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Abstract

Many rodent-borne hantaviruses are zoonotic pathogens that can cause disease in humans.

To evaluate the prevalence of Jaborá virus (JABV) over time within its rodent reservoir,

Akodon montensis, we formulated a discrete time model with multiple rodent age classes

and unique infection class progression features. We parameterized the model with data

collected from a survey of JABV harbored by Akodon montensis in the Mbaracayú Reserve

in Paraguay. Our model incorporates three infection types and a recovered class. A new

feature of the model allows transition from the latent to the persistently-infected class. With

a more complete age and infection structure, we are better able to identify the driving forces

of epidemiology of hantaviruses in rodent populations.

Optimal control (OC) applied to epidemic modeling can be a key tool in determining

effective intervention strategies for infectious diseases. However, the common formulations

of OC problems of infectious disease systems of ordinary differential equations do not

always offer features needed by disease managers. These problems often minimize both

the disease burden and the intervention cost over a time period to determine the optimal

intervention strategy, not allowing for the incorporation of details such as budget constraints.

We formulated and analyzed several OC formulations using a basic example of cholera,

incorporating features such as a budget constraint or a desired epidemiological goal, to

reframe OC problems applied to infectious disease models in a more accessible manner for

public health managers.

There is evidence of geographic disparities in COVID-19 hospitalization risks that, if iden-

tified, could guide control efforts. Geographic disparities in distribution of socioeconomic,

demographic and health-related predictors of ZCTA-level COVID-19 hospitalizations in St.

Louis were investigated using choropleth maps. These predictors were then investigated
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using global negative binomial and local geographically weighted negative binomial models.

COVID-19 hospitalization risks were significantly higher in ZCTAs with high diabetes

hospitalization and COVID-19 risks, black population, and populations with some college

education. The impacts of the first three factors vary by geographical location, implying that

a ‘one-size-fits-all’ approach may not be appropriate for management and control. These

findings are useful for informing health planning and guiding vaccination efforts.
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Chapter 1

Introduction

In this dissertation, we show how mathematical and statistical models can be used to

explore the drivers of different diseases and to determine optimal strategies for disease

management. Two of our models, a discrete time age structured model and a negative

binomial regression model, are connected to real world data, allowing us to more accurately

investigate disease dynamics. We also employ a basic system of ordinary differential

equations (ODE) modeling disease transmission to explore alternate formulations of optimal

control problems incorporating the needs of disease managers, including budget constraints

and epidemiological goals.

In Chapter 2, we aim to investigate prevalence patterns of hantaviruses in rodents.

Hantaviruses have been observed to have large variation in prevalence in rodents over time,

varying from less than 1% to as high as 25% in long term sampling in the United States

[19]. When hantavirus prevalence in rodents is high, humans are at higher risk of coming

into contact with the excreta of infected rodents, which can cause serious conditions such as

hantavirus pulmonary syndrome, a condition with limited treatment options. To investigate

these patterns, we evaluate the prevalence of a strain of hantavirus, Jaborá virus (JABV),

over time within its rodent reservoir, Akodon montensis, and explore the drivers of hantavirus

prevalence among rodents in Paraguay using an age structured model of hantavirus. This

discrete time model consists of nine compartments incorporating three age classes, three

types of infection, and a recovered class. The infection classes (acutely infected, persistently

infected, and latent) are based on the infectiousness of the rodent. The latent class is a
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new feature allowing rodents to lapse back into a persistently infected state, where they are

capable of transmitting the virus, from a latent state, where they are unable to transmit

the virus [88]. This class was proposed as a possible mechanism for the persistent low levels

of hantavirus prevalence observed in rodent populations [19]. As this is a discrete time

model, the order of events is carefully chosen. Using seroprevalence data on hantavirus from

the Mbaracayú Reserve in Paraguay [28], we parameterize the model. We then perform a

Latin Hypercube Sensitivity Analysis, a global sensitivity technique where all parameters are

varied at one time, combined with Partial Rank Correlation Coefficients [72] to measure the

impact of the parameters on disease prevalence over time. With these results to guide us, we

perform further simulations to explore the effect of parameter changes and initial conditions

on disease dynamics. By using a more complete infection structure and incorporating real

world data, we are better able to identify the driving forces of hantavirus prevalence in rodent

populations.

In Chapter 3, we develop and analyze new optimal control formulations applied to systems

of ODEs modeling infectious disease transmission, with the goal of reframing optimal control

problems in a manner more accessible and useful for public health managers. Oftentimes,

optimal control problems applied to infectious disease systems are formulated to minimize

both some measure of disease burden and the cost of intervention [3, 9, 79]. This formulation

of the problem does not allow for the incorporation of issues such as budget constraints or

specific epidemiological goals that public health departments may be trying to reach. It also

requires researchers to place monetary value on human health and death, which leads to

ethical considerations, particularly when considering diseases affecting marginalized groups

or countries with developing economies and health care systems [11, 16, 48, 81, 96]. Therefore,

we reframe optimal control problems to include these features, allowing the addition of

budget constraints or epidemiological goals for a given system. We then apply these new

formulations to a basic ODE model of cholera [108], which includes susceptible, infected,

recovered classes as well as a compartment tracking the concentration of cholera vibrios

in the water. In this model, the control is vaccination. We use an approach of obtaining

the adjoints and optimal control characterization via Pontryagin’s Maximum Principle [89]

to construct the optimality system (adjoints, state equations, boundary conditions, and

2



optimal control characterization). We then solve this system using an iterative forward

backward sweep method [68]. We deliberately use a simple model of cholera transmission

and choose specific sets of model parameters to demonstrate key features of these optimal

control formulations with numerical simulations.

In Chapter 4, we investigate ZIP Code Tabulation Area (ZCTA)-level drivers of COVID-

19 hospitalization risks in the St. Louis area. There is evidence of geographic disparities in

ZCTA-level COVID-19 hospitalization risks in this area. There are also geographic disparities

in various ZCTA-level features, including COVID-19 cases, socioeconomics, demographics,

health behaviors, and chronic disease conditions. We hypothesize that the disparities in

these features are driving the observed disparities in ZCTA-level COVID-19 hospitalization

risks in the St. Louis area. To investigate this, we employ global and local negative

binomial regression models, where the outcome is ZCTA-level age-adjusted COVID-19

hospitalization risk and the predictors are ZCTA-level sociodemographic and economic

factors, health behaviors, chronic disease conditions, and COVID-19 cases. Socioeconomic

and demographic factors such as race, education level, and income were taken from the U.S.

Census Bureau 2018 American Community Survey (ACS) 5-year estimates [109]. COVID-19

hospitalizations, health behaviors, and chronic disease conditions data were obtained from

the Missouri Hospital Association, while data on confirmed COVID-19 cases were obtained

from County Departments of Health. We first construct a global negative binomial regression

model using backwards elimination. To determine if there is geographic variation in the

predictors of our final global negative binomial regression model, we construct a local negative

binomial regression model using Geographically Weighted Regression [92]. This regression

method allows the coefficients in the model to vary by ZCTA, helping us to identify areas

where the predictors in our model have differing impacts on our outcome. Utilizing both

global and local regression models is crucial because it shows that a universal approach to

health planning is insufficient in this area, as different factors are driving hospital risks in

different regions, and that customized planning strategies must instead be determined for

effective management.

We utilize several numerical and statistical approaches throughout this work. For the

numerical simulations of our optimal control problems, we use the MATLAB ODE solver

3



ode45 (which is based on an explicit Runge-Kutta formula) coupled with an iterative method.

The ZCTA-level global negative binomial regression model was built using a generalized

linear model (GLM) framework in R. The GLM framework allows for linear models to be

utilized when the outcome variable has a non-normal error distribution by relating the linear

model to the outcome variable via a link function. The ZCTA-level geographically weighted

negative binomial model was fit in SAS. This modeling approach fits a regression equation

for each ZCTA in the dataset by incorporating only the data from the ZCTAs within a

certain radius of the target ZCTA. This allows for the identification of local variation in the

regression coefficients, showing the importance of specific predictors in different areas.

This work aims to use various modeling approaches and real world data to investigate the

drivers of hantavirus and COVID-19 and employs a basic transmission model to explore new

optimal control formulations for infectious diseases. In Chapter 2, we show that the addition

of a carrier class to our model can explain some of the observed patterns in hantavirus

prevalence in rodent populations. Understanding the drivers of hantavirus prevalence can

contribute to the reduction of zoonotic transfer of the virus during outbreaks. In Chapter

3, we demonstrate how optimal control problems can be reframed to take into account

the limitations and needs of disease managers, making optimal control more accessible as

a management tool for public health officials. In Chapter 4, we identify local predictors

of COVID-19 hospitalization in the St. Louis area, demonstrating which factors may be

important to consider when developing hospital management strategies or control efforts.

We also show the importance of utilizing both global and local modeling strategies to develop

a more accurate understanding of disease drivers in a given area. All of these projects are

joined by a common theme, to improve the management of infectious disease by leveraging

the power of mathematical and statistical modeling while simultaneously considering the

circumstances and limitations under which disease managers often function.
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Chapter 2

A Discrete Age Structured Model of

Hantavirus in a Rodent Reservoir in

Paraguay

2.1 Introduction

Hantaviruses are endemic in most parts of the world, being harbored by rodents, bats, moles

or shrews. Each mammalian reservoir carries a unique viral strain. Intraspecies transmission

occurs through the inhalation of aerosolized virus excreted in urine or feces [88], or through

an exchange of blood and saliva during aggressive encounters among conspecific individuals

[37]. We note that hantavirus is not lethal in rodents and does not usually cause health

issues. While not widely studied for most hantaviral reservoirs, viral infection of some

rodent reservoirs may show lower survival rates, lower body mass, slower weight gains, and

higher testosterone (for example, see [70, 71]). However, no pathology has been observed in

bank voles infected with Puumala virus [119], in deer mice experimentally infected with Sin

Nombre virus [15], or in cotton rats infected with Black Creek Canal virus [46]. But higher

A version of this chapter was previously published in Igoe M, Moran EJ, Sheets T, DeSalu J, Jonsson
CB, Lenhart S, Owen RD, Rúa MA. A Discrete Age Structured Model of Hantavirus in a Rodent Reservoir
in Paraguay. Letters in Biomathematics. vol. 7, 1: 127–142, 2020. Morganne Igoe was the leading author
of this work.
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doses of Black Creek Canal virus in the cotton rat can cause pneumonitis [45]. Researchers

have reported that Sin Nombre virus (SNV) seroprevalence may vary from very low (< 1%)

to levels greater than 25% in long-term sampling in the western United States [19]. Field

studies in Chile by Padula et. al [88] suggested that a latency period may be responsible for

the low prevalence.

Rodent reservoirs of Jaborá hantavirus in Akodon montensis have been studied in the

Interior Atlantic Forest of Paraguay, and these populations exhibited low prevalence levels

[28, 87]. To mechanically explain the low prevalence of JABV over time within its rodent

reservoir, Akodon montensis, we propose a mathematical model with rodent age classes and

a unique ‘latency’ class (having the virus but without the ability to transmit it). While

the model used in this paper is based on data from JABV found in a South American

rodent reservoir, Akodon montensis in Paraguay, the model is generalizable to other rodent

reservoirs of hantaviruses due to its structure with age and infection classes [49, 120].

Upon infection, the rodent reservoir can be characterized as having an acute infection as

demonstrated by virus being shed in urine and feces. At some point, the rodent transitions

to a persistent infection which is characterized by low or undetectable levels of virus being

shed in urine or feces. However the rodent remains infected in many tissues such as the lung

and heart (for example, see [15, 38]). Such persistently infected rodents do not clear the

virus, as documented in [74], and this feature will be represented in our model. It is through

these cycles that rodent-borne hantaviruses are maintained in rodent communities in nature.

Infection of humans by exposure to rodent-borne viruses is considered to be a dead

end, since humans cannot transmit the virus to one another [62]. In the New World,

some hantavirus species transmitted from rodents to humans cause hantavirus pulmonary

syndrome, a serious condition with basic life support as the only medical treatment and

mortality rates of 36% in the United States [20]. To better understand the drivers behind

hantavirus spread, both intraspecies and interspecies transmission must be considered.

Prevalence levels for hantavirus infection within rodent host populations vary seasonally

and geographically, ranging from roughly 1 to 6% in the montane grass mouse, Akodon

montensis, in Brazil and Paraguay, to 1 to 30% documented in the deer mouse, Peromyscus

maniculatus, in the United States [23, 106]. A suite of factors drives viral prevalence in rodent
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populations including host genetics, mating behaviors and environmental factors [28, 71]. For

example, the species A. montensis does not enter torpor (a short period of reduced body

temperature and metabolic activity), and can have up to three reproductive cycles each year,

potentially leading to higher population density and/or higher dispersal rates [50, 87]. Both

factors would likely increase contact and agonistic encounters with both conspecifics and

other species. This contrasts with North American rodent species such as P. maniculatus

which undergo torpor and have only a single reproductive cycle each year. Together these

and other abiotic and biotic factors modulate viral prevalence observed in males and females.

Environmental characteristics, such as seasonality and landscape structure, have also been

linked to increased prevalence, as have anthropogenic factors such as ecological disturbance

and its corresponding impact on biodiversity [61, 67, 71].

Previous theoretical work in this system has incorporated differences in transmission

and environmental factors to understand changes in overall virus prevalence. Allen and

collaborators have published several papers on epidemiological models of hantavirus in A.

montensis in Paraguay [6, 8, 116]. These models include: a 2006 differential equations

model followed by a stochastic model with SEIR compartments (susceptible, exposed,

infected, recovered) to include random seasonal and environmental variations (both in [5]),

a 2006 differential equations model featuring separate sex classes, followed by a stochastic

differential equations model of similar structure (both in [6]), a 2009 model by Allen et al.

[8] which used a habitat-based model for the spread of hantavirus between a reservoir and

spillover species, and a 2010 model by Wesley et al. [117] that used an SI model which

includes two infected classes and examines the role of viral-contaminated soil. Despite the

extensive modeling work previously completed in this system, there has only been one discrete

model developed to investigate the outbreak structure for viral transmission of hantavirus

[116]. This model consists of a discrete-time rodent-hantavirus model structured by two

infected classes (one for males and one for females) and three age classes. It includes juveniles,

subadults, and adults, split into female and male groups, and susceptible and infected classes

of adults. It further assumes that the juveniles and subadults could not become infected,

and focuses on differences in contact rates based on the sex of the mice. Due to age structure

in our data set, we chose to formulate a model discrete in time with three age classes and
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to use three types of infected classes to investigate persistent low levels of prevalence. We

include a ‘latent’ class, which cannot transmit the virus but carries it, which was suggested

by the work of [88]. Our model also differs from other hantavirus models due to its strong

connection to data from Paraguay [28].

Motivated by the extensive prevalence data for hantaviruses in rodents collected in August

2014 in the Mbaracayú Reserve in Paraguay [28], and by the fluctuations in prevalence but

persistence of the virus at a low level in data collected from the region in 2005-2006 [87], we

investigated possible mechanisms for the observed occurrences of the virus through modeling.

Our model is an age structured, discrete model which incorporates latent and recovered

classes, and our transition rates and prevalence levels are directly connected to this data [28]

in Paraguay. In addition to the classical stages of infection, acute and persistent, we add a

latent class to better examine the dynamics of the virus. In this model, rodents in the latent

class do not shed virus, so they are not transmitting the virus, but are able to transition

back into the persistently infected class. The latent class is a novel addition to our model

(compared to previous models), which offers a possible explanation for the maintenance of

the virus during normal periods and periods when outbreaks of virus are driven by biotic

or abiotic factors. The age structure includes differing transmission coefficients between

juvenile and adult populations. By incorporating the new latent class and an expanded

age class structure into our model, we address the dynamics of hantavirus within rodent

populations.

In the next section, we describe our data and our model. Then we follow with results

and discussion, and in the last section, conclusions are given.

2.2 Methods

2.2.1 Our Data

Our model is based on data collected in August 2014 in the Reserva Natural de Bosque

Mbaracayú (RNBM) in Paraguay [28]. The data collected at 22 sites from 2 -11 nights of

trapping include 417 rodents. Recorded features included species, weight, total length, sex,

reproductive status and categorical age. For all species, a combination of pelage (fur), size,
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behavior and gestalt was used to designate age class. The presence of rodent-borne hantavirus

antibodies and/or RNA and characteristic tail lesions (potentially due to Leishmania) were

also collected. Because we were interested in rodents which serve as the main vector for

hantavirus, we extracted species data for the most prevalent hantaviral reservoir species, A.

montensis (sample size=274), which comprised about 70% of the collected rodents. Three of

the 274 A. montensis were newborns so sex on these animals could not be determined and

were therefore excluded from further analysis. Overall, we had 271 rodents in our dataset.

The demographic makeup of our data set [28] was 52% male, 48% female, 83% adults,

and 17% juvenile. The overall hantavirus prevalence was 6%, which is close to that in other

studies [28, 83, 87]. Of the entire population, 7% of the males had hantavirus, and 3% of

the females had hantavirus. Within recorded hantavirus cases, 71% occurred in males, while

29% occurred in females. For the entire population, the prevalence among juveniles was 6%

and the prevalence among adults was 5%. Among seropositive individuals, juveniles compose

21%, and adults compose 79%.

2.2.2 Our Model

In our model, the population is divided into three age classes (listed with lengths of time

in each class): newborns B (23 days), juveniles J (37 days), and subadults and adults A

(305 days). There was not enough data to adequately separate subadults and adults so

they were combined into one class. These classes include males and females, homogeneously

mixed. The susceptible population S is broken into two compartments: susceptible juveniles

SJ and susceptible adults SA. The literature suggests that newborns may be unable to

become infected or may be delayed in their rate of infection due to maternal antibodies

[12, 14, 25, 27, 35, 52–54, 113] and/or their decreased contact with infected individuals

due to their limited movement from the den and mother, but the study by Hutchinson et

al. did not observe the influence of maternal antibodies on infection in Black Creek Canal

virus [46]. In our model, the newborns B are not susceptible and cannot be infected until

they become juveniles. The acutely infected population is broken into two compartments:

infected juveniles IJ and infected adults IA which have been reported to have the highest

probability of shedding virus in saliva and excreta. As with the majority of viral infections,
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rodents within this class will not produce antibodies early during the course of infection,

and begin in some reservoirs approximately ten days post-infection [98, 99]. Once antibodies

are produced in response to the infection, fewer free virions will be available to infect other

rodents.

The persistently-infected population is broken into two compartments: persistently-

infected juveniles PJ and persistently infected adults PA. Persistently-infected rodents shed

fewer virions and are significantly less infectious than IA and IJ populations and therefore

have a lower transmission rate, and note that only the IA class can move to recovered R.

The latent class L and recovered class R consist only of adults. Rodents in the latent class

L do not shed virus but are able to regress back into the persistently infected stage PA. The

recovered class R is not able to transmit the pathogen and is unable to regress back into

an infected class. Figure 2.1 illustrates the possible infection status and age transitions of

the model shown in equations (2.1)-(2.9). The periods of time in each infected class and age

class are shown in Table 2.1 and Figure 2.2.

The model is stated in equations (2.1)-(2.9), where the adult population is A(t) = SA(t)+

IA(t) + PA(t) + L(t) + R(t). The model is discrete in time, using time steps of days. The

order of events in this model is: survival, age transition out of class, age transition into class,

new infection, progression of infection out of class, and progression of infection into class.

Transition from P to LA happens last. The parameters of the model are defined in Table

2.2. All age transition rates are denoted by µB, µJ and µA for the three classes (newborns,

juveniles and adults).

We discuss each equation in the model in detail. Given a death rate, like dB, then the

corresponding survival rate is (1 − dB), and given a transition rate out of a compartment,

like µB, the corresponding rate for remaining in that compartment is (1−µB). Starting with

the newborn class B(t), the survival and the remaining in class have coefficients (1 − dB)

and (1− µB). Then lastly, the new births are added in with density dependence on the size

of the adult population A(t), which is shown with a baseline rate bA and modified by

K

K + A
(
t
) .
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Figure 2.1: A flowchart of the model shown in equations (2.1)-(2.9). Vertical arrows denote
age transitions and horizontal arrows denote infection transitions. Births from the adults,
SA + IA + PA + L + R, come into the newborn class B. Natural deaths occur from each
compartment, but note that there are no pathogen induced deaths.
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Table 2.1: Table of infection classes, transmission levels, and infection class length in days.

Class Level of Infectiousness Length (days)
Acutely Infected (I) Shedding most virus 23

Persistently Infected (P) Shedding little virus 37
Latent (L) No Shedding 60
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Figure 2.2: Timeline progression from newborn to adult. Time is measured in days post
birth.

13



Table 2.2: Table of parameter definitions and values. All the rates have units of per day,
the time step. The parameter K has units of number of rodents.

Parameter Definition Value

µi Transition rate from age class i
µB = 1/23
µJ = 1/37

di Death rate for age class i

dB = 0.003521
dJ = 0.012123
dA = 0.004

α Rate of transition from I to P class 1/23
γ Rate of recovery 1/10
η Rate of transition from P to L class 1/37
δ Rate of transition from L to P class 1/60

βij Transmission rate for I class
βAA = βJJ = 0.00012

βAJ = βJA = 0.75 ∗ βAA

εij Transmission rate for P class
εAA = εJJ = 0.25 ∗ βAA

εAJ = εJA = 0.1875 ∗ βAA

K Density dependent effect on births 375
bA Birth rate 0.0143
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Note the birth rate bA will be one half of the birth rate for females in our population,

assuming that there are equal numbers approximately of males and females. The order of

events in the SJ equation begins with the individuals of SJ(t) surviving with rate (1−dJ) and

remaining after age transition with rate (1−µJ). This is followed by adding individuals due

to age transition from newborn to juvenile, represented by (1−dB)µBB(t). These actions in

the SJ equation are followed by transmission, which moves a proportion of individuals from

SJ to IJ , with corresponding β and ϵ terms in the exponential term, due to transmission

from IJ , IA, PJ , and PA classes. The proportion of the SJ class remaining is

exp
(
−

(
βJJIJ

(
t
)
+ βAJIA

(
t
)
+ εJJPJ

(
t
)
+ εAJPA

(
t
)))

after the following proportion moves to IJ due to transmission

1− exp
(
−

(
βJJIJ

(
t
)
+ βAJIA

(
t
)
+ εJJPJ

(
t
)
+ εAJPA

(
t
)))

.

Then looking to the IJ class, we see the three factors (1 − dJ)(1 − µJ)(1 − α) representing

the proportion of IJ(t) surviving with (1− dJ), remaining after age transition with (1− µJ)

and remaining after transition to P with (1 − α). Then, infecteds from SJ move into this

class with the (1 − exp(...)) term. The last juvenile class PJ has the rates of surviving

and remaining after age transition as (1 − dJ)(1 − µJ). A proportion of the IJ individuals,

who have survived and remain juvenile, make their transition into PJ with rate α, given by

IJ(t)(1− dJ)(1− µJ)α.

Similarly for the adult classes, we have SA individuals surviving with rate (1 − dA)

and then individuals of the SJ class moving in due to age transition as (1 − dJ)µJSJ . The

proportion remaining after transmission is represented by the exp(−...) with corresponding

coefficients βJA, βAA, ϵJA, and ϵAA. The IA equation is similar to the IJ equation, except for

transition in from the IJ compartment and followed by transition γ out to the R class.

The PJ equation has survival (1 − dJ) and the proportion (1 − µJ) remaining after the

transition to PA, followed by the transition from IJ with the term

IJ
(
t
)
(1− dJ)(1− µJ)α.
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The PA equation has survival and the addition of the transitioning PJ individuals, followed

by the transition to the L class, and then the transition from IA (with rate α) and from L

(with rate δ).

The L class has survival, transition in from PA (with rate η) and then the remaining

proportion (1− δ) after a proportion δ moves to PA. Lastly the recovered class R survives,

and then there is movement in from IA with terms

γ(1− α)

(
IA

(
t
)(
1− dA

)
+ IJ

(
t
)(
1− dJ

)
µJ

)
,

as can be seen in the last term in the system of equations.

B
(
t+ 1

)
= B

(
t
)(
1− dB

)(
1− µB

)
+

bAK

K +A
(
t
)A(

t
)

(2.1)

SJ (t+ 1) =

(
SJ

(
t
)(
1− dJ

)(
1− µJ

)
+B

(
t
)
(1− dB)µB

)
exp

(
−

(
βJJIJ

(
t
)
+ βAJIA

(
t
)
+ εJJPJ

(
t
)
+ εAJPA

(
t
)))

(2.2)

SA(t+ 1) =

(
SA

(
t
)(
1− dA

)
+ (1− dJ )µJSJ

(
t
))

exp
(
−

(
βJAIJ

(
t
)
+ βAAIA

(
t
)
+ εJAPJ

(
t
)
+ εAAPA

(
t
)))

(2.3)

IJ (t+ 1) = IJ
(
t
)(
1− dJ

)(
1− µJ

)(
1− α

)
+ (2.4)(

SJ

(
t
)(
1− dJ

)(
1− µJ

)
+B

(
t
)
(1− dB)µB

)[
1− exp

(
−

(
βJJIJ

(
t
)
+ βAJIA

(
t
)
+ εJJPJ

(
t
)
+ εAJPA

(
t
)))]

IA(t+ 1) =

(
IA

(
t
)(
1− dA

)
+ IJ

(
t
)(

1− dJ

)
µJ

)(
1− α

)(
1− γ

)
(2.5)

+

(
SA

(
t
)(
1− dA

)
+ SJ

(
t
)
(1− dJ )µJ

)[
1− exp

(
−

(
βJAIJ

(
t
)
+ βAAIA

(
t
)
+ εJAPJ

(
t
)
+ εAAPA

(
t
)))]

PJ (t+ 1) = PJ

(
t
)(
1− dJ

)(
1− µJ

)
+ IJ

(
t
)
(1− dJ )(1− µJ )α (2.6)

PA(t+ 1) =

(
PA

(
t
)(
1− dA

)
+ (1− dJ )µJPJ

(
t
))(

1− η
)
+

(
IA(t)(1− dA) + IJ (t)(1− dJ )µJ

)
α (2.7)

+δ

[
L
(
t
)
(1− dA) + η

[
PA

(
t
)(
1− dA

)
+ PJ (t)(1− dJ )µJ

]]

L(t+ 1) =

[
L
(
t
)(
1− dA

)
+ η

[
PA

(
t
)(
1− dA

)
+ PJ (t)(1− dJ )µJ

]](
1− δ

)
(2.8)

R(t+ 1) = R
(
t
)(
1− dA

)
+ γ(1− α)

(
IA

(
t
)(
1− dA

)
+ IJ

(
t
)(
1− dJ

)
µJ

)
(2.9)

2.3 Results and Discussion

The parameters of the model are defined in Table 2.2. All age transition and infected class

progression rates are in terms of days and are the reciprocal of the length of time an individual

spends in each age or infected class (Figure 2.2, Table 2.1). Mortality rates were estimated
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using those rates for a single season in [31, 34]. Mortality rates were then derived using the

length of time of each age class and overall mortality rate for a season, with mortality in the

newborn phase being low, juvenile high, and adult moderate [34]. Assuming half the adults

are female, the baseline birth rate bA would be one half of the birth rate from females. Note

that bA = 1
70

= 0.0143 births per day would result in about 10.5 newborns in year, usually

coming from 2 or 3 litters per female per year [28, 87].

The parameters for the infected classes were derived from seroprevalence data showing

days past infection [64]. The rates are the reciprocals of these infectious periods. Age class

progression rates were derived from [34] by taking the reciprocal of the time within an age

class. The parameter βAA was manipulated to achieve a prevalence after one year of 6% to

match our data set and what was observed in other A. montensis populations [106]. The

other transmission rates are expressed as fractions of the baseline transmission rate βAA.

To determine the baseline population from which simulations for the model were run, we

first calculated the disease free equilibrium (DFE) (from equations (2.10)-(2.12)) by assuming

that IJ = IA = PJ = PA = L = R = 0, and deriving expressions for the non-infected classes

(B, SJ , and SA) shown in equations (2.10)-(2.12). We then expressed the initial conditions

for the infected classes as a proportion of the total population at the disease free equilibrium.

The multipliers were chosen to achieve approximately a 6% overall prevalence in the initial

population, as was observed in the data collected in the Mbaracayú Reserve. For example,

we calculated from the data that approximately 60% of individuals in the infected classes

belonged to the infected class I, while approximately 30% of the individuals were in the

persistently infected class P . Additionally, we estimated that approximately 21% of the

individuals in the infected classes were juveniles, while about 79% were adults. Lastly, we

estimated that 10% of the infected population belonged to the latent class L based on the

data set [28] and a prior study [87]. These approximations were used to create the initial

conditions for the infected classes shown in equations (2.16)-(2.21). Any alterations to the

model parameters in a simulation were recorded and the initial conditions were recalculated

under these new conditions. This was done in order to standardize initial conditions for the

parameter changes.
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B∗ =
K[bA(1− dJ)µJ(1− dB)µB − dA(1− (1− dB)(1− µB))(1− (1− dJ)(1− µJ))]

(1− (1− dB)(1− µB))(1− dJ)µJ(1− dB)µB
(2.10)

S∗
J =

B∗(1− dB)µB

(1− (1− dJ)(1− µJ))
(2.11)

S∗
A =

(1− dJ)µJS
∗
J

dA
(2.12)

B(0) = B∗ (2.13)

SJ(0) = S∗
J (2.14)

SA(0) = S∗
A (2.15)

IJ(0) = (0.06 ∗ 0.6 ∗ 0.21)(B∗ + S∗
J + S∗

A) (2.16)

IA(0) = (0.06 ∗ 0.6 ∗ 0.79)(B∗ + S∗
J + S∗

A) (2.17)

PJ(0) = (0.06 ∗ 0.3 ∗ 0.21)(B∗ + S∗
J + S∗

A) (2.18)

PA(0) = (0.06 ∗ 0.3 ∗ 0.79)(B∗ + S∗
J + S∗

A) (2.19)

L(0) = (0.06 ∗ 0.1)(B∗ + S∗
J + S∗

A) (2.20)

R(0) = 0 (2.21)

The Next Generation Matrix Method for calculating the basic reproduction number R0

for discrete-time models described by Allen and van den Driessche [7] was used to calculate

R0 for the model; we checked the needed assumptions to use this method on our model

(meaning, the spectral radius of the Jacobian of the transitions between infected classes and

of the Jacobian for the model without infection are both below 1.) Using this method, we

take the infected classes to IJ , IA, PJ , PA, L and then R0 takes the form R0 = ρ(F (I−T )−1),

where F is the Jacobian matrix that results from differentiating the terms that describe new

infections in the infected classes, T is the Jacobian matrix that results from differentiating

all other transitions in the infected classes, and ρ is the spectral radius. This method

allowed for the simplification of the system to 5 equations by limiting calculations to only

equations (2.4)-(2.8); those pertaining to infected individuals. We used the block structure,
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determinants, traces, and sum of minors, but we were not able to find a reasonable algebraic

expression for R0. Thus R0 was only calculated for our particular parameter values, shown

in Table 2.2, yielding R0 = 1.06. This indicates that the DFE is unstable and the infection

persists in our model.

We ran model simulations with the baseline parameters, which gave the initial conditions

stated in equations (2.22) - (2.30). The total initial population is 652, of which 37 are

infected and 616 non-infected. Figure 2.3 shows all the noninfecteds in the population.

The susceptible adult SA compartment decreases from 479 to 418, while the newborn B

compartment increases. The susceptible juvenile SJ and recovered R compartments appear

to be leveling off. In Figure 2.4, we see the five infected compartments with Pj, PA and L

increasing at first and with IJ and IA both decreasing. The prevalence starts at about 5.6%

and drops only slightly over time to 4.9% over a year.

B(0) = 64.3684 (2.22)

SJ(0) = 71.8341 (2.23)

SA(0) = 479.4815 (2.24)

IJ(0) = 4.6546 (2.25)

IA(0) = 17.5101 (2.26)

PJ(0) = 2.2165 (2.27)

PA(0) = 8.7550 (2.28)

L(0) = 3.6941 (2.29)

R(0) = 0 (2.30)

In order to assess the relationship between prevalence and the model parameters,

we performed a Latin Hypercube Sensitivity Analysis [72]. This analysis randomly

generates a matrix of 10,000 vectors of the model parameters within given bounds,

which were chosen as 25% above and below the baseline parameters. Using parameters,

βAA, bA, dB, dJ , dA, uJ , α, γ, η, δ, we verified that the monotonicity of the output measure
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Figure 2.3: Plots showing the non-infected compartments with SA on left and B, SJ and
R on right over a 365 day period.
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Figure 2.4: Plots showing the overall population in each infected compartment over a 365
day period.
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of prevalence with respect to each parameter, which is needed to use the Partial Rank

Correlation Coefficients (PRCC). Simulations were then run using each vector of the

parameters, with the output measure of prevalence after 300 time steps. A PRCC and

a p-value are then produced for each model parameter. The sign and magnitude of the

correlation coefficient, as well as the p-value, were used to assess the impact and statistical

significance of each parameter on the prevalence of the virus within the population. Using

this analysis, we found that all parameters were statistically significant, having p-values

below 0.05 (Figure 2.5). Note that the baseline birth and death rates, bA and dA, are known

from this data and we do not need to further investigate its effect. If the rodents recover, then

they do not get into the loop for PA and L, and thus we will choose to vary the recovery rate

γ to document its effect on prevalence. We will vary the transition rates, δ and η, between

classes L and PA.

To test how prevalence is affected by changes in the initial rodent population, the model

was simulated at the baseline values. The model was simulated four times, each time varying

the initial condition of one of the compartments B,L, IA, Sj, at ten times its baseline initial

condition value while keeping all other initial values at the baseline (Figure 2.6). For example,

if the baseline value for infected adults was 1, a simulation would be run in which the initial

number of infected adults was 10 and all other initial values were maintained at the baseline.

This gives a comparison of how differences in the initial population of a particular class affect

the prevalence of the virus. When varying the age structure of the population in our model,

prevalence was found to be more sensitive to increases in the initial number of individuals in

the younger age classes (Figure 2.6). When newborns and susceptible juveniles are the age

class with the largest initial population, the prevalence of hantavirus spikes and eventually

returns to the baseline. When the dominant initial age class is comprised of adults, the spike

in prevalence is much lower and the prevalence returns to the baseline in a shorter amount

of time than when the younger age classes are initially dominant. This is of particular

importance during conditions that are conducive to newborn and juvenile success such as

high resource availability or lack of predators.

In order to compare the effect of the infected (I) and latent (L) classes on prevalence, the

model was run at the disease free equilibrium to get a baseline for comparison. Then, one
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Figure 2.5: Chart showing the PRCC coefficients for model parameters determined using
Latin Hypercube Sampling. All parameters had p-values less than 0.05 and were considered
statistically significant.
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Figure 2.6: Graph showing the effect of different initial age structures on prevalence. The
dominant initial class was the class that was set at 10 times its baseline value initially.
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trial was run with the addition of 50 individuals in the I class and then with the addition

of 50 individuals in the L class. Increases in the number of individuals in the latent class

increased prevalence over the course of a year more than the acutely infected classes (Figure

2.7). This indicates that the latent class may be partially responsible for observed spikes in

the number of infected individuals that have been observed in populations over time.

Next, we focus on transition rates in and out of our latent class. To study the effect of the

transition rate δ from the latent class back to persistently infected class, simulations were run

at different values of δ (Figure 2.8). Increases in δ caused significant increases in prevalence,

as higher δ value results in a prevalence that is much higher than that corresponding to

the baseline value δ = 1
60
. This class has not been highly studied, however, our results

demonstrate that it can have a large impact on the overall prevalence of hantavirus, which

suggests it should be considered in future hantavirus models.

One can see the effect of the transition rate η from persistently infected class to the latent

class in the results of simulations shown in Figure 2.9. As the rate η increases from η = 1
56

to 1
19
, the prevalence doubles due to more individuals being able to transmit the virus.

In order to compare the effect of the recovered class, the recovery rate γ was altered 50%

above and below the baseline conditions (Figure 2.10). The recovered class appears to have

a large impact on the overall prevalence. When γ, the recovery rate, was varied by 50%

above and below the baseline γ = 1/10 while keeping all other parameters constant, the

overall prevalence ranged from 2% to 13%. When the rate of recovery was lowered to 1/15,

the prevalence in the population was maintained at over twice the baseline value γ = 1/10.

When it was increased to 1/5, the disease was eliminated from the population.

To understand the potential importance of the L latent compartment in this model,

we ran a simulation without that class and compared the resulting prevalences. In Figure

2.11, the prevalence resulting from removing the L compartment is much higher than the

prevalence found in our empirical data. Thus the L compartment may represent a reasonable

mechanism in these dynamics.
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Figure 2.7: Graph comparing the effect of the latent and acutely infected classes on
prevalence. These simulations were run at the disease free equilibrium, once with the addition
of 50 individuals in the L class and once with the addition in the I class.
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Figure 2.8: Graph showing the effect of the rate of transition δ on prevalence
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Figure 2.9: Graph showing the effect of the rate of transition η on prevalence
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Figure 2.10: Graph showing the effect of varying the recovery rate γ on prevalence.
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Figure 2.11: Graph comparing prevalence over a 365 day period for our model run at our
baseline parameters from Table 2.2 and with the latent class removed.
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2.4 Conclusions and Future Work

To understand the persistence of hantavirus in A. montensis, the rodent reservoir population

represented by our data, we included a new non-infectious carrier class, L, into our model

and investigated its effect on prevalence. In our model, individuals in this class (L) can

transition back to the persistently infected, PA, and begin to transmit the virus again.

When the latent class is removed, the prevalence in the model is much higher (Figure 2.11)

than that of our baseline model and the data set. The impact of the transition rates between

latently infected and persistently infected adults is documented in Figures 2.8 and 2.9. Our

simulation results indicate that this class may provide a potential explanation for the low

prevalence endemicity observed in A. montensis populations in the Mybaracyú Reserve, and

other locations throughout Paraguay and South America.

The addition of a carrier class can lead to different endemic equilibrium scenarios,

depending upon the force of infection, as seen in certain communicable diseases, such as

HBV [76]. When R0 is high, infections are skewed to a younger age class, and in the

opposing scenario with a lower R0, infections are skewed to an older age class [55]. Provided

an age structured model, such as ours, and different initial conditions; a variety of endemic

prevalence values are possible given different initial conditions. Although we only consider

the parameters derived from our data set (and our models robustness to those parameters

(Figures 2.5, 2.7, 2.8, 2.9, 2.10), the literature documents a large range of observed prevalence

values across various host species and environments [23, 106]. Motivated by low prevalence

endemicity and modulations in prevalence, we created a model that incorporates both age

structured population and carriers, which as previously noted, allows for endemicity with a

wide array of parameter values. We also want to note that the transient dynamics observed

when age structure is skewed suggest that factors affecting the age class distribution on

a short-term timescale can heavily influence the prevalence. This result is very relevant

to the observed endemicity at low percent prevalence (presumably when there’s an adult

age skew), and it also may explain prevalence’s correlation to seasonal, annual, or semi-

annual outbreaks, as temporal modulations affect the resources that facilitate high fecundity

and survival of young A. montensis [73]. With an age structure that allows for sporadic
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outbreaks and a carrier class that serves as a long term reservoir, we were able to evaluate

the prevalence of JABV over time within its rodent reservoir, Akodon montensis, and offer

insight into various other hantavirus systems.

Our work with discrete models, though primarily focused upon the epidemiological status

of individuals as well as the age structure of our sample population, could be built upon by

other modeling techniques and additional heterogeneities. Environmental characteristics

such as seasonality and landscape structure have been linked to increased prevalence, as

have anthropogenic factors such as ecological disturbance and its corresponding impact

on biodiversity [61, 67, 71, 73]. Our model, which does not consider temporal variation,

suggests that seasonal modulations are important for cyclical outbreaks (Figure 2.6), and it

is well known that spatial arrangement of populations affects the endemicity and equilibrium

prevalence of diseased populations [39, 42, 114]. Therefore, future work that considers

spatial and temporal heterogeneity will complement our research, as well as past hantavirus

modeling studies [6, 8, 116, 117]. Additional research that considers anthropogenic and

climate change, as well as optimal control strategies to limit zoonotic transfer during

outbreaks will also contribute to the understanding and management of one of the deadliest

viruses in the world.

2.5 Data Access

Note that no new data was used in this paper, and the data used here were from [28].
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Chapter 3

Reframing Optimal Control Problems

for Infectious Disease Management in

Low Income Countries

3.1 Introduction

Due to the systematic non-linearities and pervasive heterogeneities characterizing contagious

processes at the population level, epidemiological modeling is a key tool to explore a range

of intervention strategies compared to approaches based on good sense, general principles,

emotional pressures or, worse, by trial and error [18]. The question of what is the best

timing and treatment effort for communicable diseases - whether through drug, antibiotics,

vaccines, or non-pharmaceutical interventions - has been central in epidemiological modeling

since the publication of the first malaria models by Ross and MacDonald between the end

of the nineteenth and the beginning of the twentieth centuries[102].

Identification of optimal disease control strategies is based on the following rationale: in

the absence of health intervention, an infectious disease follows its epidemic curve and causes

substantial morbidity and mortality. By investing resources in control and treatment, it is

possible to reduce the burden of disease. The higher the control and elimination effort, the

lower the disease burden and the higher the costs of interventions to control the disease.
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These relationships are often non-linear, with decreasing returns on the investment - i.e.,

health benefits per dollar invested - at high control effort. Accordingly, extreme control

efforts, while desirable, might be infeasible or too expensive. There might be intermediate

levels of control that minimize the overall costs accrued by the society, the sum of the

intervention costs (which increase more than linearly with the control effort) and the cost

associated with the burden of disease (which decrease with control effort).

Optimal Control (OC) theory has proved to be a particularly powerful mathematical

tool to identify the best strategies for the control of infectious diseases. In contrast to

most optimization approaches which assume control variables to be constant in time, the

admissible control variables in OC (e.g., vaccination rate, drug treatment) can vary in time

with the goal to minimize a suitable combination of the costs of intervention and the cost of

the disease.

In the last couple of decades, an increasing number of papers have been published on

OC applications for the control of infectious diseases of public health importance. With few

exceptions, OC studies are notably missing from public health or medical journals where

these studies should be expected to have the highest impact. The effect is that OC papers,

typically published in journals of applied mathematics are considered too theoretical for

public health scientists, managers, and practitioners.

Here we argue that an additional obstacle to the widespread uptake of OC theory for the

control of communicable diseases is partially hidden in the typical framing of OC problems in

epidemiology. In OC applications to disease control, the objective function to be optimized

is generally formulated as the sum of intervention costs plus the cost associated with the

burden of disease, assuming that both can be easily estimated monetarily with a reasonable

degree of precision [3, 9, 51, 65, 79]. Yet, although routinely applied, the estimation of

the monetary cost of disease burden is fraught with uncertainty and inherently plagued

with ethical dilemmas that are even more relevant in low income countries and subsistence

economies and in the lack of a comprehensive public health reporting system [11, 16, 48, 81,

96].

In this paper, we show that these limitations can be partially overcome by measuring

epidemiological outcomes via well known health metrics and reformulating the goal and the
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constraints on the OC problem to more closely reflect the framework in which governments

and departments of health operate.

3.1.1 The challenges of estimating the monetary value for health

outcomes

In industrialized countries with developed public health, welfare and demographic reporting

systems, both the private and public sectors (i.e., health insurance and health depart-

ments/agencies) routinely assess the costs associated with diseases, accounting for the

cost of over-the-counter and prescribed drugs, medical visits, hospital admissions, special

treatments, loss of productivity, etc. This systematic monitoring and reporting effort

provides a reasonable foundation to comprehensively estimate the monetary costs of disease

outbreak and a range of public health interventions, which can be used to explore alternative

control scenarios within an OC theory framework. However, this approach is not exempt

from limitations. First, monetization of human health is ethically debatable, especially in

the case of fatal diseases and when diseases disproportionately affect a specific segment

of the population, such as underrepresented minorities, essential workers, or the homeless

population [100].

Second, monetization of human health and/or loss of productivity becomes particularly

problematic in low income countries, plagued by a wide range of Neglected Tropical Diseases

(including several parasitic, viral, and bacterial diseases, such as schistosomiasis, Chagas

disease, dengue fever, guinea worm disease, echinococcosis, human African sleeping sickness,

and leishmaniasis) and other diseases of poverty, such as malaria, tuberculosis, cholera and

HIV, affecting altogether more than 2.5 billion people worldwide [86]. For these countries,

where a non-marginal fraction of the population is often engaged in a rural, cashless economy,

using the same monetary currency to contrast the (usually observable) costs of public health

interventions with the burden of disease - which may include also reduced capacity to perform

physically engaging activities in subsistence agriculture, or the long term impact of chronic

infections - is highly challenging and debatable. Some studies have explicitly recognized the

challenges of estimating the cost of disease in monetary terms, and analyzed OC problems

as a function of loosely defined “relative costs of disease burden” with respect to the cost
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of intervention (see for instance, [13]). Yet the problem of integrating economic and public

health metrics and indicators measured on vastly different units in a single monetary scale

remains unsolved.

Cost-effectiveness analysis (CEA) partially circumvents these ethical shortcoming and

practical challenges, as it abstains from measuring the monetary value of health outcomes

and, instead, contrasts alternative control strategies in terms of public health metrics like

Disability-Adjusted Life Years (DALYs) averted per dollar invested [69]. Although powerful,

this approach is not exempt from limitations [115], and CEA does not typically leverage the

power of OC theory to explore whether time-varying control strategies can be superior to

time constant strategies.

3.1.2 Reframing optimal control problems

In this paper, we propose a simple reframing of optimization problems that allows applied

mathematicians and epidemiologists to leverage the strengths of optimal control theory

without incurring the challenges and limitations of assessing the monetary value of human

health. Governments, health departments and governmental organizations do not operate

in a vacuum but need to plan health interventions under budget constraints and/or to

achieve specific health outcomes, such as to avoid overwhelming the health system by limiting

the number of people requiring hospitalization [78]. Accordingly, OC problems should be

reformulated to fully embrace this more empirical approach to the control of communicable

diseases. Specifically, we argue that OC problems can be restated in one of the two following

broad and more meaningful ways, namely:

� Alternative 1: minimize disease burden (the goal), measured in the most suitable,

non-monetary units for the specific disease system under study for a given budget (the

constraint) [82];

� Alternative 2: minimize the monetary cost of interventions (the goal) to achieve a

specific epidemiological outcome (the constraint - set as a requirement of the control

strategies to be admissible).

The first case recognizes that budget constraints are a significant factor in choosing

control strategies in low income countries. In the second case, the emphasis is on achieving a
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desired epidemiological target in the most efficient way, such as in the 2021 United Nations

Political Declaration on HIV and AIDS where there is a goal of reducing annual new HIV

infections to under 370,000 and annual AIDS-related deaths to under 250,000 by 2025 [10].

Control policies aimed at avoiding to exceed regional hospital capacity at the peak of a

COVID-19 outbreak are also examples of the second case [78].

Here below, we use a classic cholera compartmental model that was kept deliberately

simple for demonstration purposes to show that it is not only straightforward to reframe

optimal control problems in these two alternative ways, but also more informative. In fact,

we show that under the new frame (i) analyses can be easily performed to assess how the

outcome changes with respect to, say, increasing budget (Alternative 1) or more ambitious

epidemiological goals (Alternative 2) and (ii) the results of these analyses can be presented

in terms of marginal utilities, that is, additional lives saved per extra dollar invested with

respect to baseline.

The paper is structured as follows. After presenting a basic, mechanistic compartmental

model for cholera with vaccination rate as the control variable, we first define the control

problem as the minimization of the sum of the cumulative burden of disease, estimated in

monetary terms, and of the cost of intervention during the simulation time, assuming the

conversion factor from number of infected cases to dollars is known - referred here below as

the “combined” OC problem.

Then, we reformulate the OC problem in the two alternative ways described above. We

show that, if the conversion coefficient to assess the monetary value of disease burden can

be estimated with reasonable precision, the outcome of the alternative OC formulations

can be mapped back to the combined OC problem with no loss of information. Thirdly,

we show that the two alternative formulations allow us to better explore the sensitivity of

the OC solutions to changes in available budget or the desired epidemiological target. We

conclude the paper by discussing future development and additional caveats and limitations

of comprehensive cost assessment in epidemiology.
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3.2 Cholera model

Cholera is a waterborne diarrhoeal illness caused by infection of the intestine with the

bacterium Vibrio cholerae with both direct and indirect modes of infection and transmission,

primarily through contaminated food and water supplies. The disease causes rapid

dehydration and electrolyte imbalances. There are an estimated 3-5 million cholera cases

and 100,000-120,000 deaths due to cholera every year [4, 66]. The most recent outbreak in

Haiti caused over 10,000 deaths and over 820,000 cases [63, 121]. The disease has a short

incubation period, between two hours and five days, affecting all ages. It is known that

cholera persists in an aquatic reservoir and can exist in non-culturable, but viable, state for

months to over a year [77].

There are two types of safe and effective oral cholera vaccines, Dukoral and Shanchol.

Both provide short term protection (approx. 2 years) against Vibrio cholerae over all age

groups, but Dukoral requires water for intake. Both are administered in two doses given

between 7-14 days apart [101].

We illustrate our points using a basic model over a short time period. For comparisons of

several models applied to outbreaks in Haiti and with vaccination scenarios, see the work of

Lee et al. [63]. Tien and Earn (2010) [108] extended the classic Susceptible (S), Infected (I)

and Recovered (R) SIR model by Codeco [24] to include a concentration of vibrios (W ) in the

water compartment. This allows for both direct (fecal-oral) and indirect (from water-borne

pathogen) transmissions pathways for cholera at a per capita rate βI and βW respectively.

The resulting SIRW model with 4 state variables is described by the following differential

equations:

S ′ = µN − βISI − βWSW − µS − v(t)S

I ′ = βWSW + βISI − γI − µI − δI

R′ = γI − µR + v(t)S

W ′ = ξ(I −W )
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where N = S + I + R represents the human population, µ is the natural mortality and

birth rates of a human population, γ is the recovery rate from infected to recovered and

resistant class, and δ is the death rate due to the disease. Note that the compartment W

has been scaled to be in the same units as the I compartment (individuals). Therefore ξ is

a parameter representing both per capita shedding rate of an infected individual I of viable

infectious propagules in the water and the decay rate of the pathogen in the environment;

see more detail in Tien and Earn [108] and Kelly et al. [57]. The term βII is the force of

infection, i.e., the rate at which susceptible individuals become infected via contaminated

fecal-oral transmission; and lastly βWW is the force of infection via contaminated water.

The parameters and their units are described in Table 3.1.

As in Kelly et al. (2016) [57], we assumed that susceptible individuals S are vaccinated

and become resistant R at a rate v(t), with v(t) combining efficacy and rate of distribution.

The basic reproduction number for this model in the absence of the control v(t) is

R0 =
(βI + βW )S∗

γ + δ + µ
,

where S∗ is the total susceptible population in the absence of disease.

The combined objective functional is the sum of the cumulative costs associated with the

burden of the disease Jb(v) and the cost of intervention Jc(v), which are both functions of

control effort v(t), which, in turn, is a function of time, namely:

min
v∈V

(Jb(v) + Jc(v)) (3.1)

with disease dynamics described by the above SIRW model. The control effort v(t) is subject

to constraints 0 ≤ v(t) ≤ vmax, with vmax being the maximum vaccination rate that can be

deployed during the simulation time 0 ≤ t ≤ T .

The total cost of intervention is usually assumed to be proportional to the number of

individuals that are vaccinated, v(t)S(t), and to increase more than linearly with vaccination

effort v(t),

Jc(v) =

∫ T

0

[Bv2(t) + Cv(t)S(t)]dt,
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Table 3.1: Parameter descriptions with units.

Parameters Description Units

µ natural birth/death rate day−1

βI direct transmission rate (P-P) day−1individuals−1

βW indirect transmission rate (W-P) day−1individuals−1

γ transition rate from I to R day−1

ξ decay rate of pathogen in water day−1

δ death rate due to disease day−1
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where B and C are positive constants to account for the cost of vaccination.

The cost associated with disease burden depends upon the specific disease system under

study and the available information. It can be represented as

Jb(v) =

∫ T

0

AbI(t)dt,

where Ab is a positive scaling coefficient accounting for the aggregated mean monetary value

c1 of each day of illness (including drug treatment and loss of productivity) and, in case of

fatal disease, also for the value c2 of human lives lost, namely:

Ab = c1 + c2δ,

where δI is the death rate due to the disease.

As an alternative, the monetary burden of disease might be also estimated as a flat rate

associated to each infected case and, as such, derived from disease incidence, i.e., the total

number of infected cases during the simulation time, namely:

Jn(v) =

∫ T

0

An[βIS(t)I(t) + βWS(t)W (t)]dt,

with the β terms giving the rate of new cases.

The precise form of optimal control is affected by the relative values of the coefficients

Ab, An, B, C, c1 and c2. For simplicity, here we will compute disease burden as the total

number of infections and set An = 1, since the relative sizes of the coefficents determine

the optimal control. The optimal control can be found using the Pontryagin’s Maximum

Principle [89] as described in Appendix A.
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3.3 Optimal Control Formulations

3.3.1 Combined Formulations

Combined Objective Functional with Disease Burden and Cost

The objective functional for minimizing both disease burden and cost is defined as

min
v∈V

∫ T

0

[AbI(t) +Bv2(t) + Cv(t)S(t)]dt, (3.2)

where the control set is

V = {v ∈ L2(0, T ) | 0 ≤ v(t) ≤ vmax a.e.}.

Combined Objective Functional with New Infections and Cost

The objective functional for minimizing both the total number of new infections and

intervention cost is defined as

min
v∈V

∫ T

0

[An(βIS(t)I(t) + βWS(t)W (t)) +Bv2(t) + Cv(t)S(t)]dt. (3.3)

3.3.2 Alternate Formulation 1: Minimize New Infections under

Fixed Budget

Given a fixed budget G for the cost of the control interventions, we define the admissible

control set (with constraint)

F1 =

{
v ∈ V |

∫ T

0

(Bv2(t) + Cv(t)S(t))dt ≤ G

}
,

where S is the susceptible compartment of the population corresponding to the control v.

The objective functional to minimize the new infections is defined as

min
v∈F1

Jn(v) = min
v∈F1

∫ T

0

An[βIS(t)I(t) + βWS(t)W (t)]dt, (3.4)
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subject to the above SIRW model.

To illustrate the process of obtaining the adjoint functions and the optimal control

characterization, we use Pontryagin’s Maximum Principle [89]. To handle the budget

constraint, we introduce a fifth state variable, x5, that satisfies

x′
5 = Bv2 + CvS

with the boundary conditions x5(0) = 0 and x5(T ) = G. Then, the Hamiltonian using this

principle for our optimization is

H = AnβISI + AnβWSW + λ1[µN − βISI − βWSW − µS − vS]

+ λ2[βWWS + βISI − γI − µI − δI]

+ λ3[γI − µR + v(t)S]

+ λ4[ξ(I −W )]

+ λ5[Bv2 + CvS]

with the following adjoint differential equations and boundary conditions

λ′
1 = −[AnβII + AnβWW − λ1βII − λ1βWW − λ1v + λ2βWW + λ2βII + λ3v + λ5Cv]

λ′
2 = −[AnβIS + λ1µ− λ1βIS + λ2βIS − λ2γ − λ2µ− λ2δ + λ3γ + λ4ξ]

λ′
3 = −[λ1µ− λ3µ]

λ′
4 = −[AnβWS − λ1βWS + λ2βWS − λ4ξ]

λ′
5 = 0

λ1(T ) = 0, λ2(T ) = 0, λ3(T ) = 0, λ4(T ) = 0.

The adjoint system is formed by λ′
i = − ∂H

∂xi
, where xi represents the ith state variable. Note

λ5 takes no boundary condition since x5 takes two boundary conditions.
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We can then characterize the optimal control on the interior of the control set using this

optimality condition,

∂H

∂v
= 2Bλ5v + Cλ5S − λ1S + λ3S = 0 at v∗,

at the corresponding optimal states and adjoints and the control bounds to yield

v∗(t) = min

(
vmax,max

(
0,

(λ1(t)− λ3(t)− Cλ5(t))S
∗(t)

2λ5(t)B

))
.

3.3.3 Alternate Formulation 2: Minimize Intervention Costs with

Fixed New Infections

Assuming the desired outcome is the cost of number of new infection cases being bounded

above by P , we define the admissible control set

F2 =

{
v ∈ V |

∫ T

0

An[βIS(t)I(t) + βWS(t)W (t)]dt ≤ P

}
.

The objective functional, defined to minimize the costs of implementing the control, is

min
v∈F2

Jc(v) = min
v∈F2

∫ T

0

[Bv2(t) + Cv(t)S(t)]dt, (3.5)

subject to the above SIRW model. To handle the constraint on the new cases, we introduce

a new state variable, x5 with

x′
5 = An[βIS(t)I(t) + βWS(t)W (t)], x5(0) = 0, x5(T ) = P

similar to the previous formulation.

Note that An is included in 3.4 and 3.5 to show the connection between the combined and

alternate formulations and allow us to demonstrate how the results of the combined case can

be recovered from the alternate cases. However, to achieve the goal of reformulating optimal

control problems to avoid the monetization of human health, this constant can be redefined

so that the objective function represents minimizing only the total number of new infections

and not the monetary cost associated with these infections.
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3.4 Results

3.4.1 OC solutions are superior to the best alternative with

constant control

Modulating control variables in time may provide a more efficient and cost-effective

intervention strategy than the best alternative with a constant control. This point is

illustrated by using our cholera model and a combined objective functional (3.3) to minimize

the cost of interventions plus the cost of the cumulative number of new cases. Our numerical

results in this paper use the forward-backward sweep algorithm [68]. The results shown

in Figure 3.1 and Table 3.2 show that the combined cost of intervention and new cases,

Jn(v) + Jc(v), is much larger in the case of no control than the cases of optimal or constant

control. In the optimal control case, the control is time varying, staying at the maximum

for approximately 40 days and then decreasing linearly to zero over the next 20 days. A

constant vaccination rate v ≡ 0.032 leads to approximately the same intervention cost (black

line in the plot) but with a higher number of cases. There is no constant value of vaccination

rate for which the combined costs is lower than in the case of the optimal control solution.

3.4.2 Simulations

The optimal control policy is sensitive to how we estimate the monetary value of the burden

of disease, which is notably fraught with uncertainty. For instance, following Castonguay et

al. (2020), we can reasonably assume that each sick day entails a productivity loss equal to

the daily per-capita Gross Domestic Product (GDP). However, in Africa, the per-capita GDP

spans over a 15 fold difference between the richest countries (Gabon, Botsawa, Equatorial

Guinea, Mauritius and Seychelles, all above $15,000 per year) and the poorest ones (Burundi,

Somalia, Central African Republic, all below $1000/year) [107]. Keeping this in mind, to

illustrate the implications of such a wide variation in the per-capita, daily productivity loss,

we simulated cholera dynamics and derived the OC policy with the combined formulation

(3.3) under two alternative assumptions, namely that the unit cost An of each new case is

assumed to be equal to either 1 or 10 in suitable monetary units to measure the average

productivity loss while sick. For the results shown in Figure 3.2 and Table 3.3, we use the
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Figure 3.1: Optimal control and states for the combined objective functional (3.3) with
new infections compared to a constant control with the same cost, a constant control at the
maximum for all time, and the no control case, with parameters as in Table 3.2.
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Table 3.2: Results of combined objective functional with time horizon of 60 days
corresponding to Figure 3.1, using An = 1, B = 8000, C = 0.0464, vmax = 0.04,
βI = 2.64e − 7, βW = 1.21e − 6, γ = 0.05, µ = 0.0001, ξ = 7.56e − 3, δ = 0.0005,
S(0) = 99000, I(0) = 1000, R(0) = 0, and W (0) = 3000. The R0 for these simulations is
2.9.

No Control Comb. OC v ≡ 0.032
Disease burden cost Jn(v) 30,219 9,337 10,829
Intervention costs Jc(v) 0 4,090 4,079
Total cost Jn(v) + Jc(v) 30,219 13,427 14,908
Max number of infected 10,219 3,712 4,072
Total number of deaths 208 85 96
Number of vaccinations 0 76,514 77,325
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same βI , βW , µ, ξ, and δ parameters, initial conditions, and time horizon as in Table 3.2 and

set γ = 0.25, B = 100, C = 0.1625, vmax = 0.03. The R0 for these simulations is 0.59. Note

that the optimal controls in these simulations are approximately bang-bang.

Simulations with our cholera model show that, when the unit cost of disease is

undervalued by an order of magnitude (when An = 1), the optimal strategy entails 64%

less vaccinations, a 71% reduction of number of days in which vaccines are deployed at

the maximum rate, 40% more lives lost, and 51% more cases (Figure 3.2/Table 3.3).

Reformulating the OC problem to minimize disease incidence under budget constraints or,

in alternative, to minimize intervention costs with a cap on cumulative incidence, allows us

to overcome the challenges in estimating the monetary value of disease burden, as well as

the ethical perils and the uncertainties that plagues the combined formulation.

Do the alternative formulations systematically lead to different control policies than the

OC policy derived by solving the combined formulation? Our analysis shows that, in the

special (and unrealistic) case of perfect information - i.e., when the monetary value of disease

burden can be derived with sufficient precision - budget constraints , or epidemiological

constraints can be set so that the resulting OC policy of the alternative formulations is the

same as the combined formulation (3.3). Specifically, we solved the OC problem for the first

alternative formulation (i.e., minimize new infections under a budget constraint (3.4)) by

setting the budget constraint to the intervention costs resulting from solving the combined

OC problem (3.3). As shown in Table 3.4 and Figure 3.3, the OC policy and health outcomes

(such as the maximum number of infected individuals, the number of deaths, and the number

of vaccinations) are the same for the combined and the alternative formulations since the

intervention cost budget is the same for both. We see the same for the second alternative

formulation (i.e., minimize intervention costs to achieve a desired epidemiological outcome

(3.5)) when the epidemiological outcome is constrained to the value derived by solving the

combined OC problem (see Table 3.5 and Figure 3.4).

The simulations shown in Figure 3.3 (corresponding to Tables 3.4 and 3.6) and Figure

3.4 (corresponding to Tables 3.5 and 3.7) were performed using the same βI , βW , µ, ξ, and δ

parameters, initial conditions, and time horizon as in Table 3.2 and setting γ = 0.25, An = 1,

B = 100, C = 0.0813, vmax = 0.03.
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Figure 3.2: Optimal control and corresponding states for the combined objective functional
for varying An (with 1 and 10) values corresponding to the results in Table 3.3.
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Table 3.3: Epidemiological values corresponding to Figure 3.2 where the percent differences
are measured from An = 10 case.

An = 10 An = 1 % difference
Cumulative cases 9,011 13,580 +51%

Disease burden cost Jn(v) $90,105 $13,580 -85%
Intervention costs Jc(v) $12,011 $4,581 -62%
Total cost Jn(v) + Jc(v) $102,116 $18,161 -82%
Total number of deaths 20 28 +40%
Number of vaccinations 73,654 26,634 -64%
Time spent at vmax 55 16 -71%

51



Table 3.4: Results of the objective functional with new infections under a budget constraint
(3.4) compared to the case of no control and the combined objective functional with new
infections (3.3), corresponding to the results in Figure 3.3. $ values are hypothetical and the
$ symbol is used to clearly tease apart monetary values from health outcomes. The ∗ symbol
for the the alternative OC formulation indicates that the OC problem was solved by setting
the intervention cost as a constraint. The † symbol indicates what value was minimized in
the OC problem.

No control Comb. OC Alt. OC
Intervention costs Jc(v) $0 $4,746 $4, 746∗

Disease burden cost Jn(v) $19,080 $9,814 -
Total costs Jn(v) + Jc(v) $19,080 $14, 559† -

Cumulative cases 19,080 9,814 9, 814†

Max number of infected 1,459 1,282 1,282
Number of deaths 38 21 21

Number of vaccinations 0 57,501 57,501

52



Figure 3.3: Optimal control and corresponding states for the combined objective functional
with new infections (3.3) and the objective functional with new infections under a budget
constraint (3.4), corresponding to the results in Tables 3.4 and 3.6.
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Then what advantage do the alternative formulations provide? As commented above, in

the majority of cases, the per-capita cost of disease is not known and cannot be estimated

with any degree of confidence. Therefore, it is more meaningful and less debatable from the

perspective of health equity to frame the optimization problem by explicitly acknowledging

the fundamental reality any decision maker has to face. That is, to operate in conditions of

limited budget, and/or, to have ethical, political, practical or humanitarian reasons to achieve

a desired public health outcome. The alternative formulations allow us to incorporate these

considerations much more straightforwardly than in the combined formulation. For instance,

in the last two columns of Table 3.6 we report the breakdown for costs and epidemiological

outcomes associated with a 50% budget decrease or a 25% increase, respectively, compared to

the intervention cost found in the combined OC solution. The last two columns of Table 3.7

report the breakdown of the same information when the epidemiological target is 8% lower

or 25% higher than the baseline number of new infections (as derived from the combined

OC solution).

Note that, in the simulations shown in Tables 3.6 and 3.7, the maximum number of new

infections does not change between the different budget and epidemiological constraints.

This is because the peak of infections in those simulations occurs early in the simulation

and the optimal controls in all of the cases shown are at the maximum control value from

the beginning of the simulation until after the peak of infection. Therefore, in these cases,

the maximum number of infected is not reduced by increasing budget or more ambitious

epidemiological goal. To reduce the maximum number of infected individuals in these

simulations, an increase in the maximum vaccination rate is required.

A type of sensitivity analysis can be conducted using alternative formulation 1 (minimiz-

ing new infections under a budget constraint (3.4)) by systematically exploring changes in

health outcomes of interest over a wide range of budget constraints (see Figure 3.5). Our

analysis shows that the relationship between budget and health outcomes are, for this model,

approximately linear until one reaches the budget that uses the maximum vaccination rate

over the entire simulation time. The analysis reveals that above this level, what is limiting

is not vaccination budget but, rather, vaccination capacity (for instance, the number of

vaccination centers). Therefore, above this limit, further health benefits could be achieved
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Table 3.5: Results of the objective functional with intervention costs and an epidemiological
constraint (3.5) compared to the no control case and the combined objective functional
with new infections (3.3), corresponding to the results Figure 3.4. The ∗ symbol for the
the alternative OC formulation indicates that the OC problem was solved by setting the
cumulative cases as a constraint. The † symbol indicates what value was minimized in the
OC problem.

No Control Comb. OC Alt. OC
Intervention costs Jc(v) $0 $4,746 $4, 746†

Disease burden cost Jn(v) $19,080 $9,814 -
Total costs Jn(v) + Jc(v) $19,080 $14, 559† -

Cumulative cases 19,080 9,814 9, 814∗

Max number of infected 1,459 1,282 1,282
Number of deaths 38 21 21

Number of vaccinations 0 57,501 57,501
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Figure 3.4: Optimal control and corresponding states for the combined objective
functional with new infections (3.3) and the objective functional minimizing cost under
an epidemiological constraint (3.5), corresponding to the results in Tables 3.5 and 3.7.
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Table 3.6: Results of the combined objective functional with new infections (3.3) and the
objective functional with new infections and a fixed budget (3.4) corresponding to the results
in Figure 3.3. The ∗ symbol for the the alternative OC formulation indicates that the OC
problem was solved by setting the intervention cost as a constraint. The † symbol indicates
what value was minimized in the OC problem.

Alt. OC Lower budget Higher budget
Intervention costs Jc(v) $4, 746∗ $2, 373∗ ( -50%) $5, 934∗ (+25 %)

Cumulative cases 9, 814† 13, 416† (+37%) 9, 028† (-8%)
Max number of infected 1,282 1,282 (0 %) 1,282 ( 0%)

Number of deaths 21 27 (+29%) 20 (-5 %)
Number of vaccinations 57,501 30,624 (-47 %) 72,653 (+26 %)
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Table 3.7: Results of the combined objective functional (3.3) and the objective functional
with intervention costs and an epidemiological goal (3.5), corresponding to the results in
Figure 3.4. The ∗ symbol for the the alternative OC formulation indicates that the OC
problem was solved by setting the cumulative cases as a constraint. The † symbol indicates
what value was minimized in the OC problem.

Alt. OC Lower New Inf. Higher New Inf.
Intervention costs Jc(v) $4, 746† $5, 921† (+25%) $2, 983† (-37%)

Cumulative cases 9, 814∗ 9, 030∗ (-8%) 12, 275∗ (+25%)
Max number of infected 1,282 1,282 (0%) 1,282 (0%)

Number of deaths 21 20 (-5%) 25 (+20%)
Number of vaccinations 57,501 72,507 (+26%) 37,846 (34%)

58



Figure 3.5: New infections and maximum number of infections as a function of available
budget when minimizing new infections under a budget constraint (3.4), performed with
An = 1, B = 600, and C = 1.
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by a structural improvement of the vaccination system. The analysis reveals also that the

peak incidence rate (new cases per day) level off at a much lower budget than the cumulative

fatality cases (Figure 3.5).

For alternative formulation 2 (minimizing intervention cost to achieve a desired epidemi-

ological outcome (3.5)), the sensitivity analysis shows that the total intervention cost and

the cumulative deaths linearly increases/decrease, respectively, with more ambitious public

health targets (percentage reduction in new cases with respect to the no control case -

Figure 3.6). The maximum value of new daily infections drops linearly with more ambitious

epidemiological outcome but levels off, in this case, when the required reduction in the

cumulative number of cases exceed ca. 30% of that at baseline (no intervention).

The simulations shown in Figures 3.6 and 3.5 were performed using the same βI , βW , µ,

ξ, and δ parameters, initial conditions, and time horizon as in Table 3.2 and setting γ = 0.25

and vmax = 0.08. The values of An, B, and C used are specified in the figure captions.

Simulations related to the optimal control formulations minimizing disease burden instead

of new infections (3.2) can be found in Appendix B.

3.5 Discussion and Conclusions

Using a cholera model, we have illustrated the benefit of using time-varying controls to

achieve the goals and incorporate the constraints of disease management. We have proposed

valuable alternatives to the frequently-used objective function (the minimization of the sum

of the total number of new cases (or total disease burden) and the cost of management

actions) and showed the advantages of these alternatives in terms of outcomes (in costs, new

cases and/or burden levels). Depending on the situation, one should consider minimizing

the number of new cases given a fixed intervention budget or minimizing the intervention

costs given a fixed epidemiological constraints (such as keeping the total number of new

cases under a fixed level). These formulations can be valuable to apply to models of other

diseases, such as schistosomiasis [103], West Nile virus [1], and Zika virus [80, 111].

We analyzed changes in health outcomes of interest over a range of budget constraints.

This relationship between budget and health outcomes may be approximately linear until

one reaches the budget level that allows the maximum the vaccination rate to be used over
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Figure 3.6: Intervention cost and maximum number of daily infections for the OC solution
that minimizes intervention cost under an epidemiological constraint (3.5) as a function of
the percent reduction in new infections from the no control case, performed with An = 1,
B = 600, and C = 1.
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the entire simulation time. The upper bound on the vaccination rate may be the limitation

due to the capacity level (that is, the amount of vaccinations that can be completed per

unit time given the current delivery system with a fixed number of workers). Similar results

were obtained for changes in intervention costs over a range of fixed health outcomes. These

results outline the power of reformulating combined optimal control problems and using

health outcomes measured in metrics which public health decision makers are more familiar.

In some of our results, the differences in vaccination effort and epidemiological outcome

merely reflect differences in the economic strengths of nations, and have little to do with

the much less tangible value of the quality of life lost due to infection. This problem can be

partially addressed by conducting a sensitivity analysis of how the OC solution changes as

a function of the unit cost of disease, if such costs are known; see one such analysis in [13].

While the proposed reformulation of the optimization functional addresses some problems

of the combined formulation and allows us to avoid the practical and ethical challenges of

evaluating human health, it does not solve other problems inherent in the evaluation of health

outcome and equity issues. For instance, Weintraub et al. [115] has clearly outlined several

of these limitations for the cost-effectiveness analysis that apply also to optimal control

problems in general and, specifically, to the newly proposed formulations. In addition, for

practical and computational reasons, mechanistic models tend to simplify the complexity

of real-world social systems, and optimal control theory cannot fix problems when models

are oversimplified and lack relevant details (such as spatial structure), are not properly

parameterized, or lack the real-world data to do so.

Without dismissing the power of OC applications, we are aware that simplified protocols

with constant intervention rates might work equally well, if not better, than protocols that

require continuous adjustment of the intervention effort. This may be especially true when

it is difficult to monitor the health state of the system, testing capacity is low, or if there

are delays in reporting infected cases in remote, rural areas in countries with limited health

care and reporting systems. An optimal control can frequently be adjusted to give a close

approximate control that is more feasible to implement [26].

Lastly, while assessing the monetary value of human health is fraught with uncertainties,

even the estimation of intervention costs and its translation into model parameters present its
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own challenges, especially when models are developed without a full commitment of health

authorities to provide the necessary data.

OC applications to the control of communicable diseases are mostly confined in journals

of applied mathematics with limited readership. While some barriers due to the inherent

complexity of OC theory cannot be overcome, there is an untapped potential that should be

leveraged to inform the decision making process on pressing public health problems. In spite

of the limitations listed above, we believe that the scientific community proficient in optimal

control theory could easily formulate optimization problems for the control of communicable

diseases with our proposed approach. It would reflect more closely the framework in which

public health decisions are usually taken in the full spirit of contemporary user-inspired

research, as argued in [84, 105] .
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Chapter 4

Geographic Disparities and Predictors

of COVID-19 Hospitalization Risk in

the St. Louis Area, Missouri (USA)

4.1 Background

There have been over 184 million confirmed Coronavirus Disease 2019 (COVID-19) cases and

over 4 million deaths worldwide as of July 8, 2021, with over 33 million confirmed cases and

over 600,000 deaths in the United States [118]. As of the same date, the state of Missouri

has reported over 633,000 cases and 9,700+ deaths. The disease has overwhelmed many

United States hospital systems, with large numbers of patients requiring critical care and

interventions such as mechanical ventilation [41, 56, 58]. This surge of COVID-19 patients

has put strain on hospital resources, potentially impacting the care available to both COVID-

19 and non-COVID-19 patients [36].

There is evidence of geographic disparities in the severity of the disease with certain

population groups experiencing more severe disease than others. These disparities might

A version of this chapter was previously published in Igoe M, Das P, Lenhart S, Lloyd AL, Luong L,
Tian D, Lanzas C, Odoi A. Geographic Disparities and Predictors of COVID-19 Hospitalization Risk in the
St. Louis Area, Missouri (USA). BMC Public Health, 2022. Morganne Igoe was the leading author of this
work.
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be driven by population characteristics such as socioeconomic, demographic, and chronic

disease factors [21, 29, 32, 33, 44]. For instance, there is evidence that Non-Hispanic

American Indian, non-Hispanic Black, and Hispanic people have higher hospitalization risks

than their non-Hispanic Asian and non-Hispanic White counterparts [22]. There are also

reports that conditions such as diabetes mellitus, obesity, chronic lung conditions, renal

disease, cancer, and cardiovascular disease may increase the severity of the condition and

risk of hospitalizations among COVID-19 patients with these co-morbidities [33, 40, 94, 122].

Identifying geographic disparities in COVID-19 hospitalization risks and determinants of

these disparities is important in providing information to guide hospital preparedness to

handle the patient surge and for targeting resources for public health efforts to control the

condition at the community level.

Improved understanding of the geographic disparities and predictors of COVID-19

hospitalization risk at the local level, such as the Zip Code Tabulation Areas (ZCTA), would

help identify local geographic areas with higher needs for hospital beds and other healthcare

resources. This is useful information for healthcare planning and service provision at the

local level. It may also inform vaccination efforts by helping to identify areas where higher

vaccination coverage may have the largest effect in reducing hospital burden. Therefore,

the objective of this study is to identify geographic disparities and predictors of COVID-19

hospitalization risk in the St. Louis Area, Missouri, United States.

4.2 Methods

4.2.1 Study Area

This study was performed in an area of Missouri that includes 108 ZCTAs located in St.

Charles county, St. Louis county, and St. Louis City as well as parts of Jefferson, Franklin

and Warren counties (Figure 4.1). The area had a population of approximately 2 million

people comprising 74% white, 20% black, 3% Hispanic/Latino, and 3% Asian. Forty-eight

percent of the population was male, while 52% was female. Thirty-one percent of the

population was younger than 25 years old, 53% was 25-64, and 16% was older than 65
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Figure 4.1: Map of study area showing geographic distribution of Zip Code Tabulation
Areas and Counties
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years of age. The ZCTA-level population density varied from 10 people per square mile in

St. Charles County to 9,368 people per square mile in St. Louis City County.

4.2.2 Data Sources

COVID-19 and Chronic Disease Hospitalization Data

Data on COVID-19 and chronic condition hospitalizations were obtained from the Hospital

Industry Data Institute, a not-for-profit organization founded by the Missouri Hospital

Association that summarizes state level discharge data. The COVID-19 data provided

information on the numbers of COVID-19 discharges by patient ZCTA and by age group

from April 1, 2020 to September 30, 2020. In addition to the COVID-19 hospitalization

data, data on the number of confirmed COVID-19 cases were obtained from the county

Departments of Health. COVID-19 case data were included as one of the potential predictors

of COVID-19 hospitalization risks. Data on chronic conditions were extracted for the time

period 2019-2020 based on ICD-10 codes and included the following conditions/behaviors:

obesity, tobacco use, cancer (breast, colorectal, prostate, lung, endometrial, leukemia and

lymphoma), chronic obstructive pulmonary disease, chronic kidney disease, heart failure, and

diabetes. These conditions were selected due to their potential association with COVID-19

severity. All data were aggregated to the ZCTA-level to facilitate subsequent ZCTA-level

analyses. The ZCTA-level risks of these conditions were then computed and presented as

disease-specific hospitalizations per 100 population.

Socioeconomic, demographic and base map data

ZCTA-level data on socioeconomic and demographic factors including age, sex, race,

population density, education level, and median income, were obtained from the U.S. Census

Bureau 2018 American Community Survey (ACS) 5-year estimates [109]. The cartographic

boundary files, used for generating maps, were obtained from the US Census Bureau Website

[110].

4.2.3 Descriptive Analyses

All descriptive analyses were performed in R version 4.1.0 [91] using RStudio version 1.4.1103

[95]. Normality of distribution of continuous variables was assessed using Shapiro-Wilk test.
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Medians as well as 1st and 3rd quartiles were used as measures of central tendency and spread

for all continuous variables since they were all non-normally distributed. The COVID-19

ZCTA-level hospitalization risks were directly age-standardized, in STATA version 16 [104],

using the 2010 US population as the standard population.

4.2.4 Investigation of Predictors of COVID-19 Hospitalizations

Global Models

Univariable global Poisson models were used to assess simple associations between each of

the potential predictors and COVID-19 hospitalization risk. As opposed to local models

that estimate as many regression coefficients per predictor as the number of geographic

units, global models assume constant relationships between each potential predictor and the

outcome and therefore estimate one regression coefficient per potential predictor. These

models were fit under the Generalized Linear Model (GLM) framework in R [91] specifying

log link. The dependent variable was the expected count of COVID-19 hospitalizations in

each ZCTA based on the age-adjusted/standardized number of COVID-19 hospitalizations

and the offset was the natural log of the population in each ZCTA. A relaxed α of 0.15 was

used to assess potentially significant predictors in univariable models. The linearity of the

relationships between the log risk and potential predictor variables was assessed graphically.

Spearman rank correlation coefficients were computed to assess bivariate correlations

among the potential predictor variables identified during the univariable analyses using

R [91] . Variables with correlation coefficients greater than 0.7 were considered highly

correlated. To avoid multicollinearity, only one of a pair of highly correlated variables was

retained for further assessments using multivariable Poisson model. Biological and statistical

considerations were used to determine which of a pair of highly correlated variables to retain.

Non-correlated variables that had univariable p ≤ 0.15 were assessed in a multivariable global

Poisson model, built using manual backwards elimination and an α of 0.05. Variables were

considered as confounders if their removal from the model resulted in changes of at least

20% of the coefficients of any of the variables in the model. Confounders were retained in

the final main effects model. Biologically plausible two-way interactions between variables
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in the final main effects multivariable model were assessed and the significant ones retained

in the final model. The final Poisson regression model was then assessed for overdispersion.

Due to the presence of overdispersion in the final Poisson model (based on comparison

of model deviance and degrees of freedom), a global negative binomial model was built. The

process of building the negative binomial (NB) model was similar to that of the Poisson

model described above. However, the glm.nb function of the MASS package [112] of R [91]

was used instead of the glm function. The rest of the model specifications were similar to

the Poisson model. Goodness-of-fit of the final global NB model was assessed using Pearson

and Deviance chi-square goodness-of-fit tests.

Local Models

To assess if the association between each of the predictors and hospitalization risks varied by

geographic location, a geographically weighted negative binomial (GWNB) model, proposed

by Silva and Rodrigues [92], was fit to the data specifying the same outcome, link function,

offset and significant predictors as in the final global multivariable NB model. However,

unlike the global multivariable NB model that estimates one regression coefficient for each

predictor and thus assumes a constant strength of association across all ZCTAs, the GWNB

theoretically estimates as many regression coefficients as the number of ZCTAs. Essentially,

GWNB evaluates a local model of the outcome by fitting a regression equation to every ZCTA

in the dataset. These separate model equations are constructed by incorporating the outcome

and predictor variables of the ZCTAs that fall within the neighborhood of each target ZCTA.

Therefore, the GWNB allows identification of local variations in the strength of associations

and therefore giving the importance of specific predictors in different local areas (ZCTAs).

This implies that some factors may be more important predictors of hospitalization risk in

some ZCTAs than others.

The local GWNB model was fit in SAS version 9.4 [97] using a SAS/IML macro [93].

The estimation of local regression coefficients was based on biquadratic kernel weighting

function [93], while the bandwidth was estimated using the adaptive method which allows

the size of the bandwidth to vary based on the density of observations. Bias-corrected Akaike

Information Criteria (AICc) was used to determine the optimum kernel bandwidth and for
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comparing the goodness-of-fit of the global NB and GWNB models. The better fitting model

was identified as the one with the lower AICc value.

Stationarity of the GWNB coefficients was assessed using: (a) randomization non-

stationarity test based on 999 replications [43]; (b) comparison of the interquartile range

of the local GWNB model coefficients with the standard error estimates of the global NB

model. Local coefficients whose interquartile ranges were larger than twice the standard

error of the regression coefficient from the global NB model were considered non-stationary

[17, 30].

4.2.5 Cartographic Displays

Choropleth maps showing the geographic distributions of ZCTA-level age-adjusted COVID-

19 hospitalization risks, the socioeconomic, demographic and chronic disease factors as well

as local regression coefficients from the GWNB models were generated using QGIS 3.16.6

[90]. Jenk’s optimization classification scheme [2, 47, 75] was used to determine the critical

intervals of the choropleth maps.

4.3 Results

4.3.1 Descriptive Statistics

The ZCTA-level median percentage of males was 48.6% while that of black and Hispanic

populations were 3.7% and 2.2%, respectively (Table 4.1). For education variables, 38.2% of

the population had high school education, 23% had some college education while 8.6% had

associate’s degree and 18% had bachelor’s degree. The median household income was just

over $59,400 with 9.5% of the ZCTA-level population living below the poverty line. Among

chronic conditions investigated, Chronic Kidney Disease had the highest hospitalization risk

(7.6%) followed by diabetes (7.5%) and heart failure had the lowest (3.2%) (Table 4.1).

The ZCTA-level median number of confirmed cases of COVID-19 was 360 cases which was

equivalent to 2.2% of the population at ZCTA-level (Table 4.1).
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Table 4.1: Descriptive Statistics of ZCTA-level Potential Predictors of COVID-19
Hospitalization Risks in the St. Louis Area, Missouri

Variable Median First Quartile Third Quartile
Demographic Factors

% male population 48.6 47.4 50.3
% black population 3.7 0.9 34.2

% Hispanic/Latino population 2.2 1.0 3.2
Educational Variables

% with ≤ high school education 38.2 23.9 47.6
% with some college 23 19.8 25.6

% with associate’s degree 8.6 6.6 10.6
% with bachelor’s degree 18 9.4 25.9

Economic Variables
% below poverty level 9.5 5.8 16.8

median household income 59768.5 46005.3 77504

that use tobacco per 100 Population)
Health Behavior (ZCTA-level number of hospitalized patients

% tobaccoa 10.4 6.8 14.5

with specific condition per 100 Population)
Co-morbidities (ZCTA-level number of hospitalized patients

% obesity 7 5.6 8
% diabetes 7.5 6.5 9.2
% cancer 3.8 3.3 4.3
% COPDb 4 3.1 4.9
% CKDc 7.6 6.4 8.9

% heart failure 3.2 2.6 3.8
COVID-19 Cases

total cases 360 118 607
cases per 100 population 2.2 1.9 2.5

aZCTA-level % of COVID-19 hospitalized patients that were tobacco users
bChronic Obstructive Pulmonary Disease
cChronic Kidney Disease
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4.3.2 Predictors of COVID-19 Hospitalization Risks

Global Model

A number of variables had univariable associations with COVID-19 hospitalization risks at a

relaxed p < 0.2 (Table 4.2). Of the assessed demographic variables, only percentage of black

population had a univariable association (p < 0.001) with hospitalization risk. By contrast,

all the assessed educational, economic, health behavior and chronic disease variables had

significant univariable associations with COVID-19 hospitalization risks (Table 4.2). The

ZCTA-level risk of confirmed COVID-19 cases had a significant (p < 0.001) univariable

association with COVID-19 hospitalization risk but the raw count of COVID-19 cases per

ZCTA did not (p = 0.9) (Table 4.2).

Based on the final global multivariable NB model, the ZCTA-level hospitalization risks

were higher in ZCTAs that were high in the following predictors: percentage of black

population (p = 0.0416), percentage of population with some college education (p = 0.0005),

percentage of individuals hospitalized with diabetes (p < 0.0001), and number of ZCTA-level

COVID-19 cases per 100 population (p = 0.0001) (Table 4.3). A map of the distribution of

age-adjusted COVID-19 hospitalization risks and each of the significant predictors is shown

in Figure 4.2. High age-adjusted COVID-19 hospitalization risks tended to occur in the

Northeast of the study area and included ZCTAs in parts of St. Charles, St. Louis and

Louis City counties. These areas also had high percentages of black population, individuals

with some college education, those with high diabetes hospitalization risks as well as high

risks of COVID-19 cases (Figure 4.2). High hospitalization risks were also evident in the

Southwest areas of the study area that included parts of Warren and Franklin counties. It

is worth noting that these areas also tended to have high diabetes hospitalization risks and

percentages of the population with some college education (Figure 4.2). Since the global

model did not show evidence of good fit based on both Deviance (p = 0.03) and Pearson

(p = 0.01) goodness-of-fit tests, stationarity of the regression coefficients was assessed using

a local GWNB model.
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Table 4.2: Univariable Associations of Sociodemographic, Economic, and Chronic
Disease Potential Predictors of COVID-19 Hospitalization Risk in the St. Louis Area,
Missouri

Variable Coefficient
Confidence Interval

95 %
p-values

Demographic Factors
% male population 0.004 -0.015, 0.024 0.727
% black population 0.007 0.005, 0.009 < 0.0001

% Hispanic/Latino population -0.021 -0.056, 0.016 0.292
Educational Variables

% with ≤ high school education 0.015 0.010, 0.020 < 0.0001
% with some college 0.035 0.022, 0.049 < 0.0001

% with associate’s degree 0.028 0.0002, 0.055 0.036
% with bachelor’s degree -0.021 -0.028, -0.014 < 0.0001

Economic Variables
% below poverty level 0.017 0.009, 0.024 < 0.0001

median household income -5.00E-06 -0.000008, -0.000003 < 0.0001

that use tobacco per 100 Population)
Health Behavior (ZCTA-level number of hospitalized patients

% tobaccoa 0.046 0.034, 0.058 < 0.0001

with specific condition per 100 Population)
Co-morbidities (ZCTA-level number of hospitalized patients

% obesity 0.138 0.104, 0.171 < 0.0001
% cancer -0.029 -0.096,0.032 0.377
% COPDb 0.11 0.055, 0.164 < 0.0001
% CKDc 0.1 0.068, 0.131 < 0.0001

% heart failure 0.194 0.123, 0.265 < 0.0001
% diabetes 0.11 0.083, 0.136 < 0.0001

COVID-19 Cases
total cases 1.40E-05 -0.0002, 0.00023 0.9

cases per 100 population 0.277 0.192, 0.3621 < 0.0001

aZCTA-level % of COVID-19 hospitalized patients that were tobacco users
bChronic Obstructive Pulmonary Disease
cChronic Kidney Disease
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Table 4.3: Final Global Negative Binomial Model Showing Significant Determinants
of COVID-19 Hospitalization Risk in the St. Louis area

Name Coefficient
Confidence Interval

95 %
p-value

% black population 0.0014 0.0001, 0.0027 0.0416
% with some college education 0.0180 0.0078, 0.0281 0.0005

% diabetesa 0.0628 0.0397, 0.0860 < 0.0001

per 100 population
Confirmed COVID-19 cases

0.2623 0.2027, 0.3218 < 0.0001

aNumber of hospitalized patients with diabetes per 100 Population
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Figure 4.2: Geographic distribution of ZCTA-level COVID-19 age-adjusted hospitalization risks and its significant predictors
in the St. Louis area, Missouri
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Local Model

The p-values of the stationarity tests from the GWNB model indicate that the coefficients for

the association between COVID-19 hospitalization risks and percentage of black population

(p = 0.001) and number of hospitalized patients with diabetes per 100 population (p =

0.032) were non-stationary (Table 4.4). Additionally, comparison of the 2ÖSEs of the global

coefficients and IQR of the local coefficients showed evidence of non-stationarity of the

coefficients of the above two predictors as well as the population adjusted cases of COVID-

19 (Table 4.4).

The spatial distribution of the local coefficients of the three predictors whose relationship

with COVID-19 hospitalizations were identified as non-stationary provides visual evidence

for variability of the local relationships (Figure 4.3). Thus, associations of COVID-19

hospitalization risks with percentage of black population, diabetes hospitalization risks and

COVID-19 adjusted cases varied considerably across the study area, with a strong East-

West gradient. The association between percentage of black population and COVID-19

hospitalization risks, for instance, was positive in the Northeast and negative in the West

and Southwest. Moreover, the strength of the association was higher in ZCTAs in the

West compared to those near the center of the study area. The strength of association

between COVID-19 hospitalization risks with diabetes hospitalization risks was also higher

in the Northeast and lower in the West. All ZCTAs, except one (63025), showed evidence

of positive association between COVID-19 hospitalization risks and diabetes hospitalization

risks. Finally, the association between COVID-19 hospitalization and population adjusted

cases of COVID-19 increased from West to East, with the association staying positive in all

ZCTAs of the study area. It is worth noting that the local GWNB model had a much better

goodness-of-fit (AICc = 986.4) than the global model (AICc = 1002.7).

4.4 Discussion

The goal of this study was to investigate geographic disparities and identify predictors of

ZCTA-level COVID-19 hospitalization risks in the St. Louis area. The findings of this

study can be used to identify areas where the population is at higher risk of hospitalization
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Table 4.4: Results of assessment of stationarity of the coefficients of the predictors of the COVID-19
hospitalization risks in the St. Louis Area, Missouri

SEa
Global

SEax2
Global

Local Coefficient
IQRb of

IQR-2(SE)
test p-value
Stationarity

Stationary?
Is Coefficient

% black population 0.0007 0.0014 0.0148676 0.0134676 0.001 Noc

college education
% with some

0.0052 0.0104 0.0092401 -0.0011599 0.406 Yes

% diabetesd 0.0118 0.0236 0.0416903 0.0180903 0.032 Noc

per 100 population
Confirmed COVID-19 cases

0.0304 0.0608 0.1164299 0.0556299 0.109 Noe

aStandard Error
bInterquartile Range
cCoefficients are non-stationary based on both the p-value of the stationarity test and IQR-2(SE) assessment
dNumber of hospitalized patients with diabetes per 100 Population
eCoefficient is non-stationary based on IQR-2(SE) assessment
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Figure 4.3: Geographically Varying Coefficients of the Local Geographically Weighted Negative Binomial Model Predicting
COVID-19 Age-adjusted Hospitalization Risks in the St. Louis area
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due to COVID-19 in order to guide planning and control efforts and to reduce potential

overburdening of hospitals during COVID-19 surges.

There was evidence of geographic disparities in COVID-19 age-adjusted hospitalization

risks in the study area. Urban ZCTAs in St. Louis City and St. Louis County exhibited high

hospitalization risks. These ZCTAs also have high percentages of the population that are

black, some as high as 98.4%. Some of these ZCTA also had high diabetes hospitalization

risks. It is worth noting that some rural ZCTAs in Franklin and Warren counties had

high COVID-19 hospitalization risk but very low percentages of the population that were

black. However, these ZCTAs had high diabetes hospitalization risks implying that the

COVID hospitalization risks in these rural ZCTAs was more driven by diabetes burden than

demographic factors. Thus, although COVID-19 hospitalization risks in the more urban

areas seems to be driven by the demographic composition of the population, the risks in

the more rural areas seem to be driven more by diabetes burden. Geographic areas with

intermediate to high COVID-19 hospitalization risks tended to have high percentages of the

population with some college education and included ZCTAs in Franklin, Jefferson, St. Louis

City and St. Louis County. It is worth noting that St. Louis City and St. Louis County tend

to have similar restrictions, but often time, the restrictions from the other counties are more

laxed. Previous ecological and individual level studies have not considered education level as

a predictor of hospitalization risk. The level of education may be a proxy of occupation and

other sociodemographic factors that may impact both the risk of infection and the resulting

severity of the disease and hence hospitalization risks.

The above findings are consistent with those from previous ecological studies that

investigated risk factors and predictors of COVID-19 hospitalization. For instance, an

ecological study by Nguyen et al. reported that diabetes was a significant predictor of

increased COVID-19 hospitalization risk at the county level in Georgia, USA even after

controlling for sociodemographic and economic factors [85]. On the contrary, an Iranian

study conducted at the provincial level did not find a significant association when only

controlling for chronic disease factors [59]. This may indicate differences of relationships

in different geographic areas and populations as well as the importance of controlling for
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sociodemographic factors when evaluating the impact of chronic disease variables on COVID-

19 hospitalization risk. Considering the fact that ZCTAs with high diabetes hospitalization

risks also tended to have high COVID-19 hospitalization risks, COVID-19 mitigation efforts

may need to be targeted to these ZCTAs to reduce the potential burden of the disease.

Interestingly, the study by Nguyen et al., which also considered sociodemographic and

economic factors as well as comorbidities, did not find a significant association between

percentage of black population with COVID-19 hospitalization risk [85]. However, it did

identify other socioeconomic factors that this study did not consider, including: percentage of

children in poverty and percentage of the population with severe housing problems. Although

not directly comparable with the current ecological study, previous individual level studies

have also identified associations between black race and COVID-19 hospitalization risk [32,

40, 60].

The local GWNB model allowed modeling of geographically varying associations between

COVID-19 hospitalization risks and its predictors instead of assuming constant associations

across the study area. Although the coefficients of percentage of black population, diabetes

hospitalization risk and risk of COVID-19 infections varied spatially, the coefficients of

percentage of the population with some college education did not and hence was modeled as

stationary. This suggests that the coefficients for the percentage of the population with some

college education are generalizable to all ZCTAs in the study area. In contrast, geographic

variations in the associations between COVID-19 hospitalization risks and the percentage of

black population, diabetes hospitalization risks and risks of COVID-19 infections suggest

that global coefficients do not adequately describe the associations between COVID-19

hospitalization risks and these predictors across the study area. These findings have health

planning and service provision implications. For instance, a ”one size fits all” approach

would not be suitable for addressing geographic disparities in COVID-19 hospitalization

risks across the study area since some predictors are more important in some locales than

others. Thus, different locales may require slightly different strategies depending on the

most important predictors driving COVID-19 hospitalization risk in the location. Therefore,

planning for hospital capacity and other disease management and control efforts will need
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to use evidence-based approaches informed by empirical evidence from both global and local

models.

4.4.1 Strengths and limitations

This study used both global and local models to investigate geographic disparities and

identify predictors of COVID-19 hospitalization risks in St. Louis region of Missouri. Unlike

studies that use only global statistical models and no GIS and/or local models, this study has

been able to identify how the associations between the outcome (hospitalization risks) and

each of the identified significant predictors change based on geographic location. The use of

local models to investigate stationarity of regression coefficients of significant predictors and

model non-stationary coefficients is a key strength of the study. This approach is particularly

important in guiding local health planning since the importance of different predictors are

not constant across the study area implying that different management and control strategies

may need to be used in different areas. For example, while race (% black) may be a more

important driver of hospitalization risks in some locations, other factors (such as diabetes)

play more important roles in other areas. This is very useful information for guiding local

health planning and disease control/prevention strategies and suggests that a one-size-fits-all

strategy might not be the best approach for disease control. Therefore, modeling approaches

that use both global and local models help to better understand the relationships between

the outcome and predictors and may be more useful in guiding control efforts at the local

level. However, the study is not without limitations. The hospital data has limitations

associated with diagnostic classifications of COVID-19 in situations when the patient has

co-morbidities that may have contributed to hospitalization. The age-standardization of the

hospitalization risks was done using the 2010 US census data which was the most recent

US census data available at the time of the study. Additionally, there may be geographic

differences in COVID-19 case ascertainment and reporting.

4.5 Conclusions

There is evidence of geographic disparities in COVID-19 hospitalization risks in the St.

Louis area of Missouri. These disparities are driven by socioeconomic, demographic and
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health-related factors. The impacts of these factors vary by geographical location with some

factors being more important predictors of COVID-19 hospitalization risk in some locales

than others. This demonstrates the importance of using not only global but also local models

to investigate determinants of geographic disparities in health outcomes and utilization of

health services. This study’s findings are useful for informing healthcare system planning to

identify geographic areas likely to have high numbers of individuals needing hospitalization

as well as in guiding vaccination efforts.
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A Hamiltonians, Adjoints, and Optimal Control Char-

acterizations

A.1 Combined Objective Functional with Disease Burden and

Cost

The objective functional combining disease burden and intervention cost is formulated as

min
v∈V

∫ T

0

[AbI(t) +Bv2(t) + Cv(t)S(t)]dt,

where the control set is

V = {v ∈ L2(0, T ) | 0 ≤ v(t) ≤ vmax a.e.}.

The Hamiltonian is then

H = AbI +Bv2 + CvS + λ1[µN − βISI − βWSW − µS − vS]

+ λ2[βWWS + βISI − γI − µI − δI]

+ λ3[γI − µR + v(t)S]

+ λ4[ξ(I −W )]

with the following adjoints and boundary conditions:

λ′
1 = −[Cv − λ1βII − λ1βWW − λ1v + λ2βWW + λ2βII + λ3v]

λ′
2 = −[Ab + λ1µ− λ1βIS + λ2βIS − λ2γ − λ2µ− λ2δ + λ3γ + λ4ξ]

λ′
3 = −[λ1µ− λ3µ]

λ′
4 = −[−λ1βWS + λ2βWS − λ4ξ]

λ1(T ) = 0, λ2(T ) = 0, λ3(T ) = 0, λ4(T ) = 0.
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We can then characterize the optimal control, using this optimality condition, on the

interior of the control set.

∂H

∂v
= 2Bv + CS − λ1S + λ3S = 0 at v∗.

Note ∂2H
∂v2

= 2B > 0, since B > 0. Therefore, using the control bounds gives

v∗ = min

(
vmax,max

(
0,

(λ1 − λ3 − C)S

2B

))
.

A.2 Combined Objective Functional with New Infections and

Cost

The objective functional combining new infections and intervention costs is formulated as

min
v∈V

∫ T

0

[An(βIS(t)I(t) + βWS(t)W (t)) +Bv2(t) + Cv(t)S(t)], dt

where the control set V is the same as above.

The Hamiltonian is then

H = An(βISI + βWSW ) +Bv2 + CvS + λ1[µN − βISI − βWSW − µS − vS]

+ λ2[βWWS + βISI − γI − µI − δI]

+ λ3[γI − µR + v(t)S]

+ λ4[ξ(I −W )]

with the following adjoints and boundary conditions:
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λ′
1 = −[AnβII + AnβWW + Cv − λ1βII − λ1βWW − λ1v + λ2βWW + λ2βII + λ3v]

λ′
2 = −[AnβIS + λ1µ− λ1βIS + λ2βIS − λ2γ − λ2µ− λ2δ + λ3γ + λ4ξ]

λ′
3 = −[λ1µ− λ3µ]

λ′
4 = −[AnβWS − λ1βWS + λ2βWS − λ4ξ]

λ1(T ) = 0, λ2(T ) = 0, λ3(T ) = 0, λ4(T ) = 0.

We can then characterize the optimal control, using this optimality condition, on the

interior of the control set.

∂H

∂v
= 2Bv + CS − λ1S + λ3S = 0 at v∗.

Note ∂2H
∂v2

= 2B > 0, since B > 0. Therefore, we find that

v∗ = min

(
vmax,max

(
0,

(λ1 − λ3 − C)S

2B

))
.

A.3 Minimize Disease Burden under Fixed Budget

Given a fixed budget G, the cost of the control interventions, we define the control sets:

V = {v ∈ L2(0, T ) | 0 ≤ v(t) ≤ vmax a.e.}

and

F1 =

{
v ∈ V |

∫ T

0

(Bv2(t) + Cv(t)S(t))dt ≤ G

}
,

where S is the susceptible compartment of the population corresponding to the control

v. The alternate objective functional to minimize the disease burden is defined as

min
v∈F1

∫ T

0

AbI(t)dt.
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To show the process of obtaining the adjoint functions and the optimal control

characterization, we use Pontryagin’s Maximum Principle. To handle the budget constraint,

we introduce a fifth state variable, x5, that satisfies

x′
5 = Bv2 + CvS

with the boundary conditions x5(0) = 0 and x5(T ) = G.

The Hamiltonian is

H = AbI + λ1[µN − βISI − βWSW − µS − vS]

+ λ2[βWWS + βISI − γI − µI − δI]

+ λ3[γI − µR + vS]

+ λ4[ξ(I −W )]

+ λ5[Bv2 + CvS]

with the following adjoint differential equations and boundary conditions

λ′
1 = −[−λ1βII − λ1βWW − λ1v + λ2βWW + λ2βII + λ3v + λ5Cv]

λ′
2 = −[Ab + λ1µ− λ1βIS + λ2βIS − λ2γ − λ2µ− λ2δ + λ3γ + λ4ξ]

λ′
3 = −[λ1µ− λ3µ]

λ′
4 = −[−λ1βWS + λ2βWS − λ4ξ]

λ′
5 = 0

λ1(T ) = 0, λ2(T ) = 0, λ3(T ) = 0, λ4(T ) = 0.

Note λ5 takes no boundary condition since x5 takes two boundary conditions.

We can then characterize the optimal control, using this optimality condition, on the

interior of the control set,
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∂H

∂v
= 2Bλ5v + Cλ5S − λ1S + λ3S = 0 at v∗,

and then obtain

v∗(t) = min

(
vmax,max

(
0,

(λ1(t)− λ3(t)− Cλ5(t))S(t)

2λ5(t)B

))
.

A.4 Minimize Intervention Costs with Fixed New Infections

Given an upper bound P on the number of new infections, we define the control set F2 as

F2 =

{
v ∈ V |

∫ T

0

An[βIS(t)I(t) + βWS(t)W (t)]dt ≤ P

}
,

where S is the susceptible compartment, I the infected compartment, and W the

environmental contamination compartment of the population corresponding to the control

v.

The alternative objective functional minimizing cost is defined as

min
v∈F2

∫ T

0

[Bv2(t) + Cv(t)S(t)]dt.

To handle the constraint on the new cases, we introduce a new state variable, x5 with

x′
5 = An[βIS(t)I(t) + βWS(t)W (t)], x5(0) = 0, x5(T ) = P.

The Hamiltonian is then

H = Bv2 + CvS + λ1[µN − βISI − βWSW − µS − vS]

+ λ2[βWWS + βISI − γI − µI − δI]

+ λ3[γI − µR + v(t)S]

+ λ4[ξ(I −W )] + λ5[AnβISI + AnβWSW ]

with the following adjoints and tranversality conditions:
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λ′
1 = −[Cv − λ1βII − λ1βWW − λ1v + λ2βWW + λ2βII + λ3v + Anλ5βII + Anλ5βWW ]

λ′
2 = −[λ1µ− λ1βIS + λ2βIS − λ2γ − λ2µ− λ2δ + λ3γ + λ4ξ + Anλ5βIS]

λ′
3 = −[λ1µ− λ3µ]

λ′
4 = −[−λ1βWS + λ2βWS − λ4ξ + Anλ5βWS]

λ′
5 = 0

λ1(T ) = 0, λ2(T ) = 0, λ3(T ) = 0, λ4(T ) = 0.

Note that λ5 takes no boundary condition because x5 takes two boundary conditions,

x5(0) = 0 and x5(T ) = P .

We can then characterize the optimal control, using this optimality condition, on the

interior of the control set.

∂H

∂v
= 2Bv + CS − λ1S + λ3S = 0 at v∗

Note that ∂2H
∂v2

= 2B > 0, since B > 0. Therefore, we find that

v∗(t) = min

(
vmax,max

(
0,

(λ1(t)− λ3(t)− C)S(t)

2B

))
.

A.5 Minimize New Infections under Fixed Budget

Given a budget constraint G, we use the same control set as Section A.3,

F1 =

{
v ∈ V |

∫ T

0

(Bv2(t) + Cv(t)S(t))dt ≤ G

}
.

The alternative objective functional minimizing the new infections is then defined as

min
v∈F1

∫ T

0

An[βIS(t)I(t) + βWS(t)W (t)]dt.
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To handle the budget constraint, we introduce a fifth state variable, x5, defined by

x′
5 = Bv2 + CvS

with the boundary conditions x5(0) = 0 and x5(T ) = G.

The Hamiltonian is then

H = AnβISI + AnβWSW + λ1[µN − βISI − βWSW − µS − vS]

+ λ2[βWWS + βISI − γI − µI − δI]

+ λ3[γI − µR + v(t)S]

+ λ4[ξ(I −W )]

+ λ5[Bv2 + CvS]

with the following adjoints and boundary conditions:

λ′
1 = −[AnβII + AnβWW − λ1βII − λ1βWW − λ1v + λ2βWW + λ2βII + λ3v + λ5Cv]

λ′
2 = −[AnβIS + λ1µ− λ1βIS + λ2βIS − λ2γ − λ2µ− λ2δ + λ3γ + λ4ξ]

λ′
3 = −[λ1µ− λ3µ]

λ′
4 = −[AnβWS − λ1βWS + λ2βWS − λ4ξ]

λ′
5 = 0

λ1(T ) = 0, λ2(T ) = 0, λ3(T ) = 0, λ4(T ) = 0.

Note λ5 takes no boundary condition since x5 takes two boundary conditions.

We can then characterize the optimal control, using this optimality condition, on the

interior of the control set.

∂H

∂v
= 2Bλ5v + Cλ5S − λ1S + λ3S = 0 at v∗
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Note that ∂2H
∂v2

= 2Bλ5 > 0 if λ5 > 0.

Therefore, we find that

v∗ = min

(
vmax,max

(
0,

(λ1 − λ3 − Cλ5)S

2λ5B

))
.

B Combined OC: minimize the sum of disease burden

and the costs of interventions

Minimizing the cost of interventions and the integral of the infected compartment, scaled

appropriately to represent the cost of disease burden, is commonly seen as the goal in

management of disease models. The case of a combined objective functional with burden

(Equation 3.2) is illustrated here in Figure 4 with model parameters listed in the caption of

Table 5. In that table, one can see the positive effects of implementing the optimal control

on the disease are striking. Since the number of susceptible individuals has become low

about half way through the time interval, the constant control (set at the maximum control

value, 0.04) has similar effects to the optimal control resulting from the combined objective

functional (1% reduction in disease burden), but has a slightly higher intervention cost

compared to the optimal control (11% increase). These simulations show that considering

a time varying control allows for a better result (i.e. a smaller objective functional) than a

constant control at the maximum will allow, by 1.4% in this case.

Using the parameters in Table 6 and a combined objective functional with burden

(Equation 3.2), we compare the optimal control to a constant control with same cost and

to the no control case. The plots shown in Figure 5 do not show much difference in the

dynamics of the compartments when comparing the optimal control case and a constant

control of 0.13. The two controls result in similar intervention costs but have 10% difference

in the overall combined cost.
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Figure 4: Optimal control and corresponding states for the combined objective functional
with disease burden compared to the no control case and a constant control with the above
parameters, corresponding to the results in Table 5.
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Table 5: Results of the combined objective functional with disease burden compared to
the no control case and a constant control of 0.16 for a time horizon of 60 days and with
βI = 2.64e − 7, βW = 1.21e − 7, γ = 0.1 and Ab = 1, B = 1000, and C = 0.325. The
initial population was set to S = 99000, I = 1000, R = 0, and W = 3000. The R0 for this
simulation is 1.47.

No Control Comb. OC with Burden Constant control
Intervention costs Jc(v) 0 24,648 27,314
Disease burden cost Jb(v) 210,159 88,907 87,802
Total cost Jb(v) + Jc(v) 210,159 113,555 115,116

% difference in total objective
functional from constant control 83 -1.4 -

Max number of infected 3,975 2,383 2,383
Number of deaths 105 44 43
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Table 6: Results of combined objective functional with disease burden with time horizon
of 60 days and Ab = 1, B = 40, C = 0.0464, vmax = 0.16, βI = 2.64e − 6, βW = 1.21e − 5,
γ = 0.05, S(0) = 9700, I(0) = 300, R(0) = 0, and W (0) = 300. The R0 for this simulation
is 2.9.

No Control Comb. OC v ≡ 0.13
Disease burden cost Jb(v) 47,933 10,576 11,658
Intervention costs Jc(v) 0 479 477
Total cost Jb(v) + Jc(v) 47,933 11,055 12,135
Max number of infected 1,069 363 376

Number of deaths 24 5 6
Number of vaccinations 0 9,460 9,422
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Figure 5: Optimal control and states for the combined objective functional with burden
compared to a constant control with the same intervention cost and the no control case,
corresponding to results in Table 6.
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