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CHAPTER I

INTRODUCTION

A permutation polynomial of a finite field K is one for which
the associated polynomial function is a one-to-one map from K onto
itself. The purpose of this paper is to explain and demonstrate how
algebraic geometry can be employed in determining permutation polynomials
of finite fields of sufficiently large order.

In Chapter II, definitions and well-known results from elementary
algebraic geometry, which are used throughout the paper, are stated.

As noted earlier, we shall deal only with finite fields whose
order is sufficiently large. In Chapter III, results are obtained which
are used later to establish criteria for the size of the finite fields
to be considered. Also, by elementary means, the exact number of
rational points on an absolutely irreducible projective quadratic curve
is obtained.

In Chapter IV, results given by Chevalley [1], which are used
in Chapter III, are displayed.

Chapters V through IX are devoted to determining the primary
permutation polynomials of degrees four and five of finite fields of
sufficiently large order, and the essential results of chapters VI
through IX are compiled in Chapter X. The results for the cases which
are considered in these chapters were known previously and can be found

in Dickson's Linear Groups [2].




CHAPTER II
ELEMENTARY PROPERTIES OF AFFINE AND PROJECTIVE PLANES

Included in this chapter is a survey of definitions and results
from the elementary theory of algebraic curves. Most of the results
in this chapter were obtained from W. E. Jenner [3].

Let K Tbe any finite field and suppose Q 1is an algebraic

closure of K. By the affine plane over Q , denoted A(Q), is

meant the set of ordered pairs (x, y) where x and y belong
to & . Such an ordered pair is called a point. If x and y

belong to K , then (x, y) is called a rational point.

Let Q[X, Y] be the polynomial ring in two indeterminates

over £ . An algebraic curve, or briefly, a curve, in A(RQ) is the

set of points in A(Q)" which are zeros of a polynomial in lx,Y].
Further, a curve is called,a line if the polynomial which determines
it has total degree one. If a curve in A(Q) is determined by a
polynomial with coefficien£s in K , then the curve and polynomial are
called rational. .

A given curve ini ’A(Q) Jhay be the proper union of two or more
curves. A curve C in ~ A(Q) is said to be reducible if there
exists a curve B in A(R) such that B is a proper subset of

C ; otherwise C is absolutely irreducible.

The polynomial f(X, Y) e o[X, Y] is absolutely irreducible

if whenever f is expressed as the product of two polynomials in

2
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Q[X, Y] , one of the factors is a unit.
Suppose that f(X, Y) and g(X, ¥Y) Tbelong to @[X, Y],

and let Cf and Cg be the curves in  A(Q) determined by f

and g , respectively. By Hilbert's Nullstellensatz ([6], page 5),

if ng; Cf , then g'fn' for some positive integer n . From

this result, we can obtain the following lemma.
Lemma 2.1. Suppose f(X, Y) € 2[X, Y] and f is absolutely

irreducible. Then Cf is absolutely irreducible.

Proof. Suppose Cf is not absolutely irreducible. Then there

exists a curve C in A(R) which is a proper subset of Co

Let h(X, ¥Y) be a polynomial in Q[X, Y] -which determines C .

As a result of the preceding, h|fn for some n . It follows, as

1
[

h is not a unit and f is absolutely irreducible, that h
for some n . But, since c is a proper subset of Cf , h#f
for any n . This completes the proof.

Many rational curves in A(Q) are "big" in the sense that they
are "unbounded" within the space. We want to define a space which is
likened to AlQ) but in which all the points are within reach, so

to speak.

Define the set P as follows:
P= 9xax& \{o},

where 0 = (0, 0, 0). The relation R defined on P as

((al,ag,a3), (bl,b2,b3)) eR  if there exists d € € such that



(al,ag,a3) = (bld,de,b3d) is an equivalence relation. If a pair

of 3-tuples are related under R , they are called proportional.

The projective plane over & , denoted P(R), is defined as

the set of equivalence classes determined by R on P i.e.,
P(R) = P/R. An equivalence class in P(Q) is called a point. If

(a ) is any 3-tuple in a given equivalence class, then the

1282283
A
equivalence class; or point, is denoted (al,ag,a3) . Further, if

in a given equivalence class of P(R) +there exists a 3-tuple

(bl’bQ’b3) such that bl’b2’ and b3 belong to K , then the point
(bbb)A i 1lled rational
13P55b3 is called rational.

Suppose F(X, Y, Z) is a homogeneous polynomial in  Q[X,Y,Z]

and (al,az,a3) e QxQx 0 \{0}. If F(al,ae,a3) = 0, then

F(a,d,a d,a.d) =0 foreach d ¢ . Under these conditions, we

17°72 3
A
say that the point (al,a2,a3)’ is a zero of F(X, Y, Z).

An algebraic curve in P(R) is the set of zeros in P(Q) of

a homogeneous polynomial in three indeterminates with coefficients in
€ . Further, if the total degree of the polynomial is one, then the
curve is called a line. If a curve in P(Q) is determined by a
homogeneous pqunomial with coefficients in K , then the curve and
polynomial are called rational.
A given curve in P(Q) may be the proper union of two or more

curves. A curve 6 in P(Q) is called reducible if there is a



A A, A
curve B in P(Q) such that B 1is a proper subset of C ;

A .
otherwise, C is absolutely irreducible.

The homogeneous polynomial h(X, Y, Z)e Q[X, ¥, Z] is absolﬁtelx
irreducible if whenever h 1is expressed as the product of two
homogeneous polynomials in  2[X, Y, Z] , one of the factors is a unit.

If a, b, and ¢ Dbelong to £ and are not all zero, then
ax + by + cz =0 is an equation for a line in P(Q). It is possible
to show that given a pair of distinct points in P(R), there existé a
unique line which contains those points [3]. Further, an equation in
the above form for that line can be easily found.

In many instances it is convenient to have parametric equations
for a given line rather than an equation of the type shown in the

N A
preceding paragraph. Suppose p_ = (al,a2,a3) and p; = (bl’b2’b3)
A
are distinct points. Then (xl,x2,x3) is a point on the line in
P(R2) fixed by the given points if and only if

X, =a,s +b,t ,
1 1 1

i=1,2, and 3, for .some s and t in £ -with not both s and

t zero (see [3], page 35]. Cearly, if p, and p, are rational

points, then the line determined by them is a rational line.
Next ﬁe want to consider intersections of lines with curves in

A
P(Q) . Suppose the polynomial F(Xl,X2,X3) determines the curve C

in  P(Q) , and let

X, =a,8+Db.t,
1 1 1



A
i=1,2, and 3, be parametric equations for the line L . Then the
A A
intersections of C with L are obtained by finding the values

of s and t such that

G(s,t) =F(als+bt, a,s + bot, as+b3t) =0 .

1 2 3
) A
Suppose that (al,a2,a3) is a point of intersection of L

N
with C . Then (1,0) is a zero of G(s,t). If we write

G(s,t) = tnoG'(s,t) ,

where n is the maximum power of t which divides G(s,t) ,

A A
then the multiplicity of the intersection of L with C at

(a. ,a,,a )A is n .
1*72°73
We now show that for a given rational point on a rational curve
in P(Q) , there exists a rational line which intersects the curve at
the given point with multiplicity greater than one.

Theorem 2.1. Suppose F(X, Y, Z) is a homogeneous polynomial

: A
of degreen >1 in K[X, Y, Z]. If C is the curve in P(Q)

A
determined by F  and ©p_ is a rational point on C, there exists

o]

A
a rational line in P(R) which intersects C at p, with

multiplicity greater than one.

A
Proof. Let p_ = (al,ag,a3) , Where  a,,a,, and a; belong

to K , and define p = (b

A
1’b2’b3) to be an arbitrary point in

P(Q) distinct from P, -



The intersections of the line determined by P, and p

A
with C can be obtained from the solutions in s and t to

the equation

(2.1) G(s,t) = F(a,s + b,t, a.s + b,t, a

1 1% 25 2 s + bgt) = 0.

3

Since F is a homogeneous polynomial of degree n ,
n

(2.2) als,8) = ) ¢ s2RE
k=0 17K

where Cn—ke 2 for k=0,1, ..., n. Further, since P, is

a point of intersection, G(1,0) = 0. Thus ¢, = 0.

It sufficies to show that there exists a rational point p

such that C = 0. In this case, G(s,t) would certainly be
n-1

divisible by t2 .
In the following we use results from the theory of differentiation
in polynomial rings over an arbitrary field, an account of which can

be found in [5].

From (2.2) we obtain

n
3G _ §PL 4 ) KC_

n-k k-1
c 1 t
ot n-1 K=p

_ks .

3G _ :
Thus , [Bt] (1,0) = C,p + Using (2.1), we get

3 _ OF 3K , F 3Y _ F 2z
at X ot Y at 9Z 9t



Let I =, r1a =c, , and
X =, 1 oY 2
(2),85,85) (a)585,85)
o e o 2
o7, f¢93 . Then, as % bl’ % - b2 , and ol b3 ,
(alQazaa3),f
~fi¥; e
= o — = -+ .
o1 T Bt] (1.0)  1P1 Tt %P2 T o3t
o .

Suppose clnf ¢, = c3 = 0. Then Cn—l = 0 for each point p .

If p 1is rationalf then the line determined by P, and p is

rational.

Suppose ci‘, s and c; are not all zero. Without loss of

generality, suppose ¢y # 0. Let b2 and b3 be arbitrary

elements in K stgch thet  (bysbg) # (0,0) and (by,by) # (ay,e,).

Define
5 _ (c2b2 + c3b3)

1 cl

Then p 1is rational and |

 ‘ el -0
[Bt] (1,0)

for the point p“; . This completes the proof.
The space P(Q) is a type of completion of A(R); in fact,

we will show that A(Q) can be embedded in P(Q). Because P(Q)

is "complete," it is helpful in the study of affine curves to consider

the projections they define in P(Q). This shall become clearer as



we proceed,
First, let us show that A(Q) can be embedded in P(Q) .

Define the mapping 7 on A(Q) as follows:

T (x,y) > (x, vy, l)A .

The map m is one-to-one, but it is not onto. The points in P(Q)
which do not belong to the image of A(Q) under 7 are of the form
(%, ¥, ™ , with x and ¥y not both zero, and they are called

points at infinity.

Two points at infinity determine a line in P(Q). It is easy

to show that the polynomial which determines this line is of the form

F(X, Y, Z) =c 2 ,

cef \‘{O}. Clearly, a point is on this line if and only if it is a
point at infinity. For this reason, this line is called the line at
infinity.

Define the map T on Q[X, Y] as follows:

A n X Y
n:f(x,Y)+z-f(§,Z> ,

where degree f = n. The image of f(X, Y) is a homogeneous
polynomial and has degree n. Therefore, it determines a curve in
P(Q).

Suppose C is the curve in  A(Q) determined by f and
N . . A AT
C is the curve in P(R) determined by m(f). C is called the

projection of C in P(R). The image'of C under w is a subset
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A
of C ; or, stated differently, the zeros of f are preserved under
A
T as zeros of m(f). To see this, let (x, y) Tbelong to A(Q),
with x and y not both zero, and suppose f(x, y) = 0. Let

A :
p=(x,y,1) . Then

() ]P = 1%es(x, y ) = O.

A
The projective curve C may include some points which are

not images under T of any points on C. These, of course, are points

at infinity. PFor example, consider the polynomial

(X, ¥) = X - .

L R
By the definition of 1w ,

MNe) = X2 - ¥z .

The point (0, i, O)A is a zero of M(f).

It is easy to verify that T is a ring isomorphism from Q[X,Y]
into Q[x, Y, 2], Thus, if (X, Y) e;Q[X, Y] is absolutely "
irreducible, then, és’the range of T is the set of all homogeneous
polynomials in x, Y, 2] and the factors of a homogeneous polynomial
are homogeneous, it follows that ?(f) is absolutely irreducible, also.

The Hilbert Nullstellensatz; which we used earlier to show that
the affine curve determined by an absolutely irreducible polynomial is
absolutely irreducible, can also be applied to show that a curve in P(Q)

determined by an absolutely irreducible polynomial in Q[X, Y, 2] is

absolutely irreducible. :



CHAPTER III
LANG-WEIL THEOREM AND SOME CONSEQUENCES

Throughoufcthis chapter we shall suppose that K 1is a finite
field of order ”é . We wish to show that given a positive integer 4,
if q 1is largebfelative to 4 , then for any polynomial
£(X, ¥) € K[X, Y] such that £(X, Y) # X - ¥ , degree f = d, and
f is absolutel&nifreducible, there exists a rational point in A(Q)
which is a zero of f(X, Y) but is not a zero of g(X, ¥) =X -~ Y.
To do this, we use a powerful theorem by S. Lang and A. Weil [4] which
gives an estimatgrfor the number of rational points on an absolutely
irreducible, ratiénal curve in P(Q). Using elementary algebraic
geometry, we will demonstrate the Lang-Weil Theorem for polynomials of
degree two. In fﬁcf, we will show that there are exactly q + 1
rational points ohkthe projective curve in P(Q) determined by an
absolutely irredﬁéible, rational curve in A(R) of degree two.

To begin with, let us consider a line in P(R) which is the
projection of a faﬁional line in  A(Q).

Theorem 3;1:' Suppose a given rational line in A(Q) is

determined by the polynomial

(X, Y) = aX+bY +c,

where a, b, and ¢ are in K. Then the projection of that line in

P(Q) contains ékactly q+ 1l rational points.

Proof. dﬁe‘of a and b is not zero. Without loss of

11



12
generality, assume a # O.
The projection of the given line is the set of points in P(Q)

which are zeros of the polynomial

(3.1) F(X, ¥, Z) SaX+ bY +cZ .
Clearly, given (d2,d3) , an arbitrarily fixed ordered pair in

K x K, there exists a unique 4d,¢ K such that (dl’d2’d3) is a
zero of (3.1). Since the order of K x K is q2 , there are ¢

zeros of (3.1) of the type (dl’d2’d3)' Call the set of all such

3-tuples R .

Let R* = R \{0} . Suppose (cl,cz,c3) is an arbitrary

element in R* . For each heK \ {0} , (clh,cgh,c3h)eR* , also.

Since the order of X \{0} is g - 1, there are q - 1 elements in

R*¥  proportional to (cl,ce,c3). Therefore, R¥* contains

9__:_% = g+ 1 distinct classes of proportional elements.

Let  {( )}, i=1,2, «.., ¢ + 1, be a maximal

€11°%2i°%31
subset of R¥ such that no two elements are proportional. Therefore,
since R contains all the zeros in K x K x K of (3.1),

A
{( ).} is the set of all rational points in P(Q) which

11221231
are zeros of (3.1), i = 1,2,...q + 1. This completes the proof.
So, we see that the projection of an arbitrary rational line in

A(Q) contains exactly q + 1 rational points. Actually, any rational



line in P(R) contains q + 1 rational points. This result can
be seen by showing that the line at infinity, which can be obtained
from the zeros of the polynomial F(X, Y, Z) = ¢Z , where ceK \{0} ,
contains exactly q + 1 rational points, because all other cases
were considered in the preceding theorem.

Next, let us consider the projection of a curve in A(Q)
which is determined by an absolutely irreducible, rational polynomial

of total degree two. First, however, consider the following lemma.

Lemma 3.1. Suppose p = (alga2,a3)‘\ is a rational point in

P(Q). Then there exists a rational line in P(Q) which does not

contain p .
Proof. Suppose every rational line in P(R) contains p .

Each polynomial
aX + bY + cX ¢ K[X, Y, Z]

determines a rational line in P(Q), and each rational line in P(Q)

can be obtained from the zeros of a polynomial of this type. Hence,

ax+a.2y+a,z=0

1 3

for each (x, y, z) € K x X x K.

By Lemma 4,1, we have

alX+a2Y+a3XEO.

13

A
Thus &) = a, = a3 = 0. But (o, 0, 0) ¢ P(Q). Hence, each rational

line in P(R) can not contain p . This completes the proof.



1k

Theorem 3.2. Let f(X, Y) e K[X, Y] , and suppose f(X, Y)

is an absolutely irreducible polynomial of degree two. If C is

N
the set of points in A(Q) that are zeros of f(X, ¥) and C

A
is the projection of C in P(Q), then, if C contains one

e

rational point, it contains exactly q + 1 rational points.

A
Proof. The polynomigl which determines the curve c is

(3.2) F(X, Y, 2) = 72es <-}ZS ’ %) .

A
Let po = (al’az’a3)A be the given rational point on c .,

where 815 85 and aq belong to K. By the preceding lemma, there
exists a rational line L in P(Q) which does not contain P, -

Since L is rational, L contains exactly q + 1 rational points.

) b., and b, belong to

s Where bl, o 3

Let p = (bl’bz’b3
K , be an arbitrarily chosen rational point on L . The points P,

and p determine a rational line in P(Q), and parametric equations

for that line are

X, =a,s +b,t ,
1 1 i

i =1, 2, and 3 (See Chapter II). Denote this line by L' .
A
Since § 1is algebraicly closed, we know L' intersects C
exactly twice in P(R), counting multiplicities. One point of

intersection is P, s clearly. .Call the other p' , which mey be Po

itself. Define the map t(p) = p' from the rational points on L
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into 6 . Tt 1is well-defined. TIf it were not, we could assert the
existence of a line which intersected 6\ three times, counting
multiplicities.

The intersections of L with 6 can be obtained from the

solutions in s and t to the equation

G(s,t) = F(a,s + b,t, a5 + b.t, a

1 1% 8 2 s + bgt) = 0.

3

Because F 1is a homogeneous, rational polynomial of degree 2 and

a;, bi eK,i=1,2, and 3,

G(s,t) = As> + Bst + Ct®

where A, B, and C are in K .

Since P, is a point of intersection, F(1,0) = 0. Hence,

Suppose B =C = O.’ In this case every ordered pair (s,t)
satisfies the equation Bst + Ct2 = 0, which implies that ! is
contained in 8 as a proper subset. But this is impossible as f
is absolutely irreducible.‘

Suppose C = 0. Then s % 0 and t =1 1is a solution to

the equation Bst = 0. Hence, in this case the points of intersection

are P and p , which are both rational.

Suppose C # 0. If B =0, then G becomes.

G(s,t) = ct2 .

Hence, in this case - p' = P, If B#0 , the G can be expressed
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as
G(s, t) = t(Bs + Ct) .

Since t =0 corresponds to R the solutions of Bs + Ct =0

must correspond to p' . Set t =+t' , where t' e¢XK \{0}.

1
Then s' = 9%7_ belongs to K \{0} , also. Hence, p' is

rational.

We now show that 7 is a one-to-one mapping from the rational
A
C

points on L onto those on

A
Each rational point p' on C  together with po

A
determines a rational line which intersects C exactly twice, counting

multiplicities. If p' # P, > this is clear. If p' = P, > this

follows by Theorem 2.1. Since the intersection of two rational lines

in P(R) is a rational point, T is an onto map. Suppose p, and
p, are rational points on L and T(pl) = T(p2) = p' . Then the
line determined by P, and p' with the property described above

intersects L exactly once:. Thus P, =P, - Hence, T is a one-

A
to-one correspondence between the rational points on L and C.

This completes the proof.

By a theorem from Chevalley [1], which will be stated and proved
in the next chapter, the hypothesis in the preceding theorem that there
exists a rational point on 6\ is always fulfilled. Further, the

A
fact that C was the projection of a rational curve in A(R) was



not essential to thé érééf of the theorem. Actually, any rational
curve in P(8) which is determined by an absolutely irreducible,
quadratic polynomial contains exactly gq + 1 rational points.

The following is a theorem by S. Lang and A. Weil which gives
an estimate for theinumber of rational points on a rational curve in
P(Q) determined by an absolutely irreducible polynomial of degree d

[4]. Denoting the number of rational points by N , we have

Theorem 3.3. Let h(X, Y, Z) be a homogeneous polynomial in
K[X, Y, Z]. If degreeh=4>1 and h(X, Y, Z) is absolutely

irreducible, then there exists a constant A, which depends only on

d , such that

2 ql/2 + A.

v -ql =a

Let d Dbe a positive integer. Then, as a result of this
theorem, if we choose 'K so that q is large enough relative to
d , the curve in' - P(Q)  determined by any homogeneous polynomial in
K[X, Y, 2] of dééree!@ contains arbitrarily many rational points.

In the following‘theorem, let -~ N be the number of rational
points on the curve in ilP(Q) which is the projection of the curve in
A(Q) determined by f£(X, Y).

Theorem 3.4. Suppose f(X, Y) # X - Y Dbelongs to K[X, Y]

and let degree f =4 > 1. If N > 24, then there exists a rational

point (a,b) in ~A(Q) - such that f(a,b) = 0 and a # b.

Proof. Denoté»byL;.C and L, respectively, the curves

determined by f£(X, Y) and the line X =Y in A(R). Let



_ 4 X Y
X, Y, 2) = Z-f(z 'Z)

and
G(X, ¥, 2) =X ~-Y,

and denote the corresponding curve and line in P(Q) by ¢  anda
ﬁ , respectively. Then G is the projection of C and ﬁ is
the projection of L . |

Since f(X, Y) is absolutely irreducible, & is absolutely
irreducible. According to Jenner ([3], page 4T), since degree F = 4,
ﬁ has at most d distinct intersections with 8 . For the same
reason, 8 has at most d distinct intersections with the line at
infinity. Hence, 6 contains at most 24 ratioﬁal points which are
either on ﬁ or the line at infinity.

Since N > 24, there exists a rational point (x, y, 1" on
6 such that x # y. Thus, C contains a rational point which is
not on L . This completes the proof.

Corollary 3.1. Suppose f£(X, Y) e K[X, Y], £(X, YY) #X -7,

and the total degree of f is d > 1. Then, if f(X, Y) is

absolutely irreducible and q is large relative to 4 , (X, Y)

has at least one zero (x, y) € K x K such that x # y.

Proof. The proof is immediate from the results of Theorems 3.3

and 3.h4.



CHAPTER IV
RESULTS OF CHEVALLEY APPLIED TO QUADRATIC POLYNOMIALS

In this chapter we shall suppose that K is a finite field
of order q . We wish to prove that a curve in P(Q) which is
determined by an absolutely irreducible, rational polynomial of
degree two contains at least one rational point.

Define An(K) to be the set of all n-tuples (xl,...,xn)

such that x; € K, i=1,2,,..4n. If Xy = 0,1i=1,2,...,n,

denote (xl,...,xn) by 0.

For some positive integer n , let TF*(X

l,..o’xn) e K[Xl,- e ’Xn]u

¥ is sald to be in reduced form if no indeterminate in any term

of F¥ has an exponent greater than q - 1.

Suppose F(Xl,...;Xn) is a polynomial in K[Xl,...,Xn] .

Then F*(Xl,...,Xn) e K[X;,..+,X ] 1is called a reduced form of F

if F¥ is in reduced form and F¥ 1is congruent to F with

respect to the congruence relation determined by the ideal

(x2 - x

q = ‘
1 1reeesX = X ) = ot of K[xl,...,xn].

n

Suppdse F¥ is a reduced form of F . By definition, we

know

F = F* ( mod Ot ).

19



Thus, for some G, € K[X Xn] , 1=1,2,...,n,

l,coo’

n
F-F% = ) a (x2-x).
. 1 1 1
i=1

Since a%-a=0 for each a ek s

(F - F*)(xl,...,xn) =0

for each n-tuple in An(K). Hence, F and F* determine identical
maps from An(K) into K . In particular, the zeros of F and
F*¥ in An(K) are the same.

Lemma L4.1. (Chevalley). Suppose F(Xl,...,Xn) e K[X

l,noo’xn]

and let F Dbe in reduced form. If each n-tuple in An(K) is a

zero of F , then F is the zero polynomial.

Proof. The proof is by induction on n . If n =1, then
F  has the form
F = % a X3P |
p=1 4P 1
where a e KX for each p=1,2,...,n , because the order of

q-p
K 1is q and F was given to be in reduced form. By hypothesis,

F has q zeros in Al(K) . Therefore, since q.~ 1 < degree F < g

F must be the zero polynomial.
Assume the result for n - 1 indeterminates. For n

indeterminates we have
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q-1 q-2
-1 Xn(; + Aq_2 Xn oo * Ao .

=
HI

= A

where A € K[X,,...,X

R ] and is in reduced form for each
q-p 1 n-1

p=1,2,0..,q. Let (x

l""’xn—l) be an arbitrarily fixed (n-1)-tuple

in A__(K). By hypothesis, F(x

) =0 for each
n-1

veesX x
1? >n-1"n

x € K. Thus, the initial induction step implies

Q-p -
% A ,..,X )X =Oo
p=1 q- p * n-1'"n
So, q_P(xl,...,xn_l) =0, p=1,2,...,q. As (xl,...,xn_l) was
chosen arbitrarily, the induction hypothesis implies A 20,

q-p
P = 1,2,...,q. Therefore,: F = 0. This completes the proof.

Lemma 4.2 (Chevalley). Suppose F(X xn) € K[xl,...,xn]

l,loo,

and let F be in reduced form. If each n-tuple in An(K) except

0 is a zero of F and ~ F(0) = 1, then

F oz (-)" TT' (xq'l 1).
i=1

Proof. Define the polyhomial G(Xl,...,Xn) as follows:
= n q-l
G = (-1) TT<X 1) .
i=1
al,...,an) € An(K) and a 1is not

Clearly, G(0) = 1. If a = (

0 , then a, #0 for some i =1,2,,..,n . Suppose & # 0,
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1 <k £n. Since the order of K is q , ag-l - 1= 0. Thus,
G(a) = 0.

Since F(0) = G(0) and each n-tuple in An(K) other O
is a zero of both F and G , every n-tuple in An(K) is a zero
of the polynomial F - G. As F -G 1is in reduced form, by
Lemma 4.1, F - G = 0. Hence, F = G. This completes the proof.

Theorem 4.1 (Chevalley). Suppose Flse.,F  are polynomials
in K[Xl,...,Xn] such that Fj(o) =0, j=1,2,...,8 , and
s

) degree F, < n. Then there exists an n-tuple in A (K)  other than

§=1 ’
0 which is a zero for each Fj s J = 1,2,¢..,8.

Proof. Define F(Xl,...,Xn) as

s > -1
Fz(-1)° TT (Fgl - 1),
J=1

Suppose there does not exist an n-tuple in An(K) other than
O which is a zero of each Fj s 1 =1,2,...,8.

As Fj(O) =0 for each Jj=1,2,...,s, F(0) = 1. Suppose
a = (al,...,an) € An(K) and a is not O . By supposition, there
exists F, , 1<k <s, such that F_(a) # 0. Because the order of

R q-1

K is q , Fk(a) -1 =0, Thus, F(a) = 0.

Let F*¥ be the reduced form of F . Since F¥(0) =1 and
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every other n-tuple in An(K) is a zero of F* | Lemmsa 4.2 implies

n
ez (1) TT (x371 - 1) .
i=1

The degree F*¥ = n(gq-l1). Hence, as F¥ is in reduced form,
degree F > n(q - 1).

By the definition of -F , the degree of F is

s s
( ) degree F,)(q - 1). Thus, a ) degree F, < n, degree F < n(q-1).

J=1 ! J=1 ,j
But this is impossible, as degree F¥ = n(q - 1). Therefore, the

supposition that 0 is the only n-tuple in An(K) which is a
zero of each pqunomial Fi,...,Fs is false. This completes the proof.

Lemma 4.3. Suppose F(X, Y, Z) 1is a homogeneous polynomial

in  K[X, Y, Z] of degree two. If F is absolutely irreducible,

then the curve in P(Q) determined by F contains a rational point.

Proof. By the preceding theorem, since F has three
indeterminates, degree F = 2, and F is homogeneous, there exists

a non-zero 3-tuple (al,az,a3) € A3(K) such that F(al,ae,a3) = 0.
A
Thus, (al,ae,a3) - is a rational point on the curve in P(Q)

determined by F . This coﬁpletes the proof.



CHAPTER V
PERMUTATION POLYNOMIALS OF DEGREE 4

A permutation polynomial over the finite field K of g
elements is a polynomial f € K[X] such that the map x - f(x)
on K is a bijection. In this chapter we wish to determine the
quartic permutation polynomials for any finite field K  where
q 1is sufficiently large. First, we wish to make a few observations,

use of which can be made both now and in the next chapter.

n .
Let f£(X) = ) ain € K[X], where n is a positive integer
i=0
and a, = 1. There is clearly no loss of generality by letting
a, = 1l, as a constant times a permutation polynomial is a permutation

polynomial. Because XK is a finite field, f 1is a permutation
polynomial of K if and only if the map x = f(x) is one-to~one;
i.e., f(x)~-f(y)=0 onlyif x=y (for all x,y€XK).

Consider the polynomial

n . .
£(X) - £(Y) = ) ai(Xl - YY) e k[x, Y].
i=1l
One can easily verify that
XX - yh RS
x-1 T R
J+K=1i-1

where j and K are non-negative integers, i = 1,2,...,n. Let

2k
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h, (X, Y) =

i1 i= ;,2,...,n.

Define g(X, Y) as follows:

= £(X) - £(¥)
(5.1) g(X, Y) = "
It follows from the sbove that =
n e
g(X, Y) = ] an, (X, ¥) eKI[X, Y]

i=1

Also, since f(X) - £(Y) = (X - Y)+g(X, ¥), it follows that for f(X)
to be a permutation polynomial, it is necessary and sufficient that the
zeros in K x K of g(X, ¥) all belong to the diagonal set
{(x, x)|x € K} . This assertion can be restated ih geometrical terms
as follows: |

The rational points on the affine curve determined by g(X, Y)

all lie on the line X=Y,

Let Ch be a positive constant such that if K is a finite
field of order g with q > CL , then each absolutely irreducible
polynomial except X -Y in K[X, Y] of degree < 3 has at least
one rational zero which is not on the line X = Y. The results of

Chapter III serve to justify this assumption.

Consider the quartic .

£f(X) = Xh +al + b 4 cX + d e K[x].

As ‘was noted earlier, f(X) is a permutation polynomial if and only if
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all the rational points on the affine curve in A(Q) determined

by the polynomial

(5.2) g(X, ¥) X0 + X¥ + XY° + Y5 + a(X° + XY + Y2) +

b(X + Y) + ¢

are on the line X=1Y.
Suppose g(X, Y) is absolutely irreducible. Then, whenever

q >C, , as degree g = 3, there exists a rational point (x, y)

in A(R) such that x#y and g(x,y) = 0. It follows, therefore,

if q > C), , a necessary condition for f(X) to be a  permutation

polynomial is that g(X, Y) must factor in - Q[X, Y].
If g(X, Y) 1is not absolutely irreducible, then, as the total
degree g = 3, g(X, Y) has a linear factor in Qlx, vl.

Lemma 5.1. If g(X, Y) is not absolutely irreducible, then

it must have a factor of the form X+ Y + ¥ € Q[X, Y].

Proof. It is well known that

ook 3
X =X - .n
-y ¢ 10 x-iv,

n=1

where 1 is a square-root of -1' in -~ . Thus, if g(X, Y)

has a linear factor in Q[x, Y], it must be of the form X + iY + Yo

X -1y + Y2 , Oor X+ Y+ Y3. We can assume either X + iY + Yl

or X-iY+ Y, isoa linear factor of g(X, Y), since otherwise, we

would be finished. Without loss of generality, suppose
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g(X, ¥) = (X + iY + v)-Q(X, Y).

Since g(X, Y) is symmetric with respect to X and Y, we can

obtain the following identity by interchanging X and Y.

[}

g(X, Y) = (Y + iXx + Y)Y, X)

it

(-iYy + X - i ¥)-iQ(Y, X)

(X = iY - 1Y) Q*(X, Y) .

Hence, g(X, Y) also has the factor X - iY¥Y - iy .

If the characteristic of K is not 2 , then X - 1Y ~ iY #
X+ iY + Y. So, as the total degree g = 3, g(X, ¥Y) must have a
factor of the form X+ Y + A , also.

If the characteristic of K is 2 ,then X+ iY + Y =
X+ Y+ Y., This completes the proof.

We now consider the problem of factoring g(X, Y) in Q[X, YI.

By the preceding lemma, if g(X, Y) factors in Q[X, Y], we can

say

- 2 2
(5.3) g(X, Y) = (X + Y+ Y)(X" + Y + uX + ny +8),
for some Y, ¥, n,and § in 2 . In order to have such a

factorization, Y, u, n, and § must satisfy the following equations,
which are obtained by mulﬁiplying this factorization out and comparing

the results to (5.2).

(5.4) B+ n o= a



Yo + § = b

(5.5)
Yn + § = b .

(5.6) Y6 = c¢.

The augmented matrix obtained from equations (5.4) is

(5.7) 0 1 1 a .

Suppose the characteristic of K is not 2 . Then the row

reduced form of (5.7) is

0 a/2
(5.8) 0 1 0 a/2 .
0 1 a/2

Thus , Y = a/2 € K.

Theorem 5.1. Suppose the characteristic of K 1is not 2

and gq > Ch . Then there are no guartic permutation polynomials over

K.

Proof. From the preceding, we have that X + Y + a/2|g(X, Y)
is a necessary condition for f(X) to be a permutation polynomial.
As the characteristic of K is not 2, X + Y + a/2 # X - Y. The
polynomial X + Y + a/2 , and hence, g(X, Y),‘has a zero (x, y)
in K x K such that x # y. Therefore, £(X) cannot be a
permutation polynomial of K . This completes the proof.

Suppose the characteristic of K is 2. Then the row reduced
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form of (5.7) is

(5.9) - ]l]0 1 1 a

Hence, in order for g(X, Y) to have a linear factor, it is necessary

that a = O.

Theorem 5.2.. éuppose the characteristic of K is 2 and

qQ > Ch + Then
F(X) 2 X + b2 + X + d e K[X]

is a permutation pdlynomial of K if and only if

" oh(X) = X + bX + ¢

has no non-zero zeros in K .

Proof. Since‘\7a = 0 and the characteristic of K 1is 2,

from the above, . it is easy to verify that

B(X, ¥) = (X+1)° + (X +1) +c

h(X + Y).

Let f(X) - be a permutation polynomial of K , and suppose

uekK, uw#0,and h(p)=0. As h(uy) =0, h(X)

]

(X - u)-Q(x),

i(f)u €'K[X]. Hence, h(X+ 1Y) = (X + Y - n)eq(X + 1Y),

where Q(X)

Therefore, (X + Y - u) 1is a linear factor of g(X, Y). But this is
impossible, since: X+ Y -y , and thus, g(X, Y), has rational

zeros which are not 6hhthe line X =Y.



Suppose  h(X) has no non-zero zeros in K , and assume
f(X) is not a permutation polynomial of K . Then there exists an
ordered pair (x, y) e KxK suchthat x#y, or x+y #0,
and g(x, y) = 0. Hence, as g(X, ¥) = h(X +Y), h(x+y) = 0;
But this is impossible, because =x +y # O and x+y e K.

This completes the proof.



CHAPTER VI
LINEAR FACTORIZATION OF g(X, Y)

Suppose f(X) is a 5-th degree, primary polynomial in K[X],
where K is a finite field with order sufficiently large. In
this chapter we wish to determine necessary and sufficient conditions
for f to be a permutation polynomial of K , where f is such
that g(X, Y) has a linear factor in Q[X, Y]. The reason for
this condition will become evident. Further, we shall deduce some
results which will be employed in later chapters.

The results of Chapter IIT imply the existence of a number C5

such that each absolutely irreducible polynomial, except X - Y, over

a finite field with order greater than 05 has a rational zero which

is not on the line X = Y. Throughout this chapter we shall assume

that the order of K , 9@ 4 is greater than C5 .

Consider the polynomial

(5.1) f(X) = x5 + axlL + bX3 + cX2 + dX + e € K[X].

In the preceding chapter, it was determined that f£(X) is a.

permutation polynomial of - K if and only if the rational zeros of

31
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(6.2) g(X, Y) = xh + X3Y + X2Y2 + XY3 + Yh +

3 + X2Y + XY2 + Y3)

a(X +

(X2 + XY + Y°) + o(X +Y) +4d

all lie on the line X=YX.

Suppose g(X, Y) 1is absolutely irreducible. Then, as gq >‘cs,
g(X, Y) has a rational zero off the line X = Y. Therefore, a
necessary condition for f(X) +to be a permutation polynomial is
g(X, ¥Y) must be reducible in Qlx, Yl.

The total degree of g(X, ¥) is U4 . This implies that if
g(X, Y) 1is reducible, it must have either a factor of total degree one
or a factor of total degree two. In the following section, we shall

suppose that g(X, ¥Y) has a linear factor in Qlx, Yl.

Lemma 6.1. Suppose K is a finite field and q > C

5 °

Further, let f(X) be a permutation polynomial of K . Then, if

g(X, Y) has one linear factor in Q[Xx, Y], it decomposes completely

into linear factors in  Q[X, Y].

Proof. Let h, e Q[X, Y] be a linear factor of g(X, Y). So

(6.3) ‘ g(X, Y) =h z,

1

where z £ Q[X, Y] ‘and the total degree z = 3. Suppose 2z 1is
irreducible in Q[x, Yl.
Let - E Dbe the minimal Galois extension field of K which

contains all the_coefficients of hl and z + Let o DbDe an
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arbitrary  K-automorphism in the Galois group of EIK, and denote
by & +the automorphism determined by "lifting" o to the polynomial

ring E[X, Y]. As g(X, ¥) € K[X, ¥], G(g) = g. Since h, and

Z are irreducible, by unique factorization we have

,." A
oeglX, Y) = o(hl°z) = h, *z.

Hence, because the total degree hl =1 and the total degree z = 3,

) =h and Q(Z) =z,

As O was chosen arbitrarily and since &(z) = z, the coefficients
of z must belong to the fixed field of the Galois group, which is

K . Hence, =z € K[X, Y]. Since gq > C and, by supposition, =z

5
is irreducible in Q[X;VY], z must have a rational zero not on the
line X = Y. Since’this zero would also be a zero of g(X, Y), we
have a contradiction because f(X) 1is a permutation polynomial of
K . Hence, Z must"be reducible,

Since the totalwdegree z=3 and 2z 1is reducible, it must

have a linear factor Jh2 e 2[X, Y]. Hence

g(X, Y) = h)*hyew

where w € Q[X, Y] “and the total degree w = 2. Suppose w 1is
irreducible in Qfx, Y].
Let E¥ be the minimal Galols extension field of K which

h and w. Let o be an

contains all the coefficients of hl’ 53
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arbitrary K-automorphism in the Galois group of E¥|K , and define

A A
0 as before. As g €K[X, Y], O(g) = g. Since h and w

1 h2’

are irreducible, by unique factorization,

A
g(X, Y) = o(hl h, w) = h) *h, w.

Hence, as the total degree h, = total degree h, = 1 and total degree w =2,

1 2

8(w) = w. As before, since o was chosen arbitrarily, o(w) =w
implies that w e K[X, Y].

Since q >Cg and W is irreducible in @[X, Y], w has
a rational zero not on the line X = Y. But this is impossible since
f(X) is a permutation polynomial of K . Hence, as the total
degree w = 2, w must factor linearly in @[X, Y]. This completes
the proof.

Suppose that g(X, Y) Thas a linear factor X+ YY¥ + y. 1In

order for this to happen, X + YY must divide the homogeneous part of

> 5
highest degree of g(X, Y). As z?ff_%_' is the homogeneous part of

highest degree of g(X, ¥), Y = - , where [ 1is one of the S5-th

roots of unity in & which are zeros of

(6.4) AX) =1+ X+ X+ % + Xh .

One can verify directly that

5 >
%§:§7%§; cY) X+ (14 0)XY + (142 + LO)XY° +

(1 + z+ c2 + c3)Y3
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Thus, the factorization of g(X, Y) takes the form

(6.5) (X, ¥) = (X-ct+ WX + (1+ )XY+ (L+¢
FXT (L4 0+ B+ DY) 4 ( BOX2 +

2
BlXY + B2Y )+ ( on + AlY) + 8]

where B ,B.,B.,A ,A

LT TR sAy s and 6 are to be determined.

As g(X, Y) was defined in (6.2), the homogeneous part of

degree 3 of g(X, Y) is

(6.6) CaXS + aXoY + aXy® + aYo .

From (6.5), it follows that the homogeneous part of degree 3 of g(X, Y)
must also equal

2 ' 2 2
(6.7) x( Box + ley + 62Y ) - cY(Box +

ley + 82Y2) + u(x3 + (1 + c)x2Y +

(1+z+ ce)xx2 R e el

By equating coefficients of (6.6) and (6.7), we determine the following

system of equations

B°,+ H o= a
=B+ B+ (1+)u = a

6.8 | 2

( ) = CBl + 82 + (l + 0+ C )11 = a
- LB, + (1+zC+ §2'+ C3)u = a



The augmented matrix of this system is

1 0 0 1 2]
- 1 0 1+ a
(6.9) 5
0 -z 1 1+z+g a
0 0 - l+;+;2 +§3 a

Starting with the first row and working downward in (6.9), successively
add € times each row to the row immediately below. By doing so,

one produces the following row reduced form of (6.9).

R 1 a 7

0 1 0 142¢ a(l + T)

(6.10) 5 5
0 0 0 1427+3Z all + 2+ 7) .
0 0 0 1+2;+3;2+hc3 a(l + ¢ + c2 + §3)

. . _ 2 3 L
_Since ¢ is a zeroof A(X)=1+X+X +X +X ,
(6.11) a(l + ¢ + c2 + r,3) = -ar,h .
Also,
, 2 3

(6.12) 1+ 2+ 327 + 4g° = A'(1).

As

(6.13) (X - 1A(X) = X° = 1,

we can obtain that

(6.1k) (X = 1)A'"(X) - A(X) = 5X .



By substituting ¢ , it follows from (6.1k4) that

(6.15) (¢ -1)A'(z) =50 ,

Suppose now that the characteristic of K is not 5 .

£ # 1, since ¢ is a zero of A(X) and A(l) =5 # 0.

from (6.15) we get

i

"(g) = 25
(6.16) A'(g) = 23 40,

since r -1 4# 0.

Hence,

Consider the matrix (6.10). Since the fourth element in the

last row is non-zero by well-known theorems from linear algebra the

Then

system of equations (6.8) is uniquely solvable. Utilizing (6.11) and

(6.12), we see from the last row of (6.10) that

L
5L _
E—l H - -ac ’

(6.17) uo= '55‘- (1-1).

Theorem 6.1. Suppose K is a finite field and

Further, suppose f(X) is a permutation polynomial of

Then, if g(X, Y) has a linear factor,

L
(6.18) gx, ¥) = TT [x -z + %(1 -1,
n=1 :



where ¢ 1is a primitive 5-th root of unity in g .

Proof. By Lemma 6.1, since g(X, Y) Thas a linear factor and
f(X) is a permutation polynomial, g(X, Y) decomposes linearly in

alX, Y]. So

N
(6.19) g(X, Y) = T (X + oY + ),
i=1

1,2,3, and L. From (6.18) it follows that

with o,, W, € & , 1
i? i

X - Y =
(6.20) =5 = T (x+oay).
- . 1
i=1
As noted earlier, a, = -t , vhere ¢ is some zero of A(X).

Since 5 is prime, £ is a primitive 5~th root of unity in § . Hence,

5 4
L= T (x -1,

n=1

=
I

It follows from this that

L
T (x - g™).

n=

(6.21) X -Y

Using (6.20) and (6.21), we get

b N
(X -2™) = TT (X + a,¥) .
n=1 i=1 1

Thus, by renaming the ai's if necessary,

i=1,2,3, and L.



It follows from (6.17), since 5 | q, that

_a _ i
ui—5(l z7)

i =1,2,3,; and 4. This completes the proof.
Hence, if f(X) is a permutation polynomial of K , where

q>C, and 5 | q, and g(X, Y) has a linear factor in Q[X, Y],

from Theorem 6.1 we can conclude that

(6.22) £(x) - £(Y) = (X - Y)g(X, Y)
L
= T [x-cy+21-Y)]
n=0

L
T [x+2) - (x+ 3,
n=0

39

where ¢ is some primitive 5-th root of unity in £ . By substituting

Y =0 in (6.22), we have

(6.23) f(X) - e z

1]
e §
>
+
vije
[}
i

1}

a5 ayo
(X+§) -(5) .

Theorem 6.2, Suppose K is a finite field, q > C

and

5’
5t aq If £ is such that g has a linear factor in Q[X, YI,

then f is a permutation polynomial of K if and only iz

(6.24) rx) = (x+ 27+ a,
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for some a, d € K, and 5 X q - 1.
Proof. Suppose f is a permutation polynomial of K . It

follows from (6.23) that f has the form

(6.25) £ = (x+2°+a,

for some a, d € K. It remains to show that 5 | q - 1.

Suppose 5|q - 1. It sufficies to show that 5|q - 1 implies
that x5 is not a permutation polynomial of K .

It is well-known that the multiplicative group of a finite field
is cyclic. Hence, the multiplicative group of K , K¥ | is cyclic.
As 5|qg =1 and K¥ is cyclic, it follows that there is a cyclic
subgroup G of K¥ such that order of G is 5 + As order qﬁ.
G is 5 is prime, the order of each element of G\{1} is 5. 'iﬁ

>

follows that X is not a one-to-one map from K to K.

Suppose  £(X) = (X + %)5 +d and 5/ q-1. It follows that

£(X) - £(Y) = (X +

a5 a\5
5% (x4

.
T x+d - @+,
n=0

where [ 1s a primitive 5-th root of unity in @ . Hence,

L

g, 1) = TT [(x+2) - (x+2"].
=1

As 5 ) q, ¢#1l. Also, as 5 | a -1, ¢ ¢ K; otherwise K*
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would contain a subgroup of order 5. Let K be an arbitrary integer

such that 1 <KX <k, Hence, as ¢ £K,

(X+3) - (v + Bt

has a rational zero (x, y) if and only if

o
+==0
*Ts
and
a
+ == 0.
v TS
Clearly, fhis can only happen if x=y = - %-.

Therefore, since K was chosen arbitrarily, the only rational

zero of g(X, Y) is (‘% s -

o

), which is on the line X = Y. Hence,

£(X) is a permutation polynomial of K . This completes the proof.

Suppose now that the characteristic of K is 5 . 1In this
case,
X -1=(x-1).
S
R X -1
Hence, since A(X) ’= <-T
N
(6.26) A(X) = (X -1)" .

As ¢ is a zero of A(X) , we have by (6.26) that ¢ = 1. Since

£ =1 and characteristic of = K is 5, the matrix (6.10) becomes
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1 0 0 1 a
0 1 0 3 2a
(6.27) 0O 0 1 1 3a ‘
_.0 0O 0 0 had

It follows from the fourth row of this matrix, by well-known theorems
from linear algebra, that in order for the original system (6.8) to

be solvable, we must have -
(6.28) e 7 a=0.

Setting a =0 in (6.27), we obtain the following equalities.

| B, = -H
(6.29) L R
By = 2u
82 =~y .

The homogeneous part of degree 2 of g(X, ¥Y) is

(6.30) : bX2_+ bXY + bY> .

From the factorization of - g(X, Y) (6.5), we get that the homogeneous
part of degree 2 of g(X, Y) must also equal
X(2 X +”A1Y) - TY(A X + A Y) +

(6.31)
u(B X + B.XY + B Y2)
. o S 2 *

As ¢ =1, by equating coefficients of (6.30) and (6.31) and utilizing

(6.29), we get the following system of equations.



= +
Ao b u
(6.32) A 4N =b - 21
* o) 1
2
-Al =D+ 1
The augmented matrix of this system is
1 0 b+
2
(6.33) -1 1 b - 2u .
2

1 0 b+l
(6.3%) 0 1 2b -2
0 0 3b

It follows from (6.34) that the system (6.32) is solvable if
and only if

(6.35) b = 0.

Setting b =0 in (6.32) and (6.34), we see that

(6.36) ° ’

is a solution to the system (6.32).

The homogeneous part of degree 1 of g(X, ¥) is

(6.37) cX + cY .



From (6.5) it follows that the homogeneous part of degree 1 of g(X, Y)

must also equal

(6.38) X8 - 7Y§ + u(AOX + xly) .

As r =1, by equating coefficients of (6.37) and (6.38) and utilizing

(6.36), we get the following system:
§ = -
(6.39) ¢c-w
-6 =c+y
Clearly, the equations in (6.39) are compatible if and only if

(6.40) c = 0.

Theorem 6.3. Suppose K is a finite field, q > C5 , and the

characteristic of K is 5 . Then, if f(X) is a permutation .

polynomial of K and g(X, Y) has a linear factor in Q , £(X)

has the form

£(X) = G

+ dX + e ¢ K[X] .
Proof. This follows from the combined results of (6.28), (6.35),
and (6.40). This completes the proof.

Theorem 6.4, Suppose K is a finite field such that gq > C

>

and the characteristic of K is 5. Then

(6.141) £(X) = X° + dX + e € K[X]

is a permutation polynomial of K if and only if either 4 =0 or

there does not exist ke K such that . kh = -d.




Proof. As the characteristic of K 1is 5,

£(X) - £(¥) = (X2 - ¥°) + a(X - Y)
= (X-Y)° +alXx-1) .

Hence,
(6.42) gx, 1) = (x-1"+a.

If d=0, it follows from (6.42) that all the zeros of
g(X, Y), including the rational ones, are on the line X =Y. Hence,
in this case, f(X) 1is a permutation polynomial of K .

Suppose there does not exist k € K such that Kh = -d.
Let us suppose there exists (x, y) ¢ K x X such that g(x, y) = 0,

also. As g(x, y) =0,
(X'Y)h"'d-_‘os
or
L
(6.43) (x -y) =-4.

Since (x,y) eKx XK, x -y € K. Thus, (6.43) contradicts our
hypothesis that there does not exist k e K such that K =-4d.
It follows, as g(X, ¥) has no rational zeros, that f(X) is a
permutation polynomial of K .

Suppose now that (6.41) is a permutation polynomial of K .
Let 1 e Dbe such that uh = - d. Hence, g(X, ¥Y) has the

following factorization in olx, vl.
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(6.41) gX, ¥) = (x - - &

[(x - 1)2 - 121-[(x - )2 + 4]

I}

(X -Y) = w]e[(X=-Y)+ ]

[((X =Y) + 3u ] [(X=-7Y)+2u] .

It follows from this factorization of g(X, ¥) that if u # 0 and
u €K, then g(X, ¥) has a rational zero off the line X =Y, For
example, g(u,0) = 0. But this contradicts f(X) Tbeing a permutation
polynomial of K . Hence, if UW# 0, then d#0 and ¢ K.‘

If W =0, then it follows from (6.44) that all the rational
zeros of g(X, Y) are on the line X =Y , which is compatible with
the fact that f(X) is a permutation polynomial of K . As u=0
and d=-u , 4= 0. This completes the pr;oof.

Theorem 6.5. Suppose K 1is a finite field, q > Cs , and

the characteristic of K is 5 . If f(X) is such that g(X, Y)

has a linear factor in  92[X, Y], then f(X) 1is a permutation
polynomial of K if and only if

>

£f(X) = X* + dX + e € K[X],

L

where d =0 or there does not exist k € K such that K = - d.

Proof. This follows immediately from Theorems 6.3 and 6.k.
This completes the proof.

Suppose now that the irreducible factor of least total degree of
g in  Q[X, Y] is quadratic. It follows; as the total degree g = L,

that g Tfactors into irreducible quadratic factors in (X, Y]. Let
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(6.45) g =00, ,

where Q, , Q, are the irreducible factors of g in [x, YJ.

As q > C5 and Ql ) Q2 are irreducible, neither Ql or Q2

can belong to K[X, Y] if f£(X) is a permutation polynomial of
K.

First assume that p , the characteristic of X , is not 5.
This assumption will be in force until otherwise stated. Consider the
following well-known theorem.

Theorem 6.6. Let K bea finite field.gi order g, and suppose

@d is the cyclotomic polynomial in K[x]. If p X d and e ig

the minimal exponent such that

q© 21 ( mod a),

$(d)

then Qd factors into = irreducible factors of degree e in

K{x]. (Note: Hence ¢(d) denotes the Euler totient function. This

function gives the degree of Qd , as is well-known.)

For our purposes, let d = 5. Then, as a result of this theorem,
since $(5) =4, e can only be 1, 2, or 4, by elementary number

theory.

X5 -

_ _ - 1
Suppose e =1, As e =1, ¢5(X) = -

factors linearly

in K[X]. It follows from this that the homogeneous part of degree k4

X5 - Y5

of g(X, Y), =< -T

, factors linearly in K[X, Y]. Hence, the
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homogeneous parts of degree 2 of Ql and Q2 belong to K[X, Y].

Let E be the minimal Galois extension field of K that

contains all the coefficients of Ql and Q2 + Let o be an

arbitrary K-automorphism of E|K and define ¢ as earlier. Hence,

by unique factorization, as g e K[X, Y] and Q» Q, are irreducible
in x, Yl.

g = 0(Q;Q,) =Q°Q, -
As the homogeneous parts of degree 2 of Ql énd Q2 belong to

K[x, Y] and are not identical, as p#5, it follows that

Q(Ql) =Q and ' Q(Qg) = Q, . Hence, as o was chosen arbitrarily,

Q, and Q, belong to K[X, Y]. But this is impossible, as f(X)

is a permutation polynomial of K and gq > C Therefore, when

5 L]
e = 1, there are no permutation polynomials of degree 5 such that g(X,Y)
factors into irreducible quadratic factors in e[x, Y].

Suppose again that f(X) is a 5-th degree, primary pefmutation

polynomial of K@ such that
g = Ql.Qz 9
where Q, and Q, are irreducible in (X, Y]. We wish to

determine what the homogeneous parts of degree 2 of Ql and Q2

must look like when e =2 and e = U4,

X5 -1

Suppose e = 2. By Theorem 6.6, factors quadraticly
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>

in K[X]. It follows that zé—f—% factors like
(6.46) (X - 0)(X = )][(x - 2)x - )],

where ¢ is a primitive 5-th root of unity in @ , in K[X].

. . 2 3 3 L .
Otherwise, since L*g =10 and L+ =%, K would contain a
primitive 5-th root of unity, which is impossible as e = 2.

Let E  Dbe the minimal Galois extension of K which contains

all the 5-th roots of unity. It follows from (6.46) that the K-auto-

morphisms of E|K , ol and 02, are determined by

o,(2) = ¢
and
o,(¢) = .
Suppose the quadratic parts of Ql and Q2 are
L
[(x - zY)(X - £7Y)]
(6.47) .

[(x - CQY)(X - c3Y)]

As the polynomials (6.47) belong to K[X, Y], which follows from (6.46),

and are not identical, we have by unique factorization that Gi(Ql) =
N . . . . .
Q, and Gi(Q2) =Q, , 1=1,2. But this is impossible as q > C5'

The remaining possibilities for the homogeneous parts of degree

2 of Ql and Q2 are



) (X - 1)1

>
1

(6.148)

[(x - 22Y)(X - 2')]
and

[(X - 2Y)(X =~ 2°Y)]
(6.49) .

[(X - 23Y)(X - £*%)]

Both (6.48) and (6.49) are invariant under o, » i=12and2. A&s

(6.49) may be obtained from (6.48) by substituting C2 , which is

also a primitive 5-th root of unity, for ¢ , we may assume that (6.h
holds.
X5 - 1
Now suppose e = 4, By Theorem 6.6, < -7 is irreducible

in K[X]. Let E be the minimal Galois extension of K which
5 ,

contains all the 5-th roots of unity. As KE—E~% is irreducible

over K , it follows that [E : K] = 4 and the K-automorphisms of

E, 0,,i=1,2,3, and 4, are determined by

ol(c) =z
ce(c) = c2 R
03(;) = c3 s
and
L
Gh(C) = C .

where ¢ 1is a primitive 5-th root of unity in Q .

The possibilities for the homogeneous parts of degree 2 of Ql

50
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and Q2 are

2Y) (X = 2°7)]
(6.50) 3 " )
(X - 27X - 2'Y)]

>
!

oY) (X - 23Y)]

b
1

(6.51) )
[(x - CQY)(X - chY)]
and
[(x - TY)(x - chY)]
(6.52)

[(x - ¢2Y)(x - 2©51)]

Applying 32 to (6.50), we get

hY)]

(X - cY)(X - C3Y)]

[(x - CQY)(X -z

By unique factorization, as Ql and Q2 are irreducible in 9[X,Y],
it follows that GQ(QI-Qz) = Q,*Q, . Hence, the sbove implies that

we can eliminate (6.50). Applying 93 to (6.51), we get

h

[(x - C3Y)(X -zY)]

[(X - 2Y)(X - £2Y)]

Hence, we can eliminate (6.51) as before.

The remaining possibility is (6.52), which is invariant under
Gi , 1i=1, 2, 3, and 4. Hence, the homogeneous parts of degree 2
of Q and Q, mustbe given by (6.52),

4

For convenience, define 0 == -2 and o= -2 -1,



", (6.52) becomes

2
[X° + oXY + Y°]

2 _
(X + QXY + Y2]

1X° + X + 1] =

It
=

ad + 2

=



CHAPTER VII
QUADRATIC FACTORIZATION OF g(X, Y) WHEN e = 2,

Suppose f(X) is a primary, 5-th degree permutation polynomial
of K . In this chapter we wish to show that the cése where e =2
and g(X, Y) has irreducible quadratic factors in  Q[X, Y]
cannot occur. We will do this by demonstrating the quadratic
factorization of g(X, ¥) in Q[X, Y] and showing that at least

one of the factors is reducible.

>
As zi—ff% factors quadraticly in  K[X] when e =2,
let
X5 -1 2 2 . .

(7.1) B = (X" +oX +1)(XT+3X+1) R

where a, o € K . Using (7.1), one can show that o and & are

zeros of the polynomial

(7.2) X - X - 1.
Cs - 1

If ¢ 1is a primitive 5-th root of unity in  , then, as e o,

it follows that ¢ 1is a zero of one of the quadratic factors of

>

XX = i in  K[X]. Without loss of generality, suppose
2

(7.3) toraec+1=0.

As e = 2, it follows from (6.48) that the factorization of

53



g(X, ¥Y) in Q[X, Y] must take the form

(T.4) [X2 + (-z- C3)XY + ahYE + B X + BY + Ax

2 L

X2+ (- 2 - ghHXy + 0% + WX+ Y + 8] ,

1
where Bl s 82, A, His By s and 6 are to be determined.

The homogeneous part of degree 3 of g is
(7.5) aX3 + anY + aXY2 + aY3 .
By the factorization of g(X, Y) (T7.4), the homogeneous part of
degree 3 of g must also equal

3 2 2 4, 2
(7.6) BIX + BXY + Bl(— zt - )XY +

2 by, 2 2
82(- [ 4 )XY + B TXY" +

3 3 3,.,2

82CY + X+ ul(- - 2)X°Y +
42 3yl

W XY + u2X2Y + u2(- - C7)XY” +
4 3

U2C Y

By comparing coefficients of (7.5) and (7.6) and utilizing (7.3), w

obtain the following‘system}of equations.

Bl + ul = a
' 2
GC3Bl + 82 +. 0% ¥y + My = a
2
CBl + uc362 + My + ozg M, = &

; L
C32,+ z Wy = a
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The determinant of the coefficients of this system is

1 0 1 0 1 0 0 0
ac3 1 ol 1 ac3 1 acz(l-a) 1
C GC3 Cu GC2 4 aC3 L -z or
0 4 0 Ch 0 L 0 Ch
2
1 a2(l -z) 1 - c3 az (1 -z) 1- C3
g ah - az(z - 1) =g
z 0 0 —C(l—C3) -az(l ~z)
5 5 a;2 1+ ¢+ ;2
= -z (1-1¢) =
1+ ¢+ C2 o

21 - 02 [(e0)® - (1 + g+ D)) =

2 2 2 2
~tt(1-)" ez + 1+ +g ) ag-1-z-27)].
As C2 + af + 1 = 0, the determinant (7.8) becomes

(7.9) - 231 - ©)%(2az- ¢) =

~ Ch(l - c)2(2a -1).

Hence, as 5 / q and, by (7.2), 20 -1 # 0, it follows that the
determinant of the coefficients of the system (7.7) is non-zero. Hence,
by well-known theorems from linear algebra, there exists a unigue

solution to the system.



The calculations which are necessary to obtain this solution
are quite laborious; thus, we shall only give the results and leave

it to the reader to check their validity.

Bl = (é T 2?(1 ; 2&) [(u - 2) + (a + l)C]

82 = z + 2?(1 ~ 5a) [3a -+ (a + 3)z]

(7.10)

= Tz +;??1 —2ay [(3+a)+ (1+a)t]

b= T +'2?(1 —5y [(@+ 1)+ (a+3)c].

(Note again that by (7.2) 2 + a # 0.)

We note that

Buy = (D767 (T+a)
BoM, = (%4232 (T + a)

(7.11) BiMp = (%'2 82 [5(1 + a) + 4(2 + a)z]
Boly = - (%92 a° [(Ta - 1) + 2(2 + a)2]
By + By = 2 ()% (3 - a)

The homogeneous part of degree 2 of g is

(7.12) bx2 + bXY + sz .



It follows from (7.4) that the homogeneous part of degree 2 of g

must also equal

(7.13) 6X2 + &8( -~ - c3)XY + achYE + Blulx2 +
B.u XY + B.u XY.+ B, u Y2 + AX2 +
1¥2 oF1 2F2
A= c2 - ch)xy + A;Yz .

By comparing coefficients of (7.12) and (7.13), we get the following

system of equations.

A+ ulBl+6 = b

H
o'

(7.14) (= - ch)x +ouB, + U8y ¥ (- ¢ - c3)6

L
LA+ u282+ z § = b

Utilizing (7.11) and (7.3), we see that the augmented matrix of this

system is
B 1 b - (%02 (T +a) |
(7.15) : o b= (B2 (740 :
£c3 ag® b - 2(%)2 (3 - o)

A triangular form of this matrix is



11 v - @2 (1o ]
(7.16) o w1 -G aeala-al o,
—9 0 b - %-ae _

as can be seen by a straightforward though laborious calculation.
Hence, it follows, by well-known theorems from linear algebra, that we
must have ‘

b = %-ag

in order for the system (7.14) to be solvable. Setting b = %-aa

in (7.14) and (7.16), one derives the following solution to (T7.1h)

from the matrix (7.16).

A = - (%)2 (2a - 1)a(1 + ch)
(7.17)
§ = (%02 (20 - 1)a(l + T)

We now note that

[X2 + (-¢ - c3)XY + ChY +BK+ BY ¥ Al =

3

X- cr+2Q-0lxx-dr+Hi-)].

Hence, if f(X) 1is a permutation polynomial of K , g(X, Y)

cannot have irreducible quadratic factors in Q[X, Y] if e = 2.



CHAPTER VIII
QUADRATIC FACTORIZATION OF g(X, Y) WHEN e = L,

In this chapter we wish to obtain results which will enable us
to determine the primary, 5-th degree permutation polynomials of K
when e =4 and g(X, Y) has irreducible quadratic factors in
olx, Yl.

It follows from (6.53) that g(X, ¥Y) must have a quadratic

factorization in Q[X, Y] of the form

2

(8.1) [X2 + aXy + Y + BlX + B2Y + Ax

[X2 +OBXY + YO+ WX+ ouY + 5],

where Bl’ 82, A, HisHs, and 6 are to be determined.

The homogeneous part of degree 3 of g(X, ¥) is

(8.2) aX3 + aX2Y + aXY2 + aY3 ‘

It follows from (8.1) that the homogeneous part of degree 3 of g(X,Y)

must also equal

3 2 ) 2
(8.3) ulx + u XY + aulX Y+ au XY +

2 3 3 - 2
ulXY + u2¥ + BlX + aBlX Y +

2 2 - 2 3
BlXY + 82X Y + aB2XY + 82Y .

59



By equating coefficients of (8.2) and (8.3), we get the following

system of equations

Bl + o= a

0LBl+_B2 +°‘“1_+ By, = a
(8.4) i}

Bl+ a82+ W+t oo, = a

<]
—
j*3
=

1 0 0 0
z 1 a-G 1 1 a-o 1
1 a 0 o = @ 0 o
0 1 0 1 1 0 1
o a
-(a - @) = «(o = 3@)(ax - a) =
11
(@ - a)? .

Utliizing (6.54), we see that



61

(8.6) (3-0)° = (a+ )2~ ho¥
= 12 +
= 5 .

Hence, as 5 1 q, the determinant of the coefficients of the system
(8.4) is non-zero. It follows that the system is uniquely solvable.
As the calculations necessary to obtain the solution to the system (8.4)

are laborious, we shall simply state the solution.

_ ao
Bl T o=@
_ ac
B2 T a-d
(8.7) e
|
_ -ad
B 7 %5 -
Because o0 = -1 and (a - a)2 =5 B. = B and up, = p
* 1 2 1 2°?
it follows that
32
(8.8) MB = w8, =
and
2a2
(8.9) WiBy + ugB = = .
The homogeneous part of degree 2 of g is
(8.10) bX° + BXY + bYS ..

It follows from the factorization of g(X, ¥Y) (8.1) that the
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homogeneous part of degree 2 of g must also equal

2 2 2
(8.10) §XT + adXY + 8 YT + B wX 4+ B WXV +
. 2 2 - 2
BgulXY + 62u2¥ + AX + aAXXY + 2Y .
By equating coefficients of (8.10) and (8.11), we determine the following

system of equations.

A+ Blul + § = b
(8.12) @A+ By, + By +ad=D
A+ 82u2 + &§ = Db .

Utilizing (9.8), we see that the first and last of these equations are
the same. Thus, using (9.8) and (9.9), we can reduce this system to

the following one.

a2

( | A+ § = b - =

8.13 : 2
a A + a 6 = b — 2—;— .

The determinant of the coefficients of the system (8.13) is

, 1 1
(8.14) = q -

) a

L1

It follows from (8.6) that, as 5 ) q, a« ~ a # 0. Hence, the system
(8.13) is uniquely solvable. Using determinants, we get that

a(5b - a2) - (5b = 2a2

5(a - @)

(8.15) A= )




Consider the following irreducible factor of g(X, Y).

(8.16) [X2 + oXY + Y2 + slx + 82Y + ) .

Assume (x , y) is a rational zero of (8.16). Utilizing (8.7) and

(8.15), we have

: 2
2 2 an aa a(5b - a%)
(8.17) x t ey ty +95 ¥ty ot ~ 5(a - 8)
(5b - 2a°) - 0
5(a = @ '

Multiplying both sides of the equation (8.17) by 5(a - &) and
2

substituting a= 1-a and - =1+ a, we get the following
equation.

2 2 .
(8.18) (10 = 5)x  + (5a + 10)xy + (10a ~ 5)y~ +

5 a x + 53 oy + 5bo - a2a - 5b + 2a2

=0

As e =Lk , it follows that o ¢ K. Hence, as by assumption (x,y)

is a rational zero of (8.16), we get from (8.18) that

2 2 2
(8.19) 2x +xy + 2y +ax+ay+b - 53. =0
and
(8.20) x2 - 2xy + y2 +b _.% a2 = 0.

From (8.20), we have

(8.21) (x - y)2 + b ——g-a = 0.
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As (x ,y) eKxK, x-y=1rc¢eK. So,

(8.22) r" = -Db + %—a

By substituting x=y+r in (8.19) and collecting terms, we

obtain
2 2 a°
(8.23) 5y~ + (2a + 5r)y + 2r° + ar + b -5 = 0.

Supﬁose now that the characteristic of K 1is not 2 .
Utilizing (8.22), we find that the discriminant of (8.23) is 5r2 .

If r =0, it follows from (8.21) that all the rational zeros
of (8.16) are on the line X =Y.

Suppose r ¥ 0. As y 1is rational, the discriminant 5r2
must be & square in K by the quadratic formula, which is valid in
any field of characteristic # 2. Thus, as r # 0, 5 must be a
square in K . As the discriminant of X2 -X -1 is 5 , it :
follows that o € K , which is a contradiction. Thus we cdn conclude
that (8.16) has no rational zeros (x, y) with x#y .

Suppose now that the characteristic of K is 2. Then r2 = b,

2

and (8.23) becomes y2 +ry+ar+b+a =0, or

(8.24) (y + a)2 + r(y +a) + r2 = 0,

Clearly, the equation (8.2L4) holds, as y € K , if and only if there

exists z £ K such that

(8.25) z2 + rz + r2 =0 .
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We can assume 1r # 0, since r =0 implies by (8.21) that all the
rational zeros of (8.16) are on the line X =Y.

The polynomial 72° 4 17 + o factors in Q[X] as follows.

(8.26) Z2 + rZ + r2 = (2 - wr)(Z - wer) ,

where w 18 a primitive 3-rd root of unity in @ . Hence,
Z2 + r7 + r2 has a-zero in K if and only if w € K.

The order of the multiplicative cyclic group of the field K
is q - 1. Since the characteristic of K is 2, q-1-= 2" 1
for some n . As the cube roots of unity form a subgroup of the
multiplicative group and since w ek \{1}, 3|2" - 1. So, because
2" =1 (mod 3) and 2 = -1 (mod 3), (-1)" -1 =0 (mod 3). Hence,
n must be even.

1
It follows, as n 1is even, that q-= 0 » for some n' .

But
™2 2 (c1)® 21 (mod 5).

As e = L4, by assumption, this is impossible. Thus (8.16) has no
rational zeros.

Therefore, we have demonstrated for all possible cases that
(8.16) has no rational zeros which are not on the liné X=Y. It
follows as [X2 + QXY + Y2 + X+ Y + 8] is the image of the
factor (8.16) under the K-automorphism which carries o into & ,this

factor has no rational zeros off the line X = Y, either.



CHAPTER IX

QUADRATIC FACTORIZATION OF g(X, Y) WHEN THE

CHARACTERISTIC OF K IS 5

The purpose of this chapter is to determine the primary, 5-th
degree permutation polynomials of the finite field K , where the
characteristic of X , p ,is 5 and g(X, ¥Y) Thas irreducible
quadratic factors in Q[X, Y]. Throughout this section, we shall
suppose that g Thas irreducible quadratic factors in olx, vl

The homogeneous part of degree 3 of g(X, Y) is

(9.1) : aX3 + aX2Y + aXY2 + aY3 .

As p = 5, the factorization of g in Q[X, Y] must have the form

(9.2) [(x -7+ BX+ 87+l

[(x - 1)% + uli’(+ Y + 8],

My

where B, B, 4 A, 1

1 5 s ¥, , and § are to be determined. It

1
follows from this factorization that the homogeneous part of degree 3
of g must also equal

: 2 2
(9.3) : ulX3 + XY - 2w XY - 2u2XY2 +

2 3 3 2
ulXY + “2Y + BlX -2BlXY+

2 2 2 3
BlXY + BQXY-282XY + 82Y .

66
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By comparing the coefficients of (9.1) and (9.3), we get the following

system of equations.

Bl t W = e
—281 + 62 - 2ul + U, = a
(9.4)
Bl - 282 +ou - 2u2 = a
62 + u2 =. a .
The augmented matrix of this system is
1 0 1 0 a
: =2 1 -2 Sl a
(9.5) : .
1 -2 1 -2 a
L__0 1 0 1 a |
The row-reduced matrix of (9.5) is
1 0 1 0 -
0 1 0 1l 3a
(9.6) 0 0 0 0 6a J
0 0 0 0 =28,
b ——

as one can easily verify. It follows from (9.6) that in order for the

system (9.4) to be solvable, we must have
(9‘7) a8 = 00

Setting a =0 in the system (9.4) and the matrix (9.6), we see from

(9.6) that the following are solutions to (9.L4).



W= - B
(9.8)
My = - B
The homogeneous part of degree 2 of g is
(9.9) bX> + XY + bY> .

From the factorization of g(X, Y) (9.2) we get that this part must
also equal
(9.10) 6X2 - 28XY + 6Y2 + BlulX2 +

2
Blu2XY + BzulXY + 62u2Y +

AX2 - 2XXY + AY2 .

' By comparing the coefficients of (9.9) and (9.10) and utilizing (9.8),

we derive the following system of equations,

8 + A= b + Bi
(9.11) 28 4+ 2X= b -288,
() + A = b + Bz .
The augmented matrix of the above system is
—i 1 b+ Bi ]
(9.12) 2 2 ~b - 28,8, R
_} 1 b+ 82 R




and the row-reduced form of (9.12) is

2 onuy
E 1 b + Bl
2
(9.13) 0 0 -3b - 28182 - 281
2 2
_9 0 82 - Bl _

From (9.13), it follows that we must have

2

(9.1k) -3b - 28,8, - 28] = 0
and

2 2
(9.15) 82 - Bl = 0

in order for there to exist a solution to the system (9.11). As a
result of (9.15), B, and B, must be related by

(9.16) B, = B

or

(9.17) _ B, = =B, .

In either case, it follows from (9.13) that

(9.17.5) § + A = Db+ Bi .

First, suppose B B, . Thus, by (9.14), -3b - 2B§ -23i =

2 1

As p =5, it follows from this equation that

- b
(9.18) B2 = 2



or

= b
(9.19) B, = 5 R

where /-% is a square-root of g- in €.

By comparing the linear part of g(X, ¥Y) with that which

we derive from (9.2), we find that

1 1
and
626 + u2A = ¢,
As B, = B by recalling (9.8), we get that these equations are

1 2°?

identical and are equal to the equation

(9.20) BS - B = o
2 _ b
As Bl =2 » by (9.18), from (9.17.5) we get that
(9021) (S = - b - )‘ .
Setting 6= -b-A and B = /% in (9.20) and solving
for A, we get
2 b
R
(9.22) A= — S

which only makes sense if Db # 0. For the time being, suppose b # O.
As the constant term in  g(X, Y) is d , it follows from
the factorization of g(X, Y} (9.2) that

(9.23) AS = 4.



Substituting (9.21) in this, we get

(9.24) A(-b -2 = 4.

Utilizing (9.22), it follows from (9.24) that

. - 3.2 c
(9.25) g - d= b - = .

Suppose now that b =0 . It immediately follows from (9.19)

that Bl = 0. Hence, by (9.20), ¢ = 0.

As a=b=c=0, g(X,Y) looks like
(x - Y)h + 4 .

Clearly, in this case, g(X, Y) factors linearly in Q[X, Y].
But this is a contradiction.

Hence, if g(X, Y) factors into irreducible quadratic factors

in (X, Y] and Bl = 62 , then we have
a=0
- 0w
(9.26) # 0 ) .
3.2 c
1=3% - 3%

Refurning to (9.15), suppose now that B, = ~B . Making this
substitution in (9.1k), we see that b = O.

Comparing the linear coefficients of g(X, Y) to those which
we get from the factorization (9.2) and utilizing (9.8), we get the

following equations.



T2

616 - Blk = ¢
(9.27)
826 - ng = ¢ .
Substituting 82 = -Bl in these equations, we get the system
§ - =
Bl BlA c
-BlG + Bl)\ = ¢

Clearly, these equations are compatible only if ¢ = 0. Hence,
a=b=c¢ =0, As noted earlier, this contradicts our assumption that

g(X, Y) has irreducible quadratic factors in Q[x, vl.

Theorem 9.1. Suppose K is a finite field of order q such

that the characteristic of K is 5 and gq > Cy . Then £(X)

is a primary permutation polynomial of degree 5 of K such that

g(X, Y) has irreducible guadratic factors in Q[X, Y] if and only

if
£(X) = X + bXo + cX° 4 dX + e R
b 3.2 c?
where 5 is not & squarein K and d=35b" - 5. (Note:

% not a square in K implies b # 0.)

Proof. Suppose f is a permutation polynomial of K such

that g(X, Y) has irreducible quadratic factors in 9[X, Y]. As

g has an irreducible quadratic factorization in Q(x, Y], we have
by (9.26) that a =0, b # 0, and d = %-bz - c2/2b . Suppose a

square root of

ojo

g- . » belongs to K . In this case, it



follows from (9.19), (9.8), (9.22), and (9.21), as Bl = B2 s

that
the irreducible quadratic factors of g(X, Y) (9.2) belong to

K[X, Y]. As g > 05 and f(X) is a permutation polynomial of K,

we have a contradiction, Hence, /% £ K.

Supppose now that

f(X)=x5+bX3+cx2+dx+e s
b B ' 3.2 ci2
where 5 is not a square in K and 4 = 5 b - 75 ° It follows

from earlier results in this chapter that any quadratic factor of

g(X, ¥) has the form

2 [o e, b c [B
(9.28) X -2XY + Y+ [5 X 4+ 'Q'Y"E‘E’E ,
b

where /% is some square root of = . Suppose (x ,y) is a

rational zero'of (9.28) which is not on the line X = Y. As ,/2— £ K,

this can happen onlyb if

(9.29) Py eyt

b _
3= 0
and
(9.30) R x+y-g=0,
From (9.30) we ha've‘ X = %- ¥. Substituting this in (9.29), we get
c 2 c 2 b
0= (g-y)"-20g-yly+y -3
= y2 - Sy + ( C2 - )
b 522 3



The discriminant of

(9.31)

is

Since /g- ¢ K and

(9.31) has no zeros in

Th

2 c c b
Y -=Y + - —
b 22b2 23
T [ b
b2 22b2 23 2

p # 2, by the quadratic formula, the polynomial

K . Hence, there does not exist a rational

zero of (9.28) which is not on the line X = Y. This completes the

proof.



CHAPTER X
PERMUTATION POLYNOMIALS OF DEGREE 5

The purpose of the following theorem is to organize and display
the primary results obtained in Chapters VI through IX.

Theorem 10.1 (Dickson). Suppose K is a finite field, and

let q ©be the order of K and p the characteristic of K.
If q > C. , then the primary, 5-th degree permutation polynomials of

i

K[X] are as follows:

(10.1) (X)) = (X + %- + 4 ,
where p#5 and 5/ q-1;
(10.2) (X)) =X +aX + e R

where p =5 and either d =0 or there does not exist k € K

such that ku = =4 ;

(10.3) £(X) = X+ axh + D + X+ aX + e .
- ' 2 2 a.2b
where qzié (mod 5), c=-,a—2 [15b = 4a"] , and d =D -5 -
4 | >
5 3
>
(10.4) B(X) =X + X+ X+ X + e

b : 3.2 c2
where ©p = 5, > ‘is not a square in K , and d=-2—b - 55 *

5



Further, any primary permutation polynomial of degree 5 over a finite

field of order q > C must fall into one of the above categories.

>
Proof. Partition the class of all primary 5-th degree
polynomials in  K[X] into the following three mutually exclusive

sets: first, the set 8, in which g(X, Y) 1is absolutely

irreducible; second, the set 82 in which g(X, ¥) has a linear

factor in  ©[X, Y]; and thirdly, the set 84 in which g(X, Y)

has a quadratic factor, but no linear one, in o[x, YJ.

As q > CS , there are no permutation polynomials of K for

which g(X, Y) 1is absolutely irreducible. Hence S, contains no

primary permutation polynomials.

Suppose g(X, Y) has a linear factor in Q[X, Y]. By
Theorems 6.2 and 6.4, it follows that the primar&.permutation
polynomials of K in S, are exactly those polynomials in (10.1)
and (10.2).

Suppose now that g(X, Y) has a quadratic factor in Q[X,Y],
but not a linear one. If the characteristic of K is 5 , it
follows from Theorem 9.1 that the primary permutation polynomials in
S3 are exactly the polynomials (10.4).

Suppose p # 5. It follows from the results of Chapters VI,
VII, and VIIT that the only fields for which there exist permutation

polynomials in S3 are those for which e = U, It follows, by

direct substitution, that e = L4 is equivalent to gq =2 (mod 5),



T
as q must be congruent to il or i2 modulo 5.
By the results of Chapter VIII, multiplying out the factorization

of g(X, Y) , we see that the polynomials in 83 must have the

form (10.3). Also, by definition, all g(X, ¥Y) determined by
polynomials of the form (10.3) factor quadraticly in the manner found
in Chapter VIII. Hence, all such polynomials are permutation poly-

nomials of K . This completes the proof.
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