May 28, 1955

To the Graduate Council:

I am submitting herewith a thesis written by Carol G.
Doss entitled "Certain Equivalence Relations in Transformation
Semigroups."” I recommend that it be accepted for nine quarter
hours of credit in partial fulfillment of the requirements for
the degree of Master of Arts, with a major in Mathematiecs.

LL e e -

Ma jor Professor

We have read this thesis
and recommend its acceptance:

1({’ (ﬂt»{f/ef
wuu/ /- 4‘/;4

Accepted for the Council:

-

Dean of the Graduate School




CERTAIN EQUIVALENCE RELATIONS IN TRANSFORMATION SEMIGROUPS

A THESIS

Submitted to
The Graduate Council
of
The University of Tennessee
in
Partial Fulfillment of the Requirements
for the degree of
Master of Arts

by
Carol G. Doss

June 1955



5
4 ’

ACENOWLEDGMENT

The author wishes to express his appreciation for the
valuable assistance rendered him by Professor D. D. Miller,

under whose direction thls paper was written.



CERTAIN EQUIVALENCE RELATIONS IN TRANSFORMATION SEMIGROUPS

0. Introduction

The general object of this thesis 1s to study certain
equivalence relations defined on a semigroup, in particular,
to study certain equivalence relations defined on semigroups
of single-valued transformations. We are interested in semi-
groups of transformations partly because every semlgroup has
as homomorphic image a semigroup of transformations (and hence
a subsemigroup of a transformation semigroup of degree n
for some n). This is a well-known fact, analogous to the
Cayley Theorem on abstract groups, but we shall give a brief
proof in Section 1, Section 1 is devoted to definitions and
basic concepts. In Section 2 we prove some theorems concern-
ing certain equivalence relations defined on a transformation
semigroup of degree n. In Section 3 we present some results
concerning the transformation semigroup T3 of degree 3.

As an appendix, we have listed all subsemigroups of
I3 and the minimal generating sets of each such subsemigroup.
The regular subsemigroups of T3 are marked by an asterisk

and the pseudo-inverses of each element of T3 are listed.

1. Definitions and basic concepts

A semigroup is a system consisting of a non-empty set
closed under a single-valued binary assoclative operation
which we call multiplication. The cardinal number of the set

is called the order of the semigroup. For union, intersection,
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inclusion, proper inclusion, and the empty set we use V,n,
¢, ¢, and &, respectively. If S 1is a semigroup and
ZgcSy <S5 and Sy 1s closed under the semigroup operation,

we say that Sl is a subsemigroup of Sj; 1f &7 1is a group

we call S, a subgroup of S. We call S; a proper subsemi-

group of S 1if Sl.C:Su We assume that the reader is
acquainted with the algebra of sets. A non-empty subset of

the set of elements of the semigroup S will be called a
complex. If M; and M, are complexes in S then the
product MM, 1s defined to be the set of all products mmp
where m) € M; and mp € My. The relations Mj-MpMy = MjM> My,
My-(My v M3) = MMy v MMy, (M v M2)'M3 = MyMy v MpM,,

My (Mo N M3) S MM n MMy, (M N Mg)‘M3 < MMy n MpMy

1 and we shall use them constantly.

are well known
A particularly important class of subsets of a semi-
group comprises ideals, left, right, and two-sided. A non-
empty subset L of a semigroup S 1is called a left-ideal in
S if SL £ L, and a non-empty subset R of S 1is called a
right ideal if RS & R. If a subset S 1is both a left ideal

and a right ideal we call it a two-sided ideal. Ideals of

any of these three kinds are called proper ldeals 1f they are
properly contained in 8. It is obvious that any left; right,
or two-sided ideal of S8 1is a subsemigroup of S, and that

lgsee, for example, P. Dubreil, Algdbre (Paris:
Gauthier-Villars, 1946), p. 3l.
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if M 1s any complex in S +then the complexes SM, MS, and SMS
are, respectively, left, right, and two-sided ideals of S, as are
the complexes SMuU M, Mu MS, and M v SM v MS v SMS, respec-~
tively. 1In particular when M 1is a single element a we call
the complexes Sawv a, a vaS, a v Sa v aS v SaS, the principal
left, right, and two-sided ideals of S, respectively, generated
by a. If M is a left [right, two-sided] ideal of S, and M

1s contained in a subsemigroup S; of S, then M 1is a left
[right, two-sided] ideal of Sj, and is said to be a left [right,
two-sided] subideal of S;. However, a complex M < S may be
an ideal of the semigroup Sj7 without being a subideal of S;,
l.e., without being an ideal of 8.

We shall consider certaln equivalence relations, introduced
by Green,2 that are definable in an arbitrary semigroup. Elements

a and b of a semigroup S are said to be L -eguivalent (writ-

ten aL b) in S if they generate the same principal left ideal
of S, and to be R -equivalent (written a R b) in S if they

generate the same principal right ideal of S. We say that ele-

ments a and b of S are & -eguivalent (written a @ b) in S
if there exists an element z € S such that a«L z and z®b
in 8. It is almost obvious that the relations £ and ®R have
the properties of reflexivity, symmetry, and transitivity, and
that & 1s reflexive and transitive. It is not so obvious that
the relation & 1is symmetricy a proof may be found in Green's

paper.3 Finally, a and b are o -eguivalent in S Iif

27, A. Green, Annals of Mathematics 54 (1951), pp. 163-172.
3Green, op. c¢it., pp. 164-165.



they are both L - and AR -equivalent in S. It is easily
seen that if elements a and b are ¥ -equivalent in S
they are L - and R -equivalent in S; and if they are

L -equivalent or R -equivalent in § then they are

D -equivalent in 8.

We are interested primarily in semigroups of transfor-

mations, i.e., in semigroups of single-valued mappings of a
set A into itself. The set A 1is caTlled the domain of the
mapping ¢ and the set A¢ of images a¢ (a subset of
A) is called the range of the mapping. The mapping that
leaves every element of A fixed is called the identity
mapping and a mapping that maps all elements of A 1into a

single element 1s called a constant mapping. Transformations

¢ and Y of a domain A are equal provided that a@ = ay
for every a € A. The product of @ and ¥ (in that
order) is defined to be the mapping ¥  such that

a(9¥ ) = (a@)y¥ for every a € A. It is well known* that
this multiplication of mappings is associative and that,
therefore, under this operation, the class of all transfor-
mations of the set A 1is a semigroup. If the cardinal number

of A 1is n we call this semigroup the transformation semi-

group of degree n and we denote it by Tp. If A 1is a

finite set we find it convenient to represent it by the set

4Birkhoff and MacLane,
York: MacMillan, 1953), p. 12

Survey of Modern Algebra (New

A
0.



(1, 2, ..., n) of positive integers and we represent a

transformation @ of A by ¢ = (;1 32 gn) ’

This representation of a transformation is similar to that
commonly used for a permutation of A3 however, a transforma-
tion of A& need not be one~to-one as in the case of a permu-
tation. Although it is convenient to represent the elements
of A Dby positive integers, we shall call these elements
letters in order to emphasize the fact that A 1is an abstract
set in which no relations or operations are defined.

To prove that every semigroup has a homomorph among
the transformation semigroups, we may proceed as follows.
With each a & S we associate the transformation (right
translation) %a defined by x¢, = xa for all x & S.
Then X @.p = X'ab = xa*b = (x@,)b = (x@ )Py = x- PP,
for all x & S. Hence if a—> ¢, and b—>%y then
ab —> @, ¥y, L1.e., the correspondence a —» ¢y 1is a homo-
morphism of S onto the semigroup of all right translations
of S, which is in turn a subsemigroup of the semigroup of
all transformations of S.

The homomorphism need not be an isomorphism, as one may
see by considering any semigroup S in which, for some dis-
tinct elements a and b, xa = xb for all x& S (e.g.,
the semigroup S, discussed below).

An element a of a semigroup S 1is called a regular

element (or an inversive element) of S if axa = a for

some X & S. If every element of S 1s regular then S 1is
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said to be a regular semigrougs(or an inversive semiaroupé).

If a &€ S and axa = a and xax = x for some x &€ S then

X 1s called a pseudo-inverse of a. Any regular element has

at least one pseudo-inverse; indeed, if axa = a then the
element y = xax is a pseudo-inverse of a. The most familiar
semigroup in which every regular element has a unique pseudo-
inverse is a group; other examples exist, however.

A subset M of a semigroup S 1s said to generate S
if every element of S 1is a product of positive integral
powers of elements of M. If S 1is generated by a single
element then 8 1s called a cyclic semigroup. If at least
one element of a generating set M of S8 1s a produect of
powers of other elements of M, then M 1s said to be a
dependent generating set of 8S; otherwise, it is called an
independent generating set of S. Given a generating set M

with cardinal number m, we say that M 1s a minimal generat-

ing set of S i1f S has no generating set with cardinal
number less than m. It 1s clear that any finite minimal
generating set 1s independent; the converse, however, does

not hold even in finilte groups.

5J. Von Neumann, Proc. Nat. Acad. Seci., 22 (1936),
p. 708. Von Neumann's definition is stated for rings, but
since the notion is purely multiplicative it may be applied
at once to semigroups.

6Gabriel Thierrin, Comptes Rendus Acad. Seci., 232
(1951), P°.376-




2. Certaln equivalence relations in T,

Lemma 1. Let S ©be a semigroup and let a, b€ S. Then

a«s b Iif and only if elther a = b or else Sa = Sb, a € Sa,
and b € Sb.

Proof. Suppose adL b, .., Sava=8bwvb, If
a#b then a€& Sb and b € Sa, whence a = s1b and

b = spa for some s;, sp & S. Hence if s € S then
sa = ss;b € 5b, whence Sa & Sb, and sb = ss;a € Sa, whence
Sb & Sa. Therefore Sa = Sb and a ¢ Sa and b & Sb.

Conversely, if a = b then a{ b is immediate; hence

suppose Sa

and Sbh v b

Sb, a &€ Sa, and b € Sb. Then Sa v a = Sa

8b, whence Sawv a=Sbub, 1.e., aLl b,
Corollary. If a # Sa then a 1is XL -equivalent in S to
no other element of 8.

By left-right duality we obtaln the following lemma
and corollary.
Lemma 2. Let S be a semigroup and let a, b€ S. Then
a® b if and only if either a = b or else aS = bS, a & aS,
and b ¢ bS.
Corollary. If a & aS then a 1s (® -equivalent in S to

no other element of S.
Lemma 3. Let S be a subsemigroup of a semigroup T, and
let ad b a®Rb, adb] in S. Then aLb [al b, ad 1]
in T.

Proof. By Lemma 1, if a L b in S then either
(1) a=b or (2) Sa=8b, a€Sa, and b€ Sbh., If a=0>b
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it is immediate that a £ b in T; hence suppose (2) holds.
Let t € T. Then from a &€ Sa and Sa = Sb we obtain
ta € tSa = tSb € Tb, whence Ta & Tb; and from b € Sb and
Sa = Sb we have tb € tSb = tSa € Ta, whence Tb & Ta.
Therefore Ta = Tb, and we have shown that a L b in §
implies a L b in T. A similar proof shows that a® b 1in
S implies a® b in T. Finally, suppose ad b in S;
then there is an element 2z &€ S such that a £ z in S and
z® Db in S. It follows at once from what we have just
proved that a Lz in T and z® b in T, whence a Db
in T.

The converse of Lemma 3 is not necessarily true, as 1is
shown by the following example, which is a subsemigroup of
T3. Let us denote this subsemigroup, which we shall use in

other counter examples to follow, by Se.

From the multiplication table of T3 1t 1s easily verified
that Bp3 and Bpg are both L- ana a-equivalent .in T3,
but they are not even i)-equivalent in the subsemigroup
shown above.

For any t & T,, let the range of t be denoted by Rg.
For any set M, let the cardinal number of M be denoted by



ﬁ. We state without proof the following obvious lemmas and
corollary.

Lemma 4. If ¢, t' e T, then Rttt = Ry

Lemma 5. If t, t'& T, then Ryyr < Ry -

Corollary. If t, t'e T, then Ry4r < min Eﬁt,lﬁtﬂ .
Theorem 1. If two elements of a subsemigroup S of Tp are
ilequivalent in S +then they have the same range.

Proof. Let a, b&e S,al b in S. Then
Sava=58buvb., If a=D>b, the result is immediate. If
a #b then, for some s & S, a = sb. By Lemma 4, Ry = Rgp € Rp.
Similarly, Rp € R;. Therefore R, = Ryp.

Theorem 1 fails if (R 1s substituted for [ , even
if S = T,. From the multiplication table of S, (given
under Lemma 3) it is easily seen that Cpp and Cpp are
Oz-equivalent in S¢, but they do not have the same range.

If § = Tp, in particular T3, we see from the multiplication
table of Ty that Byy (R Bgy, but they do not have the same
range.

Theorem 2. If two elements of T, have the same range then
they are J:—equivalent in Tp.

Proof. Let a, b € T, Ry = Rp. Since T, contalns
an identity element, a € Tpa and b € T,b. Hence a Ll b if
and only if Tpa = Tpb. To prove that Tpa € Tpb, we let
ta be an arbitrary element of Tpa and proceed to define a
transformation t' & T, such that ta = t'b. For each

i=1, ..., n, let the images of i wunder ta, t'y, and b
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be c¢j, x5, and by, respectively. Since Ryy3€ R,E Ry,
each c¢j occurs at least once among the bj. For each i,
select one such occurrence, say bj = ¢y, and define Xx3 to
be j. Then the image of 1 wunder ¢t'b 1s e¢j. With this
definition of t', ta = t'b and we have, when such a t' has
been found for each t & T, Tna € Tpb. Similarly, Tpb < Tha.
Hence Tpa = Tpb, whence a L b.

Theorem 2 fails if (R 1is substituted for [ . The
elements Bpy and Bgy of T3 have the same range, but
from the multiplication table of T3 we see that they are
not Oz-equivalent,

If two elements of a subsemigroup § of Tp have the
same range they are not necessarily lfwequivalent in S.
Consider the elements Bpy and Bpg of Sg. From the
multiplication table of S, we see that Bp3y and Bpg are
not f—equivalent.

Corollary. Two elements of Tp are l?-equivalent in Tp
if and only if they have the same range.

We remark that, in the special case T = T, the part
of Lemma 3 that refers to l:-equivalence is an immediate
consequence of Theorems 1 and 2.

Lemma 6. If two elements of a subsemigroup S of T, are
ij-eéuiValent in S then they have the same rank.

Proof. Let a, b€ S, afd b in S. Then there is an
element z & S such that al z in S and z® b in S,
By Theorem 1, Ry = R,. If 2z = Db then Rz = Ry and we
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actually have Ry = Rp. If 2z # b then, by Lemma 2, z = bs
for some s & S. But, by Lemma 5, ﬁz = ﬁbss Rp. Similarly,
by Lemma 2, b = zs' for some s' €& S and so, by Lemma 5,
ﬁb = ﬁzs' = ﬁz. Therefore ﬁz = ﬁba and from R, = R, it
follows that R, = ﬁb‘ The converse of Lemma 6 is not neces-
sarily true. Again consider the elements Bpy and Bgg of
S¢+ From the multiplication table of S, we see that Bpy
1s L -equivalent to no element of Se except itself, but
Bpy 1s not (& -equivalent to Bps. Hence, there is no
element 2z € So such that Bgyy L z and z & Bpg. However,
the converse of Lemma 6 does hold (and is our Lemma 8) in the
special case 8 = T.

Corollary. If two elements of a subsemigroup S of T, are
either lf—equivalent or R -equivalent In S then they have

the same rank.

Definition. Transformations a = (l 2 ...n ) and
81 a8 e ap
p=( 2 ...n are said to be similar provided that
bl b2 ¢ o0 bn

aj = aj if and only if by = bj.

Lemma 7. If 2z and b are elements of T, having the same
rank, and if 2z = bx for some x & Tp, then z and b are
similar.

Proof. The hypothesis =z = bx may be written

(1 2 ...n)= 1 2 ...n)(l 2 ... )
Zl Z2 ¢ e e Zn bl b2 o e e bn Xl X2 o e o Xn
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Let r = iz = ﬁb' If r =1, the conclusion is immediate.
We shall assume henceforth that r > 1.

We show first that 1f 2z4 = z then by = bj. Suppose,
to the contrary, that for some i and j (1€ i< j < n)
zy = zy but by # bj. ‘Without loss of generality, we may
re-label the letters 1, 2, ..., n (l.e., We may re-arrange
the columns of the transformation symbols) so that 1 = 1 and
J=2. Let m = z7 = zp; then the number of distinct letters
other than m occurring in the sequence 23, 24, ..., 2 1Iis
r - 1. Call these distinct letters pj, P2y +¢¢¢y Dr-1. We
continue our re-labellng so as to make 2zi4o = pj
(1 =1, 2, ...y r=1). This accomplished, z is represented
by the symbol

(123 4 ...r+1 r+2...n ),
m m pl p2 .o pr_l cl e s 0 Cn_r_l

in which the set R, = [m, p1, pp, -..s Pp-1] consists of r
distinct letters and cy & R, (i =1,2, ..., n-r -1).

By our supposition, by # bo; let u = by and v = b2. Then
the equality 2z = bx now reads

(123 ..T+1 r+2...n >=
mm pl v o pr._l 01 .0 cIl_r_l

123 ...n\fl ...u...¥v...n
uvby...byf\x3 .v.m..om .. X))
in which u # v. By Lemma 4, R, & Ry. Hence each pj
(1

(3
of i+ 2 under 1z, py = Xy where J = bj4p (1 =1, ...y v - 1)

1, ..., r - 1) occurs at least once among the xj

1, ve.yny u# j #v). In fact, since pjy 1s the image
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and u # j #v. Therefore b3, bs, ..., Ppy1 1s a sequence
of r -1 distinect letters and none of them is elther u or
v. Hence Ry contains the r + 1 distinct letters u, v,
b3, sssy Dpyys contrary to the hypothesis =§b = ﬁz = r,

To show that by = by implies 2z3 = zyy the hypothesis
ﬁ; - ﬁ% is not needed. We need only observe that if 1 and
j have the same image under b then they have the same image
under bx, whence, by the hypothesis 2z = bx, they have the
same lmage under z.

We conclude that z and b are similar.
Theorem 3. A necessary and sufficient condition that two ele-
ments of Tph Dbe R -equivalent in Tn 1s that they be similar.

Proof of necessity. Let z, b £¢Tp, z®&b in T.
If z = b the conclusion is immediate. If =z # b then, by
Lemma 2, 2z = bx for some x & Tp. And, by the corollary to
Lemma 6, z and b have the same rank. Hence, by Lemma 7,
z and b are similar.

Proof of sufficiency. Let 2z and b be similar ele-

ments of Tp. First, we shall determine an element x & T,
such that 2z = bx., If a letter m occurs in the range of b,
say as bj, we assign as the image of m under x the letter
zy. If m occurs more than once as a b-image, say as X4

and as Xj, then by hypothesis zj = zj; hence the image of

m under x 1s uniquely determined. If a letter m does
not occur in the range of b, we assign an arbitrary letter

as the image of m under x. Now, for any 1, the image of
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i1 under bx 1is 2z4; hence 2z = bx. In the same way we may
determine an element y € T, such that b = zy. But then,
for any t e T, zt = bxt €& bTp, whence zTp € bT,; and
bt = zyt €& zT,, whence bT, € 2zT,. Therefore 2Ty = bT,.
And, since T, contains the identity transformation, 2z-€& 2T,
and b & bT,. Thus the conditions of Lemma 2 are fulfilled,
and we conclude that z ® b in Ty.

Lemma 8. If a and b are elements of T, having the same
rank r then adb in T,.

Proof. By hypothesis, there is a one-to-one corre-
spondence @ Dbetween the range of a and the range of b.
Let us label the elements hof of the range of a and the
elements k, of the range of b so that h, = k,

(=1, ..., r). We define a mapping =z as follows. For

any 1 (1 =1i=n), 1If by =k, define z; to be h,.
From this definition it 1s immediate that Ry @ R;. Further-
more, to any h_ & Ry there corresponds under ¢ a letter
k € Rp. But k, 1s the image under b of at least one

letter 1, and we have deflned 2z; to be hd’
Therefore R, € R;. We now have R, = R,, whence, by the

Hence hq € R;.

corollary to Theorem 2, a Lz in Tn.
To prove that z ® b we show first that zy = 2z j

implies by = D This follows at once from the definition

ji
of z, for if by =k, and by = kp and by # by then
4#£p@ and so zj=h, # hg=2zy. Conversely, 1f by = by =k,

then 2z4 = h = 2z3. Hence 23 = z4 if and only if by = by,



15

l.e., z and b are similar. By Theorem 3, then
z®1b in T,.

From the definition of &) -equivalence it follows that
adb in T,. |

From Lemmas 6 and 8 we have at once:
Theorem 4. Two elements of T, are 9 -equivalent in Tp 1if
and only if they have the same rank.
Theorem 5. The transformation semigroup of degree n 1is a
regular semigroup.

Proof. For any a &€ Tp we must show that there exists

an x € T, such that axa = a, i.e.,

1 2 ...n\/1 2 ... n.) 1 2 ...n\ _{f1 2 ...n
al 8.2 e 5w an Kl X2 o s e Xn al a2 06 o an = 8.1 32 0w an

Let us define x thus: (1) if j = aj for some 1, let xy
be any 1 such that ay = j, (2) if § # ay for all 1

(1 =1, ..., n) let =x; be any letter. Now, for any 1,
the image of i1 wunder axa 1s ay. Hence axa = a.
Theorem 6. A regular element a of T, has the same rank
as any pseudo-inverse of a.

Proof. Let a, x & Tp, axa = a, xax = X. ©Since

—
-

axa = a, Ry = ﬁaoxa and by Lemma 4 ﬁa.xa,s ﬁxa- By Lemma 5

Rya = Ry. Now By = ﬁx‘ax and by Lemma 4 and Lemma 5,

applied in that order, we have =Rx-ax sﬁax < ?a, Hence,

-fla = ﬁaoxa < ‘ﬁxa s §x = aﬁx,ax = ?‘ax < ﬁa* Therefore, ﬁa = ﬁx'
If axa = a for some a and x in T, this does not

imply that ﬁa =:§X. Examples: (For notation, see appendix)
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(1) If a =3By and x a, but Ry # ﬁx-

Ang we have axa

(2) If a = Bog and x = App we have axa = a, but ﬁa z ﬁ@.

3. The transformation semigroup of degree three

We have occasion frequently to think of the transfor-
mation semigroup of degree three, Iy, as subdivided into five
disjoint sets, f , 81, B2, 63 and ¥ , where A is the
set {Ai} (£ =01, ..., 06) of all mappings of the set
{a; b, ¢} onto 1tselr; By is the set {By} (1 = 01, ..., 06)
of all mappings of the set {a, b, c} into the set {a, b};
B2 1is the set {By} (1 =07, ..., 12) of all mappings of
the set {a, b, c} into the set {a, c}; /33 is the set
{B4} (4 =12, ..., 18) of all mappings of the set {a, b, c}
into the set {b, c}; and D 1is the set {C3} (i = 01, 02, 03)
of all mappings of the set {a, b, c} into a single letter,

a or b or c.

We say that a letter x in a set A remains fixed
under a transformation @ of A if x¢@ = x.

By an examination of the mappings that belong to each
of the five disjoint sets, &, £1, B2, ﬁ3, and T , we see
that there is only one mapping, the identity mapping Apj,
that leaves every letter in the set {a, b, é} fixed. We
also see that each of the sets, ﬁla /32, and ﬁ3 contains
exactly two mappings that leave no letters fixed, two that
leave one letter fixed and two that leave two letters fixed.

Bach mapping in J 1leaves only one letter fixed.
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Let us consider a subdivision of each /31 (1 =1, 2, 3)
into three disjoint sets of two elements each, two mappings
belonging to the same set if and only if they leave the same
number of letters fixed. For example, in /31, Bp1 and Bgp
belong to the same set since each mapping leaves two letters
fixed, Bo3 ahd Bpa Dbelong to the same set since each mapping
leaves one letter fixed, and Bps and Bpg belong to the
same set since each mapping leaves no letters fixed. Now
Bp1Bo2 = Bo1s Bo2Bo1l = Boz, Bal = Bp1, and Bég = Bgp. Thus,
in /31, the product of two mappings, each of which leaves two
letters fixed, 1s a mappling leaving two letters fixed. And

"
H
1
n

303,
Bp4. Thus the product

Co1s Bo3Bo1 = Bo3Bo2
Co2s BoaBo1 = BoaBoo
of a mapping in /31 leaving two letters fixed by a mapping

Bp2Bo3
Bo2Bo4

Bo1Bo3
Bo1Boa

LH
H
i
L]

in [31 leaving one letter fixed is a mapping (either in ﬂl
or in 9 ) leaving one letter fixed. These examples are
instances of the following general statements, which may be
verified by reference to the multiplication table of Tjy:

(1) a product of two mappings in the same ﬁ -class is either
in that ﬂ-class or is one of two elements of % ; (2) the
number of letters left fixed by a product of mappings belong-
ing to the same ﬁ3~class is determined by the numbers of
letters left fixed by the given mappings, and is independent
of the order in which the mappings are multiplied. Further-
more, 1f at least one factor in a product of mappings 1is in

‘Y then the produet is in 2 . 1If to a ,t?-class we adjoin
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the appropriate pair of elements of 7 (adjoin Cp; and
Co2 to 81, Cor and Co3 to Ao, Cop and Co3 to f3)
we obtain a set of eight elements which is a subsemigroup of
T3. Each such semigroup of order 8 may be partitioned into
three subsets, the set O consisting of two elements leaving
no letter fixed, the set 1 of four elements leaving one
letter fixed, and the set 2 of two elements leaving two
letters fixed. For example, in the semigroup {/31, Co1, 002}
the set O consists of Bpg and Bpg, the set 1 consists
of Bo3, Bo4y, Cols Co2, and the set 2 consists of Bp; and
Bop. From the foregoing remarks and the multiplication table
of T3 1t follows that, for each such semigroup of order 8,
the correspondence that associates with each element of the
semigroup the set (0O, 1, or 2) containing it is a homomorphism
of the semigroup onto the commutative semigroup of order 3

whose multiplication table 1is

0 1 2
0l2 1 O
111 1 1
210 1 2

The three semigroups of order 8 are in fact isomorphic to
one another, corresponding elements appearing on the same

line in the following array.
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Bo1 Bo7 B13
Bo2 Bos B14
Bo3 Bog Bys
Boa B1o B17
Bosg B1a B16
Boé B1o B18
Co1 Co1 Coz
Co2 Co3 Co3

Lemma 9. In each JB -class there is at least one subset S
of order 3 that generates a subsemigroup of Ty containing
that A -class.

Proof. Let us consider /310 We need only to show
that we can find one set S of three elements in /31 such
that every element in /31 is either an element of S or a
product of powers of elements of S. From the'multiplication
table for T3 we see that Bps2 = Bop, Bpg2 = Bpp and
Bo3Bos = Bo4. Hence, every element in B1 1s either an
element of the set 8 = {Bo3, Bos, Boé} or is the product of
elements in S. Therefore, S generates a subsemigroup con-
taining 1. Similarly for /32 and  fB3.

Lemma 10. Any set S contalning exactly five elements of a
f -class /31 generates a subsemigroup of T3 that contains
Pi-

Proof. Again, consider [31. It is sufficient to show
that the element of 7 that is not in S 1is a product of
powers of the other five elements of A1.
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Suppose Bp] £ S. Since there are only six elements
in A7, obviously Bps € S. Now, Bog2 = Byy. Hence, S
generates a subsemigroup containing Bpy; and therefore con-
taining ;. Similarly, we may show that any By & A1 1is
the product of powers of the other five elements in ﬁl‘
Bog2 = Bppy Boa-Bos = Bo3, Bo3-Bos = Boa, Bo1-Bog = Bps and
Bp2'Bos = Bpg. Therefore, S generates a subsemigroup of I3
that contains ;. Similarly for A, and ABj.
Theorem 7: Any subsemigroup of T3 generated by a set S
of six elements that contains either four, five, or six ele-
ments of one ﬁ-class can be generafed by a set of filve or
fewer elements, provided that 3 contains no A,

The proof of this theorem will conslst of three cases:
(1) S contains six elements of one pB-class, (2) S con-
tains five elements of one @ -class, and (3) S contains
four elements of one B -class. Only in the last case shall
we need to consider subcases. We prove the theorem for the
£ -class ;91; similar proofs hold for the other ﬂ-classes.
Case 1: S = B;. Let S' be the subsemlgroup of T3
generated by S (= A7). By Lemma 9, there is a subset R
(of order 3) of S that generates a subsemigroup R' of
T3 containing S. Since S € R', S'« R'. But, since
Rae S, R'a S8'., Therefore R' = S', i.e., the set R of
three elements generates the same subsemigroup as S.
Case 2: 8 contains exactly five elements of ﬁl'

Let S; be the set of five elements in £, and let
X be the sixth element in S. By Lemma 10 we know that Sl
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generates a subsemigroup containing /31. Hence, as in Case 1,
S1 and g, generate the same subsemigroup. But, by Case 1
there is a set R of three elements of A7 that generates
the same subsemigroup as /31° Thefefore, the sets S; and
R generate the same subsemigroup of T3, whence S v x and
R v x generate the same subsemigroup of T3a But 8 = 87 v x.
Hence R v x generates the same subsemigroup as S; and since
R v x contains at most four elements, the theorem 1s proved
in Case 2.
Case 3: S contains exactly four elements of M.

Subcase 1: S contains two mappings (Bgy, Bpg) in B3
that leave one letter fixed and two mappings (Bpy, Bpp) that
leave two letters fixed., It is easily seen from the multi-
plication table for T3 that the set f; N S 1s independent
and does not generate a subsemigroup containing /31.

Let us consider a fifth element x in 8S; 1t must be
either a By in JBo or B3, ora C; in 7. If x 1is
Bo7s Bog, B1o, or Bi1 then, since BppBosa = B11Bo3z = Bos and
BogBoa = B10Bo3 = Bogs (1 N 8) v x generates a subsemigroup

! containing five elements of /91. But then, by Lemma 10,
,31 e 8. Since (B1NS)uxeg fux, 8 is contained in
the subsemigroup generated by B3 w x. But, since B3 € 5]
and X & Si, the subsemigroup generated by f31 v X 1is con-
tained in Sl. Hence Si is exactly the subsemigroup gen-
erated by B, v x. But now, as in Case 1, there 1s a set R

of three elements of /31' which generates the same subsemigroup
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R' that /31 generates, whence R v X generates the same
subsemigroup as f1 v X. Thefefore R v x generates S]'_,
whence, if y 1s the sixth element of S, Ruvux vy and
(1N 8S) uxuy generate the same subsemigroup of T3
But S = (1 nS)uxuy,and Ruxuy 1is a set of at
most five elements. Thus the theorem is proved in Subcase 1
provided S5 contains at least one of the four elements Bps,
Bog» Bios Bii-

If S contains either Bpg or Byo then S 1is
dependent since BpgBpy = Bpy and BjoBpl = Bos.

If S contains no element of B, but contains at
least one element of ,83, the foregoing argument may be
repeated with the substitution of B13s Byg, By, Big, Bias
Big for Bps, Bpgs Bi1os Biis 308; Byo, respectively.

Finally, if S contains np element of J, or (83
then it must contain two elements of 7 , and so must contain
either Cp; or Cpp. But then § 1is dependent, for
Bp1Bo3 = Cp; and Bpi1Bpog4 = Cpo2. This completes the proof
for Subcase 1.

Subcase 2: S contains two mappings (Bo3, Bosa) 1in 33

that leave one element fixed and two mappings (Bpg, Bpgg) 1n

B 1 that leave no elements fixed. Since 0:0 =2, 81 (= f1 n S)
generates a subsemigroup Si containing five elements of /31,
and hence, by Lemma 10, containing JB,. As in Case 1, there

is a set R of three elements of 47 that generates 8.

Therefore, letting x and y be the other two elements of
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Sy Sjux vy and R wv x vy generate the same subsemigroup
of T3u But S = Sl Uxuy and Rv xuy 1is a set of
five elements. Thus the theorem 1s proved in Subcase 2.

Subcase 3: § contains two mappings (Bgs, Bpg) in
/31 that leave no elements fixed and two mappings (Bgy, Boo)
in A, that leave two elements fixed.

Since, B052 = Bp1y S 1s a dependent generating set.

Subcase 4: S contains one mapping By € (37 which
leaves no elements fixed, both mappings that leave one element
fixed, and one Bj that leaves two elements fixed.

Since 00 = 2, 312 is a mapping that leaves two ele-
ments fixed. If B42 = By, then S 1is dependent. If By2
is not an element of S8 then S generates a subsemigroup
containing five elements in /1, and by Subcase 2 the sub-
semigroup generated by S can be generated by a set of five
or fewer elements.

Subcase 9: S contains one mapping By in f3
that leaves no elements fixed, one mapplng that leaves one
element fixed, and both mappings that leave two elements fixed.

Since 0-0 = 2, B42 1is a mapping that leaves two ele-
ments fixed. But S contains both mappings in /31 that
leave two elements fixed. Hence, S 1s a dependent set.

Subcase 6: S contains two mappings (Bgg, Bog) that
leave no elements flxed, one mapping that leaves one element
fixed, and one (either Bpy or Bpp) that leaves two elements

fixed.
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Since Bps2 = Bgy and Bpg? = Bpp, S 1s a dependent
set.

qg.e.d.

We have been unable to prove a theorem similar to
Theorem 7 for which the generating set of six elements con-
tains fewer than four elements of a B -class except by
referring to the multiplication table of Ty for a large
number of products. However, by actual computation of the
subsemigroups of T3 generated by sets of n (n =1, ..., 6)
elements we have found that every subsemigroup of T3 gen-
erated by a set of six elements can be generated by a set of
five elements or fewer, 1if Ay 1s not one of the six,
Theorem 8. If every subsemigroup of T3 generated by a set
of six elements can be generated by a set of five elements or
fewer, then every subsemigroup of T3 can be generated by a
set of five elements or fewer.

Proof. We shall use induction on the number n of
elements in a generating set.

Case 1. n=7. Let S Dbe a set of seven elements and §S!

the subsemigroup of T3 generated by S. Let 87 be a sub-
set of S containing exactly six elements of S, and S{ the
subsemigroup generated by S,. We may write S = 5 v x,
where x 1s the element of S not in §y7. Now, slnce Si

is generated by a set of six elements, there 1s, by hypothesis,
a set 5, of five elements or fewer that generates 3.

Therefore, the sets $S; and S, generate the same subsemigroup
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whence Sq u x and 8Sp v x generate the same subsemigroup of
T3. But S = S; v x. Hence Spu x generates the same sub-
semigroup as S. Now S, u x contains at most six elements,
whence, by hypothesis, there is a set of five elements or
fewer that generates the same subsemigroup of Ty as So v x.
Thus the theorem is proved in Case 1.

Cagse 2: Assume that every subsemigroup generated by a set of
n elements (7 € n < 27) can be generated by a set of five
elements or fewer and consider a subsemigroup S' generated

by a set S5 of n+ 1 elements. Let S; Dbe a set of n
elements such that S;<€ S, and S; the subsemligroup generated
by Sl. Let x Dbe the element of S not in 8y. By the
assumption there is a set S5, of five elements or fewer that
generates the same subsemigroup of T3 as Sy. Hence, 57 v x
and S, v X generate the same subsemigroup of T3. But

S = 57 v x. Therefore, S, U x generates the same subsemi-
group as S. Since S, contains five elements or fewer,

So v x contains at most six elements. But then, by hypo-
theslis, there 1s a set of five elements or fewer that generates
the same subsemigroup of T3 as S, v x. Therefore, the sub-
semigroup generated by S <can be generated by a set of five

elements or fewer.
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In thils appendix are listed the multiplication table
of the transformation semlgroup T3 of degree 3, and what
the author belleves to be all subsemigroups of T3 and the
minimal generating sets of each such subsemigroup. The multi-
plication table of T3 was taken from a multiplication table
of the transformation semigroup T4 of degree 4 1in a thesis
on 'Bndomorphisms and Translations of Semigroups®by E., E. Posey,
multigraphed at the Unlversity of Tennessee in August 1949.

We use the same notation for transformations as that used by
Posey. Two mistakes found in the multiplication table of T4
givén by Posey have been corrected in this thesis. The regu-
lar subsemigroups of T3 are marked by an asterisk and the
pseudo-inverses of each element of T3 are listed. Also the
Ly R, 9-, ana ) - structure of Ty 1is given.

It would be futile to expect tabulations of this sort
to be entirely free from errors. The author has checked his
work repeatedly, and has rectified several mistakes, but
others have doubtless escaped his notice. He will appreclate
recelving corrections from users of the tabulations.

We have omltted from our list the subsemigroups of Tg
obtainaeble trivially by sdjoining tc a subsemigroup S the
identity transformatlion 4.
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Apy:
A2
Ap3:
Apg:
Aps:
Aot
Boy:
Bpo:
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ELEMENTS OF THE TRANSFORMATION SEMIGROUP OF DEGREE THREE

(Mappings of the set (1, 2, 3) into itself)

S = T VTR ST R R

H oW H N N

PSEUDO-INVERSES

1 2 3 Bpo:
1 3 2  Bp3:
2 1 3 Boa:
2 3 1 BOS‘
3 1 2  Bpg:
3 2 1  Byy:
1 2 2  Bpg:
Aoy

Ro2

Ao3

Aos

Aog

hos

Bo1 Bo2 Bo7 Bog

Bo1 Boz Bi3 Biy

Bog:

B1o:
Bllz

Bo3: Bo7 Bog Big Bi7 Bio:

Bog:
Bio:
By1:s
Bio:
By3s
Bya:
By

W W N OHOF N
w N W W W W
NN W R H W

OF EACH ELEMENT OF T3

Bjo B11 B13 Bis
Bos Bos Bro Bi1
Bos Bogé B16 Bip
Bo1 Bo3 Bo7 Bos
Boy Bog Bi4 B17
Bol Bo3 Brs B8
Bosa Bos Bi4 Bip
Bos Bos Bi1 Bi2
Byl By2 Big B18

N W W e W

313:
Bl4=

B16:

317
B18

Coys

Coz
Co3

L3
.

L4
L d

°

L4
*

.
£

w NN = W N o

w N W W W

w N W N
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L1 Lo Ly La Ly Lg Ly
Ay
| (1=01,...,06)
Bp1,Bos | Bo7,B11 | B15sB17
Bo2,Boé | Bog»B1o | B13,B16
Bo3»Bosa | Bog,B12 | B14,B18
Co1 | o2 | Co3




Bo8g
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MIGR
FORMATION SE

S

TRAN

THE

Ap2

Ao3

Apa

Aoy

A0o

Bo1

Bg2

EE
E THR
EGRE

OF D

Bo3

Bo4 Bos Bog
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Ao6

Bo2
B03
Boa
Bos
Boé
BQ7
Bos
Bog
B1o
B11
B1>
B13
Bia
B1g
B16
B17
B13

Apo

Boé

403
A04
Ao1
Ao2
Aog
Aps
B05
Boé
Bos
Bo3
Boi
Bo2
B17
Bia
B16
B13
B1g
B18
B10
Bog
B11
Bog
Bo?y
B12

Aog
A03
Aos
Aoy
401
Ap2
B19
B14
B1a
B18
B1y
B13
Bos
Bosa
Boé
Bo2
Bo1
B03
Bo9
Bio
BO7
B10
B11
Bo§

AQy
Lo6
Aoz
401
Aos
A03
B11
BlQ
B12
Bog
Bo7
Bog
B1s
B18

Bo6
Bo3
B05
Bo2
Bol
Bo4

A6
Aoy
804
A03
402
Agl
Big
B13
B18
B14
B17
B16
B11
B12
B1o
Bog
Bo7
Bog
Bo2
Bo4
Bol
Bo6
Bos
Bo3

Bo1
Bo1
Bog
Bo4
Boé
Boa
Boi
Bo2
Bo3
Boa
Bos
Boé
Bo1
Bo3
Bo2
Bos
Bos
Boa
Co2
Co2

Bo2
Bo3
Bps
Bos
BQ3
Bo2
Bo1
Bo2
Bo3
Bo4
Bos
Boé
Co1
Col
Co1
Co1
Col
Co1
Bo2
Boa
Bo1
Boé
Bos
Bo3

Bo3
Bo2
Bo3
Boz
BQS
Bos
Co1
Co1
Co1
Co1
Co1
Co1
Bol
Bo3
Bo2
Boé
Bos

Boa.

Boé
BO3
Bos
Bo2
Bo1
Boa

Boa
Bos
Bos
Bob
Bo1
Bo1
Co2
Coz
Co2

Cog

Co2
Coz2
Boy
Bo4
Boé
Bo2
Boi
B03
Bo2
Bo4
Bo1
Boé

Bos

Bo3

Bos
B05
Bo2
Bo3
Bo2
Bo3

Bos
Boé
Bo4
Bo3
Bo1
Bo2
Bos

Bo4

Boé
Bo2
Bo1
Bo3
Co1

Co1
Co1
Co1
Co1

Boé
Boa
Box
Boi
Bo4
Boé6
B05
Boe
Bo4
Bo3
Bo1
Bo2

Co2
Co2
Boé
Bo3
Bos
Bo2
Bo1
Bo4

Bo8
Bi2
B11
B10
Bo7
Bo8
Bog
B1o
B11
Bi1o
Co3
Co3

Co3
003
Co3

B11

Cor
Co1
Co1

Col
Bo7
Bo8
Bog
B10
B11
Bi2
B1o
Bog
B11
Bo9g
Bo7y
B12
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THE TRANSFORMATION SEMIGROUP OF DEGREE THREE (continued)

Aol Ap2 Ap3 Apa Aps Aps Bol Bo2 B03 Bosa Bos Bog Bov Bos

Co1 | Co1 Co1 Co2 Co2 Co3 Co3 Co1 Co1 Co1 Co2 Coz Coz Co1i Co1
Co2 [Co2 Cp3 Co1 Co3 Cp1 Coz Co2 Co2 Co1 Co2 Co1 Col Coz Coi
Co3 |Co3 Co2 Co3 Co1 Co2 Co1 Co2 Co1i Coz Co1 Co1l Coz Co3z Co3
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THE TRANSFORMATION SEMIGROUP OF DEGREE THREE (continued)

Boy B1o B11l Bio Bi3z Bi4 Big Bi1é Ei17 B18 Co1 Co2 Co3

401 | Bog B1o Bi1 Bi2 Bi3 Big Bis Bie Bip Bis Co1 Coz Co3
Ag2 | Bo8 Bi2 Bi1 Bio Bi8 Bié Bis Bia Bi17 Bi3 Co1 Co2 Co3
Ap3 | B11 Bo7 Bog Bi2 B1y Bi4 B16 Bis B13 B18 Co1 Co2 Co3
404 | 311 Boy Bos Bio B1y Bis Bia Bis Big Bi3 Co1r Coz Co3
Aps | Bog Bi2 Bog Boy B18 Big Big Big4 B13 Bip Co1r Co2 €03
406 | Bog Bio Bos Boy B13 Bis Bi4 Bis Big Biy Cor Co2 Co3
Bo1 | Bo7 Bi11 Bi1 Co3 Big Copz Big Bi7 Biy Co3 Co1 Co2 Co3
Bo2 | Bog Bi1o Bio Co3 Bi3 Co2 Bi3 Bis Bis Co3 Co1 Coz2 €03
Bo3 | Bog Bi12 Bi2 Co3 B18 Co2 B18 Bi14 Bi4 Co3 Co1 Co2 Co3
Bo4a | B12 Bog Bog8 Co3 Bi4 Coz Bi4 Bis Big Co3 Co1 Coz Co3
Bos | Bi1 Bo7 Boz Co3 B17 Co2 Bi17 Bis Bis Cop3 Co1 Coz2 Co3
Boé | B1o Bog Bog Co3 Bio Co2 Bis Bi13 Bi3 Co3z Co1 Co2 Co3
Bo7 1 Co1 Co3 Bi1 Bi1 Co3 Bi17 B1s Co2 Bi7 Big Co1 Coz Co3
Bo8 | Co1 Co3 Bi2 Bio Co3 Bi14 Bi18 Co2 Bi4 B18 Co1 Co2 Co3
Bog | o1 Co3 B1o Bio Co3 Bis Bi13 Co2 Bié Bi3 Coi Co2 Co3
B1o | Co1 Co3 Bo9 Bog Co3 B13 Bis Co2 Bi3 Bié Co1 Co2 Co3
B11 | Co1 Co3 Boz Bo7 Co03 Bis Bi7 Co2 Bis B17 Co1 Co2 Co3
B2 [ Co1 Co3 Bos Bog Co3 B18 Bia Co2 B1g Bia Co1r Co2 Co3
- B13 | Bog B1o Co1 Bog B13 Bi3 Co2 Big Co3z Bié Co1i Coz Co3
B14 | B12 Bog Col Bi2 Bi4 Bi4 Co2 B18 Co3 B18 Co1 Co2 Co3
B1s | Bo7 B11 Co1l Bo7 B1s Bis Co2 B17 Co3 Bi7 Co1 Coz2 Co3
B16 | B1o Bog Co1 Bio Bi6 Bis Co2 B1i3 Co3 Bi3 Co1i Co2 Co3
B17 | B11 Boy Co1 Bi1 Bi1y Biy Co2 Bis Co3 Bis Coi Co2 Co3
B18 | Bog Bi2 Co1 Bos B18 Bi8 Co2 Bi4 Co3 Big Co1 Co2 Co3
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THE TRANSFORMATION SEMIGROUP OF DEGREE THREE (continued)

Bog B0 B11 Bio B13 Bia Bis Big By B1g Co1 Co2 Co3
Co1 [Co1 Co3 Co3 Co3 Co3 Co2 Co3 Co2 Coz Co3 Co1 Co2 Co3

Co2 | Co3 Co1 Co1 Co3 Co2 Co2 Co2 Co3 Co3 Co3 Co1 Co2 Co3
Co3 | Co1 Co3 Co1 Co1 Co3 Co3 Co2 Co2 Co3 Co2 Co1 Co2 Co3

NOTE

This table 1s extracted from Posey's thesis (see intro-
duction to Appendix) except that the products ApoBpo = Bpp

and ApgB13 = B17 have been corrected to read AppBpp = Bpy
and ApgB13 = Bi3.



SUBSEMIGROUPS OF T3 GENERATED BY ONE ELEMENT

(A7)
(Ap2)
(Ap3)
(Ap4)
(Apg)
(Bpy)
(Bo2)
(Bp3)
(Bog)
(Bos)
(Bog)
(Bo7)
(Bog)

(405)

ng
B1o

Co1

(Bog)
(B1o)
(B11)
(By2)
(By3y)
(B14)
(B15)
(B1g)
(B17)
(B18)
(Co1)
(Co2)
(Co3z)

36
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SUBSEMIGROUPS OF T3 GENERATED BY TWO ELEMENTS

Order 3

* 401 Ao2 Co1
* Ap1 Ap3 Co3
* 401 Ao6 Co2

Bp1 Bo3 Co1

Order 2

(A02 Co1)
(403 Co3)
(Apg Co2)
(Bo1 Bo3)

Bo8g

Bo1

Boi
Bo1

Bos
B14
B14
Co2

Co2
Co2
C03

(Bo1 Bos)
(Bo1 B1g)
(Boy B1s)
(Bo1 Co3)



SUBSEMIGROUPS OF T3

Order 3 (econtinued)

Boz2
Boz
* Boz
Bo2
Bo3
Bo3
Boa
Boa
Boo
By
* BO?
Bo7
By
Bog

Boy Co1  (Bo2
Boa Co2  (Bp2
Bog Co1  (Bo2
Bog Co1  (Bo2
Bog Co1 (Bo3
Co1 Co2  (Bo3
B4 Co2  (Boa
Co1 Co2 (Bos4
Bog Co1  (Boy
B1o Co3  (Bgy
B13 Co3  (Boy
B17 €03 (Bo7
Co2 Co3  (Boy
Bog o1 (Bos
Order 4

*

*

*

*

*

Ao1 Ap2 Bol Bop
Ao1 Ap2 Co2 Co3
Ao1 403 Bog Bis
Ao1 Ap3 Co1 Co2
Ao1 Ao Bo2 P13
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GENERATED BY TWO ELEMENTS (continued)

Bo3)
Bog)
Bog)
Bog)
Bpg)
Co2)
Bq4)
Co1)
Bpg)
B1o)
B13)
B17)
Co2)
Bog)

(Ap2 Bo1)
(Ap2 Co2)
(803 Bog)
(403 Co1)
(R96 Bo2)

(Ao2 Bop)
(Ag2 Co3)
(Ap3 Bi1a)
(Ao3 Co)
(Ao By3)

(Bog
(Bog
(Bog
(B10
(B1o
(Byq
(B13
(B13
(B14
(B14
(By4
(B1y
(B17

B1o)
Cog)
Co3)
313)
Co1)
By5)
Byn)
Co1)
B15)
By7)
Co1)
Co3)
Co2)
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SUBSEMIGROUPS OF ‘1‘3 GENERATED BY TWO ELEMENTS (continued)

Order 4 (continued)

* Ao1 Aos Co1 Co3 (406 Co1) (Apg Co3)
* Boy Boz Bos Bos (Bo1 Bog) (Boz Bos) (Bos Log)
Bo1 Bo3 Bog Cox (Bo1 Bog)
* Bo1l Bos Boy B1a (Bos Bo7) (Bos Bi1) (Bo1 Bi1)
Bo1 B13 B1ys Co2 (Bo1 B13)
Bo1 B17 Co2 Co3 (Boy Ba7)
* Bo1 Bos Co1 Co2 (Bos Co1) (Bos Co2)
Boz Bos Bi4 Co2 (Boz B14) ,
* Bo2 Bog B13 B16 (Bog B13) (Boz B13) (Bog Big)
* Bo2 Bog Cor Co2 (Bos Co1) (Bos Co2)
Boz2 Bo7 Bog Co1 (Bo2 Bo7)
Bo2 B1o Co1l Co3 (Boz2 Bio)
Bo3 Boa Co1 Coz (Bo3 Boa)
Bo3 B14 Co1 Co2 (Bo3 B14)
Bo3 Co1 Co2 Co3 (Bo3 C03)
Boa Bog Co1 Co2 (Boa Bog)
Bos Co1 Co2 Co3 (Boa Co3)
* Boy Bog Byl Bio (Boy B12) (Bog B11) (B11 Bio)
* Boy Br1 Co1 Co3 (By1 Co1) (Bya1 Co3)
Bo7 B14 B17 Co3 (Bo7 B14)
Bo7 B1s Co2 Co3 (Bgy Bys)

Bos B1o B13 Co3 (Bog B13)
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SUBSEMIGROUPS OF Ty GENERATED BY TWO ELEMENTS (continued)

Order 4 (continued)

* Bog B12 B4 Big (Bog B1g) (Bi2 Bi4) (B1z B1g)
* Bpg Bi1o Co1 Co3 (B2 Co1) (B12 Co3)
Bog B1o Co1 €03 (Bog B10)
Bog B13 Co1 Co3 (Bog B13)
Bog Co1 Co2 Co3 (Bog Co2)
B1o €01 €02 Co3 (B1o Co2)
* By3 Bi4 Big Big (By3 B1g) (Byg B1g) (Big Big)
* B13 B1g Co2 Co3 (B1g Co2) (B1g Co3)
* B14 B1g Co2 Co3 (B1g Co2) (B1g Co3)
By 5 B1n Con Co3 (B15 B17)
B15 Co1 Coz €03 (B15 Co1)
B17 Co1 Co2 Co3 (B17 Co1)
Order 5
* Bo1 Boz Boy Bog Coi (Bo1 Bog)
* Bo1 Bo2 Bi3 Bis Co2 (Bo2 B1s)
* Bo1 Boz Bo7 Bos Col (Bo3 Bop)
* Bo1 Bosa B14 Big Co2 (B14 B15)
* Bo1 Bos Bisa Co1 Co2 (Bos B14)
* Bo1 Bos Co1 Co2 Co3 (Bog Co3)
* Bol B14 B1g Coz Co3 (Boy B18g)
* Bo2 Bo3 Bog Bog Col (Bo3 Bogy)



SUBSEMIGROUPS OF Ty GENERATED BY TWO ELEMENTS (continued)

Order 5 (continued)

* Bo2 Boa
* Bo2 Bos
* Bo2 Bog
* Bp2 Bog
* Bo2 B18

Order 6

B13
Bog
Cor
B1o
Co1

* 401 Ap2 A03 Aos4 Ro5 406

* Agy Ap2 Bpy Bpg Boo Biil

B14
Co1
Co2
Cor
Co2

Co2 (Bos B13)
Co2 (Bog Bos)
Co3 (Bog Co3)
Co3 (B2 By2)
Co3 (Boo Byg)
Co3 (Bog B17)
Co3 (B1o B17)
Co3 (B11 B13)
Co3 (Bgy B1g)
Co3 (B11 Cop)
Co3 (Byo B14)
Coz (B2 Co2)
Co3 (B16 Con)
Co3 (Byg Co1)

(Ao Ag3) (Ao Apg) (Agp Ags)
(Ao2 Apg) (A3 Aps)
(A03 Aps5) (g3 Apg)
(A4 A0g) (Ao5 B0¢)

(Ag0 BOS) (A55 Bq7)
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SUBSEMIGROUPS OF Ty GENERATED BY TWO ELEMENTS (continued)

Order 6 (continued)

* Bo1 Ap2 B13 B1sa Big Big (Ag2 By3) (Apy Byy) (Agp Brg)
(Apo Big)
Ao1 402 B1s Bi7 Co2 Co3 (A2 Byg) (App Bpo)
* 851 403 Bp1 Boz Bos Bog (803 Byy) (A3 Bpp) (A3 Bos)
(AO3 Bpg)
Ao1 A03 Boz Boa Co1 Co2 (Ao3 Bo3) (403 Bos)
* Aol Ao3 Bog Bio Bis4 Big (A03 B12) (403 B1g)
* 401 Aps Aos Co1 Co2 Co3 (Ao4 Co1) (Apg Co2) (Apg Co3)
(805 Co1) (Aps Cp2) (Aps Cp3)
* 801 Ao6 Bo2 Bog B13 Bi6 (Ao6 Bog) (Apg Big)
* Aol Ao Bo7 Bog B1l Bi2 (A6 Bop) (Aog Bog) (Apg Byy)
(406 B12)
Ro1 R06 Bog Bio Co1 Co3 (A06 Bog) (Ape Bio)
Bo1 Bo3 Bos4 Bos Co1 Co2 (Bo3 Bps) (Bosa Bps)
Bo2 Bo3 Boa Bos Cor Co2 (Bo3 Boe) (Boa Bog)
* Bo2 Bog Bos Bi2 Co1 Co3 (Boe B12)
Boy Bog B1o Bi1 Co1 Co3 (Bog B11) (Bip By1)
Bpg Bog B1o Bi2 Co1 Co3 (Bog B12) (Bio B12)
B13 Bis Big Biz Co2 Co3 (B15 B1g) (B16 B17)

B14 B15 Biv B1g Co2 Co3 (B15 B1g) (Byy Big)
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SUBSEMIGROUPS OF T3 GENERATED BY TWO ELEMENTS (continued)

Order 7

* A01

* Aoy

Ap2
Bos

(A0p Bop) (Aop Bo3) (Aon Bog) (A2 Bog)
(803 Boy) (Bg3 Byg) (Ap3 Byy) (Agy Byo)
(Aog Bo1) (Apg Boa) (Apg Bra) (Agg Bis)
(Bgs Bog)

(Boz Byy)

(Bos B1g)

(Bgs Byg) (Bps Byo)

(Bp1 Bye)

(Bog B1a)

(Boa B10)

(Bog Bog) (Bog Bio)



SUBSEMIGROUPS OF T3 GENERATED BY TWO ELEMENTS (continued)

Order 7 (continued)

Bo2 Bo7 Bog Bio (Bo2 By1)
B11 Co1 Co3
B3 Bosa Bog Biz (Bo3z B12) (Bog Bi2)
Co1 Coz Co3
Bo3z Boa By4 Big (Boa B1g) (Bop3 Big)
Co1 Co2 Co3
* Boz Bog B13 Bis (Bgg B15)
Co1 Co2 Co3
* Boy By1 B13 Big (By7 Bys) (Byy Bynp)
Co1 Co2 Co3
Bo7 B11 Bi5 B17 (B11 By5) (Byy Bys)
Co1 Co2 Co3
Boy B14 Bys Byg (Bom Byg)
B1g Co2 Co3
Bog Bog B1o Bi2 (Byo By3)
B13 Co1 Co3
Bog Bro B13 Big (Bog B1g) (Bio Big)
Co1 Co2 Co3
Order 8
Bo1 Bo3 Boa Bos Bi2 Co1 Co2 Co3 (Boy By2)
Bo1 Bos B13 B1g B1y Co1 Coz Co3 (Bos By3)
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%
SUBSEMIGROUPS OF ‘1’3 GENERATED BY TWO ELEMENTS (continued)

Order 8 (continued)

Bo2 Bos Bo7 Bog Bio Co1 Co2 Co3 (Bog Bo7)
Boy B11 B1a B1s B17 Co1 Co2 Co3 (Byy Bqa)
Bo7 B11 Big B17 Big Co1 Co2 Co3 (B11 B18)
Bog Bog B1o B13 Big Co1 Co2 Co3 (Bog B1g)
Order 9
Boi Bo3 Bo4 Bos Bog Bi2 Col Co2 Co3 (Bog B12)
Bo1 Bog B13 Big Big Bip Co1 Co2 Co3 (Bos B1g)
Boo Bp3 Boa Bos Bia Big Co1 Coz Co3 (Bgg B1g)
Bo2 Bog Bo7 Bog B1o Bi1 Co1 Co2 Co3 (Bog B11)
Bog Bog Bio Biz2 B13 B1g Co1 Co2 Co3 (B1o Big)
Order 11
* Bo1 Bo2 Bos Bos Boy Bog (Bo1 B10) (Bos Bog) (Bos B1o)
B1o B11 Co1 Co2 Co3
* Bo1 Boz Bos Bog Bi3 Big (Boo B17) (Bog B1s) (Bgg Byp)
B16 B17 Co1 Co2 Co3
* Bo1 Bo3 Boa Bos Bo7 Bos (Bo3 B11) (Boa Bop) (Boa Biy)

* Bol 303 Bog B05 B14 B15 (BO3 Bl5) (1304 817)



SUBSEMIGROUPS OF T3

Order 11 (continued)

* Bo2 Bo3 Bog
Bio B12

Order 13

* Ap1 A2 Bo2
Bog Bi1o
* Ap1 Ap3 Boy
B1g Big
* Apy1 Aos Boa
B1s Byp

Order 24

Boé
Co1
Bos

Bog
Co2

* Ap1 Apg Apg By Cy
(4 = 01,...,18;

46
GENERATED BY TWO ELEMENTS (continued)

Bog (Bpz Byo) (Bos Bog)

Co3

B14 (Bo3 B13) (Boz Big) (Bos Byg)

Co3

B g (Bpg B15) (B2 315) (B1o B17)

Co3

B1s (Bgg B17) (Byp Byy)

Co3

B14 (Bog B14) (Bog B18) (B1o Bi18)

Co3

Boé Bos (g2 Bog) (App Bog)

Co2 Co3 (Ag2 Byg) (Agz Byp)

B11 B3 (Ag3 Bpg) (Ap3 Byj)

Coz Co3 (Ap3 Bys) (Ap3 Byg)

Bos B14 (A0s Bo3) (406 Bos)

Co2 Co3 (Agg Byp) (Bpg Byg)
(Aps4 By), 1 = 01,...,18

j = 01,02,03) (Ap5 By), 1 = 01,...,18



SUBSEMIGROUPS OF T3 GENERATED

Order 4

Bo1 Bog
Bo1 Bo2

Order 3

(Bo1
(Bo1
(Bo1
(Bo1
(Boy
(Byy
(Bo1
(Bo1
(Boy
(Boy

Bo3)
Boa)
Co3)
Co2)
Bi4)
Co1)
Coz)
B15)
Co1)
Co3)

BY THREE ELEMENTS

(By1 Bo7 Co3)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 4 (continued)

Bo1 Bis Co2 Co3

(Boy
(Bo1
(Boo
(Bo2
(Bo2
(Boz
(Bgo
(Bo2
(Bpo
(Boo
(Bo3
(Bog
(Boy
(Bo7
(Boy
(Boy
(Bo7
(Boy
(Bo7
(Boy
(Boy
(Boy

B15 Co3)
Co1 Co3)
Bo3 Bog)
Bo3 Co2)
Bosa Co1)
Bog Bog)
Bog Co2)
Bog Co3)
Bog Co3)
B13 Co1)
Bog Coz)
B14 Co1)
Bo8 Bog)
Bog B10)
Bog Co3)
B1o B13)
Bio Co1)
B13 B17)
B13 Co1)
B13 Co2)

B17 Co2)

Co1 Co2)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 4 (continued)

Bog
B1o
B4
Cor

(Bog
(Bog
(Bog
(Bog
(B1o
(B13

(313 Byg

(By3
(B13
(B13
(B14

(By2 B17

(314

(492
(8gp
(Ap3
(403
(Apg
(Boy
(Bo1

003)
COl)

Co1) (Bog B1a Co2)

Co3)
Co1)
By 5)
By7)
Co3)
Co2)
Cop)
Co3)
Co2)
Co3)

Co1)
Co2)
Co3)
Co3)
Coo)
Bog)
B14)

(502 B07 CQI)

(AO3 C02 003)
(Agg Cop Co3)



SUBSEMIGROUPS OF T3 GENERATED BY THREE

Order 5 (continued)

Bo1
Bol
Bo1
Bo1
Bo1
Bo1
Bo1
Boi
Bo1
Boi

B03
Bo3
BO3
Boa
Boy
Bo7
Bo3
Bl3

Bos
B14
Co1
Co1

Co1
Co1

Coz
Co2

(Boy
(Box
(Bop
(Bo1
(Boa
(Boy
(Boy
(Bop
(Bop
(Bo1
(Bo1
(Boy
(Boy
(Boz
(Bgo
(Bpo
(Bpo
(Boo
(Bpo
(Bpo
(Boo
(Bo2

50
ELEMENTS (continued)

Boa)
B14)
Co3)
003)
By 5)
B17)
Co2)
By4)
Co3)
B17)
B17)
Co1)
Co1)
Boa)
Coz)
Bog)
Co3)
B08)
Co3)
B1o)
B10)
B13)



SUBSEMIGROUPS OF Ty GENERATED BY THREE

Order 5 (continued)

Boz Bog

Co1

Co2 Co3

(Bo2
(Bg2
(Boo
(Bp2
(Bo3
(B3
(Bos
(Bos
(Bo3
(Bos
(Boa
(Bog
(Bog
(Bo7
(Boo
(Boo
(Boy
(Bo7
(Bor
(Boy
(Bon
(Bon

51
ELEMENTS (continued)

Coz)
B13)
Coz)
Co1)
Bpg)
B14)
Co3)
B14)
Co3)
Co3)
B14)
Co3)
Co3)
By3)
Coo)
B10g)
By13)
Co2)
Co2)
By4)
B1s)
Coz2)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 5 (continued)

Bo7 B15 B17 Co2 Co3 (Bo7 B1s Byp)
Boy B1s Co1 Coz Co3 (Boy B15s Co1)
* By Big Big Coz Co3 (Boy B1g Co2) (Boy Big Co3)
Bo7 B17 Co1l Coz C03 (Boz B1y Co1)
Bog Bog B1o Co1 Co3 (Bog Bog B10o)
Bog Bog Co1 Co2 Co3 (Bog Boy Co2)
Bog B1o Co1 Co2 Co3 (Bog B10o Co2)
Bog B1o B13 Co1r Co3 (Bog B13 Co1)
Bog B1o B13 Co1 Co3 (Bog B1o B13)
Bog B1o Co1 Coz Co3 (Bog B1o Coz)
Bog B13 Co1 Co2 Co3 (Bog B13 Co2)
B1o B13 Co1 Co2 Co3 (B1o B13 Co2)
* B13 Bi4 Co1 Co2 Co3 (B13 B14 Co1)
B13 B1s B1y Cop Co3 (By3 B1s B17)
B13 B15 Co1 Coz2 Co3 (B13 B15 Co1)
B13 B17 Co1 Co2 Co3 (B13 B17 Co1)
B14 B1g5 B17 Co2 Co3 (B14 By5 Byo)
B14 B1s Co1 Co2 Co3 (B14 B15 Co1)
B14 B1y Co1 Co2 Co3 (B14 Byy Co1)

B1s B1y Co1 Co2 Co3 (B15 By Co1)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 6

* Ag1 Ao

BO7 B13

Bog
Bog

(402 Boy Co2) (402 Boy Co3)
(Ap2 Boy Co2) (402 Bpy Co3)

(403 Bog Co1) (Ap3 Bog Cop)
(403 B1a Cpp) (Ag3 B1g Coi)

(Bo1 Boa Bog)

(Bo1 Bos Co1) (Bo1l Bog Coz)
(Bo2 Bos Co1) (Bo2 Bos Coz)
(Bos Bog Co1) (Bos Bos Co2)

(Bo1 Bo7 B13)

(Bo1 Boy B14)

(Bo1 Bog B14)

(Bo1 Bog Co3)

(Bo1 B13 B17)

(Bo1 B13 Co1)

(Bo1 B1g Co1)

(Bp2 B1s Co3)

(Bos B14 Cp3)

(Boz2 Bo3 B14)

(Bo2 Bog B14)

(Bo2 B14 Co3)

(Bog Bog Co3)

(Bo2 Bo7 B1o)

(Boy B16 Co1)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 6 (continued)

* B13 B1g

Order 7

Ao1 Ao2

Bog B13 Co1

Bog
Bi1o
B1o
B11

B18

Co1
B13
Co1
B12

Co1

Co3 (Bo2 Boy B13)

Co3  (Bo2 Boy Coz)

Co3 (Boz Bog B13)

Co3 (Boz B2 Co2)

Co3 (Bo7 B12 Co1) (Boy Bio Co3)
(Bog B11 Co1) (Bog B11i Co3)
(B11 B2 Co1) (Bp1 By Co3)

Coz  (Bi1 B13 Co2)

Co3  (Boy Bi4 Bim)

Co3 (Bo7 B16 Co1)

Co3  (Boy B1a Co1)

Co3  (Bog Bog B13)

Co3 (Bog B13 Co2)

Cos  (By3 B18 Co2) (B13 Big Co3)
(B1g B1g Co3) (Bia B1g Cop)
(B14 B1g Co3) (B¢ B1g Co2)

Co3  (Bi3 B1g Co1)

(A02 B1s Co1) (Ag2 Bi7 Cop)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 7 (continued)

Aol

* Bo1

* Boy

Ao3
Co1
Bo2

B03
Co2

Boa
Co3

(Ao3 B03 CQ3) (A03
(Bp1 Bo3 Bog) (Bol
(Bo3z Bov Bog)
(Bo1 Bo4 B13) (Bo2
(Bosg B13 Bys)
(BOl Bog 003) (Bog
(Bp1 Bog Co2) (Boz

(Bo2 B15s Co1)
(Boz Bos Bi14) (Bos
(Bo3 Bos Co3) (Bos

(Bo3 BO7 002) (Bo3

(Bos B15 Co1) (Bos

Boa Co3)

Bpg 309)

Bo4 Bis)

BOS 003)

Bog Co3)

B05 Bl4)

B05 003)

Bo7 003)

Bls Co3)

(Bo2 Bo3 Bo7)

(Boz B14 B1g)

(Bog Bog Co3)

(Boy B1y Co1) (Bop Biy Co2) (Bor By Co3)
(BOS BO? COl) (Bos B07 Cog) (Bos BO? Co3)
(B05 B1q COl) (B05 Bll 002) (BOS Bll 303)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 7 (continued)

Boi

Boo

Bo2

B1a
B1g
Boj
Bog

B1gs B1p

Coz
Boa

C03
Boe

(BOl Bia ) (Bo1 Bls Blg) (BOI Bl? B18)

(Bo3 Bog Bog) (Bosa Bog Bog)

(B03 BOé COB) (B04 Boé 003)

(Bo3 Bog Cog) (BO3 B09 CO3)

(BO4 Bl3 cOl) (BO4 313 003)

(Bpg Bog B12) (Bpg Bio Cop)

(Bpo Big Co1) (Boo Big Coz?) (Bpo Brg Co3)
(306 Bl3 COl) (Boé Bl3 002) (Boé Bl3 003)
(Bog B16 Co1) (Bog Big Co2) (Bpg Big Co3z)

(Bo2 Bog B12) (Boz Bip Bio)

(Boy B1o B1a) (Bpg Byg Byp) (Bog Byy Byyp)
(BlO Bia 317)

(Boy B1o Co2) (Bog B11 Co2) (B11 Bio Co2)

(Bo8 Bl? COl) (BO8 B17 C02)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 7 (continued)

Boo

BO?

* 307

* Bog

* Bpg

* 513

By1

(Bog By B13) (Byg Bn
(Bog B11 Co2) (Bip B1
(B Byo Co1) (B1p Byp
(Bgy Byg Byg) (Boy Big
(Bog Bio Cp2) (Bio Bro
(B1o B4 Co1) (B1p B1s

(Bog B1g Co1’) (Bog Big

B13)
Coo)
Cop)
B17)
Coo)
Coz)

Coz) (B08 Byg C03)

(Byp Byg Cp1) (Byp Byy Cpp) (Byp Biy Coj)
(Byo B1g Co1) (Byo Big Coo) (Bip Big Co3)d

(B14 Byg Co1) (B1g Bis

(B1s B18 Co1) (B17 Bis

COl)

COl)

001)



SUBSEMIGROUPS OF

Aol

* Agy

* Aoy

Bo1

Bo1

Order 8

Bo2
Boe

T3 GENERATED BY THREE ELEMENTS (continued)

Bog

Bog

(802 Bp1 Byg) (App Bpp Byo)
(Ap2 Boy Bys) (App By Byg)
(App By Cop) (Bgp Byy Co3)
(g2 B1g Co2) (Ap2 B1g Co3)
(Ag2 Brg Co3) (A0 Byg Cps)
(Ag2 B1g Co2) (Ap2 B1g Co2)
(A03 Bpy Co1) (Rp3 Boy Coo)
(Ap3 Boo Co1) (403 Boz Co2)
(803 Bos Co1) (g3 Bog Cop)
(&3 Bog Co1) (Bpy Bog Coo)
(Ag3 Bo3 Bog) (Ap3 Boz Big)
(803 Bos Bog) (Ap3 Boa B14)
(806 Boz Bog) (Ao Boz Bio)
(Apg Bog B13) (Agg Byg B13)
(206 Bo7 Co1) (06 Boy Co3)
(Ao Bog Co1) (Aos Bog Co3)
(A06 B11 Co1) (Ao B11 Co3)
(Apg B12 Co1) (Ao Bz Co3)
(Bo1 Bo3 Bog) (Bo1i Bos Bog)
(Boz Bp3y Bog) (Boo Boa Bos)
(Bo3 Bos Bog?) (Boa Bos Bog)
(Bos Bog Co3)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Qrder

Bo1

Bol

8 (continued)

Bo3 Boa Bos Bog (Boy Bog B14)

B1a Co1 Co2

Bo3 Bos4 B4 B1g (Bpy Boz Brg) (Bop Bos Big)
Cor Co2 Co3

Bos B14 Big Big (Bos B14 B15) (Bos B4 Bry)
Co1 Co2 Co3

Boy B13 B15 Big (Bo1 Boy B1e)

B17 Co2 Co3

Bo7 B14 B1s B1y (Boy Boy Big)

B1g Co2 Co3

B13 Bis Big B17 (Boy B16 Co1)

Co1 Co2 Co3

Bo3 Boa Bos Bog (Bog Bog B14)

B1s4 Co1 Co2

Bo3 Boa Boe Bia (Boe B14 Co3)

Co1 Co2 Co3

Bo3 Bos Bog Bi2 (Bo2 Bo3 B12) (Bp2 Bosa Bi2)
Co1 Co2 Co3

Bo3 Bosa B14 Bi1g (Bo2 Boz B1g) (Boz Bosa B1g)
Co1 Coz Co3 (Bo2 B14 B1g)

Bog Bog Bog Bio (Bos Bos Bog) (Bog Bog Bio)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 8 (continued)

Boo

Boo

Bi1o B11

Bio B11

(Boz B11 B13)

(Bo2 B11 Co2)

(Bo2 B12 B13)

(Boy Bog Byo) (Bopy Byp Byo)
(Bog Bpg B11) (Bog Byo B1i)
(Bog B11 B12) (Bip Bi1 Bi2)

(BO7 B09 Blé) (B07 Blo Blé)

(B11 B3 Bys) (Byp Byy Byy)

(BO7 B18 001)

(By3 Bys Byg) (By3z Byp Big)

(514 Bls Blé) (Bl4 B16 Bl7)
(By5 Byg B1g) (Byg Byp Byg)



61

SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 2

* Ap1 Apo Ap3 Aps Aps
Aog Co1 Co2 Co3

* Ap1 Ap2 Bo1 Bo2 Bpj
Bo7 Bog Bog Co1

* Ap1 Ap2 Boo Bo3 Bos
Bog Co1 Co2 Co3

(Aog A03 COl) (AO2 AO3 Coz)

(&go
(Apo
(Ago
(g2
(402
(Ap3
(A3
(803
(803
(Ap3
(Aps
(Ap5
(805

Ao3 Co3)
404 Co2)
A5 Co1)
Aos Co3)
Aos Co2)
Ao4 Co1)
Aoa Cp3)
Ao5 Co2)
Ao Co1)
406 Co3)
406 Co2)
Ao Co1)
Ao Co3)

(&po
(Ago
(A55
(Apo
(Ao
(Ap3
(Ap3
(A3
(A3
(Aga
(804
(405

504 Co1
404 Co3)
Aos Coo)
406 Co1)
A06 Co3”
Ao4 Co2)
405 Cop)
Ao5 Cp3)
06 Co2)
A06 Co1)
Aog C03)
406 Coz2)

(A2 Bpy Bpo) (802 Bpy Bpi)
(A2 Bo1 Bog) (Ap2 Bo1 Bog)

(Bp2 Boz Boy) (Ap2 Bpsy Bor)
(Ag> Boy Bog) (Ao2 Boy Bog)
(802 Boz Co2) (Ap2 Boa Co3)
(Ap2 Boy Cg2) (Ap2 Bojy Co3)
(Ag2 Bog Co2) (4g2 Bog Co3)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 9 (continued)

* Aoy

Aoz
B11

Ao2
B1g
403
Boé

Box
Co1

Bog
Co1

Bo1'

Bos Bo7

Co2

Bio
Coz

Boo

003

B1s
003

Bi4 B1gs Co2

(A02 Bps Co1) (Agp Bps Cop)
(402 Bos Co3) (Aga Byy Cop)
(492 By1 Co2) (Apz Bia Co3)

(Apz By3 Co1) (A2 By Cop)
(A2 B1g Co1) (Ap2 Byg Co1)

(A03 Bo1 Co3) (Ap3 Boz Co3)
(803 Bos Co3) (o3 Bog Co3)

(Ag3 Boy Bpg) (4p3 Boy Big)
(403 Bog B1o) (Ap3 Bog Bi3)
(&3 Bog Byy) (Ap3 Bio Big)
(Ag3 Byy B1a) (Ap3 B4 Byy)

(403 Boy Co1) (Ap3 Boy Cop)
(403 Bio Co1) (Ap3 Bio Co2)
(93 By3 Co1) (Ap3 By3 Co2)
(Ap3 B1o Co1) (Ap3 B1y Coo)

(Ap3 By Co1) (403 B Co2)
(403 Byo Co3) (Ao3 Big Cor)
(&03 B1g Co2) (Ap3 B1g Co3)

(A6 Bop Boo) (Agg Boy Bi3z)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 9 (continued)

* Apgp

* Aoy

* 401

Bo1

Bo1

* Boy

L06 Bo1 Boa Bia

B1s Co1

Coz

Co3

(Aog Bo1 Co3) (Bog Bo1 Co1)
(A0 Boa Co1) (Ao Boa Co3)
(A0 B14 Co1) (Aps Big Co3)
(Agg Bys Cop) (Agg Bysg 003)

(806 Bos Co1) (Ao Bog Co2)
(806 Bos Co3)

(A0g Boy Co2) (Agg Bog Co2)
(Apg B11 Co2) (406 Bi2 Co2)

(Bo1 Boe Bog?) (Bo2 Bos Bog)
(Bos Bpg Bog)

(Bo1 Bog B14) (Bo2 Boy Bia)
(Bos Bog Bi14)

(Bo1 Boz Bi2)

(Bo1 Boz Byg)
(BOI B09 313) (BOl 809 Bls)
(302 BO? Bls) (BOZ Bog 515)

(Bo3 B05 B18) (304 BOS Bl8)

(BOl B08 Bl7) (303 BO7 B14)
(B3 Boy Byg) (Boy Bpg Byog)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 9 (continued)

Boy

Bo1

Bo1

Bo2

Bos Bo7z
Bi7 Co
Bps Boy

B17 Co1

Bos Bi3

B1s4
003

Blr’

2
003

(Bog Boy B14) (Bog By Big)

(Bgy B11 B1s) (Bo1i Bii Bip)
(Bos Boz B15) (Bos Boy B17)
(Bgs By B1g) (Bps By Byn)

(Bos B3 Bia)

(Boy By3 B1g) (Bor Bia Big)
(Bp1 B1g Bi1g)
(Bo3 Bog B12) (Bpsa Bog Bio)

(Boz B1p B14) (Boa Bog B13)
(Boa Bio B13) (Boa Bio Bi14)
(Boé B07 508)

(Bog Bog B12) (Bpg Bio Bio)
(Bo2 Bog B1g) (Bpz Bip Big)

(Bog Bog B13) (Bog Bog Bi1g)
(Bog B1o B137) (Bog B1o Big)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 9 (continued)

Bo2

303

BO?
B11

Bos
Big

Bosg
Bio
Bosg

Bog Bio
Co1 Co3
B1o Big

Big Byg
Coz €03

(Boz Boy B12) (Boo Bog Br1)
(Bop Bpp Bio)

(Boy Bpg B1g) (Bpy Byp Bia)
(Boz B12 B1g) (Bosa Bog B1g)
(Bgg By B14) (Bog Bio Byg)

(Bgy Byo B13) (Bog By By3)
(B1; Bip Bi3)

(Boy Bog Byg)

(Bog B11 Big) (Bio Bi1 Big)
(Boy B11 B1g)
(B11 B13 B14)
(By1 B1s Byg) (B1y Byg B17)

(Byy Byg4 Big)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (econtinued)

Order 10
Ao1 Aoz B13 B14 Big Big (402 B13 Bys) (Ap2 Bi3 Byyp)
B1v B1g Coz Co3 (Aoz Byg Big) (Agp Byg Big)
(&pp Byg Byg) (A5 Byy B17)
(402 Big B17) (Agp Biy Big)
Ao1 403 Bo1 Bo2 Boz Boa (493 Bo1 Bo3?) (4p3 Bo1 Boa)
Bos Bog Co1 Co (A53 Bpy Bos) (Ap3 Boy Bpg)
(403 Boo Boz) (g3 Boo Bog)
(Ao3 Bos Bos) (Ap3 Boa Bog)
* 401 406 Bol Boz Bosa Bi13 (Ao Bo2 Boa) (Apg Boz Big)
B14 B1s Co1 Cop (A6 Boo Byg) (Apg Boyg Biy)
401 406 Boy Bog Bog Bio (A6 Bog B11) (Aog Bog Bio)
B11 Biz Co1 Co3 (Ao Byo B11) (Apg Bio Br2)
(&6 Bow Bog) (Apg Boy Bip)
(Aog Bog Bog) (Agg Bog Bio)
Bo1 Bo3 Bos4 Bog Bi2 Big (Bo1 Bog B1g) (Bop Biz Bya)
B18 Co1 Co2 Co3 (Boy B2 Big)
Bo1 Bos Boy Bi1 Bi3 Bis (Bop B11 B13) (Boy Boy Bi3)
B17 Co1 Co2 Co3 (Bps B11 B13)
Bo1 Bos Boy B11 Bia Bis (Bo1 B11 By4) (Bos Boy Bia)
B17 Co1 Co2 Co3 . (Bos B11 B14)
Bo2 Boy Boa Bog Biz Bi4 (Bo2 Bog B1g) (Boo Bio Big)

B1g Co1 Co2 Co3 (Byo Byo Byg)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 10 (continued)

Bop

Bog Bop
B16 Co1
Bog Bos
B16 Co1

11

Boz

402 Boy

Bog B1o B13

Co3
B1o

B13

(Boz Boy B1g) (Bog Bom Bis)
(Bog Bon Byg)

(Bo2 Bog B16) (Bog Bos B13)
(Bos Bog B16)

(402 Bps Bys) (App Bpg Bpny)
(402 B11 Byg) (Agp Byg Bpy)

(A03 Bp3y B1o) (Ap3 Bpy Big)
(Ap3 Bog B1o) (Ap3 Boa B1g)

(Aog Bog Bog) (4o Bog Bio)

(Bgs B1> B1a) (Bps Bpg Big)
(Bos B2 B1g)

(Bps Bi3 B1g) (Bps Big Byg)
(Bos B1s B1g)

(Bog Bos B1g) (Bog Bio Bra)
(Bog Bi2 Big)

(Bog Bop Bra) (Bog Bos B1i)
(Bog B11 B12)

(Boz B12 B1s) (Bog Biz Bi3)
(Bog Bio Big)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 11 (continued)

BO?

Bp7

Bog Bog
B13 B1g
B11 Bi13
B17 Bis

Order

Aol

Bio B11 Bi2
Co1 Co2 Co3
B14 B1g Big
Co1 Co2 Co3

Bo2 Bo3
Bos Bos

(Boy Bz B1g) (Bog Bi1 Big)
(B11 B2 Byg)

(By1 By3 Big) (Byy Byg Big)
(B11 Big B18)

(Ap2 Boy B13) (Ap2 Boy Bia)
(402 Bo1 B1g) (402 Boy Big)
(Aop Boy B13) (Ag2 Boy Ba)
(Ag2 Boy B1g) (402 Boy Byg)

(403 Bo1 Bog) (Ap3 Bo1 Big)
(403 Bop Bog) (Ap3 Bop Bya)
(803 Bos Bpg) (403 Bos Byg)
(403 Bog Bog) (403 Bog Bia)

(A06 Boz Boy) (Aps Boz Bog)
(A06 Boz B11) (Ao Boz Bio)
(06 Boz B12) (Aps Boy Bi3)
(406 Bog B13) (Apg Byy By3)
(406 B12 B13)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 15
401 402 Bo1 Bos Boy Big (A2 Bos By3) (Ap Bog Byg)
B13 B14 B1s Big By (Aoo Bos Bre) (Ao Boy Big)
B1g Co1 Co2 Co03 (02 B11 B13) (Ag2 By Big)
(Ap2 By1 Byg) (Ap2 Biy Big)
401 403 Bo1 Bo2 Boz Boa (Ag3 Bop Byo) (Ag3 Boy Byg)
Bos Bos Bog Bio Bia (403 Bp2 Byo) (4p3 Boz Bi1g)
B1g Co1 Co2 Co3 (A3 Bos Byo) (Ap3 Bos Byg)
(03 Bpg B1o) (Ap3 Bpg B1g)
Ap1 A06 Boz Bog Boy Bos (A0 Bos Boy) (Aps Bog Bog)
Bog B1g B11 Bio B3 (406 Bog B11) (Apg Bog Bio)
B16 Co1 Co2 o3
* Bo1 Bo2 Bo3 Boa Bos Bog (Bo1 Bo3 B10) (Bol Bosa Bog)
Boy Bog Bog Bio Bii (Bo1 Bo4 B10) (Bo1 Bos B1o)
B1o Co1 Co2 Co3 (Bo1 Bpg By2) (Bp1 Bip Bio)

(B2 Bp3 B11) (Boz Bosa Boy)
(Bo2 Boa B11) (Bo3 Bos Bog)
(Boz Boy Bip) (Bp3 Bpg Boy)
(Bo3 Boe B11) (Bo3 Boy Bio)
(Bo3 Bog B11) (Bp3 Bio B11)
(Bog Bog Bog) (Bps Bos Bpg)
(Bog Bog Boy) (Bosa Bog Biy)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 15 (continued)

(Bos Boy Bog) (Bos Bpy Big)
(Bog Bog B11) (Bosa Bio B11)
(Bos Bpg Bpg) (Bgg Bog Byg)
(Bos Bpg Byo) (Bps Big Bio)

* Bo1 Bo2 Bo3 Bos Bos Bog (Bo1 Bo3 B13) (Boi Boz Bis)
Bi3 Byg B1g Big By7 (Boz Boy B1g) (Bpo Bp3 Biyp)
B1g Co1 Co2 Co3 (Boz Boa B1y) (Bpp Byg Byyp)

(Boz B1s B1g) (Bp2 Byp7 Big)
(Bo3 Bos By3) (Bo3z Boy Big)
(Bo3 Bog B1s) (Bo3 Boé Byn)
(Bo3z B13 B15) (Bp3 B13 By7)
(Bo3 B1gy B1g) (Bo3 Big Byp)
(Boa Bos B13) (Boa Bos Big)
(Boa Bos Bis) (Boa Bog Biy)
(Bog B13 Biy) (Bog Bis Big)
(Bog Byg B1y) (Bog Big Byg)
(Bog B1a By17) (Bog Bis Big)
(Bog B17 Bi1g)

* Bp1 Bo2 Bos Bog Boy Bog (Bo1 Bog B1g) (Bo1 Bog Biyp)
By7 Co1 Co2 Co3 (Bo1 B1o Bi1g?) (Boy Bio Byy)

(Bpo BO? 317) (802 309 317)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 15 (continued)

* Bo1 Bo3 Bosa Bos Boy Bos
B11 By2 Bi14 Bis Byg
B1g Co1 Co2 Co3

(Bo2 B1o
(Boz B11
(Bos Bog
(Bos Bog
(Bos Byg
(Bos Bio
(Bog Boy
(Bog Bog
(Bog B1o
(Bog B11

(Boy B12
(Bo3 Bo7
(303 Bi11
(503 B11
(BO3 Bqo
(Boa Boy
(Boa Boy
(Bosa Bog
(Bosa B11
(Bosa B11
(Bosa Byo

(BOS Bos
(Bos Bip

By5)
B15)
By3)
Big)
B13)
B1g)
B 5)
B 5)
B15)
By 5)

By )
B18)
B1a)
By7)
By5)
B14)
B17)
By 5)
B14)
By )
By 5)
By5)
B15)

(Boz Byo
(Boz B11
(Bpg Bog
(B05 Bog
(Bos B1g
(Bos B1o
(Bpg Boy
(Bos Bog
(Bog B1o
(Bpg B11

(303 Byo
(Bp3 Bosg
(Bo3 B11
(Bo3 B11
(Bo3 B12
(Bosa Boy
(Bosa Boy
(Boa Bog
(Bos B11
(Bos B11
(Bog Bio

(B05 Bos
(Bos Bi2

By7)
By )
By 5)
By )
BlS)
B17)
By7)
By7)
By )
By17)

(Bo1 Bpg Byg) (Bpy Byo Bysg)

By5)
B15)
B1s)
Big)
By7)
By5)
B18)
By7)
B15)
B1g)
By7)
By7)
B17)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order_ 15 (continued)

* Boz2 Bo3 Boa Bog Bos Bog (Bo2 Bog B14) (Bo2 Bog Big)
B1o Bi2 B13 Bisa Big (Bo2 B1o B18) (Bp3 Bog Bi3)
B18 Co1 Co2 Co3 (Bo3z Bpg B1g) (Bp3 Bog Byg)

(Boz Bog B1g) (Bp3 Bog B1g)
(Bo3 B1o B13) (Bo3 Bio Big)
(Boz Bro B1g) (Boz Bio Big)
(Bo3 B12 B13) (Bo3 By Big)
(Boa Bog B16) (Bosa Bog B13)
(Bos Bpg B14) (Boa Bog Big)
(Bog Bog Big) (Bosa Big Big)
(Bog Byo B1g) (Bos Biz By3)
(Bog By2 B16) (Bos Bog B14)
(Bog Bog B18) (Bog Bio B1a)
(Bog B1o B1g)

* Boy Bos Bog B1o Bi1 Bi2 (Bg7 Bpg B14) (Boy Bpg Big)
B13y B14 Bis B1g Bio (Boy Bip B1g) (Bpg Bog Big)
B1g Co1 Co2 Co3 (Bog Bog B17) (Bpg Byp Bis)

(Bog B13 B1s) (Bpg Big Big)
(Bog B1g B17) (Bog B11 Bia)
(Bpg By1 B1g) (Bpg Bip Bis)
(Bog Bio B17) (Bog Bia B1s)
(Bog B14 B17) (Bog Big Big)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 15 (continued)

(Bgg B17 B1g) (Byg Biy Bia)
(B1o B11 B1g) (Bip B2 B1g)
(B1o Bi2 B1y) (Bip Bi4 Bisg)
(B1o B1s B1g) (Byo Bin Big)
(By2 By3 B1s) (Bi2 Byz Byy)
(B1o B1g B1g) (B12 Byg Bip)

Order 17

* 401 Ao2 Bol Bo2 Boj (402 Bo1 Boa) (4p2 Bpy Bog)
Bos Bos Bog Bop (&2 Bpy B1g) (4p2 Bpy Bip)
Bog Bog Byp B1y (Ap2 Boo Bps) (Ap2 Bpo Bii)
B12 Co1 Co2 Co3 (402 Bpy Bps) (4p2 Bpy Bpy)

(402 Bos Bps) (Ap2 Bosa Bo7)
(Ap2 Boa B11) (402 Bos Bog)
(A02 Bos Bog) (402 Bos Bpg)
(Ap2 Bos B1o) (Ap2 Bos Bio)
(402 Bog B11) (Ap2 Bog B1i1)
(402 Boy By1o) (402 Bog B1i)
(402 Bog B11) (402 Bio B11)
(Ap2 By1 Bro)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 17 (continued)

* Ap1 Ap2 Bopo Bop3 Bosg
Bos Bog Bog Bio
B1o B13 B1g Byg
B18 Co1 Co2 Co3

* 401 Ap3 Bo1 Bo2 Bos
Boé Bo7 Bog B1o

B11 B13 B1g B16

. B17 Co1 Co2 €03

(402 Boo By3) (Apn Boo Big)

(402
(Apo
(405
(4go
(Ago
(402
(Ago
(Ago
(Ago
(Ao2
(Ao
(Apo
(Apo
(Ap2
(Apo

Bo2
B3
Bo3
Bog
Boa
Boé
Bog
Bog
Bog

B1g)
B13)
Byg)
By3)
B1g)
B13)
B1g)
B13)
B1g)
B13)
B1g)
Bl3)
Blé)
B13)
By g)

(Apo
(Ap>
(402
(4g5
(Ago
(Apo
(Agp
(R0o
(Ago
(A02
(Ago
(4g2
(Ao
(Ap2
(Apo

Bo2 B18)
Bo3 B1g)
Bp3 B1g)
Bog B14)
Bos4 B1g)
Bog B14)
Bog B1g)
Bog B14)
Bog B1g)
Bog Big)
Bog Byg)
B1o B14)
B1o Big)
B12 B14)
B1o B1g)

(403 Boi Bo7) (Ap3 Bo1 Bog)
(403 Bo1 B1o) (403 Boi Bi11)

(Ap3 Bo1 B13) (Ap3 Bop Bis)
(403 Bo1 B1g) (403 Bol B17)

(A03 Boo 507) (Ao3 Boo 309)
(403 Bo2 B1o) (Ap3 Bo2 B11)



SUBSEMIGROUPS OF T3 GENERATED BY

Order 17 (continued)

* Ao1 Ap3 Boy Bog Bog
B1o B11 Bi2 B13
B14 B1s B1g B17
B18 Co1 Co2 Co3

(403
(403
(403
(803
(8403
(403
(A3
(Ap3
(803
(803

75

THREE ELEMENTS (continued)

Bo2
Bo2

Bl3)
B16)

Bos Boy)
Bos B1o)
Bos B13)
Bos B1g)

Bog
Bos
Boé
Boé

Bo7)
B1o)
B13)
B16)

(403
(803
(R03
(g3
(403
(Ap3
(A3
(Ap3
(403
(403

Bgo Bis)
Bop B17)
Bos Bog)
Bos B11)
Bos By5)
Bos B17)
Bog Bog)
Bog B11)
Bog B15)
Bog B17)

(Ao3 BO? Bl2) (Ao3 BO? Bl8)

(A03
(A3
(Ap3
(A3
(403
(403
(403
(A3
(03
(403
(A3

Bog)
BlS)
By o)
B18)
B18)
B14)
B13)
B16)
B1g)
B1¢g)
B1g)

(Ap3
(A3
(A3
(403
(403
(403
(403
(A3
(03
(403
(A3

Bog B11)
Bog B16)
Bog B14)
B1o B12)
B11 B12)
B11 B1g)
B1o B1s)
B1p Byn)
B14 B1sg)
B1s B1g)
B1g B18)
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SUBSEMIGROUPS OF Ty GENERATED BY THREE ELEMENTS (continued)

Order 17 (continued)

* Ap1 Apg Bo1l Boz Bos
Bos Bo7 Bog Bii
Byjo Bis4 B1y Byo
B18 Co1 Coz2 Co3

Order 21

*Bi CJ (i =Ol’000’18;
j = 01,02,03)

(40¢ Boy Bog) (Bpg Boy Bog)

(Apg
(Aog
(Aog
(L06
(Ape
(A0¢
(K06
(Ao6
(Aog
(Ao
(A06
(Ap6
(406
(Bog
(Bog

Byq)
Bo7)
By1)
Boy)
By1)
Bgo)
B11)
B14)
B19)
B14)
B17)
Byg)
B17)
B14)
Byq)

(Apg
(Apg
(Apg
(Agg
(40¢
(406
(806
(06
(Bpg
(806
(406
(Ao
(A4
(Apg
(Agg

Bi5)
Bpg)
Byo)
Bog)
B1o)
Bog)
By2)
By5)
B;g)
By 5)
B18)
By 5)
B1g)
BlS)
Byg)

(Bo1 Bog B13) (Bo1 Bog Big)
(Bo1 Bog B1s4) (Bo1 Bog B18)

(Bo1 B1o B14) (Bo1 Bio Bi1g)
(Bo1 B12 B13) (Bo1 Biz Big)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 21 (continued)

(Boo Boy B1a) (Bpp Bgn Byg)
(Bo2 Bog B15) (Bo2 Bog B17)
(Boz B11 B14) (Bo2 Bpi Big)
(Bog B12 B15) (Bop Biz Biy)
(Boz Boy B13) (Bo3 Boy Big)
(Bo3 Bog B1g) (Bpy Bgg Byp)
(Bo3 B1o B15) (Bo3 Bio Bi7)
(Bpz B11 B13) (Boy B11 B1g)
(Bog Boy B13) (Bosa Boy Big)
(Bos Bog B1s) (Bosa Bpg Bi7)
(Bog Byp B15) (Bog Bip By7p)
(Bos B11 B13) (Bosa B11 Big)
(Bos Bog B13) (Bos Bog Big)
(Bos Bog By14) (Bos Bog Byg)
(Bos B1o B14) (Bos Bip Big)
(Bos B1z B13) (Bos Bio Big)
(Bog Boy B1a) (Bog Bos Byg)
(Bog Bog B15) (Bog Bog B17)
(Bog B11 B14) (Bog Bi1 Bi1g)
(Boe B2 B1s) (Bpg Bio Bi7)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 23

* Ag1 Ap
(1

3

2

* Ao1 Ap3

* Apy Apg

(1

it

By Cjy
Ol’oac:la;
01,02,03)

Bi Cj
0l,...,18;
01,02,03)

By Cy
01,000’18;
01,02,03)

(Aoo
(Ao
(802
(402
(Ago
(Apo
(405

Bog

B15)
BIS}
By 5)
By5)
Bys)
B15)
B1s)

(402
(405
(App
(Ao
(40>
(Ap2
(402

Bo3
Bog
Boé

B17)
B17)
B17)
By7)
B17)
B17)
By7)

(A-o3 BOB BO’?) (AO3 Bo3 Bog)

(A3
(Ap3
(403
(403
(403
(403
(403

Bos4

B1o)
B13)
B1g)
Bo7)
B1g)
B13)
B14)

(803
(Ao3
(403
(403
(403
(403
(403

Bo4

By7)
By )
By7)
Bog)
B11)
By 5)
B17)

(406 Bo1 Bog) (Apg Bo1 Bio)
(Age Bo3 Bog) (Ap6 Bo3 Bi1o)
(406 Boa Bog) (Ao Bosa Bio)
(Ap6 Bos Bog) (Aps Bos B1o)
(Aps Boy B16) (Ao6 Bog Bie)
(A06 Bog B14) (4pg Bog Bis)
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SUBSEMIGROUPS OF T3 GENERATED BY THREE ELEMENTS (continued)

Order 23 (continued)

(R0¢ Bog B1g) (8pg Bog Byn)
(Ao Bog B1g) (Apg B1o Bia)
(A06 B1o B1s) (R0g Bio B16)
(Ao6 B1o B17) (Ao Bio B18)
(Ao B11 B1g) (Apg Bio Big)

Order 27
A; By Cy (402 403 By), 1 = 01,...,18
(1 = 01,...,063 (Ago Apg By), 1 = 01,...,18
j = 01,...,18 (Ao2 Aps Bg)y 1 = 01,...,18
k = 01,02,03) (A0 Apg By)y, 1 = 01,...,18
(Ag3 Ap4 By)y 1 = 01,...,18
(403 Ap5 By), 1 = 01,...,18
(Ap3 Apg Bi), 1 = 01,...,18
(Aps Apg By), 1 = 01,...,18



SUBSEMIGROUPS OF

*

80

Ty GENERATED BY FOUR ELEMENTS

Order 4

Bo1 Bo2 Co1 Co2

Bo2 B13 Cp2 Co3
Bo2 Co1 Co2 Co3
Bo7 Bog Co1 Co3
By3 B1g Co2 Co3

(Bo1 Bo2
(Bo1 Bo2
(Bo1 Boz
(Bo1 Boa
(Bo1 Boy
(Bo1 B14
(Bo1 Bi4
(Bo2 Bo3
(Boz2 Bog
(Bo2 Bos
(Bo2 B3
(Bo2 Bosg
(Boy Bog
(Boy Bos
(Boy B1o

Bos

Coo)
Cop)
Co3)
Co1)
Coz)
Co3)
Co3)
Co2)
Co3)
Co3)
Coo)
Co3)
Co3)
Co1)
Co1)

(Bo1 Bov Co1 Co3)

(Bo2 Bog Co2 Co3)
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SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELEMENTS (continued)

Order 5 (continued)

B07 B13
* Boy B13
Bog Bio

Order 6

B17
Co1
B13
Cor
B1s
By

B03
Bo3

Bos
Boa

Co2
Coz

C03
Co3

(Bo7 B13 B17 Co2)
(Boy B13 Co1 Co2)
(Bog B1o B13 Co1)
(Bog B14 Co1 Co3) (Bog Bia Co2 Co3)
(B13 B14 Bis Co3)
(B13 B14 B17 Co2)

(Bo1 Boz Bo3 Boa)
(Bo1 Bo2 Bog Co2)
(Bo1 Bo2 Bo3 Co3)
(Bo1 Boz Bis Co1)
(Bo1 Bo2 Bos €03)
(Bo1 Boz2 Bos Co3)
(Bo1 Bo3 Boa Bi4)
(Bo1 Bo3 Boa Co3)
(Bo1 Bo3 Coz Co3)
(Bo1 Boz Bia Co3)
(Bo1 Bos Bia Co3)
(Bo1 Bos Bi4 Co3)
(Bo1 Boy B15 B17)
(Bo1 Bo7 B1s Co1)
(Bo1 Boy B17 Co1)



SUBSEMIGROUPS OF T3 GENERATED BY

Order 6 (continued)

Bo1
Bo1
Boi
Bo1
Bo1

B13
B1a
B1a
B14

Bi14 Big Co2
B15’ Bl?
Bi1s Co1

B17
B17
Bos
Bog
Bog
Bog
Bog
Bog
Bog
Bio

Co1
Co1

Co2
Coz
Co2

(Bo1
(Bo1
(Bo1
(Bo1
(Bo1
(Boo
(Bo2
(Bo2
(Bo2
(Bo2
(Boz
(Bo2
(Bo2
(Boo
(Bo2
(Bo2
(Boz
(Bos
(Bos
(Bo3
(Bo3
(Boa

82

FOUR ELEMENTS (continued)

B14 C03)
B15 Bl7)
B1s Co1)
B17 Co1)
B17 Co1)
Bos Co3’
Bog Co3)
Bog Co3)
Bog C03)
Coz Co3)
Bog Co2)
B1o Co2)
Bog B10)
B1o 003)
B1g B13)
By3 Co2)
B13 Co2)
Bog B14)
Bosg CO3)
B14 Co3)
B14 Co3)
B1a Co3)

(Bo2z Boy B1o Co2)
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SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELEMENTS (continued)

Order 6 (continued)

Boy Bog Bog Bio Co1 Co3  (Bo7 Bog Bog Bio)
Boy Bog Bog Co1 Coz Co3 (Boy Bos Bog Coz)
Bo7 Bog Bio Bi3 Co1 €03 (Boy7 Bog B13 Co1)
Boy Bog B1o Co1 Co2 Co3  (Boy Bog Bio Coz2)
Boz Bog B1o B13 Co1 Co3  (Boy Bog Bio B13)
Bo7 Bog Bio Co1 Co2 Co3 (Boy Bog B1o Co2)
Bo7 Bog B13 Co1 Co2 Co3 (Bo7 Bog B13 Co2)
Bo7 B1o B13 Co1 Co2 CO3 (Bo7 B10 B13 Co2)
Boy B13 B14 Byy Co2 Coz  (Boy Bi3 Bisa Co2)
Boy B13 B1g Biy Co2 Co3  (Boy B13 Big B1p)
Bo7 B13 B1g Co1 Co2 €03 (Boy B13 B1s Co1)
Boy B13 B17 Co1 Co2 Co3  (Boy Bi3z Bi7 Co1)
Boy B1g B17 Co1 Co2 Co3 (Bo7 B1s5 B17 Co1)
Bog Bog B1o Co1 Co2 Co3  (Bog Bog Bip Co2)
Bog B1o B13 Co1 Co2 Co3 (Bog Bio Bi3 Co2)
B13 B14 B1g B1y Co2 Coz3  (B13 Big Bis Byp)
B13 B14 B15 Co1 Co2 Co3  (B13 Bisa Bis Co1)
B3 B1g B17 Co1 Co2 Coz  (B13 B1a Bi7 Co1)
B4 B1g B1y Co1 Co2 Co3  (Big Big Biy Cop)
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SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELEMENTS (continued)

Order 7

* Ap1 402 Bol Boy Co1 Coz Co3 (A02 Bo1l Co1 Co2)
(402 Bo1 Co1 Co3)
(Ao Boy Co1 Coo)
(A Boy Coyp Co3)

* 401 Ap3 Bog B1a Co1 Coz Co3 (403 Bog Co1 Co3)
(403 Bog Co2 GQ3)
(403 B14 Co2 Co3)
(Ap3 B1a Co1 Co3)

* Ao1 Ao6 Boz B13 Co1 Coz Co3 (06 Boz Co1 Coz2)
(Ao Bo2 Coo Co3)
Bo1 Boz Bo3 Boa Bog Co1 Coz (Bo1 Bo2 Boa Bos)
Bo1 Boz2 Bo3 Boa Bi4 Co1 Coz (Bo1 Bo2 Bo3 Bi4)
Bo1 Bo2 Bo3 Bog Cor Co2 Co3 (Bo1 Bo2 Bos Co3)
Bo1 Bo2 Boa Bia Co1 Co2 Co3 (Bo1 Bo2 B1r4 Co3)
Bo1 Bo3 Boa Bog Co1 Co2 Co3 (Bo1 Boa4 Bos Co3)
Bo1 Bo3 Bosa Bog Bia Co1 Co2 (Bo1 Bo4 Bog Bia)
Bo1 Bo3 Bos B1a Co1 Co2 Co3 (Bo1 Bog B14 Co3)
Bo1 Boy B13 Bis Co1 Co2 Co3 (Bo1 Boy B13 Co1)
Bo1 Boy Bi4 B1g Biy Co2 Co3 (Bo1 Boy B14 Bi1s)
Bo1 Boy Bi4 B1y Co1 Co2 Co3 (By1 Boy Bia Co1i)
Bo1 B13 B14 B1s Bip Coz Co3 (Bop B13 B14 B17)
Bo1 B13 B14 B1s Co1 Coz Co3 (Bo1 B13 Bi4 Co1)

Bo1 B13 B1s B17 Co1 Coz Co3 (Bo1 B13 B17 Co1)
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SUBSEMIGROUPS OF Ty GENERATED BY FOUR ELEMENTS (continued)

Order 7 (continued)

Bo2 Bo3 Bo4 Bog B14 Co1 Coz (Bp2 Bo3 Bos B14)
Bo2 Bp3 Bos4 Bia Co1 Co2 Co3 (Boz Bo3z Bia Co3)
Bo2 Boa Bos B14 Cor Coz Co3 (Boz Bog Bi4 Bo3)
Bo2 Boz Bog Bog Bio Co1 Co3 (B2 Boy Bog Bi1o)
Bo2 Boy Bog Bog Co1 Co2 Co3 (Bo2 Bo7 Bog Co2)
Boz2 Boy Bog B1o B13 Co1 Co3 (Bo2 Boy B1o B13)
Bo2 Bo7 Bog B1o Co1 Co2 Co3 (Bo2 Bo7 B1o Co2)
Bo2 Bo7 Bog B13 Co1 Co2 Coj3 (Bo2 Boy B13 Co2)
Bo2 Bo8 Bo9 Bip B13 Co1 Co3 (Bo2 Bog Bog B13)
Bo2 Bog Bio B13 Co1 Co2 Co3 (Bo2 Bog B13 Coz)
Bo7 Bog Bog Bio B13 Co1 Co3 (Bo7 Bos Bog B13)
Boy Bog B1o B13 Co1 Co2 Co3 (Bo7 Bog8 B13 Co02)
Boy B13 Bi4 Bis B1y Co2 Co3 (Boy B13 Bi4 B1y)
Bo7 B13 B14 Bi7 Co1 Co2 Co3 (Bop B13 Bi4 Co1)
Bog Bog B1o Bi3 Co1 Co2 Co3 (Bog Bog B13 Co2)
Order 8
Bo1 Bo2 Bo3 Bosa Bos (Bo1 Bo2 Bos Bi14)
B14 Co1 Co2
Bo1 Bo3z Bos4 Bos Big (Bo3 Bog Bia Co3) (Bosa Bos Bia Co3)
Co1 Co2 Co3
Bo1 Bo7 B13 Bis4 Biy (Bo1 Boy Bi13 Bi1a)
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SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELEMENTS (continued)

Order 8 (continued)

Bo1 Bow

Bo1 Big

Boz Bo3

Bo2 Bo7

Bo2 Bo8

Order 9

Aol 402
By

* Ap1 Aoz
B1g

By
Co2
B1s
Co2
Boa
Coz
Bos
Co1

Co1

B1s Big

Bi17 B18

Bos Bos

Bog B1o

Bio Big

(Bo1 Bo7 B13 B16)
(Bo1 B1s B1g Co1)
(Bo3 Bog Bos Co3) (Bos Bos Bog Coz)
(Bo2 Boy Bog B13)
(Bo2 Bog Bi2 Co2) (Boz B1o Bi2 Co2)
(Bog B11 B13 Co2) (Byo Bpy B1y Coo)

(Bo7 B1s B1g Co1) (Boy Big Bi7 Co1)d

(A02 Bo1 B1is Co1) (Ap2 Bor Biy Con)
(A0n Boy Brs Co1) (Agz Bop Bry Cop)

(02 B13 Co1 Co2) (Ap2 B13 Co1 Co3)
(802 B14 Co1 Co2) (Ap2 Bis4 Co1 Coj3)
(Ag2 B1g Co1 Co3) (Ap2 B1g Cor Coz)
(Ap2 B1g Co1 Co3) (Ap2 B1g Co1 Co2)
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SUBSEMIGRCUPS OF Ty GENERATED BY FOUR ELEMENTS (continued)

Order 9 (continued)

* Aol

A0l

* Aoy

Bo1

* Bo1

A03
Boé

Bo1
Co1

Bo2 Bos
Co2 Co3

(Ag3 Bo1 Co1 Co3) (Ap3 Bo1 Coo Co3)
(A03 Boo Co1 Co3) (403 Boz Coo Co3)
(An3 Bos Co1 Co3) (Ap3 Bps Cpo Cp3)
(Ao3 Bog Co1 Co3) (Bo3 Bog Coz Co3)

(Ag3 Bp3 Bog Co3) (Ag3 Bpy Byg Cp3)
(403 Bosa Bog Co3) (Ap3 Bosa Bia Co3)

(06 Boz2 Bog Co2) (Aps Boz Bio Co2)
(406 Bog B13 Co2) (Apg Bipo B13 Co2)

(Apg Bo7 Co1 Coo) (Ao Bop Coz Co3)
(8406 Bog Co1 Co2) (806 Bog Coz2 Co3)
(Ao B11 Co1 Coo) (Aps B11 Coz Co3)
(Ao Bro Co1 Co2) (Aps Bio Coz Co3)

(Bo1 Bo3 Bos Co3) (Bo1 Boa Bog Co3)
(Boo Boz Bos Co3) (Boz Boa Bos Co3)
(Bo3 Bos Bog Co3) (Boa Bos Bog Cop3)

(Bo1 Bo3 Bog Co2) (Bor Bo3 Bog Coz)
(Bo1 Bog Bog Coz) (Bo1 Bog Bog Co3)
(Bo2 Bo3z Bo7 Co2) (Bo2 Bo3 Boy Co3)
(Boz Bo7 Bog Co2) (Boz Boy Bog Co3)
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SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELEMENTS (continued)

Crder 9 (continued)

* Boy

Boa

Bo1

Boz2

Boz

Bo2

Bo2 Boa
Bi1s Co1

Bo7 Bog

BO? B09
B13 Co1
Bos Bog

B3 B1sg
Coz Coj

(Bo1 Bos4 B13 Co1) (Bo1 Boa B13 Co3)
(Boz Bosa B1s Co1) (Boz Boa Bis Co3)
(Boz B1a B1s Co1) (Bo2 Bia Bis Cog)
(Bog B13 B1s Co1) (Bpsa Byy Bys Co3)

(Bos Bog Bia Co3)

(Bo1 Bgy B1gs Co1)

(Bo1 Bo7 B1s Co1)

(Bog Bog B1a Co3)

(Bo2 Bo7 Bog B12) (Boo Bo7 Bio Bio)
(Boz Bos Bog B11) (Bp2 Bog Bii Bip)
(Bo2 Bpg Bio B11) (Bo2 Big Bil Bi2)

(Bopp By B13 Cop)

(Bo2 B11 B3 Co2)

(Bop Byp By Co2)
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SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELEMENTS (continued)

Order 9 (continued)

BQ?

* BO?

Bog Bog

B18 Co1

10

Order

Bo1

Bio B1:1
Coz Co3

B13 Byg
Coz Co3

(Boy Bog Bi2 Coz) (Boy Bio Bio Co2)
(Bog Bog B11 Co2) (Bpg Bio Bi1 Co2)
(Bog B11 B2 Co2) (B1p B1y Bio Co2)

(Boy B1o B14 Co1) (Bpy Biop Bia Co2)
(Bog Byo By Co1) (Bog Bio Biy Cop)
(Bog B13 B1y Co1) (Bog B3 Biy Co2)
(B1o B14 By7 Co1) (Bip Bia B1g Co2)

(B13 Bys B1g Co1) (Byy By Big Co1)
(By4 Byg B1g Co1) (Bia Big Biy Co1)
(Bys Big Big Co1) (B1g By Big Co1)

(Bo1 Bog Bog Co3) (Bop Bos Bog Coz)
(Bos Bog Bos 003)

(Bo1 Bos Bos B1a) (Boz Bos Bpg Big)
(Bos Bos Bog Bis4)

(Bo1 Bp3 Bog Bi2) (Bo1 Boa Bpg Bio)
(Bo2 Bo3y Bos Bi12) (Boz Boa Bog Bio)
(Boy Bos Bog B1o) (Bos Bos Bpg Bio)
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SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELEMENTS (continued)

Order 10 (continued)

Bo1

Bo1

Bo2 Bo3z Bos
Bos Bos B4

Co1
Bo2

Coz
B03

(Bo1 Bog B14 Co3)

(Bo1 Bo3 Bog Big)

(Bo1 B11 Big Bis) (Boy B1y Big Bip)
(Bos Boy Bis Big) (Bos Bpy Big B1yp)
(Bos By1 B1s Big) (Bog Bii Big Byp)

(Bo1 Boy B14 B1g) (Bo1 Boy Big¢ Bi1g)

(Bo1 B13 B18 Co1)

(Boo Boy Bpp By3) (Bpo Bpg By Bi3)
(Bgo By Bip By3)

(Bo2 Boy B1o Co2) (Bpz Bog Bi1 Cop)
(Bg2 B11 B1p Co2)



91

SUBSEMIGROUPS OF Ty GENERATED BY FOUR ELEMENTS (continued)

Order 10 (continued)

Bo7 Bog Bog Bio (Bop B12 B13 Co2) (Bog Bi1 B13 Co2)
B11 Bi2 B13 (B1; Byo B3 Co2)
Co1 Co2 Co3
Boy B13 Bi4 Big (Boy B13 B1g Co1) (Boy Bia Big Co1)
By B17 B1g (Boy B16 B18 Co1)
Co1 Co2 Co3
Order 11
* 401 Ap2 Bo1l Boz Bo3 Boy (02 Bo1 Boz Co2) (Ap2 Bpy Bz Co3)
Bog Bog Co1 Co2 Co3 (802 Bp1 Bp3 Co2) (402 Bpi Bp3 Co3)
(402 Bo1 Bog Co2) (Ap2 Bo1 Bog Co3)
(802 Bp1 Bog Co2) (402 Bol Bopg Co3)
(Ao2 Boz Boy Co2) (Ap2 Bpa Boy Co3)
(App Bpy Boy Cop) (App Bpy Boo Co3)
(402 Boy Bog Co2) (402 Boy Bog Co3)
(&02 Boy Bog Co2) (Ao2 Boy Bog Co3)
401 402 B13 B14 B15 Big (g2 B13 B1s Coy) (Ap2 Bi3 Bip Cop)
B17 B1g Co1 Co2 Co3 (Ap2 B14 B1s Co1) (402 B4 Bigp Co1)

(402 Bys Byg Co1) (4pp Bis B1g Cpjp)
(402 B1g B17 Co1) (Ap2 Bi7 Big Co1)



SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELELENTS (continued)

Order 11 (continued)

Ap1 A03 Boi1 Bo2

* Agy

* Apy

Bos Bos

A03 Bo7
Bya Byg

Co1

Bog

BO3
Coz

Bio
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(403 Bpy Bo3 Co3) (Ao3 Bo1 Bo4 Co3)

(403 Boz Bo3 003) (03 Boo Boa Co3)

(AOB Bo3 BOS 003) (Aos BO3 B06 C03)
(A03 BO4 BOS C03) (A03 Boa Boé 003)

(A03 A07 308 COl) (A03 BO7 308 002)

(403 Bo7 B14 Co1)
(A03 Bog B1o Co1)
(403 Bog B13 Co1)
(Ap3 Bog Bry Co1)
(403 B1o B14 Co1)
(403 B13 B4 Co1)
(403 B14 B1y Co1)

(803
(803
(A3
(403
(Ap3
(Ag3
(Ap3

BO7

Coz)
Coo)
Co2)
COQ)
ng)
Coo)
Cop)

(Apg Bo1 Bog Co3? (Apg Bor Bis Co3)

(Aog Bog B11 Co2) (Apg Bog By Coo)
(806 B1o B11 Co2) (Apg Bip Biz Co2)
(406 Boy Bog Co2) (Aog Boy Bio Coz)
(A0 Bog Bog Co2) (Apg Bog Bio Coz)

(Bo1 Boé Bog Bi12) (Boz Bos Bog Bio)

(Bgs Bog Bog Bia)

(Bo1 Bog B14 Co3) (Bo2 Bos Biga Co3)

(Bps Bpg B1a Co3z)
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SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELEMENTS (continued)

Order 11 (continued)

Boi

Bo1

Bo3 Bos
B1g Co1
Bo3 Bos
B18 Co1

B05
Co2
Bos
Co2

Bog
Co3
B12
Co3
B14
Co3
B16
Co3
Bio
Co3

(Bo1 Bog B1s B1g) (Boz Bos Big Big)
(Bos Bog B14 B18)

(Bo1 Boo Bog Big) (Bo1 Boo Bio Big)
(Bo1 Bo2 Biz Big)

(Bp1 B11 B13 B14) (Bos Boy Bi3 Big)
(Bog B11 B13 Bi4)

(Bo1 Boy Bia Bie) (Boy Bop Bz Big)
(Bo1 Boy Big B1g)

(B2 Bog Boy B12) (Boz Bog Bog Bi1)

(Bo2 Bog B11 B12) (Bog Bo7 Bog Bii)
(Bog Boy Bos Bi2) (Bog Boy Bog Bi2)
(Bog Bog B11 Bi2) (Bog Boy Bio Bi2)
(Bog Bog Bog B11) (Bog Bog Bog Bio)

(Bo2 Bo7 Bog Bis) (Bps Bo7 Bos Bi3)

(Bog Bo7 Bos Bi1g)

(Bop B11 B13 B1g) (Bp2 Bog Boy B13)

(Bo2 Bos Bo7 B1g) (Boz Bog Bil Bi3)
(Bo2 Bo6 B11 Big)

(Bo2 Boy B2 B13) (Bpp Bpg By Bi13)

(Boo B11 Bi12 B13)

(Bgy B1o Bi2 Bis) (Bpg Bog B11 Big)

(Bog B1o Bi1 Bis) (Bpg By Bio Big)
(B1o B11 B2 Big)
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SUBSEMIGROUPS OF Ty GENERATED BY FOUR ELEMENTS (continued)

Order 11 (continued)

Boz B11 Bi3
B17 Big

Order 13

Ap1 Ao2 Bol

B14 B1g B1sg

Co1

Coz Co3

(B11 By3 B1g B1g) (B1y Big Byg Byg)
(B11 B1a Bis B1g) (B Bys Byg Big)
(By1 B14 B1g Bip) (Byy Byg Biy Big)

(Ap2 Bo1 B13 Co1) (Ap2 Bpl Big Co1)
(Aop Bop B1g Co1) (o2 Bo1 Big Coi)
(Ap2 Boy B3 Co1) (Ap2 By Bia Cor)
(402 Boy By1g Co1) (Ao2 Boy Big Coi)

(403 Bo1 Bog Co3) (403 Boi Big Co3)
(803 Bo2 Bos Co3) (403 Bpz Bya Co3)l
(403 Bos Bog Co3) (403 Bos Bia Co3)
(803 Bpg Bog Co3) (Ap3 Bpg Bia Co3)

(06 Bo2 Boy Co2) (Ao Boz Bog Coz)
(805 Boz B11 Co2) (Aog Boa Bio Coz)
(405 Boy B3 Co2) (Apg Bog B13 Coz2)
(Aps B11 B13 Cpo2) (Apg Bi2 B13 Coz)

(Bo1 Bos Bog B1g) (Bo1 Bog Bio Big)
(Bo1 Bog Bi2 B1g) (Boz Bos Bio Bia)
(Bo2 Bos Bog B18) (Boz Bos Bio Byg)
(Bos Boé Bog B18) (Bos Bog Bio Bia)
(Bos Bog Bi2 Big) (Boz Bog Bio Bia)
(Bo2 Boé B12 B18)
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SUBSEMIGROUPS OF T3 GENERATED BY FOUR ELEMENTS (continued)

Order 13 (continued)

Bo1 Bos Boy Bii1

B14
B1g

B15 Big
Co1 Co2

Boy Bos
B11 Bip

5 Co1 Coo

B13
Bl7
003

Bc,g
Bl3
003

(Bp1 B11 Bi3 Bi18) (Bp1 Bii Bia Big)

(Boy B11 Big B1g) (Bos Bi1 Bi3 Big)
(Bos B11 Bia Bis) (Bos Bry Big Big)
(Bos Boy B13 B1g) (Bps Boy Big Big)
(Bos Boy Big Big) (Bos Byy Biz Big)
(Bos B11 Bi4 Bi1g) (Bps Biy Big Bi1g)

(Bo2 Bpg B11 Big) (Bo2 Bpy Bio Big)

(Bog Boy B1z2 B13) (Bog Boy Bio Big)
(Boz By1 B12 B1g) (Bog Bi1 Bio Bij)
(Bog Bos B11 B13) (Bog B11 Bio Bi3)
(Bos Bog B11 Big) (Boz Boy Bio Big)
(Bp2 B11 Biz Big)



SUBSEMIGROUPS OF T3 GENERATED BY FIVE ELEMENTS

Order 7

Bo1 Bo2
Bo1 Bo3
Bo1 Bo7y
B14

Bos

Bo3
Bos
315

Bi14
By7

B1o
B13
B1a
B1o
B13
Bi4 B17
B1s5 B17
B15 B17

Order 8

Bo1
Boi
Boi
Bo1
Bo1
Bo2

B03
BO3

B14
B1a
Boa
Bos

Bosg
B1a

Bi1s B17
Bis B17
Bog B14

Bog Bio

Co3
Co3
Co3
Co3

C03
Co3
003

Co3
Co3
Co3

(BOl
(BOl
(Bo1

(BOl.

(Boz
(Bo2
(Bo3
(Bo7
(Bor
(Boy
(Bo7
(Bo7
(B13

Bosg
Bosg

313
313
Bia

(Bo1
(Bpo1
(Bo1
(Bo1
(Bo1
(Boz
(Bo2

Bo3 Bosa
Bos Bi14
B1s B17
Bis Biy
Bog Bio
B13
Bog Bi4
Bog B1o
B13 Co1
Co1
Bis B17

B15 B17

B14

Boa
Bo3
Bos
Boy Bi4

Bo2

Boa

B13 Big
Bo3

Bov Bog

Bog:

Co3)
Co3)
Co1)
Co1)
Co2)
Co2)
Co3)
Co2)
Co2)
Co2)
Co2)
Co1)
Co1)

Bog Co3)
B1a Co3)
B14 Co3)
B1s Co1)
B17 Co1)
B14 Co3)
B1o Co2)
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SUBSEMIGROUPS OF T3 GENERATED BY FIVE ELEMENTS (continued)

Order 8 (continued)

Bo2 Bo7 Bog B1o B13 Co1 Co2 Co3 (Bo2 Bo7 Big B13 Co2)

Bo2 Bog Bog Bio Bi3 Co1 Co2 Co3 (Bo2 Bog Bog B13 Co2)

Bo7 Bog Bog Bio B13 Co1 Coz Co3 (Bov Bos8 Bog B13 Cp2)

Bo7 B13 Bi14 Bis Bip Co1 Co2 Co3 (Bo7 B13 B4 Bis Co1)
Order 9

Bo1 Bo2 Bo3y Boa Bog Bisa Co1 Coz Co3  (Bo1 Boz Bog Bia Co3)
Bo1 Bo7 B13 Bi4 B1s B17 Co1 Co2 Co3  (Bo1l Boz Bi3 Bia Co1)d
Bo2 Bo7 Bog Bog B1o Bi3 Cor Coz Co3  (Boz Boy Bog B13 Cop)

Order 10

Bo2 Bo7 Bog Bog (Bo2 Bo7 Bog Bi2 Co2) (Bo2 Boy Bio Biz Co2)

B1o B11 B2 (Bo2 Bog Bog B11 Co2) (Boz Bog Bi1 Biz Co2)
Co1 Co2 Co3 (Bo2 Bog Bio Bi1 Co2) (Boz2 Bio Bi1 Bi2 Coz)
Order 11
Bo1 Boz Bo3 Boa Bos Bos (Bo1 Bos Bos Bi4 Co3)
Bog B14 Col Co2 Co3 (Bo2 Bos Bog Bi4 Co3)
(Bos Boé Bog Bi4 C03)
Bo2 Bo7 Bos Bog Bio Bil (Boo Boy B12 B13 Co2)
Bi2 B13 Co1 Co2 €03 (Boz Bog B11 B13 Co2)

(Bo2 Byl Bi12 B13 Co2)




