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Abstract

Deformation properties of weakly bound drip-line nuclei are discussed in the de-
formed single-particle model and, in particular, those of the drip-line sulfur isotopes
are investigated in the framework of the self-consistent mean-field theory. In the
deformed single-particle model, it is demonstrated that in the limit of very small
binding energy the valence particles in specific orbitals, characterized by a very
small projection of single-particle angular momentum onto the symmetry axis of
a nucleus, can give rise to the halo structure which is completely decoupled from
the rest of the system. The quadrupole deformation of the resulting halo is com-
pletely determined by the intrinsic structure of a weakly bound orbital, irrespective
of the shape of the core. Similarly, the self-consistent mean-field calculations show
large differences between the proton and neutron quadrupole deformations in the
drip-line sulfur isotopes, which can be understood in terms of the significant radial

contribution to the quadrupole moment in such spatially extended systems.
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Chapter 1

Shapes and Forces

Shapes of physical objects range from most symmetric spherical ones to ex-
tremely irregular forms. From a scientific point of view, shapes of natural objects
are governed by the laws of physics and reflect properties of basic interactions.
Identification of a shape is often the first step towards better understanding of the
underlying physical mechanisms. In this manuscript, which concentrates on prop-
erties of exotic nuclei, the concept of shape is explored in the language of nuclear
physics.

Before approaching the realm of the actual nuclei, we first discuss the shapes
of various physical objects found in nature. The link between shapes and forces is
demonstrated through simple examples. The main objective of this introductory
chapter is to stress the significance of shape deformations and their connections to
the underlying physics.

Let us first consider an instructive example taken from our everyday life: soap

bubbles. When we examine one soap bubble, we see it as a perfect sphere. This




simplest form of a single soap bubble can be disturbed by adding other soap bubbles.

For instance, if a second soap bubble is attached to the first bubble of the same size,
a thin soap film would separate the two bubbles at the center, and the overall
shape would resemble a ‘snowman’. When four bubbles are joined together, they
form a tetrahedron [1]. For a large number of soap bubbles of different sizes joined
together, the overall shape becomes very complex. This shape change is, however, a
simple consequence of the physical principle that a physical system seeks the shape
minimizing its (surface) energy. In particular, shape changes of soap films have
been the show-case model for the study of minimal surfaces [2]. Here a variety of
applications have been found: the design of the roof of the Olympic Stadium in
Munich, topological studies of minimal surfaces in mathematics, and the crystal
formation in metals [1, 3, 4]. Many clustering phenomena reflecting the principle of
minimal surfaces have been found in nuclear and molecular physics.

Moving to the microscopic world, the atomic model proposed by Lord Kelvin
in 1867, generated a wide-spread interest not only in the field of fluid dynamics
but also in mathematics. Based on the famous Helmholtz vorticity theorem and
the remarkable experiments on smoke rings demonstrated by Tait, Lord Kelvin was
convinced that the local disturbance (vortex ring) within a homogeneous ether was
a good representation of atoms [5-7]. Because of the geometric shape of a ring, the
properties of a vortex ring and the interaction between two vortex rings meet the
physical descriptions of atoms. Under the vortex-atom hypothesis, Tait investigated
various types of knotted and linked vortex rings to describe the differences in physi-

cal properties of chemical compounds (8] (see Fig. 1.1).  This was one of the earliest



Figure 1.1: Lord Kelvin and various types of knotted and linked vortex rings.

attempts in the history of physics to unify all known physical phenomena, including
electrical, chemical, and gravitational forces. Although today Lord Kelvin's atomic
theory has only historical significance, it is interesting to note that its simple ge-
ometric structure has many striking similarities with the superstring theory [7, 9].
The intensive studies of the geometry of knotted rings opened up a new field in
mathematics, the so-called knot theory, and their importance has been recognized
in several scientific communities (e.g., synthesis of new chemical compounds, DNA
research, quantum field theory [1, 10, 11]).

Throughout the history of science, shapes of macroscopic objects have been
crucial for identifying fundamental laws of physics and for testing the validity of
existing physical theories. One of the most famous examples is the dispute over the
shape of the Earth in the Newtonian era. While, according to the Cartesian vortex

theory, the shape of the Earth was to be prolate, the Newtonian theory predicted




the oblate form as mathematically shown by Maupertuis (see Fig. 1.2). According
to Maupertuis’ investigation, a rotating liquid governed by any type of attractive
force took an oblate-type spheroidal shape. The controversy about the shape of the
Earth was later resolved by Maupertuis’ famous geodetic measurement in Swedish
Lapland in favor of Newton [12, 13].

Later on, the success of Newtonian mechanics guided Laplace to propose his
famous nebular hypothesis of the origin of the Solar system. During this period, all
the known planets and asteroids revolving around the Sun were observed to move
from west to east. To explain such a collective vertical motion of the planets against
the Sun’s gravitational pull, a great German philosopher Kant invoked the exis-

tence of some (unknown) repulsive force. Laplace rejected Kant’s hypothesis and

Cartesian Vortex Theory

Isaac Netwton

Figure 1.2: Newton and two theoretical predictions regarding the shape of the
Earth. Left: Prolate form (or ‘egg’ shape) predicted by the Cartesian vortex theory.
Right: Oblate form (or ‘tomato’ shape) predicted by the Newtonian theory.




suggested that the circular motion of planets was a remnant of the ancient formation
process of our Solar system; the presence of the attractive gravitational force should
be sufficient to account for the circular motion [12]. His model of the simultaneous
formation of the Sun and its planets from a rotating gaseous cloud is the foundation
of today’s astronomy. Laplace’s picture of evolutionary universe can be extended
to explain the circular motions of galaxies and galaxy clusters. Conceivably, al-
though there appears to be no clear indication of the rotational character in a vast
supercluster (of a diameter of more than a billion light-years)[14, 15], the complex
irregular form of a supercluster can also be understood from the picture proposed
by Laplace.

The above discussion illustrates the inevitable correlation between shapes and
the corresponding physical forces. For instance, shapes of macroscopic objects such
as planets and galaxies are explained by means of the interplay between the gravi-
tational force and the rotation-induced forces. The four known fundamental forces
(excluding the hypothetical existence of the 5th and 6th forces [16]), which govern
our universe, differ dramatically in their strengths and interaction ranges. It seems,
however, that nature establishes some common ground for all sizes. In this context,
a universal relation between the typical rotational period and dimension of various
rotational objects was presented in Ref. [17] (see also Fig. 1.3). Interestingly, the
typical rotational period T and the characteristic dimension L of a rotating object

cluster along a line T ~ 10~7 L%, where T is expressed in sec and L in cm.
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Figure 1.3: Typical period of rotation versus characteristic dimension of a rotating
object [17].

In nuclear physics, shape deformations also play a significant role. They reflect
properties of effective interactions acting between nucleons, and reflect the resulting
shell effects. An example which nicely illustrates a correlation between nuclear
shapes and the underlying forces is a rotating nuclear liquid drop. At low rotational
frequencies, the shape of a liquid drop is oblate, while it can be triaxial or prolate
at higher frequencies. It is the interplay between the Coulomb force and surface
tension which is responsible for the rotation-induced shape change.

Recent experimental results on exotic nuclei close to the particle drip lines re-
vealed many holes in our understanding of the nuclear many-body problem. In the
new regime of a very weak binding, the well-established concept of shape deforma-

tions needs to be modified. The main objective of this study is to investigate the




impact of weak binding on deformation properties of drip-line nuclei. Consequently,
this study also raises the question regarding the concept of shape deformations in
the weakly bound systems.

This manuscript is organized as follows: Chapter 2 briefly reviews the emerging
field of exotic nuclei. The generic aspects of deformed halos are discussed in Chapter
3. Chapter 4 offers a closer look at some of the physical observables in deformed
halos through a simple théoretical model based on the finite spheroidal potential.
In Chapters 5 and 6, the deformation properties of drip-line nuclei are examined in
the framework of the self-consistent mean-field approach. These microscopic results

nicely illustrate the interplay between the weak binding and intrinsic deformation.



Chapter 2

New Regime of Nuclear

Structure: Particle Drip Lines

The search for yet observed nuclear elements far from the valley of beta stability
is an ongoing challenge for the nuclear physics community. In contrast to nuclear
structure along the beta-stability line which has been well studied both experi-
mentally and theoretically, the nuclei near particle drip lines with extreme-isospin
excess reveal the variety of new physical phenomena that cannot be explained by
conventional nuclear models. From a theoretical point of view, spectroscopy of ex-
otic nuclei offers a unique test of those components of nuclear effective interactions
that depend on isospin degrees of freedom. Many experimental facilities around the

world, including the Holifield Radioactive Ion Beam Facility (HRIBF) at Oak Ridge

National Laboratory, are currently searching for nuclear exotica. The recent exper-



imental progress in the radioactive nuclear ion beam (RNB) technology enables us
to investigate various physical properties of exotic nuclei [18].

One of the well-known features of nuclei far from stability is the large spatial
extension of matter density, well beyond the typical size for the stable nuclei. In
this context, two phenomena have currently attracted our attention, namely the
nuclear halo and neutron skin. While the nuclear halo is the direct result of the
small binding energy of valence nucleon(s), neutron skin can be associated with
the large isospin excess. Although it is difficult to draw a clear boundary between
nuclear skin and halo, one can possibly make the following distinction: the halo
structure can be developed by only one or a few loosely bound particle(s), while
the skin phenomenon involves many particles. While halo particles are expected to
occupy single-particle states with low angular momenta [19], nuclear skin can be
formed by particles in any orbitals [20].

The physics of nuclear halos is among the most vigorously pursued subjects in
nuclear structure. The heaviest neutron-rich lithium isotope 1!Li is the first and
probably the most spectacular case of a two-neutron halo (i.e., it can be viewed as
two weakly bound neutrons orbiting around °Li core) [21]. There are also other
examples (see Fig. 2.1 and Sec. 2.1). The intensive studies of those exotic nuclei
have been carried out both experimentally and theoretically, but so far a consistent
and microscopic theory of nuclear halo has not been developed.

The reaction processes involving neutron-rich nuclei are also of interest because
of their astrophysical importance [23-26]. The region of neutron-rich nuclei offers

crucial tests for the Big Bang nucleosynthesis. Two types of models of primordial nu-
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Figure 2.1: Experimentally observed one- and multi-neutron halos [22].

cleosynthesis are currently under investigation: the standard (homogencous) model
(SM) and the inhomogeneous model (IM) (corresponding references can be found in
Refs. [26] and [27]). Both the SM and the IM predict rather similar abundances for
the light nuclides, but different abundances for the heavier nuclides ("Li, °Be, !B,
and heavier) [28]. Therefore, studies of very neutron-rich medium-mass and heavy

nuclei can possibly shed some light on the nature of the Big Bang nucleosynthesis.

2.1 Nuclear Halos

The phenomenon of halo can be found in various fields of physics. In astronomn-
ical scale, there appear the galactic halos which are 20 times as large as a typical

diameter of a galaxy. The presence of these vast halos, composed primarily of cold
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dark matter particles, can account for the missing wavelengths of a quasar’s light

and the rotational character of galaxies [29, 30]. At the atomic and molecular lev-
els, the halo phenomena are also known. The molecular halos such as CH3CN™~ and
CS; consist of a weakly bound electron and a neutral molecule. Their properties
can be understood by assuming the presence of dipole and/or higher multipole fields
in the otherwise neutral molecules [31]. Other examples of loosely bound systems
can be found in “He, namely the helium dimer (He-He) [32] and trimer (He-He-He)
[33]. In particular, halo configurations (or ‘Borromean’ states, i.e., weakly bound
states in a three-body system whose binary subsystems are unbound) in the loosely
bound three-body systems, such as helium trimer, have been widely investigated in
the framework of the hyperspherical coordinates [33-35].

The first indication of a nuclear halo was the discovery of the deuteron with its
rms proton-neutron distance of about 4 fm. A spectacular example is the hypertri-
ton npA (the lightest hypernucleus) [36], which has a A-particle separation energy of
0.0840.02 MeV. The recent wide spread interest in weakly bound nuclei was stim-
ulated by fragmentation studies of neutron-rich He, Li, and Be isotopes [21]. Here,
two systems are of particular interest: 1'Be and !'Li.

The nucleus 'Be may be viewed as a two-body system, consisting of a superde-
formed °Be core and one loosely bound neutron energetically located about 500
keV below the particle threshold. According to the shell-model picture, the expected
ground state of 1!Be is a I"=1/2" state, whereas experimentally the I"=1/2" state
is found to be lower in energy. !Be had been the only experimentally known one-

neutron halo system until the recent discovery of 1°C [37]. The narrow peak in the

1



momentum distribution and a large cross section for the 1°C breakup were observed

and explained in terms of a halo structure with one-neutron separation energy of
242 + 95 keV.

A two-neutron halo nucleus 1'Li is one of the best examples (besides *He and
17B) of a Borromean system (see Fig. 2.2, and Ref. [38] for a review ). The reaction
cross-section measurements on Li isotopes show the dramatic increase in rms radii
when approaching !!Li. On the other hand, the measured charge cross-sections are
consistent with the roughly constant proton distribution when going from Li to
UL {39]. Furthermore, the measured magnetic and quadrupole moments are very
similar in °Li and !'Li [39]. These observations indicate the decoupling of the °Li
core and two weakly bound neutrons in ' Li.

On the other hand, proton halos are less likely to exist due to the presence of
the Coulomb barrier. It is to be noted, however, that ®B is alleged to be a pro-
ton halo. It has a very small one-proton separation energy of 0.14 MeV [41] and
a large quadrupole moment, and this can be qualitatively understood in terms of
the proton halo-like structure [41]. According to the theoretical study of Ref. [42],
a three-body Borromean nucleus ’Ne is also claimed to be a proton halo. How-
ever, unlike neutron halos, the proton-halo phenomenon is not generally accepted.
(See, e.g., Refs. [43] and [44] for discussion of the ®B case. Similarly, neither mi-
croscopic calculations using the hyperspherical-coordinate method [45] nor a three-

cluster generator-coordinate method of Ref. [46] support a proton halo scenario for

17Ne.)
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Figure 2.2: Schematic plot [40] for a three-body system (C-n-n) in terms of the
strengths of two-body potentials (Vyn, Vcn) and three-body potential (V). Up-
per right: Nucleus ''Li composed of °Li core and two weakly bound nentrons is
located in the ‘Borromean’ region (shaded area). Upper left: Two nentrons do not
form a bound state. Lower left: Binary subsystem composed of °Li and one nentron
does not have a bound state.

Many unusual features of neutron halos have been discovered experimentally
[40]. The main signature of a neutron halo is the large spatial extension of matter
density. The rms radii in !'Be and 'Li obtained from cross-section measurements
are 2.71 + 0.05 fm and 3.10 & 0.17 fm, respectively. These should be compared with
the corresponding matter radii in 1°Be (2.28+ 0.02 fm) and °Li (2.32+ 0.02 fm).

The narrow momentum distribution obtained through projectile fragmentation
processes [47, 48] can also be interpreted in terms of a halo structure. It is known
[49] that the momentum distribution of the outgoing fragment reflects the momen-

tum distribution of the nucleon removed from the surface of the projectile. Due

to the uncertainty principle, the narrow width of the momentum distribution cor-

13



responds to the large spatial dimensions of a system. The transverse-momentum
distribution of °Li (3Li) obtained through the reaction 'Li+C shows both narrow-
and wide-width structures [47]. The wide component of the momentum distribution
is characteristic of a well-bound nucleus, whereas the narrow-width component can
be interpreted as an evidence for a large-size halo structure.

The process of 8 decay is an useful tool to examine properties of halo nuclei.
Here, the well-known examples are 3 transitions between the ground states of °He
(a+di-neutron) and SLi (a+deuteron), and between the ground state of 1Li and
the first excited state (320 keV) of 1'Be. The emission of a 3-delayed deuteron from
®He was first observed by Riisager et al. [50]. There are two main channels in this
process. The first channel is the direct 8 decay of SHe to 6Li followed by a break-up
into alpha particle and deuteron. The second channel is the direct 3 decay of °He
to the continuum. These two decay channels were not sufficient to reproduce the
experimental deuteron spectrum. A better agreement was obtained by involving the
third process: the break-up of He into an alpha particle and the di-neutron and
the subsequent 3 decay of the di-neutron [51] (see Fig. 2.3). The presence of the
latter decay channel confirms the three-body nature of ®He. The 3 transition from
the ground state of !1Li to the first excited state of ! Be was studied in Ref. [52] in
terms of a shell-model picture. The study indicates that a large logft value of the
Gamow-Teller transition can be obtained by taking into account the effect of a halo.

It has also been suggested in several theoretical studies [53-57] that the so-called
soft dipole mode (or pygmy mode), i.e., the low-frequency oscillation of the well-

bound core against the halo neutrons, may exist in weakly bound systems (see
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B -Decay Routes of °He

o+2n 3)
2
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Figure 2.3: Schematic diagram [51] for the 3-decay channels of SHe. (1) 3 decay
of 5He to SLi and the subsequent break-up into a+deuteron. (2) Direct 3 decay of
6He into continuum states of a+deuteron. (3) Break-up of 5He into a+di-neutron
and the subsequent (3 decay of di-neutron. The dashed lines indicate the virtual
states during (-decay process.

Fig. 2.4). According to. the simple model of Ref. [55], the lowest excitation energy

of the soft dipole mode is

fiw = A Nc; hwGDR, (2.1)

N(Z +N.)
where wgpr is the frequency of the giant dipole resonance (GDR), and Z, N, and
N, represent the total number of protons, neutrons, and core neutrons respectively.
This indicates that the energy of the soft dipole mode should be reduced with respect
to that of the nérmal GDR. According to the GDR model employed in Ref. [53], the
energy of the soft dipole mode is expected to be around 0.9 MeV. This should be
compared to the energy of the normal GDR which is around 22 MeV. In spite of many

experimental efforts (e.g., the very recent Coulomb-dissociation studies [15, 43, 58]
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Giant Dipole Resonance Soft Dipole Resonance

Neutron Skin Neutron Skin

Figure 2.4: Left: Dipole oscillation of protons against neutrons in the core (usnal
isovector giant dipole resonance). Right: Dipole oscillation of the neutron skin
(halo) against the core (soft dipole mode).

of 1'Be and ' Li performed at RIKEN and MSU), no significant fingerprint of the
soft dipole mode has been found. (In this context, it is worth mentioning that the
recent study of Ref. [59] argues that the low-lying dipole strength in the continuum
does not exhibit a resonant character.)

The above phenomena, which exist or are expected to exist in halo nuclei, can
be attributed to weak binding. In Chapter 3, however, it is argued that shape
deformation can also play a significant role in describing some of these effects. The
main objective of this work is to explore the concept of ‘shape’ in loosely bound

systems by simultaneously taking into account both deformation and weak binding.
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2.2 General Properties of Neutron Drip-line Nuclei

Nuclei close to the particle drip lines exhibit or are expected to exhibit a rich
variety of properties which do not occur, or are much less pronounced, in nuclei
close to the beta stability valley. One of the characteristic features of nuclei near
the neutron drip line is the presence of a neutron skin. According to the mean-
field calculations of Ref. [60], there exists a clear correlation between the neutron-
skin thickness and the energy difference between the neutron and the proton Fermi
levels (see Fig. 2 of Ref. [60]). Those calculations predict the strongest effect in
the neutron-rich S-unstable nuclei ®He, 8He, and 24O . The recent studies of ANa
isotopes (4=20-23, 25-32) [61] demonstrate the roughly linear correlation between
the thickness of the neutron skin and the difference between the proton and neutron
separation energies.

The shell structure of the B-unstable magic nuclei is also of interest. Experi-
mentally, deformed states in magic nuclei are known in many cases (see Ref. [62]).
In the sd region, the neutron-rich nuclei with N~20 are spectacular examples of
coexistence between spherical and deformed configurations. A classic example of a
magic nucleus with a deformed ground state is $3Mgo, which has a very low-lying
2% state at 886 keV [63] and an anomalously high value of two-neutron separation
energy So,. Calculations based on the deformed mean-field theory predict deformed
ground states around 3?Mg and explain them in terms of neutron excitations to the

1f79 shell [64, 65]. A similar conclusion has been drawn in the shell-model calcu-
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lations in the (sd)(fp) model space [66, 67] and in the schematic analysis of Ref.
[68].

In Chapter 5, the sulfur isotopes, especially the neutron-rich ones with N~28
will be discussed. This particular choice was motivated by recent experimental
and astrophysical interest in this mass region [23-25]. From the perspective of the
spherical shell model, the underlying proton wave functions are described in terms of
the sd shell-model space, while the main components of the neutron wave functions
come from the fp shell-mode! space. Such a schematic classification, however, easily
breaks down due to the strong core polarization effect (i.e., the appearance of static
shape deformations associated with the core-breaking excitations).

Experimentally, little is known about the neutron-rich nuclei around 438, Re-
cently, B-decay properties of 44S and 4°~47Cl have been studied in GANIL 23, 69].
The half-life of 4*S was found to be T} /2=123+10 ms. (Observation of 42gj, 4546p,
485 and 5!Cl has been reported in Ref. [70].) Another very recent experiment on the
neutron-rich nuclei 3840423 and 4446 Ar, performed at MSU [71], indicates moderate
deformations around N=28.

Theoretical information on the light N=28 nuclei is very scarce. The results of
recent large-scale mass calculations using the finite-range droplet model (FRDM)
[72] or the extended Thomas-Fermi with Strutinsky-integral model (ETFSI) (73]
suggest the presence of deformation in some N=28 isotones (see, e.g., Table IV of
Ref. [23]). Based on these calculations and on the theoretical analysis of 3-decay
properties of 443, it has been suggested in Ref. [23] that the influence of the spherical

shell N=28 is weakened below 4Ca.
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In the regions near particle drip lines, the closeness of the unbound scatter-
ing states and extreme spatial extensions of weakly bound systems make neutron-
or proton-rich nuclei very difficult to describe in terms of currently used models
with their parameters determined so as to reproduce the properties of stable nuclei
[74-78]. According to one theoretical finding [79], the single-particle potential of
neutron drip-line nuclei resembles that of a harmonic oscillator with a spin-orbit
term. Such changes in the shell structure due to weak binding and/or deformation
can dramatically affect the location of the neutron drip line.

Experimental studies of nuclei close to the neutron drip line also raise many
questions regarding the role of pairing interaction. In the vicinity of particle drip
lines, the presence of pairing correlation implies the scattering of paired nucleons
from bound states to the continuum. The models based on the Bardeen-Cooper-
Schrieffer (BCS) type treatment give rise to an unphysical evaporation of particles
into the continuum and hence the incorrect asymptotic form of the quasiparticle
wave function [80, 81]. It was pointed out [77-82] that the Hartree-Fock-Bogoliubov
(HFB) method with a realistic pairing interaction can overcome such difficulties.
In this study, we concentrate on the particle-hole channel. Pairing correlations will
either be ignored or assumed to be very weak.

So far, neutron drip lines have been determined for all light nuclei with Z < 10
[83, 84]. The advancements of the RNB experimentation can clarify basic features of
heavier drip-line nuclei and possibly help to discriminate between various theoretical
models. In this context, the present work offers model predictions for the position

of the neutron drip line in the Si-Ca region.
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Chapter 3

Deformed Halo Nuclei

The importance of non-spherical intrinsic shapes in halo nuclei has already been
stressed in several papers, especially in the context of a one-neutron halo HBe and
an alleged one-proton halo ®B. The ground state of !!Be is a 1/2% state. The low
neutron separation energy, S,=504 keV, allows for only one bound excited level
(1/2~ at 320 keV). The halo character of !'Be has been confirmed by studies of
reaction cross sections [85] and the importance of deformation can be inferred from
the large quadrupole moment of its core 1°Be, |Q|=229 mb [86]. The halo character
of 8B has been suggested in Ref. [41] where the large measured quadrupole moment
of its I™=2% ground state, |Q|=68 mb, has been attributed to the weak binding of
the fifth proton in the 1ps/, state. (The existence of a proton halo in 8B is still
heavily debated [39, 87]. For instance, Nakada and Otsuka [43], in a shell-model
calculation, demonstrated that the large value of |Q] in ®B could be understood

without introducing the proton halo.)
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Figure 3.1 shows the interaction radii for a series of Be isotopes deduced from

measured interaction cross sections [88]. The relatively large radius for *!Be has been
interpreted as a sign of halo structure of this nucleus. It is, however, quite interesting
to note that calculated deformations (as obtained in Nilsson-Strutinsky calculations)
of the Be isotopes are found to vary in such a way that the corresponding nuclear
radii reproduce the data quite well. In these calculations, no effects from the halo
structure of 1! Be have been considered since they are based on the (infinite) modified
oscillator potential. Although these calculations are somewhat unrealistic, the result
displayed in Fig. 3.1 clearly stresses the importance of simultaneously considering

both deformation and halo effects in nuclei such as in 1Be.

3.0 ! | | | | |

Figure 3.1: Nuclear rms radii calculated in the modified harmonic oscillator model
(filled squares) for a series of Be isotopes. They are compared to measured [88]
interaction radii (open circles). The calculated deviation from the smooth 1.141/3
behavior (dot-dash line) is due to deformation.
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In this chapter, the question of deformed two-body halos is addressed by consid-

ering the single-particle motion in the axial reflection-symmetric central potential.
The properties of the deformed single-particle states, especially in the subthreshold
region, are analyzed by making the multipole decomposition in the spherical partial

waves with well-defined orbital angular momentum.

3.1 Overview of Theoretical Approaches

The role of shape effects in lowering the excitation energy of the 1/ 2% intruder
level in !1Be has been recognized long ago. For instance Bouten et al. [89] pointed
out that the position of the abnormal-parity intruder orbitals in odd p-shell nuclei
can be dramatically lowered by deformation, and they performed the projected HF
calculations for the parity doublet in 'Be. In another paper, based on the cranked
Nilsson model, Ragnarsson et al. [90] demonstrated that the parity doublet could
be naturally understood in terms of the [220]1/2 (1ds/, ® 2s1/2) Nilsson [91] orbital.
In particular, they calculated very large prolate deformation for the positive-parity
level, and spherical shape for the negative-parity state. Muta and Otsuka [44, 92]
studied the structure of 1!Be and 8B with a deformed Woods-Saxon potential con-
sidering quadrupole deformation as a free parameter adjusted to the data. Tanihata
et al. [93] concluded, based on a spherical one-body potential, that the positions of
experimental drip lines are consistent with the spherical picture; they emphasized

the effect of increased binding of the low-£ shell model states near the threshold
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that can give rise to the level inversion. However, none of these above papers has

considered simultaneously both effects, i.e., the loose binding and self-consistency.

Another, more microscopic, approach is the work by Kanada-En’yo et al. [94]
based on antisymmetrized molecular dynamics with improved asymptotics. They
obtained very large quadrupole deformation for the 1/2% state in 1Be, and a less de-
formed 1/27 state. A similar conclusion has been drawn in the recent self-consistent
Skyrme-HF calculations [95).

Very recently, the notion of deformation in 'Be has been also pursued by sev-
eral authors [96-100] within several variants of the weak coupling scheme. In these
models, the odd neutron moving in a Woods-Saxon potential is weakly coupled to
the deformed core of 1°Be, and interacts with the core through the quadrupole field.
The deformation of !Be is not treated self-consistently; either the strength of the
quadrupole coupling is adjusted to the data to reproduce the quadrupole moment
of 19Be, or the deformation is adjusted to reproduce the energies of the I=1/2 dou-
blet. The advantage of the weak coupling approach is that the total wave functions
are eigenstates of the total angular momentum and they have correct asymptotic
behavior. In this context, a nice molecular analogy, in which the adiabatic coupling
of the valence particle to the deformed core is applied, is the weak binding of an
electron to a rotationally excited dipolar system [101], or to a neutral symmetric

molecule with a non-zero quadrupole moment [31].
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3.2 Generic Features of Deformed Neutron Halos

This section contains some general arguments regarding the concept of shape
deformation in two-body halo systems. The material contained in this section is
the extension of the analysis of Ref. [19] carried out for the spherical case. (For
the corresponding discussion of three-body halo asymptotics, see Ref. [102].) The
following analysis also provides a qualitative understanding of the numerical results

presented in the following Chapters 4 and 5.

3.2.1 Behavior of Radial Matrix Elements in The Limit of Weak
Binding

Let us assume that the weakly bound neutron moves in a deformed average

potential U(7) (usually well approximated by a sum of the central potential and the

spin-orbit potential). The neutron wave function can be obtained by solving the

deformed single-particle Schrédinger equation

[v2 - v - ni] % () =0, (3.1)

where k, = \/—2pe,,/h2 and ¢, is the corresponding single-particle energy. In
the following, we assume the axial reflection-symmetric central potential. (The
generalization to the triaxial and/or reflection-asymmetric case is straightforward.)
Since the asymptotic properties of radial matrix elements depend very weakly on
intrinsic spin, the spin-orbit term is neglected.

Owing to the axial-reflection symmetry, the single-particle states can be labeled

by means of excitation quantum number v, projected angular momentum A, and
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parity 7. Since the Hamiltonian considered is invariant with respect to the time-

reversal symmetry, we shall only consider non-negative values of A.
The deformed wave function can be decomposed into spherical partial waves

with the well-defined orbital angular momentum ¢:

d)l/l\ﬂ'(f‘) = Z IRVZA(T)YZA(ea ¢)a (32)
£

where R, pp and Yy, are spherical radial and angular functions respectively, and
prime sign on summation symbol indicates ¢ = 0,2,4, ... for positive parity and
¢ = 1,3,5,... for negative parity. At large distances (r>Rjp, where Ry defines the
arbitrary but fixed distance at which the nuclear interaction becomes unimpor-
tant), U(7) vanishes and the radial functions R,,(r) satisfy the free-particle radial

Schrédinger equation

2 2d 5, LE+1)

dr? ' rdr v r2

Rue(T) =0. (33)

(Of course, R, ea(T)=R,¢(r) for r > Rp.) The solution of Eq. (3.3) is Ry(r) =
B,,ghgl)(ifi,,’r) where hgl) is the spherical Hankel function and B,, is a constant,
given by

By = Rue(Ro)/MY (iky Ro). (3.4)

The spatial properties of the system can be characterized by the nth radial mo-
ments (Yyar|r"|Yvar) and multipole moments (Yyax|r"Yno|t¥var). Both quantities

require the evaluation of radial matrix elements

(Ruealr™|Rypa) = /0 r" 2R A (T Ryea(T)dr = Lngers + Ounerr, (3.5)
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where I qpp and Ounee represent the internal (r < Rp) and external (r > Ro)
contributions, respectively. The inner integral I neea is, by definition, finite. The

outer integral can be written as

o
Oute = [ " Rialr)Run(r)ir (36)
> (1)
— BB / 2R (ikr )RS ik, r)dr (3.7)
Ro
= BBk / 2 2R (iz) A (i) da (3.8)
RQK,,

_ g —n43) [ ey e (D
= B},B,yk, VT R\ (ix)hy (iz)dx
ROK«U
o0
+B?, By / 2R3 )hD (iz)dz,  (3.9)

Roku+A
where A is a small number. Since the analytic expansion of the spherical Hankel

function is given by

(W \ _ =1 -1 iz 1 o=k
hy '(z) =1 z e ,§) (@ + 5 k) (—2iz) (3.10)
where
| 1.\ _  (£+k)
i (“ 5””) = RE<R) (3.11)

the asymptotic form of spherical Hankel function can be written as
- 1
D (iz) =3 —(20) ¢ (e +3 e) L, (3.12)

Consequently,

| B ¢ Rul(RO) - —(Qi)l

| e = (kyRo)*1. 3.13)
\ e (in Ro)  (€+4,) (

Following the arguments of Ref. [19], one can demonstrate that for small values of

Ky, the integral O, ¢ behaves asymptotically as

’ " ROK/V“}'A ,
Opner = kEHE-n-1RETEH2 [/ " dr + const.} . (3.14)
Roky
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Therefore, the asymptotic behavior of O,ngp in the limit of small €, strongly depends
on quantum numbers n, ¢, and £'.
Let us consider three cases:
n—t0—-¢>-1
Here, the integral O, ¢ can be approximated as

(RO”w + A)n—l—£’+1 _ (Ron)""e_el+1

~ 0+¢ +2
Ouneer = Ky Ry m—f—0 11

+ const. | . (3.15)

Since A is finite, a first term in [ ] remains finite. Hence, O ner diverges as

(_EU)(£+Z’—n—1)/2_
(ii)n—0-0=-1
Here, O, ner behaves as

ak, + A
akK,

Opneer = a™*3 [ln ( ) + const.] x —In(k,). (3.16)

This indicates that O, ¢ diverges as In{—¢,).

(i) n— £ — £ < -1

Here, the asymptotic expression for O,,¢ is exactly the same as in Eq.(3.15); how-
ever, a first term in [ ] of Eq.(3.15) diverges as kP +1 As aresult, Oynep remains

finite.

3.2.2 The Normalization Integral

The norm of the deformed state (3.2), M,ar, can be expressed through the

zeroth radial moment

Noar)® = (Wuarlvar) = D "(Ruealr®|Ruea) = D" (Loeer + Ovore) -~ (3.17)
7 ¢
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According to conditions (i)-(iii), the norm is divergent only if the deformed state
contains an admixture of the s-wave. This is possible only for orbitals with 7=+
and A=0. In this case, the norm behaves asymptotically as \/Ouooooc(—e,,)'l/ 4 and

the probability to find the particle in the outer region (r > Ro),

I

Ovoee
P(ext)= Ze V0L , 3.18
vAT S (Loosea + Ovoee) (3.18)

approaches one for zero binding.

3.2.3 The nth Radial Moment

The nth radial moment of a deformed orbital, (vAx|r"|vA~), can be expanded

in terms of I neea and Opney:

(vAm l"'nl vAT) = (-/\[1/A7r)—2 Z ,(RulAlrnIRu€A> = (/\/uAﬂ')_2 Z I(IunllA + Ounee)-
14 4
(3.19)
Following the arguments of Sec. 3.2.2, the asymptotic behavior of the nth radial

moment depends on A and 7 quantum numbers of the deformed orbital:

7=+, A=0 : (V0+ |r"|v0+) diverges as (—e,) "2, (3.20)
7#=—, A=0o0rl : (vA—|r"|vA—) diverges as (—e,)I-™/2 (3.21)
otherwise : (vAm|r"|vA7) remains finite. (3.22)

For the special case of n = 2, the root-mean-square radius diverges only if the
deformed orbital in question contains s or p partial waves. This leaves only three

classes of states, for which the spatial extension can be arbitrary large:
=4, A=0 : (V0+ |r?|v0+) diverges as (~¢,) "}, (3.23)
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r=—, A=0o0rl : (vA—|r?lvA-) diverges as (—e,) V2. (3.24)

In the following, these states are refered to as ‘halo states’ or ‘halos’. Of course,
this does not mean that other Nilsson orbitals cannot form very extended structures
when their binding becomes very small. However, it is only for the states (3.23) and

(3.24) that the rms radius becomes asymptotically infinite.

3.2.4 Multipole Moments

The average multipole moment of a deformed orbital, (vAm|r"Yno|vAm), is given
g

by

(VAW‘TnYnOIVATr) (NVAW)_2 <¢qu|rnYn0|¢uAn) (3'25)

= (NMoan) 72D (Ruenlr™|Ruen) (Yea|Ynol Yern).  (3.26)
%

The angular matrix elements (Yza|Yno|Yza) can be expressed in terms of three-j

symbols by applying the Wigner-Eckart theorem:

(Yen|Yno|Yen) = (-1)2

tnt tnt \/(2e+ 1)(2n + 1)(2¢ + 1)
4m ’

—-AOA 000
(3.27)
where ¢ 4+ ¢/ + n is even. The above expression is non-zero, only if £, ¢/, and n are

less than or equal to (£+ ¢’ + n)/2. By taking into account these selection rules and

the conditions (i)-(iii) of Sec. 3.2.1, one obtains:

7=+, A=0 : (¥0+ |r"Ypo|v0+) remains finite for even-n
and vanishes for odd-n, (3.28)
n=—, A=0orl : (VA— |r"Ypo|vA—) diverges as (—€,)"Y/2 for even-n
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and diverges as In(—¢,) for odd-n. (3.29)

In the particular case of a quadrupole moment, (vAw|r?YyolvA7) , Eq.(3.27) reduces

to

YoalYao[Yen) = 1/~ [ 252 g A0jeny (020}e0) (3.30)
enlfoolten) =\ o\ 9771 ' '

Since the quadrupole moment of an s state vanishes, the only diverging matrix
element in the limit of small binding energies comes from an s « d coupling for
positive-parity halos (1 = +, A = 0). According to Egs. (3.28) and (3.29), one

obtains:

r=+, A=0 : W0+ |r?Yoo|v0+) remains finite, (3.31)

r=—, A=00r1 : (VA —|r?YylvA-) diverges as (—el,)_l/2. (3.32)

Sometimes it is useful to consider an external (£ > &p) contribution to the

quadrupole moment, 0 defined by

vAT

oEx) — Yoo Ovaeer (Yea|Ya0{Yern)
AT T S0 o (Laeera + Ouaeer) (Yea Y20l Yera)

(3.33)

According to the above results, the values of @,(K;) for negative-parity halo states

(m = —, A =0 or 1) approach one at vanishing values of ¢,.

3.2.5 Multipole Deformations

It is instructive to consider the multipole deformation 3, extracted from the

ratio

Ar  (vAT|r"Ypo|vAT)
n+3 (vAr|rtlvAr)

Bn(vAr) = (3.34)
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From previous discussions, one can conclude that the multipole deformation of a

positive-parity halo state vanishes for all multipolarities, i.e.,
Ba(m = +,A =0) 2= 0. (3.35)

For negative-parity halos, all multipole deformations with n # 2 also vanish at the
limit of small e,:

Ba(r=—,A) <0 n#£2 (3.36)
However, quadrupole deformation (n = 2) approaches the finite limit:

oo 4m +0.63 ifA=0
Bo(m = = A) "= —(Yia|YaolY1a) = (3.37)

-0.31 ifA=1.
Let us now consider deformation properties of a halo system consisting of the
core nucleons and loosely bound valence nucleon. The total multipole deformation

of the system, denoted by §,(total), can be split into two contributions, namely

from the core (c) nucleons and from the valence (v) particles:

Ba(total) = n4:3< 1{;:2’ ;/"‘)) (3.38)
4 (r"Yno)c/{r™)v + (T Yao)v/(r")v
S s . (3.39)

Since in the limit of weak binding energies (r"), > (r")¢, Eq.(3.39) can be approx-

imated by the multipole deformation of the valence state:

eu—>0 ar

Bultotal) “=F — = (r"Yao)u/ (™). (3.40)

n+

That is, independently of the shape of the core, the deformation of the halo is

solely determined by the spatial structure of the valence-state wave function. The
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deformed core merely establishes the quantization axis of the system, which is im-

portant for determining the projection A.
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Chapter 4

Deformed Two-Body Halos:

Spheroidal-Well Model

In the previous chapter, features of two-body halos were discussed qualita-
tively through expanding the deformed wave functions in spherical partial waves.
Here, quantitative calculations are presented using the deformed potential U(7) ap-
proximated by a finite square well in prolate spheroidal coordinates. A spheroidal
infinite square well was early used by Moszkowski [103] to discuss the properties of
single-particle deformed orbitals. Merchant and Rae [104] investigated the contin-
uum spectrum (e>0) of the spheroidal finite square well potential to calculate the
particle decay widths of deformed nuclei. Since the main focus of this work is the
behavior of bound single-particle orbitals very close to the e=0 threshold, particular
attention was paid to a precise numerical solution of the Schrédinger equation in

the limit of very small binding energies and/or large deformations.
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4.1 Prolate Spheroidal Coordinates and Parametriza-

tion of Nuclear Shapes

Assuming the z-axis to be a symmetry axis of the nucleus, the coordinate
transformation between the prolate spheroidal coordinates (€, 77, ¢) and the cartesian

coordinates (z,y,z) reads [105, 106, 107]:

z = a\/(ﬁz—l)(l—n2)cos¢, (4.1)
y = ay/(€-1)(1-n?)sing, (4.2)
z = afn, (4.3)

wherea > 0,1 <€ < oo, -1 <9 <1, and 0 < ¢ < 27. (Since the purpose of this
study is to investigate the generic features of weakly bound states in a deformed
potential, the analysis is limited to prolate shapes. However, the calculations can
easily be extended to the oblate side through a simple coordinate transformation.)
The confocal ellipses corresponding to surface of constant £ = &y can be expressed

as
z2 + y2 n 22 _
a®(63-1) * a%

with foci at (0,0,£a), minor axis R) =ay/¢2 — 1, and major axis Rj=afo. The equi-

1 (4.4)

surfaces of £ and n are shown in Fig. 4.1(a). It is seen from Eq. (4.4) that the
parameter &y defines the shape deformation of a system. Indeed, for & > 1, the
surface (4.4) becomes that of a sphere with the radius a€p, while the limit §, — 1

corresponds to a line segment. Following Ref. [103], the deformation parameter 6 is
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Figure 4.1: (a) Prolate spheroidal coordinates £ and 7 for a given value of a and (b)
shapes corresponding to quadrupole deformations §=0.0, 0.2, 0.6, and 1.2 assuming
the volume conservation condition, Eq. (4.6).

introduced:

B ﬂz/s_ _ 68 1/3—
6_(Rl> 1= 53—1 1. (4.5)

The volume-conservation condition [the volume inside the surface (4.4) should not

depend on 6] yields

L
(&8 — &o)/¥’

where Ry is the corresponding spherical radius.

a=

(4.6)

To find the relation between é and other quadrupole deformation parameters,

one can compare the macroscopic quadrupole moment of the surface (4.4)

Q2= /(o) = Zmzs TS @)
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with those obtained using other shape parametrizations {108]. For instance, the

; parameter § can be related to the oscillator deformation dosc by

2/3
6= (;f—;g‘&> -1 (4.8)
0sC

shape (%=2), both deformations are very close: 8o5.=0.6 while §=22/3-1=0.587.
Figure 4.1(b) shows the family of shapes representing different deformations ¢ as-

suming the volume-conservation condition (4.6).

4.2 Schrodinger Equation in Prolate Spheroidal Coor-

dinates

Consider a nucleon moving in the deformed spheroidal square-well potential

given by

Up for <&
Uu) = (4.9)

|
|

For small values of 8osc, Eq. (4.8) gives § = %&,sc. However, at a superdeformed
0  for & > &,

where Uy is the depth of the potential well (Uy<0) and & depends on § through
‘ Eq. (4.5). Expressed in prolate spheroidal coordinates, the time-independent Schrédinger

equation can be written as

__6_ 2 _‘?_ ﬁ ) ﬂ 52—772 9?

{% €0z + 5o ”)an]+(52—1)(1—n2)a¢2}w“’”"”)
ma(€? — 2
2ma € =1 (e) - d wig.n, 6)- (4.10)

h2
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Following Ref. [105], Eq. (4.10) can be separated by assuming ¢(§, 7, ¢) = R(§)S(n)®(¢).

; The functions R, S, and ® are solutions of the ordinary differential equations:

d A2
diig [(52 RAl ] _ [/\Al 242 i 1:| RM(C,f) =0, (411)
2
% [(1 dSAl (c,m ] + [)\Al - - _‘/}172} Sale,n) =0,  (4.12)
d2<I>A (9)

—A%®4(9), (4.13)

where Ay, is the separation constant and

Cint = ay/2m(e — Up)/h for £ <&
c= . (4.14)
iCext = tay/—2me/h for £ > &
In the following, Rai(c,&) and Sp(c,n) are referred to as the radial and angular
spheroidal functions, respectively. For positive values of ¢, scattering solutions for
the spheroidal square well were solved in Ref. [104]. Here we concentrate on bound
states with € < 0.

The angular solutions in the present model, Sl(\ll)(c, 1), can be expressed in terms

of a series of the associated Legendre functions of the first kind:

oo !

1
i Spi(em) = D di(©) PRy (m), (4.15)
k
where the prime over the summation sign indicates that k=0, 2, ... if ({—A) is even,

and k=1, 3, ... if (I — A) is odd [105, 107] (parity conservation).
The radial functions REG) (c,€) are expanded in terms of spherical Bessel functions
£ (c€), where
Jk(z) forp=1

() = : (4.16)
ne(z) forp=2
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Imposing usual boundary conditions on the radial wave functions, i.e., these func-
tions must be finite at the origin and converge faster than 1/£ at large distances, the
internal radial function Rs\ll) (c,€) (€ < &) and the external radial function R5\31) (¢, &)
(€ > &) can be written as

R(p) _ [Z 2A+k dM( )]—1 (5262 1)1\/2

k

(3 - AL ER ) 7o), (4.17)
k

where f*(c€) = h{"(c€) = ju(c€) + inp(ct).

The deformed single-particle wave function is given by

Z: VAIRM) (Cmt,E)Sf\ll)(cintyn)q)A(qs) for E < EO
1/)1/1\71'(57 1, ¢) = (418)
7B, RS (icext, €)SK) (icext, )@ (9) for € > &
where ciny and cext are defined in Eq. (4.14) and v is the excitation quantum number
labeling orbitals having the same quantum numbers A and #. By matching the

internal and external wave functions at £=§ one finds the eigenenergies ¢ and the

amplitudes A,5; and By (cf. Appendix A for details).

4.3 Results

The single-particle energies of the finite spheroidal well with Uy = —80MeV
and Ro=4fm are shown in Fig. 4.2 as functions of deformation §'.
At spherical shape the orbitals are characterized by means of spherical quantum

numbers (nf). The deformed orbitals are labeled by parity 7, angular momentum

TThe plot of single-particle energies as a function of deformation is usually referred to as the
Nilsson plot. The deformed single-particle states are usually called Nilsson orbitals [91}.
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Figure 4.2: Single-particle energies of the finite spheroidal well with Uy=-80 MeV
and Rp=4fm as a function of deformation §. At spherical shape the orbitals are
characterized by means of quantum numbers (nf). The deformed orbitals are la-
beled by parity (m=+, solid line; m=-, dashed line) and orbital angular momentum
projection onto the symmetry axis (z-axis), A.

projection A, and the excitation quantum number v which specifies the energetic
order of a single-particle orbital in a given (wA)-block, counting from the bottom of
the well (e.g., v=1 corresponds to the lowest state, v=2 is the second state, and so
on).

In the following, the deformed orbitals are labeled as [vA7]. For example, the
A=1 orbital originating from the spherical shell 1d is referred to as [11+] (see
Fig. 4.2). A fixed value of spherical radius Ry=4 fm (equivalent of the nuclear
radius r = rgAY/3, with ro=1.2 fm and A=10) is used throughout all calculations.
For a mere reference, some visual representations of deformed orbitals [vA7] are also

presented in Appendix C.
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4.3.1 Properties of Deformed Halos

Figure 4.3 demonstrates the dependence of the single-particle rms radii on de-
formation 6 for the [204] and [20-] orbitals. It is clearly seen that deformation
gives rise to the increase in the rms radii. This effect is particularly dramatic for
the [20+] orbital. Only small deviation from spherical shape in the [20+] orbital
(which originates from the spherical 1d state) is sufficient to produce a halo effect.
As discussed below, this can be understood in terms of increased s component in
the [20+] wave function (see also Appendix B). For the negative-parity halo orbital
[20—], the effect is less pronounced. However, its rms radius is still rather large at

high deformations.

10 E

E e =-5keV,R=4.0 fm
108 |
g F
b -
A _
A a
=
V 102 -

L g -
i i1 . ¢t & L 1 1 1 I | I T W 2 U B N | ] | I T N Y O S VO A |
0.0 0.1 0.2 0.3

d

Figure 4.3: Single-particle rms radii for the [20+] and [20—] orbitals as functions
of deformation 6 at a fixed binding energy e = —5keV.
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The dependence of the single-particle rms radius on binding energy is illustrated
in Fig. 4.4 (spherical shape) and Fig. 4.5 (superdeformed shape). (In calculations,
the binding energy was varied by adjusting the well depth Up.) The spherical case
has been discussed in detail in Ref. [19]; here it is shown for the mere reference only.
In all cases the asymptotic conditions (3.23) and (3.24) are met rather quickly.
Indeed, in the considered range of binding energy the values of (r?) for the 1s state
shown in Fig. 4.4 and the [10+], [20+], and [30+] orbitals of Fig. 4.5(a) approach an
asymptotic limit [(—¢)~! dependence], and similar holds for the 1p state and [10-],
[20-], [11-], and [21-] orbitals [see Fig. 4.5(b)] which behave as (—¢)~'/2 at low

binding energy. The remaining states do not exhibit any halo effect, as expected.

0=0.0, R,=4 fm

L L LB B BRI 3/

AL ML Y ALEL

log(<r?>)

- 1d|t
2F finite limit -
- L finite limit
'A/\:/
1F o
r [
T RN BTSN SRS S A L t N 1
-1 0 1 2 -1 0 1 2
log(-¢)

Figure 4.4: Dependence of the single-particle rms radius on binding energy ¢ at
6=0 (spherical shape) and Ro=4fm. The potential depth is adjusted in each case
to obtain the desired value of €. The values of (r?) for 1s and 1p orbitals diverge at
small binding energies according to Eqs. 3.23 and 3.24.
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In Fig. 4.5, deformation properties of single-particle orbitals, namely the intrinsic
quadrupole moments (r?Ya0) and quadrupole deformations (33, are also displayed as
functions of binding energy at 6=0.6. It is seen that the asymptotic limits discussed
in Sec. 3.2 are reached at low values of ¢ practically in all cases. In particular, the
values of (3 for the positive-parity halo orbitals (m=+, A=0) approach zero with
¢ — 0 [see Eq. (3.35)], those for the negative-parity halo states with A = 0 approach
the limit of 0.63, and the value of §; for the [11-] orbital is close to the value of
—0.31 [see Eq. (3.37)]. The only exception is the [21—] orbital which at deformation
6 = 0.6 contains only 31% of the £ = 1 component (see also discussion below), hence
the positive contribution of the 1f state to (r?Yyq) still dominates.

To illustrate the interplay between the core deformation and that of the va-
lence particle, the following quadrupole deformations are displayed in Fig. 4.6: (i)
quadrupole deformation 3, of the valence orbital, (ii) quadrupole deformation of the
core, and (iii) total quadrupole deformation of the system. Here we assume that
the core consists of all single-particle orbitals lying energetically below the valence
orbital, and that each state (including the valence one) is occupied by two particles.

Following the discussions in Chapter 3, it is convenient to rewrite Eq. (3.38) in the

form:
_ Ba((r®)c + Bo(v)(r)y _ Ba(v) + xBa(c)
Ba(total) = D = Trx (4.19)
where
— (7.2)0
X = = (4.20)




1.0

0.5

B2

0.0

1.0

0.5

0.0

B2

1.5

1.0

0.5

S5 ek .. . 12+
E 20+ | || 304 | [[eeeeerencennansnnonanrecesy
-Illllllll lIllllllL-lllIlllIl lllllllll-llllLlillIlllllIlll
-1 0 -1 0 -1 0
log(—¢€)
(a)
: ............. L 3
E_._ __________ E - _:_ ..........................
B 0.63 L N
y - -0.31 r
[ 10- / ............... - o~
l-lllllllll llljlllll_Illllllllllllllllll—lll lllll ' RN
- -1 0
-------- . ( N
............. = 8=0.6 , R,=4.0 fm
------------- - = =" Core
....... Valence
0.69 20- Total
lllllllllllllllllll 1t 3 11 1 1.1 L Lt 1 1 1.1 k j
-1 0 -1 0
log(- ¢)
(b)

Figure 4.6: Quadrupole deformation 32 of the valence orbital (dotted line), that
of the core (dashed line), and the total quadrupole deformation of the system (solid
line) as a function of the binding energy of the indicated valence orbitals of (a)
positive and (b) negative parities. Calculations were performed for Ry=4fm and

6=0.6.
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For the halo states, y — 0 and Bs(total) — (B2(v). The results shown in Fig. 4.6
nicely illustrate this behavior. For very small binding energy, the total deformation
of the system coincides with that of valence, regardless of the core deformation.
These results clearly indicate the deformation decoupling of the valence nucleon
and the core. A nice example of this decoupling has been discussed in Ref. [44] in
which the halo proton in 8B occupying the 1p3 /2, A=1 weakly bound orbit (oblate
density distribution) greatly reduces the large quadrupole moment of the prolate
core.

The density p and the p x r2 distributions projected onto the z-z plane (linear
and logarithmic scales) for a negative-parity halo system (core+2 valence particles)
are shown in Figs. 4.7 and 4.8, respectively. In these figures, two nucleons in the
valence orbital [11—] are weakly bound (¢ = —5 keV) in the deformed potential
well with § = 0.2. According to Fig. 4.7, the two valence particles give rise to an
oblate deformation of the system, in spite of the prolate deformation of the core and
the prolate shape of the underlying spheroidal well (§=0.2). This nicely illustrates
that the quadrupole deformation of a halo system can be solely determined by the
intrinsic structure of a weakly bound orbital which is decoupled from the core.

The decoupling of valence particles is better illustrated in the p x 2 distribution

plots (Fig. 4.8). This result demonstrates the importance of the radial contribution

(ext)

to the quadrupole moment. In this context, Fig. 4.9 shows the values of ©,

[Eq. (5.42)] for various deformed orbitals at § = 0.6. It is interesting to note that at

(ext)

low binding energies the values of ©,, -

become close to one for all (halo and non-

halo) orbitals considered. (According to Eq. (5.42), @gff) is expected to approach
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Figure 4.7: Contour plots of the density p distribution in the z-z plane shown
in linear (left) and logarithmic (right) scales. Density distributions for the core
(top), valence orbital [11—] (middle), and total matter (bottom) are compared. The
deformation of the spheroidal well is assumed to be §=0.2; the corresponding prolate
shape is indicated by a dashed line.
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Figure 4.8: Same as in Fig. 4.7 except for the p x r? distribution.
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Figure 4.9: External contribution to the quadrupole moment, &) [ Eq. (5.42)],
as a function of binding energy for various deformed orbitals (6=0.6).

unity for the [10—] orbital.) In other words, the quadrupole moment strongly de-

pends on the spatial extension of the wave function in the limit of vanishing e.
Figure 4.10 displays the probability P,Ef\’;:) [Eq. (3.18)] to find the neutron in the

classically forbidden region (£ > &) as a function of € for six superdeformed states

with different values of A. At low values of binding energy, the {=0 component

completely dominates the structure of the positive-parity halo orbitals and ,Ef,ff) —

)

1. Similarly, the values of P,Sf\x_t for the negative-parity halo orbitals, [10~] and

[11-], exceed 50% at low binding energy. The reduction of P,Eix:) for the [21—] orbital

can be understood in terms of large contribution from the £ = 3 component. (Indeed,

the results in the following section indicate that at ¢ = —5keV and 6=0.6, for the

[21—] orbital the amplitude of f and p components are 59% and 31%, respectively.)
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log(—¢)

Figure 4.10: Probability P [Eq. (3.18)] to find the neutron in the classically
forbidden region, £ > £, as a function of € for both 7 = + (left figure) and 7 = —
(right figure) states.

4.3.2 Radial Form Factors

The radial form factors R,ez(r) appearing in the multipole decomposition
[Eq. (3.2)] carry information about the spatial extension of the wave function. They

can be obtained by the angular integration

Ryen(r) = / Yurn (P Y5r (0, ) dS2. (4.21)

Since in the present calculations the total wave function ¥, a-(7) is normalized to

unity, the integral

Py(vAr) = /0 | Ruen(r) 22 dr (4.22)

represents the probability to find the partial wave £ in the state [vAn]. This implies

Y Py(vAn) =1. (4.23)
£
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Figures 4.11 and 4.12 display the radial form factors for several orbitals in a
superdeformed well assuming the subthreshold binding energy of ¢ = —5 keV. For
the positive-parity halo orbitals (Fig. 4.11), the £=0 component dominates at this
extremely low binding energy, in spite of a very large deformation. According to
the discussions in Sec. 3.2, the value of Py—o(v0+) approaches one at small binding
energies. In other words, the positive-parity halos behave at low values of € like s
waves. It is interesting to note that both the [20+] and [30+] orbitals are dominated
by the 2s component; the corresponding =0 form factors have only one node. For
the negative-parity halo orbitals (Fig. 4.12), the p component does not dominate the
wave function completely (cf. Sec. 3.2) but a significant excess of p-wave at large
distances is clearly seen. The radial decomposition of non-halo orbitals (A > 1)
shown in Figs. 4.11 and 4.12 depend very weakly on binding energy; it reflects the
usual multipole mixing due to the deformed potential.

In Fig. 4.13, the dependence of the radial form factors on binding energy is
shown for the positive-parity halo orbital [20+]. As seen in Fig. 4.13, in the limit
of weak binding the £ = 0 partial-wave component becomes spatially extended with
increasing Pp(20+). The results presented in Figs. 4.11, 4.12, and 4.13 illustrate
the fact that the multipole decomposition of the deformed level depends on both
deformation and binding energy.

Figures 4.14(a) (7 = +) and 4.15(a) (m = —) show contour maps of P,(vAm)
for the lowest A=0 orbitals as functions of € and §. The structure of the [10+]
level, originating from the spherical 1s state, is completely dominated by the £ =0

component, even at very large deformations. A rather interesting pattern is seen
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Figure 4.11: Radial form factors [Eq. (4.21)] for several 7=+ orbitals in a su-
perdeformed well (6=0.6, Rop=4fm) at the ‘subthreshold’ binding energy ¢ = —5
keV. Shaded area corresponds to r < Ry. The probability P,(vA+) [Eq. (4.22)] is
also indicated.
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Figure 4.14: (a) Contour maps of probabilities Py and P, [Eq. (4.22)] for the [10+]
(top) and [20+] (bottom) levels as functions of deformation ¢ and binding energy
€. (b) Probabilities Py and P, for the [20+] orbital as a function of é at e = —5
keV (left) and as a function of € at § = 0.6 (right). Calculations were performed for

Ro=4fm.
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Figure 4.15: (a) Contour maps of probabilities P; and P; [Eq. (4.22)] for the [10-]
(top) and [20-] (bottom) levels as functions of deformation § and binding energy e.
(b) Probabilities P; and P for the [20—] orbital as a function of é at € = —5 keV
(left) and as a function of € at § = 0.6 (right). Calculations were performed for

Ro=4fm.

0.6

0.6 0.0 0.3

0.3

0.0

1.0

L =1 £=3
[ 097 L — 0.03 /
L 098 o002 A
;—___/ 0.99 10— 0.01
] 1L 2
O¢ \
:_\ ™~ f\ 0.4
. 05 20— 0s \\
———————— 04 = 0.6
03 ER— ]
L 0.2 R —— Py A —
— 0.1 - 0.9
-0.5 0 -0.5 0
€ (MeV)
(a)
> € =-5keV | /=1 5 =0.6

01 02 03 04 05 0.6
d

(b)

5%)

0.0




in the diagram for the {20+] orbital originating from the spherical 1d state. The
¢ = 2 component dominates at low and medium deformations, and the correspond-
ing probability P,—» slowly decreases with §, at large deformations approaching the
(constant) asymptotic limit [see also Fig. 4.14(b)]. However, a similar effect, specif-
ically the decrease of the £ = 2 component, is seen when approaching the ¢ = 0
threshold [see Fig. 4.14(b)]. In the language of the perturbation theory [109], this
rapid transition comes from the coupling to the low-energy £ = 0 continuum; the
¢ = 0 form factor of the [20+] orbital shows, at low values of ¢, a one-nodal structure
characteristic of the 2s state (see Fig. 4.13). At low deformations, the amplitude of
the s component in the [20+] state is proportional to §. Remembering that for the

-1/4

£ = 0 state the norm behaves as (—€)~"/“, one can conclude that at low values of

§ and € the contours of constant Pj—o correspond to the power law 6% o (—¢)Y/2.
The result displayed in Fig. 4.14(a) tells us that the s component takes over very
quickly even if deformation & is small. (A similar analysis, for the 1/2% ground state
of 11Be, was discussed in Ref. [100] in the weak-coupling scheme.)

The partial-wave probabilities calculated for the negative-parity halo states [10—]
and [20—] presented in Fig. 4.15(a) do not show such a dramatic rearrangement
around the threshold. Namely, the [10—] orbital retains its £ = 1 structure in the
whole deformation region considered, and the structure of the [20—] state at large
deformations can be viewed in terms of a mixture of p and f waves. In the latter
case, there is a clear tendency to increase the £ = 1 contribution at low binding

energies, but this effect is much weaker compared to the [20+] case discussed above

[see Fig. 4.15(b)].
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Chapter 5

Deformations of Weakly Bound
Medium-Mass Nuclei.

Self-Consistent Calculations

This chapter presents the results of self-consistent calculations of deformation
properties of neutron-rich nuclei from the N =~ 28 mass region. The theoretical
works of Refs. [82] and [110] are reviewed in the context relevant to the aim of this
study. Ground state properties of sulfur isotopes were investigated in the frame-
work of microscopic self-consistent mean-field approaches based on realistic effective
interactions: the HF method with the Skyrme effective interaction and the RMF
approach. We concentrate on the correlation between the neutron-skin formation

and deformation properties of protons and neutrons.
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5.1 Skyrme-Hartree-Fock Model

The Skyrme interaction [111] is the most popular effective force used in HF
calculations today; it is a zero-range ansatz to the microscopic effective interaction
and composed of two- and three-body interaction terms:

2 3
V= Z”ij + Z vz-(ﬂl- (5.1)
1<j i<j<k

The two-body part of the Skyrme interaction can be expressed as

- o t - — - -
Ug) = to(l + xOPg)é(’rl - Tg) + El [5(7‘1 - T2)k2 + k"26(7'1 — 7‘2)]
ttok! - 6(F) — )k + ita(G1 + 52) - K X 8(Fy — T2)K, (5.2)
with
kE = (Vi—V9)/2i (K =k, (5.3)
P, = (1+51 '5"2)/2. (5.4)

In the state of relative motion, the first two terms in Eq. (5.2) represent s-wave
interaction while the last two terms reflect p-wave interaction [112]. The three-body

term is the zero-range potential of the form
@) = 128(71 — 7)E(F — F
Vigz = t36(71 — 72)6(7% — 73). (5.5)

It can be shown [112] that by averaging over the coordinate of the third particle,

the above three-body term can be approximated by a density-dependent force

%3(1 + 23P,)p* (R)8(7 — 73) (5.6)

58




where

a=zx3 =1, (5.7)

R=(Ff +7)/2. (5.8)

Assuming that the many-body wave functions can be approximated by Slater
determinants (product states), the expectation value of the total energy can be

expressed in terms of the energy density H(7) as {112, 113]
= (®|[T + V]|®) = / H(F)d>r. (5.9)

The energy density H can be defined in terms of the nucleon densities p;, kinetic
energy K;, and spin densities J- where 7 denotes the isospin quantum number

(t = +1 for a neutron and 7 = —1 for a proton) :

() (e 2] o

1 ) 1
+3g(ta—t) Y (o:Kr = i) + +gte = 3t1)pV?p

h2

H(T) = —’C(”)+— 2t + t2) (K — j%)

1
t . 2 2 ( ) a+2
32(31+t2)5 (prT)+16 t1 —t2) E J: 12 1+—1p

T

g @ +I3> P ZPT i) [PV J+Z p-V - J; )} +He(7). (5.10)

In the present calculation, the Coulomb interaction term H¢ in Eq. (5.10) consists

of both the direct and exchange terms, namely

7-.4 1/3
o =3¢ [ o)z (f,)l ©(3) b e

|7~

where the latter term has been approximated by the local (Slater) form. The den-

sities and current densities, p,, Kr, fT, and J-;, found in Eq. (5.10) depend on the
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single-particle wave functions ¢; by

(M = Y loi(F o) (5.12)
Kr(7) = il%i(F,a,T)I?, (5.13)
GRS glm [¢1(70,7) V647, 0,7)] (5.14)
L = —Z 8170 [0, ) x Glale)], (519)

where o is the spin quantum number. Here, it is to be noted that the quantities p, K,
7, and J indicate the isoscaler densities (e.g., p=Y, pr=p+1+p—1, etc.). Using above
energy density H, the variation of E with respect to the normalized single-particle

states ¢,

= (- Sa florer) o (5.16)

leads to the HF equations with the one-body Skyrme-HF Hamiltonian:

hT=—6'

2 — - - g — — -
2mh;(f)v + U-(7) + %(V TR + L(7) - V) = W (7) - (V x &). (5.17)

(See Ref. [112] for details.) The additional quantities appearing in Eq. (5.17) are

given by
h? R 1 1
2m;(7_‘,) = o + Z(tl +t2)p + g(tQ — t1)pr, (5.18)
— 1 - 1 g
() = —§(t1 +t2)j - Z(tz — t1)Jr, (5.19)
- t4 - 1 g
W.(7) = EV(p + pr) — '8-(t2 —t)Jr, (5.20)
and
Zo 1 1 2 1 2
U-(7F) = tol{1+=)p=(z0+=)pr —=(8t1 —t2)V p+ —(3t1 +t2)V°p,
2 2 8 16
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Table 5.1: Parameters of Skyrme interaction SIII [114]

to t to i3 t4 zo
(MeV - fm?) (MeV -fm®) (MeV -fm®) (MeV-fmf) (MeV -fm®)

-1128.75 395.0 -95.0 14000.0 120.0 0.45

1 1 t T
b+ B+ Lt = 0)Kn + 3 (1 + —23> (o +2)p°+!

17}

2

ts /1 _
I (5 + ws) (ap® 1Y P2 +2p%pr) =

7 1/3
16 1€ [/ d3r’|fi%,3|—(3) (o (M} (5.21)

s

In this work, the Skyrme interaction SIII [114] is employed (see Table 5.1). The
Skyrme-HF calculations are performed by discretizing the energy functional on a
three-dimensional Cartesian spline collocation lattice, which provides a highly ac-
curate alternative to the finite-difference method [113]. The structure of the result-
ing lattice representation is suited for vector and parallel supercomputers, and the
method allows for highly modular programming where the order of the splines can be
defined as an input parameter. Equations of motion are obtained via the variation
of the lattice representations of the constants of motion, such as the total energy.
It is worth noting that no self-consistent symmetry has been imposed in the calcu-
lations. The details of the spline collocation method have been published in Ref.
[115]. In addition, we use the simple scaling of the nuclear mass to approximately
correct for the center-of-mass motion. The calculations were performed in the cube

of the size (20 fm)3. In all the cases considered, the resulting HF minima turned
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out to correspond to reflection-symmetric shapes with three symmetry planes, i.e.,

() = (g} = () = 0 and (zy) = (z2) = (y2) = 0.

5.2 Relativistic Mean-Field Theory

In the RMF calculations, the model of Ref. [116] consisting of baryon (proton
and neutron) and o-, w-, and p-meson fields is used. The Lagrangian density for the

present model [117] is given by

- 1 1
L = P(ivHo, —m) + —;—8‘,06“0 —-U(o) - ZQWQ‘“’ + §m3)w,,w“
1 1 1 - -
_ZRZURIWG + Emzpzp‘m - ZF;WF#U - goYop — gu¢7“wu¢
PR N TR S SRy 1 (1 - T3)A
9oy PuT Y — ey 5 u¥ (5.22)

where
Quu = Opwy — Ouwy, wa = B#pﬁ—a,,pz —gpe“bcpz,of,, F,, = 0,A,-0,A,. (5.23)

Here, the usual Einstein summation convention is used. The indices a, b, ¢ denote
the isotopic components, 73 as the third component of isospin vector, and A as
the electromagnetic interaction. Table 5.2 shows the descriptions for the quantities
appearing in Eq. (5.22). In addition, the scaler meson ¢ is assumed to move in a

non-linear potential [117]

1 1 1
U(o) = 5m§02 + 59203 + Zgga“. (5.24)

The substitution of the Lagrangian given in Eq. (5.22) into the Euler-Lagrange

equation for the generalized coordinates {g;}

0 oc ] oL

Bk [a(aqi/axn) “ o0 (5.25)
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Table 5.2: Definition of fields in the RMF approach

Particles Description Mass Field Coupling
PN Baryon m P
o Neutral scalar meson  m, o 9o
w Neutral vector meson  my, Wy Jw
P Charged vector meson m, P 9o

yields the following equations of motion:

(0u0" +m2)o = —gothh — g20” — gao®, (5.26)
B +miw” = g, (5.27)
O R* + mf,p”a = g,,Q/—)'y"T“dz, (5.28)
B F™ = e '2T3) b, (5.29)

1— 3
i'Y#au - M —gs0— gw'y“wu - gP'Y“pZTa - C'YV'('—"z“T-)Au Y =0. (5.30)

Equations (5.26)-(5.28) are the Klein-Gordon equations for meson fields, whereas
the last equation (5.30) is the Dirac equation with scalar and vector fields.

In the mean-field approximation, the meson and photon field operators are re-
placed with static fields. The Klein-Gordon equations for meson fields [Egs. (5.26)-

(5.30)] now become

(=V2+m2)o(F) = —gops(F) — g20°(7) — gao® (), (5.31)
(=V2+md)wo(7) = gupu(F), (5.32)
(=V>+mD)po(P) = gops(), (5.33)

~V2A4(7) = epy(F), (5.34)
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where

ps(7) Pi(P)vi(),

It
» T M=

po() = Y ¥ (P,
i=1

A
p3() = Y (AT %i(7),
i=1

)

A
bl = DU ().
i=1

Similarly, the corresponding static Dirac equation can be written as:

[—id - V4 6m*(7) + V()] () = et
where
m*(7) = m + g0 (7)

and

_ 3
V(r) = guwo(7) + ngSPO(F) + 6(—1"%)140(7-“).

(A comprehensive discussion on the RMF theory can be found in Ref. [116].)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

The meson masses mg, My, My, the coupling constants g,, gu, gp, and the

constants g2, g3 appearing in the non-linear potential U(c) are to be obtained by

fitting them to the experimental data and finite nuclear properties. In the present

work, we have employed the NL-SH set of the Lagrangian density parameters [117]

(see Table 5.3), as this set has been claimed to be particularly successful in describing

properties of very neutron-rich systems. The resulting Dirac equation for baryons

[Eq. (5.39)] and the Klein-Gordon equations for mesons [Eqgs. (5.31)-(5.34)] were

solved by expanding the small and large components of the Dirac spinor and the
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Table 5.3: Parameters of the NL-SH set

M m, m,, m, g S 8 & g3
(MeV) (MeV) (MeV) (MeV)

939.0 526.06 783.0 763.0 10.44 1295 438 -691 -—15.834

meson fields in the basis consisting of 12 harmonic oscillator shells. The expansion
method in the harmonic oscillator basis does not allow for a precise description of
the wave-function asymptotics in very neutron-rich nuclei, but in practice does not

influence calculated energies and values of two-neutron separation energy Sap.

5.3 Deformations of Neutron-Rich Sulfur Isotopes

To shed some light on the physics of exotic neutron-rich nuclei with N~28, we
performed self-consistent calculations for the sulfur isotopes. The predicted separa-
tion energies have been compared to the results of recent large scale mass calcula-
tions using the finite-range droplet model (FRDM) [72], the extended Thomas-Fermi
with Strutinski-integral model (ETFSI) [73], and the available experimental data
(the predicted charge radii are also compared to the experimental data). Particular
attention has been paid to three topics: (i) the onset of deformation around the
N=28 magic gap, (ii) stability of the heaviest isotopes, and (iii) the isovector shape
deformation effects.

In this study the ‘constant-gap’ approximation was used with a strongly reduced
pairing, A,=A,=75 keV and 200 keV in the RMF and HF models, respectively. The

RMF calculations were also performed with A,=A,=500 keV. The results obtained
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were very similar to those with A,=A,=75 keV. In both types of calculations (HF

and RMF), the number of iterations was chosen individually for each nucleus, so as
to ensure convergence within 5keV in both total and single particle energies.

In most cases, the ground-state minima of the sulfur isotopes can be associated
with deformed intrinsic states. In order to compare various variants of calculations,
the standard quadrupole deformation parameters 32 and -y were extracted. First, the
two quadrupole moments, gpo = /167 /5(r?Ya0) and gag = V8T /15(r? (Yoo + Ya_2))

were expressed in terms of the polar coordinates @, and v (118, 119]

1 .
q20 = Qoc0s7, g = \/—ngsmv- (5.42)

Using Eq. (5.42), the y—value can be determined. The quadrupole moment of proton

distribution, QF, can be written in terms of 5 by means of relation

@ =2z, (5.43)

Similarly, one can extract quadrupole deformations of neutron (3%) and mass (84)
distributions. Since in most cases the equilibrium shapes predicted by the HF model
are axial, the standard convention was adapted [i.e., §2>0 (prolate) for y~0° and
B32<0 (oblate) for y~60°].

Figure 5.1(a) displays the representative single-particle neutron levels as func-
tions of quadrupole deformation (B2. The Nilsson diagram was obtained using a
deformed Woods-Saxon model [120] with a Chepurnov set of parameters [121]; the
resulting single-particle energies are close to those from the HF+SIII model.

The two-neutron separation energies for the sulfur isotopes, So,, are displayed

in Fig. 5.1(b) as a function of neutron number. Our HF and RMF results are
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Figure 5.1: (a) Wood-Saxon single-particle neutron levels as functions of Gy for
nuclei around #4S. The orbitals are labeled by means of £ and 7 (7 = +, solid line;
7 = —, dashed line) quantum numbers. (b) Two-neutron separation energies of the
even-even sulfur isotopes calculated with the HF and RMF models. They are com-
pared with the results of the FRDM [72] and ETFSI [73] models, and experimental
data.

compared with the predictions of the FRDM and ETFSI models, and experimental
data. In general, the agreement between the models themselves and between theory
and experiment is good. In the HF model, the nucleus 52S (N=36) is two-neutron-
unstable. The RMF calculations yield more neutron binding; the isotopes 52548 are
predicted to lie inside the two-neutron drip line. The systematic model agreement
for Sy, should not imply that the intrinsic structures of neutron-rich sulfur isotopes
are also similar in all models presented in Fig. 5.1(b). As discussed below, this is

not the case.
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Figure 5.2: Quadrupole mass deformations (34 of the even-even sulfur isotopes
calculated with the HF (left) and RMF (right) models. The dots connected by
a solid line correspond to ground-state deformations. The empty circles indicate
excited configurations with excitation energies given in MeV.

The calculated mass quadrupole deformations of even-even sulfur isotopes are
shown in Fig. 5.2 as a function of neutron number. (Usually, calculations yield
more than one energy minimum. In such situations, deformations and excitation
energies of excited states are also displayed.) The deformation pattern for even-
even isotopes 287388 is fairly similar in the HF and RMF models: prolate ground
states in 2873238G oblate minimum in 34S, and spherical shape in the magic N=20
nucleus 36St. However, the differences show up for the heavier isotopes. The nuclei
40,428 gre predicted by the RMF model to have prolate ground states with 82~0.25;
the oblate minima with #5~-0.16 lie about 4 MeV higher in energy. In the HF

calculations, prolate (82~0.25) and oblate (32~-0.24) configurations are practically

It is to be noted here that RMF predicts a slightly deformed shape for ¢S while HF yields
spherical equilibrium. This can be attributed to different ordering of the 2s,,2 and 1ds/, shells in
these two models. In the HF+SIII 1d;,; shell lies above 25y, shell, thus producing the spherical
subshell at Z=16. Due to very weak pairing and spherical degeneracy at Z=16 in the RMF
calculations, small deformation is predicted. However, if a stronger proton pairing gap is assumed,
Ap=1 MeV, the equilibrium shape becomes spherical.
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degenerate. The FRDM and ETFSI models give prolate-deformed ground states
with (82~0.25), in agreement with our findings. There is no consensus regarding
the equilibrium shape of the N=28 nucleus *4S. According to RMF calculations,
448 has a well-deformed prolate ground state with §,=0.31. The oblate minimum
with 8,=0.16 appears to lie 0.8 MeV higher. The spherical saddle point lies even
higher at E*=2.8 MeV. On the other hand, according to the HF model, %S is a
gamma-soft system with a small quadrupole deformation $2~0.13. The very shallow,
well-deformed prolate minimum (8,=0.28) analogous to the RMF ground state lies
at E*~1.5 MeV. The FRDM and ETFSI models give spherical and oblate (B2=-—
0.26) ground states, respectively. Experimentally, moderate deformations around
N=28 have recently been observed [71].

The heavier sulfur isotopes with N >28 are consistently calculated to be prolate-
deformed in the HF, RMF, and FRDM models. The oblate minima are higher in
energy, but with increasing neutron number, the prolate-oblate energy difference is
reduced. The RMF approach yields systematically larger quadrupole deformations
compared to HF. For instance, according to the RMF predictions, %S is a well-
deformed system with §5=0.22. According to the HF model, it is a transitional
nucleus with 5,=0.13, y=10°. Interestingly, the ETFSI approach favors a strongly
deformed oblate configuration with 82=-0.25.

The neutron and proton single-particle levels in the ground-state of 44S obtained
in HF and RMF models are displayed in Fig. 5.3. The deformed shape in #4S results
from a subtle interplay between the deformed gaps at Z=16 and N=28, and the

spherical N=28 gap. In the RMF model, the spherical N=28 gap is completely
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Figure 5.3: The shell structure of 44S as predicted by the HF (left) and RMF (right)
models.

broken; the neutron intruder orbital [321]1/2, originating from the 2p3/s1/2,1fs5/2
shells above the N=28 gap is occupied. In the HF calculations the energy distance
between the deformed [321]1/2 and [303]7/2 levels is only 1.6 MeV.

The predicted rms neutron and charge radii of even-even sulfur isotopes are
illustrated in Fig. 5.4. The results of HF and RMF models are fairly similar. There
appears a systematic shift of ~0.08 fm between the HF and RMF results for the
rms charge radii; the experimental data for 3234363 lie in between. As expected,
due to skin effect, rms radii increase when approaching particle drip lines. (Since
the pairing correlations are practically neglected, the undesired ‘particle gas’ effect
is not present.)

Figure 5.5(a) illustrates the dependence of the Q7/Q5 ratio on the N/Z ratio.
Up to neutron number N=26, the HF and RMF results are very similar. The dips in
Q"/Q% in the HF calculations appear at shell and subshell closures (i.e., at N=14,
20, 28, and 32). At these particle numbers the neutron distribution has a tendency

to be more spherical. The lack of shell fluctuations in Q7/Q% in the RMF model at
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Figure 5.4: Root-mean-square radii of the (a) neutron distribution and (b) charge
distribution of the even-even sulfur isotopes calculated with the HF and RMF mod-
els. The radii are shown relative to the average (liquid-drop) value of /3/5R.,
Ro = 1.2A/3 fm. The experimental data for 3334363 are taken from Ref. [122).
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Figure 5.5: (a) Ratio of neutron and proton quadrupole moments versus N/Z.
The large-deformation excited state in 44S calculated in the HF model is indicated
by means of an ‘(e)’ symbol. (b) Difference AB;=8} — 35 for the even-even sulfur
isotopes calculated with the HF and RMF models as a function of neutron number.
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N >26 is consistent with the calculated large prolate deformations. Interestingly,
above N=28, AB2(RMF) decreases steadily with neutron number, while the Q7 /Q%
(RMF) ratio intersects the N/Z line (rigid geometric limit) only at N>34.

The difference between neutron and proton deformations, A3 =05 — G5, is il-
lustrated in Fig. 5.5(b). It is seen that when approaching the neutron drip line, the
values of 87 are systematically smaller than those of the proton distribution. An op-
posite effect is seen around the proton drip-line. The largest difference, |AS2]|~0.10,
is obtained in the RMF model for ®4S. (As discussed above, the deviation for 3er
disappears if the stronger proton pairing gap is assumed.) The behavior of AB; can
be partly attributed to the isotonic behavior of rms radii in Fig. 5.4 [see the defini-
tion (5.43) of Bs]. Indeed, the value of Q, depends both on the angular anisotropy
and the radial dependence of the nucleonic density. In the drip-line nuclei, due
to spatially extended wave functions, the ‘radial’ contribution to @, might be as
important as the ‘angular’ part. The significance of the radial contribution to the
quadrupole moment was already discussed in the previous chapters. Consider, e.g.,
large decrease in A, observed for N=34-38 in the RMF calculations in Fig. 5.5(b).
According to Fig. 5.1(a), the last two neutrons occupy the Nilsson level originating
from the p,/; orbital for N=34 and f5/, orbital for N=36, 38. These deformed or-
bitals (A<1) were, in fact, classified as the halo orbitals in the previous discussions.
It was shown that for such low-A orbitals the deformation decoupling of the neutron
excess takes place.

A similar effect can also be seen for the proton-rich side in Fig. 5.5(b) (see also

Fig. 5.4). Namely, the dramatic increase in AB; at N=12 can be understood in terms
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of the decoupling of the two weakly bound protons in the s;/; orbital from the core.
Although in Chapters 3 and 4, the loosely bound proton systems were not discussed,
the low-A proton orbitals should also give rise to the large spatial dimension of a
nuclear system [19]. It is interesting to note that the recent theoretical study [123] by
Brown and Hansen suggests a possible proton-halo structure in 27S. In this context,

the present study is consistent with the proton-halo scenario for 778,
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Chapter 6

Conclusions

In this study, deformation properties of drip-line nuclei were investigated both
qualitatively and quantitatively. In particular, two aspects of weakly bound nuclei
were discussed. Firstly, we addressed the notion of shape deformations. It was shown
that conventionally defined shape deformations are no longer useful when applied
to loosely bound systems. Secondly, we investigated the deformation decoupling
between the core and weakly bound particles in drip-line nuclei. In particular, large
differences between proton and neutron quadrupole deformations were obtained for

the sulfur isotopes near particle drip lines.

6.1 Remarks on Deformed Halos

Asymptotic properties of weakly bound systems were investigated in Chapters
3 and 4. It was shown that, near particle threshold, the matter deformations of

a halo system can be approximated by the deformations of weakly bound orbitals,
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regardless of the core deformation. Consequently, in the limit of a very weak binding,
the geometric interpretation of shape deformation is lost.

Consider, e.g., a deformed core with deformation 6=0.2 and a weakly-bound halo
neutron in a negative-parity orbital. According to the discussion in Chapter 3, the
total quadrupole moment of the system diverges at the limit of vanishing binding
(i.e., (r?Ya) can take any value). On the other hand, depending on the geometry of
the valence orbital, the total quadrupole deformation of the (core+valence) system is
consistent with superdeformed shape (m = —, A = 0 halo) or oblate shape (7 = —,
A =1 halo). For a positive-parity halo the quadrupole moment is finite, but 52
approaches zero. In the language of the self-consistent mean-field theory, this result
reflects the extreme softness of the system to the quadrupole distortion. Shape
deformation is an extremely powerful concept provided that the nuclear surface can
be properly defined. However, for very diffused and spatially extended systems, the
geometric interpretation of multipole moments and deformations is no longer useful.

Our analysis of radial form factors demonstrates that in the limit of very small
binding energy, a positive-parity deformed halo orbital is completely dominated
by an s-wave component even at high deformations. For negative-parity deformed
halo orbitals, those are the p-waves that determine the asymptotics. This result is
consistent with the analysis of Ref. [100] (see Table 2 in Ref. [100]) and independent
of the geometry of the mean-field, provided it vanishes at large distances.

The presence of the spatially extended neutron halo gives rise to the presence of
low-energy isovector modes in neutron-rich nuclei. The deformation decoupling of

the halo implies that the nuclei close to the neutron drip line are excellent candidates
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for isovector quadrupole deformations, with different quadrupole deformations for
protons and neutrons. [Experimentally, the decoupling (in terms of both density
distributions and quadrupole moments) between the core and halo neutrons (39
has been observed for *!Li.]

An example of the strong isovector shape effect has been predicted in the self-
consistent calculations [82, 110] for the neutron-rich sulfur isotopes discussed in
Chapter 5. When approaching the neutron drip line, the calculated values of 32 for
neutrons are systematically smaller than those of the proton distribution. In the
drip-line nuclei, due to spatially extended wave functions, the ‘radial’ contribution
to the quadrupole moment might be as important as the ‘angular’ part.

Finally, it is interesting to note that the anisotropic (non-spherical) halo sys-
tems have been investigated in molecular physics. A direct molecular analogy of a
quadrupole-deformed halo nucleus is the electron weakly bound by the quadrupole

moment of the neutral symmetric molecule such as CS; [31].

6.2 Remarks on Neutron-Rich Nuclei far from The

Valley of Stability

We investigated ground state properties of the sulfur isotopes in Chapter 5
within self-consistent non-relativistic and relativistic mean-field approaches. The
main motivation was to identify the effects of shape coexistence around $§Sss and

the changes in intrinsic shape deformations of the near-drip-line sulfur isotopes.
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The calculations presented in Chapter 5 suggest strong deformation effects in the
region around ¢S due to the 1 f1/2— fp core breaking. According to the RMF+NL-
SH model, the N=28 nucleus 44S is well deformed in its ground state. On the
other hand, the HF+SIII model predicts smaller deformations in this region and
4438 is calculated to be a soft transitional system. Experimentally, following our
predictions, moderate deformations around N=28 have recently been determined
by the group at Michigan State University [71].

Large differences between neutron and proton quadrupole deformations are ob-
tained in the RMF approach in deformed sulfur nuclei far from stability. These
differences in the neutron-rich and neutron-deficient sulfur isotopes can be under-
stood in terms of the spatially extended (low-A) valence orbitals. The important
role of weakly bound low-A orbitals on the quadrupole deformation was already dis-
cussed in Chapters 3 and 4. Since in stable nuclei charge (i.e., proton) deformations
are very close to matter deformations [108], the isovector deformations, predicted
in this analysis, are characteristic properties of drip-line nuclei. Such differences
might have interesting consequences for the quadrupole isovector modes in drip-line

systems.
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Appendix A

Numerical Methods

In this appendix, some of the computational procedures used in Chapter 4 are
discussed. For continuum states (e > 0), the approach of Ref. [104] can be used.
However, for ¢ < 0 different technique needs to be employed. As mentioned below,
the main computational difficulty arises from evaluating higher order spheroidal
wave functions. Since it is essential in the present calculation to obtain the solutions
at very small binding energies, the high numerical accuracy must be achieved in the

limit of both weak binding and large deformation.

A.1 Matching Conditions

The wave amplitudes A,5; and B,y; in Eq. (4.18) can be found following the
method outlined in Ref. [104]. The matching conditions for the internal and external

wave functions (4.18) at £ = & lead to the following set of equations:
o

(o o]
> ' Ayt RS (Cint, €0) St (Cintym) = > 'BuniRY) (icexs, €0)Snilicentssn) (A1)
1 ;
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and

00 (1) 00 (3¢,

dR}/ (¢int, dR, [ (iCext, .

> A (—-—Al (i E)) Sar(cint;m) = D_'Buni <————M (iCex 5)) Si(icext, n)-
l d §o l d £o

(A.2)
The matching conditions [Egs. (A.1) and (A.2)] should hold for any value of 7.
To eliminate this degree of freedom, one can take advantage of the fact that the
angular spheroidal functions Sp;(c, n) form a complete orthogonal set in the interval
—1 < n < 1. By multiplying both sides of Egs. (A.1) and (A.2) by Sk, (icext,n) and

integrating over 7, one obtains the matrix equation for A, ;:

o0
> TAynMy =0 for all I, (A.3)
l
where
dRW (cint, , dR) (icext,
My = (%) RE\e‘l)r(zcexts€0) <L51§ext_§_)_ Rf(\ll) (Cint, €0)
&o o

X (Sar(icext)ISai(cint))- (A.4)

The eigenenergies €,ar and the corresponding amplitudes A, x; are found from the

condition that det(M)=0.

A.2 Calculation of Spheroidal Wave Functions

The expansion coefficients di!(c) appearing in Eqs. (4.15) and (4.17), and the
separation constants Aj; can be obtained simultaneously from the three-term recur-

sion relation formula [105]:

[ k(k - 1) ]dM +[ (k+2A 4+ 1)(k+2A +2) ] "

(2k + 20 —1)(2k +2A = 3)] %727 [(2k + 2A + 3)(2k + 2A + 5)] < +2
2k +A)k+A+1)—2A2-1 (k+MN(k+A+1) -y M =0. (AS5)
(2k + 2A +3)(2k + 2A — 1) c2 BT A
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For numerical purposes, the above recursion formula can be modified in two ways:

(a) Eigenvalue Problem
Following the procedure discussed in Ref. [104], Eq. (A.5) can be written in the form

of the linear matrix equation for a symmetric band matrix:

\ 2 Jk+A+D)k+A+2)(k—A+1)(k—A+2)
newr = 53 (2% + 1)(2k + 5) Wit
) 2k(k+1) —2A% -1
+ |k(k+1)+c° i1 |
2 [(k+A-1)(k+A)(E—-A—-1)(k—-A)
+?k—1¢ (2k—3)(2k+ 1) -z (A6)
where
w = dk—A/\/&;—lH- (A.T)

Hence, the matrix equation (A.5) is now reduced to the Hermitian eigenvalue prob-
lem which is easy to solve.

(b) Boundary Condition

Dividing Eq. (A.5) by di and defining Ry = dy/dk—2, Eq. (A.5) can be rewritten as

a difference equation:

1 Yk
Rpyo = o (,Bk + Rk) ) (A.8)
where
(k+2A+1)(k+2A +2)
ok (2k + 2A + 3)(2k + 2A + 5) (4.9)
3 2k +A)(k+A+1)—-2A2 -1 (k+A)(k+A+1) - (A.10)
k (2k + 2A +3)(2k + 2A — 1) 2 P A
k(k -1

e = (k—1) (A.11)

(2k +2A - 1)(2k +2A - 3)°
In addition, two boundary conditions have to be met: (i) the truncation of the

series at k=0 or 1 (i.e., the exclusion of series corresponding to k < 0), and (ii) the
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ratio Ry must vanish for large values of k [106]. Numerical values of Ry obtained
from both boundary conditions match at k = [ — A only if the correct separation
constants Ay; are obtained. Defining the ratios di/dy—2 calculated recursively from
both boundaries (i) and (ii) as R( )()\) and R,(:)()\), respectively, the correct values
of Ap; can be determined iteratively until values of RSC")(/\) and R§C+)()\) coincide at
k=1-A.

The iteration scheme can be optimized by using derivatives, de ( )/dX and
dR ( )/dA. Suppose the initial guess for A is off from the correct value of Ag by

AM. The following approximated relation for AX can be used:

(+) (=)
_[p#) iy _ plo) dR, (X)) dR; '(A)
Ax=[RP() - R (,\)]/[ s e (A.12)
The analytic forms of dR ( }/d can be obtained by means of Eq. (A.8):
dR, 101 n (def))
=— |5+ (A.13)
dA 2 (-2 \ ax
o7 )
and
@ A [a (d iﬁ’:) 1]
dR k k ar -2
E_ ‘ (A.14)

dx [ﬁk+ak(Rk+)2)]2 )

Here, we employed the relation dB;/dA = ¢~2. By matching boundary condition at
k=1-A (ie, Rl(:j)\ = Rl(fl)\), all values of Ry, can now be obtained. In the present

calculation, the following normalization condition [106] is used:

Z'k+2A p(e) = LA (A.15)
=0

T =AY

k=0,1

which leads to lim,_1 Sa(c,n) = PA(n). For numerical purpose, Eq. (A.15) is

writen in terms of Ry as

°°,k 2A ©(k+20)! &,
Z + d“() oy > (k+28)! I1 'R (A.16)

k=0,1 k=0,1 : i=0,1
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where Ry = Ry = 1, and the prime sign indicates k (or i) = 0,2,4, ... for odd (I — A)

and k (or i) = 1,3,5,... for even (I — A). Finally, the coefficients dop and d; can be

determined from Egs. (A.16):

o0
A)
dm_ l+A Z'H? 1 ‘. (A.17)
k=0,1 i

A.3 Numerical Difficulties and Solutions

The method (a) discussed in Sec. A.2 is a straightfoward Hermitian eigenvalue
problem, while the results of the method (b) are very sensitive to the accuracy of
separation constant Aj;. However, in the limit of low binding energies and/or large
deformation, the technique based on method (b) is very useful when calculating
radial wave functions.

For instance, the coefficients dj, are, in general, largest in magnitude at k = [—A,
and quickly decrease with k. On the other hand, the magnitudes of spherical Bessel
functions of the third kind, h;cl)(icex@), rapidly increase with k. Consequently, the
product di}l(icext)hg Alicext€) becomes numerically unstable at large values of k
if dj and h( l A are computed separately. The similar problem also occurs when

calculating the radial spheroidal function of the first kind R Al)(c &) with large value

of (I = A). This problem can be overcome by writing the recurrence relation (A.8)

in the form
G Riy2 + B + ARe = 0, (A.18)
where
_ fk+A+2>_l _ ( frea >_1 . di fr+n
akz(— o, T = (LA C Rp=—kERA (A9
Fran T fr+n—2 T Tk di-20frir—2 (A.19)
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and fj, is the kth order spherical Bessel function. Employing the recurrence property

of spherical Bessel functions fi(z)

2k+1
z

fe-1(2) + fra(2) =

fi(2), (A.20)

the ratio of spherical Bessel functions fi/fr—2 can be expressed as

-1
Jk 4k? -1 2k -1 (jk+2>—1
= —-1- 1 = A21
Ji-z2 { 22 %13 | T\ (a.21)
and
B ) @\ !
Mo (2k+3)(2k+1) ok + 3 h
- 11— 14 [ 2 . (A.22)
A 22 2k —1 A0
k k-2

It is to be noted that the above two equations (A.21) and (A.22) are needed to avoid
the error propagation. For f = hgcl), the ratios fi/frx—2 are to be calculated recur-
sively starting from small values of k, whereas for fi = jx they are to be evaluated
starting from large values of k. Similarly, the first derivatives of radial spheroidal
wave functions with respect to £ can be computed by replacing the spherical Bessel

functions fi(z) [Eq. (A.19)] with their derivatives f}(z) = dfi(z)/dz, using

P feo 1 (522) 7 = B2k + 3)(k +3)
k+2 _ ( k+2) T z . (A.23)

4 : fi 1.
fi fr 1+ (—';:—2) Lk(2k + 3)
The algorithm for calculating the products di!(c) fe+a(c€) and dil(c) fl A(c€) fol-
lows method (b). Numerical accuracy of calculating spherical Bessel functions with

large arguments can also be achieved by applying this method.
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Appendix B

Properties of Spheroidal
Orbitals in the limit of low

binding energy

In this Appendix, properties of deformed orbitals of the spheroidal well are
examined at the limit of small binding energy. The general properties of deformed
orbitals are investigated in terms of the multipole expansion in Sec. 3.2, and the
relevant numerical examples are presented in Sec. 4.3. Here, we demonstrate that
the analytic expressions obtained in Sec. 3.2 can also be obtained by analyzing the
exact spheroidal wave functions of Eq. (4.17). It is shown that the spheroidal wave
functions have rather similar properties in the limit of both small deformation and

binding energy (cext — 0).
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B.1 Some Properties of Weakly Bound Orbitals in Spheroidal

Well

In this section, average values of the mean square radius and quadrupole mo-
ment in deformed orbital are discussed by considering an explicit form of spheroidal
wave functions. In terms of spheroidal coordinates, the volume element dV, square

radius 72, and quadrupole moment r2Y3g are expressed as:
dV = dzdydz = a®(€2 — n?)dédndo, (B.1)

rP=22 4+’ + 2 =8 +7* - 1), (B.2)

and

Yao6,0) = | 1o (32 = 1) = | [ a? B — €2 P 4 1). (B)

As discussed in Sec. 3.2, the asymptotic behavior of radial and multipole moments
is mainly determined by the asymptotic structure of wave functions. Therefore, it

is instructive to consider the nth external radial integral

: T L) n p(3)
Ouvpnir = BuAlBuAl’./é RA[ *(ZcexmE)gnRM/(iCexmf)d{' (B'4)
0
In the small-¢ limit, the amplitudes B, ,; determined from Eq.(A.1) behave as

P Aunr Ry eint, €0) (SR (icexts WIS (eine, ) 141 (B.5)
. 3 . ex ° ‘
RE\S[) ("'Cextv 60) (S,(\ll) ('Lcexty 77) ISI(\lz) (ZCextv TI))

Boa = c

Since in the limit of small ¢ the expansion coefficients d{!(c) behave as

lim de(c) = bg-a, (B.6)
c—
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in the limit of low binding energy the radial spheroidal wave functions of the third
kind Rfl)(icext,{) behave as spherical Hankel function of the first kind h (zcexté)

At small values of ¢, the radial integral O,anyr can be written as

, +o00 )
Ounni = cii ™ /E (6" — 24| V" (i€ hy (o€ de (B.7)
0

n n—2
_ 1+t'+1/°° (x)_($> +
- ext
Cext&0 Cext Cext

N (il 1 1
= cirn oA <z+2 z) z’+§,z'>

e Gz)BD(izyde  (B.8)

cextfo+A , cextfo+A ’
X / 224 — 2, / g (B.9)
‘ Cext§0 Cext§0
| -
/ @ )=t 1 1
| = cou o l+2l Ut 5l
const.—% forn—1—-U'#1
X
—In(cext&o) forn—-I1-1'=1
) const.—i-cf"—:l-ﬁ_—‘)l)-_n—l_,—l_;:;-—_i forn—1-1U'#3
—Cayt X +---| .(B.10)
—In(cext&o) forn—-1-0I'=3

Finally, the following asymptotic limits can be deduced from Egs.(B.10) and (B.5):

¢

(—e,,)'("‘l‘["l)/2 forn—-I1-1'-1>0
eluiB}o Ovanitr % § In(—¢,) forn—-1-U-1=0 - (B.11)

finite forn-1-1-1<0

\

The asymptotic behavior of the normalization constant N,zr can be easily evalu-

ated:

Nl//\ﬂ' = (¢VAW(§:”?¢)|¢I/A7F(&T]7¢)) (B.12)
= [ [Can [ dovina(en dinc(m 1€ - )

+ [P e [Can [ dginn(en Onelen 90€ ) (B1Y
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= a®) 'BjyBuar [ / Rm *(cext, )€ 2R1IA(3Cexta €)dE Spou (icext)
I

FO (B)ny @), A .
- RIA (263xt,§)R11A(ZCext,E)d&SAQ“I('lCext) +COHSt. (B.14)

o

= a® )" [Ourow Saow (icext) = Ovnow Saziv (icext)] + const., (B.15)
L

where Sy (c) = (S,( (c,m)|n™ ISl,A(c n)). Since only diverging element in Eq.(B.15)

is O,0200, One obtains

(—e,)"Y2 form=+,A=0
1imOA/3A,r oS : (B.16)
€,

finite otherwise

Similarly, the average value of the 2nd radial moment (vAw|r?|vA7) can be written

as
(VA71'| 7.2 |l/A7r) = ("/)uAﬂ'(&n’ ¢3\I/T2i|¢m(§ﬂ7,¢)) (B.17)

ad®

B o 7' 2n 2p4 4
- - l/l dg [ an [ aslunele,n SIE - )

v

™ 27
+ / dg [[an [ dolvunn(en P! 1Y) - 2 (B.18)
a5 _
= N2 uAlBVAl’ [/ Rl 'lCexta§)§4R[(?12(icext»§)d§ SAOII’(iCext)
vAT L
T @) ) S (s
- : R}y " (icext, &) l,A(zcext,§)d§S,\4u:(zcext)] + const. (B.19)
0
5
a ~ , = .
= v —5— " [Ourai Snow (icext) — Opnow Saau (icext)] + const. (B.20)
vAm

Since the zeroth radial integral O,pqy+ remains finite, the only diverging elements

are O,,A4”I and

5
a = .

(vAT|r|vAT) = W, E 'Oy aair Saou (icext) + const.. (B.21)
vAn ]
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Using the asymptotic expressions for Oypan {Eq. (B.11)] and /\ffM [Eq. (B.16))], one

obtains
)
(—e,)t forr=+,A=0
lim (vAr|r?|vAr) o ¢ (—,)"Y2 forr=—-A=0o0rl - (B.22)
{ finite otherwise

The quadrupole moment (vAw|r?Yao|lvAm) can be expressed as

(I/A7I'| 2 Y20|1/A7I'> = (wu/\ﬂ'(f na )IT2Y20|1[)VA7\'(£7777 ¢)>

uA1r
+00
N V167r/ % / dn | d¢|¢w\w(§,n,¢)l2(€4n2—§2n4)(B.24)

VATI’

—1/ 1671_(1/A7r|r2|VA7r) (B.25)
Eo bd 2m
- Jf’}“ \/—5—[/1 d ["an [ dstbunnle,n o€ - €0°)
vArm

+ / d¢ / dn /2”d¢|wm(s,n,¢)|2(e4n2—£2n4)]

-\ = Tom (I/A7T|T2|VA7T> (B.26)

5

a _ __

= 3> " [OvnaurSaour (icext) — Ounaur Saaw (icext)]
vAT

(B.23)

L

L

5
= = \/ Z Oudirr [38 a2 (i€ext) — Saour (iCext)]
N A

— > "{Ounaw Saow (icext) — Ovnour Saa (icext)} + const.} (B.27)

v lll

— 3 "Ounawr Saaw (icext) + Y 'Ounot Saaiw (icext) + CODS'C-} {(B.28)
¥ L

For a positive-parity halo orbital, the only diverging elements in Eq. (B.28) are the

terms with O,g400, Ovo200, Ovo420, and O g4a02. However, since

3S0200(icext) — Soooo(icext) “=5" 3(Po(m)In?|Po(n)) — (Po(m)|Po(m)) =0,  (B.29)
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the term containing O,0400 vanishes. According to the asymptotic limit (B.11), in

the limit of small binding the terms containing Oy200, Ovo420, and Oyp402 behave

as (—e,)"/2. Since N2, also diverges as (—€,)"1/2, the quadrupole moment for

positive-parity halos remains finite at vanishing values of €, .

On the other hand, the quadrupole moment of negative-parity halo orbitals

diverges due to the presence of the O, 411 term. Keeping only the diverging elements

in Eq.(B.28), one obtains

a’® 5 = : 5 .
(VA = | 7% VA=) — /\T_V 1_6‘7;OVA411 [3SA211(icext) — Saon1(icext)] (B.30)
vA—

B 5 a® ~ ) 3SA211 (iCext)
- Vier [NEA_ O"AmSAOM(wEXt)} [SAOII(iCext) -

_ L [y 2l A 3 2)
= E(Qggo(uA |r*|vA )) (1 2A .

Therefore,

(—e,)"Y2 form=—-A=0orl
lim (vAw|r?Yao|vAT) o

€, —0

finite otherwise

and

0 form=+,A=0
lim0 Bo(vAT) =
€, —

Of course, the above results coincide with those of Chapter 3.

B.2 Radial Form Factors

The radial form factors R,z(r)

1

RuZA(r) = Nu/\n /1/@::\(67¢)¢VA77(7_")dQ
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(B.31)

(B.32)

(B.33)

(B.34)
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are useful to examine the spatial extention and the multipole decomposition of
deformed halo wave functions ¥, (7) [Eq. (3.2)]. With decreasing binding energy,

the external part (€ > &) of deformed wave function ¥, (7) takes a simple form

1 (e-1\"? (1) A A
wum(f,n,qﬁ)—*\—é—;( @ ) ;’B.,Mhl (icext€) P (m)e="?.  (B.36)

For large values of &, one can put

r=ay/€2+n?-1-—af, (B.37)

cosf = 05777 —n, (B.38)

and, consequently,

1A —
Ran) 2 St o P Bl e ) PR OIP ) (B.39)

e—cextr

1%

Byae

(0.8
M vAr T

x (—el,)l/2+%5‘v°/r. (B.40)

This expression indicates that at large distances the amplitudes of radial form factors
are proportional to (—eu)e/ 2+360. This also suggests that the £ = 0 partial wave
has the largest spatial extention and thus exhibits the most pronounced halo effect.

Similarly, the probability to find the partial wave £ in the state [vA7], Eq. (4.22),

can be written as

PivAr) = /0 T Ryg(r)Br2dr (B.41)

1 ™ 4
= — rédr
|

vAT
+00
+ [ rtar| [ Y0 00an(de

>

2

[ Yi0. 0 unn(rran

2
} , (B.42)
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where rs. denotes a large, but arbitrary, value of r. At the limit of low binding

energy, one obtains

~ 1 oo () 2 3.2
Py(vAr) & —— [/ 'Bquhg ('Lcextg)‘ a’§ d§+CODSt-] (B.43)

vAT >
1
> — (NZ%.6 t. B.44
NEM ( y0+0¢,0 + cons ) ( )
8¢.0 forr=+,A=0

_ . (B.45)
finite (< 1) otherwise

According to this asymptotic limit, for positive-parity halo orbitals an s-wave com-
ponent dominates, whereas the negative-parity halo orbitals consist of all partial
waves even at very small binding energies. Figures 4.14 and 4.15 illustrate this

effect quantitatively.

104



o

Appendix C

Examples of Deformed

Single-Particle Wave Functions

This section contains graphic representations of deformed single-particle wave
functions of a finite square-well model of Chapter 4. The wave functions shown in

Fig. C.1 were calculated at Uy = —45 MeV and § = 0.6.
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8=0.6, U,=-45.0 MeV
10+

€ =-34.7 MeV
20+

€ =227 MeV
30+

X

€ =-2.6 MeV
10-

12+

€ =-29.5 MeV € =-6.2 MeV

Figure C.1: Deformed single-particle wave functions. projected onto z-z plane,
obtained for a finite square-well model of Chapter 4 (Up = —45 MeV, 6= 0.6)
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