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ABSTRACT

The purpose of this thesis was to investigate methods of parallelization in
the semi-Lagrangian advection scheme. Semi-Lagrangian advection or trans-
port (SLT) is a numerical scheme for dealing with advective terms often found
in systems of partial differential equations. These advective terms occur in
various applications including weather prediction and groundwater contam-
ination models. Semi-Lagrangian advection has gained increased attention
in the last decade due to its ability to take larger timesteps than Eulerian
schemes while maintaining the a regular resolution.

Parallelization of the semi-Lagrangian advection scheme has the poten-
tial to further increase the efficiency of the scheme by dividing it into smaller
independent sub-tasks that can be performed simultaneously on several pro-
cessors. Ideally, if the sub-tasks could be evenly assigned to N processors,
then the parallel approach should be able to complete the advection N times
faster than the sequential method. However, this is usually an unobtainable
goal as processor must communicate with each other at certain points in or-
der to complete the total task. This is an additional overhead not needed in a

sequential setting which reduces the computational speed up to be less than
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N times faster. Since communication is an important factor in computational
efficiency, the communication algorithm used becomes important. Two com-
munication algorithms are proposed in this thesis called process migration
and data migration. These two approaches are evaluated and compared un-
der varying circumstances in order to understand the computational behavior
of each.

This thesis briefly reviews mathematical transport theory, provides a
background for semi-Lagrangian advection, and derives a popular version
of SLT known as the three-time-level scheme. Variations of and applications
of SLT are discussed. A parallelization of SLT is presented as well as various
communication algorithms including data and process migration. Special
programming considerations are discussed and a series of tests are conducted
on two versions of SLT: the three-time-level and the Dy scheme. These tests
serve to evaluate the scalability and performance of the parallelization. The
performance of the parallelization depended primarily on the magnitude of
the velocity field. The larger the magnitude, the greater the communication
requirement. In order to better interpret results, most tests were conducted
under a constant velocity field. The results of the tests suggest that the
latency period (an initialization period before a message is passed) plays a

v



significant role in the parallelization. As a result, under the conditions that

were tested, data migration was found to be better for the three-time-level
scheme and for the Dy scheme until a velocity of about .2. Furthermore, the
Dy scheme was found to have a computational advantage over the three-time-
level scheme using either communication algorithm. These results should not

be extended to non-constant velocity as is illustrated in the final test.
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1 Introduction

It is of interest in fluid flow applications to accurately model material trans-
port. Transport processes refer to the motion of a quantity in a fluid flow.
These processes play an important role in many applications from meteo-
rology where large weather systems, such as storm fronts, move with the
dominant flow direction to small scale problems such as the motion of pol-
lutant plumes in soil, water or air. Transport processes are referred to with
two terms: convection and advection. Convection refers to circular motions
in a fluid caused by thermal differentials. Advection refers to the movement
of a mass of fluid that may create changes in the physical properties of the
fluid. Throughout the remainder of the paper, the term advection is used to
mean either process.

The fundamental equations of fluid flow contain advective terms for the
transport of mass, momentum, and energy. The solutions to the flow equa-
tions are almost never available in a closed form analytic expression but must
be estimated numerically. A central problem in the numerical estimation of
these solutions is the treatment of the advective terms. Estimating a flow

solution is often impeded by time step restrictions arising from stability con-



siderations associated with these terms. Consequently, it is important to

investigate ways of increasing time steps or computational efficiency in order
to reduce the execution time of certain models without losing other desirable
properties (such as stability).

Numerical methods for treating advection fall into two categories: Eule-
rian and Lagrangian. From an Eulerian viewpoint, an observer stands at a
fixed point and watches the flow evolve around him. The Lagrangian per-
spective takes the view of an observer moving with the flow. A hybrid of Eu-
lerian and Lagrangian methods known as semi-Lagrangian transport (SLT)
has been found to allow for significantly larger time steps while retaining
some of the better numerical traits of both the Eulerian and Lagrangian
methods for solving advection processes.

This thesis is concerned primarily with decreasing the computation time
of semi-Lagrangian advection through parallelization. Emphasis is placed
on a popular version of semi-Lagrangian transport known as three-time-level
advection. However an alternative semi-Lagrangian scheme, called Dy, is
parallelized and compared with the three-time-level scheme. Section 2 pro-
vides an overview of mathematical transport theory and introduce the fluid
flow equation central to this thesis. Section 3 introduces the three-time-level
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SLT prefaced by a review of its predecessors: Eulerian and Lagrangian advec-

tion. Section 4 provides a detailed numerical derivation of the equations used
in three-time-level SLT. Section 5 discusses the problematic issue of interpo-
lation in SLT. Section 6 provides an analytic stability analysis of SLT for the
one dimensional case with constant velocity. Section 7 discusses variations
of SLT including the Dy scheme. In section 8, a few of the more prominent
applications of SLT are described. Section 9 discusses parallelization issues
while section 10 presents an overview of the the actual parallel computer

code. Finally, section 11 discusses parallelization results.



2 Mathematics of Physical Transport

A large body of literature on transport theory and fluid flow dynamics exists
in mathematical modeling. Here a broad intersection of physics and mathe-
matics occurs with a merger of physical transport processes and dynamical
models. A brief statement will be made about those concepts closely related
to the particular problem addressed in this thesis. In particular, the math-
ematical development of the material derivative and conservation equations
in fluid flow will be discussed.

Let {2 be a region in R™ with a smooth boundary 99 where n = 2 or 3.
Consider a fluid flow in § as a set of particles following a certain trajectory
(or path) called the particle trajectory. Let xg denote the coordinates of
a particle at some initial time t = 0. Writing x(t) = ¢(x0,t) to mean
this trajectory with the particle’s initial position given by ¢(xg,0) = xo,
the mapping ¢(:,t) : @ — § gives the coordinates, x(t), of the particles’
positions at time t and moves the particle identified with x¢ with the flow.
For any fixed t, ¢(-,%) is a coordinate transformation between x¢ and x. We
require that the transform be one-to-one and onto thus possessing an inverse.

Here, one-to-one implies that no two particles may be at the same place at



the same time. The velocity of the flow at t is defined as

v(x,t) = %d)(xo,t). (1)

This is the velocity field on Q [4] (Figure 1).

If R is a region in {2, then let R, = ¢(R,t) be the volume R moving with
the fluid. Suppose now that a function F(x, t) is defined in 2 x T where T is
the time interval. The relationship between the flow field and the transport

of this function is made in the Transport Theorem [4].

Transport Theorem: Let v(x, t) be a C? vector field on Q with
flow ¢(x,t), and let F(x, t) be a function on QO x T. Assume that
¢ is invertible as a function of X for a range of t. Then in this

range
d OF
%/R, F(x,t)dz = /R.(W+v-VF+FV-v)dx

where R is any subregion of ! with piecewise smooth boundary.

The conservation of mass for F states that [4]

d
. F=o0 2)

Since R, is an arbitrary volume it follows that if % Jr, F =0, then

%—f+v-VF+FV-v=O (3)




x(®) = $(x , 1

vd(tx ), 9

Figure 1: Particle trajectory and velocity.




at each point. If the fluid is incompressible, then V- v =0 [4] and

oF
Bt_-*-v'VF_O' (4)

The left-hand side of (4) is the total time or material derivative of F.
The material derivative represents the change in F as it moves along a
trajectory. The derivation of the material derivative comes from application

of the chain rule to the total time derivative [15].

Chain Rule: If F is a function of uy,us...,u, and each u; is a

function of one variable t such that %ﬂ is continuous, then F is

a function of t and

dF _OF dwy  OF duy =~ OF duy
dt  Ouy dt = Ouy, dt ' Ou, dt

Setting n = 2, u;(t) = t, and uy(t) = z(t) gives

dF _OF  OFds 5
dt Ot +axdt‘

By the definition of velocity, v(t) = ﬂdtﬂ, and extending z(t) into higher

dimensions, gives

dF OF
'E—W-i-v-VF. (6)




F does not change along trajectories if the material derivative is zero [13] as
in (4). In this case, the quantity F is advected by the flow with no diffusion
or dispersion.

This thesis deals with the pure advection problem given in (4). In partic-
ular, given a velocity field v and initial conditions F(x,0) = Fy(x), F(x,t)
is determined as a solution to (4) for all ¢ € [0,T] and x € by application

of the semi-Lagrangian scheme.



3 Overview of Advection Schemes

The semi-Lagrangian advection scheme can be viewed as a hybrid of two
well known numerical methods for solving advection problems: Eulerian and
Lagrangian advection. Semi-Lagrangian advection has been found to offer
advantages over each in solving advection problems [13]. A brief overview of
the Eulerian and Lagrangian transport and a detailed explanation of semi-

Lagrangian transport follows.

3.1 Eulerian Advection

The Eulerian frame of reference places an observer at a point on a fixed grid
[13]. Any time or spatial derivative estimates are made from information
around that point only. Consider the one dimensional advection problem
given by (4).

aF

The time derivatives < can be approximated by finite difference formulas

6F ny F'(:::j,t"“) - F(l‘j,tn)
W(‘rnt ) = Al ) (7)




where At = t"t! — ", Similarly, using spatially-centered finite differences,

oF Cmy ) oqm F($j+1,tn) _ F(zj-l’tn)
(v&'(‘”vt )) ~ v(zj,t") AT y (8)

where the points {z;} are uniformly spaced and Az = z; — z,_;. Using the
standard notation F}' = F(t",z;), these difference approximations can be

substituted into (4) to obtain the backward Euler method
n n At n n n
Fptt = Fi - oAz (Fiya = FLy), (9)

as an example of an Eulerian scheme. Other Eulerian schemes differ only by
the approximations used for the derivatives in both time and space. Other
examples are One-Sided, Lax-Freidrichs, and Leap Frog. Methods based on
an integrated form of (4) have also been developed. The Godonov methods,
and their variants such as Total Variation Diminishing (TVD), Essentially
Non-Oscillatory (ENO), or Flux Connected Transport (FCT) schemes have
received wide application [6].

Explicit-in-time Eulerian advection schemes must adhere to a Courant-
Freidrichs-Lewy (CFL) criterion in order to maintain stability. From a prac-
tical standpoint this criterion often limits them to stringently small time
steps [11]. The CFL criterion involves the concept of domain of dependence.
Consider the solution to the advection equation F(x,t) at any point (x,t).

10




The solution at this point depends on the initial data F(xg,0) only at the
point Xg such that (x,t) lies on the trajectory through xo. Hence, one could
change the initial data at any other points in the domain, and the solution
F(x,t) would not be affected. This singleton xg is the domain of dependence
of the point (x,t). The numerical domain of dependence, Dps(x,t) is sim-
ilarly defined as the set of points that can affect the numerical solution at

(x,t). The CFL criterion is as follows.

CFL Criterion: The domain of dependence, Dpy(x,t), of a finite
difference method should include the domain of dependence, D(x, t),

of the partial differential equation, i.e.,
D(x,t) C Du(x,1)
where M represents the method.

From this theorem, comes the Courant number derived in [6]. For the
backward Euler scheme, the Courant number is |'A—’i:| . To insure stability, it
is necessary that,

vAt

—I <L 10

5 (10)
Hence for a fine grid, a stringent condition is placed on the time step. Eule-

rian schemes are particularly inefficient if the maximum time step for stability

11




reasons is less than the maximum time step for accuracy considerations [6].

3.2 Lagrangian Advection

In a Lagrangian framework, an observer rides on a moving particle and ob-
serves the world evolve as he travels. In this approach, the grid points move
with the trajectory so that there is no fixed grid. Consider again the one di-
mensional scalar advection scheme. Let {29} be a set of points in the region
at time equal to zero (denoted by superscript 0). The Lagrangian approach
is to estimate the solution F by

F(a; (1), 1) = F(z(t7), )

1 = y(z(tn), 1) & BEDmE),

Here the particle’s trajectory is being tracked as the time level and po-
sition are changing. The position of a given particle at the beginning of a
time step is referred to as the departure point. The particle’s position at the
end of the time interval is the arrival point. Since the particle’s advection is
considered only in terms of the particle path, spatial derivatives are removed
and the problem reduces to a set of ordinary differential equations (ODEs)
in time. Hence the CFL criteria is not a constraint in the estimation. The

only restriction is that the system be integrated with a suitable numerical

12



ODE scheme. This is an attractive property of the scheme that allows for

larger time steps. However, it also suffers from the unfortunate property that
initially regularly spaced particles become irregularly spaced (see Figure 2).
Depending on the particular flow, the particles may become clumped and
require a regridding step. This is often unwanted, as the concept of a fixed
grid is natural to many physical problems. In addition, features of the flow

may not be well represented [13].

3.3 Semi-Lagrangian Advection

Various versions of semi-Lagrangian advection have been tried in numerical
prediction models from as early as 1955. Only in the past decade has semi-
Lagrangian transport been demonstrated to have significant advantages [2].
In this approach, particle trajectories are tracked in the flow but at the end of
each step, values are returned to the fixed grid. This is achieved by choosing
to track those particles which arrive at fixed grid points at the end of the
time level. Particles are selected at grid points at the end of the time level
(arrival points) and their trajectories tracked back in time to the particles’

positions at the start time(departure points). In particular, one picks a grid

13



Departure Points /
— Arrival Ponts

Figure 2: Lagrangian Advection
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point at time ¢+ At and traces the particle’s path backwards to the departure
point at the t or ¢t — At time level (Figure 3).

In doing this for each grid point, a set of particles is constructed which
arrive at grid points at the end of the time level. Hence, at each time level
a new set of particles is chosen instead of one set of particles being followed
through the entire procedure. By approaching the problem this way, the
regular resolution found in the fixed grids of the Eulerian schemes is acquired
while retaining the improved stability of the Lagrangian method [13].

Consider the integration of an exact differential dw over a curve C (the
differential form dw is exact if dw = 0). The integral of dw over a curve from

point D to point A of dw is independent of path. For example,
/ dF = / 2F o VRt = F(A) - F(D) (11)
c ~Jcot B

The implications for semi-Lagrangian advection are that any path taken back
to the departure point is equivalent to the trajectory taken by the particle.
Hence, there are various options for backtracking to the departure point.
For example, consider the trajectory in Figure 4 represented by the solid
line where A represents the arrival point, M represents the position of the

particle at the time midpoint, and D represents the departure point. The
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Figure 3: Three-time-level semi-Lagrangian advection.
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Figure 4: Example particle tracking paths.
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choices of paths include tracking in the x direction first and then in the y

as in line (1), tracking first to the midpoint and then to the departure point
(3), or finally traveling in a straight line to the departure point (2). Two
widely used paths in semi-Lagrangian advection are the two-time-level and
three-time-level schemes. This paper concentrates primarily on the three-
time-level scheme and also investigates an alternative recently proposed by
McGregor [8] called the Dy scheme.

Since particles are tracked from a fixed grid (with information known only
at grid points), it is unlikely that the departure point or interim trajectory
estimations also fall on a grid point (Figure 3). It is necessary to interpolate
the field value (or velocity) at those points not corresponding to grid points.
In addition to increasing the overhead in the scheme, the properties of the
interpolants are automatically inherited. Such properties include damping,
shape deformation, loss of mass, and dispersion (discussed later). In fact,
interpolation becomes the central item of concern in this method and a great

deal of work in this area has occurred.
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4 Numerical Approach

In the three-time-level scheme, the midpoint of the particle trajectory is
estimated first. Velocities from the midpoint are then used to compute the
departure point. The function F is then interpolated at the departure point
zp and that interpolated value becomes the value of F at the arrival point
z4 (Figure 3).

On a two dimensional rectangular grid the scheme is numerically derived
as follows. Let the discrete region be defined by points (zij,¥i;) € 2. Further
let F;; and v;j, respectively, denote the function and velocity values known
only at the grid points. Given F at time level "~ and v at ¢*, we seek to
determine F™*! at all arrival points (grid points) as a solution to the discrete
advection equation.

The material derivative of F is computed using the centered-in-time ap-

proximation
0= dF _ Fpt' — Fp?

= 2
=— s +0(A). (12)

where n represents the nth time level, At is the time increment, Fptl =
F(xa,t"*), and F§~' = F(xp,t"~"). Ignoring the O(A#?) terms gives the

approximation F3*! = Fp-1,
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In order to compute the departure point, the midpoint of the trajec-
tory is first computed. In R?, the position vector is represented by x(t) =
(z(2),y(t)) = (z,y). Writing v(x,t) = (%, %) = (u,v), the time derivatives
of z and y at the midpoint (zp,ys) are estimated using the following first

order accurate finite difference approximations [13]:

IpM — Ty
_At_ = _u(xM7yM,tn)7
YM — Ya
T = _v(xM7yM’tn)'

Estimates for the midpoint the are

TM = T4 —u(Tpm, ym,t")AL, (13)

M = ya —v(zpm,ym, tM)AL. (14)

This system must be solved iteratively, interpolating using neighboring grid
values, the velocity at the newly estimated midpoint, for each iteration. It
can be shown that if At < [maz(|u.|, lu,|, v, [v,])]7?, then these iterations
converge [13]. An initial starting value for this iteration is (z4,y,) [13]. Since
(M, ynm) most likely do not fall on a grid point, interpolation of u and v at
the midpoint is necessary. Now the departure point may be computed using

a centered-in-time approximation with time derivatives of z and y at the

20



midpoint:

ot — o
= ¥ ’tn b}
AL u(Tar, Yum, t")
yiH _ yno .
‘AW{D— = v(Tpm, YuM,t").
It follows that
zg—l = $}+1 - 2u(mMa yMatn)Atv (15)
yp ! = yat! — 2u(za, yu, )AL (16)

F(zp,yp,t""") is then interpolated from values of F at neighboring grid
points [13]. This value of F then becomes the value at the arrival point at

time ¢"*1. In doing this for each time level, the scalar function is advected.
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5 Interpolation

Trajectory estimates rarely fall on grid points and interpolation is required
to estimate F or v. Interpolation occurs at two steps in the three-time-level
scheme: (1) in estimating the velocity field during midpoint iterations and
(2) in estimating the scalar field at the departure point. In choosing an
interpolant, there are two important considerations.

First, interpolation is the single most costly step of the method and overall
efficiency depends on the choice of interpolant. In general, the higher the
order of interpolation, the higher the computational cost. Therefore, if a
lower order interpolant is sufficient, one should avoid higher order methods.
Secondly, interpolations can have a direct relationship to the properties of the
function advected. The choice of interpolant affects both the mass and shape
preservation properties of the advective scheme [12]). The following sections
discuss interpolation during midpoint iterations and scalar field estimation

and address these considerations.

22



5.1 Midpoint Iterations

Potentially the greatest computational expense occurs during the midpoint
estimation, as each iteration may require an interpolation of the velocity field.
Fortunately, the accuracy of the interpolation during midpoint iterations has
been found to be far less important than the interpolation of the transport
scalar field function. Hence a lower order interpolant is usually sufficient.
McDonald [7] has shown that an interpolatant of order one less than the in-
terpolant used for scalar field interpolation is adequate. However, in practice,
linear interpolation performs satisfactorily when using cubic interpolations
for the scalar field. McDonald showed that it is not theoretically necessary
to use the same order of interpolation for each iteration. For example one
may alternate between quadratic and linear interpolation during iterations

[13]. In this thesis, linear interpolation is used during midpoint estimations.

5.2 Scalar Field Interpolation

The second interpolation step occurs in estimating the scalar field at the
departure point. The choice of interpolant is important in this step when one

wishes certain properties of the field to be maintained. In practice there are
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two major attributes of interest: mass conservation and shape preservation.

Mass conservation is preservation of the integral of a function (f F™*! =
Jo F™). Shape preservation is retention of the original form of the function.
This original form is often lost to oscillations or damping introduced by the
interpolant. Damping increases the smoothness of F giving the same effect
as adding a damping term eV2F to the advection equation and can create
overshoots or undershoots of the scalar function.

The accuracy of an interpolatory scheme can be formally determined us-
ing Taylor series. This approach provides a bound on the maximum error.
However, the accuracy of interpolants for shape preservation is often quali-
tative. An interpolation scheme is often judged on its visual characteristics,
i.e., how well it retains the properties from a physical perspective. From this
point of view, there is no best interpolant in a semi-Lagrangian scheme, as

the form of interpolation should be matched with the physical problem [7].

5.2.1 Shape Preservation

Preserving the shape of the function is often an important criterion in an ad-
vection process. Many standard polynomial interpolations create oscillations

in the solution. Shape-preserving interpolants are a class of interpolants that
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maintain in the solution any monotonicity, and/or convexity implied by the

data. Error analysis may be performed in terms of Taylor series expansions.
However, many problems do not have strictly monotonic or convex data and
may have discontinuities in the derivatives in their underlying form [16].

There exists a large class of shape preserving schemes. Many of these
schemes come from associating interpolants with modified derivative estima-
tors. Many interpolants require that the derivative(s) as well as function
values be known at grid points. Derivative estimators are methods for es-
timating derivatives given the data values. In order to insure monotonicity
or convexity in interpolation, constraints are imposed on these derivative es-
timates. In the work done by Williamson and Rasch in [16], this class has
been reduced to a relatively smaller class of interpolants that are useful in
typical fluid flow applications. In a follow up paper [17], two of the better in-
terpolation methods, in are evaluated for two-dimensional semi-Lagrangian
advection. These two are the Hermite and second version rational cubic
interpolants with Hyman and Akima derivative estimators.

Consider the one dimensional grid {z;}", and data {F(z;)}. Let the
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discrete slope on an interval be defined as

Fign - F

Tit1 — T4

A= (17)

The Akima derivative estimator (for evenly spaced data) is

L) P iatpio

Bt if a4 f=0

a=[Aip1 = Ail, B =1Ai11 — Aiy|

and the Hyman derivative estimator is

Dig—TA+TA; — Ay

d; =
! 12

From Williamson and Rasch [16], the Hermite and rational cubic are

defined as follows. Consider

Pi(6)

Pi=m

where p; is the interpolating function in the interval [z;,z;,,], 8 = 8 and

(18)

hi = ziy1 — z;. Let 0 € [0,1] or equivalently z; < z < 44, and let P; and Q;

be polynomials. In particular, let
P,(O) = E+103 + (T,'F‘,'.H - h;d,‘+1)92(1 e 0) + (7‘,'F,' + h,d,)H(l - 0)2 + E(l - 0)3

and
Qi(0) =1+ (r; = 3)6(1 - 0).
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If r; = 3, then p; is the standard Hermite cubic polynomial. If r; = 1 +
f'f + ;'3: where ¢; = A; — d; and ¢;41 = diyy — A, the interpolant is the
second version rational cubic polynomial. Certain conditions are classified
for preserving monotonicity or convexity. A detailed explanation of these
constraints may be found in [16].

Williamson and Rasch investigated combinations of these constraints, in-
terpolants, and derivative estimators were used in semi-Lagrangian advection
on a plane and on a sphere with consistent results [16], [17]. Under these con-
ditions, they found the best method was the Hermite cubic with the Akima
estimator modified to satisfy C° monotonicity. The second best was the
rational cubic version 2 with Hyman derivative approximations modified to
satisfy C! monotonicity. In this thesis, Hermite cubic with Akima derivative

estimators are used in scalar field estimation.

5.2.2 Mass Conservation

It is difficult to devise semi-Lagrangian schemes that strictly conserve mass
[7]. However, in practice, the meteorological community has found that
when using nonshape-preserving polynomial interpolation mass is satisfac-

torily conserved without enforcement of the conservation property [13].
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5.3 Interpolation in Higher Dimensions

Various methods exist for extending interpolation schemes from one dimen-
sion to higher dimensions. Williamson and Rasch evaluate three methods
for extending these interpolation schemes into higher dimensions for semi-
Lagrangian advection: fractional time steps, monotonic bicubic, and a tensor
product. Of these three, the tensor product was found to be satisfactory and
easiest to implement. The essence of this tensor product is to perform a num-
ber of interpolations in one dimension followed by a single interpolation in
the second [17]. For example, in Figure 5, to interpolate at the point denoted
by X with a cubic interpolant, one would perform four interpolations in the
x direction (solid lines) interpolating at the four different y values (denoted
by *) at X. Then interpolate through these interpolants (dashed line) to give

the interpolation at X.
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Figure 5: Two dimensional tensor product in a cubic interpolation.
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6 Consistency, Stability, and Convergence

An important concept in numerical methods is convergence. Let h and k
denote respectively the interval lengths in the spatial and time discretization
of a region R. Furthermore let m and n be integers indexing the spatial and
time discretization such that m = n = 0 is the origin. A finite difference
method is said to be convergent if at a fixed point (X,T) the numerical
solution uniformly approachs the theoretical solution as h,k — 0 and m,
n — oo such that mh(= X) and nk(= T') remain fixed [9]. A method is said
to be consistent if the finite difference approximation approaches the partial
differential equation as At,Az — 0. We say that a method is stable if the
difference in the estimated and theoretical solution remains bounded as the
number of timesteps tends to infinity. Convergence is proved by the Lax

Equivalence Theorem [6]:

Laz Equivalence Theorem: Given a consistent linear finite differ-

ence method, stability is necessary and sufficient for convergence.

Hence proving convergence is reduced to proving consistency and stability
of the method. Any argument formed for stability and consistency is de-
pendent on the velocity field and the interpolation scheme used [7]. In this
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section, analysis of stability, consistency, and convergence are carried out for
one dimensional flow with constant velocity. An analysis for higher order in-

terpolations is similar. The following proof closely follows that of McDonald

and Bates [2], [7].

6.1 Notation

On the one dimensional grid write the estimate at the (n + 1)st time level
as

F(IAz,(n +1)At) = F(z.,nAt),

where I indexes the spatial discretization with /Az being the arrival point,
z. = IAz—ult the departure point, and u the constant velocity. F(z.,nAt)
1s approximated linearly using the points (I — p—1)Az and (I — p)Az, the x
coordinates to the left and right respectively of the departure point z,, where
p is the number of grid intervals upstream from the arrival point (Figure 6).

Furthermore let F}' represent F(IAz,nAt) [7].
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Figure 6: The two circled points are used in the interpolation of F at z,.
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6.2 Stability

The linear interpolation is given by

F(IAz,(n+1)At) =

F((I-p-1)Az,nAt) - F((I - p)A:z:,nAt)}
—Az

(2. — (I —p—1)Az)

+F((I — p—1)Az,nAt)

= F((I-p-1)As, nAt)Az(i_t::ﬂ)
+F((I = p)Az, nAt) 2= _”ii — 4z

= F(I-p- I)Aa:,nAt)(u% -p)+

F((I = p)Aa,nA(1 + p - ui—i)

Letting a = u% and § = a — p; then
F(IAz, (n+1)At) = F((I-p—1)Az,nAt)B+F((I-p)Az,nAt)(1-5). (19)
The solution for constant velocity is of the form
FP = FO\"exp(ikIAz) (20)
By the von Neumann method for stability, it follows that the method is stable
if |A"] <1 [6]. Substituting this solution into (19) and solving for A gives
A = (1 —B(1 — exp(—ikAxz))) exp(ipkAz). (21)
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Since X is complex, we have

AP

1 — B[l — exp(—kAz)) exp(—ipkAx)
-exp(ipkAz)(1 — B[1 — exp(kAz)))
1 - 28+ 2% — B*(exp(ikAx)
+exp(—ikAxz) + B(exp(skAz) + exp(—ikAz))
1-28+28% — B*cos(kAz) + 28 cos(Ax)

1—2B(1 = B)(1 — cos(kAx))

(22)

The scheme is stable then if [A\|> < 1 (JA\] < 1). The smallest value that

1 — cos(kAxz) achieves is 0 and the inequality holds. The largest value 1 —

cos(kAz) may attain is 2. In this case, we have

then

A" =1-46(1 - );

1-48+44* < 1,
g 4ﬂ2_4ﬂ S 0,
<= pB(1-p8) < 0.
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Hence 0 < 8 <1 must hold for stability. This implies that

Subtracting I, adding p, and multiplying by — Az gives
(I-p—-1)Az < 1Az —uAt < (I - p)Azx

(I-p—1)Az <z, < (I - p)Ax. (24)

Therefore as long as the departure point is between the two coordinates used
in the interpolation then the method is stable [2]. Note that this agrees with

the CFL condition specified in terms of domain of dependence.

6.3 Consistency

In order to prove consistency, one must show that as At, Az — 0 the differ-

ence equation

AF  F(IAz,(n+1)At) - F(z,,nAt)
At At

=0. (25)

approaches the advection equation (4). The proof proceeds by writing the

Taylor series expansion of the method around the arrival point at time n,
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F(IAz,nAt). Then by extracting the terms in the partial differential equa-
tion from terms in the expansion, one can show that the finite difference
equation is comprised of terms from the partial differential equation and

some additional terms:

AF OF oF »
= tiat additional terms. (26)

The objective is to show that as At,Az — 0 these additional terms go to
zero, i.e., the difference equation approaches the partial differential equation.
Using terms from the linear interpolation to approximate F'(z.,nAt), (25)

1s written as

AK? = é(F(IAa:, (n+1)At)— F((I —p-1)Az,nAt)8 +
F((I - p)Az,nAt)(1 — 8)) = 0. (27)

Writing the Taylor series expansion of these terms around the arrival point

at time n gives

n oo l ! n
F(IAz,(n+1)At) = F,"+At{a—p} +Z-Ai{6—F} ,  (28)
otf, o e,
oF "
F((I-p-1)Az,nAt) = F}'—(p+l)Aa:{a—x} +
I
= (=(p+1)Az) ['F]"
g l! o' |’ (29)
_ m OF\" | & (-pAz) [O'F7
F((I -p)Az,nAt) = F} - ”A””{'av—x'},J“Z; 0 5] 530)



Grouping like terms in the expansion gives

Ff : 1--(1-5)=0

—~

oOF"
{W}, .
oF " Az Az
{E}z C B+ )5+ (1-5)
Az
—Tt(ﬂp+ﬁ+p—pﬁ)
_E( )
SAp TR
_ e At
~ At 'Az
=Uu

At (oF"
2 T {W}

= 1

o _ T | n
2 ,—.lﬁ—t{%m—ﬁ:} (B(=p—1)'+ (1 = A)(~p))

=2 1

Regrouping the terms, we have

AF _ (oF\", [OF\" &1 [ ., [dF\" A [aF\",
E‘{W} +“{$},+§ﬁ‘[‘” {(’)t‘} ~ar o), V(B

I I 1
(31)

where p = a — 8 and W(8,p) = (1 — B)(-p)' + B(-p — 1)’

As At — 0, the differential system seen in (26) is unaffected, and the first
term in the sum At!~! {%’f-}: goes to zero since At'~! — 0. The remain-
ing term involving W'(83, p) requires deeper analysis. In taking the limit as
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At, Az — 0, there are three cases to consider.

Case I
The grid is refined so that % — 0 as At — 0. In this limit p =0 and a = 8.

Here

: t
W!(a,0) = —ZZ—: - u% = —uAz"

o
At

Since Az — 0, this term goes to zero as well and leaves only the terms of

the partial differential equation.

Case 2
In this case, 2—; — < a nonzero constant. Here ¢ — uy and 8 — uy — p.
Hence

Az Ax!

—Ww! —— W'(uy - .

7 W (Bop) = = Wiuy = p,p)

Using the fact that 2—; — v, we have At — yAz. Hence

A Az!
—— —’

At

W!(uy - p,p).
Since At — 0, then Az — 0 and this term goes to zero. Therefore the

method is consistent here.

Case 3

Here % — 0 and a,p — o0, so
Azl Azl | !
AV (Bp) = —(a=p)-p-1) +(1+p-a)(-p)))
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.'El
= @A BT i)

Az’
—ulAz" 4+ ——(i = I))(-p).
(-udz™" + —=(i = 1))(~p)
Since ﬁ—f — 0 implies that Az — 0, the terms here approach zero and again

the method is consistent.
Therefore by the Lax Equivalence Theorem, the semi-Lagrangian method
is convergent for linear interpolation. The method is also convergent for

higher order interpolations. The arguments are similar and may be found in

[7].
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7 Variations of the Semi-Lagrangian Method

Variations of the semi-Lagrangian scheme appear in the literature with each
having particular advantages and limitations. The more common versions

are discussed below.

7.1 Two-Time-Level Scheme

In 1984, Staniforth and Pudykiewics devised a two-time-level scheme from
the three-time-level scheme that is potentially twice as fast. If the velocity
field v is known both independently and simultaneously with the scalar field
F, it is possible to decouple the three-time-level scheme into two independent
integrations, one of which advects the scalar field at even time steps by using
the velocity field at odd time steps. The other advects F at odd time steps
using the velocity field at even time steps. Either of these two may be taken
as a solution. It is possible then to estimate the trajectory and leapfrog the
scalar field from time t,_, to t,; without knowing the value of F at t,,, thus
halving the computational cost associated with the three-time level scheme
(Figure 7).

The important assumption here is that v must be known at the same time
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F(t)

V'(t + At)

t+ At
F(t +2At)

V'(t + At)

F(t+4At)

t+4At

Figure 7: The two-time-level SLT scheme. Note that if v is known at odd

time steps, v/ may be substituted by v
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and independently of F. The method breaks down if F = v, i.e., the quan-
tity is advecting itself, e.g., momentum equations in fluid-dynamic problems.
This deficiency is corrected by extrapolating the velocity to the t + At/2 time
level using known winds at ¢ and ¢ — At using an O(At?) extrapolator. Thus

the two-time-level algorithm [13] is

Fs—Fp
£ 2 _ 2
At 0 (32)
a=Vv(x—af2,t+ At/2)At, (33)

where « is the particle displacement and v* is the O(At#?) extrapolator

Vi (x,t + At/2) = -g-v(x,t) _ %v(x,t _A)+O(AR). (34

7.2 Non-interpolating Method

In an effort to overcome the inefficiency associated with interpolation of
the velocity field, Ritchie proposed a non-interpolating version of the semi-
Lagrangian method [11]. In this new scheme, the trajectory is considered
as the sum of two vectors. The first vector begins at the arrival point (grid
point) and ends at the grid point nearest the departure point. This vector is

treated in a Lagrangian fashion in section (3.2) The second residual vector
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would then extend from this grid point to the departure point and is treated
in a Eulerian fashion. This approach can be illustrated by considering the
one dimensional advection problem illustrated in Figure 8.

In the non-interpolating scheme, v is decomposed into two parts by adding

and subtracting 22Z, where Az is the grid length, to obtain
€ 2a: g g

OF  pAzdF _  OF

5 T2ai9z = Vs (35)

where Az and At are space and time discretizations, and p is the integer
nearest 22—‘2‘ and v/ = v — %. Applying the centered semi-Lagrangian
approach gives

F(zi,t + At) — F(z; — pAz,t — At)  ,0F pAzx
2At BT (i~ 2 Y- (36)

Since z; — pAz is a grid point, no interpolation is required to evaluate the
left-hand side. The right-hand side is evaluated at grid points if p is even. If
p is not even, then one may evaluate midway between grid points by using
a second order space differencing (Eulerian). This method was found to be
unconditionally stable and competitive in accuracy with the three-time-level

scheme [11].
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Figure 8: One dimensional non-interpolating semi-Lagrangian scheme.
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7.3 Dy Scheme

This scheme, proposed by McGregor in 1993, entirely removes the trajectory
estimation from the semi-Lagrangian scheme. The departure point is found
by a Taylor series expansion about the arrival point with accuracy depending
on the number of terms retained in the series.

In this scheme, a set of position vectors of particles is set up at each
arrival grid point at each time level. Let r(¢ + At) denote a member of this
set of vectors. The departure point is then expanded in a Taylor series about

the arrival point as follows:

N (-At) d»
n=1 ‘
where
d'r(t) d [d"'r(2) _
-F —_ a [—dtnT n -_— 2,3, seey N. (38)

The total time derivative (6) is applied to r giving

:17=V°Vl‘.

Note that % = 0 due to independence of space and time coordinates for
partial derivatives. Successively applying the total time derivative to r gives
the set of derivatives in (38).
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McGregor argues that if the Eulerian velocities change with time, it be-
comes difficult to evaluate the partial time derivatives for higher - order terms

of t + At. The proposed scheme would approximate the total derivative by

S av.v (39)

where v’ is determined by an extrapolation in time from known velocities at

previous steps. The recommended extrapolation [11] is

[15v(t) — 10v(t — At) + 3v(t — 2At)] + O(AP). (40)

v =

co|

Determining departure points by equations (37), (38), and (39) and terms
up to the Nth total time derivative is called the Dy scheme. Hence the
derivatives of r at the arrival point can be approximated in the Taylor series
giving the position of r at time t. In this thesis, all derivatives are estimated
using Eulerian centered in space approximations. Evaluation of F at the

departure point still requires interpolation.
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8 Applications

The semi-Lagrangian scheme is applicable to any advection equation that
takes the form % = R(x,t, F) and an enormous number of illustrations may
be found in the literature. A few illustrative areas of applications are now

presented.

8.1 Meteorology

Robert is generally regarded as the originator of the SLT scheme. His interest
was in its application to weather forecasting. Meteorology continues to be
the major area of application. One problem of interest in meteorology is the
problem of moisture advection. Moisture fronts are difficult to treat as they
often have sharp discontinuities. Ritchie proposed a method for applying
the semi-Lagrangian scheme to the moisture equation in a regional forecast
model (DRPN, Division de Prevision Numerique) [10].

In the DRPN model, the moisture variable specific humidity, is controlled
by advection and horizontal diffusion during each time step. The governing
equation for this application is

dFF  OF 2
— =7tV VF=wmVF, (41)
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where

d_0. 00 9. 8

pri E+m(U—+Va) et (42)
Uu v

(U,v)= (; E)’ (43)

where v is the diffusion coefficient, m is the map-scale factor, (u,v) represents
the wind vector and (U,V) is the corresponding wind vector in the model
coordinates with its components along the Cartesian coordinates (X,Y) of
the projection onto a sphere. The vertical wind component o’ is in the
vertical pressure coordinate o.

The semi-Lagrangian application found in [10] is close to the form (4).
The differences are in the addition of a vertical coordinate system and a
diffusion term. Ritchie used a Lagrangian cubic interpolation and tested
the method against the Eulerian approach by producing a forty -eight hour
forecast. In this comparison, he found that the semi-Lagrangian scheme
produced improved forecasts with far less dispersion and recommended that
all advective terms in the DRPN model would benefit from a SLT approach

[10].
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8.2 Groundwater

Groundwater flow through a porous medium has received increased atten-
tion in recent years due primarily to applications in environmental remedia-
tion efforts. The objective here is to model the movement of a contaminant
through a groundwater system. The fundamental relationship was estab-
lished by D’Arcy in the following experiment. Suppose there is a column
of sand with water being added at the top. He found that the difference in
pressure between the top and the bottom is proportional to the velocity mass

flow. For the velocity at a point, D’Arcy proposed

v=—kVp (44)

where k is a measure of the porosity and permeability of the medium, and p is
pressure. Since there are two unknowns, this equation is usually coupled with

an appropriate equation such as the conservation of mass for incompressible
fluids (water) [3]:

V.v=0. (45)
Applying this to (44) with constant k gives
—kVip =0 (46)
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A third equation modeling the transport of a contaminant by a flow is % =0
where F is the concentration of the contaminant. Using the semi-Lagrangian
particle tracking approach, one first solves (46) for p and uses the solution

to obtain v. The velocity is then used to obtain particle positions. One may

estimate the total time derivative of F as before as in (12).

8.3 Shallow Water

The equations describing incompressible inviscid flow on a sphere with a free

surface are called the shallow water equations:

aUu
E+<I>x-—fv = 0 (47)
av
I-i—‘l)y—fU =0 (48)
do

where U and V are the velocity components, g is the acceleration due to
gravity, (= g¢z) is the geopotential height of the free surface of the fluid
above a flat bottom, and f is the Coriolis parameter.

These equations are important in atmospheric and oceanic modeling as
kernels of general circulation models. Semi-Lagrangian advection has been

applied to these equations and a detailed description may be found in [13].
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8.4 A survey of particular applications

The following remarks provide a quick overview of some of the applications
and successes of SLT in the field and serve to point out literature where

detailed explanations may be found.

¢ A 3D pollutant transport model set in a two-time-level scheme suc-
cessfully simulated nuclear debris from the Chernobyl reactor accident

[13].

e This scheme serves now in Canada’s Environmental Emergency Re-

sponse Model [13].

e Semi-Lagrangian advection was coupled with a split-explicit scheme
to integrate a multiple primitive equations model currently used by

Ireland to produce weather forecasts on a routine basis [13].

¢ Robert, Yee, and Ritchie in 1985 proposed a method of integrating the
semi-Lagrangian technique into multi-level atmospheric models. The
semi-Lagrangian method served to provide an increased amount of sta-
bility and the primitive equations where integrated at a high level of

resolution [12].
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e Sawyer (1963) applied this scheme to the barotropic vorticity equation
and found similar results obtained by Eulerian methods without the

instability associated with the CFL criterion [10].
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9 Parallelization

Parallelization is the process of dividing a large task into smaller independent
tasks which can be performed simultaneously. Not all tasks are parallelizable
as they are not composed of independent sub-tasks. Parallelization of com-
putational tasks provides two important advantages over sequential ordering:
(1) Potential for linear increase in computational speed and (2) increase in
memory capacity.

If a process may be divided uniformly among N processors, ideally the
process could be completed N times faster than on a single processor. This
is referred to as a linear increase in speed. Unfortunately, for many appli-
cations this is an unobtainable speed. Communication requirements among
processors are the source of inefficiency not present in sequential execution.
This problem is attributed to communication requirements among processors
not needed on a single CPU. As one would expect, N processors can hold N
times more information than a single processor. This is potentially a tremen-
dous advantage especially when sub-tasks do not require global information.
When parallelizing a task, issues in efficient interprocessor communication

and memory utilization must be addressed in order to reap the full benefit
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of parallelization.

Semi-Lagrangian advection lends itself well to parallelization. Since tra-
jectory estimations are independent, separate processors may carry out ad-
vection for each arrival point simultaneously. One may divide the global
domain among processors, with each programmed to carry out advection for
every grid point in its local domain (Figure 9). At the end of every time step,
each processor’s field is updated to the new time level and the calculation is
ready for the next timestep. Given a field of velocities of sufficiently large
magnitude, the trajectory estimations may go outside of a processor’s local
domain. If an estimate goes out of a processors range the point is said to
be off processor. When each processor knows the velocity and scalar field
over the global range (universal or shared memory) the calculation of de-
parture points may proceed. But for dense grids, the amount of memory
available may be insufficient for each processor to have a copy. Instead pro-
cessors communicate between each other in order to complete the task. This
communication is important as it can lead to less than a linear speed-up in
computational speed.

Communication between processors is performed by message passing. A

message is simply a data stream. Sending and receiving messages has an as-
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Figure 9: Parallelization of the Euclidean grid.
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sociated cost as each message requires a connection and delivery wait time.
When a processor sends a message to another processor, it must first inquire
of the receiving unit whether it can accept the message. The receiving unit
must respond before the message is passed. This period of time before the
information is passed is referred to as the latency period and can potentially
be a large overhead in computation time. The information transfer requires
time as well. A communication algorithm may be inefficient if it has a large
number of messages with very little information in each pass. Here latency
overhead becomes dominant. Few message passes with enormous and po-
tentially unnecessary blocks of information is another source of inefficiecy in
parallel algorithms. In this case, the data transfer may become dominant.
Two communication algorithms are studied in this thesis for semi-Lagrangian
transport which are motivated by these considerations: process migration and

data migration.

9.1 Process Migration

In process migration, when an estimate goes off processor, it is sent to the

processor capable of continuing the task (Figure 10). When a processor fin-
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Figure 10: A particle trajectory which traverses three local processor do-

mains.

57



ishes another’s task it returns the result to the originating processor. A
general structure must be formed for sending and receiving tasks. For the
three-time-level scheme the proposed method is to recognize a timestep as
occurring in two parts: (1) each processor performs the three-time-level al-
gorithm as far as possible and if unable to complete, it then passes the task
to the appropriate processor and (2) enters a working and listening stage
where tasks requested by other processors are continued. Within this gen-
eral framework, there are several options for use of the stages.

One option is to implement the two stages for midpoint calculations only
and then synchronize the processors before continuing the departure point
calculations. Synchronization is a waiting point where nothing else occurs
until all processors have midpoint estimations. This is then repeated for de-
parture point and scalar field estimation. Because of the synchronization this
method is easier to code but can potentially be inefficient as some processors
may finish all tasks quickly and be forced to wait on others before proceeding
to the next step.

A more efficient but complex algorithm employs a prioritization scheme.
The particular scheme proposed here is as follows. Each processor calculates

a trajectory as far as possible and then passes the information to the appro-
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priate processor with a flag denoting what stage the estimation has achieved
(midpoint, departure point, or function estimation). After processing its
local work, each processor goes into a listening and working mode where
it probes for tasks sent by other processors. It accepts tasks in this order:
midpoint estimates, departure point estimates, scalar field interpolation, and
recovery of its own trajectory results. By processing in this manner, the first
actions of estimation are given priority so that work on other processors is
not blocked and all estimations continue in a loosely synchronized manner.
This loose synchronization reduces wait times as the flow of tasks usually
leaves work for any given processor to complete. A synchronization occurs
at the end of every time step just after the updating of the scalar fields. For
the Dy scheme process migration is simplified as no trajectories are being
estimated. The Dy scheme estimates departure points with limited overlap-
ping required for derivative estimation. The Dy scheme does not use process
migration until estimating F at the departure points. Hence no prioritiza-
tion scheme is needed other than to accept function evaluation tasks before
recovering results.

Another level of sophistication in process migration is complete task de-

ferral for overworked processors to prevent load imbalance. Here load imbal-
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ance refers to the situation where certain processors are performing a greater
number of trajectory or field estimations while others do nothing. A worst
case scenario occurs if a source and sink velocity field exists (Figure 11).
The source originates in processor 0 with all trajectories ending in processor
3. In this case, processor 0 is required to estimate nearly all components of
the other processor trajectories. Hence the process approaches a sequential
algorithm as only one processor is performing nearly all the work.

A task deferral scheme would identify those processors which haven’t
worked in two or three steps and send unfinished work from overloaded pro-
cessors. This process can be closely akin to data migration (discussed next)
as large blocks of redundant information exist. In addition, while the concept
is intuitive, the coding is more complex and lends itself to a code optimiza-
tion problem. Hence, only the first prioritization approach is used, as the

others are only modifications with the same general concept.

9.2 Data Migration

In data migration, the data necessary to continue estimation for those points

off processor is made available to the processor by its neighbors. An effi-
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Figure 11: Source and sink flow pattern. The source is at the departure point

D and the sink is at arrival point A.
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cient form of data migration, is to send all the information each processor

needs at the beginning of each time step. For each processor, this is accom-
plished as overlapping or information extensions to its local domain sufficient
to complete the trajectory estimation for each local grid point (Figure 12).
This approach has the potential to produce few messages but with excessive
amounts of information. An example of excessive data transfer occurs when
the processor only needs additional data to its left but receives information
on all sides. It is however intuitive, easy to code and may be the clear choice
for several situations. The problem is often dependent on the velocity field.
If the field is fast moving with a single trajectory estimate passing over multi-
ple processor domains, data migration may not be viable as excessively large
blocks of information would be passed and stored redundantly in memory.
However, if the velocity field is relatively slow and the amount of memory is
sufficient to hold extra information, it could be the better choice.

Another form of data migration that does not use this overlapping ap-
proach. Instead of overlapping information at the beginning of the process,
each processor only inquires about the precise information needed to com-
plete a particular trajectory estimation and only at the time it is needed.

Hence each time an estimate goes off processor, that processor requests only
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ated by processor K.
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the information needed to continue estimation. This method is equivalent to
process migration in terms of the number of messages sent but usually has
much longer messages. It is therefore not as efficient and is not considered

further.

9.3 Hybrid Migration

A hybrid form of data and process migration schemes is also considered. In
this form, process migration occurs on an extended informational domain.
By extending the information a little further, it may be possible to capture
a large number of departure points without passing any further messages.
Those that do go off the extended domain are continued in process migration
(Figure 13). This form would be expected to be ideal for situations where a
few departure points are significantly farther away while most are near the
processor domain. The number of overlaps used depends on the velocity.
Ideally, one would stop at the number of overlaps that produce a minimum
in the message passing network. This is a priori problem dependent and
is often difficult to estimate. In this thesis, all three forms (data, process,

hybrid) are investigated and results are compared.
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10 Details of the Parallel Code

10.1 Definitions and Initial Setup

The code was developed to implement SLT in numerically solving (4) on a
doubly periodic Euclidean grid. The three-time-level SLT was developed first
and was later modified to implement the Dy scheme.

The user specifies the domain division by specifying the X number of
processors (number of processors in the horizontal direction), the Y number
of processors, the global number of x data nodes, and the global number
of y data nodes. The range in both directions is always considered to be
one. The domain is constructed so that the first row of y nodes and first
column of x nodes are at the zero position. Since the grid is doubly periodic,
1 and 0 are considered to be the same coordinate. Hence the last row of
y nodes and column of x nodes are always the last discretization before
one (Figure 14). The global grid discretization is the only shared memory
between the processors. This arrangement is necessary in order to determine
which processor should finish the task or from where the data should come.
The user also specifies the initial function and velocity values.

The processors are assigned integer identification numbers (id) beginning
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Figure 14: Periodic Euclidean grid and processor assignments. Fine dashed

lines represent local processor domains. Solid lines represent x and y axes.

67




at zero and increasing by one until all processors are labeled. The processors
are assigned local domains by increasing id, beginning in the lower left hand
corner and increasing first to the right then up. Each processor knows its
neighbors by their id number. Figure 14 illustrates these discretizations.
Before presenting an in depth overview of the code procedures, a few of
the issues that are technically important are discussed: necessary overlap,
interpolation overlap, and periodicity.

Local domains are based on grid points. In particular, a local domain
in the x direction is specified by assigning the processor the jth column of
nodes through the (j+k)th column of nodes. Regardless of the stencil chosen,
a small amount of overlap is necessary. In particular, an overlap of one is
necessary to prevent gapping between processors. Suppose that this overlap
is not used as in Figure 15. Furthermore suppose that an estimate (midpoint
or departure) c, is located in one of the gap regions. The responsible pro-
cessor, say the one to the left, determines that the estimate is off processor
and attempts to send it to a right-hand neighbor. It then scans all of its
right-hand neighbors’ domains and discover that it is not within any of their
domains; this situation results in a breakdown in the algorithm. Hence, an

overlap of one on all sides of a processor is necessary. The processor is not
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responsible for trajectories associated with those additional nodes, but con-
tinues to process estimates that fall in the area just short of them. When
using the hybrid approach this boundary may be larger than one and is the
component equivalent of the data migration scheme.

When using an interpolation method, a neighborhood of data points
around the interpolation point is necessary to produce the estimate. The
extent of this neighborhood depends on the interpolant chosen. For those
estimates that fall sufficiently close to the local domain borders, additional
data off processor is required to produce the interpolation. Hence before-
hand, the necessary overlap to produce an interpolation for any point in the
responsible domain is acquired by each processor. For example, an overlap
of three nodes on all sides is required to use a cubic Hermite interpolation
for the scalar field.

In summary, there are three boundaries to consider. The inner boundary
bounds the number of nodes the processor is responsible for advecting. The
secondary boundary exists to define the region in which trajectory estimates
are continued to be processed (must be at least one overlap to prevent gap-
ping). The last boundary is specified by the requirements of the interpolation
scheme. These three boundaries are illustrated for a single processor in Fig-
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ure 16. For the Dy scheme an additional boundary is required to specify
the overlaps required in estimating the derivatives for arrival points along
domain boundaries.

The global domain is periodic in both the horizontal and vertical direc-
tions. Hence when an estimate is greater than or equal to one, the true
estimate is found by subtracting the whole number value from the estimate
to return the value to the global domain of [0,1). For example, if the de-
parture point x estimate is calculated as 2.3, then subtracting 2 returns it
to its proper value of .3. An additional level of coding is necessary as the
mathematics of the iteration and interpolation schemes has nothing to do
with this periodicity. Consider the midpoint iterations. Suppose that before
the midpoint can successfully converge, the estimate goes off the local do-
main. If the modified estimate is used in the estimation, then convergence
may never be obtained as the difference in the previous estimate and the
new estimate is at least greater than one. Hence, there is a switch in the
information about the velocity field. The code uses the non-periodic estimate
in each of its computations but must modify the estimate when determining
which processor to send it to, what the appropriate scalar field values are,

and in reporting any final estimate.
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In summary, the first step of the code obtains any initial information
needed. The user specifies the parameters of the discretization, time step,
number of steps, velocity field, scalar field, number of processors, and com-
munication stencil. In the Dy scheme one must also specify N. After these
inputs, the code sets initial variables dependent on this information such as

processor identification numbers.

10.2 Process Migration

In process migration, message passing is more intense and a clean criteria
for sending, receiving, and processing information is needed. Appropriate
synchronization of the processors becomes important as well as reducing wait
time.

In this code, process migration is conducted as a prioritization scheme.
The process is considered as two parts: (1) evaluation of a processor’s own
trajectories, and (2) working on external tasks and recovery of the processor’s
own estimates. The driver for this method is subroutine Work. Subroutine
Work accepts a task along with a flag denoting where the task is in the algo-

rithm. It then proceeds until completion of advection or until the estimate
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has gone off processor. It then determines where to send it and passes it with

an updated flag.

In the first stage, every processor passes each of its arrival points to
Work to begin the SLT algorithm. If particle tracking is successful within
a processor’s domain, Work returns the result to the main code with a flag
to this effect. If an estimate goes off processor, Work determines which

processor should finish the task, passes the task, and returns control to the

main code.
After processing each grid point this way, the processor goes into the
second mode. The processor enters a loop where it checks for the following

in this order:
1. Determines if each processor is done with the current timestep,
2. Probes for midpoint work,
3. Probes for departure point work,
4. Probes for scalar field estimation work,

5. Probes for the return of work it sent out,
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6. If all of its own trajectories are completed, sends a message to processor

zero to that effect,
7. Returns to 1.

With the exception of 1, if a given checkpoint is true, the processor per-
forms associated tasks and returns to 1. If 1 has occurred, the processors
write out any information requested about that timestep, update fields, obey
a synchronization command and then return to the first stage to begin the
next timestep.

Processor zero has special duties. It serves as the organizing processor
to the other nodes by collecting information on when timesteps are done,
broadcasting when the next timestep has begun, and recording any test in-
formation produced. Hence processor zero has an additional check point
before number one above: 0. Determines whether each processor, including

itself, is finished and if so, broadcasts the message to each processor.

10.3 Data Migration

Data migration is the more intuitive of the two opposing methods to code.

In fact, data migration can be viewed as a special case of process migration
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from a programming perspective. If the user selects data migration, a suffi-
cient overlapping occurs and the second stage is never entered. All tasks are
completed within stage 1 with an error message occurring if an estimate goes
off processor. In the hybrid approach, the user chooses process migration but

specifies a larger overlap than one.

10.4 Dy

The Dy scheme was programmed by modifying the three-time-level scheme.
Since Dy estimates departure points via Taylor series expansions, this task
is implemented first for every arrival point in each processor domain. This
task requires no communication other than overlaps needed to estimate the
higher order derivatives of r. Then, stages one and two of the three-time-level

scheme are implemented for scalar field estimations only.
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11 Test Results

11.1 Test Goals

The primary goal in the following tests is to investigate computational effi-
ciency within the parallel environment for the three-time-level scheme and
to compare with the Dy scheme. In particular, the following issues are ad-

dressed:

o Evaluate the computational speed-up as the number of processors is

increased.

¢ Determine behavior as informational overlapping increases from process
migration to complete overlap and ascertain the relative success of the

three migration schemes.

¢ Investigate optimal overlapping as the magnitude of the velocity field

Increases.

o Compare the three-time-level scheme with the Dy scheme for N = 1

and 2 using optimal overlapping for varying velocity fields.

¢ Determine a computational performance model for each method.
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¢ Determine the scalability of each method.

11.2 Test Problem

The following defines the test problem used throughout. The function F is
a cylinder centered initially at (.2,.5) with radius and height .1 (Figure 17).
The global domain is discretized as a 32 x 32 mesh (unless otherwise speci-
fied). Furthermore to produce clearer more interpretable results the velocity
is always constant across the domain. Using non-constant velocities adds
further complexity to the results and is briefly discussed at the end. Since
the velocity is constant, any value of N greater than one in the Dy scheme
does not produce a more accurate result, as higher order derivatives are zero.
However, larger values of N are used here to determine computation times

related to the additional derivative estimates. All testing was conducted on

the iPSC/860 parallel machine.

11.3 Error

A great deal of literature that addresses errors can be found [8]. Included for

illustration only is a graph of the cylinder with velocity (u,v) = (.1,0) which
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returned it to its original position after 50 time steps (Figure 18). This result
was the same for the Dy scheme (true only for constant velocity). The asso-
ciated smoothing and overshooting associated with polynomial interpolation
is consistent with the results in the literature [13], [16] for Hermite cubic

interpolation.

11.4 Parallelization and Computational Efficiency

A driving motivation for parallelization of any process is to decrease execu-
tion time. It would be ideal if the speed-up in computational efficiency were
equal to the number of processors involved. However, due to communications
between processors, this goal is usually unobtainable. In the semi-Lagrangian
advection scheme, communication between processors is controlled primarily
by the velocity field. Faster velocity fields can move particles over multiple
processor domains during a single time step increasing communication re-
quirements. Therefore in addressing the issue of computational speed-up it
is necessary to consider improvements in light of the velocity field. In order
to illustrate this property, a 2 x 2 and a 4 X 4 processor grid advected the

cylinder for various velocities in the positive x direction for a single time step
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using process migration in the three-time-level scheme. Times were recorded

at each velocity and the speed-up factor, %::, was computed. Ideally, the

4 X 4 configuration should be able to complete the task four times faster
than the 2 x 2. However as the velocity increases, the speed-up factor is
reduced (Figure 19). For small velocities (u = .00625), no trajectories go off
processor and only communications related to necessary overlap an interpo-
latory overlap are required. The computational speed up however was not
four, as communication was required to pass the necessary overlap of one and
overlaps required in interpolation. One would expect that this degradation
would diminish and finally cease as all estimates move off processor. This
is interpreted in Figure 19 as the asymptotic behavior of the CPU time as
the velocity increases. It is possible that different processor configurations
could improve the loss in efficiency. In this example, since the wind is in the
positive x direction only, one could use a 1 x 16 configuration that would
require virtually no communication at all. Such configurations are problem

dependent and require a consistent nature in the velocity field over time.
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11.5 Comparison of Communication Algorithms

The results of the first exercise demonstrate the need for efficient communica-
tion algorithms. The next step was to evaluate the communication algorithms
proposed: process, data, and hybrid migration. Moreover the computational
performance as the number of overlaps increase from process migration to
data migration and finally to complete overlapping was investigated. The
three-time-level and the D; scheme were tested at a constant velocity of .075
in the positive x direction while increasing the number of overlaps. For this
velocity, data migration requires 7 overlaps and process migration requires 3
when using cubic interpolation to estimate F.

Figure 20 shows the behavior as the overlaps increased. The more impor-
tant result to notice is the presence of a optimal overlap. More importantly,
this optimal overlap occurs with data migration. Process migration per-
formed poorly in comparison, taking almost twice as long to complete the
timestep. This suggests that the latency period is the dominant computa-
tional overhead. Even with 7 overlaps, with unnecessary overlapping above,
below, and to the right of each processor (velocity is to the right only), the

overall time was cut in half, since the number of messages was fewer. The
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same trend was seen in the D; scheme and was not included. While this is
a positive result for data migration, it remains to be seen how this relation-
ship evolves as velocity increases. As the velocity increases, data migration is
forced to pass larger and larger blocks of information. One would expect that
eventually, the information transfer time for larger blocks would supersede
the latency period associated with numerous messages.

This relationship was the subject of the next test, which measured CPU
times as the velocity increased for data and process migration as well as
recording the optimal number of overlaps (Figures 21 and 22). For the three-
time-level scheme, data migration and optimal overlapping were synonymous
for speeds up to .25. Speeds above this were not tested (at .25, particles
are moving half way across the global domain in a single time step). The
D, scheme exhibited a different behavior with optimal timings switching
from data to process migration between .2 and .225. This is the result one
would expect eventually to observe. This occured earlier for D, than the
three-time-level due to the absence of midpoint iterations and any associated
processor communications. In the Dy scheme, for each departure point that
goes off processor, only two message passes are required to determine F

(sending the task and data recovery). In the three-time-level scheme, if only
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the departure point goes off processor, the same is true. However, for each
midpoint iteration that goes off processor at least two more message passes
are required. In short, when every trajectory moves off processor, the Dy
scheme passes at most 2n messages per processor (n is the number of local
grid points) independently of how far they move. The three-time-level scheme
may have a significantly larger number of messages due to these midpoint
iterations as several estimates in a single trajectory may fall into different
domains. Hence, process migration continues to be less effective than Dy.
One would expect that eventually as all midpoints move off processor, and
further away, the role of optimality would switch as well in the three-time-
level scheme. This event would require denser grids than were used in this
study.

From observing these plots it might appear that hybrid migration per-
formance always lies between process and data migration timings. This con-
clusion is wrong. Consider the case shown in Figure 23 for D3. At a speed
of .225 not only have all the departure points moved off processor, but the
nearest departure point is a distance of more than 8 overlaps away on the
right side. Hence hybrid migration was the least efficient when passing fewer

than 9 overlaps. When passing fewer than 9, large blocks of information were
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Figure 23: Computation times for Ds.
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sent without capturing any of the departure points and thus required process

migration to estimate every departure point.

11.6 Comparison of Dy and Three-Time-Level SLT

In order to directly compare the two advection schemes, optimal times for
the three-time-level, D;, and D, schemes are presented in Figure 24. For a
constant velocity field, D, provides no benefit over D;. It is included here
to illustrate the differences in computational efficiency associated with the
extra derivative estimations in D;. While these results seem to be a negative
for the three-time-level, it does not imply any global conclusions about its
performance, particularly in light the non-constant velocity case (investigated

later).

11.7 Computational Models

The preceding results suggest that latency plays a larger role than informa-
tion transfer time in reducing parallel efficiency. In order to better quantify
the relationship between the number of messages passed (NM), the number

of bytes passed in those messages (NB), and the computation time (T), it is

91



—®— 3 time level
o J - D1
— 4~ D2

o } I I 4 I } + I }
T T T T T T T T T 1

0.025 005 0075 01 0125 015 0175 02 0225 025
Velocity

Figure 24: Optimal times for Dy, D,, and three-time-level SLT.




beneficial to develop a performance model.

The performance model used here is

T = C+~(NM)+v(NB) (50)

where the constant C represents the time required for computation. In this
model 7 may be interpreted as a measure of the latency period and v as
a measure of the time required to pass a single byte. Estimates for these
values exist for the iPSC/860 but were found to perform poorly in modeling
the data. Therefore multiple linear regression was used to estimate the pa-
rameters from the data. This model was fit for both the three-time-level and
Dy (N=3) schemes. Furthermore, a statistical analysis provides a means for
estimating each variable’s contribution to the CPU time.

Fitting the model for the three-time-level scheme produces

T = .000027(NM) + .0000008(NB) + .023 (51)

To ascertain which variable contributes more, Type I sum of squares were
determined [14]. This total was .0525 for NM and .0074 for NB. One may
conclude that NM is contributing significantly more than NB to overall vari-

ability as was expected. Fitting the model for the D3 scheme produced
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similar results:

T = .000014(N M) + .003327(N B) + .020 (52)

Type two sum of squares were .013 for NM and .003 for NB. Again NM is the
dominant factor. By superimposing the constant C in the three-time-level
performance model onto the graph of optimal times in Figure 25, one can

observe the dominant role of communications.

11.8 Parallel Scalability

Scalability in parallelization refers to how effectively a parallel algorithm deals
with problems on a larger scale. Two tests are typically conducted: (1) the
number of grid points and processors increases uniformly and (2) the number
of grid points remains constant as the number of processors increases. In the
first test, the number of grid points per processor remains constant while the
overall task increases. For a scalable algorithm, one should see a relatively
constant computation time as the work load per processor is constant. The
implication here is that given additional processors, larger problems may be
completed within the same time as smaller scale problems. For the second

test, a scalable algorithm would produce a significant decline in CPU times
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as the number of processors increased.

To address scalability, these tests were conducted for both the D3 scheme
and the three-time-level scheme at a constant velocity of .05 in the positive
x direction. Comparisons were also made for data and process migration
within each scheme. For the first test, the mesh began as a 16 x 16 solved
by a 2 x 2 processor grid. This was eventually increased to a 64 x 32 mesh
with a 8 x 4 processor grid. In the second test, the mesh was held constant
at 64 x 64 as the number of processors increased.

The results for the three-time-level scheme are seen in Figures 26 and 27
and those for Dy are in Figures 28 and 29. For the first test it would appear
that neither is very scalable. One would expect to see a constant CPU time
of about .025 or .03 for the three-time-level scheme and similarly for Dsj.
Within each scheme, data migration seemed to scale better as it increased
more slowly. The second test produced better results. For the three-time-
level scheme using process migration, computation times were decreased by a
factor of only 3 in moving from 4 to 32 processors. Data migration did better
with a speed factor of over 5. In the Dj test, data and process migration had
speed-up factors of about 4 and 3 respectively. Speed up factors of 8 were

not experienced due to communication times (see section 11.3).
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11.9 Non-Constant Velocity

This topic is briefly discussed to illustrate how conclusions drawn from the
constant velocity case cannot be extended to non-constant situations. To

examine these differences, D; was used to advect the cylinder in a velocity

field defined by

u(z) = .1sin(n(:Ay)), (53)

v(y) =0 (54)

where i is the grid row index and Ay is the vertical distance between grid
points. Hence on the interval from [0,1), u(x) is the positive half of the sine
wave with a maximum of .1 occuring at :Ay = .5 In this situation, particles
near the vertical center of the domain move faster. From a semi-Lagrangian
viewpoint, this corresponds to more trajectories going off processor in the
center than at the edges. Since the maximum velocity is .1, then data migra-
tion would require an overlap of 9 and for a constant velocity field this is also
the optimal overlap. Here an overlap of 8 (hybrid migration) was measured
as optimal. In Figure 30, the solid line corresponds to measured CPU times
at each overlap. The superimposed dashed line corresponds to the data mi-

gration time at 9 overlaps. Figure 31 shows the effect on the cylinder (seen
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Figure 30: Non-constant velocity times are represented by the solid line. The

superimposed dashed line is the data migration time.
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from above) after only 5 time steps. As expected the center of the cylinder

is moving faster than the high and low edges.
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12 Summary

A parallel algorithm was developed for the three-time-level semi-Lagrangian
advection scheme. Depending on the problem, interprocessor communica-
tions may be significant in this method. Therefore two primary communi-
cation algorithms within this framework were proposed (data and process
migration) and used in understanding how communication requirements in-
fluence computational efficiency. Furthermore, this parallelization method
was modified to produce a parallelization of the alternative semi-Lagrangian
scheme Dpy. The three-time-level SLT was then compared with this alterna-
tive in terms of parallel efficiency and scalability for constant velocity fields.

There was strong indication that the dominant factor in reducing paral-
lel efficiency is the latency time associated with message passing, as process
migration was consistenly less efficient than data migration. Furthermore
data migration was found to produce minimum computation times. However
in the Dy scheme, process migration became more beneficial as the veloc-
ity increased. This difference can be attributed to the absence of midpoint
iterations in Dy. The multiple linear regression model (50) was fit to the

data and a statistical analysis confirmed the larger role of latency for both
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schemes. These conclusions cannot be recklessly extended to non-constant
velocity, as illustrated in section 11.9. While the findings for constant ve-
locity suggest that process migration performs poorly for constant velocity
using this discretization, it may perform better for finer discretizations (data
migration must send even larger blocks of information) or for non-constant
velocity fields.

Scalability was investigated for each scheme. Two tests were conducted
to investigate the performances as the size of the problem increased. The
first test showed that given a larger problem, a larger set of processors does
not maintain the computation times seen in smaller problems operated on
by fewer processors. The second test showed better results. There the size
of the problem was held constant and the number of processor increased.
The effect was a less than linear speed-up in computation time. However
the reduced CPU time could be considered an improvement. Furthermore,
scalability was found to be dependent on the velocity expected. The increase
in efficiency of a 4 x 4 over a 2 x 2 processor grid was found to decrease as
the velocity field, and subsequently the communication times increased.

Certain measures in optimization could improve the parallel efficiency of
the algorithm. Some of these are briefly mentioned but not addressed. The
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emphasis here is to develop the parallel method and gain an understanding
of the impact of message passing on computational efficiency. These results
may vary from machine to machine as architecture and system parameters

such as latency time may vary.
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