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ABSTRACT

A theoretical and experimental investigation was conducted of the inteﬁsity
distribution of radiation in the focal region for a laser beam focused by a lens.
A Fourier optics approach was taken to derive the integral equations expressing
the focused field resulting from a general amplitude and phase field distribution
incident on a spherical surface lens. The effects of aberrations resulting from
the lens as well as the propagation properties of the electromagnetic radiation
were included, and these effects were expressed explicitly in terms of the optical
system parameters. The lens effects were taken into account using a second-order
series expansion derived from the thin lens approximation. Two approaches, one
based upon the two-dimensional convolution integral and the other upon the
two-dimensional Fourier transform integral, were derived to calculate the field as
it propagates to focus. These equations were implemented on a digital computer
to calculate transverse and meridional plane intensity distributions. Calculated
data were displayed in image format for visual interpretation.

Experimental verification of the theory was performed for a plano-convex
lens focusing a helium-neon laser beam. Data were acquired in image format
with a digital image processor, and images were constructed of the meridional
plane intensity distributions for several incident beam profiles. Strong agreement
was found to exist both quantitatively and qualitatively between calculated and

experimental results.
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I. INTRODUCTION

In many applications, a laser beam is focused to produce a small regién of
high light intensity. In laser sustained plasmas, focusing of the beam is necessary
to produce sufficiently high intensities so that the plasma is stable. Laser induced
fluorescence also frequently employs a focused beam in order to obtain adequate
signal power from a few fluorescing molecules within a small probe volume. In
material processing methods such as welding, cutting and drilling, a focused laser
is used to melt or vaporize a hardened metal or ceramic part. Other areas such
as laser fusion and laser induced chemistry also make use of focused laser beams.

In all of these applications, a complete understanding of the physical pro-
cesses involved relies upon knowledge of the intensity of the light near the focal
point of the lens. This intensity distribution in the focal region, however, is
complicated by the effects of diffraction due to the finite size of the lens, the am-
plitude and phase profile of tht-a incident beam, and aberrations arising from the.
lens and propagation properties of light. Geometrical ray-tracing methods are
useful for analyzing the major phenomena associated with the behavior of light,
but they do not consider the wave nature of light, and hence fail when the spa.i;‘ial
extent of the region of interest is within approximately two orders of magnitude
of the wavelength. Diffraction theory must be used for a more accurate analysis

on a microscopic scale.




The problem can thus be stated verbally in the following manner: given a
known complex representation of the field describing the laser beam incident on
a lens with known specifications, what is the distribution of light intensity in
the small region behind the lens called focus? The description of the intensity
should be on as fine a scale as possible and should include the effects of the

overall focusing process, interference, diffraction, and aberrations.

In this effort, a Fourier optics approach was taken to study the intensity
distribution within the focal region resulting from a monochromatic laser beam
with arbitrary amplitude and phase variations incident upon a spherical surface
lens. Emphasis was placed on including the effects of aberrations in the anal-
ysis, since aberrations, particularly spherical aberration, can significantly affect
the intensity pattern at focus for small F number focusing systems, like those

employed in many of the applications previously discussed.

The approach that was taken was divided into two parts. The first part
was the theoretical analysis in which Fourier optics theory was used to model
mathematically the effects of the focusing lens and the propagation of thg li_ght
to the focal region. The resulting integral equations were then discretized and
implemented using digital signal processing algorithms on a digital computer, and
the calculated results were displayed in image format on a digital image processor
for visual interpretation. The second part was the experimental verification of
the calculated results. Optical intensity data in this part was taken with the aid
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of the digital image processor in the same format and with the same fields of view
as the calculated intensity results, and so could be directly compared visually.
For the particular beam profiles studied, the calculated and experimental results
show strong agreement.

The organization of this dissertation is as follows. In Chapter II, some of the
previous work in the diffraction theory of aberrations is discussed. The notation
and the mathematical statement of the problem are introduced in Chapter III.
Because of the importance of the early groundwork laid by Nijboer and Zernike,
a short monograph of his approach is given in Chapter IV. In Chapter V, the
Fourier optics theory is presented, and two approaches are derived to calculate
the focused light intensity distribution. The discretization of the integral equa-
tions derived in Chapter V is presented in Chapter VI, and a few calculated
results are presented in Chapter VIL. In Chapter VIII, some of the limitations
of the approaches taken here and some of the shortcomings of the assumptions
are discussed. The experimental technique used to verify the theoretical work is
described in Chapter IX, and the experimentally acquired results are presented

in Chapter X. Finally, Chapter XI concludes the dissertation with a short gi_is-

cussion.




II. PREVIOUS WORK

Although the earliest work in the diffraction theory of aberrations cah be
traced to Rayleigh in 1879 [1], * it was not until the 1940’s that Nijboer and
Zernike [2]-[4] developed the diffraction theory of image formation in the pres-
ence of aberrations that has widespread application even today. Restricting their
attention to uniform amplitude illumination in the circular exit pupil of a coher-
ent optical system, they accounted for the effects of aberrations by inserting an
additional phase term in the complex exponential of the diffraction integral. The
phase was then expanded in a series of orthogonal polynomials, called the cir-
cle polynomials of Zernike, and the individual terms in the expansion were then
classified as spherical aberration, coma, astigmatism, field curvature, or distor-
tion according to their effects upon the output image. This approach allowed for
simplification of the two-dimensional diffraction integral into a descending series
of one-dimensional integrals involving tabulated functions.

In 1948, Kingslake [5] and Nienhuis [6],[7] followed up the Nijboer-Zernike
theory with some experimental work in which intensity patterns produced in
the presence of primary aberrations were photographed in several transverse
planes (planes orthogonal to the optical axis). Later, Maréchal [8] employed a
mechanical integrator to perform calculations of the intensity distribution in the

meridional plane (a plane containing the optical axis) for a uniform circular beam

* Numbers in brackets refer to similarly numbered references in the
Bibliography.



focused in the presence of primary spherical aberration, and also of transverse
plane intensity distributions for combined aberration effects. The theory and

results of this early work are presented in Linfoot [9] and Born and Wolf [10]. |

While this approach formed a basis for the diffraction theory of aberrations,
and was ingenious in light of the limited computing power of the day, it has its
limitations. It considered only uniform amplitude illumination of a circular lens.
It was computationally difficult, in general requiriné an integrator constructed
especially for the purpose. It did not express the aberrations explicitly in terms of
the optical system parameters. And finally, the data display in terms of isophote
contour plots (lines of equal intensity) was often confusing. As an example of this
early work, Fig. 1 shows an isophote contour plot generated by Maréchal of the

meridional plane intensity distribution in the presence of spherical aberration.

With renewed interest in this problem generated by the invention of the
laser, others extended the results of this early work to non-uniform beam profiles
[11],(12]. Lowenthal [13] and Sklar [14] studied the focusing of Gaussian and
truncated Gaussian beams, respectively. Yoshida [15] considered a non—rad_ia.!.l.y-
symmetric case by analyzing the focusing of off-axis uniform and Gaussian beams.
Computational efficiency was not significantly improved in any of these schemes,
however, and the circular symmetry of the input beam was necessary to the
analysis in all cases. Data display, if attempted at all, never improved over

isophote contour plots.
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Marginal focus 2300 2500 Paraxial Focus
Fig. 1. Isophote contour plot of meridional plane intensity distribution for a fo-
cused uniform circular beam in the presence of primary spherical aber-

ration. After Maréchal (8], reprinted in Linfoot [9].

Recently, Geary and Peterson [16] used a Fourier optics approach to derive a
formulation for the focused intensity of a uniform plane wave. By expanding the
phase shifting term in the thin lens approximation model and retaining terms to
second order, they obtained an expression describing spherical aberration tbaf
was explicitly dependent upon the lens parameters. Other terms in the diffrac-
tion integral were retained only to first order, however, so the analysis appears
incomplete. Also, the problem was formulated only for radially symmetric optical
systems. Pursuant to their theoretical work, Geary and Peterson also performed
an experimental investigation of focusing systems with spherical aberration [17].
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In this work, they placed a fiber optic scanner in the focal region of a lens and
obtained one-dimensional scans of focused beam intensity as a function of the
radial coordinate in different transverse planes.

Work continues in this area. Li and Wolf have published a series of papers
on the focal shift [18],{19]. They have shown that the peak on-axis intensity for
a converging spherical wave passing through a circular aperture occurs before
the geometrical focus. Their most recent contributions have included meridional
plane isophote contour plots of the intensity distribution in the focal region for
such cases [20],[21]. Still, the analysis is carried out only for uniform amplitude
illumination of a circular aperture.

The work reported here was é.n effort to overcome some of the shortcom-
ings and limitations associated with this earlier work. The theoretical work was
formulated to accept any amplitude and phase distribution in the incident field,
and to calculate the aberration effects explicitly as functions of the focusing lens
parameters. Higher-order terms were retained in the diffraction integral to ac-
count for their effects on the output field. The resulting equations were then
discretized for efficient computation using fast numerical algorithms available in
digital array-processing hardware. By displaying calculated intensity distribu-
tions in image format, data interpretation was made easy. The experimental -
work also improved on earlier work by acquiring data in image format and in the

meridional plane, which illustrates the focusing process quite effectively.



III. MATHEMATICAL STATEMENT OF THE PROBLEM

All previous discussion of the problem of focusing a laser beam has been
verbal. In this chapter, the problem is formulated quantitatively in terms of
scalar diffraction theory. The notation will follow closely that in the book by

Goodman [22].

The propagation of light in most laboratory optical systems is either through
free space, or at least through nonconducting dielectric media. While a complete
description of the radiation requires specifying three components of the electric
field and three components of the magnetic field as functions of spatial posi-
tion (z,y,z) and time ¢, in many cases one component suffices to adequately
characterize the radiation. Thus let u(z,y,2;t) denote one scalar component of
either the electric or the magnetic field. For laser radiation, the fields are nearly

monochromatic, so that to a very close approximation, u(z,y, 2;t) can be written

u(z,y,2z;t) = u(z,y, 2) cos [2mvt — p(z,y,2)], (1)

where u(z,y, z) is the real field amplitude, v is the frequency of the light, and.
©(z,y, 2) is the phase of the field at the point (z,y,2). The analysis is simplified
by working with the complex analytic function representation of the fields where
the real field component is understood to be
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u(z,y,2;t) = Re{U(z,y,z)e‘jz”"t}. - (2)

In (2), the phase term has been absorbed into the complex amplitude function
U(z,y,2).
From Maxwell’s equations, the field amplitude U(z,y,2) can be shown to

satisfy the time-independent Helmholtz equation [10],[22]

ViU(z,y,2) + k*U(z,y,2) =0, (3)

where k is the propagation constant defined by &k = 27 /A, and X is the wave-
length of the radiation. Equation (3) serves as the fundamental starting point
for the derivation of the Rayleigh-Sommerfeld diffraction integral, the mathe-
matical relation that describes the propagation of light over any distance large
as compared to the wavelength.

The derivation of the Ra.yleigh-Sornme;feld diffraction formula is rather long
and involves Green’s theorem along with judicious choices for the volume.ar-ld
surface of integration and a suitable Green’s function. A complete derivation
using the present notation can be found in [22, pp. 30-46]. For brevity, only the
result is presented here. Let U(zy,y1,21) be the field in the (z1,y;)-plane at the
location on the z-axis where z = 2;, as shown in Fig. 2. The field U(zo,yo, 20)
in the (zo,yo)-plane at z = 2 is then given by

-9-



U(zy,y1,21) U(zo, Yo, 20)

n Yo

o1

Ty Zo

z=2z zZ=2zp

Fig. 2. Geometric configuration for Rayleigh-Sommerfeld diffraction integral.

oo [o o]
1 exp(1kr
U(xo,yo,zo)=.—A/ /U(xl,yl,zx)——p(J 1) cos(n,ro1)dz dy;, (4)
J To1
—00 —00

where rp; is the vector from (zo,¥0,20) to (z1,y1,21) and n is the outward
unit normal to the (z1,y;)-plane. Clearly, the evaluation of (4) for arbitrary
U(z1,y1,21) is not a simple task.

At this point, the problem of beam focusing can be quantitatively stated.
Let a lens be centered on the optical axis with its front surface located at z = 0,
and its rear surface at z = A,, where A, is the maximum thickness of the lens.
Let U(z,y,0) denote the complex field amplitude incident on the lens. What is
the effect of the lens that produces the transmitted field U (z,y,A,) at the back
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surface of the lens, and how can the Rayleigh-Sommerfeld diffraction integral (4)

be evaluated in order to calculate the field in the focal region U (zf,yf,2¢) from
the given U(z,y,A,)?

Conventional first-order scalar diffraction theory takes the following ap-
proach to this problem. First, the effect of the lens is based upon the thin
lens approximation. In the thin lens approximation, the magnitude of the am-
plitude distribution is assumed not to change as the field propagates from the
front to the back surface of the lens, except for the windowing introduced by the
finite aperture size. The phase of the incident field, however, is altered as the
field passes through the varying thickness of the lens material that has index of
refraction n. Thus, the transmitted field is related to the incident field by the

multiplicative relation

U(z,y,A,) = U(z,y,0)P(z,y) exp[jkA,] exp|jk(n — 1)A(z,y)), (5) |

where P(z,y) is the pupil function describing the lens aperture and Alz,y) is
the thickness of the lens at the location (z,y).
For a spherical surface lené with a front surface radius of curvature R; and

a rear surface radius of curvature R, the thickness is given by [22]

2 2 2+ 2
A(w,y)=Ao—R1<1— 1—”’+y)+R2<1— 1-Z y). (6)



The standard approach is to assume that the values of z and y remain sufficiently
small over the lens aperture so that the square root expressions can be expanded

in a Taylor’s series and higher-order terms neglected. In this case, the thickness

’

can be approximated by

A(z,y)on—M(i—i)- (7)

Substitution of this term into (5), and use of the definition of the focal length of

the lens

j-e-n(k-2)

yields the relationship of the transmitted field to the incident field as approxi-

mately given by

U(z,y,A,) = U(z,y,0)P(z,y) exp[jknA,| exp [ — j/\L(:l:2 + y2)] . (9)

The phase term exp{jknA,] is a complex constant that does not affect the spatial
variation of the transmitted field and so will be dropped from the analysis in the
future.

For the propagation of the transmitted field to the focal region, the conven-
tional approach is to approximate the Rayleigh-Sommerfeld diffraction integral.
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If the propagation distance from the rear surface of the lens to the (zs,y 7)-plane
defined by z, = |2y — A,| is assumed to be large as compared to the physical
extent of the field within the lens aperture, then over the area of integration,
the obliquity factor cos(n,rq;) remains approximately equal to unity, and in the
denominator, the distance ro; approximately equals z,. In the exponential term,

the distance ro;, which is given exactly by

ro1 = \/(xf—z)2+(yf—y)2+z§, (11)

is expanded in a Taylor’s series, and again, higher-order terms are neglected.

The resulting expression for the field in the focal region is then given by

[> o o]

exp|rkz . T
Uz, ys,2f) —?[;Tpp]exp [JE(-'D? +y,2:)] / / U(z,y,0)P(z,y)
— 00 ~— 00
w1 1 2 9 .27
X exp [JA <zp f) (22 +y )] exp [ h , (zzf + yyy) df'Z!;)

IR

Because the quantity of interest is the functional variation of the focused in-
tensity given by I(zy,ys,2f) = |U(zy,yy,27)|?, the constants and phase terms
multiplying the integral can be dropped from the analysis, and the mathematical
symbol “~” is introduced to denote the relationship between the focused field
and the integral expression that the theory predicts for it. Note that the symbol
“~” is not used here to denote “approximately equal to” but rather means “aside
from a multiplicative phase term, proportional to.”
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Clearly, errors can be introduced by the approximations made in deriv-
ing (12). And, although the approximations for the obliquity factor and the
distance ro; in the denominator may not be valid in some cases, the omission
of higher-order terms in the complex exponentials is usually the dominant fac-
tor that causes deviation from first-order diffraction theory. If the function
®(z,y;zs,yf,25) is introduced to include these higher-order terms, then the

expression for the focused field can be more accurately written as

1 T 7 ]
Ules,up2r) ~ / / U(,,0)P(x,y) explik® (e, vi 21, sr 21)]
—00 —00

X exp I:]Z,\r- (;1; — ;) (=% + yz)] exp [— j;:—p(:z:zf + yyy) | dzdy.

(13)

The effects that the additional phase term has on the focused field aré called
aberrations. The problem addressed in this dissertation is how to quantify these
effects and include them in the calculation of the focused intensity distribution.
Note that the aberrations, as defined here, are introduced by both the lens

and the propagation properties of the radiation. That is, not only does the sp_}lef-
ical surface lens produce deviations in phase from the first-order approximation,
but the behavior of the light as described by the Rayleigh-Sommerfeld diffraction
formula also deviates slightly from the expression derived using the simplifying
approximations previously described. Even with a so-called “ideal” aspheric lens,
the calculation of the field as it propagates from the plane in the rear of the lens
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to planes in the focal region is complicated by additional terms in the complex

exponential of the integral that make numerical evaluation difficult and affect the
intensity distribution of the light. Because these phenomena are similar in thei.r
effects to those caused by the lens, they are also justifiably called aberrations.
In the following chapter, the classical Nijboer-Zernike approach to this prob-
lem is outlined. In Chapter V, the Fourier optics approach is presented in more
detail. As will be seen, while the overall effects of a lens are well known, and the
integral expression for the propagation of light is exactly formulated as given in

(4), the calculation of the focused field is by no means trivial.
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IV. THE NIJBOER-ZERNIKE APPROACH

The approach taken by Nijboer and Zernike to the diffraction thedry( of
aberrations is a useful technique that has been followed. not only by other earlier
workers in the field [5]-[8], but also by more recent authors [11}-[15]. Because of
its importance and utility to the field, it is worth repeating in light of the Fourier
optics approach taken here. Strictly speaking, the problem addressed by Nijboer
and Zernike is that of point imaging, however, it is easily extended to the case
of focusing by assuming the object to be located on axis at infinity.

The analysis began by assuming the field U(z, y,0) to have constant complex
amplitude over the exit pupil that is in turn assumed to be a circular aperture

of radius a. The integral was then rewritten in terms of cylindrical coordinates

defined by

z =apcosb, Tf=rcosy
y = apsind, yf = rsin.

With this change of variables the focused field can be written

2r 1
Ur,¥,2y) ””zl;/ / exp[jk®(p,0; 7,9, 2]
0 O

ma? (1 1\ , 2marp
—| — — = — 0 — dpdd.
X exp [J A <2p f>p ]exp [ I z\ZP COS( dj) Per (14)
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Note that the field and aberration term are written as functions of the cylindrical

coordinates p, 4, r, 9, and Zp.

Next, the region of interest was restricted to the region near the focus pré-
dicted by first-order theory, that is, where r £ 0, and 2, = |2 f— A, = f. Under
this restriction, the term multiplying the integral is approximately constant and
the aberration term is a function of p and @ only. In the second exponential,

setting 2, = f + Az, where Az <« [, results in the approximation

In the last exponential, 2p is simply approximated by f. The integral was then

rewritten in terms of the optical coordinates

v_27rar _27ra,2A

in the following form:

U(v,,¢) ~ //”exp {j [k@(p,l?) -~ ggi — vpcos(f — ¢)] }pdpdﬂ. (15)

To evaluate this integral over the unit circle, Nijboer and Zernike expanded
the aberration function in a series of orthogonal polynomials called the Zernike
circle polynomials as

17 -



®(p,0) = ago + % Z 'anoRg(p) + Z Z anmR,':‘(p) cos(mb), (18)

n=1m=1

where R}*(p) is a Zernike circle polynomial defined by

. — ! .

Ere) = 2 (_1)11'![%(71 + m) (—ni]![z%)in “m)— i]!”n_m' (17)
In this way, each aberration was described and quantified by the corresponding
coefficient anym in the expansion (16). For example, primary spherical aberration
was represented by n = 4 and m = 0, primary coma by n = 3 and m = 1, and
primary astigmatism by n = 2 and m = 2. Other primary aberration terms, and
the secondary aberration terms, are tabulated in [9] and [10].

From here, the approach taken was to consider each aberration separately.v

For a single aberration, the function k®(p, #) is equal to simply anm R (p) cos(m8).

Next, the well-known identity

exp(jzcos¢) = ) +2 Z]pJp ) cos(po)

was applied separately to each of the two terms

exp|—jvpcos(8 — )], exp|janm R () cos(mb)],
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where J,(.) denotes the p*B-order Bessel function. Multiplying the two series and

integrating term by term over 0 yields the following expression for the focused

field:

1
2
U(v,9,¢) ~ / exp [—j%’—]-]o [nm Ry (p)] Jo(vp)pdp
0

+2 Z j”(’"_l) cos(pmy) (18)

2
X /exp [— ]%] Jp [anmR;"(p)]me(vp)pdp.
0

The final step in the manipulation of the equation was to expand each function
Jplanm R} (p)] in its power series representation, and to rearrange terms into

powers of janm,. The focused field can then be written in the form

v ¥, §' Z(Janm v,%9, f) (19)

where each Up(v,%,¢) is an integral in p. The first five expansion functions are
tabulated in [10]; for completeness and consistency with the present notation,
the first four are repeated here:
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1
2
UO(U3¢3 §) =/exp [_J%] JO(vp)pdp
0

1

Ui(v,9,¢) =(—5)™ cos(mz,b)/exp ]——]R"‘ m(vp)pdp

0

:(2)12!){0/ p[ Y5 ][Rm( )

x [Jo(vp) + 52™ cos(2myp) Jam (vp) pdp] }

Uz(v,¢, §')

Us(v,9,¢) = { /1 exp | [R"‘( )]’

X [3(=7)™ cos(myp) Jyn(vp) + (—5)>™ cos(3m¢)J3m(vp)]pdp}.
(20)

Nijboer found that for ¢ and ay,, of the order of unity, these four terms pro-
vided sufficient accuracy to plot isophote contours. Note that Up(u,,¢) is the
aberration-free focused field predicted by first-order diffraction theory. Inclusion
of higher-order terms thus corrects this original field to account for the single
aberration under consideration.

For particular primary aberrations, further manipulation of the integrals in
(20) using the orthogonality properties of the Zernike circle polynomials were
performed to yield closed-form-expressions for focused fields in specific receiving
planes. The results are somewhat complicated and will not be repeated here.
The important result of this approach can be seen from (19) and (20); namely,
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that by expansion of the aberration function in orthogonal polynomials, and by
manipulation of the diffraction integral, the focused field can be expressed as a
series of one-dimensional integral terms. Note that if ap,, is much larger than
unity, the expansion (19) requires a large number of terms to start converging and
hence is not suitable. Maréchal addressed this case for large spherical aberration
[8] with the use of a mechanical integrator, and some of his isophote contour

plots are reproduced in [9).
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V. THE FOURIER OPTICS APPROACH

The Fourier optics approach to the focused beam problem differs from thé
classical approach in two ways. First, it explicitly retains the optical system
parameters in the derivation, and second, it is directed toward calculation on
digital computing equipment using computationally efficient algorithms. This
chapter, which presents the theory behind this approach, is divided into three
parts. The first part discusses the analysis of the effects of the focusing lens
for greater accuracy than that given in Chapter III. The second and third parts
present two approaches for calculating the field in the focal region from the
propagation of the field transmitted through the lens to focus according to the

Rayleigh-Sommerfeld diffraction integral.
A. Effects of the Lens

The first step in the analysis is to account for the the focusing and aberrating
effects of the lens on the transmitted field. As in Chapter III, the thin le_.r_ls-
approximation is assumed valid so that, other than the apodization by the lens
pupil, the incident and transmitted fields are related by a multiplicative phase
relationship. If the thickness function A(z,y) given in (6) is expanded in a
Taylor’s series, and second-order terms are also retained, a better approximation
to the lens thickness than (7) is found to be
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With the definition of the focal length (8), this expression can be substituted
into (5) to yield the multiplicative phase transformation relating the incident

and transmitted fields for a lens to greater accuracy as

( z,Y, o) - ( z,y, )P(x,y) exp l:_j{'rf(zz'{'yz):l
1 1 1
Xexpl 4:f<R2+R1R2+F)(x2+92)2}'

The additional phase term gives rise to the primary spherical aberration in-
troduced by the lens [16]. However, further aberrations, including additional
spherical aberration, also arise in the propagation of the field to the focal region.
These effects will become apparent in the discussion to follow.

What remains in the problem is how efficiently to implement the Rayleigh-
Sommerfeld diffraction integral (4) to calculate the field in the focal region. Two
approaches, one based upon the two-dimensional convolution integral and fhe
other based upon the Fourier transform integral are presented in the sections
that follow. The conditions for applicability for each of these approaches are also

discussed.
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B. Propagation to the Focal Region: The Convolution Approach

One approach to the calculation of the field in the focal region is to cast the
Rayleigh-Sommerfeld formula into the form of a two-dimensional convolution
integral. This approach has the advantage that it includes the effects of all aber-
rations upon the focused field. Its disadvantage is that it is still computationally
long, even when implemented using efficient convolution algorithms.

From the Rayleigh-Sommerfeld integral given in (4) and the geometrical
definition of terms illustrated in Fig. 1, the vector distance ro; from the point
(z,y,4,) to the point (zs,ys,2f) can be seen 1;0 be given by (11) where, again,
the propagation distance 2, is given by z, = |zf — A,|. By similar geometric

considerations, the obliquity factor cos(n,ro;) is given by

2p

cos(n,ro;) = .
V(s =2+ (- y)2 + 22

(23)

If (11) and (23) are substituted into the Rayleigh-Sommerfeld integral (4) with
the change of notation (z1,y1,21) = (z,y,A,) and (zo, Yo, 20) = (zr,yy,2s) and
the definition for the propagation distance 2, given above, the equation for the

focused field can be written as

oo 00

2 P [J'k\/(wf —2)% + (y5 — y)? + 22]
Ulerypzs) = / / S S Py L Py e

- 00 —00

dzdy.
(24)

— 924 —



Equation (24) can be more easily recognized as a two-dimensional convolu-

tion by defining the function

5 €Xp [jk, /x?- + y} + z,?]

ot
A x4 + y} + 22

V(xf’yf’zp) = ) (25) -

in which case (24) can be compactly written

00 oo
U(xfayfazf)z/ /U z,y, A V(xf—a: yf — y,zp)dzdy. (26)
~00 —00

Equation (26) is the two-dimensional convolution of the transmitted field, ex-
pressed in terms of the focal region coordinates z; and ys, with the function
V(zs,ys,2p) defined in (25). To calculate the field at (z,ys,zs) from the
field transmitted through the lens, it is thus necessary to generate the func-
tion V(zs,ys,2,) and convolve it with U(zy,yr,A,). This can be efficiently |
performed with Fourier transforms using the property that convolution in the
signal domain corresponds to multiplication in the frequency domain. If 7{.}

denotes the two-dimensional Fourier transform operator defined by

F{g(z,y)} = / / 9(z,v) exp — 12n(zf, +yfy)]dzdy, (27)

for arbitrary function g(z,y), then the focused field can be expressed as
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U(zf’yf’zf) = fal{f{U(xf’yf’AO)}I{V(xf’yf’zP)}}a (28)

which says that the focused field at the distance z, from the back surface of the '
lens can be calculated by Fourier transforming the field transmitted through the
lens, generating the function V(z,yy, z,) and Fourier transforming it, multiply-
ing the two transforms, and inverse Fourier transforming the result.

As mentioned above, this approach has the distinct advantage that it in-
cludes all aberrations in the calculation. This results from the fact that it is
an “exact” evaluation of the Rayleigh-Sommerfeld diffraction integral; no ap-
proximations were made in the derivation. However, the process of generating
a two-dimensional function, performing two two-dimensional Fourier transforms,
multiplying the results, and inverse Fourier transforming the product is com-
putationally time-consuming. A further property of this approach when it is
discretized for implementation on digital computers, that of no increase in reso-
lution in the calculated focused field, is discussed in the following chapter. This
property limits the range of applicability of this approach as a computatigngl
technique. Still, it has proven useful for analyzing the effects of the off-axis aber-
rations — coma, astigmatism, field curvature, and distortion — on large F-number

optical systems.
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C. Propagation to the Focal Region: The Transform Approach

Another approach to calculat_ing the field in the focal region resulting from
the field transmitted through the lens is to approximate the Rayleigh-Sommerfeld
diffraction integral so as to manipulate the resulting integral into the form of 'c;
two-dimensional Fourier transform. This approach differs from the approach
described previously in that rather than using the Fourier transform as a com-
putational tool in evaluating a convolution, the diffraction integral itsélf is calcu-
lated as a Fourier transform. This method has the advantage of computational
speed, at the expense of decreased accuracy. The only aberration retained in the
derivation is primary spherical aberration. However, for most applications where
focusing of a laser beam is employed, spherical aberration is the predominant ef-
fect degrading the intensity distribution, and so this approach has proven to be
the more useful of the two methods presented here in light of its computational

efficiency.

The first two approximations in this approach are the same as that of con-
ventional first-order diffraction theory, namely that in the denominator »of_ the
diffraction integral, ro1 = 2, and that the obliquity factor cos(n,ro1) = 1. In
the complex exponential term, the distance ro; is again expanded in a Taylor’s
series, and consistent with the approximation for the effects of the lens, terms to
second order are retained. Explicitly, the second-order expansion for ro; is given

by
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(7 —2)*+ (yr —v)*  [(zr—2)*+ (yr - v)?)’

22y 823

rop = 2p + (29)

Expansion of the third term on the right-hand side of (29) results in several
cross-products in z, y, =5, and yy. If the region of interest is restricted to a
small region about the optical axis where zy and y; are small, as is the case in
most focusing applications, these cross-products can be neglected. The distance

ro1 can then be further approximated for practical focusing applications by

(e7 —2)* +(yr —y)* (e +9°)*

2z, 823

ro1 = 2p + (30)

This dropping of cross-terms in the expansion is equivalent to including only
primary spherical aberration in the analysis, and neglecting all other aberrations

9], [10].

Upon substitution of these approximations into the Rayleigh-Sommgrf@ld
diffraction integral, several terms can be brought outside the integral. As in
Chapter III, since the functional form of the intensity is the quantity of interest,
phase terms and constants can be dropped from the equation for simplicity. The
resulting expression for the focused field resulting from the transmitted field is
thus

- 928 —



1 T T . $2+ 2\2
Uzssyss21) ~ - / /U(x,y,Ao)exp [J;\;;((x2+y2)—( v?) )] |

2
p 4z;

. 2m
X exp [— JA—z-(.’B.’Df + yy;)] dzdy.
P

(31)

Equation (31) can be recognized as being in the form of a Fourier transform
integral (27) with the frequency variables given by f, = zs/Az, and fy = ys/Azp.

Thus, the focused field can be expressed as

Ulzs,ys,25) = f{U(z,y,Ao) exp [jxg; ((:v2 + y2) — M)] }, (32)
with the appropriate substitution for the frequency variables.

Comparison of (32) with (28) clearly suggests that this approach requires
considerably less computation time than the convolution approach. Another
advantage, which will be shown in the next chapter, is that when the equation
is discretized and implemented with discrete Fourier transform techniques, the
focused field is calculated at higher resolution than the inbut transmitted ﬁ;ld.
The effects of the approximations made in deriving this result, and the omission
of off-axis aberrations have not been found to affect the accuracy of the resulting
intensity distribution significantly. For these reasons, this approach has become

the preferred approach for calculating the focused intensity distribution.
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VI. COMPUTATIONAL CONSIDERATIONS

As stated previously, the Fourier optics approach to the laser beam focﬁsing
process in the presence of aberrations is directed towar(i computation on digital
computing hardware. Thus, the equations developed in the preceding chapter
must be discretized and the implementation carried out so as to be as compu-
tationally efficient as possible. Because of the availability and utility of vector
array processors, the implementation itself is tailored toward vector processing
algorithms. This approach has proven useful by allowing calculations to be car-
ried out on a microcomputer-based image processor, where the resulting intensity
distributions could be displayed for visual observation.

The discretization begins by sampling the fields in the given plane of interest.
Since no special geometric considerations exist, a uniform rectangular sampling

scheme is appropriate. Thus, the following notation for the optical fields will be

adopted. For the field incident on the lens, let

ui(m,n) = U(mT,nT,0); —N/2<m,n<N/2-1, (33)
where T is the sampling interval in both the z and y coordinates, and N? is the
total number of points in the sampled array. This step assumes that the field
is bounded within an NT X NT area. Similarly, the sampled field transmitted
through the lens is denoted
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ug(m,n) = U(mT,nT,A,); —N/2<m,n< N/2-1. (34)

And the field in the focal region is given by

ur(p,q;2p) = U(pTy,qTy;25); —N/2<p,g< N/2. (35)

Note that the sampling interval T for the incident and transmitted fields is the
same, while the sampling interval for the focused field Ty could, in general, be
different.

The remainder of this chapter will describe how the equations of Chapter V
are implemented in discrete computations. The organization is the same as that
of Chapter V. The calculation of the effects of the lens will be treated first, then
the calculation of the field in the focal region via the convolution and transform

approaches will be presented.
A. Calculation of the Effects of the Lens

By uniform sampling of (22), the field transmitted through the lens can be

shown to be given by

ut(m,n) =ui(m,n) P(mT,nT)exp [— jg(m2 + nz)]

T4 _1_+_1_+i>(m2+n2)2]
YAV TN '
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The most time-consuming part of this computation is the calculation of the

complex phase terms. To minimize these calculations, define

c(m) = exp l— j%mz] (37)
d(m,n) = exp [— j:—:{? (ﬁl—,{, + —RTIR—Z + RL§> (m? + nz)z] . (38)

Then, (36) can be written
u¢(m,n) = ui(m,n)P(mT,nT)c(m)c(n)d(m,n). (39)

Note that the same ¢(m) array can be used to multiply both the rows and the
columns of the incident field array u;(m,n), and that it need only be computed
for positive values of m. This portion of the calculation is vectorizable, and can
be carried out by vector-vector multiplication of the nth row of u;(m,n) by the
array c(m), and then scalar-vector multiplication of the nt® row by ¢(n).

Calculation of the array d(m,n) is more time-consuming, but can be» mini-
mized by noting that d(m,n) = d(+m,+n) and that d(m,n) = d(n,m). These
properties can be used to reduce calculation of d(m,n) to approximately N2/8
points, out of the total N? points in the complex field array. For each row
of u;(m,n), a suitable N-point array must be composed from the appropriate
calculated elements of d(m,n), and vector-vector multiplied times the row.
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B. Calculation of the Focused Field Using the Convolution Approach

The calculation of the focused field using the convolution approach is simply
a discrete approximation to the convolution integral in (26). If the z and y
variables are sampled at the interval T, and the integral is approximated by a

rectangular-rule summation, (26) becomes

N/2—1 N/2-1
U(zs,ys,2f) = Z E U(mT,nT,AO)V(a:f—mT,yf—nT,zp)Tz. (40)

m=—N/2n=—N/2
Now, if the variables z; and y; are sampled at the same interval as = and y, so

that Ty = T, then the sampled focused field defined in (35) can be written

N/2-1 N/2-1

u(p, ¢; zp) = Z Z ug(m,n)v(p — m,q — n; z,), (41)

m:—N/2 n=—N/2

where v(m,n;z,) is the function V(zs,ys,2,) defined in (25) sampled at the

interval T':

2,T? €XP [jk\/(m2 + n2)T2 + zg]

v(m,n;zp) = JA (m2 + n2)T2 + 22

(42)

Equation (41) is a two-dimensional discrete convolution of the arrays u:(m,n)
and v(m,n;2,), and so can be evaluated by a similar frequency-domain method
as that discussed in Chapter V, Section B. The only difference is that discrete
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Fourier transforms are used rather than continuous Fourier transforms. If 7p{.}

denotes the discrete two-dimensional Fourier transform defined by

N/2—1 N/2-1

Fo{g(m,n)} = Z E g(m,n) exp[—j2n(mp + ng)/N|,  (43) |

m=—N/2n=—N/2

then u¢(p, q; z,) can be evaluated by

us(p, 4 2p) = Fp ' { Fp{us(m, n)} Fp{v(m, n; 2,)} }. (44)

The two-dimensional discrete Fourier transforms in (44) can be carried out
using the fast Fourier transform (FFT) algorithm. The major computational
burden in this approach is the calculation of the array v(m,n;z2p). This can be
minimized by noting that it has the same circularly symmetric properties as the |
d(m,n) array discussed in the previous section, and so only N%/8 points need
actually be computed out of the N2 points in the full array.

As a final consideration, the arrays u¢(m,n) and v(m,n; zp) must be zero-
padded to prevent the “wraparound” effect associated with the circular convolu-
tion performed by discrete Fourier transforms [23]. That is, both N x N arrays
must be extended to 2N x 2N arrays by filling in the extra points with zero
values. The discrete Fourier transforms must then be performed with 2/N-point
FFT algorithms applied to the zero-padded arrays. This results in a relatively

— 34 -



high memory storage requirement on the computer hardware, and the value of

N must be chosen so as not to exceed the storage capabilities of the hardware.

As mentioned in Chapter V, this technique has the broperty that the sam-
pling interval of the focused field is equal to the sampling interval of the input’
transmitted field. In general, this is undesirable since the extent of a focused
beam is usually much smaller than that of the beam incident on the lens, and
thus to examine its intensity distribution, the sampling interval must be corre-
spondingly small. However, cases do exist for large F-number systems where
this effect is not overly detrimental, and this computational technique is quite
useful for such applications, for it does have the advantage that it includes all
aberrations in the analysis. The generation of the function v(m,n; 2p) is com-
putationally long, as are the three discrete Fourier transforms required for its
implementation. The primary application of this technique is the examination of
off-axis aberrations in transverse-plane intensity distributions for large F-number

focusing systems.

C. Calculation of the Focused Field Using the Transform Approach

The calculation of the focused field using the transform approach involves
proper discretization of (31). As in the preceding section, the variables z and y
are sampled at interval T and the integralvapproximated by a rectangular-rule
finite summation. With the substitution of the sampled transmitted field given
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n (34), the functional form of the focused field can be approximated by

N/2—-1 N/2-1 T2
U(zy,yj,2f) ~ — Z Z u(m, n) exp [_7,\ (m +n)]
m—-—-N/2 n=-N/2

X exp [— § Ll (m? + nz)z] (45)

4Azg

27T
X exp —]/\—(mzf + nyy)
Zp

If the field in the focal region is now sampled as given in (35) with sampling

interval Ty chosen to be

Az,

1 =yr

(46)
then the sampled focused field can be written

N/2-1 N/2-1

ur(pgize) ~— D D) w(m,n)exp [.7 AT (m? +n )]

m_—N/2 n=—N/2
47
7| )

Xexpl 4/\3

X exp[—j2n(mp + nq)/N]|.

Equation (47) can be recognized as being a two-dimensional discrete Fourier
transform, and thus the focused field can be calculated from the transmitted
field array using the FFT algorithm. Multiplication of the transmitted field

array by the first and second complex phase terms in (47) can be performed
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using the same technique as that described in Section A of this chapter. This
computational technique is considerably faster and requires less memory storage
than the convolution approach.

Because of the computational speed of this approach, it has proven useful
for examining the focusing process by calculating the intensity distribution in the
meridional plane, a technique or{ginally used by Nijboer and Zernike and later

/
adopted by Maréchal, as well as more recent authors. This involves calculating
a “slice” of the field in say, the (yy,2s)-plane, with £y = 0, which illustrates
the behavior of the radiation as the field propagates toward focus. Substituting

p = 0 into (47) shows that for each distance z,, the following calculation must

be performed:

N/2-1

uf(o,q;zp)~—1— 3 { Ngfl ug(m,n) exp [j”_Tz(m2+n2)]

2 Az
P pn=—N/2 m=—N/2 P

T4 (48)

X exp [—Jm(m2 + nz)z]}
P

x exp(—j2nng/N).

The inner summation over m contained within curly brackets in the equatign
above results in an N-point sequence in the index variable n, and the calculation
involving n can be recognized as a one-dimensional N-point discrete Fourier
transform. Provided that the inner summation can be calculated efficiently, the
computational requirements of the one-dimensional discrete Fourier transform is
almost negligible.
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The major part of this computational burden lies in the calculation of the
complex phase terms. The first term, involving only m24n2, can be calculated by
defining an N-point array similar to the array ¢(m) defined in (37), calculating
it only for positive values of m, and performing the vector-vector and scalar-
vector multiplication of the nt® row of the two-dimensional array as described
previously.

Calculation of the second phase term involving (m? + n%)? is more difficult,
and can be prohibitively long if the calculation is to be performed for many values
of the propagation distance 2,. This problem can be overcome in the following
way. In general, the intensity distribution is only of interest in a small region
near focus where z, = f. If this approximation can be assumed to be valid over
the range of 2, used in the calculation of the meridional plane field distribution,
then the transmitted field u¢(m,n) can be replaced by an altered transmitted

field array uj(m,n) defined by

4

X
uy(m,n) = ug(m,n)exp | —J

D’ e, (49)

In fact, this calculation can be incorporated into the calculation of the transmit-

ted field (39) by defining

11 1 1 1
d'(m,n)EeXp[— T (

2 2y2
(ot =+ =5+ — ) (m2+n?)?], (50
ey R§+R1R2+R§+f2)(m ”)] (50)
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in which case the altered transmitted field can be written

uy(m,n) = u;(m,n)P(mT,nT)c(m)c(n)d’ (m,n), (51)

with ¢(m) as given in (37). Note that this step involves the assumption that’
the spherical aberration affecting the focused field near the paraxial focus arises
from the inclusion of the additional phase term given in (50), and that it results
from both the spherical surfaces of the focusing lens and from the propagation
properties of the electromagnetic radiation.

With this approximation for computational speed, (48) can be written

N/2-1 N/2-1

u,(o,q;z,,)~zl o Y ui(m,n)exp[jﬂi(m”nz)]

P n=—N/2 m=-N/2 Azp (52)

x exp(—j2nng/N).

This equation expresses the procedure for computing the focused field in the
meridional plane. The altered transmitted field array uj(m,n) is multiplied
row-wise and column-wise by a quadratic complex phase term, summed over
the index variable m, and the resulting N-point sequence transformed w1th a
one-dimensional discrete Fourier transform. This procedure is repeated for in-
cremented values of the propagation distance 2, to construct an “image” of the
field distribution profile in the (yys, z¢)-plane.

As a final remark regarding this calculation, note the change in sampling
interval implied by (46) that exists between the input transmitted field array and
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the output focused array. This change in sampling interval is usually desirable
and can be quite significant. For example, with a wavelength A = 633 nm, and
using N = 1024-point discrete Fourier transforms, the output sampling interv#l
in the focal region of a 13 mm focal length lens is approximately Ty = 0.25 pm for.
an input sampling interval of T' = 32 um, a factor of 128 increase in resolution.
Also, since Ty is dependent upon the propagation distance z,, and the image
display pixels are uniformly spaced, a meridional plane calculation carried out
using this technique will result in a distorted image display. Usually, however,

the range of 2, is limited so that the distortion is not significant.



VII. CALCULATED RESULTS

Calculations of transverse and meridional plane intensity distributions .ha.ve
been carried out for several incident laser beam profiles using the equations of
Chapter V implemented as described in Chapter VI. These calculations weré
carried out on a microprocessor-based digital image processor equipped with
vector array processing hardware. The digital image processor proved to be a
useful device for this purpose because of its large memory storage capabilities and
its ability to display calculated results in an easily understandable format. Other
image processing techniques such as contrast stretching and pseudocolor were

also available to enhance the calculated intensity data for visual interpretation.

To illustrate the utility of the convolution approach to laser focusing, trans-
verse plane intensity distributions in the paraxial focal plane were calculated
for a circular beam profile with uniform amplitude across its area. The beam
was assumed to have a diameter of 3.75 mm with 633 nm wavelength radiation
and incident on a 400 mm focal length plano-convex lens with front radius of
curvature RB; = 207 mm. To simulate the effect of small angle misalignment in
the focusing system, the incident beam profiles were generated with linear i)h;.se

shifts in the vertical direction.

Fig. 3 shows the calculated intensity pattern in the paraxial focal plane for
an incident beam angle of 0.000 degrees (perfect alignment). While its appear-
ance is similar to that of the familiar Airy disk predicted by first-order diffraction
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Fig. 3. Calculated focal plane intensity for uniform circular beam incident on

lens at 0.000 degrees.

theory, careful examinination will reveal slight discrepancies introduced by the
aberrations. The focused intensity distribution for an incident beam angle of
0.069 degrees is shown in Fig. 4. A small amount of asymmetry in the pattern
is the effect of coma. Coma flare is quite evident in Fig. 5 which is the focused
intensity pattern for an incident angle of 0.138 degrees. In addition, a four-point
pattern evident in the first diffraction ring indicates the effect of astigmati_sm.
Both coma and astigmatism are quite evident in the focused field pattern for an
incident beam angle of 0.207 degrees shown in Fig. 6. This series of pictures
supports the claim made earlier that the convolution approach to calculation of
the focused field is primarily of use for examining the off-axis aberrations in large
F-number optical systems.
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Fig. 4. Calculated focal plane intensity for uniform circular beam incident on

lens at 0.069 degrees.

Fig. 5. Calculated focal plane intensity for uniform circular beam incident on

lens at 0.138 degrees.
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Fig. 6. Calculated focal plane intensity for uniform circular beam incident on

lens at 0.207 degrees.

Of perhaps more utility in most laser focusing applications is the use of the
transform approach to calculate the meridional plane intensity distribution. In
this way, the focusing process of the propagating beam is quite clearly illustrated
and understood. This technique has been used for numerous incident beam pro-
files and some of the results are presented here. The optical system studied was
intended to simulate a carbon-dioxide welding laser system with its parameters
scaled from the 10.6 um wavelength CO, radiation to 633 nm wavelength HeNe
radiation. This system was also studied experimentally as discussed in chapters
to follow. The lens for this study was a 13 mm focal length, 6 mm diameter
plano-convex lens with front surface radius of curvature B; = 6.8 mm. The focal
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region for this system extends from 12.0 to 13.1 mm behind the lens and for a
distance of 50 um above and below the optical axis.

In Fig. 7 the calculated intensity profile resulting from a uniform amp]itude
circular beam 6 mm in diameter is shown. The light is propagating from left to
right in this and all other images shown here. Also, the contrast of some of these
images has been enhanced in order to show more clearly some of the details of the
diffraction patterns. This image can be compared with the isophote contour plot
in Fig. 1 (page 6). Although the field of view and optical system parameters are
different for the two figures, similarity exists in the general form of the intensity
distributions. This trend is consistent for other plots generated by Maréchal [8]
and reproduced in [9]. Note that the spherical aberration causes the region of
high intensity to occur in front of paraxial focus, located on the right side of the
figure, and that the intensity falls to a low level after focus. The on-axis intensity
plot, normalized to unity at the peak intensity location, is shown in Fig. 8.

The meridional plane intensity distribution resulting from a pair of 350 um
diameter pinholes separated by 2 mm and illuminated at a distance of 100 mm in
front of the lens is shown in Fig. 9. Again, the effects of spherical aberration are
evident: note that the region of high intensity where the beams cross is located
in front of paraxial focus, and that the interference fringes are converging as the

beams cross. The normalized on-axis intensity plot is shown in Fig. 10.
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Fig. 7. Calculated meridional plane intensity for uniform circular beam.
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An annular beam with 6 mm outside diameter and 2.8 mm inside diameter
was used to calculate the intensity distribution shown in Fig. 11. Its on-axis
intensity is shown in Fig. 12.

Finally, Fig. 13 shows the meridional plane intensity pattern for a focused 2.5
mm diameter Gaussian beam. Note that the conventional first-order diffraction
theory principle that Gaussian beams focus to Gaussian beams is incorrect when
spherical aberration is taken into account. The normalized on-axis intensity
graph for this case is shown in Fig. 14.

The images shown here illustrate the utility of the transform approach in
calculating the intensity distribution of a focused beam in the presence of primary
spherical aberration. This technique is most applicable to systems like the one
studied here, namely, relatively small F-number focusing systems where spherical
aberration is the dominant aberration affecting the focused field. The calculation
time for each 512 x 512 pixel image on the digital image processor described

previously was approximately 2 hours and 45 minutes, and required 4 Megabytes

of memory.
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VIII. LIMITATIONS TO THE APPROACH

At this point, some discussion of the limitations and shortcomings of the
Fourier optics approach to the focusing problem is in order. This effort has
concentrated on including the effects of the primary aberrations, with emphasis,
on spherical aberration, into the scalar diffraction theory of focusing a coherent
beam. As such, it is by no means a panacea for all optical processing and
propagation applications, but is limited in its scope by the assumptioné inherent
in it. This chapter discusses some of the more important limitations and points

out areas for further work.

One limitation to the approach as presented here is that polarization effects
have not been considered. This limitation was introduced in Chapter III when the

assumption was made that only one component of the electric or magnetic field

suffices to characterize the radiation. In general, of course, three components

of both the electric and magnetic fields are required to describe a propagating
electromagnetic disturbance, and such vector diffraction analysis is beyond the

scope of this work.

For many applications, however, the propagating optical disturbance is a
transverse wave having only two nonzero components for the electric and mag-
netic fields, which in turn are strongly coupled. In these cases, the approach
taken here may be applicable provided the two components can be considered
separately. The lens effects and propagation of each of the field components can
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be calculated using the approach given here and the focused intensity calculated

by the relation

I(xf’yf’zf) = IU;(zf,yf,zf)|2 + |Uy(zf’yfazf)|2’ (53).

where Uy (zys,yf,2s) denotes the z-component and Uy(zs,ys,2f) denotes the
y-component of the electric or magnetic field. This would require twice the
computation and twice the memory storage requirements of the single component
analysis, however, and may still not be applicable when the components are not

behaving independently.
|

Another limitation is that propagation through inhomogeneous media has
not been addressed. This would be advantageous in areas such as laser welding
and laser-sustained plasmas, where the media near focus can exhibit variations
in its refractive index. Howeyer, the problem becomes a complicated three-
dimensional one involving the satisfaction of certain boundary conditions that
requires computationally intensive iterative numerical schemes to solve in general.
To date, this problem has not been addressed.

Finally, mention should be made of the thin lens approximation. This part
of the approach is a holdover from first-order scalar diffraction theory, and is
clearly an area where improvements to the theory could be made. The thin
lens assumption has been found to be valid in many instances, even those for

which the thickness of the lens is not negligible. However, for multi-element lens
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systems or very thick lenses it may not hold. It is unusual that geometric ray-
tracing can handle these cases while diffraction theory, normally considered the

more exact approach, has difficulty.

Considerable effort was made to overcome this limitation. A scheme that‘
on the face of it, appeared to hold promise, was a hybrid approach whereby the
field incident on the front plane of the lens is converted to an array of rays, each
of which has given amplitude and phase, and each ray traced through the lens to
its proper location in the rear plane of the lens. The phase of each ray in the rear
plane could then be determined by calculation of the total optical path length
the ray traversed and the field in the rear plane calculated from the amplitude

and phase information contained in the ray array.

This approach met with several obstacles. First, determining the direction
of a given ray is a difficult task, since it depends on the amplitude and phase .
distribution in the entire field. Thus, conversion of the incident field to an ar-
ray of rays is not as straightforward as it may appear. Second, even for cases
such as collimated beams where the directions of all the rays are known, the
transmitted field calculated in this manner will not be sampled in a uniform
rectangular grid. The computational load associated with interpolation of the
field to uniform sampling locations becomes prohibitive. Finally, a fundamental
drawback with this approach is that it will result in a greater amount of spher-
ical aberration than that predicted by the thin lens approximation. As pointed
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out by Geary and Petersen [16], the amount of spherical aberration predicted by
the thin lens approximation is itself greater than that predicted by geometrical
optics. Thus, this technique would result in a grossly overestimated amount of
spherical aberration introduced by the lens.

For these reasons, the approach employing the thin lens approximation was
retained. Experimental results presented in Chapter X indicate that this ap-
proach is still a useful and va.lit.i approximation. However, it is limited to simple
lens systems, and so is not particularly applicable to extremely thick lenses or
multi-element systems.

One curious consequence of the thin lens approximation that can be seen
from (22) is that for a given focal length and index of refraction, the amount of
spherical aberration introduced by the lens is minimized when R; = —R,. That
is, according to this approach, spherical aberration is minimal in a biconvex
lens with equal front and back radii of curvature. Because this conclusion is
in disagreement with geometric ray tracing analyses, even for thin lenses, the
approach taken here can be called into question. Still, which approach is “right,”

in the sense of how accurately it models the behavior of light, cannot be so simply

determined, and so remains an area for further research.
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IX. EXPERIMENTAL ANALYSIS

An extremely important aspect of this research effort is the experiméntal
analysis conducted to verify the theoretical approach and to develop a usable
technique for examining the focusing process. Early work in the experimental/
investigation of the diffraction theory of aberrations was carried out by Nienhuis
[6] who obtained transverse plane intensity distributions near focus in the pres-
ence of primary spherical aberration, coma and astigmatism. His photographs
are reproduced in [10], and duplication of his results would be of little benefit.
Because of the utility of meridional plane intensity distributions in showing the
focusing process as the beam propagates toward focus, the experimental analy-
sis conducted in this study concentrated on experimentally acquiring data like
the calculated images presented in Chapter VII. The difficulty with acquiring
such data is that the meridional plane intensity cannot be seen or imaged by
conventional optical imaging instruments.

To acquire meridional plane data, it was necessary to construct the image
from a succession of tranverse plane intensity data passing through the optical
axis. The technique that was developed was to acquire two-dimensional digifal
images of the intensity patterns in transverse planes, and to extract the cen-
tral column from each image. These columns were then successively positioned

adjacent to one another to form the meridional plane intensity distribution.
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The apparatus for doing this is shown schematically in Fig. 15. The beam
from a small helium-neon laser (A) is first passed through a spatial filter and

beam expander (B), and strikes a mask (C) that produces the desired incident

beam profile. A 13 mm focal length, 6 mm diameter plano-convex lens (D).

focuses the incident beam. The imaging lens (E), mounted on a stepper-motor
driven translation stage (F), then images the field in the focal zone onto the

two-dimensional detector array of a video camera (G).
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Fig. 15. Apparatus for acquiring meridional plane intensity data.
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Because this arrangement is a coherent imaging system, the intensity on

the camera detector at the distance d; from the imaging lens is a magnified
reproduction of the intensity in a plane in the focal region at a distance d, in
front of the lens, where the distances d; and d, satisfy

and where f is the focal length of the imaging lens. In this arrangement, d; > d,,
and the magnification of the system, given by M = d;/d,, is large enough so that
the field within the focal region can be detected at sufficient resolution by the
camera. Also, if the distance d; is changed by moving the imaging lens a small
amount Ad;, then from (54), the distance d, can be seen to change only by the
negligible amount Ad, = —Ad;/M?2, and thus remains approximately the same.
In this way, different planes in the focal region are imaged onto the camera
detector by moving the translation stage a known amount. In the actual setup,
the imaging lens was a 25 mm focal length achromatic lens, and d; = 2.5 m, so
that the magnification M was approximately 100.

The transverse plane intensity data are digitized into 512 x 512 pixel images
by a digital image processor (H) that, in addition, also controls the translation
stage (F). The central column from the transverse plane image (I) is then deter-
mined and written into the meridional plane image (J). The translation stage is

then moved a known amount, in this instance 2.1 um, and the process is repeated.
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Determination of the central column for the transverse plane intensity images
was performed in various ways. For radially symmetric beam profiles, a center-
of-mass type calculation carried out over the pixel array of the image could Be
used to find the center of the intensity pattern. This method was susceptible
to systematic errors introduced by background bias or slight asymmetry in the
focused beam, however. A simpler but more effective technique was to select the
location of the maximum pixel value in the image as the center of the beam. For
asymmetric beam profiles, very little could be done except to align the beam on
a chosen column prior to data acquisition, and to extract the intensity data from

that column during the entire course of the data collection procedure.

Data acquisition in this manner was of course sensitive to the alignment of
the optical components, vibration, and atmospheric turbulence. Care was thus
taken to align and secure the optical components, and a vibration-isolated ta-
ble helped to reduce mechanical vibrations. Some of the effects of atmospheric
turbulence were removed simply by turning off the laboratory ventilation sys-
tem during data acquisition. As a final step in minimizing these effects, it was
sometimes possible to average several meridional plane intensity images, thus

reducing the random fluctuations that occurred from image to image.

Two questions that arise about this technique concern the use of an imaging
lens to study the aberrations introduced by the focusing lens. First, loss of in-
formation could occur from the apodization of the beam by the finite size of the
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lens. A geometric analysis of the focusing and imaging lens system showed that
this effect was negligible, however. Second, aberrations could be introduced. by
the imaging system itself. These aberrations would result in distortion and mis-
focusing of the imaged intensity pattern. To be sure, these effects were present,
however, the lens was of reasonably high-quality, and the aberrations were not
so severe as to result in a grossly erroneous image of the intensity in the focal
region. In summary, errors exist in the images obtained by this technique, but
they are not believed to alter appreciably the significant features of the intensity

distributions.
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X. EXPERIMENTAL RESULTS

The experimental apparatus and data acquisition technique described in
the preceding chapter were used to obtain several meridional plane intensity
distributions. In this chapter, three of these images are presented whose opticall
system parameters correspond to those of the calculated images shown in Figs.
7,9 and 11 of Chapter VII (pages 46, 47 and 49, respectively). For each image,
the field of view is from 2, = 12.0 to 13.1 mm behind the 13 mm focal length
focusing lens and extends approximately 50 um above and below the optical axis.
As in Chapter VII, some of these images have been enhanced with digital image
processing techniques to increase their visibility and contrast.

Fig. 16 shows the experimental meridional plane intensity for a 6 mm diam-
eter uniform circular beam incident on the lens. Comparison of this image with
the calculated image in Fig. 7 (page 46) repeated here in Fig. 17 for the same
incident beam profile shows a high degree of agreement in the functional form
of the focused intensity. Some discrepancy exists, however, in the overall extent
of the distribution and in the angle of the caustic. While this may result from
limitations of the theory, it may also be caused by the tolerance limits in ihe
manufacturer’s specifications for the lens, which are stated as being + 5 per cent
of their nominal values. Fig. 17 was calculated assuming a perfectly spherical
surface lens with a focal length of exactly 13 mm. The agreement between the

theory and experiment is quite good in spite of this slight difference.
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Fig. 16. Experimental meridional plane intensity for uniform circular beam.

Fig. 17. Calculated meridional plane intensity corresponding to Fig. 16.

Ty



A two-pinhole mask with 350 um diameter pinholes separated on centers
by 2 mm and placed 100 mm in front of the focusing lens was used to obtain
the meridional plane intensity pattern shown in Fig. 18. Comparison with the
calculated image in Fig. 9 (page 47) reproduced in Fig. 19 again shows strong
agreement between theory and experiment. Note some of the effects of vibration
or air turbulence during the data acquisition procedure that are evident in the
center of the image.

Finally, an annular beam with 6 mm outside diameter and 2.8 mm inside
diameter produced the focused meridional plane intensity shown in Fig. 20. This
may be compared with Fig. 11 (page 49), which displays the calculated intensity
distribution for this same case, and is reproduced for convenience -in Fig. 21.

These images clearly demonstrate the validity of the Fourier optics approach
to aberrations in focused laser beams. The strong agreement, both qualitatively
in terms of the similarity of the functional forms of the intensity distributions,
and quantitatively in terms of their physical extents, indicates that for practi-
cal focusing systems, the calculation techniques presented here can successfully
predict the focused field inclusive of the effects of spherical aberration. Further,
these images provide experimental data depicting the focusing process that has

been lacking since the earliest work in the diffraction theory of aberrations.
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Fig. 18. Experimental meridional plane intensity for two-pinhole beam.

Fig. 19. Calculated meridional plane intensity corresponding to Fig. 18.
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Fig. 20. Experimental meridional plane intensity for annular beam.

Fig. 21. Calculated meridional plane intensity corresponding to Fig. 20.
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XI. CONCLUSIONS

A unified study, combining both theoretical and experimental analyses, has
been made of the effects of aberrations on the intensity in the focal region result-
ing from a laser beam focused by a spherical surface lens. The close agreement
between calculated and experimental results shows that the Fourier optics ap-
proach to the diffraction theory of aberrations produces a suitably accurate model

of the behavior of focused laser radiation for practical optical systems.

The use of the thin lens approximation for modeling the effects of the focus-
ing lens has been shown to be valid for the cases presented in this dissertation.
The two computational techniques for calculating the propagation of the beam to
focus, the convolution approach and the transform approach, have both proven
useful. The computational efficiency of the transform approach, which leads to
its use for calculating meridional plane intensity distributions, makes it the pre-
ferred method for analyzing focusing systems. Both of these methods readily lend
themselves to vector-processing computational algorithms. Furthermore, the use
of digital image processing equipment for calculation and data display has befznv
shown to offer advantages in terms of ease of understanding and interpreting

results.

While limitations to the approach were discussed in detail in Chapter VII,
some of them bear repeating here. Polarization effects and propagation through
inhomogeneous media were not considered, and a different approach is believed
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to be more fruitful for the inclusion of these phenomena. The thin lens approx-
imation for modeling the lens effects produces results that differ from those of
geometric ray tracing. Improvements to the thin lens assumption and resolviﬁg
this discrepancy between scalar diffraction theory and geometric optics is clearly
an area for further research.

The experimental analysis is a particularly important part of this work effort.
The meridional plane intensity distribution images are the first known images of
their kind, and thus represent ;x, significant contribution to the diffraction theory
of aberrations. The experimental technique itself also merits notice, and may be
applied to specific focusing systems to study their performance.

The behavior of a focused laser beam is an important consideration in many
applications, and will continue to increase in importance as the use of lasers for
industrial and research purposes becomes more prevalent. The work presented
here will hopefully provide insight into this problem, and contribute to its further.

study now and in the future.
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