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ABSTRACT

Multiple-modulus residue arithmetic (MMRA) is a method of performing

certain arithmetic computations (+, /) on the set of order-N Farey frac

tions {Fn) in an environment totally free of machine roundoff error. MMRA

provides a method of representing elements in the set Fff on unique ordered

n-tuples of integers, called standard residue representations with respect to

the base vector. Arithmetic operations on elements in Fs are replaced by

corresponding operations on the standard residue representations. These

computations are performed upon the ordered n-tuples in componentwise

fashion with respect to the base vector using residue arithmetic. If the resul

tant standard residue representation corresponds to an element in Fn, the

answer is recovered totally free of machine roundoff error.

The theory and implementation of multiple-modulus residue arithmetic is

discussed. Then specific aspects of multiple-modulus residue arithmetic are

compared and contrasted to single-modulus residue arithmetic, concluding

with recommendations for further research.
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CHAPTER I

INTRODUCTION

1.1 Motivation for Error-Free Computation

Binary computers, using a radix 2 number system, are capable of repre

senting only a finite set of rational numbers. Thus, the continuum of rational

numbers is approximated by a set of discrete computer representable num

bers, called fioating point numbers.

The set of floating point numbers represented in a computer are rational

numbers of the form ̂  where 9 is a power of two; therefore, most of the

familiar rational numbers such as f and ̂  are excluded from this set.

If a rational number is not in the set of fioating point numbers, the binary

representation of the rational number is adjusted to the word size of the host

computer, delivering an approximation of the rational number and introduc

ing machine roundoff error. Roundoff error also results from computations

performed on the fioating point numbers. For example if x and y are two

adjacent fioating point numbers (usually differing by the rightmost bit in

the mantissa), then z = is not an element in the set of fioating point

numbers and z will be valued either x or y in binary computers.^

For most applications the problem of rounding error is not considered ex

cessively serious. However, a certain class of mathematical problems, termed

ill-conditioned, can not be solved with a computer using commonly imple

mented methods of arithemetic. These problems are highly sensitive to per

turbations in the data, and can not tolerate any rounding error without

^Gregory and Krishnamurthy[l984], page 2



seriously distorting the answer. For example consider the problem

-73 78 24

A = 92 66 25 (1.1)

-80 37 10

0 0 0

E = 0 0 0 (1.2)

0 0 10-2

where as

det{A) = 1,

det{A + E) = -118.94.

The difficulties incurred when approximating arithmetic on the rational

numbers provide a strong incentive for identifying a number system which

can be used for performing error-free computation. Since computers can

perform some operations exactly if the operands are integers, the motivation

is to find an arithmetic system which utilizes integer arithmetic as a means

of eliminating machine roundoff error.

^Gregory and Karney[l978], page 50.



1.2 Error-Free Computation Using Residue Arithmetic

John Smyre implemented a form of residue arithmetic called single-modulus

residue arithmetic' (SMRA). This mathematical system allows a set of order-N

Farey fractions

Fff = 0 < 6 < 7v|

to be represented on the set

Im — {O) 1)2, ...,77l l},

where m and N satisfy the equation

2N^ + 1 < m.

Computations upon the set of order-N Farey fractions are replaced by corre

sponding mathematical operations on the set Im- If the answer is an element

in Fs, the result is recovered exactly.

John Smyre's study demonstrates (l) that SMRA enormously improves

the numerical accuracy of the answer over hardware floating point arith

metic and (2) that SMRA is much slower than using rational arithmetic for

solving the same problems. Multiple-modulus residue arithmetic (MMRA)

approaches several of the problems in SMRA from a new vantage point.

A main contributor to the slow speed of SMRA comes from having to

perform all residue computations on extended precision integers represented

in software, rather than using the integer operations available on the host

computer. This results directly from the magnitude of the modulus (deter

mining the set Fn representable). Thus, the larger the set of order-N Farey

fractions representable, the slower SMRA computations are to perform.

'Smyre[l983j



Multiple-modulus residue arithmetic provides a method for representing

the set of order-N Farey fractions with respect to a base vector of prime

moduli on unique ordered n-tuples

= [|-fV|ml, |-'^Ar|m2)---j |-fV|mn]

where the base vector is

/? = [mi,m2,...,mn|.

The magnitude of N is determined by

2^■2 + 1 < Af

where
n

M = n m,-.
i=l

Hence, the order-N Farey fraction is represented as an ordered n-tuple of in

tegers, called the standard residue digits with respect to the base vector. The

base vector is composed of prime moduli represented in the integer word size

of the host computer. The arithmetic operations (+,—,•,/) are performed

on each standard residue digit (sj) reduced with respect to the corresponding

modulus in the base vector (m,). Thus, all intermediate residue arithmetic

computations can be performed on the standard residue digits (with respect

to the base vector) utilizing existing computer arithmetic for integers which

may decrease execution time. Furthermore, the extended precision integer

represented in software is only used twice, once for mapping elements in

onto their standard residue representation and then for recovering the

order-N Farey fraction from the standard residue digits.

Hence, one can examine arithmetic computations on rational numbers in

an environment totally free of machine roundoff error. Computations can be



performed upon these ordered n-tuples using residue arithmetic, and if the

resultant standard residue representation corresponds to an order-N Farey

fraction, the answer is recovered exactly. The task before us has three well-

defined goals:

1. to develop the necessary software for implementing multiple-modulus

residue arithmetic;

2. to utilize this extended precision software, solving numerical problems

free of machine roundoff error;

3. to compare and contrast specific aspects of multiple-modulus residue

arithmetic to single-modulus residue arithmetic, concluding with recommen

dations for further research.

In Chapter II, the underlying theory of multiple-modulus residue arith

metic is outlined. The numerical algorithms presented are illustrated and

theoretical weaknesses demonstrated.

In Chapter III, the computational results of multiple-modulus residue

arithmetic are presented and the MMRA software routines are described.

In Chapter IV, specific aspects of multiple-modulus residue arithmetic are

compared and contrasted to single-modulus residue arithmetic, concluding

with a summary of this research effort and recommendations for further

study.



CHAPTER II

THEORETICAL BACKGROUND OF RESIDUE

ARITHMETIC

The background of single-modulus residue arithmetic is presented along

with the more recently developed principles of multiple-modulus residue

arithmetic. The proofs of theorems are omitted here since they are read

ily accessible in the literature (see especially [8],[12],[14]).

It is well known that computers can perform some arithmetic operations

exactly if the operands are integers. So there is motivation to perform exact

arithmetic on the finite set of integers Im = {0,1,2,..., m — 1} as a means of

avoiding machine roundoff error. Performing integer arithmetic and reducing

the results modulo m, is using an arithmetic system called single-modulus

residue arithmetic, where m > 1 is called the modulus of the system.^

2.1 Single-modulus Residue Arithmetic

Let a, b and m be integers with m > 1. If m divides b — a evenly, then b

"is congruent to" a modulo m, written in the following manner.

b = a{m). (2.1)

If m does not divide b — a evenly, then b "is not congruent to" a modulo m

written as

b ̂  a(m). (2.2)

^ Throughout this book I will represent the set of integers.



Theorem 2.1.1 Let a,b and m ̂  I with m > 1. The following statements

are equivalent

(t) a = b{m)

(u) b = a(m)

(in) {a — b) = 0(m).

Theorem 2.1.2 Let a,b and m € I with m> 1. If

a = 6(m)

and

b = c(m)

then

a = c(m).

Theorem 2.1.3 Let a,b,c,d,x,y and m £ I, with m> 1. If

a  = b[m)

and

c  = d[m)

then

ax 4-cy = 6x + rfy(m).

Theorem 2.1.4 Let a,b,c,d and m I, with m> 1. If

a  = 6(m)

and

c  = d{m)

then

ac = bd{m).

In single-modulus residue arithmetic b E I can be represented by an

integer r E Im- The integer r is called the least non-negative residue of b

modulo m, and define the mapping between b and r as



Definition 2.1.5 \ • \m — I Im given by

l^lm = r

iff

0 < r < m

and

b = r(m).

With this mapping one can represent I as the union of m disjoint subsets

Rq, Ri, R2, ...,Rm-i, called residue classes where

R, = {bel: |6U = k}.

Example: Let m = 11 and b = 26, then

4 = |26|n

or

26 = 4(11)

and 26 6 JR4. In this example 4 is congruent to 26 modulo 11 and 4 is the

lecist non-negative residue of 26 modulo 11.

Theorem 2.1.6 Let a,b and m E. I with m > 1. Then

(0 |a|m is unique

(ti) \a\m = \b\m iff a = b{m)

(u't) lfcm|„i = 0 for all k E I.



Theorem 2.1.7 Let a,b and mG I, with m > 1. Then

1® ~l" ̂ |m ~

~  |ci "I" |&|m|m

~  I |<^|m ^|nv

\ab\m = ||a|mlftlm|m

|a|6|m|m

||a|m6|m.

Theroem 2.1.7 shows how addition and multiplication modulo m are per

formed. It may be observed that the order of reductions has no effect on the

residue result.

Example: Let x = a + b where a = 15, 6 = 12 and m = 11.

=  |15 -(- 12|ii

=  + Il2|ii|ii

=  |4 + l|ii

=  |15 -I- l|ii

=  |4 + 12lu

= 5.

Example: Let x = a • b where o = 15, 6 = 12 and m = 11.

|x|u = |15-12111

=  ||15|ii • |12lii|ii

=  14-I|ii

=  |l5-llii

=  14-12111

= 4.



Theorem 2.1.8 The system {Im, +, •) where + and • represent addition mod

ulo m and multiplication modulo m respectively, is a finite commutative ring

with identity.

The additive inverse of a modulo m is

a = I - a|„»

where

a = m — a.

Subtraction on Im is defined as

|a-6|^ = |a + 6|^ (2.3)

where

1& + b\m = 0.

Theorem 2.1.9 The finite commutative ring {Im, +, •) is a finite field iff m

is a prime number.

Furthermore, the finite field {Im, +, •) is isomorphic to the Galois field GF{m)

and every non-zero element of Im has a multiplicative inverse.

Definition 2.1.10 If gcd{b,m) = 1 andb is a non-zero element of Im- Then

there exists a unique integer c E Im which satisfies

\bc\m = lc6|„v = 1,

and c is called the multiplicative inverse of b modulo m written as

c = or b~^

when m is understood.

10



It is observed that if m is a composite number then a multiplicative inverse

will not exist for all the elements of Im-

Example: Let m = 12 then

In = {0,1,2,3,4,5,6,7,8,9,10,11}

and multiplicative inverses exist for

{1,5,7,11}.

However, if m = 13 (a prime number) then

In = {0,1,2,3,4,5,6,7,8,9,10,11,12}

and multiplicative inverses exist for all elements of As.

Division modulo m can be defined using Definition 2.1.10.

Definition 2.1.11

= |a.6 whtrt gcd[b,m) = 1.

Example: Let x = f where a = 5, 6 = 6 and m = 13.

\l\n = 15-6-^(13)1x3

=  |5-11|i3

=  |55|i3

= 3.

So far only positive residues have been discussed. However, negative num

bers are frequently encountered, so we introduce the concept of symmetric

residues. The term symmetric residues is mnemonic since if m is odd, the

resulting set is symmetric about the origin.

11



This set is given by

S" = I ■■■' -2. -l.O' !• 2 —. —
and each integer 6 G / can be mapped onto an element s € 5 by

Definition 2.1.12

/• I : I Sm is defined by writing

/b/m = s

b = s(m)
iff

and
—m m

—;r- < s < "T-
2  2

The integer /6/m is called the symmetric residue of 6 modulo m. The sym

metric residue digits are found by

lalm =
klm if 0 < lalm < f
klm — JTi otherwise.

The standard residue digits are found by

f lalrn if 0 < jalm < f
|a|m = S

I  /a/^ — m otherwise.

If m is a prime number the system {Sm, +, •) is isomorphic to the system

Therefore, the data describing the problem can be mapped from

onto Then the arithmetic computations are performed

on the positive residue digits and the results are mapped back onto the

set Thus, freeing oneselve from having to maintain signs during

intermediate computations.

12



Example: Let x = a - | where a = -5,6 = 4, c = 2 and m = 103.

I^lios = I I - 5li03 - l4ll03l9~Hl'^3)li03ll03

=  |98 — |4 • 52|io3|io3

=  |98 — 2|io3

=  |98 + 2|io3

=  |98 + 101|io3

= 96

and /96/io3 = —7, which is the correct result.

However, what if the correct result lies outside the set 5^? Then the

residue answer will be "congruent" to the mathematical answer. This is an

instance of the condition called pseudo-overflow.^

2.2 Multiple-modulus Residue Arithmetic

The only known method for avoiding pseudo-overflow is to increase the

set of integers represented in the system (/m, +> *)• There axe two possibilities

for expanding the set Im- First, one could use a very large prime modulus

extending the size of the system {1^,+,-) linearly. Second, one could let m

represent the product of several moduli increasing the set Im exponentially.

Since it can be shown that using several moduli is equivalent to using one

modulus, the multiple-modulus residue arithmetic approach is pursued as a

means of avoiding pseudo-overflow.

Definition 2.2.1 The ordered n-tuple of moduli called the base vector (/?) is

given by

^T.M. Rao first used the term pseudo-overflow.

13



whose components are the moduli mi,m2, and the gcd{mi,mj) = 1

for ail i 7^ j.

Definition 2.2.2 Each integer s is represented by the unique ordered n-tuple

of residues

called the standard residue representation of s with respect to the base vector

p. The residue elements |5|m« ore called the standard residue digits of s with

respect to (3.

Example: Let x = 85 and 0 = [7,11,13].

|x|^ = |85l^

=  (185|7,|85|u,|85|i3|

=  [1,8,7].

Let M be the product of the moduli composing the base vector

M = n (2-4)
•=i

In multiple-modulus residue arithmetic every a € I can be represented

by an element r € Im- So if

a = r(M)

and

0 < r < M

then r belongs to the set of least non-negative residues

/m = {0,1,2,...,M-1}.

14



Definition 2.2.3 The standard residue number system for the base vector 0

is the M member set of standard residue representations

h = {kl/J -sel}.

Furthermore, the elements in Ip are in one-to-one correspondence with the

elements of Im- The system where 4- denotes addition modulo m

and • denotes multiplication modulo m is a finite commutative ring. The

operations and 0 are defined on such that (7^, 0, 0) constitutes a

finite commutative ring isomorphic to the system {Im, +j •)•

Symmetric residues are introduced in the system [Ip, 0, 0) exist if /?

only contains odd moduli. The corresponding symmetric residue number

system for (3 is given by

1^1 P ~ [/"S/ml>/5/m2» •••»/^/mn] (2-5)

where the residue elements fsfmi are the symmetric residue digits for the

bcLse vector /?. The symmetric residue number system is defined as the M-

member set of symmetric residue representations

Sp = {fsf^ : s 6 /}. (2.6)

Every integer s is represented by a unique ordered n-tuple jsjp and has a

one-to-one correspondence in the set

f-(M-l) -(M-2) „ M-2M-l\
1  . ^ ...,-2,-1,0,1,2....,^— I.

The systems [Ip, 0, 0) and (/mi+i*) correspond to the symmetric fi

nite commutative rings (5^,0, 0) and (5'Af,+,-)- Furthermore, the first

two rings are isomorphic to each other and to the latter two rings respec

tively. Hence, multiple-modulus residue arithmetic using the base vector /?

15



is equivalent to single-modulus residue arithmetic using M as the modulus.^

Arithmetic in the system 0, 0) can now be defined.

Arithmetic in

Theorem 2.2.4 Let a,b € I. The standard residue representation of the

integer \a ± b\p with respect to the base vector is the ordered n-tuple

|a±6|;j = [zi,Z2,...,Zn]

where

Zi = l|a|„»i ± \b\mi\mi i = l,2,...,n.

Theorem 2.2.5 Let a, b € I. The standard residue representation of the

integer ab with respect to the base vector is the ordered n-tuple

where

= ||a|mt|6|mi|m< » = l,2,...,n.

Arithmetic on the standard residue representations is carried out in compo

nentwise fashion, reducing each resultant residue digit with respect to the

corresponding modulus.

Example: Let /3 = [7,11,13] we find the standard residue representations

185]^ = [1,8,7]

119]^ = [5,8,6].

Thus

[85]^-I- [19]^ = [jl-I-5)7, [8-h 8|ii, ]7-b 6]i3]

=  [6,5,0].

'Gregory and Krishnainurthy(l984], page 13.

16



Similarly,

|85|;3 — |19|^ = [|l — Sjj, |8 — 8|ii, |7 — 6I13]

=  [3,0,1],

and

|85U-|19|^ = [|l-5|7,|8-8|n,|7-6|i3]

=  [5,9,3].

The results are checked:

]104]^ = [6,5,0],v/

]66l^ = [3,0,l],v/

]1615];j = [5,9,3].v/

Notice that 1615 is not in /looil this is an example of pstudo-ovtrflow occur

ring in an intermediate result and

614 = [16151lOOl-

The form of pseudo-overflow that results when the mathematical is "con

gruent" to the residue answer is undetectable, unless the correct answer is

already known in advance.

The multiplicative inverse on the system [2]) requires that a~^{M)

exist, where M is the product of the moduli; so for to exist,

must exist for t = 1,2, ...,n.

Definition 2.2.6 Let a be an integer and let a~^(ml),a"^(m2),...,a"^(mn)

exist. Then the ordered n-tuple

= [a~^(mi),a"^(m2),...,a"^(m„)]

is called the standard residue representation of the multiplicative inverse of

a with respect to the base vector /?.

17



Theorem 2.2.7 Let a and b be integers and let b ^(/3) exist. Then

I °
lb

— [<'1 5 ̂ -25 •••? ,
0

where

Ci = i = 1,2, ...,n.

Example; Let /? = [7,11,13]. If

|19|^ = [5,8,6]

and

12^^ = [3,1,12]

then

Igl^ = 1|5-3|„|8-1|„,|6-121,31

=  |1,8,7].

Note that M is by definition a composite number and the system [Im, +, •)

is a finite commutative ring. Consequently, one should expect some difficulty

because a~^{0) will not exist for every a E I. This problem is examined in

section 2.6.

2.3 Mapping Standard Residue Representations onto Integers

Identifying the standard residue digits has been demonstrated. However,

35 yet no method of recovering the integer value from the standard residue

representation has been shown. The method presented uses the mixed-radix

number representation for each integer. The ordered n-tuple of moduli where

mi < m2 < ... < m„ (2.7)

18



and call mi, m2, the radices, and M is the product of the radices

n

M = n m, .
i=l

It is well known that every integer s in the range

0 < s < M

can be uniquely expressed in the form

s — do + di(mi) + d2{mi • mj) + ... + d„_i(mi • rrii... • m„_i). (2.8)

The integers do,di,d2, ...idn-i are called the standard mixed-radix digits sat

isfying

0 < d,- < m^+i i = 0,1,2,..., n — 1.

The mixed-radix digit sequence is denoted as

<s>0 = < dQ,di,d2, ...,dn-i >

Hence, given a set of mixed-radix digits and the corresponding radices, the

integer value represented can be determined.

Example: Given < s = < 6,6,0 >, find s.

s = 6 + 6-7 + 0-7 11

= 48.

Definition 2.3.1 The standard mixed-radix system for 0 is the set of digit

sequences < s >0 for integers in the range

0 < 5 < M.

19



Now one can ask, given a set of standard residue digits how are the

mixed-radix digits computed? The method presented for identifying the

mixed-radix digits was developed by R.T. Gregory. This method can be

solved only by utilizing residue arithmetic. The algorithm for locating the

mixed-radix digits < s > given the standard residue representation \s\0 is

shown. To isolate the first mixed-radix digit (do) let s = ti (from 2.8).

ti = s

= do "h mi[di "t" -h ... -h dn-i{m2 • m^,.. • m,»_x)] (2*®)

= do -h mit2.

The result is reduced (see Theorem 2.1.6)

—  |do + mii2|fnl (2.10)

—  do.

In essence the first digit is found with no computation. The value t2 is used

for isolating the second mixed-radix digit: t2 =

t2 = di + d2{m2) + d3{m2 • ms) + ... + dn-i{m2 • ms... ■ rrin-i)

= di + m2[d2 dz^iris) + ... -t- d„_i(m3 • m^... • m„_i)]

The result is reduced (see Theorem 2.1.6)

1^2lm2 = |di-h m2i3|m3

= di.

This formula may be expressed recursively as follows

'•+1 - m.

i = 1,2, ...,n — 1. (2.11)

+1

20



Given |5|^ one can successively compute the mixed-radix digits using

residue arithmetic.

Example: Let M = 1001, (3 = [7,11,13] and s = 675.

|675|^ = [3,4,12]

0  7 11 13

|s];j = ]til^ m 4 12

- 3 3 3

Ih-dolfl 0 1 9

X  8 2

I'lUi = S 5
|di|^i — 8 8

[<2 — 0 10

mJ^(/92) X 6

1^31/32 = 1(^2 — <il)m2!;J2 @
Example: Solving the mixed-radix digits given < s >=< 3,8,8 >

s = 3 + 8(7)+ 8(7-11)

= 675.v/

2.4 Single-modulus Residue Arithmetic with Rational Numbers

If the greatest common divisor of m and 6 is 1, then b~^{m) exists (see

Definition 2.1.10). Hence, one is capable of mapping a fraction^ onto an

element in the set Im- The set of rational numbers which can be mapped

^Since ̂  = f aU rational numbers | are assumed to be in their reduced form and the

gcd(a,b) = 1.
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onto images in is given by

Q = : gcd{b,m) = l|.

Definition 2.4.1 If x = and if gcd{b,m) = 1 so 6"^(m) exists

=  la-6"^ I

and describe the mapping os j • |,n : Q Im-

It is observed that the mapping {Q —>■ Im) is defined for a subset of the

rational numbers. Hence, every A: G /m is the image of an infinite number

of elements in Q. This infinite set of rational elements which map onto the

image Qk is described cis

where
m-1

<? = u
k=Q

The disjoint subsets Qo,Qi, ...,Qn are called the generalized residue classes

modulo m.

The following theorem provides the basis for computations in the set Im-

Theorem 2.4.2 The mapping | • |„, : Q —^ /m a homomorphism with

respect to addition and multiplication.

Arithmetic operations performed in the ring (Q,+,') correspond to those

same arithmetic operations performed in the ring (7„i,+,'). However, an

isomorphic relationship between (Q, +, •) and {Im, +, •) does not exist because

there is not a one-to-one mapping between Q and Im- A subset of Q is

identified which has an isomorphic relationship to certain elements Im-
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A

The mapping | • | ; Q —♦ is one-toone but not onto. However, a unique

element in some of the generalized residue classes (Q*) for which a one-to-one

and onto relationship exists can be identified.

Theorem 2.4.3 Let N he the largest integer satisfying the inequality

2N^ + 1 < m,

and let the generalized residue class Qk contain the order-N Farey fraction

X = |; then x is the only order-N Farey fraction in Qk.

Definition 2.4.4 The finite subset of Q

fV = € Q : gcd{a,b) = 1 and 0 < \a\ < N,0 < 6 < Ar|,
where N > 0 is an integer, and Fs is called the set of order-N Farey frac
tions.

A one-to-one and onto relationship between certain elements of Q and

certain images in Im is established by letting

denote the set of images of the order-N Farey fractions.

Theorem 2.4.5 The mapping | • |m : ^ is one-to-one and onto and
thus, has an inverse.
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3 I;i37

Example: Let 2: = ̂ | and m = 37.

1^137 = I

=  |l • 28 — |3 • 28I37I37

=  |28 + 10[37

=  |28 + 27|37

~  155137

= 18.

The mapping is |18|37 —> ̂  is shown later.

One notices that the intermediate residue answers may not represent

elements in Fs', however, this has no fatal effect on the answer, as long as

the solution is an order-iV Farey fraction.

2.5 The Forward Mapping and the Inverse Mapping

Gregory and Kornerup[l983] developed a method for performing the map

ping Fjv —>■ Im based upon the Extended Euclidian Algorithm.

An Extended Euclidian Algorithm

Let (A, B) and (C, D) be integer pairs where A > C > 0 and the matrix

A B a b

C D c  d

is called the "seed matrix" where the original integer pairs ((A,B) and (C,D))

generate a finite sequence of additional integer pairs. At each point in the

computation the previous two integer pairs ((a,b) and (c,d)) respectively are

used for computing the next integer pairs (x,y).

Step 1. Initialize the seed matrix

a b

c d
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Step 2. Compute the integer quotient

a

9 = -•
c

Step 3. Computer the next integer pair in the sequence by

X = a — qc,

y = b - qd.

Step 4. Update the seed matrix

(a, b) ̂  (c, d)

(c,d) (z,y).

Step 5. If X ̂  0 go to Step 2.

Step 6. The gcd{A, C) = a.

First this algorithm is used for computing the greatest common divisor

and then other uses of the Extended Euclidian Algorithm in residue arith

metic are demonstrated.

Example: Compute the ycd(l29,30).

129 0

30 1

4 9 -4

3 a 13

3 0 -43

and the ycd(l29,30) = 3.
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The Forward Mapping

It is observed that the Extended Euclidian Algorithm can be used for directly

a two step process is utilized. First, findcomputing b ^(m). To find

b~^{m) beginning with the seed matrix

m 0

b  1

Then multiply |a ■ However, these steps can be combined into one

step using the seed matrix

m 0

b  a

1001 using the two-step method.Example: Map

1001 0

14 1

71 7 -71

2 0 143

Example: Map

|-711iooi = 930

|930 • 3|iooi ~ 788.

1001 using the one-step method.

1001 0

14 3

71 7 -213

2 0 429
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I — 213jiooi — 788.

Hence, the Extended Euclidian Algorithm is useful for mapping Fn Im-

The Inverse Mapping

The algorithm presented was developed independently by Kornerup and Kr-

ishnamurthy. The inverse mapping | | Fjv also utilizes the Extended

Euclidian Algorithm. From Theorem 2.4.3 one knows a generalized residue

class (Qfc) contains at most one order-N Farey fraction. The following the

orem guarantees that if Qk contains an element in F^, the fraction will be

generated using the Extended Euclidian Algorithm.

Theorem 2.5.1 (Kornerup) If - is an order-N Farey fraction satisfying

= |fc|r

where k Elm and

0<r < N

0 < Isj < N,

then there exists an integer i such that

{r,s) = {ai,bi)

where for j = l,2,...,n-|- 1, is the sequence of pairs generated by

the Extended Euclidian Algorithm (from pages 25-26) beginning with the seed

matrix

m 0

k  1
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Example: Let m = 19, A: = 7 and N = 3.

19 0

7 1

2 5 -2

1 0 a
2 1 -8

2 0 19

The set of "congruent" fractions is

- - -11  2 3 8 J

Observe that | is the only order-3 Farey fraction generated.

Recall (from page 25) if x = | — | and m = 37 then Ixjar = 18. Now the

mapping |18|37 —^ is demonstrated.

37 0

18 1

2 El 0

18 0 37

What if the resultant residue does not represent an order-N Farey frac

tion? This is another form of pseudo-overflow and is always fatal at this

point causing the inverse mapping to fail. This particular form of pseudo-

overflow is easily detected; in comparison to the form of pseudo-overflow
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which occurs when the mathematical answer is "congruent" to an order-N

Farey fraction causing undetectably fatal effects.

Example: Let m = 1001,6 = 43 and N = 22.

1001 0

43 1

23 12 -23

3 7 70

1 5 -93

1 2 163

2 1 -419

2 0 1001

Notice that there is no order-22 Farey fraction generated and the detectable

form of pseudo-overflow has occurred. Hence, one is reminded of the impor

tance in selecting the modulus (or moduli) of the system carefully; so, the

data and results are order-N Farey fractions.

2.6 Multiple-Modulus Residue Arithmetic with Rational

Numbers

Recall that MMRA utilizes a base vector of moduli

/? = [mi,m2,...,m„]

where
n

M = n m,-.
1=1
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In this section it is assumed that (3 is composed of prime moduli and that N

is the largest integer satisfying

2N^ + 1< M.

Recall single-modulus residue arithmetic is equivalent to multiple-modulus

residue arithmetic and Theorem 2.4.2 establishes the homomorphism be

tween the systems (Q,+,-) and (/to,+,-)- An analogous homomorphism is

established between a similar commutative ring with identity (Q,-!-,-) and

the commutative ring (/mj+i •)•

To map X = f onto an integer in Jm one must compute b~^{M)

= {ab ^|m-
M

Now exists only if gcd{b,mi) = 1, for t = l,2,...,n. This shows that

all rational numbers can be mapped onto an element in Im except for those

rational numbers whose denominator is divisible by at least one modulus.

The set of rational numbers with images in Im is

Q = '• 9cd{b,mi) = 1, for i = l,2,...,n|, (2.13)
and describe the mapping as \ • \m '• Q —* Im- Every j € Im represents an

infinite set of rational numbers in Q called a generalized residue cleiss

M

where
M-l

Q = U Qr
j=o

The following theorem provides the basis for computations in Im-

Theorem 2.6.1 The mapping \ - \m '- Q Im is a homomorphism with

respect to addition and multiplication.
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Because M is the least common multiple of the moduli composing the

base vector, if the generalized residue class Qj contains the order-N Farey

fraction x = f, then x is the only order-N Farey fraction in that generalized

residue class (see Theorem 2.4.3). There are (by definition) fewer order-

N Farey fractions than M so one can observe that every generalized residue

class will not contain an order-N Farey fraction. The set of images of order-N

Farey fractions are denoted by

Im
0- ^

: - E Fff
M 0 ]'

and the mapping | • Im : Fs —*■ Im is one-to-one and onto, thus has an inverse.

Example: Let /? = [5,7] so that M = 35 and iV = 4 the mapping is shown

in the following table. | • jss = -^4 ^35

0  0

1  1 -1 34

2  2 -2 33

3  3 -3 32

4  4 -4 31

f 8 1  27
26

f 11 1  24
1  12 =T 23

CO

T 22

f 18 1  19
f 17 1  18
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Example: Solve x = | — | on the two modulus system with /? = [7,11|. In

the preceeding table |—>• 24 and
35 3

^ 23.
35

X — |24 + 23|35

= 12

and 12 —► which is the correct mathematical answer.

A Two Modulus System^

The system (Q,+,-) is homomorphic to the system and the

condition met for mapping Q Im is the gcd{b,M) = 1 where M is the

product of the moduli. One may ask, can mi, m2, be selected such that

m, > N for i = 1,2,..., n? For a two modulus system we can always select

two prime numbers of greater magnitude than N. However, for a system with

more than two moduli this is not possible.

Theorem 2.6.2 Let M = m\m2, where mi and are successive primes

and let N > 0 be the largest integer satisfying the inequality

2N^ + 1< M.

Then mi and are both greater than N.

Theorem 2.6.3 Let mi < mz < ... < m„ be primes and let M be their

product. Choose N > 0 to be the largest integer satisfying the inequality

2N^ + 1< M.

If N > 2, then mi < N.

'Hardy and Wright(1960]
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Multiple-modulus Residue Arithmetic with More Than Two Moduli

Because using more than two moduli results in some m, < N for

i = 1,2, n, difficulty arises both in determining the standard residue digits

for ^ 6 Q when gcd(6, m,) ̂  1 for i = 1,2, and also in performing

residue arithmetic on these standard residue digits. David Matula and R.T.

Gregory posit the method presented below for performing residue arithmetic

and recovering the rational answer.

Consider the set of images of rational numbers

and the subsets Tp consisting of the set of images of order-N Farey fractions

=1 A"-
with N as the largest integer satisfying 2N^ + 1 < M. The mapping

\  • Iff '• Fff Tp IS onto and will show this mapping is one-to-one by exhibiting

the inverse mapping Tp Fff.

Definition 2.6.4 For any rational number |

T ~ [^1> ̂ 2^ ^n]
b p

where for i = l,2,...,n,

c, =

with

mi

OO

if b ^(m,) exists

otherwise.
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The standard residue representation of a rational number in multiple-

modulus residue atirhmetic is

a a a
«

a
*

b , b ml b
5 •••

m2 b mn.

Example: Let 0 — [2,3,7]. So that M = 42 and iV = 4. The mapping

\  ' \0 = Fn —* Tfi is exhibited in the following table®.

0

1

2

1

2

0

1

0

00

1

1

0

oo

0

oo

oc

0

0

1

2

2

0

00

1

1

oo

0

0

oo

0

1

2

4

3

5

4

2

3

5

6

6

-1

-2

-1

2

-3

-1

3

4

3

-3

2

4

::4
3

1 2 6

0 1 5

oo 1 3

1 0 4

1 oo 2

0 2 3

oo 2 5

0 oo 4

oo 0 2

oo 0 1

0 oo 1

The following definitions are needed to show this mapping

one-to-one.

Fn is

Definition 2.6.5

M* = iimi,
«=i

'[5]Class Notes
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If no such element exists then M* = 1.

Definition 2.6.6

n

Aio = n
J=1

where m, is a modulus for which

a •
= 0.

mj

If no such element exists then Mq = 1.

Definition 2.6.7

M 1 = n ̂k,
k=l

where is a modulus for which

0 <

If no such element exists then Mi = 1.

< mt - 1.

Definition 2.6.8 If Imi = {0,1,..., Mi — 1} is defined q E Imi lo be the

unique integer which has the property

klAfJ = C/>

for each cj different from 0 or oo.

The n-tuple |9|a/i is the standard residue representation of q with respect

to Ml. The integer value represented by q is found by using the recovery

method which first isolates the mixed-radix digits <q> and then solves the

mixed-radix digits (see section 2.3).
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The n-tuple is the standard residue representation of q with respect

to Ml. The integer value represented by q is found by using the recovery

method which first isolates the mixed-radix digits < q > and then solves the

mixed-radix digits (see section 2.3).

Definition 2.6.9

q' =

The following theorem is fundamental and gives Matula's algorithm for

the mapping | • | :T—^Fn.

Theorem 2.6.10 Given |f € fp, the unique element ̂  E Fn is found by
using the inverse mapping (from section 2.5) with the seed matrix

What is f in Fjv?

MoMi 0

Moq' M*

11,13,17], M = 2431, N = 34, and |f|^ = [6,5,11]

(0 M = 1

(ii) Mo = 1

(ni) M] = 2431

(tv) q'

II

=  12085-1 2431

= 9

recovered beginning with the seed matrix presented in
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Theorem 2.9.8 where MqMi — 2431, M09' = 2085 and M* = 1.

2431 0

2085 1

1 346 -1

6 S 0 ̂
38 4  -267

2 1  541

4 0  2431

It is observed that | is the only order-34 Farey fraction recovered.

Arithmetic in Ip

The arithmetic operations are performed in componentwise fashion on the

standard residue digits with respect to the base vector. However, a way of

determining the resultant standard residue digit if either of the components

is oo must be established.

Case I

Let X = I + ̂ in where the modulus rrii divides d, but does not divide

6 or c and have

a, * c *
-  ̂00 and - =00.
^ mi d mi

Applying the common denominator method of arithmetic yields

ad + be
X =

db

It is observed that m,- divides the denominator but not the numerator. Hence,

an addition rule is established if ̂  7^ 00 then

a

b
+ 00 = 00.
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Catse II

Let X = I X ̂  in r where the modulus m, divides d but does not divide a

or c. Again the common denominator form of arithmetic is applied yielding

ac

X =

hd'

It is observed that m, divides the denominator but does not divide the numer

ator. Hence, the following rule for multiplication is established if oo

then

a *
-  X 00 = oo.
0 mi

Casein

Suppose we want to find the sum x = j + 2 where m, divides b and d but

not a and c then

a
«

C
*

— = oo = —

b mi d mi

In this case we must factor out m,- from the addends

a

bfrrii
+

d'rrii

Now we can perform addition on the values

+X =

then if ^ 0, the sum should be oo, otherwise |x|,n« should be a residue

digit in the set Imi = {1,2, — 1}.

Suppose we want to find the product x = j x g where m, divides h and

c but not a and d then

= 00 and = 0.

In this case we must factor out m, from the multiplicands

a
* c'mi

*

hfrui
X

mi d
mi
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Now we can perform multiplication on the values

X = X

should be a residue digit in the set Imt —

Because of the difficulty encountered determining the resultant residue

digit in Case III, David Matula suggests utilizing a value denoted u. The u

symbol represents a standard residue digit which is omitted from the recovery

process (along with the corresponding modulus). The following arithmetic

tables are utilized in MMRA.

Multiple-modulus Residue Arithmetic Tables

+(-) 0 X oo u

0 0 X oo u

y y y + a: m oo u>

oo oo 00 u u

U) u u U) a;

♦(/) 0 X oo (JJ

0 0 0 Ijj U)

y 0 |y * Am oo U!

oo u oo oo UJ

(Jj u w w UJ

Hence, when an w value occurs that standard residue digit and the cor

responding modulus are eliminated from further processing.
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CHAPTER III

RESULTS AND SOFTWARE DESCRIPTIONS

The multiple-modulus residue arithmetic algorithms described in the pre

vious chapter were implemented in C on a Vax 11/780 computer. The main

program and subroutines are listed in Appendix A. These algorithms are

applied for calculating the inverse elements of the Hilbert Matrix.

3.1 The Hilbert Matrix

Computing the inverse elements of a Hilbert Matrix is interesting for

two main reasons. First, this problem is widely known as an inherently ill-

conditioned problem, highly sensitive to perturbations in the data. Second,

the elements comprising the Hilbert Matrix are simple fractions. The im

plemented MMRA computer routines are tested by computing the inverse

elements of an JV x TV Hilbert matrix where TV = 3, TV = 4 and TV = 5. For

example, each element a,j of the Hilbert Matrix is given by

1
— /.

(t + ;■ - 1)

and the 3x3 Hilbert Matrix is

H3 =

The inverse elements of the Hilbert Matrix are given by

(_1)(/+J)(TV + 7 - i)!(TV + J - 1)!
a.-,^ = {I + J-1)1(/ - 1)!(J - i)!iM(iv - iy.{N - jy.

(3.1)
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The computed inverse values of the 3x3 Hilbert Matrix are

9  -36 30

-36 192 -180

30 -180 180

The computed inverse values of the 4x4 Hilbert Matrix are

h:' =

16

-120

240

-140

-120

1200

-2700

1680

240

-2700

6480

-4200

-140

1680

-4200

2800

The computed inverse values of the 5x5 Hilbert Matrix are

25

-300

1050

-1400

630

-300

4800

-18900

26880

-12600

1050

-18900

79380

■117600

56700

-1400

26880

-117600

179200

-88200

630

-12600

56700

-88200

44100

(3.2)

(3.3)

(3.4)

3.2 Software Descriptions

An overview of how the computer programs interact is presented and

then the routines are described. First, the main program ititializes the base

vector of moduli. Since all the fractions are generated in the program, the nu

merators and denominators are moved into an extended precision fraction.

The forward mapping routine calculates the standard residue representa

tion of 1^1^. Then the integer arithmetic operations (-f,*) are performed on
the standard residue representation in componentwise fashion, reducing each

residue digit with respect to the corresponding modulus in the base vector.
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ARRAY-

Then the order-N Farey fraction is recovered from the resultant standard

residue representation. There are two main programs which compute the

inverse elements of the Hilbert Matrix. One program solves the analytical

formula presented. The second program performs Gaussian elimination with

backward substitution solving for the identity matrix. A description of all

the data structures and subroutines follow in alphabetical order.

Data Structures

This particular data structure serves four main

purposes:

(1) Represention of an extended precision num

ber,

(2) Represention of standard residue digits,

(3) Represention of the product of the moduli,

(4) Represention of the N value in the order-N

Farey fractions.

This data structure contains the base vector.

This is used for representing an extended preci

sion fraction.

NUMBER-LENGTH This is the magnitude of the allowed extended

precision.

Multiple-modulus Residue Arithmetic Routine Descriptions

a-b-beta This routine maps the reduced Order-n Farey fraction

onto the set of standard-residue digits

BASE-VECTOR

FRACTION
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where

= [ci,C2,...,c„], for i =

c. =
Iflmi if b ^rrii exists

oo otherwise.

ARGUMENTS:

RESULTS:

NOTE:

add-array

ARGUMENTS:

RESULTS:

addjstandardjesidues

ARGUMENTS:

rational: An extended precision Order-N Farey

fraction.

base: The base vector of prime moduli,

anwer: The standard residue representation of

the order-N Farey fraction.

Negative one denotes oo for |||^ when the

gcd{b,mi) 7^ 1 for t = l,2,...,n.

This routine adds two extended precision

integers.

a_l: An extended precision integer.

a_2: An extended precision integer,

answer: The extended precision result.

This routine adds two standard residue represen

tations in componentwise fashion with respect to

the base vector.

a_l: The standard residue representation of the

first addend.

a-2: The standard residue representation of the

second addend.

base: The base vector of moduli.
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RESULTS:

big-m

ARGUMENTS:

RESULTS:

FATAL ERRORS:

compare

ARGUMENTS:

RETURNED VALUE:

convert

ARGUMENTS:

RESULTS:

answer: The standard residue representation of

the result.

This routine computes the product of the moduli

comprising the base vector,

base: The base vector of moduli.

The product of the moduli.

If the product of the moduli exceeds the storage

allowed for the extended precision representation

of M, a message is printed indicating the source

of the problem and program execution is termi

nated.

This routine compares the magnitude of

two extended precision decimal numbers,

the returned value reflects the outcome of

the comparison.

al; An extended precision integer.

a2: An extended precision integer,

comparison returned

decision values

al = a2 0

al < a2 -1

al > a2 1

This routine recovers the mixed radix digits from

the standard residue digits with respect to the

base vector.

t_minus_d: The array containing the standard

residue digits.

base: The base vector of moduli.

s-digitjset; The recovered mixed radix digit set.
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decimal-value

ARGUMENTS:

RETURNED VALUE:

FATAL ERRORS:

digit-array

ARGUMENTS

RESULT:

divide-array:

ARGUMENTS:

RESULTS:

This function computes the decimal value repre

sented by an extended precision number,

value: An extended precision number.

The decimal value represented in the extended

precision array.

If the decimal number is too large (ten digits are

used) an error message indicating the source of

the problem is printed and program execution

terminates.

This routine copies a decimal number (from a

particular position in the array passed) into an

extended precision array for further processing,

digit-set: This array contains integers.

posn: This indicates the location in the "digit_set"

of the integer one wishes to copy.

answer: This is the extended precision copy of

the selected integer.

This routine performs the operation |||;j. If

6"^(m,) for t = l,2,...,n, does not exist the frac

tion is denoted as negative one in the standard

residue vector.

numerator-: The numerator of standard residue

digits.

denominator-; The denominator of standard

residue digits.

base: The base vector of moduli.

posn: The starting position in the standard

residue digits.

quotient: The standard residue quotient.
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farey-fraction-array This routine utilizes the Extended Euclidian Al

gorithm, solving for the order-N Farey fraction.

The seed matrix is

modulus. 0

denominator, numerator.

ARGUMENTS:

RESULTS:

NOTE:

forward-map-array

ARGUMENTS:

denominator-: An extended precision number

used in the seed matrix.

numerator j An extended precision number used

in the seed matrix.

modulus-: An extended precision number used

in the seed matrix.

answer: The extended precision fraction re

turned.

If no Order-N farey fraction is recovered a mes

sage indicating pseudo — overflow has occurred

is printed.

This routine is used for computing the inverse of

a fraction with respect to the modulus utilizing

the seed matrix

modulus. 0

denominator, numerator.

denominator- An extended precision number

used in the seed matrix.

numerator-: An extended precision number used

in the seed matrix.
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modulus.: An extended precision number used

in the seed matrix.

RESULTS: answer: This routine computes

denominator'^ [modulus) x numerator.

forwardjuapJnteger This routine utilizes the Extended Euclidian al

gorithm to map a reduced integer onto the set

Im — 0, 1,

where m is the modulus of the system using the

seed matrix

modulus 0

value 1

ARGUMENTS:

RESULTS

gcd.array

ARGUMENTS:

RESULTS:

getmioduli

ARGUMENTS:

RESULTS:

value: An integer in the seed matrix.

modulus: The modulus in the seed matrix,

answer: The inverse of value with respect to the

modulus.

This routine finds the greatest common divisor

between two extended precision integers,

value.: An extended precision integer.

modulus.: An extended precision integer,

answer: The extended precision greatest com

mon divisor.

This routine reads the prime moduli into the base

vector.

base: The base vector initialize to prime moduli.

The initialized base vector.
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M.0

ARGUMENTS:

RESULT:

M-1

ARGUMENTS:

RESULT:

m-star

ARGUMENTS:

This routine scans the standard residue digits.

If a digit is zero then the corresponding modulus

becomes a component in the product vector re

turned. If no digit is zero the product returned

is one.

base: The base vector of moduli.

residue: The standard residue digit array.

m_0_vector: The product of the moduli whose

corresponding standard residue digit is zero. If

no digit is zero the product returned is one.

This routine scans the standard residue digits. If

a digit is greater than zero then the correspond

ing modulus becomes a component in the prod

uct vector returned. If no digit is greater than

zero the product returned is one.

base: The base vector of moduli.

residue: The standard residue digit array.

m_l-vector: The product of the moduli whose

corresponding standard residue digit is greater

than zero. If no digit is greater than zero, the

product returned is one.

This routine scans the standard residue digits. If

a digit is negative one (symbolically 'oo') the cor

responding modulus becomes a component in the

product vector returned. If no digit is negative

one then the product returned is one.

base: The base vector of moduli.

residue: The standard residue digit array.
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RESULTS;

mod-array

m-star_vector: The product of the moduli whose

corresponding standard residue digit is negative

one. ff no digit is negative one, one is the value

of the returned array.

This routine reduces the value with respect to

the modulus the number of reductions

and returns an extended precision array with

residue given by

answer = value[modulus).

ARGUMENTS:

RESULTS:

value.: The extended precision number which is

reduced.

modulus- The extended precision modulus of

the system.

answer.; The residue value passed to the calling

routine.

ret-val: The number of reductions required on

the extended precision array.

This routine multiplies two extended precision

integers.

al: An extended precision multiplicand.

a2: An extended precision multiplicand,

answer: This array contains the extended preci

sion product.

multiply .standard jesidues This routine multiplies two standard residue rep

resentations in componentwise fashion with re

spect to the base vector.

multiply .array

ARGUMENTS:

RESULTS
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ARGUMENTS:

RESULTS:

print -

ARGUMENTS:

print-base-vector

ARGUMENTS:

print-fraction

ARGUMENTS:

q-value

ARGUMENTS:

RESULT:

a_l: The standard residue representation of the

first multiplicand.

a_2: The standard residue representation of the

second multiplicand.

base: The base vector of moduli.

answer: This array contains the standard residue

representation of the product.

This routine prints an extended precision integer.

vector: This is an extended precision array.

This routine prints the BASE-VECTOR data

structure.

base: This the base vector data structure.

This routine prints an extended precision frac

tion.

rational: An extended precision fraction.

This routine establishes a subset of the standard

residue digits, [slm, = cjt, for each > 0 where

j = l,2,...,n. The new set of digits and their

corresponding moduli are solved for their mixed-

radix digits. The mixed-radix digits are solved,

resulting in the q value.

sum_: The array containing the standard residue

digits.

base: The base vector of moduli,

q-value: the value of the solved mixed-radix dig

its.
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recover

ARGUMENTS:

RESULT:

reduce Jnteger

ARGUMENTS:

RETURNED VALUE

set -up -digit -array

ARGUMENTS:

RESULTS:

sub-array

ARGUMENTS:

RESULT:

sum-array

This routine recovers the Order-N Farey fraction

from the standard residue representation of the

result.

base: The base vector of moduli.

sum: The standard residue digit array,

rational: The order-N Farey fraction recovered.

This routine reduces a value with respect to a

modulus.

value: The integer which is reduced.

modulus: The modulus of the reduction.

The residue of the reduction.

This routine duplicates an integer value in an

extended precision array.

value: The integer which is copied into an ex

tended precision array.

answer: The extended precision integer repre

sented in an array.

This routine performs the extended precision op

eration (a.l — a_2).

a_l: An extended precision subtrahend.

a_2: An extended precision subtrehend.

answer: The extended precision result of (a_l — a_2).

This routine computes the value represented in

the mixed-radix digit set with respect to the base

vector

s  < do) di, <^2? *••5 dfj_i >

and

s= do + + d2(mim2) + ...+

d„_i(mim2...m„_i).
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ARGUMENTS: d_set: The mixed-radix digits.

base: The baise vector of moduli.

RESULT: answer: The extended precision integer represented in

the mixed-radix digit set.
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CHAPTER IV

CONCLUSIONS AND RECOMMENDATIONS

4.1 Multiple-Modulus Residue Arithmetic vs Single-Modulus

Residue Arithmetic

There are four specific aspects of MMRA which are compared and con

trasted to SMRA.

1. If the data describing the problem and the solution to the problem

are order-N Farey fractions one can use SMRA or MMRA for computing the

results totally free of machine roundoff error. However, if the result is not

an order-N Farey fraction pseudo-overflow occurs. Unfortunately, pseudo-

overflow when recovering the answer is always fatal, and undetectable if the

mathematical answer is "congruent" to an order-N Farey fraction. Therefore

MMRA has no advantage over SMRA in this particular aspect.

2. The use of prime numbers is no longer restricted to Mersenne Prime

numbers which allow easy computation of the order-N Farey fraction. The

study conducted^ on single-modulus residue arithmetic uses very large Mersenne

prime numbers as a method for avoiding pseudo-overflow. Mersenne prime

numbers allow relatively easy computation of the integer N satisfying

+ 1 < M

where M is the modulus of the system. Mersenne prime numbers are of the

form

p = 2° - 1

^Smyre[l983]
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where p and a are primes. Substituting this value into the equation 2N^ + 1 < M

yields

2N^ + 1 < 2" - 1

2N^ <2^-2

N2 < 20-1 _ 1

< 2"-^

N < 2^^.

Hence, one can see Mersenne primes allow easy initialization of the value N.

However, in MMRA we compute N as an extended precision integer. The

formula is

ki = \/{mi - l)/2 for i = l,2, ...,n

where fc,- is an integer in the product

N = flki.
i=l

Thus, the value used as iV in this implementation is somewhat less than the

square root of M where

n

M = n m„ for t = 1,2,..., n.
»=i

Yet, there is extra flexibility in selecting prime numbers.

3. One notices that the elements in the standard residue representa

tion are independent. This results from the integer arithmetic operations

being performed in componentwise fashion with respect to the base vector.

Suppose there were K parallel processors available. Then ideally one could
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utilize a base vector with K moduli and perform the residue arithmetic com

putations on all K members of the standard residue representation simulta

neously. Thus, a parallel processing implementation may speed up MMRA

significantly over SMRA utilizing extended precision integers.

4. Single-modulus residue arithmetic will always be preferable to MMRA

if the host computer is capable of representing the values in the system

and the modulus of the system in ordinary word lengths. Consequently,

the speed of SMRA would be more expedient than MMRA for performing

arithmetic computations in an environment free of machine roundoff error.

5. Single-modulus residue arithmetic needs only one operand for rep

resenting an element in the system However, multiple-modulus residue

arithmetic uses n operands (where n is the number of moduli in the base

vector) for representing the same element in the system

Disadvantages of Multiple-modulus Residue Arithmetic

1. In MMRA (as in SMRA) the recovered order-N Farey fraction is not

guaranteed the correct mathematical solution. This results directly from

pseudo — over flow which occurs when the order-N Farey fraction is "congru

ent" to the mathematical solution or the residue result does not correspond

to an order-N Farey fraction.

2. The implemented multiple-modulus residue routines require enormous

amounts of CPU time. Although this is not a time study, the execution time

requirements are clearly higher than similar floating point computations.

3. One can not estimate the magnitude or sign of a rational number

represented in a standard residue representation. Therefore, the only option

is mapping the intermediate results onto their corresponding fractions in Fs

and performing the comparison.
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However, pseudo-overflow may occur during the inverse mapping of the in

termediate result, causing the entire computation to fail.

4. When encountering an undefined value in the standard residue digits,

we discard the digit and the corresponding modulus from the base vector.

Consequently, the set is reduced. Thus, increasing the likelyhood of

pseudo-overflow.

Research Suggestions

1. Clearly the most disturbing problem in MMRA is pseudo-overflow.

This system of arithmetic will have a much higher acceptance if this partic

ular problem is resolved (at least to the point where it is always detectable).

2. Currently, one is unable to determine the sign and magnitude of the

rational equivalent of standard residue representation without performing

the inverse mapping. This detracts from the MMRA and SMRA systems,

since performing the inverse mapping on intermediate results may cause the

entire computation to fail. Hence, some form of magnitude estimation should

be examined.

3. The problem of u values in the standard residue representations should

be investigated. Robert Gregory and David Matula developed the method

for performing the arithmetic operations (+,—,•,/) utilizing w. Carl Gre

gory (Robert Gregory's son) and David Matula also developed a method

for performing the arithmetic operatons (+,—,*,/) which eliminates the w

value from the standard residue digits. However, this method detracts from

the parallel processing aspects of MMRA. (Furthermore, as of this writing

a homomorphism had not been established between Gregory and Matula's

system and Tp.)
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4. Experimental research defining a 'function of usefulness" for determin

ing when MMRA or SMRA is the more expedient form of residue arithmetic

will be useful. It is expected that when executing a computationally in

tensive program the arithmetic computations on the standard residue digits

will be much quicker than the same arithmetic computations on the extended

precision integer in SMRA. With (extensive) research an exact function cor

relating execution time and the number of arithmetic computations could be

demonstrated.

5. This is a new method for stabilizing numerical algorithms, thus numer

ical analysis will have a new approach for studying algorithms. Furthermore,

existing numerical analysis techniques can be applied to the data of MMRA

problems which may minimize the possibility of undefined values occurring.

Software Enhancements

The implemented routines are extremely slow. For improved execu

tion time the routines which perform the mappings | • | : FV If and

I  ■ I ■ If I ^ should be (1) implemented in hardware or (2) implemented in

microcode or (3) implemented in assembly language. (Of the three, the hard

ware implementation gives the best performance improvement and assembly

language the least performance improvement.

2. If the data are rational numbers with the numerator and denominator

representable in the integer word size of the host computer, then a specific

routine can be dedicated for computing the |f|^ which utilizes only inte

ger arithmetic. The currently implemented routine serving this purpose is

designed for mapping extended precision fractions into the system.

3. The main program performing residue arithmetic is considerably

longer than a similar program using floating point arithmetic. For exam

ple to execute the string of commands
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a c e

b 0^ d 0'^ 7^
requires

multiplyMandard-residues{\j\0, |||^, tempA)

multiplyMandard-residues{\j\0, | j|^,tempJl)

add.standard.residues{tempA,temp-2, result).

Clearly a complex assignment could be handled more conveniently if the

implementation called for statements similar to ordinary arithmetic symbols.

4.2 Conclusion

A method of residue arithmetic is presented which performs computations

exactly if the data describing the problem and the solutions to the problem

are order-N Farey fractions. Multiple-modulus residue arithmetic is less

restrictive in the choice of prime moduli and has the potential to out-perform

(in terms of execution time) single-modulus residue arithmetic because of the

ability to utilize existing integer arithmetic on the host computer.

However, the underlying theory of MMRA has some gaps which detract

from the system. For example, the problem of pseudo-overflow will restrain

any wide application of MMRA for calculating unknown variables. Conse

quently, this method is acceptable for solving all problems when the magni

tude of the solution is known, but, this method is unacceptable for solving

problems when the magnitude of the solution is unknown.
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C PROGRAMS

tinclude <stdlo.h>

/*
This is the header file called "hilbert.h".

These are the data types utilized in the multiple-modulus residue
arithmetic routines.

V

#define NUMBER^ENCTIH 100

typedef struct array -{
int sign;
int array_[100]; /• NUMBEILLENCTIH */ } ARRAY.;

typedef struct base. {
int nuTTumoduli;
ARRAY, value. [100]; /* NUMBERJ^ENGIH •/
int decimal.[100]; /* NUMBERJIXNCTH •/ > BASE.VECTOR;

typedef struct fraction ■{
int sign [21;
int array.[2][100];

} FRACTION;

typedef int FRACTION.ARRAY[2][100];

typedef int FRACTI0N.INT[2];
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#include <stdio.h>
#include "hilbert.h"

main ()
/• This routine performs Gaussian Elimination on a (N x N)

matrix. This routine is tested on a 4 x 4 Hilbert Matrix.

ARRAY_ matrix [4] r4],
solution[4][4];

VECT^ base, element;

ARRAY_ srd, num_l, num_2, den_l, den_2, n_value, t 1 t 2 t 3
result, n_i, d_i; ~ ~ '

int i, j, k, 1, row, col, place;

FRACTION rational, f_l, f_2;

/* n = 4; The Hilbert Matrix size */

get_modulif&base);
printf("\nThe base vector:");
print_base_vector(&base);

for (i = 1; i <= 4; 1++)
for (j = 1; j <= 4; j++) {

/* set 155 denominator */

rational.array_
rational.array_
rational.sign[i;

rational.array_
rational.array_

1;

f§] [fj: i;
rational.sign[0] = 1;

aJbJoeta(irational, &base, ^element);

for (k = 0; k <= element.num_moduli; k++)
matrix[i - 1] [J - 1].array_[k + 1] = element.decimal.[k]

matrixTi - 1] M - 1].array.[0] = element.num_moduli;
matrix[i - Ij [J - 1].sign = 1;

> /* i. J V

/* Initialize the solution matrix as the identity matrex •/
for (col = 0; col < 4; C0I++)
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for (row = 0; row <
if (row = col)

solution r row
solution frow
solution frow
solution frow'
solution[rowl

> else •{
solution
solution
solution
solution
solution

4; row**)
{
col].array_rO] = 3

array_fl1 = 1
array_f2l = 1
array_[3j = l
sign = 1;

col
col

col
col

.array_r01 = 3

.array_fl' = o

.array_r2' = 0

.array_[3j = 0
•Sign = 1;

col
col

col

col
col

/* Forward elimination of Gaussian Elimination
V

for (col = 0; col < 4; col*+)
for (row = col; row < 4; row**)

if (row == col) { /• t_l is the multiplicative inverse */
place = row; /• of the diagonal elements.

/
for (k = 1; k <= matrix[row][col].array_rO]; k++) {
^ = matrix[row][col].array.[k];

t l^arra^'^]'"-*?^''
t_l.slgn = 1;
t-1•array.[0] = matrix [row][col].array.[0];
for (k = 0; k < 4; k++) {

for (1 = 0; 1 <= matrix[row][k].array.[0]; 1*+)
srd.array.[1] = matrix[row][k].array [1]•

srd.sign = matrix[row][k].sign; J-

multiply.standard_residues(4t.l, &srd, &base, &result);
for (1 = 0; 1 <= result.array.[0]; 1++)

P*]-array.[1] = result.array.[1] ;
®atrix[row][k].sign = result.sign;

for (1 = 0; 1 <= solution[row][k].array.[0]; 1++)
srd.array.[l] = solution [row] [k].array ril ■

srd.sign = solution [row] [k].sign; y-L j.

multiply.standard_residues(&t.l, 4srd, &base, &result);
for (1=0; 1 <= result.array.[0]; 1++)

}  /* k loop •/

> else {
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for (k = 1; k <= inatrix[row] [col] .array_[0]; k++) ■{
rmp = base.decimal_rk - 1] -

matrix[row][col] .array_[k^;
t_l.array_[k] = reduce_inteqer(tmp,

base.decimal.[k - 1]);

t.l.slgn = 1;
t_l.array.[0] = matrix[row][col].array.[0];

/• t_l is the additive inverse of the matrix element */

for (k = 0; k < 4; k*+) {
for (1 = 0; 1 <= matrix [place] [k] .array.[0]; 1++)

srd.array.[1] = matrix [place] [k] .array.[1];
srd.sign = matrix "[place] [k] .sign;

multiply.standard_residues(&t.l, &srd. &base, &t.2);

for (1 = 0; 1 <= matrix[row][k] .array.[0]; l**)
srd.array.[l] = matrix[row][k] .array.[l];

srd.sign = matrix[row][k] .sign;

addLstandard_residues(it.2, &srd, Abase, &t.3);

for (1 = 0; 1 <= t.3.array.[0]; 1++)
matrix[row][k] .array.[1] = t.3.array.[1];

matrix[row][k] .sign = 1;

/* duplicate the mathematics on the solution matrix */

for (1 = 0; 1 <= solution [place][k] .array.[0]; 1**)
srd.array.[1] = solution[place] [k] .array.[1];

srd.sign = solution[place][k] .sign;
multiply_standard.residues(At.l, Asrd, Abase, At.2);

for (1 = 0; 1 <= solution[row][k].array.[0]; 1+*)
srd.array.[1] = solution[row][k] .array.[1];

srd.sign = solution[row][k].sign;

add.standardLresidues(At.2, Asrd, Abase, At_3);

for (1 = 0; 1 <= t.3.array.ro]; 1++)
solution[row][k] .array.[l] = t_3.array.[1];

solution[row][k] .sign = 1;

> /• End k loop */
}  /* End else •/
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/* Backward Substitution In Gaussian Elimination */

for (col = 3; col >= 0; col--)
for (row = col; row >= 0; row--)

If (row = col)

place = col;
else { /• Get the additive Inverse. */

for (k = 1; k <= matrlx[row] [col] .array_[0]; k+t-) {
1-mp = base.declinal_[k - 1] -

matrix [row] [col].array_[k];
t_l. array_ [k] = reduce_lnte^r (tmp,

base.decimal_[k - 1]);
>

t_l.array_[0] = base.numjaodul1;
t_l.slgn = 1;

for (k = 0; k < 4; k*+) {
for (1 = 0; 1 <= matrix [place] [k] .array_[0]; 1+-')

srd.array_[l] = matrix[place] [k].array_[l];
srd.slgn = matrix[place][k].sign;

multlply_standard_resldues(&t_l, &srd, £base, 4t_2);

for (1=0; 1 <= matrix[row][k].array_[0]; 1++)
srd.array_'l] = matrlxXrow][k].array_[l];

srd.slgn = matrix[row][k].sign;

add_standarcLresldues(4t_2, 4srd, 4base, 4t_3) ;

for (1 = 0; 1 <= t_3.array_[0]; 1++)
matrlxXrow][k].array_[l] = t_3.array_[l];

matrix [row] [k] . sl^ = 1 ;

/* di^jllcate the mathematics on the solution matrix */

for (1 = 0; 1 <= solution[place] [k].array_[0]; 1++)
srd.arraY_[l] = solution[place][k].array_[l];

srd.slgn = solution[place][k].sign;

multlply_standard_.resldues(4t_l. 4srd, 4base. 4t_2);

for (1=0; 1 <= solution[row][k].array_[0]; 1++)
srd.arraY_[l] = solution[row][k].array_[1];

srd.slgn = solution[row][k].sign;

add_standard.resldues(4t_2, 4srd, 4base, 4t_3);

for (1 = 0; 1 <= t_3.array_ro]; 1++)
solution[row][k].array_[l] = t_3.array_[l];

solution[row][k].sign = 1;

> /* End k loop */
}  /* End else */
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prlntf ("\f Here is the final iaatrix\n") ;
for (i = 0; i < 4; i**)

^or (k'=^0; k'<^NUMBlR_LENGnH; k-^+)
srd.array_[k] = matrix[i][j].array_[k];

srd.sign = 1;
printf("\nlhe standard residue digits for {Xd, %d>:\n",

print_(4srd|;
order_n(&base, &srd, iai_value) ;
recover(4srd, 4base, &rational, &n_value);
printf('\nlhe recovered fraction:\n");^  print_fraction (^rational);

pi'intf("\f Here is the final solution matrix\n") ;
for (i = 0; i < 4; i++)

M = 0; j < 4; j++) {
for (k = 0; k < NUMBERJLENGTIH; k++)

srd.array_[k] = solution[i] [J5 -array.Oc] ;

srd.sign = 1;
printf("Xnlhe standard residue digits for {%d, %d}:\n",

print_(4isrdj •
order_n(Abase, Asrd, &n_value);
recover (isrd. Abase, Arational, An_value);
printf('\nThe recovered fraction:\n");
print_fraction(Arational);
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aJ5_j3eta (rational, base, answer)
/*

"ITiis routine "reduces" the rational number to lowest terms.
Ihen this number is "forward mapped" w.r.t. the base_vector.

V

FRACTION
•rational;

BASE_VECTOR
•base,
•answer;

int i, place, numerator_sign, denominator_sign;

ARRAY_ numerator, denominator, tenp_numerator, ten?>_denominator,
new_numerator, new_denomlnator, common_factor, zero, one,
negative_one;

/• Set vjp arrays */

for (i = 0; i < NUMBEtL-LENGTH; i++) {
numerator.array_[i] = rational->array_[0][i];
denominator.array_[i] = rational->array_[1][i];

if (rational->sign[0] = rational->sign[1]) •{
numerator_sign = 1;
denominator_sign = 1;

)• else {
numerator_sign = -1;
denominator_sign = 1;

numerator.sign = numerator_sign;
denominator.sign = denominator_sign;

new_numerator.array_[0] = 0;
new_denominator.array_[0] = 0;
zero.array_[0] = 0;
zero.sign = 1;
one.array_ [01 = 1;
one.array_[1j = 1;
one.sign = 1
negative_one.array_
negative_one.array.
negative_one.sign

gcd_array(idenominator, Enumerator, icommon_factor)

i = coiipare(4common_factor, Eone) ;

if (comare(&common_factor, Eonel >01 {
if (coopare(Enumerator, Ezero) > 0)

while (conpare (Enumerator, Eizero) > 0) {

■_[0T = 1;
1;
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sub_array (faiumerator, &coinmon_factor, 4tanp_nuinerator) ;

for (1=0; 1 <= tenp_numerator.array_[0]; i++)
numerator.array_[i] = ten55_numerator.array_[i];

numerator. sign = teB53_n'Jinerator. sign;

acici_array (&one, 4!new_numerator, &tenp_numerator) ;

for (i = 0; i <= tenp_numerator.array_[0]; i++)
new_nvjmerator.array_[i] = tanp_numerator.array_[i];

new_numerator.sign = taBp_numerator.sign;
>
else

vrtiile (compare(fiinumerator, &negative_one) < 0) {
adcl_array (finumerator, &coiiimon_factor, &tenp_numerator) ;

for (i = 0; i <= teiip_numerator .array_rO] ; i++)
numerator.array_[i] = tenp_numerator.array_[i];

numerator. sign = tenp_n'Jmerator. sign;

sub_array(&new_numerator,&one, 4tenp_numerator);

for (i = 0; i <= tenp_numerator.array_[0]; i**)
new_numerator .array_[i] = teBp_jriumerator. array_ [i] ;

new_numerator.sign = tenp_numerator.sign;
>

while (conpare (4denominator, 4zero) > 0) {
sub_array(4denominator, 4connnon_factor, 4tenp_denominator);

for (i = 0; i <= tenp_denominator.array_[0]; i*+)
denominator.array_[i] = temp_denominator.array_[i];

denominator .sign = te^_denominator .sign.-

adciLarray (4one, 4new_denominator, 4tenp_denominator);
for (i = 0; i <= tenp_denominator.array_[0]; i++)

new_denominator.array_[i] = tenp_denominator.array_[i]
new_denominator.sign = teBp_denominator.sign;

>

for (i = 0; i <= new_numerator.array_[0]; i*+)
numerator.array_[i] = new_numerator.array_[i];

numerator.sign = new_numerator.sign;

for (i = 0; i <= new_denominator.array_[0]; i++)
denominator.array_[i] = new_denominator.array_[i];

denominator. sign = new_dmominator .sign;

numerator.sign = numerator_sign;
denominator.sign = denominator_sign;

place = 0;
divide_array(4numerator, 4denominator, answer, base, place);

>  /* end ajajoeta */
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#lnclude <stdio.h>
#include "hilbert.h"

add_array(a_l,a_2,answer)

V
ThXs routine adds two arrays positionally; the result is in answer.

ARRAY.
*a_l,
*a_2,
•answer;

ARRAY,
al,
a2;

int

i, J, cary, 1, al.sign, a2.sign;
for (i = 1; i < NUMBER.LENGTH; i-+)

answer->array.[i] = O;

answer->array.[0] = a.l->array.[0] ♦ a.2->array.[0];
al.sign = a.l->sign; a l->Bian - i •a2.sign = a.2->sign; al2->li^ = l]
if (conpare(a.l, a.2) >=0) / /• » t

for (i = 0; i <= a.l->array [0]; i++) ~ j-~
al.array.[i] = a_l->arrayl[i];

*2.array.[i] = a.2->array.[i};

} els^f^ ̂ al-sign; ^ a2.sign;
for (1 = 0; i <= a.2->array.[0]; i++) /

al.array.ri] = ̂ 2->array.[i]; ^
y  a2.array.fi] = e.i->array.[ij ;•

>  = a2.sign; a2.sign = al.sign;

a.l->sign = al_sign; a.2->sign = a2.sign;
/* add arrays with like signs ♦/
if (al.sim = a2.sign) {

^  •array.rO]; i++)if (a2.array.[0] < i)
eis2'^^®^'"''®'"''®y-[i] = al-array.[i] ;

/• reduce "^'';>«"'ay.[i] = al.array.[i] + a2 .array.[ij;
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for (i = 1; i <= answer->array_rO]; 1++)
If (answer->array_[i] >= lO) •(

cary = answer->array_[1] / 10;
answer->array_ri] = answer->array_[1] - (10 * cary);
answer->array_[l + 1] = answer->array_[l + 1] * cary;

else { /• add arrays with unlike signs •/

for (i = 1; i <= al.array_rO]; i++)
if (a2.array_r01 < i)
answer->array_[iJ = al.array_[i];
else

answer->array_[i] = al.array_[i] - a2.array_[i];

/* reduce */

for (i = 1; i <= answer->arraY_[0]; i++)
if (answer->array_[i] < 0) {

answer->array_ri] = answer->array [i] + 10;
answer->array_[i + 1] = answer->array_[i +1] - l;

for ( i = answer->array_[0]; i > 0; i--)
if (answer->array_[i] != 0)

break;

answer->array_[0] = i;

if (answer->array_[0] = 0)
answer->sign = 1;

else

answer->sign = al.sign;
}  /* end add */
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^include <stdio.h>
#include "hilbert.h"

add.standard^residues (a_l, a_2, base, answer)
/*

This routine stjbtracts two standard residue representations in
con?)onentwise fashion, reducing each result with respect to the
modulus.

V
BASE_VECTOR

*base;

ARRAY.
*a_l, *a_2, *answer;

int i, tenp;

answer->sign = 1;

for (i = 1; i <= base->nuiiuBoduli; i++) ■{
If (a_l->array_[i] = -2 | | a_2->array_[1] = -2) {

answer->array_[i] = -2;
continue;
>

if (a_l->array_[i] = -1 | | a_2->array_[l] = -1) {
if (a_l->array_[i] = -1)

if (a_2->array_[i] > -1)
answer->array_[i] = -1;

if (a_2->array_[i] = -1)
if (a_l->array_[i] > -1)

answer->array_[i] = -l;
else

answer->array_[i] = -2;
continue;
>

tewp = a_l->array_[i] + a_2->array_[i];^  answer->array_[ij = reduce.integer(tenp, base->decimal_[i-l])
answer - >array_ [0] = base->nuiiunoduli;
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#include <stdio.h>
winclude "hilbert.h"

blg_jn (base)

V
Find the product of the moduli.

hase_vector
*base;

array.
teap.i, tenp_2, tenp.answer;

int

i. J;

t«ip_2.array.[01 = initally by i
teop.i.array [11 = i '.
tenp.a.sign = i-

j  teap.i.sign = i;

mmr\ ? . ^ -if

-  ̂ *^.»i»wer. array. [j] ;

'

V

 SRM:'y„^,S~;>;S!5.=Juu (
,  >

•'■ /• end for
> /• end program

V

V
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#include "Mlbert.h"

conpare (al, a2)
/*

7)iis routine conpares two Integer arrays.

Return values : 0 - al = a2
1 - al > a2
-1 - al < a2

ARRAY.
*al,
*a2;

int

i.

/*
Conpare the longest array to the shortest, testing the signs
for exact magnitude conparison.

step 1: length (al) > length(a2)

V

if (al->sicfn != a2->sign)
if (al->sign = 1)

return(1);
else
return(-1);

if ((al->array_[0] = 0) && (a2->array_[0] = 0))
return(0);

if (al->array_[0] > a2->array_[0])
for ( i = al->array_[0]; i > 0; i--)
if ((al->array_[l] > 0) && (i > a2->array_[0]))
if (al->sic(n = 1)

return(1);
else

return(-1);
else if (( i <= a2->array_[0]) && (al->array_[i] > a2->array_[i];

if (al->sign = 1)
return(1);

else
return(-1);

else if f(i <= a2->array_[0]) &&
(al->array_[l] < a2->array_[i]))
if (a2->sign = 1)
return(-1);

else
return(1);

/*
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st«p2: length(al) <= length(a2)
* /

if (al->array_[0] <= a2->array_[0])(al->array_[0] <= a2->array_[0])
for (1 = a2->array_r0]; i > 0; i--)

> 0) 4& ( i > al->array_[0]))
if (a2->slgn = 1)
return(-1);

else
return(1);

else If

" (a2->array_[i] > al->array_[i]))
return(-1);

else

return(1);
else If f(i <= al->array_[0]) &&

(al->array_[l] > a2->array_[i]))
if (al->sicin = 1^(al->sign = i)
return(1);

else

return(-1);

/•
step 3;
^n^rs in the array are identical, check the signs to determine
V

if (al->sign == a2->sign)
return(0);

else if (al->sign = 1)
return(1);

else

return(-1);

} /* end compare routine */
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#lnclude "hllbert.h"

convert(tjninus.d, base, s_d_set)

V

/*

V

BASE_VECT0R
*t_jninus_d,
*base,
*s_d_set;

<
base_vector

t_m_d;

RAYarray_
t_be
last

Int i, k, place;

^Ms^'arraJ:^'' tjnlnus.d. This protectrs the Integrity of the
one.array_ro] = i-
one.array_[l1 = i-
one.sign = 1;

If frase->num_jnodull > 0) {
5-'sign = t_jiilnus_d->value'' fOl slon-
®-3-®®^"^value_rO] .sign = I- ■'s_d_set->nununodull = base-inunjnodull;

y  ■' - t_nilnus_d->value_[0] .array.[k]

®-<^®®t->value_[0] .sign = l-^  return (0); ^ ^■
for (1 = 0; 1 < base->nuinjDodull • 1++^ /

y  t_A.d.nuiiuioduil = tjanJieS^nij^oduU,^^-®^^'
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for (i = 1; 1 < base->num_jnodull; !♦♦) {
for (k = 0; k <= base->value_[1 - 1].array.[0]; k++)

lastjaodulus.array.[k] = base->value.[i - 1].array.[k],•
lastjnodulus.sign = 1;

for (place = i; place < base->nuiiLjnoduli; place**) {

for (k = 0; k <= base->value.[place].array.[0]; k*-0
modulus.array.[k] = base->value, [place].array.[k];

modulus.sign = 1;

for (k = 0; k <= tjud.value.[place] .array.[0]; k++)
tj)eta.array.[k] = tjB.d.value.[place].array.[k];

tjoeta.slgn = tja_d-value.[place].sign;

sub.array(&t.beta, 4d_. &t€np.t);
mod.array(itenp.t, ^modulus, Aremainder, Adummy);
forwardjnap.array(Alastjnodulus, Aone, Amodulus, Aquotient)
TTHii tiply.arfay fAremainder, Aquotient, 4product) ;
mod.array(iproauct, Amodulus. Aremainder, Aduzmny);

for (k = 0; k <= remainder.arr^.[0]; k**)
tjD.d.value.[place].array.[k] = remainder.array, [k];

tjn.d.value.[place].sign = remainder.sign;

>  /* end for */

for (k = 0; k <= tjn.d.value.ri'
—y_D<.s.d.set->value.[i] . array, [k

.array.[0]; k+

alue.cL.array.[k] = tji.d.va

*) i
= tjB.d.value.[i].array.[k];

[i].array.[k];
• j

,
}  /* end for k = 0 */
s.d.set->value.[i] .sign = t_jiL.d.value.[i] .sign;
d_.sign = t_jii_d.value.[i] .sign;

}  /• end for i = 1 */

>  /* end program */
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#include "hilbert.h"

decljnal_value (value)

/*

ARRAY,
•value;

Int
1,
decimal.val,
tens;

If (value->array_rO] >= 10) {
ptlntfr^XnFatal error in decimal..");

prlRtf (val^? • y°" wanted to represent as an integer is:\r.")
exit (1);

>

tens = 1;

decimal.val = 0;

for (1 = 1; i <= value->array_[0]; i++) •{
^^1 val = value->array_[i] * tens + decimal.val;

^  tens = tens * 10;

return(decimal.val) ;

79



ilnclude "hllbert.h"

dlglt_array(dlglt_set, posn, answer)
/•
This routine sets up the answer array with the integer value stored at the

^^digit_set_[posn].

ARRAY.
*digit_set,
•answer;

int

posn;

int

tenp, value, i, digit;

i = 0;
value = digit_set->array_[posn];

vrtiile (value > 0) •{
tenp = value / 10;
answer->array_[++i] = value - (tenp * 10);^  value = (value - answer->array_[l]) / 10;

answer->sign = digit_set->sign;
answer->array_[0] = i;
>  /* end program */
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tinclude "hilbert.h"

farey_fraction_array(denominator numerator modulus answer n_value_)

This routine forward maps the rational number onto an integer in the
range 0,1,2 (modulus-1) .

*/

ARRAY.
* denominator.,
•numerator.,
•modulus.,
•n_value.;

FRACTION
•answer.;

int i, multiplicand, j, k, numerator.sign;

ARRAY.
tenp_jDodulus, denominator, numerator, last.answer, tenp.denominator,
tonpjiumerator, answer, modulus, multiplicand_array, tenp,
result, last.result, zero, ret.val;

/• initialize •/

for (i = 0; i < NUMBESJ-ENGTH; i++) {
modulus.array.[i] = modulus.->array.[i];
te^55Jlodulus.array.^i] = modulus.->array. [i];
denominator.array.[i] = denominator.->array. [i];

numerator.->array.[i];numerator.array.[il
l

>

ast.answer.array.'i
answer.->array.[11 'i'
answer.->array.[Oj [i

= 0;
= numerator.->array.[il;
= denominator.->array.[i];

answer.->sign[0] = 1;
answer.->sign[lj = 1;
numerator.sign = numerator.->sign;
denominator.sign = denominator.->sign;

tenp.modulus.sign = 1 ;
last.answer.sign = 1;

modulus.sign = modulus.->sign;

if (coimare(n_value., idenominator) != -1)
if (conpare(n_value., Numerator) != -1) {

for (i = 0; i < NUMBES.LENC7IH; i*+) {
]answer.->arr ay.

answer.->array.
answer.">signTO ■
answer.->sign fl"
>

01 [i] = denominator.array.[i]
'Ij [ij = numerator.array.[i];
= numerator.sign;
= denominator.sign;
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^ return(1);

zero.sign = 1;
zero.array_[0] = 0;

P®ge 3 of gcd

if (cMpare(&ret_val, Saero) != oi /

^ de^o^nator. - ^**)
^ominator.sign = M -

4.-p^„tor, a™. ..i, .

numerator. Sign = tei]p_numerator .sign.-

sub.array (^denominator, Enumerator, Eresult);
if (result.array_[01 = oi

return(0); ^

while (denominator.array [01 > o^ r
denominator,

if Uast answer.array_[01 = ow

°last_in^r arrSwr?^?'',;"''''*^- ; i+*)ay_[i] - numerator.array [i]•

~  i answer.array roi • i+*^
numerator. array [ii = ^Ise ■( '"r-LiJ - answer .array_[i] •
(1 = 0; i <=

y else
for

. afray^7iV"?®™®if'' • f'-'V- (0]; i^*)^  r—Lij — numerator.array_[i]•
tenp.sign = numerator.sign;

a„u».r.ror);
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last_answer.sign = tecp.sign;

/• common code with gcd */

for (i = 0; i < NUMBER_I,ENGnH; i++) {
ten53_modulus.array_[i] = denominator.array_[i],•
denominator.array_[i] = teo?3_denominator.array_[i];

tenp_modulus.sign = denominator.sign;
denominator.sign = ten?>_denominator.sign;

for (i = 0; i <= result.array_[0]; i++)
last_result.array_[i] = result.array_[i];

last_result.sign = 1;
result.sign = 1;

numerator_sign = numerator.sign;

if (coimare (n_value_, &denominator) != -1) i
if (coimoare(n_value Enumerator) != -1) ■{

for (i = 0; i < NUMBER^J^CriH; i-'+) {
answer_->arr8y_rO] Ti] = denominator.array_[i];
answer_->array_,lj [i_ = numerator.array_[i];
answer_->sign rO|[ = nCimerator_sign;
answer_->sign[1] = 1;

return(1);

> else
numerator.sign = numerator_slgn;

>  /• end \^le */
}  /• end inverase map array
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tinclude "hllbert.h"

forwarcJjnap array(denominator numerator modulus answer_)
/*

ITils routine forward maps the rational number onto an integer in the
range 0,1,2 (modulus-1).

V

ARRAY_
•denominator
*numerator_,
*modulus_,
•answer_;

int i, multiplicand, J, k;

ARRAY_
teiip_modulus, denominator, numerator, last_answer, tenp_denominator,
teop_humerator, answer, modulus, multiplicand_array, temp, zero,
ret_val;

/• initialize */

for (i = 0; i < NUMBER_LENGnH; i++) {
modulus.array_[i] = modulus_->array_[i];
teop_modulus.array_[i] = modulus_->array_[i] ,•
denominator .array_[£] = denominator_->array_..wt ~ UL^ iwui^i la I ay., (ij ,*
numerator.array_[i'' = numerator_->array_[i];
last_answer .array_[i] = 0;

zero.array_[0] = 0; zero.sign = 1;

numerator.sign = numerator_->sign;
denominator.sign = denominator_->sign;
teop_modulus. sign = 1;
last_answer.sign = 1;
answer_->sign = 1;
answer_->array_[0] = 0;
modulus.sign = modulus.->sign;

mod_array(&denominator, &teop_modulus, &temp_denominator, &ret_val)

if (conpare(&ret_val, izero) != 0) {
for (k = 0; k <= teap.denominator.array.[0]; k++)

denominator.array.[k] = temp.denominator.array.[k];^  denominator.sign = twnp.denominator.sign;

mocLarray(inumerator, itaopjnodulus, &teop.humerator, Aret.val);

if (compare(iret.val, fizero) != 0) {
for (k = 0; k <= tempjiumerator.array.[0]; k++)

numerator.array, [k] = teop jiumerator.array.[k];

84



^  numerator.sign = ten53_numerator.sign;

mocLarray(4temp_modului, felenLinator
4teap_denominator, Amultir^i

Ise •{ ®y—[ij - answer.array Til ■
(i = - -^-L J-

}■ else

"y—Llj - numerator.array_[i]•
ten?5.sign = numerator.sign;

toultlDlicanrt »

taL°.;«ii f NUMBOU-ENGIH; 1^+) r

/* end while •

/* end Inverase map array */
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#lnclude <stdlo.h>
#include "hilbert.h"

forward_jnap_integer (value, modulus, answer)
/*

This maps the rational number ( 1 /denominator) onto
a member of the set 0,1,2 (modulus-1) , using the
extended Euclidian algorithm.

V

int

value,
modulus,
•answer;

int i, numerator, denominator, temp,
multiplicand, last_answer, retum_answer, original_modulus;

original_modulus = modulus;
last_answer = 0;

if (value = 0 J | value = 1) ■{
•answer = value;
retLu-n (value) ;

if Rvalue > 0) i
denominator = value;
numerator = 1;

> else i
denominator = value • -1;
numerator = -1;

>

if (denominator != originaljmodulus)
denominator = reduce_integer(denominator, origlnal_modulus);

while (denominator != 0) {
multiplicand = modulus/denominator;

if (last_answer =0) {
last_answer = numerator;
numerator = (multiplicand * last_answer) * -1;

} else {
tenp = numerator;
numerator = (numerator • multiplicand • -1) + last_answer;
last.answer = zeap:

>
ten^ = denominator;
denominator = modulus - (multiplicand * denominator);
modulus = temp;

}  /* end while •/
retum_answer = roduce_integer(last_answer, original_modulus);
•answer = retum_answer ;

return (retum_answer) ;
}  /* end forward map integers •/
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♦include "hllbert.h"

gcd array(value_, modulus., answer.)
/*

V

■Rils routine forward maps the rational number onto an integer in the
range 0,1,2 (modulus-1).

AREAY.
•value
•modulus.,
•answer.;

Int 1, k, multiplicand, value.slgn, modulus.slgn;

ARRAY.
tenpjnodulus, denominator, numerator, last.answer, tenp.denominator,
answer, dunnny, modulus, multlpllcand_array, tenp, common.factor;

/• Initialize V

value.slgn = value.->slgn;
value.->sign = 1;

answer.->sign = 1;
answer.->array.[1] = 1;

modulus.slgn = modulus.->519^.,•
modulus.->sign = l;

answer.->array.[0] = 1;

If (((value_->array_[0] == 1) && (value.->array.[1] ==1)) | |
((modulus.->array. [6] = 1) kit (modulus.->array_[l] ==1))) {
value.->sign = value.slgn; modulus.->sign = modulus.slgn;

return(1);

If (conpare(value.,modulus.) <= 0)
for (1 = 0; 1 < MIlMRFB t.FNITrH- 1 + + ) {

tenpjnodulus .array. [1] = modulus.->array. [11;
denominator.array.[11 = value.->array.[ij;
1ast.answer.array.[1j = 0;

else
for (1 = 0; 1 < NUMBERJLENGTIH; 1++) {

tenpjnodulus.array. [1] = value.->array. [1];
denominator.array.[11 = modulus.->array.[1];
last.answer.array.[Ij = 0;

numerator.sign = 1;
numerator.array.[1] = 1;
denominator.sign = 1;
tenp.modulus.slgn = 1;
last.answer.sign = 1;
answer.->slgn = 1;

numerator.array.[0] = 1;
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answer_->array_[0] = 0;

/• begin common code */

vhile (denominator.array_[0] > 0) {

mnd arrav(&tene>_modulus, &denominator,
4tenp_denominator, 4anultiplicaneL.array);

if ( last_answer.array_[0] = 0) {
for (k = 0; k <= numerator .array_[0]; k-<-*)

last_answer.array.[k] = numerator.array, [k];
last answer.sign — numerator.sign;multIply.arrayT4multiplicandLarray, &last.answer, &answer)
numerator.sign = answer.sign * -1;
for (k = 0; k <= answer.array.[0]; k++)

numerator.array.[k] = answer.array.[k];
else
for^ = 0; k <= numerator.array.[0]; k++)

zeap.array.[k] = numerator.array, [k];

temp.sign = numerator.sign;
nultiply.array(Enumerator, ianultiplicand_array, Eanswer),
answer.sign = answer.sign • -1;
addLarray(Elast.answer, Eanswer, Enumerator);

for (k = 0; k <= temp.array.[0]; k+-^)
1ast.answer.array.[k] - temp.array.[k];

last.answer.sign = tenp.sign;
>

/• end common code */

for (i = 0; i < NUMBERJ-ENGriH; i+*) {
tenpjnodulus.array.[i] = denominator.array.[i];
denominator.array.[i] = tenp.denominator.array.[ij;

teapjnodulus.sign = denominator.sign;
denominator.sign = tenp.denominator.sign;

y  /* end while */

for (i = 0; i <= tenpjnodulus.array.[0]; 1++)
answer.">array.[i] ~ tenpjnodulus.array.[i];

answer." >sign = tenp_jnodulus .sign;
value ">sign = value.sign; modulus.">sign = modulus.sign;j. ~ /* end inverase map array */
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♦include "hilbert.h"
♦define charval (n) ((n) - '0')

get.moduli(base)

/*
Read the moduli into the base_vector and store character by character in
b_vector, and total integer value in base_vector.

V

BA£E_VECTOR
*base;

FILE
*data_in;

ARRAY_
1"«mp
decimal;

int i, j, k,
data;

data_in = fopen("moduli.dat", "r") ;

/* get the number of moduli */

j = 0;
decimal.sign = 1;

for (;;) {
while (((data = getc(data_in)) = ' ') | | (data == '\n') | |

(data = '\t^))
if (data = '$')

break;
else

tenp.array_[++J] = charval(data);

temp■sign — 1;
teop.array_[0] = J;

for (k = tenp.array_[0]; k > 0; k--) {
decimal.array_[tenp.array_[0] - k + 1] = tenp.array_[k];

decimal.array_[0] = teny.array_[0];
base->num_moduli = decimal_vaiue(^decimal);

/* now get the base vector •/

for (i = 0; i < base->num_moduli; i++) {
j = 0;
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for (;;) {
(((data = cvrtiile (((data = getc(data_in)) == ' ') || (data == '\n') |

(data =

if (data = '$')
break;

else
ten55.array_[++j] = charval (data);

ten53.array_[0] = J;
teop.sign = 1;

for (k = te«np.array_[0]; k > 0; k--) ■(
decimal.array_[tenp.array_[0] - k - l] = ten?>.array_[k];
base->value_[i].array_[tenp.array_[0] - k + l] = temp.array_[k]

base->value_ril .array_[0] = tenp.array_[0];
base->value_[ij.sign = 1;

decimal .array_[0] = teJH3.array_[0] ;
print_ (itdecimal) ;
base->decimal_[i] = decimal_value(^decimal);
printf("\n base->decima1_[%d] = %d", i, base->decimal_[i]);

/* zero the remaining positions in the array */

for (k = (tenp.array_[0] + 1); k < NUMBER_LENGTH; k*+)
base->value_[l] .array_[k] = 0;

}• /* end read base vector * /
} /* end program*/
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♦include "hilbert.h"

M_0(base, residue, auO_vector)

r
Th

V

is routine finds the product of the base vector moduli which
correspond to zero.

BASE_VECTOR
*base;

ARRAY_
*in_0_vector,
'residue;

{

int

digit,
i. J;

ARRAY_
al, a2, answer;

a2.sign = 1;
a2.array_ro1 = 1;
a2.array_[lj = 1;
al.sign = 1;

answer.array_[01 = 1;
answer.array_ [ 1J = 1;
answer.sign = 1;

/•
remehber: the base vector values begin in position 0. and

the residue vector values begin in position 1.

for (i = 0; i < base->nuiiLjnoduli; i+->)
if (residue->array_[i ' 1] = 0) {

for (1 = 0; j <= base->value_[i].array_[0]; j++)
al.array_[3] = base->value_[i] .array_[3];

multiply_array(&al, &a2, &answer);

for (3 = 0; 3 answer.array_[0]; 1'*)
a2.array_[3] = answer.array_[3];

>  /* end if */

for (i = 0; i <= answer.array_[0]; i++)
m_0_vector->array_[i] = answer.array_[i];

m_0_vector->sign = answer.sign;
}  /• end m_0 '/
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H_1 (base, residue, iii_l_vector)

/*
This routine finds the product of the base vector moduli vhich
correspond to zero.

V
BASE_VECTOR

*base;

ARRAY_
*in_l_vector,
•residue;

int

tenp,
digit,
i. J;

ARRAY_
al, a2, answer;

a2.sign = 1;
a2.array_r0] = l;
a2.array_[l] = 1;
al.sign = 1;

answer.array_ r 0] = 1;
answer.array_[1] = i;
answer.sign = 1;

/♦
remenber: toe base vector values begin in position 0, and

residue vector values begin in position 1.

for (i = 0; i < base->num_jDoduli; i**)
((''®sidue->array_[l+l] != 0) && (residue->array fi*!] '= -i)) /
for (j = 0; j <= base->value_[i] .array [0] - -S**)'

al.array_[J] = base->value_[i].array_[j];

multiply_array(4al, &a2, ianswer);

for (J = 0; 3 <= answer.array_[0]; 1++)
a2.array_[J] = answer.array_[j];

>  /* end if •/

for (i = 0; i <= answer.array [0]; i++)
iH_l_vector->array_ [i] = mswer . array_ [i] ;

m_l_vector->sign = answer.sign;
>  /• end m_0 ^ '
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♦Include "Kilbert.h"

multiply_array(al,a2,answer)
routine multiplies two arrays together, storing the resust in answer,
ARKAY_

•al,
•a2,
•answer;

int

cary;

/• initialize answer array */
if (al->array_rO] = 0)

al->sign = I;
if (a2->array_r0] = 0)

a2->sign = 1;

for (i = 0; i < NUMBER.J.ENCnH; i+f)
answer->array_[l] =0;

/• multiply numerator •/

answer->array_[0] = al->array_[0] + a2->array_[0j;
if (al->array_[0] > a2->array_[01)lor (1 - i; 1 <= al->array_[Ol; 1++)

for (J - 1; j <= a2->array_roi; 1++)
answer->array_[i + 1 - it =

a2->array_[j] » ai->array_ri] +
else answer->array_[i ^ j - i}; ^ ^

for (i = 1; 1 <= a2->array_[0]; l++i
for (J = 1; j <= al->array_[0]; 1++)

answer->array_[i + 1 - it =
al->array_[j] * a2->array_[i]
answer->array_[i J - Ij;

/• reduce */

A h ~ ^ answer->array_[0]; i++) /if (answer->array_[i] >= 10) t
cary = answer->array_[i] / lO;

~ answer->array_[i] - (lo • cary) ;if ( i < answer->arraY_[0]) ^ v r/ -
• iT = answer->array_[l + 1] + cary;

answer->arTay_rO] = answer->array [01 + l-
answer->array_ti] = cary;

>
cary = 0;

>  » .
if (al->sign = a2->sign)

answer->slgn = l-
else

answer->sign = -i;

for (1 = answer->array_roi; i > 0; i--)
if (answer->array_ri] •= o)

break;

answer->array_[0] = i;
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tinclude "hilbert.h"

nocLarray(value_, modulus_. answer_, return_value)

/*
This returns an Integer which is the # of times the value is reduced by
the modulus. The remainder is stored in answer.

V

ARRAY.
•value.,
•modulus.,
•answer.,
• retum.va 1 ue ;

int
i;

ARRAY.
tenp.value,
tenp.modulus,
answer,

duioDy t
zero, one, j, k,
H_last, J.last;

tenp.value.sign = value.->sign;
temp.modulus.sign == modulus.->sign;

j.array.[0] = 0; J.sign = 1;
j_last.array.[0] = 0; j.last.sign = 1;
k.array.[0] = 0; k.sign = 1;
k.last.array.[0] = 0; K_last.sign = 1;
one.array.[0] = 1; one.array.[1] = 1;
one.sign = 1;

for (i = 0; i < NUMBERJLENGIH; 1++) {
tei^.value.array, [il = value.->array.[i];
tenp_modulus.array.[i] = modulus.->array.[i] ;
answer .array.[i] = value.->array.[i];
answer.->arraY_[il = 0;^ zero.array.[ij = 0;

answer.sign = value.->sign;

if ((tenp.value.array.[0] > 0) && (tenpjnodulus.array.[0] > 0)){
vdiile (canpare(&te^.value,&tenp.modulus) >= 0) {

sub.array(&temp.value, &temp_modulus, ^answer);
for (i = 0; i <= answer .array.[0]; i++)

tenp.value.array.[i] = answer.array.[i];
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t€B^p_value.sign = answer.sign■
adicl_array(&one, 43_last, &1);
for (1 = 0; i <= 1.array_[0]; 1+*)

J-l^st.array.Xl] = J.array_[l];
J_l®st.sign = J.sign;

>  /• end while •/
^dUle (compare(&tenp_value,&2ero) — -l) {

•dC—Srray (&teBp_,value, &'tenp_jnodulus, &answer)
fc (1 = 0; 1 <= answer.array [0]; !•►+)

tenp_value.array_[i] = answer.array_[i];
'tenp_value. sign = answer. sign ;
add_array (4one, 4k_last, fik);
for (i = 0; i <= k.array_[Oj; i++)

K_last.array_[i] = k.array_[i];
k_last.sign = k.sign;

>  /* end *rtiile */
} else

return (-1);

for (1 = 0; i < NUMBER^LENGTIH; i+*)
answer_->array_[i] = answer.array_[i];

®riswer_->sign = answer.sign;
if ((J-array [0] >0) | | (k.array_[0] > 0))

sub_array (4j, 4k, retum_value) ,•
return_value->sign = 1;

}  /• end mod^array */
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♦include "hilbert.h"

^ltiply_st:andardLresidues (a_l, a_2, base, answer)
This routine multiplies two standard residue representations of
rational numbers. Tbe multiplication is performed in coponentwise
fashion, each result is reduced with respect to the corresponding
modulus.

V
BASE_VECTOR

*base;

ARRAY.
*a_l,
•a_2,
♦answer;

int
i, tenp;

answer->sign = 1;

for (1 = 1; 1 <= base->num_moduli; i*+) •{
if (a_l->array_[i] = -2 M a_2->array_[i] = -2) {

answer->array_[i] = -2;
continue;
}

If ((a_l->array_ri] == -1 44 a_2->array_[i] = 0) I I
(a_l->array_[i_ = o 44 a_2->array_[i] = -i)) /
answer->array_[i] = -2;
continue;
>

If (a_l->array_[i] = -i j| a_2->array_[i] = -l) {
answer->array_[i] = -1;
continue;
>

tenp = a_l->arraY_[i] ♦ a_2->array_[i];^  answer->array_[i] = reduce.integer(teap, base->decimal_[i-l])

ariswer->array_[0] = base->num_moduli;
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tlnclude "hilbert.h"

print_(vector)

/*

V
This routine prints arrays of values.

ARRAY.
^  'vector;

int
i,

J;

printf("\n");

if (vector->siQn = 1)
printf("f");

else

printf ;

for (i = vector->array_[0]; i > 0; i--) {
printf (" %d vector->array_[i]);

}"*■'if (j = 10) {
j = 0;
printf("Xn ") ;

-  > /• if}  /• for * /
/* print */
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tlnclude "hllbert.h"

printjt>ase_voctor (base)
/.

^ Tbis routine prints the base vector.

BASE_VECTOR
*base;

int 1, j, k;

printf("\n%d moduli cospose the base vector.\n".base->nunuaodull)
tor 0; 1 < base->nuziLjnodull; l-t-+) {

printf ("\n") ;
If (base->value_ri].sign = 1)

printf (" f ") ; '
else

printf(" - ") ;

for (J = base->value_[l].array_rO]; 1 > 0- 1--) /
printf(" Zd".base->value_W.array.[J]);

If (k == 10) {
grintf ("\n ");

> else
^  printf (" •■);

}
^''^"base->^l^^])^®^"® ^ preceedlng modulus = Zd\n".
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♦Include "hllbert.h"

(rational)
^^ Itiis program prints fractions.

fraction^  *ratlonal;
Int 1, J;

J = 0;

P^^^tFC'NnNumerator: \n") •If (rational->slgnrO"I = ii
prlntf ("+")

else
prlntf ("-");

prlntf ("\n ");
>
J = 0;

prlntf ("\nDenoinlnator:\n") ;
if (rational->slgnri] =

prlntf ('"+") • ^ '■ -I
else ^ ' ■

prlntf ("-'•) ;

prlntf ^ > 0; 1-) /J++- ^ ' rational->array_[1][ij); ' ^
if (J = 25) ■(

J = 0;
prlntf("\n ");

}

/* end program »/
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♦include "hilbert.h"

Rvalue (sum, base, q_valuo)
V

IMS routine recovers the value from the standard residue digits.
BASE_VECrOR

*base;

ARRAY.
•q_value,
•sum;

int i, k, place;

BASE_VECTOR
c_J, base.J, s_d_set;

ARRAY.

answer;

place = 0;

/i ^7/°*' ^ * base->num_moduli; i++)
'= ?) ^ (sum->array.ri + 1] != -i)) /(suzn, (i + i) ^ ^answer); ^ / i.

for (k = 0; k <= answer.array.[0]; k++)
^ • value, [place] . array, [k] = answer. array, [k] ;

c.J.value.[place].sign = l;
for ^ = 0; k <= base->value.[i] .array [01 • k+t-l

base.J.value.[place] .array.ik] = Lse->valul.[i] .array.[k]
place++;

}  /* end if •/
base.j.numjnoduli = place;
if (place >0) .{

convert(&c.j. fibase.j, &s.d.set) ;
sum_array(its.cLset, fflaase.J, &q_) ;
for (i = 0; i <= q_.array [0]; i++)

q_value->array.[i] = q_.array.[i];
Rvalue->sign = <5t..sign;

} elee ■( -»- »•
q_value->array rOT = i•
<l_value->array [ii = i'.
q_value->slgn = i;

/• and program V
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♦include <«tdio.h>

reduce_integer(value, modulus)
Thls^rout^e^ finds the least non-negative residue of 'value'

int
value, modulus;

{
int qpjotient, remainder ;

if (value = 0)
return(0);

vftiile (value > 0)
value = value - modulus;

vdiile (value < 0)
value = value + modulus;

return(value);
>  /* end reduce_lntoger •/
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♦include "hilbert.h"

(value, answer)

V
Slu?'p^ed™~''' •'"''•y (Po.ltionally) reflecting the integer
ARRAY_

•answer;

int
value;

{
int

teop.value,
i, posn;

posn = 0;

if (value > 0)
answer->sian = l-

else {
answer->sign = -i;^  value = value • -i;

vftiile (value > 0) ■{
tenp.value = (value/10) • lO;

= 0; i < 10; i*+)
breikT ~ (t«¥>_value 4 i))

value = teDf>_value/10 •^  answer->array_[+t-posn] = i;
= posn;

/ end ®et_ip_digit_array
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tlnclude •'hilbert.h"

«^_array (a_l, •_2. answer)

^^This routine subtracts two arrays posltlonally; the result is in answer.

ARRAY.

•a_2,
'answer;

ARRAY.
al,
a2;

int

i, j, cary, sign;

0)

0)

if (a.l->array.rO] =
a.l->sign = I;

if (a.2->array.[0] =
a_2->sign = 1;

al.sign = 1;
a2.slgn = l;
for (1=0; i

al.array.ril = a.l->array.ri];^  a2.array.[ij = a.2->array.[i];

if ((sign = coiipare(&al,&a2)) < 0) {
for U = 0; i < NUMBERJLDK7IH; i++) {

al.array.[i] = a.2->array.[i];^  a2.array.fi] = a.l->array.[i];
al.sign = a.2->sign;
a2.sign = a_l->sign;

} else {
al.sign = a.l->sign;^  a2.sign = a_2->sign;

answer->sign = al.sign ' sign;

/' subtract like sign numbers */

if (al.sign = a2.sign) {
answer->array.[Oj = al.array.[0];
for (i = 1; 1 <= al.array.[0]; 1+t-)

if (a2.array.[0] < ii
answer->array.[i] = al.array.[i],

else
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answer->array_[l] = al.array_[l] - a2.array_[i];

/• reduce */

for (1 = 1; 1 < answer->array_[0]; 1++) •{
if (answer->array_ri] < 0) {

answer->array_ri] = answer->array_[3^
answer->array_[i + 1] = answer - >array_ [i 1] - 1;
answer->array_[i] = answer->array_[l] + 10;
ar

>
> for (1 = answer->array_[0^; 1 > 0; 1--)

if (answer->array_[i] != 6)
break;

answer->array_[0] = 1;

if (answer->array_[0] = 0)
answer->sign = 1;

return (1);
>  /* end subtract like signs

/* Subtract arrays with like signs */

if (al.sign |= a2.sim) {
answer->array_[0] = al.array_[0];
for (i = 1; 1 <= al.array_[0]; 1++)

if (a2.array_[0] < i)
answer->array_[i] = al.array_[i];

else

answer->array_[i] = al.array_[i] + a2.array_[i];

/* reduce */

for ( i = 1; i < answer->array_[0]; i++) •{
if (answer->array_[i] >= 10) {

cary = answer->array_[i]/lO;
answer->array_ri] = answer->array_[i] - (10 • cary);
if ( i < answer->array_[0])

answer->array_[i + IJ = answer->array_[i + 1] + cary;
else {

answer->array_[01 = answer->array_[0] 1;
answer->array_[ij = cary;

cary = 0;
}  /* reduce - unlike signs */

}• /• end subtract unlike signs */
>  /• end if •/

for (i = answer->array_[0]; i > 0; i--)
if (answer->array_[i] != 0)

break ;

answer->array_[0] = i;
if (answer->array_[0] = 0)

answer->si^ = 1;
}  /* end program
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tlnclude "hllbert.h"

»um_array(d_®et, base, answer)

^^This routine caiputes the value of the digit set w.r.t. the base vector.

ARRAY.
•answer;

BASE_VECTC»
•base,
•dLset;

i
Int 1, posn;

ARRAY.
s.value, multiplicand, d.value, dlglt.set,
tempjiodulus, tenp.answer;

for (1 = 0; 1 <= d_set->value_[0].array roi • 1++)
s.value.array.[1] = d_set->value.[oj.array.[1];

^lultlpllcand.array_[0] = 1;
multiplicand.array.[Ij = i;
multiplicand.sign = l;
teny>jiodulus. sign 1;
dlglt.set.slgn = 1;
s.value.sign = 1;

for feosn = 1; posn < base->numjiodull; posn-t-+) /
ii-Z base->value.[F>osn - 1] .array.[0]; l+->-)= base->value.[posn -^] .ar^-ay.El] ;

multlply.array (ianultlpllcand, itenpjnodulus, itenp.answer)
for (1 = 0; 1 <= tenp.answer.array.ro]; 1++)

multipUclid'i^^"r?y-^^^ " tenp.answer.array.[1];
for fl = 0; 1 <= d_set->value.[posn].array.ro]; 1++)
ft w-1 ~ <i-»et->value.[posn] .array.ri] ;d_value.slgn = d_set->value.[posn] .sl^ y L J-

iiwltlply.array(&multlpllcand, &d.value, &tenp answer)•
add_array(4[S.value, &tenp.answer, &dLvalue); ~
for (1 = 0; 1 <= d-value.array.[0]; 1++)

s.value.array.[1] = d_value.array [1];^  s.value.sign = d_value.slgn;

answer->slgri = s.value.sign;
for (1=0; 1 <= s.value.array.[0]; 1++)

answer->array.[1] = s.value.array.[1];
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