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ABSTRACT 

A 2-D and 3-D path planning algorithm for robot navigation and manipula 

tion is developed in this thesis. This method is of particular interest for robotic 

systems which require both 2-D navigation to reach the work site and 3-D path 

planning for on-site manipulation and inspection. This study extends the ap 

proach of 2-D path planning to 3-D with minimal effort. The quadtree and oc 

tree structures are used for 2-D and 3-D workspace representation, respectively. 

The quadtree and octree is generated from brightness image of the workspace 

obtained using a camera mounted on a robot. Path generation is based on the 

A algorithm. The spatial length and the clearance space available for the robot 

are used as constraints in the path generation. The distance transform is used 

as a measure to compute the clearance space along the path. A methodology 

is developed to compute the distance transform of the free nodes in the 3-D 

workspace that is represented by an octree. The results of this approach are 

illustrated through an experimental system setup on a robotic workstation. 
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CHAPTER 1 

INTRODUCTION 

A fundamental goal of research in robotics is to provide a robot with the 

capabilities to transform sensor perception into accurate, intelligent, and safe 

actions. To this end, the current research efforts have been directed toward 

providing a robot with the intelligence to make it autonomous in its operation. 

The ability to plan a safe and collision-free path in a cluttered workspace is an 

important step toward autonomous operation. Path planning is used for the 

navigation of a mobile robot in two-dimensions (2-D) and manipulation of a 

robot arm in three-dimensions(3-D). 

Most of the existing approaches to path planning are tailored to solve this 

problem for either manipulators in 3-D or mobile robots in 2-D. The distinction 

stemsfrom thefact that the operational constraints ofa manipulator are different 

from those ofa mobilerobot [1]. Examplesofthese differences can besummarized 

as follows: 

1. While it is sufficient to plan 2-D paths for a mobile robot, it is necessary 

to plan 3-D paths for a manipulator. 

2. For most applications, a manipulator operates in a static, structured en 

vironment and so has an accurate knowledge of its workspace. A mobile 



robot, on the other hand, needs to dynamically construct a model of the 

workspace with the aid of sensors mounted on the robot. 

3. A mobile robot usually negotiates a given path only once, and the paths 

are generated in real-time, while a manipulator executes the same path 

a number of times. In most cases, the manipulator paths are generated 

off-line, hence the time involved in generating these paths is not of great 

significance. Therefore,a mobile robot needs to generate a negotiable path 

quickly rather than a strictly optimal path which is computationally pro 

hibitive. 

4. A mobile robot needs to keep asfar awayfrom obstacles as possible to avoid 

severe occlusions because its proximity to obstacles results in a reduction 

in its field of view. A manipulator's reason for keeping awayfrom obstacles 

is to avoid potential collisions. 

However, there are applications in which a robot may need to plan both 2-

D and 3-D paths to perform certain tasks. For example, an autonomous robot 

operating in a nuclear power plant may be required to perform tasks such as 

opening a valve and picking up a tool from a tool rack. Such tasks require 

the robot to navigate the terrain to reach the work site and to manipulate the 

instruments and tools. 

A path planning system was developed in this study to plan robot paths for 

navigation and manipulation. A major effort was made to develop an algorithm 



which extends the approach of 2-D path planning to 3-D so that generating 2-D 

paths is a simple case of the more general 3-D path planning. 

The outline of this thesis is as follows: Chapter 2 is a review of the existing 

approachesto robot path planning. Thischapter also points out the inadequacies 

of these methods to generate both 2-D and 3-D paths and characterizes some of 

the features desired of such a system. Chapter 3 is a detailed description of 

the algorithm developed in this work. It also gives an algorithmic outline of the 

path planning algorithm. Chapter4outlines a method developed in this study to 

determine the proximity ofthe free space to obstacles in 3-D workspace. Chapter 

5 discusses the results ofthis algorithm. It also describes an experimentalsystem 

set up on a robotic workstation to verify this approach. Chapter 6 outlines the 

conclusions of this study and a few possible extensions and modifications to this 

approach. 



CHAPTER 2 

RELATED WORK 

All existing approaches to path planning,except the potential field approach 

[2], model the search space of the robot as a graph of possible paths. This graph 

is then used to search for a collision-free path using one of the standard graph 

search techniques. The three issues to be considered in any approach to path 

planning are (1) the method used to represent the search space,(2)the search 

techniques used to generate the "best" path, and (3)the method used to verify 

that the generated path is indeed collision-free. 

The sensory input used in the generation of workspace representation for 

path planning is either visual [3,4] or range data [5,6]. An image representing 

the range data contains explicitly information about the geometry of a scene, 

while a brightness image is a measure of the refiectance of the objects in the 

scene. Path planning involves generating a path which does not collide with 

an obstacle. Thus, it is important to have a sensory input which explicitly 

represents the physical location of obstacles in the workspace. This explicit 

representation of the physical location of obstacles is more easily derived from 

range data than brightness data. Therefore, range data is preferred to visual 

data for path planning. 

The traditional data structure used to represent an image,namely the array 



representation, is usually not suitable for path planning. The first step in path 

planning, therefore, is to convert the array representation of the image into a 

structure suitable for this task. Conventional path planning algorithms can be 

broadly classified in two categories based on the transformations applied to the 

image of the workspace. The first category includes methods that make trivial 

changes to the image before planning a path. The regular grid search methods 

[1,7] and the vertex-graph methods [8,9,10] fall in this category. The methods 

in the second category make elaborate changes to the image of the workspace in 

order to transform it into a structure which lends itself to path planning. Free-

space methods[11,6,12,13]fall in this category. The rest ofthis chapter discusses 

the relative merits and disadvantages ofthese techniques as they relate to solving 

the class of problems addressed in this study. 

2.1 Regular-Grid Search Methods 

These approaches represent explicitly the conflicts between short paths and 

obstacle avoidance. A typical regular-grid search method consists of overlaying 

a grid of points on the image map of the workspace. The points on the grid 

which constitute the nodes in the graph are connected with either their 4 or 8 

neighbors to form a graph. Each node in the graph can be either an obstacle 

node or a free node, corresponding to the point on the grid being part of an 

obstacle or a free space, respectively. Given the start and goal positions of the 

robot in the grid, the graph is then searched for the "shortest" path using the 



standard A* algorithm [14]. The resulting path usually clips obstacle corners. 

One way to alleviate this problem is to introduce a margin of safety around the 

obstacles. The introduction of a margin of safety results in the elimination of 

paths which otherwise would have been feasible. Since a regular grid is used to 

model the workspace of the robot, the generated path is "jagged" and contains 

steep turns. Thorpe [1] overcomes this jagged path using a technique called Path 

Relaxation. Path relaxation is a two-step process in which the path generated 

by a regular-grid method is iteratively refined by allowing nodes on the path to 

move off the grid. This process adjusts or "relaxes" the position of each node to 

decrease the total length of the path. 

Path planning using this method has been implemented only in two dimen 

sions. Extending this approach to 3-D is a difficult task. This extension requires 

a 3-D binary array representation ofthe 3-D workspaceon which the grids can be 

superimposed. The generation of the 3-D binary array representation is compu 

tationally intensive. This requirement is a general shortcoming of this approach 

for 3-D path planning. 

2.2 Vertex Graph Methods 

These methods approximate the obstacles by maximal bounding polyhedra 

[8,9,10,6]. A graph is formed by considering every pair of vertices of the polyhe 

dra. The lines joining each of these pairs of vertices form segments of the graph 

if it does not intersect the obstacles. This graph is then searched for the short-



est path using the standard search techniques. Pseudo-obstacles are generated 

by expanding the obstacles by the size of the robot and shrinking the robot to 

a point [10]. These pseudo-obstacles are used to form the bounding polyhedra 

which,in turn, are used to generate the graph on which the search is performed. 

The concept of pseudo-obstacles is used to ensure that the robot does not collide 

with the obstacles along the generated paths. 

A variation of the vertex graph approach as used by Moravec [10] consists 

of recognizing obstacles as a cloud of features which are then expanded to fit 

circles. This cloud of features is extracted using an "interest operator" from a 

set of 9 stereo images obtained from a sliding camera mounted on a robot. A 

new set of images is taken at every stop of the robot. These images are used 

to update the model of the workspace so that it refiects the current state of 

the environment. To avoid potential collisions of the robot, the obstacles in the 

workspace,represented as circles,are expanded the diameter ofthe robot and the 

robot is shrunk to a point. The"best" path for the robotfrom its current location 

to the goal is chosen as the shortest sequence of line segments that are tangent 

to the expanded circle. The paths thus generated have a tendency to go near the 

obstacles and may result in collisions due to positional errors in the control of 

robot path execution. Moreover,this approach is computationally intensive and 

does not provide a means for trading a longer path for more clearance; hence, it 

is not suitable for the class of problems addressed in this study. 



2.3 Free-Space Methods 

The class of algorithms which represent explicitly the free-space of the robot 

rather than the obstacles is classified as free-space methods. These methodsforce 

the path to run down the middle of the corridor between the obstacles. Brooks 

[11]proposed a solution to the "find path" problem using this approach. This so 

lution, developed in a 2-D plane,involves fitting "generalized cylinders" into the 

space between the obstacles. This representation creates pathways in which the 

robot may travel without colliding with obstacles. However,it is not always pos 

sible to fit cylinders to exactly occupy the free space ofthe robot. Consequently, 

much of the free space is not utilized in path planning. In another variation 

of this approach, the Voronoi diagram [15] of the free-space is computed. The 

spine of the Voronoi diagram or the axes of the generalized cylinders constitutes 

a graph of potential paths which is then used to search for the shortest path. 

This approach to path planning,in general,is computationally intensive because 

of the mapping required between the workspace and the search space. There 

fore, this approach is not attractive as a path planning method for real-time 

applications. 

The other free-space approaches include the use of medial-axis-transforms 

[13] and maximum area convex polygons [12,5]. Though the latter method was 

developed to navigate a mobile robot in a dynamic scene, extending it to 3-D 

would not be a simple task. 



2.4 Potential Field Approach 

This approach,formalized by Khatib [16], conceptually turns the robot into 

a marble, tilts the floor towards the goal and determines the trajectory of the 

robot. Obstacles are represented by hills with slopes, the gradient of which 

depends upon how close the robot can get to that location without colliding 

with it. The "hill climbing" [17] search technique is used to flnd the best path. 

The resultant path will keep as far awayfrom obstacles as possible while seeking 

passes between adjacent hills. There are sophisticated extensions to this approach 

which provide the robot with a momentum while taking into consideration the 

energy required to accelerate, decelerate,and turn[2]. The search technique used 

in this approach, namely, the hill-climbing,is not robust. Paths are susceptible 

to pitfalls at a local minimum in the potential field. 

This treatment of some of the existing approaches to robot path planning 

can be summarized as follows: A system designed to perform 2-D and 3-D path-

planning in real-time or near real-time should be based on a compromise between 

the approaches outlined above. The trade-offs required in this process may be to 

sacrifice a strictly optimal path,a computationally intensive task,for a negotiable 

path. The issues to be considered in the design ofsuch a system are given below. 

• The choice of the data structure used for workspace representation plays 

a crucial part in the robustness and performance of the system. The data 

structures used hcive to be robust to handle both static and dynamic scenes. 

Incremental changes to the data structures have to be very efficient. 



A path planning algorithm designed to operate in real-time should be rapid 

relative to the motion of the robot and its controllers. It is desirable to 

have an algorithm which will lend itself to parallelism. 

In generating a collision-free path,factors such as spatiallength ofthe path, 

proximity of the path to obstacles and distance of the path in uncharted 

areas should be treated as constraints on the path. The "best" path is 

obtained by optimizing these constraints so that the resultant path has 

minimal cost. 
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CHAPTER 3 

A PATH PLANNING ALGORITHM 

A path planning algorithm was developed in this study while taking into 

consideration three major issues. They are (1) the speed of execution,(2) the 

robustness ofthe data structure used for workspace and search space representa 

tion, and(3)the adaptability of the algorithm to changes in the dimension(2-D 

or 3-D)in which the path is generated. The system is capable of generating safe 

2-D and 3-D robot paths for navigation and manipulation. The implementation 

of this algorithm assumes a static environment. This approach can be extended 

to generate paths in a dynamic workspace where the position and orientation of 

the objects in the scene may change over time. These changes can be incorpo 

rated by applying incremental transformations to the workspace representation. 

The ability to efficiently update the data structure representing the workspace 

m order to reflect these changes is an important consideration in the design ofa 

path planning system for dynamic scenes. Algorithms have already been devel 

oped which enable such incremental changes to be made efficiently on the data 

structure chosen in this study for workspace representation [18,19]. 

The two major functional components of this algorithm are (1) Workspace 

Representation, and (2) Path Generation. The first module provides a spatial 

representation of the workspace in a form suitable for path planning. The rep-

11 



resentation is derived from images which are either obtained from the sensors 

mounted on the robot or provided by the sensory recognition system. A camera 

(visual sensor)mounted on the robot arm was used in this system to acquire the 

image of a workspace. The Path Generator uses this representation to generate 

optimal paths using the well-known A* algorithm [14]. 

It should be pointed out that path planning is performed with respect to a 

reference point which does not collide with the obstacles along the generated 

path. Without loss of generality,a robot can be represented by a reference point 

obtained by shrinking the volume occupied by the robot. Correspondingly,the 

obstacles in the workspace are enlarged to accomodate the finite dimensions of 

the robot or the moving object. The implication of this assumption is that a 

path generated for the reference point which does not intersect an obstacle is a 

colhsion-free path for the entire robot. The enlarged obstacles in the workspace 

are called p■ seudo-obstacles. 

The generation of the pseudo-obstacles in 2-D path planning consists of en 
larging the obstacles in the image which represents the 2-D workspace. The 
resulting image consisting of the pseudo-obstacles is used in the generation of 
the data structure representing the workspace. The pseudo-obstacles in the 3-D 

workspace are generated by finding pseudo-obstacles in the image representa 
tion of the three orthogonal 2-D projections. Given an image representing a 2-D 

workspace or an orthogonal projection of a 3-D workspace, the pseudo-obstacles 

of the obstacles within this image are generated by a simple region growing tech 
nique outlined below. The method consists of first determining a, the factor 

12 



(in number of pixels) by which the obstacles are to be expanded. This factor is 

determined by the size of the robot and the distance ofthe sensor(camera)from 

a reference point in the workspace. This reference point is equi-distant from the 

center of the camera lens in all the three viewing directions in case of 3-D path 

planning. The image array representing the 2-D workspace or a projection of 

the 3-D workspace is scanned,and a square box of size 2q; of the same intensity 

as the obstacle is drawn around every obstacle pixel. This method presupposes 

that the edges of the image do not interfere with the expansion process. Since 

this assumption may be unrealistic, the portion ofthe image within a distance o: 

from the edge of the image is retained without any expansion. The complexity 

of this method is of 0{N) where N is the number of pixels in the image. This 

method is simple,fast and easy to implement. 

Thefollowing sections detail the twofunctional componentsofthis algorithm: 

Workspace Representation and Path Generation. 

3.1 Workspace Representation 

This module provides the path planner with a description of the workspace 

using the images obtained from sensors. Previous work in describing and iden 

tifying 3-D objects in a scene using sensors can be classified as(1) model-based 

approach and (2) non-model-based approach [20]. In a model-based approach, 

a model of the 3-D objects is stored in the computer and used as a reference 

in recognizing or identifying objects in the environment [21]. This assumes a 

13 



certain amount of apriori knowledge ofthe workspace. In a non-model-based ap 

proach,attempts are made to reconstruct the 3-D objects in a workspace based 

on information such as the object s shade,surface orientation, and range infor 

mation obtained from sensory data [22]. This method assumes no knowledge 

of the workspace. Path planning can be performed based on the reconstructed 

model of the workspace obtained from either of these approaches. However,the 

recognition and the reconstruction processes inherent in the above approaches 

are computationally intensive. 

This approach to path planning does not seek to recognize or reconstruct a 

3-D model of the obstacles in the workspace, but rather is concerned with the 

presence or absence of obstacles at every point in the workspace. The choice of 

octree (quadtree in 2-D) as a data structure to represent the 3-D workspace of 

the robot is a direct consequence of the above fact. 

3.1.1 Data Structure 

This section describes the data structure used for workspace representation, 

namely, octrees and quadtrees, and provides a justification for such a choice. 

The use of an octree data structure for the representation of 3-D objects has 

been extensively investigated [23,24]. An octree can be generated [23,24] by a 

recursive decomposition of a 3-D space, generally a cube, into octants until all 

voxels(volume elements)in each octant lie entirely inside or outside an object. 

Thus,each node in the octree represents a region of the 3-D space. The octree 

is built by first considering the entire 3-D space (3-D image array) as a single 

14 



node. This node is called the root node. If the node is not homogeneous, i.e., 

the space represented by the node is not completely occupied by the free-space 

or the object, it is divided into 8 octants. Each octant is further subdivided if 

it is not homogeneous. The process of subdivision continues until all the octants 

are homogeneous. A node in the tree is either a terminal node or a non-terminal 

node. A non-terminal node has 8 children. A terminal node is also called a leaf 

node, and it uniquely represents a volume in the workspace of the robot. A leaf 

node IS called a free node if it represents a free-space and an obstacle node if it 

is occupied by obstacles. Non-terminal nodes are called gray nodes, and they 

represent a mixture offree-space and obstacles. In normaloctrees, the leafnodes 

are either free nodes or obstacle nodes. However,in pruned octrees, the tree is 

pruned at a predetermined level by making certain gray nodes become terminal 

nodes. Pruning can be based on the grayness of the node or depth of the tree. 

The basic idea of using this structure is to provide a representation at several 

levels of resolution of the image. Quadtrees are the 2-D equivalents of octrees 

in that they are used to represent 2-D images. They follow the same principle 

as octrees except that 2-D image blocks are divided into 4 sub-blocks instead 

of 8. Figures 3.1 and 3.2 give 2 simple examples of the octree and quadtree 

representation of a 3-D and 2-D workspace,respectively. 

The choice of octrees as a data structure for representation has a number of 

advantages in this application. Since quadtrees share the properties of octrees. 

15 
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(b) 

Figure 3.1: An example showing (a) a 3-D workspace and (b) its octree repre 

sentation. 
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Figure 3.2: An example showing(a)a binary image of a 2-D workspace and(b) 

its quadtree representation. 



this discussion holds true for the quadtrees as well. The features of the octrees 

considered suitable for path planning are illustrated below. 

1. Octree representation of the 3-D space is more memory efficient than an 

array representation. 
I 

2. An octree is a pre-sorted data structure and hence provides a spatially-

indexed representation of the obstacles in the workspace. 

3. Searching a continuous search space potentially leads to a large number 

of paths to be considered. Octrees provide a means for decomposing the 

free-space into cubes which can be treated as symbolic units. Each unit can 

be considered as a node in the search graph. The successors of a node in 

the graph are the adjacent free neighbors along the6faces, namely, North, 

East, South, West, Front and Back, of the octant representing the node. 

Thus,octrees provide a meansfor reducing the number of directions along 

which the successors of a node are sought during the search. 

4. One ofthe mostimportant considerationsin spatial representation for path 

planning is to avoid excess detail on parts of space that do not affect the 

planning operation [25]. Hierarchical decompositions like octrees are a 

good way to achieve this, since the representation cost involved is small. 

Moreover,they facilitate path planning at multiple resolutions ofthe image 

[3], thereby producing an overall savings in computation. 

5. Efficient algorithms do exist for incrementally modifying octrees [18,19]. 

18 



These techniques are necessary to efficiently update the changes in the 

spatial representation of a dynamic scene. 

6. Finally, octrees are often useful for tasks other than path planning. They 

can serve as useful representation for sensory interpretation algorithms and 

solve the hidden feature problem in vision verification and computer graph 

ics [26,27]. Thus,in a complete robot planning, control, and sensory sys 

tem,octree representation can serve as a versatile data structure. 

3.1.2 Generation of3-D Representations 

One of the problems with the octree structure is its generation. The octree gen 

eration techniques used in [23,24] are based on an underlying assumption that 
a 

3-D (binary) array description of the workspace is available. However, the 
ac-

quisition of such a 3-D array is a difficult task. Since the goal of this study is 

to perform path planning in both 2-D and 3-D, a logical approach would be to 

extend the techniques used for 2-D path planning to 3-D. Hence,an octree gener 

ation algorithm based on reconstructing the 3-D representation from a quadtree 

representation of the three orthogonal views was adopted [28,26]. This method 

involves generating the swept volumes^ which are obtained by sweeping the three 

2-D projections along their respective viewing directions. The swept volumes 

thus generated are then intersected to yield a volumetric representation of the 

3-D object. The resulting volume generated is called the maximal volume. Fig 

ure 3.3 illustrates the volume intersection technique. It can be observed that the 
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maximal volume completely encloses the object. A 3-D point which is a part of 

a 3-D object in the workspace will always be within the maximal volume gen 

erated by the volume intersection technique. The converse is usually not true. 

This limitation is acceptable since the task of path planning does not require the 

recognition of an object but rather involves avoiding a collision with it. 

Thesteps involved in the generation ofan octreefrom quadtree representation 

of the three orthogonal 2-D projections are given below. 

Step 1: 

Generate the quadtrees of the three orthogonal (front, top, and side) views 

of the scene. 

Step 2: 

Generate the swept volumes ofthe three projectionsfrom their corresponding 

quadtree representations. While an octree structure is used to represent the 

maximal volume, the swept volume is stored in an intermediate structure called 

pseudo-octree. Since a pseudo-octree represents a 3-D volume,each node in this 

structure has eight olf-springs (identical to an octree). The realization that the 

two volumes obtained by bisecting a swept volume by a plane perpendicular to the 

viewing direction are identical is crucial in the generation of the pseudo-octree. 

The implication of this observation is that each node in the pseudo-octree will 

have two identical off-springs. Thus,to generate a pseudo-octree,it is enough to 

determine only the 4 non-identical off-springs of each node. These 4 off-springs 

are the four children of the corresponding node in the quadtree from which the 

pseudo-octree is created. Therefore, each quadtree node corresponds to two 
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nodes in the pseudo-octree. This correspondence is established through a look 

up table. However, it should be noted that three such tables are required, one 

for each viewing direction. Since the pseudo-octree structures are not explicitly-

created and stored, the processing time and storage requirements are reduced. 

Step S: 

Generate the octree representing the maximal volume through the intersection 

of the three pseudo-octrees generated in the previous step. The intersection 

procedure has been outlined in [26]. 

The algorithm is efficient in terms of storage requirement and processing 

time because ofthe compactness ofthe octree structure and efficiency ofthe tree 

traversal procedure. The generation of a quadtree from a 2-D image is straight 

forward. The image is converted into a binary image by simple thresholding. 

The quadtree representation of this binaryimage is obtained using the algorithm 

given in [29]. 

3.1.3 Implementation 

A linked list data structure is used to represent the quadtree and octree. Each 

element of the linked list represents exactly a node in the tree structure. Each 

node contains pointers to its children and a pointer to its own parent node. The 

children of a node correspond to the sub-octants or sub-quadrants within an 

octree or a quadtree node,respectively. 

The other information contained in a tree node is its size (in number of pixel 

units), the coordinates of the center of the region represented by the node, and 
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a label describing the contents of the node. A node can have one ofthree labels, 

namely,WHITE,BLACK,and GRAY.They correspond respectively to a region 

represented by the node as a part of a free space, an obstacle, or a combination 

of the two. In addition, WHITE (free) nodes contain the distance from the 

center of the node to the boundary of the nearest BLACK(obstacle) node. This 

distance is called the distance transform [30]. The usefulness of this parameter 

will become apparent during the discussion of path generation. As might be 

expected, the distance transform is undefined for BLACK and GRAY nodes and 

will be taken as zero. These parameters of a node in the octree or quadtree, 

namely, its size, its label(or color), and the distance transform, will be referred 

to as SIZE(X), COLOR(X), and DIST(X), respectively, where X is the node 

under consideration. 

Another parameter that will be needed later is the neighbor of a node in the 

octree or quadtree. For the purpose ofthis algorithm,a node iVwill be considered 

a neighbor of node X if the following two conditions are satisfied [30]. 

1. The nodes X and its neighbor N touch each other at least at one point. 

2. 

SIZE{N) > SIZE(X) if COLOR{X)g{BLACK,WHITE} 

SIZE{N) = SIZE{X) if COLOR{X)g[GRAY] 

This definition was adopted based on the fact that it results in evaluation of 

the distance transform with a knowledge of the fewest possible neighbors. From 
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the above definition of a neighbor, it follows that an octree node can have a 

maximum of 26 neighbors: 6 of them adjacent to 6 faces, 12 of them sharing 

one of the 12 edges, and 8 of them touching one of the 8 corners of the octant 

represented by the octree node. Figure 3.4 illustrates the 26 possible directions 

of an octree node along which a neighbor can be sought. 

The naming convention adopted to identify the 26 directions for an octree 

node are as follows: The 6 faces of the octant will be labeled N,S,E,W,F,B, 

corresponding to the first letter of the words North, South, East, West, Front, 

and Back,respectively. The 12edges ofthe octant are identified by a three-letter 

namein which the first-two letters correspond to the direction ofthe2faces which 

intersect to form the edge, while the third letter E is used to indicate that the 

direction is an Edge ofan octant. The corners are also identified by a three-letter 

name which corresponds to the direction ofthe 3faces which intersect to form a 

corner [Fig. 3.4]. 

3.2 Path Generation 

Given the 2-D or 3-D representation ofthe workspace in the form ofquadtree 

or octree structure, this module returns an optimal collision-free path from the 

current location of the robot to its destination. The path generated by this 

module is a set of points in the workspacefrom which a path is reconstructed by 

joining consecutive points in straight lines. This module has the fiexibility of 
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Figure 3.4: An illustration of the 26 possible directions along which a neighb
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can be sought for an octree node, (a)6 Faces,(b)12 Edges, and (c)8 Corners 

of the octant representing the octree node. 
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generating either 2-D or 3-D paths given the description of the workspace in 

appropriate dimension. 

The task of path generation begins by obtaining the start and the goal coor 

dinates of the path to be generated. The leaf nodes S and G,representing the 

regions containing the start and the goal points, respectively, are then identified. 

A path consisting of a set of free nodes in the octree (quadtree in 2-D) which 

constitute a path between Sand G isfound using the A* search algorithm [31]. A 

straight line path is reconstructed byjoining the centers ofthese nodesin straight 

lines. Figure 3.5(a) illustrates a simple 3-D path generated using this algorithm 

between two points S and G on a 3-D workspace(same as the workspace shown 

in Fig. 3.1). To see that the 3-D path is indeed collision-free, the orthogonal 

projections of the path and the objects in the workspace are given in Fig. 3.5(b) 

through Fig. 3.5(d). A 3-D path is collision-free if every point along the path 

is collision-free in at least one of the three orthogonal projections of the scene. 

Thus it can be seenfrom Fig. 3.5 that this path is indeed collision-free. Figure 3.6 

contains a binary image and its quadtree representation, which illustrates a 2-D 

path generated by this approach between the points S and G. 

Two issues need to be addressed in path generation. They are(1)the deter 

mination ofsuccessors ofa node which are explored during the search and(2)the 

evaluation ofthe cost associated with the node. The determination of successors 

consists offinding the nodes horizontally or vertically adjacent to the node which 

is being expanded. Diagonal neighbors are ignored. The choice of horizontal or 
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vertical neighbors serves to avoid paths which may otherwise clip obstacle cor 

ners [3]. The number of directions along which successors will be sought are 6, 

corresponding to 6 faces of an octree node. On the other hand, the number of 

such directions for a quadtree node is four. This is the only difference between 

2-D and 3-D path generation. The second issue in path generation, namely,the 

evaluation of cost of a node, will be discussed in the next section. 

3.2.1 Cost ofa Path 

Every successor of the node expanded during the search is assigned a cost func 

tion /(c) where c is the successor node being evaluated. The generated path is 

optimized with respect; to this function. The function of/(c) is given by 

/(c)= g{c)-f- h{c) 

where g{c)is the cost incurred in traversing the pathfrom the start nodeS via its 

current parent m the search. The cost component h{c)is a heuristic estimate of 

the remaining path from c to the goal node G. The Euclidean distance measure 

is used as the heuristic estimate. Since this estimate is a lower bound on the 

actual cost of the path, this measure as a heuristic is admissible [32]. 

The cost component g(c) is defined as a function of those factors which ac 

tually affect the nature of the path. The two factors considered in this study to 

influence the cost of the path are: 

1. the spatial length of the path,and 

2. the proximity of the path to obstacles. 
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The resulting path that is generated is a compromise between these two fac 

tors. Thefirst component ofg{c)is computed by determining the spatial distance 

traversed along the path to arrive at the node c. Since the generated path con 

sists of a sequence of nodes, the distance between two nodes is taken as half 

the sum of the node sizes. The second component of g{c)^ namely, the clear 

ance space available for the robot along the path,also called the clearance factor 

(CF), can be computed using the distance of a successor node (all successors 

are free nodes)from the boundary of its nearest obstacle node. This distance is 

also called the distance transform. This distance information is used in such a 

way that a successor node, which is closer to an obstacle and hence offers little 

clearance space for the robot,is penalized more than those successors which are 

further away from the obstacles [3]. The resulting path due to this component 

will consist of nodes with the largest clearance of the obstacles. 

It can easily be seen that the first component has the effect of pulling the 

path as close to the obstacles as possible without causing a collision in order 

that the spatial length of the resultant path be a minimum. On the contrary, 

the second component of g{c) has the effect of pulling the path away from the 

obstacles. As a result, the eventual path will keep as far away from obstacles as 

possible while maintaining the shortest possible distance. 

What makes this approach more attractive is its ability to weigh the latter 

component, namely, the clearance factor(CF), anywhere in the range of0 and 

1. Therefore, the search algorithm totally ignores the clearance information for 

those paths for which the CF was set to 0. The ability to weigh the CF to 
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plan paths with difFerent clearances is particularly important if some apriori 

knowledge of the distribution of the obstacles in the workspace is known. If the 

workspace is cluttered with obstacles, it might be safe to keep as far away from 

obstacles as possible(CF is set to 1), while the same might not be true when 

the workspace is sparsely populated with obstacles. Another instance in which 

this consideration can be useful is the case for which it is not possible to find 

the location of the robot with enough precision, which requires that CF be set 

to 1. The latter condition may arise due to inaccuracy of the robot controllers, 

traction of the wheels, or the smoothness of the fioor. 

The problem that still remains to be solved is the evaluation of the distance 

transform. This problem has been investigated for a quadtree by Samet [30]. 

The metric distance used was the chessboard distance, or the maximum value 

metric,in which the distance between two points P\{xi,yi)and ̂2(2^2,2/2)in XY 

Cartesian space is given by 

P1P2= max{\x-i,-X2I, |yi-J/2I}. 

While Samet s algorithm[30] was adopted for 2-D path planning,an approach 

based on those lines was formulated for octrees. The evaluation of the distance 

transform of the free nodes in an octree is more complicated than its quadtree 

counterpart since it involves exploring neighborsin 26 directions ofafree node,as 

opposed to 8 directions for quadtrees. The details of this approach are outlined 

in the next chapter. 
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3.2.2 Implementation and Data Structures 

The space m which the search is performed is called the search space. This 

search space can be represented as a tree structure, also called the search tree. 

Each node in the search tree corresponds to a node in the octree or quadtree 

representation of the v/orkspace. The root of the search tree corresponds to the 

octree node which represents the region containing the starting point ofthe path 

to be generated. The search tree is dynamically built as the nodes are expanded 

during the search. Thus, the children of a node in the tree are its successors 

which were generated when the node was explored. 

The data structure used to represent the search space is a general tree in 

which each node in the tree has an arbitrary number of children. This arbitrari 

ness in number is due to the fact that the successors of a node are determined 

dynamically and that their number varies from one node to another. It may be 

recalled that the path generation module is common to both 2-D and 3-D path 

planning. In other words, the 2-D and 3-D search spaces are represented by a 

single data structure. Thus,a node in the search tree corresponds to a 2-D or 3-D 

search space depending upon the dimension in which the search is performed. 

The implementation of this structure was facilitated by the use of "union" data 

types in C language. The information contained within each node of the search 

tree consists of the components of the cost function which are associated with 

that node and a pointer to the node in the octree or quadtree which it represents. 

In addition,a node has two other pointers: one pointing to its parent node in the 
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search tree and the other pointing to a linked list consisting ofits successors. The 

path, as determined by this module, consists of a set of nodes in the search tree 

beginning at the start node(also known as the root of the tree) and terminating 

at the goal node. 

3.3 Algorithmic Outline ofthe Path Planning Approach 

This section gives an algorithmic outline of the path planning approach de 

veloped in this study. 

1. Since the algorithm can generate both 2-D and 3-D paths, it is necessary 

to specify the dimension in which the path planning is to be performed. 

(a) To generate 2-D paths, the quadtree representation of the 2-D 

workspace has to be generated. The generation of the quadtree struc 

ture is outlined below. 

• Obtain an image of the 2-D workspace. Convert this image to a 

binary image by simple thresholding or any other segmentation 

technique. 

• Increase the size of the obstacles within this binary image by 

a factor corresponding to the size of the robot. The resulting 

image consisting of p" seudo-obstacles is used in the generation of 

the quadtree representation of the 2-D workspace. 
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• Generate the quadtree representation of the 2-D workspace from 

the image obtained in the previous step. 

• Compute the size and the coordinates of the terminal nodes in 

the quadtree. 

• Compute the distance transform of the free nodes using the 

quadtree distance transform algorithm. 

(b) To generate 3-D paths,the octree representation ofthe 3-D workspace 

has to be generated. The quadtree representationsofthe three orthog 

onal 2-D projections(front,top,and side views)of the 3-D workspace 

are required to build the octree. Three images representing these or 

thogonal views are used as the 2-D projections. The generation of the 

octree structure is outlined below. 

Obtain the three views from a camera or cameras positioned at 

three orthogonal locations with respect to a reference point in 

the 3-D workspace. Generate the corresponding binary images by 

simple thresholding or any other segmentation technique. 

Increase the size of the obstacles within these binary images by 

a factor corresponding to the size of the robot. These images 

are used in the generation of the octree representation of the 3-D 

workspace. 

Generate the quadtree representation of the images generated in 
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the previous step. They correspond to the projections of the 3-D 

workspace on the three orthogonal planes. 

• Generate the octree representation ofthe 3-D workspacefrom the 

three quadtrees generated in the previous step through volume 

intersection. 

• Compute the size and the coordinates of the terminal nodes in 

the octree. 

• Compute the distance transform ofthe free nodes using the octree 

distance transform algorithm. 

2. Determine the start and goal leaf nodes in the tree which represent the 

regions of the workspace containing these points. 

3. Set the "clearance factor" for the path to be generated. 

4. Determine the path using the A* search algorithm. If the path does not 

exists, exit the program. Otherwise, display the generated path and drive 

the robot. 
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CHAPTER 4 

OCTREE DISTANCE TRANSFORM 

This chapter describes an algorithm developed as a part of this study to com 

pute the distance transform of free nodes in the octree. The distance transform 

of a free node in the octree is a measure of the proximity of the node to an 

obstacle. 

Definition: The distance transform of a free node in the octree is the distance 

from the center of the region represented by the node to the boundary of its 

nearest obstacle node. It is undefined for GRAY and BLACK nodes and will be 

taken as zero. The metric chosen to measure this distance was the chessboard 

distance (also called the maximum value metric). Given 2 points Pi(a;i,?/i,zi) 

and P2(x2,1/2,22) m the XYZ Cartesian space, the distance between Pi and P2, 

according to this metric, is defined as 

P1P2= max{\xi-X2\, |2/i-y2|, \21-Z2l}. 

Since the image is represented by an octree, the use of this metric over other 

metrices(Euclidean distance and Absolute value metric) results in considerable 

simplicity in computation [30]. 

The question that remains to be answered is the procedure for determining 

the distance transform. This can be subdivided into two sub-tasks. 
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1. The neighbors of an octree node are first identified. 

2. Given the neighborsofa WHITE(free)node,the distance transform is then 

computed. This consists of processing one neighbor at a time to compute 

the distance ofthe octree node under consideration to the nearest boundary 

of the neighbor. After all the neighbors are processed, the minimum over 

all such distances is taken as the distance transform. Processing a neighbor 

is dependent on the color of the neighbor and is described below. 

(a) Since the distance transform ofafree node is the distance to its nearest 

obstacle block, all WHITE neighbors can be ignored. 

(b) For a BLACK neighbor,the distance from the center of the free node 

under consideration to the nearest boundaryofthe region representing 

this neighbor is found. This distance is half the size of the free node 

itself. 

(c) Processing a GRAY neighbor is more complicated than processing 

others neighbors since it involves exploring the leaf nodes within this 

GRAY octant. For each GRAY neighbor,the distancefrom the center 

of the octree node under consideration to the closest boundary of the 

nearest obstacle block contained in this GRAY octant is found. 

Since a BLACK neighbor is guaranteed to return such a distance,further 

computations can be ceased as soon as a BLACK neighbor is found. This 

can lead to a considerable saving in computation. 
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It is worth mentioning that for any WHITE(free) node in the octree, all its 

neighbors cannot be WHITE. This an extension of a theorem stated in [30] for 

quadtrees. The implication of this theorem is that for any free node in the octree 

the distance transform exists. 

Notation Used: 

It may be recalled every nodein the octree,except the root,hasa parent asso 

ciated with it. A node shares three faces in common with the octant representing 

its parent(Fig.4.1). This feature is used to identify a node by a three-letter name 

which is also called the octant type of the node. The three letters in the name 

correspond to each of the three faces. The convention used to identify the faces 

ofan octant representing an octree node was given in the previous chapter. From 

here on,an octant will be frequently identified by its octant type. 

NWB NEB 

NWF NEF 

SEB 

SWF SEF 

Figure 4.1: The naming convention used to identify the 8 sub-octants contained 

in an octree node(the sub-octant SWB is not shown). 
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Since the octree distance transform algorithm involves conceptualizing many 

ideas in three dimensional space,an effort is made to illustrate the steps involved 

with appropriate figures for each test case. The choice of one octant over others 

in these examples have no significance except that it is based on eliminating 

occlusion effects in these figures so that the point is well-illustrated. The node 

labeled O always refers to the octree node under consideration while the node 

labeled N refers to the neighbor being sought. 

4.1 Identification of Neighbors in Octrees 

A neighbor can share with an octree node a common face, an edge, or a 

corner. These neighbors will be referred to as face-neighbors, edge-neighbors, or 

corner-neighbors, respectively. The identification of neighbors belonging to each 

of these categories is discussed below. 

The procedure for identifying a neighbor which shares a common face with 

an octiee node O is similar to that used in the quadtree distance transform 

algorithm [30]. It consists of traversing the ancestor links of the octree node0 

until a common ancestor ofthe node O and its neighbor N isfound. The previous 

path is then retraced, with a modification that each step is a reflection of the 

corresponding previous step about the common boundary between the regions 

represented by the two nodes. 

The procedure for identifying a neighbor which shares a common edge or a 

corner with an octree node O is dependent on the octant type of the node O 
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and the edge or the corner along which a neighbor is being sought. Accordingly 

the edges and corners of an octree node can be classified into groups so that a 

common procedure can be adopted to find the neighbors along these directions. 

The edges of an octant can be classified into three groups [Fig. 4.2] and the 

method to find the neighbors for each of these groups is discussed below. 

Group I: 

The neighbor of an octree node O along an edge belonging to this group lies 

in the same octant as the parent of the node 0. There are three such edges for 

any octree node [Fig. 4.2(a)]. 

Group II: 

The neighbor adjacent to an edge belonging to this group is such that the 

ancestors ofthe neighbor and the octree node O share a commonface. There are 

6 such edgesfor any node[Fig. 4.2(b)]. Finding this neighbor,therefore, consists 

of traversing the ancestor links of the node0 until an ancestor is found that is 

horizontally or vertically adjacent(sharing a commonface)to the ancestor ofthe 

sought neighbor. The next step consists of retracing the previous path making 

directly opposite moves with respect to the edge along which a neighbor is sought. 

For a node whose octant type is NWF,the opposite link with respect to the edge 

SEE is its off-spring having octant type SEE. 

Group III: 

The neighbor ofan octree node0adjacent to an edge belonging to this group 

is such that the ancestors of the neighbor and the node0touch each other along 

a common edge. There are 3 such edges for any octree node [Fig. 4.2(c)]. It 
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Figure 4.2. An example of the classification of edges into 3 groups of an oc 

tree node O whose octant type is NWF.A neighbor adjacent to one such edge 

belonging to each of these of groups is also shown. 
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may be observed that neighbors belonging to this group are similar to those of 

the previous group except that the ancestors share a common edge rather than 

a common face. Therefore, a similar approach can be adopted to find these 

neighbors. 

The corners ofa node can be classified into4 groupsfor the purposeoffinding 

the neighbors which touch at a corner[Fig. 4.3]. The method to find the neighbor 

along a corner belonging to each of these groups is discussed below. 

Group I: 

The neighbor of an octree node O adjacent to a corner, belonging to this 

group is a suboctant within the octant represented by the parent of node O and 

it lies diagonally opposite to the node 0.Each node has one such corner. Figure 

4.3(a) illustrates such a neighbor along the corner SEE for a node whose octant 

type is NWF. 

Group II: 

The neighbor adjacent to a corner belonging to this group is such that the 

ancestors of node O and the neighbor share a common face. Each node has 3 

such corners. Identification of this neighbor,therefore, consists of traversing the 

ancestor links ofnode0until an ancestor isfound that is horizontallyor vertically 

adjacent (sharing a common face) to the ancestor of the sought neighbor. The 

next step consists of retracing the previous path making diagonally opposite 

moves(with respect to the corner). For a node whose octant type is NWF,the 

opposite link with respect to the corner SEE is its off-spring having octant type 
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Figure 4.3: An example of the classification of corners into 4 groups of an octree 

node 0 whose octant type is NWF. A neighbor adjacent to one such corner 

belonging to each of these groups is also shown. 
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SEB. Figure 4.3(b)illustrates such a neighbor along the corner NEB for a node 

whose octant type is NWF. 

Group III: 

The neighbor adjacent to a corner belonging to this group is similar to corner-

neighbors of the previous group except that the ancestors of octree node O and 

its neighbor share a common edge [Fig. 4.3(c)] rather than a common face. 

Each node has 3such corners. Identification of this neighbor,therefore, consists 

of traversing the ancestor links of the node O until an ancestor is found that 

shares a common edge with the ancestor of the sought neighbor. This path is 

then retraced making diagonally opposite moves. Figure 4.3(c)illustrates such a 

neighbor along the corner NWB for an octree node whose octant type is NWF. 

Group IV: 

The neighbor touching a corner and belonging to this group is also the corner-

neighbor ofsome of its ancestors. These ancestors are ofthe same octant type as 

the node0itself. The procedure for determining this corner-neighbor consists of 

finding the ancestor not having the sameoctant type as its offspring and retracing 

the previous links making diagonally opposite moves. 

4.2 Computation of Distance Transform 

Having identified the neighbors of a node, the next step involves exploring 

each of these neighbors to compute the distance from the center of the octree 
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node to the boundary of the nearest obstacle block contained in these neighbors. 

If this distance for an octree node is a lower bound, then further processing of 

other neighbors can be terminated since this distance is the distance transform. 

WHITE neighbors can be ignored while this distance for a BLACK neighbor 

is half the size of the octree node itself. What remains to be discussed is the 

processing ofGRAY neighbors. This consists ofexamining the sub-octants within 

this GRAY neighborin a given sequence based on the proximity ofthe sub-octant 

to the common boundary between the octree node and its GRAY neighbor. If 

the sub-octant is a WHITE node, then it can be ignored. For a sub-octant 

representing a BLACK node, the distance from the center of the octree node to 

the nearest boundary of this sub-octant is returned. If the sub-octant is itself a 

GRAY node,say G,then the procedurefor exploring its ancestor GRAY neighbor 

is recursively applied to the sub-octants within this node G. 

The sequence (order) in which the sub-octants within a GRAY neighbor is 

examined is dependent on the common boundary being a face, an edge or, a 

corner. The ordering is given below for each of the three cases. The ordering is 

in decreasing order of priority. But it should be pointed out that if at any time 

during the processing of a GRAY neighbor,a sub-octant representing a BLACK 

node is found, then further processing of this GRAY neighbor is immediately 

terminated. 

The sub-octants contained in a GRAY neighbor sharing a common face with 

an octree node are examined in the following order [Fig. 4.4(a)]. 
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Figure 4.4: Ordering of the sub-octants contained in a GRAY neighbor which 

shares(a) a common face,(b) a common edge, and (c) a common corner with 

an octree node. These sub-octants are processed according to this ordering. 
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1. The 4 sub-octants that are adjacent to the common face shared by the 

octree node and its neighbor are first examined. The suboctants named ai 

through 04 in Fig. 4.4(a)(04 not shown)of a GRAY neighbor adjacent to 

the face N (North) of a node whose octant type is NWF,belong to this 

group. 

2. The remaining 4 suboctants that are further away from the common face 

shared by the node and its neighbor are the second set of nodes to be 

explored. The suboctants named 61 through 64 in Fig. 4.4(a) of a GRAY 

neighbor adjacent to the face N (North) of a node whose octant type is 

NWF,belong to this group. 

The sub-octants contained in a GRAY neighbor sharing a common edge with 

an octree node are examined in the following order [Fig. 4.2(b)]. 

1. The two sub-octants that are adjacent to the common edge shared by the 

octree node and its neighbor are first examined. The sub-octants named 

oj and 02 m Fig. 4.4(b) of a GRAY neighbor adjacent to the edge NWE 

of a node whose octant type is NWF,belong to this group. 

2. The sub-octants of this group are either horizontally or vertically adjacent 

to the sub-octants belonging to the previous group (nodes ai and a2 in 

Fig.4.4(b))and share a common face with the latter. There are 4such sub 

octants within a GRAY edge-neighbor. The sub-octants named bi through 

64 in Fig. 4.4(b)(63 not shown)of a GRAY neighbor adjacent to the edge 

NWE of a node whose octant type is NWF,belong to this group. 
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3. The remaining two sub-octants that are further away from the common 

edge shared by the node and its neighbor are then examined. The sub-

octants named a and cj in Fig. 4.4(b) of a GRAY neighbor adjacent to 

the edge NWE of a node whose octant type is NWF,belong to this group. 

The sub-octants contained in a GRAY neighbor sharing a corner with an 

octree node are examined in the following order. [Fig. 4.4(c)]. 

1. The sub-octant that touches the corner shared by the octree node and its 

neighbor belongs to this group. The sub-octant named Qj in Fig. 4.4(c) 

of a GRAY neighbor adjacent to the corner NWF of a node whose octant 

type is NWF,belongs to this group. 

2. The sub-octants of this group are horizontally or vertically adjacent and 

share a common face with the sub-octant of the previous group(node aj in 

Fig. 4.4(c)). There are 3such sub-octants within a GRAY corner-neighbor. 

The sub-octants named bi through 63 in Fig.4.4(c) (63 not shown) of a 

GRAY neighbor adjacent to the corner NWF of a node whose octant type 

is NWF,belong to this group. 

3. The sub-octants of this group are also adjacent to the sub-octant of the 

first group(node oi in Fig. 4.4(c)), but share a common edge rather than 

a common face. There are 3 such sub-octants within a GRAY corner-

neighbor. The sub-octants named ci through C3 in Fig. 4.4(c) of a GRAY 

neighbor adjacent to the corner NWFofa node whose octant type is NWF, 

belong to this group. 
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4. Theremaining sub-octant that is thefurthest awayfrom thecommon corner 

shared by the octree node and its neighbor belong to this group. The sub-

octant named di in Fig. 4.4(c) of a GRAY neighbor adjacent to the corner 

NWF of a node whose octant type is NWF,belongs to this group. 

4.3 Implementation 

This section gives the implementation of this approach in an algorithmic 

form. A procedure called SD-Distance-Transform (Octnode, Size) was written 

to compute the distance transform of the free nodes in the octree. Octnode is a 

pointer to the root of the octree and Size is the size of the 3-D image array (in 

number of pixel units) which the octree represents. The algorithm traverses the 

tree in a post order and controls the exploration ofthe 26 neighbors of a WHITE 

node. The algorithm, in Pascal-like syntax, is given below. Explanation of the 

individual steps follow the algorithm. 

Procedure 3D-DIST_TRANSF0RM(0ctnode,Size); 

begin 

if OCTANT-TYPE(Octnode)== GRAY then 

for I e {NWF,NEF,SWF,SEF,NWB,NEB,SWB,SEB} do 

DIST(Octnode)= 0; /* Undefined for GRAY nodes */ 

3D_DIST.TRANSF0RM(CHILD(0ctnode,I), Size/2); 

else 
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if OCTANT_TYPE(Octnode)== BLACK then 

DIST(Octnode;= 0; /* Undefined for BLACK nodes */ 

/* free node; compute distance transform */ 

begin 

L-bound — Size/2; /* Lower bound on distance transform */ 

Sofar-dist = 1.5 x Size; /* Upper bound on distance transform */ 

Sofar-dist = b)IST_FACE_NEIGHBORS(Octnode,L_bound,Sofar_dist); 

if Sofar-dist > L.bound then 

Sofar_dist=DIST_EDGE_NEIGHBORS(Octnode,L_bound,Sofar-dist); 
if Sofar-dist > L-bound then 

Sofar-dist = DIST-COR-NEIGHBORS(Octnode,L-bound,Sofar-dist); 

DIST(Octnode)= Sofar-dist; 

end else; 

end procedure; 

Function DISTJFACE-NEIGHBORS(Freenode,L-bound,Sofar-dist); 

begin 

Found = FALSE; 

while not Found and Face G Lfaces do 

begin 

Neighbor = FACE-NEIGHBOR(Freenode,Face); 

ifEXISTS(Neighbor)and OCTANT-TYPE(Neighbor)^WHITE then 

if OCTANT-TYPE(Neighbor)== BLACK then 
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begin 

return( L.bound ); 

Found = TRUE; 

end; 

else /* GRAY face-neighbor */ 

begin 

New.dist = DIST_GRAY_FACEJ^EIGHBOR(Neighbor,Face); 

if New-dist == L.bound then 

begin 

return( L.bound ); 

Found = TRUE; 

end; 

else 

if New.dist < Sofar.dist then 

Sofar.dist = New.dist; 

end else; 

Face= NEXT(Face); 

end while; 

return( Sofar.dist ); 

end function; 

L.bound is the lower bound for the distance ofa free nodefrom an obstacle block 

in the octree. This distance is given by one-halfthe size of the node itself. Since 

the distance of a free node from a BLACK neighbor is one-half the size of the 
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free node, a BLACK neighbor is gauranteed to return the distance transform. 

Therefore, further processing of the remaining neighbors of the free node can 

be terminated. This is implemented by setting a flag called Found. SofarMst 

is the distance of a free node from the nearest neighbor among the neighbors 

sofar examined. This parameter is computed by propagating the smallest value 

of distance among the distances computed for each neighbor. Initially, SofarMst 

is set to the largest possible value for distance transform ofthe node. This upper 

bound on the distance transform is given by 1.5 times the size of the node. 

The function DIST-FACE_NEIGHBORS()explores the neighbors of a free 

node along the 6 possible faces. It determines the nearest neighbor from among 

the face-neighbors and other neighbors examined sofar and returns the distance 

of this neighbor from the octree node under consideration. This function is 

implemented as a set of lower level functions called FACE-NEIGHBOR()and 

DIST-GRAY-FACE-NEIGHBOR()which explore one neighbor at a time. The 

function FACE-NEIGHBOR (octnode, face) returns the face-neighhor of the 

"octnode" along the direction "face". If this neighbor is a GRAY neighbor, 

then the function DIST-GRAY-FACE-NEIGHBOR()is invoked. It returns the 

distancefrom the center ofthe "octnode" to the boundary ofthe sub-octant con-

tamed in this GRAY neighbor closest to "octnode". It may recalled that WHITE 

neighbois are ignored in the evaluation of the octree distance transform. 
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Lfaces is a list consisting of all the faces ordered in a pre-defined sequence. 

The function NEXT(Face)returns the member of the list next to "Face",corre 

sponding to this ordering. The Boolean function EXISTS(Octnode)returns true 

when "Octnode" is a valid node in the octree. 

The functions DIST_EDGE_NEIGHBORS()and DIST_COR_NEIGHBORS 

0are similar to DIST_FACE_NEIGHBORS()described above except that they 

explore the edge and corner neighbors of an octree node. Hence, they are not 

given here. 
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CHAPTER 5 

EXPERIMENTAL RESULTS 

In this chapter,the experimental results of using the path planning approach 

developed in this study are presented. The algorithm was implemented in C 

language on a VAX 11/780 computer. The size of the images used in these 

experiments is 128 x 128. 

5.1 2-D Path Planning 

The quadtree representation ofa 2-D workspace was generated from an image 

of the scene. The path generated by this algorithm is shown by solid lines. 

The lines were generated by joining the centers of the regions representing the 

quadtree nodes along the path. Figure 5.1 shows the image of a simulated scene 

with blocks, and its thresholded binary image is shown in Fig. 5.2. Figure 5.3 is 

the image obtained by enlarging the obstacles in Fig. 5.2 corresponding to the 

size ofthe moving object(robot). The enlargement factor used was5 pixels. The 

time taken to increase the size of the obstacles for a 128 x 128 image is typically 

about 1 second. The paths generated using this imagefrom a start point S(top 

left) to a goal point G (bottom left) for different clearances are illustrated in 

Figs. 5.4 through 5.6. It can be observed that, with an increase in the clearance 
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Figure 5.1: Original image of a scene (set # 1). 

Figure 5.2: Binary image generated by thresholding. 



Figure 5.3: Binary image showing pseudo-obstacles. 

Figure 5.4: Generated path shown by a solid line(CF= 0.0). 
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Figure 5.5: Generated path shown by a solid line(CF= 0.5). 

s' ' 

Figure 5.6: Generated path shown by a solid line(CF= 1.0). 



factor(CF), the distance along the path is sacrificed for better clearance. The 

image of a cluttered workspace and a path generated using this algorithm for a 

CF — 1.0 are shown in Figs. 5.7, and 5.8, respectively. An increase in the search 

time in this case is due to an increase in the number of nodes expanded during 

the search. 

Figure 5.9 gives the CPU time(in seconds)required to generate the quadtree 

and the time taken to generate the path, the number of nodes in the quadtree, 

and the number of nodes expanded during the search. Clearly,the search time is 

a function of the number of nodes expanded during the search. As expected, the 

processing time is greater for large values of the clearance factor. This increase 

in time is due to the fact that the power of the heuristic used in the A* search 

depends upon the average deviation ofthe minimum cost path from the straight 

line path. The deviation is highest for a clearance factor of0 and decreases as 

the value of the clearance factor increases. Since the path generation is based 

on the A* search, the algorithm will find a path if one exists and will indicate 

failure if no path exists 

5.2 3-D Path Planning 

The 3-D description of the workspace was generated using three orthogonal 

projections of the scene. Images representing the three views (front, top, and 

side) of the workspace were used as the three projections. Ideally, the three 

views have to be obtained from 3identical orthogonal cameras. The optical axes 
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Figure 5.7: Original image of the scene (set # 2). 

Figure 5.8: Generated path shown by a solid line(CF= 1.0). 



Fig. No. of Quad Time to build Clearance No. of Nodes Search 

No. tree nodes quadtree Factor expanded time 

5.4 1581 6.25 0.0 169 0.90 

5.5 1581 6.25 0.5 567 4.85 

5.6 1581 6.25 1.0 524 4.24 

5.8 3033 6.55 1.0 1047 9.95 

Figure 5.9: Statistics of 2-D Path Planning. 

of the cameras should be perpendicular to each other. The point at which the 

three axes intersect on the 3-D workspace should be equi-distant from the center 

of the camera lenses. The three images were generated using a single camera 

mounted on a robot. The images were taken at three orthogonal positions of 

the camera lens with respect to the workspace. Then a path was generated 

using the algorithm described in the previous sections between a start point S 

(top left and closer to the back plane on the 3-D workspace) and a goal point 

G (bottom right and closer to the front plane) for a clearance factor of 0 and 

1. The generated pat..i consists of nodes in the octree which constitute a path 

between S and G. A straight path was reconstructed by joining the centers of 

successive nodes along the path. For the purpose of illustration, this 3-D path 

was decomposed into a set of three 2-D path segments. These path segments 

correspond to the projections of the 3-D path on the three orthogonal planes. 

Figures 5.10 through 5.12 show the 2-D path segments ofthe 3-D path generated 
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between S and G for a clearance factor of0. Figures 5.13 through 5.15 illustrate 

the 2-D path segments of the 3-D path between S and G for a clearance factor 

of 1. Figures 5.10 through 5.15 were generated by superimposing these 2-D path 

segments on the corresponding views of the 3-D workspace. A 3-D path will 

be considered collision-free if every point along the path is collision-free in at 

least one of the three orthogonal projections. It can be observed that the paths 

shown in Figs. 5.10 through 5.15 are indeed collision-free. Figure 5.16 outlines 

the statistics of some of the parameters observed in generating the 3-D path 

given in Figs. 5.10 through 5.15. 

* i; 

Figure 5.10: Top view of a 3-D workspace. The projection of the 3-D path 

this plane is shown by a solid line(CF= 0.0). 



this plane is shown by a solid line(CF= 0.0). 



this plane is shown by a solid line(CF= 0.0). 



this plane is shown by a solid line(CF= 1.0). 
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this plane is shown by a solid line(CF= 1.0). 



this plane is shown by a solid line(CF= 1.0). 



Time Number of 

View (sec) Nodes 

o 
Front 6.37 905 

II 

Top 6.5 1313 

Side 6.44 1121 

(a) Quadtree Generation of three views of the 3-D workspace. 

Time for octree generation(sec) 10.68 

Time to compute dist. transform (sec) 43.39 

Number of nodes in octree 28089 

(b)Octree Generation from Quadtrees. 

CF= 1 

Time for path generation (sec) 42.41 773.37 

No. of nodes expanded during search 1123 3681 

(c)Path Generation. 

Figure 5.16: Statistics of 3-D Path Planning. 
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5.3 Implementation ofthe Algorithm on the Robot 

An experimental system was set up on a robot(Cincinnati Milacron 726) 

to verify this approach to path planning. The robot consisted of an arm, on 

which a CCD camera was mounted, and a gripper [Fig. 5.17]. The experiment 

consisted of moving a tool attached to the gripper in a 2-D or a 3-D workspace 

without colliding with the obstacles. 

V.:-

Figure 5.17. Cincinnati Milacron 726 robot used in the experiment. 

A 2-D and a 3-D workspace was chosen for path planning based on2consider 

ations:(1)the accessability ofevery point in the workspace to the robot,and(2) 

the ability of the robot to acquire the image(s)of the workspace(while a single 

image of the workspace was sufficient for 2-D path planning,3-D path planning 



required 3 orthogonal views of the workspace). A path was planned between 2 

points in the workspace using the algorithm developed in this thesis. The path 

thus generated,consisting ofa sequence of points, was defined with respect to an 

image coordinate system. This is called the pixelcoordinate system in the case of 

2-D path planning. The image coordinate system in 3-D path planning is called 

the voxel(volume element) coordinate system. The origin and direction of the 

axes of these coordinate systems in the corresponding workspaces are given in 

Fig. 5.18. The distance between 2 neighboring pixels or voxels was taken as the 

unit length,and,consequently,the distance between 2 points in these coordinate 

systems is measured in pixel or voxel units. 

Once a path was determined, the task then consisted of moving the tool 

along this path. This was accomplished using the robot motion routines. The 

motion routines move the tool to a given position in a given coordinate system. 

However, this coordinate system had to be defined with respect to one of the 

known robot coordinate systems. Therefore,a new coordinate system, called the 

world coordinate system, was defined for both 2-D and 3-D path planning. The 

distance between 2 points in this coordinate system was measured in inches. The 

relative position of the world coordinate system (2-D and 3-D) with respect to 

the image coordinate system (pixel and voxel)is given in Fig. 5.19. 

The problem was then reduced to transforming a point defined in the pixel 

or voxel coordinate system to the 2-D or 3-D world coordinate system so that 

the robot motion routines could be used to move the tool along the path. The 
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Figure 5.18:(a)The 2-D workspace and the pixelcoordinate system,and(b)the 

3-D workspace and the voxel coordinate system. 
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Figure 5.19: Relative position ofthe world coordinate system with respect to the 

(pixel and voxel)image coordinate system. 
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transformation of a point in the voxel to the 3-D world coordinate system is 

discussed below. However,it has to be pointed out that this procedure is similar 

to the transformation of a point defined in the pixel coordinate system to the 

2-D world coordinate system, except that the third dimension, namely, the Z 

axis, is set to a constant value. 

The transformation of a point in the voxel to the 3-D world coordinate sys 

tem involved computing the ratio of the distance between 2 points in the voxel 

coordinate system to the corresponding distance (in inches) in the 3-D world 

coordinate system. This ratio will be denoted by RWV (Ratio of world to voxel 

coordinate systems). 

The geometry and optical characteristics ofthe camera were used to compute 

this ratio. From Fig. 5.20, it follows that 

r L 
(5.1)

X D 

where 

D Distance ofthe origin ofthe 3-D world coordinate system from 

the center of the camera lens (in inches) 

L Length of the workspace(in inches) 

A Focal length of the camera(in inches) 

r Image size (in inches) at the focal plane of the camera 
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camera lens 

Figure 5.20; Image formation at the focal plane of the camera lens. 

The parameter r can be computed from the relationship: 

imqjres 
r= 

pp-incn 

where 

imgjrts Resolution of the image (in pixels) at the focal plane of the 

camera lens. 

pp-inch Pixels per inch on the focal plane of the camera. 

From Eqn. 5.1, 

(5.2) 

From Eqn. 5.2, it follows that 

RWV= 
Size 

where Size Size of the image(in pixels) used in path planning. 

Thus, to compute RWV,the parameters A, imgjres, and ppjinch have to 

be determined. These parameters can be obtained from the specifications of the 
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camera lens. The transformation of a point in the voxel coordinate system to a 

point in the 3-D world coordinate system is given by the following relationships. 

Xworld — ^vox*RWV+^ (5.3) 
^world ^vox *RWV-^ (5.4) 
^world — Yvox * RW^V -|- — (b.5) 

The image coordinate points generated by the algorithm were then trans 

formed to world coordinates (using the Eqns. 5.3 through 5.5), and the motion 

routines were invoked to traverse the generated path. 

Figures 5.21 through 5.27 show the robot at various stages of path planning. 

The robot is shown with its camera positioned to acquire three orthogonal views 

of a 3-D workspace [Figs. 5.21 through 5.23]. The obstacles in the workspace 

consisted of a set of cylinders placed adjacent to each other to form a barrier. 

The task of this experiment was to move the tool attached to gripper across 

this barrier. The robot with the tool at the start, an intermediate,and the goal 

positions along the path are shown in Figs. 5.24 through 5.26. The robot acquir 

ing the image of a 2-D workspace, and the robot at the start, an intermediate, 

and the goal positions of a 2-D path generated by the algorithm are shown in 

Fig. 5.27. 

74 



•9o^ds>[JOAv Q-g B JO AvaiA apis 9TJJ Suumbo'B joqojaqj^ '-ZZ'Q 

•ao^dsqjoAv Q-g Ts JO MoiA juojjaqjSuumboB joqojaqj^ :X2'Q ajnSij 



j.ir» 

M 

Figure 5.23: The robot acquiring the top view of a 3-D workspace. 
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Figure 5.24: The robot at the start position of a 3-D path. 



Figure 5.25: The robot at an intermediate position of a 3-D path. 

r-

m 

Figure 5.26: The robot at the goal position of a 3-D path. 
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Figure 5.27: The robot acquiring an image of a 2-D workspace [Top Left], and 

at the start [Top Right], an intermediate [Bottom Left], and the goal [Bottom 

Right] positions of a 2-D path generated by the algorithm. 



CHAPTER 6 

CONCLUDING REMARKS AND EXTENSIONS 

This thesis addressed the two major issues in path planning, namely, 

workspace representation,and path generation. A detailed description was given 

of the path planning algorithm which was developed in this study to generate 

safe 2-D and 3-D paths for a robot. The efforts made to develop an algorithm 

which extends the approach ofthe 2-D path planning to 3-D were discussed. The 

merits ofthis path planning approach and its scope of application were also men 

tioned. A justification was outlined for the choice of octree (quadtree in 2-D)as 

the data structurefor representation and the constraints used in path generation. 

The path generation required the determination of the distance of a free space 

to the nearest obstacle block in the workspace representation. A methodology 

was projDosed to compute this distance in 3-D space. This algorithm was imple 

mented,and tested with both synthetic and real images. The results, illustrated 

through images and timing statistics, were given. An experimental system set up 

on a robotic workstation to verify this approach was also described. The results 

indicate the usefulness of this approach for the intended application. 

Futureresearch in improving the algorithm may be directed toward enhancing 

its speed and robustness. The following areas are worth exploring. 

The constraint on the orthogonality of the three views to generate the octree 
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representation from multiple 2-D representations may be unrealistic. However, 

it is possible to generate an octree representation of a 3-D space from any three 

non-coplanar views. Such an octree is called a "generalized octree" [28]. Each 

block associated with a node in the generalized octree is a parallelepiped with 

its three sides aligned with the three viewing directions. The generalized octree 

structure allows subsequent refinement of the representation as additional views 

become available. 

The hierarchical nature of the representation has the important advantage 

that the search can be made staged^ i.e., plan at a coarser level and subsequently 

refine the path as needed,thus reducing the planning cost substantially [3]. Small 

isolated black nodes will fragment the freespace, and give rise to an undesirable 

increase in the depth of the tree and the number of leaf nodes, consequently 

increasing the cost of the search. This problem can be dealt with by pruning 

the tree so that certain gray nodes are made terminal nodes. These gray nodes 

correspond to a mixture of obstacle nodes and free nodes in the original tree. 

Path planning now consists of planning a global path at this coarse level and 

subsequently developing a path inside the regions represented by the gray nodes. 

Path planning in the current implementation is achieved by shrinking the 

robot to a reference point while expanding the obstacles by the size of the robot. 

The pseudo-obstacle method,though simpletoimplement,is not robust. It blocks 

paths which otherwise could have been utilized. Therefore, a better method to 

ensure that the path is collision-free is the generation ofthe linear swept volume of 

the robot along its path[33]. Ifthis volume does not collide with an obstacle,then 
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the path is collision-free. One way ofrepresenting this linear swept volume would 

be to use another octree. Collision detection consists of traversing in parallel, 

the two trees representing the workspace representation and the swept volume. 

The path is not collision-free iffor any BLACK node in a tree the corresponding 

node in the other tree is BLACK or GRAY. A better and more efficient way 

of representing the swept volume would be to approximate the articulate parts 

of the robot and the swept volume of the robot by a set of primitive shapes. 

Since the robot is fully contained in its approximating shape,a free path for the 

shape is a free path for the robot. Associated with each swept-volume primitive 

shape is a set of curves within its volume that follow the sweep used to form the 

shape. Collision detection consists of individually testing the curves within the 

swept volume to determine if they intersect with an obstacle. A technique called 

ray-tracing [27] can be used to perform this task. This algorithm is time-efficient 

if the objects in the workspace are represented as octree structures. 
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