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ABSTRACT

This investigation was conducted to determine the effects

of curvature on the thermal boundary layer in curved jet-type

flow fields. Particular interest was directed to examining

these effects in the presence of thermal radiation. The

investigation was initiated by first determining a set of

transformation variables for the boundary layer equations

which would allow their reduction to ordinary differential

form. Solution of these equations based on assumptions of

local similarity in the flow field provided the mechanism

through which the effects of curvature could be studied.

The chief applications involved in solution of the

problem included the principles and theory of fluid

mechanics and heat transfer as related to incompressible,

viscous flows where properties such as viscosity and thermal

conductivity were assumed invariant. Techniques of numerical

analysis utilized to generate the solution sets for various

values of the curvature parameter, R, employed the Runge-Kutta

algorithm with Gill Coefficients. This algorithm was employed

in a program designed to generate solutions based on automatic

corrections to initial guesses for starting values given to

the slopes of the velocity and temperature profiles. Solution

of the momentum equation first provided values for the

dimensionless stream function which were needed in
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solution of the energy equation. Additionally, analysis of

the asymptotic boundary conditions at both extremes of the

thermal boundary layer provided the information needed to

define a "feasible set" of starting values to be used in

conjunction with the stream function to arrive at the

required solution for the temperature profile.

The results obtained from the research indicate that the

major effect of curvature on the mixing zone in the free jet

boundary is alteration of the thermal boundary layer thickness

with increasing value of the curvature parameter. This effect

was seen to exist both in the presence of, and in the absence

of thermal radiation. Calculations were performed for

differing values of the conduction-to-radiation parameter, N,

which defines the relative degree of radiative versus

conductive contribution to the thermal boundary layer. For

values of N greater than 1, which coincides with the

lessening influence of radiative transfer, the thermal

boundary layer was found to grow with increases in the

curvature parameter. On the other hand, however, the

dominant influence of radiative transfer represented by

values of N less than 1 showed a decrease in the thickness

of the thermal boundary layer for increasing curvature.

Coincident with the change in boundary layer thickness for

this situation, a decrease in the value of the temperature

along the major streamline accompanied the increase in
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curvature. These two phenomena, as related to optically

thick radiation, can be explained through the fact that

optically thick radiation restricts thermal transfers among

molecules in the fluid to neighbors in close proximity of

one another. Others had established before this study that

the velocity profile within the outer confines of the boundary

layer changed significantly with curvature. The resultant

effect on the motion of the molecules in the flow field in

this region would obviously have an effect on the capability

for radiative transfers within the flow.

The linearizing technique which was utilized for the

first order approximation to the solution of the energy

equation provides, at best, some insight into the general

behavior of the temperature profile within the thermal

boundary layer. The roughness of this approximation is due

primarily to the assumption of very small temperature

differences across the mixing zone. The accuracy of the

results is also affected by the error inherent in adoption

of the optically thick approximation for radiative heat flux

across the thermal boundary layer. Future studies should

concentrate on development of techniques which allow more

precise analyses to be conducted. A good point of departure

would be one where the nonlinear form of the energy equation

is used to more adequately predict the temperature profile

in the boundary layer. More exact expressions for the
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radiative heat flux may also be employed in an effort to

gain a better perspective into the problem of completely

specifying thermal behavior.
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CHAPTER I

INTRODUCTION

Much effort has been expended in the analysis of

problems associated with an understanding of the phenomena

occuring in so called free flows. The literature contains

many references to investigations by various researchers.

Schlichting [1], for example, discusses a number of studies

involving the free flows defined as jets and wakes. White

[2] also provides some insight into other investigations

which have been carried out. Particular interest in this

thesis is directed toward the jet boundary, which occurs

when two adjacent streams move in the same general direction

with different velocities. The velocity discontinuity

causes a mixing region to develop along the common boundary

of the two streams with the result that movement downstream

in the flow will show an increase in the width of the mixing

zone. According to Schlichting [1], the first solution to

this particular problem was given by Tollmein in 1945.

Tollmein's solution involved application of Prandtl's mixing

length hypothesis to the problem of momentum transfer in the

mixing zone. In the same work, Schlichting also reported

very good agreement between a theoretical solution for

velocity profiles provided by Goertler, and experimental

work performed by Reichardt.
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More recently, attention has been given to reattaching

flows where a pressure differential across the flow profile

causes the stream to curve and attach itself to an adjacent

wall. This phenomenon, known as the "Coanda" effect, finds

many useful applications in the field of fluidics. Sawyer

[3] provides a very interesting analysis of the momentum

transfer processes evident in the entrainment of stagnant

fluid in a cavity formed by reattachment of a curved two

dimensional jet to an adjacent wall. He further expanded

this analysis [4] to include variations in curvature of the

jet and its effects on fluid entrainment by the moving stream,

The results of his analysis indicated that curvature had a

significant effect on the rate of fluid entrainment but that

the velocity distributions in the jet were not necessarily

similarly affected. These experiments, though based on

dimensional consideration of a simple flow model for the two

dimensional turbulent jet, give some insight into the

importance of entrainment in the momentum transfer which

takes place in jet boundary-type flows. The theoretical

study reported by Williams, Cheng and Kim [5] examined the

effects of curvature on the velocity profiles of both the

laminar and turbulent flow regimes as associated with the

free jet boundary. This study differed from the modeling

and experimental study done by Sawyer in that a similarity

solution to the boundary layer equations of motion was
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developed to describe the velocity profiles in the flow.

Their results regarding curvature show agreement with the

proposition put forth by Murphy [6] concerning the fact that

the velocity profile is most affected near the outer edge of

the boundary layer (or mixing zone in this case).

The above discussion has established the relative

significance of fluid entrainment in the analysis of momentum

transfer in free flows. Additionally, the great utility of

the Prandtl mixing length hypothesis, especially in the

analysis of turbulent free flows, has been widely acknowledged

in the literature cited thus far. The question concerning

the role of entrainment in heat transfer occurring in free

flows, however, must also be examined if the analysis is to

be complete. A thorough understanding of the mechanisms of

heat transfer is especially important in situations where

temperature distributions play a role in the efficiency of

an operating system. Consider, for instance, the case where

a gas at very high temperature is expelled through a nozzle

into a cavity where the ambient temperature is at some

different value. Insight into how these temperature

differences might affect the resulting flow field would

prove to be very useful. If the temperature of the moving

fluid is sufficiently high, thermal radiation will be evident

in addition to the normal convective transfers expected.

A number of studies have been conducted involving the

heat transfer mechanisms in jets and wakes. Schlichting [1]
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reports on temperature measurements made by Fage and

Falkner in 1932 in the wake behind a row of heated bars where

they deduced that the temperature profile in such a flow

field is wider than the velocity profile. He also provides

information on a number of investigations performed by others

such as Corrsin and Uberoi, and Hinze and Van der Hegge

Zignen. These studies examined temperature distributions in

heated circular turbulent jets. One of the more remarkable

contributions to the study of heat transfer in free flows,

however, was made by Reichardt [7]. He was able to provide

an empirical relation, through experimental and theoretical

analysis, which linked velocity and temperature distributions

through a power law relationship. These works have all

contributed to the body of knowledge but are incomplete for

application to the situation involving curvature and thermal

radiation in a free jet-type flow.

Some further basis for understanding the problem at

hand can be gained through examination of contributions to

the generalized boundary layer theory made by other

researchers. Kestin and Richardson [8] presented a detailed

analysis of the theory associated with heat transfer across

turbulent boundary layers and, though they primarily treated

conditions of forced convection, their fundamental

explanations on the nature of thermal boundary layer

formation and on the attendant effects of changes in fluid
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properties provide an excellent point of departure for the

study of more complex situations. The work contributed by

Viskanta and Grosh [9] examines the effects of thermal

radiation on the temperature profiles across the boundary

layer of an absorbing and emitting medium by using the

Rosseland approximation to the radiation flux vector in the

energy equation. They found that use of this approximation

is valid when the boundary layer under consideration is

optically thick with respect to incident radiation. Others

[10, 11] have also examined the effects of thermal radiation

in the boundary layer, specifically in high temperature gas

flows.

This brief survey of the available literature, both

theoretical and experimental, lends itself to a greater

appreciation for the fundamental aspects of analysis

required in the solution of boundary problems associated

with free flows. A void appears to exist, nonetheless, with

respect to complete definition of the relationships which

may exist among fluid entrainment, momentum transfer, and

heat transfer when radiation effects are evident in curved

flow fields. The work by Williams, Cheng, and Kim, already

cited, relates the aspects of entrainment and momentum

transfer in a curved free jet boundary, but the connection

is not drawn between these two processes and the temperature

distributions present. It is expected that since the rate
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of entrainment is significantly affected by curvature

[3, 4], the heat transfer mechanisms evident in the jet

boundary flow will also be similarly affected. The

literature surveyed has not indicated a great deal of

effort devoted to the study of heat transfer in curved flow

fields since 1974. It is the purpose of this thesis to

fill the void mentioned above and to provide a measure of

continuity to the work which has already been done.

Chapter II will develop the theoretical framework

necessary to effectively treat this problem based on

assumptions of similarity in the flow field in the free

jet boundary. An analysis of the solution and supporting

data in Chapter III will be followed by a discussion of

conclusions and recommendations in Chapter IV.



CHAPTER II

THEORETICAL DEVELOPMENT

A. Equations of the Boundary Layer

Most investigations involving the analysis of flows in

a boundary layer region make use of the so-called boundary

layer equations. Due to the nature of formation of the free

jet boundary, these equations may be employed here. The

equations as generally expressed when two dimensional,

incompressible flow with constant properties (viscosity,

density, and thermal conductivity) is assumed are [2]:

9u 9v

3x 3y
■^ = 0

and

|" + u|i+v|i=-i||+gxB(T-
3t 3x 3y p 3x

+ V
3^u
3y^

(2.1)

(2.2)

These two equations, known as the continuity and momentum,

or Navier Stokes equations, must be augmented by the energy

equation when information concerning the temperature

distributions in the boundary layer is required. The energy

equation, in general form [12] , can be written as

"Cp I? + "S 3T ^ 8T
" 37 ^ ^ K  + 8TU ^ + P

3y2
3u

isyj

- V (2.3)
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In this expression, the quantity refers to heat flux due

to thermal radiation, and the pressure term on the right is

associated with buoyant forces evident in situations

involving free convection.

It would be advantageous at this point to digress

momentarily in an effort to establish the fundamental

considerations and assumptions which must be used in applying

these equations to solution of the flow field in the free jet

boundary. First of all, since the flow field to be investi

gated possesses a curved geometry, some ease of manipulation

may be gained through use of curvilinear coordinates.

Additionally, the case where thermal radiation and high

temperatures are present provides another simplification in

that buoyant forces normally associated with free convection

are negligible. These high temperatures also allow some

reasonable assumptions concerning the neglect of dissipation

effects, primarily due to the fact that these effects are

small when compared to other transfer mechanisms in the flow.

Finally, the analysis may be further simplified through the

assumption that the flow velocity is constant with respect

to time. This last statement could not, of course, be

considered as absolute, since in the case of a fully

turbulent flow, small fluctuations in the flow velocity will

always exist at any given instant in time. Further discussion

of how these fluctuations may be treated will be provided

later in section C of this chapter.
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In the case of radiating media, the degree to which the

medium in question is capable of absorbing radiation has a

definite effect on the extent of radiation transfer within

the medium. This capability for radiation transport is

known as the optical thickness of the medium. In an

optically thick medium, for example, radiation emitted from

individual molecules affects only molecules in close

proximity. The parameter of optical thickness, according to

Sparrow and Cess [12], is defined as the ratio of the photon

mean free path to some characteristic length in the radiating

medium. Findings [9] indicate that if consideration is

confined to an optically thick medium, the so-called

Rosseland approximation to the radiation heat flux may be

employed. This approximation is given by the expression

= -r

2  4
4X a 9T

 3k 9y

where < is the absorptivity of the medium, a is the Stefan

Boltzman constant and X is the wavelength of the emitted

radiation.

A re-examination of Equations (2.1) - (2.3) with

application of the above considerations and assumptions

allows a number of simplifications to be made. In Equation

(2.2) the time derivative may be ignored as a result of

steady flow, and the buoyancy term gxB(T - Tq), may be

ignored as a negligible effect to yield the result
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9u , 9u

p  ay^
(2.4)

Likewise, the time derivative and buoyancy terms may be

deleted in Equation (2.3) along with the dissipation term,

y • The optically thick assumption also permits

substitution for the radiative heat flux, q^., so that the

energy equation becomes

pCy
9T ^ 9T

" ̂  ̂ ̂  ayj = K

2
9 T

9y^ 9y

2  4
4A^a 9T
3k 3y J

where the product V • q^. has been expressed in terms of its

y scalar component. Then the energy equation takes as its

final form

PC.
9T 9T

" aJ ̂  ̂  a?j
2  2 2 4_ ^ 9'^T ^ 4X''a 9^T^

— X\ :r +
3

9y
k

(2.5)

9y

One additional relationship connecting curvature and

pressure gradients normal to a curved surface in a flow has

been introduced and used in the analysis of curved flow

fields by a number of reserachers [2, 5, 6]. This expression.

o 2 1 9P
Ru = — TT- ,

p  9y '
(2.6)

relates the pressure gradient normal to the direction of

flow to the flow velocity, u, and the curvature, R, in cases
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where the curvature is moderate. This equation, along with

Equations (2.1), (2.4), and (2.5), form the complete set

of equations required to specify the solution to the problems

of momentum and heat transfer in the free jet boundary.

Briefly restated they are:

= 0 (2.1)
dx 8y

(2.4)9x 9y p 9x gy2

pCp
9T . 9T
9x 9yJ

2  2 2 4_  9^T 4X^a 9^T^ p p
9y 9y

_2 1 9P

= ? w • ' '

A physical interpretation of the flow field and the

boundary conditions which apply can be visualized by

reference to Figure 1. As shown, the moving fluid which has

already established a fully developed flow profile possesses

a freestream velocity U and a bulk fluid temperature■' max °°

before it reaches the region of stagnant fluid which has

velocity u = 0 and a bulk fluid temperature Tg. A short

distance beyond the point of issue which may be denoted as

Xq, entrainment of the stagnant fluid causes alteration of
velocity and temperature profiles such that at large
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u=Umax 1 fully DEVELOPED INITIAL FLOW CONDITIONS
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Figure 1. Flow Profile for Initial and Downstream
Conditions.
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negative values of y(y - oo) , u = 0 and T = Tg. Alternately,

at large positive values of y(y -^ + <») , freestream conditions

again prevail. The condition of constant curvature along

the major streamline which also serves as the abscissa in

the curvilinear coordinate system provides that the velocity

normal to the direction of flow (v) is also zero at this

point.

Reference 5 provides velocity profiles for a curved

free jet boundary flow field through solution of Equations

(2.1), (2.4), and (2.6) by using a similarity transformation

technique for conditions of laminar and turbulent flow. As

this information is vital in the establishment of temperature

profiles for this type of flow field, frequent use will be

made of the transformed differential equation given for the

similar velocity profiles. Only brief treatment will be given

here to development of the transformed momentum equation.

This is done primarily to provide clarity and consistency to

the present discussion while it avoids lengthy repetitions

of what can already be found in the literature.

B. Laminar Flow Fields

In the case of laminar flow, the boundary layer

equations outlined above can provide a representation of

the velocity distributions to be found in the curved free

jet boundary through the treatment to be outlined in the
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following discussion. First of all, differentiation of

Equation (2.4) with respect to y gives

3u 9u . 9^u
9x 9y ^

+ IX + V ̂
9x9y 9y 9y ^..2

9y

1 9^P . ^ ̂
p  9x9y 9y

^2
9 u

9y'

Likewise differentiation of Equation (2.6) with respect to

X gives

2  3R a. on 9u _ 1 9^P
^  9x 9x p 9x9y '

1 9^P
Note that the conunon term — ^ , in both equations allows an

p  dxdy

equivalence to be established for the two. Further, Equation

(2.1) shows that

9u

9x

9v

9y •

These three relationships can now be combined to provide the

following single partial differential equation:

XH. IX +
9x 9y ^ 9x9y

9u 9u 9^u
9x 9y ^ 9^2 Tr>

2"" 35 - u
.2 XX

9x

+ V
9^u

9y^

The simplified form of this equation then becomes

2  29 u , .. 9^u
u T—r— + V 7T
9x9y

9y

9u 2 dR , 9^u
- 2Ru tt- - u j— + V —y9x dx 9^3 (2.7)
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2 3 R
The term - u -jr- has been written as a total derivative here

9x

since in the curvilinear coordinate system under consideration

the curvature has been restricted to be a function of

displacement, x, along the major streamline.

The process of transforming this partial differential

equation into a more tractable ordinary differential equation

can be initiated through definition of the stream function,

\p, where

\p = (Uj^vx) ̂^^f (n) , (2.8a)

and

n = y(U^/vx)^^^ . (2.Bb)

The quantity is the velocity along the major streamline.

A transformation parameter for the curvature can be defined

in a similar manner such that

R = (Rq/x)^'^^ . (2.9)

Expressions for the flow velocities u and v may now be

obtained as follows:

H " Iv [(U^vx)^/^f (n)] = u^f^ (2.10a)

V = - = - — [(Uj^vx)^'^^f (n)] = j^
9x 9x

(U^v/x)

(nf' - f) (2.10b)
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Substitution of the expressions in Equations (2.10) into

Equation (2.7) will, after much effort, give an ordinary

differential equation of the form

2f + f'f"" + + (RQV/U^)^/^[f'^ + 2nf'f ] = 0 .

(2.11)

Solution of this equation will then provide the velocity

profile for laminar flow in the curved free jet boundary.

Attention can now be turned to reduction of the energy

equation (Eq. 2.5) to ordinary differential form by first

assuming that, for purposes of transformation, the stream

function defining the velocities u and v is still valid and

that T(x,y) = T(ri). The thermal diffusivity, a, is expressed

K
by the relation a = —j=r- so that Equation (2.5) can be

P^p

rewritten as

2  2 2 4
9T , 9T _ 9 T , 4X a 9 T

^ 9x ^ 9y gy2 3<pCp 9^2 *

4
The effects of nonlinearity which appear due to the term T

can be dealt with by making use of a linearizing technique.

If it is assumed that the temperature range over the flow

4
field is small, then T may be expressed as a linear function

4of temperature by expanding T about T^ in a Taylor series.

Neglecting higher order terms in the expansion results in the

approximating expression
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4 ~ 3 4
T  ~ 4T T - 3T .

00 00

with this in mind, the energy equation can be expressed by

9T ^ 3T
U  + V TT-

9x 3y

which reduces to

9T ^ 9T
U 7^ + V 7^

9x 9y

2  2^ 4X^a
a —~ + 3

9y
<pCp 3y2 (4T^ T

4
3T ) ,

«v\' »

a if? +
3

9y
kpC^

4T
3 gfr

9y^

The above equation can now be recast in terms of similarity

variables by recalling u and v from Equations (2.10) and by

performing the following transformations for T:

^ ̂  la = T- i- y(U /vx)l/2
9x 9n 9x 9x

= T" [l/2(U^/vx)"^/^(-Uj^/vx^)]y

= - 1/2 X (T'n)

and

il = ̂  ia = T' (u
3y 3n 3y

The left side of the energy equation in terms of transformed

variables, then, is

U

2I +1
UlV 1/2

[nf - f] T-
:^i
vx

1/2

The right side of the equation can now be expanded through

the following:
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2  2

a  +

3y2 3KpCp
4T

3  3^T
9y

^ 4X^a
a + -= • 4T

3<pC„ «>
a^T
ay2

Performing the variable transformation gives

I  . 4X^0 ,„3'' '

or

9 r"il
9y ̂ VX

a +

/ia2
4X g

3<pC-

3^
4T

TJ\ ^ r"il
00 [vxj

The complete energy equation in terms of similarity

variables then becomes

Ui U,
- f]T' = —

VX
a +

2
4X g

3kpC,
4T'

Further cancellation of terms and reduction of the left side

of the equation results in the more simplified expression

U  U

- ̂  fT' = — T"
2x VX

a +
4X^a
3kpC.

which ultimately leads to

-fT' = 2T'

2
a  4X a

V  3<vpC^
4T" (2.12)

Further examination of Equation (2.12) reveals some

interesting possibilities. First of all, the dimensionless
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quantity known as the Prandtl number, Pr, is defined by the

expression Pr = Then ̂  In the second
P

term on the right side, the quantity vpC^ appears and can be

written as —pC = yC . Then it is apparent that the constants
P  P P

on the right side may be written as

V

1_
Pr '

(2.13a)

2  3
lex'^aT-

0̂0

3KyC

2  3
16X aT-

0̂0

3KKPr
(2.13b)

Use of these expressions in Equation (2.12) yields

- fT' =
2T'

Pr
1 +

2  3
16X aT

00

3kK

Sparrow and Cess [12] define a dimensionless quantity, N,

called the conduction-to-radiation parameter which depicts

the relative contributions of conduction and radiation to

the heat transfer process. This quantity is defined as

N =
kK

2  3 •
4X^aT-

0̂0

Incorporation into the transformed energy equation reduces

it to

Pr
1 +

3N
+ fT' = 0

or
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^  3N T'' = 0 (2.14)

Hence, an ordinary differential equation has been formed

which will provide a temperature distribution in the flow

field in terms of the similarity variable n•

It is also desirable to express the temperature T(n) in

terms of a nondimensional entity; thus one may define the

T(n) - Tg
temperature, 6, such that 6 = — —. Then, for

00 s

T(n) = 6(T - T ) + T , it is seen that
00 g 3

T'=^=0"(T - T )
dn CO s

(2.15a)

and

= 9--(T - T )

dn^ ~ "
(2.15b)

Finally, with substitutions to nondimensionalize Equation

(2.14), one finds that

^  3N
Pt* "F

0"(T - T ) + 0' (T - T ) = 0 ,
00 s 2 00 s

which upon further simplification leaves

1 +
3N

0' = 0 (2.16)

A short review of the boundary conditions for this

equation is in order. Recall that at large negative values
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of y (y the temperature will approach that of the

stagnant medium into which the jet issues; hence at

y = -00, T(x,-oo) = T . In dimensionless transformation this
O

boundary condition becomes

T  - T
lim Q _ s s _

T  - T

On the other hand, at large positive y (y -> + oo) the

temperature in the flow is assumed to be that of the bulk

fluid such that at y = + oo, T(x, +00) = T^, or in dimension-

less form

T  . T - T
lim Q _ 00 s _ ,
n-»-+oo^ T - T ~

Now that the form of the ordinary differential equation has

been specified along with its boundary conditions, one need

only determine the form of the dimensionless stream function,

f, from the momentum equation to determine the temperature

profile in the laminar flow field.

C. Turbulent Flow Fields

For turbulent flow, one must define additional

coefficients which describe the effects of turbulent

transport processes on the momentum and thermal energy in

the system. These effects are seen in the thermal
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conductivity K and the dynamic viscosity y. In a medium

where turbulent flow prevails, there exists a very thin

laminar viscous layer close to the interface of the boundary

and the containing surface such that the shear flow in this

region can be described through a superposition of the

effects of the laminar viscosity, y, and the turbulent eddy

viscosity, e. The total effect for shear stress then can be

seen as

,  . . 9u

Thus, for turbulent flows, the last term in Equation (2.4)

has the form

i (y + e) ̂  .
P  8y^

In the case of the free jet boundary, the absence of a wall

at the boundary renders the effects of the laminar interface

negligible so that contributions from y can be omitted.

Also, the time average of the fluctuations in the system

reduce to an expression where only the mean motion of the

flow is important. If the mean velocity in the x direction

is denoted as u and in the y direction as v then Equation

(2.4) can be written as

— 8u . — 8u 1 8P . 1 8 u
U7r-+V-;^=-— r— + -e Tr . (2.17)8x 8y p 8x p • g 2
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It is known that, unlike the viscosity, y, which is a property

of the fluid, the eddy viscosity, e, depends heavily on the

turbulent activity in the flow. Introduction of an argument

from Prandtl's mixing length theories will allow evaluation

of e for the free turbulent flow considered here. Prandtl

postulated that the turbulent eddy viscosity is proportional

to the maximum difference in the mean flow velocities and the

mixing length, I, of the region of turbulence, or

e = c^ (U - U . ) ,
max mm

where c is a constant of proportionality. In the present

case, of course, flow into a stagnant region indicates that

U  . = 0 so that the representation for e becomes
mm ^

e = c^U
max

Since the mixing length, I, is also proportional to the

displacement, x, along the curvilinear axis of the flow,

then t may be replaced by a suitable constant times the

downstream displacement to yield

e = czxU„
max

Substitution into Equation (2.17) above now provides an

expression which accounts for turbulent effects in the

momentum transfer process in the free jet boundary. The
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turbulent form of Equation (2.6) can now be cross

differentiated along with Equation (2.17) and the two

combined through a substitution from the continuity

equation (Eq. 2.1) in a manner similar to that discussed in

the previous section so that a single partial differential

equation is obtained. This equation has the form of

Equation (2.7) with the exception that the last term will be

— (czxU ) ^ .
p  max

Williams, Cheng and Kim [5] showed that, provided the

curvature, R, is assumed to vary inversely with displacement

X, a similarity transformation could be obtained through use

of the following transformation parameters:

ip =

(2)

1

T72 u^f (n) n = (2)
1/2

(2.18a)

R

R =
_0
X

(2.18b)

The free constant, u, if specified according to [5] as

w = 729
U
max

1/2

reduces the transformed differential equation to
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R,
0

JI72 w  + 2nf'f) = 0 .

(2.19)

Comparison of Equation (2.19) with Equation (2.11) reveals

that they are identical with the exception of the form of

the constant in the last term.

Again, if it is assumed that the transformation

parameters above are valid for the energy equation and that

T(x, y) = T(ri), the search for an expression relating heat

transfer in a turbulent flow field can proceed. Just as

turbulence affects viscosity, however, one must consider the

effects of turbulence on thermal properties before the problem

at hand may be attacked properly. In most turbulent flows,

a thin portion of the boundary layer exists where thermal

conductivity is the result of the superposition of a laminar

conductivity K and a turbulent conductivity which shall be

defined as tt . Hence the heat flux across the boundary due

to conductivity can be given by

% " If •

Recalling the convention for turbulent mean flows and

negligible laminar effects in free turbulent flows then.

Equation (2.5) can be expressed as

pC
P

- 9T ^ - 9T
^ 9x ^ 9y,

2— 2 2—4_ _ 3 T , 4X'^a 9
= TT TT + —TJ =— . 12.20)

rv ^ -5 IC r\ ^
9y 9y
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—  T,
(2.21a)

V = - =
9x

U.

.1/2
2  0)

(fn - f) , (2.21b)

and

T(x,y) = T(ri) (2.21c)

Derivatives of T in terms of transformed variables are

9T(n) ^ Tp- A
9x 9x

ol/22  ' u)y
X

= - T' 2^/^ or -
nT'

(2.22a)

and

II = T' A
9y 9y

.1/2

X

ol/2
^  2 u (2.22b)

Application of these expressions to the left side of

Equation (2.20) first gives

pc Uif T'

^ X

r

+

u.

.1/2
2  ' 0)

(f'n - f)

such that

pc

U^nf'T' U nf'T" U,fT"
—  + —

X
= - pc

U^fT'

P  X
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The second derivatives on the right hand side of Equation

(2.20) are evaluated as

3y

ol/2
2  '' to

X

ol/2

X

ol/2
2  to

X

2to'

X

and as

3y2
3  —3— —4

(4T T - 3T )
Z  00 00

9y

= 4f3 |t: r2^
" 9y i. X

= 4T T
00 2

*• X

Thus the completely expanded energy equation is

-pCy

U,fT" - 2
1  2to

X
X

„ f" +
3k

4 T^ T' (2.23)

Arguments from Prandtl and others [1] may once again be used

to simplify things at this point. Prandtl argued that the

same mechanism which controlled momentum transfer in

turbulent flows also controlled the transfer of heat. Thus,

the turbulent conductivity, tt , defined by the relationship

IT = Cp A can also be related to the mixing length I through
q

the eddy viscosity, e. Here, A is a constant dependent upon
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the level of turbulence in the flow. The eddy viscosity

can be considered similar to the kinematic viscosity v. The

analogy to the laminar case then can be seen through the

expression

A

e =
P

where corresponds to y. Division of Equation (2.23) by

pCp and substitution for it gives

U,fT' „ 2
1  _ 2co
X  2

X

,  16A^a
pCp SKpCp (2.24)

Examination of the first term on the right reveals that

introduction of another dimensionless parameter called the

turbulent Prandtl number, and defined by the expression

A

\ = A^ '
q

will assist in simplifying the differential equation. Recall

also from the discussion on eddy viscosity that

1 _ e
P ~

The constant for the first term on the right can then be

written as
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A

P
= A,

e

A,

Turning attention to the second term on the right and using

the relationships developed above, it is easily seen that

16X^0
3KpC„

16X^0
3<A^Cp 'or

,  2 A 1 c ̂ 2^16X 0£ ^ _ e_ , 16X 0
SicA^Cp * Ag 3ktt

Incorporation of these simplifications into Equation (2.24)

yields

Uj^fT'

X

2u)^
x2 ^t

T-
3 KIT 00

The value for e has already been shown to be czxU , and
rriaX

the constant u) to be (729 U,/U ) 1/2 reduction of the
1  max

momentum equation. If it is assumed, as Prandtl suggests,

that mechanisms in turbulent momentum and heat transfer are

the same, then these constants will have the same values in

the energy equation. Therefore,

Uj^fT"
X

X

u.

729
U
max

f  >

[xU
max

729P.
U

+ 1^^ ^ T^ T"
Iktt oo
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which reduces to

- fT' =

t t

ip 1 ̂ ̂ o (p3 fp
3K;7r 0°

2

Finally, examination of the term, , indicates that

just as in the laminar case, a turbulent conduction-to-

radiation parameter N may be defined based on the

conductivity parameter, ir, as follows:

N =
<TT

2 —3
4X OT-

0̂0

Substitution for this parameter in the energy equation

results in the final form

1 +
3N

= - fT" (2.25)

This equation can be nondimensionalized in the same manner

"P (n) - Ts
as Equation (2.14) by specifying that 0 = ^ =— .

CO ®

The resulting expression is seen to be

1 + 3ij| - T^) = fe'(T„ - T^) ,

where a slight rearrangement of terms gives

^  3N
P f

0" + 0' = 0 . (2.26)



31

The above equation is identical to that derived for

conditions of laminar flow in the free jet boundary with the

exception that the mean temperature distribution T is

included and that the turbulent conduction-to-radiation

parameter N makes use of the turbulent conductivity it rather

than the conventional coefficient K. The boundary conditions

for this situation, however, remain identical to those for

the laminar case. Therefore, solution of either Equation

(2.16) or Equation (2.26) will provide representative

temperature profiles for the curved free jet boundary.



CHAPTER III

ANALYSIS OF THE SIMILARITY SOLUTION

A. Solution of the Momentum Equation

It was noted in Chapter II that Equations (2.11) and

(2.19) are identical with the exception of the constant which

contains the local curvature, Rq. In either case, this

constant provides the relative influence of local curvature

on the similarity velocity profile without regard as to

whether the flow is laminar or turbulent in nature. Thus,

if a curvature parameter, R, is defined such that for laminar

flow

1/2R
R =

qV

U,

and for turbulent flow

R =
A72

0) ,

the singular expression for the fourth order ordinary

differential equation to be solved becomes

2f^ + f'f + ff'"" + i?(f2 + 2nf"f'') = 0 .

This equation can be rewritten as

2  f (ff"') + R ̂  (nf^)
dn dn dri = 0 ,

32
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which when integrated once yields

2t'" + ff + . (3.1)

Examination of the boundary conditions at n = - °° indicates

that the value of the integration constant, should be

zero since at this point both t" and f'' are zero. The

resulting restriction on f'"' at this point is obvious:

(-00) = o=> = 0

The final form of the equation to be dealt with for the

velocity profile solution is

' + ff + RT]f'^ = 0 . (3.2)

This equation is nonlinear and does not readily yield to

analytical solution. Furthermore, not enough boundary

conditions are specified to determine all the constants of

integration even if one were fortunate enough to arrive at

an analytical form for f(ri).

In spite of the difficulties involved in the solution

of this type of equation, extremely good results have been

obtained through use of numerical techniques. Consider, for

example, the case where ̂  = 0 in Equation (3.2) above. The

resulting form of the equation can be recognized as the

celebrated Blasius equation for flow over a flat plate.
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Numerous references to numerical solution of this equation

may be found in the literature addressing viscous flows.

The difference between the Blasius solution and the one

sought in this study, however, can be found in specification

of the boundary conditions. The present problem must be

attacked in two parts, one which utilizes the constraints

placed on the function in the interval, (0, - , and the

other which examines the behavior of the function in the

interval, (0, + «>) .

Employment of any numerical scheme to arrive at a

solution to the equation will require complete specification

of boundary conditions at both the starting and ending points

of the interval. In the current situation, the third order

equation requires constraints for f, f and f^^. Atn = -°°f

the requirement that f^ = 0 due to its asymptotic approach

automatically requires that f" = 0, and provides justifi

cation to state that, at most, f must approach some constant

value. On the other hand, at n = 0, f and f^ are specified

as 0 and 1 respectively but no requirements are given for

f^'. It is mundane to the solution of the problem, however,

that f"(0) must be given a specific value if the conditions

at - 00 are to be met. Thus, one would have to approach this

part of the problem solution with an "educated guess" at the

value of f'^{0) and see if the conditions at ri = ~ can be

met.
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Correct determination of the value of f"(0) for the

interval, (0, - «>) , provides a bit more ease in finding the

solution on (0, + «>) since all needed parameters at the

starting point of the second solution interval will have

already been furnished. The major consideration on this

interval is the point at which the influence of the

curvature parameter becomes dominant in the solution. This

point is specified by the outer boundary condition for the

mixing zone as

f
= -R .

Beyond this point, the matching of the boundary layer

profile with the freestream velocity is governed primarily

by curvature. Hence, analytical solution of the outer

boundary condition with constants of integration specified

at the point where the condition first becomes valid will

yield a solution curve for the remainder of the solution

interval.

The analytical solution to the boundary condition may

be outlined as follows. First of all, rearrangement of the

expression gives

f + Rf = 0 .

This differential equation can be recognized as having

general solutions of two differing forms depending on the
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value of R. For instance, if i? = 0 (designated Case I),

the equation becomes

f = 0 ,

and the general solution takes the form

f = n + 32 • (3.3)

The curve of interest, f'(ri), which is that of the velocity

profile, can be generated simply by taking the derivative

with respect to n to get

f^ = B;L •

This last expression shows that for i? = 0, the value of

f^(ri) is constant for all n once the outer boundary condition

is satisfied, and that the integration constants, 3^^ and B2*

can be determined by knowing the value of f^(ri) for which

the slope (f'') of the velocity profile is zero.

Case II for this equation occurs when |i?|>0. The

general solution, then, can be found by using the method of

undetermined coefficients. First condider that the expression

for the boundary condition can be rewritten as

f) = - R .

Integration gives

£n f = - Rr] + ,
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where ̂  is a constant of integration. Simplification

gives

f = A-""

or

f  . (3.5)

Further, the general solution to the linear Equation (3.5)

above can be expressed as the sum of the solution, fj^, to

the homogeneous equation, f^ = 0, and the complementary

solution f . The method of undetermined coefficients allows
P

the assumption that, for the differential equation of form

L(f) = (t>(n) = 6°''^ P^(n) ,

the complementary solution f^ has the form

f  = (A + A , + . . . + A, n + A»)
p  n n-1 1 0

In the equations above, Pj^(n) is an nth degree polynomial

with coefficients Aq, ... ^s shown. The form of <})(n) in

the case under consideration is

-i?n
(J)(ri) =

such that the explicit form of f becomes
P

fp = .



38

This form of f^ is compatible with the general form if one

considers the constant 3^^ to be a polynomial of degree zero.

The homogeneous solution can be written as

fh(n) = 32 .

Thus, the complete solution for Case II is f = 3^^ e + 32 /

and, as before, the constants, 3^^ and 32' determined at

the point where the outer boundary condition becomes valid.

B. Solution of the Energy Equation

Equations (2.16) and (2.26) provide similar forms of

the differential equation to be solved for the temperature

distribution over the solution interval in question. The

differences in these two equations, as explained at the

conclusion of Chapter II, are seen only in the manner in

which they describe the mechanical processes taking place in

the flow field. Their mathematical solution is identical in

that for cases where Pr = and the values of N for the

laminar equation (Eq. 2.16) and the turbulent equation

(Eq. 2.26) are the same, solution of either will produce the

same curve. For this reason, the notation of Equation (2.16)

will be used in the following discussion with recognition

of the fact that what is presented applies equally to

Equation (2.26) .



39

The form of the energy equation,

0"' + ̂  fe' = 0 ,

is much less complex than that of the momentum equation.

The linearity also makes the possibilities for determining

an analytic form of solution for 6 more reasonable. The

difficulty, however, arises in the fact that this equation

is coupled to the momentum equation through f which has been

determined to have no easily definable analytic form except

in the region of the outer boundary of the mixing zone.

Consequently, any analytic form obtained for 0 would still be

incomplete with respect to f. Once again, numerical solution

appears to be the best approach. The only restriction

involved here is that the value of f at all points of

interest in the solution domain must be available before

the solution can be specified.

The decision to seek a numerical solution for this

equation gives rise to at least two other obstacles which

must be overcome before success is attained. The first is

that the boundary conditions for 0 and are specified at

- 0° and + 00, points which have not, as yet, been defined

from a numerical analysis standpoint. The second is that,

unlike the momentum equation, no constraints have been

specified for 0 or 0' at n = 0. Thus it seems that there
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is no starting point for generating the solution curve.

This statement is not entirely true, however, since

knowledge of the behavior of the solution function at its

extremes (+ <» and - o°) , and knowledge concerning the

physical processes evident in the flow field does allow some

intelligent analysis of the situation. The temperature

distribution across the mixing zone, for example, must

allow a smooth transition in the direction of - <» such that

an asymptotic approach to the stagnation temperature, T , is
s

attained. In other words, the absence of an adiabatic wall

condition at - «> restricts the temperature difference,

T(ri) ~ T , and thus, the flux, 0', at - «> to asymptotically

approach zero. Likewise, the freestream temperature, T^,

is also asymptotically approached in the direction of + «>,

which requires that at + o®, T(ri) -T is a maximum and 0^
s

is again zero.

The character of the function at n = 0, though still

not specified explicitly, must be such that none of the

conditions above are violated. These restrictions in effect

define a "window" in which a "set" of conditions may be

specified for 0 and 0' at n = 0 that allow the boundary

conditions to be met. To illustrate, a chosen value for 0

between 0 and 1 will possess a companion value of 0' which

will satisfy the equation and its boundary conditions. The

choice of 0 may be considered somewhat arbitrary depending
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upon the problem parameters, but once 0 is specified a

unique value of 6' must be associated with it in order to

effect a solution. The difficulty, as with f"(0) in the

momentum equation, lies in the correct choice of 6'(0).

A method of eliminating much of the guesswork from this

selection process has been developed by Nachtsheim and

Swigert [13], and will be outlined in the next section.

C. Satisfaction of Asymptotic Boundary Conditions

The nature of the restrictions imposed on both the

momentum and energy equations by the boundary conditions

involved (i.e., f and 0 0 as n indicates an

asymptotic approach to a limiting value of zero for these

functions. The method of Nachtsheim and Swigert provides a

means for predicting the amount of error in an initial guess

for the starting values used in numerical solution of

differential equations which include asymptotic boundary

conditions. Knowledge of the magnitude of this error then

allows adjustment or correction of the initial guess to a

degree commensurate with the limits of accuracy desired for

the problem.

Application of this technique can be more clearly

expressed, for purposes of discussion, by defining an

arbitrary function h(n) which is at least twice differentiable

on the interval, (0, o®) , with the conditions that
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G(h,h^) = (})(n) ,

and

h(T,) = 0 .n-»-oo

If the limiting condition is replaced with the condition

that h = 0 at some specific value of n where the edge of the

boundary layer interface occurs, then it can be related

through the following:

h<"' = h^dge = 0 at n = Hgjgg .

Since the ability to meet the condition is contingent on the

value given to h' at zero, the boundary condition for h may

be written as

hedge'h'tO) = " •

The value of h'CO), if defined by the variable, x, indicates

that a small change of Ax in x will change the value of

hedge amount

9h
sa2£ Ax .
3x

Thus the correction to an approximation of the boundary

condition for a given guess at the initial condition, h'(0),

can be given by
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3h ,

h  , + —1^2® Ax = 0 . (3.6)
edge 9x ^ '

One can determine the magnitude of Ax required to

produce the resulting perturbation in the value of

provided the partial derivative of h(ri) with respect to x

can be evaluated at The evaluation can be performed

by forming a perturbation equation, G (h,h'), from G(h,h')

by taking the derivative of G with respect to x and noting

that

9h , , 9h' , .

This action provides a set of equations which may be solved

for the value of Ax needed to correct the initial guess

provided for x, or h'(0). The starting conditions for

G  (h,h') at ri = 0 can be obtained from the conditions for

GChjh") as follows:

for G(h, h') ; h(0) = 1

h'(0) = X (initial guess) ,

and

for G^(h,h^) ; h^(0) =

91
" ̂

= 0
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9h'(0)
 9 X

-

~ 9x

= 1 .

These two equations can now be numerically integrated to the

value of where the original boundary condition applies.

The one remaining problem, of course, is that at this point

in the solution sequence, the value of n^^^gg is not known.

Help can be gotten to resolve this dilemma, however, by

examining the behavior of the solution curve as n approaches

«>. First of all, the asymptotic approach to zero by h

indicates that as n grows, the slope, h', of the function

must also approach some limiting value. In this case, since

the asymptote for h is the n axis, then the slope of the

axis, which is zero, must be the limiting value for h^.

Hence Hg^gg can be considered to be the point at which

''•"edge' = ° '

and

h'Oedge' = » "

Then the magnitude of Ax chosen must be appropriate to

sufficiently correct The result is that will

allow the following two relations to be satisfied

simultaneously:
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h j + h , o «^Ax = 0 (3.7a)edge x(edge)

j  , o — 0 (3.7b)edge x(edge)

The relations in Equation (3.7) can never be absolutely

satisfied due to the mathematical limitations involved in

actually reaching <». They can be satisfied, however, to

some desired degree of accuracy such that

and

hj +h , j ,Ax=S,edge x(edge) 1

^ edge ̂  ̂ x(edge)^^ ^2 '

where and S2 are values arbitrarily close to zero. A

least squares solution for Ax can be obtained for the above
2  2

equations which will make the sum + S2 as small as

required. This can be accomplished by differentiating

2  2Sf + S2 with respect to Ax and equating the result to zero.

To illustrate;

^1 ^2 ^^edge ^x(edge)^^^ ^^edge ^x(edge)^^^^
9  2 2

8Ax ^^1 ^2^ ^^^edge ^x (edge) (edge)

^^^edge ^x (edge) ̂̂ ^ ̂ x (edge)

2

^^^edge ^x(edge) \(edge)^^ ^edge ^x(edge)

+h'^ , ^Ax] =0
x(edge)
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2  ̂ 2

^^xCedge) ^ ̂ x(edge)^^^ ^edge '^x(edge)

~ h h
edge x(edge)

^x(edge) ^edge ^x(edge) s)
h^/ ^ \ + , >x(edge) x(edge)

The relative degree of accuracy provided for the correction

to the initial guess by Ax can be seen through examination

of the deviations of h and h' from their asymptotic values

at hg^gg. The error, E, can be expressed as the sum of the

squares of h^^jgg and such that

E = h^, + h'^ . (3.9)
edge edge

Cases which involve asymptotes with values other than zero

are also easily treated. For example, if the asymptotes

for h and h"' were 1 and 0 respectively, the error could be

written as

E = (1 - h , )^ + h'^
edge edge

Attention can now be returned to application of the

scheme described above to facilitate solution of the

momentum and energy equations. The form of the momentum

equation given in Equation (3.2) will be dealt with first.

The perturbation equation is formed by taking the derivative

with respect to x with the result that:
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^ [2f"^ + ff + i?nf'^] = 0
9x

yields

' + f f + ff"" + 2ifnf^f' = 0.. (3.10)
X X X X

The boundary conditions for Equation (3.2) restated for the

interval, (0,-'»), are:

f(0) = 0, f(0) = 1, f^''(0) = X (initial guess) (3.11a)

and

= 0, f"(n) = 0 . (3.11b)

The starting conditions for the perturbation equation can

now be derived from these as

'x'"' = ̂  = 0' qi»' = ° -

= 1 . (3.12)

Reference to Equations (3.7) and (3.8) show that for the

solution curve, f, with slope, f'^, the correction. Ax, to

the starting condition f^^(O) is

- f'f -

Ax = ^ ^— . (3.13)
f./ ̂
X  X

The error can be expressed as

E = f'^ + . (3.14)
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Now all the information necessary for a numerical solution

to the momentum equation is assembled at this point. The

only remaining task is that of conditioning the data and

differential equation for insertion into the solution

program. For solution in most algorithms. Equations (3.2)

and (3.10) must be reduced to systems of simultaneous first

order equations. This can be done through the substitution

method by letting f^ = p, and p' = w, respectively for

Equation (3.2) to derive the following system:

p  = f (3.15a)

w = p' (3.15b)

w^ = - ■j(fw + i?np^) . (3.15c)

A similar substitution for Equation (3.10) gives

Px = f; (3.16a)

Wx = p; (3.16b)

Wx = - • (3.16c)

The energy equation can be handled with the same ease

as the momentum equation. The perturbation equation formed

from Equation (2.16) is seen to be

Q'' + ^ e" = 0 . (3.17)
X  2 X

The initial conditions for the perturbation equation as

derived from the initial conditions of Equation (2.16) are
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based on an assigned "set" of parameters at n = 0 for

application to a solution on the interval, (0, - <») . If

the value given for 0(0) is some number, a, the corresponding

condition for e'(0) can be expressed as 0'(O) = x (initial

guess). The starting conditions for the perturbation

equation, then, are

0  (0)
X X

(3.18)

Reduction of Equations (2.16) and (3.17) to first order

systems is accomplished as above by letting 6=0 . The

resulting two systems are

6  = 0^

6' = -

fprf'
2

4

3N

<S ,

(3.19a)

(3.19b)

and

6  = 0"
X

6' = -

fprf'
2

1
X

(3.20a)

(3.20b)

Equations (3.19) and (3.20), with their respective starting

conditions, have now also been reduced to a form amenable to

numerical solution once they have been conditioned for

introduction into a suitable solution algorithm.
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A number of solution algorithms for use with

differential equations of the types mentioned above are in

existence, some more suitable than others depending upon

requirements for accuracy. They all must be modified

somewhat, however, in order to fit the specific problem

parameters outlined in this thesis. The particular

algorithm selected, and the results obtained, will be

discussed in the following paragraphs.

D. Results of the Solution Algorithm

The Runge-Kutta algorithm was chosen to solve the

differential equations in question primarily because it is a

stable algorithm and because the error inherent in numerical

approximations using this scheme is generally well controlled.

The specific form of the algorithm is one which utilizes Gill

coefficients. Use of these coefficients in the algorithm

allow somewhat better error control in moving from point to

point across the solution interval. The algorithm has been

incorporated into a computer program which is designed to

compute the solution values for both the momentum and

energy equations out to a point designated as where

the corrections to the initial guesses for f^^(O) and 6^(0)

are computed. The deviations of f and 9 from the asymptotic

values are checked at n , and if the error is larger than
edge

a prescribed value, the magnitude of h^^gg is increased. The

new values for Hg^^gg and the corrected initial guesses for
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and 0^ are then used to re-solve the equations until the

boundary conditions and error limits are met.

The integration is first performed in the negative n

direction. Once this portion of the solution curve is

completed, the corrected set of conditions at n = 0 is used

to generate the solution curve in the positive n direction.

Thus, the program automatically re-sets itself to integrate

in the positive n direction until the conditions for +

are met. It should be recognized that the values for

in -, do not necessarily coincide for both the momentum and
'edge ■'

energy equations. This simply indicates that the velocity

and thermal boundary layer thicknesses may differ. Solution

of the energy equation, of course, requires that a value for

the dimensionless stream function, f, be defined at every

point where values of 0 and 0" are needed. No problem

exists so long as the velocity boundary layer is thicker

than the thermal layer, but some need for caution arises if

the thermal boundary layer is thicker. The reason is that

the value of n j is considered to be «> for the purposesedge

of numerical calculations. The theoretical meaning of this

statement is that the function in question is assumed to

have reached its limiting value and cannot be defined beyond

n  . Hence, it would seem that no values for the streamedge

function are available to use in solution of the energy

equation beyond the value of hg^^gg for the velocity boundary
layer. The fact is, however, that if one considers <» to have
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been reached, then the function value as well as those of its

derivatives can be considered equal to the values of their

respective asymptotes. Following this line of thought

would dictate that the value of f at n j be used in the
edge

solution of the energy equation for any points beyond the

edge of the velocity boundary layer.

The above reasoning is valid so long as the direction

of integration is on the interval, (0, - «>) , where the

velocity profile must satisfy an asymptotic boundary

condition. In the interval, (0, + <») , the absence of an

asymptotic boundary condition (except for the case i? = 0) is

compensated for through use of the analytic solution to the

condition t"/f = - R. The analytic expression for the

stream function obtained from this differential equation may

be used to determine the value of f as far in the + n

direction as desired. This reasoning has been incorporated

into the solution program so that its use may be generalized

to any set of relationships which might exist between the

velocity and thermal layers of the flow field under study.

Numerical results have been obtained for both velocity

and temperature profiles in the curved free jet boundary

based on the parameters listed in Table 1 below. The graph

in Figure 2 shows the representative velocity profiles

obtained for the five values of the curvature parameter, R,

listed in Table 1. These curves show excellent agreement

with the results reported in reference 5. They have been
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TABLE 1

PARAMETERS FOR NUMERICAL SOLUTION OF THE

MOMENTUM AND ENERGY EQUATIONS

Curvature Parameter, Conduction-To-Radiation Prandtl Number,
H  Parameter, N Pr

0.0 0.5 1.0

-3

-2

1.0 X lo"^ 1.0
1.0 X 10

4.0 X 10"^
1.0 X 10~1

Boundary Conditions for Momentum Equation

lim 0^-0° n = 0 Large Positive n

f = 0.0 f = 1.0 (Initial f _ _
Guess) f

f" = 0.0 f = 1.0

f  =0.0

Boundary Conditions for Energy Equation (N = ")

0  = 0.0 6 = 0.586 8 = 1.0

0' = 0.0 0' = -1.0 (Initial 0' = 0.0
Guess)
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plotted here to a value of n = 16.0 to fully illustrate the

effects of curvature on the outer portion of the velocity

profile. The error bound utilized in the program to

determine when boundary conditions were adequately met was

set at 1.0 X 10 for both the momentum and energy equations.

The results in Table 2 provide solution values for

boundary conditions on both equations. In all cases, the

interval, (0, - <») , for the velocity profile terminates at

n = - 8.500, while the value of n where the boundary

condition f'/t' = - i? is met decreases with increasing

value of curvature parameter, R. The situation is somewhat

different for the temperature profile, however. Limited

examination of the data indicates that the extent of the

thermal boundary layer grows in both the + n and - n

directions with increasing curvature, but a detailed analysis

will reveal the existence of more subtle trends. First of

all, for the case where the conduction-to-radiation

parameter, N = ", the corresponding condition for the flow

field, as seen from Equation (2.16), is no contribution to

the thermal boundary layer from radiative heat transfer.

The chosen value, 6(0) = 0.586, for the feasible set

provides termination of the outer portion of the thermal

boundary layer at n = 4.1. Extreme curvature (i? = 1 x 10 ̂ )

required an increase in the value of 0(0) to 0.587 in order

for a satisfactory solution to be obtained. This suggests



T
A
B
L
E
 
2

C
O
M
P
A
R
I
S
O
N
 
O
F
 
V
E
L
O
C
I
T
Y
 
A
N
D
 
T
H
E
R
M
A
L
 
B
O
U
N
D
A
R
Y
 
L
A
Y
E
R
S

V
e
l
o
c
i
t
y
 
P
r
o
f
i
l
e

*"
'6

(3
90

 
^e

dg
e

+
n
B
.
C
.

^B
.C

.
f
"
(
0
)

T
e
m
p
e
r
a
t
u
r
e
 
P
r
o
f
i
l
e

'
e
d
g
e

e
d
g
e

+
n
e
d
g
e

e
d
g
e

e
 (
0
)

0
'
(
O
)

N
 
=

a
o

T
h
e
r
m
a
l
 
R
a
d
i
a
t
i
o
n
 
E
f
f
e
c
t
s
 
A
b
s
e
n
t
 
(
C
o
n
d
u
c
t
i
o
n
 
P
r
e
d
o
m
i
n
a
n
t
)

0
.
0
 
,

-
8
 .
5
0
0

0
.
8
1
3
9
6
E
-
4

6
.
0
5
0

-
0
.
1
7
0
4
9
E
+
1

0
.
4
4
4
7
7
E
+
0

-
 
8
.
6
0
0

0
.
4
9
9
9
0
E
-
5

4
.
1
0
0

0
.
9
9
8
6
8
E
+
0

0
.
5
8
6

0
.
2
6
0
8
0
E
+
0

l
.
O
'
l
O
 ,

-
8
 .
5
0
0

0
.
8
1
5
6
5
E
-
4

4
.
9
3
7

0
.
1
6
9
9
3
E
 +
 1

0
.
4
4
4
9
9

E
 +
 0

-
 
8
.
6
0
0

0
.
5
0
1
0
0
E
-
5

4
.
1
0
0

0
.
9
9
8
6
3
E
+
0

0
.
5
8
6

0
.
2
6
0
7
7
E
+
0

1
.
0
x
1
0
 ,

-
8
 .
5
0
0

0
.
8
3
0
8
6

E
-
4

4
.
1
0
0

0
.
1
6
6
4
9

E
 +
 1

0
.
4
4
6
9
7
E
+
0

-
 
8
.
6
0
0

0
.
5
1
0
9
4
E
-
5

4
.
1
0
0

0
.
9
9
8
2
3
E
 +
 0

0
.
 5
8
6

0
.
2
6
0
5
1
E
+
0

4.
0x

10
",

-
8
 .
5
0
0

0
.
8
8
1
2
6
E
-
4

3
.
 5
8
3

0
.
1
5
8
6
9
E
+
1

0
.
4
5
3
4
5
E
+
0

-
 
8
.
6
0
0

0
.
5
4
4
6
5
E
-
5

4
.
4
0
0

0
.
9
9
7
5
1

E
+
0

0
.
5
8
6

0
.
2
5
9
6
8
E
+
0

1
.
0
x
1
0

-
8
 .
5
0
0

0
.
3
8
8
5
8
E
-
4

3
.
2
8
2

0
.
1
4
7
2
9
E
 +
 1

0
.
4
6
5
9
0
E
+
0

-
 
8
.
5
0
0

0
.
7
0
8
2
1

E
-
5

4
.
8
0
0

0
.
9
9
7
0
0
E
+
0

0
.
5
8
7

0
.
2
5
8
4
1
E
+
0

N
 
=̂

 1
.
0

R
a
d
i
a
t
i
o
n

a
n
d
C
o
n
d
u
c
t
i
o
n
 
E
f
f
e
c
t
s
 
A
p
p
r
o
x
i
m
a
t
e
l
y
 
E
q
u
a
l

0
.
0
 
,

-
3
 .
5
0
0

0
.
8
1
3
9
6
E
-
4

6
.
0
5
0

0
.
1
7
0
4
9
E
+
1

0
.
4
4
4
7
7
E
+
0

-
1
4
.
4
0
0

-
0
.
2
6
6
0
5
E
-
3

6
.
0
0
0

0
.
9
9
7
4
5
E
+
0

0
.
6
3
1

0
.
1
5
6
5
7
E
+
0

1.
Ox

io
",

-
3
 .
5
0
0

0
.
8
1
5
6
5
E
-
4

4
.
9
3
7

0
.
1
6
9
9
3
E
+
1

0
.
4
4
4
9
9
E
+
0

-
1
4
.
4
0
0

-
0
.
2
6
6
2
6

E
-
3

6
.
0
0
0

0
.
9
9
7
5
7
E
+
0

0
.
6
3
1

0
.
1
5
6
5
5
E
+
0

1
.
0
x
1
0
 ,

-
3
 .
5
0
0

0
.
8
3
0
8
6
E
-
4

4
.
1
0
0

0
.
1
6
6
4
9
E
+
1

0
.
4
4
6
9
7

E
+
0

-
1
4
.
5
0
0

-
0
.
2
6
6
0
5
E
-
3

6
.
1
0
0

0
.
9
9
8
5
6
E
+
0

0
.
6
3
1

0
.
1
5
6
2
7
E
+
0

4.
0x

lo
"f

-
3
.
5
0
0

0
.
8
8
1
2
6
E
-
4

3
.
5
8
3

0
.
1
5
8
6
9
E
+
1

0
.
4
5
3
4
5
E
+
0

-
1
4
.
5
0
0

-
0
.
2
6
6
5
3
E
-
3

6
.
5
0
0

0
.
1
0
0
1
4
E
 +
 1

0
.
6
3
1

0
.
1
5
5
6
0
E
+
0

1
.
0
x
1
0

-
3
 .
5
0
0

0
.
3
8
8
5
8
E
-
4

3
.
2
8
2

0
.
1
4
7
2
9
E
+
1

0
.
4
6
5
9
0
E
+
0

-
1
4
.
7
0
0

-
0
.
2
6
3
3
3
E
-
3

7
 .
0
0
0

0
.
1
0
0
1
3
E
+
1

0
.
6
2
9

0
.
1
5
3
6
6
E
+
0

N
 
=

■
0
.
5

T
h
e
r
m
a
l

R
a
d
i
a
t
i
o
n
 
E
f
f
e
c
t
s
 
P
r
e
d
o
m
i
n
a
n
t
*
*

0
.
0
 
,

-
8
 .
5
0
0

0
.
8
1
3
9
6

E
-
4

6
.
0
5
0

0
.
1
7
0
4
7
E
+
1

0
.
4
4
4
7
7
E
+
0

-
2
0
.
2
0
0

-
0
.
2
6
6
5
9
E
-
3

7
.
9
0
0

0
.
9
9
6
9
7
E
+
0

0
.
6
6
1

0
.
1
1
6
1
0
E
+
0

1
.
O
x
i
o
"

-
8
 .
5
0
0

0
.
8
1
5
6
5
E
-
4

4
.
9
3
7

0
.
1
6
9
9
3
E
+
1

0
.
4
4
4
9
9
E
+
0

-
2
0
.
2
0
0

-
0
.
2
6
6
7
8
E
-
3

7
.
4
0
0

0
.
9
9
8
0
6
E
 +
 0

0
.
6
6
1

0
.
1
1
6
0
8
E
 +
 0

-
2
0
.
2
0
0

-
0
.
2
6
6
3
7
E
-
3

7
.
9
0
0

0
.
9
9
7
3
8
E
+
0

0
.
6
6
0

0
.
1
1
5
9
0
E
 +
 0

1
.
O
x
i
o
"
^

-
8
 .
5
0
0

0
.
8
3
0
8
6
E
-
4

4
.
1
0
0

0
.
1
6
6
4
9
E
+
1

0
.
4
4
6
9
7
E
+
0

-
2
0
.
3
0
0

-
0
.
2
6
3
1
4
E
-
3

7
.
7
0
0

0
.
1
0
0
1
1
E
+
1

0
.
6
6
0

0
.
1
1
5
6
8
E
+
0

-
2
0
.
2
0
0

-
0
.
2
6
5
8
3
E
-
3

1
4
.
8
0
0

0
.
9
9
6
8
3
E
 +
 0

0
.
6
5
5

0
.
1
1
4
7
7

E
 +
 0

4
.
0
y
l
0
"
2

-
8
 .
5
0
0

0
.
8
8
1
2
6

E
-
4

3
.
5
8
3

0
.
4
5
3
4
5
E
 +
 1

0
.
4
5
3
4
5
E
+
0

-
2
0
.
3
0
0

-
0
.
2
6
6
3
7
E
-
3

8
.
6
0
0

0
.
1
0
0
1
2
E
+
1

0
.
6
5
5

0
.
1
1
4
1
2
E
+
0

-
2
0
.
3
0
0

-
0
.
2
6
4
3
8
E
-
3

1
0
.
8
0
0

0
.
9
9
7
0
4

E
 +
 0

0
.
6
5
0

0
.
1
1
3
2
9
E
 +
 0

l.
Ox

lo
"^

-
8
 .
5
0
0

0
.
3
8
8
5
8
E
-
4

3
.
2
8
2

0
.
1
4
7
2
9
E
+
1

0
.
4
6
5
9
0
E
 +
 0

-
2
0
.
5
0
0

-
0
.
2
6
4
8
0
E
-
3

9
.
5
0
0

0
.
1
0
0
0
7
E
 +
 1

0
.
6
4
9

0
.
1
1
1
8
6
E
+
0

^
L
o
c
a
t
i
o
n
 
a
t
 
w
h
i
c
h
 
o
u
t
e
r
 
b
o
u
n
d
a
r
y
 
c
o
n
d
i
t
i
o
n
 
f
"
/
f
"
 =
 
-
R
 
b
e
c
o
m
e
s
 
v
a
l
i
d
.

*
*
A
d
d
i
t
i
o
n
a
l
 
v
a
l
u
e
s
 
f
o
r
 
t
e
m
p
e
r
a
t
u
r
e
 
p
r
o
f
i
l
e
 
p
r
o
v
i
d
e
d
 
t
o
 
s
h
o
w
 
o
v
e
r
l
a
p
 
c
o
n
d
i
t
i
o
n
s
.

L
n

<
T
\



57

that severe curvature causes a rise in temperature along the

major streamline of the curved flow field. The data for

this value of N also shows a definite increase in the

thickness of the boundary layer with increasing curvature.

When conduction and radiation effects in the boundary

layer are almost equal (N = 1), the trend of increasing

boundary layer thickness with increasing curvature is again

evident. Significantly, however, the extent of the boundary

layer in the direction of -n is nearly 1.7 times that in the

case for N = <». The case of extreme curvature produced an

opposite effect in that the value of 0(0) had to be lowered

from 0.631 to 0.629 to satisfy the requirements of the

energy equation. This contradiction to the case for absent

thermal radiation appears to indicate that severe curvature

reduces the temperature along the major streamline when

conduction and radiation contribute equally to the growth

of the thermal boundary layer. This trend is supported

through inspection of the values of as R increases.

-2
Note that as i? increases from 0.0 to 4.0 x 10 , the value of

0  , increases from 0.99745 to 1.0014. It was found that
edge

using the value, 0(0) = 0.631, for E = 1.0 x lo ^ produced an

asymptotic value for larger than 1.0014 and outside

the error limits established for the computations. Thus,

the reduction in 0(0) is indicated for two reasons. First,

the theoretical limiting value of 1 for the temperature
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profile is violated, and second, the established accuracy

limits cannot be met with the present value of 0(0). The

value of 6(0) in the feasible set, then, must be adjusted in

a direction where the boundary condition for +ri can be

satisfied within accepted limits of accuracy.

A thermal boundary layer in which thermal radiation

is predominant can be represented in the case where N is

less than 1. Table 2 shows results for N = 0.5. Several

sets of calculations were required to establish the trend

illustrated for this case. This was due primarily to the

fact that changes in curvature appeared to have a

significantly greater effect on the extent of the boundary

layer for this value of N. Thus, an overlapping technique

was employed by determining the value of two

slightly different values of 0(0) with each value of the

curvature parameter between 0.0 and 1.0 x 10 The

resulting effect was that a value of 0(0) producing a

solution for in the low range of the error bound with

a given curvature parameter provided a solution for

0 j in the high range of the error bound for the next
edge ^ ^

lower curvature parameter. This technique is permissible

because the error, E, between the computed asymptotic value

of 0edge true value of 1 can be expressed as a
function of the absolute value of some deviation, ±A0, on

either side of 1. The implication, of course, is that given
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the range, ±A0, in which the solution requirements are

satisfied, a corresponding range, A0(O), can be established

for the feasible set which will provide these solutions.

Increases in curvature for N = 0.5 show an opposite

effect on the boundary layer growth than do the cases for

N = oo and N = 1. Although the extent of the thermal layer

in the -ri direction is approximately 2.3 times that for the

case of conduction only, the extent of the boundary is

actually decreasing in the +ri direction. This decrease in

the extent of the thermal layer is also accompanied by a

decrease in the allowable temperature along the major

streamline. The decrease in temperature along the major

streamline agrees with the general trend established for

equal effects of conduction and radiation, but the resultant

effect of curvature appears to be much more pronounced. It

might be well at this point to remark, by reference again to

Figure 2 on page 54, that for approaches to severe curvature,

the value of f begins to fall off sharply once the curvature

constraint for the boundary condition is satisfied. This

indicates, of course, that the velocity in the flow field

begins to decrease for values of n beyond the point where

the curvature boundary condition is met. One might infer,

then, that some connection exists between the significant

velocity change and the significant change in thermal

boundary layer thickness for severe curvature.
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Shown in Figure 3 is a graphic comparison of temperature

profiles for all three values of N reported in the tabulated

data. The plots in the figure, based on detailed numerical

results obtained for each curvature value, indicate that the

shape of the profiles is essentially unchanged with the

exception of extension or reduction of the boundary layer

thickness.

More insight into the nature of heat transfer in the

curved flow field can be gained through an examination of

how the heat flux, q, is affected by curvature. In general

terms, the heat flux is defined through the expression

9T

^  9y •

For the case where both conduction and radiation are evident

in the boundary layer, the heat flux can be expressed

through the relation

q = '

where represents the flux due to conduction and q^ is the

flux due to radiative interactions. In terms of fully

expanded definitions.

„ 3T 4X^0 3t''
'S = - 9? - -3F- 3p-
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The point of interest for examining changes in heat

flux is centered around the major streamline. This is

primarily due to the fact that it is this reference which

has been utilized as the starting point of the solution.

Under most circumstances, when a boundary condition involving

an adiabatic wall constraint is involved in determinations

of boundary layer thickness, the flux at the wall is

important. In this case, since there is no wall involved,

the flux at the major streamline will provide some degree

of understanding of the mechanisms of heat transfer across

the boundary layer. The rate of heat transfer at the major

streamline, defined as q^, then can be specified as

q  = - K
^m

9T

3y
y = 0

4X g

3k

9T

Jy = 0

This can further be expressed as follows if the temperature

linearizing approximation is again employed:

■^m
K +

2  3IGA'^aTi
3k

9T
9y y = 0

The dimensionless transformation used in Chapter II can

also be employed to arrive at a dimensionless expression for

the heat flux. Recall that in terms of transformed

variables,
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II = T'

and

N =
kK

2  3 *
CO

Thus

qn, = - K(U^/vx)
1/2

1 +
3N 8ri) n = 0 '

and again using the dimensionless 6,

qm = ~ K(U^/vx)
1/2

1 +
3N

0'(0)(T^ - Tg) .

Simplification yields

K(T - T )
s  00

VX

U.

1/2
= + ^  3N e'(o)

2 , 2
where multiplication of the left side by x /x reduces the

equation to

<  r . a/2 r , ̂
eao) .

q,T,x
m V

1/2

[l + —1
K(T - T )

S  oo'
U,x

'■ 1 .  3N_

qrr^XmThe quantity tttts is defined as the Nusselt number,
KUs - -l-oo'

1/2
is the reciprocal of the square root ofNu, while lUlx

the Reynolds number, Re, so that

Nu

/Ri"
^  3N e'(0) .

The above equation illustrates that the heat flux

across the major streamline can be expressed as the ratio of
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two dimensionless numbers as shown. The value of 9^(0) can

be taken directly from Table 2 on page 56 and the quantity

can be determined for the values of N given. The

plots in Figure 4 show changes in the ratio of Nusselt

number to square root of the Reynolds number for variations

in the curvature parameter with values of N = 0°, 1, and 0.5.

Results from the graph indicate that curvature affects the

heat flux across the major streamline very little. In fact,

the curve for N = °° is nearly flat, and the curves for N = 1

and 0.5 also show a very nearly linear relationship except

— —1
in the region of curvature range between 10 and 10

Departure from linearity is most noticeable in this region

for the N = 0.5 curve where the value of the heat flux is

observed to decrease with the approach to severe curvature

limits.
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CHAPTER IV

CONCLUSIONS AND RECOMMENDATIONS

The results of this study provide a great deal of

information which can be utilized to formulate certain

conclusions relative to the role of thermal radiation in

heat transfer across the curved free jet boundary. The

sake of consistency, however, dictates that a brief recount

of the parameters constraining the research is in order

before the discussion continues.

The problem examined was that of ascertaining the

effects of variations in curvature on the temperature

profile and on heat transfer characteristics in the mixing

region surrounding the boundaries of free jet-type flows.

Particular interest was directed at how these effects

changed based on differing degrees of heat transfer due to

thermal radiation. Solution of the boundary layer equations

used in the problem analysis was effected through employment

of a similarity transformation which produced ordinary

differential forms of the momentum and energy equations.

Solution of the energy equation was simplified first of all,

by use of the Rosseland approximation for optically thick

thermal radiation, and secondly by application of a

linearization technique in order to remove the nonlinear

dependence upon temperature. The momentum and energy

66
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equations were numerically solved by using a perturbation

method designed to provide corrections to initial guesses

for the slope of the velocity and temperature profile curves

respectively. Results have been presented for three values

of the conduction-to-radiation parameter to include N = <»,

1.0, and 0.5, with values of the curvature parameter R

ranging from 0.0 to 1.0 x 10

Study of the temperature profiles and supporting data

brings out the following conclusions:

1. The general tendency of the thermal boundary layer

is to thicken with increasing contributions from

thermal radiation.

2. When heat transfer by conduction is predominant,

the depth of the thermal boundary layer increases,

primarily in the direction of the freestream, with

an accompanying rise in temperature along the major

streamline, as curvature increases to severe limits.

3. When heat transfer by thermal radiation is

predominant, the depth of the thermal boundary

layer decreases, primarily in the direction of the

freestream, with an accompanying reduction in

temperature along the major streamline, as curvature

increases to severe limits.

4. With the major streamline as a reference point in

the flow, the temperature gradient at this point is
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found to decrease as radiation effects become more

predominant, while the heat flux across the

streamline increases. At the same time, increase

in the curvature of the flow field for any given

magnitude of radiative participation produces a

reduction in both the temperature gradient and the

heat flux at the major streamline.

The results concerning the effects of radiation on the

thermal boundary layer growth are in agreement with work

done by Viskanta and Grosh, and are in conformance with the

generally accepted theories set forth in the literature.

The results concerning the effects of curvature can be

explained in part through some discussion of the nature of

the transport processes evident in the flow. In the case

where conduction is predominant, for example, the velocity

profile decreases more sharply in the direction of the

freestream as more severe curvature constraints are placed

on the system. The indication is that the fluid begins to

move more slowly as the point of curvature domination in the

flow is passed. The slower moving fluid will have an adverse

effect on the convective transfers which are occurring in

the direction of the stagnation region with the result that

the heat transfer rate across the major streamline is

decreased, thus increasing the boundary layer depth. If the

curvature constraints on the system become severe enough.
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reverse flow conditions can become evident, causing

formation of a cavity by wall attachment of the jet

somewhere in the stagnation region. When this takes place,

enhanced mixing of the two fluid layers can occur. Such a

phenomenon would, in effect, raise the stagnation temperature

observed from the vantage point of the major streamline.

This action may be responsible for the noted rise in

temperature at the major streamline for the case of pure

conduction.

Predominant radiation presents an opposite effect

from that discussed above for predominant conduction. This

is partly due to the highly nonlinear dependence upon

temperature of the heat flux across the major streamline.

The dependence, of course, is felt through influence of the

reciprocal relationship between the conduction-to-radiation

parameter, N, and the temperature gradient, 6^, in the

expression for the total heat flux. Inherent in the

optically thick approximation also is an underestimation of

the radiant flux at the boundary [9, 12], so that part of

the explanation for the variations in 0(0) for the case of

predominant radiation might lie in the error introduced in

this manner. The subsequent reductions of temperature

gradient and heat flux across the major streamline can once

again be explained through the influence of curvature on

convective transfers. The reduction of fluid velocity from
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the point of curvature domination in the flow field reduces

the capability for fluid particles to interact with one

another. The restrictions placed on the radiant heat flux

through the optically thick approximation would require that

decreases in mobility of the fluid particles lessen the

extent to which absorption and emission of thermal

radiation by individual particles could take place. The

result would be a decrease in the extent of the thermal

boundary layer. The limits of severe curvature and reverse

flow might not be sufficient to cancel this trend due to

the fact that any enhanced mixing of the fluid streams might

occur beyond the boundary in the flow field where the stagna

tion temperature, T , is reached. The underestimation of flux
s

at this boundary could possibly reduce any trend reversing

effects of enhanced mixing to negligible levels.

Future research should concentrate on obtaining more

exact expressions for the contributions due to thermal

radiation. The restriction to optically thick radiation is

somewhat of an oversimplification if precise approximations

for heat transfer across the thermal boundary layer are

required. It is adequate, however, to establish general

ideas about the behavior of the energy transport processes

at work in the curved jet boundary. Additional refinements

can be realized also through consideration of the nonlinear

dependence of the energy balance on the temperature. The
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temperature linearization technique utilized in this study

allows a first order approximation to be made, but it has

been illustrated through the results that strong dependence

on nonlinear characteristics of the temperature function is

evident. Therefore, it would be of interest to investigate

the effect of including a nonlinear expression for the

temperature gradient in the energy equation in order to

compare the results with those presented here.
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The following program was used to generate solution

data discussed in the thesis.

trLIClT A-Ii,0-Z) , IIlTEGEiK I-iJ)
DINEiJGIOl! Yo(20) ,Y(20) ,Q( 2u) , STIU 5)
DliiEliSIOi! ETA{600) ,PAIi;i (600) ,Prau2(60G) ,pr>i;o(Coo)
Dir.EESIOII CiiECK(600) ,BIli(20) ,B1 (600 ) , B2( 600) ,
163(600)
DIMEIISIOIJ THETAI(GOO) ,Tli6TA2(600)
DIIlEnSIGlJ ETOREUCOO) ,STOi;E2(600) ,AXI3(600)
DIIIEESIOM P0I;:T( 20) ,01(20) ,G2( 20) ,03(20) , VI (20),
1V2(20),V3(20)
coioio:! h,CR,pi:

c

C IliTEGRATIOIl OF iiOIlEtiTUIi EQUATIGIi IJITli CURVATUiiE "R".
C

V.'RITE (16,102)
102 FGRKAT ('"^'« IIITEORATED RE3ULT3 FOR iiGIiEIlTU:;

DG 501 ?:=2,2
zi:=E
i-;=o.ODo
PR=1.ODO
CRrlO.ODO
DG 500 1=3,3

E!lAX=0.1U-4
DZIiAX=0.1D+01
111 = 10

112=3
113=1
'./ = 1 .ODO

3TR(1)=0.0D0
3TR(2)=0.0D0
STR(3)=0.0D0
i;DnF=i
DX=0.05D0
iiDxv;=i
IiF = l!D;iF
Z=1 .ODO
I3Fi:=10

1  XS=0.0D0
YS(1)=0.0D0
YS(2)=1.ODO
Y3 3)=Z
Y3(A)=0.0D0
YS(5)=0.ODO
Y3(6)=1.ODO
YS(7)=0.630D0
YS(o)=-Z
Y3(9)=0.0D0
YS(10)=1.ODO
i.iIiJ(1)=0.0D0
Di:i(2)=0 .ODO
jn!l(3)=0.0D0

200 liRlTE (16,201) X3, Y3( 1) , Y3( 2) , Y3( 3) , iE( ) , iE( 5) ,
1  Y3(6)

201 FORiiAT (F7.3,6D1G .8)
31 I5R=0

II1F = 1

76
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=Y

4,

STEP=-UX
3  CALL HilKTGLdn , Ii2 ,id ,VI, BIti, STR, I3K,XL, SiCP,DX
1  NDXVI,YS,XFC,Y,Q)

IF(ISF\I-5) 45,^5,300
300 ETA(ILF)=XFC

PHIil1(INF)=Y(i;
Phin2(iiiF
PIiIM3(IIiF

45 IFdUF-fiF,
4  IiiF=I!lF+1

Ioli=I31!+1

5  DL(-Y?2)'JY(5)-Y(3)"Y(6))/(Y(5)'""d+Y(6)--2)
L=Y(2)-"-2+Y(3r"-"-2
Z=Z+DZ
IF(DAB3(BZ/Z) .GT.DZiiAX) GO TO 1
IF(L-EllAX) 13,

14 lIF = i!F+ilDIIF
GO TO 1

13 lF(ISFy-5) 401 ,401,402
401 I3FV;=I3FV:+10

Z=Z-DZ
GO TO 1

402 GllITE (16^03) E
203 FORiiAT (311 E=,D16.G) ,
500 COUTIIIUE
501 COiiTIiiUE

TEiiP1=Piilil1
PLiill (1 ) = i3
TEiiP3 = PiilIi2(
PRIil2(1)=Yr'
TEi;P5 = PliIM3(
PRIi:3(1 )=YS'
TEIIP7=ETA(1)
ETA(1)=XG
DO 510 IA=1,IiiF

ID=IA+1
TEIiP2 = PriII11 (IB)
praill (I!3)=TEI1P1
TE;iP1 = TEliP2
TEi;p4=pi;ii;2(iB)
PRI!;2(IB)=TE:iP3
TEliP3 = TE;;P4
TEiiPG=Pi';i:i3(in)
Pliili3(IB)=TE;iP5
TEwP5 = TEiiP6
TEiiP8 = ETA( IB)
ETA(IB)=TE;iP7
TEMP7 = TEiiP8

510 COilTIilUE
IiiF = II.'F+1
DO 700 I=1,I-'E,2 , ^ ^

VlillTE ( 16 ,205) ETA(I) .PHIIil (I) ,PIdII2(I) ,Pi;iii:.(I)
205 FOHEAT (F7 .3,3D16.o)
700 COiJTIiiUE
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v;hite (16,210)
210 FOKiiAT (/, 10X, ' OF KTA PLUS-*""',/)

VmiTE (16,201) XS,Y6(1),Y3(2),YS(3),7S(^),Y0('3),
1YS(6)
3T0i:E2( i)=y:;( 1)
A}:i3( 1 )=XS
J_ n

L=I_ijF+1
XDai/ = 1
IoH=0
oTEP=DX

Y3(3)=-YG(3)
705 CALL LLKTGLd.'l ,i;2 ,MS ,1-', BIX, SIR, ISIi,XG, 3TLP, DX,

1IJDX\;,Y3,XFC, Y,Q)
lta(L)=:^fc
PFiIl]1(L)=Y(1)
p:;iii2(L)=Y(2)
PRIil3(L)=Y(3)
B1(L)=Q(1)
B2(L =Q 2)
US(LJ =Q(S 5
AXIG(J)=XrC
GT0I:E2(J)=Y( 1)
c!!t;cK(L)=pni:n( L)+PdpniM2( L)
IF(DAB3(CIIECX(L)) .LE.EnAX) GO TO 710
IF L.EQ.600) GO TO 1380
IF(CnECK(L).LT.O.ODO) GO TO 038
GO TO 7o6

088 LLC=L-1
XG=ETA(LDC)
YG(i)=pr;ii;i(LDc:
Y3 2) = Pi;ii;2(LBC
Y3(S)=PRIL3(LBC;
BIIJ(1)=B1(LBC)
DIM 2)=B2(LBC
BIIU3)=B3(LBC)
DX=0 .5D0--DX
3TEP=DX
\;=-1 .ODO

1311=0
LBR-1

889 CALL HMKTGL(M1 , M2 , M3 ,V.', BIB, 3TH, IGli, XS, GTEP, DX,
1MDXU,Y3,XFC,Y,Q)
POIMT(LBi;)=XFC
01
02 (
03 (
VI I
V2(
V3(
BC=V3(LBR)+D"V2(LBH)
IF(DAD3(i:C) .LE.EIIAX) GO TO 712
IF(BC.LT.O.ODO) GO TO 855
GO TO 057

355 iF(LLi:.EO. 1 ) 00 TO 38o

LLK
LLIi

LBR
LB!
LBR

LBl
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LBR=LBI!-1
DX=0.!3D0«DX
STEP=DX
Xo=l'Cir;T(Li:i;)
YS( 1 )=vi (lb:;)
YS(2)=V2(Lbi:)
YS(3)=V3(Li;rO
BIIK 1)=Gl(Lr.R)
iiIIJ(2)=G2( LBK)
DIM(3)=G3(LLrO .
LiSR=Li3R+l
ISii = 0
GO TO 889

857 ISR=ISH+1
LBR=LBR+1
GO TO 889

706 ISR=IGR+1
L=L+1
J = J+1
GO TO 705

710 LBR=1
VI(LBR)=PRlin (L)
V2(LBi:)=PRl[i2(L)
V3(LLR)=pr;i;i5(L)
P0I1JT(LBR)=ETA(L)

712 DX=0.05D0
STEPrDX
IF(R) 810.800,810

800 Bt;TA1=V2(LBR)
BETA2 = Vl(LBi;)-BETA1-"-P0I!iT(LBR)
IE(DABG(CilECK(L)) .LE.EEAX) GO TO 860
GO TO 820

810 BET A1 = V2 ( LB li) - DEX P (R POIU T (LB R))
BETA2 = V1 (LBR)-BETA1«DEXP(-R-"-P0II!T'
IF(DABS(GHECK(L)) .LE.EIIAX) GO TO G60

820 IF(R) 8A0,830,840
830 PRlilUL =BETA1«ETA(L)+BETA2

PRIIi2(L)=BETA1
PRIM3(L)=0.0D0
BT0KE2( J)=PRII11(L)
GO TO 850 , ,

840 PRiill (L)=BETA2+BETA1-"-DEXP(-R';;ETA(L))
PRII12(L) =BETA1 »DEXP(-R-"ETA( L))
PRIII3(L)=-R-"'PRIM2(L)
3T0RE2(J)=PRI111(L)

850 IF(ETA(L)~16.GD0) 860,870,870
360 LA5T=L

L=L+1
J=J+1
ETA(L)=ETA(LAST)+3TEP
AXIS(J)=ETA(L)
GO TO 820

870 J = J+1
DO 315 I=J,300

JB=I-1
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AXIS(I)=AXIS(JB)+STEP
IF(li) 819,817,819 , ,

817 ST01;E2(I) =BETA2+DETA 1 AaIS( I)
GO TO 815 , ,

81 9 8T0nE2( I) =BETA2-i-DETA1 «DEXP( -R'-'AXISC I))
815 COB'iTBUE

219
UaITE(l6,219) POIHT(LBi;) ,V2(LBi;) ^ .
POPiiAK/,' BDY. COED. liET:ETA= • ,F8 .'1,3X,'F PBlHEr

5.8)
,t=i!;f+i

715 I=IIIIT,L,2
;TE ( 16,206) ETA(I),PRIM1(I),PRIi;2(I),PRIi;3(I)
:liAT(1X,F7.^t,3D16.o)

1 ,D15.8)
i;;it=i!;f+i
DO 715 I=IIIIT,L,?
WRITE

206 FORl
715 COIITIIIUE

UR1TE( 16,207) ,,
207 FOHIIATC/ , 10X, ' »«"'«-TEiIPEHATUi:E PROFILE-'^-'-"-^'' ,/)

DO 890 1=1.300
IF(I.GE.IliF) GO TO 891
3T01iEl(l)=Pr!lK1(I)
GO TO 890

891 BT0RE1(I)=PRIi'i1(lIiF)
890 COirflliUE

Il!FT=Il]F/2
DO 901 1=2,2
DO 900 i:=3,3

ill = 10

ii2=3
83=7
W=1.ODO
DX=0.1D0
oTEP=-DX
ijd;if=i
iiDXW=1
nF=IKFT
Z=-1.ODO
ISFW=10

902 YS(C)=Z
X3=0.0D0
BIIi(1)=0.0D0
BII](2 =O.ODO
BIi;(3)=0.0D0 _ , ^ ,

903 ivlilTEdb ,90^1) XS,Y3(7) ,YB(E) ,Y3(9) ,Yo( 10)
90li FORi;AT(F7.3,'iDl6.o)
93^1 I3ri=0

IT=1
JUiIP=0

933 L1 = IT+JL';jP
L2 = IT-)-( jui;p+i)
L3 = IT+( JUi.P+2)
3TK( 1 )=3T0i;E1 (LI)
oTli(2)=STGiiE1(L2)
3TlH3)=8T0riE1 (L3)
J=IT
CALL iiliXTGL( ii 1 ,112 , LI,W, Blii, LTIi, ISR,X3, STEP, DX,

1  WDXW,Y3,XFC,Y,Q)
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IF(ISF'.,'-5) 945,9'ii3,950
950 ETA(IT)=XFC

TnETA1(IT)=Y(7)
THETA2(lT)=Y(fe)

9^15 IF(IT-I.'F) 999,1000,1000
999 1T=IT+1

XoIi+1
JU;ll'=JuiiF+1
00 TO 933

1000 i 7) 1!"" 2^^ '"3^(10)) / (Y (9) '•■•-•2+Y(10)
Z=Z+DZ
IF(DABS(DZ/Z) .GT.DZllAX) GO TO 902
IF(E-EMAX) 9^13,9^4,9T4

91(11 i1F=riF+IJDI]F
GO TO 902

9113 IF(I3F(;'-5) 921,921 ,922
921 ISF1';=ISFU+10

Z=Z-DZ
GO TO 902

922 Oi!ITE(l6,905) E
905 F0m;AT(3Il E=,U16.G)
900 COIITINUE
901 coirniJUE

DO 1200 1=1 ,IT
V.'lilTE( 16 ,906 ) ETA(I),TiiETA 1(1),TiIETA2(I)

906 FOiGiAT( 1X,F7o,2Dl6 .8)
1200 COilTIiJUE

W;:iTE( 16 ,210)
132=0
DX=2 .0D0-^( AXIS(2)-AXIS( 1))
STEP=DX
YS(8)=-YG(8)
IT=IT+1
IP=IT
Junp=o
IQ=1

1300 L1 = IQ+JU;iP
L2=IQ+( JUilP+1}
L3 = IQ+( JU;iP+2)
STH( 1)=ST0r.E2(L1)
STIi{2 =GT01;E2 L2)
3T:i(3)=oT0r:E2(L3)
GALL ]:iiKTGL( i:i , !J2 , LB , X, Bill, 3Tii, IZ'il, X3, 3TEP, DX

1LDXL",YS,XFC,Y,Q)
ETA(IT)=aFC
TliETAI IT)=Y(7)
TnETA2(IT)=Y(G)
DIFF=1.0D0-THETA1(IT)
E=D1FF•:;-«2+TllETA2 (IT) ■-•■-•2
if(e.le.e;;ax) go to 13C6
IF(TiiETA 1 (IT) .GE. 1 .QUO) GO TO 1350
IFdT.GE.BQO) GO TO 13o5
IT=IT+1
I3ii=I3r!+1
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ju:iP=JUMP+i
IQ=IQ+1
GO TO 1300

1350 DO 1370 I=IP.IT
WlllTE( 10.1360) ETA(I), THETA1 (I) ,TI1ETA2(I)

1360 FORiIAT(Fb.4,2Dl6.0)
1370 C on'IT DUE

GO TO 1350
13C0 or;iTE(iu,inoo}
UOO F0i!EAT( ' VELOCITY iulTlilX FULL FOR ETA FLUE ')

GO TO 1390
1385 UniTE(16,U10)
1^10 FOIiiiATC ' TEl.PEPATUriE liATKIX FULL FOR ETA PLUS ')

GO TO 1350
1386 '.■iliITE( 16 ,1 A12) ETA (IT)
1412 FORMATC/,' ASYMPTOTE REACHED AT ' .FG.Il,/)

GO TO 1350
1390 STOP

END
SUBROUTIIiE RHHTGLdn ,112 ,H3 DID, STR, ISR, XS, STEP,DX

1 ,iiDXlJ,YS,XFC,Y.Q)
i:iPLICIT REAL"o( A-Ii,0-Z) ,IUTEGER(I-;j)
DIMEMSIOi; YS(20) ,F(20) ,1(20) ,Q(20)
DlMEHSIOH LIiI(20)
DIMEHSIOH STR(5)
COliMOii R,Cri,PR
A1=0.5D0
A2=0.1D+01-DSQRT(0.5D0)
A3=0.1D-i-01+DSQRT(0.5D0)
A4=0.1D+01/0.6D+01
C0UIjT=-1 ,0D0
IF(113.EQ.7) COUMT=1 .0DO
IF i;) 3,6,6

6 IF(ISR) 1 ,1 ,60
1 x=xs

DO 2 i=i;3,in
Y(I)=YS(I)
Q(I)=0.0

2 COIITIHUE
M=II1
GO TO 60

3 IF(ISR) 50,90,60
50 X=XG

DO 4 i=i;3,ii2Y(I)=YS(I)^
q(I)=DI!I(l)

4 COIITIHUE
i!=IJ2

60 IDX=1
5 PSI=STR(1)

CALL FIILISTC X, Y, COURT, PSI,F)
DO 10 i=i;3,:i

Di:i=DX-"-F(l)
Y (I) = Y (I) +A1 (DK1 -0 . 2D+01 '-Hi (I))
Q( I) = 0 (I) +0 . 3D+01 A1 ■"• ( DX1 - 0 . 2D+01 '"Q (I)) - A1 •- DX1
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10 COHTINUE
X=X+0.5D0"STEP
PSI=0TR(2)
CALL EIILI3T( X, Y, COUIIT, PSI, F)
DO 20

DK2=DX^F(I)
Y(I)=Y(I)+A2-:''(Di:2-Q(I))
Q( I) =Q( I) +0 .3D+01 »A2«( DK2-y(1)) -A2-"-D:C2

20 COIITII.'UE
CALL F:ILIGT( X, Y , COUL'T, PCI, F)
DO 30 I=;;3,M

DK3=L>X"F(i)
:(I)=Y(IUA3'-KCK3-Q(I))
Kl)=Q(l)+0.3". 3D+01 '0-13 (Di:3-Q( I)) -A3 •-•DK3

30 coirniiuE
X=X+0.5DO"STEP
PSI=5TR(3)
CALL FilLISTCX, Y, COUNT, PSI,F)
DO KO I=D3,i;

DXA=DX^:-F(I)
Y(I) = Y(I +AA (DKi{-0 .2D+01 (I))
Q( I) =0( I) +0 . 3D+01 (DXn-O .2D+01 "Q( I)) -AA -DLn

40 COL'TIL'UE
IFCIDX-UDXU) 41,42,42

41 IDX=IDX+1
GO TO 3

42 XFC=X
HETUiii!
END
SUDIiOUTINE FiJLI3T( X, Y, COUNT, PSI, F)
IIIPLICIT REALif8(A-II,0-Z) ,INTLGLn(I-lO
DillEIISION Y(20),F(26)
coiiiioN :i,cj:,PR
IF(count) 10,10,20

10 F(1)=Y(2
F(2)=Y(3)
F 3) =-0 . 5D0-"-Y (1) «Y ( 3) -0 . BDO'XP- R"'Y (2)»Y (2)
F(4)=Y(5)
F(5 =Y(6)
F (0; = -0 .3 D 0 Y (4)« Y ( 3) -0 .3 D 0 Y (6)« Y (1) - X K •" i (2) Y ( 3)
GO TO 30

20 A=1 .0D0+(4.0D0/(3.0D0-"-CN))
D=(Pli-"-PSI)/2.0D0
F(7)=Y(U)
F 8 =-(B/A)^^Y(0)
F(S)=Y( 10)
F( 10)=-(D/A)^:y(10)

30 NETUaN
ELD
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