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ABSTRACT

This work examines the amplitude fluctuations of band-iimited
functions and the representation of these functions by piecewise linearly
interpolated samples. Such representations are implicitly assumed in
many digital signal processing computations, including the estimation
of level crossing profiles and the location of extrema in a discrete
sequence of samples.

A comprehensive analysis of the average rate of change of band-
Timited functions is presented, inciuding a derivation of the least upper
bound on functions for which either the zeroth absolute moments (spectral
areas) or Fourier ampliitude spectra of the functions are bounded. These
results are extended to the case of functions that are limited in both
frequency and amplitude. The average rate of change of a function over
an interval in which one end point of the interval is an extremum of
the function is similarly bounded and used to establish a sampling rate
which guarantees that, between successive samples of a band-limited
function, the function itself does not deviate from either sample by
more than some predefined amplitude change. Based on these results,
several problems of practical importance, including slope overload error
in delta modulation, aperture time and amplitude uncertainty in analog-
to-digital conversion, the estimation of level crossing statistics, and
the detection and elimination of high frequency pulses from a low

frequency signal, are examined.
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CHAPTER 1
INTRODUCTION

While the amplitude fluctuations of an arbitrary realizable signal
may appear to be quite complicated and random, there are definite limits
to the signal's variability. A close examination of the signal would
reveal that its slopes and curvatures are finite. Thus, although random
in appearance, the signal is subject to several important constraints.
These constraints impose bounds on the lower and upper frequencies of
the signal, i.e., the signal has a finite bandwidth.

One of the important consequences of finite signal bandwidth is
that continuous signals can be represented by discrete sequences of
samples taken at isolated instants in time. It is well known that a
function (or signal) x(t) which is band-limited to W rad/sec is completely
determined by giving its ordinates at a series of points spaced w/W
seconds apart [E. T. Whittaker (1915), J. M. Whittaker (1929), Kotel'nikov
(1933), Shannon (1949)]. The function x(t) and its samples x(nT) are

related by the cardinal series expansion

o

() = T x(am) gl (1.1)

where T = /W is called the sampling period. If x(t) is deterministic,

this series converges to x(t) for almost all t% [Jagerman and Fogel

%Two functions which differ at most on a set of measure zero have
the same representation unless they differ at a sampling instant.
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(1956), Helms and Thomas (1962)]; if x(t) is stochastic, the equality

in Equation 1.1 must be interpreted as convergence in the mean square
sense [Balakrishnan (1957), Peterson (1963)].

From a practical point of view, Equation 1.1 permits the replacement
of continuous band-limited signals by discrete sequences of samples
without loss of information, and specifies the lowest rate (the Nyquist
rate) necessary to perfectly reconstruct the original signals. This
permits, for instance, the time sharing of transmission facilities by
time-division multiplexing [Stark and Tuteur (1979)]. More importantly,
these samples can be quantized for subsequent processing by digital
computers. If this processing should require additional information
concerning the behavior of the continuous function between samples,
Equation 1.1 may be used to generate (digitally) the required number
of intermediate values.?

While the cardinal series expansion of Equation 1.1 provides an
important theofetica] basis for the exact reconstruction of a band-
limited function x(t) between sampling instants, approximate interpolation
procedures are often employed in practice. One such method, which is
referred to as linear or straight-line interpolation, is defined by the

simple expression

x(t) =mt + b
m = ¢ [x(nT) - x((n - T)]
b=x((n-1)T) -mn-1T, (h-1)T<t<nT. (1.2)

. 1 practice, it is impossible to perfectly recreate a continuous
signal from its samples; this would require the summation of an infinite
number of terms.
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Linear interpolation is an implicit assumption in many digital signal
processing computations, including the estimation of level crossing
profiles, amplitude distributions, and moments [Suthasinekal et al.
(1976), Mitchell and Gonzalez (1978), Hummel (1975)]. When computing
level crossing profiles, for example, linearly interpolated data is
assumed so that x(t) may be considered to be completely contained between
x((n - 1)T) and x(nT) for (n - 1)T <t <T. Then, utilizing the
intermediate value theorem [Tierney (1969)], all levels between

x({n - 1)T) and x(nT) are considered to be crossed.

Figure 1.1 shows a typical Nyquist sampling of the band-Timited
function x(t) = 2coswet + sin3wet and the corresponding piecewise Tinearly
interpolated function x(t). As can be seen, x(t) does not in general
capture all the "significant" detail of the original signal x(t). Note,
in particular, that x(t) is not confined to the amplitude interval between
successive samples. In addition, X(t) does not reflect the correct
Tocation or number of extrema of x(t).

The above example raises several important questions. For instance,
is there a sampling rate which will guarantee that x(t) remains within
the closed interval [x((n - 1)T), x(nT)] for (n - 1)T <t <nT? If so,
what is this rate and what are its implications on such problems as the
estimation of level crossing profiles, amplitude distributions, and the
detection of extrema? If not, what can be guaranteed about |x(t)

- x((n - T)] and |x(t) - x(nT)]| as a function of the sampling rate?
To answer these questions, bounds on the amplitude fluctuations of band-
limited signals (their slope and curvature) are essential. Moreover,

these bounds should be easily related to the signal's frequency spectrum.



X(t)=2 cos wyt +sin 3wt

wt

sin 3w°t

Figure 1.1. Linear interpolation with samples taken at the
Nyquist rate.



This work examines the amplitude fluctuations of band-limited

functions and the representation of these functions by piecewise linearly
interpolated samples. Known results on the sampling of band-limited
signals are reviewed and various bounds on their amplitude fluctuations
are discussed. In particular, a comprehensive analysis of the average
rate of change of band-limited functions is presented, including the
first derivation of the least upper bound on functions for which either
the zeroth absolute moments (spectral areas) or Fourier amplitude spectra
of the funﬁtions are bounded. These results are then extended to the
case of bounded band-limited functions. The average rate of change of

a function referenced to an extremum, a new concept that measures the
average rate of change of a function over an interval in which at Teast
one end point of the interval is an extremum of the function, is also
defined and similarly bounded. These bounds are subsequently used to
establish a new sampling theorem which guarantees that, between successive
samples of a band-l1imited function, the function itself does not deviate
-from either sample by more than some predefined amplitude change. Based
on these results, several problems of practical importance, including
slope overload error in delta modulation, aperture time and amplitude
uncertainty in analog-to-digital conversion, the estimation of level
crossing statistics, and the detection and elimination of high frequency
pulses from a low frequency signal, are examined. Finally, an assessment

of the work done and recommendations for future research are provided.



CHAPTER 2

BACKGROUND

2.1 Introduction

The analytical relations between time and frequency are established
by the Fourier series and Fourier integral. These relations play a
central role in signal theory, since signals can be characterized by both
time-domain and frequency-domain parameters. The purpose of this chapter
is to provide some basic definitions and known results concerning these
relations, and establish a unified notation for examining the problems
associated with approximating band-Timited functions by linearly
interpolated samples.

Some elementary concepts of Fourier analysis are first reviewed.
Several analytical relations between time and frequency are then discussed.
In particular, bounds on the magnitude of a signal's frequency spectrum
are derived and related to the signal and its derivatives. The signal
and its derivatives are then shown to be bounded by the magnitude of the
frequency spectrum. The chapter ends with a survey of the literature on

the sampling of band-Timited signals.

2.2 Basic Concepts

The following definitions and results can be found in most textbooks
on Fourier analysis [Carslaw (1930), Papoulis (1962), Arfgan (1970)] or
the analysis of linear systems [Cheng (1961), Schwarz and Friedland

(1965)].




2.2.1 Signals and their Fourier series

A signal can be defined as a function that conveys information about
the state or behavior of a physical system. Signals are represented
mathematically as functions of one or more independent variables, which
may be either continuous or discrete. Continuous-time signals are defined
at a continuum of times and represented by functions of continuous
variables, while discrete-time signals are defined at discrete times and
represented by sequences of numbers. The amplitude of a signal can also
be either continuous or discrete. Digital signals are discrete in both
time and amplitude; analog or continuous signals are continuous in both
time and amplitude.

A continuous signal x(t), which is either periodic with period T
or of interest only over a finite open interval (-T/2, T/2), can be

resolved into a series of complex exponentials

(o0}

x(t) = J X, ednwot (2.1)

= =00

where the complex coefficients Xn are given by

T/2
X =+
n T

-T/2

and the fundamental frequency w, is related to T by



This resolution, called the complex or exponential Fourier series, can

be made under the Dirichlet conditions [Carslaw (1930)]:
1. x(t) has at most a finite number of extrema in the interval
2. x{t) has at most a finite number of discontinuities in the
interval
T/2

3. The integral [ |x(t)|dt is finite
-T/2

These conditions guarantee uniform convergence to x(t) at a point of
continuity, but to %—[x(ta) + x(t:)] at a point t = t, of discontinuity.

The set of complex coefficients {Xn} is referred to as the (discrete)
Fourier spectrun of x(t). These coefficients may be written

jen

X, = |Xn|e . (2.4)
The set of real amplitudes {IXnI} is called the amplitude spectrum of
x(t), while the set of phase values {6n} is known as the phase spectrum.
If x(t) is a real signatl, Xn = th and the amplitude and phase spectra
are even and odd functions of n, respective]y.a

It is sometimes convenient to express x(t) as a sum of sinusoids.

If x(t) is a real function of time, it is easily established that

x(t) = Xo + ) 2|Xn| cos(nwet + 6._) (2.5)
n=1 n

%The symbol "*" denotes the complex conjugate.



where

x(t)dt (2.6)
-T/2

is the average or d-c value of x(t). This equation may be alternately

written
x(t) = %1-+ ) (an COS nwyt dt + bn sin nwgt) (2.7)
n=1
with
T/2
- =2
a, = 2|Xn| cos 6 = 3 J x(t) cos nwet dt (2.8)
-T/2
T/2
_ 2 .
bn = -2|Xn| sin 6 =7 J x(t) sin nwet dt (2.9)
-T/2
%l = Xo . (2.10)

Equation 2.7, which is called the trigonometric Fourier series, 1S

related to the exponential Fourier series by

X | = % /aZ + b2 (2.11)
and
i b
8, = tan"! (- Eﬂ ) . (2.12)
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EXAMPLE 2.1 Consider the pulse train shown in Figure 2.1(a). The

complex coefficients Xn of its exponential Fourier series are

1/2
X = l_j pe M0t gt
n T t/2
) _A_ ejnon/Z _ e-jnon/Z
T jnwo
- Ty sin {(Nwet/2)
A (T) e , T<T. (2.13)
The discrete Fourier spectrum of x(t) is depicted in Figure 2.1(b). a

2.2.2 Fourier transforms

An aperiodic function or signal x(t) that is defined for all time
cannot be represented by a single Fourier series expansion. It is
possible, however, to resolve x(t) into complex exponentials of the form
ejwt, where the continuous variable w replaces the discrete variable
nwe of the Fourier series. The resulting resolution, called the Fourier
transform of x(t), is defined by

[oe)

X(50) = F[x(t)] = [ x(t) e 0t gt (2.14)

-00

where j = v-I. If X(jw) is integrable, the inverse Fourier transform

o«

x(t) = F[X(3w)] = ]27J X(jw) e3%t gy (2.15)

-00
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x(t)

A
—_—
} } t
-T -T o T T
2 2 2 2
(a)
Xn
AT
g ~
. .
/\ N A (-) sin (w1/2)
/ b v
S ! v Wt/ 2
/o A
-0~ =3wg ~2w ! | §?°3wo 9
<~ \Q\ ; f + : T — wZhwe
=6uwg ~Sug ~4wo \\i ,/ "wo O wo \\_.://4“’0 Swo 6uwg
(b)

Figure 2.1. Pulse train (a) and its discrete Fourier spectrum (b).
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exists and expresses x(t) as the integral transform of X(jw). Sufficient
conditions for the existence of X(jw) are that the signal x(t) satisfies

the Dirichlet conditions in every finite interval and

[oe]

J Ix(t)] dt < o . (2.16)

-0

Equations 2.14 and 2.15 are called the Fourier transform pair. The
variable w is referred to as the frequency variable — a name which arises
from the fact that by replacing ejwt with cos wt + j sin wt, the integrand
in Equation 2.15 can be interpreted as an infinite summation of sine and
cosine terms, where each value of w determines the frequency of its
corresponding sine-cosine pair. If the Fourier transform of Equation
2.14 vanishes for all values of w (frequency) outside some closed

interval [-W, W], the inverse Fourier transform of Equation 2.15 becomes

W
x(t) = J X(Gw) ¥t dy (2.17)
W

and the function x(t) is said to be band-limited to W rad/sec.
The magnitude of the Fourier transform |X(jw)| is called the
Fourier spectrum or amplitude spectrum of the signal x(t), while the
phase of X(jw) is referred to as the phase spectrum of x(t). The quantity
|X(Jw)|? is called the energy density spectrum. The mean square value

of x(t) is related to the energy density spectrum by Parseval's theorem



o] [oe]

j Ix(t)|2dt = ;—nj IX(5u) |2dw - (2.18)

-00 -00

If x(t) represents the real voltage across a resistor, x2(t) is
proportional to the energy dissipated in the resistor. Thus, the total
energy of a real signal may be obtained by integrating the square of
the magnitude of its Fourier transform over all frequency. The energy

contained in a band of frequencies w; Sw Swy is

W2
f 1X (o) | 2o . (2.19)
w

1

Y

EXAMPLE 2.2 The Fourier transform of a pulse of amplitude A and width
T [see Figure 2.2(a)] is
/2

[ A e dutyt

X(jw)

. /2
e-Jwt

A

_jw

-1/2

sin wt/2
pc SThur/e (2.20)

The corresponding amplitude spectrum is shown in Figure 2.2(b). Note

that the spectrum is a continuous function of w. O

2.3 Analytical Relations between Time and Frequency

Consider a signal x(t) whose amplitude spectrum is shown in
Figure 2.3. The effective bandwidth W of this spectrum may be defined
[Gabor (1946)]
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x(t)
A
S t
2 2
(a)
[x(iw)|
AT
WwT
' T 1 T ¥ } -~ —
-3m -27 - o m 27 an 2
(b)

Figure 2.2. Fourier amplitude spectrum (b) of a single rectangular
pulse (a).
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| Xt |

Y
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|
=

|
|
o o
2 2
Figure 2.3. Typical amplitude spectrum.
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J w? | X(jw) | *dw
W2 = & . (2.21)
J [X(jw)|?dw

0

Only positive frequencies are included in this definition since the
behavior of X(jw) at positive frequencies completely determines any
real x(t). A qualitative relation between this measure of signal

bandwidth and the "shape" of x(t) can be obtained by observing that

n
F [9—%} = (u)" X(jw) (2.22)

v = = _ (2.23)
jx2(t) dt

- 00

Thus, the effective bandwidth of x(t) is a measure of its "roughness."
A signal which is discontinuous has infinite bandwidth, since its
derivative has an impulse whose square integral is infinite.

The effective bandwidth of x(t) may be alternately defined as
[Ziemer and Tranter (1976)]

W = XT%BS-[ IX(jw)|dw . (2.24)

-0
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This definition, which is based on the approximation of |X(jw)| by a
rectangular spectrum of equal area and height X(jo) [see Figure 2.4(b)1,
is particularly useful in problems involving pulse transmission, where
the detection and resolution of pulses at a filter output is of interest.
In Figure 2.4(a), a pulse with a single maximum at t = 0 is shown with

a rectangular approximation of height x(o) and duration T. The

approximating pulse and |x(t)| have equal areas so that

T x(0) = J Ix(t)]|dt >=J x(t)dt = X(jo) (2.25)

-0 -00

where the relationship

X(jo) = F[x(t)]‘ - J x(t)e3u(0)gt (2.26)
t=0 7

has been used. Similarly, from Figure 2.4(b),

WHw)=JHUMMw>fMMMw=MM. (2.27)
Equations 2.25 and 2.27 result in the pair of inequalities

x{o) 1

DR (2.28)
and

ws ol (2.29)



18

*(q) wnuaydads pue (e) [eubts as|nd Auedliquy

(9)

"§°2 94nbL4

(e)

(ohx

|(mHx|

sees
_«acw




19

which, when combined, result in the pulse duration bandwidth relationship

(2.30)

—|—

This result agrees with the commonly used rule of thumb that the shape
of a pulse will be preserved by a system whose 3-dB frequency is
approximately equal to the reciprocal of the pulse width [Mi1lman and
Taub (1965)].

Equations 2.23 and 2.30 are indicative of the known analytical
relations between time and frequency. These relations are usually based
on the differentiation property (Equation 2.22) of the Fourier transform.
Using this property, bounds on |X(jw)| can be related to x(t) and its

derivatives, or x(t) and its derivatives can be bounded by |X(jw)]|.

2.3.1 Bounds on the Fourier spectrum | X(jw)]

The following definitions and results are based on Mix (1969). They
are useful for determining the approximate spectrum of a signal x(t).
The content CX, variation VX, and wiggliness NX of x(t) are defined

as

(2.31)

(e}

n

—_—

x
—
—+
~—
o
[

dx |
v = J |dx dt 2.32
6t] (2:32)

5o 1dt . (2.33)
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The content Cx is the total area under x{(t), while the variation VX

represents the total change in amplitude of the function. The wiggliness

WX is a measure of the total change in the slope of x(t).
In accordance with the differentiation property, Equation 2.22,

frequency spectrum of x(t) can be related to its derivatives by

o0

X(jw) = [ x(t)e-d9tqt (2

jw X(jw) = J %%—e-jwtdt (2
2 .

-2 X(jw) = J %Eée'“*’tdt i (2.

-0

Taking the absolute value of both sides of these equations and using

the relationship

be(t) g(t) dt <Jb ’f(t)| ‘g(t)ldt , (2.
a a
they become
‘X(jw) szjw |x(t)|dt - C, (2

-00

the

.34)

.35)

36)

37)

.38)

.39)
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. d2
w2 [X(jw) <J ﬁdt = W, (2.40)
or
CX
‘X(jw)‘ < v /ol - (2.41)
W Jw?
X

EXAMPLE 2.3 A signal x(t) and its derivatives are shown in Figure 2.5.

According to Equation 2.41, the spectrum of x(t) is bounded by

3
< {2/|w]l . (2.42)

x50
4/w?

Figure 2.6 illustrates these bounds with the magnitude of X(jw)

superimposed. 0

2.3.2 Bounds on a signal x(t)

The definitions and results of this section are based on the book
by Papoulis (1962). It is shown that a signal x(t) and its derivatives
are bounded by the absolute moments of its Fourier spectrum.

The nth absolute moment Mn of X(jw) is defined by

dw . (2.43)

Using this definition and Equation 2.22, it is easily verified that
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Figure 2.6.

The spectrum of the signal shown in Figure 2.5.
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d"x
dt"

%—-J (300) "X (o) €3y <M. (2.44)

The following estimate of the variation of x(t) is a direct consequence

of this result:

x(t2) - x(ty)| <M |tz - t; (2.45)

This can be shown in integrating dx/dt from t, to t, and using Equation

2.44 or, more directly, from

[e o]

(t2) = x(t1) = g | X(gu) [ - &1 ay (2.46)

=00

and the inequality (see Figure 2.7)

(eJ‘”tz - et = g gin |ultz - tl)] < fults - t1) (2.47)
If x(t) is band-limited to W rad/sec,
W
My = f lw] \X(Jw) dw < U J ’X(jw) dw = W Mg (2.48)
and
]x(tz) - x(t)] SW Mp|ts - ty (2.49)

Equation 2.44 reveals that the nth derivative of x(t) is bounded by |

the nth absolute moment of X(jw); Equation 2.49 simply indicates that



Figure 2.7.
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the average rate of change of x(t) must be less than its instantaneous
rate of change, which is bounded by M; <W M,. A similar bound on the

instantaneous derivative of x(t) is given in Stark and Tuteur (1979).

EXAMPLE 2.4 Consider the modulated signal x(t) cos wyst. If the

spectrum of its envelope is band-limited to W rad/sec and W << wg, the
variation of x(t) within the period T = 2n/we of the carrier is small.
A quantitative estimate of this variation can be obtained from Equation

2.49:

x(t + T) - x(t)] < WMT = ano(g—) (2.50)

0

2.4 Sampling of Continuous-Time Signals

As mentioned in Chapter 1, one of the most important consequences
of finite signal bandwidth is that continuous signals can be sampled
and quantized for subsequent processing by digital systems. The problem
of effective conversion of continuous information to digital data has
received considerable attention in the Titerature and is currently a
field of active research. Interest in this field may be traced back to

Nyquist (1928).

2.4.1 Sampling for optimal signal reconstruction

The following survey of sampling theorems for optimal signal
reconstruction is based on a tutorial review by Jerri (1977) of the
various extensions and applications of the Shannon sampling theorem.

Conventional approaches to the selection of sampling rates and
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quantization intervals are based on minimizing the mean square error
between the sampled function and an estimate which is reconstructed
from the samples. Since Shannon's theorem guarantees perfect recon-
struction via Equation 1.1, most sampling theorems for optimal signal
reconstruction are extensions of Shannon's basic result, which may be

stated as follows:

THEOREM 2.1 (Shannon Sampling Theorem) If a function x(t) contains no

frequencies higher than W rad/sec it is completely determined by giving

its ordinates at a series of points spaced n/W sec apart. O

A sequence x(n) with values x(n) = x(nT) is said to be derived from x(t)
by periodic sampling, and T = n/W is called the sampling period. The
reciprocal of T is referred to as the sampling frequency or sampling
rate.

Shannon's sampling theorem was extended by Parzen (1956) to include
the sampling of band-limited functions of n variables. This result was
later extended by Miyakawa (1959) to include stationary stochastic
variables in n dimensions. In Peterson and Middleton (1962), a detailed
treatment of the sampling of both the amplitude and gradient of
n-dimensional stochastic fields is given. The following theorem from

Reza (1961) is indicative of these results:

THEOREM 2.2 Let x(t;, tz, ..., tn) be a function of n real variables,

whose n-dimensional Fourier integral exists and is identically zero

outside an n-dimensional rectangle which is symmetrical about the
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origin; that is,

9(Y1s Y25 +vvs yn) = 0, |yk| > |wk|, k=1,2, ..., n. (2.51)
Then
i T ™ ™My
X(tla tz: H] tn) = 2 Z X(wll ’ s W——)
my=-oo m == n
sin{w;t; - mym) sm(wntn j mnﬂ) (2.52)
wrty - mm w.t -mm : :

O

When Shannon introduced the sampling theorem, he remarked that the
value of x(t) could also be reconstructed from a knowledge of x(t) and
its derivative x“(t) at every other sample point, and then extended his
remarks to higher derivatives. This was later considered by Fogel

(1955), who stated and proved the following theorem:

THEOREM 2.3 If a function x(t) contains no frequencies higher than W
rad/sec it is determined by giving M function derivative values at each
of a series of points extending throughout the time domain, the sampling
interval T = Mn/W being the time interval between instantaneous

observations. - 0O

A generalization of the above result and an explicit procedure for
reconstrgcting x(t) when the value of the function and its first R
derivatives are given at equidistant sampling points (R + 1)n/W sec
apart was presented by Linden (1959). Sampling with derivatives

increases the sample spacing required, allowing the reconstruction
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of a band-limited signal with a sampling rate less than the Nyquist rate.
The estimated velocity and position of an aircraft, for example, can be
used to determine a continuous course plot of the path with half the
Nyquist rate.

Another extension of the Shannon sampling theorem was considered
by Balakrishnan (1957), who showed that the sampling theorem can be used
to represent a random process of a continuous-time parameter. The

following theorem is indicative of his results:

THEOREM 2.4 Let x(t), - < t < «, be a real or complex valued stochastic
process, stationary in the "wide sense" (or second-order stationary),
possessing a spectral density which vanishes outside the interval [-W, W].

Then x(t) has the representation

N .
-1 nmy sin(Wt - nm)
x(t) &.l.m._% x(W—J T —— (2.53)
for every t, where 1.i.m. stands for Timit in the mean square. d

The proof of this theorem consists of using Shannon's sampling theorem
for the covariance function of the process, since it is assumed to have

a band-limited Fourier transform. Then the optimal estimate of x(t) is
constructed (by using the sampling series) to show that the mean square
error is zero. The optimal reconstruction of multidimensional random
fields has been examined by Petersen (1963). Sampling theorems for
nonstationary random processes have also been discussed in the literature

[Zakai-(1965), Piranashvili (1967), Gardner (1972)].
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Sampling expansions for bandpass functions which lie in a frequency
band (W,, Wo + W), instead of the usual low-pass function with band
Timits (-W, W), were first considered by Kohlenberg (1953). He
introduced "second order sampling," which involves two interleaved
sequences of equispaced sampling points. In general, pth-order sampling
is defined as

p
g(t) = } Y x(a;n + ki) S;(t - a;n - ky) (2.54)
= n

in which the ith sampling series gi(t) has sample spacing a., phase ki,
and sampling function Si(t)'

THEOREM 2.5 For a function x(t) in a band of frequencies (W, Wo + W),

the exact interpolation formula is

(t) = 1 [x(?-aﬂ) s(t - 20+ x () + x(FN 4 k) (AT 4 k - t)]

(2.55)
where
S(t) = cos[(Wo + Wt - (r + 1)Wk/2] - cos[(rW - Wo)t = {r + 1)Wk/2]
Wt sin{r + T1)Wk/2
cos[(r¥ - Wo)t - rWk/2] - cos[Wet - rWk/2]

¥ CUWE sin rWkZ : (2.56)
a

In Equation 2.55, there are two groups of samples, each taken at a rate
of W samples per second. The two sample groups are shifted by a phase

k from each other, where k is a constant such that kWr/2, kW(r + 1)/2
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#0, 1, ..., and r is an integer such that 2Wo/W < r < 2W/W + 2m. The
sampling of bandpass functions is also-discussed by Middleton (1960),
Linden (1959), and Parzen (1956).

The above extensions of the Shannon sampling theorem may be termed
explicit samplings in the sense that a band-limited function x(t) is
represented in terms of its samples x(tn) at preselected instances {tn}
which are independent of x(t). Implicit sampling refers to those cases
in which a function x(t) is represented in terms of the instants {tn}
at which x(t) assumes a predetermined value — for example, its zero

crossings {tn: x(t ) = 0} or its crossings with a cosine function

n
{tn: x(tn) = C cos 2nwtn}. The first implicit sampling expansion is
attributed to Bond and Cahn (1958), who considered the expansion of
x(t) from its zero crossings. The important case of implicit sampling
in terms of real variables only was considered by Bar-David (1974). He
considered bounded functions which are band-1imited in the usual sense

or as extended by Zakai (1965) to provide the following implicit sampling

theorem:

THEOREM 2.6 Let x(t) be bounded, |x(t)| < A, and of bandwidth W. Let
{tk} denote the set of instants for which x(t) = C cos 2nwt where C > A

and w > W. Then x(0) and the set {tk} determine x(t) uniquely. 0

The extension of the sampling theorem to the prediction of band-
limited processes from past samples was examined by Brown (1972), who
considered a signal x(t) (deterministic or stochastic) which is band-

2
lTimited to the frequency interval |w| <m with |X(jw)| integrable on
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[-m, m]. He showed that for any constant sampling interval 0 < T < 1/2,
x(t) can be approximated arbitrarily well by a linear combination of past
samples x(t - kT); that is

n

Tim [x(t) - ) a
k=1

kn x(t - kT){ =0 (2.57)

- K+1 ko
for - < t < », The coefficients = (-1)"" " (cos nT) (k) are

independent of the detailed structure of x(t).
A sampling expansion for x2(t), rather than x(t), is discussed in

Papoulis (1968), where it is shown that

[0}

x3(t) = 7 x2(nT) s*uz?g(f ;T?T) (2.58)

n=-c

where W, = m/T = 2W and W, is such that 2W < W, < 2W, - 2W. Note that
with T < m/2W, Equation 2.58 requires more than double the usual sampling
rate.

Other extensions of the Shannon sampling theorem include sampling
with nonuniformly spaced sampling points [Black (1953), Yen (1956)] and
the sampling of generalized functions or distributions [Campbell (1968),
Pfaffelhuber (1971)]. Shannon's theorem has also been extended for the
analysis of continuous signals specified by time-varying spectra with
time-varying bands [Horiuchi (1968)]. Several other extensions of this
theorem are included in a paper by Jerri (1977), which has a rather

exhaustive bibliography.
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2.4.2 Other criteria for sampling rate selection

While considerable interest has been devoted to determining the
sampling rates under which a continuous function may be perfectly
reconstructed from its samples, several other criteria for sampling rate
selection have been proposed. Some of these criteria will now be
reviewed.

The selection of optimal sampling and quantization intervals for
detecting impulse waveforms was considered by Knight (1967), who based
this selection on the impulse response of the system producing the signal
to be sampled. The essence of his approach is illustrated in Figure 2.8.
A digitizer, which consists of a sampler with period T and quantizer
that divides the signal into 1/q intervals between 0 and 1, produces

N

-log,q bit samples of the impulse waveform s(t) at a bit rate

R

N/T. The impulse waveform intersects level q at T; and T,. If k
samples of the pulse are to be required for pulse detection, the sampling
period T becomes T = (T, - T;)/k. Calling q the threshold of the lowest
quantizing level establishes the number of bits per sample N, and N/T
gives the required bit rate R. The essential question is how does R
vary, and is there a q which minimizes R for a given s(t) and k? As was
indicated by Knight (1967), who solved the problem for the impulse
response s(t) = n e-tu(t), this question can be answered analytically
for certain simple s(t), since N and T can then be represented by
explicit functions of q. Thus, R becomes a closed form function of

one variable (q for a given k) which can be adjusted to minimize R.

The important concept here is that sampling rates need not be chosen

independently of quantization intervals, as is usually the case.
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Choosing q to minimize R.
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Along these same Tines, Curry (1976) examined the problem of
locating the “center" of band-limited pulses by sampied template matching.
Given a band-limited pulse of known shape occurring randomly in time, he
experimentally determined the number of samples that must be taken to
accurately locate the center of the pulse. To locate the center, a
signal sampled at the experimentally determined rate is métched with
a previously stored replica of the pulse.

Another criterion for sampling rate selection was considered by
Shiva (1965), who examined sampling from the point of view of the
piecewise approximation of functions. In particular, he indicated that
the choice of sampling interval T is dependent on the degree n of the
polynomial assumed for piecewise approximation. To show this, only
those functions x(t) that could be piecewise approximated by an nth

degree polynomial

x(t + T) = x(t)

dx d?x T2 d"x 1"
ta Tttt "l

—

(2.59)

and represented by a truncated trigonometric Fourier series? (Equation
2.7) were considered. Substituting Equation 2.59 into 2.7, he showed
that the resulting series is valid for

U (o 2)!

T TFf

" = e , nodd, C << 1 (2.60)
m

%511 band-limited signals cannot be represented by a truncated
Fourier series for all t.



n+2
(;—) = C ﬁﬂ_i_Zli_, n even, C << 1 (2.61)

N TTn+2

where TN represents the Nyquist sampling interval m/Nwo. For n =1
(which corresponds to approximating x(t) with a series of ramps) and

C = 0.001 << 1, T/TN = 0.0245 and a sampling rate about 40 times greater
than the Nyquist rate is required. No indication of the accuracy of the
piecewise approximation was provided.

Other criteria for sampling rate selection have been proposed for
deconvolution in image restoration [McDonnel (1975)] and the discrete-
time modeling of continuous-time systems [Liff and Wolf (1966)]. 1In
Liff and Wolf (1966), the proposed sampling rates are shown to be a
function of the parameters of the system to be modeled. For a system

with a simple real pole a in the s-plane, for example, the optimum

sampling interval T fs shown to be -1/a for a < 0.

2.5 Summary

In this chapter, the analytical relations between time and frequency
have been reviewed. Since these relations are established by the Fourier
series and transform, the fundamental concepts of Fourier analysis were
first presented. Several properties arising from the fact that signals
are generally band-Timited were also discussed. In particular, a survey
of the literature on sampling, one of the most important consequences of
finite signal bandwidth, was presented. Some of these results were seen
to be based on sampling criteria other than optimal signal reconstruction,

the fundamental criterion behind the Shannon sampling theorem and its
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extensions. While signals cannot be strictly confined to a finite time
and frequency interval, one can define reasonable confinement intervals

in practice.



CHAPTER 3

BOUNDS ON THE RATE OF CHANGE OF FREQUENCY
AND AMPLITUDE LIMITED FUNCTIONS

3.1 Introduction

Consider again the band-limited function x(t) = 2 cos woet + sin 3wot
and its piecewise linearly interpolated estimate x(t) shown in Figure 1.1,
page 4. In Chapter 1, it was noted that x(t) does not in general capture
all the detail of x(t). Recall, for instance, that x(t) is not confined
to the amplitude interval between successive samples, and that x(t) does
not reflect the correct location or number of extrema of x(t). Thus, as
previously mentioned, it is of interest to determine what can be
guaranteed about the absolute differences |x(t) - x((n - 1)T)| and
Ix(nT) - x(t)| for an arbitrary T and (n - 1)T <t <nT. Bounds on
these absolute differences provide useful estimates of the accuracy
with which a band-limited function can be approximated by its piecewise
linearly interpolated samples.

Figure 3.1 shows both [x(t) - x({(n - 1)T)| and [x(nT) - x(t)]| for
two important cases of interest. In Figure 3.1(a), x(t) is depicted
as a monotonically increasing function of t in the interval [(n - 1)T,
nT], while in Figure 3.1(b), x(t) has an extremum at some t = t, in this
interval. The purpose of this chapter is to develop analytical bounds
on |x(t) - x((n - l)T)i and |x(nT) - x(t)| for each of these cases.

Least upper bounds on the average rate of change of x(t) are

first derived for two sets of band-lTimited functions — {x(t): M,

38
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x(nT) L

|x(nT)=x(t)|
x(t)

Ix(AT)=x(nT-T)|
x(t) '

/(nT-T)

|x(t)-x(nT-T)|

(a)

lx(nT)-x(tﬂ
[ x(t)=x(nT-T)|

(b)

Figure 3.1. Bounding the slope and curvature of x(t).
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<A} and {x(t): |X(jw)| < f(w), f(w) =0}. The average rate of change
of x(t) referenced to an extremum, a new concept that measures the
average rate of change of a function over an interval in which at least
one end point of the interval is an extremum of the function, is then
introduced and shown to be similarly bounded. Together, these two
bounds provide 1imits on both the slope and curvature of x(t) —and on
the absolute differences |x(t) - x((n - 1)T)| and [x(nT) - x(t)| shown
in Figure 3.1. Such bounds are also developed for bounded band-1imited
functions.

3.2 Bounds on the Rate of Change of Band-Limited
Functions with Bounded Spectral Area

3.2.1 A bound on the instantaneous and average
rate of change

Consider a band-limited function x(t) (as defined by Equation 2.17)
in some open interval I containing the point t = t,. Since it is
customary to denote the difference t, - t, by At (where A is regarded
as a difference operator), let to + At denote a second point of I,
distinct from to for At # 0. The difference x(t, + At) - x(t,) between
the corresponding values of x(t) is denoted by Ax and the quotient Ax/At,

called a difference quotient, is defined by [Tierney (1969)]

%% o x(tg + AE% - x(to) (3.1)

The difference quotient of Equation 3.1 denotes the average rate

of change of the function x(t), with respect to t, corresponding to or
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over the interval At. Thus, Ax/At is a measure of the rate at which x
is changing with respect to t for the interval At; it is an average in

the sense that

totAt

- l—t-J (&) gt . (3.2)

to

(>|l>
ot |>x

In other words, Ax/At is the average value of the derivative of x(t)
over the interval At.
The following expression for the average rate of change of a band-

limited function x(t) is a direct consequence of this definition:

W
| |rao)

1

AX <
m|At]

At At

>0 . (3.3)

lsin 9%21 dw ,

This can be shown by substituting Equation 2.17 into 3.1 to obtain

W

AX 1 . jw(t,+AL jwt
At C ?EZE'J X(jw) [er( o*it) v °}dw (3.4)

-W
and observing that

ejw(to+At) _ duwte . ejw(t0+At/2) ]:ejw at/e o -dw At/Z}

I}

25 Jo(to*dt/2) (4 ‘“;i (3.5)
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so that
W
B3 [ y(ag ed0(Eotdt/2) oo uit
b o I J X(jw) e sin 958 g . (3.6)
-W

Equation 3.3 then follows by taking the absolute value of both sides of
this expression and using Equation 2.37.

If |wAt/2] in Equation 3.3 is less than or equal to m/2 for some
At and all w in the interval [-W, W], sin wAt/2 is a monotonically
increasing function of w for 0 <w <W. Since |sin wAt/2| is also an
even function of w, the maximum value of |sin wAt/2| occurs when w = #W

and

Wlat
sin “’Z—A—t‘ < sin —ZI——' (3.7)

for all w. Thus, Equation 3.3 reduces to

W
A 1 . . WAt
lAtl S;;TZET-J \X(Jm) sin —— do
-W
" lat|
2 1 : At
<;—XET {?ﬁ J ‘X(Jw) dw} sin — (3.8)
-W
where the inequality
b b
j AGt)] [F(t)]dt < f 1B(t)|[£(t)[dt , |A(t)] < [B(t)] (3.9)

d a
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W
has been used. The quantity 1/2m [ |X(jw)|dw in Equation 3.8 is

proportional to the total area of the Fourier spectrum of x(t). Letting

M, represent this quantity, which is actually the zeroth absolute moment

of X(jw) as defined by Equation 2.43,

W
J IX(jw) |dw , (3.10)
T

M():

N —
=]

it follows that

(3.11)

for all W|at|/2 <m/2 or |[At] < w/W. When |wAt/2| = n/2 (in Equation
3.3) for some At and w in the interval [-W, W], |sin wAt/2] =1, its

maximum value, for more than one value of w and Equation 3.3 becomes

< 2s
|at]

A
At

. lot] > (3.12)

While Equation 3.1 can be used to compute the average rate of change
of x with respect to t for various values of At # 0, it cannot be used
to compute the rate at which x is changing with respect to t at t = t,,
regardless of how small At becomes. Consequently, the average rate of
change of Equation 3.11 was not defined for At = 0. The difficulty in
defining the instantaneous rate of change of x with respect to t at

t = to is that there is no interval At over which to take the average.
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If, however, the quotient Ax/At approaches a limit as At approaches zero,
it is only natural to define the instantaneous rate of change of x with
respect to t at t = t, as this limit, which is in fact the derivative of
x(t) with respect to t at t = t;. Thus, for a band-limited function

x(t) whose average rate of change is bounded by Equation 3.11, it is
evident that

- Tim
|at|+0

dx
dt

x|
At’ < WM, (3.13)

where the relationship lim (sin t)/t = 1 has been used. Note that this
bound is equivalent to E;g one established by Equations 2.44 and 2.48
in Section 2.3.2.

Equations 3.11, 3.12, and 3.13 bound the magnitude of the
instantaneous and average rate of change of a band-Timited function
x(t) with Fourier transform X(jw) for any interval At. All three
results are 1n¢orporated into the following theorem:

THEOREM 3.1 Let the function x(t) with Fourier transform X(jw) be such
that (i) X(jw) = 0 for |w| > W and (ii) Mo = 1/27 f: [X(jw)|dw < A for

some constant A > 0. Then the instantaneous and average rate of change

of x(t) over any interval At satisfies the inequality

(A, ot =0
. W[at]
sin
iA_X < ) WAl ——2 |, 0 < |at] <% (3.14)
At Wjat
2
\———ZA s |ot] =5 O

|at| W
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This theorem establishes an important connection between the Fourier
spectrum of a function and its maximum possible instantaneous and average
rate of change. By considering the functions A sin Wt and A sin (n/At)t
for 0 < At < n/W and At = w/W, respectively, it is easily verified that
Equation 3.14 provides a least upper bound on |Ax/At| for the set of
functions {x(t): My < A}; that is, the set of functions for which the
zeroth absolute moments of the functions' Fourier spectra are bounded.
Since M, is proportional to the area of a function's Fourier spectrum,
Theorem 3.1 may be alternately viewed as providing a bound on the set

of functions with bounded spectral area 2nM, < 2mA. When used to bound
a specific function x(t) with zeroth absolute moment My, rather than a
set of functions {x(t): M, <A}, Equation 3.14 of Theorem 3.1 may be

reduced to Equations 3.11-3.13 by observing that A may be replaced by M,.

EXAMPLE 3.1 Consider the constant function
x(t) = K, o<t <», (3.15)

This function is certainly band-limited. In fact, W= 0. The Fourier

transform of x(t) is
X(jw) = 2nK §(w) (3.16)

where §(w) is the unit impulse function. Thus, in accordance with

Theorem 3.1,

+0

f 127K 8(w) |dw = K (3.17)
-0

1
A=M0=E‘
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and

=0, 0<At <o (3.18)

where it has been noted that n/W = /0 = «. Thus, the maximum instan- -
taneous and average rate of change of the constant function x(t) = K is
zero for all At; the bounds established by Theorem 3.1 are in complete

agreement with the known behavior of the function. O

EXAMPLE 3.2 The following estimate of the amplitude variation of a
band-1imited modulated signal x(t) cos wet within the period T = 2m/w,

of the carrier was provided by Equation 2.50 (Example 2.4):
X(E+T) = x(6)] <2mo() 4 W << uy (3.19)

Theorem 3.1 provides the following bound on this amplitude variation:

2Mg sin w (g;), g—-<
0

| —

x(t + T) - x(t)] < (3.20)

My g—o>

N —

This result can be employed to evaluate the error E(g—), defined to be
0

the absolute difference between Equations 3.19 and 3.20, incurred by
using Equation 3.19. Both Equations 3.19 and 3.20 are plotted in

Figure 3.2. When W/wo, = 0.5, the estimate provided by Equation 3.19 is
' W

off by a factor of m. As W/w, > O, E(ag) ~ 0. a
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[x(t + T)-x(t)]

27+ - - - - --
0 !
| Equation 3.19
I /
| w
lf— E(:GS)

////?// Equation 3. 20
. e
-

aut A
e

sl

0 0.5 1.0

Figure 3.2. A comparison of Equations 3.19 and 3.20.
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EXAMPLE 3.3 Consider the sinusoidal function x(t) = K sin wot over the

interval At from t = -At/2 to At/2. The instantaneous and average rate

of change of K sin wet is maximum in this interval. Since the amplitude
change Ax (corresponding to At) is

Ax = x(%E) - x(:%E) = 2K sin wolt , (3.21)

it follows that

Ax sin ngt
At = wo Kl—5% (3.22)
2
and
1im Ax _
At~+0 ZE'— Wo K . (3.23)

When At = m/w,, however, x(t) oscillates between K in the inverval At —

obtaining the maximum average rate of change 2K/At. Thus,

( wolKl N At =

< { wolk| |sinwelotl/2l o o par) < (3.24)
wo|At|/2 Wo

\ 2|K|/]at] , |at] > g—

This result is readily verified by observing that
X(Gw) = -3nK[6(w - wy) - S{w + wo)] (3.25)

and utilizing Theorem 3.1. (.
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EXAMPLE 3.4 As a final illustration of the use of Theorem 3.1, let x(t)

N
be the finite sum of sinusoids x(t) = ) Kn sin nwot. This function is

n=1
band-1imited with maximum frequency W = Nwo. Its Fourier transform is
N
X(jw) = ) -3k [8(w - nwo) - 8{(w + nwe)]. In accordance with Theorem 3.7,
n=1
dx Tim AX N
|af ST |E’ < Nwg z] K | (3.26)
n:

For the trivial case of N = 1, Equation 3.26 reduces to Equation 3.23
of Example 3.3. When N = 2, however, x(t) = K;sin wot + K;sin 2w,t and
Equation 3.26 reveals that |dx/dt| < 2wo[|Ki| + |Kz|]. Noting that
dx/dt = Kiwocos wot + Kowocos 2wet < |Kj|we + 2|K2|we, it is evident
that x(t) never achieves the predicted maximum instantaneous rate
2|Ky|wo + 2|Kz|ws. 0

3.2.2 A bound on the average rate of change
referenced to an extremum

Since Theorem 3.1 provides a least upper bound on both the
instantaneous and average rate of change of band-limited functions for
which Mg < A, it can be used to establish least upper bounds on the
absolute differences |x(t) - x((n - 1)T)| and |x(nT) - x(t)| of
Figure 3.1(a), page 39. In this figure, x(t) is a monotonic function
of t in the interval [(n - 1)T, nT]. Theorem 3.1 does not, however,
provide a least upper bound on the absolute differences depicted in
Figure 3.1(b), where x(t) has an extremum for some (n - 1)T < t, <nT.

In this section, such a bound is developed.
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The following expression for the maximum change in the derivative
x”(t) of a band-limited function x(t) is a direct consequence of the

differentiation property of the Fourier transform (Equation 2.22):

W] A
2WM, sin |t ] , t <%

2
x-(ty + At) - x7(ty) | < (3.27)
2WMy , |At] >%
This can be shown by forming the difference
w »
x*(to + Ot) - x"(to) = Jﬁf X (o) [e3(E0*B) _ gdutory (3.28)
-W
and utilizing Equation 3.5 to obtain
| L Joltoz) g
x“(ty + At) - x7(to) = - wX (jw)e sin —3r—dw (3.29)
-W

Equation 3.27 then follows by taking the absolute value of both sides

of this expression, noting that

WAt
W sin |2 | , |at] <

o sin T] < (3.30)
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and using Equations 2.37, 3.9, and 3.10. (The procedure for deriving
Equation 3.27 is much the same as that used to obtain Equation 3.11).
The function x”(t) = WM, sin Ut obtains the bound given in Equation
3.27 in the interval At from -At/2 to At/2 when [At| < m/W. This
function is depicted in Figure 3.3(a). The corresponding function
x(t) = J x”(t)dt = -Mp cos Wt is shown in Figure 3.3(b). Note that this
function, x(t), has an extremum at t = 0. Thus, for any |At| < /W, the
change in the derivative of a band-limited function x(t) for a given Mo
is bounded by the change in derivative about an extremum of ;Mo cos Wt
from -At/2 to At/2. Since the change in derivative of x(t) = -M, cos Wt
is maximum for all |At| < /W taken symmetrically about the extremum,
the amplitude change Ax of any band-limited function x(t) is subject

to the inequality

lax| < Mo[1 - cos Njat]] , |at] < (3.31)

L
2W

where one end point of the interval At must be an extremum of x(t).

Dividing this expression by |At|, noting that Tim (1 - cos Wt)/Wt = 0,

t>0
and using Theorem 3.1, it follows that

(0, at=0
AX ) 1 - cos W|at] m
al < { WMo [ 1,0< |at] <g (3.32)
At x*(t,)=0 WAt W

2M
\ TA%T’ |at| >%

where the notation IAx/Atlx,(to) o has been used to refer to the average
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x'(t)

W MO sin wt

- MO cos Wt

2w

slope = x'(At/2) =-x"(-At/2)

B

slope= x'(~at/2) -1 k

Figure 3.3. A function which obtains the bounds of Equation 3.27.
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rate of change of x(t) over an interval At in which at least one end

point of At is an extremum of x(t); that is,

Ax . x{to * At) - x(to) (3.33)
Btk (t0)=0 ot x"(to)=0

The quantity le/At]x‘(to)=0 will be referred to as the average rate of
change referenced to an extremum. The following theorem is a direct

consequence of Equation 3.32.

THEOREM 3.2 Let the function x(t) with Fourier transform X(jw) satisfy

the conditions (i) X(jw) = 0 for |w| > W, (ii) x7(ty) = 0 for some to,
W

and (iii) Mo = 1/21 [ |X(jw)|dw <A for some constant A > 0. Then

the average rate of change of x(t) over the interval At from t = t, to

to + At satisfies the inequality

{o , At =0
ax < ) A [ Locos WAl 3 g o jap <D (3.34)
BE] - (4. )=0 WIAt] W
2A il
| Toer lat] =5 O

Thus, the maximum average rate of change referenced to an extremum (of
a band-limited function), like both the maximum instantaneous and
average rate of change in Theorem 3.1, can be related to the area of
the Fourier spectrum of x(t). By considering the function A cos Wt for
0 < At <w/W and employing Theorem 3.1, it is easily established that
Theorem 3.2 provides a least upper bound on |Ax/At|x,(t0) 0 for the set

of functions {x(t): My <A}. When used to bound a specific function
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x(t) with zeroth absolute moment My, Equation 3.34 of Theorem 3.2 may

be reduced to Equation 3.32 by noting that A may be replaced by Mo.

EXAMPLE 3.5 Consider the Fourier spectrum shown in Figure 3.4(a):

( (E-—)w+K,-w0<w<O
Wo
N
IX(jw)| = ¢ -(E) wt K, 0<0n<w (3.35)
\ 0 s lw| >(*)0
In accordance with Theorem 3.2,
0 W
oy = L K K _ ek
A =M - { J o w + Kjdw + f ™ w+ K dw} = 5 (3.36)
~Wo 0
and
( 0, At =0
ax <) u
’—- < { woK 1 - cos woeht i
Bl (4,)=0 5 [ 5 [T 1,0 < |at] <Eo_ (3.37)
woK gl
{ TR at] > 2=

The corresponding amplitude variation IAXIX,(t )=0° obtained by

0)=
multiplying both sides of this result by |At], is plotted in Figure 3.4(b).
The minimum possible pulse duration Tp of a band-limited pulse with

spectrum |X(jw)| and amplitude |Ax]| is

~

Wo
k)

(3.38)

_2 - 2m
Tp—acosl[1—m|Ax|],O<]Ax|<

N




55

,X(lw)|
K
} { w
-we 0 We
(a)
[ax|x(tg)= 0
woK T = = = — = =
m :
|
|
|
woK 1+ - - — - |
_2? ! |
! !
' |
| |
i |
t t |at]
0 u LS

2w, We

(b)

Figure 3.4. A bound on the amplitude variations from an
extremum (b) for a triangular spectrum (a).
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For a pulse of amplitude |Ax| = woK/2m, for example, Tp = T/wg. a

3.3 Bounds on the Rate of Change of Band-lLimited
Functions with Bounded Spectra

Theorems 3.1 and 3.2 of the previous section provide least upper
bounds on the slope and curvature of the set of band-limited functions
{x(t): My <A}; that is, those functions whose zeroth absolute moments
are bounded by A or whbse spectral areas are bounded by 2nA. Similar
bounds can be developed for the set of functions whose Fourier amplitude
spectra |X(jw)| are bounded by some positive function f(w) for all w;
that is, on the set of functions {x(t): |X(jw)| < f(w), f(w) = 0}.
EXAMPLE 3.6 Consider again the finite sum of sinusoids x(t) = ) K

n=1
sin nwet of Example 3.4 for N = 2. Using Theorem 3.1, it was shown that

n

|dx/dt| < 2wo[|Ki] + |K2]]. An even lower bound can be obtained by

noting that

lw| [X(jw)|dw . (3.39)

This result follows from the differentiation property (Equation 2.22)

and Equation 2.37. In accordance with this result,

'j“{Kl[G(w - wo) - 8w + wo)]

dw

+ Ko[8(w - 2wo) - 8w + Zwo)]}

< Ky |we *+ 2]Kz|wo - (3.40)
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While Equation 3.39 can be integrated for this simple function,
integration is not always possible for an arbitrary x(t). If integration
is not possible, a numerical estimate based on Equation 3.39 may be

employed. O

Just as Equation 3.39 may be used to obtain a bound on the
instantaneous rate of change of x(t) which is lower than that established
by Theorem 3.1, Equation 3.3 can be employed to determine a bound on the
average rate of change of x(t) which is lTower than the one given in
Theorem 3.1. Similarly, the following inequality often provides a bound
on |Ax/At|X,(t0)=0 which is lower than the bound established by

Theorem 3.2:

W

) SQEFTZET J IX(jw) (1 - cos wAt)dw , |at] > 0  (3.47)
X (t0)=0 ~W

This result can be obtained from Equation 3.4 by observing that

gJultotdt) - Juto o Juto rroc int - 1) + § sin wit] (3.42)

and considering only those x(t) such that x(t - At) = x(t + At) so that®
W

J X(jw) 390 sin wat du = 0 . (3.43)
-W

%This assumption restricts attention to those functions which
obtain the bound on |Ax/At|y~(t,)=0 on both sides of the extremum at
t = t,. This is not a serious restriction, since it was shown by
Theorem 3.2 that such functions exist for all |at].
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Substitution of Equation 3.42 and 3.43 into 3.4 and the use of Equations
2.37 and 3.9 then lead to the desired result, Equation 3.41. The
following two theorems are direct consequences of this result and

Equations 3.3 and 3.39:

THEOREM 3.3 Let the function x(t) with Fourier transform X(jw) be such
that (i) X(jw) = 0 for |w| > W and (ii) |X(jw)| < f(w) for some positive
function f(w) and all w. Then the instantaneous and average rate of

change of x(t) over any interval At satisfies the inequality

W

( %E-J lw] fw) dw , At =0
-W
A
‘ﬁ- <) (3.44)
W
1 . wAt
_ | f WAt
[ R RAETRY
—W O

THEOREM 3.4 Let the function x(t) with Fourier transform X(jw) satisfy
the conditions (i) X(jw) = 0 for |w| > W, (ii) x"(te) = 0 for some to,
and (iii) [X(jw)| < f(w) for some positive function f(w) and all w.

Then, the average rate of change of x(t) over the interval At from t = t,

to to + At satisfies the inequality

< ) (3.45)

—f f(w) (1 - cos wAt) dw , |At] > 0
-W O
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Theorems 3.3 and 3.4 bound the slope and curvature of the set of
band-limited functions {x(t): |X(jw)| < f(w), f(w) = 0}. By considering

the real functions

f(w) sin wt dw (3.46)

= [—

and
W

f(w) cos wt dw (3.47)

2 |—

x(t)

over the intervals from t = -At/2 to At/2 and t = 0 to At, respectively,
it is easily established that Theorems 3.3 and 3.4 provide least upper
bounds on the set of real functions whose Fourier spectra are bounded

by f(w). These theorems may be used (instead of Theorems 3.1 and 3.2)
to bound the s]opé and curvature of a specific band-limited function
x(t), rather than the set of functions {x(t): |X(jw)| < f(w), f(w) = 0},
by noting that f(w) (in Equation 3.44 and 3.45) may be replaced by
|X(jw)]. The bounds so obtained will usually be lower than the bounds
established by Theorems 3.1 and 3.2. If the integrations in Theorems 3.3
and 3.4 cannot be expressed in a closed form, numerical integration may
be employed to obtain an approximation of the desired bounds. In either
case, the resulting bounds will not exceed the bounds established by

Theorems 3.1 and 3.2.
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EXAMPLE 3.7 Noise possessing a nonzero and constant power density
spectrum over a finite frequency band and zero elsewhere js called band-
limited white noise. The general form of the power spectrum of band-

limited white noise is depicted in Figure 3.5(a); that is,

K, -NswsHW
IX(jw)| = (3.48)

0 , elsewhere .

This spectrum, which is also the transfer function of the ideal low pass
filter, is frequently encountered in practice. The following bounds on
the rate of change of those functions possessing such a spectrum are a

direct consequence of Theorems 3.1 and 3.2:

UK . W[At] < o
r TTat] sin ——, 0 |At] <u
Ax| <
X { . (3.49)
2VIK i
, |At] =
 Flot] > M 7w
dx W2K
Fl< = (3.50)
0,At=0
DX < WK ( (l
== < 1 -cos WAt) , 0<|Aat| <3 (3.51)
Blx(tg)=0 m|at] W
W2K

=, |at] >%




Equation 3.51

Equation 3.53

Ij—o————.______

i

Figure 3.5.

e e - — - = — — — = =

27

Bounds on the rate of change for a rectanqular spectrum.
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These bounds would be obtained for any spectrum of bandwidth W and area
2WK, the area of the rectangular spectrum in Figure 3.5(a). In view of
the importance of this spectrum and the simplicity of its mathematical
representation (Equation 3.48), it is worthwhile to employ Theorems 3.3
and 3.4 for the determination of even lower bounds on the rate of change
of its corresponding functions.

Consider the instantaneous rate of change of a function whose

spectrum has the form of Equation 3.48. In accordance with Theorem 3.3,

W

] _ ku?
<ZFJ ol [Kldo = S (3.52)

-W

dx

dt

Thus, for this particular spectrum, the bound established by Equation 3.50,
which is the least upper bound on the class of functions of bandwidth W
and M, < WK/m, is high by a factor of two. While the spectrum of
Figure 3.5(a) énd Equation 3.48 is a member of this class, Equation 3.52
reveals that functions having this spectrum do not obtain the bounds of
the class. The set of functions bounded by Equation 3.52, which includes
all functions whose Fourier amplitude spectra are bounded by the
rectangular spectrum of Figure 3.5(a), represents a subset of those
functions bounded by Equation 3.50. In other words, the set of functions
whose amplitude spectra are completely contained within the rectangular
spectrum of Figure 3.5(a) is a subset of the set of functions whose
spectral areas are bounded by the area of this rectangular spectrum.

The following bound on the average rate of change from an extremum

of a function whose spectrum is completely contained within that of
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Figure 3.5(a) follows from Theorem 3.4:

W
ox < ! J K (1 - cos wAt)dw
Btix-(to)=0 2mlat] )
in W[At
g..&(]__sln_J_l),lAt|>0. (3.53)
m|At] WAt

This result and the corresponding bound established by Theorem 3.2, i.e.,

Equation 3.51, are plotted in Figure 3.5(b). As can be seen, the bound

resulting from the use of Theorem 3.4 is significantly Tower than the

one which resulted from Theorem 3.2. In fact, when |At| = w/2, the

bound of Theorem 3.4 is only 36% of the one corresponding to Theorem 3.2.
Finally, Theorem 3.3 can be used to bound the average rate of change

of those functions whose spectra are contained within the rectangular

spectrum of Figure 3.5(a). In accordance with this theorem, the following

integration must be performed:

W
M) _.J | . WAL
'At ot K| [sin =5~|dw
W
2K . wAt
< Tat] J ‘s1n —?—wdw s |at] > 0 (3.54)

0

This integral does not have a single closed form for all |at]. It can,
however, be evaluated for |At] < 2n/W and |At| = k(2m/W) for K =1, 2,
3, ... ¢
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WAt 2m

4K
(1 - cos 557) » |ot] <=

mAt?
< (3.55)

4 2
ﬁlr—i_ﬂ_’ IAt[ =k(W1) , k=1,2,3, ...

AX
At

The values of |Ax/At| in the open intervals {(2m(m - 1)/W, 2mm/W): m = 2,
3, ...} may be estimated by a numerical integration of Equation 3.54.
Figure 3.5(c) depicts the bounds resulting from both Theorems 3.1 and

3.3 (Equations 3.49 and 3.55). Note that even with such a mathematically
simple spectrum (Equation 3.48), the integrations required by Theorems
3.3 and 3.4 are not always possiblie for all At. O

3.4 Bounds on the Rate of Change of Bounded
Band-Limited Functions

Theorems 3.1 and 3.2 of Section 3.2 completely bound the siope and
curvature of the set of band-limited functions {x(t): My, <A}, while
Theorems 3.3 and 3.4 of Section 3.3 provide similar bounds on the set
of band-limited functions {x(t): |[X(jw)| < f(w), f(w) = 0}. As will be
seen in Chapter 4, these theorems can be utilized to establish sampling
theorems which will bound the allowable amplitude fluctuations of a
function between successive samples. In addition, a rather straightforward
manipulation of Theorems 3.1 and 3.2 leads to several interesting results
on the behavior of those functions that are limited in both amplitude
and frequency.

The following bound on the absolute value of x(t) is a consequence

of Equations 2.17, 2.37, and 3.10:
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W

<;—WJ X (jw) |dw = Mg (3.56)

-W

W

Ix(t)] = X (juw)ed®tdw

e

[ —
=

The absolute value of x(t) is bounded by Mo, a quantity which is
proportional to the area under the Fourier spectrum of x(t). Since a
function x(t) is bounded if |x(t)| <A for some A and all t, requiring
Mo, < A is sufficient to guarantee that |x(t)| will not exceed A. In

other words, if
|x(t)| <M <A, (3.57)

x(t) will remain within the amplitude interval [-A, A] for all t. Thus
by substituting A for A in Equations 2.14 and 3.34 of Theorems 3.1 and

3.2, respectively, the following two corollaries result:

COROLLARY 3.1 Let the function x(t) with Fourier transform X(jw) satisfy

the conditions (i) |x(t)| <A for all t and (ii) X(jw) = 0 for |w| > W.
Then the instantaneous and average rate of change of x(t) over any

interval At satisfies the inequality

( WA , Aot =0
AX h sin WZAt 0
2
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COROLLARY 3.2 Let the function x(t) with Fourier transform X(jw)

satisfy conditions (i) and (ii) of Corollary 3.1 and let x“(to) = 0 for
some to. Then, the average rate of change of x(t) over the interval At

from t = t, to t, + At satisfies the inequality

0,At=0
Ax < 1 - cos W|At] m
&x < {wp ], 0< |at] < (3.59)
Atly-(t,)=0 W]at| W

2A i

TAET [at] = O

In contrast to Theorems 3.1-3.4, the above bounds on the siope and
curvature of bounded band-limited functions are independent of the
Fourier spectrum of these functions (other than the fact that the spectrum
is band-Timited). Since most realizable signals are bounded in both
amplitude and frequency, these results provide significant computational
advantages over Theorems 3.1-3.4, i.e., they require no knowledge of the
specific shape of the Fourier spectrum of the functions of interest. It
is easily shown that Corollaries 3.1 and 3.2 provide least upper bounds
on the rate of change of bounded band-limited functions for a given A,
since the functions A sin Wt and A sin (n/At)t for 0 < |At| < w/W and

|at] = m/W, respectively, obtain these bounds.

EXAMPLE 3.8 An amplifier is said to be slew rate limited to S V/sec if
the instantaneous rate of change of its output voltage is bounded by S.
Since the information portion of a standard NTSC composite television

signal is 1V peak to peak and limited in frequency to approximately
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4.3 MHz, video amplifiers should possess a slew rate in excess of WA
= 2m(0.5)(4.3 x 10°) V/sec = 4.3m V/usec to avoid distortion due to

slewing. This result follows directly from Corollary 3.1. O

3.5 Extensions and Observations

In Section 3.2, it was noted that Theorems 3.1 and 3.2 may be
employed to bound the slope and curvature of a single band-limited
funétion x(t), as well as a set of such functions {x(t): Mg <A}. To
do so, A (in Equations 3.14 and 3.34 of Theorems 3.1 and 3.2) is replaced
by Mo. Similarly, Theorems 3.3 and 3.4 of Section 3.3 may be used to
bound a specific function x(t), rather than a set of functions {x(t):
IX(jw)| < f(w), f(w) =0}, by replacing f(w) in Equations 3.44 and 3.45
with |X(jw)|. As previously mentioned, the bounds so obtained will
never exceed the bounds provided by Theorems 3.1 and 3.2. In this
section, the use of Theorems 3.1-3.4 for the determination of bounds on
the rate of change of several functions of practical importance is
examined.

Table 3.1 lists several commonly encountered functions x(t) and
the corresponding quantities that may be used to replace A in Equations
3.14 and 3.34 of Theorems 3.1 and 3.2. The first entry in this table
defines the general procedure for bounding a function x(t) with Theorems
3.1 and 3.2; that is, the replacement of A by My. If x(t) is bounded by
A, the second entry in Table 3.1 reveals that, as was noted in Section

3.4, A may be replaced by A. A1l other entries in this table are

discussed separately below.
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TABLE 3.1
SIMPLIFICATIONS OF THEOREMS 3.1 AND 3.2

Condition on x(t) Quantity which replaces A
W
1 .
X(t) My = "EJ 1X(30) |do
-W
x(t): |x(t)] <A A
W
x(t): REAL %—J 1% () | doo
0
Wy
x(t): REAL BANDPASS %_J X (jw) |du
Wi
W/(A)g
x(t): PERIODIC Y IX |
n
n=“W/UJo
W/w,
x(t): REAL PERIODIC ) |an
n=0
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When x(t) is a real function of t, the Fourier transform of x(t) is
conjugate symmetric; that is, X(jw) = X*(-jw). As a result, |X(jw)| is

an even function of w and

W

function) so that |X(jw)| = 0 for |w| < Wy, and |w| > W,,

W
A= My = %—f 1X(jw) | dw (3.61)
Wy

An additional simplification in the computation of A can be realized
when x(t) is a periodic function of period T. The Fourier transform of
a periodic function x(t) is

(o]

X(jw) = ) 2an S{w - nwg) (3.62)

n==-o

|
A= Mo = %-f X () | du (3.60)
0
If, in addition, x(t) is a bandpass function (rather than a band-1imited

where the set {Xn} are the coefficients of the complex Fourier series of

x(t). Substituting this expression into Equation 3.10, it follows that

: LA W/we
A=M, = EE-J Y 21X S(w - nwy) [dw = Y |X | (3.63)
Yy In=hwe T n=-W/wo

where the series is assumed to be computed over the period T of x(t).

If x(t) is a real function of t,
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(3.64)

Theorems 3.3 and 3.4 can also be simplified when bounding the rate
of change of a real, bandpass, and/or periodic function x(t). When x(t)

is a real function of t, Equations 3.44 and 3.45 of Theorems 3.3 and 3.4

become
W
d .
\aﬂ <H o] [X(jw) |dw (3.65)
0
W
AX| <« 2 J . . whAt
= < X(jw sin —0—|dw , |At] > 0 3.66
ot| S Tlat] | IX(jw) | 5 | At | (3.66)
W
]% <] j X(3w) | (1 - cos wht)dw , [at] > 0 (3.67)
x“(ty)=0 m|At]

0

If x(t) is also a bandpass function, the 1imits on these integrations
become [W,, W,]. For real periodic functions, Equations 3.65-3.67

reduce to the summations

dx W/wo
dt

<2 ] nwo |X] (3.68)
n=0

sin ”ngt\ X, | lat] >0 (3.69)
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AX < 2 W/wo 0 (3 70)
p———— 3 = > *
IAt ToEr 4 Ml (1 cos nwodt) - [0t

X’(to)=0

where the set {Xn} are the coefficients of the complex Fourier series

of x(t) computed over its period.

3.6 Summary and Discussions

Table 3.2 summarizes the results of Sections 3.2-3.4. Results for
both band-limited functions and those functions that are limited in
frequency and amplitude are included. For clarity, the bounds provided
by Theorems 3.1, 3.2, and Corollary 3.1 on the instantaneous rate of
change of a function have been separated from the corresponding bounds
on its average rate of change.

The bounds provided by Theorems 3.1 and 3.2 of Section 3.2 are
located in column two of Table 3.2. As mentioned in Section 3.2, these
theorems provide least upper bounds on the slope and curvature of the
set of band-limited functions whose zeroth absolute moments are bounded
by A. Figure 3.6 depicts the spectra of several band-Timited functions
whose slope and curvature may be bounded in accordance with Theorems
3.1 and 3.2 by letting A = M,. The functions corresponding to the
spectra of Figure 3.6(a)-(d) would be identically bounded by these
theorems, since Mg = K/2m and W = W; in each case. The spectra in
Figure 3.6(e) and (f) would be assigned lower bounds than those of
(a)-(d). Although the spectrum of Figure 3.6(e), for instance, has
the same bandwidth W, as the spectra in (a)-(d), M, < K/2r. Similarly,

while the spectrum in Figure 3.6(f) has the same value of M, as those
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and 3.2

Typical spectra which may be bounded by Theorems 3.1
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in (a)-(d), it has a smaller bandwidth W, < Wi. It should be noted that
although Theorems 3.1 and 3.2 provide identical bounds on each of the
spectra in Figure 3.5(a)-(d), lower bounds may be individually computed
for each spectrum by employing Theorems 3.3 and 3.4 with f(w) = | X(jw)].
The bounds provided by these theorems are located in column one of

Table 3.2.




CHAPTER 4

SAMPLING AND AMPLITUDE UNCERTAINTY

4.1 Introduction

As mentioned in Chapter 2, conventional sampling theory is an
outgrowth of the well-known Shannon sampling theorem, which is based on
optimal signal reconstruction. While several other criteria for sampling
rate selection have been proposed (see Section 2.4.2), there is a
noticeable lack of results that bound the amplitude fluctuations of a
sampled signal between samples. As is evidenced by the literature
[Knight (1967), Curry (1976), Mitchell and Gonzalez (1978), Rix and
Malengé (1980)], this lack of results does not indicate an absence of
problems in which such sampling would be useful or is essential. Having
developed analytical bounds on the slope and curvature of band-limited
functions in Chapter 3, it is possible to establish sampling rates that
will guarantee the detection of specific amplitude variations or bound
the magnitude of such variations between consecutive samples. In this
chapter, such sampling rates are examined in conjunction with several
problems of practical importance. Moreover, the amplitude uncertainty
inherent in all sampling processes is examined. This amplitude
uncertainty can be defined as and attributed to the allowable amplitude
variations of a signal during the sampling process itself or between

consecutive samples.
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4.2 Amplitude Uncertainty in Sampling and Modulation

4.2.1 Delta modulation and slope overload

Delta modulation (DM), the simplest form of differential pulse code
modulation (DPCM), is one of the most valuable modern modulation methods.
The block diagram of a DM system is shown in Figure 4.1(a). As can be
seen, the difference between the incoming signal and a predicted value,
the weighted sum of all past outputs, is quantized to one bit for
transmission. The fundamental parameters of a DM system are the sampling
rate fs and quantization step size k. In terms of these parameters, the
maximum possible average slope of the predicted signal xp(t) is kf,.

A DM system is said to be slope overloaded [see Figure 4.1(b)] if
_ the predicted signa]a xp(t) cannot follow x(t) within an error magnitude
of k. In order that a system not be overloaded, the following condition

must be satisfied:

kf, > [x"(t)] (4.1)

While kfS is usually chosen to be greater than |x”(t)| [Peebles (1976)],

max

it is sufficient to let

%In the absence of noise, the decoded output of a DM system is equal

to xp(t).
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Equation 4.7

(c)

Figure 4.1. (Continued)
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This result, which is defined for the set of functions {x(t): My <A},
follows from Theorem 3.1. For a given input signal x(t) and kfS < 2AfS
sin(]/ZAfs), slope overload can be reduced by increasing the step size k
and/or sampling rate fs.

Since slope overload reduces the accuracy with which the transmitted
and reconstructed signal approximates x(t), it is desirable to
(1) measure the degree by which x(t) loads a given DM system, and
(2) bound the maximum error between xp(t) and x(t) for a given kf_.
The problem of characterizing the degree by which x(t) Toads a given
DM system was considered by Abate (1967), who defined the slope loading
factor s as the ratio of the slope capability of the DM system (kfs) to
the effective value of x”(t). For band-Timited white noise, s = V3
kfs/2ﬂfhi. The maximum error between xp(t) and x(t) can be bounded as
follows.

Consider a set of functions {x(t): My <A} which are band-Timited

to W= 2nf ; rad/sec. The average rate of change of any member of this

h
set is bounded by Equation 3.14 of Theorem 3.1. Since the maximum
average slope of a DM system is kfs, the difference E = x(At) - xp(At)
may be expressed as

WAt

E = 2A sin 5

- kf [at] , |ot] <%. (4.3)

Thus, the error E is a function of At. Taking the derivative of E with

respect to |At] and setting it equal to zero, it follows that



81

kf
- S m
|at] = 7 cos™! 1 s lat] <y (4.4)
so that
kfs 2ka . kfs kfs
= i -1 S _ S o5t o> <2< .
Emax = 2A sin cos™ gy e CosT W 0 <1 1 (4.5)
Defining the rate loading factor r as
kfs kfs
L I T (4.6)
: i
Equation 4.5 becomes
Enax
T sincos™' r-rcostr,0<rs<1il. (4.7)

Since |x(t)] <A (by Equation 3.56), EmaX/ZA can be interpreted as a
normalized or fractional error. The rate loading factor r represents
the ratio of the slope capability of the DM system to the maximum
instantaneous slope of the set of functions {x(t): Mo <A}, WA = ZﬂfhiA
of Equation 3.14. Figure 4.1(c) shows the normalized errors Emax/ZA
associated with various values of rate loading factor r. Note that when
r = 1, the slope capability of the DM system is equivalent to the
maximum slope of x(t) and there is no error due to slope overioad. When
r = 0, the system cannot follow any signal since kfS = 0, and the error

is maximum.
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EXAMPLE 4.1 Let x(t) be band-limited to W = 2m x 1072 rad/sec and
confined to the amplitude interval [-5, 5]. If a DM system with rate
loading factor r = 0.5 is used to quantize x(t), the maximum error

which could occur is Emax/Z(S) = 0.342 or Emax = 3.42. The corresponding
slope capability of the DM system is ks = 57 x 10°%. If r were increased
to 0.9, the maximum possible error would decrease to 0.3. This error

is considerably less than the 34.2% error which can result if r = 0.5. O

In a DM system, slope overload occurs if the signal changes by
more than the step size during any sample period. A single bit is used
to represent the difference between x(t) and the predicted value xp(t).
If this difference is quantized and coded into an N bit code for each
sample interval, the system is called a delta or differential pulse
code modulation (DPCM) system. The results of this section can be

extended to such systems.

4.2.2 Aperture time and amplitude uncertainty

An analog-to-digital (A/D) converter performs the operations of
sampling, quantization, and coding in some finite amount of time. The
amount of time required, called the aperture time, depends both on the
resolution of the converter (i.e., its number of bits) and the
particular conversion method used. As shown in Figure 4.2(a), any
given aperture time tA is associated with some amplitude uncertainty.
The aperture time and amplitude uncertainty are related by the time
rate of change of the signal to be sampled. Thus, the speed of

conversion or aperture time required in a particular situation



83

END OF A/D
CONVERSION \ |
START OF A/D ___ AMPLITUDE UNCERTAINTY
CONVERSION T
% S
x(t) APERTURE TIME
(a)
ims \\\ \\\\
100ps [—> b P
\ N AN \9
\\\\. \\ 0 N Q?)
w N \\‘ /) d;‘
= RE ‘§2X4£ .
'- ’0 N GA \\& ‘ \\
w 1us 2o, o N
5 N
E N NN
100ns — > N
g'.‘ N AN \ \\
< ~N ANy
\\ N \
10ns ;
AN
ins N

10 100 1K 10K 100K
BANDWIDTH (Hz)
(b)

Figure 4.2. Aperture time and amplitude uncertainty of bounded band-
limited signals.




84

depends on the allowable rate of change of the signal to be sampled and
the amount of resolution desired.

Consider the N bit A/D conversion of a band-limited signal x(t)
that is confined to the amplitude interval [-A, A]. Let fh = W/2n
represent the highest frequency present in the Fourier transform of x(t).
The maximum amplitude uncertainty that can be tolerated in an A/D
conversion requiring one bit resolution is 2A/(2N - 1), where the N bits
of the A/D converter are assumed to represent the entire amplitude range
of x(t). Letting Ax = 2A/(2N - 1) and ty = At in Equation 3.58 of

Corollary 3.1, it follows that

< it [ :
AT wf sIn [gN - ]] : (4.8)
i
This result, which defines the aperture time required to guarantee a
conversion accuracy of one part in ZN, is easily extended to other

resolutions.

EXAMPLE 4.2 The aperture time required to digitize a 4.3 MHz video

signal to 8 bits resolution is

1

< 1
A " mw(4.3 x 10°

t 255

] sin~! (5z=) = 290 psec (4.9)
The digitization of a 1 KHz signal with the same resolution would require

an aperture time of 1.25 usec. For 10 bits resolution, the same 1 KHz

signal requires an aperture time of 311 nsec. O
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Amplitude uncertainty is inherent in all methods of A/D conversion.
As can be seen in Example 4.2, even slowly varying signals at moderate |
resolution levels require an extremely fast conversion time to allow no
more than one bit amplitude uncertainty. Fortunately, there is a simple
and inexpensive solution to this problem — the use of a sample and hold
to take a rapid sample of the signal and hold its value for the required
conversion time. For a given signal bandwidth and desired resolution,
Equation 4.8 specifies the minimum acceptable aperture time of the
required A/D converter or sample and hold. Aperture times for various

bandwidths and resolutions are shown in Figure 4.2(b).

4.3 Amplitude Uncertainty between Samples

In the previous section, two commonly encountered problems involving
the detection of amplitude variations were considered. Each of these
problems is peculiar to some aspect of a sampling or modulation process.
In this sectioh, the general problem of detecting the amplitude variations
of a band-limited signal from equally spaced samples is examined. The

sampling process itself is considered to be ideal.?

4.3.1 A sampling theorem

Let x(t) be a band-limited function that is confined to some
frequency interval [-W, W], and let My <A for some constant A > 0. As

illustrated in Figure 4.3(a), it is in general impossible to guarantee

AN samples take on the instantaneous values of the signal with
no amplitude uncertainty.
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xX(tg) = 0 s
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Figure 4.3. The amplitude variations between samples of x(t).
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the detection of an extremum of x(t) with any finite sampling interval

Ts. The best that can be guaranteed is that

Ix(t) - x({n = T <6

S

and

Ix(nTs) - x(t)] <6 (4.10)

for some finite nonzero amplitude variation & and (n - ])TS-< t < nTs.
As long as x(t) is strictly increasing or decreasing between samples,
x(t) is confined between x((n - 1)Ts) and x(nTS). Thus, the maximum

sample spacing TS that will guarantee that Equation 4.10 is satisfied
for all n can be determined from Figure 4.3(b), where IAX/AtIx’(t0)=O

is defined by Theorem 3.2. In accordance with this theorem,

0,At=20

AX < ) 1 - cos W|At] m

= < (WA [ 1, 0< |At] <5 (4.11)
\ 2A T

Tat[ |at] =

=

Letting |Ax| = & and solving for |Atlx’(t0)=0’ it follows that

1 -
< - 1 -
i cos (1

8y, 8] <24 (4.12)

at| g

X,(t0)=0

or

cos (A2, [o] <24 (4.13)
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where it has been noted that T = ZIAtlx’(to)=0 [see Figure 4.3(b)] and
W= 2“fhi' The following sampling theorem is a direct consequence of

this result and the relationship fs = 1/Ts:

THEOREM 4.1 Let the function x(t) with Fourier transform X(jw) be such
W

that X(jw) = 0 for |w| > W = 2nf, s, and let Mo = 172 [ [X(jw)|dw <A

for some constant A > 0. If

hi <
fo > —— 5 » |s] <24 (4.14)
cos™ [T
then
x(t) - x((n - T )| <
and (4.15)
|x(nTS) - x(t)] <8
for all (n - 1)T, <t <nT; and n an integer. O

This theorem defines the lowest sampling rate fs that will guarantee
that, between successive samples of a function in the set {x(t): M, <A},
[x(t)| does not deviate from either sample by more than §. Figure 4.4
depicts this rate fs (normalized by fhi) for various values of 6. Since

the Nyquist rate f,, = 2f

N hi? Equation 4.14 of Theorem 4.1 may be written

—4

S> Li
N 2 cos! [A—i—éﬁ

, 18] <24 (4.16)




Equation 4.14

5

Figure 4.4. Normalized sampling rates f /fh. and f _/f, from Theorem
X i s" N
4.1 for various values of §°
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and it is evident that when x(t) is sampled at the Nyquist rate, fs/fN
=1 and 6§ = A. This maximum deviation & = A can occur, for instance,
when sampling a sinusoid A sin 2ﬂfh1t at its zero crossings. If x(t) is
bounded in amplitude, |x(t)| <A, Equation 4.14 becomes (see Table 3.1,
page 69)

nf, .

N, 5] <2A. (4.17)
cos™! [ R ]

fF >
S

It should be noted that Theorem 4.1 does not guarantee the detection of

every extremum of x(t); this would require an infinite sampling rate.

EXAMPLE 4.3 The electrocardiogram (ECG or EKG) is a graphic recording

or display of the time-variant voltages produced by the myocardium during
the cardiac cycle. It is used clinically in diagnosing various diseases
and conditions‘associated with the heart and serves as a time reference
for other measurements. A cardiologist looks critically at the various
time intervals, polarities, and amplitudes in an EKG to arrive at his
diagnosis. Since the voltages produced by a normal myocardium are

bounded in frequency to 100 Hz, an EKG must be sampled at a rate

fo> 000 - 697 k2 (4.18)
cos™! (———KL——J
to guarantee that the EKG does not deviate from its samples by more than

10% of its maximum amplitude. It must be sampled at 2.22 KHz to ensure

that there are no deviations greater than 1%. O
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EXAMPLE 4.4 Equation 3.53 of Example 3.7 bounds the average rate of
change referenced to an extremum of those functions x(t) whose spectra
are contained within the rectangular spectrum of Figure 3.5(a), page 61.
The following expression for the sampling rate required to guarantee
that these x(t) do not deviate from their nearest samples by more than
6 is a direct consequence of this result:

wf, .

fo> hi , 8] <2Kf, (4.19)
S Sinc! [1 - o] h
2Kfp

where Sinc x = (sin x)/x. This result follows from Equation 3.53 by the
same procedure used to derive Theorem 4.1 from Equation 3.34 of Theorem

3.2. O

4.3.2 Estimating level crossing profiles

While statistical characterizations of random signals often employ
various moments of the signals' probability density, autocorrelation, or
power spectral density functions, neither the moment nor the probability
density function provide any information concerning the dynamic behavior
of a signal. In this context, the term dynamic behavior is used to refer
to such signal characteristics as oscillating activities and excursion
rates at a given amplitude level. Level crossing statistics, on the
other hand, offer an approach to the interpretation and characterization
of time signals that provide both frequency and amplitude information.

In particular, the measurement of a signal's level crossing rate, defined

to be the number of crossings per unit time of an amplitude level, yields

information as to the "apparent frequency" associated with the Tevel.
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The expected crossing rate of level u by a continuous, stationary,
and ergodic random signal x(t) has been shown to be [Rice (1944, 1945)],

oo}

M (x s 1) = J V] b e,y (4.20)

-00

where Py X,(u,v) is the joint probability density function of x(t) and
its derivative x”(t). By assuming stationarity, the number of crossings

during time T is obtained from

Nﬁ(x s T) =T Nu(x s 1) . (4.21)

Thus, an observation of the number of times that x(t) crosses level u
during time T provides an estimate of the crossing rate. Although the
theoretical expression for the level crossing rate (Equation 4.20) .
appears awesome (since it involves the joint probability density function
of the signal and its derivative), the computation of a signal's level
crossing rates is quite simple.

A commonly used method [Suthasinekul‘(1976), Mitchell and Gonzalez
(1978)] for generating level crossing rates is illustrated in Figure 4.5.
A piecewise Tinearly interpolated approximation to x(t), denoted X(t),
is first obtained by sampling x(t) every Ts seconds and quantizing the

N _ 1], where N represents

sampled values to integers in the interval [0, 2
the number of bits used for quantization. Assuming that x(t) is

completely contained between X((n - 1)T) and x(nT) for (n - NT <t <nT

and utilizing the intermediate value theorem [Tierney (1969)]1, all
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A quantized piecewise linearly interpolated signal.

Figure 4.5.
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levels between x((n - 1)T) and x(nT) are considered to be crossed. Thus,
a level crossing counter for each level of interest is incremented when
its value lies between the amplitudes of consecutive sample points. At
the end of some qbservation interval, the counter for each level indicates
the number of times that the level was crossed. The estimated crossing
rates can then be established by dividing the total number of counts for
each level by the time of observation. The curve obtained by plotting

the crossing rates versus their respective levels is called a Zevel
crossing profile LCP. Figure 4.6 depicts a typical LCP.

The accuracy with which an estimated LCP represents the true
behavior of a random signal is a function of the amount of data on which
it is based. The estimation of level crossing rates (as well as
probability density functions) generally requires a considerably large
amount of data, since events with very small and very large probabilities
are of equal importance. These large amounts of data, which correspond
to long observation intervals, are needed to collect sufficient high
amplitude level crossings to form statistically viable LCP estimates.

In general, statistical reliability decreases as the observation interval
(for a given sampling rate) becomes shorter. While the problem of
specifying optimum observation intervals remains unsolved, some general
guidelines to the selection of observation intervals have been proposed
[Steinberg et al. (1955), Bendat and Piersol (1971), Beuchamp and Yuen
(1979)].

EXAMPLE 4.5 Consider again the band-limited function x(t) = 2 cos w,t

+ sin 3woet and its piecewise linearly interpolated approximation Q(t)
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Figure 4.6. A typical level crossing profile.
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shown in Figure 1.1, page 4. As can be seen, x(t) crosses the level

x = 1 four times in every period; the crossing rate for this Tevel is
2w,/m crossings/sec. Observing x(t) (which was obtained from samples

of x(t) taken at the Nyquist rate) over one period of x(t), an estimated
crossing rate of only we/m crossings/sec is obtained. Moreover, this
estimated rate, which is a mere 50% of the actual crossing rate, does
not increase as the time of observation increases. Thus, the estimated

rate can only be improved by increasing the sampling rate. g

As illustrated in the above example, crossing rates which are
obtained from a linearly interpolated approximation of a signal are
always less than the actual crossing rates of the signal. This results
from the fact that level crossings are missed when an extremum of a
signal occurs above (or below) a level while the preceding and following
sample points are below (or above) the level. In fact, as can be seen
in Figure 4.7,'no finite sampling rate can guarantee the detection of
every level crossing of a signal. As an extremum of a signal becomes
tangent to some level Ln’ the sampling rate T;‘ required to detect the
resulting pair of level crossings approaches infinity. Thus, for any
finite sampling rate, it is possible to miss at least two level crossings
(the "up" and "down" crossing of a single level) for every extremum of
the signal.

While no sampling rate can guarantee the detection of every level
crossing of a function or signal, Theorem 4.1 can be used to obtain the

following expression for those sampling rates fs that will ensure that
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Figure 4.7. Sampling to ensure that no more than one level crossing
is missed.
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no more than two crossings of one level will be missed per extremum of

a band-limited function:

mf, .
F> h . (4.22)

s, TeN-3
cos N-]

This result is a direct consequence of the fact that (see Figure 4.7)

those sampling rates which allow the crossing of more than one level to
be missed will not guarantee that, between successive samples, the
function will not deviate from either sample by more than the amplitude
difference between levels. Thus, Equation 4.22 follows from Theorem 4.1
by noting that |x(t)| <A (Equation 3.57) and letting ¢ = 2A/(2N -1),
where N is the number of bits used to represent the amplitude interval
[-A, A]. (Note that & is the quantization interval). To miss no more

than 2m level crossings of m levels per extremum,

£ o> hi L m>1 (4.23)

or

> > T ,m=>1 . (4.24)

This equation is evaluated for several values of m and N in Table 4.1,
and plotted as a function of m for various N in Figure 4.8. As can be

seen, fs/fhi decreases as m + 1/N increases.
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EXAMPLE 4.6 Consider a band-limited signal that is quantized with 8 bit
resolution, N = 8. To form a LCP using 256 levels, the signal should be
sampled at a rate fs = 25.1 fhi to miss no more than one level crossing
per extremum (m = 1) and at f_ = 6.4 f; to miss no more than 15 (m = 15).
If the signal is sampled at the Nyquist rate, it is possible to miss 128

level crossings for every extremum. a

EXAMPLE 4.7 Equation 4.19 of Example 4.4 provides an expression for the
sampling rate required to guarantee that a function x(t) whose Fourier
spectrum is bounded by the rectangular spectrum of Figure 3.5(a) (page 61)
does not deviate from its nearest samples by more than 6. The following
expression for the sampling rate required to ensure that the LCP of x(t)
will not miss more than 2m level crossings of m levels per extremum of

x(t) is a direct consequence of this result:

, ﬂfhi
f > , m=1 . (4.25)

s
I __m
>ine [ N - 1] O

Unlike the histogram approach to approximating a probability density

function (PDF), where only the amplitude bin in which a sample point
occurs is incremented, the above methods for computing Tevel crossing
profiles Tinearly interpolates crossings between sample points. This is
due to the fact that the PDF of x(t), denoted px(u), is a descriptor of
the relative amount of time x(t) spends in any interval from u to u + du,
whereas the level crossing rate Nh is a measure of the number of times

that x(t) crosses level u. The result is a relatively smooth Tevel
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crossing profile as opposed to an often jagged histogram. It has been
shown that a smoother approximation of px(u) can be obtained from the
LCP of x(t) [Suthasinekul (1976)]. Such an approximation is shown for

the case of a Gaussian PDF in Figure 4.9.

4.3.3 Pulse detection and elimination

The sampling rate developed in the Section 4.3.1 can also be
employed in the detection and elimination of high frequency pulses from
a low frequency signal. Such pulses [see Figure 4.10(a)] cannot be
eliminated by conventional filtering techniques, since they may possess
significant spectral components within the frequency band of the signal.
As illustrated in Figure 4.10(b), filtering would merely spread the
pulses into the signal. A digital solution to this problem, which is
commonly encountered in the monitoring of nuclear power plants, is
depicted in Figure 4.11.

As can be seen in Figure 4.11, two A/D converters are employed to
continually digitize the incoming signal x(t). One converter is used
to sample x(t), while the other is used to sample an amplified and
limited version of x(t). (The amplification and limiting facilitates
efficient use of the A/D converter's amplitude range.) Successive
samples of the limited signal are clocked into a shift register, which
outputs to a digital-to-analog (D/A) converter. As long as there are
no pulses present in x(t), the Timited signal is simply delayed by the
shift register and converted back to analog form. If, however, a pulse

is detected, the D/A converter is inhibited (causing it to hold its
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Figure 4.9. Approximating a Gaussian probability density function from
a histogram and level crossing profile.
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last value) until the pulse has been clocked out of the shift register.
The performance of the system is limited by the quantization interval
and sampling rate associated with the A/D converter used for pulse
digitization, and the length of the shift register. The quantization
interval and sampling rate associated with the converter used for
sampling the limited signal should be selected for optimal signal
reconstruction via low pass filtering.

Consider a signal x(t) as shown in Figure 4.10(a), and et the
information portion of x(t), denoted XI(t)’ be limited in frequency to
W

= 2nf, rad/sec and confined to the amplitude interval [—AI, AI]'

I I

Suppose also that the pulses to be eliminated are characterized by

bandwidth wp = 2nfp rad/sec, maximum amplitude Ap, minimum amplitude AM’
. . > .

and maximum pulse width Tp sec, where Ap AM > AI‘ Since AM > AI’ the

maximum acceptable quantization interval q of the A/D converter employed

for pulse digitization is

g1 (4.26)

This quantization interval divides the amplitude range of the pulses
into 4Ap/(AM - AI) bins, and separates AM from AI by two bins. Thus,
the sampling rate required for pulse detection follows from Theorem 4.1

by letting A=A, f .

o Thi = fp, and § = (A

M- AI)/Z:

nf
f o> P (4.27)

'—

S 2A + A, + A
cos™! [ P 2AM I}
p
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Note that this sampling rate fs’ defined for the A/D converter used in
pulse digitization, is independent of the bandwidth fI of the information

signal. In practice, g would be chosen so that

2A Ay - A
q=( P V< M1 (4.28)

A
where the brackets ¢ ) are used to indicate "the least integer N such
that," and the required sampling rate would be determined from Equation
4,22 of the Section 4.3.2.

The minimum length shift register for the system of Figure 4.11 is
determined by noting that every pulse originates below level AI and must
cross level AM before it can be detected. The minimum possible time Atp
of this transition follows from Corollary 3.1:

L P Am - A
At EZﬂf sin™! ( 5K ) . (4.29)

P
Thus, the shift register must contain at least

(M) =2f (T - At :
§(Tp - atp) (4.30)

locations. Substituting Equations 4.27 and 4.29 into this result and

1etting

2R - Au + AL
v = cos™t ( p 2Ap ), (4.31)




it follows that

2nf T Av - A
) >—2B - %sin" (M (4.32)

p

The first term in this expression is representative of the number of
samples occurring during a pulse, while the second term may be associated
with the samples during a pulse transition from AI to AM'

When a pulse is detected and M samples of x(t) are eliminated, the
last value of x(t) before the pulse is held by the D/A converter for
N/fS sec. The integrity of the resulting signal, which is an approxi-
mation of xI(t) with various constants replacing the pulses, can be

evaluated by noting that the maximum possible change of Xl(t) in N/f¢

sec is
anI
i >
2AI sin fs . fS 2MfI
AxI < (4.33)
<
2AI s fs 2MfI

This result follows from Corollary 3.1. Using Equations 4.27 and 4.31,
it is evident that
f1 |
sin My (?—) , fs >=2MfI
AxI p
< (4.34)

| <
1, f < 2Mf

Since AxI/2AI is the normalized amplitude change of XI(t)’ it is clear
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that the integrity of the signal whose pulses have been eliminated is a
function of the ratio of the bandwidths of the information and pulses
fI/fp and the number of samples eliminated. The bandwidth ratio
required to allow no more than the fractional amplitude change AxI/ZAI

is

—

I , Mg
—_— = in~! —— = .
fp sin ZAI R fS 2MfI . (4.35)

=i

It should be noted that when f . = 2Mf,, xI(t) may be perfectly

reconstructed by low pass fi]terings.a

EXAMPLE 4.8 Consider a signal as depicted in Figure 4.10(a) with

parameters:
A =3
p
AM = 2
AI =1 ' (4.36)
f =1KH
D z
fI = 1 Hz
T =1
D msec

Using Equations 4.26, 4.27, 4.32, and 4.34, it follows that
0.5

q:
‘fs = 5.36 KHz
(4.37)
M= 11
AxI
'ZK‘I—'—'O.SA.

a . . . . . .
. In practice, 1t 1s impossible to perfectly recreate a continuous
signal from its quantized samples.
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Since q = 0.5, six bins are established in the interval [0, 3], so that
a level x = 1.5 falls between AI = 1 and AM = 2. By sampling at 5.36 KHz,
at least one sample on or above x = 1.5 is guaranteed per pulse. When

a pulse is detected, the current sample and the five preceding and
following samples must be eliminated. Since the bandwidth ratio fI/fp

is 0.001, the maximum possible amplitude change of the information signal
during the pulse is 0.01, which is only 0.5% of its total possible change.
If fI were 10 Hz or 100 Hz, the information signal would be able to

change 6.5% and 60% of its maximum possible deviation, respectively. O

4.4 Summary

In this chapter, the results of Chapter 3 have been used to examine
the amplitude uncertainty inherent in all sampling processes. This
amplitude uncertainty can be attributed to signal amplitude fluctuations
during the sampling process itself or between consecutive samples. The
slope overload'phenomenon associated with delta modulation was first
examined, and a bound on the maximum error due to slope overload was
derived for the set of band-limited signals {x(t): M, < A}. The
amplitude uncertainty resulting from finite conversion time was then
discussed. Finally, a sampling rate which guarantees that, between
successive samples of a band-limited function in the set {x(t): MO < A},
the function itself does not deviate from either sample by more than
some predefined amplitude change was established. This sampling rate
was shown to be of valuable use in the estimation of level crossing

profiles and the detection and elimination of high frequency pulses

from a Tow frequency signal.




CHAPTER 5
CONCLUSIONS AND RECOMMENDATIONS

This work has examined the amplitude fluctuations of band-Timited
functions and the representation of these functions by piecewise linearly
interpolated samples. Such representations are implicitly assumed in
many digital signal processing computations, including the estimation
of level crossing profiles and the Tocation of extrema in a discrete
sequence of samples.

In Chapter 2, the known analytical relations between time and
frequency were reviewed. Since these relations are established by the
Fourier series and transform, the fundamental concepts of Fourier
analysis were presented. Several properties arising from the fact that
signals are generally band-1imited were also discussed. In particular,
a survey of the literature on sampling, one of the most important
consequences of finite signal bandwidth, was presented. Some of the
results surveyed were seen to be based on sampling criteria other than
optimal signal reconstruction, the fundamental criterion behind the
Shannon sampling theorem and its extensions. There was a noticeable
lack of results on the sampling of signals to bound the amplitude
fluctuations of the sampled signal between samples.

A comprehensive analysis of the allowable amplitude fluctuations
of band-limited functions was presented in Chapter 3. New bounds on
the average rate of change of band-limited functions were developed,

and the average rate of change referenced to an extremum, a new concept
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that measures the average rate of change of a function over an interval
in which at least one end point of the interval is an extremum of the
function, was defined and similarly bounded. These bounds were derived
for the two sets of band-limited functions {x(t): Mo < A} and {x(t):
|X(jw)| < f(w), f(w) =0}, and shown to be least upper bounds. It was
noted that My, is a measure of the area of a function's Fourier transform,
and that numerical procedures must sometimes be employed to evaluate
bounds on the set of functions {x(t): [X(jw)| < f(w), f(w) > 0}. The
slope and curvature of band-1imited white noise was bounded for both
sets of functions. Least upper bounds on the rate of change of those
functions which are limited in both amplitude and frequency were also
developed.

In Chapter 4, the results of Chapter 3 were used to examine several
problems of practical importance. These problems were seen to be related
to the amplitude fluctuations of a signal (1) during a sampling or
modulation process or (2) between consecutive samples. The slope overload
phenomenon associated with delta modulation was examined, and a bound on
the maximum error due to slope overload was derived for the set of band-
limited signals {x(t): M, <A}. The amplitude uncertainty resulting
from finite conversion time was also discussed, and a sampling theorem
which guarantees that, between successive samples of a band-limited
function in the set {x(t): M, <A}, the function itself does not deviate
from either sample by more than some predefined amplitude change was
established. This sampling theorem was shown to be useful in the

estimation of level crossing profiles and the detection and elimination
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of high frequency puises from a low frequency signal. In regard to the
estimation of level crossing profiles, this theorem led to the develop-
ment of a sampling rate which guarantees that no more than 2m (m = 1)
level crossings of m levels are missed per extremum of the sampled
function.

Although several problems associated with detecting the amplitude
variations of band-limited signals and their representation by piecewise
linearly interpolated samples have been identified and clarified by this
study, there are still many interesting and unsolved problems that
require further investigation. The results of Chapter 3 can be easily
extended, for example, to n dimensions, and an n-dimensional sampling
theorem similar to Theorem 4.1 established. Such an extension could
have some interesting implications in the processing of pictoria] data —
e.g., on the ability to detect and accurately locate the edges of an
N x N image. In addition, further research is needed to determine the
number of missed level crossings m (of Equation 4.23) which can be
tolerated for a particular observation interval without appreciable
error in the resulting LCP. While all the implications of the results
in Chapters 3 and 4 are not immediately apparent, it is clear that
these results are useful in the analysis of several current problems

of practical significance.
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