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ABSTRACT 

A circuit model for an inductively coupled RF plasma generator was developed. 

This analysis is restncted to a cylindncal geometry with a solenoid dnvmg coil. The 

system modeled assumes a cylindncal chamberfilled with partially ionized argon gas. 

The circuit model was developed for temperaturesfrom 1000to 20000K and pressures 

from 1 to 760Torr. The plasma was modeled as an inductor ofcylindncal geometry 

magnetically coupled to the dnvmg solenoid coil with a load resistance. The circuit 

parameters modeled are the coil and plasma inductance,coil and plasma resistance,and 

coupling ofthe plasma to the coil. The inductance,resistance,and coupling are 

dependent on the conductivity ofthe plasma and the dimensions ofthe plasma generator. 

The coupling and inductance were calculated using standard formulas.The resistance, 

length,and the radius ofthe plasma were calculated using techniques developed in this 

thesis. Three example configurations were analyzed: an estimated model ofalow 

pressure plasma generator with along solenoid and loose coupling,a single short 

solenoid with stronger coupling,and two coaxial short solenoids separated by the length 

ofthe radius with its respective coupling coefficients. The results are plots ofeach circuit 

parameter as afunction oftemperature ofthe plasma. Wecan conclude that the results 

demonstrate the mechanics behind theEto H mode transition 

IV 



TABLEOFCONTENTS 

CHAPTER PAGE 

I. INTRODUCTION 1 

n. BACKGROUND 5 

Inductance,Coupling,and Resistance 5 

Conductivity 7 

Electnc Field 8 

Skin Depth 8 

E-H Mode Transition 9 

m. DEVELOPMENTOFTHECIRCUIT MODEL 11 

Inductance,Coupling,and Resistance 11 

Conductivity 12 

Current Distnbution 12 

Spatial Parameters for thePlasma 13 

Resistance ofthe Plasma 15 

IV. EXAMPLES 17 

Example drawnfrom Keefer 17 

One Coil Example drawnfrom Lowry 20 

Two Coil Example drawnfrom Lowry 22 

V. CONCLUSIONS 26 

BIBLIOGRAPHY 28 

APPENDIX A 32 

APPENDIXB 37 

VITA 39 



- 5 

LIST OFFIGURES _ . 
^ ^ 'r ' . 

FIGURE PAGE 

1. Physical configuration ofan inductive plasma generator 2 

2. Photograph ofan operating two-coil inductive plasma generator 2 

3. Circuit model developed,for the inductive plasma generator 2 

4. FactorFfor a single-layer solenoid 5 

5. Coaxial solenoids notconcentnc .6 

6. Coaxial concentnc solenoids outer coil shorter 6 

7. Physical diagram ofcase A 18 

8. The inductancefor case A 19 

9. The coupling coefficientfor case A 19 

10. The resistance for case A 19 

11. Physical diagram ofcaseB 20 

12. The inductancefor caseB , 21 
I 

13. The coupling coefficientfor caseB 21 

14. The resistance for case B 22 

15. Physical diagram for caseC 23 

16. Circuit model developed for the two-coil inductive plasma generator 24 

17. The inductancefor caseC ! 24 

18. The coupling from the coil to the adjacent plasmafor caseC 24 

19. The coupling coefficientfrom the coil to the opposite plasmafor caseC 25 

20. The coupling coefficientfrom one plasma to the other plasma 25 

21. The resistance for caseC 25 

22. Electncal conductivity ofequilibnum Argonfrom De Voto 38 

23. Companson ofDe Voto's conductivity and Spitzer's conductivity 38 

VI 



LISTOFTABLES 

TABLE ^ PAGE 

1. Dimensions ofthe plasma generator design A 17 

2. Results for case A 18 

3. Dimensions ofthe plasma generator design B 21 

4. Results for case B 21 

5. Dimensions ofthe plasma generator design C 23 

6. Results for caseC 24 

7. De Voto's conductivity at atmosphenc pressure 38 

Vll 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

NOMENCLATURE 

L Inductance 

n Number ofturns 

d Diameter ofthe coil 

F F-function 

k Coupling coefficient 

J Current 

a Conductivity 

E Electric field 

R Resistance 

A Area 

Lcoii Inductance ofthe coil 

Rcoii Resistance ofthe coil 

Icoii Length ofcoil 

head Length ofthe leader on the ends ofthe solenoid 

tcoii Radius ofthe solenoidal coil 

Atube Area ofthe tubing 

fouler Outer radius ofthe tubing 

hnner Inner radius ofthe tubing 

Lp Inductance ofthe plasma 

tc Radius ofthe container 

lp Length ofthe plasma 

a Skin depth term 

e Fundamental electnc charge 

(0 Frequency ofthe electnc field/current 

p Magnetic permeability 

V Collisionalfrequency 

e Electnc permittivity 
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CHAPTER I 

INTRODUCTION 

The inductive plasma discharge is generated by high-frequency electric fields A 

current path generates these electnc fields. The current path is generally ofa helical 

geometryformed by a solenoidal coil. The plasma generator will have two charactenstic 

modes:a starting mode and a Faraday Law induced electnc field mode governed by the 

conductivity,(The two modes are sometimes called anEand anH mode.) It is desired to 

have an electnc circuit to model this plasma generator and its behavior. The electnc 

circuit model could then be used m programs such asP-SPICE to design the power and 

impedance matching systems. 

The inductive plasma generator(IPG)wasfirst invented m the 1880's. It was then 

used m some research in the 1920's. Later in the 50's it was investigated as a method of 

heating wind-tunnelflows[1]. In the 80's and 9G's it has been used as a plasma torch in 

matenals science and m plasma deposition processes for the electronics industry[2]. 

ThisIPG analysis was applied to design a plasma generator that will be used m a 

ballistics range m connection with AirForce research m the area ofplasma drag[3]. 

Weakly ionized gases have shown larger shock wave stand offthan non-ionized gases, 

corresponding to a temperature much higher than that measured[4] The exact 

mechanism behind this phenomena is notcompletely understood,thus the need for 

investigation. 

The capacitive plasma discharge was used previously m ballistics range testing m 

connection with the investigation ofanomalous plasma effects[4]. Problems with the 

capacitive plasma discharge were encountered. The problem with the capacitive 

discharge was that it generated streamers that were far hotter than the surrounding plasma 

glow discharge These high temperature,high number density streamers were ofsome 

concern m the theoretical calculations. These streamers had to be eliminated,thus the 

developmentofthe inductive plasma discharge. 

TheIPG in this case is ofthe cylmdncal type. The cylmdncal vacuum vessel is 

madefrom aPyrex or quartz tube with the plasma contained m its respective inner 



diameter and is fitted with end caps to hold the vacuum. The coil is made out of copper

tubing wound with a certain diameter and number of turns per unit length. The copper

tubing can be used for cooling by passing water through the tube. The gas used is argon

because of its high conductivity in our temperature range. The plasma forms inside the

coils and is sustained by power coupled from the drive coil. Figure 1 is a diagram of a

general IPG showing the current path, with its inductance Lcoii and resistance Rcoiu

spiraling around the pressure vessel. The plasma is inside the pressure vessel with its

conductivity a and the current J flowing in the plasma. The current creates its inductance

Lp with the coupling k between the two inductors. Figure 2 shows a photograph from the

c
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Figure 1. Physical configuration of
an inductive plasma generator.

Figure 2. Photograph of an operating
two-coil inductive plasma generator.

two-coil design analyzed in this thesis from Lowry [3]. From this photograph one can

see that there are two plasmas, one inside of each coil.

The physical setup has a plasma where electrons circulate from the non-

conservative electric field generated by the time-varying current. The electrons follow a

circular path and they have collisions with atoms and ions dissipating power. The plasma

tends to behave like a single turn secondary coil inside

the drive coil. Therefore, the IPG is electrically

analogous to a circuit with the inductance of the coil

coupled to the inductance of the plasma in series with

the resistance of the plasma. Figure 3 shows the circuit

model for a simple IPG. In chapter 4 the circuit models

for the three cases are examined in greater detail.

Modeling of the IPG thus consists of determining the

2

coil

Coi

Plasma

Figure 3. Circuit model developed
for the inductive plasma generator.



valuesfor the coil inductance Lcoii and resistance Rcoii as well as the plasma inductance 

Lp,resistance Rp,and the coupling coefficient k. 

When we modeled the plasma as circuit element values we made afew 

assumptions. Theinductance wasfound with standardformulae assuming a cylmdncal 

sheet ofcurrent. The coupling coefficient calculations also camefrom the standard 

formula[6]. The conductivity,afunction ofthe pressure and temperature ofthe gas,was 

determined through theoretical means by deVoto[5]and we used his,results for the 

conductivity in this thesis. The electnc field was assumed to have the same profile as the 

induced field m an infinite solenoid; The effective radius ofthe plasma was determined 

by incorporating the effect ofthe skiii-depth. The skin-depth was calculatedfrom the 

conductivity ofthe plasma and the electric field distnbution. To model the length ofthe 

plasma weequated the inductance ofthe coil with the inductance ofa section ofan 

infinite solenoid,which was assumed to have the effective length oftheinduced field. 

The conductivity ofthe plasma.was also used m the calculations for the plasma's 

resistance. The resistance was calculated by denving the power dissipated by the plasma, 

using the conductivity and current density ofthe plasma. Using the well-known equation 

for electncal power as afunction ofcurrent and resistance we solved for the resistance. 

The final results are the inductance,resistance,and coupling coefficients for three 

example plasma generators drawn from Keefer[7],andLowry[3]. The description of 

the example configuration drawnfrom Keefer[7]was an estimated model ofalow-

pressure plasma generator with along solenoid and loose coupling. Thetwo example 

configurations drawnfrom Lowry[3]were a single short solenoid with stronger 

coupling,and two coaxial short solenoids separated by the length ofthe radius with its 

respective coupling coefficients. These results are calculated over atemperature range 

from 1000K-20000K and a pressure rangefrom 1 Torr-760 Torr. It can be seen that due 

to the nonlineanty ofthe plasma conductivity there is a sharp change m the inductance, 

resistance,and coupling,as the temperature increases and it is responsiblefor the rapid 

mode transition. 

In the following chapters the reader will read aboutthe modeling oftheIPG. The 

background chapter discusses the theory utilized m this thesis. Chapter HI discusses the 



steps taken to implementthe approach. ChapterIV presents the results ofthe thesis. 

Chapter V discusses the conclusions and possible future work. 



CHAPTER n

BACKGROUND

This chapter deals with the background theory developed by other scientists that

is used later in this thesis. The subject matter is divided into several sections. Section

(A) inductance, coupling, and resistance. Section (B) conductivity, (C) electric field, (D)

skin depth, and (E) deals with the characteristic mode transition exhibited in this plasma

generator type.

Section A

Inductance, Coupling, and Resistance

Inductance is a measure of the resistance to a change in the current analogous to

mass in physical systems resisting a change in velocity (inertia). For this analysis the

formula for the single-layer solenoid was used. This formula makes the assumption of a

current sheet. The inductance is calculated from the formula from Terman [6]:

L=Fn2d (tiH) (1)

Where n is the number of turns, d is the diameter of the coil (center-to-center of winding),

in inches, and F is a function which may be interpolated from the table in Terman and is

dependent on the diameter to length ratio shown in Figure 4.

lllliHIIIIIl

lllliHIIIIIII

Figure 4. Factor F for a single-layer solenoid (ref 6).



 

 

The coupling coefficient is the ratio ofthe mutual inductance to the maximum 

mutual inductance. Theformulafor the coupling coefficient between two inductors with 

values Li and L2is: 

M 
k= (2) 

where M is the mutual inductance and the denominator is the maximum possible mutual 

inductance,the square root ofthe product ofthe self-mductances. "The mutual 

inductance is the numberofflux linkages m the second coil per unit current m the first 

coil,or vice versa[6]." Theformula for mutual inductance between single-layer solenoid 

coaxial coils notconcentnc(Figure 5),is used for the case ofthe coupling from coil to 

coil,plasma to plasma,and plasma to opposite plasmafor the two coil case. The other 

cases only use the formulafor coaxial concentnc coils m the case where the outer coil is 

shorter(Figure 6). These formulas are found m Terman [6]. 

The mutual inductance between single-layer solenoids as shown m Figure5 is 

given by: 

2 2 

M=0.02505^ ^^"'"^(Kiki+Kska+Ksks)(nH) (3) 
where a=smaller radiusfrom axis to center ofthe wire m inches 

Cooxtcil Sotenoids notConcentricA=larger radius (m) 
ISt 

21 =length ofsmaller coil (m) r—^ 
FT2x=length oflarger coil (m) j<: x,"ir--»] 

Ki=Af— ) ki=21
^ k r2 ri/ Figure5 Coaxial solenoids not concentric 

ni,n2=number ofturns each coil 
CociMotl Concentric Solenoids"Outer CoiltheShorter 

Xi =D-x, TiJ:xi^-tA^ 
+x^ 

y_l-

X2=D-tx, ria. 

Figure6 Coaxialconcentric solenoids 
outer coil shorter 
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K,=-f[^(3- (3-f^)] fe-Xf 
D=axial distance between centers ofcoils (in) 

The mutualinductance,for coaxial concentric solenoids with the outer coil shorter 

as shown in Figure6is given by: 

^ A 2 2 i2M=0.0501-^-^[l+^^(3-4^)](liH) (4)g \}+ Sg'(3-4^2 
where all ofthe terms are the same as above and g is defined m Figure 6. 

Ascurrentflows it will generally encounter a resistance that will dissipate power. 

Theformulafor calculating resistance is: 

; 

whereR is resistance,1 is length,A is crpss sectional area,and o is the conductivity of 

the matenal. 

Section B 

Plasma Conductivity 

Conductivity in this thesis mustbe calculated over a very wide range of 

temperaturesfrom 1000K-20000K and pressuresfrom.1 Torr to 1 atm. The equation for 

conductivity is: 

Oe—UeCPe (6) 

where,UeC is the charge density and Pe is the electron mobility transport coefficient. If 

the electron is m an oscillating electnc field offrequency co then the electron mobility 

transport coefficient is defined as: ' 
e , (') 

me(v+jQ) 

where v is the average collisional frequency.Only the electron contnbution was 

considered in these calculations because the ion contnbution is much smaller(on the 

order ofthe ratio of me/mi=1.3638xlO"^for argon). After separation into its real and 



 

imaginary parts the conductivity Oe can be wnttcn as: 

neC^ / V W \ 
—(vW Vw) W 

This creates an imaginary term m the conductivity that represents the capacitive 

reactance. It is capacitive reactance because the value is always negative. Ifone 

compares the factors contributing to the imaginary part ofthe conductivity(co~10^, 
0 9 9

v~10)one can see that co/(v +co)«1 so we may neglect the imaginary part ofthe 

conductivity,and the conductivity reduces to theDCconductiviy. For this thesis we use 

the dataforDCconductivity presented by deVoto[5]. The assumptions made by deVoto 

were a one temperature homogeneous plasma,consisting of argon atoms and singly 

ionized ions. The lonization potential was reduced by the same method used by 

Drelhshak[10]for the one species Sahaequation 

Section C 

Electnc Field 

To determine an effective radius and resistance for the model we mustknow the 

electnc field distnbution m the plasma. Theinduced electnc field for a short solenoid is 

not linear nor is it elementary to develop an equation descnbmg it. Ifone makes the 

assumption ofthe infinite solenoid one may simplify the equation so that it will be linear 

[1]. The equation for the electnc field m the solenoid without the skin effect is: 

E=f°r (9) 
where rg is the radius,r is the independent vanable,and Eq is the magnitude ofthe electnc 

field at radius rc 

Section D 

Skin Depth 

The skin effect is a phenomenon caused by high frequency electnc fields which 

causes a current to flow on the surface ofthe conductor at high current densities,resulting 

m an attenuation ofthe electnc field,causing the electnc field to fall offexponentially m 

the conductor. The skin depth is defined as the distance where the field falls offto 1/e of 



 

 

Its initial value. The skin depth ofthe plasma deals with the optical properties of 

electncally conducting media[8,9]. The skin depth term found in the exponential is a: 

a=4"=knK (10) 
o 

where6is called the skin depth,k is the real part ofthe wave number,n is the real part of 

the index ofrefraction,and k is the attenuation index or the extinction coefficient. The 

formulas for these parameters are: 

1 

, , (11) 

2 1/2 ^ ,1/2 

.2,1/2/, /(oevY'^oie
\ a))'o (13) 

where o)is thefrequency,c is the speed oflight,p is the magnetic permeability ofthe 

matenal,po is the magnetic permeability offree space,e is the electnc permittivity ofthe 

matenal,eo is the electnc permittivity offree space,and a is the conductivity ofthe 

matenal. This will yield a simpleformulafor skin depth that worksfor conductors. 

SectionE 

Charactenstic Mode Transition 

The plasma will havetwo charactenstic modes:anEand anHmode. The proper 

modeling ofthis plasma generator should illustrate this mode transition as the 

temperature increases. 

TheE mode will be generated dunng the initial operation in regions of high 

electric fields and long path lengths(due to electron avalanche),m the operating regime 

where the powerinputand the conductivity ofthe gas is low. Electron avalanche is the 

method by which an electron will be accelerated by an electric field and collide with an 

atom transferring energy to it. When the input power to the system is increased,the 

thermodynamic equilibrium temperature and the conductivity will increase. When 

modeling an arbitrary plasma generator buoyancy and convection must be accounted for 

m some cases. Ifenough power is supplied this will create a self-remforcing effect due to 



the skin effect. This effect in our case increases the inductance and coupling ofthe 

plasma to the coil, while reducing the resistance,causing more current to flow,and more 

ohmic heating to occur,raising the local gas temperature,and thus the conductivity. This 

amplifies the effect until a new thermodynamic equihbnum is reached. This causes a 

very rapid change m modes. TheH mode also exhibits hysteresis due to the increased 

stored energy m the high temperature gas and the skin effect. That is,the larger stored 

energy and the skin effect will allow theH mode to operate at lower powerinput than 

was necessary to tngger the H mode[11]. 

10 



CHAPTER m 
-f . ^ 

DEVELOPMENTOFTHECIRCUltMODEL 

This chapter contains the method ofthe analysis that wasimplemented to obtain 

the results ofthe thesis. The calculations were performed using Matlab and the code is 

included m Appendix A. The work accomplished is divided into several sections,(A) ' 

inductance,coupling,and resistance,(B)conductivity,(C)current distribution,(D) 

spatial parameters for the plasma,and(E)resistance ofthe plasma. 

Section A 

Inductance,Coupling,and Resistance 

Inductance 

The inductancefor the coil was calculated by using equation(1)from the 

previous chapter. Since the plasma was modeled as a smgle-tum solenoid,the inductance 

for the plasma was determined using the sameformula with the effective radius and 

length as determined later m this chapter. 

Coupling 

The coupling coefficients for the system were calculated by using equations(2), 

(3)and(4)from the previous chapter with the plasma treated as the smaller solenoid. 

The plasma dimensions were calculated using the methods developed later m this 

chapter. 

Resistance 

The resistance ofthe coil was calculated by using equation(5). The length ofthe 

coil was calculated using the equation: 

,lcoil—27tnrcoil"l"21iead (14) 

Where n is the numberofturns,d is the diameter ofthe coil,and head is the leader length 

11 



on both ends ofthe coil. The cross sectional area wasfound using equation: 

Atube—^(r outer~r inner) (1^) 

where romer is the outer radius and rmner is the inner radius ofthe coil tubing. These 

calculations were for aD.C.resistance. The current will flow in a fraction ofthe cross 

sectional area calculated in the D.C.case due to the skin effect and the high conductivity 

ofcopper. Neglecting the effect ofthe"skin effect"in this case should not have a great 

impacton the modeling ofthe plasma generator because the conductor is hollow tubing. 

The resistance ofthe plasma was calculated from the conductivity and assumed current 

distribution as descnbed m SectionEofthis chapter. 

Section B 

Conductivity 

The conductivity is the single mostimportant property m the plasma generator 

model because the radius and the resistance are dependent on it. In calculating the 

conductivity we made the assumption that all ofthe species present were ofthe same 

temperature and that it was uniform with no temperature gradients present. The 

conductivity is found using a two dimensional linear interpolation function that is built 

into Matlab. The data interpolated was taken from the tables developed by deVoto[5]. 

The tables contain values ofthe conductivity ofargon pressures of 1,10,ICQ,and 760 

Torr andfrom lOOOK to 20000K at increments of lOOOK. These tables are included m 

the Appendix B. 

Section C 

CurrentDistnbution 

The current distnbution is necessary to find the effeetive radius and the resistance 

ofthe plasma. Here we will denve the current distnbution in detail. Ohm'sLaw relates 

the current distnbution to the electnc field: 

J=aE (16) 

The exponential skin depth term,equation(10),was developedfrom a plane wave 

traveling into a conducting media. In this case the wavelength is longer than the diameter 

12 



ofthe coil and since the wave propagates radially inward,we can use the simplified 

equation(9)as the profile ofthe electnc field. One can then visualize the electnc field 

profile as a plane wave with the amplitude decreasing linearly to zero starting at a point 

rc. One wouldjust multiply the electnc field m the normal \yay with the skin depth 

exponential. If we visualize this in cylmdncal coordinates then the elecl^^|'ield would 

be like an exponential dropping offradially inward starting at the boundary ofthe 

plasma. Following this procedure m cylmdncal coordinates yields: 

Tc 

where Eq is the maximum electnc field value occumng at the inner radius ofthe 

chamber,rc,from the axis. When calculating afrom equations(10),(11),(12),and(13), 

we made the assumption that the electnc permittivity and the magnetic permeability of 

the plasma were the same as that of vacuum,and that the conductivity ofthe plasma 

camefrom ourinterpolated values taken from deVoto. 

SectionD 

Spatial Parameters for the Plasma 

Effective Radius 

The effective radius ofthe plasma wasfound by taking the mean radius ofthe 

assumed cunent distnbution. The mean radius isfound by a2-D density function based 

upon the electnc field function which vanes only m the r-direction. 

E(r,(|))=^re-"(^'-^' (18) 
To calculate the mean radius,we defined a2-D density function with adefined m 

equation(10)by 

Ea_j.gar 

(IS") 

E^re"^r dr dd)
JJ rcC"' 
0 0 

re" 
iTc^fc (19b) 

re"'r dr d(j) 
0 
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Tofind the mean over the vanable r, we multiply the 2-D densityfunction by r and 

integrate; 
271 Tc 

feff = p(r,(t))r dr d(t) (20a) 

Tc _ 
^orJ r^e° 

-
° 

_ 
(20b) 

>0U-Jr^e^ 
0 

The result ofthis denvation is the effective radius dependentonly on the container radius 

and the skin depth term a: 

_ (ctrc)^-3(cQ-c)^+6(arc)-6+6e-'"'' (21) 
~ a((ca:c)^-2(arc)+2-2e"'"'=) 

Ixngth 

The estimate ofthe length ofthe plasma wasfound by using the inductance ofthe 

solenoidal coil and finding an effective length ofthe magnetic field produced by it. To 

accomplish this we determined the length ofa section ofan infinite solenoid with the 

sameinductance and radius as the coil. We estimate the length ofthe plasma to be the 

length ofa section ofan infinite solenoid with the same radius and inductance as the coil. 

A finite length section ofan infinite solenoid has the inductance: 

Where n is the numberofturns and is a unitless number,and p is the magnetic 

permeability offree space,which is m the same units as the length and area. This 

formulaforinductance gives its value m Henrys. The equation for the inductance ofa 

solenoid used camefrom equation(1). Equating equation(22)and(1)and collecting 

terms yields the equation: 

lp=5.01376xl0"^—— 

14 



This equation will give the length in inches where fcoii is the radius ofthe coil in inches 

andFis the tabulated function shown in Figure4and is dependent on the diameter and 

length ofthe coil 

SectionE 

Resistance ofthe Plasma 

The model ofthe resistance comesfrom the conductivity,radius,and length. The 

model ofthe resistance draws heavilyfrom the power equation. The power dissipated m 

a differential volume elementis given by: 

dP= J^(r,(|),z)r dr d(j)dz (24) 

where a is the conductivity ofthe element and J(j, is the current through the elementm the 

(j) direction. One can see that this is nothing more than the common equation P=I^R. We 

assume a current density oftheform Jore"'as developed earlier Tofind the total cuirent 

one mustintegrate the current density over the area ofthe solenoid. 

lp/2 Jc 

I=J Jjore'^rdrdz (^5) 
-lp/2 0 

After equation(25)is integrated,we rearranged the formula and solved for Jo yielding: 

^°"lp[e'^=(ccrc-l)+l] 
Equation(24)was used to determine the total power by integrating over the plasma's 

volume. The equation is prepared for integration by factoring outthe constant 

coefficients, yielding: 

P= r dr dcj)dz (27) 
-lp/2 0 0 

15 



 

Afterintegrating,substituting Jo, setting equal to I^R,and rearranging we get: 

7r[4(arc)^-6(ocrc)^+6((xrc)-3+3e'^''^-] 
— A^l r/-^^ \ 1 (28)4alp[(arc)-l+e-"'']^ 

which IS the resistance for a plasma solenoid m terms ofconductivity,radius,and length. 

16 



CHAPTERIV 

EXAMPLES 

The results ofthis thesis are categonzed into similar sections as in the background 

and method. Section(A)presents the example drawnfrom Keefer[7],section(B)the 

one coil case drawnfrom Lowry[3],and section(C)the two coil case drawnfrom Lowry 

[3]. Each section contains the results ofthe inductance,coupling,and resistance for the 

examined configurations. In each section there will be a table ofthe input parameters and 

a table ofthe results at a nominal temperature at the operating pressure. This will be 

followed byfigures ofthe configuration and m case Cafigure ofthe circuit model. The 

results will also be displayed m plots ofthe parameter vs.temperature for several 

pressures. The coils were assumed to be made ofone-eighth inch copper tubing with an 

inner diameter ofone-tenth ofan inch. Each example has six inches ofleader length 

included m the calculations. The resistivity ofcopper used was 1.69x10"® ohms per 

meter. In all ofthe cases the coil is concentnc with the chamber. 

Section A 

The Case Drawn from Keefer[7] 

The system m Keefer[7]is a one coil configuration that has a slightly smaller 

coupling than the other systems that we examined. The parameters are shown in Table 1. 

The physical design is depicted m Figure 7. In Keefer the plasma did nottouch the actual 

chamber wall because the plasmoid wasflow stabilized. The analysis assumes the 

Table 1 Dimensions ofthe plasma generator 
design A. 

Svstem Parameters 

Number ofCoils: 1 

Number ofTurns. 6 

Length ofCoil: 4.15" 
Diameter ofthe Coil: 763" 
Diameter ofthe Chamber: 4" 
Distance between Coils' N/A 
Operating Frequency: 4.5MHz 
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Figure7 Physical diagram for case A 

plasma extends to the chamber wall. The chamber diameter m this case is an effective 

chamber diameter chosen to be at the boundary ofthe flow-stabihzed plasma. 

The results ofthe calculations are outlined m Table 2,thatshows the calculated 

values for the parameters at a nominal temperature of7000K and pressure of 1 Torr. 

The two calculated coil parameters,the inductance ofthe coil and the resistance ofthe 

coil, are listed first. The other parameters shown are the plasma parameters. The plasma 

Table2 Results for case A 

Results 

Inductance ofthe Coil. 6.9122[iH 
Resistance ofthe Coib 23769mQ 

Temperature: 7000K 

Pressure. I Torr 

Inductance ofthe Plasma: 0.0350 

Coupling ofthe Plasma: 0.3580 
Resistance ofthe Plasma: 3.0326 mQ 

Length ofthe Plasma: 7.6010" 

Eff.Diameter ofthe Plasma: 3.5812" 
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parameters are the inductanee, which is dependent on the effective diameter and the

length. The coupling depends on the effective diameter, length, and inductanee of the

coil and the plasma. The final parameter, resistance of the plasma, is about seven times

less than the resistance of the coil. This describes all of the parameters that are used in

our circuit model. We have included plots of the plasma inductanee, coupling

coefficient, and resistance vs. temperature at several different pressures. These could be

used for a dynamic case where the thermodynamics of the problem would be included.

Figure 8 is the plot for the inductance of the plasma at 1, 10, 100, 760 Torr. Figure 9 is

the plot of the coupling of the plasma to the coil at the same pressures. Figure 10 is the

plot of the resistance of the plasma at the same pressures. Note the rapid change in all

three parameter values near 6000 K, and that this is reflected in the characteristic mode

transition observed in experiments.

Torr
760TOfT

1 Torr
Torr

\I Tort
0.36osas Torr

034

\760 Torr 032 760 Torr

02B
m

QD2& TF

NIO

Figure 8. The inductance for case A. Figure 9. The coupling coefficient for case A

760 Torr

Torr

Torr

To

Figure 10. The resistance for case A.
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SectionB 

Single Coil Casefrom Lowry 

The nextcase is the single coil case drawnfrom Lowry. The numberofturns per 

unitlength is much greater m this case. This helps the plasma generator operate at higher 

pressure because the field strength is greater. In this case the diameter ofthe coil is 

closer to the diameter ofthe plasma. The dimensions ofthis plasma generator are found 

in Table 3. The physical setup is shown m Figure 11. One should notice the small coil 

length and the closer distancefrom the coil to the plasma boundary at the cylinder wall. 

The results are summanzed in Table 4. The coupling coefficient at the 30Torr pressure 

ISjust slightly less than the coupling coefficient m the previous example at the lower 

pressure of 1 Torr. It should be noted that this is because ofthe conductivity's behavior 

due to pressure. The behavior ofthe inductance,the coupling coefficient,and resistance 

vs. temperature at several different pressures are shown m Figures 12,13,and 14. See 

how closely the parameters match the behavior ofthe conductivities. The plot 

ofthe conductivity can befound m Appendix B. Again,note the sharp increase m all 

three parameter values near6000K,and the mode transition. 

Coil Length 

h-
o 

(D 

o 

U 
x: 

U 

Figure 11 Physical diagram for caseB 

20 



  

Table 3. Dimensions of the plasma generator
design B.

System Parameters

Number of Coils: I

Number of Turns: 1.9

Length of Coil: 0.375"

Diameter of the Coil: 6"

Diameter of the Chamber: 4.125"
Distance Between Coils: N/A

Operating Frequency: 13.56MHz

Table 4. Results for case B.

Results

Inductance of the Coil: 1.2661 pH
Resistance of the Coil: 7.5023 mQ

Temperature: 7000 K

Pressure: 30 Torr

Inductance of the Plasma: 0.0846 pH
Coupling of the Plasma: 0.3578
Resistance of the Plasma: 17.820 mQ

Length of the Plasma: 2.5732"

Eff. Diameter of the Plasma: 3.8103"

am
760Torr 760 TcmtITorr Torr

\
039

039
Torr1 Torr

03f

\03204)75

760Torr760 Torr
ow

039OMS

039OJK
0 03 0.4 03 03 1 U 1.4 13 1.8 2 i 0 02 04 03

Tmcwrature (K)lempcrtttfi (K>
xlOX 0

Figure 12. The inductance for case B. Figure 13. The coupling coefficient for
caseB.
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Figure 14. The resistance of case B.

Section C

The Two Coil Case Drawn from Lowry

The previous example can be extended to include a multiple coil case. The two

coil case, drawn from Lowry, is the same coil as above. The two coils are separated by a

distance equal to the radius of the coil. This configuration is often called the Helmholtz

configuration. In the Helmholtz configuration the magnetic field is far more uniform

between the coils than even a solenoid of that length. This creates a uniform plasma in

the space between the coils. The dimensions of this plasma generator are found in Table

5. The circuit shown in Figure 15 can model this type of plasma generator. The physical

system is shown in Figure 16. This circuit is similar to the first circuit model presented

but there is another coil with coupling from coil to coil and coil to each plasma and from

plasma to plasma. The results at a nominal pressure of 30 Torr and temperature of 7000

K are summarized in Table 6. The results for inductance, the coupling coefficients, and

resistance are shown in Figures 17, 18, 19, 20, and 21. Note again the sharp change in

values near 6000 K, and how this leads to the observed mode transition.

22 4"
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Table5 Dimensions ofthe plasma generator 
design C 

System Parameters 

Numberof Coils: 2 

Number ofTurns- 1.9 each 

Length ofCoil: 0.375" 

Diameter ofthe Coil: 6" 

Diameter ofthe Chamber: 4.125" 

Distanee Between Coils' 3" 

Operating Frequency 13.56MHz 

Coil Length 

Distance betweej^Coils 

o 
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<u 
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□ 

Figure 15 Physical diagram for case C 
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Figure 16. Circuit model developed
for the two-coil inductive plasma

generator.

Table 6. The results for case C.

Results for Case C

Inductance of the Coil:

Coupling from Coil to Coil:
Resistance of the Coil:
Temperature:
Pressure:

Inductance of the Plasma:

Coupling Coil to Plasma (adjacent): 0.3578
Coupling Coil to Plasma (opposite): 0.1307
Coupling Plasma to Plasma:
Resistance of the Plasma:

Length of the Plasma:
Eff. Diameter of the Plasma:

1.2661

0.2266
17.820

pHeach
0.1873
7.5023 mQ each
7000 K
30Torr

0.0846 pH each

mQ each

2.5732" each

3.8103"
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Figure 17. The inductance for case C. Figure 18. The coupling from the coil to the
adjacent plasma for case C.
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Figure 19. The coupling coefficient from
the coil to the opposite plasma for case C.
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Figure 20. The coupling coefficient from the
plasma to the other plasma.
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Figure 21. The resistance for case C.
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CHAPTER V 

CONCLUSIONS 

An inductive plasma generator was modeled using an electnc circuit model. The 

model was developed for use m plasma generator andimpedance matching network 

design. The model consists ofa dnveinductor coil, with its inductance and resistance, 

coupled to the plasma's inductance. Theinduced currentflows through the plasma's 

resistance dissipating power. 

To perform the calculations a program was wntten m Matlab. Established 

formulae for the inductance and coupling were used to calculate these parameters for the 

coil and the plasma. This program determines the conductivity ofthe plasmafrom 

interpolated tables. Then the program makes use ofthis information to calculate the 

effective radius. The conductivity is used in calculating the skin depth,which is used m 

calculations ofthe effective radius and the resistance. The program also estimates the 

length so that with the radius and the length the inductance and coupling coefficient are 

determined. The resistance isfound through theformula developed using the length,skin 

depth,and radius ofthe container. The program is applicable for temperaturesfrom 1000 

to 20000and pressuresfrom 1 to 760Torr. 

Results ofthe inductance,coupling coefficient,and resistance were generated for 

three representative examples. The results were displayed in tables and figures. This 

model produces acceptable and effective estimates ofthe circuit element values m spite 

ofthe assumptions and the uncertainty in the plasma conductivity estimate. By 

examining the results one can see that the skin effect and its effect on the inductance, 

coupling,and resistance caused theE toH mode transition phenomenon. Which is in 

good agreement with the observed phenomenon. 

Forfuture work the model could be enhanced. One could include the 

thermodynamics ofthe plasma generator. One could do this by breaking the plasmainto 

finite elements with each element having a different temperature and therefore 

conductivity. The conductivity deteimines the attenuation ofthe electnc field m the 

plasma. This would accountfor the effects ofthe plasma conductivity on the electnc 
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field. The electnc field influences the powerinput,and when the flow ofenergy out of 

the elementis included a reasonable approximation ofthe thermodynamic system is set 

up. One could model theimpedance matching network and model the transient behavior 

ofthe load forsome powerinput. One could make assumptions closer to reality like the 

inductance ofthe plasma notcomingfrom a current sheet butfrom a current with some 

profile from the electnc field. 

Expenmental validation could be earned out m the future. This would include 

measunng the load impedance over a range ofoperating conditions. From the load one 

could back out the temperature and conductivity ofthe plasma. The expenmentcould 

also use other measurements like microwave mterferometery along the axis ofthe plasma 

generator for confirmation ofthe model's accuracy. 
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APPENDIX A 

MATLAB CODE 

dtotal.m 

pstart=l, 

pfinish=760, 
Tstart=1000, 

Tfinish=20000, 

pdiv=50, 
Tdiv=50, 

prange=[l 10 100 760]*(101 3e3/760),,%[pstart (pfinish-
pstart)/pdiv:pfinish]*(101 3e3/760) 
Trange=[Tstart (Tfinish-Tstart)/Tdiv Tfinish],%, 

muO=l 26e-6, 
R=8 31, 

Na=6 023e23, 

V=l; 

e=l 60e-19, 

me=9 lle-31, 

eps0=8 85e-12, 
kj=l 38e-23, 

keV=8 62e-5, 
hJ=6 63e-34, 
heV=4 14e-15, 

oinega=2*pi*4 5e6, 
Ar=40, 

inp=l 67e-27, 
mi=Ar*itp, 

% inductance of the coil all units inches 

numturns=6,%1 9 

diaineter=7 63,%6 

lencoil=4 15,% 375 
indcoil=inductor(nuinturns,diameter,lencoil) 

%[kcc,mcc]=coupling(indcoil,indcoil,diameter/2,diameter/2,numtums,numtums,lencoil,lenco 
il,diameter/2) 
%tind=2*indcoil+2*mcc 

% plasma properties 
od=4,%4 125 

doverl=[0 0 08 010 18 020 28 030 38 040 48 05070 75 0 95 1121 25 1 45 15 
171 75 1 95 2242529334353944445495586687788 10 14 15 19 

20 28 30 50 60 100], 

Fvals=[0 001939 002404 004186 004614 006254 006647 008159 008522 009919 01026 
01335 01406 01666 01726 01948 02 02193 02238 02408 02448 02599 02635 02898 
02957 03177 03228 03417 03461 03626 03665 03811 03846 03978 04009 04240 
04293 04489 04534 04705 04745 05097 05633 05743 06116 06197 06732 .0684 0766 

0794 0877], 
F=spline(doverl,Fvals,diameter/lencoil), 

lplasma= 0501376*(diameter/2)/F 

% resistance coil res=ro*L/crossectional Area 

areacoil=pi*( 125*2 54e-2)^2/4-pi*( 1*2 54e-2)^2/4, 
rescoil=(numturns*2*pi*(diameter/2)+2*7)*2 54e-2*l 69e-8/areacoil 

countp=l, 

for p=prange 
countT=l, 

for T=Trange 
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sigmare(countp,countT)=DeVoto(p*(760/101 3e3),T), 

% effective radius 

khat=sqrt(coinplex{omega^2*muO*epsO,omega*muO*sigmare(countp,countT))), 

exponent=iinag()chat), 
Radius=(od/2)*2 54e-2, 

if exponent*Radius<le-3 
r= 75, 

else 

r=((exponent*Radius)'~3-3*(exponent*Radius)'^2+6*(exponent*Radius)-6+6*exp(-
exponent*Radius))/(exponent*Radius*((exponent*Radius)'^2-2*(exponent*Radius)+2-2*exp(-
exponent*Radius))), 

end 

rnorm(countp,countT)=r, 

% inductance of plasma all units inches 

Radop=(od/2), 
reff=r*Radop, 
pismind(countp,countT)=inductor(1,2*reff,Iplasma),%plinductance(reff,od,Iplasma) 

% coupling of single plasma to coil 

[kcoef(countp,countT),mutual(countp,countT)]=couplingcon(indcoil,plsmind(countp,countT),d 
iameter/2,reff,numturns,1,lencoil,Iplasma), 

% couplig for two coils 

%[Icpp(countp,countT),itpp(countp,countT)]=coupling(plsmind(countp,countT),pismind(countp,c 
ountT),reff,reff,1,1,Iplasma,Iplasma,diameter/2), 

%[]ca](countp,countT),ma3(countp,countT)]=coupling(indcoil,plsmind(countp,countT),diameter 
12,reff,numturns,1,lencoil,Iplasma,diameter/2), 

% resistance of plasma 
Radius=(od/2)*2 54e-2; 
Respl(countp,countT)=pi*(4*(exponent*Radius)^3-

6*(exponent*Radius)'^2+6*(exponent*Radius)-3+3*exp(-
2*exponent*Radius))/(4*sigmare(countp,countT)*lplasma*((exponent*Radius)-l+exp(-
exponent*Radius))^^2), 

if isinf(Respl(countp,countT))|Respl(countp,countT)<=0| 
isnan(Respl(countp,countT))|Respl(countp,countT)>le6 

Respl(countp,countT)=le6, 
end 

countT=countT+l, 

end 

countp=countp+l, 
end 

figure 

%[clO,hlO]=contour(Trange,prange/(101 3e3/760),rnorm,[ 75 752 .755 76 8 85 9 95 96 
965 97 973 976 978 979 98 981 9819 99 995 9975 999 9995 9997]), 

%clabel(clO,hlO) 
plot(Trange,rnorm(l,•)(Trange,rnorm(2, ),Trange,rnorm(3, ),Trange,rnorm(4, )) 
title('Normalized Radius or Plasma') 
xlabel('Temperature (K)') 
ylabel('Normalized Radius') 
figure 

%[c20,h20]=contour(Trange,prange/(101 3e3/760),plsmind,[.0436 044 045 05 .06 07 08 
082 .084 086 088 089 09 0903 0907 091 912 0914]),%[ 0193 .020 025 035 037 

.038 .039 0395 04 0402 0404 0406 0408] 
%clabel(c20,h20) 
plot(Trange,plsmind(l, ),Trange,plsmind(2, ),Trange,plsmind(3,•),Trange,plsmind(4, )) 
title('Plasma Inductance') 
xlabel('Terrperature (K)') 
ylabel('Inductance (uH)') 
figure 

- 34 



%[c21,h21]=contour(Trange,prange/(101 3e3/760),kcoef,[ 3176 32 33 34 35 36 37 38 
385 39 391 .392 393 3935 394 395 396 397 398 399 3995 3999]),%[ 3364 34 35 

36 37 38 39 391 392 393 394 395" 396 397 398 399 3995 3999] 
%clabel(c21,h21) 

plot(Trange,kcoef(1,•)/Trange,kcoef(2, ),Trange,kcoef(3, ),Trange,kcoef(4, )) 
title('Coupling Coefficient Coil to Plasma') 
xlabel('Temperature (K)') 
ylabel('Coupling Coefficient') 
figure 
%[c22,h22]=contour(Trange,prange/(101 3e3/760),Respl,[le-3 2 3e-3 2 5e-3 3e-3 4e-3 5e-3 
6e-3 7e-3 7 5e-3 8e-3 9e-3 le-2 1 5e-2 2e-2 3e-2 7e-2 le-1 1 10 100 le3 le4 le5 le6]), 
%clabel(c22,h22) 
semilogy(Trange,Respl(1, ),Trange,Respl(2, ),Trange,Respl(3,•),Trange,Respl(4, )) 
title('Resistance of Plasma') 
xlabel('Tenperature (K)') 
ylabel('Resistance (Olims)') 

% for two coils 

%figure 
%[c23,h23]=contour(Trange,prange/(101 3e3/760),Itpp,[ 2104 213 217 22 .23 24 25 251 
.252 253 254 2545 25475 255 2552]), 
%clabel(c23,h23) 

%plot(Trange,Itppd, ),Trange,kpp(2, ),Trange,kpp(3, ),Trange,kpp(4, )) 
%title('Coupling Coefficient Plasma to Plasma') 
%xlabel('Temperature (K)') 
%ylabel('Coupling Coefficient') 
%figure 
%[c24,h24]=contour(Trange,prange/(101 3e3/760),ka3,[ 1155 1156 116 12 13 14 .141 
142 143 14325 1435 14375 143875 1440]), 

%clabel(c24,li24) 
%plot(Trange,ka](1, ),Trange,ka^(2, ),Trange,kaj(3, ),Trange,ka^(4,.)) 
%title('Coupling Coefficient Coil to Opposite Plasma') 
%xlabel('Tertperature (K)') 
%ylabel('Coupling Coefficient') 

mductor.m 
function ind=inductor(n,d,1) 

doverl=[0 0 08 010 18 020 28 030 38 040 48 0507 0.75 0 95 1 1 2 1 25 1 45 1 5 

171 75 1 95 2242529334353944445495586687788 10 14 15 19 
20 28 30 50 60 100], 
Fvals=[0 001939 002404 004186 004614 006254 006647 008159 008522 009919 .01026 
01335 01406 01666 01726 01948 02 02193 02238 02408 02448 02599 02635 02898 

02957 03177 03228 03417 03461 03626 03665 03811 03846 03978 04009 .04240 

04293 04489 .04534 04705 04745 05097 05633 05743 06116 06197 06732 .0684 0766 

0794 0877], 

F=spline(doverl,Fvals,d/1), 

ind=F*n'^2*d, 

coupling m 
function [k,Mut]=coupling(LA,La,A,a,nl,n2,lenX,lenl,D) 
X=lenX/2, l=lenl/2, 
xl=D-X, x2=D+X, 

rl=sqrt(xl^2+A''2), 
r2=sqrt(x2^2+A'^2), 

Kl=(2/A'^2)*((x2/r2)-(xl/rl)), 
kl=2*l, 

K3=(l/2)*((xl/rl^5)-(x2/r2-5)), 
k3=a^2*l*(3-(4*l''2/a'"2)); 

K5=(-A'^2/8)*((xl/rl'^9)*(3-(4*xl'^2/A'^2))-(x2/r2'^9)*(3-(4*x2^2/A'^2)) ) , 
k5=(a^4*l)*((5/2)-10*(l"2/a'>2)+4*(l'^2/a'^4)), 

35 



Mut=0 02505*((a^2*A^2*nl*n2)/(4*1*X))*(Kl*kl+K3*k3+K5*k5), 

k=Mut/sqrt(LA*La), 

couplingcon.m 
function [k,Mut]=couplingcon(LA,La,A,a,nl,n2,lenX,lenl) 
X=lenX/2, l=lenl/2, 
g=sqrt(A^2+l'^2); 

Mut= 0501*((a'^2*nl*n2)/g)*(1+((A'^2*a'"2)/(8*g^4))*(3-4*(X'^2/a'^2))), 

k=Mut/sqrt(LA*La), 

DeVoto.m 
function sig=DeVoto(p,T) 

% one atm 

t=[1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 11000 12000 13000 14000 15000 16000 

17000 18000 19000 20000], 

con=[3 9216e-23 1 6592e-ll 5 4577e-5 6 2885e-2 5 1615e0 7 6821el 3 508e2 9 9034e2 
1.9358e3 2 990e3 4 0544e3 5 1049e3 6 1243e3 7 0844e3 7 9561e3 8 7361e3 9 447e3 1.0111e4 

1 0728e4 1 1275e4], 

pressure=[1,10,100,760], %pressure in torr 
ter[perature=[1000 100 20000], 
[teiip,press]=meshgrid(temperature,pressure), 

cl=interpl(t,[13e-25 12e-13 15e-7 15e-4 15e-2 4 25 10 5 16 5 21 26 30 34 37 40 43 47 50 
53 56 60],temperature,'linear'), 
,c2=interpl(t,[lOe-25 8e-13 12e-7 12e-4 12e-2 2 55 8 5 16 22 29 35 40 5 45 49 53 57 61 65 
69 73],tenperature,'linear'), 

c3=interpl(t,[7e-25 5e-13 8e-7 9e-4 8e-2 1 5 5.3 13 5 21 30 5 40 49 55 62 67 73 77 82 87 
90],temperature,'linear'), 
connew=interpl(t,con,tenperature,'linear'), 

cond=[cl,c2,c3;connew/le2], 

sig=interp2(teinp,press,cond*le2,T,p,'linear'), 
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DEVOTO CONDUCTIVITY 
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