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ABSTRACT 

    This thesis develops and explores two new kinds of vibration-based damage 

identification methodologies suitable for dynamical systems with periodically time-

varying coefficients; 1) a Floquet based method (Methodology I) and, 2) a Sideband 

Frequency Response Function (FRF) method (Methodology II). One important class of 

dynamical systems where periodic time-varying parametric terms naturally arise is 

rotordynamic systems. For the case of a flexible shaft-rotor system with multiple open 

cracks, this thesis explores a new Least Squares damage identification approach based on 

Floquet theory with iterative eigenvector estimate updating. It is found that this method is 

able to detect the location and severity of multiple cracks with the assistance of control 

inputs from an Active Magnetic Bearing (AMB). However, it is also found that this 

method could not effectively identify the crack angle. To overcome this shortcoming, the 

new Sideband FRF based methodology is developed which utilizes the measured changes 

in transfer function magnitude and phase due to structural damage at the primary and 

side-band frequencies of the damaged periodically time-varying dynamical system. This 

method provides the advantages of arbitrary interrogation frequency and multiple 

inputs/outputs which greatly enriches the dataset for damage identification. This damage 

identification algorithm utilizes an iterative least square approach combined with a 

Newton-Raphson technique to estimate the damage parameters. The effectiveness of this 

method is thoroughly explored for a flexible rotor system and a planar truss both with 

breathing cracks. In each case, damage estimation is performed using time-domain 

vibration data taken from full nonlinear simulations of the cracked structures. The results 
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show that this new method successfully estimated the crack depths, locations and angles 

for the case of multiple simultaneous damages. 
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Chapter I     

INTRODUCTION 

 

1.1 Background 

    With the rapid development of modern industry, Rotating machinery is widely used in 

gas turbine engine, aviation, industrial compressors and various motor devices and plays 

a very important role in power, aviation, mechanical, chemical engineering and other 

areas. It is easy to leave initial crack sources, like dents and fissures on the rotating 

machinery due to equipment installation, maintenance and operation errors. Together 

with its increasing development towards high speed and power, heavy duty, and long 

cycle direction, rotor usually runs in a harsh condition. Thus, severe vibration may result 

in acceleration of crack propagation which will aggravate vibration. Sometimes, severe 

vibration can even cause rotor breaking and magnificent accident. Usually, transverse 

cracks may be produced if the rotor runs under long-term switching bending; spiral 

cracks may be appeared when the rotor was applied strong bending moment and torsion. 

Rotor’s running condition has a straight effect on the energy consumption and operation 

safety of the entire unit. Therefore, the real-time health monitoring and fault diagnosis are 

very essential for conducting maintenance, reducing the accidental risk and unplanned 

downtime, which makes the system efficient, safe, stable and reliable. 

In the aspects of damage detection, lots of damage detection techniques have been 

developed, such as ultrasound, X-ray, magnetic powder inspection, etc., but they are 

belonged to the category of downtime detection method and not effective for real-time 

damage detection. Vibration based damage detection methods have been rapidly 
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developing in recent decades because of its advantage in online health monitoring. 

Generally, the rotor’s faults can be reflected by the abnormal vibration. Engineers are 

able to get a lot of repeatable and reliable information from the vibration and spectrum 

analysis. Therefore, the vibration signals can be main parameters of health monitoring 

and fault diagnosis. In addition, it is easy to implement real-time monitoring and 

diagnosis by using vibration signal testing/processing methods including time domain, 

frequency domain, amplitude domain, envelope demodulation and wavelet analysis, etc.  

Among these methods, time and frequency methods are most widely used. Once the rotor 

has cracks, structure parameters, i.e. local stiffness, will change and then lead to the 

change of natural frequency and dynamic characteristics of the entire rotor system. 

Analyzing these changes of vibration signals and dynamic characteristics could help us to 

detect damage and diagnose faults of cracked structures.  

 

1.2 State of the Art: Rotor Dynamics 

Differential equations of motion of rotor system can be written as: 

                                                 FKΖΖGCΖM =+++ &&& ) (                                          (1.1) 

Where Z is the vector of the generalized system coordinates; M is the mass matrix; C is 

the damping matrix; G gyroscopic matrix: K is stiffness matrix and F is generalized 

external force acting on the system. During the development of rotor dynamics over the 

past century, many topics have been studied including critical speed, damped natural 

frequency (complex eigenvalue), imbalance response, transient response, nonlinear 

response, instability, parametric excitation, rubbing, bearings and vibration monitoring.  

    The analysis of disk-shaft coupling vibration analysis is one of the main contents of the 
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rotor dynamics. Shahab and Tomas [1] used the finite element method and the rotation 

period to discuss the coupling effects of disk and shaft in a multiple disk-shaft system. 

Wu and Flowers [2] employed the transformation matrix method to study the coupling 

effects of the flexible dish-shaft by adding additional items. Sakta et al [3] applied the 

finite element method to study the vibration characteristics of the flexible disk-shaft 

system with elastic supports. Wu and Flowers [4] tested and inspected the dynamic 

behaviors of the elastic plate in a rotor system. Chun and Lee [5] analyzed vibration 

modes of the rotating elastic blades by using sub-structure synthesis method and the 

assumed mode method. Loewy R.G. and Khader N. [6] investigated the coupling 

vibration characteristics of the blades and flexible shaft in a rotating impeller. Imbalanced 

response of the rotor system is one of the basic problems in rotor dynamics. The studies 

on the imbalance response mainly focus on the steady-state response with constant 

rotating speed and transient response with variable rotating speed. The rotor imbalance is 

one of the most important excitation sources for rotating machinery. Currently, the 

common methods for rotor balance research include modal balance method, the influence 

coefficient method, and hybrid method [7-8]. 

With the increasingly wide application of the high-speed and flexible rotors, the 

stability of the rotor system has attracted more and more attention. Many factors could be 

able to affect rotor stability, such as the oil film force, the sealing force, shaft stiffness 

asymmetry, shaft viscoelastic material, shaft structural damping, and cracked rotor, etc. 

McLaclan [9] studied the Mathieu equation and built the mathematical foundation for the 

stability problems of the parametric vibration. Bolton [10] completed the most 

comprehensive summary on this research branch for previous 15 years and provided a 
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theoretical foundation for the dynamic stability problem of parameter vibration according 

to Floquet’s[11] concept of dynamic instability region proposed 75 years ago the. Since 

then, many scholars achieved a large number of fruitful researches in terms of dynamic 

stability problem of parametric excitation system, especially the dynamic stability of the 

rotor system under periodic loads. A. Unger [12] analyzed the dynamic stability of 

simply supported and clamped shaft under periodic loads and obtained 2T periodic 

solution according to the concept of dynamic instability region defined by the Floquet. 

J.W. Lund [13] used transfer matrix method to study the imbalanced response of flexible 

rotor and compared it with the experimental data. In 1970, Ruhl [14] first applied finite 

element method to study the stability of the rotor system. Then, Booker [15] did the 

similar work.  

Another important topic of rotor dynamics is health monitoring and fault diagnosis of 

the rotor system. Generally, the main faults of rotating machinery are: initial bending, 

misalignment, stiffness asymmetry, oil whirl, crack and sealing instability, etc. In past, 

engineer prevented the machine failures by frequent maintenance, but this is a passive 

way. In recent years, a lot of damage detection methods have been developed and 

successfully applied on health monitoring and faults diagnosis. C.A. Papalopoulos [16] 

studied coupled dynamic response of the Jeffcott rotor with open crack. S.C. Huang [17] 

studied the lateral Vibration of shaft with breathing cracks and discussed the effects on 

the steady-state response and amplitude caused by cracks. A.S. Sekkar [18] analyzed the 

dynamic response of the Jeffcott rotor with open crack under viscoelastic supports  and  

the variation of the bending stress versus rotating speed. Kim at el. [19] and Ji at el. [20] 

used harmonic balance method and multiple scales method to discuss vibration 
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characteristics of Jeffcott rotor under nonlinear viscoelastic support, respectively. C.O. 

Chang [21] studied the vibration response and stability of a slender shaft and rigid disk 

system while considering the geometric nonlinearity.  

 

1.3 Development of Crack Model 

    Crack model is the key of dynamic modeling and analysis of cracked structure [22-

25]. For the 1D beam structure in the engineering, the common crack models include: the 

equivalent beam segment model, local flexibility model, continuous beam theory, 

breathing crack model. Generally, it is assumed that the presence of the cracks only 

affects structural stiffness distribution and does not result in the change of mass 

distribution. 

      (1) Equivalent beam segment model 

Equivalent beam segment model assumes that the structural stiffness reduction can be 

represented by a beam segment. The length of beam segment can be obtained by modal 

test. Kirmsher [26] and Thomson [27] first proposed this method and studied the 

vibration characteristics of a notched beam. Subsequently, Isalik [28] studied the free 

vibration of the cracked concrete beams based on this model. Petroski [29] established 

static and dynamic equations of a cracked elastic beam. Ku and Chen [30] analyzed the 

dynamic stability of a damaged shaft-drive system. Wendtland [31] compared the natural 

frequency changes of the cracked beam with different geometries and boundary 

conditions through a large number of experiments. In the experiment, he used the 

artificial notch instead of a real crack. However, this confused the concept of crack and 

notch. Without considering the singularity on the crack tip, the local flexibility produced 
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by a notch is usually smaller than that caused by a crack in the same condition. Cawley 

and Ray [32] pointed out that decreasing rate of the fundamental frequency increases 

with the gap width. Silva and Gomez [33, 34] gave the further conclusions: the 

decreasing rate of natural frequency caused by a crack is approximately 2 times of that 

caused by a notch with a small depth.  

Equivalent beam segment model is simple, intuitive and easy to use, but this model has 

no strict definition on the length of equivalent beam segment. The length needs to be 

corrected according to the experiment results. In addition, it fails to give the specific 

crack location and depth in the damage identification process. 

(2) Local flexibility model 

The local flexibility model comes out with the linear elastic fracture mechanics and stress 

intensity factor theory. Irwin [35] first studied the local flexibility of cracked structure 

and successfully linked it with stress intensity factor. The Liebowitz and Ocamura [36-38] 

calculated local rotary flexibility of the rectangular cross-section beams with transverse 

cracks and studied the stability Cracked Beam according to the changes of tested bending 

moments. For those crack types not including in the stress intensity factor manual, the 

local flexibility can be obtained by calculating the strain energy through numerical 

methods like multi-dimensional finite element method [39]. Rice and Levy [40] studied 

the local flexibility in matrix form under axial and bending forces. Dimarogonas [41] 

gave the method to calculate the local flexibility matrix of cracked beam under multiple 

loads. He [42, 43] calculated the dynamic response of the Euler beam based on the local 

flexibility model of fracture mechanics. He [44] also analyzed the coupled vibration of 

cracked Timoshenko beam under stretching, twisting, bending excitation and gave the 
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relationship between frequency changes and the crack parameters. Ostachowicz and 

Krawczuk [45, 46] derived the local flexibility of elastic and elastoplastic crack 

according to the stress intensity factor. 

The advantages of this model are the local flexibility is uniquely determined by the depth 

of the crack and crack location and depth can be obtained in the damage identification.  

      (3) Continuous cracked beam theory 

Continuous beam theory assumes that the presence of the crack affects the whole 

distribution of the beam stiffness, rather than the sole crack location. It can be 

characterized by a continuous function of the stiffness distribution. According to the 

extended Hu-Washizu generalized variation principle, Christidest and Barr [47, 48] first 

proposed the theory which assumes that the stress in the crack region decayed 

exponentially. Shen and Pierre [49, 50] used similar method to study  

Euler beam with bilateral and unilateral crack. Chondrost and Dimarogonas [51-57] 

established continuous displacement distribution function of cracked beam according to 

fracture mechanics and derived the differential control equation  for longitudinal, lateral 

and torsional vibration combining  extended Hu-Washizu generalized variation 

principles. Carneiro [58] derived the continuous equations of motion of cracked 

Timoshenko beam. Swamidas and Yang [59, 60] assumed strain energy distribution 

function as a particular function and  obtained the equivalent continuous bending stiffness 

function along the longitudinal direction of the beam according to the energy balance 

relation in fracture mechanics. 

Relative to equivalent beam segment and local flexibility model, the theory is more 

suitable for the problems of modal extension, variable boundary conditions as well as 
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lateral and torsional coupled vibration. However, the derivation of vibration equations is 

very complicated using this theory. Moreover, the stiffness distribution results in the 

inconvenience of finite element analysis. 

  (4) Breathing crack model 

For the previous models, cracks were assumed to be open. For the real vibration, crack is 

not always open. It opens and closes periodically due to the gravity or other factors. Thus, 

the structural stiffness varies with the time and the dynamic response of the structure 

exhibits nonlinear characteristics. There are several breathing crack model: 

 a) Bilinear model: In this model, the crack only have two states: fully open and fully 

closed.  It assumes that the opening and closing of the cracks and the shaft stiffness 

changes can be represented by step function which has the following expression: 
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Where k0 is the bending stiffness of nominal shaft; ∆k is the maximum decreasing 

amount of shaft stiffness along the crack direction, Ω is the rotating speed.  

Ibrahim et al [61] used bilinear spring model and numerical integration method and 

verified the difference between the experimental frequency Gudmunson [39] found and 

the results obtained by open crack model. Pugno and Ruotolo [62, 63] studied  
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the dynamic response of breathing cracked beam under harmonic excitation. Chondros 

[64, 65] and Shen [66] analyzed the vibration frequency of cracked beam using bilinear 

model and continuous crack beam theory. 

  b) The cosine wave model: This model reflects the transition between the crack opening 

and closing, which has the following expression: 

)]cos(1[
2

1
)( ttf Ω+=Ω                                                (1.5) 

Cheng [67] analyzed the dynamic response of a 1-DOF cracked beam using cosine wave 

model. Douka and Loutridis [68, 69] proposed a time-frequency signal processing 

damage detection method based on the simulation results of Cheng’s cracked beam 

model.  

 c) Contact model: compared with the two previous approaches, contact model is closer 

to the real situation. Kisa and Brandon [70] used two-dimensional finite element analysis 

to calculate the additional stiffness of the crack surface. Andreaus [71] and Kogl et al [72] 

analyzed the non-linear characteristics of cracked beam under harmonic excitation using 

frictionless contact model. Hirose and Achenbach [73] employed the boundary element 

method to obtain the high-order harmonics caused by the crack contact. 

Existing research results show that the natural frequency of beam with a breathing 

crack locates between that of nominal beam and that of beam with an equal-depth open 

crack. Sub-harmonic and super-harmonic components usually appear in the dynamic 

response, which is especially obvious under harmonic excitation. The nonlinear behavior 

of breathing crack model has a very important meaning for engineering, especially for the 

application of damage identification method. However, the model has issues about 
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computational complexity of the dynamic response, the nonlinear weakness in the real 

structures and identification difficulty. 

 

1.4 Cracked Rotor Dynamics Overview 

1.4.1 Cracked Shaft Vibration Analysis Methods 

    In this section, several analysis methods for cracked shaft vibration are introduced.  

    (1) Semi-analytical  

The method assumes that the cracked beam breaks at the crack location and defines the 

displacements of beam sections as the analytical function with undetermined coefficients. 

By satisfying the compatibility and equilibrium conditions, vibration equations for 

different boundary conditions can be obtained. Chondros [57], Rizos [76], Ostachowicz 

[59], Narkis [77], Maiti [74, 78-80], Kasper [81] analyzed different types of cracked 

beam vibration problem using this method. 

(2) The transfer matrix method 

When the beam has multiple cracks, semi-analytical method will result in high-order 

frequency equations while the transfer matrix method is able to avoid this problem.  

Lin [82], Khiem [83, 84], Patil [75] used this method in their research. 

(3) Dynamic Stiffness Matrix Method 

    Similar with the finite element method, this method uses dynamic stiffness matrix with 

a frequency parameter to solve the higher order frequencies. The dynamic stiffness 

matrix of nominal beam can be obtained by the analytical solution as well as assumed 

displacement method. Khiem [85, 86] used this method to investigate the free vibration 

and damage identification problem of multi-cracked beam. Viola [87, 88] studied the 
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vibration characteristics of T-shaped cross-section beam and cracked Timoshenko beam 

with axial loading. 

    (4) Finite element method 

    The finite element method is widely used in the dynamic analysis of the cracked 

beam. Gounaris and Dimarogonas [89] proposed a cracked beam element with full 

degree-of-freedom including tensile, bending and torsional directions. Chinchalkar [90] 

analyzed the vibration characteristics of a cracked beam with variable cross-section using 

crack element and variable cross-section beam element. Kisa, Brandon [70, 91-94] 

applied substructure method and finite element method to study the vibration 

characteristics of the homogeneous beam and the composite beam with 

rectangular/circular cross-section, and with a single crack/multiple cracks. 

 

1.4.2 Cracked Shaft Vibration  

    (1) Linear torsional vibrations of cracked shafts 

    Papadopoulos and Dimarogonas [95, 96] studied the torsional vibration response of the 

single-disk rotor with a transverse crack. They concluded that the frequency response 

becomes stronger with the increase of the crack depth and produces a certain degree of 

harmonic resonance. The crack location and depth can be determined by measuring the 

first three natural frequencies of nominal and damaged rotor. In addition, cracks lead to 

the coupling vibration between axial and lateral directions which can be used in damage 

detection. 

(2) Stability analysis of cracked shafts    
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    Papadopoulos and Dimarogonas [95] and Huang [97] used Floquet theory to study the 

dynamic stability of a cracked rotor. The results show that the system is unstable when 

the rotating speed is 2Ω/n (n=1, 2, 3, 4…) where Ω is the critical speed. The angle 

between the crack direction and the eccentricity has no impact on the stability of the 

system. Lee [98] considered the effect of nonlinear eddy and found the system only has 

one unstable zone (near Ω), and the angle has a great influence on the stability of the 

system.  

    (3) Transient response of cracked shafts 

    Prabhu [99] and Zheng [100] studied the transient response of the cracked rotor. They 

pointed out that the forced vibration response of the cracked rotor includes transient 

component, which can be used to identify cracks. Sekhar at el. [101, 102] monitored the 

transient vibration response when the cracked shaft passed through its critical speed. 

Monitoring the transient response during passage through the critical speed could give an 

indication of crack existence.  

(4) Damped vibrations of cracked shafts-thermal effects    

    The material damping in a cracked structure increases due to the reciprocity of the 

temperature rise and strain. This increase is correlated to the vibration mode and the 

magnitude of the existing crack in the structure by Panteliou et al. [103]. The analytical 

determination of the dynamic characteristics of the cracked structure yielded the damping 

factor of the bar, the material damping factor, and a good correlation of crack depth with 

the damping factor. Experimental results on cracked bars are in good correlation with the 

analysis. Similar results are presented by Zhang and Testa in [104].  
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    Bachschmid et al. [105] introduced an original, simplified model that allows cracks of 

various shapes to be modeled and thermal stresses to be taken into account, as they may 

influence the opening and closing mechanism. The proposed method was validated by 3D 

FEM analysis and by an equivalent cracked beam. In both cases, there was a good 

agreement in the results.  

    Bovsunovsky [106], in an experimental investigation of specimens with an edge 

fatigue crack loaded in bending (mode I), concluded that the energy dissipation in a non-

propagating crack is caused mainly by the elastoplastic area around the crack tip and 

practically is not related to the friction between the crack surfaces. They stated that the 

level of energy dissipation in a crack is determined uniquely as a function of the cyclic 

(nominal) SIF range and is not affected by the initial level of damping in an intact 

specimen. This function can be used for the prediction of damping change caused by 

crack initiation and growth and for damage diagnostics based on the prediction of 

damping change.   The closing of the crack-introduced contact effects are presented by 

Kisa and Brandon [70].  

(5) Vibrations of cracked structures in viscous liquid  

    When a cracked shaft is rotating in a viscous fluid, then there is a change in the critical 

speeds and the amplitudes of vibration. Behera et al. [107] and Parhi and Behera [108, 

109] analyzed the effect of the fluid using the Navier-Stokes equations. The damping 

effect and virtual mass effect are also taken into account through the Navier-Stokes 

equation.  Gounaris et al. [110] applied the fail-safe criterion to a floating, ship-like, 

Timoshenko beam moving forward in waves, including both hydrodynamic and structural 

damping. The nominal stress near the crack, needed as input to the Paris equation for the 
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evaluation of the cycles required to failure, is computed assuming known values for the 

SIF. The resulting fail-safe diagrams indicate the effect of various parameters of the 

problem. 

 

1.5 Damage Detection Methodologies 

    Currently, vibration based damage identification methods can be classified in several 

ways, such as characteristic parameters, time/frequency domain, linear/nonlinear and so 

on.   

 

1.5.1 Identification based on Characteristic Parameters 

     Any structure can be considered as a dynamical system with structural parameters 

such as stiffness, mass and damping, etc. Structural damage will result in the change of 

structural parameters as well as modal parameters and the frequency response function. 

Hence, the modal parameters (frequencies, mode shapes and damping) can be seen as a 

sign of structural damage. Choosing the characteristic parameters is a key step for direct 

identification method based on the characteristic parameters. Here lists some dynamic 

characteristic parameters which are commonly used: 

      (1) Frequency, including inherent frequency and anti-resonance. Due to easy 

measurement and high accuracy of low-order frequencies, inherent frequency has long 

been using to detect structural cracks. Salawu [111] and Cawley [112] used the changes 

of natural frequencies to detect the structural damage. Dharmaraju [113] and Dilena [114, 

115] detected the crack location and depth using antiresonance. Nikolakopoulos et al. 

[116,117] examined the problem of identification of crack depth and position in frame 
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structures, using eigenfrequency measurements. Lee and Chung [98] presented a 

nondestructive evaluation procedure for identifying a crack in a one-dimensional beam-

type structure using the natural frequency data and FEM. Lele and Maiti [118] presented 

the forward (determination of frequencies of beams knowing the crack parameters) and 

inverse problem (determination of crack location knowing the natural frequencies) in a 

Timoshenko beam while representing the crack by a rotational spring. Ratan et al. 

measured the amplitudes at the peaks of the Fourier transform in order to use them in a 

“residue” vector to identify and locate the crack [119]. Frequency contours with respect 

to crack depths and locations can be used to identify the crack [107]. 

    (2) Modes, including mode shape, the strain mode, curvature mode, Modal assurance 

criteria (MAC) and coordinate modal assurance criteria (COMAC). Strain mode, the first 

derivative of mode shape, can be obtained by measuring structural strain. Curvature mode, 

the second derivative of mode shape, can be obtained by taking center differentiation of 

displacement modes. MAC examines the existence of damage by comparing the mode 

shapes before and after the damage occurrence. COMAC could further identify the 

coordinates of inconsistencies. These two criteria are not sensitive enough for damage 

detection in the early stage. Rizos et al. [120] used two measurements at two different 

positions of the beam vibrating near the first resonance. An on-line rotor crack detection 

and monitoring system have been reported by Imam et al. [121] in 1989. Seibold and 

Weinert [122] used the Extended Kalman Filter to present the localization of cracks in 

rotating machinery based on measured vibrations. Dong et al. [123] used a continuous 

model for vibration analysis and parameter identification of a static (non-rotating) rotor 

with an open crack. Karthikeyan et al. [124] identify the crack in a beam based on free 
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and forced response measurements. Gounaris and Papadopoulos [125] used a method 

based on the basic observation that the eigenmodes of any cracked structure are different 

from those of the uncracked one.  

    (3) Frequency response function. Frequency response function is related with mass, 

stiffness. Therefore, the structural characteristics can be directly obtained from the 

frequency response function. Different from modal parameters, frequency response 

function needs not to identify modal parameter and therefore avoids the identification 

error. However, it should be attended that signal truncation may distort the frequency 

response function while transforming the time-domain signal to frequency domain. Ishida 

et al. [126] used external excitations of rotating cracked shafts, thus causing the 

excitation of nonlinear characteristics of the crack in order to identify it. The Hwang’s 

and Kim’s idea was to minimize the measured and calculated FRF data [127] in order to 

identify the damage. Simple beam and helicopter rotor blades are used and cracks 

successfully identified. Sekhar and Prabhu [102] found the changes of an adequate 

number of natural frequencies (with FEM) and used these differences to detect the crack. 

    (4) Parameters of coupled vibration.  When a transverse surface crack exists on a shaft, 

then coupling between different modes of vibration exists. This phenomenon was first 

reported for longitudinal and bending vibrations by Papadopoulos and Dimarogonas [16] 

and then for bending and torsional vibrations [44]. Gounaris et al. [128] used the coupling 

phenomenon as an identification tool for the determination of the depth and the location 

of a transverse surface crack in a Timoshenko beam. Gounaris and Papadopoulos [129] 

used the property of coupled vibrations introduced by a crack in order to identify a crack 

in a rotating cracked shaft. The simple Jeffcott or de Laval rotor model is considered by 



 17 

Darpe et al. in [130] analyzing the response of a rotor with constant angular velocity 

under axial excitation of different frequencies. Continuing this effort, Darpe et al. [131] 

examined this phenomenon experimentally. They proved the above analytical results for 

both rotating and non-rotating shafts, exciting them by axial excitation of different 

frequencies. Dado and Abuzeid [132] presented the vibration behavior of a beam with 

rectangular cross section carrying end mass and rotary inertia. Al-Said et al. [133] 

proposed a simple model that describes the flexural vibration characteristics of a rotating, 

cracked Timoshenko beam. 

    (5) Compliance matrix. Structural damage reflects the stiffness reduction and 

flexibility increase of the structure. It is more effective to use compliance matrix for 

damage detection than stiffness matrix because compliance matrix converges very fast 

with the increase of the frequency. So, a few low-order modes enable good estimate of 

the compliance matrix. In addition, flexibility matrix method does not require the 

establishment of a structural analysis model and can diagnose the damage according to 

the experimental modal data. In 2001, Saavedra and Cuitino [134,135] calculated the 

local compliance matrix, then calculated a finite element model of the cracked element, 

and used it to accomplish detection of cracked beams and rotor. 

    (6) Damping. In comparison with frequency and mode, using damping for damage 

detection is relatively less. When the material is put under alternating stress, the thermo-

elastic effect will result in temperature oscillation and irreversible thermal conductivity 

will cause entropy increase. In general, damping is not sensitive to the change and 

uncertainty of boundary conditions, so using damping for damage detection has its 
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advantages compared to using frequency and modes. However, damping is difficult to 

determine in practical applications. 

    Characteristic parameter method can be implemented easily and is able to detect the 

severity of damage. However, it is hard to locate the damage by this method.  With the 

improvement of measuring tools and weak signal detection techniques, characteristic 

parameter based damage detection method will be applied to more and more structures.  

 

1.5.2 Model-based Identification 

    At present, most of methods which can realize quantitative crack identification are 

based on the dynamical model. These methods take full advantages of theoretical and 

experimental modeling: establish a dynamical model at first; then repeat dynamic 

analysis according to the test data; finally, match simulated and experimental structural 

responses as close as possible by adjusting the crack parameters. The final crack 

parameters can be used for the quantitative identification of structural cracks.  Therefore, 

damage detection problem based on the dynamical model is usually considered as an 

optimization problem. 

The three key steps for dynamical model based damage identification method are 

objective function determination, optimization parameter selection and optimization 

algorithm application. Determination of the objective function usually depends on the 

sensitivity of characteristic parameters and engineering feasibility. Optimization 

parameters are crack location and depth. Optimization algorithms have two categories: 

one is the classical gradient optimization methods [136] and the other is the intellectual 

optimization algorithm [137]. Classical optimization method has limited application 
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because it requires the derivative information of the model which is hard to get in the 

practical application. Intellectual optimization algorithms, such as genetic algorithm, 

immune algorithm, particle swarm and ant colony algorithm, provide new ideas and tools 

for complicated problems. They are very robust and do not require the model to be 

continuous, and are especially suitable to deal with the realistic engineering problems 

with complexity and nonlinearity. The method was first presented by Isermann [138] for 

fault detection of technical processes. This method was applied based on the information 

extracted from direct measured signals, from signal models, and process models. 

Bachschmid and Dellupi [139] used a model-based identification procedure to identify 

the nonlinear forces of linearized and nonlinear oil films in two lobe journal bearings. 

Bachschmid et al. [140] introduced a method based on vibration measurements for the 

identification of the position and the depth of a transverse crack in a rotor system. The 

model-based method was also presented by Markert et al. [141] to solve the on-line 

identification of malfunctions in rotor systems. Dharmaraju et al. [142,143] applied 

inverse engineering techniques to estimate the system model parameters from the 

experimental force–response measurements. Sekhar [144] applies the model-based ID for 

a rotor-bearing system, whereas in [145] the rotor bearing system has been modeled using 

FEM, while the crack is considered through local flexibility change. Pennacchi et al. [146] 

presented a model-based identification method suitable for industrial machines.  

 

1.5.3 Signal based Identification 

    The dynamical characteristic parameters are not going to fluctuate obviously when the 

crack is small or nonlinear response is very week. At this time, signal based damage 
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detection methods are needed to analyze the signal details in order to get the clear and 

usable data. Commonly used signal processing method includes Fourier transform, 

wavelet analysis, Hilbert-Huang transform (HHT). 

    Fourier transform is a classical signal processing method, which gives the frequency 

spectrum of time-domain signal and can not distinguish the variation of frequency 

components. For the small damage, Fourier transforms of the response have no big 

difference before and after damage appearance. 

    The wavelet analysis method is a time-frequency analysis technology. Wavelet 

transform has the ability to characterize the local signal in the time domain and frequency 

domains. It has strong ability to deal with non-steady state signal and therefore is able to 

obtain more signal information than Fourier analysis. In recent years, many researchers 

used wavelet analysis method to identify the crack location and depth of cracked beams 

[122-125].     

    HHT is a time-frequency analysis method for nonlinear and non-steady time signal. It 

is developed by N.E. Huang based on Hilbert transform. Compared to wavelet transform, 

Hilbert-Huang transform is able to better depict the signal energy distribution over time 

and frequency. This method was applied to damage detection and fault diagnosis of the 

rotor system and beam structure. 

     

1.5.4 Identification based on Artificial Intelligence  

    Artificial intelligence (AI) is a comprehensive discipline that contains the knowledge 

of computer science, control theory, information theory, systems theory, nonlinear 

science and other disciplines. Artificial intelligence has been used for damage 
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identification, such as expert system, neural networks, fuzzy theory, etc. Among these, 

expert system is able to diagnose the location and severity of structural damage through 

human-computer interaction. Fuzzy theory has the ability to deal with uncertain 

information and can be used with expert system as preprocessing and post processing 

respectively. Neural network technique is very suitable for fault classification and pattern 

recognition due to its powerful parallel computing capability, self-learning function and 

associative ability.  

Theoretically, artificial intelligence can detect damage without dynamical model and 

parameter recognition. However, the training samples of above methods are obtained 

from the analysis of dynamical model. Meanwhile, a large number of training samples 

may cause too long training time and converging difficulty for large and complicated 

structures. 

 

1.5.5 Statistics based Identification 

In the damage detection process, various types of error and uncertainties have great 

impact on the accuracy and reliability of the results.  Statistics-based identification 

considers the uncertainty and statistical distribution of characteristic parameters. It uses 

stochastic models to analyze the eigenvalue problem and evaluate the damage.  The 

statistical properties of spectrum density estimation can also be used to get corrected 

density function of modal parameters and then estimate the damage. The commonly used 

methods are generalized Bayes statistical methods, Monte-Carlo methods, etc. Not much 

research has been reported in this field, but it may have further development in the future. 
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1.6 Thesis Contribution 

     As cited above, many damage detection methods have been developed in recent years. 

To advance state-of-the-art, this thesis explores two new vibration-based damage 

identification methodologies: Floquet based method (Methodology I) and Frequency 

Response Function (FRF) based method (Methodology II). Subsequently, FRF based 

damage identification method are applied to identify the breathing transverse cracks 

existed on truss and rotor system. The system model is built based on energy method and 

the equations of motion are derived by applying assumed modes method and Lagrange 

theorem. In addition, the crack model is based on the Strain Energy Release Rate (SERR) 

concept in fracture mechanics.  

    Based on the assumption that the transverse crack is always open during operation, 

natural frequency-based damage detection methodology is developed to utilize the natural 

frequency shifts induced by damage to estimate the damage. This approach is based on 

Floquet theory and utilizes measured changes in the system natural frequencies to 

estimate the severity and location of shaft structural cracks during operation. The damage 

detection algorithms are developed and demonstrated via several damage cases existed on 

linear time-invariant and time-varying rotor system. Active Magnetic Bearing is 

introduced to break the symmetric structure of rotor system and the tuning range of 

proper stiffness/virtual mass gains is studied.  

 To overcome the shortcoming of natural frequency-based method, Chapter IV 

proposes another vibration-based damage identification method: FRF based method. This 

method utilizes the changes of transfer function between nominal and damaged system to 

detect the cracks. The magnitude and phase shifts of transfer function are all used in this 
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method instead of only natural frequency shifts in Floquet based method. The 

characteristics of frequency spectrum are studied first and then the algorithm for linear 

time-invariant rotor system is developed and validated through two damage sets. 

Subsequently, by interrogating the system near-field/far-field resonances, the sensitivity 

of transfer function is studied and the damage identification is demonstrated via a linear 

damage case.  

In Chapter V and VI, FRF based damage identification methodology is used to identify 

the breathing cracks existed in truss and rotor systems. The nonlinear behavior of 

breathing crack is investigated and the nonlinear breathing functions are simulated by 

reasonable linear approximation. Then, the damage detection algorithms are developed 

and validated in frequency domain. Finally, the vibration of breathing cracked system is 

simulated in the Simulink. The vibration response signal is processed and used for 

damage identification of breathing cracks.  
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Chapter II 

DEVELOPMENT OF ROTORDYNAMIC SYSTEM MODEL 

 

2.1 Introduction 

To describe the state-space of motion and to obtain angular velocity expression of a 

rigid body, Cardan angle transformation [147] is used in this chapter. Assumed mode 

method and Lagrange principle are applied to derive the dynamical equations of flexible 

shaft/disk system. Finally, crack model is built using Strain Energy Release Rate (SERR) 

method based on the fracture mechanics. 

 

2.2 Rigid Body Dynamics  

The transformation from the fixed coordinate system {n} to the rotating coordinate 

system {a} (Fig. 2.1) can be denoted as T: 
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where n1, n2, n3 and a1, a2, a3 are the coordinate vectors of {n} and {a}, respectively.  

Cardan angles θ1, θ2 and θ3 are shown in Fig. 2.1. θ1 is the angle between axis b2 and 

c2; θ2 is the angle between axis n3 and a3; θ3 is the angle between axis a1 and b1. The 

coordinate system {n} is transformed from coordinate system {c} by following the below 

three rotations: 

1) {n}�{a} by rotating coordinate system {n} θ2 degree around axis n2 
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2) {a}�{b} by rotating coordinate system {a} θ3 degree around axis a3 
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3) {b}�{c} by rotating coordinate system {b} θ1 degree around axis b1 
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Fig. 2.1 Cardan Angles 

The transformation matrix T can be expressed as: 
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The angular velocity of rigid body is: 
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where upper index (.) denotes the derivative with respect to time. In rotating coordinate 

system {c}, the moments of inertia are defined as Jc1, Jc2 and Jc3. The rotational energy of 

rigid body is: 
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2.3 Energy Method 

In this section, the kinetic and potential energy of flexible shaft/disk system is 

derived based on energy method.  

 

2.3.1 System Specifications and Assumptions 

The shaft is assumed to rotate at constant angular speed Ω and have structural 

damping proportional to shaft stiffness. A circular shaft with length L and radius R 

rotating about its longitudinal axis, x, is shown in Fig. 2.2. The transverse shaft 
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deflections in the synchronous rotating-frame directions c2 and c3 are denoted v(x, t) and 

w(x, t) while the lateral rotations about the axes c2 and c3 are θ2(x, t) and θ3(x, t) 

respectively. 
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Fig. 2.2 Shaft-disk rotor system specifications 

To simplify the system, we made the following assumptions: 

(1) Simulate the shaft using Rayleigh beam model and neglect the effect of shear 

stress. 

(2) Rigid connection between the shaft and the disk. The disk is fixed to the shaft 

and the normal direction of disk is perpendicular to the tangent of shaft modes. 

(3) The disk is rigid and neglects the elastic deformation of disk.  

 

2.3.2 Rotational Energy 

    First of all, we take a piece of shaft and look at the rotational energy of this small piece. 

Then, the rotational energy of the whole shaft can be obtained by integrating over the 

shaft length. 
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Fig. 2.3 Flexible shaft 

For the symmetric structure shown in Fig. 2.3, the moment of inertia Jc2 is the same as Jc3. 

By assuming θ2 and θ3 are small and neglecting the high-order terms, the rotational 

energy in Eq. (2.7) can be simplified as: 
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2.3.3 Translational Energy 

The transverse shaft deflections in the synchronous rotating-frame directions c2 and 

c3 are denoted v(x, t) and w(x, t) while the lateral rotations about the axes c2 and c3 are 

θ2(x, t) and θ3(x, t) respectively. The translational energy of the shaft piece is  

 ( )dxwvAT
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22

2

1
&&ρ                                     (2.9) 

Where ρ is density, A is cross-section area.  
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2.3.4 Strain Energy 

In Fig. 2.4, the deflections in c2, c3, n2 and n3 directions are defined as v, w, vs and ws, 

respectively.  
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Fig. 2.4 Coordinate transformation 

The deflections can be transformed by the following equation:  
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The strain energy of undamaged system is 
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Where is E elastic modulus. The upper index (”) denotes the second derivative of 

displacement with respect to x. 
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2.3.5 Kinetic Energy of Disk 

The kinetic energy of the disk is  
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Where Md is the disk mass, Idc1 and Idc2 are disk moments of inertia, vd(t) and wd(t) are 

disk transverse deflections, θ2d(t) and θ3d(t) are the disk lateral rotations respectively in 

the rotating frame {c}. 

 

2.4 Assumed Modes Method 

The assumed modes assume a solution to the boundary value problem as [148] 

∑
=

=
n

i
ii tqxtxy

1

)()(),( ϕ                                                 (2.13) 

where φi are trial functions and qi are generalized coordinates. The Convenience of 

equation (2.13) as it applies to conversation leads to  

   [ ]{ } [ ]{ } { }0=+ qKqM &&                                                 (2.14) 

where [M] and [K] are the corresponding mass and stiffness matrices, respectively. It can 

be further used to solve the eigenvalue problem and find the forced response to dynamic 

systems due to external forces or initial impulses. 

Since the assumed mode method is popular in the dynamics of flexible multibody 

systems, it is important to note that its popularity stems from the fact that the admissible 

functions (trial functions) are approximated by taking these from continuous system such 

beams, which in general provide a good approximation. 

For the rotor system, the deflections in two lateral directions are assumed as: 
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And for the small θ2 and θ3, we have 

w′−≈2θ  and v′≈3θ                                              (2.16) 

where the symbol ( ' ) indicates dxd , n is number of assumed modes, )(xmϕ is an 

assumed modeshape and )(1 xq m  and )(2 xq m  are the modal coordinates associated with the 

v and w deflections respectively. 

 

2.5 Lagrange Theorem 

    For a collection of particles with conservative forces described by a potential, we have 

in inertial Cartesian coordinates 

ii Fxm =&&                                                         (2.17) 

The left hand side of this equation is determined by the kinetic energy function as the 

time derivative of the momentum ii xTp &∂∂= , while the right hand side is a derivative of 

the potential energy, ixU ∂∂ . As T is independent of ix  and U is independent of ix&  in 

these coordinates, we can write both sides in terms of the Lagrangian L = T - U, which is 

then a function of both the coordinates and their velocities. Thus we have established 
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which, once we generalize it to arbitrary coordinates, will be known as Lagrange's 

equation.  
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Lagrangian dynamics, as described thus far, provides a very powerful means to 

determine the equations of motion for complicated discrete (finite degree-of-freedom) 

systems. However, there are two primary kinematical requirements which must be 

achieved before the determination of the potential functions, and subsequent application 

of Lagrange’s equation. 

(1) Coordinate choice: 

(a) The choice of coordinates must be independent and orthogonal. While it is 

possible to use non-orthogonal coordinates, the additional complexity incurred is not 

worth the effort in discrete models. Examples of orthogonal coordinate choices include: 

Cartesian – x, y and z; cylindrical – r, θ and z; spherical – r, θ and φ. 

(b) The coordinates must locate the body with respect to an inertial reference frame. 

An inertial reference frame is simply one which is not accelerating. 

(2) Translational and rotational energy: 

In rigid bodies, both the translational and rotational kinetic energy must be 

accounted for. Three cases exist: 

(a) Pure rotation – An object which is in pure rotation has at least one point or line 

which has zero translational velocity. In this case, all of the kinetic energy is rotational, 

so only the rotational kinetic potential function need be accounted for. 

(b) Pure translation – An object is said to be in pure translation if it has no rotation. 

In this case only the translational kinetic potential function need be accounted for, so only 

the velocity of the center of mass is needed. 

(c) Translation and rotation – A body which is both translating and rotating exhibits 

no stationary points as does a body in pure rotation. However, a translating and rotating 
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body can exhibit instantaneous centers of rotation which have zero velocity with respect 

to an inertial reference for an instant.  

 

2.6 Crack Model 

2.6.1 Basic Crack Modes 

    If the plastic area of the crack tip is small, linear elastic method can be used to analyze 

the stress and strain of the cracked structure. The stress and strain field can be determined 

by solving the equations with boundary conditions. The real crack can be divided into 

three basic modes due to different types of external loads: opening mode, sliding mode 

and shearing mode. 

    Opening mode (mode I): the upper and lower surface of crack move along y direction 

and cause the crack open and close, as shown in Fig. 2.5. 

 

Fig. 2.5 Stress Intensity Factor, Mode I [149] 

    Sliding mode (mode II): the upper and lower surface of crack move along x direction 

and cause the crack slide-open, as shown in Fig. 2.6. 
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\ 

Fig. 2.6 Stress Intensity Factor, Mode II [149] 

    Shearing mode (mode III): the upper and lower surface of crack move along z direction 

and cause the crack shear-open, as shown in Fig. 2.7. 

 

Fig. 2.7 Stress Intensity Factor, Mode III [149] 

 

2.6.2 Displacement and Stress Field of Crack  

The total deformation of the crack tip can be obtained through the superposition of 

deformations for three basic modes. Hence, here gives the displacement and stress fields 

of crack tip for each mode [149]: 

    Mode I: 
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    Mode II: 
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    Mode II: 
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2.6.3 Stress Intensity Factor  

    The stresses at the crack tip for three basic modes are given in the Eq. (2.19), (2.20) 

and (2.21). It could be seen that the stress goes to infinity at the crack tip (r�0). This 
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feature is known as the stress singularity at the crack tip. The stress coefficients KN (N = I, 

II, III ) are independent of the coordinates and characterize the singularity of the stress 

field. Therefore, these coefficients are named as stress intensity factors in fracture 

mechanics, wherein KI, KII, KIII  denote the stress intensity factor for opening, sliding and 

shearing mode respectively. They can be expressed as [149]: 

)(2 θσπ N
ij

N
ijN frK =                                           (2.22) 

where )(θN
ijf is function of the θ, which is called shape correction function in fracture 

mechanics. The stress at the crack tip is decomposed into three components 

corresponding to three modes: 
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    Since stress intensity factor at the crack tip is significant for the crack propagation and 

material destruction, we should study the stress and corresponding stress intensity factor 

at the crack tip besides the displacement and stress fields. The calculation methods of the 

stress intensity factor are divided into analytical, numerical method and experimental 

methods.  

 

2.6.4 Energy Release 

     The concept of energy release was first proposed by Griffith in 1920 and then was 

improved by Irwin. Consider a shaft element containing a transverse surface crack of 

depth a as shown in Fig. 2.8. The length of the shaft is l and the depth of the crack is a. In 

a general case, the shaft is loaded with axial force P1, shear forces P2 and P3, bending 

moments P4 and P5 and torque P6.  
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Fig. 2.8 (a) A cracked shaft in general loading [150] (b) Cracked shaft cross-section 

     

The released strain energy due to crack is given by the following expression [150]: 
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Where J is strain energy density function expressed as: 
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Where KIi, KIIi  and KIIIi  are the stress intensity factors (SIF) corresponding to opening 

mode, sliding mode and shearing mode, i=1-6; )1( 2' ν−= EE  for plane strain 

and EE =' for plane stress; ν is Poisson ratio.  

These stress intensity factors are given as follows [150]: 
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SIF for mode II: 
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 SIF for mode III: 
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where, 

λ
λ

λ
λη

cos

])sin1(37.0)(02.2752.0[tan
=)(

3

1

−++ ha
hF                         (2.29) 



 39 

λ
λ

λ
λη

cos

])sin1(199.0923.0[tan
=)(

4

2

−+
hF                                   (2.30) 

πλ
πλπλπλη

21

)2(18.0)2(085.0)2(561.0122.1
=)(

32

II −
++−

hF                 (2.31) 

 
λ

λη tan
=)( hFIII                                               (2.32)   

   For the shaft-disk rotor system shown in Fig. 2.3, P1 = P2 = P3 = P6 = 0. Therefore, the 

crack energy equation (2.24) can be simplified as: 
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where vc and wc are the shaft deflections at crack location in y and z direction. 

 

2.7 Equation of Motion 

By taking Eq. (2.15) and (2.16) into Eq. (2.8), (2.9) and (2.11) and employing 

Lagrange’s equation, the nominal shaft system equations-of-motion are given as: 
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where Ms, Cs, Gs and Ks are the shaft mass, damping, gyroscopic and stiffness matrices 

with the following expressions: 
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where ρ is shaft density, A is shaft cross-section area, I is moment of inertia in c2 

direction, E is elastic modulus, c is proportional structural damping coefficient. 

If the system has a transverse crack, the strain energy of damaged system can be obtained 

by deducting the crack released strain energy from strain energy of nominal system. The 

equation of motion for damaged system is given as: 
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where θcK is the stiffness perturbation matrix due to the shaft crack damage. Its 

expression is given as: 
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where p
cA , p

cB , p
cC  are crack parameters which are given as follows: 
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θ is the angle between crack coordinate and rotating coordinate {c} (Fig. 2.9); xc is the 

crack location. 
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Fig. 2.9 Coordinate transformation for crack 

    For the damaged shaft-disk system with the shaft cracks, the equation-of-motion 

becomes: 

0][][][ =−+++++ qKKqGGCqMM csdssds θ&&&                       (2.42) 

where, 
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where ρd is disk density, Ad is disk cross-section area, I  d is disk moment of inertia in c2 

direction, hd is disk thickness. 
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Chapter III 

METHODOLOGY I: NATURAL FREQUENCY-BASED DAMAGE 

IDENTIFICATION OF ROTOR SYSTEM WITH OPEN CRACKS 

 

3.1 Introduction 

    A new vibration-based damage identification methodology for cracked rotor systems 

with is developed and demonstrated on a shaft-disk system. This approach is based on 

Floquet theory and utilizes measured changes in the system natural frequencies to 

estimate the severity and location of shaft structural cracks during operation [151-154]. 

The damage identification is enhanced through the use of an Active Magnetic Bearing 

with adjustable support stiffness and acceleration feedback. Here, a novel symmetry-

breaking closed-loop control is employed during the iterative damage identification 

process to enrich the data set by removing the Eigen degeneracy of the symmetric shaft 

structure. This approach enables full damage identification from a single sensor and 

hence without requiring measured modeshape information. The method is synthesized via 

harmonic balance and numerical examples for a shaft/disk system demonstrate the 

effectiveness in detecting both location and severity of the structural damage.  

 

3.2 Open Crack Parameters 

To develop the damage identification method and understand how the cracks affect the 

structural system, the features of crack parameters are studied first. The cracks on the 

shaft/disk system are assumed to be open in this chapter. The breathing crack mechanism 

will be studied in the following chapters.  
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First of all, the variation of crack parameterspcA , p
cB  and p

cC is studied for increasing 

crack depth in crack coordinate system. The non-dimensional form of crack parameters is 

given as follows: 
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where, 
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ηηεε                                        (3.2)     

It can be seen from Fig. 3.1 that crack parameters p
cA and p

cB are keeping increasing 

when the crack depth varies from 0 to shaft radius R while the parameter p
cC  remaining 

at 0.  
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Fig. 3.1 Open crack parameters variation  
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It is also noticed that the parameter in straight-open direction (yc in Fig. 2.9) is always 

larger than that in shearing-open direction (zc in Fig. 2.9), which means the stiffness 

reduction in yc direction is larger. Furthermore, the crack does not cause any stiffness 

reduction in cross-coupling direction in crack coordinate system. In another words, no 

stiffness reduction is produced in cross-coupling direction when the crack coordinate 

system coincides with rotating frame {c}. 

    Next, the stiffness variation in rotating frame {c} is analyzed while the crack angle θ 

varying from 0 to 2π. Here, we define the stiffness reduction parameters in c2, c3 and the 

cross-coupling directions asp
cA θ , p

cB θ  and p
cC θ , respectively. 

θθ
θθθ
θθθ

θ

θ

θ

2cos22sin)(

2sin2cos2sin2

2sin2sin2cos2
22

22

p
c

p
c

p
c

p
c

p
c

p
c

p
c

p
c

p
c

p
c

p
c

p
c

CBAC

CBAB

CBAA

+−=

++=

−+=

                                   (3.3) 

θ
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-6

-4

-2

0

2

4

6

8

10

12

14

st
iff

n
es

s 
re

d
uc

tio
n

 p
ar

am
et

er
s

p
cA θ
p

cB θ
p

cC θ

θ
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-6

-4

-2

0

2

4

6

8

10

12

14

st
iff

n
es

s 
re

d
uc

tio
n

 p
ar

am
et

er
s

p
cA θ
p

cB θ
p

cC θ

 

Fig. 3.2 Stiffness reduction parameters for 5.0=a   
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With the change of crack angle, the stiffness reduction parameters vary periodically 

with the period π. It can be found that the summation of parameters in two lateral 

directions is a certain number for a crack with certain depth no matter what the crack 

angle is. In addition, the parameter in cross-coupling direction is zero when the crack 

angle is nπ/2 (n=0, 1, 2,…) and it will reach its maximum or minimum value when the 

crack angle is nπ/4 (n=1, 3, 5,…). 

    From the point of view of moment of inertia, the moment of inertia at crack position is 

reduced by ∆Iyθ, ∆Izθ and ∆Iyzθ with respect to rotating frame {c}. According to 

transformation principle of moment of inertia from crack coordinate system to rotating 

frame {c} (Fig. 2.9), ∆Iyθ, ∆Izθ and ∆Iyzθ have the relation as following: 

)2tan()(2 θθθθ yzyz III ∆−∆=∆                                       
(3.4) 

We can see from Eq. (3.4) three parameters are needed to describe the damage because of 

their nonlinear relation. Thus, it is assumed that the change of stiffness due to damage is 

approximated as  

( )∑
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j

e
jyzjyz
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jzjz

e
jyjy KKKK

1
,,,,,, δδδ

                               
(3.5) 

where Ne is number of elements, and ∆Ke
y,j, ∆Ke

z,j and ∆Ke
yz,j are stiffness perturbation 

matrices in y, z, and cross-coupling directions of j th element, respectively; δy,j, δz,j and δyz,j 

describe the stiffness reduction of j th element in y, z, and coupling directions respectively, 

which have the relation of  

)2tan()(2 ,,, θδδδ jzjyjyz −=
                                       

(3.6) 

The stiffness perturbation matrices, and ∆Ke
y,j, ∆Ke

z,j and ∆Ke
yz,j can be assigned any 

perturbation form, such as midpoint, average, etc.  
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3.3 Floquet Based Damage Identification of Time-Invariant System 

In this section, the Floquet based damage identification method is developed for time-

invariant rotor system as shown in Fig. 3.3. 
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Fig. 3.3 Time-invariant shaft system 

3.3.1 Damage Identification Algorithm  

    To develop the damage detection methodology, the equations-of-motion (2.39) is 

recast into the following state-space form with state vector 1][ ×ℜ∈= xNTTT qq &x  
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Here the system and damage matrices, A, and ∆Ak, are given as: 
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where Nd is the number of damage. The homogeneous solution of the linear system can 

be expressed as 

t
ii

iet λΧ=)(x                                                     (3.9) 
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with complex characteristic (Floquet) exponents, λi = αi + jωi and corresponding 

eigenvector, iΧ . The following eigenvalue problems whose solutions characterize the 

nominal and damaged system spectra are given as: 

0ΑI =Χ− ii ][λ                                                       (3.10) 

0ΑΑI =∆Χ+Χ∆+−∆+ ∑
=

))](()[(
1

iij

N

j
jii

d

δλλ                                  (3.11) 

Here, iλ∆  and i∆Χ  are damage induced perturbations in the characteristic exponents and 

mode shapes. Utilizing left and right eigenvector orthogonality, where Yi(t) is the left 

eigenvector, 

ijj
T

i δ=ΧΥ                                              (3.12) 

Using a 1st order perturbation approach that neglects the effect of i∆Χ , the damage 

identification is formulated in terms of the following frequency-shift sensitivity matrix S,  

[ ] ij
T

iijS

S
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=∆
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δλ  
                                              (3.13) 

where T
Nmeas][ 1 λλ ∆∆=∆ Kλ  is a vector of measured Floquet characteristic exponent 

shifts obtained by comparing FRFs of the damaged and undamaged systems and 

T
Nd

][ 1 δδ K=δ  is the vector of unknown damage parameters which can be estimated in 

the least-squares sense as 

λδ ∆= − TT
est SSS 1][                                               (3.14) 
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Using (3.14) as an initial damage estimate, subsequent estimates can be iteratively 

improved by including the effect of the damage induced modeshape perturbationsi∆Χ . 

Specifically, based on the kth estimate of the damage parameters Tk
N

kk
est d

][ )()(
1

)( δδ K=δ , 

the kth estimate of the damaged system mode shapes )(~ k
iΧ  can be determined from 
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Using this, the kth estimate of the damage induced mode shape perturbations 

are i
k

i
k

i Χ−Χ=Χ∆ )()( ~~ . Expanding (3.15) and using the estimates )(~ k
iΧ∆  and )(k

estδ  results in 

the following iterative damage estimation approach. 
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Since the initial estimate )1(
estδ  is determined from (3.14), the damage estimation 

algorithm only relies on the measured resonance frequency shifts λ∆ . Due to limited 

measurement of the higher frequencies, the number of measured natural frequency shifts 

is typically less than the total number of damage parameters, i.e. Nd > Nmeas. Thus, (3.14) 

and (3.16) become under-determined.  

To overcome this problem, we use Nrs shaft rotating speeds to form the composite 

estimation matrices S and P such that the estimation problem becomes over determined 
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(i.e. NmeasNrs > Nd) and enables complete estimation of δδδδ without the need to measure all 

the frequency shifts, particularly the higher modes. 
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To measure the damage identification effectiveness, the actual and estimated crack 

energy ratios ir and ir
~  in the ith shaft damage cell element are  
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Here c
jiU ,

~
, c

jiU , , and e
jiU ,  are the estimated crack strain energy, actual crack strain energy 

and total shaft damage cell element strain energy associated with the jth system 

modeshape. 
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3.3.2 Damage Identification: Open Cracked Shaft 

    Table 3.1 gives the material property parameters of shaft system. 

Table 3.1 Shaft parameters 
Parameter Value Units 
Shaft length, L 0.4 m 
Shaft radius, R 0.01 m 
Shaft density, ρ 7800 kg/m3 
Shaft elastic modulus, E 200 GPa 
Number of shaft modes, n 12 -- 
Number of damage cells, N 10 -- 

 

    In order to ensure that all the damage parameters can be estimated from the measured 

frequency shifts ∆λ, multiple shaft rotating speeds are utilized to enrich the data and 

make the problem overdetermined as shown in equation (3.19). The speed set and two 

damage sets (not known by the detection algorithm) are given in Table 3.2 and Table 3.3. 

Table 3.2 Shaft rotating speed set 
 trial 1 trial 2 trial 3 trial 4 trial 5 
Ω (Hz) 100 200 300 400 500 

 

Table 3.3 Shaft Crack Damages I 
Case I Case II 

Cell No. Crack Depth  Crack Angle  Cell No. Crack Depth  Crack Angle  
1 0 N/A 1 0 N/A 
2 0 N/A 2 0 N/A 
3 0 N/A 3 0 N/A 
4 1.0 mm 0° 4 1.0 mm 0° 
5 0 N/A 5 0 N/A 
6 0 N/A 6 0 N/A 
7 0 N/A 7 0.8 mm 60° 
8 0 N/A 8 0 N/A 
9 0 N/A 9 0 N/A 
10 0 N/A 10 0 N/A 

 

    Figs. 3.4 and 3.5 show the damage identification results for the damaged shaft system 

with single transverse open crack (Case I). Specifically, Fig. 3.4 shows the actual and 
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converged estimates of the crack energy ratios ir  and ir
~ , wherein the blue and red bar 

denote the actual and estimated energy ratio respectively.   
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Fig. 3.4 Converged shaft crack damage energy ratio estimates: Case I 
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Fig. 3.5 Estimated shaft damage parameters vs iteration number: Case I 

 

     Furthermore, Fig. 3.5 shows the shaft damage parameter iteration history, wherein the 

blue dash line and red star line denote the actual and estimated damage parameters 

respectively. The results show that the proposed damage identification method works 
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well to detect single transverse open crack on the shaft system. It can be seen from Fig. 

3.4 that the algorithm detects relatively small damage in 7th cell which is in a symmetric 

position of real damage cell with respect to shaft mid-center. This phenomenon can be 

further showed in Fig. 3.5 that estimated damage parameters in 4th and 7th cells oscillate 

at the beginning of iteration and gradually converge to the actual values.  

    Figs. 3.6 and 3.7 show the damage identification results for the damaged shaft system 

with duel transverse open cracks (Case II). Specifically Fig. 3.6 shows the actual and 

converged estimates of the crack energy ratios ir  and ir
~ , wherein the blue and red bar 

denote the actual and estimated energy ratio respectively.   
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Fig. 3.6 Converged shaft crack damage energy ratio estimates: Case II 
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Fig. 3.7 Estimated shaft damage parameters vs. iteration number: Case II 

 
     Furthermore, Fig. 3.7 shows the shaft damage parameter iteration history, wherein the 

blue dash line and red star line denote the actual and estimated damage parameters 

respectively. The results show that the algorithm fails to detect duel cracks on the shaft 

system. In Fig. 3.6, we can see that the estimated crack energy ratios are far away from 

the actual ones for both damaged cells. The estimated damage parameters still oscillate 

during the iteration, but what is different from the single crack case is that they did not 

converge to the actual values (as seen in Fig. 3.7).  An interesting phenomenon is that the 

sum of estimates for both damaged cells is almost equal to that of actual values even 

though the individual estimate is not able to converge. This is caused by some reason so 

that the algorithm cannot distinguish the multiple cracks, especially for the damages in 

symmetric cells. 

    To clarify the reason, we look into the variation of the eigenvalue versus crack location 

and angle. The eigenvalue shifts for a single cracked shaft system is investigated while 

the crack location and angle varying. 
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Fig. 3.8 Eigenvalue variations vs. crack location: a=1mm, θ=0°, Ω=100Hz 
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Fig. 3.9 Eigenvalue variations vs. crack angle: a=1mm, xc=0.14m, Ω=100Hz 

The changes of first and second eigenvalues are symmetric with respect to the 

midpoint of shaft, which means the crack located at the symmetric cells induces the same 

eigenvalue changes. Due to this reason, the algorithm is not able to distinguish the cracks 
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in symmetric positions. It is also found that the method is limited to detect the multiple 

cracks. In Fig. 3.9, it is obvious to see that eigenvalue shifts are independent on the crack 

angle. No matter what the crack angle is, it does not affect the eigenvalue and therefore 

current method could not be able to detect the crack angle correctly.  

 

3.3.3 Damage Identification: Open Cracked Shaft with AMB  

According to above analysis, we concluded that the damage detection failure is 

caused by the symmetric structure of shaft system which leads to the Eigen degeneracy. 

To overcome this problem, an active magnetic bearing (AMB) is introduced to break the 

symmetry. For simplicity, we assume that AMB device is providing the constant stiffness 

gains kbv and kbw in rotating frame {c} which makes the whole system time-invariant. The 

system diagram is shown in Fig. 3.10. 
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Fig. 3.10 Time-invariant shaft-bearing system 

The AMB device is introduced into the shaft system to break the structural symmetry 

by making the adjustable AMB stiffness values of two lateral directions different. As 
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shown in Fig. 3.10, kbv and kbw are the adjustable AMB lateral stiffness values and xb is 

the AMB location.   

Figs. 3.11 and 3.12 show the damage identification results for the damaged shaft –

bearing system with single transverse open crack (Case I).  
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Fig. 3.11 Converged shaft-bearing crack damage energy ratio estimates: Case I  
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Fig. 3.12 Estimated shaft-bearing damage parameters vs iteration number: Case I 
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    The results show that introducing AMB does improve the damage estimation for single 

transverse open crack on the shaft system. We can see that the damage in 7th cell 

estimated in Fig. 3.4 is not showing in Fig. 3.11. In addition, the damage parameter 

iterations become much smoother and converge much faster to the actual values.  
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Fig. 3.13 Converged shaft-bearing crack damage energy ratio estimates: Case II 
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Fig. 3.14 Estimated shaft-bearing damage parameters vs. iteration number: Case II 

 
    Figs. 3.13 and 3.14 show the damage identification results for the damaged shaft 

system with duel transverse open cracks (Case II). Same as case I, the damage estimation 
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of case II improves greatly. The crack energy ratios and damage parameters quickly go to 

the actual values without oscillation. Therefore, breaking symmetry plays an essential 

role in distinguishing the multiple cracks on the shaft system. Similar as the eigenvalue 

analysis we did in the previous section, we want to study it again to investigate what 

makes things different. 
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Fig. 3.15 Eigenvalue variations vs. crack location  

a=1mm, θ=0°, Ω=100Hz, kbv=106N/m, kbw=0N/m, xb=0.3m 

The changes of first and second eigenvalues are not symmetric with respect to the 

midpoint of shaft since AMB breaks the structural symmetry as shown in Fig. 3.15. In 

Fig. 3.16, eigenvalue changes in a harmonic way while the crack angle is varying from 0 

to 2π. Compare to the system in 3.3.2, the eigenvalue changes are not independent with 

the crack angle any more. However, crack angle is still not able to detect in this case 
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because the mapping is not unique from eigenvalue changes to crack angle. We can see 

from Fig. 3.16 that one ∆λ could have four corresponding crack angles. 
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Fig. 3.16 Eigenvalue variations vs. crack angle 

a=1mm, xc=0.14m, Ω=100Hz, kbv=106N/m, kbw=0N/m 

Although rotating AMB could break the structural symmetry of rotor system and get 

very good damage estimation results, it is not feasible to provide constant AMB stiffness 

in rotating frame. Usually, active magnetic bearing is installed in fixed frame and it is 

easier to provide the constant stiffness in fixed frame which produces the time-varying 

term in rotating frame. Hence, we are going to develop the damage identification method 

for shaft system with stationary active magnetic bearing in next section.  
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3.4 Floquet based Damage Identification of Time-Varying Rotor System 

    The system studied in this section is a cracked shaft system with active magnetic 

bearing in stationary coordinate system {n}. 
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Fig. 3.17 Time-varying shaft-bearing system 

 

3.4.1 Active Bearing Model 

    In the system, an Active Magnetic Bearing (AMB) is introduced to break the modal 

symmetry with respect to the center point of shaft, to eliminate symmetry of Eigen modes 

and to enhance the accuracy of crack detection results. Here the feature of adjustable 

bearing stiffness or virtual added mass in two lateral directions is used to break the 

transverse modal symmetry. When the system is perturbed by bearing stiffness, the 

additional potential energy due to the active bearing in rotating frame {c} is 

2
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Ω−Ω=
                              (3.22)                

When the system is perturbed by bearing mass, the additional kinetic energy produced by 

bearing in rotating frame {c} is: 
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where vb(t) and wb(t) are shaft deflections at the bearing position as measured from fixed 

frame {n}. Furthermore, kbv and kbw are the adjustable AMB lateral stiffness values and 

mbv and mbw are synthetic mass values due to acceleration feedback control. The system 

equations-of-motion are obtained via Lagrange’s method and are given as: 

0])([][)]([ =−+++++ qKtKKqGCqtMM cbsssbs θ&&&                      (3.24) 

with 
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2
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tjtj
b eKeKKtK ΩΩ−

− ++= 2
2

2
20)(                              (3.26) 

 Note since the equations are formulated in the rotating frame {c}, both the shaft and the 

crack damage matrices are time-invariant; however the asymmetric AMB stiffness in the 

fixed frame introduces periodic parametric terms. The applied asymmetric bearing 

stiffness and inertia feedback terms are used in the damage detection process to break the 

symmetries associated with the two transverse shaft deflection planes enabling 

identification from natural frequency measurements without direct modeshape 

information. 

 

 
3.4.2 Stiffness Perturbed Damage Identification Methodology 

To develop the damage detection methodology, the equations-of-motion are recast 

into the following state-space form with state vector 1][ ×ℜ∈= xNTTT qq &x  
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Here the periodic system and damage matrices, A(t), and ∆Ak(t), are expanded in the 

complex exponential series as: 

  ∑
−=

Ω=
h

h

N

Nn

tjn
net AA )(    and  ∑

−=

Ω∆=∆
h

h

N

Nn

tjn
knk et ,)( AA                             (3.28) 

Where Nh is the number of system harmonics. In the case of the shaft-bearing system, Nh 

= 2. Utilizing Floquet theory, the homogeneous solution of the linear periodically time-

varying system can be expressed as 

∑
=

=
x

k

N

k

t
kkh etct

1

)()( λux   with  ∑
∞

−∞=

Ω=
n

tjn
nkk et ,)( uu                               (3.29) 

With complex characteristic (Floquet) exponents, λk =αk+jωk and corresponding periodic 

modeshapes, )(tku . After performing harmonic balance, the following hyper-dimensional 

eigenvalue problems whose solutions characterize the nominal and damaged system 

spectra are given as. 
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Here, 
kU  is the Fourier coefficient vector of the kth nominal right eigenvector 

(modeshape), Α̂  and kΑ̂∆  are the hyper-dimensional nominal system matrix and damage 

perturbation matrix given by, 



 63 





























Ω+
Ω+

Ω−
Ω−

=

++

−++

−−++

−−+

−−

OMN

LL

LL

LL

LL

LL

NMO

IAAA

AIAAA

AAAAA

AAIAA

AAIA

Α

2

2

ˆ

012

1012

21012

2101

210

j

j

j

j

                  (3.32-a) 





























∆∆∆
∆∆∆∆
∆∆∆∆∆

∆∆∆∆
∆∆∆

=∆

++

−++

−−++

−−+

−−

OMN

LL

LL

LL

LL

LL

NMO

kkk

kkkk

kkkkk

kkkk

kkk

k

,0,1,2

,1,0,1,2

,2,1,0,1,2

,2,1,0,1

,2,1,0

ˆ

AAA

AAAA

AAAAA

AAAA

AAA

Α

                          (3.32-b) 

[ ]TT
k

T
k

T
k

T
k

T
kk LL 2,1,0,1,2, ++−−= uuuuuU                           (3.33) 

Furthermore, kλ∆  and kU∆  are damage induced perturbations in the characteristic 

exponents and mode shapes. Utilizing left and right eigenvector orthogonality where vi(t) 

is the left periodic eigenvector,  
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and using a 1st order perturbation approach that neglects the effect of kU∆ , the damage 

identification is formulated in terms of the following frequency-shift sensitivity matrix S,  

δλ  S=∆     with   [ ] ij
T

iijS UAV ˆ∆=                                       (3.35) 

where T
Nmeas][ 1 λλ ∆∆=∆ Kλ  is a vector of measured Floquet characteristic exponent 

shifts obtained by comparing FRFs of the damaged and undamaged systems and 
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T
Nd

][ 1 δδ K=δ  is the vector of unknown damage parameters which can be estimated in 

the least-squares sense as 

λδ ∆= − TT
est SSS 1][                                                      (3.36) 

    Using (3.36) as an initial damage estimate, subsequent estimates can be iteratively 

improved by including the effect of the damage induced modeshape perturbationiU∆ . 
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Using this, the kth estimate of the damage induced mode shape perturbations are 

i
k

i
k

i UUU −=∆ )()( ~~ . Expanding (3.31) and using the estimates )(~ k
iU∆  and )(k

estδ  results in the 

following iterative damage estimation approach. 
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Since the initial estimate )1(
estδ  is determined from (3.36), the damage estimation algorithm 

only relies on the measured resonance frequency shifts λ∆ . Note this iterative approach is 
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very similar to the iterative approach developed in section 3.3 for the time-invariant 

second order system case. 

By taking advantage of the adjustability of the active support stiffness and damping 

provided by the AMB, the natural frequency shift measurements can be performed at 

various PD feedback gain settings to enrich the data-set and enable complete estimation 

of the damage parameters. 
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Fig. 3.18 Iterative damage identification process 

Specifically, the natural frequencies, λ(p), the damage induced frequency-shifts and 

mode shape perturbations ∆λ(p) and )(pU∆  are implicitly functions of the active bearing 

support stiffness values ],[ bwbv kk=p . By tuning p to Nc different settings, we obtain Nc 

sets of linearly independent equations which each characterize the effect of the damage δδδδ . 
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By forming the composite estimation matrices S  and P and measuring Nmeas modal 

frequency-shifts, ∆λ(pi), at Nc different control settings such that the estimation problem 

becomes over determined (i.e. NmeasNc > Nd ) enables complete estimation of δδδδ without 

the need to measure all the frequency shifts, particularly the higher modes. 

 

3.4.3 Virtual Mass Perturbed Damage Identification Methodology 

To develop the damage detection methodology, the equations-of-motion are recast 

into the following state-space form with state vector 1][ ×ℜ∈= xNTTT qq &x  
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Here the periodic system mass, stiffness and damage matrices, E(t), Z(t), and ∆Zk(t), are 

expanded in the complex exponential series as: 
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where Nh is the number of system harmonics. In the case of the shaft-bearing system, Nh 

= 2. Using the same solution as Eq. (3.29) and performing harmonic balance, the followin

g hyper-dimensional eigenvalue problems whose solutions characterize the nominal and d

amaged system spectra are given as. 

0U =Ζ−Ε kk ]ˆˆ[λ                                                        (3.42) 
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Here, Ζ̂  and Ε̂  are the hyper-dimensional nominal system stiffness and mass matrices 

given by, 
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By taking the same steps as in section 3.4.2, the iterative damage parameters are obtained 

by the following equation: 
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Specifically, the natural frequencies, λ(p), the damage induced frequency-shifts and 

mode shape perturbations ∆λ(p) and )(pU∆  are implicitly functions of the active bearing 
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support virtual mass values ],[ bwbv mm=p . By tuning p to Nc different settings, we obtain 

Nc sets of linearly independent equations which each characterize the effect of the 

damage δδδδ . 

    In the case of the shaft/disk system, the feedback tuning plays a critical role in 

overcoming indeterminacy induced by structural symmetry. Specifically, the axi-

symmetric nature of the shaft-disk system results in repeated natural frequency and 

modeshape pairs, one corresponding to each lateral plane. As a result of this symmetry, 

each mode pair has identical damage sensitivity to a crack at a given axial location 

resulting in a rank reduction of the sensitivity formulations. This situation is problematic 

for the damage identification approach due to the fact that the method only utilizes 

frequency shift information, and no measured modeshape data.  
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Fig. 3.19 Shaft/Disk system with symmetry breaking feedback control 

To address this, a symmetry breaking active feedback control is utilized to remove the 

modal degeneracy during the damage identification process. Here, as shown in Fig. 3.19, 

the AMB applies a localized asymmetric position and acceleration feedback control of 

the form 
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where fbv and fbw are actuation forces applied on the shaft in both lateral directions with 

acceleration feedback (inertia) gains mbv and mbw and position feedback (stiffness) gains 

kbv and kbw. By performing the damage identification under multiples sets of asymmetric 

gain values i.e. mbv ≠ mbw and kbv ≠ kbw, the modal symmetry is broken and (3.39) can be 

rendered fully determinate.  

 

3.4.4 AMB Stiffness and Virtual Mass Tuning 

    The aim of tuning AMB stiffness is to gather more frequency shifts which can be used 

for damage estimation. We can achieve this goal by looking for the suitable AMB 

stiffness ranges in which the frequencies shift strongly. To choose a suitable set of AMB 

stiffness and virtual mass tuning gains, it is proposed that they should be selected from 

the range in which there is strong frequency-shift damage sensitivity.  

Figs. 3.20 and 3.21 show the natural frequency variation due to a 1 mm crack as a 

function of crack location and AMB stiffness gain bvk  (with 0=bwk ). Here Figs. 3.20 and 

3.21 show the 1st and 2nd mode variation of the non-rotating shaft (Ω=0 RPM). 

Regardless of damage location along the shaft (i.e. the damage element number), the 1st 

and 2nd mode natural frequencies are most sensitive to damage for AMB stiffness values 

in the range [105 - 108] N/m.  

 

 

 



 70 

 
Fig. 3.20 Natural frequency variation due to 1 mm crack vs AMB stiffness gain kbv and damage 

location with kbw = 0 N/m, Ω = 0 RPM, AMB location x = 0.375L, 1st mode 
 

 
Fig. 3.21 Natural frequency variation due to 1 mm crack vs AMB stiffness gain kbv and damage 

location with kbw = 0 N/m, Ω = 0 RPM, AMB location x = 0.375L, 2nd mode 
 

 
Fig. 3.22 Natural frequency variation due to 1 mm crack vs AMB virtual mass gain mbv and 

damage location with mbw = 0 Kg, Ω = 0 RPM, AMB location x = 0.375L, 1st mode 
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Fig. 3.23 Natural frequency variation due to 1 mm crack vs AMB virtual mass gain mbv and 

damage location with mbw = 0 Kg, Ω = 0 RPM, AMB location x = 0.375L, 2nd mode 
 

Figs. 3.22 and 3.23 show natural frequency variation of the first two modes induced by 

1mm crack as a function of crack location and virtual mass gain mbv (with 0=bwm ). We 

can see from these figures that the frequency shifts have little change when the bearing 

mass is tuned in the range [10-5~10-3] Kg and fluctuate stronger when the bearing 

stiffness is tuned in the range from [10-2~10-1] Kg. 

Using this range as a guide, two different sets of AMB active stiffness/mass tuning 

gains are utilized in the damage identification process. Most critically, the first tuning set 

consists of purely symmetric AMB stiffness/mass gains while the second set consists of 

asymmetric stiffness/mass gains. These two tuning sets are given in Tables 3.4 and 3.5.  

Table 3.4 Symmetric AMB stiffness tuning set 
 trial 1 trial 2 Trial 3 trial 4 
kbv (N/m) 0 105 106 107 
kbw (N/m) 0 105 106 107 
mbv (Kg) 0 0.01 0.05 0.1 
mbw (Kg) 0 0.01 0.05 0.1 
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Table 3.5 Asymmetric AMB stiffness tuning set 
 trial 1 trial 2 Trial 3 trial 4 
kbv (N/m) 105 0 107 105 
kbw (N/m) 0 105 105 107 
mbv (Kg) 0.1 0 0.05 0.1 
mbw (Kg) 0 0.1 0.1 0..05 

 

3.4.5 Case Study 

    In this section, a damage case is studied using two stiffness/mass tuning sets proposed 

in section 3.4.4. Table 3.6 shows the damage parameters. 

Table 3.6 Shaft Crack Damages II 
Cell No. Crack Depth Crack Angle 

1 0.1 mm 0° 
2 0.2 mm 80° 
3 0.3 mm 160° 
4 0.4 mm 240° 
5 0.5 mm 320° 
6 0.6 mm 10° 
7 0.7 mm 80° 
8 0.8 mm 60° 
9 0.9 mm 40° 
10 1.0 mm 20° 

 

    (a) Stiffness tuning sets 

    Figs. 3.24 and 3.25 show the damage identification results for the symmetric and 

asymmetric stiffness tuning sets. Specifically, Figs. 3.24-a and 3.25-a show the actual and 

converged estimates of the crack energy ratios ir  and ir
~  of symmetric and asymmetric 

stiffness tuning sets, respectively. Figs. 3.24-b and 4.25-b show the shaft damage 

parameter iteration history for the symmetric and asymmetric stiffness tuning sets, 

respectively.  

    It can be obtained from Eq. (2.40) that a transverse crack on the shaft-bearing system 

induces stiffness reduction in both lateral directions and their cross-coupling direction. 
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The sum of reduction in both lateral directions is invariant for a given crack depth and the 

stiffness cross-coupling depends on the crack phase angle. Since the Floquet based 

method is independent of the orientation angle of crack, only two damage parameters are 

needed per cell to estimate the stiffness reduction of both lateral directions. 
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Fig. 3.24-a Converged shaft crack damage energy ratio estimates; symmetric AMB stiffness 

tuning set, AMB location x = 0.375L, Ω = 3600 RPM. 
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Fig. 3.24-b Estimated shaft damage parameters vs. iteration number; symmetric AMB stiffness 

tuning set, AMB location x = 0.375L, Ω = 3600 RPM. 
 

These results clearly show the importance of utilizing an asymmetric stiffness tuning set. 

With symmetric AMB stiffness, the damage estimates do not converge to the actual 

values and the modal degeneracy prevents the estimates form converging. However, with 
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asymmetric stiffness, the damage estimates indeed converge to their true values within 

approximately 20 iteration steps.  
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Fig. 3.25-a Converged shaft crack damage energy ratio estimates; asymmetric AMB stiffness 

tuning set, AMB location x = 0.375L, Ω = 3600 RPM. 
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Fig. 3.25-b Estimated shaft damage parameters vs. iteration number; asymmetric AMB stiffness 

tuning set, AMB location x = 0.375L, Ω = 3600 RPM. 
 

(b) Mass tuning sets 

Figs. 3.26 and 3.27 show the damage identification results for the symmetric and 

asymmetric mass tuning sets. Specifically, Figs 3.26-a, 3.27-a show the actual and 

converged estimates of the crack energy ratios ir  and ir
~ . Figs. 3.26-b and 3.27-b show 
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the shaft damage parameter iteration history for the symmetric and asymmetric mass 

tuning sets, respectively.  
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Fig. 3.26-a Converged shaft crack damage energy ratio estimates; symmetric AMB mass tuning 

set, AMB location x = 0.375L, Ω = 900 RPM. 
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Fig. 3.26-b Estimated shaft damage parameters vs. iteration number; symmetric AMB mass 

tuning set, AMB location x = 0.375L, Ω = 900 RPM. 
 

The similar results are obtained using AMB mass tuning sets, which shows the damage 

estimates are not able to converge to the actual damage values with symmetric tuning set 

while they indeed converge to their true values within approximately 20 iteration steps 

with asymmetric mass tuning set. 
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Fig. 3.27-a Converged shaft crack damage energy ratio estimates; asymmetric AMB mass tuning 

set, AMB location x = 0.375L, Ω = 900 RPM. 
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Fig. 3.27-b Estimated shaft damage parameters vs. iteration number; symmetric AMB mass 

tuning set, AMB location x = 0.375L, Ω = 900 RPM 
 

3.4.6 Asymmetric AMB Stiffness Role 

It is important to note that the requirement of asymmetric tuning necessarily demands 

the ability to conduct damage identification of a periodically time-varying system. 

Specifically, the equations-of-motion become periodically time varying in both the 

rotating frame (due to AMB stiffness/mass asymmetry) and fixed frame (due to the 

presence of crack damage). Here, we are going to analyze the role of AMB stiffness/mass 

tuning in damage identification by studying two simple damage cases listed in Table 3.7.  
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Table 3.7 Shaft Crack Damages III 
Case III Case IV 

Cell No. Crack Depth  Crack Angle  Cell No. Crack Depth  Crack Angle  
1 0 N/A 1 0 N/A 
2 1.0 mm 0° 2 1.0 mm 0° 
3 0 N/A 3 0 N/A 
4 0 N/A 4 0 N/A 
5 0 N/A 5 0 N/A 
6 0 N/A 6 0 N/A 
7 0 N/A 7 0 N/A 
8 0 N/A 8 0 N/A 
9 0 N/A 9 1.0 mm 60° 
10 0 N/A 10 0 N/A 

 

    Case III is a single crack located at 2nd cell and Case IV is duel cracks located at 2nd 

with crack angle=0° and 9th cell with crack angle=60°. The symmetric and asymmetric 

sets, listed in Table 3.8, are used to detect the damage separately.  

Table 3.8 Symmetric and asymmetrical sets 
Tuning set No. 1 2 3 4 

kbv(N/m) 108 107 106 0 Symmetric 
sets kbw (N/m) 108 107 106 0 

kbv(N/m) 107 106 105 0 Asymmetrical  
sets kbw(N/m) 108 107 106 0 

 

    Fig. 3.28 shows the estimated errors on each cell as a function of bearing locations for 

case III. Fig. 3.28-a shows the energy ratio error for each cell when the damage is 

detected by symmetric set and Fig. 3.28-b shows the energy ratio error for each cell when 

the damage is detected by asymmetric set. The lines depict the error between estimated 

and actual energy ratio for corresponding i th cell. We can see from Fig. 3.28 that the plots 

are basically smooth for most of the bearing location and both tuning sets work well for 

single crack identification.  
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Fig. 3.28 Energy ratio errors for case III (a) Symmetric (b) Asymmetric 

Fig. 3.29 shows the estimated errors on each cell as a function of bearing locations for 

case IV. Fig. 3.29-a shows the energy ratio error for each cell when the damage is 

detected by symmetric set and Fig. 3.29-b shows the energy ratio error for each cell when 

the damage is detected by asymmetric set.  
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Fig. 3.29 Energy ratio errors for case IV (a) Symmetric (b) Asymmetric 

    It is clear to observe the role of asymmetrical supports when the system has multiple 

cracks. Since no modeshape information is utilized in the damage estimation process 

(only frequency shift data from a single sensor FRF) the shaft modal symmetry in the two 

lateral planes renders the estimation indeterminate. Physically, this is due to the fact that 

a given crack can produce the same frequency shift in either lateral mode depending on 

the crack phase. Hence asymmetric stiffness tuning gains are required to break the modal 

symmetry.  

 
3.5 Summary 

 
In this chapter, a new vibration-based damage identification methodology for cracked 

rotor systems with periodically time-varying dynamics is developed and demonstrated on 

a shaft-bearing system. Since the crack is assumed to be always open during operation, 
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the crack parameterspcA , p
cB  and p

cC  are constant in crack coordinate system {xc, yc, zc}. 

Through the coordinate transformation, the crack parameters p
cA θ , p

cB θ  and p
cC θ are 

dependent on the crack phase θ in rotating coordinate system {c}. Based on the damage 

identification results of linear time-invariant rotor system, the usage of natural frequency 

shifts is not enough to distinguish the crack located on symmetric cells with respect to 

shaft midpoint. Consequently, Active Magnetic Bearing (AMB) is introduced to break 

structural symmetry which gives the system stiffness/acceleration feedback. Through 

proper tuning, AMB is able to provide adjustable stiffness or virtual mass gains to enrich 

the dataset for damage identification and hence removes the Eigen degeneracy of the 

symmetric shaft structure. It is found that natural frequency shifts are sensitive in the 

AMB stiffness range [105~108] N/m or AMB virtual mass range [10-2~10-1] Kg. With 

symmetric and asymmetric AMB stiffness/virtual mass gains, the damage parameters are 

estimated by damage detection algorithm based on least square and eigenvector updating 

methods. The asymmetric support plays an important role in damage identification which 

gives more accurate results. However, this method is limited to detect the crack phase, 

though it works well to estimate the location and depth of transverse open cracks.  This 

problem will be addressed in Chapter IV. 
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Chapter IV 

METHODOLOGY II: SIDEBAND FREQUENCY RESPONSE FUNCTION 

BASED DAMAGE IDENTIFICATION OF ROTOR SYSTEM WITH OPEN 

CRACKS 

 

4.1 Introduction 

This chapter develops a damage detection method which is aimed to estimate the 

structural damage by utilizing the influence of cracks on dynamical property. It has been 

known the crack on the structure will cause the change of natural frequencies. In fact, it 

also induces the change of frequency response function. This method explores the 

characteristics of frequency response function (FRF) of time-invariant/varying systems. 

The same crack model is used in this chapter as chapter III and the cracks are assumed to 

be open all the time during operation. The Least Square and Newton-Raphson methods 

are used to solve the initial guess and the following iteration, respectively. Finally, 

numerical examples demonstrate the effectiveness and accuracy of this method in 

detecting both the magnitude and phase of the structural damage.  

 

4.2 Damaged FRF Characteristics 

First of all, we focus on the transfer function derivation of time-invariant stationary 

beam system and recast the equations-of-motion into the following state-space form with 

state vector 1][ ×ℜ∈= xNTTT qq &x  
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where Bu is input matrix and Cy is output matrix. The general form of input and output 

matrix is given as: 
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where M is the mass matrix, xb is the input location and xs is the sensor location. Here, the 

external excitation u(t) are expanded in the complex exponential series as: 

  tjet ωuu =)(                                                         (4.4) 

Then, the solution of the system can be expressed as 

tjet ωΧ=)(x                                                         (4.5) 

Substituting Eq. (4.2) and (4.3) back into Eq. (4.1), the transfer function of damaged 

system is given as:  

  u

N

k
kyyu

d

j BΑΑCT 1

1

)(
~ −

=
∑∆−−Ι= ω                                        (4.6) 

To study the characteristics of transfer function, the transfer function is calculated for 

the damaged beam system as shown in Fig. 4.1. The system is assumed to be stationary 

and have a 1mm crack with 0 crack angle.  
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Fig. 4.1 Non-rotating beam with EM actuator for interrogation 

    Fig. 4.2 shows |∆Tyu| variations while the excitation frequency varying from 0 to 1000 

Hz. The blue and red line denotes the transfer function difference observed at the sensor 

location xs in two lateral directions, respectively. The transfer function shifts ∆Tyu are 

obtained by subtracting the transfer function of nominal system from the damaged 

transfer function. It is obvious to see that |∆Tyu| have peaks when the system is excited 

near resonance.  
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Fig. 4.2 |∆Tyu| variations vs. excitation frequency;  

xf=3/4L, xs=1/4L, a=1mm, xc=0.14m 
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    Next, we investigate how the magnitude and phase of transfer function change versus 

crack location and angle. Fig. 4.3 and 4.4 show the magnitude and phase of transfer 

function shifts as a function of crack location for the shaft-disk system with a 1mm 

transverse crack. 
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Fig. 4.3 |∆Tyu| variations vs. crack location;  

xf=3/4L, xs=1/4L, a=1mm, ω=170 Hz 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
1.575

1.5755

1.576

1.5765

1.577

1.5775

1.578

crack location /m

∆ T
yu

 p
ha

se
 r

a
d/

s

 
Fig. 4.4 ∆Tyu phases vs. crack location;  

xf=3/4L, xs=1/4L, a=1mm, ω=170 Hz 

Unlike the symmetric eigenvalue changes with respect to the midpoint of the shaft in 

Fig. 3.8, the magnitude and phase of ∆Tyu is not symmetric which eliminate the limitation 
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of symmetric structure of rotor system and therefore makes it possible to distinguish the 

cracks located at symmetric cells.  

In Chapter III, we concluded that the eigenvalue shifts are independent of the crack 

angle, which means the damage detection algorithm based on the Floquet theory is not 

able to detect the crack angle of the cracks. Thus, it is important to investigate that if the 

transfer function shifts are affected by the crack angle. A 1mm crack with varying angle 

is put on a fixed location on the shaft-disk system and the transfer function is observed in 

n2 and n3 directions while the system is excited in n2 direction. Fig. 4.5 shows the 

magnitude and phase of ∆Tyu in n2 direction as a function of crack angle. Fig. 4.6 shows 

the magnitude and phase of ∆Tyu in n3 direction as a function of crack. 
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Fig. 4.5 ∆Tyu variations vs. crack angle, n2 dir.;  

xf=3/4L, xs=1/4L, a=1mm, xc=0.14m, ω=170 Hz 
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Fig. 4.6 ∆Tyu variations vs. crack angle, n3 dir.;  

xf=3/4L, xs=1/4L, a=1mm, xc=0.14m, ω=170 Hz 

In Fig. 4.5, the magnitude and phase of ∆Tyu are symmetrically distributed and 

periodically changing, which could not tell the difference of auxiliary angle. For example, 

a crack with crack angle 1/3π can not be distinguished from a crack whose angle is 2/3π 

only using ∆Tyu observed in n2 direction. However, phase of ∆Tyu behaves like step 

function and is not symmetric any more in n3 direction (Fig. 4.6), which enables the 

possibility of identifying the crack angle. 

 

4.3 Newton-Raphson Method  

 

4.3.1 Introduction 

    The Newton-Raphson method [155], or Newton Method, is a powerful technique for 

solving equations numerically. Like so much of the differential calculus, it is based on the 

simple idea of linear approximation. The Newton Method, properly used, usually homes 

in on a root with devastating efficiency. 
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Let f(x) be a well-behaved function, and let r be a root of the equation f(x) = 0. We start 

with an estimate x0 of r. From x0, we produce an improved-we hope-estimate x1. From x1, 

we produce a new estimate x2. We go on until we are ‘close enough’ to r--or until it 

becomes clear that we are getting nowhere. The above general style of proceeding is 

called iterative. Of the many iterative root-finding procedures, the Newton-Raphson 

method, with its combination of simplicity and power, is widely used.  

 

4.3.2 Newton-Raphson Iteration 

    Let x0 be a good estimate of r and let r = x0 + h. Since the true root is r, and h = r − x0, 

the number h measures how far the estimate x0 is from the truth. 

Since h is ‘small’, we can use the linear (tangent line) approximation to conclude that 

)()()()(0 0
'

00 xhfxfhxfrf +≈+==                                  (4.7) 

and therefore, unless f’ (x0) is close to 0, 
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It follows that 
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Our new improved estimate x1 of r is therefore given by 
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0
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0
01 xf

xf
xx −≈                                                    (4.10) 

The next estimate x2 is obtained from x1 in exactly the same way as x1 was obtained from 

x0: 
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Continue in this way. If xn is the current estimate, then the next estimate xn+1 is given by 

)(
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nn xf

xf
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4.3.3 Geometric Interpretation  

In the picture below, the curve y = f(x) meets the x-axis at r. Let a be the current 

estimate of r. The tangent line to y = f(x) at the point (a, f(a)) has equation: 

)()()( ' afaxafy −+=                                           (4.13) 

Let b be the x-intercept of the tangent line. Then 
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Fig. 4.7 Newton method [155] 

Compare with Eq. (4.12): b is just the ‘next’ Newton-Raphson estimate of r. The new 

estimate b is obtained by drawing the tangent line at x = a, and then sliding to the x-axis 

along this tangent line. Now draw the tangent line at (b, f(b)) and ride the new tangent 

line to the x-axis to get a new estimate c. Repeat.  
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    We can use the geometric interpretation to design functions and starting points for 

which the Newton Method runs into trouble. It would be wrong to think of the Newton 

Method simply in terms of tangent lines. The Newton Method is used to find complex 

roots of polynomials and roots of systems of equations in several variables, where the 

geometry is far less clear, but linear approximation still makes sense. 

 

4.3.4 The Convergence of the Newton Method 

    The argument that led to Equation (4.7) used the informal and imprecise symbol ≈. We 

probe this argument for weaknesses. 

    No numerical procedure works for all equations. For example, let f(x) = x2 + 17 if x ≠ 1, 

and let f(1) = 0. The behavior of f(x) near 1 gives no clue to the fact that f(1) = 0. Thus no 

method of successive approximation can arrive at the solution of f(x) = 0. To make 

progress in the analysis, we need to assume that f(x) is in some sense smooth. We will 

suppose that f’’ (x) (exists and) is continuous near r. 

The tangent line approximation is an approximation. Let's try to get a handle on the error. 

Imagine a particle travelling in a straight line, and let f(x) be its position at time x. Then 

f’ (x) is the velocity at time x. If the acceleration of the particle were always 0, then the 

change in position from time x0 to time x0+h would be hf’(x0). So the position at time 

x0+h would be f(x0) + hf’(x0)—|note that this is the tangent line approximation, which we 

can also think of as the zero-acceleration approximation. 

    If the velocity varies in the time from x0 to x0 + h, that is, if the acceleration is not 0, 

then in general the tangent line approximation will not correctly predict the displacement 

at time x0 +h. And the bigger the acceleration is, the bigger the error is. It can be shown 
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that if f is twice differentiable then the error in the tangent line approximation is 

(1/2)h2f’’ (c) for some c between x0 and x0 + h. In particular, if |f’’ (x)| is large between x0 

and x0 + h, then the error in the tangent line approximation is large. Thus we can expect 

large second derivatives to be bad for the Newton Method.  

    In the argument for Equation (4.7), from 0≈f(x0)+hf’(x0) we concluded that h≈ 

−f(x0)/f’ (x0). This can be quite wrong if f’ (x0) is close to 0: note that 3.01 is close to 3, but 

3:01/10−8 is not at all close to 3/10−8. Thus we can expect first derivatives close to 0 to be 

bad for the Newton Method. 

 

4.4 FRF based Damage Identification of Time-Invariant System 

The basic idea of FRF based damage identification method is to utilize the transfer 

function shifts between nominal and damaged system to detect the damage. To achieve 

this, Newton-Raphson method is employed to iterate the initial guess obtained by least 

square method. The rotor system we studied is assumed to be static in this section and 

hence it is a time-invariant system as shown in Fig. 4.1. 

 

4.4.1 Damage Identification Algorithm 

    Starting from Eq. (4.4), the transfer function shift is given as 

             ( ) ( ) uyuyyuyuyu ii BAICBAAICTTT 11~ −− −−∆−−=−=∆ ωω
      

  (4.15) 

It can be approximated after taking Taylor expansion of the first term, 
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With the transfer function shifts, the 1st damage estimate is formulated by substituting Eq. 

(4.17) into Eq. (4.15), 

PS =)1(δ                                                       (4.18) 

with T
NyzyzNzzNyy ddd

][ ,1,,1,,1, δδδδδδ KKK=δ  is the vector of unknown damage 

parameters which can be estimated by using least-square method. 

( ) PSSS TT
est

1)1( −=δ                                              (4.19) 

Similar as the way to enrich the dataset in Floquet based damage identification method, 

multiple sensors and/or excitation frequencies can be used to remove the rank deficiency 

of Eq. (4.19).   
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Starting the iteration by )1(
estδ , the new solutions are calculated by Newton-Raphson method. 
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4.4.2 Damage Identification: Open Cracked Beam 

Two damage cases listed in Table 4.1 are studied in this section. The shaft and disk 

parameters are listed in Table 3.1 and Table 4.2.  
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Table 4.1 Shaft Crack Damages 
Case V Case VI 

Cell No. Crack Depth  Crack Angle  Cell No. Crack Depth  Crack Angle  
1 0 N/A 1 0 N/A 
2 0 N/A 2 0 N/A 
3 0 N/A 3 0 N/A 
4 1.0 mm 45° 4 1.0 mm 45° 
5 0 N/A 5 0 N/A 
6 0 N/A 6 0 N/A 
7 0 N/A 7 0.8 mm 60° 
8 0 N/A 8 0 N/A 
9 0 N/A 9 0 N/A 
10 0 N/A 10 0 N/A 

 

Table 4.2 Disk parameters 
Parameters Value Units 
Disk position 0.2 m 
Disk outer radius 0.05 m 
Disk thickness 0.01 m 
Disk density 7800 kg/m3 
Disk elastic modulus 200 GPa 

 

In order to ensure that all the damage parameters can be estimated from the 

measured transfer function shift information ∆Tyu, multiple (Nf =4) excitation frequencies 

and sensors are utilized to enrich the data and make the problem over-determined as 

shown in equation (4.20). The excitation frequency set and sensor location set are given 

in Table 4.3 and 4.4, respectively. 

Table 4.3 Interrogation frequency set 
 trial 1 trial 2 trial 3 trial 4 
ω (Hz) 150 300 600 900 

 
 
 

Table 4.4 Sensor location set 
pair Sensor 1 Sensor 2 Sensor 3 

xs (m) 1/8L 3/8L 5/8L 
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    Fig. 4.8 and 4.9 show the damage identification results for the damaged shaft system 

with single transverse open crack (Case V). Specifically Fig. 4.9 shows the actual and 

converged estimates of the crack energy ratios and crack angles, wherein the blue and red 

bar denotes the actual and estimated value respectively.   
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Fig. 4.8 Converged shaft crack damage energy ratio estimates: Case V 
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Fig. 4.9 Estimated shaft damage parameters vs. iteration number: Case V 
 

     Furthermore, Fig. 4.9 shows the shaft damage parameter iteration history, wherein the 

blue dash line and red star line denotes the actual and estimated damage parameters 

respectively. Compared with the results in Chapter 3, the results show that the FRF based 

damage identification method works better and more efficient to detect the magnitude 
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and crack angle. The real part of damage parameters converges to the actual value very 

quickly while the imaginary part goes down to zero. As we analyzed in last section, the 

symmetric structure does not lead to the wrong estimation any longer in this case since 

we utilize the magnitude and phase of transfer function shifts.  

    Fig. 4.10 and 4.11 show the damage identification results for the damaged shaft system 

with duel transverse open cracks (Case VI). Specifically Fig. 4.10 shows the actual and 

converged estimates of the crack energy ratios and crack angles, wherein the blue and red 

bar denotes the actual and estimated energy ratio respectively.   
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Fig. 4.10 Converged shaft crack damage energy ratio estimates: Case VI 
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Fig. 4.11 Estimated shaft damage parameters vs. iteration number: Case VI 
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     Furthermore, Fig. 4.11 shows the shaft damage parameter iteration history, wherein 

the blue dash line and red star line denotes the actual and estimated damage parameters 

respectively. Again, this method works well to detect dual cracks located at the 

symmetric cells with different crack angles.   

 

4.5 FRF based Damage Identification of Time-Varying Rotor System 

For the damaged system shown in Fig. 4.12, time-varying term will always appear in 

the equation of motion regardless which coordinate system the EOM is based on, if 

bearing stiffness is asymmetric. Specifically, crack rotating with shaft leads to time-

varying term in fixed frame {n} and so does asymmetric bearing stiffness for rotating 

frame {c}. Based on the damage identification method developed for time-invariant 

system, the method for time-varying system is proposed in this section.  
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Fig. 4.12 Rotating rotor/shaft system with EM actuator 
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4.5.1 Damage Identification Algorithm 

To develop the damage detection methodology, the equations-of-motion are recast 

into the following state-space form with state vector [ ]TTT vqvq L&&L 11=x  
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In this section, the EOM is derived in fixed frame {n}. Hence, the system matrix A is 

time-invariant. Here the external excitation and damage matrices, u(t), and ∆Ak(t), are 

expanded in the complex exponential series as: 

∑
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where Nh is the number of system harmonics. In the case of the shaft-disk system, Nh = 2. 

The solution of the linear periodically time varying system can be expressed as 

∑
−=
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xN

Nxn

tjtjn
n eet ωxx )(                                             (4.25) 

After performing harmonic balance, the following hyper-dimensional problems whose 

solutions characterize the nominal and damaged system transfer function matrices are 

given as: 

BACT 1 ˆˆˆ −=                                                     (4.26) 

  B)A∆A(CT k
ˆˆˆˆ~ 1
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−

=
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dN

k

                                             (4.27) 

Here, Â  and kΑ̂∆  are the hyper-dimensional nominal system matrix and damage 

perturbation matrix given by, 
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Using the Taylor expansion on Eq. (4.27), the damage identification is formulated in 

terms of the following sensitivity matrix S, 
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Β̂ is hyper-dimensional input matrix and Ĉ  is hyper-dimensional output matrix. 
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The following iterative process is similar with the process for time-invariant system. Note 

that the Jacobian and iterative error matrices are hyper-dimensional.  
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4.5.2 Damage Identification: Time-varying Shaft/Disk System 

In this section, the parametric study is done to find the sensitive range of transfer 

function. To do this, the excitation frequency is divided into three categories: near-

resonance, near-sidebands and far-off-resonance. First, the frequency response functions 

of the system shown in Fig. 4.13 are calculated by applying force at 3/4L and placing the 

sensor at 3/8L. The system is assumed to have the damage listed in Table 3.6. 
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Fig. 4.13 Rotor system for damage detection: xf=3/4L, xs=3/8L, kbv=106, kbw =0, Ω=3000 RPM 
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Fig. 4.14-b Frequency response function phase 

Fig. 4.14-a and 4.14-b show the magnitude and phase of frequency response function 

of nominal and damaged rotor system. Several resonances can be seen from Fig. 14-a and 

their corresponding frequencies are around 170, 200, 900, 930 Hz. Note that damaged 

FRF has several sidebands around 70, 300, 800, 830, 1030 Hz due to the damage and the 

sidebands for second mode is relatively small for this specific case.  

According to above analysis, three excitation frequency sets are designated as near-

resonance, near-sideband & resonance and far-off-resonance set in Table 4.5, 4.6 and 4.7 

respectively.  

Table 4.5 Near-resonance frequency set 
 trial 1 trial 2 trial 3 
ω (Hz) 160 190 890 

 
Table 4.6 Near-sideband & resonance frequency set 

 trial 1 trial 2 trial 3 
Set II 70 300 890 

 

Table 4.7 Far-off-resonance frequency set 
 trial 1 trial 2 trial 3 
Set III 400 500 600 

 

Fig. 4.15, 4.16 and 4.17 show the damage estimation results for using near-resonance, 

near-sideband & resonance and far-off-resonance frequency set, respectively. For each 
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Fig., it includes the subplots of energy ratios, twice of crack angle, damage parameter 

iteration history and estimated error history. Note here that twice of crack angle is 

adopted as a parameter since the crack parameters derived in previous chapters are 

represented in terms of 2θ.  

 

 

Fig. 4.15 Damage estimates for near-resonance set (a) crack damage energy ratio estimates (b) 
crack angle estimates (c) damage parameter iteration history (d) estimated error history 
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Fig. 4.16 Damage estimates for near-sideband & resonance set: (a) crack damage energy ratio 
estimates (b) crack angle estimates (c) damage parameter iteration history (d) estimated error 

history 

 

Fig. 4.17 Damage estimates for far-off-resonance set (a) crack damage energy ratio estimates (b) 
crack angle estimates (c) damage parameter iteration history (d) estimated error history 
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several steps. Meanwhile, the estimated error goes to zero quickly. However, the 
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estimated error starts from around 500% and ends around 250% in 20 steps. For energy 

ratio, the algorithm fails to estimate the correct values for 1st and 10th cells. For crack 

angle, big discrepancy appears for 1st, 2nd, 3rd cells and angles for 6th and 10th cells is not 
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frequency. What is the reason behind this conclusion? The answer will be revealed by the 

transfer function data obtained from three frequency sets shown in Fig. 4.18, 4.19, 4.20. 
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Fig. 4.18 Transfer function shift data from near-resonance set 
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Fig. 4.19 Transfer function shift data from near-sideband & resonance set 
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Fig. 4.20 Transfer function shift data from far-off-resonance set 

 

    Figs. 4.18-4.20 show the magnitude and phase of transfer function shifts at the 

excitation frequencies and their sidebands. The data from main peak and sidebands were 

all used for damage detection. For near-resonance and near-sideband sets, |∆Tyu| are 

around the magnitude of 10-2 ~10-1 µm/N. For far-off-resonance set, the values fall in the 

range [10-5 ~104] µm/N. Thus, the transfer function shifts are much stronger when the 

system is excited near resonance or sideband. On the other hand, the transfer function 

shifts are not very sensitive in the far-off-resonance region which results in worse 

estimation results. 

  

4.6 Summary 

    As stated in Chapter III, Floquet based method only utilizes the natural frequency 

shifts which is independent of crack phase for the single cracked system without AMB. 

Also, the shifts are same for the symmetric positions with respect to the midpoint of shaft. 

However, these conclusions do not hold any more for Frequency Response Function 
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(FRF) based method which uses the magnitude and phase of transfer function shifts to 

detect the damage. Since the magnitude and phase of transfer function shifts are not 

symmetric versus crack location and angle, this method enables the possibility of 

distinguishing the multiple cracks and detecting crack angle. The damage detection 

algorithms are explored for both time-invariant and time-varying systems. For the time-

varying system, stronger transfer function shifts can be obtained by exciting the system 

near resonances or sidebands and consequently benefit the damage identification.  
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Chapter V 

DAMAGE IDENTIFICATION OF BREATHING CRACKS IN TRUSS SYSTEM 

 

5.1 Introduction 

    In this chapter, FRF based damage identification methodology is developed for a truss 

system to detect the mass and stiffness uncertainties as well as the breathing cracks. This 

approach is based on the Newton-Raphson method and utilizes damage-induced changes 

of frequency response functions to estimate the severity and location of structural damage. 

The dynamical model of truss system is built using the finite element method [156] and 

the crack model is based on fracture mechanics. First, the method is synthesized via 

numerical examples to illustrate the essentiality of considering the existence of mass 

uncertainty besides stiffness uncertainty. Then, the linear damage detection algorithm is 

developed in frequency domain on the premise of assumptions and used to identify the 

damage of truss system. Finally, the nonlinear breathing cracked truss system is 

simulated in the time domain and the vibration signal is processed and used for nonlinear 

damage identification of breathing cracks.  

 

5.2 Truss Model 

    A truss is one of the simplest and most widely used structural members. It is a straight 

bar that is designed to take only axial forces, therefore it deforms only in its axial 

direction. The cross-section of the bar can be arbitrary, but the dimensions of the cross-

section should be much smaller than that in the axial direction. Finite element equations 

for such truss members will be developed in this topic. The element developed is 
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commonly known as the truss element or bar element. Such elements are applicable for 

analysis of the skeletal type of truss structural systems both in two-dimensional planes 

and in three-dimensional space.  

    In planar trusses, there are two components in the x and y directions for the 

displacements as well as for the forces. For space trusses, however, there will be three 

components in the x, y and z directions for both displacements and forces. In skeletal 

structures consisting of truss members, the truss members are joined together by pins or 

hinges (not by welding), so that there are only forces (not moments) transmitted between 

the bars. For the purpose of explaining the concepts more clearly, this topic will assume 

that the truss elements have a uniform cross-section. Therefore, to deal with bars with 

varying cross-sections, one should develop equations for a truss element with a varying 

cross-section, which can also be done very easily following the procedure for uniform 

truss elements. Note that there is no reason from the mechanics viewpoint to use bars 

with a varying cross-section, as the force in a bar is uniform.  

5.2.1 Shape Function Construction  

 

Fig. 5.1 Truss element and the coordinate system [156] 
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Consider a structure consisting of a number of trusses or bar members. Each of the 

members can be considered as a truss/bar element of uniform cross-section bounded by 

two nodes (nd = 2). Consider a bar element with nodes 1 and 2 at each end of the element, 

as shown in Fig. 5.1. The length of the element is le. The local x-axis is taken in the axial 

direction of the element with the origin at node 1.  

In the local coordinate system, there is only one DOF at each node of the element, and 

that is the axial displacement. Therefore, there is a total of two DOFs for the element. In 

the FEM discussed in the previous topic, the displacement in an element should be 

written in the form 

e
h dxNxu )()( =                                                   (5.1) 

where uh is the approximation of the axial displacement within the element, N is a matrix 

of shape functions that possess the properties described and de should be the vector of the 

displacements at the two nodes of the element:  
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The axial displacement in the truss element can be given in a general form  
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where α is the vector of two unknown constants, α0 and α1, and p is the vector of 

polynomial basis functions (or monomials). For this particular problem, we use up to the 

first order of polynomial basis. Depending upon the problem, we could use a higher order 

of polynomial basis functions. The order of polynomial basis functions up to the nth order 

can be given by  
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[ ]nT xxp L1=                                                (5.4) 

The number of terms of basis functions or monomials we should use depends upon the 

number of nodes and degrees of freedom in the element. Since we have two nodes with a 

total of two DOFs in the element, we choose to have two terms of basis functions, which 

gives Eq. (5.3).  Note that we usually use complete orders of polynomial basis functions, 

meaning no lower order term is skipped while constructing Eq. (5.3). This is to ensure 

that the shape functions will be able to reproduce complete polynomials up to nth order. If 

kth order term of a polynomial basis is skipped, the shape function will only be able to 

ensure a consistency of (k-1)th order, regardless of how many higher orders of monomials 

are included in the basis.  

In deriving the shape function, we use the fact that  
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Using Eq. (5.3), we then have  
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Solving the above equation for α, we have  
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Substituting the above equation into Eq. (5.3), we obtain  
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The matrix of shape functions is then obtained in the form  

[ ] [ ]ee lxlxxNxNxN /1)()()( 21 −==                               (5.9) 
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We obtained two shape functions because we have two DOFs in the truss elements.  

 

Fig. 5.2 Linear shape functions [156] 
 

The graphic representation of the linear shape functions is shown in Fig. 5.2. It is clearly 

shown that Ni gives the shape of the contribution from nodal displacement at node i. In 

this case, the shape functions vary linearly across the element, and they are termed linear 

shape functions. Substituting Eq. (5.9) and (5.2) into Eq. (5.1), we have  
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There is only one stress component σx in a truss, and the corresponding strain can be 

obtained by  

 e
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x Bd
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∂= 12ε                                            (5.11) 

where the strain matrix B has the following form for the truss element:  

[ ] [ ]ee llxNxN
x

B /11)()( 21 −=
∂
∂=                                  (5.12) 

 

5.2.2 Element Matrix in the Local Coordinate System  

Once the strain matrix B is obtained, the stiffness matrix for truss elements can be 

expressed as:  
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where A is the area of the cross-section of the truss element. Note that the material 

constant matrix c reduces to the elastic modulus, E, for the one-dimensional truss 

element.. 

The mass matrix for truss elements can be obtained as:  
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5.2.3 Element Matrices in the Global Coordinate System  

    Element matrices in Eq. (5.12) and (5.13) were formulated based on the local 

coordinate system, where the x-axis coincides with the neutral axis of the bar, shown in 

Fig. 5.1. In practical trusses, there are many bars of different orientations and at different 

locations. To assemble all the element matrices to form the global system matrices, a 

coordinate transformation has to be performed for each element to formulate its element 

matrix based on the global coordinate system for the whole truss structure. The following 

performs the transformation for both spatial and planar trusses.  

    (a) Spatial trusses  

Assume that the local nodes 1 and 2 of the element correspond to the global nodes i and j, 

respectively, as shown in Fig. 5.1. The displacement at a global node in space should 

have three components in the X, Y and Z directions, and numbered sequentially. For 

example, these three components at the ith node are denoted by D3i-2, D3i-1 and D3i. The 

coordinate transformation gives the relationship between the displacement vector de 
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based on the local coordinate system and the displacement vector De for the same 

element, but based on the global coordinate system XYZ:  

eed TD=                                                      (5.15) 

where  
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and T is the transformation matrix for the truss element, given by  
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are the direction cosines of the axial axis of the element. The length of the element, le, 

can be calculated using the global coordinates of the two nodes of the element by  

( ) ( ) ( )222
ijijije ZZYYXXl −+−+−=                                (5.19) 
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The transformation matrix also applies to the force vectors between the local and global 

coordinate systems:  

ee TFf =                                                       (5.20) 

where  
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in which iii FFF 31323 ,, −− stand for the three components of the force vector at node i based 

on the global coordinate system.  

The global stiffness and mass matrices are: 
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    (b) Planar trusses  

For a planar truss, the global coordinates X-Y can be employed to represent the plane of 

the truss. All the formulations of coordinate transformation can be obtained from the 

counterpart of those for spatial trusses by simply removing the rows and/or columns 

corresponding to the z- (or Z-) axis. The displacement at the global node i should have 

two components in the X and Y directions only: D2i-1 and D2i. The coordinate 

transformation, which gives the relationship between the displacement vector de based on 

the local coordinate system and the displacement vector De, has the same form as Eq. 

(5.16), except that  
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and the transformation matrix T is given by  
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The force vector in the global coordinate system is  
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All the other equations for a planar truss have the same form as the corresponding 

equations for a space truss. The Ke and Me for the planar truss have a dimension of 4 x 4 

in the global coordinate system. They are listed as follows:  
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5.2.4 Equation of Motion 

    The kinetic and potential energy of the truss frame can be expressed as: 
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where Q is the whole global coordinates and Nm is the number of truss member. By 

applying the Lagrange principle and removing the freedom of constraints, the equation 

of motion for the damaged system is given as, 

cdccdc PQKKQCQMM =−++− )()( &&&                              (5.30) 

where Mc, Cc, Kc is the constrained mass, damping and stiffness matrix respectively; Md is 

the mass perturbation matrix induced by mass uncertainty and Kd is the stiffness 

perturbation matrix induced by stiffness uncertainty; Pc is the global nodal force vector. 
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5.3 Crack Model under Axial Load 

    Different from the flexural shaft, the truss bar is only forced by tension or compression 

without moment. Thus, the crack model is different from that built in Chapter 3.  

 
Fig. 5.3 Cracked bar cross-section 

    For a truss bar as shown in Fig. 2.9, P2 = P3 = P4 = P5 = P6 = 0. Therefore, the crack 

energy equation (2.24) can be simplified as: 
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where σ1 is the axial stress of the bar which is, 
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Substituting Eq. (5.32) into crack energy equation, we have 
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The stiffness matrix for a truss bar element in the local coordinate system can be 

expressed as:  
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where bd  is the damage parameter of the bar. After taking the coordinate transformation, 

the stiffness matrix in the global coordinate system is: 
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The bar damage parameter bd  is studied with the increase of the crack depth. The non-

dimensional form of bd is given as: 
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where, 
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5.4 Damage Identification: Mass and Stiffness Uncertainty 

    The truss system studied in this section is shown in Fig. 5.4.  The truss parameters are 

shown is Table 5.1. 
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Fig. 5.4 Truss system 
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Table 5.1 Truss parameters 
Parameter Value Units 

Bar length, le 1 m 
Bar radius, R 0.125 In 
Bar density, ρ 2800 kg/m3 

Bar elastic modulus, E 75 GPa 
Number of bar member 19 -- 

 

5.4.1 Stiffness Uncertainty Detection 

Assuming that the truss has stiffness faults listed in Table 5.2, the FRF based damage 

detection method developed in Chapter 4 is used here to detect them. 

Table 5.2 Truss Stiffness Faults 
Bar No. Stiffness Faults Bar No. Stiffness Faults 
1 0 11 0 
2 0 12 0 
3 -7.5% 13 0 
4 0 14 0 
5 0 15 -10% 
6 0 16 0 
7 0 17 0 
8 0 18 0 
9 -5% 19 0 
10 0   

 

    Fig. 5.5 shows the actual and estimated stiffness faults of truss members. The blue and 

red bars denote the actual and estimated stiffness fault parameters, respectively. Fig. 5.6 

shows the damage parameter iteration history. The real parts of estimates converge to the 

actual stiffness faults within several iterative steps and meanwhile the imaging parts of 

estimates go to zero.  
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Fig. 5.5 stiffness faults; input: joint 5, sensor: joint 2 & 4 
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Fig. 5.6 Damage parameter iteration history; input: joint 5, sensor: joint 2 & 4 

 

5.4.2 Stiffness and Mass Uncertainty Detection 

    Sometimes, the truss may have mass faults besides the stiffness faults which require 

the damage detection algorithm to be modified. If the mass fault is ignored during the 

damage identification process, estimated error would happen. Assuming that the truss has 
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the stiffness faults in Table 5.2 as well as mass faults listed in Table 5.3, the stiffness 

faults are revaluated using the original FRF based damage identification method. 

Table 5.3 Truss mass Faults 
Bar No. Mass Faults Bar No. Mass Faults 
1 0 11 -10% 
2 0 12 0 
3 0 13 0 
4 -5% 14 0 
5 0 15 5% 
6 0 16 0 
7 0 17 0 
8 0 18 0 
9 0 19 0 
10 0   
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Fig. 5.7 Actual and estimated stiffness faults (ignoring mass faults); interrogation input: joint 5, 

sensor: joint 2 & 4 
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Fig. 5.8 Damage parameter iteration history (ignoring mass faults); interrogation input: joint 5, 

sensor: joint 2 & 4 
 

Obviously, the existence of mass faults does have a great impact on the estimation 

accuracy of stiffness faults as shown in Fig. 5.7 and 5.8. Hence, a modified algorithm is 

proposed to include the mass uncertainty as desired estimated parameter. 

The equations-of-motion are recast into the following state-space form with state 
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Here the external excitation is expanded in the complex exponential series as: 

tjet ωuu =)(                                                     (5.39) 

Nm is the number of bar members. The homogeneous solution of the time-invariant 

system can be expressed as 

tjet ωΧ=)x(                                                     (5.40) 
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After performing harmonic balance, the damaged transfer function are given as a function 

of both mass and stiffness faults,  
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Using the Taylor expansion on Eq. (5.41), the damage identification is formulated in 

terms of the following sensitivity matrix S, 
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(5.43)   

    Using the same procedure and following the iterative process shown in Fig. 5.9, the 

mass and stiffness faults can be detected by the modified algorithm.            
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Fig. 5.9 Iterative damage identification process 
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Fig. 5.10 Mass and stiffness fault estimates interrogation input: joint 5, sensor: joint 2, 3, 4 & 5  

    Fig. 5.10 shows the estimated mass and stiffness faults detected by the modified 

algorithm and both kinds of faults are able to be detected accurately. 

 

5.5 Linear Damage Identification: Breathing Crack 

When the stiffness fault is caused by a transverse crack on the truss, the crack will 

open and close with the variation of internal force. On the one hand, the crack is closed 

when the bar is compressed. On the other hand, it will open under tension. In this way, 

we call the crack is breathing. This breathing function is determined by the status of bar 

element force which can be obtained by computing the real-time distance of bar joints. 

Therefore, the breathing function is a nonlinear function which is dependent on the joint 

displacement. 

    In order to investigate the nonlinear behavior of the truss problem, we first assume that 

the breathing function is a function of time. In another words, we assume the excitation 

force drives the crack breathing with exciting frequency. Thus, the problem becomes a 
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nonlinear problem of time and we are able to linearize the problem by performing Fourier 

Expansion later.  

 

5.5.1 Crack Breathing Function 

Assuming that the crack opens and closes when the bar is stretched and compressed 

respectively, the crack breathing function )(tfk  depends on the phase of bar internal 

force.  
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Here, φk is the phase of force for kth member which is calculated through the following 

steady-state equation: 
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where FC is the output matrix for bar internal force given as: 
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With nT is the transformation matrix from local coordinate system to bar coordinate 

system and pG  is the positioning matrix for placing the element matrix into the global 

matrix.  

Note that the crack position is assumed not to affect the breathing phase, since the wave 

speed transmitted in the bar is much faster than the vibrating speed. For example, the 1st 

frequency for wave transmission is much larger than the excitation frequency, 
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5.5.2 Damage Identification Algorithm in Frequency-domain  

To develop the damage detection methodology for breathing cracked truss, the 

equations-of-motion are recast into the following state-space form with state vector 
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Here A and ∆Ak are the system matrix and damage matrices, and fk(t) is crack breathing 

function which switches between 0 and 1 periodically shown in the Fig. 5.11. 
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Fig. 5.11 Crack breathing function 

The blue solid line is the actual breathing function; the red star line and dash line denotes 

the two-term and four-term Taylor expansions of the breathing function, respectively. In 

the damage identification algorithm, the three-term Taylor approximation is used to 

convert the nonlinear system to linear periodically time-varying system.  
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The homogeneous solution of the linear periodically time-varying system can be 

expressed as 
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Where Nh is the number of system harmonics. After performing harmonic balance, the 

following hyper-dimensional problems whose solutions characterize the nominal and 

damaged system transfer function matrices are given as. 
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Ĝ  and kΑ̂∆  are the hyper-dimensional nominal system matrix and damage perturbation 

matrix given by, 
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The following steps are similar with the algorithm in section 4.5.1. 

 

5.5.3 Damage Identification Algorithm in Time-domain 

Previously, the damage identification methods were developed in frequency domain. 

For the practical damage detection, vibration signals are acquired and processed in time 

domain. Therefore, it is necessary to develop the damage detection algorithm in time 

domain.  

The equations-of-motion are recast into the following state-space form with state 
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Using 3-term approximation of Taylor expansion in Eq. (5.49), the crack breathing 

function can be expressed as: 
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The input function u(t) and the homogeneous solution of the linear periodically time-

varying system can be expressed as 
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Where Nh is the number of system harmonics. After performing harmonic balance, the 

following hyper-dimensional problems whose solutions characterize the nominal and 

damaged system transfer function matrices are given as. 
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Ĝ  and kΑ̂∆  are the hyper-dimensional nominal system matrix and damage perturbation 

matrix given by, 
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The following steps are similar with the algorithm in section 4.5.1. 

 

5.5.4 Case Study 

    In order to ensure that all the damage parameters can be estimated from the measured 

transfer function shift information ∆Tyu, multiple sensors or/and excitation frequencies 

are utilized to enrich the data and make the problem over-determined as shown in 

equation (4.20). Two excitation frequency sets are used to detect the damage: one is near-

resonance set and the other is far-off-resonance set as shown in Table 5.4 and 5.5. A pair 

of sensors are placed on joint 3 to measure the response in x and y directions (Table 5.6). 
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Table 5.4 Near-resonance excitation frequency set 
 trial 1 trial 2 
ω (Hz) 90 190 

 
Table 5.5 Far-off-resonance excitation frequency set 

 trial 1 trial 2 
ω (Hz) 50 150 

 
Table 5.6 Sensor position set 
 Sensor (pair) 
Joint No. 3 

 

 
Fig. 5.12 Estimation results for near-resonance set; interrogation input: joint 5 in y dir. 

 

 
Fig. 5.13 Estimation results for far-off-resonance set; interrogation input: joint 5 in y dir. 

 

     Fig. 5.12 and 5.13 show the comparison of actual and estimated stiffness faults and 

damage parameter iteration history for near-resonance and far-of-resonance excitation 
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frequency set, respectively. The blue and red bar denotes the actual and estimated 

stiffness faults, respectively.  These results again show the effectiveness of near-

resonance excitation in damage detection process which was shown in Chapter IV.  

 

5.6 Time-domain Simulation 

In this section, truss model is simulated to get the nonlinear joint displacements and 

they are compared with those from simulation of simplified linear model.    

 

5.6.1 Linear Simulation Diagram 

    Fig. 5.14 shows the simulation diagram of damage detection, which contains the 

excitation frequency switching block (Fig. 5.15), crack phase switching block (Fig. 5.16), 

damaged and nominal truss system block, convolution block (Fig. 5.17) and damage 

detection block. The excitation frequency switching block is used to get multiple sets of 

transfer function and enrich the dataset for damage detection. Crack phase switching 

block gives the system crack phases for the corresponding excitation frequency. The 

vibration response of damaged and nominal system is computed through S-functions in 

damaged and nominal truss system block. Then, the vibration response signals are 

processed in the convolution block to obtain Harmonic Fourier Coefficient (HFC). 

Finally, the damage detection block estimates the damage parameters using HFCs as 

input.  
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Fig. 5.14 Linear simulation diagram 

 

Fig. 5.15 Excitation frequency switching block 
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Fig. 5.16 Crack phase switching block 

…

…

…

…

 

Fig. 5.17 Convolution block  
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5.6.2 Nonlinear Simulation Diagram 

As mentioned at the beginning of this section, the damaged truss system is a nonlinear 

problem. The breathing function of crack is a nonlinear function of bar joint displacement. 

Hence, the system equation of motion is written as: 
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Here, Kd,k is the stiffness reduction matrix on kth truss bar member when the breathing 

crack is open; fk(t,Q) is a nonlinear function which can be expressed as: 
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with 
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where xi, xj, yi and yj are the coordinates of node i and j in x and y directions; Qxi, Qxj, Qyi 

and Qyj are the displacements of node i and j in x and y directions. 

The full nonlinear vibration simulation of the damaged truss system is given in this 

section. Fig. 5.18 shows the nonlinear simulation diagram, which contains the excitation 

frequency switching block, damaged and nominal truss system block, damage feedback 

block (Fig. 5.19), convolution block (Fig. 5.17) and damage detection block. The 

excitation frequency switching block is used to get multiple sets of transfer function and 

enrich the dataset for damage detection. The vibration response of damaged and nominal 

system is computed through S-functions in damaged and nominal truss system block. For 

the nonlinear system, crack phase is not designated in advance because it can only be 

obtained by computing the distance of bar joints according to the response of every step. 
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Fig. 5.19 shows the details of damage feedback block which judges the status of damage 

and gives the feedback to the system for every step. Then, the vibration response signals 

are processed in the convolution block to obtain Harmonic Fourier Coefficient (HFC). 

Finally, the damage detection block estimates the damage parameters using HFCs as 

input. 

 
Fig. 5.18 Simulation diagram for nonlinear system 

 
Fig. 5.19 Damage feedback block 
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5.6.3 Frequency Spectrum Comparison 

For a linearly time-varying system, an excitation frequency leads to not only the 

frequency response at said frequency but also multiple sidebands. This feature benefits 

the process of damage detection, since the information of sidebands enriches the dataset 

for damage detection. However, it is a question that if we could be able to use this feature 

to detect the damage in a nonlinear system. Thus, we computed the joint displacements of 

time-varying and nonlinear system under the same damage condition and compared the 

frequency spectrum of the displacements.  

 

Fig. 5.20 Truss damage detection: nonlinear 
 

The truss system shown in Fig. 5.20 is excited in y direction at joint 5 by four 

excitation trails with different frequency as shown in Fig. 5.21 and Table 5.7. 

 
Fig. 5.21 Excitation frequency switching 
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Table 5.7 Excitation frequency set: nonlinear Truss 
 trial 1 trial 2 trial 3 trial 4 
ω (Hz) 90 190 290 390 

 

   The displacements of joints are calculated from the linear and nonlinear simulation in 

last section. Fig. 5.22 shows the displacement of damaged system at joint 3 in x direction. 

The red and blue lines denote the output from nonlinear and linear simulation, 

respectively.  

 
Fig. 5.22 Displacement of joint 3 in x direction 

 
We can see from Fig. 5.22 that the vibration goes to steady state after a while for each 

harmonic input. The next step is to pick a segment of steady response and do Fast Fourier 

Transform so that the frequency components in the signal could be observed.  
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Fig. 5.23 Frequency spectrum for each harmonic input 
 

Fig. 5.23 shows the linear and nonlinear frequency spectrums for each of harmonic 

inputs. The red and blue lines denote nonlinear and linear spectrum, respectively. The 

nonlinear response has a lot of irregular high-frequency harmonic components while the 

linear response is mainly composed of the primary and sideband harmonics.  It can be 

seen that the curves match each other very well at the primary peak for all inputs. For 

lower excitation frequency such 90 Hz and 190 Hz, it looks like spectrum lines are close 

at 1st sideband location.  For the higher order sidebands, the discrepancy can be seen 

obviously. To decide how many frequencies we can use for damage detection, we need to 

take a close look at the values at the primary peak and sidebands for both nonlinear and 

linear model. Fig. 5.24 shows Harmonic Fourier Coefficients (HFCs) for each of the 

harmonic inputs. They are calculated by convolution method and represent the specific 

values at primary peak and sidebands locations extracted from the frequency spectrum 

(Fig. 5.24).  
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Fig. 5.24 Transfer function shifts data for each harmonic input 
 

5.6.4 Damage Identification 

In this section, the damage is estimated using different number of sensors and 

frequencies. Table 5.8 gives four cases which will be used for damage detection 

individually.  

Table 5.8 Damage detection setup 
 Sensor (pair)  Harmonics 
Case I Joint 2 &10 Primary 
Case II Joint 2 &10 Primary & 1st sideband 
Case III Joint 2 Primary 
Case IV Joint 2 Primary & 1st sideband 

 

Fig. 5.25-5.28 show the damage detection results of four cases including the stiffness 

faults comparison and damage parameter iteration history. The blue and red bar denotes 

the actual and estimated stiffness faults, respectively. The blue dash line and red star line 

denotes the actual and estimated damage parameters, respectively. 
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Fig. 5.25 Damage estimation results, Case I 

 
Fig. 5.26 Damage estimation results, Case II 
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Fig. 5.27 Damage estimation results, Case III 

 

Fig. 5.28 Damage estimation results, Case IV 
 

       The results show that primary peak and 1st sideband interrogation is always better 

than just using primary peak interrogation regardless if we use 1 or 2 pairs of sensors. 

The data from primary peak is not enough to make the sensitivity matrix fully ranked if 

we use only one pair of sensors in case III. Therefore, the sensor should be increased or 

more excitation frequency should be applied which is not easy in the practical project. 
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However, the estimation results are much better if the information of 1st sideband is 

added in case IV. It shows that the sidebands data does benefit the damage detection even 

though some data are not perfect matched with the data of linear model.  

 

5.7 Summary 

     In this Chapter, FRF based damage identification methodology is modified to identify 

the stiffness and mass uncertainties as well as the breathing cracks existed on a truss 

system. First, the truss model is built based on finite element methods and the crack 

model is rebuilt because the crack only endures tension and compression on a truss bar. 

Different from three damage parameters in rotor system, only one parameter is needed to 

represent the severity of damage. Meanwhile, the location of damage can only be targeted 

at bar element due to much faster wave transmission speed. For a practical truss, it may 

have stiffness reduction or mass uncertainty due to long-term usage and wear. Therefore, 

the method is used to detect both stiffness and mass uncertainties existed on a truss. It is 

shown that better estimation results can be achieved while including both kinds of 

uncertainty as unknown parameters.  

When the truss has transverse cracks, the damage identification becomes a nonlinear 

problem due to the nonlinear behaviors of breathing cracks. For simplicity, the crack is 

assumed to be open and close with exciting frequency. With this assumption, the 

breathing function is a square wave and the damage detection algorithm is developed in 

frequency and time domain.  

However, the crack does not open and close with a constant frequency in reality. To 

get the nonlinear vibration response, the nonlinear system model is built and the crack 
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status is determined by judging the distance of bar joints. The frequency spectrums are 

compared between the linear and nonlinear response and Harmonic Fourier Coefficients 

are computed by taking the response to the convolution block and moving average filter. 

Finally, the Harmonic Fourier Coefficients of primary and 1st sidebands are used in 

damage detection and acceptable results are obtained.   
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Chapter VI 

DAMAGE IDENTIFICATION OF BREATHING CRACKS IN ROTOR SYSTEM 

 

6.1 Introduction 

This chapter develops a damage detection method that is used to detect the breathing 

cracks on the rotordynamic system. It employs the change of transfer function between 

undamaged and damaged system to detect the cracks. The breathing crack model is built 

and compared with several classic breathing crack models. Then, the method is 

demonstrated by several numerical cases of damage detection using shaft sensors and 

laser scanner. Finally, the breathing cracked rotor system is simulated in the Simulink 

and the real-time vibration signal is processed and used for damage identification of 

breathing cracks. 

 

6.2 Breathing Crack Model 

In the rotor system, the existence of shaft cracks changes the shaft stiffness and 

impacts on the dynamical property of rotor system. We introduced several crack models 

in the Chapter I, such as square wave model and cosine model. In this chapter, Stress 

Intensity Factor (SIF) method is used to determine the open and close region of breathing 

cracks. Crack close line is calculated for every rotation angle while SIF is zero and then 

crack open region can be further determined. 
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6.2.1 Zero SIF Method 

In the fracture mechanics, KI, KII and KIII  are the stress intensity factors (SIF) 

corresponding to opening mode, sliding mode and shearing mode. When the crack is 

open, KI  > 0. Thus, we could compute KI for every point in the crack region and 

determine the crack close line by KI  = 0 [150].  

 
Fig. 6.1 Cracked shaft cross-section 

Fig. 6.1 shows the cross-section at crack location. For a random position in crack 

region, the first SIFs in two directions are: 
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The total first stress intensity factor is  
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6.2.2 Crack Open Region 

In this section, we simulate the opening and closing of breathing crack while assuming 

that the breathing behavior is determined by gravity. Fig. 6.2 shows the coordinate 

transformation between crack and rotating-frame coordinates.  
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Fig. 6.2 Coordinate transformation: breathing crack 

For simplicity, the angle between two coordinates θ = 0°. When the shaft is rotating 

with the speed Ω, the external forces in two directions of rotating-frame coordinate is, 

( )
( )tmgQ

tmgQ

Ω=
Ω−=

sin

cos

ε

η                                              (6.3) 

According to zero SIF method, we retrace the points with KI  = 0 in the entire crack 

region. Here, the crack depth is chosen be to R/2. Obviously, the crack is fully open when 

the rotation angle is 0°/360° and it is fully closed when the angle is 180°. Fig. 6.3 shows 

the cross-sections of breathing crack under different shaft rotation angles. The gray and 

white region denotes the closing and opening region of crack, respectively.  
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Fig. 6.3 Crack open region 

For the crack with depth R/2, it keeps fully open and close for about 60 degrees for each 

state in one period.  For other rotation angles, the crack is in transition state. Fig. 6.4 

gives the area variation of crack open region versus the rotation angle. 
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Fig. 6.4 Area variation of crack open region 

 

The blue solid, red dash and red star line denotes the area calculated by zero SIF method, 

cosine and square model, respectively.  
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6.2.3 Breathing Crack Mechanism 

Different from the open crack, the stiffness reduction parameters of breathing crack are 

function of rotation angle, ( )tAp
c Ω , ( )tBp

c Ω  and ( )tC p
c Ω , which are shown in Fig. 6.5. 
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Fig. 6.5 Stiffness reduction parameters vs. rotation angle, a=R/2 

 

Unlike the open cracks, the stiffness reduction parameters are not independent on the 

rotation angle any more for breathing cracks. For an open crack with any depth, the 

parameter in yc direction is always much larger than the one zc direction and the 

parameter in cross-coupling direction is always zero. However, the parameter in yc 

direction (Fig. 6.2) is not dominant while the crack is opening in the early stage of 

transition. Furthermore, the crack leads to stiffness reduction in cross-coupling direction 

in crack coordinate because the crack open region is not symmetric with respect to the yc 

axis.  

    Next, the stiffness variation in rotating coordinate {c} is expressed as a function of 

crack angle θ and rotation angle Ωt. Here, we define the stiffness reduction parameters in 

c2, c3 and the cross-coupling directions as( )tAp
c Ω,θθ , ( )tB p

c Ω,θθ  and ( )tC p
c Ω,θθ : 
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Fig. 6.6 stiffness reduction parameters vs. rotation angle, a=R/2, θ=0° 

    Fig. 6.6 shows the stiffness reduction parameters variation versus rotation angle (crack 

angle = 0°). When the crack angle is 0°, the stiffness reduction parameters in rotating-

frame coordinate behave like those in crack coordinate. Fig. 6.7 shows the variation 

of ( )tAp
c Ω,θθ , ( )tBp

c Ω,θθ  and ( )tC p
c Ω,θθ  with the change of rotation angle when the crack 

angle is varying from 0° to 165° with an interval 15°. The solid, dash and star line 

denotes the stiffness reduction parameter in c2, c3 and cross-coupling direction, 

respectively.  
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Fig. 6.7 stiffness reduction parameters variation, a=R/2; (a) Ωt=0; (b) Ωt=15°; (c) Ωt=30°;  

(d) Ωt=45°; (e) Ωt=60°; (f) Ωt=75°; (g) Ωt=90°; (h) Ωt=105°; (i) Ωt=120°; (j) Ωt=135°; (k) 
Ωt=150°; (l) Ωt=165°; 
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The maximum magnitudes of ( )tAp
c Ω,θθ , ( )tBp

c Ω,θθ  and ( )tC p
c Ω,θθ  vary periodically with 

period π. ( )( )tAMax p
c Ω,θθ  goes down in the range 0<θ<π/2 while ( )( )tBMax p

c Ω,θθ  rising up, 

and vice versa in the range π/2<θ<π. ( )( )tCMax p
c Ω,θθ  is monotonously increasing in the 

range 0<θ<π/4 & 3π/4<θ<π and monotonously decreasing in the range π/2<θ<3π/2. 

Also, it can be observed that the phase of( )tAp
c Ω,θθ , ( )tBp

c Ω,θθ  and ( )tC p
c Ω,θθ  shift left with 

the increase of the crack angle. Furthermore, the effect of cross-coupling stiffness 

reduction is dominant by the term  ( )tC p
c Ω  near the range θ=nπ/2 (n=0, 1, 2 …) and by 

the term ( ) ( )[ ]tBtA p
c

p
c Ω−Ω  near the range θ=nπ/4 (n=1, 3 …). 

 

6.2.4 Crack Model Comparison 

In this section, the stiffness reduction parameters are calculated by Dimarogonas 

method, Cosine and square model.  
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Fig. 6.8 Stiffness reduction parameters comparison, a=R/2 
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Fig. 6.9 Stiffness reduction parameters comparison, a=R/10 

     Fig. 6.8 shows the stiffness reduction parameters for a breathing crack with depth R/2 

and crack angle 0°. Fig. 6.9 shows the parameters for a crack with depth R/10. After 

unifying ( )tAp
c Ω,0θ  to 1, it is easy to see that ( )( )tBp

c Ω,0max θ  and ( )( )tC p
c Ω,0max θ  become 

smaller with the decrease of crack depth. The ratio ( ) ( )( )tAtB p
c

p
c ΩΩ ,0/,0max θθ  is 0.2 for 

a=R/2 and 0.04 for a=R/10 which means that ( )tAp
c Ω,0θ  is dominant for small cracks. The 

ratio ( ) ( )( )tAtC p
c

p
c ΩΩ ,0/,0max θθ  is 0.2 for a =R/2 and 0.1 for a=R/10.  

     By comparing the different models, we found the cosine model is closer to the actual 

curve when the crack depth is large and square model is more accurate to describe the 

breathing behavior for small cracks. In addition, ( )tC p
c Ω,0θ  is assumed to be 0 in Cosine 

and Square crack models. This assumption approaches the real situation with the decrease 

of crack depth.  
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6.3 Damage Identification Algorithm 

For the breathing cracked rotor system, the equation of motion is given as, 
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1
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n
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e

444 3444 21

&&&

K

δ                (6.5) 

Here, kf  is breathing function for kth element. The cosine crack model is adopted in this 

chapter and kf  can be expressed as, 

( )[ ]kk ttf θ+Ω−= cos1
2
1

)(                                         (6.6) 

with kθ is the angle of crack on kth element. Then, the equation-of-motion is recast into 

the following state-space form with state vector [ ]TTT qq &=x  

xCy
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The external excitation and damage matrices, u(t), and ∆Ak(t), are expanded in the 

complex exponential series as: 

∑
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=
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h
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uu ω

                                             (6.8) 

where Nh is the number of system harmonics. In the case of the shaft-disk system, Nh = 2. 

The homogeneous solution of the linear periodically time varying system can be 

expressed as 

∑
−=

Ω=
xN

Nxn

tjtjn
n eet ωxx )(                                                (6.9) 



 153

After performing harmonic balance, the following hyper-dimensional problems whose 

solutions characterize the nominal and damaged system transfer function matrices are 

given as: 

BGCT 1 ˆˆˆ −=                                                     (6.10) 

  B)A∆G(CT k
ˆˆˆˆ~ 1

1

−

=
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k

                                            (6.11) 

Here, Ĝ  and kΑ̂∆  are the hyper-dimensional nominal system matrix and damage 

perturbation matrix given by, 
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Using the Taylor expansion on Eq. (4.32), the damage identification is formulated in 

terms of the following sensitivity matrix S, 
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estyu Sδ=∆T                                                      
(6.14)               

With                  

BGAGC 1
k

1 ˆˆˆˆˆ −−=kS                                                  
(6.15) 

Β̂ is hyper-dimensional input matrix and Ĉ  is hyper-dimensional output matrix. 
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The following iterative process is similar with the process for time-invariant system. Note 

that the Jacobian and iterative error matrices are hyper-dimensional. The stiffness matrix 

of time-varying system is a function of time which can be expressed as: 
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6.4 Damage Identification: Shaft Sensors 

In this section, the linear damage case in Table 3.6 is studied using FRF based damage 

identification method for time-varying shaft—disk system (note the damage is breathing).  

Using the conclusion obtained from Chapter 4, the system is given the excitation near 

resonances and sidebands (Table 6.1) at 3/4L and three pairs of sensor on the locations 

listed in Table 6.2.  
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Table 6.1 Excitation frequency set: rotor breathing crack  
 trial 1 trial 2 trial 3 trial 4 
ω (Hz) 160 120 220 890 

 
Table 6.2 Sensor location set: rotor breathing crack 

 Sensor 1 Sensor 2 Sensor 3 
xs (m) 1/8L 3/8L 5/8L 

 

Figs 6.10 and 6.11 show the damage identification results for the damaged shaft 

system with single transverse open crack. Specifically, Fig. 6.10 shows the actual and 

converged estimates of the crack energy ratios and crack angles, wherein the blue and red 

bar denotes the actual and estimated values respectively. Fig. 6.11 shows the shaft 

damage parameter iteration history, wherein the blue dash line and red star line denotes 

the actual and estimated damage parameters respectively. Note that twice of crack angle 

can be estimated by Eq. (6.19), 
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Fig. 6.10 Breathing crack energy ratio and angle estimates: linear case 

 



 156

0 2 4 6 8 10 12 14 16 18 20
-5

0

5

iteration number

Im
(δ

)

0 2 4 6 8 10 12 14 16 18 20
-2

0

2

4

6

iteration number

R
e

(δ
)

 

 

estimated
actual

 
Fig. 6.11 Estimated breathing damage parameters vs. iteration number: linear case 

It is known that three damage parameters are needed to estimate an open crack in the 

rotor system. However, nine damage parameters are required to represent a breathing 

crack. Besides the original three parametersky,δ , kz,δ and kyz,δ representing the stiffness 

reduction in two lateral directions and their cross-coupling direction, extra estimated 

damage parameters kky θδ sin, , kkz θδ sin, , kkyz θδ sin, , kky θδ cos, , kkz θδ cos, and kkyz θδ cos,  

have to be estimated during the damage identification process of a breathing crack on kth 

cell. As shown in Eq. (6.18). These parameters are associated with θ which enables us to 

estimate the crack angle rather than twice of crack angle.  Table 6.3 gives the estimates of 

these 6 extra parameters. In this table, δ1, δ2, δ3, δ4, δ5 and δ6 denote the damage 

parameters kky θδ sin, , kkz θδ sin, , kkyz θδ sin, , kky θδ cos, , kkz θδ cos, and kkyz θδ cos, , 

respectively. 
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Table 6.3 Estimated parameters related with crack angle 
Cell number Re(δ1) Re(δ2) Re(δ3) Re(δ4) Re(δ5) Re(δ6) 

1 -0.0000 0.0000 -0.0000 -0.0011 0.0000 -0.0000 
2 0.0002 0.0057 0.0010 0.0000 0.0010 0.0002 
3 0.0050 0.0007 -0.0018 -0.0136 -0.0019 0.0049 
4 -0.0075 -0.0218 -0.0124 -0.0043 -0.0126 -0.0071 
5 -0.0220 -0.0157 0.0180 0.0262 0.0187 -0.0215 
6 0.0152 0.0007 0.0026 0.0862 0.0042 0.0149 
7 0.0065 0.1256 0.0217 0.0012 0.0221 0.0038 
8 0.0422 0.1190 0.0665 0.0244 0.0687 0.0384 
9 0.0930 0.0667 0.0744 0.1108 0.0795 0.0887 
10 0.0945 0.0154 0.0332 0.2598 0.0422 0.0913 

 
Table 6.4 Sin(θk) calculated from estimated parameters 

sinθk Cell 
number Re(δ1)/Re(δy) Re(δ2)/Re(δz) Re(δ3)/Re(δyz) 

1 -0.0009 0.5388 -0.3891 
2 0.9851 0.9848 0.9848 
3 0.3420 0.3420 0.3420 
4 -0.8660 -0.8660 -0.8660 
5 -0.6428 -0.6428 -0.6428 
6 0.1736 0.1736 0.1736 
7 0.9848 0.9848 0.9848 
8 0.8660 0.8660 0.8660 
9 0.6428 0.6428 0.6428 
10 0.3420 0.3420 0.3420 

 
Table 6.5 Cos(θk) calculated from estimated parameters 

Cosθk Cell  
number Re(δ4)/Re(δy) Re(δ5)/Re(δz) Re(δ6)/Re(δyz) 

1 0.9976 -0.5291 -0.3947 
2 0.1737 0.1736 0.1737 
3 -0.9397 -0.9397 -0.9397 
4 -0.5000 -0.5000 -0.5000 
5 0.7660 0.7660 0.7660 
6 0.9848 0.9848 0.9848 
7 0.1736 0.1736 0.1736 
8 0.5000 0.5000 0.5000 
9 0.7660 0.7660 0.7660 
10 0.9397 0.9397 0.9397 

 

By calculating Re(δ4)/ Re(δ1), Re(δ 5)/ Re(δ 2), Re(δ 6)/ Re(δ 3), we have the sin(θk) and 

cos(θk) estimated from yδ , zδ and yzδ listed in Table 6.4 and 6.5. For very small cracks 
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with zero crack angle, Re(δ3)/Re(δyz) and Re(δ6)/Re(δyz) may have very large error 

because Re(δyz) is very small and has the same level of magnitude as numerical error.  

Therefore, it is better to refer the estimation from the dominant crack parameters. 
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Fig. 6.12 Crack angle multiple estimates: linear case 

Fig. 6.12 shows the comparison of actual crack angles and three trials of estimates. The 

blue, cyan, yellow and red bar denotes the actual, estimates from δy, estimates from δz 

and estimates from δyz, respectively. Table 6.6 gives the details of estimates.  

Table 6.6 θk calculated from estimated parameters  
θ Cell  

Number k δy,k δz,k δyz,k 
1 0.1887 -149.5690 130.3040 
2 80.0001 80.0000 79.9998 
3 160.0000 160.0001 160.0000 
4 -120.0000 -120.0000 -120.0000 
5 -40.0000 -40.0000 -40.0000 
6 10.0000 10.0000 10.0000 
7 80.0002 80.0000 79.9999 
8 59.9999 59.9999 60.0001 
9 40.0001 40.0002 39.9999 
10 19.9999 19.9996 20.0001 
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6.5 Damage Identification: Laser Scanner 

In this section, we utilize a laser scanner as a moving sensor which keeps sweeping 

the entire surface of the rotor instead of using sensors attached to shaft. The system is 

shown in Fig. 6.13.  
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Fig. 6.13 laser scanning damaged system  

 

6.5.1 Damage Identification Algorithm 

Due to the scanning laser, the output matrix Cy is not time-invariant any more. The 

equations-of-motion becomes, 
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Assuming the output matrix Cy can be expressed as the summation of harmonics as the 

following equation,  
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The external excitation and damage matrices, u(t), and ∆Ak(t), are expanded in the 

complex exponential series as: 
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where Nh is the number of system harmonics. In the case of the shaft-disk system, Nh = 2. 

The homogeneous solution of the linear periodically time varying system can be 

expressed as 

∑
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Substituting Eq. (6.29) and (6.31) into Eq. (6.24), the output response y(t) becomes, 
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The coefficient ln,y  is,  

nlln xcy =,                                                (6.25) 

with 





















= +−

−

f

f

f

N

N

N

y

c

c

c

C
M

1
                                                   (6.26) 

After performing harmonic balance, the following hyper-dimensional problems whose 

solutions characterize the nominal and damaged system transfer function matrices are 

given as: 

BGCT 1 ˆˆˆ −=                                                     (6.27) 
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Here, Ĝ  and kΑ̂∆  are the hyper-dimensional nominal system matrix and damage 

perturbation matrix given by, 
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Β̂ is hyper-dimensional input matrix and Ĉ  is hyper-dimensional output matrix. 
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The following iterative process is similar with the process for time-invariant system.  

    Next, the output matrix is derived in detail. According to the assumed mode method, 

we have 
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with the mth assumed mode,   
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Here, ( )txs  is the scanning position which is assumed to be, 
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Taking Eq. (6.37) into Eq. (6.36), the assumed modes are expressed as, 
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Assuming the mth mode can be expressed by Fourier expansion, 

[ ]∑
=

++=
fN

n
s

m
sns

m
cn

m
sm tnctncctx

1

)()()(
0 sincos))(( ωωϕ                        (6.35) 

The Fourier coefficients can be solved by the following integral, 
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Let tsωα = , the coefficient are simplified as, 
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Here gives the Fourier coefficients, 
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6.5.2 Damage Identification: Rotating Shaft-Disk System with Laser Scanner 

    In this section, the linear damage case in Table 3.6 is studied using FRF based damage 

identification method for time-varying shaft—disk system. Using laser scanner as 

moving sensor has obvious advantage that it can collect all of the information about the 

whole shaft by one sensor. Thus, the number of sensors is dramatically reduced. The 

excitation set in Table 6.1 is used here again.  
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Fig. 6.14 Converged shaft crack damage energy ratio estimates: laser scanner 
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Fig. 6.15 Estimated shaft damage parameters vs. iteration number: laser scanner 

    The estimation is obtained using the first four harmonics of vibration response. Figs 

6.14 and 6.15 show the damage identification results for the damaged shaft system with 

single transverse open crack. From Fig. 6.14, it can be observed that the crack angle 

estimates I and II are more accurate for 1st cell because they are corresponding to the 

dominant crack parameters yδ  and zδ . 

 

6.6 Time-domain Simulation 

Previously, the damage identification methods were based on the frequency response 

function and developed in frequency domain. In this section, we simulate the vibration of 

shaft—disk system in Simulink and obtain the displacements of shaft using assumed 

mode method. Then, the Harmonic Fourier Coefficients are computed by convolution 

block and transfer function block and utilized by damage detection block to detect the 

damage.  
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6.6.1 Time-domain Damage Identification Algorithm 

Different from the algorithm in frequency domain, the vibration signals are real 

numbers which requires the algorithm to be modified from exponential form to 

trigonometric form. The equations-of-motion are recast into the following state-space 

form with state vector TTT qq ][ &=x  
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Here, kf  is breathing function for kth element. The cosine crack model is adopted in this 

chapter and cf  can be expressed as, 
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with kθ is the angle of crack on kth element. The input function u(t) and the homogeneous 

solution of the linear periodically time-varying system can be expressed as 
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Where Nx is the number of response harmonics. After performing harmonic balance, the 

following hyper-dimensional problem whose solution characterizes damaged system 

transfer function matrices are given as, 
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Ĝ  and kΑ̂∆  are the hyper-dimensional nominal system matrix and damage perturbation 

matrix given by, 
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The following steps are similar with the algorithm in section 4.5.1. 

 

6.6.2 Simulation Diagram 

    Fig. 6.16 shows the simulation diagram of damage detection, which contains the 

excitation frequency switching block, Cosine crack model block, damaged and nominal 



 168

rotor system block, displacement block, convolution block, HFC computing block and 

damage detection block.  

 
Fig. 6.16 Simulation diagram: rotor system 

    The excitation frequency switching block is used to get multiple sets of transfer 

function and enrich the dataset for damage detection. This block not only changes the 

excitation frequency but also varies the amplitudes of inputs for every excitation 

frequency. Cosine crack model block gives the system the information of damage 

approximated by Cosine crack model. The vibration response of damaged and nominal 

system in modal coordinate is computed through S-functions in damaged and nominal 

shaft system block. Then, the displacements observed by laser scanner are obtained by 

assumed mode method in the displacement block. Passing through the convolution block, 

Harmonic Fourier Coefficient (HFC) are obtained. Note that these HFCs are not the 
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transfer function data we need, because the system is driven by multiple inputs 

simultaneously. Therefore, these HFCs are needed to go through the HFC computing 

block and transform to HFCs for single input. Finally, the damage detection block 

estimates the damage parameters using HFCs as input. 

 

Fig. 6.17 Excitation frequency switching block 

    Fig. 6.17 shows the excitation frequency switching block which has the function of 

changing excitation frequency and force amplitude. The reason of changing excitation 

frequency is that more sets of transfer function could be obtained to enrich the dataset for 

damage detection. The amplitude switching block is used to change the amplitudes of 

multiport inputs so that multiple trails of vibration response could be obtained for 

different combination sets of inputs. Later, they will be transformed to the data for each 

single input by HFC computing block. 
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Fig. 6.18 Amplitude switching block 

… … …… … …

 
Fig. 6.19 Cosine Crack Model Block  

 
    Cosine crack model block is shown in Fig. 6.19. This block is using Cosine crack 

model to simulate the breathing behavior of damage. The time-varying damage stiffness 

matrix is, 
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… …… …

… …… …

… …… …

… …… …

 
Fig. 6.20 Convolution block  

Fig. 6.20 shows the convolution block which computes the HFCs for multiple inputs. To 

get the transfer function for single input, HFC computing block is employed to convert 

the HFCs for multiport inputs to HFCs for single input. Define y1, y2 … yi are the 

vibration response of inputs u1, u2 … ui, 

[ ] [ ]ii uuuyyy LL 2121 T=                            (6.54) 

Assuming the transfer functions for k input ports are needed and we have i trails of inputs, 

the transfer function matrix T could be solved when i ≥ k,  

( ) 1TT UUYUT
−=                                             (6.55) 

Here, if U is unit matrix (not necessarily square) 
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The measured vibration response Y matrix is transfer function matrix T. When we need 

the transfer functions of many input ports, it is more convenient to assign random number 

to the amplitude of force,  
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Then, HFCs are computed by Eq. (6.55) and used in damage detection block to detect the 

damage. 

 

6.6.3 Damage Identification Results 

    Similarly, multiple excitation frequencies are utilized to enrich the data and make the 

problem over-determined. The excitation frequency set is given in Table 6.7 and laser 

scanner is used for damage detection. 

Table 6.7 Excitation frequency set: rotor simulation 
 trial 1 trial 2 
ω (Hz) 170 900 

 

    Fig. 6.21 shows two excitation frequencies which are used for damage detection. The 

input lasts 30 seconds for each frequency and has a 10s interval between two trials. The 

amplitudes variation of force is shown in Fig. 6.22. 
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Fig. 6.21 Excitation frequency: rotor simulation 
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Fig. 6.22 Force amplitudes for 2 input ports 

Fig. 6.23-6.25 show Harmonic Fourier Coefficients of multiport inputs for DC term, 1st 

and 2nd harmonics collected by laser scanner in c2 direction, respectively. We could see 

that HFCs oscillate at the beginning stage of excitation and converge with the increase of 

time while the vibration response goes to stable. However, these HFCs are not able to be 

using for damage detection. We need to calculate the HFCs for single input from Eq. 

(6.55). 
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Fig. 6.23 Harmonic Fourier Coefficients of multiport inputs for DC term, c2 dir.  
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Fig. 6.24 Harmonic Fourier Coefficients of multiport inputs for 1st harmonic, c2 dir.  
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 Fig. 6.25 Harmonic Fourier Coefficients of single port inputs for 2nd harmonic, c2 dir.  
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Fig. 6.26 Crack depth and angle comparison 



 176

0 2 4 6 8 10 12 14 16 18 20
-3

-2

-1

0

1

2

3

iteration number

δ

 

 

estimated
actual

 

Fig. 6.27 Damage parameter iteration history 

Using the HFCs computing by left least square method as the input of damage detection 

block in time domain, the estimation results are obtained in Fig. 6.26 and 6.27. Fig. 6.26 

shows crack energy ratio and angle comparison and Fig. 6.27 gives damage parameter 

iteration history. The blue dash line and red star line denotes the actual and estimated 

damage parameters respectively.  

 

6.7 Summary 

The crack is assumed to be breathing during operation due to the effect of gravity or 

imbalance weight. Zero-SIF (Stress Intensity Factor) method is employed to determine 

the close line of open crack area. It is found that the crack parameter is a function of both 

crack phase and rotation angle and this function can be approximated by a cosine 

function. In Chapter III, we know that 3 damage parameters are needed for damage 

detection of open cracks. For breathing cracks, 6 more parameters are needed to estimate 

δisin (θ) and δicos (θ) terms (i=y, z, yz). The transfer function can be obtained from the 
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vibration response measured by sensors attached on shaft or laser scanner. After 

validating the algorithm in frequency domain, time-domain simulation is conducted and 

Harmonic Fourier Coefficients (HFC) of vibration response is calculated by convolution 

and left least square techniques and then filtered by an average moving window filter. 

Finally, the damage detection is processed by using HFCs for single input channel as the 

input of time-domain damage detection block. 
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Chapter VII 

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK 

 

7.1 Summary and Conclusions  

This thesis explores two kinds of new vibration-based damage identification 

methodologies: Floquet based method (Methodology I) and Frequency Response 

Function (FRF) based method (Methodology II). Based on the open cracked rotor system, 

Floquet based method is developed using Floquet theory, least square method and 

eigenvector updating method. It is found that this method is able to detect the crack 

location and severity effectively with the assistance of Active Magnetic Bearing (AMB). 

The adjustable stiffness or virtual mass of AMB benefits the damage identification by 

proper tuning. The introduction of AMB breaks the symmetric structure of rotor system 

along the axial direction as long as the AMB is not placed in the midpoint of shaft. In 

addition, the asymmetric stiffness of AMB plays an important role in breaking modal 

symmetry and distinguishing multiple cracks. Though Floquet based method works well 

to identify the crack depth and location, it could not tell the crack angle since the 

mapping from natural frequency shift to crack angle is not unique.  

To overcome this problem, FRF based method is subsequently developed which 

utilizes the magnitude and phase of transfer function shifts induced by damage. FRF 

based method provides the advantages of random interrogating frequency and multiple 

inputs/outputs which greatly increase the variety of adjustable parameters. The damage 

detection algorithm is derived based on Taylor Expansion, least square method and 

Newton-Raphson method. It is found that the transfer function shifts are more sensitive 
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when the system is excited near resonances or sidebands. Consequently, the damage 

estimation results are much better while using near-resonance or near sidebands 

excitation. For time-varying system, sidebands appear at frequencies: ω ± nΩ and they 

drift away from the resonance with the increase of rotation speed. The information of 

sidebands enriches the database for damage detection and also helps to reduce the 

number of sensors. Armed with this method, two kinds of breathing cracked system are 

studied: breathing cracked truss system and rotor system.  

For the breathing cracked truss system, the crack model is rebuilt because the crack 

is driven open and close by axial force. According to Strain Energy Released Rate (SERR) 

concept in fracture mechanics, only one damage parameter is needed to represent and 

estimate one crack on a truss bar. For the damaged time-invariant system with stiffness 

and mass uncertainties, FRF based method is modified to include both kinds of 

uncertainties as the desired estimated parameters and yields very good results. For the 

damaged truss system with breathing cracks, several assumptions are made to convert the 

breathing function fk(t,Q) to pure function of time fk(t) in the first step. Then, fk(t) can be 

approximated by Fourier expansion and the linear damage detection algorithm is 

developed in time-domain. The second step is to get the vibration response of joints 

through simulation without any assumptions. By doing Fast Fourier Transform (FFT), the 

frequency components contained in the response can be observed from frequency 

spectrum. Finally, Harmonic Fourier Coefficients (HFCs) for primary peak and sidebands 

are used for damage detection after comparing the frequency spectrum of nonlinear and 

linear vibration response.  It is concluded that the sidebands do improve the damage 

detection results and meanwhile reduce the number of sensors.  
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For the breathing cracked rotor system, the presented work is using Cosine crack 

model to approximate the nonlinear behavior of breathing cracks. Assuming the breathing 

crack is driven by gravity, the nonlinear model is built based on zero stress intensity 

factor method and compared with Cosine and Square Wave crack models. An important 

discovery in this part is that nine damage parameters are needed to represent a breathing 

transverse crack in rotor system. Similar as open crack, the first three damage parameters 

are able to detect the crack depth and twice of crack angle. The other six parameters are 

related to crack angle and can give three sets of crack angle estimates. It is recommended 

that the crack angle estimates are more accurate while being estimated by dominant terms. 

In frequency domain, distributed damage is identified using different kinds of sensor, 

such as sensor attached to shaft or laser scanner. In time domain, the vibration of 

damaged and nominal rotor systems is simulated and HFCs for multiple input channels 

are computed by convolution method and filter by moving averaging window. As the 

input of damage detection block, HFCs of single input channel are obtained from HFCs 

for multiple channels by left least square method.  

 

7.2 Recommendations for Future Work 

One of the continued topics will be more parametric study of damage detection using 

laser scanner. As we known from previous study, laser scanner is able to provide much 

information of multiple harmonics if the scanning function is decomposed by Fourier 

Expansion. Compared with damage detection using shaft sensor, the number of sensors 

can be dramatically reduced with the usage of laser scanner. Fig. 7.1 shows the 

Frequency Response Function (FRF) of damaged system with distributed damage case 
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which is observed from multiple shaft sensors. Fig. 7.2 plots FRF of damaged system 

with distributed damage case obtained from laser scanner.  
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Fig. 7.1 Damaged FRF: shaft sensors 
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Fig. 7.2 Damaged FRF: laser scanner 

 

The further investigation will be done to explore the impact of scanning frequencyωs on 

the output matrix Cy and frequency response functions.  

Another recommended research is the damage detection of real breathing cracked rotor 

system by including the nonlinear crack model into the simulation diagram. The crack 
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open area is determined by calculating the bending moments in two lateral directions 

according to the vibration response in real-time. The proposed simulation diagram is 

shown in Fig. 7.3. 

 
Fig. 7.3 Breathing cracked rotor system nonlinear simulation 

Here, the damage feedback block take the vibration response of damaged system to 

compute the bending moments in real time. Then the real-time crack open area can be 

determined by taking the bending moments to zero SIF (Stress Intensity Factor) method. 

There are more research topics we would like to explore such as: 

(1) Damage identification based on torsional vibration of rotor system 

    Unlike the bending moment and axial force, torque will induce the sliding and shearing 

deformation of transverse crack. Therefore, different SIFs will be involved in the 

calculation of crack released strain energy. It is very interesting to explore the 

characteristics of torsional vibration and the damage detection based on it. 

(2) Experiment verification of damage identification method 
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    A lot of theoretical damage detection methods have been done and demonstrated via 

numerical examples and simulations. The next step is to implement the experiments and 

test these theories. Of course, there will be many technical difficulties encountering in the 

experimental work, such as the measurement of higher natural frequencies, the 

installation of sensors, the noise cancellation of vibration signals, etc. Once all of these 

works is done, it will provide a comprehensive guidance of damage identification 

including theory, application and experiments.  
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