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Abstract

In this research, the effect of dynamic noise on OGY type control al
gorithms was studied. The research was done by conducting numerical ex
periments on a number of systems, i.e., the Henon map, the Ikeda map, a
model for internal combustion engines, and a model for continuous stirred
tank reactors.

It was found that the ffxed point location does not appear to be influenced
by Gaussian noise. The manifold structure, however, does change with dif
ferent noise intensities. Studies were also done to evaluate the effect of noise

on directions of maximum and minimum contraction. These were found to

be independent of Gaussian noise.
The original OGY control was found to be less that optimal when noise

is added to the system. Gompaxisons were also made between the original
OGY and a control algorithm based on the singular value decomposition.
The SVD method appeared slightly more robust in noisy environments.

It was found that neither the original OGY, nor the SVD method were
optimally suited for control when the system is being influenced by paramet
ric noise. A number of guidelines were proposed and tested to optimize the
search for the optimal control condition.
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Chapter 1

Background Euid Objective

1.1 Introduction

The earliest recognition that nonlinear systems may exhibit sensitive depen

dence on initial conditions is attributed to Henri Poincare, who was studying

the "three-body" problem about 100 years ago to determine whether the so

lar system is stable. The story goes that the king of Sweden offered a prize

to whomever could prove that the solar system was stable. Poincare in fact

proved the opposite, but was persuaded by an unhappy king to "revise" his

calculations and proclaim that the system was stable. In The Foundation of

Science: Science and Method (1921), Poincare writes:

It may happen that small differences in the initial conditions pro

duce very great ones in the final phenomena. A small error in the

former will produce an enormous error in the latter. Prediction

1
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becomes impossible.

Though the concept of sensitivity to initial conditions — which is a hall

mark of chaos — was remembered by theoretical mathematicians, it was

largely forgotten by physicist and engineers. The computing power to study

nonlinear systems was simply not available, and scientists were conditioned

to thinking only in linear terms. It was not until 1963 that Lorenz rediscov

ered this phenomenon when studying a model for global weather patterns

using a digital computer. Prom Lorenz's initial observations, the idea of un

predictable determinism continued to grow until it culminated in the ideas

of "chaos theory" in the 1980s.

One major contribution to the expansion of this new field was a paper

published by Ott, Grebogi, and Yorke (1990), in which they contradict earlier

preconceptions and show a method for controlling chaotic dynamics^. This

insight sparked the interest of many researchers, and subsequently many

papers concerning control of chaotic systems were published. The OGY-

method has now been extended to be applicable to a larger variety of systems,

and a number of other control methods have been shown to work in principle.

Though "chaos" is now widely accepted and recognized in the academic

world as a dominant feature in nature, it remains virtually unused as an

industrial tool. One main reason why "chaos theory" has remained largely

an academic curiosity is that the theory has so far been applied primarily

^This control method is now often dubbed the "OGY-method".
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to ideal systems and models. Chaos control methods, for example, work

very well on computer models and in laboratory experiments (e.g.. Singer,

Wang, and Ban (1991), In, Ditto, and Spano (1995), and Parmananda, Shep-

ard, Rollins, and Dewald (1993)). The environments of these experiments,

however, are far more controllable and predictable than most engineering

systems. In real world applications noise affects the behavior in complex

ways. It is precisely because of the nonlinear sensitivity of chaotic systems

that these small disturbances have such an important impact. As shown

by various authors (e.g., Hamm, Tel, and Graham (1994)), the results of

these disturbances can be quite unpredictable and dramatic. The amount of

research done to examine the effect of noise (especially dynamic noise) has

been relatively sparse, though a number of authors have addressed the issue

(e.g., Mayer-Kress and Haken (1981), and Wackerbauer (1995)).

1.2 Chaos basics

1.2.1 Defining chaos

Even after 30 years of collaborative research, there is no universally accepted

definition of what a chaotic system is. Ott (1993) states

We define the attractor to be chaotic if it has a positive Lyapunov

exponent.
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This means that any attractor^ displaying sensitive dependence on initial

conditions is considered chaotic. Strogatz (1994), on the other hand, adds

some other restrictions:

Chaos is aperiodic long-term behavior in a deterministic system

that exhibits sensitive dependence on initial conditions.

This definition adds the requirement that the system has no stochastic inputs.

Later, it will be seen that adding stochastic inputs to a nonlinear system can

result in a non-chaotic system becoming sensitive to initial conditions. A

question that arises is whether or not this means that the system has become

chaotic. The answer would be "yes" according to the first definition, but "no"

according to the second. Currently, this phenomenon has been called "noise

induced chaos". From a practical point of view, it is important to note that

whatever we call the behavior, noisy nonlinear systems are a constant fact

of life for most engineers.

1.2.2 Dynamic systems

The systems considered here are all dynamic, i.e., "relating to an object, or

objects, in motion" (Neufelt 1994). This means the systems are changing in

^Ott defines attractors as "bounded subsets to which regions of initial conditions of
nonzero phase space volume asymptote as time increases".
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time. The equations of motion can be written in general

x = F(x,p,t) (1.1)

for continuous systems, and

x„+i = F(x„,p,n) (1.2)

for discrete systems. In these equations we have x G , which are the state

variables, p G which are the system parameters, and f(), which are

a set of N equations describing the behavior. In the following background

discussion, only continuous systems will be discussed, since discrete systems

follow analogously, unless noted otherwise.

System (1.1) can usually not be solved analytically, and is instead mostly

solved using numerical integration algorithms. The solution to (1.1) moves

in an AT-dimensional space called phase space (also known as state space).

The basis of this space is given by the state variables x, i.e., the location

of the state of the system is determined by taking all the state variables as

orthogonal coordinates in the phase space. The system starts out at a certain

initial condition Xq = x(t = 0) in the space. From the initial condition, the

system evolves over time, tracing a trajectory through the phase space, as

shown in figure 1.1. The shape in phase space that the trajectory approaches

as t reaches infinity is called the attractor of the system.
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Figure 1.1: A phase space trajectory. The state of a system at Xq, a point in
phase space, and evolves over time, tracing a curve called a trajectory.

In all the following discussions the interest will be confined to dissipative

systems. In this case, an initial volume in phase space will shrink as time

evolves.

1.2.3 Lyapunov exponents

The relative fiow on the attractor can be characterized by the Lyapunov

exponents. These exponents measure how fast two infinitesimally close points

in phase space will diverge on the average, as depicted in figure 1.2.

The Lyapunov exponent (A) is then defined through the following equa

tion

lim n = Tne for large t
ro-^O

(1.3)

where r is the distance between points in phase space. Prom (1.3) it is then
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Figure 1.2: Sensitivity to initial conditions. Two systems that start out
with almost identical initial conditions will diverge exponentially in a chaotic
system.

easily seen that the trajectories will diverge exponentionally if A > 0 and

will converge exponentially if A < 0 (the boundaries are A > 1 and A < 1 re

spectively, for discrete systems). Since the system lives in an AT-dimensional

space, r can be oriented in N independent directions. This means that there

are N Lyapunov exponents associated with an AT-dimensional system. These

are numbered {\i\i = 1,... , N}. Traditionally the exponents are ordered in

descending magnitude. The largest exponent (Ai) is associated with the

largest diverging direction, the second largest exponent is associated with

the largest diverging direction in the remaining space orthogonal to the first

direction. Since the volume of an initial volume Vq must decrease for dissi-

pative systems, the sum of all Lyapunov exponents must be negative. Even

in dissipative systems, however, the presence of even one positive Lyapunov

exponent is sufficient to produce sensitivity to initial conditions.
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■lil

Figure 1.3: The Poincare map. The sequence of intersections of the system
trajectory with a plane forms the map.

1.2.4 Poincare section

A tool that is often used in chaos analysis is the Poincare section. This

tool simplifies continuous systems by effectively turning them into discrete

systems.

The method for obtaining a Poincare section from a continuous system

is by intersecting the trajectory of the system in phase space with a plane,

as shown in figure 1.3. Each time the trajectory passes through the plane, a

point is "mapped". The collection of mapped points is called the Poincare

section or Poincare map.

A system exhibiting period one behavior records only one point on the
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Figure 1.4: The Poincar^ map of a chaotic system is a complex structure.
The system never intersects at the same location.

Poincare section, because it intersects the plane always at the same location.

Similarly, a period two system draws two points on the section, et cetera.

A chaotic system draws a highly structured and complex Poincar6 section

that never repeats itself (figure 1.4). In effect, a Poincare section turns

an AT-dimensional continuous system into an (AT — l)-dimensional discrete

mapping of the plane onto itself.

1.2.5 Dynamics of a fixed point

Chaos control is based on exploitation of unstable periodic orbits that natu

rally occur in nonlinear systems. On the Poincare map or in a regular discrete

system, such orbits are represented by single or multiple discreet points. For

simplicity, we consider here a single point map. In this case, the point of
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intersection is called a fixed point Xp, and it is defined by

XF = F(xF,p,n) (1.4)

It is important to note for future reference that xf is a function of parameters

P

The dynamics of fixed points can be classified in a number of different

ways. One of the classification methods of interest concerns the stability of

the fixed point after the trajectory is perturbed slightly away. This method

discerns between the following classes:

• attractor: the system will tend to return to the fixed point (figure 1.5a).

• repeller: the system will tend to move further away from the fixed point

(figure 1.5b).

• saddle: the fixed point is attracting in some directions (called the stable

manifold) and repelling in others (called the unstable manifold). In ef

fect, the system will approach the fixed point along the stable direction,

and leave along the unstable direction, as shown in figure 1.5c.

In chaotic systems, many fixed points are naturally saddle points. This

property is crucial for many control methods.
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X

X

(a) attractor (b) repellor (c) saddle

Figure 1.5: Fixed points classification.

1.3 Chaos control

Ott, Grebogi, and Yorke created a breakthrough in the understanding of

chaotic systems when they published a paper in 1990 outlining an algorithm

which could eliminate chaos by making appropriately chosen feedback per

turbations to a system parameter. Since this algorithm is the basis of many

control strategies that followed, the fundamental concepts will be explained

here.

1.3.1 OGY control

The basic principle underlying the OGY-method is the realization that a

chaotic attractor is made up of an infinite number of unstable periodic orbits.
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In a Poincare section such orbits will produce an infinite collection of saddle

points. The system "falls" from one unstable orbit onto another. In doing

so, the system fills up the whole of the attractor, though some areas of the

phase space are filled up more densely than others. This means that the

system will come arbitrarily close to any desired location on the attractor at

some point in the future.

The OGY-method waits for the system to land close to the desired fixed

point. Once the system is close to the fixed point, the control algorithm

perturbs a parameter p such that the next iteration of the system falls onto

the stable manifold of the unperturbed system. The system dynamics will

then naturally draw the system state closer to the fixed point.

The geometrical and mathematical derivation of the algorithm is as fol

lows. If the system comes close enough to the fixed point, it will land in

the region around the fixed point where the linearization of the fixed point

dynamics will be valid. These linear dynamics can then be expressed as

follows:

Xn+l -Xf(p) = J(x„-Xf(p)) (1.5)

where J € is the mapping matrix. For simplicity, we will assume

iV = 2 for the following discussion.
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The dynamics of M are defined by its eigenvalues and eigenvectors:

Jv„ = A„v„ (1.6)

Jv^ = XgVs (1-7)

where v € are the eigenvectors and A G R are the eigenvalues (not to be

mistaken for the Lyapunov exponents). The subscripts u and s refer to the

unstable and stable directions respectively, in which the eigenvectors point.

Since we are dealing with saddle points, the fixed point must have at least

one stable and one unstable direction, shown in figure 1.5. In the following

discussion, the eigenvectors are considered normalized (v^v = 1).

Imagine now that the current state of the system is x„ as shown in fig

ure 1.6a. The state of the system after the next iteration depends on the

value of the nominal parameter po, and the perturbation Ap we apply to it.

To find an equation for x„+i, we have from (1.5)

Xn+i = xf(po + Ap) -I- J(x„ - xf(po + Ap)) (1.8)

expanding this into a first order Taylor series, we find

Xn+i = xf(p) + sAp-|-J(x„-xf(p)-sAp) (1.9)
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(a) The system lands
close enough to the
fixed point so that lin-
eaxization is valid.

Xn^MP)

(b) The next system
state x„+i (Ap) de
pends linearly on Ap,
and intersects with

the stable manifold.

■fu

(c) To find the point
on the stable man
ifold, we must find
the vector on the
x„+i (Ap)-line that is
perpendicular to £«.

Figure 1.6: Steps in the OGY algorithm.

where

dxp xf(p + Ap) - xf(p)
s = ^

d Ap p

In (1.9) it is assumed that ^ "C 1- Equation (1.9) is a straight line and
is shown in red in figure 1.6b. We can see from the figure that from the

placement possibilities for x„+i, the one where (1.9) intersects with the stable

manifold will be optimal when the desire is to draw the system closer to the

fixed point.

The requirement that be on the stable manifold can be expressed

as the condition that x„+i — Xf(p) be perpendicular to a vector f„ that is
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perpendicular to the stable manifold®(as shown in figure 1.6c), i.e., the inner

product must be equal to zero:

fj(x»+i - Xf(p)) = 0 (1.10)

The vectors f„ and (normal to the unstable manifold) are known as the

left eigenvectors of J, and are defined as

fjj = x£

(1.11)

(1.12)

The regular (right) and left eigenvectors are related through

fu

By combining (1.9) and (1.10) we find

T-l

(1.13)

0 = CJ(*i. - Xf(p) - sAp) + ̂sAp (1.14)

Using (1.11) we then have

0 = A„fJ (x„ - xf(p) - sAp) + fjsAp

^this vector is also catlled a normal vector to a plane

(1.15)
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Then substituting Ax„ = (x„ — X/r(p)) and solving for Ap we finally get the

OGY formula:

In essence, what this equations says is that the perturbation (Ap) needed

for control is the inner product of the error (Ax„) and a vector (c). This

vector is a constant, and does not depend on the state of the system. The

vector can be calculated once the Jacobian (M) and the parameter Jacobian

(s) are determined from experimental data. Because of small errors due to

linearization and small noise, equation (1.16) is not exact, and the parameter

will have to be perturbed at every iteration, thus constantly driving the

system back onto the stable manifold and closer to the fixed point.

Equation (1.16) places the system onto the stable manifold. This is not

the only possible route to stabilizing the system. Romeiras, Grebogi, Ott,

and Dayawansa (1992) derive a more general solution for every c that will

theoretically stabilize the fixed point.

1.3.2 Comments on the OGY algorithm

Linear vs. nonlinear

Chaos happens only in nonlinear systems. The behavior of chaotic systems

is highly complex, and for continuous systems, must move in at least three

dimensions. Yet the derivation of (1.16), which achieves control, was done
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using purely linear methods. How is it that we can control a highly complex

system like a chaotic system with a basically linear method? The answer is

that the OGY algorithm implicitly uses the property of chaotic systems to

explore the whole of their attractor. This property ensures that the system

will naturally approach the desired fixed point, at which point the control

method is activated. The control then does not have to use a great amount

of power to shift the system to the desired state. Once the system is close

enough, linearization becomes valid, and linear methods can be used to keep

the system on the desired state. It will be seen later that dynamic noise can

have the same exploring effect for nonlinear systems.

Required system knowledge

It is noteworthy that equation (1.16) can in principle be determined without

any prior knowledge or model of the system. Both J and s can be deter

mined empirically from observed data. Even if not all state variables can

be measured, there are embedding theorems that can transform a measured

time series of any single system variable into a multi-dimensional attractor

in phase space (Sauer, Yorke, and Casdagli 1991). The OGY control method

was extended by Dressier and Nitsche (1992) to accommodate these "recon

structed" attractors. This, of course, sounds almost too good to be true: by

measuring one variable over a period of time we can know everything about

the system and can control it, expending virtually no energy. It has in fact

been shown for models, as well as, controlled laboratory experiments that
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this does work.

In the real world, however, the situation is not so ideal. If one does not

think in advance about the nature of the real system, there is a great risk

that noise, spatial separation, etc., will decouple measurements from what

really needs to be known, and measurements will be irrelevant. Careful prior

consideration about what the dominating dynamics of the system will be,

and what part of the dynamics are in fact of interest will be paramount for

successful characterization and control. In the end, even an approximate

system model is highly desirable.

Multiple parameters

The original OGY control method only allows for one system parameter to

be altered. For this reason, equation (1.9) has only one degree of freedom,

as shown in figure 1.6b. To find an intersection with the stable manifold in

general, the stable manifold must have dimension N—1. Imagine for example

a three dimensional system where there is only one stable direction. In this

case, both (1.9) and the stable manifold would be lines in a three dimensional

space. The chance that they would intersect is infinitesimal. The system

must have two stable directions in this case. It would appear that a system

cannot have more than one unstable direction if it is to be controlled by the

OGY method. Extrapolating: one needs as many independent perturbable
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parameters as one has unstable directions.'^ Derivation of a control law for

multiple parameters follows.

First, (1.9) must be rewritten to accommodate multiple parameters:

x„+i - xf(p) = SAp + J(x„ - xf(p) - SAp) (1.17)

where we now have an AT-dimensional system with N^ unstable directions

and Ns stable directions {N = Ny, + Ng). In (1.17) we have Ap e

and S e R^^^" is defined as

S = dxp

dpi

We can easily rewrite (1.17) into

dxp

Ax„^.i = JAx„ + (S - JS) Ap (1.18)

Recall that we desire x„+i to lie on the stable manifold, or, equivalently,

Ax„+i must lie in the plane spanned by the stable eigenvectors of J. Then,

any point on the stable manifold can be expressed as a linear combination of

■^Chswtic systems with multiple unstable manifolds can in fsict be controlled with only
one parameter using a modified form of the original OGY method which uses a different
criterion than (1.10), and that uses a pole placement technique, as described by Romeiras,
Grebogi, Ott, and Dayawansa (1992)
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the stable eigenvectors:

X = V,Q! (1.19)

where Vg € and a G To find the intersection we must then

simply equate (1.18) and (1.19) to get

Vga = JAx„ + (S - JS) Ap (1.20)

which can be rearranged to

JAx„ =

Solving for Ap we obtain

Ap

—a

(S-JS) V,

(S-JS) V,

Ap

—a

-1

JAXn

(1.21)

(1.22)

We are not interested in a, so only the top Ng elements of the left-hand

side of (1.22) need to be calculated. Thus at every iteration, Ax„ needs to

be multiplied with a fixed Ng x N matrix to obtain the needed parameter

perturbations to drive the system onto the stable manifold.

A question to ask is whether getting the system on or close to the stable

manifold is good enough to drive the system to the fixed point, would it not
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be better to in fact change the parameters so that the system is forced directly

onto the fixed point, instead of onto the stable manifold. If the system is

highly dissipative and if the noise level is low, the answer is most likely

that putting the system close to the stable manifold will be good enough.

However, if the system is only moderately dissipative, or very noisy, progress

toward the fixed point may be slow, or ineffective.

It is interesting to consider an alternative approach which puts the next

iterate directly onto the fixed point. To achieve this, we must expand the

number of parameters used so that Np = N. x„+i can now be defined

perfectly. The control law derivation is the same as above, except that Vg

and a vanish, resulting in

Ap = - (S - JS)"' JAx„ (1.23)

Notice that there is no more need to find eigenvectors, only knowledge of S

and J are required. The cost of this algorithm compared to regular OGY is

of course that a greater amount of parameters must be accessible for pertur

bation.
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1.4 Noise

1.4.1 Noise defined

An important question to consider is "what do we mean by noise?". Noise

is present in any system, including the most accurate computer simulation.

In the case of computers, an inherent source of noise is round-off error. Ex

amples of noise in real systems include turbulent entrance and exit zones,

external temperature and pressure changes, measurement errors, external

vibration, and Brownian motion. For purposes of this discussion, noise is

defined as

high-dimensional dynamics — occurring either internal or exter

nal to our system — that perturb the system or our observations,

but that are outside our direct scope of interest.

In effect, we consider noise as a secondary level of dynamics which does not

totally dominate the behavior we are interested in, but does compromise our

ability to observe the lower-dimensional features we care about.

1.4.2 Classifications

Noise can be classified as static (or measurement) noise or as dynamic noise

(also called process disturbances). The first is due to our inability to measure

the state of the system to infinite accuracy. Not only are our recording devices

limited in their ability to store infinitely precise data, measurement devices
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add unknown dynamics (noise) to the signal. Thus the recorded signal is

contaminated as follows:

yt = Xt + 6 (1-24)

where is the measured system state, Xt is the actual system state, and

is an unknown contamination of the signal. Since the contamination of the

signal happens outside of the system, static noise does not directly influence

the behavior of the system®. How to deal with this type of noise is discussed

in many of the papers describing the many published algorithms that analyze

chaotic data.

The second type of noise influences the behavior of the system directly.

This dynamic noise is caused by unknown or unmodeled dynamics influencing

the state variables. These dynamics can be internal, as well as, external to

the system. A system being affected by dynamic noise can be written as

x = F(x,p,0 (1.25)

or

Xn+i = F(x„,p,^„) (1.26)

Examples of dynamic noise are fluctuating input streams to chemical pro-

® Static noise could indirectly influence the system through a closed loop control system
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cesses, changes in environment temperature and wave patterns running into

ships at sea (Ding, Ott, and Grebogi 1994). The impact of dynamic noise on

the behavior of a system can be quite dramatic. The sensitivity to pertur

bations described earlier can cause even a small amount of noise to totally

change the behavior of the system.

Dynamic noise can be further subdivided into two different classes. With

additive noise, we have

x = F(x,p)+^t (1.27)

and

x„+i = F(x,j, p) -I- (1.28)

In this case, the distribution function of the disturbance is independent of

the system state, the noise is simply added to the system dynamics. For

example, for the logistics system, we would have

~ Aa;n(l 3^ri) "t" Cn (1.29)

The situation is more complicated with multiplicative noise

x = F(x,p + ̂) (1.30)
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and

x„+l =F(Xn,p + ̂„) (1.31)

Here, the noise distribution added to the dynamics becomes dependent on

the state of the system. This is easily seen when written out for the logistics

equations again

^n+l d" ̂n)^n(l ^n) ~ ^n) "b ̂ n^n(l ^n) (1.32)

Obviously, the second term in (1.32) is more comphcated than the one

in (1.29), even though the distribution of could be the same for both.

1.4.3 Literature review.

The area of dynamic noise in nonlinear and chaotic dynamics has remained

relatively unexplored. Now that the fundamentals of chaotic dynamics have

more or less matured, it appears more researchers are starting to explore how

noise affects chaos. One of the earliest papers, by Mayer-Kress and Haken

(1981), discusses the influence of noise on the Logistic Model. The authors

added uniformly distributed noise to the model, as shown in equation (1.29).

As the noise was added to periodic states of the model, Mayer-Kress and

Haken observed two distinct behavior patterns. The first (shown in figure 1.7)

causes a "reverse bifurcation" pattern as the noise level is increased. In



CHAPTER 1. BACKGROUND AND OBJECTIVE 26

-4.5 -1.5-3.5 -3 -2.5
log(Doise level)

Figure 1.7: Reverse bifurcation: this pattern emerges when successively
higher amounts of noise are added to certain system settings.

other words, points on the plane get smudged out and eventually merge with

neighboring "smudges". These larger blobs continue on growing as noise is

increased and merge with neighboring blobs, et cetera, until the whole picture

is one large connected pattern.

The second type of behavior that Mayer-Kress and Haken observed was

quite different, though they only changed the system parameter A. In this

case, the initial noise free points smudge out a little bit. But when the noise

reaches a critical level, all of a sudden a completely new pattern emerges

(shown in figure 1.8). This behavior is explained by unstable chaotic orbits

being present. When the noise reaches a critical level, the system is knocked

far away enough from the stable periodic orbit to be caught by the unstable

chaotic orbits. The system will linger in the chaotic motion for a while and

then return to the periodic motions, only to be knocked off again by the noise.
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Figure 1.8: Attractor explosion: caused by noise knocking the system onto
unstable chaotic orbits, the system "explodes".

Thus, once the threshold noise level has been reached, all of a sudden a much

larger volume of the phase space gets explored. This behavior was further

explored by Hamm, Tel, and Graham (1994), who discuss how this can lead

to "noise-induced attractor explosion" and "noise-induced intermittency".

Christini and Collins (1995) in fact deliberately add noise to a periodic

system to explore the phase space and to find unstable orbits that the periodic

system would otherwise not visit. Once the system is near such a desired

unstable orbit, OGY control is enabled and noise is switched oflF, thus locking

the system into the unstable state.

Other authors, e.g., Matsumoto and Tsuda (1983), Wackerbauer (1995),

Rajasekar (1995), and Fahy and Hamann (1992), have shown that dynamic

noise can, in some cases, have a stabilizing effect on chaotic systems. Mat

sumoto and Tsuda attribute the noise induced order phenomenon in the
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Belousov-Zhabotinsky reaction to "wide flat regions and narrow steep re

gions" in the B-Z map. The noise smears out the histogram, thus blurring

the feedback process occurring in the system, which causes chaos. Herzel

(1988) writes:

... the mechanism of Stabilization by Noise is quite general since

most real noise sources should contain components which lead to

the described "mixing of directions"

This means that because of the noise, directions in phase space will be mixed,

which means that the dependence of the directions on the associated Lya^

punov exponents will be smoothed. Since the total sum of the Lyapunov

exponents must be negative, the eventual averaging of the directions and

Lyapunov exponents will result in destroying chaos.

Another effect of noise, stochastic resonance^ is discussed by Collins,

Chow, and Imhoff (1995). This phenomenon allows the amplification of an

input signal by a nonlinear system when a certain level of noise is present.

Collins, Chow, and Imhoff show that this will even work for aperiodic inputs.

Thus, it is seen that dynamic noise can have a large variety of effects on

nonlinear systems, and it is difl&cult to predict in advance what the effect

will be. But some of these effects can be quite dramatic.

The area of control of nonlinear processes with noisy or irregular inputs

remains virtually unexplored. Ding, Ott, and Grebogi (1994) show that OGY

control can be used for systems with irregular inputs when the input can be
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predicted one cycle ahead of time. Christini and Collins (1995) use OGY

control to lock on to a noisy unstable periodic orbit, but they deliberately

add the noise to find this unstable orbit. Preliminary numerical experiments

on the Henon map have shown that the OGY control method is perhaps not

the optimal control method for systems with a large amount of noise.

1.5 Research Plan

1.5.1 Conjectures to be tested

Control of chaotic processes that are infiuenced by large amounts of noise

has so far not received wide attention. In real applications, however, this

type of system is expected to be the rule rather than the exception. It has

been shown that current chaos control algorithms do not perform optimally

in the presence of large amounts of noise. The principle objective of the

present research was to understand how the OGY control method might be

adapted so as to improve the control of nonlinear systems exhibiting chaotic-

like behavior under the infiuence of dynamic noise. The assumption will be

made that the dynamic noise present cannot be eliminated or reduced, but

must be dealt with through a control algorithm.

The basic approach taken involved making several conjectures regarding

noisy chaotic behavior and the testing these conjectures in numerical exper

iments. The conjectures formulated were as follows;



CHAPTER 1. BACKGROUND AND OBJECTIVE 30

Conjecture 1 The concepts of stable and unstable manifolds and fixed points

can still be applied to nonlinear systems in the presence of dynamic noise.

To study this conjecture, the following steps were taken

• Define the concepts of fixed points and manifolds in the context of

noise.

• Demonstrate that these noisy structures converge to their classical

counterparts in the limit as dynamic noise goes to zero.

• Develop practical procedures for estimating the noisy stable and un

stable manifolds and fixed points.

• Evaluate how the fixed point and manifolds change with changing noise

level.

Conjecture 2 The OGY control method can be adapted so as to accommo

date and exploit the effects of dynamic noise on the system.

To test this conjecture, the following steps were taken

• Define practically useful measures by which the success of feedback

control in the presence of nonlinearly amplified noise can be quantified.

• Investigate how dynamic noise interferes with the control quality for

traditional OGY control.
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Study conjecture 1
with simple mapping

Test control method

on complex mapping

r  \

Study conjecture 2
with simple mapping

Test control method

on continuous system
J

Figure 1.9: Outline of the steps to be taken for the proposed research.

• Adapt the OGY control method to be less sensitive to the effects of

dynamic noise.

Conjecture 3 The developed control method is general enough to be applied

to a variety of systems experiencing dynamic noise.

To study this conjecture, methods developed above were tested on a variety of

systems involving a range of complexity and relevance to engineering practice.

Selected model systems will be discussed in the following section. The outline

of the research is then shown in figure 1.9.

1.5.2 Selected model systems

Simple mapping

The general concepts were initially developed on two well known model sys

tems. These models allowed demonstration of the developed methods in prin-
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ciple. To simplify simulation software, the model systems were mappings as

opposed to a continuous system.

The Henon system The first model system to be used in the development

stage will be the Henon map:

2/71+1 ~

This two dimensional model is very simple, and has been widely studied.

It is now one of the most often used paradigms in chaos theory. This model

has already been used for the preliminary studies discussed above, and sim

ulation software for it already exists. One drawback of the Henon system

is that it tends to become unstable when noise is added when the system

is nominally in a chaotic mode. The noise causes the system to be knocked

out of the chaotic attraction basin, and the system state rapidly grows to

infinity. Another concern is that the Henon map might be considered "too

ideal", i.e., algorithms that have been shown to work well for this system

have failed to work on more complex systems.

The Ikeda system A more complex, but still widely studied, model is the

Ikeda map (Ikeda 1979). The model describes the behavior of a ring cavity

optical system.
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Zn+l =P+ BZn exp ik — i
a

1 + knP
(1.34)

where z = x + iy is & complex number. This system does not suffer from

"blow-up" like the Henon map does. It is, however, much more sensitive to

noise in the sense that less amounts of noise are required to make the system

very complex.

Application of the method to a realistic discrete model

The initial test of generality and usefulness of the developed method will be

to apply it to a more complex and more realistic model. The system used

for this purpose is a model of an internal combustion engine (Daw, Finney,

Green, Kennel, Thomas, and Connolly 1996). The model is a cycle to cycle

mapping of the form

rrii+i
= F(

rrii

tti

(1.35)

where rrii is the fuel mass in the cylinder at cycle i, and Uj the air mass. As

a convention the system is reported in terms of the heat release per cycle:

hr, =p(mj,aj) (1.36)



CHAPTER 1. BACKGROUND AND OBJECTIVE 34

For chaos purposes return maps of hri are plotted, usually in two dimensions.

Such a plot is shown in figure 3.12a.

Application of the method to a realistic continuous model

The second model test examined how well the method works for continuous

systems. With continuous systems, there is the problem that the noise will

also be continuous and could thus have a very different impact on the dy

namics of the system. An added questions is "what would be an appropriate

way to add noise to a continuous model?".

Jorgensen and Aris (1983) developed a model for a simple consecutive

chemical reaction system (A —> B ̂  C) in a stirred tank reactor. The

model was derived by simple mass and energy balances:

~  ~ ̂^aAi exp(-^)
=Q{cBf - Cb) + VcaAi exp(-^) - VcaAaexpC-^)

fVr EVpc^-gp =qpc^(T, -T) + exp(-^) +
(-AH2)VcBA2exp(-^) - UA,(T - T,)

The meaning of the symbols is listed in the Appendix. Using the dimen-

sionless variables and numbers listed in the Appendix, the equations can be
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written in dimensionless form

1  /I I— = l-u(l + ae )

^ = aue^ — ■i;(l + acre"') (1-37)
at

^ = — (1 + k)w + a/3ue^ + a^have^
at

Integrating system (1.37) is in itself an interesting exercise in the study

of the effects of dynamics noise on nonlinear systems. The equations are stiff

due to a sharp temperature peak in the solution. As a result, this system

is very sensitive to numerical noise caused by round-off errors in the inte

gration algorithm. Figure 1.10 shows a number of solutions to the system

using the same system settings, but different error tolerances in the integral

tion algorithm. Notice that the solutions vary significantly, depending on the

numerical noise level. Additionally, different integration algorithms give dif

ferent solutions. Algorithms tried included Rosenbrock methods (Shampine,

as well as, Kaps and Rentrop parameter sets). Semi-implicit extrapolation

methods (both methods described by Press, Teukolsky, Vetterling, and Flan-

nery (1992)), and routines supplied by Matlab 5.1. None of the methods

could match the solutions found by Jorgensen and Aris (1983). Prohibitive

computation times did not allow for more exact solutions, so that it is diffi

cult to say whether the "true" solution will be chaotic or not. In any case, it

is not really relevant, since in an engineering environment there are no exact

solutions, and the engineer will always have to deal with the system as it is
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(a) Relative error tolerance = 1 * 10-2 (b) Relative error tolerance = 1 * 10-4
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(c) Relative error tolerance = 1 * 10-6 (d) Relative error tolerance = 1 * 10"

Figure 1.10: Chaotic solutions of the CSTR model. Parameter values are:
a = 0.55, /? = 17.5, h = 1.0, a = 0.01, and k = 7.286670. The different
solutions were obtained by varying the error tolerance in the integration
algorithm.
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Figure 1.11: Poincaxe section of the CSTR model. The section plane is
u = 0.2192. The fixed point has been indicated with a red *.

infiuenced by noise. In all subsequent calculation the relative error tolerance

was set to 10~®. The integration algorithm used was Matlab routine ode 15s,

which is a variable order method.

Since the developed methods act on mapped systems, it is necessary to

take a Poincare section of the solution. The section used was taken through

the plane u = 0.2192. A plot of this mapping is shown in figure 1.11.

To add realistic disturbances to the system, Gaussian noise was added to

the feed concentration ca/- The frequency of the noise was determined by

taking the peak frequency in the power spectrum (figure 1.12). Note how

sharp the peaks in the spectrum are. This indicates that the system is only

barely chaotic. In fact, the fixed point of the system is only slightly unstable

with an unstable eigenvalue of -1.06. The corresponding stable eigenvalue
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Figure 1.12: Power spectrum of the CSTR model.

is —0.384. The highest peak in the power spectrum is located at a frequency

of 0.6. The dimensionless time in the system is relative to the residence time

in the reactor. The dominant time scale in the reactor is then about 1.66

residence times. The noise added to the feed concentration was changed at

that particular frequency.

The effect of different noise levels is shown in figure 1.13. Notice the

similarities between the effects of added noise levels and numerical noise

levels (figure 1.10). For the numerical control experiments, a noise level of

10"^ was chosen. The Poincar'e map for this setting is shown in figure 1.14.
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Figure 1.13: Chaotic solutions of the CSTR model with added dynamic noise.
Noise was added to the /? parameter.



CHAPTER 1. BACKGROUND AND OBJECTIVE 40

I  1— 1 > I " n r I

0.795

0 79

//0.7B5

0.7B

0.775

0.77

765
0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0

Figure 1.14: Poincare map of the noisy CSTR system.



Chapter 2

Dynamic structure concepts

2.1 Fixed point definition

In the field of nonlinear dynamics, a great deal revolves around the concept

of fixed points. In classical systems (without noise), these fixed points are

defined as

■X.F = F(xf) (2.1)

This means that with initial condition xf, the state of the system will never

change. When dynamic noise is added to the system, however, this definition

is no longer strictly valid. Since the system constantly changes with the

addition of noise, the system will virtually never remain static, as it is in

equation (2.1). Another definition is then needed for the concept of a fixed

41
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Figure 2.1: Circles of radius 0.01 are transformed into ellipses after one
iteration of the Henon map without noise. The different colors correspond to
"before" and "after". The blue areas correspond to the actual fixed point.

point in the context of noise.

A definition, which becomes apparent from figure 2.1, can be stated as

follows:

Definition 2.1 Given a small spherical volume of initial points, centered at

Xpn, the fixed point in the context of noise is defined as that xpn at which

the Euclidean distance rpn between xpn, and the mean of the spheroid after

one iteration, is minimized.

In the no noise case, rpn should approach zero. This definition was ini

tially tested using the H6non map with parameter values [a, 6] = [0.8,0.3].

For the no noise case, a surface plot of the neighborhood of the fixed point was

constructed to observe the local structure. This plot is shown in figure 2.2.

The surface appears nice and smooth, with the minimum at the desired fixed
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Figure 2.2: Surface of c^Fn in the neighborhood of the fixed point for the
H6non map. The two plots show different view angles of the same surface.

point. The minimum was found by using the simplex algorithm, as described

by Press, Teukolsky, Vetterling, and Flannery (1992).

2.2 Fixed point drifting under the influence

of Gaussian noise

2.2.1 Henon map

To observe how the fixed point is affected by different levels of Gaussian noise,

the fixed point was determined for the Henon map at different levels of noise

and with three different parameter values. Gaussian noise was chosen because

it is expected to be the most common type observed in experimental systems.

The fixed point was located using definition 2.1. The results are shoAvn in

table 2.1. The noise level is defined in terms of the standard deviation of the



CHAPTER 2. DYNAMIC STRUCTURE CONCEPTS 44

perturbation to a. On each iterate the actual a used is given by a = d + e,

where d is the nominal (mean) value and e is Gaussian distributed with mean

zero.

From the table, it can be seen that noise on one parameter does not

appear to shift the position of the fixed point. A similar experiment was

done by adding noise to both parameters in the Henon map. These results

are shown in table 2.2. From this experiment it also appears that the location

of the fixed point as defined does not shift under the influence of noise.

2.2.2 The Ikeda map

To test whether the nonshifting of the fixed point under the influence of noise

is particular to the Henon map, a similar experiment was performed for the

Ikeda map, equation (1.34). The results are shown in table 2.3. Again,

Gaussian noise does not appear to influence the location of the fixed point.

2.3 Manifold definition

As with the fixed point, the theoretical definitions of stable and unstable

manifolds do not really hold when the system is very noisy. New definitions,

in the context of noise, are then required.

The manifolds in the linear neighborhood of the fixed point are defined

along the eigenvectors of the Jacobian of the system at the fixed point. Eigen-
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Table 2.1: The fixed point for the Henon map is determined for different
parameters as well as different noise levels on the a parameter. The noise is
Gaussian. At d = 0.25, the map is in a period one state, for a = 0.8, the
map is in period two, and for d = 1.15 the motion is chaotic (b = 0.3 for all
runs). The estimation was done using 100000 random data points and an

1-5

d = 0.25 d = 0.8 d = 1.15

Noise level X y X V X y

0.00 1.0413 0.3124 0.7631 0.2289 0.6766 0.2030

1.00 * lo-'^ 1.0413 0.3124 0.7631 0.2290 0.6766 0.2030

2.00 * 10"® 1.0413 0.3124 0.7631 0.2290 0.6765 0.2029

4.00 * lO"'^ 1.0413 0.3124 0.7631 0.2289 0.6766 0.2030

8.00 * 10-"^ 1.0413 0.3123 0.7631 0.2289 0.6765 0.2029

1.60* 10-^ 1.0413 0.3123 0.7631 0.2289 0.6766 0.2030

3.20 * 10"^ 1.0413 0.3124 0.7631 0.2289 0.6766 0.2030

6.40 * 10-^ 1.0413 0.3123 0.7631 0.2289 0.6766 0.2030

1.28 * 10"'^ 1.0413 0.3124 0.7631 0.2290 0.6766 0.2030

2.56 * 10-^ 1.0413 0.3124 0.7630 0.2290 0.6766 0.2030

5.12*10"'^ 1.0413 0.3124 0.7631 0.2289 0.6766 0.2030

1.02 * 10-=^ 1.0413 0.3123 0.7631 0.2289 0.6765 0.2029

2.04 * 10-=^ 1.0412 0.3123 0.7631 0.2289 0.6766 0.2030

4.10 *10-=^ 1.0413 0.3123 0.7630 0.2290 0.6766 0.2030

8.19* 10-^ 1.0413 0.3125 0.7631 0.2290 0.6765 0.2029

1.64 * 10"^ 1.0413 0.3124 0.7631 0.2289 0.6765 0.2029

3.28 * 10-^ 1.0414 0.3125 0.7631 0.2289 0.6765 0.2030

6.55 * 10"^ 1.0415 0.3125 0.7631 0.2289 0.6765 0.2029



CHAPTER 2. DYNAMIC STRUCTURE CONCEPTS 46

Table 2.2: The fixed point for the Henon map is determined for different
parameters as well as different noise levels on the a as well as the b parameter.
The noise is Gaussian. At d = 0.25, the map is in a period one state, for
a = 0.8, the map is in period two, and for d = 1.15 the motion is chaotic
{b = 0.3 for all runs). The estimation was done using 100000 random data

■^-5

d = 0.25 d — 0.8 d = 1.15

Noise level X y X y X y

0.00 1.0413 0.3124 0.7631 0.2289 0.6766 0.2030

1.00 * 10"® 1.0413 0.3124 0.7631 0.2289 0.6766 0.2030

4.00 * 10"® 1.0413 0.3124 0.7631 0.2289 0.6765 0.2030

1.60 * 10"^ 1.0413 0.3124 0.7630 0.2290 0.6766 0.2030

6.40 * 10"^ 1.0413 0.3124 0.7631 0.2290 0.6765 0.2029

2.56 * 10-'^ 1.0413 0.3124 0.7631 0.2290 0.6766 0.2030

1.02 * 10-=^ 1.0413 0.3124 0.7631 0.2289 0.6765 0.2029

4.10* 10-=^ 1.0413 0.3124 0.7631 0.2290 0.6765 0.2030

1.64*10-^ 1.0412 0.3122 0.7630 0.2289 0.6765 0.2029

6.55 * 10-=^ 1.0413 0.3123 0.7634 0.2291 0.6765 0.2029

values and eigenvectors are defined through the equation

Mv = Av (2.2)

where M is a square matrix M is an eigenvector, and A G C

is the corresponding eigenvalue for any non-trivial solution of 2.2. Prom the

equation, it is seen that any vector that is a multiple of the eigenvector x

merely gets scaled by a factor A when multiplied by M. That is, any vector

along X does not change direction. This observation naturally leads to the

following definition of manifolds in the context of noise.

Definition 2.2 Define a small wedge A (with angle a) from a small circle
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Table 2.3: The fixed point for the Ikeda map is determined for different
parameters as well as different noise levels on the B parameter. The noise
is Gaussian. At B = 0.3, the map is in a period one state, for B = 0.55,
the map is in period two, and for B = 0.76 the motion is chaotic (a = 6.0,
p = 1.0, and K = 0.4 for all runs). The estimation was done using 200000
random data points and an error to erance of 5 * 10"

B = 0.30 B = 0.55 B = 0.76

Noise level X y X y X y

0.00 0.7715 0.03838 0.6575 0.1385 0.5803 0.2084

1.00 * lo-'^ 0.7715 0.03838 0.6575 0.1385 0.5803 0.2084

2.00 * 10"'^ 0.7715 0.03838 0.6575 0.1385 0.5803 0.2084

4.00 * lO-'^ 0.7715 0.03838 0.6575 0.1385 0.5803 0.2084

8.00 * 10-« 0.7715 0.03838 0.6575 0.1385 0.5803 0.2083

1.60 * 10-^ 0.7715 0.03838 0.6575 0.1385 0.5804 0.2083

3.20 * 10-^ 0.7715 0.03838 0.6575 0.1385 0.5803 0.2084

6.40 * 10-^ 0.7715 0.03838 0.6575 0.1385 0.5804 0.2083

1.28 * 10"^ 0.7715 0.03838 0.6575 0.1385 0.5803 0.2083

2.56 * 10"'^ 0.7715 0.03838 0.6575 0.1385 0.5803 0.2083

5.12 * 10-^ 0.7715 0.03838 0.6575 0.1385 0.5804 0.2083

1.02 * 10-^ 0.7715 0.03838 0.6575 0.1385 0.5803 0.2083

2.04 * 10"=^ 0.7715 0.03837 0.6575 0.1385 0.5803 0.2084

4.10*10"^ 0.7715 0.03838 0.6575 0.1385 0.5803 0.2083

8.19*10-^ 0.7715 0.03837 0.6575 0.1385 0.5803 0.2084

1.64 * 10"=^ 0.7715 0.03837 0.6575 0.1385 0.5803 0.2083

3.28 * 10-'^ 0.7715 0.03840 0.6575 0.1385 0.5803 0.2084

6.55 * 10--^ 0.7715 0.03835 0.6575 0.1385 0.5803 0.2084
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f(A)

(a) (b)

Figure 2.3: Determination of the manifold structure. A is along an eigen
vector when Om is minimized.

centered at the fixed point x/r (see figure 2.3a). Define am os the angle

between A and the once iterated map of A, as shown in figure 2.3b. The

manifolds are then defined where Om is minimized.

The definition was tried out on the noise free Henon map to verify that

the definition does indeed give the manifolds for the noise free case. A graph

of the results — shown in figure 2.4 — clearly touches Um = 0 in two places

within half a circle's circumference. These points in the graph correspond to

the theoretical manifold angles, which are 0.96 for the stable manifold and

2.93 for the unstable manifold.

A corresponding definition for eigenvalues in the context of noise is then

easily stated:

Definition 2.3 Given a small wedge A lying on a manifold as defined by
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0.4

8ngl«

Figure 2.4: Manifolds for the noise free H6non map.

definition 2.2, define Wq G R'' as the average vector in A. Also define wi G

R'' as the average vector in the once iterated map of A. The corresponding

eigenvalue in the context of noise is then defined as

A = sgn(|lwo + Will - ||wo - wi| llwill

llwoll

Note that the sgn() term identifies whether the eigenvalue is positive or

negative.

2.4 Manifold shifting under the influence of

Gaussian noise

Since dynamic noise infiuences the dynamics of the system, it is reasonable to

suspect that noise causes the manifold structure of fixed points to be altered.
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To investigate this effect, the manifold and eigenvalue shifting was examined

for the Henon map.

To observe shifting, the manifold and eigenvalues for the Henon map

fixed point were determined for different levels of noise present in the system

as well as for different nominal parameter settings. The chosen parameters

are the same as described in the previous experiment, i.e., a — 0.25 gives a

nominally period one solution, a = 0.80 is a period two, and a = 1.15 is a

chaotic solution. The results are shown in figure 2.5.

The figures clearly show that the manifolds and eigenvalues do shift as

more and more noise is added to the system. The manifold angles asymptot

ically approach | as the noise level increases. At <7 = oo, noise completely

controls the system, and the distribution of the manifold angles will be uni

form over [0, tt], the mean of which will be |. Equivalently, the eigenvalues

asymptotically approach ±1. Eigenvalues of ±1 signify that there is no ex

pansion or contraction of the system in that particular direction, which is

what one would expect on the average when the system is dominated by

noise.

Similar results are obtained for the Ikeda map, as illustrated in figure 2.6.
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■MmMM dMtofl tM)

(a) Manifolds for a = 0.25 (b) Eigenvalues for d = 0.25
and b = 0.3. and b = 0.3.

(c) Manifolds for a = 0.80 (d) Eigenvalues for a = 0.80
and b = 0.3. and b = 0.3.

(e) Manifolds for o = 1.15 (f) Eigenvalues for a = 1.15
and b = 0.3. and b = 0.3.

Figure 2.5: Henon manifold location as a function of Gaussian noise.
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(a) Manifolds for B = 0.30. (b) Eigenvalues for B
0.30.

NaMMMM tMNieii (HI

(c) Manifolds for B = 0.55. (d) Eigenvalues for B
0.55.

0^S**

(e) Manifolds for B = 0.76. (f) Eigenvalues for a = 0.76.

Figure 2.6: Ikeda manifold location and eigenvalues as a function of Gaussian
noise.
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Figure 2.7: The wedges with minimum and maximum expansion after the
mapping are orthogonal, and correspond to a set of orthogonal wedges prior
to the mapping.

2.5 Singular value decomposition

2.5.1 Concepts

The eigenvalues and eigenvectors are defined as the expansion factors and

directions associated with those directions that do not rotate under the in

fluence of the mapping M. From a geometric viewpoint, it might make more

sense to observe and study the expansion factors and directions associated

with minimum and maximum expansion. This is illustrated in figure 2.7.

These directions and expansion factors are defined in mathematics as the

singular value decomposition (SVD) of the mapping M:

A = UEV^ (2.3)

Where U and V are orthonormal matrices and E is a diagonal matrix with

the singular values on the diagonal.

Defining vi and V2 as the vectors — of unit length — along the major
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and minor axes of the ellipse in figure 2.7 respectively, then Ui and U2 are

the corresponding vectors before the mapping. Also defined are ai and <72,

which are the scaling factors with ai >02.

A = Ui U2

1

0 H-
r b

I1
1 > 1

'

027<

1

1 < 1 1

(2.4)

2.5.2 Estimation of U, E, and V

Estimation of the SVD around a fixed point is fairly straight forward using

geometric methods based on figure 2.7. The algorithm used picks a large

number of random points (uniformly distributed) inside a small wedge at

angle a in a small circle around the fixed point and applies the mapping

function to all these random points, which results in a wedge in an ellipse,

as shown in figure 2.7. The algorithm determines the expansion factor a' for

that a by calculating c/ for a full rotation of angles a results in a graph as

shown in figure 2.8.

The direction of minimum expansion (or maximum contraction) is found

by finding that a for which a' is minimized. This minimization finds U2,

<72, and V2. For a two dimensional space, the other values are then easily

determined, since U, and V must be orthonormal.
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Figure 2.8: Example of a a' plot as function of angle a. This particular graph
is of the Ikeda map, with noise standard deviation 0.05.
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2.5.3 Singular direction shifting under the influence of

Gaussian noise

As with the eigenvectors, the singular directions were calculated for different

noise levels to determine how these directions are influenced by dynamic

noise. The numerical experiments were done for the Henon map, as well as,

the Ikeda map, each at several different parameter settings. The results are

shown in flgure 2.9.

It appears that the singular directions remain constant, even under the

influence of noise. This is an important result, since it implies that a control

system based on the SVD could possibly be much more robust under the in

fluence of noise than a control system based on eigenvectors and eigenvalues.

2.6 Experimental

All experiments done in this chapter were conducted using original C and

C++ code. A number of algorithms by Press, Teukolsky, Vetterling, and

Flannery (1992) were also used for generation of pseudo-random numbers

and for minimization of certain functions. The number of data points var

ied from 10^ for the fixed point determinations to 10® for SVD estimations.

Computation were done on both Intel based computers as well as Sun Mi-

crostations.
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(a) H^non, period one (b) Dceda, period one

Sfll SB sa 3M OB 901 OOT OB OB 01 9 001 OB 001 00* OB IB OOT OB OB

(c) Henon, period two (d) Dceda, period two

(e) H6non, chaos (f) Dceda, chaos

Figure 2.9: Angles of minimum (green) and maximum (red) expansion of
the Henon and Ikeda maps at different levels of noise. 1000000 random data
points were used per wedge.
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2.7 Summary

In this chapter, new definitions were proposed for a number of dynamic struc

ture concepts in the presence of dynamic noise. Specificly, the fixed point,

the manifold structure, the eigenvalues, and the singular value decomposition

were defined for systems that are infiuenced by noise.

Each of the definitions was shown to coincide with the classical definitions

of each concept as the noise level approached the limit of zero. It was also

shown that several of the concepts do vary with different levels of noise

infiuencing the system (manifold structure and eigenvalues), while others

appear to remain unaffected (fixed point and singular value decomposition).



Chapter 3

Control concepts

3.1 Control index

To determine whether or not a certain control method is effective, an objec

tive index that can be universally evaluated must be defined. The objective

of the control algorithms that are being examined is to control the system

to a fixed point. When no noise is present, it is assumed that all studied

algorithms achieve this control. However, as noise is added, the system will

never exactly reach the targeted fixed point. In case of a fairly good control,

the system will form a "blob" around the fixed point. The index should be

able to distinguish between several different control methods that all perform

"fair".

Since the overall control objective is to get onto or as close to the fixed

point as possible, one natural control index appears to be taking the average

59
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distance of the system from the fixed point, taken over a large number of

system iterations.

Definition 3.1 Given a certain fixed point and a certain controlled time

series x„ with n — l---N, the control index can be defined as

7 = {N > 1)

For a controlled system without noise, we should have 7 = 0.

3.2 OGY control

To study the effectiveness of the OGY method for a system under the influ

ence of noise, several numerical experiments were done with the Henon map.

The control vector was calculated analytically from the noise-free system.

Controlled time series were obtained for this system. For each time series

the system was subject to an increased level of noise. For each time series 7

was calculated. The results are shown in figure 3.1.

As expected, 7 increases with increased noise level. Note that between

a = 0.06 and a = 0.08, for a = 0.80, the control index jumps an order of

magnitude higher. This is caused by the fact that the OGY control algorithm

cannot keep the system within the control circle. The control circle was

chosen as large as possible without causing the system to "blow up". If

control were engaged outside of this circle, the system would become unstable
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Figure 3.1: Effectiveness of the OGY control method for the Henon map.
The control index 7 increases as the noise level a is increased for the Henon
map. Each data point was calculated for a time series of length 20000.

and quickly grow to infinity. Once the system escapes the circle, the control

was turned off. At this point the system wanders around until it returns to

the control circle on its own, at which point the control engages again. Note

that this was only the case for the Henon map. For all other systems, the

control was left on at all times. An analogous experiment was done for the

Ikeda map. The results are plotted in figure 3.2. The results are qualitatively

the same.

3.3 SVD control

Derivation of an SVD analog to the OGY control method discussed in sec

tion 1.3.1 is fairly straight forward. In fact, it is identical to the OGY deriva-
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0.01 0.02 0.04 0.06 0.06 0.07 0.08 0.08

Figure 3.2: Effectiveness of the OGY control method for the Ikeda map. The
control index 7 increases as the noise level a is increased for the Ikeda map.
Each data point was calculated for a time series of length 20000.

tion up until the control condition (1.10), which in OGY aims to put the

next iterate onto the stable manifold. In the SVD based method, the objec

tive is to place the next iterate onto the direction of maximum contraction.

Analogous to the OGY condition, this means that (x„+i - ) is orthogonal

to the direction of maximum expansion, since U is orthogonal:

(3.1)

Combining the above equation with (1.9) we obtain

ufJ(x„ — xf(p) — sAp)ufsAp = 0 (3.2)
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0.01 0.02 0.03 0.04 0.06 0.00 0.07 0.09 0.00

Figure 3.3: Effectiveness of the SVD control method for the Henon map.
The control index 7 increases as the noise level a is increased for the Henon
map. Each data point was calculated for a time series of length 20000.

Solving for Ap, we obtain

Ap =
uf JAx„

uf Js - ufs
(3.3)

As with the OGY method, this results in a simple vector inner product,

which is to be applied with every iteration.

The effectiveness of this control method under the influence of noise was

tested in the same way as for the OGY method. The results are plotted in

figures 3.3 and 3.4 for the Henon and Ikeda maps respectively.

Overall, the SVD method appears better that the OGY method for the

Henon map, but the two methods are almost indistinguishable for the Ikeda

map. Though the number of data points is hardly conclusive, the current

evidence suggests the use of the SVD method over the original OGY method,
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Figure 3.4: Effectiveness of the SVD control method for the Ikeda map. The
control index 7 increases as the noise level a is increased for the Ikeda map.
Each data point was calculated for a time series of length 20000.

since the SVD method does not appear worse in any case, and better in some.

3.4 Optimal control

Both OGY and SVD control methods are of the form

Ap = Co Ci

Aa;o

Axi
(3.4)

where Cq and Ci are determined by the specific control method. Romeiras

et.al. (1992), derive the theoretical condition which needs to be met if the

controlled system is to converge. This is done by first deriving the mapping
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function for the controlled system:

X„+1 - xf = (j - bc^)(x„ - xf) (3.5)

where J is the Jacobian of the system, b is the parameter Jacobian (|^), and

c is the control vector. Prom this, it then follows that the controlled system

will converge to the fixed point if:

lim (J - bc^)" = 0 (3.6)
n—>oo

In other words, this means that the absolutes of all eigenvalues of the matrix

(J — bc^) need to be smaller than one. The control vector c is the variable

in (3.6), and its elements can be used as coordinates on a plane (for 2d

systems). Using (3.6), a region in the plane can be specified which designates

whether or not the controlled system is theoretically stable. This region is

bounded by the following lines of marginal stability (in the two dimensional

case):

Ai = ±1 and A1A2 = 1 (3.7)

These boundaries enclose a triangle within which the controlled system con

verges. An example for the Henon map is shown in figure 3.5.

In a practical sense, where observations are made of systems infiuenced

by dynamic noise, it is interesting to assign a control effectiveness 7 to each
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Figure 3.5: Analytically derived stable and unstable regions for the controlled
Henon map.

control vector c. It follows then that a surface can be plotted in < Cq — Ci —

7 >-space. The control will be optimal (as specified by definition 3.1) when

7 reaches the surface minimum. The 7-surface was constructed for a number

of systems under the influence of different levels of noise.

3.4.1 Optimal Henon control

The 7-surface was calculated for the Henon map at several noise levels, as

well as several parameter settings. Figure 3.6 shows the surface for the noisy

period one case. To get a better view, most plots are drawn as color coded

contour maps.

In each plot, the theoretical stable area as defined by equation (3.6) is

shown by a dashed gray line. Notice that the dark blue areas, which represent

the minimum on the surface, fall within the theoretical stable area. "Holes" in
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(a) No noise surface plot (b) No noise contour plot

f

(c) <7 = 0.02 (d) a = 0.04

(e) (T — 0.06 (f) <7 = 0.08

Figure 3.6: 7-surfaces for the noisy period one Henon map. Dark blue in
dicates good control, while red indicates poor control. In the contour maps
the positions of the OGY (red mark) and SVD (green mark) are shown. The
gray outline indicates the theoretical stable region.
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the surface indicate where the control caused the system to become unstable

and unbounded, i.e., the system "blows up." As the noise is increased, the

region in which the system remains bounded shrinks. Though the shrinking

appears to be asymmetric, the minimum area always remains within the

theoretical stable region.

Note that both the OGY and SVD control vector locations (based on

noise free analysis) are in the blue region. They are, however, not located in

the darkest region, so this indicates that neither of the two are the optimal

algorithm. As the noise is increased, the blue area "border" draws closer and

closer to both locations. Eventually, as noise continues to increase, control

will be lost when OGY and SVD will be located outside of the blue area.

This "loss of control" is in fact demonstrated with the noisy period two

parameter setting. These plots are shown in figure 3.7. The SVD method

loses control as the blue area shrinks. This is confirmed by the jump in 7

in figure 3.3. Extrapolating, one expects the OGY method to lose control

shortly afterwards. Similar results are also seen for the Henon system in

chaotic motion (figure 3.8).

From these observations the conclusion can be drawn that neither OGY

nor SVD control methods are optimal with respect to robustness against

dynamic noise, especially in the nominally chaotic region, where the system

blows up immediately outside the blue region. Optimally the control vector

will be located in a region that remains blue even with very high levels

of noise. This is not necessarily the "center" of the blue region or of the
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(a) No noise surface plot (b) No noise contour plot

(c) a = 0.02 (d) a = 0.04
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(e) a = 0.06 (f) <7 = 0.08

Figure 3.7: 7-surfaces for the noisy period two Henon map. Dark blue in
dicates good control, while red indicates poor control. In the contour maps
the positions of the OGY (red mark) and SVD (green mark) are shown. The
gray outline indicates the theoretical stable region.
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(a) No noise surface plot (b) No noise contour plot
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(c) <T = 0.02 (d) a = 0.04

•  \

(e) <T = 0.06 (f) a = 0.08

Figure 3.8; 7-surfaces for the noisy chaotic Henon map. Dark blue indicates
good control, while red indicates poor control. In the contour maps the
positions of the OGY (red mark) and SVD (green mark) are shown. The
gray outline indicates the theoretical stable region.
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theoretical stable region.

3.4.2 Optimal Ikeda control

The same experiments were done for the Ikeda map. Because this system

does not have the same "blow-up" behavior as the Henon map, no "holes" are

present in the plots (figures 3.9, 3.10 and 3.11). As with the Henon map, the

noise fuzzes out the fractal structure of the surface, and the optimal control

region shrinks in a similar manner as with the Henon map.

3.5 Engine control

To examine a model representing an actual physical system, the 7-surface

was determined for a model of an internal combustion engine as describes in

section 1.5.2.

When designing a control algorithm for the engine based on the heat

release a question arises: how many cycles bax:k in time should be included?

If only the current heat release is considered, the control becomes a simple

proportional one dimensional control:

Api+i = c{hri - hrp) (3.8)

The 7-surface in this case becomes a line. If we consider hvi and hri_i, the
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(a) No noise surface plot (b) No noise contour plot
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(c) (T = 0.02 (d) a = 0.04
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(e) a = 0.06 (f) (T = 0.08

Figure 3.9: 7-surfaces for the noisy period one Ikeda map. Dark blue indi
cates good control, while red indicates poor control. In the contour maps
the positions of the OGY (red mark) and SVD (green mark) are shown. The
gray outline indicates the theoretical stable region.
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(a) No noise surface plot (b) No noise contour plot

(c) (T = 0.02 (d) a = 0.04

(e) tr = 0.06 (f) a = 0.08

Figure 3.10: 7-surfaces for the noisy period two Ikeda map. Dark blue in
dicates good control, while red indicates poor control. In the contour maps
the positions of the OGY (red mark) and SVD (green mark) are shown. The
gray outline indicates the theoretical stable region.
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(a) No noise surface plot (b) No noise contour plot

(c) <7 = 0.02 (d) a = 0.04

uA ft -■ -Jk
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(e) CT = 0.06 (f) a = 0.08

Figure 3.11: 7-surfaces for the noisy chaotic Ikeda map. Dark blue indicates
good control, while red indicates poor control. In the contour maps the
positions of the OGY (red mark) and SVD (green mark) are shown. The
gray outline indicates the theoretical stable region.
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(a) No control (b) Optimal control

Figure 3.12: Heat release return maps for the engine model. These particular
parameter settings represent a noisy period two.

control becomes two dimensional as with the Henon and Ikeda maps:

Api+i = Co Ci X

hri-i — hrp

hfi — hrp
(3.9)

This can be increased to as many dimensions as desired, but the question is:

which is optimal, and where are the returns diminished?

Figure 3.13 shows the one dimensional 7-surface. It shows that one di

mensional control can improve 7 by a factor of 0.67. A plot of the controlled

system is shown in figure 3.12b. Notice, however, that the minimum 7 lies

close to a very steep incline which implicates fiame-out. This suggests that

if the control would only be slightly off, the result could be catastrophic, i.e.,

flame-out.
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Figure 3.13: One dimensional 7-surface for the engine model (blue line). The
green line indicates the flame-out level.

Figure 3.14 shows the two dimensional 7-surface. The flame-out "clifF'

is very prominent. Also visible is the effective control valley. The valley

appears to be very flat. The cross-section cq = 0 in this surface will result

in the one dimensional control plot. Notice how on this line the dark blue

region is pressed right up against the flame-out region to its "north". If Co

moves somewhat to the west, we see that the flame-out cliff moves further

away and that the dark blue valley extends further to the south. Since the

valley is quite flat, it does not matter much where in the valley we are with

respect to 7. However, the robustness of the control improves if Cq is set a

little negative.
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(a) 3d view (b) Top view

Figure 3.14: 7-surface for the two dimensional control on the noisy engine
model.

Figure 3.15 shows a sequence of contour views of how the surface would

vary when using three dimensional control. From the figures, there does not

appear to be any benefit with respect to robustness to using three dimensional

control.

In figure 3.16 the minimum 7 is shown for some higher dimensions as

well. It shows that using higher dimensions improves 7 only very marginally.

3.6 Experimental

All experiments done in this chapter were conducted using original C and

C++ code. A number of algorithms by Press, Teukolsky, Vetterling, and

Flannery (1992) were also used for generation of pseudo-random numbers

and for minimization of certain functions. The number of data points used
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(a) co=-0.12 (b) co=-0.10 (c) co=-0.08

(d) cto=-0.06 (e) co=-0.04 (f) co=-0.02

(g) co=0.00 (h) co=0.02 (i) co=0.04

f'Prf

0) cb=0.06 (k) co=0.08 (1) co=0.10

Figure 3.15: Three dimensional control 7-surfaces for the engine model.
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Figure 3.16: Minimum 7 for several dimensions.

for each control experiments was 2 * 10^. Computation were done on both

Intel based computers as well as Sun Microstations.

The basic control algorithm left the control on at all times, except for the

Henon map. The Henon map becomes unstable if control is actuated when

the system state is outside the immediate vicinity of the fixed point.

3.7 Summary

From the results in this chapter, it is seen that the theoretical stable region

defined by equation 3.6 plays an important role in practical situations where

the system is infiuenced by noise. The experimental region of control appears

to remain within this theoretical stable area at all times, even though the

region of control does contract as noise levels are increased. It is also note

worthy that the contraction does not appear to be uniform in all directions.

It seems that the control region hugs the edge closest to the origin.
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Both the OGY as well as the SVD control vectors are located within

the theoretical stable region, but they are not necessarily within the control

region. Thus it follows that neither of these are optimal control vectors when

systems are influenced by noise. There does not appear to be any conclusive

evidence from these experiments whether or not the SVD method is superior

to the OGY method.

As expected, from the engine model experiments it was found that in

embedded systems, there is an optimal number of time steps to look back in

time. When using higher and higher dimensions, one encounters diminishing

returns.



Chapter 4

Control optimization

In the previous chapter, a control index was defined, and some experiments

were done to examine its behavior for some different systems. It was shown

that the control of noisy systems can be optimized by finding the minimum

on a surface. Unfortunately, generic minimum finding algorithms are tedious

and would require a great number of experiments. This is highly undesirable

in an industrial environment, where computation time and the number of

experiments needs to be minimized. In this chapter, a number of "rules of

thumb" will be investigated which should help the experimentalist minimize

the number of experiments needed to find the optimal control point.

81
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4.1 Shifting of the OGY control vector due

to noise

In chapter 2 it was found that the manifold structure changes as noise is

added to the system. These modified manifolds can be used to calculate new

control parameters using the OGY formula (1.16). The hypothesis that these

new OGY parameters give the optimal control can then be tested.

The parameters were calculated using the data from figures 2.5 and 2.6.

The results were plotted on contour maps of the 7-surface as shown in fig

ure 4.1. The figures show that using the manifold structure as modified by

noise does not improve control. The control vector does not move towards the

lowest point of the valley as the noise is increased. In some cases (especially

the Ikeda map), the control even becomes worse. The contours, however,

do show that there appears to be a direction in which the optimal control

parameters prefer to move as noise is increased.

4.2 Experimental control minima and the the

oretical control region

The experimental control minimum can be determined for every noise level

and parameter setting from the data collected in chapter 3. It is of interest

to study how these minima change as the noise level changes, and how this

change relates to the theoretical control region.
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Figure 4.1: Variation of the OGY control vector with increased noise. The
blue contours signify equal j values at different noise levels. The inner
contours reflect higher noise levels. The red connected circles indicate re-
estimated control vector locations for increasing noise levels.
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4.2.1 Henon map

The minima for the Henon map are plotted in figure 4.2. It is apparent

that the minimum does not appear to move with increased noise levels. The

question that arises is if this location can be derived from (3.5). If so, the

optimization effort could be greatly reduced.

In chapter 2 it was discovered that the manifold structure changes with

changing noise levels. The fixed point itself, however, remained unafiected

by noise. It stands to reason then that a control strategy that projects

the next iterate onto this fixed point should be less affected by noise than

strategies (such as OGY) that control to the stable manifold. From (3.5) it

is easily determined that the system should collapse immediately onto the

fixed point when all eigenvalues of the matrix J - bc^ are equal to zero. For

the two dimensional case, this condition can be reduced to the solution of

the following system:

(4.1)

The above system is easily solved for the Henon system, and the cor

responding values for the control vector c are plotted in figure 4.2. In the

figure, the minima are shown as small red dots. The figure shows that there

is indeed a very good correspondence between the calculated location and

the experimentally determined minima.

h  h
c =

trace(J)

322^1 — jl2^2 ~ 321^\ |J1
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Figure 4.2: Effect of increased noise levels on the minima in the 7-surface.
The minima at different noise levels are indicated by the red dots. The
position of the solution to Ai = A2 = 0 is indicated by the '+' symbol. The
triangles indicate the theoretical stable control region.
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4.2.2 Ikeda map

The same experiments as for the Henon map were done for the Ikeda map.

The results, however, are somewhat different, as figure 4.2 demonstrates.

Though the minima remain more or less stationary for different noise levels

for the period one system, the minima definitely change for the period two

and chaos parameter settings. The trend appears to be that at low noise levels

the minimum is close to the control vector as defined by (4.1). When the noise

level increases, the minimum drifts towards the origin, which corresponds to

no-control. This is consistent with the contours in figure 4.1, where the

control region boundary closest to the origin remains least affected by noise

levels. Thus a significant observation is that the higher the noise level, the

less control action will be desirable.

The discrepancy between Henon and Ikeda can be explained by the fact

that Ikeda is much more sensitive to noise, which causes the system to be

dominated by noise more easily. Some slight drift towards the origin can

be observed in the Henon plots, but higher noise levels cannot be examined,

since the Henon map becomes unstable with higher noise levels.

4.3 Guidelines

A number of observations can be made when observing the behavior of the

location of the optimal control in figure 4.2. The first is that at lower lev

els of noise, the optimal control vector is located at that position where all
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eigenvalues of the mapping matrix of the controlled system equal zero. This

control vector corresponds to the system immediately collapsing onto the

fixed point. This is in contrast to the original OGY control vector, which

positions the system onto the stable manifold. That controlling to the fixed

point is more effective for noisy systems than controlling to the stable man

ifold fits with the observations in chapter 2 that the fixed point does not

appear to move under the influence of noise, while the manifold structure

does change. According to this, a first guideline towards the optimization

of control of nonlinear and chaotic systems under the influence of dynamic

noise can be stated:

Guideline 1 Determine J and h (as defined by (S.5)) of the system from

experimental data. Using these, calculate Co according to the condition that

all eigenvalues of 3 - bej are zero. If noise levels are not expected to be very

high, use this €„ as the initial guess for optimal control.

A second observation is that as noise levels increase, the optimal control

migrates towards the origin. As higher noise levels start dominating the

system, large control actions disturb the system rather than stabilize it. Thus

at higher noise levels, less perturbation is favored. Note, however, that the

minimum never leaves the area defined as the stable region. This is also

apparent from figure 4.1, where the higher noise contours always remain

inside lower noise contours. It is also clear from figure 4.1 that the area edge

closest to the origin remains least perturbed by noise. A second guideline
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C,

Figure 4.3: Location of and Cg for an imaginary system,

can be derived from these observations.

Guideline 2 In case of high noise, having determined Co and the theoretical

stable region, draw a line between Cq and the origin of the control space.

Locate the intersection between this line and the edge of the stable region

closest to the origin. Use the control vector Cg, which is located a little on

the inside of the stable region from the intersection, as the initial guess.

Figure 4.3 illustrates the locations of €„ and Cg. The line connecting Co and

the origin can be expressed in the following equation:

Cj = aCo (4.2)
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where Ci is any point on the line, and a is the variable. To limit the line to

the line section between Co and Ce, a range must be given for a. The upper

limit for a is easily recognized as a,, < 1- The lower limit depends on which

of the three conditions defined in (3.7) results in the stable area edge between

the origin and Cg- Equations a for each of the three conditions are as follows:

-1-|J| + 'IV(J)
Ai = 1 Qe =

{

Ai = -1 QJe =

Ai * A2 = 1 O^e —

312^2 — j22bl)CoO + (j2lfel — jllb2)Col + (61C0O + 62C01)
-1-|J|-IV(J)

(jl2&2 — j22bl)CoQ + (^21^1 — ill&2)Col — (^iCoO + ̂2Col)
1-|J|

(jl2&2 — 322bl)CoO + (^21^1 ~

Once the appropriate CKg has been determined, a third guideline follows:

Guideline 3 Search for the control minimum on the line connecting Co and

Ce- This line will he defined by (4.2) with oie < a < 1.

4.4 Optimal Engine Control

The guidelines developed in the previous section were first tested on the

engine model. For this model the actual optimal control can be determined

by finding the minimum on the 7-surface in figure 3.14. This minimum was

identified to the closest grid point on the surface as:

-0.01

0.075
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The task is to see if we can approximate using the above mentioned

guidelines.

The nominal values for J and b can be determined from the noiseless

model in a straightforward manner. Due to the fact that the data is observed

as a return map, both J and b will be sparse:

Jn =
0  1

0 -1.188

b„ =
0

-15.9

In a true experiment, only a time series of the system will be available,

so this must be used to determine J and b empirically. This estimation

was done by observing the time series from the model and recording a large

number of data points that fell close to the fixed point. Once a sufficiently

large number of data points was collected (approximately 10^ cycles), J was

estimated by fitting the equation

hn+l

1

1

= J

hn+2 hn+l

to the data, b was estimated by determining ̂ ^^\h=hf from a second time

series where the parameter B had been perturbed slightly. The derivative is

then estimated as:

dh.71+1

dB

hn+l(B + AB) -

h=hf AB
h=hf

hn+i{B + AB)\h=hf — hf
AB
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where the overbar refers to the average value. Using these methods, J and

b were determined:

0  1 0

J = b =

0.13 -1.33 -14.7

Note that both J and b were determined without doing any control on the

system. Only two time series are in principle necessary, though a large num

ber of cycles might be called for. For very noisy systems, it might be desirable

to acquire more data sets to estimate b. Each data set would have a slightly

different parameter perturbation, so as to get a more accurate estimation.

Now, equation (4.1) can be solved for the empirical values to find c:

Cn —

-0.009

0.091

In figure 4.4 both Cm and Cest are plotted on the control plane. Note

that Cest is close to Cm, and is also close to the line connecting Cest and the

origin. This is a first confirmation of the guidelines developed in the previous

section.
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Figure 4.4: Location of c„i (green *) and c^, (red +) on the control plane.

4.5 Control of the CSTR model

4.5.1 OGY control without added noise

The fixed point on the Poincare section was located and determined to be

yf =

0.531

0.799

Using equation (1.16) the OGY control vector was calculated,

COGY =

0.562

0.0820
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Figure 4.5: OGY controlled CSTR without added noise.

and this vector was used to control the system to a period one oscillation.

The result is shown in figure 4.5.

4.5.2 Control of the CSTR model with added noise

As with the other models, a 7-surface was constructed for the noisy CSTR

model. Due to prohibitive calculation times, the number of points on the

< Co — Ci >-plane could not be very large. Also, the number of cycles had

to remain relatively low (500 per grid point). As a result, the 7-surface

cannot be very detailed, though general trends can be deduced. The plot

of the figure is shown in figure 4.6. The estimated Cmin, and relevant

edge of the theoretical stable area are also shown in the plot. Notice that

the edge passes right above the origin, which confirms that the fixed point
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O 0.5

^).5

Figure 4.6: 7-surface of the noisy CSTR model. The grey diagonal shows
the line corresponding to Ai = —1. The red point indicates the estimated
location of Cq- The green point gives a rough estimate of the minimum on
the 7-surface. The white dashed line connects Co and the origin.

is only barely unstable on its own. The other edges of the theoretical stable

area stretch out beyond the right and top edges of figure 4.6. The Poincare

section of the system controlled with the minimum control vector is shown

in figure 4.7.

Once again it appears that the control region remains within the theo

retical stability region when noise is added. Because of the inaccuracy in

the determination of J and b, caused by the lack of a great amount of data

points, it cannot be expected that the guidelines hold exactly. Given this,

figure 4.6 shows that Cmin does fall roughly between Co and the origin, even

though it is not on or very close to the dashed white line in the figure. The

experiments do confirm that when using the guidelines given, one would come
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Figure 4.7: Poincare section of the system controlled with Cn

fairly close to the optimal control point.

4.6 Experimental

All Henon, Ikeda, and engine experiments done in this chapter were con

ducted using original C and C-l-l- code. A number of algorithms by Press,

Teukolsky, Vetterling, and Flannery (1992) were also used for generation of

pseudo-random numbers. Integration of the CSTR model was done using

Matlab 5.1 routine odelSs on Intel based computers.
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4.7 Summary

In this chapter a number of guidelines to find the optimal control vector

were developed by observation of the behavior of the Henon and Ikeda maps.

These rules of thumb intend to optimize the search for the best control (as

defined by definition 3.1). The guidelines were tested on two realistic models.

It was found that the guidelines do aid in the determination of the optimal

control, though a large number of data points is desirable when dealing with

considerable noise levels.



Chapter 5

Conclusion

The main objective of this research has been to develop a modified version

of the original OGY control method so as to optimize control of nonlinear

and chaotic system infiuenced by dynamic noise. Specifically, the objective

of the control algorithms is to stabilize periodic orbits in phase space. The

research was conducted by studying three conjectures (section 1.5.1).

5.1 Concerning Conjecture 1

It was shown that the concepts of fixed points and manifolds can be defined

for systems infiuenced by Gaussian noise. The fixed point in fact appears to

remain unchanged when noise is added. This is quite a remarkable result,

as it indicates that no matter what the noise level is, one will always be

controlling to the same location. In this case it is noteworthy that the noise

97
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that was added in all experiments was symmetrical. It is possible that the

fixed point may shift when asymmetrical noise is added.

Contrary to the fixed point, the manifold structure does appear to be

influenced by noise. It appears that noise fuzzes out the directions that are

associated with the noise free system. As noise becomes more dominant,

the stable and unstable directions become less pronounced, and the system

becomes dominated by statistical averages. As such, it follows that control

based on the manifold structure will become less and less effective as noise

levels increase.

There were also studies done investigating the effect of noise on the di

rections of maximum and minimum contraction near the fixed point. These

directions appeared to not be affected by noise.

5.2 Concerning Conjecture 2

The control experiments showed that the boundaries of the theoretical stable

control region remain intact as noise is added to the system. That is, the

area of best control for the noisy system always stays within the noise free

boundaries, even though the area shrinks with increased noise levels. It is

of importance that the shrinking is not uniform relative to the edges of the

theoretical region.

In each of the experiments it was apparent that the lowest part of the

"control valley" tended to shift towards the theoretical edge closest to the
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origin of the control vector plane. In the limit to no noise, the valley minimum

appeared towards that control vector that projects the system directly onto

the fixed point.

The alteration to the original OGY method is then that a control vector

is to be selected depending on the noise level. The above observations lead

to the guidelines presented in section 4.3. These guidelines aim to optimize

the search for the best control vector.

5.3 Concerning Conjecture 3

The guidelines developed were tested on two realistic model systems, the

engine model and the CSTR model. The results from the engine model

appear to support the guidelines, though a large number of data points was

necessary to make the estimates converge. The results from the CSTR model

are less conclusive, though they certainly do not contradict the guidelines

given. Most likely the lack of sufficient data points causes estimation errors

in the optimization. Unfortunately, gathering of a greater number of data

points was prohibited by time constraints. Overall, evidence weighs in favor

of the guidelines.
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5.4 Overall objective and further study

The original OGY control method was modified by choosing a different con

trol vector than was originally prescribed. The basic mechanics of the control

algorithm remain unchanged. The control still requires only one vector mul

tiplication per system cycle. Overall, the objective of the research has been

achieved. However, a number of issues of interest for further study can be

listed.

During the optimization of the control no consideration was given for the

cost of control. That is, it might be possible that the optimal control as de

fined in the research is not optimal in the sense of minimal perturbations. If

perturbations are expensive in an industrial environment, it is possible that

a different cost minimizing function is desired. This would be greatly depen

dent on the particular system that is being studied, though it is conceivable

that a general cost function could be derived.

All noise added to the systems in this research has been Gaussian. It

would be of interest to study the effect of other noise distributions. In par

ticular the effects of asymmetric distributions could be important, as these

might shift the fixed point. This could conceivably results in the need of a

totally different approach to optimizing control.

The guidelines developed in this research were derived more or less heuris-

ticly. Confidence in these methods would be greatly improved if a more

rigorous mathematical derivation of the presented concepts could be made.
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Conversely, all experiments done here were computer simulations. Testing of

these methods on actual physical systems is desirable. Other issues would

also come into play in a physical experiment, such as how to deliberately add

specific noise levels to real systems.

The systems used in this research have mostly been systems that did not

need any embedding (the engine model uses a return map). The research has

not accounted for the issues that arise from the embedding of time series.

Dressier and Nitsche (1992) extended the original OGY method for use with

embedded systems. Other researchers (e.g., Rhode, Rollins, Markworth, Ed

wards, Nguyen, Daw, and Thomas (1995)) have then argued that controlling

directly to the fixed point is not the optimal control, as the system is also

dependent on previous perturbations. How this is affected by dynamic noise

is a relevant issue, since most real systems will most hkely be embedded.
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Appendix: Nomenclature

General nomenclature

a = angle

A = Lyapunov exponent

A = eigenvalue

f = noise

T  U ^b = parameter Jacobian —

0 = control vector

Co = control to fixed point vector

Cg = control vector located just inside

the theoretical control region on the Co - origin line

F = system function

f = left eigenvector

J = Jacobian 
âx

p = parameter vector

Po = nominal parameter value

T = Euclidean distance in phase space between system states

V = eigenvector

X = system state
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Nomenclature for the CSTR model

Variables and parameters

Ai,A2 = frequency factors

Ac = cooling surface area

Ca,cb = reactant concentrations

CAf = feed concentration

Ei,E2 = activation energies

AHi,AH2 = reaction enthalpies

q = flowrate

R = gas constant

T = temperature

Tc = coolant temperature

Tj = feed temperature

l! = time

V = reactor volume

Dimensionless variables

V
Ca

u =

CAf

V = —

CAf

El frr rr\ rf, ^f + kTc
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Dimensionless numbers

VAi
a = e RT (Damkohler number)

Q

P  (dimensionless heat of reaction)
pCp IhJ.

AH2
UA

K = ^ (dimensionless cooling rate)
QpCp

Ao
a = —e«r

Ai
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