1[1][2] * Q2[1}[1] - Qi[1)f1] * Q2[1][2] :

k[8]=Ts*is"alpha0/(cosh{aipha0*(I-Is)));

b{t]=( (I-Is)*cosh(alpha0*(l-1s)} - sinh{alpha0*(l-Is))/alpha0 }*(cc[1]-cc[3])/alpha0;

epsybar=((cc[3]-cc[1])*Ts*(I*Is-Is"Is/2)-sigxbar/1000*(cc[3]*hbar*i+b[1]*k[1]*K[3])+b[1]"k[8])
/( 1*(ccl2]*h1+cc[4]*h2) +k[1]*k[4]*b[1]);  // transverse strain calculation

A0=Ts/(sinh(alphaC*(l-Is))); /I shear amplitude

}
/! global strain
epsxbar= 1/Q2[1]{1]* ( sigxbar*hbar/(1000*h2)-Ts/h2*(Is-Is*Is/(2*1)} - Q2[1][2]"epsybar
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-A0/(h2*alpha0*l)*((I-Is)*cosh(alpha0*(i-Is))-sinh(alpha0*(l-Is))/alpha0));
for (i=0; i<=numpoints; i++) /I stress distributions as f(x)

x[il=(double)i / numpoints * I;

if (xli]<= (I-ls))
{

Tau[i]=A0"sinh{alpha0*x[i]};

sigx1[i}=Ts*Is/h1+A0/(alpha0*h1) * ( cosh(alpha0*(l-Is))- cosh(alphaO*x[i] ) )
sigx2[i}=(hbar*sigxbar/1000-sigx1[i]*h1)/h2;

}

else
{
Taulil=Ts;
sigx1[i]=Ts/h1*(I-x{i]);
sigx2[i]=(hbar*sigxbar/1000-sigx1[i]*h1)/h2;

}
Mprintt (" %+10.6f\t%+10.6f\t%+10.6f\t%+10.6f\n", x[i)/l, Tau[i]"1000, sigx1[i]*1000,
sigx2[i]*1000 ), .
}

DrawPlot(numpoints,x, Tau,sigx1,sigx2,kick); /lplot distributions on screen
energy=presimpson_linear(numpoints,x,sigx1,sigx2,h1,h2,Q1,Q2,E0,epsybar);  // calculate energies
U1=2*A0*A0’h1/ (6*C1[5)[5] )*((sinh(2*alpha0*(I-Is)))/(4"alpha0)-(l-Is}/2) + 2"Ts*Ts*h1°Is/(6*C1[5](5] ).
U2=2"A0*A0"h2/ (6*C2[5][5] )*({sinh(2*alpha0*(l-Is)}))/(4"alphaO)-(I-Is}/2) + 2°'Ts*Ts*h2°Is/(6"C2[5](5] );

}

it (sigx2l>sigx0) // start bilinear cases
/l use flowchart figure 7.4

printf("\nBilinear Analysis\n");

xstar=(h2*sigx0-sigxbar/1000*hbar)/Ts+l;

Isnew=GetLsCase1(l, alpha0, h1, h2, hbar, sigx2l, sigx0, Q1, Q2 , sighat, A55, cc,sigxbar,Ts);
if (Isnew>=ls) Is=lsnew;

if ((I-ls)< xstar) /! then we have bilinear case 1
{
Hprintf("\nCASE 1 ANALYSIS\n");
Isnew=GetLsCase1(l, alpha0, ht, h2, hbar, sigx2, sigx0, Q1, Q2 , sighat, AS5, cc,sigxbar,Ts);
if (Isnew>=ls) Is=isnew;
printf("Isnew from GetLsCasel1=%e\n" Isnew);
xstar=(sigx0*h2-sigxbar/1000*hbar)/Ts+l;
/lprintf("xstar form casel equation=%e\n" xstar);

}

else // then we have bilinear case 2

{

/lprintf("\n CASE 2 ANALYSIS\n");

case2vector=GetLsCase2( alpha0, alphal, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,|,Ts);
Isnew2=case2vector(0];

xstar=case2vector[1];

if (Isnew2>ls)

Is=lsnew2; // check that the slip length grew
/iprintf("found Isnew2>ls");

}
else

{

/fprintf("have to get aiternate xstar for case 2\n");
xstar=GetXstarCase2mod(ls,alpha0, alphat, h1, h2, hbar, sigx0, Q1, Q2 , EO,
E1,sighat,A55,cc,sigxbar,|, Ts);
}

}

it (xstar!=0.0)

if ( (-1s)< xstar) // bilinear slip, CASE 1
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{
k[1])=A55/(alpha0*hbar*Q1[1][1]*Q2[1][1]*cosh(alphal*(i-Is))});
k[3]=hbar*Q1[1][1}/h2;

kl41=( Q2(1](1] * Q1[1][2} ) - ( Q2[1][2] = Qi{1](1] ) ;
k{8]=Ts"Is*alphal/cosh(alpha0*(I-Is));
b[1]=(1-1s)*cosh(alpha0*(I-Is))-sinh(alpha0*(I-Is))/alpha0;

xstar={h2*sigx0-sigxbar/1000*hbar)/Ts+; /I calaculate x* and transverse strain
epsybar:(h2'cc[7]'(l-xstar)-k[8]'b[1]/aIphaO'(cc[3]-cc[1])-h2'sigx0'(xstar-l+ls)'(cc[3]-cc[1])-sigxbar/1000)'

(k[1]°k[3])*b[1)/alpha0*{cc[1]-cc[3])+ cc[1]*hbar*(xstar-I+Is)+ cc[3]*hbar*(l-Is)+ cc[5]*hbar*(l-

xstar))-Ts*( 1s*(I-1s)"(cc[1]-cc[3])+pow((xstar-i+Is),2)/2" (cc{1]-cc[3]) +(I-xstar)*(I-xstar)/2*(cc[1]-

cc[51)))/(K[11°k[4]*b[1)/alpha0 *(cc[1]-cc[3]) + h1°cc[2]l +h2*cc[4]"xstar + h2"ce[6]*(I-xstar));

A0 = K[1]*(k[3]"sigxbar/1000+k[4]*epsybar)-k[8]; /! shear amplitude

if ((Is>lsnew) && kick==0) // check that slip zone grew

{

A0=Ts/(sinh(alpha0*(l-Is})));

epsybar:(hz'cc[7]'(l-xstar)-sigxbar/1000'hbar‘(cc[5]'(I-xstar)+cc[3]'(I-Is)+cc[1]'(xstar-l+|s))

- (cel1)-cc[3])*(Ts"Is*(i-Is)+A0*b[1)/alpha0+Ts/2*pow((xstar-I+is),2)-sigx0"h2* (xstar-l+Is))

- (ccl1]-cc[5])* Ts/2*pow((I-xstar),2))/(h1"cc[2])"I+h2"cc[4] xstar+h2"cc[6]"(I-xstar));

printf("found that Is>Isnew\n®);

printf("case1 epsybar=%e\n",epsybar);

} /! globat strain
epsxbar=1/(Q2[1][1]*I"h2)*((sigxbar*hbar/1000-Ts"Is-Q2[1][2]"epsybar*h2)*(l-Is)-
AO/alpha0*b[1]*h2+ h2*(xstar-l+Is)*(sigx0-Q2[1][2]"epsybar) - Ts/2"pow((xstar
I+Is),2))+1/(l"E1'h2)'((sigxbar'hbar/1000-02[1][2]'h2'epsybar-sighat"h2)'(I-xstar)-Ts"pow((l-
xstar),2)/2 );
for (i=0; ic<=numpoints; i++) /I stress distributions as f(x)

x[i]=(double)i / numpoints* [;
it ( xfi] < (l-Is))
{
Tau[i]=A0*sinh( alpha0 * x[i} );
sigx2[i}=sigx2i-Ts*is/h2-A0/(h2"alpha0) * ( cosh(alpha0~(l-is)) - cosh(alpha0*x[i] ) );
sigx1[i]=(sigxbar/1000"hbar-sigx2[i]*h2)/h1;
}

if ( (x[i] >= (I-1s)) && (x[i} < xstar) )
{
Taufil=Ts;
sigx2[i]=sigx0-Ts*(xstar-x[i])/h2;
sigx1lil=(sigxbar/1000*hbar-sigx2[i]*h2)/h1;
}

if (x[i]>=xstar)
{
Taufil=Ts;
sigx2[i]=sigx2[-Ts*(1-x[i])/h2;
sigx1[i]=(sigxbar/1000*hbar-sigx2[i]*h2)/h1;
}

/printf (" %+10.6M\t%+10.6f\t%+10.6M\t%+10.6f\n",x[i}/I, Tau[i]*1000,sigx1[i]*1000,sigx2[i]"1000 );
} // energy calculations
energy=presimpson(numpoints,xstar,x,sigx1,sigx2,h1,h2,Q1,Q2,sighat,sigx0,E0,E1,epsybar);
U1=2"A0"A0*h1/(6"C1[5](5] )*((sinh(2"alpha0*(i-1s)))/(4*alphal)-(I-Is)/2) + 2°Ts*Ts*h1*is/(6"C1[5][5] );
U2=2*A0*A0*h2/(6*C2[5][5) )*((sinh(2*aipha0’(i-Is)))/(4"alpha0)-(I-Is)/2) + 2'Ts*Ts*h2"Is/(6*C2[5][5] )
} /lend CASE 1
itf( (I-ls)>=xstar) // start CASE 2 slip solution
printf{("entered the case 2 stress calculation\n");

k{1]=A55/(alpha0*hbar*Q1[1][1]*Q2[1])[1]*cosh(aipha0xstar));
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k[2]=sigx0*( Qtf{1][1)+h2/h1*Q2[1][1] );
k[3]=hbar/h1*Q2[1][1];

k[4]=( Q2[1](1] * QI[1](2] ) - ( Q2(1]f2] * QI[1]{1] ) ;
k[5]=A55/(h2*E1);

k{6]=A55/hbar*(Q1[1]{2] / QI[1][1] - Q2{1][2] /E1);
k[7]=sighat/E1"A55/hbar+Ts"Is*alphat*alphat;

if ( (Is>lsnew2) && kick==0) // check slip length greww

Hprintf("went to alternate equations for g[ij\n");
//pause(); // gamma vector
D=sinh(alpha1*(l-Is-xstar} );
g{1]=1/D*(  k[1]"k[3]"sinh(alpha0*xstar)*cosh(alpha1*(l-Is)) });
g[2]=1/D*( -k[1])"k[4])*sinh(alpha0*xstar)*cosh(aipha1*(l-Is)) );
g{3]=1/D*( Ts*cosh(alpha1*xstar)-k[1])*k[2]*sinh(alpha0*xstar)*cosh(alpha1*(l-ls)) );
g[4]=1/D*( -k[1]"k[3]"sinh(aipha0"xstar)*'sinh(alphal*(l-Is)) );
g[5}=1/D*(  k[1]*'k[4)"sinh(alphaO*xstar)*sinh(alpha1*(i-Is)) );
g[6)=1/D*( -Ts*sinh(alphat*xstar)+k[1]*k[2]*sinh(alpha0*xstar)*sinh(alpha1*(l-Is)) );
}
else
{ // gamma vector
D=alphait‘cosh( alpha1*(l-Is-xstar) });
gl[11=1/D*( k[5]*cosh(alphat*xstar)+k[1]‘k[3]}*alpha1*sinh(alphat*(i-Is})*sinh(alpha0*xstar} ),
g[2]=1/D*( k[6]*cosh(alphai*xstar)-k[1]*k[4]*alpha1*sinh(alpha1*(l-Is})*sinh(alpha0’xstar) };
9(3)=1/D*(-k[7]"cosh(alphat*xstar)-k{1]*k[2])*alpha1*sinh(alpha1*(l-Is))*sinh(alpha0*xstar) );
gl4]=1/D"(-k[5]"sinh(alpha1*“xstar)-k[1]*k[3]*alpha1*sinh(alpha0 xstar)*cosh(alpha1*(l-Is)} ),
g[5)=1/D*(-k[6]*sinh{alpha1*xstar)+k[1]"k[4]*alpha1*sinh(alpha0*xstar)*cosh(alphat*(l-Is)) );
gl6]=1/D*( k[7]*sinh(alpha1*xstar)+k[1]"k[2]*alpha1°sinh(alpha0~xstar)*cosh(alphat*(l-Is)) ),
}
b[1]=xstar*cosh(alpha0*xstar)-sinh(alpha0*xstar)/alphao0; /l beta vector
b{2]=(I-1s-xstar)*cosh(alphai*(l-Is))-sinh(alpha1*(i-Is))/alphal+sinh(alphat“xstar)/alphai;
b{3]=(I-Is-xstar)*sinh(alpha1*(l-1s))-cosh(alpha1*(l-Is))/alphat+cosh(alphal*xstar)/alphai;
b[4]=hbar*xstar/h1 - k[1]*k[3]*b[1] / (h1*alphaO);
b[5]=k{1]"k{4)*b[1] / (h1*alphal);
b[6]=k[1]*k[2]*b[1] / (h1*alpha0) - sigx0*h2*xstar/h1;
b[7]=( g[1]*b{2]+g[4]*b[3] ) / (h1* alphat);
b[8]=( g{2]"b[2]+g[5])*b[3] ) / (h1* aiphal);
b[9]=( g[3]*b{2]+g[6]'b[3] ) / (h1* alphal) + TsIs*(I-Is-xstar)/h1;
b{10]=Ts"Is*Is/(2°h1);
// transverse strain
epsybar =(cc[7]"h2*(I-xstar)-h1*(ce[1]-cc[5])*(b[9]+b[10])-h1*b[6]*(cc[1]-cc[3])-
sigxbar/1000.0)*
( h1*b[4] *(cc[1}-cc[3))+h1*b[7]"(cc[1] -cc[5]) + hbar*cc][3] xstar+hbar*cc[5])*(I-xstar)))/
( h1*(b[5)*(ce[1]-cc[3])+b[8] (cc1)-cciB]) +ccf2]’] ) + h2*(ccld]*xstar + cc[6] * (l-xstar)));

A0=k[1]*(k[2]-k[3]*sigxbar/1000+k[4]"epsybar); /! stress distribution amplitudes
A1=sigxbar/1000*g[1]+epsybarg[2]+g[3];
B1=sigxbar/1000"g{4)+epsybar*g[5]+g(6];

epsxbar=1/(Q2[1][1]*1)*(sigxbar/1000"hbar*xstar/h2- /I gloabl strain
h1/h2*(sigxbar/1000*b[4]+epsybar*b[5]+b[6])-Q2[1]{2])"epsybar*xstar)
+1/(E1*1)*(sigxbar/1000*hbar*(l-xstar}/h2-h1/h2*(sigxbar/1000°b[7]+epsybar*b[8]+b[9]+b[10])
-(Q2[1][2])*epsybar+sighat)*(l-xstar) );

for (i=0; i<=numpoints; i++) /! stress distributions as f(x)

x[i]=(double)i / numpoints® I;
if ( x[i] < xstar )
{
Tau[i]=A0*sinh( alpha0 * x[i] );
sigx2[i]=sigx0-A0/(h2*alpha0) * ( cosh(alpha0~(l-Is)) - cosh(alpha0"x[i] } );
sigx1[i]=(sigxbar/1000*hbar-sigx2[i}"h2)/h1;

}
it ( (x[i] >= xstar) && (x[i]< (I-Is)) )
Tauli]=A1"sinh(alphat*x[i] )+B1*cosh(alphal*x[i] );
sigx2[i)=sigxbar/1000”*hbar/h2-Ts*Is/h2-1/(h2*alphat)”
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(
A1*(cosh(alpha1*(l-Is))-cosh(alpha1*x[i] )) +
B1*(sinh(alpha1t*(l-is))-sinh(alphat*xi} ))

)i
sigx1[i]=(sigxbar/1000*hbar-sigx2[i]*h2)/h1;
}
it ( x[i]>=(-Is) )
{

Tau(i]=Ts;
sigx2[i]=sigx2l-Ts*(I-x[i]}/h2;
sigx1{i]=(sigxbar/1000*hbar-sigx2[i]*h2)/h1;

}
/fprintf  ("%+10.60\t%+10.6f\t%+10.6f\1%+10.6f\t %d\n", x[i}/l, Tauli]*1000,
sigx1[i]*1000,sigx2(i]*1000,region);

}
/I energy calculations
energy=presimpson(numpoints,xstar,x,sigx1,sigx2,h1,h2,Q1,Q2,sighat,sigx0,E0,E1,epsybar);

U1=2"h1/(6"C1[5][5])*(

AO0*A0*(sinh(2 alpha0"xstar)/(4*alpha0) - xstar/2) +

(A1*A1+B1"B1)*( sinh(2%alpha1*(i-Is}))/(4*alpha1)-sinh(2*alpha1*xstar)/(4*alphal) )
+ (B1*B1-A1*A1)"(l-Is-xstar)/2

+ A1"Bt/(27alphal) * (cosh(2"alphai1*(l-Is))-cosh(2*alpha1*xstar))+Ts Ts"Is);

U2=2*h2/(6*C2[51[5])*(

AO0*A0*(sinh(2 alpha0*xstar)/(4*alpha0) - xstar/2) +

(A1*A1+B1*B1)*( sinh(2%alpha1*(l-Is))/(4*alpha1)-sinh(2*alpha1*xstar)/(4*alpha1l) )
+ (B1*B1-A1*A1)*(i-Is-xstar)/2

+ A1*B1/(2*alphat) * (cosh(2"alphat*(l-Is)) -cosh(2*alpha1’xstar))+Ts*Ts*Is);

} , // end of CASE 2
DrawPlot(numpoints,x, Tau,sigx1,sigx2,kick); // plot stress distributions to screen
} // end of CASES 1 and 2 ie end of xstar != 0.0

if (xstar==0.0) // CASE 3 where the stress is > sigx0 for all x.
{
printf ("\nLinear Analysis with reduced modulus\n");
Isnew=GetlLsLinear2(Ts,A55,l,sigxbar,sighat,alpha1,cc,Q1,Q2,E1,hbar,h1,h2);
if (Isnew>=ls)
{ /I check if slip length grew
Is=Isnew;
k[1]=A55/(hbar*alpha1*Q1[1][1]"E1*cosh(alpha1*(i-Is)));
k[2]=hbar*Q1[1][1]/h2;
k[3)}=Q1[1][2]"E1 - Q2[1][2]1*Q1[1][1];
k{4}=sighat*Q1{1][1);
k[8]=Ts"Is*alphat;
b[1]=1/alphat*( (l-1s)*cosh(alphal*(l-Is))-sinh(alpha1*(l-Is))/ailphat);
epsybar = ( h2'cc[7]"] - cc[5]*hbar*l *sigxbar/1000 + (cc[5)-cc[1]) *
( k[11"k[2]*b{1]"sigxbar/1000 -k[1]*b[1]*k[4]-b[1]*k[8] +Ts"Is*(l-1s)}+Ts"Is*Is/2) )
! ( 1*( ht*cc[2] +h2%ce[6) )+(ce{t)-cc[5])* k[1)°k[3]"b[1] );
AO=k[1]*( k[2]"sigxbar/1000 +k[3]*epsybar-k[4] ) - K[8];
}

else

{

k[1}=AS55/(hbar*alphat1*Q1{1]){1]*E1"cosh(alpha1*(I-Is)}));
k[2]=hbar*Q1[1]{1])/h2;

k[3]=Q1[1][2)*E1 - Q2[1][2]*Q1[1][1]};

k[4]=sighat*Q1[1][1]);

k[8]=Ts"ls*alphat/cosh(alpha1*(l-is));

b[1]=1/alphat*( (I-1s)*cosh(alphat*(l-Is))-sinh(alpha1*(l-Is))/alphat),
epsybar = ( h2%cc[7]"! - cc[5]"hbar*l "sigxbar/1000 + (cc[5]-cc{1]) *
( k[1]"k[2]*b[1]"sigxbar/1000 -k[1]*b[1]*k[4]-b{1]"k[8] +Ts"Is*(I-Is)+Ts"Is"Is/2) )
! ( 1*( hi*cc[2] +h2%cc[6] )+(cc[1])-cc[SD)* k[11"k[3]*b[1] );
A0=Ts/(sinh{alpha1*(l-Is)));

}
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/I global strain

epsxbar=1/(E1*1)*(sigxbar/1000*hbar*I/h2-A0/(h2*alpha1)}*( (l-Is)*cosh(alpha1*(l-Is)}-
sinh(alphai*(l-Is))/alphatl) +Ts*Is/(2'h2)*(Is-2*) - epsybarQ2[1][2]"I-sighat"l);

for (i=0; i<=numpoints; i++) /I stress distributions as f(x)

x[i]=(double)i / numpoints * I;

it (xfij<= (I-Is))
{
Tauli]=A0"sinh(alpha0*x[i]};
sigx1[i}=Ts*Is/h1+A0/(alpha1*h1) * ( cosh(alpha1*(l-Is)}- cosh(alphal*x[i] ) );
sigx2[i]=(hbar*sigxbar/1000-sigx1fi]*h1)/h2;
}

else
{
Taufi]=Ts;
sigx1[i]=Ts/h1*(I-x{i]);
sigx2[i]=(hbar*sigxbar/1000-sigx1[i]*h1)/h2;

}
Hprintf  ("%+10.6f\t%+10.6f\t%+10.6f\t%+10.6f\n", x[i}/l, Tau[i]*1000, sigx1[i]*1000,sigx2[i]*1000
}

DrawPlot(numpoints,x,Tau,sigx1,sigx2,kick); /l plot distributions to screen
/! calculate energies

U1=2"A0*A0*h1/ (6*C1[5])[5] )*{((sinh(2*alpha1*(l-Is)))/(4*alphal)-(I-Is)/2) +
2*Ts*Ts*h1*Is/(6*C1[5}[5] );

U2=2*A0"A0*h2/ (6°C2[5][5] )*((sinh(2*alphat*(l-Is)))/(4*alphal)-(I-Is)/2) +
2*Ts*Ts*h2"Is/(6°C2[5][5] ):

energy=presimpson_linear1(numpoints,x,sigx1,sigx2,h1,h2,Q1,Q02,E0,E1,sighat,sigx0,epsybar);

}
/f THE FOLLOWING LINES WRITE THE DATA TO THE OUTPUT FILE FOR STRESS-STARIN CURVE CONSTRUCTION

printf("\n sigxbar=%tf \t epsxbar=%e \t epsybar=%e \t density=%f \nl-ls=%e \t xstar=%e \n\n",
sigxbar,epsxbar,epsybar, density,l-Is,xstar);

fprintf(fpstress, %f \t %e \t %e \t %f \t %e \t %e \t %e \t %f \t %f \t %f \t %f \n",sigxbar,epsxbar”100,epsybar,
density*0.75,1,{I-Is)/l,xstar,xstar/l,energy*1e9,(U1+U2)*1e9,(U1+U2+energy)*1e9);

if (kick==0) fprintf(fpstress,"\n"});

if (kick==1) fprintf(fpstress2,"%f \t %e \t %e \t %e \t %f \t %e \t %e \t %f \t %f \t %f \t %f
\n",sigxbar,epsxbar*100,epsybar,
density*0.75,1,(I-1s)/l xstar,xstar/l,energy*1e9,(U1+U2)*1e9,(U1+U2+energy) 1e9);

free_dvector(Tau,0,numpoints); //Free up the memory, eliminate the vectors and matrices
free_dvector(sigx1,0,numpoints);

free_dvector(sigx2,0,numpoints);

free_dvector(x,0,numpoints);

free_dvector(k,1,8);

free_dvector(g,1,9);

free_dvector(b,1,10);

free_dvector(case2vector,1,2);

energy=(U1+U2)+energy; //calculate the total available energy
printf("total energy from stresses=%f\n",energy*1e9};

if ((/2-1s)<0.0) energy =0.0;

printf("returned energy=%f\n",energy*1e8);

return(2*energy/(2*h1)}); /lreturn the energy to the mian program
}
1/ Root solver to get xstar , bi-linear slip solution , CASE2 mod

double GetXstarCase2mod(istrial,alpha0, alphai, h1, h2, hbar, sigx0, Q1, Q2 , EO, Et,sighat,A55,cc,sigxbar,|,Ts)
double Istrial,alpha0, alpha1, hi, h2, hbar, sigx0, **Q1, **Q2, E0, E1, sighat, AS5,*cc,sigxbar,lTs;

double u=sigxQ,v,w,a,b,c,e, x,eps,xstar;
long M=100;
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int k,i=0;
a=0,
b=l;
eps= 0.0000001;

printf (*Started the GetXstarCase2mod routine\n”);
while( (i<=100) && (u>=sigx0) ) /ljust a little loop to get a first guess at the root

xstar=(I)*(1-(double)i/100);

u=BilinearStressSlipCase2mod(xstar,istrial,alpha0, alphai, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,|,Ts),
/printf("x/I=%f sigx2=%f\n" xstar/l ,u*1000);

i++;

}

u=BilinearStressSlipCase2mod(xstar,Istrial, alpha0,alpha1,h1,h2,hbar,sigx0, Q1,Q2,E0,E1,sighat,A55,cc,sigxbar, [, Ts)-sigx0;
v=BilinearStressSlipCase2mod(b,Istrial, alpha0, alphat, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,l, Ts)-sigx0;

printf("\nbisection routine GetXstarCase2mod\n");
/printf("u=%f\n",u);

/lprintf("v=%f\n",v});

/Ipause();

e=b-a;

it ((u'v) > 00)

{
printf(*no root\n");
return (0); // no root!!!
}
for(k=1; k<= M ; k++)
{
e=e/2.0; // get an xstar value Is=c
c=a+e;
w=BilinearStressSlipCase2mod(c,Istrial, alpha0, alphai, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,}, Ts)-
sigx0;

fiprintf ("k=%d \t c=%f \t w=%e \t e=%e\n"k,c,w[1],e);
if ( fabs(w)<eps il e< 0.0000001)
{

w=c;
return{w); // convirged on a root

}
it (w'u<0.0)

doubte BilinearStressSlipCase2mod(xstar,lstrial, alpha0, alphat, h1, h2, hbar, sigx0, Q1, Q2 , EO,
E1,sighat,A55,cc,sigxbar,|,Ts)
double Istrial,xstar, aipha0, alphat, h1, h2, hbar,sigx0, **Q1, **Q2, EO , E1, sighat,AS5,"cc,sigxbar,!,Ts;

{

double AO0,A1,B1,D, epsybar;

double “k,*g,”b,sigx2xstar;

long i;
k=dvector(1,4);
g=dvector(1,6);
b=dvector(1,10);
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k[1]=A55/(alpha0*hbar*Q1{1][1]*Q2[1][1]*cosh(alpha0*xstar));
k[2]=sigx0*( Q1[1][1]+h2/h1*Q2[1][1] );
k[3]=hbar/h1*Q2[1][1};

k[4)=( Qz2[1]{1] * Q1[1)(2] ) - ( Q2[1]i2} * Q1(1)[1] )} :

D=sinh(alpha1*(l-Istrial-xstar) );

g[1]=1/D*(  k[1]"k[3]*sinh(aipha0*xstar)*cosh(alpha1*(l-Istrial)} );

g[2]=1/D*( -k[1]"k[4]"sinh(alpha0*xstar)*cosh(alpha1*(l-Istrial)) );

g(3)=1/D*( Ts*cosh(alphat*xstar)-k[1]*k[2]*sinh(alpha0*xstar)*cosh(alpha1*(l-Istrial})) );
g[4)=1/D*( -k[1]"k[3]*sinh(alpha0*xstar)*sinh({alphat*(I-Istrial)) );

g[51=1/D*(  k[1]"k[4]"sinh(alpha0*xstar)*sinh(alpha1*(l-Istrial)) );

g[6l=1/D*( -Ts*sinh(alphat*xstar)+k[1]"k[2]'sinh{alpha0*xstar)*sinh(alpha1*(l-Istrial)) );

b[1]=xstar*cosh(alpha0*xstar)-sinh(alpha0*xstar)/alpha0;
b[2]=(l-Istrial-xstar)*cosh(alpha1*(l-Istrial))-sinh(alpha1*(l-Istrial})/alpha1+sinh(alpha1*xstar)/alphat;
b[3)=(l-Istrial-xstar)*sinh(alpha1*(l-Istrial})-cosh(alpha1*(l-istrial))/alpha1+cosh(alpha1*xstar)/alpha1;
b[4]=hbar*xstar/h1 - k[1]*k[3]"b[1] / (h1*alpha0);

b[5)=k[1]"k[4]*b[1] / (h1*alpha0);

b(6)=k[1]°k[2]*b[1] / (h1*alpha0) - sigx0*h2*xstar/h1;

b[7]=( gl1]'b[2]+g[4]™b[3] ) / (h1* alphal);

b[8)=( g[2]'b[2}+g[5]’b[3] ) / (h1* alphal),

b[9]=( g[31"b[2]+g[6]*b(3] ) / (h1* alphat) + Ts"Istrial*(l-Istrial-xstar)/h1;
b[10]=Ts"Istrial*Istrial/(2"h1);

epsybar =(cc(7]*h2*(I-xstar)- h1*(cc[1]-cc[5])*(b[9]+b[10]} - h1*b[6]*(cc[1])-cc[3]) -
(sigxbar/1000.0)"*
( h1*b[4] *(cc[1]}-cc[3])+h1b[7]*(cc[1] -cc[5]) + hbar*cc[3]*xstar+hbarcc[5]"(l-xstar)))/
( h1*(b[5]"(cc[1]-cc[3])+ b[8)*(cc[1])-cc[B]) +cc[2)') ) + h2*(ccl[4]*xstar + cc[6] * (I-xstar)));

A0=k[1]*(k[2]-k[3]"sigxbar/1000+k[4]*epsybar);
A1=sigxbar/1000*g{1]+epsybar*g[2]+g[3];
B1=sigxbar/1000*g[4]+epsybar*g[5]+g[6];

sigx2xstar=sigxbar/1000"hbar/h2-Ts"Istrial/h2-1/(h2*alpha1)”
(
A1*(cosh(alphat*(l-Istrial})-cosh(alphai*xstar)) +
B1*(sinh(alpha1*(l-Istrial))-sinh{alpha1*xstar))
b
free_dvector(k,1,4);
free_dvector(g,1,6);
free_dvector(b,1,10);
return (sigx2xstar);

}

/Isubroutines shearlagbislipsubs.c

#define FREE_ARG char*

#define NR_END 1

#define kBaseResID 128

#define kMoveToFront (WindowPtr) -1L
#define kRandomUpperLimit 32768

#include  “ShearlLagBiSlip.n"

extern double Is;
1 Root solver to get is for the bi-linear siip solution CASE 3.
[fwmmmmenmmeeeeanaeed for the case where the stresses are greater than sigx0 over the whole domain---------

double GetlLslinear2(Ts,A55,l sigxbar,sighat,alphal,cc,Q1,Q2,E1,hbar,h1,h2)
double Ts,A55,l, sigxbar,sighat,alphai,*cc, **Q1,"*Q2, hbar, h1, h2,E1;

{
double u=Ts,v,w,a,b,c.e,x,eps;
long M=100;
int k,i=0;
a=0;
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b=[;
eps= 0.0000001;

/iprintf("Pre-scan for a root in the GetLsLinear2 routine\n");
while( (i<=25)) //&& ( (u-Ts)>=0.0) )
{

x=(double)i*1/25;
u=EvalTauLinSlip2(x,Ts,A55,l,sigxbar,sighat,alpha1,cc,Q1,Q2,E1,hbar,h1,h2);
Hprintf("x/I=%f \t u=%f\n",x/1,u);

i++;

b=x;

u=EvaiTauLinSlip2(a,Ts,A55,l,sigxbar,sighat,alpha1,cc,Q1,Q2,E1,hbar,h1,h2)-Ts;
v=EvalTauLinSlip2(b,Ts,A55,l,sigxbar,sighat,alpha1,cc,Q1,Q02,E1,hbar,h1,h2)-Ts;
e=b-a;

it { (uv) >= 0.0)

/fprintf("no root in GetLsLinear2 \n");
return (0); /I no root!!!

}
for(k=1; ke= M ; k++)

e=e/2.0;
c=a+e;
w=EvalTaulinSlip2(c,Ts,A55,1,sigxbar,sighat,alphat,cc,Q1,Q2,E1,hbar,h1,h2)-Ts;
fiprintf ("k=%d Wt c=%f \t w=%e \t e=%e\n" k,c,w.e);
if ( fabs(w)<eps Il e< 0.0000001)

{

w=C;

return{w); // convirged on a root

}
if (w'u<0.0)
{
b=c;
v=w,;

i Evaluates the expression for T*(x) for the linear slip solution
1 for the case where the stresses are greater than sigx0 over the whole domain--------------------
double EvalTauLinSlip2(Istrial, Ts,A55,l,sigxbar,sighat,alphat,cc,Q1,Q2,E1,hbar,h1,h2)

double Istrial, Ts,A55,sigxbar,sighat,l,hbar,h1,h2,"*Q1,**Q2,E1,"cc,alphal;

double AO,*b,epsybar,Tau,"k;
k=dvector(1,8);
b=dvector(1,8);
k{1]=A55/(hbar*alpha1*Q1[1][1]"E1*cosh(alpha1*(i-Istrial})};
k[2)=hbar*Q1[{1][1)/h2;
k[3]=Q1[1][21"E1 - Q2[1][2]*Q1[1]{1];
k[4]=sighat*Q1[1}[1];
k[8]=Ts"Istrial"alphat/cosh(alpha1*(l-Istrial));
b{1]=1/alphat*( (1-Istrial)*cosh(alpha1*(l-Istrial))-sinh(alpha1*(i-Istrial))/alphal);

epsybar = { h2%cc[7]"l - cc[5]*hbar*l *sigxbar/1000 + (cc[5)-ce[1]) *
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( k[1]"k[2])*b[1]*sigxbar/1000 -k[1]*b[1]*k[4]-b[1]*k[8] +Ts"Istrial*(I-Istrial)+Ts*Istrial*Istrial/2)
! ( I'( h1*cc[2] +h2*cc[6] )+{cc[1)-cc[5])* k[1]"k[3]*b[1] )
AO=k[1]*( k[2]"sigxbar/1000 +k[3]"epsybar - k{4] )-k[8};
Tau=A0 * sinh(aiphat*(l-istrial));
free_dvector(k,1,8);
free_dvector(b,1,8);
return(Tau);

}

1/ Root solver to get Is, bi-linear slip solution , CASE1
double GetlLsCase1{l, alpha0, h1, h2, hbar, sigx2l, sigx0, Q1, Q2 , sighat, A55, cc,sigxbar,Ts})
double |, alpha0, h1, h2, hbar,sigx2l,sigx0, **Q1, "*Q2, sighat, A55,*cc,sigxbar,Ts;

{
double u=Ts,v,w,a,b,c.e,x,eps;
long M=100;
int k,i=0;
a=0;
b=I;
eps= 0.0000001;
while( (i<=25) && ( (u-Ts)>=0.0) )
x=(double)i/25™!;
u=BilinearStressSlipCase1(x, alpha0, h1, h2, hbar, sigx0, Q1, Q2,sighat,A55,cc,sigxbar,|,Ts);
liprintf("x/1=%f \t u=%f\n",x/l,u);
i++;
}
b=x;

u=BilinearStressSlipCaset(a, alpha0, h1, h2, hbar, sigx0, Q1, Q2,sighat,A55,cc,sigxbar,l,Ts)-Ts;
v=BilinearStressSlipCase1(b, alpha0, h1, h2, hbar, sigx0, Q1, Q2,sighat,A55,cc,sigxbar,],Ts)-Ts;
e=b-a;

/lprintf("\n u=%f\n",u);
/lprintf(*  v=%f\n",v);

it ((u'v) >0.0)
{

/lprintf("\n no root in GetLsCase1\n");
return (0); // no root!!!

}
for(k=1; k<= M ; k++)
{

e=e/2.0;
c=a+e;
w=BilinearStressSlipCase1(c, alpha0, h1, h2, hbar, sigx0, Qt, Q2,sighat,A55,cc,sigxbar,|,Ts)-Ts;
lprintf ("k=%d \t c=%f \t w=%e \t e=%e\n"k,c,w,e);
if ( fabs(w)<eps Il e< 0.0000001)
{

w=c;
return(w); /l convirged on a root

}
if (w'u < 0.0)

{
b=c;
v=w;
}
eise
{
a=c;
u=w;
}
}
}
1/ Just evaluates the value of Tau to the left of slip zone
11 this is for the CASE | solution
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double BilinearStressSlipCase1(lstrial, alpha0, h1, h2, hbar, sigx0, Q1, Q2,sighat,A55,cc,sigxbar,], Ts)
double lIstrial,alpha0, h1, h2, hbar,sigx0, **Q1, **Q2, sighat,A55,*cc,sigxbar ], Ts;
{
double AO, epsybar;
double “k,*b,Taus , xstar;
long i;
k=dvector(1,8);
b=dvector(1,10);

xstar=(sigx0*h2-sigxbar/1000*hbar)/Ts + |;
k{1]=A55/(alpha0*hbar*Q1[1][1]*Q2[1][1])*cosh(alpha0~(I-Istrial)));
k[3]=hbar*Q1[1][(1]/h2;

k[4}=( Q2[1][1] ~ Q1(1){2] ) - ( Q2()i2] * Qi[[1] ) ;
k[8]=Ts"Istrial*alpha0/cosh(alpha0*(i-Istrial));

b[1]=(l-Istrial)*cosh(alpha0*(l-Istrial))-sinh(alpha0*(l-Istrial})/alpha0;

epsybar=(h2"cc{7]"(l-xstar)-k[8]*b[1}/alpha0*(cc[3]-cc[1])-h2"sigx0" (xstar-l+istrial)*(cc[3)-cc{1]}) -
(sigxbar/1000.0)*(k[1]°k[3]"b[1}/alpha0*(cc[1]-cc[3]) + cc[1]*hbar*(xstar-I+istrial) +
cc[3]*hbar*(l-Istrial) + cc{5]*hbar*(l-xstar)}
-Ts*( Istrial*(l-Istrial)*(cc[1])-cc[3])+pow((xstar-1+Istrial),2)/2*(cc[1] -cc{3]) +pow((i-
xstar),2)/2*(cc{1]-cc[5])))/(k[1]"k[4]*b[1)/alpha0*(cc[1]-cc[3]) + h1"cc[2]"] +h2%cc[4]"xstar
*h2*cc(6]*(I-xstar));

/lprintf(“epsybar=%e\n",epsybar);

AO=k[1]*(k{3]"sigxbar/1000+k[4]"epsybar)-k{8];
/printf("A0=%e\n",A0Q);
Taus=A0"sinh(alpha0*(l-Istrial));

free_dvector(k,1,8);
free_dvector(b,1,10);
return (Taus);

}

1/ Root solver to get Is , bi-linear slip solution , CASE2---s-cecceecmoemeenns

double” GetlsCase2(alpha0, alphai, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,1,Ts)

doubte alpha0, alpha1, h1, h2, hbar,sigx0, **Q1, **Q2, EO0,E1,sighat, A55, cc,sigxbar,l,Ts;
{

double u=Ts,v,w,a,b,c,e,x,eps,xstar,Isnew2;

long M=100;

int k,i=0;

double case2vector{1];

a=0; // used to be set to zero

b=l;

eps= 0.0000001;
while( (i<=25) && (u-Ts)>=0.0 )
{

x=(double)i/25"| ;
xstar=GetXstarCase2(x,alpha0, alpha1, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,AS5,cc,sigxbar,},Ts);
u=BilinearTausSlipCase2(x, alpha0, alpha1, h1, h2, hbar, sigx0, Q1, Q2 , EOQ, E1,sighat,A55,cc,sigxbar,|, Ts,xstar);
if ((i==0) && (u<Ts))

{

Isnew2=0.0;

xstar=0.0;

printf("stuck in the prescan for GetLsCase2\n");

/Ipause();

case2vector[0]=Isnew2;

case2vector[1)=xstar;

return(case2vector);

}
/fprintf("\n This is from prescan in GetLsCase2, x/I=%f \t u=%f\n\n",x/l,u);
i++;
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b=x;

/! get an xstar value for Is=a;

/lprintf("going to get an xstar value for Istrial=ls in GetLsCase2\n");
xstar=GetXstarCase2(a,alpha0, alphait, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,1, Ts);
/fprintf(*returned xstar=%f\n",xstar);

/fprintf("going to get an Isnew?2 value for istrial=ls in GetLsCase2\n");
u=BilinearTausSlipCase2(a, alpha0, alphat, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,),Ts,xstar)-Ts;

/I get an xstar value for Is=b;

//printf("going to get an xstar value for Istrial=l in GetlLsCase2\n");
xstar=GetXstarCase2(b,alpha0, alphat, h1, h2, hbar, sigx0, Q1, Q2 , EQ, E1,sighat,A55,cc,sigxbar,|, Ts);
/lprintf("returned xstar=%f\n",xstar);

/lprintf("going to get an Isnew2 value for Istrial=! in GetLsCase2\n");
v=BilinearTausSlipCase2(b, alpha0, alphail, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,AS5,cc,sigxbar,|, Ts,xstar)-Ts;

/lprintf("\nStart the actual GetLsCase2 root solver\n®);
/printf("u=%f\n",u);

/lprintf("v=%f\n",v);

/Ipause();

e=b-a;

it ((uv)>0.0)
{

/lprintf("no root\n");
case2vector[0]=0.0; /! no root!!!
case2vector[1]=0.0;

}
for(k=1; ke= M ; k++)

{
e=e/2.0;
=a+e;

xstar=GetXstarCase2(c,alpha0, alpha1, hi, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,),Ts);
w=BilinearTausSlipCase2(c, alpha0, alphat, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,|, Ts,xstar)-Ts;

/lprintf ("k=%d \t c=%f \t w=%e \t e=%e\n"k,cw[1].e);
if { fabs(w)<eps Il e< 0.0000001)
{

wW=C;
Isnew2=c;
case2vector[O]=lsnew?2;
case2vector[1]=xstar;
printf(“ready to return from getLsCase2\n");
printf("lsnew2=%e\n" |snew2};
printf(*xstar=%e\n",xstar);
printf("case2vector[0]=%e\n",case2vector{0});
printf("case2vector{1]=%e\n",case2vector[1]);
/Ipause();
return(case2vector); // convirged on a root
}

if (w'u<0.0)

{
b=c;
v=w;
}

else
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double BilinearTausSlipCase2(Istrial, alpha0, alphat, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,|, Ts,xstar)
double Istrial, alpha0, alphat, h1, h2, hbar,sigx0, **Q1, **Q2, E0 , E1, sighat,A55,"cc,sigxbar,|,Ts,xstar;
{
double A1,B1,D, epsybar;
double *k,*g,*b,Taus;
long i;
k=dvector(1,8);
g=dvector(1,6);
b=dvector(1,10);

k[1]=A55/(alpha0*hbar*Q1[1]){1]*Q2[1])[1]}"cosh(alpha0*xstar));
k[2]=sigx0*( Q1[1}[1}1+h2/h1°Q2[1](1] );
k[3]=hbar/h1*Q2[1][1];

k[4]=( Q2[1][1] * Q1[1][2] ) - ( Q2[1])[2] * QI[1){1} ) ;
k[5]=A55/(h2*E1);

k[6]=AS5/hbar*(Q1[1][2] / Q1[1][1] - Q2[1][2] /E1);
k[7)=sighat/E1*A55/hbar+Ts"Istrialalphat;

/for (i=1,i<=8;i++) printf("k[%d]=%e\n",i k[i]);
D=alphai*cosh( alphat*(i-Istrial-xstar) };
//printf("D=%e\n",D);

gl1]=1/D*( k[5] cosh(alpha1*xstar)+k[1]"k[3]alpha1*sinh(atpha1*(i-Istrial))*sinh(alpha0*xstar)
g[2)=1/D*( Kk[6]*cosh(alpha1*xstar)-k{1]"k[4]*alpha1*sinh(alpha1*(l-Istrial))*sinh(alpha0*xstar) )
g[3]=1/D*(-k[7]"cosh(alpha1*xstar)-k[1]"k[2]*alphat*sinh(alpha1*(I-Istrial))"sinh(alpha0*xstar) );
g[4}=1/D"(-k[5]"sinh(aipha1*xstar)-k[1]*k[3]*alpha1*sinh(alpha0*xstar)*cosh(alphai*(l-Istrial)) );
g[5]1=1/D*(-k[6]"sinh(alpha1*xstar}+k[1]"k[4]"alpha1*sinh(alpha0*xstar)*cosh(alpha1*(l-Istrial)) );
g[6]=1/D"( Kk[7]*sinh(alpha1"xstar)+k[1]*k[2]*alpha1~sinh(alpha0*xstar)*cosh(alpha1*(l-Istrial)) );

Mor (i=1;i<=6;i++) printf ("g[%d}=%e\n",i,glil);

b[1}=xstar*cosh(alpha0*xstar)-sinh(alpha0*xstar)/alpha0;
b[2]=(I-Istrial-xstar)*cosh(alpha1*(l-Istrial))-sinh({alpha1*(l-Istrial))/alpha1+sinh(alpha1-*xstar)/alphat;
b[3]=(I-Istrial-xstar)*sinh{aipha1*(l-Istrial})-cosh(alphat*(l-Istrial))}/alpha1+cosh(alpha1*xstar)/alphai;
b[4]=hbar*xstar’/h1 - k[{1]*k[3]*b[1] / (h1*alphaO);

b{5]=k[1]"k[4]*b[1] / (h1*alpha0});

b[6]=k{1}*k{2]*b[1] / (h1*alpha0) - sigx0*h2*xstar/h1;

b[7]=( g[1]"b[2]+g[4]"b[3] ) / (h1” alphal);

b[8]=( g[2]"b[2]+q[5]'b[3] ) / (h1" alphal);

b[9)=( g[3]*b[2]+g[6]*b[3] ) / (h1* alphal) + Ts'Istrial*(l-Istrial-xstar)/h1;
b[10}=Ts"istrial*Istrial/(2*h1);

/ffor (i=1;i<=9;i++) printf ("b[%d}=%e\n",i,bli]);

epsybar = (ccf7]"h2*(I-xstar) - h1*(cc[1])-cc[5])*(b[9]+b[10]) - h1*b[6]"(cc[1]-cc[3])
-(sigxbar/1000.0)"( h1*bl4] *(cc[1]-cc[3])+h1*b[7]*(cc[1] -cc[5]) +
hbar*cc[3]*xstar+hbar*cc|[5]*(I-xstar)))/

(h1*(b[5])"(cc[1]-cc[3])+ b[8]"(cc[1]-cel5]) +cc[2]'l ) + h2*(ccl4]'xstar + cc[6] ™ (l-xstar)));

/printf(*epsybar=%e\n",epsybar);

A1=sigxbar/1000*g[1]+epsybar*g[2]+g[3];
B1=sigxbar/1000"g[4]+epsybar*g[5]+9[6];

/lprintf("A1=%e\n",A1);
/lprintf("B1=%e\n",B1);

Taus=A1"sinh(alpha1*(l-Istrial))+B1"cosh(alphat*(l-Istrial));
free_dvector(k,1,8);
free_dvector(g,1,6);

free_dvector(b,1,10);
return (Taus);
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1 Root solver to get xstar , bi-linear slip solution , CASE2-----mmnaecerereensmncaens

double GetXstarCase2(istrial,alpha0, alphait, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,|,Ts)
double Istrial,alpha0, aiphat, h1, h2, hbar, sigx0, **Q1, **Q2, EO, E1, sighat, A55,"cc,sigxbar.|,Ts;

{

double u=sigx0,v,w,a,b,c,e, x,eps,xstar;
long M=100;

int k,i=0;

a=0;

b=I;

eps= 0.0000001;
while( (i<=25) && (u>=sigx0) ) /ljust a little loop to get a first guess at the root
{
xstar=(1)*(1-(double)i/25);
u=BilinearStressSlipCase2(xstar,Istrial,alpha0, alphat, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,|,Ts);
i++;
/lprintf (“that was the pre-scan for GetXstarCase2\n");

u=BilinearStressSlipCase2(xstar,Istrial,alpha0, alphal, h1, h2, hbar, sigx0, Q1, Q2 , EO0, E1,sighat,AS5,cc,sigxbar,l,Ts)-sigx0;

v=BilinearStressSlipCase2(b,Istrial, alpha0, alpha1, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,], Ts)-sigx0;
e=b-a;

//printf("\nbisection routine GetXstarCase2\n");
/iprintf("u=%f\n",u);

/printf("v=%f\n",v);

if ((u'v) >0.0)

{

/fprintf("no root in GetXstarCase2\n*);

return (0); // no roott!!
}
for(k=1; k<= M ; k++)
{
e=e/2.0;
c=a+e; /I get an xstar value Is=c

wa=BilinearStressSlipCase2(c,lstrial, alpha0, alphat, ht, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,], Ts)-sigx0;
fiprintf ("k=%d \t c=%f \t w=%e \t e=%e\n"k,c,w[1],e);
if ( fabs(w)<eps Il e< 0.0000001)

{

w=C; .
return(w); // convirged on a root
if ( \iru< 0.0)
{
b=c;
v=w;
}
eise
{
a=c,
u=w;
}
}
}
[feemeeemesnnnnnanne, Just evaluates the value of sigx2 to the right of xstar:
[[-omeomenmanancnaas This is for the case Il solution returns normal stress to find xstar----------e=---e----

double BilinearStressSlipCase2(xstar,Istrial, alpha0, alpha1, h1, h2, hbar, sigx0, Q1, Q2 , EO, E1,sighat,A55,cc,sigxbar,],Ts)
double lIstrial,xstar, alpha0, alphat, h1, h2, hbar,sigx0, **Q1, *"Q2, EO , E1, sighat,A55,"cc,sigxbar,|, Ts;

{
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double AQ0,A1,B1,D, epsybar;
double “k,* g "b,sigx2xstar;

long

k=dvector(1 ,8);
g=dvector(1,6);
b=dvector(1,10);

k[1)=A55/(alpha0*hbar*Q1[1}{1]*Q2[1][1]"cosh(alpha0*xstar));
k[2]=sigx0°( Q1[1}{1]+h2/h1°Q2[1][1] );
k[3]=hbar/h1*Q2[1][1];

ki4l=( Q2[1]11] * Q1{1){2] ) - ( Q2[1)[2] " Q1(1)(1] ) :
k[5]=A55/(h2°E1);

k{6]=A55/hbar*(Q1[1][2] / Q1[1){1] - Q2[1]{2] /E1);
k[7]=sighat/E1"A55/hbar+Ts"Istrial*alphat*alphat;

D=alpha1*cosh( alphat*(l-Istrial-xstar) );

gi1)=1/D*( k[5]*'cosh(aiphat*xstar)+k[1]*k[3]*alpha1*sinh(alpha1*(l-Istrial))*sinh(alpha0*xstar) };
gf{2]=1/D*( k[6]"cosh(alpha1*xstar)-k[1]"k[4]*alpha1*sinh{alpha1*(I-Istrial})*sinh(alpha0*xstar) ),
g[3]}=1/D*(-k[7}*cosh(alpha1*xstar)-k[1]*k[2]"alpha1*sinh(alpha1’(l-istrial}}"sinh(alpha0*xstar) ),
g[4]=1/D*(-k[5]*sinh(alpha1*xstar)-k[1]"k[3]"alpha1*sinh(alphaO*xstar)*cosh(alpha1*(l-Istrial)} );
g[5]=1/D*(-k[6]*sinh(alpha1*xstar)+k{1]*k[4]*aipha1*sinh(alpha0"xstar)*cosh(alphat*(l-Istrial}} );
gi6}=1/D*( k[7]*sinh(alpha1*xstar)+k[1]°k[2]*alpha1*sinh(alpha0*xstar)*cosh(alphat*(l-Istrial)) );

b[1]}=xstar*cosh(alpha0xstar)-sinh(alpha0*xstar)/alpha0;
b[2]=(I-Istrial-xstar)*cosh(alpha1*(l-Istrial})-sinh(alpha1*(l-Istrial))/alpha1+sinh(aipha1*xstar)/alpha1i;
b[3]=(I-Istrial-xstar)*sinh(alpha1*(l-Istrial))-cosh(alpha1*(l-Istrial))/alpha1+cosh(alpha“xstar)/alphat;
b[4]=hbar*xstar/h1 - k{1])*k[3]*b[1] / (h1*alpha0);

b[5}=k{1]"k[4]*b{1] / (h1*alpha0);

bi6)=k[1]"k[2]*b[1] / (h1*aiphaQ) - sigx0*h2 xstar/h1;

b[7]=( g[1]"b{2]+g[4]"b[3] ) / (h1" alphal);

bl8]=( g[2]"b[2]+g[5]'b[3] ) / (h1" alphat);

b[9]=( g[3]'b[2]+g[6]°b[3] )} / (h1* alphal) + Ts’Istrial*(l-Istrial-xstar)/h1;
b[10)=Ts*Istrial*Istrial/(2*h1);

epsybar =(cc[7]*h2*(l-xstar)- h1*(cc[1]-cc[5])*(b[9])+b[10]) - h1*b[6]*(cc[1]-cc[3]) -
(sigxbar/1000.0)"
( h1*b[4] *(cc[1}-cc[3])+h1*b[7])*(cc[1] -cc[5]) + hbar*cc({3]"xstar+hbar*cc[5]*(l-xstar)))/
( h1*(b[5)*(cc[1]-cc[3])+ b[8]*(cc[1]-cc[5]) +cc[2]*] } + h2*(cc{d)°xstar + cc[6] * (I-xstar)));

AO=k[1]"(k{2]}-k([3]"sigxbar/1000+k[4]"epsybar);
A1=sigxbar/1000*g[1]+epsybar*g[2])+g[3];
B1=sigxbar/1000*g{4]+epsybar-g(5]+9[6];

sigx2xstar=sigxbar/1000*hbar/h2-Ts"Istrial/h2-1/(h2*alphat)*
(
A1*(cosh(alpha1*(l-Istrial))-cosh(alphat*xstar}) +

B1*(sinh(alpha1*(l-Istrial)}-sinh(alpha1*xstar)}
)

free_dvector(k,1,8);
free_dvector(g,1,6);
free_dvector(b,1,10);
return (sigx2xstar);

}

17

Evaluates the expression for T*(x) for the linear slip solution

double EvalTaulLinSlip(Istrial, Ts,A55,1,sigxbar,alpha0,cc,Q1,Q2,hbar,h1,h2)
double Istrial, Ts,A55,sigxbar,l,hbar,h1,h2,*Q1,"*Q2,*cc,alpha0;

{

double AQ,b1,k1,k3,k4,k8,epsybar,Tau;

k1=A55/(hbar*alpha0*Q1[1][1]*Q2[1][1]*cosh(alpha0*(l-Istrial) ) );
k3=hbar/h2*Q1[1][1];

k4=

Qi1)i2] ~ Q(1)i1} - Q1] * Q2(12] ;

k8=Ts"Istrial*alpha0/(cosh{alpha0*(!-Istrial}));
bi=( (I-Istrial)*cosh(alpha0*(l-istrial)) - sinh(alpha0-(i-tstrial))/alpha0 )*(cc[1]-cc[3])/alpha0;
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epsybar=( (cc[3]-cc[1])*Ts*(I"Istrial-Istrial*Istrial/2)-sigxbar/1000*(cc[3]*hbar*l+b1*k1*k3)+b1°k8
! ( I*(cc[2]*h1+ccl4]"h2) +k1'k4*b1) ;
AO=k1*( k3*sigxbar/1000 + k4“epsybar)-k8;

Tau=A0 * sinh(alpha0*(l-Istrial));
return(Tau);

}

1 Root solver to get Is for the linear slip solution

double GetlLslLinear(Ts,A55,l,sigxbar,aipha0,cc,Q1,Q2,hbar,h1,h2)
double Ts,A85,l, sigxbar,alpha0,*cc, **Q1,**Q2, hbar, h1, h2;

{
double u=Ts,v,w,a,b,c.e,xeps;
long M=100;
int k,i=0;
a=0;
b=I;

eps= 0.0000001;

//printf("Pre-scan for a root in the GetLsLinear routine\n");

while( (i<=25) && { (u-Ts)>=0.0) )

{
x=(double)i*l/25;

u=EvalTauLinSlip(x,Ts,A55,l,sigxbar,alpha0,cc,Q1,Q2,hbar,h1,h2);

/printf("x/1=%f \t u=%f\n",x/l,u);
i++;
}

b=x;

u=EvalTaulinSlip(a,Ts,A55,l,sigxbar,alpha0,cc,Q1,Q2,hbar,h1,h2)-Ts;
v=EvalTauLinSlip(b,Ts,A55,|,sigxbar,alpha0,cc,Q1,Q2,hbar,h1,h2)-Ts;

e=b-a;

/fprintf("bisection routine for the linear slip solutiomn®);

/printf("u=%f\n",u);
/lprintf("v=%f\n",v);
/Ipause();

if ((u*v) >=0.0)

{

printf("no root in GetLsLinear \n");
return (0); // no root!Ht

}
for(k=1; k<= M ; k++)

{
e=e/2.0;
c=a+e;

w=EvalTauLinSlip(c,Ts,A55,|,sigxbar,alpha0,cc,Q1,Q2,hbar,h1,h2)-Ts;
Hprintf ("k=%d \t c=%f \t w=%e \t e=%e\n" k,c,w.e);

if ( fabs(w)<eps Il e< 0.0000001)
{

w=C;
return(w); // convirged on a root

}
if (w'u <0.0)

(A

n
z

-— < O~
I}

else

—~—

~cm
0
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” Gets the stress vectors set up for the integration */

I (this is for the linear case) */
double presimpson_linear(numpoints,x,sigx1,sigx2,h1,h2,Q1,Q2,E0,epsybar)
long numpoints;

double h1,h2,E0,epsybar;
double *sigx1,*sigx2,*x,**Q1,"*Q2;

{
int i;
double *f,value;
f=dvector(0,numpoints);
fiprintf("\n started into the presimpson_linear routine\n");
for (i=0; i<=numpoints; i++) // set up the data to integrate sigx1 and sigx2
{
fli]=2"h2/Q2[1][1]*( pow(sigx2[i],2)/2 - Q2[1][2]"epsybar'sigx2[i] ) +
2*h1/Q1[1][1]%( pow(sigx1[i},2)/2 - Q1[1][2]*epsybar*sigx1[i] );
}
value=simpson{numpoints,x,f);
free_dvector(f,0,numpoints);
return{value);
}
/* Gets the stress vectors set up for the integration */
1/ (this is for the linear case above the yield point)

double presimpson_lineart(numpoints,x,sigx1,sigx2,h1,h2,Q1,02,E0,E1,sighat,sigx0,epsybar)
long numpoints;

double h1,h2,EQ,E1,sighat,sigx0,epsybar;

double *sigx1,"sigx2,”*x,**Q1,"*Q2;

{
int i,
double *f,value;
f=dvector(0,numpoints);
for (i=0; i<=numpoints; i++) /I set up the data to integrate sigx1 and sigx2
{
flii = 2"h2/E1°( pow(sigx2[i],2)/2-sigx2[i]*(sighat+Q2[1][2]"epsybar ) ) +
2*h1/Q1[1][1]*( pow(sigx1[i},2)/2 - Q1[1][2]*sigx1[i]* epsybar);
}
value=simpson{numpoints,x.f);
value=value+2*h2*x[numpoints]*(
sigx07sigx0/2*( 1/Q2[1}[1]-1/E1 ) + sigx0*( (Q2[1][2]'epsybar+sighat)/E1-Q2[1][2]"epsybar/Q2[1][1] )
tree_dvector(f,0,numpoints);
return(value);
}
I Gets the stress vectors set up for the integration !
" (this is for the Dbi-linear case) -/

double presimpson(numpoints,xstar,x,sigx1,sigx2,h1,h2,Q1,Q2,sighat,sigx0,E0,E1,epsybar)
long numpoints;
double xstar,h1,h2,sighat,sigx0,EQ,E1,epsybar;
double *sigx1,"sigx2,*x,""Q1,"*Q2;
{
int i;
double *f,*f1,value,valuel;

f=dvector(0,numpoints);
f1=dvector(0,numpoints);

// printf("\n started into the presimpson routine\n");

for (i=0; i<=numpoints; i++) // set up the data to integrate sigx1

211



{
flil=( sigx1[i] )*( sigx1{i] /2 - epsybarQ1[1]{2]"sigx1[i};

}
value=(2"h1/Q1[1][1])*simpson(numpoints,x,f);

for(i=0;i<=numpoints;i++) /I set up the data to integrate sigx2

{

if (x[il<xstar)

{

f1[i]=2*h2/E0* ( pow(sigx2[i},.2)/2 - Q2[1][2]*sigx2[i]*epsybar);
}

if(x[i]>=xstar)

{
f1[i]=2*h2/E1* ( pow(sigx2[i],.2)/2 - sigx2[i]*(Q2[1][2])*epsybar+sighat));
}

}

value1= simpson{numpoints, x, f1 ) + 2*h2*(x{numpoints]-xstar)* (
(pow(sigx0,2)/2-Q2[1][2]"sigx0*epsybar)/Q2[1]{1] +
(sigx0*(Q2[1]{2}"epsybar+sighat) - pow(sigx0,2)/2) /E1) ;

/! pause();
free_dvector(f,0,numpoints);

free_dvector{f1,0,numpoints);
return{value+value1);

}

1 Makes the stress plots (Mac Only)
void DrawPlot (numpoints,x, Tau,sigx1,sigx2,kick)

double *x, *Tau,*sigx1,*sigx2;

long kick;

long numpoints;

{

int i

double max,min;

short xpt,yipt,y2pt,y3pt;

max=min=0.0;
for (i=0; i<=numpoints; i++) /*tind the max and mins of the stress vectors®/
{
if (sigx1[i] > max) max = sigxi[i);
it (sigx2[i} > max) max= sigx2[i};
it (Tau[i} > max) max =Tau[i};
if (sigx1[i] < min) min= sigx1[i};
if (sigx2{i] < min) min= sigx2{i];
it (Tau[i] < min) min=Tauli];

}

MoveTo0(20,200);
for (i=0; i<=numpoints; i++)

{
xpt=(short)(x[i}/x{[numpoints]*540+20);
y1pt=200-(short)(Tauli]/fabs(max-min)*180);
LineTo(xpt,y1pt);
}
MoveTo0(20,200);

for (i=0; i<=numpoints; i++)

{

xpt=(short){x{i]/x[numpoints]*540+20);
y1pt=200-(short)(sigx1[i}/fabs(max-min)*180);
LineTo(xpt,y1pt);

}
MoveTo0(20,200);
for (i=0; i<=numpoints; i++)

{

212



xpt=(short)}(x[i)/x[numpoints]*540+20);
y1pt=200-(short)(sigx2[i)/fabs(max-min})*180);
LineTo(xpt,y1pt);

}
MoveTo(20,200);

void Windowlnit ( void )
{

WindowPtr window;
int i;

window = GetNewWindow ( kBaseResID , nil, kMoveToFront );
if ( window == nil )

{

SysBeep (10);

ExitToSheli();

}

ShowWindow ( window);

SetPort ( window );

MoveTo0(20,20); //draw the frame
LineTo(560,20);

LineTo(560,200);

LineTo(20,200);

LineTo(20,20);

for (i=80; i<=560; i=i+60) /l draw the gridlines

{
MoveTo(i,200);
LineTo(i,20);

}
MoveTo(20,20);

/" Numerical Errors
void nrerror{error_text)
char error_text{];

{

void exit();
tprintf(stderr,"Numerical Recipes run-time error..\n");
tprintf(stderr,"%s\n",error_text);
tprintf(stderr,”...now exiting to system...\n");
exit(1);

}

*/

" Simple Pause Routine

void pause(void)
{

char a;

a="\0";

printf("\n <hit return to continue> \n");
while (a=="0') a=getchar();
}

*f

*/

/" Set Up Double Vector

double *dvector(long nl, long nh)

{

double *v;
v=(double *)malloc((size_t) ((nh-nl+1+NR_END)"sizeof(doubie)});

if (v) nrerror(“allocation failure in dvector()");
return v-ni+NR_END;
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}

void free_dvector(double *v, long nl, long nh)

free((FREE_ARG) (v+nl-NR_END));

" Set Up Double Matrix

double **dmatrix(nrl,nrh,ncl,nch)
long nrl,nrh,ncl,nch;

{
int i;
double **m;
m=(double **) malloc({unsigned) (nrh-nrl+1)*sizeof(double®));
if ({m) nrerror("allocation failure 1 in dmatrix()");
m -= nrl;
for(i=nri;i<=nrh;i++) {
m[i]=(double *) malloc((unsigned) (nch-ncl+1)*sizeof(double));
if (!m[i]) nrerror("allocation failure 2 in dmatrix()");
m[i] -= ncl;
}
return m;
}
void free_dmatrix(m,nrl,nrh,ncl,nch)
double **m;
long  nrl,nrh,ncl,neh;
{
int i;

for(i=nrh;i>=nrki--) free((char”) (mli]+ncl));
free((char*) (m+nrl)});

!

}
i simple simpsons rule
double simpson(n,x,f)
long n;
double *f, *x;
{
int ij;
double h,sum;
sum=0.0;
/I printf("\nentered simpsons rule\n");
/1 printf("x[o]=%f\n",x[0]);
Ifprintf("x{n)=%f\n",x[n}};
/! pause();
h=(x[n}-x[0])/n;
for (j=1:j<= (n-1) ; j++)
{
sum=sum+{[j};
Hprintf("x[%d] = %fwn", j , x[i} )
}
sum=h/2 * ( f[0]+f[n]+2"sum );
return (sum);
}

//header file for shearlagbistip.c program

#include <stdio.h>
#include <string.h>
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#include <stdlib.h>
#include <ctype.h>
#include <math.h>
#include <console.h>

double
double
void
void
void
void
void
void

double

double

double
double
double

double
double
double

double

double

double
double

double

double

double

double

double

double

*dvector(long, long );

**dmatrix(long,long.long,long);
free_dmatrix(double*”,long,long,long,long);
free_dvector(double*,long,long);

nrerror();

pause(void);

Windowlnit (void);

DrawPlot (long,double*,double*,double*,double”,long);

simpson(long,double*,double”);

stresscalc(double,double,double,double,double,double,double, double ,
double,double**,double** double,double,double,double”,double**,double*" long);

presimpson(Iong,double,double',doub!e'.double‘,double.double,double",double",double,double.double,double.double);
presimpson_linear(long,double',double‘,double',double,double,double",double",double,double);
presimpson_linear1(long,double”,double*,double*,double,double,double**,double™,
double,doubie,double,double,double);

GetLsLinear(double,double,double,double,double,double*,double**,double**,double,double,double);
GethLinear2(double.double,double.double,double.double,double',double",double",double,double.double,double);
BilinearStressSlipCase1(double,double, double, double, double, double, double*", double**,
double,double,double”,double,double,double);

BilinearStressSlipCase2( double,double, double, double, double, double, double, double, double**, double™*,
double, double,double,double,double®,double,double,double);

BilinearStressSlipCase2mod( double,double, double, double, double, double, doubie, double, double™*, double™,
double, double,double,double,double®,double,double,double);

EvalTauLinSIip(double,double,double,double,double,double,double',double",double",double.double,double);
EvalTauLinSlip2(double,double,double,double,double,double,double,double*,double™,double**,double,
double,double,double) ;

BilinearTausSlipCase2(doubie, double, double, double, doubie, double, double, double**, double*’,
double, double,double,double,double”,double,double,double,double);

GetlsCase1(double, double, double, double, double, double, double, double™, double™,
double, double, double*,double,double);

*GetLsCase2(double, double, double, double, double, double, double**, double**,
doubie, double,double,double,double*,double,double,double);

GetXstarCase2(double,double, double, double, double, double, double, double™, double™ ,
double, double,double,double,double*,double,double,double);

GetXstarCase2mod{(double,double, double, double, double, double, double, double™*, double™ ,
double, double,double,double,double*,double,doubie,double)

GetXstarCase2mod(double,double, double, double, double, double, double, double™, double™ ,
double, double,double,double,double* double,double,double);
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