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ABSTRACT

This investigation was conducted to determine the effects
of curvature on the thermal boundary layer in curved jet-type
flow fields. Particular interest was directed to examining
these effects in the presence of thermal radiation. The
investigation was initiated by first determining a set of
transformation variables for the boundary layer equations
which would allow their reduction to ordinary differential
form. Solution of these equations based on assumptions of
local similarity in the flow field provided the mechanism
through which the effects of curvature could be studied.

The chief applications involved in solution of the
problem included the principles and theory of fluid
mechanics and heat transfer as related to incompressible,
viscous flows where properties such as viscosity and thermal
conductivity were assumed invariant. Techniques of numerical
analysis utilized to generate the solution sets for various
values of the curvature parameter, X, employed the Runge-Kutta
algorithm with Gill Coefficients. This algorithm was employed
in a program designed to generate solutions based on automatic
corrections to initial guesses for starting values given to
the slopes of the velocity and temperature profiles. Solution
of the momentum equation first provided values for the

dimensionless stream function which were needed in

iv



solution of the energy equation. Additionally, analysis of
the asymptotic boundary conditions at both extremes of the
thermal boundary layer provided the information needed to
define a "feasible set" of starting values to be used in
conjunction with the stream function to arrive at the

required solution for the temperature profile.

The results obtained from the research indicate that the

major effect of curvature on the mixing zone in the free jet

boundary is alteration of the thermal boundary layer thickness

with increasing value of the curvature parameter. This effect

was seen to exist both in the presence of, and in the absence

of thermal radiation. Calculations were performed for

differing values of the conduction-to-radiation parameter, N,

which defines the relative degree of radiative versus

conductive contribution to the thermal boundary layer. For

values of N greater than 1, which coincides with the

lessening influence of radiative transfer, the thermal

boundary layer was found to grow with increases in the

curvature parameter. On the other hand, however, the

dominant influence of radiative transfer represented by
values of N less than 1 showed a decrease in the thickness
of the thermal boundary layer for increasing curvature.

Coincident with the change in boundary layer thickness for

this situation, a decrease in the value of the temperature

along the major streamline accompanied the increase in
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curvature. These two phenomena, as related to optically

thick radiation, can be explained through the fact that
optically thick radiation restricts thermal transfers among
molecules in the fluid to neighbors in close proximity of

one another. Others had established before this study that
the velocity profile within the outer confines of the boundary
layer changed significantly with curvature. The resultant
effect on the motion of the molecules in the flow field in
this region would obviously have an effect on the capability
for radiative transfers within the flow.

The linearizing technique which was utilized for the
first order approximation to the solution of the energy
equation provides, at best, some insight into the general
behavior of the temperature profile within the thermal
boundary layer. The roughness of this approximation is due
primarily to the assumption of very small temperature
differences across the mixing zone. The accuracy of the
results is also affected by the error inherent in adoption
of the optically thick approximation for radiative heat flux
across the thermal boundary layer. Future studies should
concentrate on development of techniques which allow more
precise analyses to be conducted. A good point of departure
would be one where the nonlinear form of the energy equation
is used to more adequately predict the temperature profile

in the boundary layer. More exact expressions for the



radiative heat flux may also be employed in an effort to

gain a better perspective into the problem of completely

specifying thermal behavior.
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CHAPTER I

INTRODUCTION

Much effort has been expended in the analysis of
problems associated with an understanding of the phenomena
occuring in so called free flows. The literature contains
many references to investigations by various researchers.
Schlichting [1], for example, discusses a number of studies
involving the free flows defined as jets and wakes. White
[2] also provides some insight into other investigations
which have been carried out. Particular interest in this
thesis is directed toward the jet boundary, which occurs
when two adjacent streams move in the same general direction
with different velocities. The velocity discontinuity
causes a mixing region to develop along the common boundary
of the two streams with the result that movement downstream
in the flow will show an increase in the width of the mixing
zone. According to Schlichting [l1], the first solution to
this particular problem was given by Tollmein in 1945.
Tollmein's solution involved application of Prandtl's mixing
length hypothesis to the problem of momentum transfer in the
mixing zone. In the same work, Schlichting also reported
very good agreement between a theoretical solution for
velocity profiles provided by Goertler, and experimental

work performed by Reichardt.




More recently, attention has been given to reattaching

flows where a pressure differential across the flow profile
causes the stream to curve and attach itself to an adjacent
wall. This phenomenon, known as the "Coanda" effect) finds
many useful applications in the field of fluidics. Sawyer
[3] provides a very interesting analysis of the momentum
transfer processes evident in the entrainment of stagnant
fluid in a cavity formed by reattachment of a curved two
dimensional jet to an adjacent wall. He further expanded
this analysis [4] to include variations in curvature of the
jet and its effects on fluid entrainment by the moving stream.
The results of his analysis indicated that curvature had a
significant effect on the rate of fluid entrainment but that
the velocity distributions in the jet were not necessarily
similarly affected. These experiments, though based on
dimensional consideration of a simple flow model for the two
dimensional turbulent jet, give some insight into the
importance of entrainment in the momentum transfer which
takes place in jet boundary-type flows. The theoretical
study reported by Williams, Cheng and Kim [5] examined the
effects of curvature on the velocity profiles of both the
laminar and turbulent flow regimes as associated with the
free jet boundary. This study differed from the modeling
and experimental study done by Sawyer in that a similarity

solution to the boundary layer equations of motion was




developed to describe the velocity profiles in the flow.
Their results regarding curvature show agreement with the
proposition put forth by Murphy [6] concerning the fact that
the velocity profile is most affected near the outer edge of
the boundary layer (or mixing zone in this case).

The above discussion has established the relative
significance of fluid entrainment in the analysis of momentum
transfer in free flows. Additionally, the great utility of
the Prandtl mixing length hypothesis, especially in the
analysis of turbulent free flows, has been widely acknowledged
in the literature cited thus far. The question concerning
the role of entrainment in heat transfer occurring in free
flows, however, must also be examined if the analysis is to
be complete. A thorough understanding of the mechanisms of
heat transfer is especially important in situations where
temperature distributions play a role in the efficiency of
an operating system. Cénsider, for instance, the case where
a gas at very high temperature is expelled through a nozzle
into a cavity where the ambient temperature is at some
different value. Insight into how these temperature
differences might affect the resulting flow field would
prove to be very useful. If the temperature of the moving
fluid is sufficiently high, thermal radiation will be evident
in addition to the normal convective transfers expected.

A number of studies have been conducted involving the

heat transfer mechanisms in jets and wakes. Schlichting [1]




reports on temperature measurements made by Fage and
Falkner in 1932 in the wake behind a row of heated bars where
they deduced that the temperature profile in such a flow
field is wider than the velocity profile. He also provides
information on a number of investigations performed by others
such as Corrsin and Uberoi, and Hinze and Van der Hegge
Zignen. These studies examined temperature distributions in
heated circular turbulent jeté. One of the more remarkable
contributions to the study of heat transfer in free flows,
however, was made by Reichardt [7]. He was able to provide
an empirical relation, through experimental and theoretical
analysis, which linked velocity and temperature distributions
through a power law relationship. These works have all
contributed to the body of knowledge but are incomplete for
application to the situation involving curvature and thermal
radiation in a free jet-type flow.

Some further basis for understanding the problem at
hand can be gained through examination of contributions to
the generalized boundary layer theory made by other
researchers. Kestin and Richardson [8] presented a detailed
analysis of the theory associated with heat transfer across
turbulent boundary layers and, though they primarily treated
conditions of forcéd convection, their fundamental
explanations on the nature of thermal boundary layer

formation and on the attendant effects of changes in fluid




properties provide an excellent point of departure for the

study of more complex situations. The work contributed by
Viskanta and Grosh [9] examines the effects of thermal
radiation on the temperature profiles across the boundary
layer of an absorbing and emitting medium by using the
Rosseland approximation to the radiation flux vector in the
energy equation. They found that use of this approximation
is valid when the boundary layer under consideration is
optically thick with respect to incident radiation. Others
[10, 11] have also examined the effects of thermal radiation
in the boundary layer, specifically in high temperature gas
flows.

This brief survey of the available literature, both
theoretical and experimental, lends itself to a greater
appreciation for the fundamental aspects of analysis
required in the solution of boundary problems associated
with free flows. A void appears to exist, nonetheless, with
respect to complete definition of the relatiénships which
may exist among fluid entrainment, momentum transfer, and
heat transfer when radiation effects are evident in curved
flow fields. The work by Williams, Cheng, and Kim, already
cited, relates the aspects of entrainment and momentum
transfer in a curved free jet boundéry, but the connection
is not drawn between these two processes and the temperature

distributions present. It is expected that since the rate




of entrainment is significantly affected by curvature
[3, 41, the heat transfer mechanisms evident in the jet
boundary flow will also be similarly affected. The
literature surveyed has not indicated a great deal of
effort devoted to the study of heat transfer in curved flow
fields since 1974. It is the purpose of this thesis to
fill the void mentioned above and to provide a measure of
continuity to the work which has already been done.
Chapter II will develop the theoretical framework
necessary to effectively treat this problem based on
assumptions of similarity in the flow field in the free
jet boundary. An analysis of the solution and supporting
data in Chapter III will be followed by a discussion of

conclusions and recommendations in Chapter 1IV.



CHAPTER Ii

THEORETICAL DEVELOPMENT

A. Equations of the Boundary Layer

Most investigations involving the analysis of flows in
a boundary layer region make use of the so-called boundary
layer equations. Due to the nature of formation of the free
jet boundary, these equations may be employed here. The
equations as generally expressed when two dimensional,
incompressible flow with constant properties (viscosity,

density, and thermal conductivity) is assumed are [2]:

au oV _

ax + _ay = 0 (2.1)
and

3u 3u 3u 1 ap 3%

T + u ﬁ- + v W = - B -57(. + gXB(T = TO) + v a—y-7 . (2.2)

These two equations, known as the continuity and momentum,
or Navier Stokes equations, must be augmented by the energy
equation when information concerning the temperature
distributions in the boundary layer is required. The energy

equation, in general form [12], can be written as

2

3T 3T 3T) _ . 3°T

PCp 3¢ + PCp U 3+ V 3y ‘K_az
Y

-7
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In this expression, the quantity ar refers to heat flux due
to thermal radiation, and the pressure term on the right is
associated with buoyant forces evident in situations
involving free convection.

It would be advantageous at this point to digress
momentarily in an effort to establish the fundamental
considerations and assumptions which must be used in applying
these equations to solution of the flow field in the free jet
boundary. First of all, since the flow field to be investi-
gated possesses a curved geometry, some ease of manipulation
may be gained through use of curvilinear coordinates.
Additionally, the case where thermal radiation and high
temperatures are present provides another simplification in
that buoyant forces normally associated with free convection
are negligible. These high temperatures also allow some
reasonable assumptions concerning the neglect of dissipation
effects, primarily due to the fact that these effects are
small when compared to other transfer mechanisms in the flow.
Finally, the analysis may be further simplified through the
assumption that the flow velocity is constant with respect
to time. This last statement could not, of course, be
considered as absolute, since in the case of a fully
turbulent flow, small fluctuations in the flow velocity will
always exist at any given instant in time. Further discussion
of how these fluctuations may be treated will be provided

later in section C of this chapter.




In the case of radiating media, the degree to which the
medium in question is capable of absorbing radiation has a
definite effect on the extent of radiation transfer within
the medium. This capability for radiation transport is
known as the optical thickness of the medium. In an
optically thick medium, for example, radiation emitted from
individual molecules affects only molecules in close
proximity. The parameter of optical thickness, according to
Sparrow and Cess [12], is defined as the ratio of the photon
mean free path to some characteristic length in the radiating
medium. Findings [9] indicate that if consideration is
confined to an optically thick medium, the so-called
Rosseland approximation to the radiation heat flux q, may be

employed. This approximation is given by the expression

where k is the absorptivity of the medium, o is the Stefan
Boltzman constant and A is the wavelength of the emitted
radiation.

‘A re-examination of Equations (2.1) - (2.3) with
application of the above considerations and assumptions
allows a number of simplifications to be made. In Equation
(2.2) the time derivative may be ignored as a result of
steady flow, and the buoyancy term gxB(T - TO), may be

ignored as a negligible effect to yield the result




10

ou ju _ _ 1 3P 3 u
-é—}z'*‘v = +\)——'2. (2.4)

" dy p 93X

Likewise, the time derivative and buoyancy terms may be

deleted in Equation (2.3) along with the dissipation term,

2
U[%%] . The optically thick assumption also permits
substitution for the radiative heat flux, §r, so that the
energy equation becomes
2 2 4
T 9T | _ 9°T ) _ 4)70 3T
pcp[u'ﬁ“’w =K ’5;[ TS —"ayJ'
where the product V - ar has been expressed in terms of its

y scalar component. Then the energy equation takes as its

final form

pC

3T 57) _ . 82T . 4r%¢ 3°T
u + =
32

P 'a—x V—a—§ + . (2.5)
One additional relationship connecting curvature and

pressure gradients normal to a curved surface in a flow has

been introduced and used in the analysis of curved flow

fields by a number of reserachers [2, 5, 6]. This expression,
rRu? = L 22 (2.6)
p dy

relates the pressure gradient normal to the direction of

flow to the flow velocity, u, and the curvature, R, in cases
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where the curvature is moderate. This equation, along with
Equations (2.1), (2.4), and (2.5), form the complete set
of equations required to specify the solution to the problems
of momentum and heat transfer in the free jet boundary.

Briefly restated they are:

Ju v _
1 =Ty -0 (2.1)
|
‘ u ju 1 3P 52y
| Ue—+ V o= = - = 2= + y —= (2.4)
‘ 9 oy p ox ay2
|
|
2 2 2_4
| 3T 3T 3°T | 4)2°0 3°T
pcP u X + v 5 ] = K > + 3% 5 (2.5)
Yy 9y
2 1l 3P
R = — = . 2.6
u > 3y ( )

A physical interpretation of the flow field and the
boundary conditions which apply can be visualized by
reference to Figure 1. As shown, the moving fluid which has
already established a fully developed flow profile possesses

a freestream velocity Um and a bulk fluid temperature T

ax
before it reaches the region of stagnant fluid which has
velocity u = 0 and a bulk fluid temperature Tg. A short
distance beyond the point of issue which may be denoted as
Xgr entrainment of the stagnant fluid causes alteration of

velocity and temperature profiles such that at large




u=Umax | FULLY DEVELOPED INITIAL FLOW CONDITIONS
| _ T=Too FOR MOVING FLUID
P » X
L/
——__ u=0 | STAGNATION
7=T. { REGION

u=0
T=Tg MIXING ZONE

DOWNSTREAM FLOW CONDITIONS

u=Upax
T=Too

Figure 1.

Conditions.

Flow Profile for Initial and Downstream
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negative values of y(y + - »), u =0 and T = Tg. Alternately,
at large positive values of y(y + + »), freestream conditions
again prevail. The condition of constant curvature along
the major streamline which also serves as the abscissa in
the curvilinear coordinate system provides that the velocity
normal to the direction of flow (v) is also zero at this
point.

Reference 5 provide§ velocity profiles for a curved
free jet boundary flow field through solution of Equations
(2.1), (2.4), and (2.6) by using a similarity transformation
technique for conditions of laminar and turbulent flow. As
this information is vital in the establishment of temperature
profiles for this type of flow field, frequent use will be
made of the transformed differential equation given for the
similar velocity profiles. Only brief treatment will be given
here to development of the transformed momentum equation.
This is done primarily to provide clarity and consistency to
the present discussion while it avoids lengthy repetitions

of what can already be found in the literature.

B. Laminar Flow Fields

In the case of laminar flow, the boundary layer
equations outlined above can provide a representation of

the velocity distributions to be found in the curved free

jet boundary through the treatment to be outlined in the




following discussion. First of all, differentiation of

Equation (2.4) with respect to y gives

2 2
ou du d u ov du du _ _12937P 3 (3 u
3x 5y T Yo%y oy sy TV 27 p_8x3y+v3y(ay}'

Likewise differentiation of Equation (2.6) with respect to
X gives

u2 35 + 2Ru 22 = l
X X o)

Note that the common term 5 %;%; in both equations allows an

equivalence to be established for the two. Further, Equation

(2.1) shows that

These three relationships can now be combined to provide the

following single partial differential equation:

2 2

du du d"u du Ju o"u _ du _ 2 3R
Ix 3y tu X0y  0X 0y v 8y2 = - 2Ru s - u oy
3
+\,M31_.
Iy

The simplified form of this equation then becomes

L du _ 2 dR 3~ u
+ v — = 2Ru % Ut g + v —3 - (2.7)
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The term - u2 %% has been written as a total derivative here
since in the curvilinear coordinate system under consideration
the curvature has been restricted to be a function of
displacement, x, along the major streamline.

The process of transforming this partial differential
equation into a more tractable ordinary differential equation

can be initiated through definition of the stream function,

Y, where

b= (v em (2.8a)
and

n = y(Ul/vx)l/2 . (2.8b)

The quantity Ul is the velocity along the major streamline.
A transformation parameter for the curvature can be defined

in a similar manner such that

R = (Ro/x)l/2 i (2.9)

Expressions for the flow velocities u and v may now be

obtained as follows:

[wvo2em] = v e (2.10a)

o
]
l
]

@
o
|
<l

v=- o2 [(Ulvx)l/zf(n)] = %((Ulv/x)l/2

(nf” - f)] . (2.10b)




16
Substitution of the expressions in Equations (2.10) into
Equation (2.7) will, after much effort, give an ordinary

differential equation of the form

2fY + £°€£°° + f£°°° + (RO\)/Ul)l/z[f’2 + 2nf°£°°] = 0 .

(2.11)
Solution of this equation will then provide the velocity
profile for laminar flow in the curved free jet boundary.
Attention can now be turned to reduction of the energy
equation (Eq. 2.5) to ordinary differential form by first
assuming that, for purposes of transformation, the stream

function defining the velocities u and v is still valid and

that T(x,y) = T(n). The thermal diffusivity, a, is expressed
by the relation a = ag— so that Equation (2.5) can be
P

rewritten as

20 an?¢ 3t
2+

3|<pCP ay2

9T 3T 9
U+ Vs =
90X Yy 3y

The effects of nonlinearity which appear due to the term T4
can be dealt with by making use of a linearizing technique.
If it is assumed that the temperature range over the flow
field is small, then T4 may be expressed as a linear function
of temperature by expanding 'I‘4 about T_ in a Taylor series.
Neglecting higher order terms in the expansion results in the

approximating expression
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With this in mind, the energy equation can be expressed by

2 2 2
3T 3T 3°T 420 ? 3 4
Uu—++ Vv =—=a + (4T°° T - 3T7°) ,
oX Ay 3y2 3|<pCP ay2 o
which reduces to
2 2 2
3T aT 97T 42“0 33°T
U+ VvV —=20a + e 4T° —x .
X oy 5 2 3|<pCP ® 3y2

The above equation can now be recast in terms of similarity
variables by recalling u and v from Equations (2.10) and by

performing the following transformations for T:

_ 3T AN _ - B 1
3%x = 3n 3x = T 3x Y(Up/vx)

/2

T [1/2(Ul/vx)_l/z(—Ul/vxz)]y

-1/2 x (T’n)

and

The left side of the energy equation in terms of transformed

variables, then, is

<

1
2X

U,v|l/2
- - l l

) ) Ul 1/2

The right side of the equation can now be expanded through

the following:
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321 ar%o 3 3% _ 12 %g 3) 3%r
@ =3 * e " e T2 7| T3, ) T2
0 P Yy p 3y
|
Performing the variable transformation gives |
4220 3) 3 .(%1)1/2
o + 4T =— T7|—
3|<pCP ©| 9y VX
or
| 2 U
‘ 3KpCP L VX
The complete energy equation in terms of similarity
variables then becomes
| -U—l-f"r’+U—l-[f’—f]T’=U—l a+4>‘20-4T3T"
2x n 2x ‘N VX 3KOCP © '

Further cancellation of terms and reduction of the left side

of the equation results in the more simplified expression

U U 2
1 P R 4)2%qg 3
Tx fTr° = % T [a + §EBE; 4Tw] '

which ultimately leads to

2
o 420 . 3] . (2.12)

-fT7° = 27 [U 3;3665 .

Further examination of Equation (2.12) reveals some

interesting possibilities. First of all, the dimensionless
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quantity known as the Prandtl number, Pr, is defined by the

expression Pr = %gp. Then 5 = tsc - Pre

term on the right side, the quantity \)pCp

. M
written as =pC
0P p

right side may be written as

= uC._.
**p

on the

[
v Pr '
163 %01 162%01>
3kucC = T3kkPr
p

In the second
appears and can be

Then it is apparent that the constants

(2.13a)

(2.13b)

Use of these expressions in Equation (2.12) yields

2TII

- T = Sy

lGAoni
l + ———| .

3kK

Sparrow and Cess [12] define a dimensionless
called the conduction-to-radiation parameter
the relative contributions of conduction and

the heat transfer process. This quantity is

quantity, N,
which depicts
radiation to

defined as

Incorporation into the transformed energy equation reduces

it to

or
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[l + ——] T + ——— T =0 . (2.14)

Hence, an ordinary differential equation has been formed
which will provide a temperature distribution in the flow
field in terms of the similarity variable n.

It is also desirable to express the temperature T(n) in

terms of a nondimensional entity; thus one may define the

T(n) - Tg
temperature, 6, such that 8 = - Then, for
o S
T(n) = 6(T, - TS) + Ts’ it is éeen that
. _ AaT _ .. _
T = an " (T, Ts) (2.15a)
and
d°r
T = —5 = g°"(T_ - T) . (2.15b)
© s
dn

Finally, with substitutions to nondimensionalize Equation

(2.14), one finds that

(1 + ——] 8°7(T,, = T,) + == 0" (T, = T,) =0,

which upon further simplification leaves

[1 + i—]e" + Bxf g g, (2.16)

A short review of the boundary conditions for this

equation is in order. Recall that at large negative values
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of vy (y - - ») the temperature will approach that of the
stagnant medium into which the jet issues; hence at
y = =o, T(x,-») = Tg. In dimensionless transformation this

boundary condition becomes

. T

lim g = _S S 0

n>—=o T,6 - T
On the other hand, at large positive y (y -+ + =) the
temperature in the flow is assumed to be that of the bulk
fluid such that at y = + =, T(x, +*) = T _, or in dimension-
less form

lim _ @ s _

note? = F 7w =1 .
Now that the form of the ordinary differential equation has
been specified along with its boundary conditions, one need
only determine the form of the dimensionless stream function,
f, from the momentum equation to determine the temperature

profile in the laminar flow field.
C. Turbulent Flow Fields

For turbulent flow, one must define additional
coefficients which describe the effects of turbulent
transport processes on the momentum and thermal energy in

the system. These effects are seen in the thermal
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conductivity K and the dynamic viscosity p. In a medium
where turbulent flow prevails, there exists a very thin
laminar viscous layer close to the interface of the boundary
and the containing surface such that the shear flow in this
region can be described through a superposition of the
effects of the laminar viscosity, u, and the turbulent eddy
viscosity, €. The total effect for shear stress then can be

seen as

_ au
Thus, for turbulent flows, the last term in Equation (2.4)

has the form

32u
(11+€)-—2--

1
P 3y
In the case of the free jet boundary, the absence of a wall
at the boundary renders the effects of the laminar interface
negligible so that contributions from p can be omitted.
Also, the time average of the fluctuations in the system
reduce to an expression where only the mean motion of the
flow is important. If the mean velocity in the x direction

is denoted as u and in the y direction as v then Equation

(2.4) can be written as

e &3, (2.17)

'—J
QL
oj
ol i
Q
=

©
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It is known that, unlike the viscosity, u, which is a property
of the fluid, the eddy viscosity, €, depends heavily on the
turbulent activity in the flow. Introduction of an argument
from Prandtl's mixing length theories will allow evaluation
of € for the free turbulent flow considered here. Prandtl
postulated that the turbulent eddy viscosity is proportional
to the maximum difference in the mean flow velocities and the
mixing length, 7, of the region of turbulence, or

€ = CZ(U - U _. ) ’
max min

where ¢ is a constant of proportionality. In the present
case, of course, flow into a stagnant region indicates that

Umin = 0 so that the representation for e becomes

e = clU .
max

Since the mixing length, 7, is also proportional to the
displacement, x, along the curvilinear axis of the flow,
then I may be replaced by a suitable constant times the

downstream displacement to yield

€ = czxU .
max

Substitution into Equation (2.17) above now provides an
expression which accounts for turbulent effects in the

momentum transfer process in the free jet boundary. The
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turbulent form of Equation (2.6) can now be cross
differentiated along with Equation (2.17) and the two
combined through a substitution from the continuity
equation (Eg. 2.1) in a manner similar to that discussed in
the previous section so that a single partial differential
equation is obtained. This equation has the form of

Equation (2.7) with the exception that the last term will be

Williams, Cheng and Kim [5] showed that, provided the
curvature, R, is assumed to vary inversely with displacement
X, a similarity transformation could be obtained through use

of the following transformation parameters:

1 X 1/2 (w
Y = [-—]U f(n) , n= (2) [—]y (2.18a)
(2)172 wj 1 ) X
R
_ 0
R = = (2.18Db)

The free constant, w, if specified according to [5] as

1

max

}1/2

reduces the transformed differential equation to




R
2f°V + £°F°° 4+ f£°°° + [—Tgi] w (f‘2 + 2nf’f°°) = 0 .

2

(2.19)
Comparison of Equation (2.19) with Equation (2.11) reveals
that they afe identical with the exception of the form of
the constant in the last term.

Again, if it is assumed that the transformation
parameters above are valid for the energy equation and that
T(x, y) = T(n), the search for an expression relating heat
transfer in a turbulent flow field can proceed. Just as
turbulence affects viscosity, however, one must consider the
effects of turbulence on thermal properties before the problem
at hand may be attacked properly. In most turbulent flows,
a thin portion of the boundary layer exists where thermal

conductivity is the result of the superposition of a laminar

conductivity K and a turbulent conductivity which shall be
defined as m. Hence the heat flux across the boundary due

to conductivity can be given by

215

qc=(K+7T)

Recalling the convention for turbulent mean flows and
negligible laminar effects in free turbulent flows then,

Equation (2.5) can be expressed as

= = 2 2 . 2:4
TR | (R M PR 2. SR A (2.20)
P X 3y 5 2 3k ayZ



Now, using the transformation variables,

T = g—i’, = u £, (2.
U
- alll l -
V= - =4 = (£'n - £) , (2.
90X {2172w}
and
T(x,y) = T(n) . (2.

Derivatives of T in terms of transformed variables are

0T (n) _ 7o [21/2(»4

X X X

- T 21/2 2% nT (2

and
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Application of these expressions to the left side of

Equation (2.20) first gives

=g U m - 1/2
- T 1 - T2 w
"% [Ulf n g [;72—}“ n - f’[—x”H

w

such that
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The second derivatives on the right hand side of Equation

(2.20) are evaluated as

9 (—, Zl/zw] _ 21/2w T,,(2l/2w]

oy T X T X X
— [20)2]?;;
= | ,
X
and as
2—=4 2
T _ 3 (4T3T 354)
2 2 o o)
oy 3y
_ 473 0T 2172,
© 3y X

I
f=N
—
W
]l
AY
A
———
3%
e
N
————

2 2
—pC. 2 - 23 [n Foeop 300 g 35 . (2.23)

Arguments from Prandtl and others [l] may once again be used
to simplify things at this point. Prandtl argued that the
same mechanism which controlled momentum transfer in
turbulent flows also controlled the transfer of heat. Thus,
the turbulent conductivity, m, defined by the relationship

T o= CP Aq can also be related to the mixing length 7 through

the eddy viscosity, €. Here, Aq is a constant dependent upon
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the level of turbulence in the flow. The eddy viscosity
can be considered similar to the kinematic viscosity v. The

analogy to the laminar case then can be seen through the

expression
AT
€=_.._
P

where AL corresponds to u. Division of Equation (2.23) by

PCp and substitution for 7w gives

. (2.24)

= T + T
X 2 3kpC
X p

Examination of the first term on the right reveals that
introduction of another dimensionless parameter called the

turbulent Prandtl number, and defined by the expression

will assist in simplifying the differential equation. Recall

also from the discussion on eddy viscosity that

1_ &
o AL
The constant for the first term on the right can then be

written as
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Turning attention to the second term on the right and using

|
the relationships developed above, it is easily seen that

160°0 _ 163% .
- ’
3i<pCP 3Ki\.—_£CP
€
161%0¢ ﬁg € 161 %0
| 3KATCP Aq Pt 3kT

Incorporation of these simplifications into Equation (2.24)

| yields

The value for € has already been shown to be cszmax, and

)1/2

ax

the constant w to be (729 Ul/Um for reduction of the
momentum equation. If it is assumed, as Prandtl suggests,
that mechanisms in turbulent momentum and heat transfer are

the same, then these constants will have the same values in

the energy equation. Therefore,

x .2 U 729P 3km '
X max t
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which reduces to

T

16A20 _3 g} /}
—_— T .
3km 0

- fT’ = _Pg_ l}f‘-” +
t

16A20

=T indicates that

Finally, examination of the term,
just as in the laminar case, a turbulent conduction-to-
radiation parameter N may be defined based on the

conductivity parameter, w, as follows:

KT
N = 3

4A20T

0

Substitution for this parameter in the energy equation

results in the final form

gi [1 + ——] Tor = - £T° . (2.25)

This equation can be nondimensionalized in the same manner

- T
as Equation (2.14) by specifying that 8 = z%ﬂl_ﬁT_i .
w — 1s
The resulting expression is seen to be
2 4 A2 rm frond _ ’_—__
f)_t_:- [l+§fq—] 0 (TOO—TS) = £6° (T TS) ,

o
th

[1 + Ji] 6°- + —£_ 98- =0 . (2.26)
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The above equation is identical to that derived for
conditions of laminar flow in the free jet boundary with the
exception that the mean temperature distribution T is
included and that the turbulent conduction-to-radiation
parameter N makes use of the turbulent conductivity 7 rather
than the conventional coefficient K. The boundary conditions
for this situation, however, remain identical to those for
the laminar case. Therefore,‘solution of either Equation
(2.16) or Equation (2.26) will provide representative

temperature profiles for the curved free jet boundary.




CHAPTER III
ANALYSIS OF THE SIMILARITY SOLUTION
A. Solution of the Momentum Equation

It was noted in Chapter II that Equations (2.11) and
(2.19) are identical with the exception of the constant which
contains the local curvature, RO' In either case, this
constant provides the relative influence of local curvature
on the similarity velocity profile without regard as to
whether the flow is laminar or turbulent in nature. Thus,
if a curvature parameter, R, is defined such that for laminar

flow

R =

Uy

!

1/2
and for turbulent flow

R
R = ——g— w
r
the singular expression for the fourth order ordinary
differential equation to be solved becomes

P

2fV + F°f°° + ff + R(£°2 + 2nf"£°7)

This equation can be rewritten as

P d e
2 an f + an (££°7) + R

d

22y _
aﬁ'(nf)—ol
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which when integrated once yields

.2

2f°°7 + ££°° + Rnf = C (3.1)

l L]
Examination of the boundary conditions at n = - « indicates
that the value of the integration constant, Cl, should be
zero since at this point both f° and £°“ are zero. The

.

resulting restriction on £ at this point is obvious:

£7°7 (- ®) = 0= C; =0

The final form of the equation to be dealt with for the

velocity profile solution is

2£°°“ + ££°° + Rnf°% = 0 . (3.2)

This equation is nonlinear and does not readily yield to
analytical solution. Furthermore, not enough boundary
conditions are specified to determine all the constants of
integration even if one were fortunate enough to arrive at
an analytical form for f£(n).

In spite of the difficulties involved in the solution
of this type of equation, extremely good results have been
obtained through use of numerical techniques. Consider, for
example, the case where R = 0 in Equation (3.2) above. The
resulting form of the equation can be recognized as the

celebrated Blasius equation for flow over a flat plate.
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Numerous references to numerical solution of this equation
may be found in the literature addressing viscous flows.

The difference between the Blasius solution and the one
sought in this study, however, can be found in specification
of the boundary conditions. The present problem must be
attacked in two parts, one which utilizes the constraints
placed on the function in the interval, (0, - «), and the
other which examines the behavior of the function in the
interval, (0, + «).

Employment of any numerical scheme to arrive at a
solution to the equation will require complete specification
of boundary conditions at both the starting and ending points
of the interval. 1In the current situation, the third order
equation requires constraints for f, f“ and £°°. At n = - «,
the requirement that £ = 0 due to its asymptotic approach
automatically requires that £°° = 0, and provides justifi-
cation to state that, at most, f must approach some constant
value. On the other hand, at n = 0, £ and f° are specified
as 0 and 1 respectively but no requirements are given for
£f°°. It is mundane to the solution of the problem, however,
that £°°(0) must be given a specific value if the conditions
at - «» are to be met. Thus, one would have to approach this
part of the problem solution with an "educated guess" at the
value of £f““(0) and see if the conditions at n = - ® can be

met.
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Correct determination of the value of £7°(0) for the
interval, (0, - «), provides a bit more ease in finding the
solution on (0, + «) since all needed parameters at the
starting point of the second solution interval will have
already been furnished. The major consideration on this
interval is the point at which the influence of the
curvature parameter becomes dominant in the solution. This
point is specified by the outer boundary condition for the

mixing zone as

Beyond this point, the matching of the boundary layer
profile with the freestream velocity is governed primarily
by curvature. Hence, analytical solution of the outer
boundary condition with constants of integration specified
at the point where the condition first becomes valid will
yield a solution curve for the remainder of the solution
interval.

The analytical solution to the boundary condition may
be outlined as follows. First of all, rearrangement of the

expression gives

This differential equation can be recognized as having

general solutions of two differing forms depending on the
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value of R. For instance, if R = 0 (designated Case I),

the equation becomes

and the general solution takes the form

f = Bl n + 82 . (3.3)

The curve of interest, £°(n), which is that of the velocity
profile, can be generated simply by taking the derivative
with respect to n to get

£7 =By - (3.4)

This last expression shows that for R = 0, the value of
f°(n) is constant for all n once the outer boundary condition
is satisfied, and that the integration constants, 81 and 82,
can be determined by knowing the value of f£”(n) for which
the slope (£°°) of the velocity profile is zero.

Case II for this equation occurs when |R|>0. The
general solution, then, can be found by using the method of
undetermined coefficients. First condider that the expression

for the boundary condition can be rewritten as
d PR
ﬁ(ln £7) = R .

Integration gives

¢n £ = - En +3y¥ ,
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where J is a constant of integration. Simplification

gives

or

£f° = Ble . (3.5)

Further, the general solution to the linear Equation (3.5)
above can be expressed as the sum of the solution, fh’ to

-

the homogeneous equation, £f° = 0, and the complementary
solution fp. The method of undetermined coefficients allows

the assumption that, for the differential equation of form

L(f) = ¢(n) =N P (n) ,

the complementary solution fp has the form

_ on n n-1
fp = e (An nt+A ;M + .. .+ A N4 AO) .

In the equations above, Pn(n) is an nth degree polynomial
with coefficients AO, .o An as shown. The form of ¢(n) in

the case under consideration is

¢(n) = g™

such that the explicit form of fp becomes
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This form of f_ is compatible with the general form if one
considers the constant Bl to be a polynomial of degree zero.

The homogeneous solution can be written as
£, (n) =8, .

Thus, the complete solution for Case II is f = Bl e-Rn + 82 ,

and, as before, the constants, Bl and 82, are determined at

the point where the outer boundary condition becomes valid.
B. Solution of the Energy Equation

Equations (2.16) and (2.26) provide similar forms of
the differential equation to be solved for the temperature
distribution over the solution interval in question. The
differences in these two equations, as explained at the
conclusion of Chapter II, are seen only in the manner in
which they describe the mechanical processes taking place in
the flow field. Their mathematical solution is identical in
that for cases where Pr = Pt and the values of N for the
laminar equation (Eq. 2.16) and the turbulent equation
(Eq. 2.26) are the same, solution of either will produce the
same curve. For this reason, the notation of Equation (2.16)
will be used in the following discussion with recognition

of the fact that what is presented applies equally to

Equation (2.26).
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The form of the energy equation,

[1+;1—N]e"+1°2—rfe’=o,
is much less complex than that of the momentum equation.

The linearity also makes the possibilities for determining

an analytic form of solution for 6 more reasonable. The
difficulty, however, arises in the fact that this equation

is coupled to the momentum equation through f which has been
determined to have no easily definable analytic form except
in the region of the outer boundary of the mixing zone.
Consequently, any analytic form obtained for 6 would still be
incomplete with respect to f. Once again, numerical solution
appears to be the best approach. The only restriction
involved here is that the value of f at all points of
interest in the solution domain must be available before

the solution can be specified.

The decision to seek a numerical solution for this
equation gives rise to at least two other obstacles which
must be overcome before success is attained. The first is
that the boundary conditions for 6 and 8° are specified at
- = and + «, points which have not, as yet, been defined
from a numerical analysis standpoint. The second is that,
unlike the momentum equation, no constraints have been

specified for 6 or 8° at n = 0. Thus it seems that there
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is no starting point for generating the solution curve.
This statement is not entirely true, however, since
knowledge of the behavior of the solution function at its
extremes (+ « and - «), and knowledge concerning the
physical processes evident in the flow field does allow some
intelligent analysis of the situation. The temperature
distribution across the mixing zone, for example, must
allow a smooth transition in the direction of - = such that
an asymptotic approach to the stagnation temperature, TS, is
attained. 1In other words, the absence of an adiabatic wall
condition at - « restricts the temperature difference,
T(n) - Ts’ and thus, the flux, 67, at - » to asymptotically
approach zero. Likewise, the freestream temperature, T_,
is also asymptotically approached in the direction of + o,
which requires that at + =, T(n) - Ts is a maximum and 6~
1s again zero.

The character of the function at n = 0, though still
not specified explicitly, must be such that none of the
conditions above are violated. These restrictions in effect
define a "window" in which a "set" of conditions may be
specified for 6 and 8° at n = 0 that allow the boundary
conditions to be met. To illustrate, a chosen value for 60
between 0 and 1 will possess a companion value of 6° which
will satisfy the equation and its boundary conditions. The

choice of 6 may be considered somewhat arbitrary depending
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upon the problem parameters, but once 86 is specified a
unique value of 68° must be associated with it in order to
effect a solution. The difficulty, as with £°7(0) in the
momentum equation, lies in the correct choice of 67°(0).
A method of eliminating much of the guesswork from this
selection process has been developed by Nachtsheim and

Swigert [13], and will be outlined in the next section.
C. Satisfaction of Asymptotic Boundary Conditions

The nature of the restrictions imposed on both the
momentum and energy equations by the boundary conditions
involved (i.e., f“ and 8 - 0 as n »+ -») indicates an
asymptotic approach to a limiting value of zero for these
functions. The method of Nachtsheim and Swigert provides a
means for predicting the amount of error in an initial guess
for the starting values used in numerical solution of
differential equations which include asymptotic boundary
conditions. Knowledge of the magnitude of thi; error then
allows adjustment or correction of the initial guess to a
degree commensurate with the limits of accuracy desired for
the problem.

Application of this technique can be more clearly
expressed, for purposes of discussion, by defining an
arbitrary function h(n) which is at least twice differentiable

on the interval, (0, «), with the conditions that
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G(h,h") = ¢é(n) ,
and

lim hin) = 0

N+

If the limiting condition is replaced with the condition
that h = 0 at some specific value of n where the edge of the
boundary layer interface occurs, then it can be related

through the following:

h(n) = h = 0atn=n

edge edge

Since the ability to meet the condition is contingent on the
value given to h” at zero, the boundary condition for h may

be written as

"
[en)

hegge (h7(0))

The value of h”(0), if defined by the variablé, X, indicates
that a small change of Ax in x will change the value of

h by the amount

edge

dh
edge A
X X .

Thus the correction to an approximation of the boundary

condition for a given guess at the initial condition, h”(0),

can be given by
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dh
h + —td9€ py =0 ., (3.6)
edge 9x

One can determine the magnitude of Ax required to
produce the resulting perturbation in the value of hedge
provided the partial derivative of h(n) with respect to x
can be evaluated at nedge' The evaluation can be performed
by forming a perturbation equation, Gx(h,h'), from G(h,h”)

by taking the derivative of G with respect to x and noting

that

oh _ dh” _ ..
E-hx’ andé—x——hx.

This action provides a set of equations which may be solved
for the value of Ax needed to correct the initial guess
provided for x, or h“(0). The starting conditions for
Gx(h,h’) at n = 0 can be obtained from the conditions for

G(h,h”) as follows:

for G(h, h”); h(0) =1
h“(0) = x (initial guess) ,
and
for G, (h,h"); h _(0) = 22{0)
a1
T x
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oh” (0)
axX

h, (0)

These two equations can now be numerically integrated to the

value of n where the original boundary condition applies.

edge
The one remaining problem, of course, is that at this point

in the solution sequence, the value of n is not known.

edge
Help can be gotten to resolve this dilemma, however, by
examining the behavior of the solution curve as n approaches
o, First of all, the asymptotic approach to zero by h
indicates that as n grows, the slope, h”, of the function
must also approach some limiting value. 1In this case, since
the asymptote for h is the n axis, then the slope of the

axis, which is zero, must be the limiting value for h-.

Hence nedge can be considered to be the point at which

h(n ) =0,

edge
and

h*(nggge) = 0 -

Then the magnitude of Ax chosen must be appropriate to

sufficiently correct h The result is that he will

edge” dge

allow the following two relations to be satisfied

simultaneously:
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h =0 (3.7a)

edge + hx(edge)AX

h )Ax =0 (3.7b)

edge + hx(edge

The relations in Equation (3.7) can never be absolutely
satisfied due to the mathematical limitations involved in
actually reaching «». They can be satisfied, however, to

some desired degree of accuracy such that

h = 8

edge + hx(edge)Ax
and

h )Ax = S

’edge + h;(edge 2!

where Sl and 82 are values arbitrarily close to zero. A
least squares solution for Ax can be obtained for the above
equations which will make the sum Si + Sg as small as
required. This can be accomplished by differentiating

Si + Sg with respect to Ax and equating the result to zero.

To illustrate:

Si + Sg = (hedge + hx(edge)AX)2 + (hédge * h;c(edge)AX)2
3%? (Si + Sg) = 2(hedge + hx(edge)AX)hx(edge)
+ 2(hédge + h;(edge)AX)h;(edge)
20hgg o By (edge) * N Ax + h’,  h”
ge) x (edge) edge “'x(edge)
+ h’2 =0

x(edge)Ax]
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2 .2

(hx(edge) + hx(edge

))AX =T hedge hx(edge)

-

- hedge hx(edge)

hedge hx(edge) - hedge hx(edge) (3.8)

2 .2 :
hx(edge) + hx(edge)

Ax = -

The relative degree of accuracy provided for the correction
to the initial guess by Ax can be seen through examination

of the deviations of h and h” from their asymptotic values

at nedge' The error, E, can be expressed as the sum of the
squares of hedge and hédge such that
E = h>, + h? (3.9)

edge edge

Cases which involve asymptotes with values other than zero
are also easily treated. For example, if the asymptotes
for h and h” were 1 and 0 respectively, the error could be
written as

2 .2

E=(1-h hedge

)

edge

Attention can now be returned to application of the
scheme described above to facilitate solution of the
momentum and energy equations. The form of the momentum
equation given in Equation (3.2) will be dealt with first.
The perturbation equation is formed by taking the derivative

with respect to x with the result that:
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g% [26°°° + ££°° + BnE’%] = 0
yields
2607 + £ £77 + ££2° + 2BnE°E] = O.. (3.10)

The boundary conditions for Equation (3.2) restated for the

interval, (0,-x), are:

£(0) = 0, £°(0) =1, £°7(0) = x (initial guess) (3.1lla)
and

lim
&> =00

£f°(n) = 0, £77(n) = 0 . (3.11b)

The starting conditions for the perturbation equation can

now be derived from these as

_Af(0) _ . _9E7(0) _
£,00) = S==L =0, £2(0) = 2L =0,
. _3f°7(0) _
£27(0) = 2L =1 . (3.12)

Reference to Equations (3.7) and (3.8) show that for the
solution curve, f£°, with slope, f£f°7, the correction, Ax, to

the starting condition £°°(0) is

Ax = X . (3.13)

E=f + £ . (3.14)
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Now all the information necessary for a numerical solution
to the momentum equation is assembled at this point. The
only remaining task is that of conditioning the data and
differential equation for insertion into the solution
program. For solution in most algorithms, Equations (3.2)
and (3.10) must be reduced to systems of simultaneous first
order equations. This can be done through the substitution
method by letting £ = p, and p” = w, respectively for

Equation (3.2) to derive the following system:

p = £’ (3.15a)
w =p° (3.15b)
W' o= - %(fw + Rnp?) . (3.15¢)

A similar substitution for Equation (3.10) gives

P, = fx (3.16a)

W, = Py (3.16b)
- _ 1 2

wo = 2(fxwx + Rnpx) . (3.16c)

The energy equation can be handled with the same ease
as the momentum equation. The perturbation equation formed

from Equation (2.16) is seen to be
[l + ——}6" + == 6; =0 . (3.17)

The initial conditions for the perturbation equation as

derived from the initial conditions of Equation (2.16) are
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based on an assigned "set" of parameters at n = 0 for
application to a solution on the interval, (0, - «). If
the value given for 6(0) is some number, a, the corresponding
condition for 67 (0) can be expressed as 67(0) = x (initial
guess). The starting conditions for the perturbation

equation, then, are

- -0y = 8.0 _
=0, 87(0) = S =1 . (3.18)

96 (0)
ax

6,.(0) =

Reduction of Equations (2.16) and (3.17) to first order
systems is accomplished as above by letting § =87, The

resulting two systems are

§ =290° (3.19a)
Prf
5= - A2l s, (3.19b)
1+ 5
3N
and
GX = ex (3.20a)
Prf
. Tz
Gx = =, 1 dx . (3.20Db)
3N

Equations (3.19) and (3.20), with their respective starting
conditions, have now also been reduced to a form amenable to
numerical solution once they have been conditioned for

introduction into a suitable solution algorithm.




50

A number of solution algorithms for use with
differential equations of the types mentioned above are in
existence, some more suitable than others depending upon
requirements for accuracy. They all must be modified
somewhat, however, in order to fit the specific problem
parameters outlined in this thesis. The particular
algorithm selected, and the results obtained, will be

discussed in the following paragraphs.
D. Results of the Solution Algorithm

The Runge-Kutta algorithm was chosen to solve the
differential equations in question primarily because it is a
stable algorithm and because the error inherent in numerical
approximations using this scheme is generally well controlled.
The specific form of the algorithm is one which utilizes Gill
coefficients. Use of these coefficients in the algorithm
allow somewhat bétter error control in moving from point to
point across the solution interval. The algorithm has been
incorporated into a computer program which is designed to
compute the solution values for both the momentum and
energy equations out to a point designated as nedge where
the corrections to the initial guesses for £°7(0) and 87 (0)
are computed. The deviations of f” and 6 from the asymptotic

values are checked at n and if the error is larger than

edge

a prescribed value, the magnitude of n is increased. The

edge

new values for nedge and the corrected initial guesses for
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f°° and 6° are then used to re-solve the equations until the
boundary conditions and error limits are met.

The integration is first performed in the negative n
direction. Once this portion of the solution curve is
completed, the corrected set of conditions at n = 0 is used
to generate the solution curve in the positive n direction.
Thus, the program automatically re-sets itself to integrate
in the positive n direction until the conditions for + nedge
are met. It should be recognized that the values for
¥ nedge do not necessarily coincide for both the momentum and
energy equations. This simply indicates that the velocity
and thermal boundary layer thicknesses may differ. Solution
of the energy equation, of course, requires that a value for
the dimensionless stream function, f, be defined at every
point where values of 6 and 6” are needed. No problem
exists so long as the veloéity boundary layer is thicker
than the thermal layer, but some need for caution arises if
the thermal boundary layer is thicker. The reason is that
the value of nedge is considered to be « for the purposes
of numerical calculations. The theoretical meaning of this
statement is that the function in question is assumed to
have reached its limiting value and cannot be defined beyond
nedge‘ Hence, it would seem that no values for the stream
function are available to use in solution of the energy

equation beyond the value of n for the velocity boundary
edge

layer. The fact is, however, that if one considers « to have
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been reached, then the function value as well as those of its
derivatives can be considered equal to the values of their
respective asymptotes. Following this line of thought

would dictate that the value of f at n be used in the

edge
solution of the energy equation for any points beyond the
edge of the velocity boundary layer.

The above reasoning is valid so long as the direction
of integration is on the interval, (0, - «), where the
velocity profile must satisfy an asymptotic boundary
cdndition. In the interval, (0, + «), the absence of an
asymptotic boundary condition (except for the case R = 0) is
compensated for through use of the analytic solution to the
condition £°°/f° = - R. The analytic expression for the
stream function obtained from this differential equation may

be used to determine the value of f as far in the + n

‘direction as desired. This reasoning has been incorporated

into the solution program so that its use may be generalized
to any set of relationships which might exist between the
velocity and thermal layers of the flow field under study.
Numerical results have been obtained for both velocity
and temperature profiles in the curved free jet boundary
based on the parameters listed in Table 1 below. The graph
in Figure 2 shows the representative velocity profiles
obtained for the five values of the curvature parameter, R,
listed in Table 1. These curves show excellent agreement

with the results reported in reference 5. They have been
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TABLE 1

PARAMETERS FOR NUMERICAL SOLUTION OF THE
MOMENTUM AND ENERGY EQUATIONS

Curvature Parameter, Conduction-To-Radiation Prandtl Number,

R Parameter, N Pr
0.5 1.0
x 1073 1.0
0 x 1072 o
.0 x 1072
.0 x 107t

Boundary Conditions for Momentum Equation

lim n* -« n=20 Large Positive n
f°7 = 0.0 f°7 = 1.0 (Initial £°° _ R
Guess) £
£f° = 0.0 £fr =

Boundary Conditions for Energy Equation (N = )

6 = 0.0 8 = 0.586 8 = 1.0

6° = 0.0 0” = -1.0 (Initial 8°” = 0.0
Guess)
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plotted here to a value of n = 16.0 to fully illustrate the
effects of curvature on the outer portion of the velocity
profile. The error bound utilized in the program to
determine when boundary conditions were adequately met was

> for both the momentum and energy equations.

set at 1.0 x 10
The results in Table 2 provide solution values for

boundary conditions on both equations. In all cases, the

interval, (0, - «), for the velocity profile terminates at
n = - 8.500, while the value of n where the boundary
condition £°°/f° = - R is met decreases with increasing

value of curvature parameter, R. The situation is somewhat
different for the temperature profile, however. Limited
examination of the data indicates that the extent of the
thermal boundary layer grows in both the + n and - n
directions with increasing curvature, but a detailed analysis
will reveal the existence of more subtle trends. First of
all, for the case where the conduction-to-radiation
parameter, N = «, the corresponding condition for the flow
field, as seen from Equation (2.16), is no contribution to
the thermal boundary layer from radiative heat transfer.
The chosen value, 08(0) = 0.586, for the feasible set
provides termination of the outer portion of the thermal

1

boundary layer at n = 4.1. Extreme curvature (R = 1 X 10
required an increase in the value of 8(0) to 0.587 in order

for a satisfactory solution to be obtained. This suggests
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that severe curvature causes a rise in temperature along the
major streamline of the curved flow field. The data for
this value of N also shows a definite increase in the
thickness of the boundary layer with increasing curvature.

When conduction and radiation effects in the boundary
layer are almost equal (N = 1), the trend of increasing
boundary layer thickness with increasing curvature is again
evident. Significantly, however, the extent of the boundary
layer in the direction of -n is nearly 1.7 times that in the
case for N = », The case of extreme curvature produced an
opposite effect in that the value of 6{0) had to be lowered
from 0.631 to 0.629 to satisfy the requirements of the
energy equation. This contradiction to the case for absent
thermal radiation appears to indicate that severe curvature
reduces the temperature along the major streamline when
conduction and radiation contribute equally to the growth
of the thermal boundary layer. This trend is supported
through inspection of the values of eedge as R increases.
Note that as R increases from 0.0 to 4.0 x 10-2, the value of

0 increases from 0.99745 to 1.0014. It was found that

edge
using the value, 6(0) = 0.631, for R = 1.0 X 10-l produced an
asymptotic value for eedge larger than 1.0014 and outside
the error limits established for the computations. Thus,

the reduction in 6(0) is indicated for two reasons. First,

the theoretical limiting value of 1 for the temperature

S
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profile is violated, and second, the established accuracy
limits cannot be met with the present value of 6(0). The
value of 6(0) in the feasible set, then, must be adjusted in
a direction where the boundary condition for +n can be
satisfied within accepted limits of accuracy.

A thermal boundary layer in which thermal radiation
is predominant can be represented in the case where N is
less than 1. Table 2 shows results for N = 0.5. Several
sets of calculations were required to establish the trend
illustrated for this case. This was due primarily to the
fact that changes in curvature appeared to have a
significantly greater effect on the extent of the boundary
layer for this value of N. Thus, an overlapping technique
was employed by determining the value of eedge for two
slightly different values of 6(0) with each value of the
curvature parameter between 0.0 and 1.0 X lO-l. The
resulting effect was that a value of 6(0) producing a
solution for eedge in the low range of the error bound with
a given curvature parameter provided a solution for

8 in the high range of the error bound for the next

edge
lower curvature parameter. This technique is permissible

because the error, E, between the computed asymptotic value
of'eedge and its true value of 1 can be expressed as a
function of the absolute value of some deviation, *A6, on

either side of 1. The implication, of course, is that given
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the range, *A6, in which the solution requirements are
satisfied, a corresponding range, A6(0), can be established
for the feasible set which will provide these solutions.
Increases in curvature for N = 0.5 show an opposite
effect on the boundary layer growth than do the cases for
N = ® and N = 1. Although the extent of the thermal layer
in the -n direction is approximately 2.3 times that for the
case of conduction only, the extent of the boundary is
actually decreasing in the +n direction. This decrease in
the extent of the thermal layer is also accompanied by a
decrease in the allowable temperature along the major
streamline. The decrease in temperature along the major
streamline agrees with the general trend established for
equal effects of conduction and radiation, but the resultant
effect of curvature appears to be much more pronounced. It
might be well at this point to remark, by reference again to
Figure 2 on page 54, that for approaches to severe curvature,
the value of f° begins to fall off sharply once the curvature
constraint for the boundary condition is satisfied. This
indicates, of course, that the velocity in the flow field
begins to decrease for values of n beyond the point where
the curvature boundary condition is met. One might infer,
then, that some connection exists between the significant
velocity change and the significant change in thermal

boundary layer thickness for severe curvature.
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Shown in Figure 3 is a graphic comparison of temperature
profiles for all three values of N reported in the tabulated
data. The plots in the figure, based on detailed numerical
results obtained for each curvature value, indicate that the
shape of the profiles is essentially unchanged with the
exception of extension or reduction of the boundary layer
thickness.

More insight into the nature of heat transfer in the
curved flow field can be gained through an examination of
how the heat flux, g, is affected by curvature. In general

terms, the heat flux is defined through the expression

= -x &
q— Kayo

For the case where both conduction and radiation are evident
in the boundary layer, the heat flux can be expressed

through the relation
q4=4d, *dq. .

where q, represents the flux due to conduction and q, is the
flux due to radiative interactions. In terms of fully

expanded definitions,

4

3T _ ax%g ot
3% 3k dy °

= - K
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The point of interest for examining changes in heat
flux is centered around the major streamline. This is
primarily due to the fact that it is this reference which
has been utilized as the starting point of the solution.
Under most circumstances, when a boundary condition involving
an adiabatic wall constraint is involved in determinations
of boundary layer thickness, the flux at the wall is
important. 1In this case, since there is no wall involved,
the flux at the major streamline will provide some degree
of understanding of the mechanisms of heat transfer across
the boundary layer. The rate of heat transfer at the major

streamline, defined as q,- then can be specified as

@ = - x [B_T] _ [8T4]
m d 3 0
Yy =0 © WYy

This can further be expressed as follows if the temperature

linearizing approximation is again employed:

g = - |K + 162 %013 [gg]
3k % y = 0

The dimensionless transformation used in Chapter II can
also be employed to arrive at a dimensionless expression for

the heat flux. Recall that in terms of transformed

variables,




q

- - K(Ul/vx)l/z[l ¥ f%][%%]n _ o

m

and again using the dimensionless 6,

4

q, = - K(Ul/vx)l/z(l + N

]e'(O)(T°° - T) .

Simplification yields

() b

1+ ——]6’(0)
K(T, - T) (U] 3N

where multiplication of the left side by x2/x2 reduces the

equation to

1/2
s (i B e

K(Ts - T.) le 3N
. IpX . .
The quantity K(Ts - T_) is defined as the Nusselt number,
. v 1/2 . .
Nu, while [515] is the reciprocal of the square root of

the Reynolds number, Re, so that

The above equation illustrates that the heat flux

across the major streamline can be expressed as the ratio of
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two dimensionless numbers as shown. The value of 67 (0) can
be taken directly from Table 2 on page 56 and the quantity
[l + é%} can be determined for the values of N given. The
plots in Figure 4 show changes in the ratio of Nusselt
number to square root of the Reynolds number for variations
in the curvature parameter with values of N = », 1, and 0.5.
Results from the graph indicate that curvature affects the
heat flux across the major streamline very little. 1In fact,
the curve for N = « is nearly flat, and the curves for N =1
and 0.5 also show a very nearly linear relationship except
in the region of curvature range between 10—2 and 10—1.
Departure from linearity is most noticeable in this region
for the N = 0.5 curve where the value of the heat flux 1is

observed to decrease with the approach to severe curvature

limits.
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CHAPTER IV
CONCLUSIONS AND RECOMMENDATIONS

The results of this study provide a great deal of
information which can be utilized to formulate certain
conclusions relative to the role of thermal radiation in
heat transfer across the curved free jet boundary. The
sake of consistency, however, dictates that a brief recount
of the parameters constraining the research is in order
before the discussion continues.

The problem examined was that of ascertaining the
effects of variations in curvature on the temperature
profile and on heat transfer characteristics in the mixing
region surrounding the boundaries of free jet-type flows.
Particular interest was directed at how these effects
changed based on differing degrees of heat transfer due to
thermal radiation. Solution of the boundary layer equations
used in the problem analysis was effected through employment
of a similarity transformation which produced ordinary
differential forms of the momentum and energy equations.
Solution of the energy equation was simplified first of all,
by use of the Rosseland approximation for optically thick
thermal radiation, and secondly by application of a
linearization technique in order to remove the‘nonlinear

dependence upon temperature. The momentum and energy

66
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equations were numerically solved by using a perturbation
method designed to provide corrections to initial guesses
for the slope of the velocity and temperature profile curves
respectively. Results have been presented for three values
of the conduction-to-radiation parameter to include N = o,
1.0, and 0.5, with values of the curvature parameter R
ranging from 0.0 to 1.0 x 107L,

study of the temperature profiles and supporting data

brings out the following conclusions:

1. The general tendency of the thermal boundary layer
is to thicken with increasing contributions from
thermal radiation.

2. When heat transfer by conduction is predominant,
the depth of the thermal boundary layer increases,
primarily in the direction of the freestream, with
an accompanying rise in temperature along the major
streamline, as curvature increases to severe limits.

3. When heat transfer by thermal radiation is
predominant, the depth of the thermal boundary
layer decreases, primarily in the direction of the
freestream, with an accompanying reduction in
temperature along the major streamline, as curvature
increases to severe limits.

4. With the major streamline as a reference point in

the flow, the temperature gradient at this point is



68
found to decrease as radiation effects become more
predominant, while the heat flux across the
streamline increases. At the same time, increase
in the curvature of the flow field for any given
magnitude of radiative participation produces a
reduction in both the temperature gradient and the
heat flux at the major streamline.

The results concerning the effects of radiation on the
thermal boundary layer growth are in agreement with work
done by Viskanta and Grosh, and are in conformance with the
generally accepted theories set forth in the literature.

The results concerning the effects of curvature can be
explained in part through some discussion of the nature of
the transport processes evident in the flow. 1In the case
where conduction is»predominant, for example, the velocity
profile decreases more sharply in the direction of the
freestream as more severe curvature constraints are placed
on the system. The indication is that the fluid begins to
move more slowly as the point of curvature domination in the
flow is passed. The slower moving fluid will have an adverse
effect on the convective transfers which are occurring in
the direction of the stagnation region with the result that
the heat transfer rate across the major streamline is
decreased, thus increasing the boundary layer depth. If the

curvature constraints on the system become severe enough,
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reverse flow conditions can become evident, causing
formation of a cavity by wall attachment of the jet
somewhere in the stagnation region. When this takes place,
enhanced mixing of the two fluid layers can occur. Such a
phenomenon would, in effect, raise the stagnation temperature
observed from the vantage point of the major streamline.
This action may be responsible for the noted rise in
temperature at the major streamline for the case of pure
conduction.

Predominant radiation presents an opposite effect
from that discussed above for predominant conduction. This
is partly due to the highly nonlinear dependence upon
temperature of the heat flux across the major streamline.
The dependence, of course, is felt through influence of the
reciprocal relationship between the conduction-to-radiation
parameter, N, and the temperature gradient, 67, in the
expression for the total heat flux. Inherent in the
optically thick approximation also is an underestimation of
the radiant flux at the boundary [9, 12], so that part of
the explanation for the variations in 6(0) for the case of
predominant radiation might lie in the error introduced in
this manner. The subsequent reductions of temperature
gradient and heat flux across the major streamline can once
again be explained through the influence of curvature on

convective transfers. The reduction of fluid velocity from
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the point of curvature domination in the flow field reduces
the capability for fluid particles to interact with one
another. The restrictions placed on the radiant heat flux
through the optically thick approximation would require that
decreases in mobility of the fluid particles lessen the
extent to which absorption and emission of thermal
radiation by individual particles could take place. The
result would be a decrease in the eﬁtent of the thermal
boundary layer. The limits of severe curvature and reverse
flow might not be sufficient to cancel this trend due to
the fact that any enhanced mixing of the fluid streams might
occur beyond the boundary in the flow field where the stagna-
tion temperature, Ts’ is reached. The underestimation of flux
at this boundary could possibly reduce any trend reversing
effects of enhanced mixing to negligible levels.

Future research should concentrate on obtaining more
exact expressions for the contributions due to thermal
radiation. The restriction to optically thick radiation is
somewhat of an oversimplification if precise approximations
for heat transfer across the thermal boundary layer are
required. It is adequate, however, to establish general
ideas about the behavior of the energy transport processes
at work in the curved jet boundary. Additional refinements
can be realized also through consideration of the nonlinear

dependence of the energy balance on the temperature. The
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temperature linearization technique utilized in this study
allows a first order approximation to be made, but it has
been illustrated through the results that strong dependence
on nonlinear characteristics of the temperature function is
evident. Therefore, it would be of interest to investigate
the effect of including a nonlinear expression for the
temperature gradient in the energy equation in order to

compare the results with those presented here.
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data

C INT

102

200
201

APPENDIX

The following program was used to generate solution

discussed in the thesis.

thlLlL REAL#G( A=1i, 0-2)  TITEGLR(I-1)

DILISIoN ¥5(20),7820),8(20) , S10(5)

DluLUSLUH ETA(GUO),PRIH](GOOS,PEInB(QQO),Pz 1115(500)
DIIENSION CHECK(600),811(20),31(600),32(600),
153(600)

DIMENSION lhbTA1§COO§,THETA2§GOO§ )

DLIUGUSION STORE1(600),STCKE2(600) , AXLS(600)
DILENSION POINT(20),G1(20),G2(20),G5(20),vi(20),

11 8(@0),V5(20)
COMGl X, CR, PR

EGRATION OF HOUENTULI EQUATION UITH CURVATURE MER".

VRITE (16,102) ) i
FORLAT ('=~% INTEGRATED RESULTS FOR LOHEHNTUD ##ikv)
DO 501 K=2,2
As—Lx
l\—O ODO
PR=1.0D0
CR=10.0D0
DO 500 I=3,3
ElAN=0.1D=4
DZiiAX=C.1D+01

11=10
le=3
li3=1
=1.0D0
STR(1)=0.0D0
STR(2)=0.0D0
STR(3)=0.0D0
IDIF=1
D=0 .05D0
IDXw=1
LF=IIDiF
Z=1.0D0
ISKFU=10
w5$=0.0D0
YS 1§=o.ouo
YS(2)=1.000
S(3)=2
¥:3(L)=0.0D0
Y5(5)=0.0D0
15(0)=1.0D0
YS(7)=0.630D0
YS(8)==4
$(9)=0.0D0
¥5(10)=1.0D0
uzué1g=o.ooo
511(2)=0.0D0
BIN(3)=0.0D0 4
un%i% (16,201) XS5,YS(1),Y8(2),156(3),15(),10(8),
1 Ys(6
FORUAT (F7.3,0D16.8)
I-.)A O

IlIF =1




w

300

510

5
0

20
70

SlLP—"’DJ\

CALL RiI¥TGL(H1,l2,i3,W, B, 81, I5R,X5, STLP, DX,

DXV, YS,XFC, Y, )
IF(ISFUS5) 45.45,300
ETA(TEF ) =FC

PRIUICINE)=Y(1
Prili2( IllF )=Y(2
PRIMICINE }=Y(3
LF(IUB-UF 4,5,5

LiF=1iF+1
IsR=I8R+1
GO TO % e
DZ:E- 2)*!E g =Y (3)#Y(6))/(X(5)* 2+ (6)#%2)
E=y(2)%%2+Y w2
4=Z2+D7
IFEDAUQ(LL/Z).GT.DZ“AX) GO TO 1
IF u—Eluu.) 13,1“,1)4
LF =1F+UDHF
GO TO 1
IF(ISTY-5) 401,401,402
ISFL=1I3FV+10
L=Z-D%
GO TO 1
URLTE (16 ?Q;) B
FORIIAT (311 E=,D16 .4 3)
CoutTitui
CUHTIPUu
TeiiP1=
}.:L.J.L” (1

—
—_—

ﬂ\4:~/:\/x
"‘7—’“ [ iLL] t" t=
) @3 N\ b ot s

RS Sl UVEds] \b! C’ —_

——
el o
~

ETA(
Do )10 IA 1, LUF
IB=1A+1
ThLP2=PRINT(IB)
PPlﬂ1(Ib) TLLP1
EilP1=TuoliP2
E1:PY=PLIZ2(IB)
PRIhE(]ﬁ) 15'13
TELP3 -lLuPu
TELPG=PR1I(IR)
PMIB(LJ) mes
ThIPS5= T PU
TCIPS=ETA(CIB)
ETA(IB)=TuiliPT
TEMPT=TLIP8
CONTIIUE
1L =1l+1
DO 700 =1
VRLTE (16
FORGAT (F
CONTIIUL

ol

I
77373016.0)

ur, 2
508Y ETA(I),PRILI(I),PRLi2(1), PRIIE(T)
.3,3
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WHITE (16,210)

210 FORCGAT (/,10%, '#E88VALULS OF BTA PLUSHER®1 /)
1HRIT% (16,?015 £8,Y5(1),¥5(2 ) Y5(3),YS(4) Y)()),
\{(" g

STonp2(1)=ya(1)

Ai l».)( 1 ): {u

=
L=IHF+1
wDiil=1
ISR=0
STEP=DX
15(3)=-¥3(3) e e
705 CALL LuiTGL(N1,nL2,15,4, I8, 8T, ISR, XS, 3TEP, DX,
1DXY, 15, 4KC, ¥,Q
ETa(Ly=%ic
PRINT(L) =Y (1
PRIIi2(L)=Y(2
PRIIZ(L)=Y(3
B1(L)=Q{1
B2(L)=0(2
B3(L)=Q(3
AXIS(J)=XrC
STORE2(Jd)Y=Y(1)
CHECK(L):PR]h’(Lg+R PPRIME(L)
IF DABs(guzchfL LE.EAX) GO 10 T10
IF(L.EQ.000) GO TO 1380
Ir CHEC(éL) .LT.0.0D0) GO TO 688
GO TO 700
3686 LuC=L-1
{5=BTA(LDC)
S(1)=PRILI(LDC
Ys 2§:PHIH2ELDC
¥5(3)=PRLLS(LBC
B1u{1)=D1(LLC
BIi 23=BZ§LBC
BIn(3)=03(LLC
DX=0.5D0%DX
STEP=DX
U=-1.0DO
I15R=0
LBR=1

869 CALL RIXTGL(11,lz2,1i3,W,BI1b, 5TR, 15k, X8, 8TEP, DX,
1RDXN XQ,AIC Y,Q)

POLHT(LDR) =%F¢
GI1(LER)=Q(1
G2(LuR)=Q(2

G5 (LBR)=0(3
VI(LBR)=Y(1
V2(LDR)=Y(2

Vs (LBR)=Y(3
RC=V3(LDR)+k# V2(LE

IléuADu(dL) LLEJEN g GO TO 712
IF(CC.LT.0.0D0) GO TO 655

GO 10 €57 _
355 LF(LLE.EQ.1) GU TC 858
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710

712

300

g70

LBR LBR-1
.5D0%#DX

S' X

i (L

}
=V1(LLR
=V2(LLR
3 I

G1(LDR

J

C

.

)

"""UO

QO CIN) e~ G 1l

S =

b
Y3l :

—~~ 0N

trinin e

)
)

.Er

LI
T
BI}
LER
ISi=
GO TO €89
ISR=1I5K+1
LL}R L}. 1\1‘1

GO TO G&9
I5R=15R+1
L=L+1

Jd=d+1

GO TO 705
LBL=1
VI1(LBR)=PR1H1(L
Ve(LDR)=PiLli2(L
V3(LLI) =Pl Lii5(L
PUJIF(LLP) LTA(L)
Dx=0.05D0

STLP=DX

IF(x) 810,000,810
BETA1=V2 gﬁbrg )
BETA2zV1(LER)-BETAV4POIHT(LER)
IF(DABS(CHECK(L)) .LE.ELAX) GO TO 260
GO TO &20

ﬁETA]:VE&LDh; :DDXP(REPOINT(LBR))
BuTA2=V1(LLR)-DETA1%DEXP(-R¥POINT Lbn))
IF%DADS(CHbCK(L)) JLE.EHAX) GO TO

<

(/g

1 Lo N\

—

s

IF(R) 680,520,840
PRIIT(L)=BETAT#ETA(L)+BLTAR
PRIili2(L)=DE 1A1

PRIIS(L)=C.0D
STORhJ(J):PHIH1(L)

GO TC 850

PHLiI1(L) =BETA2+BLETAT1¥*DELP(-R¥ETA(L))
PRI12(L)=BCIAT#DEKP(-R¥LETA(L))
PLEII3(L)==R¥PRIL2(L)
STOREE(J):PWLM1(L) o
IF(ETA(L)-16.0D0) 860,570,870
LAST=L

L=L+1

J=d+1

ETA(L)=ETA(LAST)+STEP
AZIS(J)=ETA(L)

GO TO &20

J=Jd+1

DO{§1% %:J,3OO
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80

AAIQ(Ig XIS(JD)+STEP

IF(R) { 817,619 s o

510152§1 BETA2+DETAT#AXIS(1)

GO TO 01 i

STORER2(T)=RETA2+LETATSDEXP(-R¥AXIS(I))
CONTINUL

--A(.Lll_.(u.) 219) POZII! l(L.z.l:)"‘Vc.( )L‘)

219 FORUAT(/,' oDY. COUD. lEBT:BETh= ',F0.U4,3X,'F PRIIE="

-2
Y ]
(S #)

n
(@]
-1

coo
O

1,D16.0)

Iul.\. l F-l 1

bo 115 1=1UIT L,2

WELTE 063 ETA él) PRIM1(I),PRIL2(I),PRIii3(I)
FORLAT 74,3065}

o
<
e
I—-
r\._aEM
i "\l";

vov}-—r‘ (o]
panl GV
mo
\./O

Y C‘
o
3
(&
Co
O
—

STORET
CONTINUE

2l

1

1
(I)=
GO TO 89
I
IUFT=11F/2
2

3

.0DO0
ODO

,)OL) ¥S5,Y¥8(7), YSCE),¥s8(6),15(10)
“f. J,UDTO 3)

L1= IT+JUHP
L2:IT+€JUﬁP+1;

L3=1T+(JUi.P+2
STR(1)=STORET(L1)
STR 3 =STOREN ng
3TL 3)=STORET(L3
:_L .
CALL RUKIGL(#1,u2,:3,4,B1,8TR, ISk, X5, 3TED, DX,
1 LW, YS,UFC,Y,Q)



950
945
99¢

1000

1300

81

IsR=15R+1
Juiil=duiir+1
(JO 10 33 13 ey e
% Y(/3 Yz g,¥(8)*Y(10))/(Y(9)ww2+y(1o)w*2)
L Y(T7)%%24Y i
Z=2+D7
ngDAub(DA/Z) LGT.DZLAX) GO 10 902
IF(E-EIAX) 943,944,944
LF=HF+1] DI I
GO TQ 902
IF(I5Fi-5) 921, 921 922
ISFU=ISFI+10
4=2-DZ
GO 10 02
WRITL (16 905) ¢
FOR IAT(jh k=,D16.8)
COlTINUL
conTinge
DO 1200 I=1,IT
WRITE(16, 906) LIA(I)&11E1A1(I) THETA2(TI)
thuAT(1A,F( 3,2D10.8)
COII'TINULE
WRITE(16,210)
I5R=0
DX=2.0D0%(AXIS(2)-AXIS(1))
STEP=DX
YS(8)=-15(8)
I7=1IT+1
I1P=1T
JUIP=0
IQ=1
L1= IQ+JUuP
JULP+1

L1
L2
L3 1 e T e e gy
l2,13, ',bl!.’,;)ll\',1-.)12,);1\,\)11;1‘,[)‘\,

..
s
-
.C~
o

N‘\VO': || "Houn M
~—~ ,r—vvr]

ler 1 0D0- TnLTA1(lI)
E=DIFF&# 24 THETAR (1T) #%2
WéE.LE.E;AX GO TO 13¢6

IF (THETAT(LT) .GE.1.0D0) GO TO 1350
IF(IT.GL.300) GO TG 1365

IT=11+1

ISR=ISh+1




JULP=JULIP+1

IQ=1IQ+1

GO TO 1Joo
0 bo_1370 ;r
WITRIE T ?oo ETA(
0 FORUAT(F&.%,2D16.8)
0 CONTINUE

GO TO 1390
0 URITE(10,1400)
0

GO TO 13
”PIT¥(18 141Q)

"GO TO 1350
1%8 HKITL(10 1412) LTA(IT)
1412 FOIAT(/

GO TO 13 éo
1390 STOP

END

ASYHPTOTE REACHED AT

UBROUTINE Rili 1CL(L1 n2,%3,W,5IN, STR, ISR, XS, STEP, DX

HD/H ¥5,XFC

ilPLlLIL nnAL fo A li,0-2) , INTE
DLHENSTON ¥s(20),F(Z0),1{20),
DILENSIO!N uluéao5
DILENSION STR(5)
COIii0N R,CR, PR
A1=0.5D0
£2=0.1D+01-D5 )nréo.SDo;
A2=0.1D+01+L3QRT(0.5D0
A= ¢.1D+01/0.0D+01
LOUUT-—1 0DO
1F(N3.EQ,7) COUNT=1.0D0
Ir 3,6,0
6 Ir ISR 1,1,60

Gl
Q(

4 %ONll G
{1=112
60 1Dx=1
5 P3I=STR(

CALL FIL ,¥,COUNIT, PSI,F)

tE

el
ii

I),THETA1(I),THETA2(I)

IUuuAl(' VLLULIF! HATRIX FULL FOR LETA PLUS ')

)5
0 IURHAL(' TELPERATURE HATRIX FULL FOR ETA PLUS ')
0

'LFG.

(1-1i)
Q)

.2D+01#Q(1))
H(CH1-0.2D+01%Q( 1)) =AT14DiN
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10 COMTINUE
X=X+0 .5D0%STEP
PSI=8TR(2)
CALL FILIST(X,Y,COUlNT,PSI,F)
DOLOIK_)U
DE2= DA*F(I)

YEI;_ E 3+A2 (DE2-Q(1))
i cog”%vﬁg +0 3D+O1‘A2 H(DK2-Q(1)) ~A2%DK2
11l
CALL "WLISL(A Y,COULIT, PSI,F)
DO 30 121311
DE3=DxwE (1)
Y213=Y21g+A3 (DK‘-u(I))
QUIL)=Q(1)+0 .JD+01“A3 S(DI3-0Q(1))~-A34DI:
30 COlTIHUL
N=X40 . S?O)STLP
PSI=5TR(3
CALL FULIST(X,Y,COUNT,PSI,F)
bo ko Ssidl
Y§I§=§51g+ht ‘(DEL=0.2D+01%Q(1)) ,
QI)=0(i)+0.3D+01% 25 (LK4-0.2D+01#Q( 1)) ~AbEDIN

40 LU H lthL.
IF (Ivx-1DYY) 41,42,42

41 IDN=IDK+1
GO TO 5

L2 ¥FC=X
RETU !
EID
SUBROUTINE FiULIST(X,Y,COUNT,PSI,F)
IIIPLICIT REAL¥ b(A-H 02Z) , INTEGLR(T-11)
DILEISION Y(20),F(20)

co.piol o,Ch,PR
IL(COUNL 10,10,20
10 F _YEJ
F(2)=¥(3
F(3)==0.5D0%Y(1)¥Y(3)~C.5D0®E%REY(2)%Y(2)
F(4 :Y§5§
F(5)=Y(0 )
F(0)==0.5D0%Y (4)%Y(3)=0.5D0%Y(6)RY (1) =X=R¥7(2)5y(Y)
GO TO 30
20 A=1.0D0+(4.0D 0/(3 0L0%CR))
B=(PR#PSI)/2.0
FZ:Y 2)
FO:-B/A) (8)
F(s)=Y(10)
F(10)==(B/L)%Y(10)
30 RETURL
LLD
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degree with a major in Engineering Science in December 1980.
Mr. Diggs will continue his employment with Goodyear Atomic
Corporation after graduation.

The author is married to the former Chauncey Hazel of
Petersburg, Virginia, and they have two sons, Isaac Jr., and

Adam.




