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Abstract

This dissertation contains three separate optimal control problems involving partial
differential equations (PDESs) or ordinary differential equations (ODES). In each problem,
an objective functional representing the goal of the control process is minimized. First,
a system of ordinary differential equations which describe the interaction of Human Im-
munodeficiency Virus (HIV) and C'D4"T-cells in the human immune system is studied.
Two controls representing drug treatment strategies of this model are explored. Existence
and uniqueness results for the optimal control pair are established. The optimality system
is derived and then solved numerically using an iterative method with the Runge-Kutta
fourth order scheme.

Second, an unknown coefficient of the interaction term of a parabolic system with a
Neumann boundary condition in a multi-dimensional bounded domain is identified. The
solution of this system represents the concentrations of predator and prey populations.
Given partial (perhaps noisy) observations of the true solution in a subdomain, we seek
to “identify” the coefficient of the interaction term using an optimal control problem tech-
nique. This method of solving this identification problem is based on Tikhonov’s regular-
ization and the optimal control for a fixed regularization parameter represents the approxi-
mate solution of the inverse problem. The existence and uniqueness of the optimal control
are established, and an optimality system is derived. As the regularization parameter goes
to zero, the identification problem is solved, and an example illustrating how to find a
solution numerically is presented.

Third, a problem involving optimal control of a convective velocity coefficient de-
pending on space and time in a parabolic equation is treated. This work applies to a one
dimensional fluid flow through a soil-packed tube in which a contaminant is initially dis-
tributed. The existence of an optimal control and an optimality system are derived. This
problem requires more regularity on the control set which results in a PDE characterization

of an optimal control.
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1. Background

Optimal control theory, developed by Lev Semenovic Pontryagin and his co-workers
in the late 1950s, generalizes the calculus of variations by extending its range of appli-
cability. Pontryagin developed the maximum principle for the optimal control of finite
dimensional problems governed by ordinary differential equations (ODESs). In optimal
control problems, variables are divided into two classes, state variables and control vari-
ables. The movement of the state variables is governed by first order differential equations.
The trajectories of the state variables are influenced directly by the control variables. It
IS important to note that the number of control variables may not match with the number
of state variables [1, 5]. The control variables and thus the state variables are chosen to
maximize an objective functional, respecting the desired goal.

As an illustration of a simple version of Pontryagin’s Maximum Principle, the follow-
ing problem is considered [5]. Given a piecewise continuous control function w(t), there is
an associated continuous and piecewise differentiable state x(¢) defined on [t,, ¢1], a finite

time interval, that solves

2'(t) = g(t, z(t), u(t))
with initial conditions
l’(to) =2 fixed
x(ty) free

Our goal is to find »* that maximizes the objective functional

J(u*) = max J(u), (1.1)

u

t1
where J(u) = f(t,z(t),u(t)) dt. Minimization problems can also be treated. Here
to
f and g are assumed to be continuous differentiable functions of three independent argu-
ments.

The following result gives the necessary conditions for an optimal control [1, 5].
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THEOREM 1.1. If w*(¢) is an optimal control in (1.1), with 2*(¢) being the correspond-
ing state, then it is necessary that there exists a differentiable adjoint function A, where for

all ty < ¢ < ), A(t) # 0, and
H(t,z" (), u(t), A(t)) < H(t, 2" (1), u"(t), M),
for all controls u(t), where the Hamiltonian is defined by
H(t,z(t), u(t), A1) = f(t,2(t), u(t) + Ag(t, 2(t), u(t)).
and \(t) satisfies

N

and the transversality condition, A(¢;) = 0.

2. Bounded Controls in ODE case

If the controls are bounded [1],we consider

J(u') = max /t (), u(t) dt

subject to ' (t) = g(t, x(t),u(t)), z(ty) = xo and a < u(t) < b.
We assume that / is a nonlinear differentiable function of «.

We need to adjust the optimal control as follows:

futAgu =0 atu*(t) = a<u*(t)<b (2.2)
futAg, >0 atu*(t) = u*(t)=0b

The other necessary conditions for the optimal control are:

91— X' ie. N(t) = —(f. +g.) adjointequation + B.C.

9 — o/ ie. 2/(t)

g state equation.

We obtain the optimality condition with the help of the Lagrangian, which is formed by

appending the constraints to the objective with multiplier functions wy,wy. So, L =
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f(t,z(t),u(t)) + Ag(t,z(t),u(t)) + wi(b — u) + wa(u — a) gives the necessary condi-

tions for a constrained maximum/minimum problem with respect to u:

g—ﬁqu+>\gu—w1+w2=0,
wy(t) >0 wi(b—u*) =0, (2.3)

ws(t) >0 we(u* —a) = 0.

If u*(t) = b, then u*(t) — a > 0, SO wy(t) = 0. Hence f, + \g, — w; = 0 at¢. But we
have w; (t) > 0; which requires f, + Ag, > 0 at ¢. The other possibilities in (2.2) are also

verified similarly from these Lagrangian conditions.

3. Optimal Control of PDEs

The theory of optimal control of systems governed by partial differential equations
(PDEs) was developed by J. L. Lions [2]. Even though other similarities occur, there is
no full generalization of Pontryagin’s maximum principle to nonlinear PDEs. Indeed, the
ideas of Pontryagin’s Maximum Principle are used to aid in characterizing an optimal con-
trol through an optimality system, which involves the state system coupled with the adjoint
system. Explicitly, there are several connections between finite and infinite dimensional
optimal control theory. Given the optimal controls and the corresponding state variables,
there exist adjoint variables that satisfy systems in which the source terms of the adjoint
PDEs equal the partial derivatives of the integrand of the objective functional with respect
to the state variables. In the case that the state equation is parabolic, then the adjoint
equation is a backward parabolic equation and a transversality condition occurs at the fi-
nal time. See the book by Li and Yong for some known cases of Pontryagin’s Maximum
Principle for PDEs [4].

The typical setting of an optimal control problem with a single PDE state equation is

as follows [2]:

e A control h belongs to some set U, the set of admissible controls which is at our

disposition.
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e The state u(h) of the system to be controlled, depending on h, is the solution of

the equation
Lu(h) = F(h,u,z,t)

with appropriate boundary conditions, where £ is known PDE operator, which
specifies the system to be controlled.
e The “objective functional” .J (k) to be maximized or minimized is defined in terms

of u(h) and h:

J(h) = / f(x, t,u(h), h)dxdt.
Q
The definitive goal is to find ~* € U such that
J(h*) = inf J(h) or sup J(h)

overall h € U.

The following is an outline of the solution technique. If the state system is nonlinear,
the existence and uniqueness of the state system are proved via an iterative scheme. The
existence of an optimal control is obtained through a maximizing or minimizing sequence
argument. The optimality system consists of the state system coupled with the adjoint
system together with the characterization of the optimal control. To obtain the necessary
conditions for the optimal control, the objective functional is differentiated with respect to
the control. We compute the directional derivative (Gateaux derivative) of the objective
functional with respect to & in direction & € U, i.e.,

i J(h+¢ek) — J(h).

e—0t £

The limit is denoted as g—i(h; k), where k denotes the direction. Since the objective func-

tional usually contains the state variable u, thus it also needs to be differentiated with
u(h + k) —u(h)
S

respect to the control. The difference quotients

are shown to converge
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to a sensitivity function, ). A priori estimates are needed for the existence of the state sys-
tem, the existence of an optimal control, and the convergence of the difference quotients to
1. The function ) solves a linearized version of the state equation. Finally, the adjoint of
the operator of the linearized ¢ equation is found. The components of the right-hand side
of the adjoint system are the derivatives of the integrand of the objective functional with
respect to each state. To compute the optimal control ~2* from Z—Z the adjoint system is
introduced with a transversality condition and other appropriate boundary conditions. The
explicit form of the optimal control is determined using standard techniques involving
choices of the variation function k. It is important to note that, if the objective functional
has partial derivatives of the control in its integrand then the optimal control satisfies a
PDE (i. e., an explicit expression is not obtained) . In the parabolic case, uniqueness for
the optimality system, which characterizes the unique optimal control, holds only for suf-
ficiently small time. This condition is due to the opposite time orientations of the state and

adjoint systems.

In part 11, we consider optimal control of an HIV immunology model:

dfg_it) e Bf?fgzw — JT() — KVETE) +mOT)  (34)

satisfying 7'(0) = Ty and  V(0) = Vi, where T,V represent the concentrations of the
uninfected C'D4*T cells and the free infectious virus particles respectively, and w1, u,

represent controls for two different treatment strategies. The term s; — B‘?f‘gt()t) is the

source/proliferation of uninfected 7" cells , —uT'(¢) is the natural loss of uninfected T cells,

—kV(t)T'(t) is loss by infection, Bg‘frf()t) is viral production in plasma and —cV (¢)T'(t) is
the viral loss. Similarly, 1 is death rate of 7" cells, & is infection rate of T cells, g is the
input rate of external virus source, c is loss rate of virus and B, B, are half saturation

constants.
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Our goal is to boost the immune system using the control «; and delay the HIV pro-

gression using another control u,. The objective functional to be maximized is
3
0

The first term represents benefit of 7" cells and the other terms are systemic costs of the
drug treatments, where ¢, is the final time. The positive constants A; and A, balance the
size of the terms, u?, u3, and reflect the severity of the side effects of the drugs.

We seek an optimal control pair, v}, v} such that
J(ul, uy) = max{J(uy, us)|(us,us) € U}

where U = {(u1, uz)|u; measurable , a; < u; <b;, t € [0,tf], for i = 1,2} is the
control set, and a;, b; are lower and upper bounds on controls.

The existence and uniqueness results for the optimal control pair are established. We
further derive the optimality system and then solve it numerically using an iterative method

with Runge-Kutta fourth order scheme.

In part I11, we consider a parabolic inverse problem of identification type:

u — biAu = (a3 — du)u — h(x)uv INQ =0 x (0,T) (37)

vy — byAv = —agv + h(z)uv

with initial and boundary conditions:

u(z,0) = wup(x), v(x,0)=uvy(x) for x € Q
Qo= 0, =0 on 9 x (0,7).



8

The coefficients and terms can be interpreted as :

h(x) = coefficient of the interaction term to be identified.
U = prey population (state variable).

v = predator population (state variable).

by, by = diffusion coefficients

ay,as,d = standard logistic growth terms.

Our class of admissible interaction coefficients is
U={hel*Q):0<h<M}
We seek to minimize the objective functional:

J(h) = /W [u(h) — 21)2 + (0(h) — 2)?] da dt

over h € U, where W C (), the measure of W is positive, and z1, z, are observations of
the prey and predator populations. We denote the dependence of » and v on the interaction

coefficient by

Given partial (and perhaps noisy) observations z1, z, of the true solution in a subdomain
W of @, we seek to “identify” h(z).

To identify h, treat A as a control and choose A such that corresponding u, v are close
to given observations zi, z, and an approximate objective functional is minimized. The

approximate objective functional for 5 > 0 is:

1

Ja(h) = 3 /W[(u —21)% 4+ (v — 2)? dv dt + g /Q h(z)? da . (3.8)

The second term in the right hand side (RHS) is “artificial”. This method of solving these
identification problems is based on Tikhonov’s regularization [6]. Tikhonov’s approach

and its variants seek to minimize the functional Jz(h) for a fixed (3 over a set of unknown
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data. The function /3 which achieves the minimization of .J5(h) represents an approximate
solution of the inverse problem.

For each 3 > 0, one considers the unknown data, &, as a control which belongs to U;
the control has to be adjusted in order to minimize the functional .Jz(h). We seek to find
the minimum of the approximate objective functional over 2 in U :

Jo(hg) = inf Js(h).

ceU

Letting the sequence of (5 tend toward zero, we verify that the corresponding sequence,
hg, converges in an appropriate sense to the desired coefficient.

The existence and uniqueness of the optimal control approximating the desired coeffi-
cient are obtained, an optimality system is derived, the identification problem is discussed
and an example illustrating how to find a solution numerically is presented.

In part IV, we consider optimal control of the coefficient of the first spatial derivative
in a parabolic equation. We treat the case of one spatial dimension and the control depends
on space and time. Control of such a coefficient requires more regularity on the control
set than controlling the coefficient of a zero™ order term, and it lead to a partial differ-
ential equation (PDE) characterization of an optimal control instead of the usual explicit
characterization.

We consider the parabolic equation (in non-divergent form) is

u(z,t) = aug, — h(x,t)u, + f inQ = (0,L) x (0,7
u(z,0) = ug(z) O<zxz<L, t=0,

(3.9)

with the boundary conditions

u(0,t) =0 forall ¢t (0,7)

uz(L,t) =0 forall te(0,7).

The convective velocity coefficient h(z, t) is taken to be the control.
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The objective functional is

T L ﬁ T L
J(h) = a/ / u(z,t) de dt + 5/ / [1*(z,t) + b (z,t) + hi(z,t)] dadt
0 0 0 0
Our goal is to minimize the objective functional, i.e.,

J(h*) = Ihnellrjl J(h)

with control set U = H'(Q).

This example is designed to illustrate the technique with more regular controls and to
generalize the recent flow applications. The existence of an optimal control is proven. The
optimality system is driven by differentiating the objective functional with respect to the
control and differentiating the function mapping the control to the state. We obtain the
characterization of an optimal control through an elliptic differential equation. Thus the

optimality system will consist of two parabolic equations coupled with an elliptic equation.
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Part 1l

Optimal Control of an HIV Immunology Model
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1. Introduction

AIDS - Acquired Immunity Deficiency Syndrome - is a disease that has affected the
whole world in the 20 years since it was first detected. It is caused by Human Immun-
odeficiency Virus (HIV). Of the 34.3 million people worldwide living with HIV infection
today, more than 24 million are in the developing world.

There is still a near-silence about major advances in the search for an anti-HIV vaccine,
but scientists are developing new methods of treating the infected patients. Most of the
chemotherapies are aimed at killing or halting the pathogen, but treatment which can boost
the immune system can serve to help the body fight infection on its own [9]. The new
treatments are aimed to reduce viral population and boost up the immune response. This
brings new hope to the treatment of HIV infection, and we are exploring strategies for such
type of treatments using optimal control techniques.

An ordinary differential equation (ODE) model (taken from Kirschner and Webb model
[9]), which describes the interaction of C'D4*T cells and HIV in the immune system is
utilized, and optimal control of this ODE model is explored.

Once HIV enters the body, the human immune system tries to get rid of it. The invasion
is reported to C'D4™T cells. The C'D4 is a “protein marker in the surface of the T" cell”,
and the letter T refers to thymus, the organ responsible for maturing these cells after they
migrate from the bone marrow (where they are manufactured). They arrive in the thymus
gland where they mature. The surface of C'D4™T possesses a protein that can bind to
foreign substances such as HIV. The HIV needs a host in order to reproduce and above
mentioned protein provides shelter. The HIV virus is a retrovirus, the RNA of virus is
converted into DNA inside the C'D4*T cell. Thus, when infected C' D4™T cells begin
to multiply to fight this pathogen, they produce more virus. See [3, 7, 8, 9, 11] for more
details on disease progression.

Let 7', V represent the concentration of the uninfected C D4+ T cells and free infectious

virus particles respectively, and w1, uy represent two different treatment strategies. As our
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control classes we choose measurable functions defined on a fixed interval (as treatments
can not be continued for infinite time period due to hazardous side effects) satisfying
0 <a; <wu(t) <b; <1fori=1,2. For most of HIV chemotherapy drugs, the length of
treatment is less then 500 days [3].

The state system is

dz—it) - SI_BTQXSEt)_“T(t)_kV(t)T (t) + i (t)T(1) (1.1)
dtz—it) - g(lélf(?<)t>v(t>—cv<f>ff<f> (12)

satisfying 7'(0) = Ty and, V' (0) = V4, where T represents the concentration of C D4*T

s2V ()
B1+V (t)

of unaffected 7" cells , —uT'(t) is the natural loss of uninfected T cells, —&V (¢)T'(¢) is loss

cells, V' the concentration of HIV particles. The term s;—

is the source/proliferation

by infection, B‘ZZ%) is viral contribution to plasma and —cV/(¢)7'(t) is the viral loss. Sim-
ilarly, p is the death rate of 7" cells, & is the infection rate of 7" cells, g is the input rate of
external virus source , c is the loss rate of virus and B, B, are half saturation constants.

The definitions and numerical data for the parameters are from Kirschner and Webb [9].

The objective functional to be maximized is

Hu) = [0 (A + A (L3)
0

The first term represents benefit of 7" cells and the other terms are systemic costs of the
drug treatments, where ¢, is the final time. The positive constants A; and A, balance the
size of the terms, and u?2, u3 reflect the severity of the side effects of the drugs. When drugs
such as interleukin (IL-2) are administered in high dose, they are toxic to the human body,
which justifies the quadratic terms in the functional. Our goal is maximizing the number

of T cells and minimizing the systemic cost to the body. We seek an optimal control pair,
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uy, us such that
J(uy, uy) = max{J(uy, us)|(us,uz) € U}

where U = {(u1,us)|u; measurable , a; < u; < b;, t € [0,t7], for i = 1,2} is the
control set.

See Kirschner and Webb [9] for treatment strategies using immune boosting and de-
laying AIDS progression. They developed a mathematical model of dynamics of dis-
ease progression and IL-2 treatment of the HIV-infected immune system. Their model
is based on the key markers of HIV progression, C' D4+T cell level and viral levels in
the plasma, which agrees with preliminary results from clinical trials. They also predict
that immunotherapy administered during the early stages of disease progression is most
beneficial for raising C' D4 T cell count.

See references [2], [3] and [7] for control problems on HIV infection in different types
of models using treatment with a single drug and similar objective functional. In this
paper we consider two controls, one boosts the immune system and other delays the HIV
progression.

Wai-Yuan and Zhinhua [13] have developed a stochastic model for the HIV patho-
genesis under anti-viral drugs. They estimated the numbers of infectious free HIV and
non-infectious free HIV as well as the number of T cells through the extended Kalman
filter method. Berman [1] also used a stochastic model with a three-stage diffusion pro-
cess (pre-treatment interval, the control treatment interval and post treatment interval) for
the 7" cell level of an HIV-infected individual. His goal was to determine the best time
to intervene with an antiviral drug using a Brownian motion representation of the 7" cell
level.

In section 2, we investigate the existence of an optimal control pair. In section 3, we
seek to maximize the objective functional and the optimal control is characterized using
Pontryagin’s Maximum Principle [12]. The uniqueness of the optimality system is proved

in section 4, and some numerical results are illustrated in the last section.
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2. Existence of an Optimal Control Pair

The boundedness of solutions of the system (1.1) and (1.2) for the finite time interval
is used to prove the existence of an optimal control pair. This can be proved using the fact

that supersolutions 7" and V satisfying

dT _
s = 51 +u (t)T
v _ gV

dt  By+V

are bounded on a finite time interval.
The existence of the optimal control pair can be obtained by using a result by Fleming

and Rishel ([4, Th. 4.1, p. 68-69]).

THEOREM 2.1. Consider the control problem with system equations (1.1),(1.2). There

exists «* = (uf,u}) € U such that

max J(u1,u) = J(uj, uj).
(u1,u2)eU

Proof: In order to verify the conditions to use the result from [4], first, we note that the
solutions are bounded. Second, we use a result by Lukes ([10, Th 9.2.1, p. 182] to give
the existence of solutions of ODE’s (1.1) and (1.2) with bounded coefficients. Note that
U is bounded and convex. Since our state system is bilinear in uy, us, the RHS of (1.1)
and (1.2) is continuous and it can be rewritten as f(¢, 7, %) = a(t,T) + 3(¢, T)d, and

the boundedness of solutions gives ‘f(t, T, @)

< O (1+\ﬂ+\ﬁ|), for0 <t < ty,
TeR? deR2(whereT = (T,V)and @ = (uy, us)).
In order to verify the convexity of £, the integrand of our objective functional, we

show
LT, (1—e)i+et)>1—e)Lt,T,0)+eL(t,T,7) foro<e<1 (2.1)
where £(t, T, @) = [T — (Ayu? + Ayu)].

L(t,T,(1—¢e)i+ev)



17

= [T — A((1 — e)us + ev1)® — As((1 — e)un + eva)?]
=T — (Aju] + Aud) — (Ai[(e* — 2e)ui + %] + 2e(1 — e)uyvy]

+A5[(% — 2e)ul + %03 + 22(1 — €)usno))

and
(1—e)L(t, T, @) +eL(t, T, )
= (1 —¢)[T — (Al + Agud)] + [T — (A1v] + Ayv3)]
= T — (Ayui + Aqu3) — e(—Aju] — Ayus + Ajvi + Ayv3).

Thus in order to show that E(t,f, -) is convex in U, we note that following inequality

holds:
Aq[(e® = 2e)ud + &®v] + 2e(1 — e)ugvn] + Ap[(e? — 2e)uj + €03 + 26(1 — €)uyvy]
< e(=Apl — Aguj + Aol + Agvl).

In other words, we need to show

Ay(% = &) (uf +v?) + Aa(e® — &) (uj + v3 + 2e(1 — &) (Ayugvy + Agugvy) < 0

which is equivalent to

1 (VeI =2 = VAT =) = A2 (VET =2z = VET=Jea) <0

The above inequality holds since Ay, A, > 0. Hence (2.1) holds.
Finally, we need to show that £ (¢, T, @) < ¢; — ¢;d|?, where ¢; > 0 and 3 > 1. For

our case:
,C(t, T, 2_[) = T-— (Alu% + AQU%) S Cy — Cl|ﬁ|2

where ¢, depends on the upper bound on 7', and ¢; > 0 since A;, A, > 0. We conclude

there exists an optimal control pair by the existence result from [4, Theorem 4.1]. O
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3. Optimality System

In section 2, we proved the existence of an optimal control pair system for maximizing
the functional (1.3) subject to (1.1)-(1.2). In order to derive the necessary conditions on
this optimal control pair, we use Pontryagin’s Maximum Principle [12].

The Lagrangian is defined as following:

Ay [31 - % — uT(t) — kV(OT(t) + ui ()T (t)
A [9(1 - lf(vt)()t)v(t) — V(BT

+w11(t)(b1 - Ul) + wlg(t) (Ul — CL1)

Fwar (1) (by — u2) + waa(t)(ue — az),

where wyy (), wia(t), war (), wee(t) > 0 are penalty multipliers satisfying

wn(t) (bl — Ul) = O, ’U)u(t)(ﬂl — CL1) =0 at UT
and
W21 (t) (bg — Ug) =0, wgg(t) (Ug — CLQ) =0 at u§ [11]

THEOREM 3.1. Given optimal controls «7, ; and solutions 7, V* of the correspond-

ing state system (1.1)-(1.2), there exist adjoint variables A\, A, satisfying

A= =LA [ RV(E) — ui(®)] 4 AV (F)

;o B182 * ng(l - u;@ ) *
% = v o] - [ — o)

and A (ty) = A\a(ty) = 0, the transversality conditions. Furthermore

W) = min{max{al,%éll()\lT*(t))},bl}
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, Ao V*(t)
S(t) = — b
us(t) min {max {ag, o (Bg—l—V*(t))}’ 2}
Proof: The form of the adjoint equations and transvarsality conditions are standard results

from Pontryagin’s Maximum Principle [12]. We differentiate the Lagrangian with respect

to states, 7" and V' respectively.

g_; L [ — BV () + ua(8)] = AV (8)
o, [Bet V(t))g(l(—B :i(t‘)/)(;)g(l —ua(t)V(t) CT@)}
= e o [T e - o)

Thus the adjoint system can be written as:

oL

N = —ad = L A V() = (0] + dacV (1) 3.1)
, _ 9L _ Bysy cpy] o, [P =)
%= Gp =N e 0] e | R T ofe)

The optimality equations [6] are :

oL
87 = —2A1u1 (t) + )\1T* (t) - wn(t) + w12(t> =0 at UT
1
oL gV (t) _ :
8—u2 = 2A2U2(t> + )\2 |i m} W1 (t) + 1U22(t) =0 at Ugy.
Hence we obtain
1

1

There are three cases for «} at any time ¢:

Case(i): a; = uj(t).
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since ui(t) # by, wiy(t) = 0. Then ay = u}(t) = 2%1 [MT(t) + wia(t)] by (3.3).

Then solving for wy,(t) gives
241a; — MT*(t) = wia(t) > 0,
which implies
2A1a0 > MT™(t)
and

1
> — M\ T*(t).
a; > 2A1)\1 (t)

Case(ii): a; < ui(t) < by.

By the definition of the penalty multipliers, w15 () = wy1(t) = 0, and (3.3) gives

* 1 *
Uy = 2—141)\1T (t)

Case(iii): ui(t) = by
Since uj(t) # a1, wi2(t) = 0, and (3.3) gives

1
by =ul(t) = — [ MT*(t) — wyy (¢
V= ui(t) = 5 T () — wn (1)
which implies
0 S wi1 = )\1T*(t) — 2A1b1
and
MT(t)
< )
= 24,

Hence we conclude

ﬁ)\lT*(t) if a; < ﬁ)\lT*(t) < bl
w=1 a it AT < a

by if S MT(t) > by



. 1
In compact notation, u](¢) = min {max {al, A (AlT*(t))} : bl}.
1

Similar to the u}(t), there are three cases for u3(¢):
)

Case(i): az = us(t).

. 1 V*(t
We have wq;(t) = 0, and then ay = u3(t) = 4, [—AQBQ?% + Wao
(3.4). Then solving for w.,(t) gives
V(t)
N >
2A5a9 + Ao B+ V(1) wy(t) >0,
which implies
V(1)
24509 > —Ng——————
S R
and
1 V*(t)
@2 B Ve(t)
Case(ii): as < ui(t) < bo.
We have wy; (t) = wae(t) = 0 and
o e V)
2 24, By +Vr(t)
Case(iii): us(t) = by
Since ui(t) # aq, wae(t) = 0. Characterization (3.3) gives
oy L V(t)
b= wll) = o | e v )
which implies
V*(t) : .
< = _ — > —
0 < wy A2 By + V*(t) 2A2b2 (Slnce Wij = O, 1, 1, 2)
and
by < Ay V()

= 24y By + V(1)

21
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Hence, we conclude

Ae V() ; Ae V()
s mvm T 2 < L mrvee < b2

* i Ay V()

Uy =4 ap if ok BV ) = @2
: A VEB)

by it~k Bive() = ba.

. . Ay V() } }
In compact notation, «,(¢) = min { max < as, — IR O
P 2(0) { { Y24 B+ V() [

The optimality system consists of the state system coupled with the adjoint system with

the initial and transversality conditions together with the characterization of the optimal

control pair
wi(f) = min {max {al, QLAI (AlT*(t))} ,bl} (3.5)
o Ay V()
u3(t) = min {max {ag,—2A2 Bg—l—V*(t)} ,62} : (3.6)

Utilizing (3.5) and (3.6), we have the following optimality system which characterizes

the optimal control.

dT(#) sV (1)
“at VT B v

+ min {max {al, 2%11 (AlT*(t))} | bl} ()

%= =t [ w0 - min fona {2 e o )
FhacV (1) 3.7)

N,o= N\ lﬁwﬂa]

Byg (1 — min { max a,—’\—i% , b
RN

— uT(t) — kV()T(t)

_)\2

Al(tf) = Al(tf) =0, and T(O) = TQ, V(O) = V.
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By therorems 2.1 and 2.1 the solution of optimality system (3.7) exists.

4. Uniqueness of the Optimality System

We will use the following lemma while proving the uniqueness of solutions of the

optimality system for the small time interval.

LEMMA 4.1. The function u*(s) = min(max(s,a),b)) is Lipschitz continuous in s,

where a < b are some fixed positive constants.

Proof: Consider sq, s, as real numbers and a, b as fixed positive constants. We will show
the Lipschitz continuity holds in all possible cases for max(s, a). Similar arguments hold

for min(max(s, a), b)) as well.

1. 51 > a, s9 > a.

| max(sy,a) — max(sq, a)| = |1 — so
2. 51> a, sy <a.

| max(sy,a) — max(sg, a)| = [s1 —a| < |s1 — s
3: 51 <a, sy > a.

| max(s1,a) — max(sq, a)| = |a — so| < [s1 — $9f
4: s1 < a, s <a.

| max(s1,a) — max(sq,a)| = |a—a| =0 < |s; — sy

Hence | max(s;,a) — max(sy, a)| < |s; — sq| and we have Lipschitz continuity of «*

in s. O

THEOREM 4.1. For ¢ sufficiently small, bounded solutions to the optimality system

are unique.

Proof: Suppose (T, V, A1, \2) and (T,V, X1, \y) are two different solutions of our opti-
mality system (3.7). Let T = eMp, V = Mg, \; = e Mw, Ay = e Mzand T = eMp,V =
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eMg, M\ = e MW, Xy, = e MZ, where A > 0 is to be chosen. Further we let

ui(t) = min {max {al, A, (wp)} : bl}
. oz g
us(t) = min {max{ag, e Bz+e”q} ,bz}
and
. : |
uj(t) = min< max-< aq, oA, (wp) ¢,

Uy(t) = min < max q ag T by ¢ .
’ 2A2 BQ—FQMG 7

Now we substitute 7' = e*p into the first ODE of (3.7) and get

sze”q
Bl -+ 6)‘t

2)\t

M+ Ap) = s — — peMp — ke

1

+ min {max {al, oA (6_’\twe)‘tp)} : bl} e)‘tp
or

/ —\t S2q
+Ap = e Mg - —2
b P ' B+ eMg

min < max a1,2A1 wp) ¢ ,b1p p

Similarly, for V= eMg, \; = e Mw, Ay = ez, we obtain

g(l—mln {max{ag, 2A2W} bg})

— up — keM'pg

! _ At
g+ = By 1 g —ce™'pq
1
—w' I = M —w {,u—l—k:e)‘tq—min {max{a1,2A (pw)} bl}]
—ceMqz
3182
] >\ - _ e A k At

Z + Az w{(Blee’\tq)sz ep

Bsyg (1 — min {max{a2, 2A2W} bg})

+z —ce

(By + eMq)?

(4.1)

(4.2)

(4.3)

Mp| (4.4)
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Now we subtract the equations for 77and 7', V and V, A; and A, As and X,. Then multiply
each equation by an appropriate difference of functions and integrate from 0 to ¢;. Next
we add all four integral equations and will use estimates to obtain unigueness.

Using Lemma 4.1, we have

* —% 1 _—
ui(8) = T ()| < - wp — TP

and
)~ < | (2 “
u — U —
2 2 — 245 \ By +eMg By +eMg
< L |Ba(2q —7q) +eMqa(z —Z)
- 2A2 (BQ —|— e/\tq) (B2 —|— 6)‘t§) '

Then we obtain

§<p—z—o>2<tf>+x/of<p—z—o>2dt

f
</

tf t _
Tk / Mpg — pallp — Pl dt + / iip — wpllp — Bl dt
0 0

Saq Soq
By +eMqg B+ e”‘

ty
lp — p\dt+/ plp — b dt

ty
SQ/ [lp—D1* + |g — q* + |w —w|?] dt
0

ly
Oy / llp— 2 + lq —q] dt
0

Sa—a%e) +2 [ tf(q—afdt

Yol -uyt)g  (1- K
< 2 — — gl dt Mpg — pallg — | dt
_/0 g‘ Byt g B +€At_ ‘I ql +C/O e*|pq — pallq — g
t

ty
g03/ llg — > + |z — =P dt+c4e%f/ o =2+ lg—a? + |- — =] dt,
0 0

S —m2(0) + A/O "(w—w) dt
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ty ty
§u/ |w—@|2dt—|—k‘/ eMwg — wg||w — w| dt
0 0
ty _ ty
[t =l —wlde+ e [ g gl - wld
0 0
ty ly
§C5/ lp =" + [w — "] dt+Cﬁe“f/ g =al* + [w =" + ]2 — 2I"] dt,
0 0

and

-0+ )\/O (> —2)2dt

ty
<)
0

ty
+ng/
0

ty
g@/ [lg —q)* + |w —w|* + |z — z?] dt
0

B182w Blsgw

(Bi+e¥g)®  (By +eMg)”
(1 —wus®)z (A -w5(t)z

(By + €>‘tq)2 (By + e/\ti)2

tr
|z —Z| dt—l—k‘/ Mpw — pwl|z —Z|dt
0

ty
z—2z|dt+c eV|pz —DpzZ||z —Z
dt At dt
0

ty
+L@W§/ o =B + g — P + |w — @ + |2 — =?] dt.
0

Adding all above four estimates gives

50— PPt + 50— 02(0) + 5w —WP(0) + 52— 2(0)

3
[T 0-pP+ -0+ 0=+ (- 2] e
0
- - ty
< (Gt aae) [T -PP+ -0 + (0 -w) 4 (s - 2] e
0
Thus from above equation we conclude that

- - ty
(A ~C Cge?’”f) / (p=D2+ (- + (w—w)*>+(2—2)*] dt <0
0
where C, C,, depend on the coefficients and the bounds on p, g, w, z.
If we choose A such that A > Cy + Cp and ¢, < % I | 2 501 , then p = 7,
2

q =14, w=w, z = Z. Hence the solution is unique for small time. g
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See Fister et.al [3] for proof of a similar uniqueness result. The uniqueness for a small
time interval is usual in “two-point” boundary value problems due to opposite time orien-
tations; the state equations have initial conditions and the adjoint equations have final time
conditions. The optimal controls, u7, u} are characterized in terms of the unique solution
of the optimality system. The above optimal controls give an optimal treatment strategy

for the HIV infected patient under the scenario of these two types of drug treatments.

5. Numerical Illustration

The optimality system is solved using an iterative method with a Runge-Kutta fourth
order scheme. The state system with an initial guess is solved forward in time and then
the adjoint system is solved backward in time. The controls are updated at the end of each
iteration using the formula for optimal controls, which we derived in section 3 (in the last
part of Theorem 3.1). The iterations continue until convergence is achieved. See [5] for
background on such iterative algorithms.

Using different combinations of weight factors (A, As) and upperbounds (b;, by) for
controls, one can generate several treatment schedules for various time periods. Here
we illustrate a case for two different values of A; for a 50-day treatment schedule. The
other parameters in the model are [9]: s; = 2.0,s5 = 1.5, = 0.002,k = 2.5F —
4,¢ = 0.007,9g = 30.0,a; = 0.0,a, = 0.0,B; = 14.0,B, = 1.0. Figures 1-4 are
plotted using A; = 250000, A, = 75,b; = 0.02,b, = 0.9, Figures 5-8 are plotted using
A; = 500000 and keeping the rest of the parameters unchanged. Figure 1 and 2 represent
the controls w7}, u3 for drug administration schedule for the first set of parameters. The
immune boosting drug is administered in full scale nearly up to 40 days and then is tapered
off. Similarly the viral suppression drug is administered in full scale nearly up to 5 days
and then is tapered off. Figure 3 represents number of 7" cells during our treatment period.

The T cell population increases almost linearly up to 45 days and levels off after that time.
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Figure 4 represents the virus population during our treatment period. In the beginning,
we see a sharp decrease in the virus population and after few days it starts to build up
again. It fluctuate some but finally it has an increasing tendency at the end of the treat-
ment. Figure 5 and Figure 6 represent the optimal controls 7, w3 for drug administration
schedule for the second set of parameters. The immune boosting drug is administered in
full scale nearly up to 25 days and then tapers off. Similarly the viral suppression drug
is administered in full scale nearly up to 4 days and then tapers off. When we compare
Figures 7 and 8 for 7" and V' with Figures 3 and 4, we see that larger A; values reduce the
T cell population and increase the virus population.

After observing results of various combinations of parameters, we conclude that the
larger the weight factor, the earlier we start tapering off the treatment. This larger weight
factor means that the drug is more toxic and that drug is used less. Both drug treatments
are given over the same interval but the time of giving maximum level varies. The virus
population drops for the first few days and starts to build up again. We can keep the virus

population under a certain level but cannot eradicate it.
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Part 111

Solving a Parabolic Inverse Problem of
Identification Type by an Optimal Control
Method
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1. Introduction

We identify the “unknown” coefficient of the interaction term of a parabolic system
with a Neumann boundary condition in a multidimensional bounded domain.

The solution of the system will represent population concentrations of prey « and
predator v. The system has local interaction terms representing a predator-prey situation.
The prey equation has Lotka-Voltera (logistic) type growth term. Our aim is to identify
the interaction coefficient by optimal control problem techniques.

The state system is the following:

ug — bAu = (ay(x,t) — d(x, t)u)u — h(z)uv INQ =Q x (0,7) L.1)

vy — boAv = —ag(x, t)v + h(x)uw

with initial and boundary conditions:

u(z,0) = wup(z), v(x,0)=wv(x) forx € Q
du Jv
% = 0, 5—0 on 0f) x (O,T)

The coefficients and terms can be interpreted as :

h(zx) = coefficient of the interaction term to be identified.
u(z,t) = prey population (first state variable).

v(z,t) = predator population (second state variable).

b1, by = diffusion coefficients.

a1, as,d = standard logistic growth terms.

v(x) = outward unit normal vector at x in 052.

Our class of admissible interaction coefficients is
U={hel*(Q):0<h<MaeinQ}
We seek to minimize the objective functional over i € U:

J(h) = /W (u(h) — 20)% + ((h) — )2 da dt, (1.2)
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where W C @, the measure of IV is positive, and z1, z, are observations of the prey and
predator populations. We denote the dependence of « and v (solutions of (1.1)) on the

interaction coefficient by

Given partial (and perhaps noisy) observations z, z, of the true solution u, v in a subdo-
main W of @, we seek to “identify” h(z).

To identify the actual h*, treat /h as a control and choose & such that corresponding
u, v are close to given observations z1, z3, and an approximate objective functional is min-

imized. The approximate objective functional for 5 > 0 is:

1

Jz(h) = 5 /W[(u(h) —21)% 4+ (v(h) — 2)*| dx dt + g /Q h(z)*dx. (1.3)

The second term in the right hand side (RHS) is “artificial”. This method of solving this
identification problem is based on Tikhonov’s regularization [3, 28]. Tikhonov’s approach
and its variants seek to minimize the functional .J5(h) for a fixed /5 over a set of unknown
data. The function hz which achieves the minimization of Jz(h) for a small 3 represents
the approximate solution of the inverse problem.

For each 5 > 0, one considers the unknown data, &, as a control which belongs to U;
the control has to be adjusted in order to minimize the functional .Jz(h) [18]. We seek to

find the minimum of the approximate objective functional over A in U :
Jo(hs) = inf Js(h).

Letting the sequence of (5 tend toward zero, we will verify that the corresponding sequence,
hg, converges in an appropriate sense to the desired coefficient.

Lenhart, Protopopescu and Yong [18, 19, 20] proposed a new approach to the inverse
problem of identification, based on optimal control for operator equations as developed by
Lions [23]. This approach has the following advantages over the classical regularization

methods (Tikhonov coupled with optimization schemes [28]): (i) a systematic procedure
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to solve inverse problems of identification type, (ii) an explicit expression for the approxi-
mations of the solutions; and (iii) a convenient numerical solution of these approximations.
Lenhart et. al. [1] applied their approach to solve two examples of identification for hy-
perbolic inverse problems.

In a parabolic problem, Choulli and Yamamoto recover the coefficient of the zero*”
order term when the observation is the final time data by using the strong maximum
principle, Holder a priori estimates and the analytic Fredholm alternative [6]. In [12],
Imanuvilov and Yamamoto determine the source term using overdetermined final time
data. In [29], Yamamoto determined a force term uniquely from the boundary data and
estimated the spatial part of force term.

Elayyan proved the uniqueness of a discontinuous diffusion coefficient in a one space
dimension inverse parabolic problem using singular solutions of parabolic equations [7].
Engl and Zou investigated the stability and convergence rates of the least square method
with Tikhonov regularization for the identification of the conductivity distribution in a
heat conducting system [8]. Isakov identified the coefficients and the source term with
the given initial and boundary data and observations at the final time in a parabolic equa-
tion [13]. Anikonov and Lorenzi reduced the multidimensional nonlinear identification
problem related to a general parabolic equation with separated vector variables, contain-
ing two unknown coefficients each of which depends on one vector variable only, to the
analysis of an infinitely dimensional nonlinear Cauchy problem, containing additional in-
formation. Using this procedure they also proved the existence, unigueness, and stability
of the solution of their identification problem [2]. In [5], Chavent and Kunish formulated
the convergence and rate-of-convergence results for non-linear constrained ill-posed prob-
lems. Different sufficient conditions for identifiability are studied by Chavent in [4]. Both
of these papers use least square methods but not the optimal control approach.

Similar techniques of control for parabolic systems are used in various recent publica-

tions. See Fister [10] and Lenhart et. al. [16] for interacting population models. See Leung



38

and Stojanovic [22] for an optimal control of elliptic Volterra-Lotka type equations. Leung
[21] considers optimal control of the harvesting of a prey-predator system in an environ-
ment. His species are assumed to be in steady state under diffusion and Volterra-Lotka
type of interaction.

Note that the technique given here can be generalized to identify other unknown coeffi-
cients of lower terms in this system and in other more general parabolic systems (including
variable diffusion and convection). ldentification of this interaction coefficient was sug-
gested by Chris Cosner since this coefficient is often difficult to identify from population
data.

In section 2, for 3 > 0, we discuss the existence and uniqueness of an optimal control,
which is an approximation of the unknown coefficient. The optimality system, which
characterizes the approximate coefficients, is derived in section 3. Letting 5 — 0, the
approximate coefficients converge to a solution of the identification problem in a sense
described in section 4. Finally in section 5, we illustrate a numerical example for our

problem.

2. Existence of an Optimal Control
The following assumptions are made throughout this paper.
(1) €2 is a smooth bounded domain in R™.
(2) uo(z),vo(x) € L>(N).
(3) 0 < up(x),vo(x) < B for some B € R.

(4) ay,as,d € L>®(Q), witha; > 0,as > 0,d > 0,a. e. .

(5) b1, by are positive constants.

The underlying solution space for system (1.1) is V' = L?(0,T; H'(2)).

DEFINITION 2.1. We say a pair of functions u,v € L?(0,T; H'(2)), with u;,v; €

L*(0,T; (HY(Q))*), is a weak solution of (1.1) with given boundary and initial conditions
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provided

T
/ < U, ¢ > dt+b1/VuV<j>dxdt
0 Q
:/alugbdet—/duz(bdet—/ h(x)uve dx dt (2.1)
Q Q Q

T
/ < v, P > dt—l—bg/ Vvvwdxdt:—/angdxdt+/ h(z)uvy dx dt
0 Q Q Q

for all ¢, v € L?(0,T; H'(2)) and a.e. 0 < ¢ < T, where the < , > inner product is the
duality between (H'(Q2))* and H'(Q), and

u(z,0) = ug(x), v(z,0)=1vy(x) (2.2)

Remark: Since u,v € C(0,T; L*(€2)) from Evans [9], the initial conditions (2.2) make

Sense.

We will prove an existence and uniqueness result for the state system (1.1). This result
will be established in Theorem 2.1. First we state and briefly prove a maximum principle

for parabolic problems [25].

LEMMA 2.1. Leta € L*>(Q) with @ > 0. If u satisfies u € C%(Q) N C(Q) and

u — b Au = au inQ
ou
m =0 on o x (0,7)

u(x,0) =wuo(x) forze.
Then 0<u< (sup uo(x)) el el jn Q.
Q

Note: Here C*! means continuous second derivatives in x and first derivative in ¢.

Proof: Let A = sup a. By assumption on a, A > 0. Let u = e*w, then w satisfies

Q
wy —biAw+ (A —a)w =0 in @
g—tj =0 on 90 x (0,7)

w(x,0) =wug(z) forxe Q.
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By the Parabolic Maximum Principle [25]

sup w <w <

o0x(0,T)

where on 992 x (0,T), w" = max(ug, 0) = uo,

sup w*
o0x(0,T)
w~ = —min(ug, 0) = 0.

Thuswe have 0 < w < max wug, and then we conclude

o0 (0,T)

0<u<eM Max 1y = max up(z)eTlole=@ = ||yg||eTll=@. O

THEOREM 2.1. Given h € U, there exists a unique solution (u,v) in V' x V solving

(1.2).

Proof: We consider the following problems

V, — AV = h(z)UV
ov
o
V(z,0) = ()

inQ
on 02 x (0,7) (2.3)
for z € Q.

inQ

on 092 x (0,T) (2.4)

forxz € Q.

The functions U, V are supersolutions of first and second equations in (1.1) respectively.

To obtain the existence, we will construct two sequences by means of iteration. To

obtain L bounds, we need supersolutions and subsolutions for the u, v iterates.

We first modify the state system in the following form:

ug —biAu+ Ru = Ru+ (a1 — du)u — h(x)uv inQ

% =0 on o0 x (0,7)
u(z,0) = up(x) forz € Q 25)
vy —byAv+ Rv = Rv — ayv + h(z)uv inQ .
% =0 on o0 x (0,7)
v(x,0) =wvo(z) for z € Q,
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where R is a constant satisfying
R> sgp{ag +2dU + hV'}.
By an extension of Lemma 2.1 to weak solutions [14], U and V" are L> bounded in @,
1T < Yol o @ye™ (2.6)
VI < llvollz@e™, (2.7)

where v = ||a1||Loo(Q) and n= ||h($)||Loo(Q)||u0||Loo(Q)6”a1HL°°<Q)T.
Define u' = U, v> = V,«” = 0 and v' = 0, where the superscripts denote the
iteration step. Fori = 2.3, ..., we define u’ and v**! as the solutions of the following

problems, respectively:

ul — b Au' + Ru' = f(u'2v") inQ

ou’
_ 2.8
5, — on 09 x (0,T) (2.8)
u'(z,0) = ug(x) forz e Q

vl — by Avt + Rvt = g(u1v?) inQ
o'

v

vi(z,0) = vo(x) forz € Q

=0 on 99 x (0,7) (2.9)

where f(u'=2,v") = Ru=2 + (a; — du'=?)u'~2 — h(x)u' =%’

g(ui—l’,ui—2) — Rvi—2 _ azvz’—2 + h(x)ui_lvi_2.
Since both the problems (2.8) and (2.9) are linear PDE problems, the solutions u?, v*, i =

1,2,..., exist.

Claim 1
Fori:=1,2,..., 0

Proof of Claim 1:
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We prove this claim by using the induction method. Since u! = U and v* = 0, the

case 7 = 1 is trivial. We assume that

for some i > 1. Then for «?,
ul — b Au' + Ru' = f(u'"?v")
> u'"HR— du'"? — h(z)v'}

>0

Y

Similarly for v7*! we have

B A 1 R = gl )
= v YR —ay+ h(z)w'} > v/ HR — ay}

>0

)

since R > supg{as + 2dU + hV'}. Then by the parabolic maximum principle

u' > infu' > —inf(u')” = 0.
Q Lr

v > inf ot > —inf(v T T = 0.
Q Ir

where I'y = 0Q x (0,7) U {t = 0} x £2, the parabolic boundary of Q).
After subtracting

ul — b Au' + Ru' = f(u'? ")
from (replace U by u! in (2.3))

utl — b Aul + Ru' = Rut + aut



we get

(u' —u'); — biA(u' —u') + R(u' — u)

= Ru' —u?) +ar(u — u'?) + d(u'?)? + h(z)u"*0’

As U is a supersolution, hence v'=2 < U and similarly v < V. Since R, a,,d, h are all
positive quantities, thus the RHS of above equation is positive. By applying maximum

principle, 0 < u* < U. A similar result holds for »*. Hence by an induction argument the

claim 1 holds.

Claim 2

Foru' > 0,v'>0,i=1,2,...,

f isincreasing in v'=2, f is decreasing in v".

g isincreasing in u’~!, g is increasing in v*=2.

Proof of Claim 2:

We calculate the derivatives of f and g to verify the above properties:

of
aui—Z
of
vt

Jg
Jui—1

Jg

avi—2

Ru'™ + (ay — du'2)u'™ — h(a)u' =2’

Rv'™% — agv'™? + h(z)u 10" 2

R+ a; — 2du™% — h(x)v" >0 (by choice of R)
—h(z)u"? <0 (since both  and u are > 0)
h(z)v"™% >0

R —ay+hu"' >0 (bychoice of R).

Hence the claim is established.

Claim 3



There exist w, v, u, v in V, such that the following monotone pointwise convergence
holds:
u2i /v ﬂ, u2i+1 \ u in Q
U2i \ ,(—]’ U2i+1 \ v in Q,

pointwise for: = 1,2, ....

Proof of Claim 3:

To prove above convergence we use the induction method. Since v! = 0, we have
(07 = 0%) — boAW® — %) + R(0® —v%) = v*(R — az + h(z)u') > 0,

and thus 0 = v < v3 < 5. Similarly, we have v® < u!,v? > 0%, and v° < w2 Also
u? < wu?and v* > v3 since
(u? —u?); — b A(u® —u®) + R(u? — u?) = f(u°,v?) — f(u',v?)
= —f(u',v’)
= —[Ru' + (a; — du')u' — h(z)u'v?]
= —[R+ (a; — du") — h(z)v*ju' <0,
(v —v); — b A(v? — v*) + R(v* — v?) = g(u?,0v?) — g(u?, v')
= (R — ap)(v® —v') + h(z)(uv® — u?o')
= Rv? — apv® + h(x)u*v?

= [R — ag + h(z)u*Jv? > 0.
Fix i, assume that for all j, 7 <i—1,

u2j / u2j+l \
v N\, vETE
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For i, we compare v?*2 and v*. From (2.9), we have

<U2i+2 _ U2i>t _ bzA(U2i+2 _ U2i) 4 R(U2i+2 _ U2i)

— g(u2i+l,U2i) _ g(u2i—17 U2i—2) <0
Then v?+2 < »?, Other cases can be proved using similar arguments. Hence by bound-
edness of u’, v* and monotone properties (as proved in claim 2), we get the pointwise
convergence.

Claim4

The subsequences of {u'}, {v'} satisfy
u¥ —~a, uPT sy, 0¥ g, 0¥~y weakly in V.

Proof of Claim 4:
Consider the RHS of (2.8) and (2.9)

||f(ui_2, Ui)HLoo(Q) = ||Rui_2 +auiT? — d(ui_Q)2 — hui_zviHLoo(Q)
< luH |l (R + llarlle @) + lldll =@ llu' || L= (q)

HIR(@) 2@ 10| (@)

C
||g(ui—1’vi—2)||Loo(Q) _ ||Rvi—2 +a2vi—2 + hui—lvi—2||Loo(Q)

< vllze@ (B + llazlze@) + (@) [lz=@llu' l< @)

Cy.

Thus RHS of (2.8) and (2.9) are bounded in L>((Q), then using u* as test function in its

own equation in (2.8) and using a priori L> bounds on u*, v*, we obtain

T
sup ( / (uF) (@, ) dx) + / / b |V |? d dt
0<t<T \Jo o Ja

T
SCg/USdI+C4/ /‘f(uk_2,vk)} dx dt
Q o Jo
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< Oy / ud dv + C4C1 T meas(S2).
Q

Thus the sequences {u*}, {u**'} are uniformly bounded in V. Similarly v*', v*! are
also bounded in V.

Hence using the weak compactness of the sequences in V', we get
u¥ —~a, P sy, 0¥ g, 0¥ sy weakly in V.

Since we have pointwise convergence on each sequence by claim 3, this weak convergence
is also on the whole (even or odd) sequence (not just on a subsequence).
Claim 5

The subsequences of {u'}, {v'} satisfy

u¥ —a, Pt =, 0¥ =0, 0¥t S strongly in L*(Q).

Proof of Claim 5:
Using the V boundedness on 2!, u**!, v% »?*! and the PDE in (2.8) and (2.9), we

obtain that
lud'll, N, Nl [lof™"]] are bounded in L*(0, T (H'(2))").
Hence, using weak compactness again, we have
ul =y, Pt =y, v =, v — v, weakly in L2(0, T (HY(Q))).
Using a compactness result by Simon [26], we have
u? —a, vt —u, v* -0, 0¥ = strongly in L*(Q).
Passing to the limit in the u?, v?*! »? and v**! PDE’s, we obtain:

 — b Au = ayu — du* — h(z)uv  inQ
g =0 on 99 x (0,T) (2.10)

w(z,0) = up(z) forz € Q
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uy — b1Au = ayu — du® — h(z)uv  inQ

Gu =0 on 09 x (0,T) (2.11)
u(x,0) = ug(x) forx € Q
U — by AV = —as0 + h(z)uv. inQ
o on 9Q x (0,7) (2.12)
0(x,0) = wvg(x) forz € Q
vy — beAv = —agu + h(z)uv. InQ
»o=0 on 9Q x (0,7) (2.13)
v(z,0) = wv(x) for x € Q.

In order to prove uniqueness, we need to show & = u, v = 0. Letu = eMw, u = e*Mw,
v =eMzand v = eMz, where A > 0 is to be chosen.

We give as an example the transformed PDE problem (2.11) for the u = e*w case.

w; — b Aw + M = ayw — deMw? — h(x)eMwz  inQ

du =0 on 992 x (0,7T) (2.14)
w(z,0) = up(z) for z € Q.

We consider the weak formulation of the w — w and z — z problem. Using w — w and

z — z as test functions and after adding both weak formulations, we obtain:
/Q{(w —@)(w — ) + by (|V(w — w)])* + Mw — w)?} dr dt
- /Q{(z —2)(z = 2) + ba(|V(2 — 2))* + Az — 2)?} da dt
_ /Q{al(w — @) — deM(w? — @) (w — @) — h(x)eM(w — @) (w2 — @ 7))} de di

—|—/Q{—a2(z—z) 1 h(z)eM (@2 — wE)(z — 2)} de dt.

Using wz—wz=zw—w)+w(z—2),wz—wz=w(z—2)— zZ(w—w),

w(zx,0) = ug(x) = w(x,0),and

i i 1 fd,
/Q(w—w)t(w—w)dxdt = §/Q£(w—w) dz dt



1 _ 2
= 5/Q(w(gc,T)—w(a:,T)) dr,

we obtain
; /Q{[w@, T) = (z, T)? + [2(z,T) = Z(z, 7))} da

+/Q[b1(\ww—w)y)2+b2<|v<z—5)1)2] dmdt+>\/Q[(w—w)2+(z—Z)2] dz dt

= / [a1(w — 0)* — ay(z — 2)}] dw dt + / eM(w — w)*[—d(w + w) — h(z)2] d dt
Q Q

+ /Q M(z — 2)2h(x)w da dt + /Q h(z)eM(w — w)(z — 2)(—w — Z) dx dt.

Using the boundedness of w, w, z, Z (via u, u, v, V), a1, as, d, h and Cauchy inequality, we

obtain:
L 0 2 — 2(x, T7))*} dx
- / {[w(@.T) — o(e, T + [2(z.T) — 2(z, T)*} d
+/{[b1<|v<w—w>|>2+b2<|v<z—z>|>2] dr dt
Q
A—C w — w)> 2 —2)dxd
o >/Q[< P4 (2 — 2 dedt
<0, (2.15)

where C' depends on the coefficients, 7" and the solution bounds.

If we choose A > C, then inequality (2.15) holds if and only if
w = 1w, z=2z ae. in@.

Therefore, u = w and v = v a.e. in ), and u, v solve the state system (1.1). Hence the
solution to the state system (1.1) exists and the uniqueness of u, v follows similarly as in
the above argument. O

Now we present the main result of this section.

THEOREM 2.2. There exists an optimal control in U that minimizes the functional

Js(h).
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Proof: By the form of Jz(h), inf{Jz(h)|h € U} > 0. Then there exists a minimizing

sequence h™ € U such that
,}LIEO Js(h™) = inf {Js(h) | h € U}.
By the existence and uniqueness of solutions to the state system (1.1), we define
u" = u(h™) v" =wv(h™) foreachn.
We consider for0 <t < T
/Q o [upu™ + by [ VU — aq (u")? + 0fv™ + bo| VO] + ag(v")?] dadr
% (0,t

= /Q o [h(z)(u™)?0" — d(u")*u" + h(z)u™(v")?] dx dr. (2.16)

Using Cauchy inequality and the fact that state variables are uniformly bounded, we ob-

tain:

%/Q ([un(xat)]ZWL [U"(x,t)]Z) d$+/ [51|VU"|2+b2|Vv"|2} dx dr

1 Qx(0,t) (217)
< - / [(uo)? + (v0)?] dz + C/ [(u™)? + (v™)?] dx dr.
2 Jg Qx(0,0)
In particular,
[ (w02 + b 07) do < [ o) + (o)) do
“ “ (2.18)
+2C [(u™)? + (v™)?] dx dr.
Qx(0,t)
After applying the Gronwall’s inequality to (2.18), we get :
/[(u”)2 + (v")?)(z,t)dz < (14+2C te*") /(ug +vg) dx
° “ (2.19)
< (1+2CTeCT) /(ug +vg) da.
Q

Using that estimate with (2.17) gives

sup {/Q ([u"(z, 0)]* + [v"(z, 1)]?) dm} +/QX(07T) (01| Vu"? + bs| Vo™ |?] dadr

0<t<T
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< [l + @pla+20 | o[ e

< /Q [(w0)? + ()2 dz + 2C T [1 + 20T 7] /Q (o) + (v0)?] dar

:{1+2CT@+2cnk”ﬂLAwa+w%ﬂdx (2.20)

On a subsequence, as n — oo, h™ — hg in L*(Q). As in the proof of the existence
of solutions to the state system (1.1) (mainly claim 5), «; and v} are bounded and weakly

convergent in (0, T; (H'(£2))*), and
u" — ug, V" — vz strongly in L*(Q) and weakly in V. (2.21)
We further note that:
/Q |(R"u"v"™ — hgugvg) ¢| dx dt

< / |h"u"v" — h"u"vg + h"u"vg — h"ugvg + h"ugvs — hgugvg| |¢| dz dt
Q

— 0 asn — oo,

since

/ [u™ — ugl||h"vs||¢| dx dt < </ (u" — ug)? dxdt) Chv </ ®* dxdt)
Q Q Q

—0asn — oo,

3 3
/ [v" — wvg| | u"||@| dz dt < (/ (v" — vg)* dx dt) Chu </ ¢* dx dt)
Q Q Q

— (0 asn — oo, and

/(h" — hg)ugvsp dz dt' — 0 asn — oo, by weak convergence of 2™ sequence.
Q

Thus passing to the limit in the «™, v PDE’s and using the convergences as in Theorem

2.1, we have that (ug, vg) is weak solution of (1.1) associated with 1. Thus we have

Ja(hg) > inf {J(R™)| " € U}. (2.22)
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For the weakly convergent control sequence [9],

/ (hg)?dzdt < lim | (h™)*dudt. (2.23)
Q

n—0o0 Q

Hence (2.21) and (2.23) imply
Jo(hg) = min Js(h). (2.24)

Therefore hs is an optimal control that minimizes the objective functional. 0J

3. Derivation of the Optimality System

We now derive the optimality system which consists of the state system coupled with
the adjoint system. In order to obtain the necessary conditions for the optimality system
we differentiate the objective functional with respect to the control. As our objective

functional also depends on v and v, we differentiate « and v with respect to the control A.

THEOREM 3.1. The mapping h € U — (u,v) € V x V is differentiable in the

following sense:

u(h+ek) —u(h)

- —
v(h + 5/{;) —v(h) | o

weakly inV ase — Oforany h € U and k € L*>(Q) s.t. (h + k) € U for £ small. Also
11, 1y satisfy the following system:

(V1)e — biAYL = aypy — 2dipru — h(urpy +vipr) — kuv  inQ
(2)e — boAtpy = —agthy + h(uthy + vihy) + kuv

3.1)
P1(2,0) =0 =1y(x,0) forz € Q
Q1= =92 on 99 x (0,T)

Proof: Define u® = u(h +¢k), v =wv(h+¢ck), w=u(h),and v =wv(h). Wedoa

change of variables: u® = eMw®, w=eMw, o° =eM2%, v=ez where X > 0is
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to be chosen below. We have

ul = M (wi + Muwd) vf = eM (2 4+ \2°)

uy = e (wy + \w) vy = eM (2 4+ A\2).
Using (1.1), we obtain

(u® —u), —bAu —u)=a (v —u)—d ((u‘3)2 —u®) — (h+ ek)uv® + huww

(v° —v), — b A (v —v) = —ag (V7 —v) + (h + ck)uv® — huw.

In terms of w®, w variables, we have

6)\t (we_w)t_l_)\(we_w) _bA(ws_w)
£ £ ! £
e At £ 2_ 2 £ E
_ M [(w - w>a1 —de ((wz w ) _ e (w < - wz) _ ke/\twaza]

and

(&

A {(Z‘E;Z)t +)\(Z€€—Z) —b2A(Z€€_Z>]

= M [—(Ig <25 _ Z) + heM <7w626 — wz) + ke)‘twaza} .
£ £

(W —w) 4 —2)

(=)

, on the set

Using the weak formulation with the test functions

Q1= x(0,t;) for 0 < ¢t; < T, we have

L)) o) () -

2
] dx dt




dx dt

/1 KZ;Z) (zeg_z)ﬁk(zeg_z) (Z:_Z) o
() e e () () (£
e ws ('zg—_z)] da dt.

Adding the equations and estimating the RHS, we obtain

o () ) e [ [(52) 4 () |
Lo (el ()

:/Ql( — de (uwf +w) — he'z) ( ) da dt
_/Ql (heMw® — hez) ( “’) (Z _z) da dt
+/Ql( —as + heMw® ( ) dz dt
[ (£2) (25)

< (C1+CQ€2M1)/1 [<w€;w>2+ (Z:_ZY] dx dt

2 (,.,€\2 (.€\2
—i—/Qlk: (w®)” (2°)” dxdt (3.2)

by

+ by

] dx dt

Continuing to estimate using L bounds on the coefficients and w, z, w®, z¢, we have

%/Qm [(wa(x,tl);w(x,h))z N (za(x,tl)g—zu,tl))zl dr




2
+ by

by

-+/1 V(wt:w> v(f;%)TIMﬁt
+ (- (Cl+02e2“1))/1 [(w _w> +( ) ] dxdthg,/lkzdxdt.
o)

For A > Cy + C5y and t; small <t1 < — ln we conclude

e 2
Hw —Ww 25—z

€

<O, / k2 dx dt.
€ ) Q

L2(0,t1;H(Q)) L2(0,t1;H (Q

Similarly this estimate can be carried out on intervals, [t, 2], [2t1, 3t1], ..., and the
estimate finally holds on [0, 7']. This estimate justifies the convergence of w, z quotients,

and hence

ut —u V8 — v

— 1,

5 — by weakly in V' (3.3

Similar to Theorem 2.1, we obtain

£

(ua_u>t — (¢1), and (vtu)t (), In L20.T H(Q)),

£ 13

v —

and = LR Yy strongly in L?(Q). These convergences also give u® —

u _}7#1
£
wand v¢ — v strongly in L?(Q).
To see the system satisfied by 1,1, consider terms from the system satisfied by

ut —u v — v
and ; for example,
g

3

L () o) = 42 (o — ) (4 )

— 2dyru as e — 0,

1
. [(h + ek)uv® — huv] =

m | =

[R(ufv® — uwv) + ekuv®)
— h(ue + vihy) + kuv (using (3.3))

since u® — u, v°* —vase — 0.

The above estimates justify passing to the limit in the PDE’s, which are satisfied by
ut —u v° — v

5 and 5 , and we conclude that ¢, 1, solve (3.1). O
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To derive the optimality system and to characterize the pair of optimal controls, we
need adjoint variables and adjoints of the operators associated with the 1, 1), System. We

write the 1, 1), PDE system as
r U _ —kuv
o kuv
L
where L & = %1 + M V1
(> Lo)o (0
L1 B (Y1) — b1 Ay A — —a; +2ud+ hv hu
Lorhy (¢2)e — baArho —hv as — hu
. .. P u—z1
We define the adjoint PDE system as L* = ) Xw

q V= 2
where x, is the characteristic function of the set W and

ﬁ*
Vol B I e S Vo
q L3q q
L* —p — b A
1P _ Dt 1P (3.4)
L3q —q — baAq

T —aq + 2ud + hv —hv
hu as — hu .

Thus the adjoint PDE system is

—pe — biAp —ay + 2ud+ hv —hv P u— z
+ - Xy -
—q; — baAq hu as — hu q U — 29

with

and
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The components of the RHS of this system are the derivative of the integrand of the ob-
jective functional with respect to each state respectively. Before computing this RHS, the
functional (1.3) is rewritten as

1

2 — Z 2 i é 1'2 X
5, [00h) = =0 (0(8) = 2] ot + 5 [ o,

We illustrate in a formal way the appropriate weak sense for solution of the adjoint system:

/(%J/}z)ﬁ* b dxdtZ/(@Dl,?/)z) B bildp + M7 b dx dt
Q q Q —q — baAq q

p

) — Paq — YoboAq| dxdt

= / |:_¢1pt — P1b1 Ap + (Y1, 1h2) MT (
Q q

_ /OT —[(pes 1) + (a1, )] dt
|,

- / (ha) L ( %) de dt — / (p) (2. T) + (thog) (2, T)] da (3.5)
Q Yo Q

The initial and boundary conditions from (3.1) have been used in the last part of (3.5). For

bi VPV + bV qVaby + (1, 1b9) MT ( Y ) dx dt]
q

the adjoint system, we have the appropriate boundary conditions, zero Neumann condi-

tions, and zero final-time conditions.

THEOREM 3.2. Existence of Weak Solution
Given an optimal control i4 and corresponding solution ug, vs = u(hg), v(hg) there exists

a weak solution (p, q) € V' x V satisfying the adjoint system:

Lip = (ug — z1)Xy + a1p — 2dugp — h(vgp — v3q) inQ

) (3.6)
& =0 on 92 x (0,7)
Liq = (vg— 22)Xy — a2q + h(ugq — ugp) inQ 37)

% =0 on 9 x (0, 7))
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and transversality conditions
p(z,T)=0 and ¢z, 7)=0 when t=T, z¢€.

And furthermore:

T
hg = min (M, max (%/0 (p — qQ)ugvg dt, 0)) . (3.8)

Proof :

Let hg(x) be an optimal control (which exists by Theorem 2.2) and (ug,vg) be its
corresponding state solution. Let (hg(z) +¢k) € U for ¢ > 0, and u®, v° be the corre-
sponding weak solution of state system (1.1). Since the adjoint equations are linear, there
exists a weak solution p, ¢ satisfying (3.6) and (3.7). We compute the directional derivative
of the objective functional Jg(h) with respect to & in the direction £ at hg. Since Jz(hg)

is the minimum value, we have

0 < lim J(h5+€k‘)—=]ﬁ(hﬁ)

e—0t

= = hm
2 0+

b [ [0+ ek = ("] d

_ /(%wz) ( (s =21 ) ) dxdt+ﬁ/h5kdx
Q ( ) Q

Vg — 22) Xw

[U — 21) —( ﬁ—21)2+(va—22)2—(05—zz)2 de di
19

_ /0 —[(prr 1) + (g )] dlt

o
Q
—k’U5vg
= /(p,q) dxdt+ﬁ/h5k‘d$
Q k)UﬂUﬁ Q

bVPV U + b2V qVibs + (b1, 1s) M7 (p )] dxdt+ﬁ/h5k:dx
q Q
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= / (—pkugvs + qkugug) dx dt—l—ﬁ/ hgk dz,
Q Q

where we have used the non-homogeneous terms of the 1, 15 System.

0< /Q [k: <ﬁh5 - /0 T(p— Q)ugvs dt)] dx (3.9)

We know that our control hg(x) satisfies 0 < hg < M.

Then we have

Case 1: On the set where 0 < hg < M, the variation function % can be of any sign.
T
Suppose Shg — / (p — q)ugvg dt > 0 on some set with positive measure, and take
0

k < 0 with support on this set, then

T
0> / {k‘ (ﬁhﬁ — / (p — q)ugvs dt)} dz, which is clearly a contradiction to (3.9).
Q 0

T
Suppose Shg — / (p — q)ugvg dt < 0 on some set with positive measure and £ > 0
0

with support on this set, then

T
0> / {k‘ (ﬁhﬁ — / (p — q)ugvs dt)} dxz, which is clearly a contradiction to (3.9).
Q 0
Thus, we have
Bhs — fOT(p — q)ugvgdt =0
and
1 T
0<hg= B/ (p — qugvgdt < M
0

Case 2 : On the set where hz = 0, the variation function must satisfy £ > 0, which implies

1 /T
O:hﬁZ—/ (p — q)ugvg dt
B Jo
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Case 3 : On the set where hg = M, the variation function must satisfy £ < 0, which

implies
T
Bhs — / (P — qupvgdt <0
0
and
1 T
M = hg < —/ (p — Q)ugvg dt.
5 Jo
Hence :
%foT(p — qJugvgdt if 0<3 fOT(p q)ugvg dt < M
hﬁ - 0 if 3 fO (p Uﬁvg dt S 0
M it L[ (p—qusvsdt > M

Using compact notation, the above result can be rewritten as:

1 T
hﬁ:min<M,max(B/ (p—q)ugvﬁdt,())). O
0

Substituting h 5 in system (1.1) and in adjoint equations (3.6) and (3.7), we obtain the

following optimality system (OS):

Liu = (a3 — du)u — min <M, max (% fOT(p — q)uvdt, O)) v  inQ

Lov = —aov + min (M, max (% fOT(p — quvdt, O)) uw in@
Lip = (u—2z1)xy +a1p — 2dup
— min ( M, max (% fOT(p — quvdt, O)) (vp — vq) inQ
EZq = (U - Z2)XW - a2q (310)
+ min ( M, max ( fo q)uv dt 0)) (uq — up) inQ
u(z,0) = up(x), v(z,0)=wv(z) z€Q
(ZET)— q(z,T)=0 x €
=0=2 on 092 x (0,7
O: on 9 x (0, 7).

81/



60

The weak solution of the optimality system exists by Theorems 2.2 and 3.2. For small
T, we now prove uniqueness of weak solutions of the optimality system, which gives the

characterization (3.8) of the unique optimal control in terms of the solutions of the OS.

THEOREM 3.3. For T sufficiently small, weak solutions of the optimality system are

unique.

Proof: Suppose (u,v,p,q) and (u,,p, q) are two weak solutions. We do a change of

variables:

p = ey, p=eMy, qg=e M g=eME

where \ > 0 is to be chosen. Denote

h = min(M,max(%/oT(p—q)uvdt,O))
h = min <M,max<%/0T(]5—q_)ﬂ@dt,0)),

We subtract the PDEs corresponding to w and @, z and z, y and g, £ and £. The weak

formulation of w — @ is illustrated:

/(w—w)tédxdt—i-/b1V(w—w)¢dxdt+)\/(w—w)¢dxdt
Q Q Q

:/al(w—u‘))gzﬁdxdt—/de’\t(wz—w2)¢>dxdt—/e”(hwz—}_zwzwdxdt,
Q Q Q

where ¢ € V (a test function).
By standard estimation techniques and using the test functions (w—w), (z—2), (y—7),

(€ — &) in the PDEs, we obtain:
/{ —w(z, TP + [2(2,T) — 2(2, T)]” + [y(,0) - §(=, 0)]"
+[§(2,0) — £(2,0))"} d
+ /Q[bl(lv(w —@)[)* + ba(IV(z = 2))? + 0 (IV(y = DI)* + 02| V(E — )])*] dudt



+A/Q[<w—w>2+<z—z>2+<y—y>2+<§—5>2]dxdt
/Q[amu LB —ap(z— 22+ ar(y — §)? — an(é — O] du dt
—/ de(w? — w?)(w — W) da dt
Q
+/ [(w— @)y — §) + (= — ) — )] xy da
Q
_ /Q M [(hwz — hoz)(w — @) — (hwz — hoz)(z — 2)] dedt
— /Q {Qde)‘t(wy — wy) — eM [hz(y +&)— f_LZ(ﬂ + E)] } (y —9) dxdt
+ [ i~ g) - Fo@ - )] (€ - § dode
Q

/Q lar(w — @) — as(z — 27 + ar(y — §)° — aslE — &) du dt

QL

[}
>
=~

(w —w)*(w + ) dr dt

_|_

e [(w—w)(y — ) + (z — 2)(€ — §)] X,y dx dt

M [(hw(z = 2)(w — @) + hz(w — @)* + Zw(h — h)(w — @)]

+
>

"hw(z = 2)? + hz(w — 0)(z — 2) + zw(h — h)(z — 2)] dzdt

™

2de™ [y(w —w)(y — §) + w(y — §)°] dodt

_|_

M [hz(y — 9)* + hy(z — 2)(y — 9) + zg(h — h)(y — §)] dadt

_|_

|
S~ S — T — T S

M [ha (€ =y —y) +hé(z = 2)(y — §) + 2£(h — h)(y — )] dwdt

+

N [ho(€ — €7 + hé(w — w)(€ — &) + wé(h — h)(¢ — )] dudt

e [hw(y — g)(§ =€) + hy(w — @) (€ — &) +wy(h — h)(§ = &)] du dt

61
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Now we use the the fact that w, z,y and & are L* bounded. We also use Cauchy

inequality in the RHS terms. The specific terms are combined using:
/ deM(w — w)*(w +w) drdt < ce? / (w — w)* dx dt
Q Q
/ }62’\t(w —w)(y — g)\ dedt < cpe?T / [(w—w)*+ (y — §)*] dz dt
Q Q
/ ‘e’\tiw(h —h)(w—w)| dedt < 036’\T/ [(w —w)* + (h — h)?] dz dt.
Q Q
Also, we estimate

|h— Al

IN

IN
|
o\

S
[}
X
—
Neg
|
I
S~—
S
N
|
—~
<
|
imn
S~—
Y
&
QL
-

—wz(y — y) —wy(z — z) — zy(w — w)] dt |
Thus, we obtain
— T —
|lh —h]? < cgem/ [(w=—0)*+(z—2)*+ (y— )+ (£ = &)7] dt.
0
Hence

3 | {0l ) = 0, TP + [, T) = 2, TF + [.0) = a0
e, 0) — (2, 0)P} do

+/Q[61|V(w—w)|2+62|V(Z—Z)I2+61|V(y—y)|2+bzlv(§—§)|2] da dt

HO = 1= o™ = GTe) [ (w04 (= 24 (y — 5 + bal€ — €] dod
Q

<0

where C4, Cy, C3 depend on the coefficients, the L>° bounds of w, z,y and &, and C3T

term comes from the h — h term.
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If we choose ) such that A > C; + Cy + C5 and 7 small such that A — C; — Cye?T —
CsTe* > 0thenw = w, 2z = z,y = gy and £ = £. Therefore we conclude v = @, v =

v,p

O

pand g = q.

Remark: The T sufficiently small condition in the uniqueness result is due to opposite time

orientations of the state and adjoint system. The approximate coefficient,
I : -
hg = min (M, max (B / (p — Qugvg dt, 0)) is characterized in terms of (ug, vg, p, q),
0

the unique solution of the optimality system for sufficiently small 7. This smallness con-

dition is usual in these parabolic optimality systems [10, 16].

4. ldentification Problem

The objective functional (1.3) is an approximation in the sense that the second term
is artificial as always in the Tikhonov regularization. We now use a sequence of optimal
controls as 5 — 0 to identify ~ from observations z; and z,. We do not assume that (zy, 25)

is in the range of the map

heU— (u(h),v(h))|y (4.1)

This situation could occur from inaccurate observations.

THEOREM 4.1. There exist

(i) asequence 3, — 0

(ii) a corresponding sequence of optimal controls, h 4, , for the functionals Jg, (h),
(iii) A* € U and

(iv) u* = u(h*),v* = v(h*) (solution of (1.1)), such that

hs, — h* weaklyin L*(Q)

ug, = u(hg) — u* weaklyin L*(0,T; H'(Q))

v, = v(hg) — v* weaklyin L*(0,T; H'(2))
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and

/W [(u* = 21)* + (V" = 22)°] dwdt = }1125

/W [(u(h) - 21)2 + (v(h) — 22)2} dx dt.
(4.2)

Note: The limits v*, v* can be interpreted as a (not necessarily unique) projection of
(21, 29) onto the range of the map (4.1).
Proof: We note that the a priori estimates (2.20) are independent of 3. Thus we can find

asequence 3, — 0 and h* € U,u*,v* € L*(0,T; H*(Q)) such that

Js, (hg,) = 525 Js, (h)
and

hs, — h* weaklyin L*(Q)

n

ug, —u*  weaklyin L*(0,T; H'(2))
vg, —v* weaklyin L*(0,T; H'(Q))
ug, — u* strongly in L*(Q)
vs, — v*  strongly in L*(Q)

(ug,): — (u*); weaklyin L*(0,T; (H'(Q))*)

(v,): — (v*); weaklyin L*(0,T; (H*(2))*)

where (u*,v*) = (u(h*),v(h*)) is the weak solution of (1.1).

)
Now for any h € U, 4 = u(h), v = v(h), we have

Jg,(hs,) < Jg,(h), (4.3)
ie.,
%/W[(uﬁn —21)% + (v, — z)? drdt + % /Q hg, (z)? dx
< % /W[(ﬂ —21)2 + (0 — z)?| dv dt + % /Q h(z)? d.
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Letting 5, — 0in (4.3) gives

/W [(u* = 21)* + (0" = 29)*] dzdt < / (@ —21) + (0 — 22)%] dadt,

w

which yields the desired result (4.2). O

Remark: If (21, 2) were in the range of map (4.1) then there exists hy € U such
that w(ho) = z1,v(ho) = 2 and the RHS of (4.2) would vanish. If the solution to the
inverse problem were unique, the identified coefficient ~* would equal A, the solution of

the inverse problem.

5. Numerical Example

In this section we present a numerical example for a test problem. First we illustrate an
iterative algorithm and its explicit finite difference discretization for solving the optimality
system. Our optimality system (3.10) consists of a pair of state equations coupled with a
pair of adjoint equations and the characterization (3.8) for 4. In each iteration, the state
system is solved forward in time while the adjoint system is solved backward in time. The
convergence of such forward-backward iteration schemes was proven by Hackbush [11].

The following steps are followed:

Step 1: Choose (ug, vo), (pr, qr) and h.

Step 2: Compute (u, v) by solving the following system forward in time

u — biAu = (a3 — du)u — h(x)uw inQ =Qx(0,7T) 5.1)
vy — byAv = —agv + h(x)uv inQ=Qx(0,7T) |
u(z,0) = wo(x), v(x,0)=uwvy(x) forx e
ou ov
5 = 0, 5—0 OnaQX(O,T).
Step 3: Compute (p, q) by solving the following system backward in time
—pe —biAp = aip — 2dup — h(vp —vq) + (v — z1)x,,  INQ 52)

—q — bbAq = —asq + h(uqg — up) + (v — 22)x,,
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o, o _
o v
p(z, T)=0, q(x,T)=0 when t=T, z€Q,

0 on 92 x (0,7)

where x,. is the characteristic function of the set .

Step 4: Update the control using u, v, p, ¢ from steps 2 and 3:

T
New = min (M, max (%/0 (p — quudt, O)) ) (5.3)

Step 5: Continue the loop until we get the convergence results with desired accuracy, i.e.,
the state and adjoint values at the current iteration are very close to the corresponding
values at the previous iteration.
Clearly, at each iteration the system of equations (5.1) and (5.2) needs to solved, which
are coupled by (5.3). The equations are discretized using the following [1]:
1
u(wi, ;) = A7 [ulzi, tj+1) — ul@s, )]
1
U(LL’Z‘, t]).’E.’L’ ~ @ [U(CCZ'+1, t]) — 2U(IZ, tj) + U(I‘i_l, tj)]
The time integration in h,,.,, given by (5.3) is approximated by the composite Simp-
son’s rule [27].
We illustrate our procedure on the following one spatial dimension problem:
U — b1y, = (a; — du)u — h(z)uw in (0,1) x (0,1)
vy — baUyy = —agv + h(x)uv in (0,1) x (0,1)

u(z,0) = ug(x), v(x,0)=1vy(x) forz € (0,1)
oy
v v

=0 fort € (0,1), x =0and z = 1.
h(z) = 025+«
u(z,t) = e 2+ cosmz)

v(z,t) = e *(2—cosmr)



67

[—2 — cos (1 — by?) + h(z)e (4 — cos® ) + de™*(2 + cos 7x)?]

“o= 2+ cosmx
[—4 + cos mz(2 — be?) — h(z)e (4 — cos® 7z )]
Qa —_=
2 —2+cosTx

and we choose b; = 1/72, by = 2/72,d = 2e* sothat ay, as > 0. The coefficient 5 and M

in (5.3) are chosen 0.14 and 500.

The exact observations (z1, z2) in the objective functional (Jz(h)) are chosen to be
u(z,t), v(x,t) in the first iteration.

Our aim is to recover the coefficient h(x). The exact and approximated solution are

plotted in the Figure 9.

1.4 T T

T
Approximate Solution
Exact Solution -------

h(x)

X

FIGURE 9. Exact h(x) and Computed hz(z)
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Part 1V

Control of the Convective Velocity

Coefficient in a Parabolic Problem
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1. Introduction

We consider optimal control of the coefficient of the first spatial derivative in a par-
abolic equation. We treat the case of one spatial dimension and the control depends on
space and time. Control of such a coefficient requires more regularity on the control set
than controlling the coefficient of a zero™ order term, and it leads to a partial differential
equation (PDE) characterization of an optimal control instead of the usual explicit charac-
terization.

We consider the parabolic equation (in non divergent form)

w(x,t) = aug, — h(z, t)u, + f InQ = (0,L) x (0,7
u(z,0) = up(x) O<z<L,t=0,

(1.1)

with the boundary conditions

u(0,t) =0 forall ¢t (0,7)

uz(L,t) =0 forall te(0,7).

The convective velocity coefficient i (z, ¢) is taken to be the control.

The objective functional is given by

J(h) za/OT/OLu(m)dxdtJrg/oT/OL [R*(z,t) + B] (2, t) + h2(x,1)] dxdt,

where « and /3 are positive constants known as weighting functions.

Our goal is to minimize the objective functional:

J(h) = min J (h)

with control set U = H'(Q).

The example is designed to illustrate this technique with more regular controls and
to generalize two recent flow applications. Objective functionals with more general dif-
ferentiable dependence on « can also be treated. Handagama and Lenhart [3] considered

an optimal control of the time dependent flow rate into a gas phase bioreactor, where the
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degradation of a contaminant is through the metabolism of a bacteria in the bioreactor.
Lenhart [4] studied an optimal control of a parabolic differential equation, modeling one
dimensional fluid through a soil-packed tube in which a contaminant is initially distributed.
She considered the convective velocity coefficient as a function of time only. See Chawla
and Lenhart [1] for a similar application involving bioreactor flow.

In section 2, the problem is formulated and the existence of an optimal control is
proven. In section 3, the optimality system is derived by differentiating the objective
functional with respect to the control (in a directional derivative) and differentiating the
function mapping the control to the state. \WWe obtain the characterization of an optimal
control through an elliptic partial differential equation. Thus the optimality system will

consist of two parabolic equations coupled with an elliptic equation.
2. Existence of Optimal Control
The solution of the state equation is a weak solution in
W = L*(0,T;V)
where V' = H{lo} (0, L). (Subscript {0} means the functions vanish at z = 0.)

DEFINITION 2.1. A function u € W with u, € L?(0,T; V*) is a solution of

u(z,t) = aug, — h(z,t)u, + f InQ = (0,L) x (0,7)

u(0,t) =0 on (0, 7),z=0
(2.1)

ug(L,t) =0 on (0, 7),x=1L

u(x,0) = ug(x) on(0,L),t=0

if
L
(u'(t),v) + / (augzv, + hu,v — fv) de =0 (2.2)
0

forall v € Vanda. e time0 <t¢ <T,andu(x,0) = ug(x), where the brackets <, >

in the integrand denote the duality between V" and V*.
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Note: Since u € C(0,T; L*(0, L)) from Evans [2], the initial condition of (2.1) makes

Sense.

The following assumptions are made:

(@) a, a, [ are positive constants,
(b) uo € H*(0, L), with compact support,
(©) feL=(Q),
For h € U, the existence of a unique solution v = u(h) in W satisfying (2.1) in the sense

(2.2) follows from a standard result in [2].

THEOREM 2.1. There exists an optimal control 2* € U minimizing the objective func-
tional J(h).
PROOF. Choose a minimizing sequence {h"},n = 1,2,..., such that
5, T = )

Let ™ = w(h™) be the corresponding state solutions to (2.1). To obtain the necessary
a priori estimates on our minimizing sequence and associated states, we need a change
of variable w = e *'u, where \ is a positive constant to be chosen. Thus equation (1.1)

becomes
Wy + M = awg, — h(x, t)w, + e .
We use the weak definition on the above equation and integrate in time to obtain

T T L
/ (', w") dt + / / (awlw) + K wiw™ + Mw™)? — e_Mw"f) drdt =0
0 o Jo

and then

1 L T L T L
1 / (w")2(z, T) dz + a / / (w?)? dz dt + A / / (w")? dz dt
2 0 0 0 0 0
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1 [L T L T L
= - / ud dr — / / h"wiw™ dx dt + / / e Mw" f dx dt.
2 Jo o Jo o Jo

Note: |||y < C by the form of the objective functional and »" € H'(Q) C
C%1/2(Q) [6]. Thus there exists a constant M such that ||"]| - < M.

Now we apply Cauchy’s inequality in the right hand side to obtain

%/( 2(2,T) dx+a/ / d:zcdt—l—/\/ / )2 dx dt
gt [ rraa [ [wp
// d:pdt+/ / f*dxdt.

Choose )\ suchthat A > 1 + % . Thus we obtain:

1

5/( de$+a// ddt+—// )2 da dt
1 (L

S—/ u%dm—l—//jadxdt.
2 Jo 0o Jo

By (2.3) we can conclude that ||w™||y are uniformly bounded independent of n. Thus

(2.3)

l|u"||y are uniformly bounded independent of n. Also using (1.1) and the above bounds,
we have uniform bounds on ||| 220,y +)-
Using the above bounds, we can extract a subsequence satisfying the following con-

vergence properties.
u" — u*  weakly in W
ul —uf  weakly in L*(0,T; V*)
R"™ — h* strongly in H'(Q), (2.4)
R — h* weakly in L*(Q),
R — ki weakly in L*(Q),

The strong convergence of 4™ in L? makes sense as H'(Q) cC L*(Q).
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Now, we need to show
=wu(h*), i.e. u”isthe state solution associated with A"
Consider the weak form of the PDE (integrated in time) satisfied by «™ (for v € V):

T T /L T /L T (L
/ (uy',v) dt + a/ / upv, dr dt + / / h™ulv dx dt — / / fvdzdt =0.
0 o Jo o Jo o Jo

The convergence of the third term uses the fact that 2" € H'(Q) c C%'/2(Q). We have

h"u;‘v — huyvdx dt'

//| Yol |uf] dz dt +
(/ /I v|2dxdt)2</0T/0L|uZ|2d$dt>

hv(uz — u,) dx dt‘

_'_
0
T L 3 T L
<C’1</ / \h”—h|2dxdt) (/ / |u2\2dxdt)
o Jo o Jo
T

hv(ul — u,) dx dt‘

hv (ulk — uy) dmdt‘

D=

[N

— 0 asn — oo,

where the C; depends on the L bound on v. The convergence of the first term depends
on the L? strong convergence of the {2} sequence and the L? uniform bound on the {u"}
sequence. Since hv is in L?(Q), the second term converges by weak L? convergence of
the {u”} sequence. Passing to the limit in the PDE satisfied by «™, we obtain u* = u(h*).

Next, we verify that 2* is an optimal control. Using the lower semicontinuity of the

objective functional with respect to these weak convergences, we obtain

J(h") <1nfa/ / "(z,t) d:L’—i-lnf—/ / [(h™)? + (h2)?] du dt

= lim J(h") = i%f J(h).

n—oo
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Hence h* is an optimal control. O

Remark: The convergence of the term A" with A = h™(x,t) is precisely the reason for
having a H! control set. If the controls were only functions of space, then the L> control

sets and techniques of [1, 4] would work.

3. Characterization of an Optimal Control

By differentiating the objective functional J(h) with respect to h, we derive the opti-
mality system. We will obtain the characterization of an optimal control through an elliptic
differential equation. Thus the optimality system will consist of two parabolic equations

coupled with an elliptic equation.

LEMMA 3.1. The solution map
heU—u=u(h)eW

is differentiable in the following sense:

u(h +¢€l) — u(h)

— ¢ weakly in W

ase — 0, where h + ¢l € U,l € L>(Q). Moreover the sensitivity function ¢ = ¢(h;1)

satisfies

Oi(x,t) = a¢e — hoy —lu, InQ =(0,L) x (0,7)

o(x,0) = whent =0 (3.1)
»(0,t) = when z =0

bo(L,t) = when z = L,

where u = u(h).

PROOF. In order to get a priori estimates on the difference quotients, we do the fol-

lowing change of variables



7

where u = u(h) and u® = u(h+¢l). By considering the PDE solved by w® —w, we obtain

(multiplying by test function (w® — w))

1
—/(w —w) de$+a// W' —w), d:tdt+)\//w—w dx dt
// (W —w)(w® —w d:r;dt—e/ / lwi (w® — w) dedt
a
5// w® —w) dmdt—l——// (w® — w))? da dt
+€—/ /(lwx)zdxdt—i—/ /(wa—w)zdxdt
4 Jo Jo 0
a [T L
S—/ /((wa—w) dmdt—i——/ / w® — w)? dr dt
2Jo Jo
2 (T L
+—/ /(zwx)zdxdwr/ /(wa—w)zdxdt—l—Klez, (3.2)
4 Jo Jo o Jo

denoting the L> bound on h by M. Using the facts thatl € L> h € H'(Q) c C*'/2(Q),

and ||w¢|| .2 is uniformly bounded from (2.3), we obtain

g/OT/OL((wE—w)x)dedtJr(A———l)/ / W —w)? de dt < Ky,

where K depends on [|{||«, and ||w|| ;2. For large A, we have

< K,

Hw‘g—w

€ HW

or

W

£

Thus weak convergence to ¢ is achieved. We also have (u — u) — ¢; weakly in
t

8_

L*(0,T;V*) and L% ¢ strongly in L*(Q) as in Theorem 2.1. Hence, we con-

clude that ¢ satisfies (3.1). O

Now we derive a PDE characterizing an optimal control by differentiating .J(h) with

respect to A at an optimal control.
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THEOREM 3.1. Given an optimal control A in U, there exists a solution p in W to the

adjoint problem

p(z,T) =0 on(0,L),t=T

(3.3)
p(0,t) =0 on (0,7),z =0
ap(L,t) + hp(L,t) =0 on (0,7),z = L.
Furthermore h(z, t) satisfies the following PDE.
hee + hye = h — Spu, in
- tt 3P Q (3.4)
8_77 = 0 8@7

where u = u(h).

Remark: The weak form of (3.4) is derived by:

T L o
/ / (—hm —hy +h — —pux> l(x,t) dxdt
0o Jo 5

T L a
::/’/ @¢+m@+m——mJyLOMﬁ
0 0 6

—/Qm@ﬂ—mmw»m—/qw@@—mmu»ﬁ

T L
= / / (htlt + hyl, + hl — %puml) (x,t)dxdt (using the BC from (3.4)).
0 0

PROOF. Suppose h(z,t) is an optimal control. Let ! € H*(Q) suchthat h +¢l € U

for ¢ > 0. The derivative of J(%) with respect to A in the direction [ satisfies

J(h+¢el) — J(h)

0 = lim
e—0

€
T L ,e
= lim [a/ / 4 u(x,t) dx dt
e—0 o Jo €

T L
+2%/ / {(h+el)? =1 + (hy + eli)* = B + (hy + €l,)* = B3} (,¢) dw dt
0 0

T L T L
_ aA K;¢@¢deﬁ+ﬁA [:Vﬂ+hM%J%QH%®dxﬁ. (35)
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Since there are no pointwise inequality constraints on our control set, we have this direc-
tional derivative being zero.

We used Lemma 3.1 for the weak convergence of (u® — u)/e.

Let p be the solution of the adjoint problem (3.3) [5]; then substituting the weak form
of (3.3) in (3.5) gives

T L T
0 = a / / (—pi + apady — (hp)ed) (2,0) dadt + o / hpo(L. 1) dt

T L
+ / / [l + hely + holy) (x,t) du dt.
0 0

Integrating by parts yields
L T T T . T
0 = a{/o —[oplo dm+a/0 DD dxdt—/o [ohp], dt—i—/o hpo(L,t) dt
T L T L
t h T d hl ht t hz’l:(: 5 d
+/0/0(p¢+p¢)da:t}+ﬁ/0/0[ + hily + holy] (z,t) da dt
L T
= of [ onte. )+ onte0ds — [~ k(L. 0) - oo, 0]
0 0
T L T L
+oz/0 /0 (pdy + agupr + hpoy) dx dt + 6/0 /0 [hl 4+ hyly + hyly] (x,t) de dt

= /T /L (—apluy, + Bl + hyly + hyly]) (z,t) dedt.  (using (3.1) and (3.3))
0 0

We substituted the inhomogenous term —[u, from the sensitivity equation (3.1) to obtain
the last equality. The last equality is the weak form of the PDE (3.4), that an optimal

control A must satisfy. O

Remark: Our optimality system consists of two parabolic PDEs and an elliptic PDE, (1.1),

(3.3), and (3.4). The uniqueness of the optimal control is not known at this time.
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