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Abstract 

Two problems are discussed with respect to the ai^plicability of linear response 

theory. In Part I, high-field transport in solids is treated analytically in one dimen 

sion for optical phonon scattering,for arbitrary field strength. The problem is thus 

highly nonlinear in field, while linearized in the carrier concentration, which in turn 

implies neglecting carrier-carrier scattering. Results are obtained for a constant field 

profile. The results show the well-known velocitj' saturation behavior in a realistic 

way, thus emphasizing the critical role of optical phonons in this phenomenon. A 

Maxwellian distribution is found at all fields; in some cases the electron tempera 

ture is lower than the lattice temperature. Runaway is shown to result from forward 

(polar)scattering,but not for isotropic scattering. The formalism developed for the 

high-field problem is also apiDlied to the transient relaxation of carriers under pho-

oexcitation; the results are compared Avith experiment. In Part II, the dynamic 

screening of a suddenly-created core hole in a metal is examined in the linear ap 

proximation. The photoelectron is neglected; the results are thus valid for photon 

energies well above threshold. The time and space dependence of the screening 

charge,for high and low electron gas density, is ol)tained by numei'ical integration 

over the spectral function of the dynamic dielectric function. The integral is broken 

into a plasmon part and an electron-hole pair (e-h) part, from the corresponding 

regions of the spectral function. The e-h part is found to be more heavily damped, 

and much larger in amplitude (x.30) than the plasmon part; however, both parts 

respond on essentially the same time scale given bj' the inverse plasma frequency. 

Addition of local-field corrections to the RPA is found to have little effect on the 

results. Transients in screening are fecund to be larger and more persistent for low 

density than for high density. However, in either case transients are not predicted 

to persist to times on the order of the core hole lifetime from x-ray emission. 
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Chapter 1 

Overview 

Linear response theory has a well-earned place in physics due to its general utility 

and applicability to a wide variety of physical problems[l]. The assumption oflinear 

rresponse generally makes a prol^lem more tractalde. and hence is employed whenever 

it is judged to be physically reasonable. In the following we will examine two 

somewhat different problems in phj'sics: electron transport and impurity screening 

in solids. For the former problem we will find it possilde to go beyond the linear 

approximation in an important way,obtaining a variety of realistic results pertinent 

to transport in large fields. In the latter proljlem we find new results for the time 

response of the electron gas, while remaining within linear response theory, leaving 

a more general treatment of the prolrlem to a future theor}-. 

In each case(charge transport, and screening) it is perhaps fair to say that the 

level of approximation which is emi^loyed is not far from what is needed to describe 

current experiments. More specifically: for the transport case, developments in 

semiconductor microfabrication techniques have resulted in the routine application 

of very large electric fields (normal voltages across ver}- small distances), necessi 

tating a theory which goes beyond the linear (in field) approximation. This need 

has been clear for some time, and a mmil)er of efforts have been made to meet it. 

In the case of impurity screening, static effects are generally observed experimen-
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tally at nearest-neighbor distances or greater, for which lineav response is not a 

bad approximation. Dynamic screening effects, on the oth(,T hand, are of interest 

in theories of x-ray absorption and emission in metals,in which the response of the 

conduction electrons to the charged core hole is important; but for this problem 

the time scale of the response is more significant than the amplitude. Here we rely 

on the argument that, to the extent linear response theory can correctly depict the 

frequency dependence of the spectral function of the electron gas, it can model the 

dynamic response accurately. 

In the following two Parts we shall describe in more detail the background and 

motivation for the present work. The remainder of this chapter will be used to 

specify more precisely the problems which were attempted and solved in the course 

of this work. 

The quantuinnncchanical treatment ofelectron transport in the presence of arbi 

trarily strong,inhomogeneous electric fields, subject to the full variety ofscattering-

mechanisms, is (d^Aoousl}- impossible in its most general form. A wide variety of 

simplifying assumptions is possible, each having its own merits. We have chosen a 

subset which is intended to illuminate the large-field problem; the original formu 

lation of the prol>lem in this form and its partial solution were given by Ma.han [2] 

in recent work. 

As a. first, and major, step, we start with a classical transport equation, the 

Boltzmann equation [-3]. The Boltzmann equation treats electrons as particles with 

well-defined position and momentum. The effect of the lattice is incorporated in 

two ways: it renormalizes the electron mass,and acts as a source for phonons. Thus 

we model a gas of two species of interacting particles, with nuinbei' conservation 

holding only for the electrons. The particle jricture is adequate to the extent that a 

wave packet picture is adequate, with the packet being built from Bloch functions; 

the picture breaks clown if the effective mean free path becomes too short (strong 



scattering), or if the field varies on a length scale which is comparable with the 

wave-packet extension. 

The Boltzmann equation describes the electron distribution function ff{k,r,t) 

and the phonon function fp. Either can be written as 

f=f+Sf 

where is the equilibrium distribution and Sf the change induced by the field. 

A linear theory would discard terms in Sf beyond first order in fi(dd. We choose 

to retain the full field dependence of /e in accord with our goal. "We do however 

assume that j, itsell is small,that is, that the carriers are dilute. This enaJrles two 

simplifications. First, terms in are discarded. Hence electron-electron scatter 

ing (which goes as /") is neglected. Second, since the field perturlrs the phonon 

cii.stribution only through its effect on /e, we can set Sf],= 0, or fp — 

Wefurther restrict the spatial dependence of/e to one dimension,and seek onl}-

the steady-state solution. We consider scattering only 1.)y optical i)honons with an 

Einstein spectrum, = lcq. The full set of constraints chosen thus constitntes a 

reasonable model for transport in semiconductors in large fields. In. these systems 

charge carriers are dilute, flow is commonly two-dimensional and often quasi-one-

dimensional,and optical phonons are the dominant scattering mechanism. 

With the model thus chosen, we can discretize the electron distriljT.ition as fol-

loAvs: change varialjles from momentum to energy, and then use tlie fact that, for 

dispersionless phonons,energy is gained or lost only in fixed increments of litco. The 

problem then reduces to one oflinear algebra(in infinite vectors and matrices). The 

solution employs the eigenvalues and eigenvectors found by Mahan [2]; some rather 

subtle considerations regarding boundary conditions remain which have yet to be 

fully resolved, except for the constant-field case. In the latter case the electron dis 

tribution is olrtained for a variety of fields and lattice temperatures, thus yielding 

a description of electron heating, velocity saturation, and (in some cases) electron 

velocitv runawav. 



The one-spatial-dimension,steady-state problem is then shown to map onto the 

transient(one time dimension)problem which is spatially isotropic. Hence the same 

formalism may be applied to describe the transient relaxation via optical phonon 

scattering of dilute carriers under photoexcitation in semiconductors. This process, 

as studied experimentcdly via the luminescence of the recombining carriers, is in 

fact one in which the dominance of optical phonon scattering is clearly revealed by 

the observation of discrete (altiiough broadened)lines in the luminescence spectra, 

■which are evenly spaced at intervals of hujo- Boundary conditions are trivial in this 

(time-dependent) case, and results are obtained for both pulsed and steady illumi 
nation, the latter problem yielding a. steady-state solution which may be compared 
with experiment. Thus a onc-dimeirsional solution to the transport problem, first 
developed to describe high-field transport, yields as a bonus a description of the 
time relaxation of nonequilibrium carriers under photoexcitation. 

We now shift our attention to metals, and raise the ijhc)toexcitation energy to the 
x-ray band, in order to study another relaxation process: the dynamical screening 
response of the electron gas. Here we assume that the absorption of an x-ray photon 
excites a core electron in a metal to an euergr^ sufficient to ionize the core, leaving 
behind a positively-charged ''impurity' (a core hole). The question is, how does the 
electron gas respond in real space and time to the creation of the hole? After a few 

approximatioirs are made, the answer is olrtained in the form of a double integral 
which is computed numerically. 

The core hole is modeled as a featureless, point positive charge which is created 
instantaneously at f = 0, ?■ = 0. This is not an unreasonable model since atomic 

(core) relaxation processes occur at significantly smaller time and spatial scales than 
those of interest in extra-atomic screening. We further assume that the ejected 
electron has no further effect on the screening response beyond leaving behind a 
charged hole; in other words, it is ejected with infinite velocity. The results thus 
obtained are clearly appropriate o.uly for x-ray energies far above the ionization 



threshold. For lower x-ray energies, the photoelectron will remain in the vicinity of 

the coi'e hole on a time scale comparable to that of the screening cloud, and hence 

alfect and be affected by the screening. This problem,while interesting,is not dealt 

with here and remains to be examined in future work. 

Finally,as mentioned above,we assume that the screening charge is proportional 

to the perturbation, ie we assiime linear response. This enables the exploitation of 

the well-developed machinery of linear screening theory using the wavevector- and 

frequency-dependent dielectric function e((/,u;) [4]. With a choice of e one can 

tlien calculate the screening charge density p{rj.)(actually the deviation from the 

uniform, unperturbed density 7?o) induced by the core hole. The results obtained 

are essentially in agreement with previous ideas: we find that the transients in 

scieening persist for a time 0;^\ where iCp is the long-wavelength plasmafrequency, 

and hence that dynamic effects of screening on the following core hole decay by 

x-raj' emission(which occurs at times > )are expected to be small. 
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Dimension 



Chapter 2 

Introduction to Part I 

"\^'henever carriers in a solid are accelerated by an electric field their average 

energy is increased over the eciuilibrium value. The carriers reach a steady-state 

distrilaution (in steady field) when the iniDut of energy and momentum from the 

field is balanced Iry equal fiuxes of the same quantities to the lattice. For small 

fields the field-induced energy increment is negligible relative to the mean carrier 

energy. In this case we say that the carrier temperature is unchanged from the 

equilibrium (lattice) value. It follows that the transport coefficient of interest—ie 

the conductivity takes, for small fields, the value appropriate to the equilibrium 

temperature; the response(current)is then linear in field. Hence we can define the 

linear-response regime as that in which the change in carrier energy is negligible [5]. 

Correspondingly, linear-response coefficients are inapplicable when the mean 

energy—or temperature—of the carriers becomes field-dependent. Since the mean 

energy is expected to increase with field, such carriers are called "hot electrons" 

(or holes). The study of high-field transport then invohTs the study of various hot-

electron effects which are not seen in the linear regime. A good early introduction 

to the field was given by Conwell [6]; more recent references include [5,7,8,9,10]. 

Frohlich [11] first introduced the concept of an electron temperature greater 

than the lattice temperature T/, in a study of the electrical l^reakdown process in 



solids; we may regard this as the birth of the hot-electron concept. In the following 

we will briefly survey a variety of hot-electron phenomena. 

One of the earliest experimental observations of a hot-electron effect was ob 

tained in bulk semiconductors by Ryder and Shockley [12,13]. They observed the 

evolution of the current density from the linear regime, characterized by Ohm's 

Law,or 

.1 -ooF (2.1) 

with (7o <1 constant, through a region in field F where the current density j fell 

significantly belowi the value given by (2.1), to the saturation region characterized 

j~ constant= 

al .high fields. The fields required to reach .saturation were temperature-deiDendent, 

iieing larger at higher tcini^ierature. and on tire order of 10^ V/cm for Ge, and 10"' 

\/cm for Si. The saturation r-elocity. girvui by 

J./nc, 

W'-ith n the carrier density and e the electronic charge, wasfound to be only wieakly 

temperature-dependent [13]. 

More recent observations ofsaturation include that of Fang and Powder[14]for a 

(two-dimensional)inversion layer in Si; similarly,for holes in bulk p-Ge by Nougier 

and Rolland [15], and for electrons in Si02 by Hughes [16]. 

A simple picture involving optical phonons may be used to describe saturation 

at low temperatures. If we assume optical phonons are the principal scatterers, and 

that a phonon is emitted promptly by any carrier wdiose energy exceeds the phonon 

energy Tzwo, then clearly no carrier wdll be accelerated by the field to a velocity much 

greater than vm-, where 

EI^vm)= tiujQ. 



E being the carrier energy. The average carrier velocity at saturation, Vs, will then 

be proportional to vm [IT]. At higher temperatures the absorption of thermally 

generated phonons tends to retard the approach to saturation, while having a small 

effect on the saturation velocity. 

It is also possible to observe the carrier velocity to reach a peak and then decrease 

with increasing field, giving rise to a region of negative differential mobility [5]. 

This occurs as the carriers acquire sufficient energy to transfer into a state with 

significantly larger effective mass. This latter state may be another valley in the 

conduction band (intervalley transfer), or, in the case of heterostructures, a high-

mass valley in the conduction band of an adjacent layer (real-space transfer)[18]. 

At very high fields, the same optical phonons which are responsible for velocity 

saturation may be incapable of absorbing energ}'from the accelerated carriers at a 

rate sufficient for stabilizing the carrier population. The carriers then "run away" 

from the phononsfor fields above a threshold field, where the power input from the 

field equals the maximum dissipation attainable with optical phonons. Runaway 

was predicted as early as 1937[19].but not experimentally verified until very recently 

[20]. Above the runaway field the electrons accelerate until some other mechanism 

sets in at higher energies, such as impact icmization [21]. It is interesting to note 

that Thornber and Feynman, using path-integral techniques in a fully ciuantuni-

rnechanical transport theory, were able to model all three regions(linear,saturation, 

and runaway),at cirbitrary temperature,in a single calculation [22]. 

Other hot-electron effects involve small devices,in which a steady-state distribu 

tion is not attained due to the short conduction channel. One then must consider 

current transients in space; for example, the carrier velocitv may rise above the 

steady value(that expected at x —> oo)at the injection end of the channel(velocity 

overshoot)[23]. In the extreme case, injected electrons may traverse an ultrashort 

channel without scattering at all, thus exhibiting ballistic transport [24,25]. 

Finally we mention a phenomenon which has not been experimentally verified. 



 

and perliaps cannot be termed a "hot"-electron effect. Several theoretical cal 

culations have predicted that, for certain values of field and lattice temperature 

21, the carrier population may be ascribed a temperature which is lower than T; 

[24,26,27,28]. A credible argument for such an effect is as follows; assuming the 

only strong scatterers (optical phonons)have an energy which is large compared to 

a typical(equilibrium)carrier energy,we can expect the field to impart a significant 

center-of-mass(CM)momentum to the carrier popidation. Viewing the carrier en 

ergy in the CM frame can then lead to a low temperature if the carriers are strongly 

clustered alrout the CM momemtum. 

Early calculations [26,27] assumed a CM momentuin /.q, and a temperature T^, 

related by 

= (2.2) 

V'here ru is the effective mass and kg is Boltzmann's constant. Eq. (2.2) is called 

the "displaced Maxwellian" form for the distribution function (DF). \^e shall find 

ill Chapter .3, for a model which only considers oi5tical phonons. that cooling is also 

predicted. The model of Chapter 3, however, does not assuim^ any sj-ecific form for 

the DF;and,ccmtrary to[2T 23],in this work energy is defined in the "fair" frame, 

ie relative to the lattice. 

Another means of exciting hot carriers in semiconductors is liy photoexcita-

tion [29], which allows a control over the excited population density and energy 

distribution whicli is not possible in electric fields. The study of the time relaxation 

of the excited population has provided a great deal of information on scattering 

mcclmisms and lifetimes in semiconductors [30,31]. Where a tyqiical experiment 

consists of "excite-and-probe",an electric field or photoexcitation can serve as the 

exciting agent, and the latter as the probe. In the most general case, hot electrons, 

hot holes, and hot phonons[32,33] all present significant effects. 

We next briefly review previous theoretical work on hot carriers. The Boltzmann 

Transport Equation (BTE) has been the traditional theoretical tool, capable in 

10 



principle of incorporating all but quantum effects. It is [5, Ch. 11] 

df df - df (df\ 

where/-- f{r^p,t) is the DF giving the occupation of the state with momentum p 

at location (r,t). The left-hand terms represent continuous streaming of/in phase 

space; the right-hand term incorporates the effects of scattering. There are various 

methods of solving the BTE [6j; [5, Ch. 11]. The relaxation-time approximation 

[24,.33,34] replaces the scattering term with 

where /o is the equililu-ium DF and ~ is a relaxation time. Otlau- methods involve 

assuming ti parameterized form (spherical harmonic expansion [35], Maxwellian, 

or drifted Maxwellian [26,27]) for the DF ami then using energy and momentum 

balance equations to solve for the parameters. Nrnnerical solutions are also fre 

quently employed [15,24,27,33], since analytical solutions are generally limited in 

scope. Finally, there are Monte-Carlo techniques [36,37]. 

Clearly the model of point particles with independent, instantaneous collisions 

which is implicit in the classical BTE must break down for sufficiently small devices, 

large fields, or strong scattering. Considerable work has been done towards a quan-

tuni-mechanicaJ transport theory [28,38-42]. Some authors [.38,39] hac'e found that 

the BTE,as tested against a quantum transport theory, should be valid for a wdde 

range of experimental conditions, including very high fields [39]. This work, along 

with the considerable efficacy of the BTE as found in previous work through com 

parison with experiment,justifies continued reliance on the BTE for many high-field 

problems. 

The remainder of Part I consists of three chapters. Chapter 3 presents an ana 

lytical solution to the BTE in one spatial dimension, in steady state for arbitrary 

field and temperature; most of this work has been published [43]. Chapter 4 is 

a published article [44] on the runaway problem, using the theory of Chapter 3. 

11 



Finally, Chapter 5 presents another paper [45] which maps the one-dimensional, 

steady-state problem onto the transient, homogeneous case, enabling the analysis 

of relaxation under photoexcitation. 
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Chapter 3 

High-field Transport 

3.1 Formulation of the Problem 

The Boltzinann equation may l)e written 

where 

= (3.2)
dt dr Ql- ^ ' 

contains all the termsfrom the continiious streaming off in phase space, and 

describes the effect of collisions. Here and from now on we let Ti = 1 and 

(Boltzmann's constant)= 1. Next we restrict to one dimension and steady state, 

obtaining 
df dVdf fdf\ 

V— (3.3)
dx dx dk \ dt /

\ f C 

where V is the electrostatic potential energy. Now introduce the total energy 

E^^^V[x)^E{k,x).
2m. 
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Since is a function of both k and x, we must transform both partial derivatives 

on the Ihs of(3.3); in matrix form 

/ \ 3E \(U \ 
dx _ dx dx j dx 

dxEL 1 ~ dE 1 il 
\ dk / \ dk dk )\ oE / 

or 

dx ~ dx ̂ dx^ 
k^_ ̂  

dk mdE ^OE 
giving, upon substitution into (3.3), 

'OfM (3.4)
dx dt 

The collision term is normally written in the form 

fdf{k,r,ty _ 
dt 

=E [fk'{i -fk)-Ml-M)]HE) (3.5) 
'c k' 

V here /j-. — f{k,r,i], etc. 

hen we transform to an energy basis we must keep track of angular informa-

t'on. This is simple in one dimension, where the directional degrees of freedom 

collapse to two discrete values which we call(+,-). Thus denotes particles of 

energy E with velocity in the positive :r-direction, and particles traveling in 

the opposite direction. We decompose the matrix element |TTTa:'P into an energy 

dependence, 1/tee'-, a boson numberfactor(No for phoiion absorption and(Nq+I) 

for emission), and a directional dependence,for cvhich we introduce the parameter 

Q'. The latter is defined so that, for a given {E,E'), the probability of a scatter 

ing event which reverses the velocity is a times the probability of the same event 

without reversal. No is the Bose function,(exp(G')-1) h where G=loq/T. 

In this notation Eq. (3.5) becomes 

fCO IM' = / dE'— 
dt Jo '''EE' 
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X [(7|.+ afE>)(l -f^)6(E'-E -f- 0.-01 

-/e (1-/I'+ Q--afE')KE'-E-a.'o)j 

+{No+1)[(/+ +afE,){l-fE)6iE'-E-L^o) 
-/e (1-/£'+a-afEME'-E+^o)]}. (3.6) 

The four terms in curly brackets denote, respectively, phonon absorption into 

final state E,absorption from initial state E,emission into E,and emission out of 

E. Each term contains a forward-scattering term,and a backscattering term which 

IS multiplied Iw o. The analogous equation for is Eci- (3.G) with all the (-f,-) 

superscripts exchanged. 

Now divide Eq. (3.4) by v and let 

_JL 1__ ̂  1_ 
V{E}TEE' ~(o 

where to is the mean free path for phonon scattering in the forward direction, 

assumed constant. Then, combining(3.4) and (3.6). 

'd.i 

iVr .f^{E — u:o)+af [E — lvq) (1 -/^)0(£'— a'o) 

" 1 "" ex ~ af [E+ 

+(:Yo + 1)[f+(E+uo)+af'iE+a.'o)](1 -f^) 
-{No+ l)fE fl -f+(E-cvo)+ cv -afiE-u.>o)l 0(E-u'o) (3.7) 

Here the corresponding equation for has a minus sign, since v(-)--u(-f). 

Now we linearize the ecjuation by neglecting terms cpiadratic in f, which is 

reasonable for low carrier concentrations. This gives 

= No /+(E -a.-o)-f n/-(E Q{E-'^o)
ax 

iVo/^(l+n) 
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+{No+1)[f+{E+loo)+«/"(£+loo) 

-~{No+l)fW^+<^)QiE-LOo) (3.8) 

Mahan[2] solved the above equation for a — 0. In this work we take a= 1,ie back-

and forward-scattering equally probable. The case for general a, while also soluble, 

is more complicated and has not been treated. 

Ecjuation (3.8) clearly describes a discrete set of energy levels. There is a lowest 

level, and a set of levels spaced lOo apart. Thus, as long as scattering is only bj'' 

dispersionless phono:is, we find the carrier population divided according to energy 

into noninteracting sub^ets. An electron of energy E will mix with a population 

of electrons of£± uloq {n an integer) only; carriers of energy E+6 {S ̂ nu-'o) do 

not enter the problem. We jtrocecd l)y solving fen" one siil^set which scatters among 

energies cq 4- Iloq. i - U.1,2, .. 

The lowest energy ty is essentially irrelevant to the solution and is hence dropjied 

from the notation; thus 

./I fr 

In this notation, Eq. (3.8) and its analog for f" become, with o = 1. 

df^^0^- = +./):i)0(/-l)-2AV/)' 
+(^'o -f l)(/i,+/,;i)-2(iVo -t- l)/+0(/-1) (.3.9) 

= -£o(./T-i )0(/-l)+2Wo/r 

-(Wo+i)(/rH +,f,i;i)+2(Wo+i)/r0(/-1) (.3.10) 

The sum and difference of these two ecpiations give 

dFi
^0^=-2NoGi-2{No+1)G,0(/-1) (3.11) 

dG 
2Wo£;-i0(/-1)-2NoFi-2(A'o + l)id+i -2{No+l)£/0(/- 1) (3.12) 

where 

-ff +ir 

K 



 

 

and 

G, =-.= /;-f-

More compactly, 

F'=-MiG (3.13) 

G> =-KFF (3.14) 

where the prime signifies d/dz^ z — '2.r/lo, 

ilfi rr: DiaglNo,2Ao+ 1.,2No+1,...) (3.15) 

0 

/ 
No 0 • • \ 

-No 12X^0+ 1 —Xo 1 0 
0 

M2= 
0 

<
—Aq 

1 

2-A() -|- 1 -A7)-l • 
(3.1G) 

0 0 -.Yo 
1

2Y0+I> • 
0 

0 0 f) 

\ / 

llie matrix M2 is identical to the matrix M olrtained by Mahan [2] for the a =0 

problem. 

Finally we write Eqs. (3.1.3),(3.14) in the most compact form. 

X'== -.4^ (3.17) 

or 

/ \ /
F 0 Ml F 

(3.18) 
G M2 0 ^ G 

\ 

Eq. (3.17)is a linear, homogeneous,first-order vector differential equation with 

constant coefficient matrix .4. Hence the solution may be written as 

(3.19) 
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where A, and Xi satisfy 

Axi- A,.fi, (3.20) 

ie they are respectively the eigenvalues and eigenvectors of A. Hence the solution 

of the Boltzmann equation in the form of Eq. (3.17) reduces to first finding the 

spectrum of H,and then using boundary conditions to determine the constants a,-. 

These two parts of the solution are described in the following two sections. 

3.2 Eigenvalues and Eigenvectors of A 

We suspect that A has a zero eigenvalue whose eigenvector .r" is the equilibrium 

solution; ie it satisfies 

(.T°)'=-AA =0 

"^^e can expand |.d| in cofactors, using the elements of Mi,to oldain 

|.4| iVo(2Vo+1)(2V„+ 1)• • • (2Vo+ 1)|A/2|. 

However we know that \Mo\ = 0 from AlahaiTs [2] work. Hence L4| 0, and so 

A =0 is an eigenvalue of A. The eigenvector .r® satisfies 

'0 Ml 
=0 (3.21) 

y 4/2 0 y 

or. written out, 
/ \ 

A^o~-o 

(2iVo+ 1)5:1 0 

(2Vo -f 1)^2 0 (3.22) 

M'zy 0
\ / \"/ 

The upper half of(3.22) gives =0 for all /. The lower half is satisfied by 

yt - Mr"", 

Id 



 

 

 

as shown by Mahan [2]. Thus 

,-Gl 

x°= k (3.23) 
0 

Now we show that all powers of A in the secular equation, 

|A-A/|=0, 

are even, or equivalently that the eigenvalues A^i occur in pairs of opposite sign. 

Assume 

Ax = A^.t (3.24) 

Then 

\ /
0 ilfi 0 i\/i 

A'h 0 M2 0/ v 

\ 
M1M2 0 

—* 

,r 

0 M2M1 
/ 

— A^ r — A^' ^ (3.25) 

Thus 

M,M2y=\\y 

Ad2M\z= A^2 

Let Ai2 be an eigenvalue of M1M2, and similarly for A21 and MyMx. Then we 

have 

— -^12 = ^^21 

or 

A^ = ±(Ai2)^^^ = ±(A2i)^'''^. (3.26) 
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Let us find the eigenvalues A^i of M2M1. For convenience we will drop the 

subscripts on A21. 

/ o . „ „ \
a2 —he 0 0 

c —be 0 

M2M]= 0 —ac (? —be (3.27) 

0 0 —ae 

where 

a = .A^o = (3.2S) 
-1 

b - iYo + l= (3.29)
:^-l 

+ 1 
2Ao 4-1 — (3..30) 

-1 

We want A such that 

M2M,-\I)z=0 

or 

(rt"- A)-o- hczi — 0 (.3.31) 

— CL^Zo 4"(c^ — Ajx^i — hcZ2 = 0 (3.32) 

-aczi_i 4-(c^ — \)zt — bczi^^ = 0, / > 1 (3.33) 

Rewrite the / > 1 equation as 

A/c a 
'/+i (3.34)

b 

Thisrecursion relation(3.34)is identical to that solved by Mahan[2]in obtaining 

the eigenvalues A' of M2,if A/c is replaced by A'. Hence we find 

A21 — cA' 
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or 

A.4 -±{(2iYo+ l)[2A^o + 1 -- 2{No+ cos^]}^/^ (3.35) 

where ̂ is a continuous parameter verying from -tt to tt. This continous param 

eterization of arises from the infinite dimensionality of A, which demands an 

infinite number of eigenvalues and eigenvectors. 

We shall describe the details of the solution of(3.31—3.34)since they are needed 

to obtain the eigenvectors ,r. Let = ~t- Then (3.34) becomes 

/ - \ / \ 
■'/+1 f 

N (3..36) 
\ /+i 1 0 Wl\ / ■' / 

wnere 

c - {c-X')/h (3.37) 

.1 --= o/h (3.38) 

The matn.x A has two cigcin'alnes; call them A] and A2. Let us try a. solution 
to (3.36) of the form 

A' (3.39) 

where i can be 1 or 2. Then 

\ / / \
f- f A' ^ =A -

N = A'-' 
A/-1wt 1 0 A

\ / 

■^i+i 1 \ , ^ A" ^ 
= A'--1 

\ "'/+i V A' ) I ^ y 
We can satisfy the equality if 

A' = eA — / 

which is equivalent to 

A - A/| - 0. (3.40) 
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Thus if Ai is an eigenvalue of N,(3.39) is a solution of (3.36); and since the 

latter equation is homogeneous,the most general solution is tlie linear combination 

zi ̂ aA[+i3A[. (3.41) 

Hence let us find An;- They satisfy (3.40)and so are given by 

A =I±[(|)'-f]'" (3.42) 

Now guess(to be verified by self-consistency)that {e/2f < /; and use the fact that 

f — exp(—ft) to write (3.42) as 

, e e 

Ai,2 -
'2 

(3.43) 

(3.44) 

where 

cos$ — . (3.45)
0 

Rearranging(3.37) gives A' as a function of 6*; and hence we get (3.35). 

Following our supposition we have obtained complex eigenvalues Ai,2; in order 

for c; to lie real, we set cv = /?*, or 

"= = if;-" (3.46) 

and we use a."boundary condition"[Ecp (3.32)] to determine 6. From(3.41),(3.44), 

and (3.46) we have 

1 1 

or 

zi = cos{ld-V (})) (3.47) 

We note that (3.47) is true for / > 1 only, since it was obtained from (3.34) 

which does not contain zq. Hence we have two equations (3.31),(3.32) to specify (j) 

and zo- First rewrite (3.32).so that it takes the form of(3.33): 

-ac -2o -f (c^ -- A)-1 — bcz2=0 
-C J 
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Since this is of theform(3.33) which is solved by(3.47),it is satisfied if the quantity 

in square brackets is (3.47)evaluated at I -0. Thus 

-zq = cos(p 

2iVo+l 
'0 — 

Nn " 
cos(p (1 e^)cos d (3.48) 

The generalization of(3.47) and (3.4S) iIS 

z,:=(1+ e^(5,^.o)e-®'''cos(/6' -f 6) (3.49) 

These are the (infinitely many) eigenvectors of M2M1. parameterized by 6; and 

thus, by Eq. (3.26), we ha,ve specified half of the components of the eigenvectors of 

A—once we pin down (p. Let us do that first; Eq. (3.31) is now 

(a — cos6)~ hce ■' ros(t? + ^) = 0 
a 

^■v•hose solution is 

tcincp — [cos 9 + I sin 9 
ah b 

or, using (3.28-3.30), 

tan 4, = |e°'^(2 + e") - cos«(2c''' + 1))/ sin « (3.60) 

Now Ave want the upper half {y) of the eigenvector x in Eq. (3.25). Rewrite 
(3.24) as 

Define 

0 

M2 

ilfi 

0 

\ 
y 

= A. 
/ 

y 

\ - / 
(3.51) 

£/ = 1 + e'^di=o 

(a notation which will be used repeatedly) so that 

(3.52) 

(MP)u = - (3.53) 
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Then the upper half of(3.51) is 

—zi = XaVi 
El 

or 

yt 

so that 

m:r±(^) ^ cos{W+(j)) (3.54) 
[ m \ 

cos{W -f 0) 

Hence,for each 0, \vc g(h one eigenvector/eigenvalue pair for tire scpiare matrix 

Ms-Afi, and two [using(3.26),(3.54)] for the matrix A whose dimension is twice that 

of l\I2M^. 

Here we notice that putting \2\ — 0 into(3.26)does not give two eigenvalues; ie, 

for the matrix .4. the A .1 -- 0eigenvalue has multiplicit}- two. Hence we need another 

eigem'cctor for a. complete solution. Since .4 is not Hermitian, it is not necessarily 

true that tlierc twir linearly independent eigenvectors for a double eigenvalue [46]; 

and in fact, in finding .1^', we found only one. There is not another eigenvector for 

A. To complete the solution we need to introduce a. "generalized eigenvector" [46]. 

We want to solve an equation of the form (3.17), and A,[- 0] is a double root of 

the characteristic equation. Alodify (3.19) to read 

X = + a^S (3.55) 
'Aj 

S - +826-^^' (3.56) 

We show that tlie vector 5 solves (3.17): 

S' = (Si - X,zSi)e-^''- X,S2e-^^' 

= —XjzSiC 4"(S*! — AjS'2)e 

-.45 = -ASize-^^'- AS2e-^^' 

Hence we have a solution if 

-.45, -XjSi and — y452= 5i — XjS2 
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or 

{A-X,I)S, = 0 (3.57) 

{A-\,I)S2 = -Si (3.5S) 

Thus Si is the eigenvector corresponding to Xj ; and S2 is the generalized eigen 

vector for Xj. In our case, Xj=0,5i =.7°, and we seek S2 such that 

\ / \ 
0 Ml -Gt 

y
AS2 = -.70 -k 

M2 0 =•5 

/ \ *- 1 
giving 

■5 _ i.'-Glyf = he 

and 

-L le 
-Gt 

"-i using (3.53) 

or 

S, (3.59)
-hn .-Gl 

\ 2.V0-I-I / 
Now we can write the general form for the solution as 

A(^) — h^X + c/o(~A -f 5*2)
/" (W 

CV),v+(9) + Z3{«)r(«)
-TT ^TT 

Now change notation [since we will not refer to Eqs. (3.28-3.30) again] as follows: 

hok -)- ciok' h 

aok ~a{2NoXl) 

X21 X 

and use the fact that, since 4>{—9) = —c!)(^), are even in 0. These chanffCS 

give the general solution as 

Fiiz) = [h-a{2No + l)z]e-''' 

2.5 
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^ dd cos{W+(p)+(2A^o+ [
Jo0 TT MO) 

-D{e)e+V^)^ (3.60) 

Gl{z) = eiae + le ( — cos(W+(p)
Jo TT 

X (3.61) 

3.3 Sum Rules and Orthogonality Relations 

In this section we derive a number of results which arc critical to obtaining and 

interpreting the solution to the transport problem. First we consider 

OO 

El = Xl£,e-^'/2cos(/0+d) 
/=0 

cc 

= ̂  (.os(W (p)+e"cos(p 
1=0 

= S2+ cos(p 

S2 = 
1=0 

1 

1 — . 

cos(/'(l — e-'^/^cos^) — sinb(c sin(9) 
(1-e-^/2 cos^)'^ +{e-^'d-2 

1 — cos$-tan(p sin Oc~'^0^ 
= cos(p 

1 _2e-G/2cos^+ c-'^ 

where 3? means the real part. Using (3.50), the numerator is 

-e^cos(ple-'^ -hi- ^1 

so that 

So = —M cos(p 

or 

Si = cQs{W -f <;5) = 0 (3.62) 
1=0 
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We can use (3.62) and the fact that 

op 
=-~-G (3-63) 

1 — t
.'=0 

to obtain from (3.60) and(3.61) two important sum rules for F and G\ 

Eg = 
1=0 

ae'^ 
(3,64)

l-e-^ 

Sf = 
1=0 

.G 

= [6--o(2Ao+ 1)::]-
c 

,-G1 -c~ 

can comment on the physical meaning of these. The particle density n{z) 

and particle current j{z) are given from tlie DF f(k.;)by 

n{z) - [" dkf{k,z) (3.66)
J — OC' 

2(~) = r dk—f(k,z] (3.67)
./-X, m ' ^ 

or 

n{z) = / dk[f{k,z)+f{~k.z)] 
J0Jrco h 
0 m 

-In energ}'space 

"« = I dE(^f'^F(E,z} 
}(z) = / 

roo

dEG(E,z)
JO 

We have let Fi = t'o + ^<^o- Thus 

FCO ^ rzz<0 

/ dE= Y2 de 
Jo Jo 0 
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which gives 

(3.68) 

/•'^O ^ j{z) = / dsoY^Giiz) (3.69) 
;=o 

The former is not in the form of a derived sum rule. The latter, however, is, 

giving 

aijjQe 

(3.70)
1 — 

which may be regarded as a definition of a. Note that, since electron numl^er 

conservation is built into the theorj'^, the current is independent of We do not 

have a closed form for n(~); however it clearly is determined by both constants h 

and a. Hence the two constants give us the freedom to specify both current and 

densitj^ (at some point) tor the problem. 

We will need an orthogonality relation to obtain the constants C[d) and D[6) 

from boundary conditions on F and G. We state it bekwv; 

i;cos(/6'+6)cos{W'+(p') —■ —6(0 — 6') (3.71) 
;=o 

First we show that V 0 if ^ 9^ 9': 

/=U 

- + e*"' COS (j) cos (p' 
cx* 

Fs = liin {exp[7/(^ + 9') + i{(}) + </>') - 18] 
/:rU 

+ Gxp[il{9 - 9') + i(d - (f>') - W]} 

lim 3? + 
5—0 1 - eW)e-5 1 - e'(^-«')e-« 

cos s — cos(5 — s) COS d — cos(D — d) 
2 - 2 cos 5 2 - 2 cos T> 

where 

s = <p + (j)' S = 9 + 9' 

d = (h-<p' D = 9-9' 
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After much algebra one obt«auis 

^ _ 2cos (;i cos 9i)'[—2e'^(cos0 — cos^')^] 
4(cos9 — cos 9')'^ 

= — cos cos(/>' 

so that 

Sf= E3+ cos(j)cos =0 

Next we examine the special point 9 = 9'. As we are seeking a ^-function we 

will neglect all finite quantities. 

lim Ei = lim : 
S'—O e-o'—a 

lim lim 3? 
05—0 1 _ e'(6-0')^-s 

= lim 'R 
5—0 d -i{9-9') 

S 
lim 
5-u 62+ _ 0>y2 

- IH0~9') 

Actually we get 

E5= i[6(A-0')+6(^+0')] 
but we will neglect the second term as we restrict the range to 0 < 9,9' < tt. 

Now we apply (3.71) to (3.61) in order to get the constants, C{9)and D{9), in 

terms of G: 

2^G',(z)e^''/2 cos(/(?+^)= 
1=00 

'>0 

•2^eiae-^"^\os(l9+(f)) 
1=0 

-\/Xz Asz+De 
Jo TT 

+21''Ac 

X^ cqs{19'+ A)cos{l9+ A) 
1=0 
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so 

oo 

2Y2Gi{z)e^'/'cos{l9+(l>) ̂ C'(^)e- (3.72) 
1^0 

Similarly, using(3.60) we get 

2?^^E ««(;«+ 4>)= 
-^^^0+1 1=0 

C'(^)e-\A(^-- _ D{e)e\^^' (3.73) 

Hence,given F and G at a point .r, we can calcuate F and G for any 5 using(3.60), 

(3.61), (3.72), and (3.73). 

3.4 Boundary Conditions 

It would seem from the alcove that the proljlem is completely solved; but in 

fact it is not. The remaining difficulty is connected with the fact that there are 

many boundaries in the problem, rather than simply two; and each requires a set 

of iDoundary conditions to specify the complete solution. 

The extra boundaries arise because any solution to Eq.(3.17)is only valid over a 

region for which the labeling of the discrete energy indices is valid. Such a region is 

limited because, as V(yz) varies with r bj' an amount ecpial to u.'o, new levels appear 

or disappear. The case for constant electric field is shown in Fig. 3.1. Note that, 

in this figure, we introduce a convention to be used henceforth, that current flow is 

to the right. Eq. (3.17) singles out the I — 0 level as that one which cannot emit 

a phonon. As soon as V changes by a sufficient amount, that constraint no longer 

holds, the particles on that level can emit a phonon, and hence the level must be 

relabeled so that (3.17) may again be applied to it. 

The vertical lines in Fig. 3.1 denote those values zj at which a new level appears, 

at which point the levels must be relabeled. Since the scattering conditions are not 

continuous across these boundaries zj, a solution to Eq. (3.17) is valid only for 

the region between two adjacent boundaries. To get a feeling for the magnitudes 
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2 3 
4. 

0 
+-

T 

0 
■f 

0 

j+1 
V(z) 

Figure 3.1; Staging for constant electric field. The potential profile is shown 

for constant field as a solid line of constant slope. The horizontal lines are discrete 

energy levels spaced uq apart; the vertical lines mark the stage boundaries, where 

new levels appear. 
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involved, suppose that a constnut field of 10'^ V/cm is applied, and that ocq =.063 

eV [Si]. Then the width Aj between Zj and Zj+j is .063 /.im. A 1-pin device (with 

one volt across it) would thus be divided into wlO stages. 

In matching the solution across the stage boundaries, we assume that the mag 

nitudes of F and G are continuous at the boundary. We cannot assume that the 

derivatives are continuous, however, since the scattering conditions change discon-

tinuously at the boundary. We let Ff be the value just to the left of the boundary, 

Fi^ that value just to the right, with V decreasing to the right as in Fig. 3.1; and 

similarly for G. The l)oundary condition is then 

Fr - T+J (.3.74) 

Gf - Ct',+ 1 (3.75) 

Clearly the(-) values determine all the (-f) values except G'd and F^ . \Ye note 

that 

nc«
EG,- =Eor= 
1=0 1=0 ^ ^ 

which gives, using (3.75), 

Gq — 0. (3.76) 

Wecannot obtain a similar resultfor Fq because the constants b arc stage-dependent, 

reflecting the fact that the density 77,(2) can vary with 2. Hence we define bj as the 

value appropriate for the region to the right of zj. Since, in the expression (3.60) 

for Fi, the combination 

b — a{2No -f 1)2 

always occurs together, we can also absorb the constant [-o(27\'o+ 1)-,] into b,, so 

that z measures the distance from the nearest match point to the left. 

Now the sum rule (3.65) applied immediately to the left of 2,+] gives 

■°F„~ + E-er = [6, - n(2JV„ + 1)A,]-
e/=() ^ 

-G 
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where 

^j+i -j (3.77) 

and immediatelj- to the right v,e have 

1=0 ^ ^ 

Taking the difference, and using (3.74) to cancel terms, we get 

e°(1 + e°)F,t = /■>- + - h, + a(2N„ + 1)A,)j-— (3.7S) 
which, assuming that the solution is known uj:) to 2j+i, contains two unknowns, 
Fq and bj^i. Thus a solution for stage j docs not determine the solution for stage 

(i + !)• We will have more to say about this in the Discussion; for now we wish to 
show that the solution is fully determined for the constant-field (CF) case. 

By "constant field' we mean no \'ariation in field over an infinite range in 
clearly a. constant slope over a. finite region would have perturbations in F and 

G in the finite j'egion due to the boundaries. In the CF case, the solution is iiot 

independent of r:, due to the discretization of the problem. The solution is howtu'cr 

clearly periodic, with period A = Cj+i — 2, = constant. This means that, since we 

have absorbed the constant 2 offsets into the 

^>1 = 'b+i (3.79) 

so that, using (.3.5.5) and F^ = F^, we get 

„, aA 

+ (137^- (3-so) 
We thus have all the ingredients for a comi:)lete solution to the CF problem, for 

arbitrary field strength. The implementation of this solution will be described 

in the following section. We note here that the non-CF problem has so far not 

yielded a self-consistent solution, essentially due to the boundary-condition dilemma 
presented above. 

33 



3.5 Constant Field Solution 

We concentrate on the solution iminecliatelj' to the right of the stage 

boundary. We wish to express this ciuantity in terms of the one immediately to the 

right of the previous stage boundary, Ah Having done so we will equate the two 

and thereby obtain a self-consistent solution to the CF problem. Schematically, we 

seek an expression of the form 

_fj+i =.Y-'+i(:Yha,/;,A) (.3.81) 

Given such a relation, we choose b (density) and A {oc. 1/F, where F is the electric 

field), and then impose periodicity: 

A=A(A,rt,GA) (3.82) 

and self-consistently determine A' and a. 

First we derive an expression of tlK> form (3.81). Basically this involves combin 

ing expressions like (3.GO) and (3.01) with (3.72) and (3.73). For compactness we 

introduce the notation 

F)= F/(.y+(!)') (3.83) 

=-^/(g +^ ~ ^) (3.84) 

F^= +8) (3.85) 

where 8 is infinitesimal; and similarly for G. W'e. can also choose Zj= 0. Then Eqs. 

(3.60-3.61) become, at z= A, 

Fr = [b-a{2No = l)A]e-^''+(2A^o+ l)e-^'/' 
dO^-^ ^^cos{W+6)f" ^,cos(/6'-h e> 

Vx 
GY = eiae-^"+ 

X I —[C -f D]cos(/^ -(- (f)) (3.87) 
Jo 7T 
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where 

c -

D = 

Evaluating (3.72) and (3.73) at ̂ =0 gives 

cos(W + <f>)\Gt +siFt 
1=0 -'^0+ 1 
CO 

m = j;eO'/:cos(»+(4)[G,-£,F,:-^i
1=0 -^^0+ i 

Sul)stituting and simplifying, we get 

CC' 

Fr - [6-a{2No+l)A]e-^'+ 
rn—O 

X / —[2ernFm cosli(\/AA)-26',„ .sinli(\/AA)]
Jo TT \/A 

X cos{W +(f))cos{md+(p) 

-Gl 
CO 

^-Gl/2^Gml2Ct^ — ClGC €I ^ ^ 
m=0 

d0 /~\X / —[26,„cosh(>/AA)- 2£.,nF,n sinli(V^A)]
^0 7r H" 1 

X cos{l6+(l>)cos{m9+ p) 

Due to matching at the boundary, the above eeiuations are equal to F^^-^ and 

resiDectively. Thus the(j+1)amplitudes are 

F+ = [b- a{2No+l)A]e-^f'-^'+ ■I) 

m=0 

X / —[6mFm cosh(\/A A) - ° "I" — sinh( \/AA)]
Jo TT \y \ 

X cos[(/ — 1)^ + (j)] cos{mO + (j)) (3.88) 
CO 

at = + 2£,_i £ eG/2(m+l-/) 

Tn=0 

X f —[Gm cosh(A/AA) - £mF„i sinh(\/AA)1
Jo TT 2A'o + 1 

X cos[(/ — 1)6 + (j)] cos{m6 + cp) (3.89) 
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These equations, plus(3.7G) and (3.SO)for Gq and , totally determine 

in terms of AT We can write them compactly as 

A^+^ =iV(A)A^+ciL+bK (3.90) 

which is in the form (3.81) which we sought. 

Since A'"'"' = A-' for the CF case, we get 

C-CF 
aUL+hUK (3.91) 

where 

U = (3.92) 

Choice of the field F fixes A according to 

A- (3.93) 

which in turn determines A and U. Now inspection of(3.91) gives the impression 

that we are free to choose both a and h. However,given h and A,there is a unique 

value for a which will produce an X'^'^ satisfying the sum rule (3.04). Hence, as 

expected, density and field determine the current. 

To find a, we define 

^ F ̂  o 

Ab UL (3.94) 
Ga 

'F ^ 
Ab = UK (3.95)

\Gb j 

so that 

A^^=aA,+ bXf (3.96) 

The sum rule recpiires 

Sg — _ ̂_(3 — "^(Gn)/+ b'^{Gb)l 
!=0 1=0 
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or in more compact notation 

af=aSoa+ bT,Gb 

so that 

/ — ̂ Ga 

We set b = 1 since it simply scales the solution with the density. Then, given 

A,Eq. (3.97) suffices to determine a and hence X'^^. As a check we can apply a 

similar approach to to get 
.f-sFb 

a (3.9S)
^Fa 

For moderate fields the two expressions (3.97) and (3.9S) could be calculated to 

agree to four or more figures. The low-field case was problematic, as discussed in 

the next section. 

3.6 Numerical Results 

In order to generate numl.:)ers with the above solution we need to specify the 

phonon energy t^'o, the lattice temperature T, and the dimensionless electric field 

1/A. There are no l^oundary conditions other than periodicity for the CF case. \^'e 

choose u-'o =0.063e\, the value for optical phonons in silicon. 

Figure 3.2 shows the dimensionless current vs. the dimensionless field, for dif 

ferent lattice (phonon) temperatures: 100, 200, and 300 K. The solid line is the 

result from (3.97) and (3.9S) above. For 1/A ~ 0.1, or A ~ 10, we find that the 

good agreement between the two sum rules begins to fail. The reason is that the 

entries of the matrix iY vary as exp(A)and so get very large for small fields(large 

A). The resulting inversion to obtain U becomes inaccurate at small fields, giving 

unreliable results. Numerically, for silicon, assuming ~ lOOA, this occurs for 

fields F"~ 6 X 10'^ V/cm. Note that the field enters the solution only in the form 

exp(l/F), which cannot be exiDanded in positive powers of F. 
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Figure 3.2: Current as a function of field 1/A for three lattice temperatures. The 

solid lines axe from the full(matrix)Boltzmann solution; they join the low-field ap 

proximation ofMahan at 1/A ~ 0.1. Currentsaturation is apparent;the saturation 

current is only weakly temperature-dependent. 
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The dashed lines in Fig 3.2 are from an analytical, small-field perturbation 

solution obtained by Mahan [43] to second order in F. The low-field expansion 

agrees well with the high- field results at 1/A ~ 0.1. We find, in agreement with 

previous experimental and theoretical results (Chapter 2), that the current satu 

rates at large fields, and that the saturation value is at most weakly temperature-

dependent. This saturation current is expected to prevail until other mechanisms 

come into play at very large fields, such as impact ionization or velocity runaway 

(Chapter 4). 

When the values of Ft obtained from are plotted on a semilog scale, the 

results are well fitted by a straight line for all fields examined,implying that 

Ft ~ exp(-/u.'u/Te), 

a?, the electrons have a Maxwellian distiiljution which allows the definition of an 

electron temperature Tg. Plots ofF field arc .shown in Figure 3.3, for phonon 

Lemperatures Tp —100,200, and 300 K. 

We find the somewhat surprising result that, for small fields, the electron tem 

perature is lower that the lattice temperature,c^'cn when carrier energy is measured 

in the lattice frame. The Tg results are plotted, for low fields, down to the point at 

which the solution begins to fail. The lowest temi:)eratures found, respectively, for 

Tp —100,200,and 300K,are 100, 19C, and 293 K.The phenomenon of"field-induced 

electron cooling" has been obtained in other theoretical calculations (Chapter 2); 

the effect, if real, is small and would be difficult to measure. 

Finally,for illustrative purposes we plot in Figure 3.4 the amplitudes F)and Gi 

for a single stage; the parameters in this case are T=300K and A = 5. The results 

were obtained from Eq. (3.90), replacing A by r. We note that the amplitudes 

match (as they should) if an identical stage is repeated on either side. Note also 

the discontinuity in dGi/dz and dF-i/dz across the l:>oundary, due to the creation 

of the new level. 
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in a single stage for T=300K and 1/A = 0.2. The complete solution consists of 
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3.7 Discussion and Summary 

We have presented a solution to the BoItziiifUin equation for one-dimensional 

flow subject to optical phonon scattering. We assume forward and backward scat 

tering are equally probabable {a = 1), thus complementing the earlier work by 

Mahan [2] which assumed forward scattering only (cv = 0). We have carried the 

solution through to completion for the constant-field case, while a self-consistent 

solution for the case of arbitrary field profile has remained elusive. 

The constant-fleld results show the well-known phenomenon of current satu 

ration in a realistic way. The approach to saturation is retarded with increasing 

lattice temperature, while the saturation current is nearly temperature- indepen 

dent. The good agreement of our results with experiment thus adds further weight 

to the importance of optical phonons in high-field transi)ort. 

The CF solutions have a Maxwellian shape with a well-defined electron temper 

ature Tg. This quantity is found to be sliglith- lower than the lattice temperature at 

moderate fields; it then increases with increasing field in roughly parabolic fashion. 

The phenomenon of "electron cooling' has Ircen predicted before, by various mod 

els; to our knowledge it has not been olrserved. Our model differs from previous 

predictions in three ways. We do not measure energy with respect to CM motion, 

as do others; we find the amount of cooling hicrcases with increasing lattice temper 

ature; and,the model begins to fail numerically rouglily in the center of the region 

in field for which cooling is predicted. The problem is interesting and deserves more 

attention; however the predicted magnitude of cooling is small,and,if it is accurate, 

probably cannot be detected. 

A comparison of the present results with the CF results for cv =0 will be done 

in Chapter 4. The a = 1 case is analogous to isotropic (deformation potential) 

scattering in higher dimension, while the forward-scattering (cv = 0) case is more 

representative of polar scattering. The more general case 0 < cv < 1, while soluble 
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by the same technique, is more complicated and has not been done; one expects 

results intermediate to the two extreme cases. 

An important difference in the a — 0 case is that /+ and /" are decoupled, 

thus halving the dimension of the problem and the number of boundary conditions 

required [2], Without backscattering,information flows only in one direction; hence 

one can assume an equilibrium distribution just to the left of the point where a 

finite fleld begins. This assumption, plus the simpler boundary conditions at the 

match point, enabled a solution of the 0=0 case for aiTitrary fleld profile. 

The same has not been possible with l^ackscattering included. The distribu 

tion can be assumed known only asymptotically far from a disturbance in either 

direction. Thus, with the doubled requirement for l)oundary conditions, it appears 

that a solution must specify the distriluitions at r = Too and then solve for the 

intervening values so as to be consistent with both limits. 

43 



Chapter 4 

Runaway 

4.1 Introduction 

In previous work we have obtained exact solutions to the Boltzinann equation in 

one dimension.f(U' the case of constant electric field and scattering l^y dispcrsionless 

optical phonons. In this work the parameter a characterizes the relatm-e prol)ability 

of backward scattering to that offorward scattering; we obtained solutionsfor a =0 

[2] and a = 1 [43]. Similar theoretical works include a recent, one-dimensional 

relaxation-time solution [34] and a number of 3-D calculations [3.5,47.4S,49,50,5l]. 

It was early recognized by Frohlich [19] that optical phonons hy th(miseh-es 

cannot stabilize the carrier population in the face of arbitrarily large fields. For STif-

ficiently large fields, an electron is expected to gain more energy between scattering 

events than it can lose to an optical phonon upon scattering; hence the velocity dis 

tribution becomes unstable at large fields. This situation is given the name "velocity-

runaway" or simply "runaway". 

The prediction by Frohlich ofrunawayfrom optical phonons is supported by sev 

eral subsecpient calculations,including an elaborate quantum-mechanical treatment 

by Thornber and Feynman [22], a numerical calculation by Ferry [50] leased on a 

method of Rees [52], and a recent Monte Carlo calculation by Fitting and Friemann 
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[51]. Experimental study ofrunaway is clearly more difficult, since other dissipative 

phenomena invariably arise in bulk materials to mask the electron-phonon insta 

bility. In devices with small channel length, runaway should appear in the form 

of an increase in measured velocity with increasing channel length, in contrast to 

the velocity overshoot phenomenon in which electron velocity drops with increasing 

channel length [23]. 

The most thoroughly studied material, both experimentally and theoretically, 

on the question of runaway is silicon dioxide [10,20,48,50,51,53-57]. A rather clear 

picture has emerged from the recent work by the IBM workers [20,54,55,50,57], 

involving electron velocity runaway setting in at about the theoretically predicted 

threshold field [20,51,53],followed by stabilization of the carrier population at high 

energies due to nonpolar coupling to acoustic phonons [20,50,57]. This picture is 

credible since(i)the sharp increase in electron energy at threshold has l^een obser^■ed 

[20]; (ii) the probabilitj' of acoustic phonon emission is approximately jjioportional 
to the carrier energy [59]: (iii) the nonpolar scattering is isotropic, and thus more 

effective at stabilizing the earner velocities than the predominantly forward polar 
optical scatering [50]. 

In our one-dimensional theory, anisotropic, forward scattering corresponds to 
the a = 0 case, while isotropic scattering is modeled by setting a = 1. We find it of 

interest to examine the question of runaway in one dimension for the two extremes. 

4.2 Results and Discussion 

For a = 0, the threshold field for runaway is predicted from the relation (energy 
gained per mean free path) = (energy lost to phonon), or 

/JL_\ _ eErhio _ ^ 
\AJrk tiiu'o 

where 1/A is a dimensionless parameter related to the electric field E, the scattering 
length ^0, and the phonon energy hcco, and Th signifies "at threshold."' ^¥e have 
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solved the a = 0 case in two ways; (i) by finding the spatial dependence of the 

distribution, beginning at the point x = 0 where the field begins [2]; and (ii) by 

determining the steady distribution which results from a constant field of infinite 

spatial extent. The former calculation (i) involves beginning with an equilibrium 

distribution at the lattice temperature at x =0(where there is no field for a: < 0) 

and finding the distribution for each subsequent stage using the method of Ref. [2], 

The latter method (ii) is that employed in Ref. [4-3]: a steady solution is assumed to 

exist which is periodic, with the period being one stage(= htOo/eE)-, the periodicity 

IS then exploited to find the solution using matrix inversion [43]. 

Figure 4.1 shows the results from calculations of type (i) which are pertinent 

to the question of runaway. The condition of stability implies that solution (i) 

converges to that in (ii) for large x: this condition is illustrated for 1/A = O.S in 

Fig. 4.1a. Instability (runaway) is reflectoxl in as absence of solution (ii), while 

the distribution found in (i) is characterized Iry an average energy which increases 

without limit with increasing x, as shown for 1/A = 1.2(Fig. 4.1b). 

For the case a = 1 we have not solved the case(i) that the field is a step function 

in X, but only the steady-field case (ii) [43]. Figure 4.2 compares results for the 

steady-field solution (ii), for q =0 and a = 1. We have plotted the inverse electron 

temperature vs. electric field (1/A) for each case. The electron temperature is 

obtained from the slope of a, semi-log plot of the electron distribution (log /; vs. 

/); whenever a steady solution is obtained, such plots are linear, corresponding to a 

Maxwellian electron distribution characterized by a temperature E. 

We see from Fig. 4.2 that Te —> oo as Fi —> Eth for the forward-scattering case 

0= 0(with no steady solution for E > Ejh), indicating that forward scattering 

alone cannot stabilize the carrier distribution. For the case a = 1 (isotropic scat 

tering),a stable carrier distribution may be found up to the largest field examined, 

so that there is no evidence of runaway for this case. 

Hence our results for the 1-D Boltzmann equation are in accord with the earlier 
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Figure 4.1: Evolution of the electron distribution from a step in field. The curves 

show the particle distribution /(x,/) at a distance x from where a constant field 

begins. The number by each curve gives the distance x in units of the number of 

stages; G= huJo/kBTi,=2.50, and a=0(no backscattering).(a)1/A = 0.8. Here 

the field is less than the critical value(1.0)and there is no runaway;the distribution 

approaches a Maocwellian form at large x. (b)1/A = 1.2. Runaway occurs when 

1/A > 1. At increasing distance the peak of the distribution moves to increasing 

energy. 
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Figure 4.2; Runaway as reflected in electron temperature. The inverse electron 

temperature 1/Te, normalized to the lattice temperature Tl(300K),is plotted vs. 

the field parameter 1/A; G = 2.43. 0= 0 represents no backscattering; a = 1 

represents isotropic (in ID)scattering. For forward scattering only, Tg —* oo as 

1/A —> 1.0, signifying runaway. For a= 1 the distribution is stable to arbitrarily 

large fields. The low-field behavior(dashed line,1/A < 0.1)is extrapolated. 
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predictions of runaway from polar optical phonons,and with the understanding of 

runaway which has been obtained for Si02. Since polar coupling results predom 

inantly in forward scattering, it is best modeled by the case a = 0, which gives 

runaway above a threshold field(1/A = 1)[58]. No runaway is found for the case 

of isotropic scattering(a= 1), which we have shown,in one dimension at least, to 

be capable of stal^ilizing the carrier distribution for very large fields. 

Results of a 1-D calculation are suggestive at best. Those real systems which 

are best modeled by one-dimensional flow are probably dominated by anisotropic, 

forward scattering, and hence more prone to runaway. Such systems should include 

the more strongly polar crystals, ie ionic crystals among insulators, and III-V and 

II-VI semiconductors. In the case of semiconductors other scattering mechanisms 

(intervalley and nonpolar optical) need to be considered as well [60,61]. 
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Chapter 5 

Time-dependent Theory of Hot 

Electrons Using the Discrete 

Boltzmann Equation 

5.1 Introduction 

Excitation of semiconductors by light of energy liuJex > Eg, where Eg is the 

band gap of the material, results in a nonequilibrium population of photoexcited 

carriers, which then relax towards equilibrium via various scattering mechanisms 

[29,62]. The study ofsuch systems under photoexcitation is of considerable interest 

for the information which may be gained concerning the scattering mechanisms and 

dynamics of nonequilibrium carriers in semiconductors. In polar semiconductors, 

under certain,commonly met conditions,the scattering of electrons in the conduc 

tion band is dominated by polar optical phonon scattering. These conditions are 

that Ec(the electron energy relative to the bottom ofthe band)is greater than hwop, 

the phonon energy(assumed constant), but less than that energy which is sufficient 

for intervalley transitions; and that carrier densities, either from doping or from 

photoexcitation, are low,so that carrier-carrier scattering is not important. 
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The influence of optical phonon scattering appears in various forms,all of which 

involve periodic oscillations in spectra: oscillatory photoconductivity [63,64,65],os 

cillations in photoluminescencc intensity vs. energy of photoexcitation [66,65], and 

oscillations in luminescence intensity vs. luminescence energy [67,68,69,70,71]. The 

last-mentioned phenomenon is observed only for low carrier densities [68,69,70,71]. 

If the carrier density is too large, then carrier-carrier scattering, in which energy 

exchange occurs in arbitrary amounts,tends to wash out the discrete line structure 

of photolurninescence spectra; in the high-density limit, the spectra may be ana 

lyzed as arising from a Maxwellian distribution at a temperature above the lattice 

temperature [62,65]. The various scattering processes which affect the hot carrier 

distribution,and their interpretation in terms of observed photoluminescence spec 

tra, have been discussed in several review articles [29,62,75]. 

The present calculation applies to the low-carricr-density limit. Thesystem most 

commonly studied is lightly-doped p-gallium arsenide [69-74]. Steady photoexcita 

tion yields a photoluminescence spectrum consisting of a series of broadened lines, 

beginning below the excitation energy and sjjaccxl by the optical phonon en-

ergy Tiujop- These lines have been shown [73] to arisefrom recombination ofelectrons 

in the conduction band with neutral acceptors, ie,from the(e,.4°) transition. Since 

the acceptor level is essentially /t-independent,one obtains almost direct information 

on the hot electron distribution in the steady state; that is. 

/(e) oc n(t)H'',,,(£) (5.1) 

where I is the luminescence intensitj', n the electron distribution and Wca the 

transition rate from conduction band to acceptor level. Hence one must assume a 

model for the transition, based on a model for the acceptor wave function, 

in order to obtain n{e) from I{e). The commonly employed model [29,66,69,76] 

uses hydrogenic wave functions for the acceptor level and incorporates an effective 

acceptor mass itia [77,142]. Within the limits of a model for W,a,then,one obtains 

information on the electron distribution from luminescence spectra. 
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In this paper we show that an analytical solution to the Boltzmann equation 

due to Mahan [2] may be applied to the dynamics of photoexcited carriers in semi 

conductors. Mahan's solution applies to systems with no time dependence, and 

one-dimensional spatial dependence, in which optical phonon scattering is domi 

nant. Since the optical phonon energy is treated as a constant,only discrete energy 

levels need be considered; hence the term "discrete Boltzmann equation"(DBE). 

In the following we show that the DBE applies equally well to systems which are 

isotropic(no spatial dependence), but time-dependent, as long as optical phonons 

remain the dominant scattering mechanism. Using the DBE we will obtain the 

time-dependent electron distribution for both pulsed and steady photoexcitation. 

Since the LO-phonon scattering time (top) ~ 100 fs [69], direct time-resolved 

photoluminescence spectra from photoexcited carriers have not been obtained on a 

time scale which enables the observation of phonon-dominated transients. Carrier 

dynamics have been studied on nano- and picosecond time scales [65,78,79,80]. Pho 

toexcited phonon populations have been studied on the sul^picosecond time scale 

by Kash et al [81] and Collins and Yu [82]. Erskine, Taylor and Tang measured 

carrier lifetimes, due to phonon and intervalley scattering, on the order of tens of 

femtoseconds, using a pulse correlation technique [83]. Finally, we mention the ex 

periment of Oudar et al [84], who measured subpicosecond relaxation phenomena 

for photoexcited carriers at energies €c < hiOop. 

Theoretical treatments of photoexcited carriers have been confined primarily to 

numerical solutions [29,85,86]. Levinson and Levinsky have shown that, where the 

phonon population is small(low T,and small non-equililjrium densities), 

/ N Topi^n) 5 < £ /K rv\
"(en)~ (5.2) 

0, en> e* 

where £„ is the discrete carrier energy = (e* — ntiUop), and £* is the energy of 

the photoexcited electrons [87,88]. Eq. (5.2) is valid only for the steady-state 

solution under steady illumination. It describes a rectangular distribution (if r^p ~ 
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independent of e), which,to the level of approximation assumed,shows agreement 

with experimental results [67,69,71], and with our calculation (see below). Our 

solution neglects the non-equilibrium phonons generated by the excited electrons, 

but incorporates scattering from thermal phonons at large T [2]. 

The theoretical treatment of Collins and Yu [82] is most similar to ours. They 

find an analytical solution to the Boltzmann equation for a discrete electron distri 

bution (ie, scattering only by LO phonons), which is linearized in the distribution 

function. Their work differs from ours in the following respects, (i) They consider 

only spontaneous emission of phonons,which restricts the applicability of the result 

to low T. (ii) Their solution is only valid for a pulsed excitation 6{t). (iii) They 

extended their formulation to incorporate intervalley scattering and non-parabolic 

band structures, and solved the resulting equations numerically, (iv) They also 

derived and soh'cd the linearized Boltzmann equation for the phonon distribution, 

and compared the results with experimental Raman-scattering data. 

Our method, as noted above, is not restricted to low temperatures. Further, 

it may be applied to excitations of arbitrary time dependence, although in the 

following we treat only pulsed and steady excitations. 

5.2 Pulsed Excitation 

In the case that the distribution depends only upon time, the Boltzmann equa 

tion is 

(5.3) 
WVscatt. 

Discretizing the above, we get [2] 

= -^[iVo-b(iVo-bl)0(/-l)] 
-f ̂ [iVo0(/-l)]-b^(A'o+l) (5.4) 

''"/-I Ti+i 
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where 0(a:) is the step function, Nq = the phonon occupation number=[exp(G)— 

1]~\ and G= fiuJop/kT. 

Next we make the reasonable assumption [89] that r/ = constant = r; then, 

normalizing time so that r — 1, we get 

/=-Mf (5.5) 

where M is an infinite, tridiagonal matrix identical to that of Eq. (5.7)in Ref. [2]. 

Hence one knows immediately,from Ref. [2], that 

fi{t)= C'oc°'+ /" — cos(/0+ <t>) (5.6)
Jo TT 

where 

. +1-2c^'/- cos0 
A((i} - — 

-1 

niui 

— cos6 
tan o= 

sin9 

using the spectrum of eigen^'alues and eigenfunctions of Af. The eigenvalues of AI 

consist of a discrete value A = 0, and a continuous spectrum of values A = '^(^)-

The constants Co and C{9)then need to be determined by initial conditions. 

If we rewrite (5.6) as 

(19
m^CofoA- l -C[9)e-^«'fe (5.7' 

JO i\ 

where fo,fe are eigenvectors corresponding to A = 0,A = A((9), respectively, then 

we find that 

foio — 1 (5.8) 

hfe =0 (5.9) 

fefo =0 (5.10) 
TT 

8{9- 9') (5.11) 
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if 

/o=(l-e-^)( l 1 1 ...) (5.12) 

and 

{fe)^ = e^'^\os{W+ <l)) (5.13) 
ie these are the left eigenvectors of M. Then, evaluating (5.7) at t =0 and multi 

plying on the left by fo, we get 
CO 

Ce-2fof{0)= cos(/^+ ^6)/i(0). (5.14) 
1=0 

If we multiplj' by fo we get 

Co =km=(1-e-®) /,(0). (5.15) 
1=0 

Now we imagine an initial distribution /(O) injected into an empty band by a 

short pulse oflight,where the pulse time is small compared to r. For monochromatic 

light we have that 

fi{0)= aSin (5.16) 

ie the light populates only the nth level. Clearly, C'o = o(l — e""^). Eq. (5.14) 

becomes 

Co = 2e^'"/2 cosine+6) (5.17) 

so that 

r~ fiefi{t)= Coe"*^' -|- J cos(/^ -|- f)cos(n0 -|- f). (5.18) 

Eq. (5.18) is the complete solution for the initial condition (5.16). 

5.3 Steady Excitation 

In the case of continuous illumination, which is more typical of experiments, 

carriers are injected into the conduction l^ancl at a steady rate. Hence we rewrite 

(5.5) as 

/+Mf= k (5.19) 
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where k is a constant vector representing the steady injection of carriers by pho-

toexcitation; for monochromatic illumination k has only one nonzero entry. 

Eq. (5.19) has no steady-state solution,since we are exciting a system possess 

ing a A = 0 eigenvalue with the frequency w = 0. More physically, we have not 

provided a mechanism for carriers to leave the band; without one, the population 

grows indefinitely. Hence we must add a term representing radiative recombination; 

however, we will neglect other possibilities (eg, intervalley transitions). So (5.19) 

becomes 

f+(A/°+ M')f= k (5.20) 

where d/" is the matrix of Section 2[Eq. (7), Ref. [2]] and M'is a diagonal matrix 

representing recombination. We write (5.20) in a form suggesting a perturbative 

treatment, since radiative transitions are very slow relative to plionon scattering 

(ic, 

Thus we let 

Aq = Aq Aq = Aq (b-21) 

Xe = A^+ A^ (5.22) 

and 

fo = /o+/o (5.23) 

fe = fS+fe (5.24) 

and similarly for left eigenvectors. If we assume that (5.S)-(5.11) hold for the 

perturbed system,and the band is assumed empty at t = 0, then it is easily shown 

that the solution to Eq. (5.20) is 

m = 

dO ~ - /l — -

which,given the perturbed eigensystem,is a complete solution. 
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First-order perturbation theory gives 

CO 

,\i = (5.26) 
1=0 

\'o = 0. (5.27) 

Since [2] A° ~ 1, while Aq ~ 10~®, we see that Eq. (5.25) consists of a part 

which evolves slowly, at the rate Aq, and a fast part which is basically driven by 

phonon scattering. Physically, the occurrence of the two very different time scales 

reflects the fact that the phonon scattering is very much faster (by ~ 10®) than 

recombination. 

As a first approximation,then, we set f'g = =0,ie we assume no perturbation 

to the phonon dynamics. The perturbation on fo is found to be 

ifl),=-£ f + 
;)i-0 Jo Ti Aff 

while 

(/^),=(l-c-®';)e^'(/l);. (5.29) 

As noted aboie, A® ~ 1; the approximation improves with decreasing tempera 

ture [90]. If we remove A® from (5.28), the remaining integral is known analyticall}' 

[2], and we get 

^—Gl I ^~GL \ 
CO 

^— (/i), ~ M: 
m—0 

= i-Ml,+ (5..30) 

which is parallel to f®; hence 

Jo-/o =(1-e~^)( 1 1 1 • • • ) (5.31) 

Eqs. (5.25)-(5.27),(5.30),(5.31)thus constitute an approximate solution for steady 

excitation. 

https://5.25)-(5.27


5.4 Numerical Results 

First, we show a numerical example for the solution in Sec. 2to a pulsed initial 

state. The pulsed solution (5.18) requires only the specification oi G={%uJop)/kT, 

and an initial density a. Fig. 5.1 shows a solution for tiujop =.037 eV (GaAs), 

T=300K,a = 1/(1 — e~^) and 77 (the pulsed level)= 5. It should be emphasized 

that the distribution is actually a set of discrete points; the continuous curves 

are added as an aid to the eye. The distribution relaxes smoothly towards the 

equilibrium distribution (e"*^'); however note that it is still significantly different 

from equilibrium after 10 scattering times. 

It should be noted that this solution,normalized to an energy-independent scat 

tering time Top, is nevertheless not equivcilent to the relaxation-time approximation 

[86]. Fig. 5.2 shows the relaxation time solution to the DBE,for the same initial 

condition; it consists of a decaying spike and a growing Maxwell-Boltzmann dis 

tribution. In the relaxation time approximation interactions between energy levels 

are not modeled, unlike the present formalism; the result is a more rapid, but less 

physical, approach to equilibrium. 

To our knowledge, experimental resolution of the carrier distribution on this 

time scale (rgp ~ 100 fs) has not been achieved. We may compare our results with 

those obtained by Lugli and Ferry [85], who have solved the same problem using a 

Monte Carlo technique, both with and without e-e sciittering; their results without 

e-e scattering are qualitatively similar to ours. Ulbrich has solved a similar problem 

numerically,except that the initial spike is at low energy(5 meV)and scattering is 

by acoustic phonons [76]. 

The second example we treat is the solution for steady illumination (5.25). It 

requires a knowledge of the matrix elements M/;, ie the recombination rates. We 

choose to model transitionsfrom the conduction band to an acceptor impurity level, 

as this phenomenon is typical of experiments [69-74]. For these transition rates we 

used expressionsfrom Dumke [142], normalized to Top = 10"^^ sec. 
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Figure 5.1: Time-dependent solution for pulsed excitation. The electron distribu 

tion decays from an initial spike at /=5, < = 0; ̂ u^op = .037 eV,T = 300K. The 

distribution is discrete in energy; the smooth curves axe a visual aid. 
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Figure 5.2: Relaxation-time approximation. The same conditions apply as in Fig. 

5.1; the absence of interaction among the levels is evident. 
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In Figs. 5.3 and 5.4 we show time-dependent solutionsfor an initially unoccupied 

band,into which carriers are injected at a steady rate at the level I — S(e = ShtOop), 

for GaAs, at T=77K and 300K, respectively. The distribution achieves a broad 

plateau, at either temperature, after ~ lOrop. However at room temperature the 

plateau is masked by a slow-growing quasithermal distribution which appears after 

much longer times(~ 10'Top). At 77K this same distribution appears but falls 

more rapidly with energy,so that the plateau persists; note the resemblance to the 

rectangular distribution mentioned in Sec. 1. 

The approximations used in the perturbation solution are considered acceptable 

if the results converge to the steady-state distribution. The latter may be obtained 

by solving (5.20) sulDject to /=0, ie 

Mf={M''+ M')f= k. (5..32) 

Eq. (5.32) is soluljle Iw matrix inversion, as the addition of M'makes the matrix 

nonsingular. For temperatures below ~ 50K, we find that it is not a good ap 

proximation to use the unperturbed fe and fe eigenvectors in the time-dependent 

solution [Eq. (5.25)]. We have analytical expressions for these vectors, to first order 

in i\f', but have not implemented them numerically. 

Steady-state results are easily available at any temperature from (5.32). Also, it 

is possible to drop the assumption that Top is independent of energy, in the steady-

state case. Fig. 5.5 shows the steady-state distribution for injection at / = S, for 

T=.30K. Results are plotted for three cases: 

(i) 'i'op = constant 

(ii) Mean free path = constant= v{e)r{e) where f;(£) is the group velocity. This 

gives 

1 ^ ^ VEIL (5,33) 
T/(£) constant constant 

In the results shown in Fig. 5.5 we used SI= 1/2 so that I/tq ̂ 0, and normalized 

to l/rg = 1. 
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Figure 5.3: Electron distribution vs. time, for steady injection at / = 8; GaAs, 

T=77K. 
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63 



 

1.6 

A 

—1.5 

—1.4 
A 

o 

1.3 

A□o 
o 1.2 

A□ 

1.1 

A 

1.0 □ □ □ □ □ o 
O 

O 
O 

o 0 

1 1 1 1 1 1 1 10.8 

2 3 4 5 6 7 8 

Jt 
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(iii) I/to,,= -2$>(S)or 

1 (const) (/+3/2)1/2+(;+1/2)1/2 
A^oln 

'op (/ +3/2)1/2 _(/+1/2)1/2^Th-1/2 
(/-1/2)1/2+(/+1/2)1/^

+(iVo+1)In (5.34)
(/ +1/2)1/2-(/-1/2)1/2 

where ̂ (E) is the imaginary part of the electron self-energy, obtained for single-

plionon scattering by Mahan [91], and as in (ii), we used 61= 1/2 and set rs= 1. 

Fig. 5.6 shows the discrete luminescence spectra obtained from the distrilmtions 

of Fig. 5.5, using Eq. (5.1) and the transition rates d//;. The results resemble the 

sixx-tra in Rcf. [73]; however, the differences among models (i)-(iii) for r.^p are less 

olwious in these spectra than they are in Fig. 5.5. There are other pulilished spectra 

for which the resemblance is weaker. In Ref. [72] the peaks are very Inroad and not 

well resoh'ed. while in Ref. [69](Fig. 1)onlj'the first three peaks are not masked by 

iuminescence from electrons excited from the light-hole band. Figure 3 of the same 

source [69], the luminescence spectrum of carriers injected l^y intervalley transitions 

from the L valley, is not similar to our Fig. 5.6, being considerably flatter. 

The Leningrad workers used Eq. (5.1) and models for TTq..! to obtain the distri 

bution 77(f)from their spectra [69,71]. Using an expression for Wca similar to ours, 

they obtained a distribution (Fig. 4, Ref. [69]) very much like that of (iii) in Fig. 

5.5; the agreement is not as good with a different model [71]. Nevertheless both 

models used by them, and the three reported here in the steady-state calculation, 

give essentially indistinguishable results on the coarser scale of Fig. 5.3, ie a very 

flat distribution above the "pileup" at the bottom of the band. 

We have not done time-dependent calculations for T<77K.The steady-state re 

sults merely approximate a rectangular electron distribution more and more closely 

as T—>0,showing no qualitative differencefrom the temperature regime in which we 

have time-dependent results. Further work on the low-temperature,time-dependent 

solution may be warranted as experimental techniques advance to yield comparable 

information experimentally. Similarly,more detailed comparison of steady-state re-
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correspond to the distributions of Fig. 5.5, obtained from Eq. (5.1) and Mh (see 
text). 
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suits requires better modeling of the transition rate between the conduction band 

and the acceptor level. 

5.5 Conclusions 

We have presented a theory for the time dependence of the nonequilibrium 

electron distribution, which is valid for the case of dilute carrier concentrations 

such that carrier-carrier scattering is unimportant. Our solution is analytical and 

thus avoids the computational l:>urden of numerical solutions. It is also more general 

than previous analytical work in the following ways. Both the time-dependent and 

the steady-state solution are readily olDtained in our approach, with the steach" 

solution serving as an independent check of the time-dependent calculation. Our 

DDE solution is not restricted to low temi^eratures. We have solved both the case 

ofsteady excitation and the delta-function case; and the approach may be extended 

to a time-dependent excitation of ail)itrary form (eg, a broadened pulse). Hence, 

although it will perhaps always l^e necessary to resort to numerical solutions in 

order to incorporate all possil:)le scattering mechanisms,our approach represents an 

attractive and flexible solution for systems in which oi5tical phonon scattering is 

dominant. 

Such systems correspond to an important class ofexperimentally realizable cases 

which have been and remain of considcralrle interest, both for their pertinence to the 

understanding of practical devices involving hot electrons, and for the improvement 

in understanding of basic physical processes which they offer. Further steps toward 

the merging of theoretical and experimental insight will recjuire, on the theoretical 

side, refinements in models for recoml3ination rates, and on the experimental side, 

advances in femtosecond spectroscopy. 
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Chapter 6 

Introduction to Part II 

The concept of screening is of fundamental importance in understanding the 

response of solids (and plasmas) to charged perturbations. The l^asic, intuitively 

ol.>^■iorlS notion is that charge carriers (henceforth, electrons) which can move or 

distort their configuration in response to a pertuiTing electric field, will do so in 

such a way as to cancel the field at large distances [4], A more difficult problem is 

to describe accurately and quantitatively the screening response of (dcctrons to a 

gi^'en per turbat ion. 

The prol>lem of a point charge impurity is clearly one of the simplest that can 

be posed; and yet this problem is both highly pertinent in describing real physical 

phenomena in solids, and not yet fully solved. Hence the point impurity problem 

remains one of current interest. 

'We simplify the problem considerably by restricting our consideration to metals. 

The Fermi temperature of metals is sufficiently large (~ 10''K) that we can neglect 

temperature effects and treat the problem at T=0. In order to simplify further 

we concentrate on the electron-electron interaction and neglect the lattice: we take 

the "jellium model, consisting of a homogeneous sea of electrons imbedded in a 

rigid, strud urcless background of positive charge. This model has some validity as 

a repiesentation for simple metals (s and p electrons). 
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The case of a static, point imimrity has been the subject of considerable effort. 

Friedel[92], using scattering theory,first predicted that the screening charge around 

an impurity would be oscillatory in and gave its asymptotic limit for large r as 

COs(2^'f7'+(/>)
Sp{r) 

J.3 

where kf is the Fermi wavevector, and <j) is (for a spherically symmetric impurity 

potential) the s-wave phase shift [4], Subsequently the commonest approach has 

been to use the linear screening approxiination as embodied in the(linear)dielectric 

function e{q). The earliest example of this approach is the work of hanger and 

Vosko [93], who found Spir) in two models. One is called the "random phase 

approximation" or RPA [4]; the RPA is essentially a mean-field (Hartree) theory 

which neglects both exchange and the effects of local correlations between electrons, 

hanger and Vosko also used the work of Hubbard [94] to include some effects of 

exchange on the screening: in modern notation, they modified the RPA form with 

a "local-field correction" G{q)[4], 

Further work in linear dielectric theory has concentrated primarily on improving 

the local-field factor G{q), to include not only exchange but correlation effects as 

well. Examples which include 8p calculations are [95,90,97]. The 8p results for 

various G{(i) tend to l^e qualitatively quite similar. 

There have been efforts to go beyond the linear approximation;since the smallest 

impurity charge is of magnitude one(which cannot be considered infinitesimal!), it 

cannot be assumed that linear-resi^onse theory is adequate. Sjolander and Stott 

[98] jserformed calculations for both finite and infinite impurity mass. Thej^ used 

essentially a mean-field approach in two versions; they found large differences from 

the linear result. Their work was extended bj'^ Bhattacharyya and Singwi [99], who 

obtained good agreement with positron-annihilation data by including three-body 

correlations. 

Density-functionaltheory(DFT)[100],which hasshown success in a wide variety 

of applications [101], has been applied to the point-impurity prol:)leni. Almbladh et 
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al [102]found the screening of a proton in the electron gas, using the local-density 

approximation(LDA)[Kohn and Sham in [100]] for the exchange-and-correlation 

potential. Jena and Singwi [103] treated the same problem, using the first-order 

term in a gradient expansion for which the LDA is zeroth-order; their results were 

very similar. Variations on the point-impurity problem include the work of Bryant 

and Mahan[104], who gave special treatment in the LDA to the valence electrons of 

the centralion; and that of Norskov [105],who,using a Green's-functionformulation 

of the DFT,was able to treat non-spherically-symmetric perturbations such as two 

close protons. Finally we mention work on the somewhat different problem of 

determining the excitation spectrum of the jellium/point-impurity sj'stem, which 

has been approached using a dielectric formulation [106], and using DFT [107]. 

Thus we find the point-impurity problem applied to a variety of physical ques 

tions: Knight shifts due to positive muons[103], NMR spectra [108], positron anni 

hilation rates in metals [98,99], heats of.solution [102] and other properties [105] of 

hydrogen in metals, soft x-ray alxsorption(SXA)and emission(SXE)spectra [104], 

and the stopping power of metals for impinging (slow) ions [109]. We also find 

a clear consensus that, for these static screening calculations, the linear api:)roxi-

mation gives results which are markedly different from those of the less restricted 

nonlinear theories. This appears to be a clear signal that even Z=1 is too large for 

linear-response theory. 

Dynamic screening calculations are less frequently found in the literature. Time-

dependent calculations cire readily performed in the linear approximation using the 

dynamic dielectric function e{q,Lo). An example is the RPA calculation of the 

perturbed wake of a fast-moving ion in the electron gas by Mazarro et al [110]. 

The work of Noguera et al [ill] is similar to the present work. They calculate 

the dynamic screening ofa suddenh'-created dipole system consisting ofa point core 

hole and an ejected photoelectron which has a constant, classical velocity. A linear 

screening model is used, with the plasmon-pole approximation for the dielectric 
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function. The classical model for the photoelectron is most appropriate when the 

latter is highly energetic. Our work applies to the sameregime,since we assume that 

the photoelectron leaves the core hole with infinite velocity. We then concentrate 

on the dynamic screening response of the electron gas to the core hole, in the linear 

approximation. 

A self-consistent,time-dependent nonlinear theory, which is equalin rigor to the 

DFT of the ground state,remains to be developed and tested [101,112]; a linearized 

version has been presented [113]. Calculations of dynamic screening in metals which 

are similar in approach to a time-dependent DFT include the ciuasistatic version of 

Ying [114], and a linearized model by Mukhopadhyay and Lundqvist [115]. From 

the resultsfound in the static case, we expect linear models to Ire oflimited validity; 

hence progress in a nonlinear dynamic theory is desirable. 

The dynamic screening ofconduction electrons is clearly offundamental interest. 

In x-ray spectra, for example, we find a variety of coupled physical processes of 

widely varying energy(and hence time)scales; some of these processes are included 

m the screening response. Most theories (see Chapter 7) of x-ray spectra neglect 

the dynamics of screening. The effects of transients in screening on the resulting 

spectra are thus not well understood. 

The present work is an attempt to accurately depict the dynamics of core-hole 

screening in the electron gas. It is plausible, but remains to be tested, that the 

traiisieni nature of the screening behavior may be -well described by a linear theory, 

although the amplitudes are not. Chapter 7 is an article wdiich has been submitted 

for publication, containing a description of the approach employed, the numerical 

residts, and their implications. It is followed by two appendices giving,respectively, 

the details of the analytical derivations, and the numerical methods employed. 
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Chapter 7 

Time-dependent Screening in the 

Electron Gas 

7.1 Introduction 

The absorption and emission of X-rays by simple metals have received extensive 

theoretical and experimental attention,particularly since the prediction ofthreshold 

singularities in absorption(SXA)and emission(SXE)sj^ectra by Mahan [116] and 

Nozieres and DeDomenicis [117](MND). The field has been re\-iewed l^y Mahan 

[IIS] in an early article, and more recently by Wilkins [119]. 

In this paper we wish to consider the various processes that are involved in the 

absorption of an X-ray photon by a metal,and in particular the time scales that are 

relevant for these processes. We shall see that the A'arious theoretical approaches 

may be characterized by the approximations used for these time scales; and we 

shall present a description of the time dependence of the screening response of the 

electron gas, which is based on the assumption that the ejected photoelectron has 

infinite velocity, i.e., that it leaves the vicinity of the core hole instantly. 

The first event in X-ray absorption is the actual absorption of the photon, with 

concomitant transfer of energy to a(we assume only one) core electron. The time 
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scale for this process is [ill] 7v ~ 10~^° s. As this time is much smaller than 

any other pertinent time scale it is universally approximated as = 0. We then 

consider several events whicli may or may not overlap in time: the relaxation of 

the remaining core electrons (characterized by Tee), the departure of the energetic 

electron (re), and the screening response of the conduction electrons in the metal 

(tsc)- Since the energy scale is much larger for core than for conduction electrons, 

it is generally reasonable [111] to take Tee Tjc- It is commonly assumed [104,111] 

that Tsc ~ ^ where tc'p is the plasmafrequency of the electron gas; we will return 

to this question below. The problem is that 

0~ Te < oo 

with the lower limit appb'ing to a highly energetic photoelectron (far from thresh 

old),and the upper limit being the adiabatic limit which is approached as the X-ray 

energy approaches the ionization threshold from above [120], Thus we may ha-\"e 

> 1 >
Te < Tee, aiicl < r... 

On a longer time scale we again find several processes which may compete [121]; 

the relaxation of the lattice via phonon emission [122] (xp), and the decay of the 

core hole through cither Auger(r^)or radiative(xr) mechanisms[123]. These time 

scales are more pertinent to the emission process and will generally be treated as 

infinite in the following. 

The MND theory takes x^^ = x^ = 0, i.e., the core hole is assumed to ap 

pear fully screened, and conduction electron phase shifts are calculated accordingly 

[124,125]. This theoi•y is generally successful in describing SXA and SXE spectra, 

near threshold (where Xg —> oo). Farther from threshold one uses the "final-state 

rule," a one-particle formalism, to calculate spectra [126,127,128]; this theory also 

neglects the dynamics of screening. It is perhaps remarkable that these theories 

succeed as well as they do, since between them they include an energy region(and 

hence a region of Xg) where Xg ~ x^,-. In this region it seems unlikely that a model 

based solely upon static screening would yield the correct phj'sics. This apparent 
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contradiction is partially resolved Ijy the work of Minnliagen [125] and Shung and 

Langreth [129], who show that the theory, at least as applied to X-ray photoemis-

sion spectra(XPS),is compatible with dynamical screening for some distance from 

threshold. 

Gadzuk and Sunjic(GS)[120] have attempted to deal with a wide range of 

photoelectron departure rates using a parameter (where r] ~ 1/t^)- They predict 

observable differences from the prediction of the "sudden" (77 > oo, Tg —> 0)theory 

for XPS spectra,for rj ~ 2Ef,where Ep is the Fermi energy. It is not clear, however, 

that photoelectrons with ?/ < '2Ep are sufficiently energetic to escape the solid 

surface and be detected. A further problem is that their calculation is based upon a 

theory [130] which again assumes instantaneous screening,i.e., 77 ~ u.'p ~ Ep; 

hence the reliability of the results for 77 < Ep is unclear. 

Finally, we mention the work of Noguera et al [111]. They gave the ejected 

electron a classical (constant) velocity v and then used linear response theory to 

find the response of the electron gas to the two perturbing point charges. 

Pext{rJ)-60(0(5(7")-6{f- vt)), (7.1) 

where the first term is the core hole, and 0(0 is the step function. With this 

semiclassical model they could incorporate both dynamic screening and a wide range 

of Tg (by varying |i"|); thus they could study the interaction of the two processes 

at comparable time scales. This enabled them to estimate the parameter 77 of GS, 

and also to examine critically the theory ofEXAFS(extended X-ray absorption fine 

structure)[131]. 

The present work is an improvement on that of Noguera et al. in that we use 

better dielectric functions to model the dynamic screening process,though we retain 

the linear screening formalism. However,we do not treat the outgoing electron, i.e., 

we let Tg 0 (or \v\ > 00) in (7.1). Thus we treat, in linear I'esponse, the time 

dependence of the screening charge response to the perturbing charge 

peTi{f,t)= (7.2) 
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7.2 Theory 

In linear response theory 

PeTt{(I-. <^)
Pt{q,^)= Pextiq,'^)+^5(5,^')= 

e{q,uj) 

or 

1 
psi^q-,^^ — Pext{q)^') -1 (7.3) 

where p is a charge density and subscripts t, ext, s rcf(>r to "total," "external," and 

"screening," respectively. 

The Fourier transform of(7.2) gives 

i 
Pext{q;^') — (7.4)

u.' +id 

where 6 is a positive infinitesimal and we ha\-e let e (the electronic charge)= 1. 

Substituting(7.4)into(7.3)and taking the inver.se transform,we get, after some 

manipulation(see Appendix B), 

Ps{r,t) = —0(0 / clqq sin qr
TT"'?- Jo 

1"^ diO 
[1 — cos(a,'0]. (7.5)

Jo iC Aq-' 

The spectral function S!r(l/e) consists of a continuum part, representing e-h pair 

excitations, and a plasmon peak for certain values [4]. Hence we can find the 

separate contributions to from each type of excitation: 

QjT) 
Ps 
eh

= /
roo

dqq si qrsm 
tt^R Jo 

/•"2 dO. 1 
X / — 0 [1 — cos(a''Or)], (7.6)

JQi h AQ^^), 
Q(T) fQc ̂  1 — cos(n'OQT)

nV _ OdOsinOn (7.7) 

Here we have changed to dimensionless quantities (sec Appendix B); the charge 

densities are scaled to kp, wliere kp is the Fermi wavevcctor. 

ro 
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Now we take 

1+«,G(5)P(4,u') 

where a,is the Fourier transform ofthe Coulomb potential, P(q,u;)is the Lindhard 

function [132], and G(q)is the(static)local-field correction to the RPA [133], Using 

(7.8), we can numerically integrate (7.6)and (7.7) to find the two charge densities. 

7.3 Results and Discussion 

For the function G{q)in Eq.(7.8) we have used two choices: G =0(the random 

phase approximation or RPA)and a parameterized version due to Yashishta and 

Singwi [134], G = Gvs{q)- Other parameterized expressions for G{q) are available 

[96,135,136]; however, since the results for G = 0 and for G = Gys differ only 

slighth", these other choices were not explored. 

The electron density is reflected in the parameter which is small for high 

densities. We chose to examine a moderately high density, Vg = 3(close to Li at 

r.s = 3.24). and a low density, tq =6(close to Cs at /■« = 5.63) [137]. 
In Figs. 7.1-7.3 we show the time development of the three densities peh, p^-, and 

p' — p''' -f in the RPA approximation, for Vg = 3. Note that the plasmon part 
is expanded in scale by a factor of 30. 

In Figs. 7.4-7.6 we attempt to render more clearly the time dependence of the 
three quantities, by plotting the values at 7?, = 0 vs T = ujpt. The absolute 
values at 7?, = 0 cannot be considered reliable when computed from linear response 
theory [102]; however, the time dependence is more likely to be reliable. The time 
dependence of the values at 7? = 0 is illustrative of the behavior for general 7?, as 
may be seen in Figs. 7.1-7.3. 

Several points are of interest from the results of Figs. 7.1-7.6. First, the e-
h contribution essentially determines the behavior of the total screening charge 
p': the plasmon part is on the order of 3%. From Figs. 7.1-7.3 we see that the 
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Figure 7.1: Plasmon screening charge for small R and T;RPA,r,=3. 

78 



0.130 

,eh 

T 0 

06 

04 

0 

0.000 

-0.005 
2.5 

R=kpr 

Figure 7.2: Electron-hole pair screening charge for small R and T; RPA,r,=3. 
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Figure 7.4: Time dependence of plasmon screening charge at i?=0; RPA,r,=3. 
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Figure 7.5: Time dependence of e-h screening charge at i?=0; RPA,r,=3. 
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Figure 7.6: Time dependence of total screening charge at /?=0; RPA,r,=3. 
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spatial oscillations in cind (>'' teud to interfere destructively,leading to small net 

oscillations in p'. This was found to be true even at T —> oo [138]. 

The plasmon part, unsurprisingly,is more lightly damped than in both sj^ace 

and time. For T > 6,further oscillations in time are essentially due to plasmons; 

however,they are of order 10"h 

The rise time {t^c) of is essentially that of the first peak in Fig. 7.6 

occurs at T ~ 2 or t On the fast-rising, heavily-damped e-h part there is 

superimposed a small,long-time "ringing" from the plasmons. In the ideal electron 

gas this ringing could persist to the time scale of core hole decay (for some metals 

[123]r4 ~ 10 0. In real metals, however,the plasmon excitations are expected to 

be more heavily damped,due l)oth to band structure effects [139]and to the presence 

of an imaginary part in a realistic, dynamic local-field correction G{q,u:)[133,140]. 

Hence we expect, since r,. ~ 74, that there would be little observable effect from 

persistent screening transients in the emission spectra of simple metals. A similar 

conclusion was reached l^y due and Doniach [141] using manj'-body perturbation 

theor}^ 

For Vs = 3, the results for G= Gys are very close to those in the RPA,differing 

slightly in vertical scale [138]; hence they are not shown. The plasmon ringing is 

somewhat more lightly damped using the local-field correction. This difference in 

plasmon damping is more pronounced in the low-density case, = 6. Figure 7.7 

shows the time dependence of p'{R = 0)for = 6, using G = Gvsiq)', 

compared with Fig. 7.6. The reduction in plasmon damping seen in Fig. 7.7 arises 

from the decreased dispersion of the ijlasmon curve for this case. The plasmon 

dispersion curves for = 6, calculated numerically from the equation ci — 0, are 

plotted in Fig. 7.8; the reduction in dispersion with the addition of G\'s is evident. 

Thus we find that, using the more realistic dielectric function {G = Gys)-, the 

long-time ringing is more pronounced at low electron density. This observation 

is reminiscent of the tendency for enhanced long-range spatial oscillations with 
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Figure 7.7: Time dependence of total screening charge at il=0; G= Gvsi fs =6. 
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decreasing gas density, seen in static screening calculations [138]. We note that 

the rise time of the screening chLarge, and the relative weight of the plasinon part, 

changes little in doubling 1\. 

We note finally that our results corroborate the intuitive notion that t^c ~ uj~^, 

as well as the results (.)f Noguera.et al [ill]. They find that a screening time to can 

be determined wliich is independent of photoelectron velocity v, and that 

'27r'

(.=0.15^-1..; 
In oui model the photoelectron has infinite velocity. Neglecting its interaction with 

the dynamic scrcxmiiig process enables us to calculate more carefully the response of 

the gas to the hole; our calculation is thus valid for Noguera ct ah,using a 

semiclassical modid.find that {to in their notation)is in(lti)cn(lc.nf of (which is 

proportional to 1/r)over the entire range of including ~ r,,.. The interesting 

cpiesrion, not addressed hy their model,is whether significant resonance or interfer 

ence effects ma}- arise from the interaction of a quantmn-mechanical photoeh-ctron 

witli the cor(^ hole and the screening gas, in the energy regime ~ 
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Appendices 



Appendix A 

Mathematical Details for Section 

5.3 

In this appendix we provide the details of the derivations in Section 5.3. In 

particular we shall present the perturbation analysis in order to show the nature of 

the approximations made. 

First we describe briefly the matrix elements Mh = l/r/, where t; is the lifetime 

of energy level I for radiative recomlrination with an acceptor level. Dumke [142] 

obtains the transition prolaalrility per unit time, per electromagnetic mode, for 

spontaneous emission as 

64^/2n'eH>'\P,,\'Sihio+E.,-Eg-E,) 
nhnn,u:(mAEAf/'^[l+(m,EjmAEA)Y 

where [Pc^P is the average of the (scpiarcd) matrix element of the momentum oper 

ator between valence and conduction bands, Tiuj is the emitted photon energy, Ea 

is the acceptor level measured from the top of the valence band,Eg the band gap, 

Ec the conduction electron energy from the bottom of the conduction band, n is 

the index of refraction, m the bare electron mass, 7??.4 an equivalent acceptor mass, 

and trie the effective conduction band mass. 

The inverse lifetime is then olrtained l)j' summing over electromagnetic modes 

98 



�

 

 

and multiplying by the acceptoi concentration ua 

— - -- ua fd{h.u>)Wc,ApiTiiji!) (A.2)
T]t. J 

where 

p{hu)= /TT^hx? 

is the photon density of states per unit volume. The matrix element \Pcv\^ is ob 

tained for isotropic bands from the f-sum rule [143]: 

where 7 is a valence band index, and a single conduction band is assumed; the 

subscript 0 means the k =0 value. 

We choose to model gallium arsenide. We take n = (12.6)^/^, Eo = 1.51eV, 

E'..i=0.04eA'^, ??7.,4=0.47?7?, mc=.072m,ua = lO^'cm"^. We include three hole bands 

in (A.3): a light-hole and heavy- hole band, and a split-off band at A=0.34eV 

below the light and heavy bands. Then,normalizing to the phonon scattering rate 

7/Top = 10^'^sec~\ we get 

1 _ 4.17 X +1-49) 
te, {1+ A.55EoY ^ ^ 

(Ec in eV), which becomes 1/r/ = when Ec is expressed in terms of the inte 

ger index /. Note that M/; is on the order of lO"'', which justifies the first-order 

perturbation theory employed in the following. 

Next we derive Eq. (5.18). We write 

f{i)= co(t)./o + / —C0{t)fo (A.5)
Jo TT 

Then 

' PE rin 

f+Mf = Cofo -f / cWCgfo 
Jo IT 

r /■"■ cW 
+ ^oCo.fo + / —^ecofd 

Jo TT 

- k (A.6) 
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Multii)lying l)y /q gives 

c'o + AqCo = jok 

which is solved to give 

co = e-^°'fdt'e^°''fokit') (A.7)
J0 

if k is time-dependent; or,for constant k , 

Co =fok i j (A.8) 
In the above it is assumed Co(0) -- C0(O)=0,ie the band is initially unoccupied. A 

similar deri'wation gives 

2g-^e< f(ik{t') k time-dependent 

\——j constant 
Eqs. (A.5),(A.8), and (A.9) are ecpiivalcnt to Eq. (5.18). 

Finally we find the eigensystem of M = df"+M'by pertiuEation theory. The 

perturbed system is defined by Eqs. (5.21-5.24) and we wish it to satisfy the 

orthogonality relations (5.8-5.11), as does the unperturlted system. We wish to 

solve 

Mfx =\fx (A.10) 

or 

(M"+A/')(/l+4)=(A°+ A')(/t+.fl) (A.ll) 

which to first order gives 

(M°- A°)/]-f(M'- A')./? =0 (A.12) 

A'lultiplving bv gives 

V=» (A.13)
/?/J 

This expression is meaningful if the denominator is finite. For A = Aq = 0, the 

denominator is unity, and we get Eq. (5.26). For A = A(0), we write 

a;= hm 
EiIoCOs2(/^+ d) ^ ^ 
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We know the denominator grows without bound. The numerator,however,is finite, 

since [see Eq. (A.4)] 

M'tiil go)—>(const) X 

Hence we obtain 

Ae =0. (A.15) 

Now we seek the perturbed right and left eigenvectors. We assume the perturba 

tion vectors are orthogonal to the corresponding unperturbed vectors. For example, 

we expand /g as 

/]= /" (A.16)
Jo 7r 

Substituting into(A.12) gives 

I' = -{A/'-K)fS 

Multiplying by /°,, and then dropping the prime, gives 

do(0)X'o = 

or 

CO 

MO)= E cos(W -f <?!.) (A.17) 
1=0 

which, combined with (A.16), gives Eq. (5.28). A similar derivation, starting from 

the transpose of Eq. (A.16), gives Eq. (5.29). We note that 

/o/o =fSfi+ +iSfl= 1 (A.IS) 

since the latter two terms are orthogonal vector products. 

Now expand 
^ /•T (IQ'
/;="0./J+P/ (A.19)

Jo TT 

where the symbolP means to omit the point 6=6'from the integral. Substitution 

into(A.12)gives 
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C'rW 

- ■! P / —«»(«')1^S. - ASl/], = 0 (A.20)
./() TT 

Now multiply by fg„, where 0" 7^ 0: we get 

1r,('o(0 — A°] — —fgnM'f^ 

or 

771 = 0 0 6 

Multiplying (A.20) by /" gives 

f'o 

COs(777(9 + 
(A.22)

A? 

SO that, filially, 

" I TT AJ-AJ, 
'X' 

/\ ^ f/x2 ^ cos{rn6 + <p) cos{7ri6' + 
mr7i 

J)1=0 

r,7 
e 

+ 
Ag 

CO 

X y d ^e-'=)A-4„e-=»/^cos(m« + .s4) (A.23) 
771=0 

A similar calculation gives 

ife)i = e^'(/1)/ (A.24) 
Since the cost/benefit ratio of computing these ciuantities seems high, they are 

neglected in the remainder of the calculation. However their denominators (which 
are oc can become very small at low temperatures. Hence the neglect of fg 
^iicl fg leads to poor results at low temperature, as discussed in Section 5.4. We 
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have verified the following relationships: 

fofe = fofo =0 (A.25) 
TT 

fofe> = -6') (A.26) 

Hence the perturbed system satisfies (5.S)-(5.11). 
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Appendix B 

Details of Section 7.2 

This appendix contains details of the derivations in Sec. 7.2. We drop the vector 

notation in e{q,u;) as there is no angular dependence; then, putting (7.4)into (7.3) 

and double transforming gives 

1 7 ..T f t f ^ 1 ̂ ' 
" fe{2'Kyrt?I'''''IJ J \e{q,u:) ) iS, 

Next we note that 

has the required propertiesfor the Kramers-Kronig relations(i.e.. it is the transform 

of a causal function, and it vanishes as u; —> oo)[4]. So, letting 

B{q,Lo)=B^q^u)+iB'iiq.uj) 

we have that 

5(5,w)-=--!_i Av'AbV) 
TT J--oo U ~ LO' iS 

which combined with (7.5) gives 

1 yco rcc' 
tutPs{r,t) - — / dqq sin qr / dwc 

47r T Jo J—oz' 
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_i r 
\U -i- iS TT J—oo to — tO^ -|- toJ 

X 

/CO1 /"^ 
div'B2{q.,u;')Aix^r Jq •CO 

_ —tO'troo 

clu!-
/. J—(-co (u.' -|- -|- l6^ 

Contour integration gives the quantity in square brackets as 

so that 

/CO
p3{r,t)= —52(g,a;)(l- (B.2)

2Tr^r Jo -CO to 

Now,since 

n / \ ^2(9,^^0
=- 0 . .2 ̂ (B.3)

ei+ei' 

where e{q,u:)= ei{q^u;)+i(2{q,io)-, then B-iiq,^' )is an odd function of to. This fact, 

applied to (B.2), gives Eq. (7.5) of the main text. 

In Ecis. (7.6) and (7.7), R = kpi\Q = q/kppT = tCpt-Q, = u;/Ep,u!g is defined 

by €i{q,i^q)=0 and £2(5,taj=0 ; 

u-v = linit<,'o 
7-0 

(i.e., the long-wavelength plasma frequency), ilq is defined analogously to to,, 

a-

a =
(12r,)i/2' 

a 4) ' 

and Tj is a dimensionless quantity defined by [4] 

S 1-7r(?qoo) — ,
3 n.Q 
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where uq is the uniform unperturbed density of the electron gas,and ciq is the Bohr 

radius; 

= max(0,Q^-2Q) 

ill ' Q2+2Q 

, , dei{Q,il) 
'1 Inr 

dil 
Q=Uc 

The limits on the il integral in (7.6) are the upper and lower bounds for the e-h 

continuum. To get (7.7), use (B..3) to note that 

7rS(il — Qq]
lim Bi= —7J'S(ei)= — 

dei(<3,Q) 

dQ Q-Qq 
C2—'0 

The upper limit(Qc)in (7.7) is the j^oint at which the plasmon curve meets the e-h 

continuum; i.e., 

Ql+2Q,= ilQ^. 

Finally, we can recover the steady-state result for from (7.5) as follows. For 

t 00, the term cos(a;t) will integrate to zero. Hence 

i clw
^5(7-,00)= —— / dqqsmqr I —Biiq^u))

2n-^r Jo J-00 u 

[cf Ecp (B.2)]. Since the residue of Bi is zero at u> = 0, the u> integral is equal to 

its principal part. Then a Kramers-Kronig transformation gives 

1 /"^
ps(r,co) = —— / dqq sin qrBi(q,0) 

ZTT'^r Jo 

The standard result [95] is Eq. (B.4) multiplied by (-1) to convert negative (elec 

tronic) charge densities to positive particle densities. We have done the same. 
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Appendix C 

Numerical Methods for Chapter 7 

111 this appendix we give the details of the numerical methods used to obtain 

the results in Chapter 7. 

We can find dej/dQ analytically. In the RPA we have 

€i — 1+/?[!+ u(Q)• Zp+ • L,„] (C.l) 

wher:e 

(C.2) 
TTd 

u(Cl) (J- _^_ iL _ (C.3)(,2(?"8"4Q ~ Sq\ 

v{Q,) (C.4)U(J"8 ^4Q"S,,\ 
n+{Q'+2Q)

Lp = In (C.5)n+(Q2 _ 2Q) 

and 

n-{Q^+2Q)
717)1 — In (C.6)

_Zl-{Q'-2Q) 

the expression for Lm being valid for the plasmon region where Q,> +2Q. So 

dfi 
,d\u'Lp + v'Lr^,+ uL'+ vL'J 

dZt 

107 



 

which amounts to 

de\ 1 9.. 1 9 
= 0 

dO, 

i-AQ) AQ 
+ U +V- (C.7)

Q'-AQ'-^-IQ^^+iV -AQ^--IQm+Q} 

Now write 

e{Q,9)= l+v,P{Q,9) (C.8) 

so 

d,{Q,9)^v,P;,{Q,9) (C.9) 

where 

P-Pr+ IPi (C.IO) 

and the prime signifies difFerentiation with respect to frecpienc}-. We introduce this 

notation in order to go beyond RPA. Let 

v,P{Cl9)
€g{Q,9) = 1-

1+ VqG{Q)P{Q,9) 

= ̂ Gi + pQi (C.ll) 

denote the real and imaginary parts of the dielectrc function which incorporates the 

local-field correction G{Q). In the plasmon region 

ec,= €2 = Pi^0. 

Hence 

v„P,R 1+v.HPn 
fGi = 1 — 

1 -f VgGPfl 1+ VqGPft 

where H=H{Q)— G{Q)— 1; then we get 

^Gi - -■{ (C.12)l + VgGPRY {l+VgGPnY 

where the omission of the subscript G in any e implies RPA, which is obtained by 
setting G{Q) — 0. 
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The quantity is useful in two ways. It enters directly into the calculation of 

the plasmon part of the screening in Eq. (7.7). It also may be used as part of a 

Newton-Raphson(NR)subroutine [144] to find the zeroes of ei(fl), ie to find the 

plasmon curve Qq. 

The value Qc !it which the plasmon curve enters the continuum is also the zero 

of a function, ie we set 

Q'+2Q-flQ=0; (C.13) 

however we cannot take the derivative of thisfunction. Hence we used a modification 

of Brent's algorithm from Press et al [145](henceforth PFTV)to find and Qq^. 

In the course of carrying out the numerical integration it was found that the 

NR algorithm (which is iteratir-e) was too slow to be called repeatedly. Hence the 

entire Qq curve, up to Og^. was fitted by a 30-term Chebyshev polynomial using 

a fitting routine from PFTV [145]; the coefficients were then used to calculate Qq 

in the course of the integration. The disagreement between fitted and NR values 

for fig was always less than 10~'. The determination of and the Chebyshev fit 

needs to be done only once for each choice of density (cj) and local- field factor 

G'(Q). 

The plasmon integral. l)oing a single integral, was readily accomplished. A 

variable-stcp-size Runge-Kutta method was used since the integrand was observed 

(by plotting it) to l)e oscillatory with a varying frequency. All the integration 

routines were obtained from PFTV [145]. 

The e-h double integral was treated as nested single integrals, with an outer(Q) 

integral and an inner (11) integral. The outer integral was broken into three parts 

as follows. A large-Q approximation was used for Q > Qi = 20, enabling most 

of the integration to be done analytically as described below. The interval 0 < 

Q < 20 was divided into two parts because the Q integrand (ie the inner integral) 

has a, discontinuous slope at Q — Qc, due to the sudden entrance of plasmon-like 

spectral weight. Each low-Q part wasintegrated using the same approach: Romberg 
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integration for the inner integral and Gaussian integration for the outer integral. 

This combination was found to be the fastest of several tested. It was possible 

to vary the order of the Gaussian integration automatically since algorithms were 

available [145] to calculate the abscissae and weight factors; hence the number of 

points was increased until a convergence criterion (10"'') was satisfied. 

Next we develop the large-Q integral. We note that Q, is of order in the e-h 

region; hence,for large Q,we get 

€i = 1+0{Q 

^2 = 0(Q-'), 

so that 

where means imaginary part. 

Furthermore,for large Q,(.2 ~ fa/, so we neglect any G'-dependence. The large-

Q integral is then 

~ Id / QdQsmQEa~-^R jQi 

1^2 cm I( n q2\ 
^ Jq, + 2 ~4^~TJ 
X[cos(a'lir) — 1] (C.15) 

or 

II — It — Ico (C.16) 

where It has the cosine term in the square brackets, and 1^^ the term unity. 

The inner integral in I^, gives 

hence 

Q' 
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or 

8 r,, 
-^OO 

3a^i? 
sin{Qi^R) RcosiQi^R) , R^ 

(C.17)X 2(3,. + 

using Gradshteyn and Ryziiik fl4C]; si(.r) is the sine integral, and we have used the 

fact that si(oo)=0 [147]. It follows that 

(C.18)
3mrQj^ 

Next we seek 

rs dQ . 
It - ■~TT7 /<n-^R Jch^ 

40- 40 0CHI 
X cos{a'QT) (C.19) 

We call the inner integral Iq-, it is 

Q̂ 2 , 2Iq = ^ cos.4 sin .0 ——sin.4 cos I? +—sin-4 sin B 
+ (l-^)ld(.4 + B)-a(.4-B)) (C.20) 

where 

/I = o'O'T (C.21) 

B = -la'QT (C.22) 

and ci(a:) is the cosine integral. We wrote simple iterative routines, using algorithms 
from Abramowitz and Stegun [147], to calculate ci(.r) and si(.r). 

The Q integral of Ij cannot be done analytically; we used Gaussian integration. 
The R = 0 value is obtained, as in the low-0 integrals, by replacing 

sin QR 
Q -

R 
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As a check, we can verify analytically that 

lim/r= loo. 

We further note that /j should become negligible for large T. We find in fact that 

It{T=1)« 

hence we neglect Ijfor T > 1. 

Finally we discuss the large-T behavior of the small-Q integrals; this is needed to 

examine the long-time transient behavior,for which the R =0 value was chosen as 

representative(Chapter 7). For large values ofT the Gauss/Roniberg combination 

failed to give reliable results, due to the strongly oscillating ft integrand. Hence we 

derived and used an algorithm which applies to integrals of the form 

7= / 
r^M 

dxf(x)cos{Ax)
Jxo 

by treating small pieces of f{x) as parabolic segments, integrating each piece ana 

lytically, and summing the results. The algorithm is thus a trig-modified Simpson's 

Rule; it is 

^ ^ -1)]+ -f 3Co) 

+ X]/n+1 I^3^2(*^"+2 ~ ~ 942^^^'"+2+ 
even 

M-2 ^ j ^ 
+ XI /n(yl3^2('^"-2 ~'5'„+2)+0^2 (̂^"+2+ + C'„_2 

n=2 

even 

+ -1)+*S'm_2] 

Cm-2)} (C.23) 
where fn =f{xn), = xq+uA,x^ — xq+ A7A,M — 2m,m =integer; 

^ *^0 
M 2m ' 
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C'n = cos{Axn)^ Sn = sin(Ax„) . Eq. (C.23) was used rather than Romljerg's 

method for large T, giving results which were well-behaved at large T and which 

joined smoothlj'onto the small-T results. 
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