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ABSTRACT

Advances in aviation technology have lead to use

of the aviator's helmet as an equipment mounting platform.

Military researchers are concerned with the physiological

effects and the affect to aviator performance brought about

by these changes in helmet design. This thesis deals with

the initial developments of a three-dimensional mathematical

model which uses representative kinematic equations to

describe the effects of changes in helmet weight and center-

of-gravity on the human head-neck-helmet system motion in a

vibratory environment.

A four degree of freedom mathematical model was

developed consisting of a two pivot description connected by

a system of rotational springs. The equations of motion

were derived using Lagrange's equation, producing four

second order, nonlinear differential equations with

nonconstant coefficients. The equations were linearized by

neglecting high order terms and assuming small angles.

A computer program was used to evaluate the

linearized ©« equation and to compare results to

experimental physical data. The results showed that the Oh

equation reproduced the frequency responses exhibited in the

physical data. Interpretation of these results was used to

speculate about mechanisms governing muscle reactions due to

certain loading conditions.

iii



TABLE OF CONTENTS

SECTION PAGES

I. INTRODUCTION 1

Literature Review 1

Proposed Model 7

II. MODEL EQUATION FORMULATION 9

System Representation 9

Derivation of Equations of Motion 16

Linearization of Equation Set 23

III. COMPUTER IMPLEMENTATION 28

Forcing Function specification 29

Frequency Solution Algorithm 31

Small Amplitude Considerations 33

Physical Parameter Selection 34

IV. RESULTS 37

General Observations 37

Effects of Changing Mass 40

Effects of Changing Center-of-Gravity 42

IV



V. CONCLUSIONS 4 6

Discussion of Results 46

Observations and Recommendations 52

LIST OF REFERENCES 56

APPENDIXES 59

APPENDIX A 60

APPENDIX B 81

APPENDIX C 85

VITA 90

V



LIST OF TABLES

TABLES PAGE

1. PARAMETER REPRESENTATIONS OF MUSCLE GROUPS

2. MODEL SYSTEM ENERGY EQUATIONS

3. NONLINEAR EQUATIONS OF MOTION

4. LINEARIZED EQUATIONS OF MOTION

5. BODY PARAMETERS FOR 50TH PERCENTILE AVIATOR

6. HELMET PROPERTIES FOR VARIABLE CG HELMET

7. SPRING CONSTANTS UTILIZED FOR IN NUMERICAL

ANALYSIS OF MODEL FREQUENCY CHARACTERISTICS

13

20

24

27

35

36

39

VI



LIST OF FIGURES

FIGURE PAGE

1. Four Degree of Freedom System with Inertial Frame

Located at Point U and Moving Frame Located at

Point 0: (a) Side View; (b) Top View 10

2. Flowchart for ONEEQ.FOR 32

3. Effects of Increased Mass on Head-Helmet Frequency

Characteristics 41

4. Effects of Changing Center-of-Gravity on Head-

Helmet Frequency Characteristics 43

Vll



NOMENCLATURE

e»., e„ = Neck, Head rotations about y axis

<1)m, <t>H = Neck, Head rotations about z axis

o»»o, Oho = Initial angular deflections about y axis

<t>Ho, <|>Ho = Initial angular deflections about z axis

0n , 0H = 0»» + ©NO , ©M + ©HO

,  ̂H = <I>H + <t>MO , <I>H + <|>HO

1^, = Length of neck rod to neck mass

Lm = Length of neck rod

Lh = Length of head rod

nb. = Mass of neck

nb* = Mass of head/helmet

=  Inertia terms of head/helmet

K: rotation location

i, j: axes

Bo = rotational spring stiffnesses

C : ©H, ©H, <|b* ! <t*H

X, y, z = directions of excitations
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I. INTRODUCTION

As advances are being made in aviation technology,

designers have begun to use the aviator's helmet as an

equipment mounting platform. Equipment which enhances night

vision, provides flight parameter displays, and allows

integrated head/weapon tracking has been attached to various

locations on the aviator's helmet. These attachments have

significantly increased helmet weight, changed the

center-of-gravity (CG), and therefore altered the inertial

properties of the helmet. How these changes in weight and

CG affect pilot performance is a major concern of military

researchers. This thesis deals with the initial

developments of a three-dimensional mathematical model which

uses representative kinematic equations to describe the

effects of changes in helmet weight and CG on the

head-neck-helmet system motion in a vibratory environment.

Literature Review

Early mathematical models developed to describe

head-neck response were mainly concerned with motion due to

impact or high acceleration/deceleration events, as in

automobile crash simulations. A study performed by Ewing

and Thomas (1972) has been the basis for several such

models. In this study, a number of military subjects were
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instrumented with accelerometer packages to measure head and

neck motion during sled acceleration tests. The

accelerometers measured the accelerations achieved by the

head and neck for sled accelerations up to fifteen times the

gravitational acceleration of earth (15 G's), while high

speed photography documented head-neck angles and

displacements.

A model proposed by Frisch and cooper (1978),

using data from the sled acceleration experiments, consisted

of two pivot points representing the rotations of the head

and neck in the mid-sagittal plane (the anatomical plane

that splits the body in equal left and right halves from

head to toe). The lower pivot point was located at the

first thoracic vertebral body (Tl) at the base of the neck.

Two locations were proposed for the upper pivot: the

occipital condyles, a point located at the junction of the

first cervical vertebral body (Cl) and the base of the

skull, and a point, determined through data analysis, that

lies slightly above the CG of the head, located just forward

and above the ear canal. The analysis involved head-neck

motion data of nine subjects undergoing sled accelerations

of 8.1 to 15.1 G's.

The model was consistent with the physical data,

and provided new insights to head-neck muscle mechanisms.

The neck deceleration measured at Tl seemed to be propagated

to the head through the cervical spine; the level of
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acceleration influenced the range of motion. The analysis

also showed that use of the proposed pivot at the occipital

condyles produced greater discrepancies than the use of the

pivot above the head CG. These discrepancies may have been

due to the fact that the physical data indicate translation

as well as rotation at the occipital condyles (a condition

not described in the model at that point), conversely, the

proposed alternate pivot produced a mathematically defined

pure rotation for the model that was consistent with the

physical data.

Another model was developed by Schneider and

Bowman (1978) also using data from the Ewing and Thomas

study. Sled acceleration data from five subjects undergoing

6 to 15 G accelerations was used to test the model. Their

model, a whole body model, consisted of nine body segments

and eight pivot locations, with particular attention focused

on movement of the head and neck. A two pivot model was

again proposed, with the lower pivot representing T1 and

the upper pivot at the occipital condyles. A series of

linear springs and spring-damper systems was used to

approximate the stiffness and the damping properties of the

muscles in the neck. Muscle tension parameters in the model

were varied, and the results compared to the sled

acceleration data. The comparison seemed to indicate that

even if a subject could anticipate the impending

acceleration, the neck muscles could not fully counteract
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the motion. The results also indicated that the primary

mechanisms generating the head angular accelerations were

the overall sled kinematics and body configuration present

during the acceleration profile.

In a third study utilizing the same sled

acceleration data, Smith and Anderson (1978) considered the

frequency characteristics of the motion. Data from six

subjects experiencing 6 to 11 G accelerations were used to

compute frequency information from the Fourier transform of

the time domain information. This was accomplished by using

a technique similar to impact testing, i.e. measuring the

force input and the subsequent response, and collecting time

averaged data of 24 runs per each subject to produce the

frequency response. Of particular interest were the

resonances found at 6, 17, and 30 Hz. The 6 Hz frequency

seemed to be associated with the period of complete head

motion, the 17 Hz response corresponded to the head rebound

after achieving its lowest position, and the 30 Hz resonance

possibly indicated a nonlinear interaction during the head

rebound. From this data, an empirical model was designed to

predict the head response due to measured neck acceleration.

The model performed satisfactorily, and had advantages over

purely mathematical models because its development was based

on observed inertial responses.

The previously mentioned studies provided

significant gains in the understanding of mechanisms of the



5

head and neck undergoing high-G accelerations, but they did

not address the problem typically experienced by military

aviators, which is long term exposure to low level

vibration. In addition, it is important to understand the

frequency responses during this type of exposure which could

have some effect on pilot performance. Two studies,

performed by Viviani and Berthoz (1975) and by Jex and

Magdaleno (1978), touch on this subject.

The Viviani and Berthoz study used small

amplitude, sinusoidal and impulsive forces of up to 15N to

excite the head and neck of three subjects. The

experimental design consisted of tests which applied the

forces to the top of the head with a rod/shaker assembly and

measuring the linear displacement of the head. An

analytical model was conceived utilizing two massless rods

and two pivot points to simulate the rotational motion in

the mid-sagittal plane. The pivot points were located at

the junction of the sixth and the seventh cervical vertebral

bodies and at the atlano-occipital articulation (at the same

location as the occipital condyles). Representations of

rotational springs were used at the pivot points to add

stiffness to the system and to model muscular functions.

From the comparison of experimental data and model

performance, several conclusions were made. Above 2 Hz, the

head-neck system exhibited linear responses to the

sinusoidal forcing function up to the tested maximum of 20
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HZ. Some nonlinearities observed in this frequency range

were thought to be caused by the viscoelastic, or

time-dependent stiffness/damping, properties of the neck

muscles. The investigation supported the use of two points

of rotation for modeling purposes.

Jex and Magdaleno proposed and developed a whole

body vibration feedthrough model to predict the effect of

vibration on the head and hands, and thus performance, of

the semisupine pilot. The model was validated using data

from a series of tracking experiments during whole body

vibration. This two-dimensional model exhibited the same

characteristic head bobbing motion in the 4-6 Hz range as

the experimental data. In the comparisons of the model and

physical data, various seating positions and control stick

impedances were evaluated for changes in pilot tracking

performance.

Although these last two studies dealt with

vibratory forces, they still did not address several

important factors in determining the effects of helmet

weight and CG on aviator performance. Viviani and Berthoz's

approach did not present an appropriate mode of excitation,

since a pilot is shaken through his seat and not by direct

connection to the head. While Jex and Magdaleno used the

appropriate excitation to study the performance of the

pilot, they did not specifically address the problem of

various loads on the head-neck system; nor does the
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two-dimensional nature of the model allow the full range of

analysis concerning changes in helmet design. To understand

the effects of helmet design changes, coupled with

vibratory excitation, on the performance of military

aviators requires the development of a three-dimensional,

predictive model of the head-neck-helmet system which

addresses all of these factors.

Proposed Model

Initial steps in the development of such a

three-dimensional, predictive model were the main thrust of

this investigation. These steps included the formulation of

the kinematic equations governing a proposed system, the

development of some form of computer implementation, and the

validation of the model by comparison with experimental

data.

The proposed analytical model was a two pivot

system much like that used in the past studies. Simply, a

lower pivot represented the junction between the chest and

neck, while an upper pivot modeled the connection between

the neck and head. The representative masses of the neck,

head, and helmet were connected by a system of massless rods

to allow energy transfer while maintaining constant

separations. Mathematical formulations representing

rotational springs limited the head-neck motion and

attempted to return the system to its equilibrium position.
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The equations of motion for the system were developed using

the Lagrange formulation of the system energy in generalized

coordinates.

Because the initial equations of motion were

nonlinear, and thus difficult to solve by hand, a procedure

for simplification was devised. By assuming small amplitude

solutions, the system of equations was reduced to a linear

system. Then, a sinusoidal forcing function and its

corresponding response were specified, further reducing the

complexity of the system. A computer program was used to

evaluate the system for various physical parameters.

The physical parameters used in the evaluation of

the model corresponded to those conditions used by Maday and

Butler (1985) at the U.S. Army Aeromedical Research

Laboratory, Fort Rucker, Alabama. These researchers tested

physical reactions, such as muscle fatigue and tracking

performance, of six military personnel to changes in helmet

design. Each subject performed tracking tasks during

single- and multi-axis random excitation while wearing a

variable weight/CG helmet. Vibration data from this

tracking investigation was used for validation of the

proposed computer model.



II. MODEL EQUATION FORMULATION

The development of the equations of motion

governing the three-dimensional model required several

steps. First, a physical description of the model and its

corresponding anatomical representations were produced.

This step included the description of the coordinate systems

and the naming of the physical parameters. Then, the

nonlinear equations of motion were derived using Lagrange's

equation. Finally, a linearization procedure was performed

to aid in the solution of the equation system.

System Representation

The purpose of the model design was to describe

mathematically the anatomical configurations and muscle

mechanisms of the human head-neck system during vibratory

excitation in three orthogonal directions (directions at

right angles to each other). Also, the additional mass and

center-of-gravity (CG) of a helmet was to be considered to

test the effects of changes in helmet design. Thus a system

of pivots, rotational springs, point masses, and

inextensible massless rods placed in a moving coordinate

frame was used to devise the model structure.

A two-pivot formulation (shown in Figure 1) was

chosen to represent the head-neck system. The pivots

represent the flexion and extension (forward and backward
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Side View; (b) Top View.
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rotation in the mid-sagittal plane) and the transverse (left

to right rotation) motions of the head and neck. For

simplicity, lateral motion (side to side rotation) was not

considered in this development. This two-pivot system was

placed in a moving coordinate frame with its origin at O.

An inertial, or stationary, coordinate frame with its origin

at U was used to define the absolute displacement of the

moving frame in the x, y, and z directions.

The lower pivot, representing the junction of the

seventh cervical and first thoracic vertebrae of the neck,

was placed at O in the moving coordinate frame. This pivot

provided a rotation in the mid-sagittal plane (Om) and a

rotation in the transverse plane (4>m) . The upper pivot P

represented the position where rotations of the head-neck

junction occurs. The exact position of P was left as a

variable that depends on specified head-neck geometry (the

occipital condyles are commonly used as the anatomical

reference point). This pivot also allowed rotations in the

mid-sagittal plane (©«) and in the transverse plane (<!>«).

The measures of these angles were all determined from the

direction-fixed axes of the moving coordinate frame.

Two point masses were used in the model

description. The lower point mass, ium, represented the mass

of the neck, while the upper point mass, niit, represented the

combined mass of the head and helmet. The combined mass

could be used safely in this analysis since Wasserman (1984)
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showed that the variable weight/CG helmet used in the

experimental analysis exhibited resonant frequencies above

the range being tested in this investigation (i.e., above 30

hz). In addition, the upper point mass carried the inertial

properties for the combined head-helmet structure. The

inertial element for the neck were assumed to be negligible

in comparison to those of the head-helmet, and thus these

properties for the neck were set to zero.

The distances between the two pivots and the

distance from pivot P to the CG of the combined head-helmet

mass were maintained by inextensible, massless rods. These

rods were theoretical entities which had no mass, maintained

fixed distances, and provided a medium for motion or energy

transfer. To allow changes in the head-neck-helmet

geometry, the lengths of these rods were left as variables

to be specified. The neck mass was attached to the lower

rod at a specified distance (1m), while the head-helmet mass

was placed at the end of the upper rod (a distance of Lh).

The lower rod maintained a length of Lm.

The four rotations (Om, Oh, 4»m, <I>h) were each

constrained by a rotational spring that stiffened

proportionally to the angle of deflection. The fi.N and fi®H

springs limited the flexion-extension motion of the head and

neck, while the fi<»N and B*m springs limited the left to

right rotation. These springs approximated the function of

the primary muscle groups represented in Table 1.
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TABLE 1

PARAMETER REPRESENTATIONS OF MUSCLE GROUPS

BODY

SEGMENT MUSCLES

MODEL SPRING

ACTION PARAMETER NOTATION

FLEXION

EXTENSION

NECK STERNOCLEIDOMASTOID,
SCALENI, LONGUS

CERVICIS, LONGUS CAPITIS

SPLENIUS CERVICIS,

SEMISPLINALIS CERVICIS,

ILIOCOSTALIS CERVICIS,

INTERSPINALIS,

MULTIFIDUS, ROTATORS

RT. SPLENIUS CERVIS, ROTATION
RT. LONGISSIMUS CERVICIS, to the
RT. ILIOCOSTALIS CERVICIS, right
RT. and LT. LONGUS COLLI,

LT. SEMISPLINALIS CERVICIS,

LT. ROTATORS, LT. SCALENI,

6m

SAME MUSCLES ON

OPPOSITE SIDE

ROTATION

to the

left

4>»

4>»

B.

B<t>N

B<t>M

HEAD LONGUS CAPITUS,
RECTUS CAPITIS ANTERIOR,
STERNOCLEIDOMASTOID

FLEXION

SPLENIUS CAPITIS, SEMI- EXTENSION
SPINALIS CAPITIS, OBLIQUUS
CAPITIS SUPERIOR, RECTUS
CAPITIS POSTERIOR MAJOR

and MINOR

LT. STERNOCLEIDOMASTOID, ROTATION
RT. SPLENIUS CAPITIS, RT. to the
LONGISSIMUS CAPITIS, RT. right
OBLIQUUS CAPITIS INFERIOR,
RT. RECTUS CAPITIS POSTERIOR
MINOR

SAME MUSCLES ON

OPPOSITE SIDE

©M

©H

<I>1

ROTATION 4>h
to the

left

B,

B.,

B

)<t>H
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No damping or energy absorption factor was

included in the rotational constraints for this initial

model. This allowed the constituent equations to be more

readily simplified, although they would not theoretically

model the reactions of human muscles as closely as if

damping were included. But accurately quantifying such

damping factors for muscle is, at best, an inexact effort

with today's present technology; exclusion of these values

does not hinder the overall approach rendered by this model.

After formulation of the basic structure of the

model, the vibration excitations or forcing functions were

the last components of the model to be described. These

vibration inputs were left for specification during the

solution of the equation system, but the basic form

expresses the displacement of the moving coordinate frame in

relationship to the inertial frame. The position of the

moving frame at any time t was expressed as the sum of the

initial position and the time-dependent displacement or

excitation. For example, the position (X,Y,Z)o of point 0

at any time t is

(X)o = (Xo)o + x(t)

(Y)o = (Yo)o + y(t)

{Z)o = (Zo)o + z(t)

where (Xo, Yo, Zo)o is the initial location of point O, and
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x(t), y{t), z(t) are expressions for the time displacements

of the coordinate frame due to an excitation.

In a similar fashion, the exact position of the

masses and pivots could be determined at any time t in

relation to the point o. For example, the position (x,y,z)H

of the head-helmet mass at any time t could be expressed as

Xh = Lm sin©M cos^ + Lm sin0H cos^

yw = Lu sinSN sin^ + Lh cosSh cos4>h

Zh — hlif COS0W + XlH COS0H

where 0m, 0h, and ̂  represent the measured deflections

from the defined axes for e*®, Om, <!>»», and <>«, respectively.

The position of any point in the model could be

expressed in relation to the inertial frame U by combining

these two ideas. The position of the head-helmet mass in

relation to the inertial frame is

3Cm = (X)o + Xh

Yh = {Y)o + Yh

Zh = (Z)o + Zh

where (X, Y, Z)o and (x,y,z)H were previously defined.

Notice that in these descriptions each position

was represented by the length of a rod multiplied by some

trigonometric functions of the angles of deflection, plus
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the displacement from the inertial system. Since the

lengths of the rods were constant once they were specified,

and the displacement of the moving coordinate system was

prescribed, then the deflections of the system could be

described with the four rotations. Therefore, the

mathematical model was considered to have four degrees of

freedom: ©n, ©h, <t>N, and <t>H. This type of representation

in a moving coordinate frame allowed the system to be

considered nonconservative.

Derivation of Equations of Motion

With the generalized coordinates within the

inertial and moving coordinate frames defined, the next step

in the development of the model was the formulation of the

equations governing the system. Because of the nature of

the physical description, an excellent method for deriving

these equations was the use of an energy formulation.

Lagrange's equation using generalized coordinates was chosen

as the method for the formulation of the equation system.

In its most general form for a conservative

system, Lagrange's equation is

d  ~ 5E — 5£

dt 6qj. 6q±
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where £ = T - V,

T is the system kinetic energy,

V is the system potential energy,

qj. represents the generalized

coordinates for the system.

As mentioned previously, the physical description of the

model characterized the system as nonconservative, due to

the moving coordinate frame at 0. This would seem to

preclude the use of the above form of Lagrange's equation.

A closer examination shows that the excitation at 0 did not

act directly through any mass, thus not contributing

directly to any generalized force. This condition allowed

the use of Lagrange's equation as shown (Greenwood, 1965).

With the selection of this form of Lagrange's

equation completed, each term of the Lagrange functional £

was to be determined. The system kinetic energy T was

formulated from the velocities achieved by the masses. The

general form for the equation for T is

T = I ( S mi Vi2 + S I Q2 )

where mi represents the individual masses,

Vi represents the individual velocities,

I  represents the mass moment of inertia

for the system,

Q  represents the angular velocity.
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The velocity for each mass was derived from the first

derivative of the position vector for that mass. For

example, the velocity vector for the combined head-helmet

mass was

Vh — Xh i + Yh j + Zwlt

where

Xh = (X)o + Xh

Yh = (Y)o + y„

Zh = (Z)o + Zh

and where

(X)o = x(t)

Xh = LnSn cosSm cos^m - sin0M sin^M

+ LneH coseH cos4>h - Lh4h sinBH sin*H

(Y)o = y(t)

yf* — Xii>i0N s in^M + s in0M cos4^r*

+ Lh0h COS0H sin4>H - Lh#h sin0H cos*„

(Z)o = z(t)

Zh — ~ L»»0m sin0N ~ lin0H sin0H

Collecting these terms and calculating Vh^ for the kinetic

energy equation yielded

Vh2 = x2 + yZ + z2

+ 2 Lm0*. [COS0M (X cos4>n + y sIh^m) - z sin0n]
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+ 2 [sineM (-X + y cos*m) ]

+ 2 LhSh [cosew (x cos^H + y sin*H) - z slneH]

+ 2 Lh^h [sin0H (-X sin^H + y cos*h)]

+  + 2 cosBtt cose„ cos(*M - *h)

+  g + 2 Ln1>h0ni^h COS0M sl.ii0H sin(^i« ~~ ^h)

+ 2 sin0N COS0H sin(*M - *m)

+ 2 LMlmiMiH sin0>, sin0H cos(*m - *k) + L„20„2

+ 2 LmLm^^ sin0N sin0H + LH2ij,2 sin20„

Terms for were collected in the same manner.

The inertia terms for the head-helmet mass were

calculated with respect to the pivots o and P and to the

motion about the pivots. Symbolically,

[I] {Q}2 = Iyv° QmZ - 2 + 1^==° ̂ ^2

+ Ivy" 0«2 - 2 Iv«" + I--" ̂ h2

After the collection of these terms and the terms for the

velocities, the kinetic energy T was calculated using the

general form

T = 2 IHm Vh2 + 2 DIh Vh2 + \ [I]

The resulting equation is represented in Table 2.

The system potential energy was calculated from

the sum of the spring potential energy and the gravitational

potential energy. The general equation for the spring

potential energy for rotational springs was
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TABLE 2

MODEL SYSTEM ENERGY EQUATIONS

Kinetic Energy:

T = I (iriM + HIh) (X2 + y2 + 22)

+  ( himIm himLm ) On [ COS0M (x cos^N y sin^N) "" 2 sin0M]

+  (iiinIn + mMLN)<i>N [sin0N (-x sin4>N + y cos4>n) ]

+  J (hinIn^ + iiihLn^) (0n^ + sin^Sfj)

+ mHLH0H [cosBh (x cos^h + y sin4>H) - z sin0H]

+ mMLwiH [sin0H (-X sin4>H + y cos^h) ]

+ IIImLmLh [ 0N0H COS0N COS0H COS($N ~ )

+  sin0N COS0H sin($N - ̂ »h) ]

+ FUhLnLh [ 0N COS0M sin0H cos($N - $h)

+  sin0N sin0H cos($m - ̂ h)

+ 0N0H sin0N sin0H]

+ 1 ihhLh^ (0h^ + sin20n)

+ \ (Iyv° 0n2 - 2 Mn + Ix«°

+ I (lyy'' ©K^ - 2 0„$„ + ^h2)

Potential Energy:

V = I 0n2 + I ( 0H ~ 0n) ̂ + 2 B<»>n

+ 5 B<t>H ( 4*h ~~ 4*n ) 2 + niN g In COS0N

+ niH g (Ln COS0N + Lh cos0h) + (hih + him) g Zo
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Vb — Is k± cii.

where k± is the stiffness of the spring,

ad. is the angle of deflection.

From this general form, the spring potential energy for the

model was

Vb = 2 + I Bbh (Oh ~ 0»»)^

+ 2 + 2 B<t>K (^H ~

The general form of the gravitational potential

energy is

Vo = 2 mihig

where nid. is the individual mass,

hd. is the mass's height above the

moving coordinate system,

g  is the gravitational constant.

From this form, the gravitational potential energy for the

system was

Vg = ibm g 1m coseM -i- niH g (Ln cos9n + Lh cos0h)

+  ( Dh + idm ) g Zo
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These potential energy expressions were collected

in a single equation expressing the system potential energy.

This equation is also presented in Table 2.

From the kinetic energy and potential energy

equations, the Lagrangian functional was formed as

£ = I (fflM + m„) (x2 + y2 + z2)

+  (mi«lM + mnLN) ̂  [COS0M (x cos4>n + y sin^w) - z sineM]

+  (fflNlN + m„LN)iN [sin0M (-X sin4»i« + y cos**,)]

+ 2 (mMl».2 + mHLN2) (^2 + $^2 sin20M)

+ mHlw^ [COS0H (x cos^H + y sIh^h) - z sin0H]

+ rnnLH^ [sin0H (-X sin^n + y cos^m) ]

"t" mHllMl<H [ 0N0M COS0M COS0H COS ( ~ ̂ h)

+ itStt sin0N COS0H sin(#N - 4h)]

+ mi«Li«IiM [0»i^^ COS0N sin0H cos($i« ~ ̂ m)

+  sin0i« sin0H cos($n - #h)

-i- 0N0H sln0N sin0H]

+ 2 muLH^ (01*2 + ̂ h2 sin20H)

+ I (ivy° - 2 0^4^ + 4n2)

+ I (lyy** e«2 - 2 ly:." + !==«' «h2)

- I 0»,2 - I B.„ {0„ - 0^)2 - I 6*^ *m2

- i b^h - *m)2 - m», g In COS0N

- m„ g (Lm COS0N + L„ cos0„) - (idh + mw) g Zo

Then, using Lagrange's equation, the equations of motion

were calculated for the four generalized coordinates. In a

symbolic matrix form, the equations appear as
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[M] {41} + [Rl {qi.2>

+  [K] {q±} + mL {A} = {0}

where [M] is the mass matrix,

[R] contains terms relating to

Coriolis forces,

[K] is the stiffness matrix,

mL {A> are terms expressing the

specified excitation.

The resulting system of four equations of motion

are presented in Table 3. The detailed steps for the

formulation of the equations are presented in Appendix A.

These four equations were recognized as second

order, nonlinear differential equations with nonconstant

coefficients. Because of the complexity of these equations,

analytical solutions do not exist. Hence, some degree of

simplification was desired before any solution was

attempted.

Linearization of Equation Set

The nonlinear nature of the set represented a

number of terms which may simultaneously vary within the

system. In an initial development, the key to evaluating

and shaping a model is being able to understand the solution

and identify prevailing trends. Thus, a linearization
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TABLE 3

NONLINEAR EQUATIONS OF MOTION

9m • (UmIm^ BhLm^ lyv^lSx " + (IhIimIih [cos0mCos0hCOS(fM'^ii) ̂  sin0Msin0H]}5h

+  [shLnLh cos0MSin0HSin(fN-»H)liH • [(HhIm^ + IhUM cos0MSin0HliH2

*  [2 IkLnLh COS0NCOS0HSin(4N*tH| ]0h(n [2 BhLnIih COS0NCOS0H8iD|$h*^h) ]0HtH

+  (aHlHLH [■cos0NSin0HCOs(tM-fH) + Bin0MCoseHl}0H2 - [BhLmLh cos0Ksin0HCOs(fM-$H)

+  (B.m + S.hIBn - fi .H0H + (ImIm + IhLm) [ 'x COS0mCOS$m +*7 COS0MSin$M - ( "z + g)SiD0Ml

|(n • " Iy«°0N + ((BmIm' BhIimM Sin^0M + Izz^I^M + (BhLmIiH SiD0HCOSBHSin(4M"^H) 10H

+  [BhLnLh sinBHSin0HCOs($M*tH)Kh + [2 (ImIm^ + BhLh^) siD0MCOS0H]0M4M

*  [BhLhLh sin0KSin0HSin($N"iH) 10h^ + [BhLmLh Bin0HSiD0HBin|f)("tH)

+  (B«m + b^h)** - B,hIm + (BmIk + BhLm) (-X Bin0MBin$M +'y sin0MCOs$N) = 0

9h : (BhLmLh [cos0mCos0hCos($m-^h) + sin0Nsin0H]}9M + [IhLmLh sin0MCOB9Hsin($M-tH) liM

+  (BhIh^ + Iyy')0H " lyz'^H * [2 BhLnLh Sin0MCOB0HCOB($>(•♦«) IIkIh

+ {BHlNliH [ "BIIIBkCOBBhCOS(4N'tn) COS0MBiD0H 1 }9m^ + [BhLnLh Bin0MCOB0HCOB($M*'Hi)

-  [Bh1«2 COS0KBin0HliH2 - B.„9« + B.„0„

+ BhLh [ X cob0hCob$h +'y coB0HBin»H - ('z t g)Bin0H] = 0

•  [BhLmLh COB0MBiD0H8in(tM"tH) 10N + [BhIjmLh Bin0MBin9HCOS(tM"tH)

* lyz'0H " (BHLH^BiD^0H + izz'I^H * [BhLmIih sin0Msin0HSin($m"^h 1 10ii^

*  [BmLnIh sin0NBin0HSin(fH*^) + [2 BhLhLh coB0NBiD0HCOB(iH"tM)]0MtM

+  [2 BhLnLh Sin0HCOS0HCOS($N"^H) IBh^n * [2 BmLm^ BIIIBmCOBBh]0h4h

- B»HtN + B^h^h ♦ BhLh (-X COB0hCOSJh +'y COB0HSiDiH) = 0
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process was used to approximate possible solutions and to

aid in the understanding of the model parameters.

Linearization of the equation set was accomplished

in two ways. The first assumption made was that the angles

of displacement, i.e. the solutions to the system, would

deviate only slightly from their equilibrium positions. The

equilibrium positions chosen were the initial positions for

the particular head-neck-helmet configuration used during a

data run. This approximation necessitated the substitution

of an expression which defined a large angle of displacement

as the sum of its initial angle and the small deviation. For

example,

0H — Oh + Oho

where 0h is the large angle of displacement.

Oho is the initial angle at equilibrium.

Oh is the angular displacement from the

equilibrium position.

This substitution was made for each of the four generalized

coordinates.

The second approximation involved neglecting the

second and higher order terms in the equation set. Since the

angles of displacement were assumed to be small and the

magnitude of the excitation was defined as of small
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amplitude, the contribution of these terms would be

negligible; thus, this approximation was considered a

reasonable assumption.

These assumptions reduce the generalized equation

set to the form

[M] {ql} + [K] {q^} + mL {A> = {0}

The equations in this linearized set are presented

in Table 4. The full procedure is provided in Appendix B.
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TABLE 4

LINEARIZED EQUATIONS OF MOTION

9* ; + IhLh^ + Iyy°)9ii " Iy»°iH + (BhIimIh [C0S9KoC0S9HaC0S(^Ha"l(HO) + Sin9MoSin6Ho 1}9h

+  [IhIihLh COSflHoSinftMoSinl^Mo'^HO) l^H + (B«* + + Omo) " fi»H(9H + Oho)

4  (InIm ^ IhLn) ['x C0S9noC0S^ho ^'y COSeNoSlni^NO - ('x ^ gllsiDSNo ^ OnCOSOno] : 0

•  ■ Iy2°9M + jSin^OMO + [IhIimIih 6in0HoC0S8HoSiD(^Ho"^Ha) IOh

•f [ImIimIih 6ifl9MoSin9HoC0S(^Hl)*$Ho| ]|h + (B** + B^hIIiJ* + ^Hq) * BohI^H + $Bo|

4  (InIh ^ IhLm) (-X EinsNoSini) MO y SIDOmoCOSI^mo ) - 0

• • • •

9h • (IhLhLh [C0S6kgC0S6hoC0S(^mo"^ho ) 'I' sin9NoSin9Ho]}6if ^ [ImLmLm sinoMoCosoHoSiDfi^Ho'ihioll^N

+  (BhIh^ + Iyy'|9H " lyi'^H * B«h(Om + Oho) + B.nfOH + Omo)

BhIih [ X COSBhoOOS^ho Y COSOHoSin^Ho " ( Z + g)(sinBNo OhCOSOho)] - B

[IhIimIih C0S6HoSiD6HoSiD(^No'I^Ho) |0h [IhLhLh SlD6Mo6in0HoC0S(^Ho*^Mo) l^tlN

* lyi'OH * (BHllH^Sin^OHO + Ill')^H * B^hI^H + $Ho) + B»h(|h + $Ho)

« BrU (-X C0S9hoC0E^ho ^'y COSeHoSln^Ho) : 0
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III. COMPUTER IMPLEMENTATION

To test the validity of the linear equation set, a

comparison between the experimental human data and the

mathematical model equations was needed. To perform this

comparison, a frequency domain solution to the linear

equations of motion was required. Because of the complexity

of the linear equation set (due to its time dependent

coefficients), a computer program would be needed to solve

the equations of motion for the four generalized coordinates

(Om, Oh, <J)m, <t>H) . To simplify the computer program

implementation, the remainder of this preliminary study was

concerned with the solution to one equation of the set —

the equation derived from the Oh generalized coordinate —

to test its solution against the experimental human data.

The decision to investigate only one equation greatly

reduced the complexity of the solution process, while

maximizing efforts to perform data comparisons.

To solve the Oh equation of motion, several tasks

were accomplished; these included specifying the forcing

function, designing the frequency solution algorithm,

considering the time domain amplitude of ©m, and selecting

the head-helmet physical parameters.
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Forcing Function Specification

To simplify the equation system further, the form

of vibration excitation, i.e. the forcing function, was

specified. A sinusoidal force was chosen, which reduced the

complexity of the ©« equation and aided in the solution for

The Oh equation in its linear form appeared as,

(IDhLh^ + lyy^) ©H + (©HO + ©H)

+ iuhLh [ X cos©Ho - ( z + g) (sin©Ho + ©h cos©ho)] = 0

By specifying a sinusoidal excitation of

X = Ax sinQt , z = Az sinQt

and a response of

©M = Th sinQt

and applying the appropriate derivatives, the ©h equation

was reduced to

[~(®hLh^ + lyy^) + B«h] Th SinQt + BzhOho

+ IUhLh [-£22Ax sinQt COS©HO

-(-Q2Az sinQt + g) (sin©Ho + Th sinSJt cos©ho)] = 0
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In addition, the input excitation was limited to the z

direction for simplicity of comparison. This further

reduced the equation to

Tm ["(miiljM^ IBhLh(q S2^A:cSill£2t) COSOho ]

- m„L« sino„o I ^ sinQt I + = 0r  ̂ - Q2a^ sinQtH +
|_ sinQt _| sin$2t

For the equation T„, the solution took the form

I  mnLn SinOno q — A«»h ©ho I _
[_ sinfit

Q2Az mnliH sinoito

-(mMLH^+iyy*-) Q2 _ jn„LH(q - Q^AzSinQt) cosoho + B-m

Finally, it followed from static equilibrium and the

definition of ©ho that

B«h ©mo ~ dIh Lm q sin©Mo — 0

This final observation reduced the Th equation to

_  _ iDh Ijm Az sin©Ho
Tm —

iih.L«2+I,v' - A. slnQt + r BMLMgcoseMo - B.» ̂

This was the form of the equation used in the solution

alqorithm.
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Frequency Solution Algorithm

The comparison of numerical and experimental data

required that the computational solution to the Oh equation

be presented in the frequency domain. This requirement

meant that the solution should express the Oh response due

to a change in the frequency or presence of the forcing

function. As derived, the On equation was a time domain, or

time dependent, solution. Direct mathematical

transformation of the equation from the time to the

frequency domain by Laplace or Fourier transforms was one

possible method; for ease of implementation, a numerical

solution was devised which produced time ordered data, which

was then converted to the frequency domain.

The flow chart in Figure 2 indicates the steps to

the numerical solution process. The equation was

mathematically solved for Th, and placed within the time

solution block. The program began sinusoidal excitation of

the system at 1.0 Hz and collected the values of Th for each

0.02 second time step over a period of 2.0 seconds. The

program then made incremental steps of 0.5 Hz, collecting

the data over the same 2.0 second period, and adding the

responses to the time data collection. In this way, the

system was sinusoidally excited at each of the incremental

steps up to 25 Hz. The end result was a collection of time

dependent data points which expressed the summed responses

over the range of excitation from 1 to 25 Hz. This
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DATA INPUT

~m—
PREPARATION

FREQUENCY LOOP

0.1 TO 25 HZ

N : 1 TO 50

TINE STEP LOOP

t = 0.01 TO 240

K : 1 TO 240

M : 200?

50?

COMPUTES SINUSOIDAL

DISPLACEMENTS AND

RESPONSES

/<

NO

SUMS RESPONSES FOR

EACH TIME STEP

NO

IMSL MUTIH!

FTFREQ

MAKES TtfO PASSES TO COMPUTE

FOURIER TRANSFORMS

lUtFT

Figure 2. Flowchart for ONEEQ.FOR.
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collection of time data was then processed using the IMSL

subroutine FTFREQ (IMSL, 1984), a Fourier analysis program,

which transformed the time data into the required frequency

information.

The program which performed these calculations was

named ONEEQ.FOR. This program was written in FORTRAN and is

listed in Appendix C. The data input consisted of physical

parameters of the head-helmet system, such as head mass and

CG, helmet mass and CG, and the spring constant b«h. The

output data was the frequency response between the

sinusoidal excitation force and corresponding ©m deflection.

Output parameters included the real and imaginary

coefficients, the phase angle, and the coherence of the

response (components of the frequency response).

Small Amplitude considerations

Upon development of the computer algorithm, one

aspect of the model was cautiously noted. The formulation

of the equation and the design of the algorithm did not take

into account the inclusion of a damping, or energy

absorption, factor. From the general equation, it was noted

that any solution at a resonant frequency would produce an

amplitude of infinite proportions. Solutions near resonant

frequencies would then violate the small angle assumption

made in the development of the equation system.

This particular problem was dealt with in the
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production of the time domain data. As the spring stiffness

was varied for data comparisons, the time data was

monitored to check for large angles of deflection. If such

angles were detected, then the spring constant was adjusted

slightly to move the solution out of the large angle range.

With this procedure, the model's solution to the Oh equation

would not specify the actual natural frequency, but the

solution would be very near it.

Physical Parameter selection

Several physical parameters were required for the

solution to the Om equation:

(1) mass of the neck,

(2) mass and inertial properties of the head,

(3) mass and inertial properties of the helmet,

(4) positions of the neck CG and the

head-helmet CG, and

(5) the stiffness for the fl.H spring.

Because of the variations in the head and neck

sizes in the experimental population of military subjects, a

standard size for the head and neck was used for the

computer solution. These measurements, which appear in

Table 5 were taken from the Army standard for the 50th

percentile Army aviator (Department of Defense, 1985). Use
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TABLE 5

BODY PARAMETERS FOR 50TH PERCENTILE AVIATOR

Body Mass Location (cm) Moments of Inertia
Parameter (Kg) x y z (Kg*cm2)

Isc»c lyy Is

Neck CG 1.06 1. 1 0.0 5.0 17 21 26

Head CG 4 . 24 2.4 0.0 15 . 2 198 226 147

A-OC Pivot 2.0 0.0 11.0

Note: CG and pivot locations are relative to the C7-T1 junction. Head aonents of inertia
are neasured at the Head CG.

of these measurements was assumed to be acceptable for later

comparison with the experimental data.

The helmet mass and inertia products were selected

from conditions used in the experimental procedure. The

helmet parameters approximated several types of current

military designs, listed in Table 6. These parameters were

combined with the head parameters to form a single

head-helmet unit of mass and inertial properties. A CG for

the combined unit was calculated and used in the model.

Five different caseloads were designed for comparison with

the experimental data, also shown in Table 6.

Values for the B.** spring were selected in

accordance with experimental results. This parameter was

varied in order to produce amplitudes which matched the

experimental findings. The change in the spring constant
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TABLE 6

HELMET PROPERTIES FOR VARIABLE CG HELMET

Helmet

Configuration
Helmet

Description
CG

X

(cm)

y  z

Helmet

Inertia

I>C3C

Moment of

(Kg* cm2)

Iyy Iz z

Center None 0 0 0 348 52 296

High SPH-4 0 0 2 310 14 296

Front NVG 2 0 0 348 64 309

side IHADSS 0 2 0 338 55 286

2.95 Kg Helmet None 0 0 0 616 33 583

Note: Heloet configuration describes the CG location. Heliet description is used for
coiparison to sisilar Any aviator heliets; SFH-4 is standard issue; NVG is an
SPH-4 with night vision goggles attached; IHADSS is a helnet with a heads-up display.
Each heliet had a lass of 2.04 Kg (with the exception of the 2.95 Kg heliet). CG is
relative to the intersection of a line through the ear canals with the lid-sagittal
plane of the head. Heliet loients of inertias are leasured relative to this point.

indicated changes in the system due to loading or change in

CG. By examining the trends in these variations, an

explanation was derived concerning muscle compensation and

mechanism.
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IV. RESULTS

Data from the computational model were evaluated

for the five cases described in Section III. These results

were compared to the experimental human data from the Maday

and Butler (1985) investigation, the comparisons being

limited to evaluations of data from three experimental

subjects. The experimental data was evaluated using a

Nicolet 660 Signal Analyzer. The computational data was

calculated on a DEC VAX 11/780. The data comparisons

concerned general trends in frequency responses, apparent

displacement, and spring constant changes.

General Observations

The model frequency data were fit to the

experimental frequency data using the imaginary domain of

each response. This comparison was used since the

experimental frequency data did not exhibit as readily

recognizable resonances in the graph of the magnitude

function as in that of the imaginary function.

The computational solution algorithm produced a

single resonant peak near 5 Hz for each of the five cases.

This corresponded to the general response noted in the

experimental data at the same frequency. Spot comparisons

of experimental accelerometer data identified this motion as

a characteristic flexion-extension, or "head bobbing".
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motion about a centralized position. Although the

computational solution often showed several harmonic peaks,

the resonance near 5 Hz is clearly dominant.

static equilibrium values for the stiffness of the

6«h spring for each case were found to be insufficient to

produce motion greater than that of the z excitation alone.

Values between 100 and 130 N-cm/rad produced some greater

responses, but the motion continued to follow the motion of

the z excitation. This condition was identified by

continuous positive angles of deflection away from the

equilibrium point, indicating flexion of the head from the

rest position.

Spring values between 130 N-cm/rad and 210

N-cm/rad produced deflections which indicated movement above

and below the initial equilibrium point. The time values

showed both positive and negative deflections during the z

excitation. Stiffness constants in this range were used to

evaluate the model performance concerning mass and CG

effects. The exact values used are presented in Table 7,

along with the values calculated for static equilibrium for

each case.
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TABLE 7

SPRING CONSTANTS UTILIZED FOR IN NUMERICAL ANALYSIS

OF MODEL FREQUENCY CHARACTERISTICS

TREATMENT

CALCULATED

STATIC VALUES

N*cm/rad

REQUIRED
DYNAMIC VALUES

N'cm/rad

TYPE OF

HELMET

LOADING

MASS

EFFECTS

33.0 150.0 CENTER

2.04 kg

54.2 150.0 CENTER

2.95 kg

CENTER

OF

GRAVITY

EFFECTS

33.0

58.4

156 .0

168.0

CENTER

2.04 kg

FRONT

2.04 kg

74.0

49 . 3

159 .0

150.5

TOP

2.04 kg

SIDE

2.04 kg
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Finally, spring values above 210 N-cm/rad showed

continuous negative deflections, meaning that the motion was

above the initial equilibrium point. These values of

deflection over time indicated the head being extended from

its rest position.

Effects of Changing Mass

Experimental data from subject 1 were used for the

comparison pictured in Figure 3. A spring constant of 150

N-cm/rad proved to be a satisfactory value to simulate the

experimental response of the center-weighted 2.04 kg helmet.

Figure 3 shows the upward spike produced by the model near 5

Hz. This corresponds to the peak in the experimental data

at approximately 4 Hz. Although, these peaks are not at

exactly the same frequency, they do exhibit similar trends.

For the 2.95 kg center-weighted helmet, the spring

constant was held at 150 N-cm/rad to see the effects of the

increased mass. Figure 3 shows the same peaks near 4 and 5

Hz as exhibited earlier, but the magnitude and direction of

these peaks are different. Notice that the experimental

data curve is smoother than for the 2.04 Kg helmet.
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Effects of Changing Center-of-Gravity

For this comparison, a change in the spring

constant accompanied the change in CG. The change was made

to match the experimental data for each case. In this way,

the change in spring stiffness would match the change in

muscle tension due to changing CG and inertial properties.

Experimental data from Subject 3 were used in the comparison

pictured in Figure 4.

The center-weighted helmet was again chosen as a

starting point with its spring constant set at 156 N-cm/rad.

Figure 4a shows the resonance indicated near 5 Hz. The

model data fit closely with the experimental data.

In Figure 4b, the front-weighted helmet data shows

some instability. The spring constant was raised to 168

N-cm/rad to match the experimental data. The solution was

very unstable in this range, making the spring constant hard

to select.

The spring constant was set at 159 N-cm/rad for

the top-weighted helmet. The computer solution closely

simulated the experimental curve, as shown in Figure 4c.

This solution proved stable and was easily computed.

Finally, the side-weighted helmet was found to be

very unstable. Although its spring constant was reduced to

150 N-cm/rad, the value was hard to choose due to the small
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range of compatibility the solution exhibited. Figure 4d

shows the comparison between the experimental and model

data.
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V. CONCLUSIONS

An analysis of the results revealed insights not

only into the effects of changes in basic helmet design, but

also established some explanations concerning muscle

recruitment mechanisms of the head-neck system. Further

observations provided explanations of model performance and

recommendations for improvements to model formulation and

solution.

Discussion of Results

There were several interesting trends which

appeared in the data that were not expected. These trends

lead to some insights into types of compensation mechanisms

exhibited by the body (particularly, the muscles of the head

and neck) for changes in loading conditions.

In the first investigation concerning mass

changes, only the mass of the helmet was changed, while the

CG of the helmet was maintained. In the experimental

(physical) data, this change in mass corresponded to a

change in direction and amplitude for several resonant

peaks. The peak near 5 Hz, which represented the

"head-bobbing" motion, showed a change from 0.3 to -0.6,

denoting a change in amplitude as well as direction,

corresponding changes were seen in the model, although the

change in amplitude was not as great (from 0.3 to -0.3).
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These results demonstrated the model's ability to represent

a change in motion due to changes in mass, although changes

in amplitude might not be directly proportional to that

exhibited by the physical data.

Another aspect considered was the change in

resonant frequency due to the change in mass. Notice that a

slight shift was seen in the resonant frequency of the model

as the mass is increased, while the physical data remained

essentially the same. Remember that for this investigation,

the spring constant of the model was maintained at 150

N-cm/rad for both cases; thus, a change in resonant

frequency might be expected as the mass was changed.

Consider the basic equation for calculating natural

frequency:

- [^12n

A decrease in frequency, not an increase as seen in the

data, would be expected as mass increases. In addition, no

such change in frequency was seen in the physical data at

all.

One explanation for the characteristics exhibited

by the model was that the change in mass of the helmet has

altered the combined head-helmet CG enough to cause the

frequency increase. The mass change altered the CG, thus
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reducing the length of the rod (Lh) and increasing the

initial angle (Oho). By keeping the spring constant, these

changes in length and initial rotation were enough to cause

a frequency increase.

As noted, the physical data did not exhibit this

change in frequency. One explanation was the way the body

reacted to the increased load. In the body's attempt to

maintain equilibrium or initial position, additional muscle

groups were called upon to share the new load. This

reaction where the number of active muscle fibers depends on

load was known as recruitment. By increasing the number of

muscle fibers used, the effective stiffness of the system

was increased. The frequency equation noted earlier would

show a increase in the natural frequency for such a change.

Therefore, since both the mass of the head-helmet and the

effective stiffness were changed simultaneously, the natural

frequency at 5 Hz was maintained. Again, the model did not

exhibit this constant frequency due to keeping the stiffness

of the spring constant.

These findings showed that an increase in mass

caused a change in the motion of the head-helmet system

while also maintaining a constant resonant frequency. The

physical data indicated that an increase in amplitude also

accompanied the increase in mass, while the model did not

show this increase. This increase in the physical data

might indicate that the large mass helmet (2.94 kg) could
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cause greater problems for subjects performing tasks (such

as target tracking) than the small mass helmet (2.04 kg).

The second investigation concerning changes in CG

also provided interesting results. The overall effects

appeared to concern the stability of the head-neck-helmet

system and the maintenance of a constant resonant frequency,

changing the spring constant aided the model in mimicking

the body's reactions, while also providing insights to

explain the nature of these reactions.

One noticeable difference between load cases was

the stability of the model solution. For the center and top

loaded helmets, the model solution was more stable over a

wide range of values chosen to fit the physical data.

Often, values could vary as much as 2 N-cm/rad above or

below the selected value before significant changes were

seen in the solution. On the other hand, the front and side

loading cases were much more sensitive to such changes.

Changes as small as 0.2 N-cm/rad caused radical changes in

the solution, such as infinite displacements or sudden drops

to no displacement.

These changes in the stability of the model

solution seemed to correspond to the reaction of the body to

these changes, as exhibited by the physical data. The

center and top loading cases exhibited fairly smooth

reactions to their loading situations, showing small but

stable displacements over the frequency range from 0-10 Hz
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and a distinct separation between modes of vibration.

Conversely, the front- and side-loaded helmets produced

reactions in this same range which were large and appeared

to contain many coupled modes of vibration.

These stability and reactivity changes also seemed

to indicate that the front- and side-loaded helmets were not

as suitable for use in these types of vibration situations

as the center- and top-loaded helmets. The bodily reactions

to these helmets might cause the human subject to be more

susceptible to environmental vibrations which could reduce

the subject's ability to perform adequately in an

operational situation.

Another factor which might have heightened these

trends was the body's ability to maintain a particular

resonant frequency despite changes in CG. Each of the four

loading cases exhibited the resonance associated with "head

bobbing" located near 5 Hz. The data in both the model and

physical examples showed larger displacements for the front-

and side-loaded helmets as compared to the other cases. If

an operational situation should involve an environment with

a 5 Hz excitation, a person wearing a front- or side-loaded

helmet would obviously have more difficulty performing

duties (such as tracking tasks) than would someone wearing a

top- or center-loaded helmet.

The effect of maintaining a particular frequency

again appeared to be explained by the mechanism of
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recruitment. The data in the results section concerning the

changes in the model's spring constant supported this

conclusion. As loading was changed from the center to the

front, the required spring constant was increased from 156

to 168 N-cm/rad. As the loading was changed to the top, the

spring constant was decreased to 159 N-cm/rad, only slightly

larger than the center loaded case. These cases exhibited

the increase in the spring stiffness over the center loaded

case, which would correspond to the increased muscle

recruitment for these loads.

The constant for the side load was decreased even

further to 150 N-cm/rad. Although this would seem

inconsistent with the other results, the explanation was

simple. The side loading would physically require the

recruitment of muscles which were not represented by the B«h

spring; thus, the load was reduced on the B.h spring while

the "unknown spring" began to share the load. In this case,

the model was unable to accurately reproduce the entire

mechanism, but did an adequate job of revealing the general

trends.

In summary, it appeared that the large mass

helmet, the front-loaded helmet, and the side-loaded helmet

were undesirable configurations for subjects in environments

with excitations near 5 Hz. These helmets, because of their

effects on the human head-neck system, might cause a

decrease in effective performance of some duties.
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particularly in the realm of target tracking.

Observations and Recommendations

Although the model performed adequately for this

analysis using one degree of freedom, there were several

observations and recommendations that could be made which

would enhance the performance of the model. These changes

would not only improve the validity of the model, but they

would also provide clearer answers to questions concerning

the vibration characteristics of the human head-neck system.

These observations and proposed changes fell into four

categories:

1. Change of coordinate system

2. change in spring implementation

3. Addition of damping

4. Improvement of solution algorithm

The spherical coordinate system that was chosen

for the four degree of freedom system was adequate to

explain the rotations proposed about the y and the z axes.

Physically, however, there was a lateral rotation of the

head and neck which the present form of the model could not

represent. A rotation about the x axis at both pivots could

be added to the analysis, therefore increasing the number of

degrees of freedom to six.
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Another alternative was to change the type of

coordinate system used. A system described using Euler

angles may be more suitable, since a majority of the motion

described exhibit near-gyroscopic motion. Using such a

system might allow a complete description of the true

physical motion, while using only five degrees of freedom.

As was noted in Section IV, the values expressed

as "static spring constants" for the loading cases were less

than that which was required to assure motion of the system.

The dynamic values were often two to four times that of the

static values. This result could be easily explained and

possible changes to the system proposed. When the model was

"at rest", the spring value was calculated from the derived

static condition. The rotational spring could be given this

value to simulate this static state, if desired. The

situation corresponded to the use of muscle recruitment of

fibers within extensor muscles such as the rectus capitis

posterior major and minor, pulling the head-neck assemblage

up into a resting position (a muscle is like a cable and can

only act in tension). The flexor muscles for the head, such

as the rectus capitis anterior, would be relaxed and not

contributing to the force needed to produce static

equilibrium. For this situation, the rotational spring

could effectively reproduce the static force caused by this

one-directional pull when using the calculated static value.

This description was rather simplistic; actually, the static
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value represented the difference in stiffness between the

extensor and flexor muscles, with the extensors exerting the

greater force to maintain equilibrium.

When excitation was added to the physical system,

a dynamic change was produced in the system which required

both sets of muscles to interact simultaneously. This type

of interaction produced a resultant force at the pivot which

was greater than the required static force. In similar

studies involving joints, Brewster, et.al. (Walker, 1977)

measured these forces at 1.8 to 4.36 times that experienced

at rest. In order for the model to accurately reproduce

this change, the rotational spring constants must fall in

the same range.

With this fact in mind, two courses of action

could be attempted. First, additional computations could be

performed for each case to determine the resultant force

appearing in the analysis; then the value of the rotational

spring could be adjusted to produce such a force. Second, a

system of linear springs could be used to simulate the

actions of the individual extensor and flexor muscle groups.

Either solution might have slight drawbacks, but such

changes would improve the model's ability to reproduce

muscle function.

Possibly a major drawback to the model was the

absence of a damping factor. The inclusion of damping would

increase the stability of the solution by limiting the
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amplitude of the response at resonance. This factor could be

especially useful in terms of maintaining the small angle

approximation and increasing the validity of the theoretical

development. A damping coefficient around 19% should be

adequate to simulate normal joint function (Wasserman,

1983).

Finally, a more accurate algorithm would improve

the solution process. Although the algorithm utilized was

adequate, an improved solution would reduce errors, such as

truncation and round-off error, by more efficient means of

calculation. A first step may be analytically solving the

equation set using Laplace or Fourier transforms. Attempts

should start with the one degree of freedom system in this

analysis and continue with validation runs to test the

solution before adding additional degrees of freedom.

Other recommendations could be made to further

improve the system, but these basic changes should be

considered first before attempting more complicated

processes. The solution to a model using some or all of

these suggestions would undoubtedly answer questions left

unanswered here, but would also produce additional questions

in turn.
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APPENDIX A

DEVELOPMENT OF NONLINEAR EQUATION SYSTEM

SYSTEM REPRESENTATION

The system to be modeled was that of the human

head and neck subjected to vibratory motion in three

directions. The system was made up of point masses located

on massless rods which are constrained by rotational

springs. The head representation included the addition of a

helmet mass and its inertial properties. Spherical

coordinates were selected as the generalized coordinates for

the Lagrange formulation, with the length of the rods

remaining constant. This allowed the system to be described

in four degrees of freedom using the generalized coordinates

Ow, <Ptt, Oh, <t>K. (Refer to Section II, Figure 1, p.10 for

graphic representation.)

GENERALIZED COORDINATES

eM : angle of rotation of the neck from the vertical

about point O.

(|>N : angle of rotation of the neck from the line of

the body midsagittal plane about point O.

Oh : angle of rotation of the head from the vertical

about point P.

(t>H : angle of rotation of the head from the body

midsagittal plane about point P.
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CONSTRAINT COORDINATES

In

I'M

liH

X

length from 0 to mass of neck,

length of neck rod from O to P.

length of head rod from P to mass of head/helmet,

position relative to inertial frame; positive

direction is face out.

position relative to inertial frame; positive

direction is to body left.

position relative to inertial frame; positive

direction is up.

CONSTANTS

ihm

IBh

T  *
■Lid

Be

Omo

<t^o

Oho

<t>HO

mass of neck

combined mass of head and helmet

combined head and helmet inertial properties

calculated about the head/helmet center-of-

gravity.

K: rotation location (O or P)

i, j: axes

rotational spring stiffnesses in the directions

noted by c.

C ; Oh t Oh i r 't'H

initial deflection of neck in the Oh direction

initial deflection of neck in the <|>h direction

initial deflection of neck in the Oh direction

initial deflection of neck in the <|>h direction
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SPECIAL NOTATIONS

(A) Initial positions and deflections:

0»» = ©W + ©MO ©H = ©H + ©HO

+ 4*N0 ^H = <t>H + 4'hO

These expressions reflected both the direction

and initial deflection of the neck and head/helmet

masses. For simplicity, the capital notations

(©H, ̂ H, ©H, *h) were used in the development,

until expansion was required for clarity.

(B) Point locations:

O  : support point for system; corresponds to

C7-T1 vertebral position of the human neck.

N : location of neck mass.

P  : location of head pivot; located near C1

vertebra of human neck.

H : location of head/helmet center-of-gravity.

CONSIDERATION OF COORDINATE SYSTEMS

(A) [X,Y,Z] was an inertial frame of reference with

origin U. The position of o was represented at

any time by {X,Y,Z)o. Its initial position was

denoted by (XorYo,Zo)o. Movement of 0 was

represented by x(t) in the X direction, y(t) in

the Y direction, and z(t) in the Z direction.

From these definitions, (X,Y,Z)o was expressed
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in terms of its initial position (Xo,Yo,Zo)o and

its translation x(t), y(t), and z(t); that is,

(X)o = (Xo)o + x(t)

(Y)o = {Yo)o + y(t)

{Z)o = (Zo)o + z(t)

Also, any other member of the O coordinate frame

could be found in relation to the inertial system.

(B) [x,y,z] was the moving coordinate frame with origin

at O and with its respective axes parallel to the

inertial frame [X,Y,Z]. In addition, points N, P,

and H were defined in this frame:

N : ( Xn , yx, Zm )

P  :

H : { Xh r yH, Zh )

Motion important to this analysis was confined to

and interacted with this coordinate frame.

(C) The length of the rods connecting the pivot at the

origin O with the neck mass at N, the pivot at O

with the pivot at P, and the pivot at P with the

head/helmet mass at H (1m, Lm, Lh, respectively)

were each held constant, thus representing

scleronomic constraints (they did not change with
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time). Therefore, these lengths could be

represented by the expressions,

1n2 = Xm2 + 7^2 + Zm2

I«m2 = Xi»2 + yi.2 + Zi.2

Lm2 = (Xh - Xi. ) 2 + (Yit ~ y*)^ + ( Zh ~ Zp)2

In terms of the generalized coordinates On, Om,

<!>»,, and <t)„ (using the expressions e**, 0h, and

4>h as defined earlier) , the expressions for the

positions of N, P, and H were redefined as

N: Xm = 1m sindN cos^

Yn = In sindM sin^

Zm — 1m COS0M

P: Xp = Lm sindM cosOn

yp = Lm sindM sln^

Zp — IlM COS0M

H: Xh = Lm sinSM cos^m + I™ sin0H cos*h

yM = Lm sindM sin^ + Lh sinen sin^

Zh ~ I'M COSOn 'I' I'M COSOh

This formulation yielded a four degree of freedom

system expressed in four generalized coordinates.

MOVING CONSTRAINTS

x(t), y(t), and z(t) were specified as functions

defining movement of the 0 coordinate frame. A

convenient example of this motion corresponding to the
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vibratory motion studied in the physical tests was

x(t) = Ax sinQt y(t) = Ay sinQt

z(t) = Ax sin£2t

where A*, Ay, and Ax are amplitude multipliers.

Introduction of these moving constraints makes the

system non-conservative, by definition. Typically, the

Lagrangian approach is reserved for conservative

systems, but these constraint motions, or "forces", act

through the origin O and do not contribute to the

generalized forces Q. and Q^, (which include the

potential energy for the system). Therefore, the basic

form of Lagrange's equation is applicable (Greenwood,

1965) .

DEVELOPMENT OF EQUATIONS OF MOTION

USING LAGRANGE'S EQUATION

Lagrange's Equation (standard form):

d

dt

6£

5qd

6£

5qd

where £ = T - V,

T is the system kinetic energy,

V is the system potential energy,

q^. represents the generalized

coordinates for the system.
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(A) System Kinetic Energy

T = I ( E mi. Vi2 + Z I Q2 )

where m± represents the individual masses,

Vi represents the individual velocities,

I  represents the mass moment of inertia

for the system,

Q  represents the angular velocity.

Expanding this expression including each term,

T = I mN Vm^ + {Q}i» + 2 Vh^

+  ■{£J}S [Ih]°

+ {£J}S [Ih]* {Q^h

For this development.

0  0 0

M

H

0  0 0

o

o

0

Ixac ""Ixy -Ix«

[I«] = I-yy -Iy«

-Ixx ""lasy Xkz

O (or P)
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{Q}»

0 "

<t>N

{Q}.

0 "

<1>H

(1) Velocity

Vm : = {X + Xn) 1 + (y + Ym) j + (2 + Zm) k

where x, y, z are motions of the

O coordinate frame, and where

Xm = In 6n cosdN cos^N - In ̂ n slnSN sin^N

Yn = In 0n cosSn sin^N - In ̂ n sinON cos*n
Zn — ~1n 0n sin0N

Now,

Vn2 = (X + Xn)2 + (y + YnI^ + (Z + Zn)2

=  x2 + 2xXn + Xn2 + y2 + 2yyN + Yn'

+  Z2 + 2ZZn + Zn2

=  x2 + yZ + z2 + 2{XXn + YYn + ZZn)

+ Xn2 + Yn^ + Zn2

Vn^ = X2 + yZ + z2

+ 2 In [x(0nCOS0mCos^ - iNSin0NSin«N)

+ y(0NCos0Nsin«N + iNSin0Nsin$N)
+ z{-0NSin0N)]

+ iN^ON^cos^e^cosz^M

- 2 lN20N4NCOs0NCOs*NSin0NSin*N

+ iN^iN^sin^e^sinz^M

+ iN^ON^cos^eMSinz^M

+ 2 lN2^4NCOs0NSin^sin0NCOs^

+ lM^^N^sln20NCOs24(( + In^On^sIh^Om
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Finally,

{I) Vw :

Vn2 = X2 + y2 +22

+ 21w{eN[cos0M(xcos4>»«+y6in^) -zsin0M]

+ iM[sineM(-xsin*N+ycos4>M)}

+ 1n^ 0n2 + In2$j^2 g j_j;i2 0^

v„= (x+x„) i + {y+yH) j+ (z+z„) k

where x, y, z are motions of the

o coordinate frame, and where

Xn = Ln 6n cos6n cos4>n - Ln sIhOn sin4>N

+ Lh 0h COS0H cos4>h - Lh *h sin0H sin4>H

Yn = Lm 0i« COS0n Sin4>n " Ln in Sin0n COS^n

+ Ln 0H COS0H sin<I>H - Lh in sin0H COS4>„

Now,

— ~Ln 0M Sin0n " Lh 0h SXn0H

Vh2 = (x + X„)2 + (y + y„)2 + (2 + Z„)2

=  x2 + 2xxh + Xh2 + y2 + 2yy„ + Yh^

+  Z2 + 2ZZk + Zh2

=  X2 + y2 + £2 + 2(XXh + yyn + ZZh)

+ Xh2 + Yh^ + Zh2

Vh2 = X2 + y2 + 22

+ 2x(Ln0MCOS0NCOS«>n " LniHSin0nSin4>n

+ Lh0hCos0hCOS*h - LHiHSin0Hsin*H)

+ 2y(Ln0NCOS0NSin4>n + LniHSin0nSin*n

+ LH0HCOs0Hsin<l>H + LHiHsin0Hsin<tH)

+ 2z(~Ln0NSin0n ~ LH0HSin0H)
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+ Lh^Om^COS^©mCOS

- 2 LM^^^coseMCOs^sineMSln^

+ 2 LNLM^^COSe»,COS^COSeHCOS^

- 2 LMLH^inCOseNCOs^sineHsin^

+ LM2$^2sin2eMsin2*M

- 2 LMLH^^sin6NSin^coseHCOs4»H

+ 2 LMLH^^slndNSin^slneHSin^

+ LH^eH^cos^eHCOsz^H

- 2 LH2^4„cos0HCOs*HsineHsin*„

+  sin^OnSin

+ Li«2e^2cos2eNSin24>M

+ 2 LN^^^cos6NSin^sin6NCOS^

+ 2 LNLH^^coseNsin4>MCOseHSln^

4° 2 IiMl>H3M^HCOs0NSin4'NSin0HCOs$H

+  s in^OnCOS

"4 2 inOMCOS^i^cosOHS in^H

4- 2 LmIih^m^hSinOxCos^^sin©HCOs4^H

+ L„2eH2cOS2e„Sin2#„

4- 2 LH^^^^coseHSin^sinenCos^

4 Li4t2$H2sin2e^os2#„

+ liN^^N^ S IH^Om

4- 2 1jmI<h©m©mSinOviSindn 4- iiH ̂ ©M^ s in^Ofc

Vh2 = X2 4- y2 + z2

4- 2LMeM[cos©M(xcos«M 4- ysin^M) - zsin©i«]

4 2LM4M[sin©M(-xsin«M 4 ycos^N)]

4 2LHeH[cos©H(xcos«H 4 ysin4>H) - zsin©H]

4 2LH#H[sin©H(-xsin*H 4 ycos^w)]

4

4 2 IimIih©m©hCOS©i«COS©h ( cOS^mCOS^h
4 sin^sin^H)

4 LN^^N^sin2©ti

4 2 LMLH4k<6HSin©MCOs©H(-sin4>NCOs^
4 cos^sin^)
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Finally,

(ID v„

+ 2 LNLH4>M^sineMSin8H( sin^sin^
+ cos^cos^)

+  S ill^0K

"f* 2 Xjw1jh0m0hSin0MS in0H

2 LnLh0m^^cos0mS in0H (s in^MCos^H
- cos<f>MSin^)

Vh2 = x2 + y2 + z2

+ 2Lm^[cos9n(xcos^ + ysin«N)-zsineNl

+ 2LM^N[sineN(-xsin«N + ycos4>N) ]

+ 2LHeH[coseH(xcos<&H + ysin^w)-zsinGH]

+ 2LH4H[sineH(-xsin$H + ycos$„)]

+ h„2Q^Z

"i" 2 IlMloi0M0HCOSOMCOSOHaOS ( )

+ Ln^^i^Z g

"f" 2 IimXjhOm^^cosOmSin0HSin ( )

"f" 2 1imIih4m3hSinONCOsOiiSin ( )

"f" 2 XimLh^m^hSind^sinOnCos ( )

+ Lk20j^2

"t* 2 IjiaLM0MOHS inOMS inOii

+ LH^4*M^sin20M

(2) Inertia

[  0 0.^ ] lacac " I jcy -I«
0

0

~Iy* lyy -ly- 01.

_

-I«y I..
H

•

(III) =  0m2 - 2 I ® 0N + I==«°
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[  0 e„ 4^ ]

(iv)

I acx "Ixy -Ixx
P

0

"lyx ly-y "lyx G»

~I xy I zz
H

•

_4>h_

=  Gh^ - 2 Gm ̂  + 1^==° *h2

(3) Summation of terms

Gathering terms from (I), (II),

(III), and (IV), in the form

T - 2 IDn + z[Ii«] {Q}wr + I in*€ Vm^

+ {Q}S [Ik]° {Q}m + {Q}5 [Im]" {Q}h

T = I (niM + mw) (X2 + y2 + z^)

+  (iDnIn + mMliH) ̂  [cosGm (x cos^n + y sIh^m) - z sIhGn]

+  (m^lM + m„LN)iN [sinGw (-x sin^M + y cos$m)]

+ 2 {ninl»«^ + idhLh^ ) (Gn^ + sin20i»)

+ iuhLh^ [cosGh (x cosc&h + y sin4>H) - z sinGw]

+ rnHLw^ [sinG„ (-X sin$„ + y cos*„) ]

DUhLmIih [ GmGh COSGm COSGh COS(^n ** ^h)

+ $nGh sIhGn cosGh sin($N - $h)]

+ iiIhLmIim [Gm^h cosGn sinGH cos($»» ~

+ 4>n^h sIhGn sinGit cos($i« - $»)

"t* GnGh sihGn siiiGh]

+ 2 IDhLm^ (Gh;2 + sin20„)

+ 2 (Iyy° ©m2 - 2 ly«° + l=.»° •InM

+ 2 (lyy^ Gm^ ~ 2 lysB®* Gh^h + )
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(B) System Potential Energy

(1) Spring potential energy

The general equation for the spring potential

energy for rotational springs was

V„ = J S ki ai

where ki. is the stiffness of the spring,

a± is the angle of deflection.

From this general form, the spring potential

energy for the model was

Vb = 5 BbN i BbH ( ©H ~ 0»« ) ̂

+ I + I fi4>M (^H ~

(2) Gravitational potential energy

The general form of the gravitational

potential energy is

V, = E m±h±g

where m± is the individual mass,

hi. is the mass's height above the

moving coordinate system,

g  is the gravitational constant.
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From this form, the gravitational potential

energy for the system was

Vg — m>i g In COSOn "i" OIn g (Ln COSOn Lh COSOh)

+  (m„ + fflN) g Zo

(3) Summation of terms

V = 5 fiwN 6n^ + i B«H (0m ~ 0n) ̂ + I B«I>M

+ I b*h (^-<^.)2+mNglN cosOn

+ fflM g (I'M COS0N Lh cos0h) (ibh + hin) g Zo

(C) Lagrangian Functional £ = T - V

£ = I (fflN + mw) (x2 + y2 + z2)

+  (niNlM + dimLn) ̂  [COS0N (x cos^N + y sIh^n) - z sln0N]

+  (mNlN + m„LN)iN [sin0N (-x sin^N + y cos^n)]

+ 5 (idnIn^ + dimLn^ ) {0N^ + ̂ N^ sin20N)

+  [cose„ (x cos^H + y sin*M) - z sinSH]

+ nbiLH^H [sin0M (-X sin^H + y cos^m) ]

"t" HtMllNlaH [0M0M COS0N COS0H COS ( ~ ̂ h)

+ $n6h sin0N COS0H sin($N - $h)]

+ IDmI'mI'h [0n^h COS0M sin0H COS(^N ~ ̂ h)

+  sin0M sin0H cos(«m - ̂ h)

On0h s iI10N s iii0H ]
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+ 2 niHLic^ (Qh^ + sin^Si*)

+ I {Iyir° e»»2 - 2 Iy,° ir.2)

+ 2 dw" OhZ - 2 ^4. + I,.."* #h2)

~ 2 0M^ ~ 2 fl»H ( Qh ~ 0m) ̂ ~ 2 6«I>1«

- I Bw (4>„ - ̂ )2 - niM g Iw COS0M

~ Oh g ( Lm COS0M + IiH COS0H) ~ ( idh + hin ) g Zo

(D) Evaluation of Lagrangian Equation

d

dt

6£

5qi

5£

6qj

Om :

5£

6om

(niMlN+inHLM) [cos0n(xcos«n + ysIiK^n) - zsln0N]

+  (DImIn^ + ninLM^)0N

"i" IltHXiMl<H [ 0hCOS0nCOS0hCOS ( ~ )

+ 4HCOs0Nsin0Hsin(ON - ̂ m)

-I- 0H sin0N sin0H]
+  0M ~

d

dt

'6£~

60m

(ihmIm + mHLN) [-^sin0M {xcos4>m + ysin^M)

+ *xcos0nCosOn - X cos0Nsin<&N

+*ycos0NSin$N - inycosOMCos^M

-*z sin0N - Z0M cos0m]

+  ( IIInIm^+II1hIim^ ) 0M
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+ UmLuLh[0mCOS0mCOS0hCOS( )

- eMe».sin0MCOse„cos(«M-$„)

- eH2cos0NSin0HCos($N-«H}

- 0H(i ) cos0nCos0hS in ( )

+ $HCos0Nsin0Hsin($N-^H)

- eM*Hsin0MSin0Hsin($M-^H)

+ 0H«fHCos0MCos0Hsin{$N-^'H)

+ 4„(l>M-iH)cos0Nsin0„cos($N-4>„)

+ 0MSxn0Msin0H + 0H0NCOS0Msin0H

+ 0H^sin0NCos0H]

+ Iyy° 0N ~ ly**'

5£

50m

(iiimIn + fflHliN) {0n[-sin0»«(xcos$N + ysin^M)- zcos0m]

+ iM[cos0M (-xsin<>N + ycos^m)]}

+  (in»al»»^+niHliw^) cos0nS in0Kr

+ iiihLnLm [-^0Hsin0MCOS0HCOs(^-^)

+ 4»M0HCos0NCos0„sin(4>M-*H)

- 0N^sin0Nsin0Hsin($N-^H)

+ #n^hCos0nS in0HCOS($n-^h)

+ 0N0HCos0MSin0H]

~  0»* + fiwH ( 0H ~ 0»« )

nii«9lMSin0N "t" idh^IjmSin0i«

Ott C (DnIn^ + DIhLm^ + lyy*')0>» ~ Iy*°^M

+ {mnLMLH [cos0mCos0hCOs(*m-*m) + sin0MSin0H]}0h

+ [dikLnLh cos0MSin0HSin(^-^) ]4A
-  + idhLn^) cos0Msin0H]*M2

-  [2 mnLxLH cos0MCOs0Hsin(^-^)

+  [2 idhLmLh cos0MCOs0HSin(^-^) ]^4h

+ {mHlo«LH[-cos0Nsin0HCOs{*i«-^) + sin0MCOs0H]}0H2

-  [muLMLM cos0MSin0HCOs(*M-*H)

+  (BaM + B«H ) 0*« ~ B®H0H
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+  (ibmIn + mHLN)[ xcoseMCOs4>M + ycoseNSin^M

-  (*z + g)sinew] = 0

4*»» •
5£

50m

+  (fflMlM + mHliM) [sinOM {-x sin^M + y cos^m) ]

+  (mwlN^ + buhLmZ)^ sin^eM

+ ikmIinLm [Oh sin0M COS0H sin($M ~ ^h)

+  sinGM sin0H cos($m - ̂ h)]

+ lYa:° 0N ~ Izae*^ ^M

d r 6£"

dt 60m

(iiimIm + mHliN) [0NCoseM (-xsin^M + ycos^M)

-*xsin0Msin*M - *m x sin0MCOS«M

+*ysin0MCos*M - ̂ m y sin0MSin*M]

+ 2 (idmIn^■hhmLn^)0M0M sin0MCos0M

+ inHLNLH[^sin0MCos0HCOs{4>M-^)
+ 0M0MCos0MCOS0Hsin(#M-*H)

- 0„2sin0MSin0HSin($M-<i>H)

+ 0H(iM-4>H) Sin0MCOS0MCOS($M-*H)
+ *MSin0Msin0HCOs(*M-^»H)

+ 0m*mCOS0mS IneHCOS ( $m-€>m )

+ 0h*hS in0MCOS0HCOS(*m-*h)

-  ( 4>m-^h ) s inONS inens in ( #m-*h ) ]
+ Iy^° 0m ~ I«a5° 0M

6£

60m

(mMlw + fflMLM)[0MCos0M(-xsin*M + ycos^M)

+ iMSin0M (xcos*M + ysin^M)]
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+ mHliNliH [ ~0n0hCos0mCOS0hSin( )

+ iN8MsineMCoseHCos(#M-*H)

+ QtAttCoset^sinQHCOsi^tt-^tt)

- <i>»i4HsineNsineHsin(3>»,-4>H) ]

"" fi<»N ~ )

<j>»* : ~ )sin^0»* +

+  [ntHLxLH sineNCos0HSin(«»N-^) ]0i^
+  [mHL»,LH sin0Msin0HCos(4>M-^)

+  [2 (idnIn^ + idhLn^ )sin0NCOs0H]^4M

-  [rnHLxLH sin0MSin0Hsin(^-<^) ]0h2

+  [niHLMLH sin0Nsin0HSin(«>»,-^)

+  (niNlN + mHL»i) (-X sin0Msin$N +*y sin0MCosON) = 0

Oh I

6£

60h

+ iuhLh [COS0H (x cos^H + y sIh^h) - z sin0H]

+ IDhLmLh COS0H COS0H COS(*N - <>h)

+ in COS0H sin0H sin($H - ̂ h)

+ 0N sin0N sin0H]

+ inHLH^0H'^ ®H ~ lysK** ^H

d r5£

dt [Som

5£n

Om_J
idhLh [-0Hsin0M (xcos^H + ysin^n)

+*xcos0hCOS*h - X cos0HSin*H

+*ycos0HSin*H - *h y cos0hCos*h

-*z sin0H - z 0„ cos0h]



78

"i" rnHLMLH [ dNCOS0NCOSOHCOS ( )

- * 6^2 s ineMCosdHCOs ( )

- eHeNcoseNsineHcos(f>N-^H)

- 0M(*N-4>H)coseMCOse„sin{$M-<&H)

+ $NsineNCoseHSin($M-^H)

+ 0M*».coseNCOs0HEin(*M-«>H)

- 0H4Msin0Nsln0Hsin($N-4>H)

^»» ( ) s in0»»cos0nCos { )

+ 0NSin0NSin0H + 0H0NSin0NCOs0H

+ 0N2cos0NSin0H]

+ inHll»l20H + 0H ~

6£

6ei

nbiLH {0H[-sin0M(xcos^ + ysin^n)- zcos0h]

+ «h[cos0h (-xsin*H +*ycos*H)]}

+ IIIhIimIih [ ~0n0hCOS0mS in0HCOS ( $m~^h )

- $NdHSin0Nsin0HSin($N-$H)

+ 0N4HCOs0NCos0Hsin($N-^H)

+ ̂ Nl>HSin0NCos0HCOs($N-$H)

+ 0N0Hsin0NCOs0H]

IIIhIjh^^h^ COS0hS l.n0H

~  ~ 0m) + inH9l'MSin0M

Om {HIhIimLh [ COS0mCOS0hCOS ( $m~^h ) + sin0NSin0H]}0N

+ [hihLmIih sin0MCOs0nS in ( ) ]^m

+  (IDhLh^ + Iyy*)0H ~

~  [2 inHliMl>Hsin0MCOs0HCOs (

'f' '{IDhI'mI'h [ ~Sin0NCOS0HCOS ( ̂n~^h) ''' COS0nSill0H ] }0m2

+ [IDhLmLh sin0»»cos0HCOs ( ) ]^»«2
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~  [DUhLh^ COS0mSill0H ] ^ ~~ B®h0h

+ mHLM [*x coseHCOS^H +*y coseHSin^H
-  {*z + g)sin0H] = 0

4>h I
6£

6<>m

idmLh [sinSH (-X sin^H + y cos^h) ]

+ niitiLMljH [ Qt* COS0W s XI10H )

+ it, sine», sin0H cos($m - ̂ •h) ]

+ QIhXjm^^S^ lyac^ 0H Izz

ipqdt [5<D„J

iDhLm [0hCOS0h (-xsin4>H + ycos^M)

-*xsin0Msin*M - x sin0MCos*M

+*ysin0MCos*M - y sin0Msin$M]

+ inHLNLH[0i^cos0Nsin0Hsin(^-^}

+ 0h0mCos0mCos0hS in (<&*»-«»»)

- 0N^sin0Nsin0Hsin($M-4>H)

+ 0i.($M-iH)cos0Nsin0HCOs(^M-^H)

+ l>NSin0NSin0HCOs(«N-$H)

-i- 0N4NCOs0Msin0HCos(<&N-«H)

+ 0H^i€Sin0»»cos0nCOS

- it, (it,-it,) s inet,s in0HS in ( *n-*h ) ]

+ ZOShLh ̂^^H0H SXn0HCOS0H

~ lyz^ 0H + Izz**
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6£

6(t>H

mHLH[^cos0„(-xsin^H + ycos^„)

+ ̂ HslneH {-xcos4>h - ysin^H) ]

+ IDhI'mI'ii [ 0n0hCOS0i.jCOS0hS in ( )

- $NeHSinei«coseHCOs(<^i«-$H)

- 0i.$HCoseNsineHCOs(^M-*H)

+ ̂ M4>Hsin0Nsin0Msin(*M-*M) ]

+  ~ )

<t>H : [m„LNLH cos0NSin0HSin($N-^H) ]0N

+  s in0»»s in0nCos ( ) ]^»»

~ lyz^0H ~ (hihLh^sin^0H + Izas'')^H

~~ [idhLmIoi sin0MSln0HS in ( ) ]0n^

-  [m„L>,LH sin0MSin0Hsin(«>ia-^) ]^2

+  [2 iDhLnLh cos0MSin0„cos(«>M-^) ]0m<E>m

+  [2 iDhLmLm sin0MCOs0„cos(*N-^) ]0h<^n

~  [2 IUhIih^ Sin0NCOS0M ]0h^^h ~ B<^h'^n +

mnLH (-X cos0hCOS$h +*y cos0„sin*H) = 0
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APPENDIX B

LINEARIZATION OF NONLINEAR EQUATION SYSTEM

(A) Neglect second and higher order terms.

©u (IIImIn^ HIhLm^ + Ivy*')®** ~ Iya:°^N
• •

+ {rnHLnliH [coseMCOseHCos(4>i«-*H) + sin0MSine„]}0H

+ [mHLNLH cos0Nsin0Hsin(^-^)

+  ( BaN + B«»H ) 0N "" B»h0h

+  (mMlM + ihhLn) ['xcos0nCos*n +*ycos0Msin<&N
-  (*z + g)sin0N] = 0

<^>tt • ~ lyz''0»« [(mNtln^ + iiihLn^ )sin^0M +

+  [mHLi«LH sin0NCOs0Hsin(^-<^)

+  [idhLmLh sin0Msin0nCos (^h~^h )

+  { B<^m + B<^h ) ~ B<»h^h

+  (hihIn + muliN) (-X sin0Msin*M +*y sin0i«cos*M) = 0

ew : {m„Li,LH [cos0mCOS0hCos + sin0Msin0„] }0m

+ [idhLmLh sin0NCos0Hsin(f>i«-^)

+  (OUhLh^ + Iyy')0M ~ lyz^^H ~ B®h0n + B9H0H

+ nbtliM [*x cos0hCos*h +*y cos0Hsin4»H

-  (*z + g)sin0H] = 0

•tb* • [®hLi«Lh cos0»»sxn0nsin($n~^h) ]0m

+  [mnLNLH sin0Msin0HCOs(^-<^}

— Iy*^0M — (niHLH^Sin^0M + ~ B^H^U + B<»H$M

+ ibhLh (-X cos0hCos«h +*y cos0Hsin*H) = 0
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(B) Small Angle Approximation

Assume angles are small, such that

for any small angles a and p:

cos a K 1 sin |a-p|«0

Recall that

0M = ©N + ©NO 0M — ©M ■I' ©HO

+  <}*HO = <I>H + <|>HO

Assuming small angles, the following substitutions

can be made:

COS0M — COS(©H + ©ho) ~ cos©Ho cos©H ~ sin©Ho sin©H

~  cos©Ho ~ ©H sin©Ho

sinen = sin(©H + ©ho) = sin©Ho cos©h - cos©ho sin©H

~  Sln©HO — ©H COS©HO

COS (4^ — $»l) = COS(<(>H + <^HO "■ "I^H ~ <t>HO )

= COS((|>HO "■ <frHO ) COS(<|>H ~ <I*h)

~ sin((t>Ho ~ <t>Ho) sin(<t)H ~ 4*h)

S5 COS(<}>NO ~ 4)ho )
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sln($N ~ = sin(0M + 0no ~ 0m ~ 0ho)

— sin(0»ao ~ 0HO) cos (0M ~ 0h)

~ cos (0NO ~ 0HO} sin(0»» ~ 0m)

~  SXn(0NO ~ 0HO)

The following approximations were also made to

eliminate possible higher order terms:

COS0M COS0H ~ COS ( Om Omo ) COS ( Oh Oho )

^  COSOmo COSOho COSOmo SXHOhq

~ On SX]10i«o COS^ho COSO>«o SXIIOno

~ COSOno COSOho

COSOn SXn0H ^ COS ( On "f Ono ) SX]1(Oh Oho)

~  COSOno SXHOho Oh COSOno sI-IIOho

~ Oh SXHOho SXHOho ** Oh Oh SXIXOho COSOho

~  COSOho SXHOho

sxn0N sxn0H — s1.h(Oh Oho) s1h(Oh Oho)

~  SIhOho SiHOno Oh SIHOho COSOho

*1" Oh COSOho SXHOho Oh Oh COSOho COSOho

^ SXHOho SIHOho
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Taking these approximations yields the final

equation set;

Out ; (HImIn^ + IDhLm^ + Iv-y°)®N

+ {mHlntaLH [C0S©NoC0S0HoC0S(<t>NO-4>Ho) + SinONoSin©Ho ] }Oh

• •

+  [iuhIimI'm cosonoSinowosin (4^0~*1^o ) 14^

+  ( Aan + B»h)^Om + Ono ) ~ 6«»h{Oh + Oho)

+  ( OIhIm + IOhLn ) [ X COS©moCOS4)no Y COS©HoSin4>»»o

-  (*z + g)(sin©Ho + OhCosoho] = 0

• •

) Sill^©NO
• •

+  [mHliMliH sin0MoCos^HoSin( ) ]©**
• •

+  [dihLnLh sinoMoSin©HoCos{4^o""4^o )

+  ( fi<^N + "*■ 4*1«0 ) "■ 4blO )
+  (mvil^ + mHLN)(-x sineMoSin<t>Mo +'y sin^oCos4>Mo) = 0

• •

Oh I {IDhXinLh [ COSOnoCOSOhoCOS ( SiHtOHoSXHOHO ] }■©*!
• •

[ihhLnLh sinoHoCosoHoSin(4h«o'~4^o } 14^

+  "" IyaE^4^H

~  + Oho) + B^h^'Oh + Oho)

+ idhLh [ x coseHoCOS<t>Ho +'y cosoHoSin<|>Ho
-  ( z + g)(sineHo + OhCosoho)] = 0

• •

4^ ' [inHLnliH cosohoSin©HoSin{4*t«o""4'Ho) joh
• •

"i" [idhLmLh sin©HoSin©HoCOs(4^o~4^o ) 14^

~ Iv*^©H ~ (idhIih^sin^©Ho + l3Ez**)4'>i

~ fi<»H (4*** 4*»*o) + A<»h ( 4>h + 4>wto)

+ iUhLh (-X cos©hoCos4>ho + 7 cos©HoSin4>Ho) = 0
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APPENDIX C

ONEEQ.FOR PROGRAM LISTING

C

C  ONEEQ.FOR

C

C  ONE DEGREE OF FREEDOM, Z DIRECTION IMPLEMENTATION

C  OF MATHEMATICAL MODEL FOR VARIABLE WEIGHT/CG HELMET
C  INVESTIGATION. SOLVES FOR THETH AND PRODUCES

C  FREQUENCY RESPONSE INFORMATION FOR SINUSOIDAL

C  EXCITATION OVER A RANGE OF FREQUENCIES.
C

(^***********************************************************

C

IMPLICIT REAL*8 (A-H,0-Z)
REAL*8 LMDA5, LMDA4, lYYP, MH, LH
INTEGER COUNT, FCOUNT

DIMENSION FORCE(1024), QUAD(1024), IND6), XIND(2),
&  XYMV(6), XYMV(6), ACV(1024), FREQ(1024),
&  PS(1024), XCOV(1024), XSPECT(1024),
&  AMPHAS(1024), XFER(1024), COHER(1024),
Sc QUAD2(1024), RESPN(1024)

C

C  INITIALIZE ARRAYS TO ZERO

C

10 TIME = O.IDO

DO 12 I = 1,1024
FORCE(I) = O.ODO
QUAD(I) = O.ODO
ACV(I) = O.ODO
PS(I) = O.ODO
XCOV(I) = O.ODO
XSPECT(I) = O.ODO
AMPHAS(I) = 0.ODO
XFER(I) = O.ODO
COHER(I) = O.ODO
QUAD2(I) = O.ODO
RESPN(I) = O.ODO

12 CONTINUE

C

C  ACQUIRE DATA FROM KEYBOARD INPUT
C
Q  * It-k-k 11 * le-k *-k

C

WRITE(6,100)
WRITE(23,100)

100 FORMATCWHAT IS THE COMBINED HEAD/HELMET MASS IN KG?')
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105

110

115

120

125

READ(5,*
WRITE(23

WRITE(6,105)
WRITE(23
FORMAT( •
READ(5,*
WRITE(23

WRITE(6,
WRITE(23
FORMAT('
READ(5,*
WRITE(23

WRITE(6,115)
WRITE(23
FORMAT('

i  •

READ(5,*
WRITE(23

WRITE(6,120)
WRITE(23
FORMAT('
READ(5,*
WRITE(23

WRITE(6,125)
WRITE(23
FORMAT('
READ(5,*
WRITE(23

MH

*) MH

105)
WHAT IS THE LENGTH OF THE HEAD ROD IN CM?')
LH

*) LH

10)
110)
WHAT IS THE INITIAL ANGLE IN RADIANS?')
THETHO

*) THETHO

115)
WHAT IS lYY FOR THE COMBINED HEAD/HELMET',/,
IN KG-CM**2 ?')
lYYP

*) lYYP

120)
WHAT IS THE SPRING CONSTANT IN N-CM/RAD ?')
BTHETH

*) BTHETH

125)
HOW MANY LINES OF FREQUENCY RESOLUTION?')
FCOUNT

*) FCOUNT
C

C
(;;**********************************************************

C

C  DECLARE AND CALCULATE CONSTANTS

C

C

c

**********

c

c

c

PI = 3.14159D0

GRAV = 981.ODO

FMAX = 25.ODO

ZAMP = 0.5D0*GRAV

LMDA4 = MH*LH**2.0D0

LMDA5 = MH*LH

!  GRAVITY IN CM/SEC**2

!  MAXIMUM FREQUENCY IN HZ

! AMPLITUDE IS IG PEAK TO PEAK

!  MASS*LENGTH SCALARS FOR

!  OVERALL TORQUE CONCERNS

A22 = LMDA4 + lYYP
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B22 = BTHETH - GRAV * LMDA5 * DCOS(THETHO)

NUMBER OF T DOMAIN DATA PTS

SAMPLE RATE

TIME BETWEEN EACH SAMPLE

COUNT = 2 * FCOUNT

FSAMPLE = FMA*2.0D0

DELTA = 1.ODO/FSAMPLE
C

C

C  PROGRAM EXECUTION

C
Q  **********

C

C  TIME DOMAIN CALCULATIONS

C

WRITE(6,205)
WRITE(23,205)

205 FORMAT(' TIME DOMAIN CALCULATIONS',/,/,' TIME ',9X,
&  ' FORCE ',8X,' RESPONSE ',5X,' ITERATION ')

C

C

C

C

ISTART = FCOUNT/FMAX
DO 505 J = ISTART, FCOUNT

FF = DFLOAT(J)/DFLOAT(FCOUNT)*FMAX

DO 500 I = 1,COUNT

OMG = FF*2.0D0*PI

0MG2 = OMG * OMG

OMGSIN = DSIN(OMG*TIME)
ROMGSIN = DSIN(OMG*TIME)
AMPZ = ZAMP/0MG2

C

C  FORCING FUNCTION

FORCE(I) = OMGSIN*AMPZ
C  SUMMATION OF FORCE

QUAD(I) = FORCE(I) + QUAD(I)
C

C2 = AMPZ*LMDA5*DSIN(THETH0)

BDENOM = B22/OMG2
ZDENOM = AMPZ*LMDA5*DCOS(THETHO)*OMGSIN
ENUME = C2*0MGSIN

DENOM = A22 - BDENOM + ZDENOM

C

C  RESPONSE FUNCTION

RESPN(I) = ENUME/(DENOM*OMGSIN)
C  SUMMATION OF RESPONSE

QUAD2(I) = RESPN(I) + QUAD2(I)
C

C

WRITE(6,210) TIME, FORCE(I), RESPN(I), I
WRITE(23,210) TIME, FORCE(I), RESPN(I), I

210 FORMAT(G13.6,2X,G13.6,2X,G13.6,5X,I4)
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TIME = TIME + DELTA

C

500 CONTINUE

C

TIME = O.IDO

C

505 CONTINUE

C

WRITE(6,220)
WRITE(23,220)

220 FORMAT(' TIME DATA CALCULATION COMPLETED',/,/)
C
^***********************************************************

C

C  FREQUENCY DOMAIN CALCULATIONS

C
Q  **********

c

IND(l) = 0 ! INITIALIZE INDICATORS
IND(2) = COUNT ! FOR IMSL SUBROUTINE FTFREQ
IND(3) = 1
IND(4) = FCOUNT
IND{5) = 0
IND(6) = 0

C

XIND(l) = DELTA
XIND(2) = O.ODO

C

C

WRITE(6,225)
WRITE(23,225)

225 FORMAT(' FREQUENCY DOMAIN CALCULATIONS',/,/)
C

C
Q  ****** CALL IMSL SUBROUTINE FTFREQ ******

C  ****** FORCING FUNCTION EVALUATION ******

C

CALL FTFREQ (QUAD,IND,XIND,XYMV,ACV,FREQ,PS,XCOV,
&  XSPECT,AMPHAS,XFER,COHER,IER)

C

WRITE(6,230) lER
WRITE(23,230) lER

230 FORMAT(' FORCING FUNCTION OUTPUT lER = ',15,/,/)
C

WRITE(6,235)
WRITE(23,235)

235 FORMAT(' STEP I ',5X,' PS(I) ',8X,' FREQ(I) ')
C

DO 550 1=1, FCOUNT+1

C

WRITE(6,240) I, PS(I), FREQ(I)
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WRITE(23,240) I, PS(I), FREQ{I)
240 FORMAT(I5,5X,G13.6,2X,G13.6)
C

550 CONTINUE

C

C

DO 560 I = 1,COUNT
C

QUADd+COUNT) = QUAD2(I)
C

560 CONTINUE

C

IND(l) = 1
C

C

C  ****** CALL IMSL SUBROUTINE FTFREQ ******
C  ****** RESPONSE FUNCTION EVALUATION ******

C

C

CALL FTFREQ (QUAD,IND,XIND,XYMV,ACV,FREQ,PS,XCOV,
&  xspect,amphas,xfer,coher,ier)

C

WRITE(6,250) lER
WRITE(23,250) lER

250 FORMAT(' RESPONSE FUNCTION OUTPUT lER = ',15,/,/)
C

WRITE(6,255)
WRITE(23,255)

255 FORMATC FREQ XSPECT dSX,' AMPHAS ',8X,
&  • PHASEANG dSX,' COHER ')

C

DO 570 I = 1,FC0UNT+1
PHASANG = AMPHAS(I+FCOUNT) * 360.0D0
IF(PHASANG.GT.180.0D0) PHASANG = PHASANG - 360.ODO

C

WRITE(6,260) FREQ{I),XSPECT{I+FCOUNT),AMPHAS(I),
&  PHASANG,COHER{I)

WRITE(23,260) FREQ(I),XSPECT(I+FCOUNT),AMPHAS(I),
&  PHASANG,COHER(I)

260 FORMAT(F10.4,2X,G13.6,2X,G13.6,2X,G13.6,2X,G13.6)
C

570 CONTINUE

C

c***********************************************************

c

WRITE(6,270)
WRITE(23,270)

270 FORMAT( • END EXECUTION ')
C

END
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