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ABSTRACT

Multiple-modulus residue arithmetic (MMRA) is a method of performing
certain arithmetic computations (+, —, %, /) on the set of order-N Farey frac-
tions (Fy) in an environment totally free of machine roundoff error. MMRA
provides a method of representing elements in the set Fy on unique ordered
n-tuples of integers, called standard residue representations with respect to
the base vector. Arithmetic operations on elements in Fy are replaced by
corresponding operations on the standard residue representations. These
computations are performed upon the ordered n-tuples in componentwise
fashion with respect to the base vector using residue arithmetic. If the resul-
tant standard residue representation corresponds to an element in Fy, the
answer is recovered totally free of machine roundoff error.

The theory and implementation of multiple-modulus residue arithmetic is
discussed. Then specific aspects of multiple-modulus residue arithmetic are
compared and contrasted to single-modulus residue arithmetic, concluding

with recommendations for further research.
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CHAPTER I

INTRODUCTION

1.1 Motivation for Error-Free Computation

Binary computers, using a radix 2 number system, are capable of repre-
senting only a finite set of rational numbers. Thus, the continuum of rational
numbers is approximated by a set of discrete computer representable num-
bers, called floating point numbers.

The set of floating point numbers represented in a computer are rational
numbers of the form 5 where ¢ is a power of two; therefore, most of the
familiar rational numbers such as %, %,; and 1L0 are excluded from this set.
If a rational number is not in the set of floating point numbers, the binary
representation of the rational number is adjusted to the word size of the host
computer, delivering an approximation of the rational number and introduc-
ing machine roundoff error. Roundoff error also results from computations
performed on the floating point numbers. For example if z and y are two
adjacent floating point numbers (usually differing by the rightmost bit in
the mantissa), then z = L%ﬂ is not an element in the set of floating point
numbers and z will be valued either z or y in binary computers.!

For most applications the problem of rounding error is not considered ex-
cessively serious. However, a certain class of mathematical problems, termed
ill-conditioned, can not be solved with a computer using commonly imple-

mented methods of arithemetic. These problems are highly sensitive to per-

turbations in the data, and can not tolerate any rounding error without

! Gregory and Krishnamurthy[1984], page 2



seriously distorting the answer. For example consider the problem

~73 78 24
A= 92 66 25 (1.1)
—80 37 10 |
00 O
E=|00 o (1.2)
0 0 10~2
det(A) =1,

where as

det(A + E) = —118.94.2

The difficulties incurred when approximating arithmetic on the rational
numbers provide a strong incentive for identifying a number system which
can be used for performing error-free computation. Since computers can
perform some operations exactly if the operands are integers, the motivation
is to find an arithmetic system which utilizes integer arithmetic as a means

of eliminating machine roundoff error.

?Gregory and Karney[1978], page 50.



1.2 Error-Free Computation Using Residue Arithmetic

John Smyre implemented a form of residue arithmetic called single-modulus
residue arithmetic® (SMRA). This mathematical system allows a set of order-N

Farey fractions
FN={%EQ:0§|¢1|§N and 0<b5N}
to be represented on the set
I. ={0,1,2,...,m — 1},
where m and N satisfy the equation
2N*+1< m.

Computations upon the set of order-N Farey fractions are replaced by corre-
sponding mathematical operations on the set I,,,. If the answer is an element
in Fy, the result is recovered exactly.

John Smyre’s study demonstrates (1) that SMRA enormously improves
the numerical accuracy of the answer over hardware floating point arith-
metic and (2) that SMRA is much slower than using rational arithmetic for
solving the same problems. Multiple-modulus residue arithmetic (MMRA)
approaches several of the problems in SMRA from a new vantage point.

A main contributor to the slow speed of SMRA comes from having to
perform all residue computations on extended precision integers represented
in software, rather than using the integer operations available on the host
computer. This results directly from the magnitude of the modulus (deter-
mining the set Fy representable). Thus, the larger the set of order-N Farey

fractions representable, the slower SMRA computations are to perform.

3Smyre([1983|



Multiple-modulus residue arithmetic provides a method for representing

the set of order-N Farey fractions with respect to a base vector of prime

moduli on unique ordered n-tuples

|FN|B = [|FN|mla |FN|m2’ ey IFN|mn]
where the base vector is
B = [my,mg,...,my,|.
The magnitude of N is determined by
2N*+1<M

where

M = H m,.
i=1

Hence, the order-N Farey fraction is represented as an ordered n-tuple of in-
tegers, called the standard residue digits with respect to the base vector. The
base vector is composed of prime moduli represented in the integer word size
of the host computer. The arithmetic operations (+, —,-, /) are performed
on each standard residue digit (s;) reduced with respect to the corresponding
modulus in the base vector (m;). Thus, all intermediate residue arithmetic
computations can be performed on the standard residue digits (with respect
to the base vector) utilizing existing computer arithmetic for integers which
may decrease execution time. Furthermore, the extended precision integer
represented in software is only used twice, once for mapping elements in
Fxn onto their standard residue representation and then for recovering the
order-N Farey fraction from the standard residue digits.

Hence, one can examine arithmetic computations on rational numbers in

an environment totally free of machine roundoff error. Computations can be



performed upon these ordered n-tuples using residue arithmetic, and if the

resultant standard residue representation corresponds to an order-N Farey
fraction, the answer is recovered exactly. The task before us has three well-
defined goals:

1. to develop the necessary software for implementing multiple-modulus
residue arithmetic; |

2. to utilize this extended precision software, solving numerical problems
free of machine roundoff error; '

3. to compare and contrast specific aspects of multiple-modulus residue
arithmetic to single-modulus residue arithmetic, concluding with recommen-
dations for further research.

In Chapter II, the underlying theory of multiple-modulus residue arith-
metic is outlined. The numerical algorithms presented are illustrated and
theoretical weaknesses demonstrated.

In Chapter III, the computational results of multiple-modulus residue
arithmetic are presented and the MMRA software routines are described.

In Chapter IV, specific aspects of multiple-modulus residue arithmetic are
compared and contrasted to single-modulus residue arithmetic, concluding
with a summary of this research effort and recommendations for further

study.



CHAPTER 11

THEORETICAL BACKGROUND OF RESIDUE
ARITHMETIC

The background of single-modulus residue arithmetic is presented along
with the more recently developed principles of multiple-modulus residue
arithmetic. The proofs of theorems are omitted here since they are read-
ily accessible in the literature (see especially [8],[12],[14]).

It is well known that computers can perform some arithmetic operations
exactly if the operands are integers. So there is motivation to perform exact
arithmetic on the finite set of integers I, = {0,1,2,...,m — 1} as a means of
avoiding machine roundoff error. Performing integer arithmetic and reducing
the results modulo m, is using an arithmetic system called single-modulus

residue arithmetic, where m > 1 is called the modulus of the system.!

2.1 Single-modulus Residue Arithmetic

Let a,b and m be integers with m > 1. If m divides b — a evenly, then b

“is congruent to” a modulo m, written in the following manner.

b = a(m). (2.1)

If m does not divide b — a evenly, then b “is not congruent to” a modulo m

written as

b # a(m). (2.2)

! Throughout this book I will represent the set of integers.




Theorem 2.1.1 Let a,b and m € I with m > 1. The following statements

are equivalent
() a = b(m)
(v2) b = aqf
(¢42) (a—b) = 0(m).

a = b(m)
and

b = c(m)
then

a = c¢(m).

a = b(m)

and

then

az+cy = bz + dy(m).

Theorem 2.1.4 Let a,b,c,d and m € I, with m > 1. If

a = b(m)
and

¢ = d(m)
then

ac = bd(m).

In single-modulus residue arithmetic & € I can be represented by an
integer r € I,. The integer r is called the least non-negative residue of b

modulo m, and define the mapping between b and r as



Definition 2.1.5 |« |n =1 — I, given by

|b|m =r
iff
0<r<m
and
b=r(m)

With this mapping one can represent I as the union of m disjoint subsets

Ry, Ry, Ry, ..., Rpn_;, called residue classes where
Ry ={beI:|bm=k}.
Example: Let m = 11 and b = 26, then
4 = |26|1;

or

26 = 4(11)

and 26 € R,. In this example 4 is congruent to 26 modulo 11 and 4 is the

least non-negative residue of 26 modulo 11.

Theorem 2.1.6 Let a,b and m € I with m > 1. Then

(!) |a|m is unique
(11)  |a|m = |b|m ff @ = b(m)
(i53) |km|m =0 for all k € I.



Theorem 2.1.7 Let a,b and m € I, with m > 1. Then

[a+blm = lla|m + [blm|m
= |a+blm|m
= |lafm + blm.

|ablm = ||a|m|blm|m
= lafblm|m
= |la|mblm-

Theroem 2.1.7 shows how addition and multiplication modulo m are per-
formed. It may be observed that the order of reductions has no effect on the

residue result.

Example: Let £ = a + b where a = 15, b = 12 and m = 11.

lzln = |15+ 12|,
= |[15]11 + [12[11}nr
= [4+1|n
= |15+ 1|y
= |4+12)n
= 5.

Example: Let £ = a-b wherea =15, b =12 and m = 11.

lzlu = |15-12|,
= |[15}11 - 12|na|na
= 14 . 1|u
= 151
= |4-12|,
= 4.




Theorem 2.1.8 The system (I, +,-) where + and - represent addition mod-
ulo m and multiplication modulo m respectively, ts a finite commutative ring

with identity.
The additive inverse of a modulo m is
a=|—alm

where

8|
I
3
|
e

Subtraction on I, is defined as
la = blm = |a + b|m (2.3)

where

|6+ b|m = 0.

Theorem 2.1.9 The finite commutative ring (Im,+,-) ts a finite field iff m

s a prime number.

Furthermore, the finite field (I, +, :) is isomorphic to the Galois field G F(m)

and every non-zero element of I,, has a multiplicative inverse.

Definition 2.1.10 If gcd(b,m) = 1 and b ts a non-zero element of I,,. Then

there exists a unique integer ¢ € I,, which satisfies
lbe|m = |ebjm = 1,

and ¢ 18 called the multiplicative inverse of b modulo m written as
¢ =b"1(m) or b7!

when m 1s understood.

10



It is observed that if m is a composite number then a multiplicative inverse

will not exist for all the elements of I,,.

Example: Let m = 12 then
I, ={0,1,2,3,4,5,6,7,8,9,10,11}
and multiplicative inverses exist for
{1,5,7,11}.
However, if m = 13 (a prime number) then
Iis = {0,1,2,3,4,5,6,7,8,9,10,11, 12}

and multiplicative inverses exist for all elements of I;s.

Division modulo m can be defined using Definition 2.1.10.
Definition 2.1.11

a

b

= |a-b7!|m where ged(b,m) = 1.

m

Example: Let £ = § where a =5, b =6 and m = 13.

ghs = [5-671(13)1s
= |5-11|s
= |55]13
= 3.

So far only positive residues have been discussed. However, negative num-
bers are frequently encountered, so we introduce the concept of symmetric
residues. The term symmetric residues is mnemonic since if m is odd, the

resulting set is symmetric about the origin.

11




This set is given by

—(m-1) —(m-2) m-—2 m-—1
= vy —2,-1,0,1,2, ..., :
Sm { 2 2 ’ 2 2

and each integer b € I can be mapped onto an element s € S by

Definition 2.1.12
/-] +I— Sp ts defined by writing

[b/m=s

and

<s<m
2 2°

The integer /b/,, is called the symmetric residue of b modulo m. The sym-

metric residue digits are found by

|a|m if 0<|a|m< %

|a|m — m otherwzise.

The standard residue digits are found by

/a/m if 0</a/m< %

lalm = ,
/a/m—m otherwise.

If m is a prime number the system (Spn, +, ‘) is isomorphic to the system
(Im,+,+). Therefore, the data describing the problem can be mapped from
(Sm,+,-) onto (Is,+,:). Then the arithmetic computations are performed
on the positive residue digits and the results are mapped back onto the
set (Sm,+,:). Thus, freeing oneselve from having to maintain signs during

intermediate computations.

12



Example: Let z = a — ® where a = —5,b = 4,¢ = 2 and m = 103.

1z]10s = || — 5l10s — [4]108/97(203)]103/103
= |98 — |4 - 52103]103
= |98 — 2|108
= |98 + 2108
= |98 + 101508
= 96

and /96/,03 = —7, which is the correct result.
However, what if the correct result lies outside the set 5,7 Then the
residue answer will be “congruent” to the mathematical answer. This is an

instance of the condition called pseudo-overflow.?
2.2 Multiple-modulus Residue Arithmetic

The only known method for avoiding pseudo-overflow is to increase the
set of integers represented in the system (Im, +,-). There are two possibilities
for expanding the set I,. First, one could use a very large prime modulus
extending the size of the system (Im,+,-) linearly. Second, one could let m
represent the product of several moduli increasing the set I, exponentially.
Since it can be shown that using several moduli is equivalent to using one
modulus, the multiple-modulus residue arithmetic approach is pursued as a

means of avoiding pseudo-overflow.
Definition 2.2.1 The ordered n-tuple of moduli called the base vector (3) is
given by

ﬂ = [mls N2,y eeey mn]

2T.M. Rao first used the term pseudo-overflow.

13




whose components are the moduli my,m,,...,m,, and the ged(m;,m;) = 1

for all + # 3.

Definition 2.2.2 Each integer s is represented by the unique ordered n-tuple

of residues
|sls = [|slm1, [8lm2y -ees [8]mn]

called the standard residue representation of s with respect to the base vector
B. The residue elements |s|m; are called the standard residue digits of s with

respect to 3.

Example: Let z = 85 and 8 = [7,11,13].

lz|s = [85|s
= [|85|7,|85|11,(85]1s]
= [1,8,7].

Let M be the product of the moduli composing the base vector

M= fI m. (2.4)

=1
In multiple-modulus residue arithmetic every a € I can be represented
by an element r € Ips. So if

a = r(M)

and

0<r<M

then r belongs to the set of least non-negative residues

I ={0,1,2,...,. M — 1}.

14



Definition 2.2.3 The standard residue number system for the base vector

1s the M member set of standard residue representations
Iﬁ = {|s|ﬁ s € I}

Furthermore, the elements in I are in one-to-one correspondence with the
elements of Ips. The system (I, +,-) where + denotes addition modulo m

and - denotes multiplication modulo m is a finite commutative ring. The

operations [+] and [-] are defined on I5 such that (Is, [+], [7) constitutes a

finite commutative ring isomorphic to the system (Ips,+,).
Symmetric residues are introduced in the system (I, , [-] exist if 8
only contains odd moduli. The corresponding symmetric residue number

system for 3 is given by

/8/8 =1/8/m1s/8/m2ses [ 8/ mn] (2.5)

where the residue elements /s/,,; are the symmetric residue digits for the
base vector B. The symmetric residue number system is defined as the M-

member set of symmetric residue representations

Sp=1{/s/s:s€I}. (2.6)

Every integer s is represented by a unique ordered n-tuple /s/s and has a

one-to-one correspondence in the set

sM={—(M—1) (M - 2) M2 M_l}.

Ty B L0 L2, o

The systems (I, , [-]) and (Inm,+,:) correspond to the symmetric fi-
nite commutative rings (Sg,[+}, [-) and (Su,+,-). Furthermore, the first
two rings are isomorphic to each other and to the latter two rings respec-

tively. Hence, multiple-modulus residue arithmetic using the base vector 8

15



is equivalent to single-modulus residue arithmetic using M as the modulus.?

Arithmetic in the system (I, E], [-]) can now be defined.

Arithmetic in Ip

Theorem 2.2.4 Let a,b € I. The standard residue representation of the

integer |a £ bl with respect to the base vector ts the ordered n-tuple
|a + blp = {21,22, ...,Zn]
where

2z = ||a|mi £ |b]mifms i=1,2,..,n.

Theorem 2.2.5 Let a, b € I. The standard residue representation of the

integer ab with respect to the base vector is the ordered n-tuple
la’blm‘ = [wla wa, ..., wn]

where

|W]mi = ||@|mi]|b|mi|mi 1=1,2,...,n.

Arithmetic on the standard residue representations is carried out in compo-
nentwise fashion, reducing each resultant residue digit with respect to the
corresponding modulus.

Example: Let 8 = [7,11,13] we find the standard residue representations
85]s = [1,8,7]

119]5 = [5,8, 6.

Thus
1855 + |19l = [|1 + 5|7,|8 + 8|11,|7+ 6|13

= [6,5,0].

3Gregory and Krishnamurthy([1984], page 13.
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Similarly,

855 — [19ls = [I1—5]7,|8 — 8|11, |7 — 6]13]
= [3,0,1],

and
85|s - [19]s = [[1-5]7,(8 - 8[11,|7 - 6]1s]

= [5,9,3].
The results are checked:
I104|p = [6,5,0],\/
|66'ﬁ = [3’0’1]’\/

1615/ = [5,9,3].y/

Notice that 1615 is not in Ijoo;; this is an example of pseudo-overflow occur-

ring in an intermediate result and
614 = |1615|1001.

The form of pseudo-overflow that results when the mathematical is “con-
gruent” to the residue answer is undetectable, unless the correct answer is
already known in advance.

The multiplicative inverse on the system (Ip,, (-] requires that a= (M)
exist, where M is the product of the moduli; so for a=(8) to exist, a=(m;)

must exist for ¢t = 1,2, ..., n.

Definition 2.2.8 Let a be an integer and let a~!(ml),a"*(m2),...,a"!(mn)

exist. Then the ordered n-tuple
a”1(B) = [a~t(m1),a" (my),...,a"  (m,)]

is called the standard residue representation of the multiplicative inverse of

a with respect to the base vector 3.

17



Theorem 2.2.7 Let a and b be integers and let b=1(3) ezist. Then

|

Ib'ﬁ = [clach"',Cn],

where

¢ = ||a|md M (M) |mi  1=1,2,..,7.

Example: Let 8 = [7,11,13]. If

119} = [5,8,6]
and
125 = [3,1,12]
then
l%lﬁ = [15.3|7s18'1|11,|6'12‘13]
= [1,8,7].

Note that M is by definition a composite number and the system (Ips, +, )
is a finite commutative ring. Consequently, one should expect some difficulty

because a~!(8) will not exist for every a € I. This problem is examined in

section 2.6.
2.3 Mapping Standard Residue Representations onto Integers

Identifying the standard residue digits has been demonstrated. However,
as yet no method of recovering the integer value from the standard residue
representation has been shown. The method presented uses the mized-radiz

number representation for each integer. The ordered n-tuple of moduli where

my<my <..<mp, (2.7)

18



and call m;, my,...,m, the radices, and M is the product of the radices

M=Hm.-.

=1

It is well known that every integer s in the range
0<s< M
can be uniquely expressed in the form
s = do + di(m1) + d2(my - m2) + ... + dp—i(my - ma... - mp_y). (2.8)

The integers do, dy, d3, ...,dn—1 are called the standard mized-radiz digits sat-
isfying

05d,~<m.~+1 1=0,1,2,...,n — 1.
The mixed-radix digit sequence is denoted as
<8§>5 = <dy,dydz,...,dny1 >

Hence, given a set of mized-radiz digits and the corresponding radices, the
integer value represented can be determined.

Example: Given < s >3 = <6,6,0>, find s.

s = 6+6-7+0-7-11
= 48,

Definition 2.3.1 The standard mized-radiz system for B is the set of digit

sequences < s >p for integers in the range

0<s< M.

19



Now one can ask, given a set of standard residue digits how are the

mixed-radix digits computed? The method presented for identifying the
mixed-radix digits was developed by R.T. Gregory. This method can be
solved only by utilizing residue arithmetic. The algorithm for locating the
mixed-radix digits < s > given the standard residue representation |s|g is

shown. To isolate the first mixed-radix digit (do) let s = ¢; (from 2.8).

t; = s
= do+ ml[dl + dz(mz) + ...+ d,._l(mz - Ms...* mn_l)] (2-9)
= do + myt,.

The result is reduced (see Theorem 2.1.6)
tilm1 = [do + mytz|m (2.10)

= d.
In essence the first digit is found with no computation. The value t, is used
for isolating the second mixed-radix digit: ¢, = f—;—fn.
tz = dl -+ dz(fﬂg) + d3(m2 . m3) + ...+ d,,_l(mg *Mms... - mn_l)
= d, + mg[dg + da(ﬂls) + ...+ dn_l(ﬂ'l3 cMy... - m,,_l)]
The result is reduced (see Theorem 2.1.6)
lt2lmz = |di + mats|m,
= dl.

This formula may be expressed recursively as follows

tiy1 = -—“—,:':_l
1=1,2,.,n—1 (2.11)
g = |t€+llm.~+1

20



Given |s|s one can successively compute the mixed-radix digits using

residue arithmetic.

Example: Let M = 1001, 8 = [7,11,13] and s = 675.

67515 = [3,4,12]

B 7 11 13
[slo = ltals 3] 4
|dols =3 3 3
|t1 — do|s 0O 1 9
mi(61) X 8 2
ltalgy = |zl 5
|d1]p1 — 8 8
|tz — di|s; 0 10
21(8:) X 6

|talpz = |(t2 — d1)ma2lp2

Example: Solving the mixed-radix digits given < s >=< 3,8,8 >

s = 3+8(7)+8(7-11)
= 675./

2.4 Single-modulus Residue Arithmetic with Rational Numbers
If the greatest common divisor of m and b is 1, then b™!(m) exists (see

Definition 2.1.10). Hence, one is capable of mapping a fraction* onto an

element in the set I,,. The set of rational numbers which can be mapped

4Since %% = % all rational numbers § are assumed to be in their reduced form and the

ged(a,b) = 1.
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onto images in I,, is given by

Q= {% : ged(b,m) = 1}.

Definition 2.4.1 If z = }, and if ged(b,m) = 1 so b~'(m) ezists

a
b

|Zlm = m

= |a-b7tm
and describe the mapping as |- |m : Q — In.
It is observed that the mapping (Q — I,) is defined for a subset of the
rational numbers. Hence, every k € I,, is the image of an infinite number

of elements in C:? This infinite set of rational elements which map onto the

image Qi is described as

o= (zee =4
where .
Q= U Q.
k=0

The disjoint subsets Qo, @Q1,..., @» are called the generalized residue classes

modulo m.

The following theorem provides the basis for computations in the set I,,.

Theorem 2.4.2 The mapping | - |m : Q — I, is a homomorphism with

respect to addition and multiplication.

Arithmetic operations performed in the ring (Q,+,:) correspond to those
same arithmetic operations performed in the ring (In,+,:). However, an
isomorphic relationship between (Q, +,-) and (I, +, -) does not exist because
there is not a one-to-one mapping between C} and I,. A subset of Q is

identified which has an isomorphic relationship to certain elements I,,.
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The mapping |- | : Q — I, is one-to-one but not onto. However, a unique

element in some of the generalized residue classes (Qk) for which a one-to-one

and onto relationship exists can be identified.
Theorem 2.4.3 Let N be the largest integer satisfying the inequality
2N?+1<m,

and let the generalized residue class Q. contain the order-N Farey fraction

T = §; then z is the only order-N Farey fraction in Q,.

Definition 2.4.4 The finite subset of f)
Fy = {%Eézgcd(a,b)=1 and 0 < |a|$N,0<bSN},

where N > 0 is an integer, and Fy is called the set of order-N Farey frac-

tions.

A one-to-one and onto relationship between certain elements of Q and

certain images in I, is established by letting

a

b

a

m b

€ FN} (2.12)
denote the set of images of the order-N Farey fractions.

Theorem 2.4.5 The mapping |- |m : F, — I, is one-to-one and onto and

thus, has an snverse.
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Example: Let z =1 — 2 and m = 37,

i
|-‘C|37 % - %I37
= |1-28 —|3-28|37|37
= |28 + 10|37
= |28 +27|5
= |55[s7
= 18.

The mapping is |18]37 — ’Tl is shown later.
One notices that the intermediate residue answers may not represent
elements in Fy; however, this has no fatal effect on the answer, as long as

the solution is an order-N Farey fraction.
2.5 The Forward Mapping and the Inverse Mapping

Gregory and Kornerup[1983] developed a method for performing the map-
ping Fy — I, based upon the Extended Euclidian Algorithm.
An Extended Euclidian Algorithm

Let (A, B) and (C, D) be integer pairs where A > C > 0 and the matrix

A B a b

C D c d
is called the “seed matrix” where the original integer pairs ((A,B) and (C,D))
generate a finite sequence of additional integer pairs. At each point in the
computation the previous two integer pairs ((a,b) and (c,d)) respectively are
used for computing the next integer pairs (x,y).

Step 1. Initialize the seed matrix

a b
¢c d
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Step 2. Compute the integer quotient

a
q=-
Cc

Step 3. Computer the next integer pair in the sequence by

z=a-— qc,

y=>b-—gqd.

Step 4. Update the seed matrix
(a,8) « (¢, d)

(¢,d) «— (z,y).
Step 5. If £ # 0 go to Step 2.
Step 6. The gcd(A,C) = a.
First this algorithm is used for computing the greatest common divisor
and then other uses of the Extended Euclidian Algorithm in residue arith-
metic are demonstrated.

Example: Compute the ged(129,30).

129 0
30 1
4 9 -4

and the ged(129,30) = 3.
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The Forward Mapping

It is observed that the Extended Euclidian Algorithm can be used for directly
computing b~!(m). To find

3| a two step process is utilized. First, find
m

b~!(m) beginning with the seed matrix

m O
b 1
Then multiply |a - b~!(m)|. However, these steps can be combined into one

step using the seed matrix

m O

b a

Example: Map ‘%‘ — 1001 using the two-step method.

1001 0
14 1
71 7 =71
2 0 143
| = Tll1001 = 930

1930 - 3|3001 = 788.

Example: Map l%! — 1001 using the one-step method.

1001 0
14 3

71 7 =213 «
2 0 429

26




l - 213!1001 = 788\/

Hence, the Extended Euclidian Algorithm is useful for mapping Fy — I,».

The Inverse Mapping

The algorithm presented was developed independently by Kornerup and Kr-
ishnamurthy. The inverse mapping |- | : I, — Fy also utilizes the Extended
Euclidian Algorithm. From Theorem 2.4.3 one knows a generalized residue
class (Qi) contains at most one order-N Farey fraction. The following the-
orem guarantees that if Q. contains an element in Fy, the fraction will be

generated using the Extended Euclidian Algorithm.

Theorem 2.5.1 (Kornerup) If - is an order-N Farey fraction satisfying
8

r
- =Ik|m=k
where k € I,, and
O0<r<N
0<|s| <N,

then there ezists an integer t such that

(r;8) = (e, )

where {(a;,b;)} for j=1,2,...,n+ 1, is the sequence of pairs generated by
the Extended Euclidian Algorithm (from pages 25-26) beginning with the seed
matriz

m 0

k1
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Example: Let m = 19,k =7 and N = 3.

19 0
7 1
2 5 -2
1 @ —
2 1 -8
2 0 19

The set of “congruent” fractions is

—5 2 -1
7,=—,2, ="},
{’2’3’8}

Observe that % is the only order-3 Farey fraction generated.

Recall (from page 25) if z = 1 — 2 and m = 37 then |z|s7 = 18. Now the

mapping |18|37 — 5 is demonstrated.

37 0
18 1

2 | [ B~

18 0 37

What if the resultant residue does not represent an order-N Farey frac-
tion? This is another form of pseudo-overflow and is always fatal at this
point causing the inverse mapping to fail. This particular form of pseudo-

overflow is easily detected; in comparison to the form of pseudo-overflow
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which occurs when the mathematical answer is “congruent” to an order-N
Farey fraction causing undetectably fatal effects.

Example: Let m = 1001,b = 43 and N = 22.

1001 0

43 1

23 12 —-23
3 7 70
1 5 -93
1 2 163
2 1 —419
2 0 1001

Notice that there is no order-22 Farey fraction generated and the detectable
form of pseudo-overflow has occurred. Hence, one is reminded of the impor-
tance in selecting the modulus (or moduli) of the system carefully; so, the

data and results are order-N Farey fractions.

2.6 Multiple-Modulus Residue Arithmetic with Rational

Numbers

Recall that MMRA utilizes a base vector of moduli

,B = [ml’ M2, ... mn]

where
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In this section it is assumed that § is composed of prime moduli and that N

is the largest integer satisfying
2N* +1< M.

Recall single-modulus residue arithmetic is equivalent to multiple-modulus
residue arithmetic and Theorem 2.4.2 establishes the homomorphism be-
tween the systems (Q,-i—, -) and (Im,+,). An analogous homomorphism is
established between a similar commutative ring with identity (é, +,+) and
the commutative ring (Ipr, +, ). |

To map z = £ onto an integer in Iy one must compute 7! (M)

a

— -1
b v Iab |M

Now b~1(M) exists only if ged(b,m;) = 1, for ¢ = 1,2, ...,n. This shows that
all rational numbers can be mapped onto an element in Iys except for those
rational numbers whose denominator is divisible by at least one modulus.

The set of rational numbers with images in Ins is

Q= {% :ged(b,my) =1, for i= 1,2,...,n} , (2.13)

and describe the mapping as | - |a : Q — Ins. Every j € In represents an

infinite set of rational numbers in Q called a generalized residue class

a -~ |a i
o ={5ea:[3, -1}
where
. M-1
Q= U @;
Jj=0

The following theorem provides the basis for computations in Ijs.

Theorem 2.6.1 The mapping | - |m : Q — Iy is a homomorphism with

respect to addition and multiplication.
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Because M is the least common multiple of the moduli composing the
base vector, if the generalized residue class Q; contains the order-N Farey
fraction £ = %, then z is the only order-N Farey fraction in that generalized
residue class (see Theorem 2.4.3). There are (by definition) fewer order-
N Farey fractions than M so one can observe that every generalized residue

class will not contain an order-N Farey fraction. The set of images of order-N

Farey fractions are denoted by

~ a a
e = {lz\u-z””}’

and the mapping |:|sp : F¥y — In is one-to-one and onto, thus has an inverse.

Example: Let 8 = [5,7] so that M = 35 and N = 4 the mapping is shown

in the following table. |- |s5: Fy — Iss
0 O
1 1 -1 34
2 2 -2 33
3 3 -3 32
4 4 -4 31
-3 3
28 | ¥ 2
1 -1
1 g | =t 2
-2 2
21| : o2
-1
s 12} 3 23
4 -4
13| F 22
-3 3
=216 | § 19
-1 1
217 | 118
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on the two modulus system with § = [7,11]. In

Example: Solve z = :

b
3
21
3

the preceeding table ‘ 5 24 and ‘%‘135 — 23.

r = |24+23|35
= 12

and 12 — %, which is the correct mathematical answer.

A Two Modulus System®

The system (Q,+,-) is homomorphic to the system (Ia,+,-) and the
condition met for mapping @ — Ip is the ged(b,M) = 1 where M is the
product of the moduli. One may ask, can m;,mg, ...,m, be selected such that
m; >N for 1 =1,2,...,n? For a two modulus system we can always select
two prime numbers of greater magnitude than N. However, for a system with

more than two moduli this is not possible.

Theorem 2.6.2 Let M = mymg,, where m, and m, are successive primes

and let N > 0 be the largest integer satisfying the inequality
2N*+1< M.

Then m; and my are both greater than N.

Theorem 2.6.3 Let my < my < ... < m, be primes and let M be their

product. Choose N > 0 to be the largest integer satisfying the snequality
2N* +1< M.

If N> 2, thenm; < N.

5Hardy and Wright{1960]
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Multiple-modulus Residue Arithmetic with More Than Two Moduli

Because using more than two moduli results in some m; < N for
t =1,2,...,n, difficulty arises both in determining the standard residue digits
for § € @ when ged(b,m;) # 1 for i =1,2,...,n, and also in performing
residue arithmetic on these standard residue digits. David Matula and R.T.
Gregory posit the method presented below for performing residue arithmetic

and recovering the rational answer.

Consider the set of images of rational numbers

a a
T,_{;ﬁ.geQ},
and the subsets Ty consisting of the set of images of order-N Farey fractions
~ al a
=4zl 1 - €F
Te { bl "8 € N} ’

with N as the largest integer satisfying 2N2 + 1 < M. The mapping
|| : Fy — T is onto and will show this mapping is one-to-one by exhibiting

the inverse mapping Tg — Fy.

Definition 2.6.4 For any rational number $

a
—| =[e1,€2y ey Cn)
bls
where for 1 =1,2,...,n,
a *
c. - —
' b ms
with
. -1 .
al* i, b (m;) exists
5 | mg .
™ 0o otherwise.
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The standard residue representation of a rational number in multiple-

modulus residue atirhmetic is

* *

a

b

a

-l

b

2
b

a

b

g oes
m2

*}
mn

Example: Let 8 = [2,3,7]. So that M = 42 and N = 4. The mapping

b
ml

|<|pg = Fy — ’j‘ﬁ is exhibited in the following table®.

o (AN N I
ofo 0 o

1{1 1 1 |-1]1 2 6
2/0 2 2 [ -2/0 1 5
3l 2 4 | Floo 1 3
3]t o 3 | -3[1 o0 4
3|1 oo 5 F11 oo 2
410 1 4 | -4/0 2 3
tloo 1 2 2l 2 5
210 oo 3 2l 0 o 4
% c©o 0 5 ‘73 oo 0 2
2loe 0 6 | Fl oo 0 1
2{0 oo 6 210 o 1

The following definitions are needed to show this mapping f’g — Fy is

one-to-one.

Definition 2.8.5

M = Hmh

=1

6{5|Class Notes
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If no such element exists then M* = 1.

Definition 2.6.6

Mo = Hm,-,

j=1
where m; 1s a modulus for which

a

5 =0.

mj

If no such element exists then My = 1.

Definition 2.6.7
n
Ml = H mg,
k=1

where m; 1s @ modulus for which

a‘
0< |+
_'b

S m; — 1.
mk

If no such element exists then M; = 1.

Definition 2.6.8 If Insy = {0,1,...,M; — 1} is defined ¢ € Ing to be the
unsque integer which has the property

lglm = a1,
for each ¢; different from O or oco.

The n-tuple |g|p is the standard residue representation of ¢ with respect
to M1. The integer value represented by ¢ is found by using the recovery
method which first isolates the mixed-radix digits < ¢ > and then solves the

mixed-radix digits (see section 2.3).
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The n-tuple |g|a, is the standard residue representation of ¢ with respect

to M1. The integer value represented by ¢ is found by using the recovery
method which first isolates the mixed-radix digits < ¢ > and then solves the

mixed-radix digits (see section 2.3).

Definition 2.8.9

¢ = |gM* M5 (M) |

The following theorem is fundamental and gives Matula’s algorithm for

the mapping |- | : T — Fy.

Theorem 2.6.10 Given |2|s € T}, the unique element $ € Fn is found by

using the inverse mapping (from section 2.5) with the seed matriz

MM, O
Moq' M

Example: Let § = [11,13,17], M = 2431, N = 34, and I%ls = [6,5,11].
What is 3 in Fy?

() M = 1

() Mo = 1

(55)) M, = 2431

(tv) ¢ = |gM*M;'(M))an
= |2085 - 1|34s;
=9

The element in Fy is recovered beginning with the seed matrix presented in
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Theorem 2.9.8 where MyM; = 2431, Myq' = 2085 and M* = 1.

2431 0
2085 1

1 346 -1

6 @ —

38 4 —267
2 1 541
4 0 2431

It is observed that % is the only order-34 Farey fraction recovered.

Arithmetic in Ig

The arithmetic operations are performed in componentwise fashion on the
standard residue digits with respect to the base vector. However, a way of
determining the resultant standard residue digit if either of the components
is oo must be established.

Casel
Letz=$+%in Tp where the modulus m; divides d, but does not divide

b or ¢ and have

a * -
- oo and |=| = oo.
b ms ;é d ms
Applying the common denominator method of arithmetic yields
__ad+bc
db

It is observed that m; divides the denominator but not the numerator. Hence,

an addition rule is established if § # oo then

"

a

b '+oo=oo.

ms
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Case I1

Letz=$x%in T where the modulus m; divides d but does not divide a

or ¢. Again the common denominator form of arithmetic is applied yielding

= —

bd’
It is observed that m, divides the denominator but does not divide the numer-

ator. Hence, the following rule for multiplication is established if |$|;.; # oo

then

Caselll

Suppose we want to find the sum z = § + § where m; divides b and d but

not a and ¢ then

d

In this case we must factor out m; from the addends

ms ms

a

* + ‘ c L ]
[y :
ms d My Lpng

Now we can perform addition on the values

b‘m.~

»

c

dl
then if |z|m; # 0, the sum should be oo, otherwise |z|m; should be a residue

digit in the set I,; = {1,2,...,m; — 1}.

+

)
ms

ms

Suppose we want to find the product z = 3 X £ where m; divides b and

¢ but not a and d then

*

a

cl*
-b—m.-=o° and ‘Em‘=0.
In this case we must factor out m, from the multiplicands
a |* c'm;|”
B | 4 |
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Now we can perform multiplication on the values

»

a

v

¢
d

I =

X
ms

mi
|Z|mi should be a residue digit in the set I,; = {1,2,...,m; — 1}.

Because of the difficulty encountered determining the resultant residue
digit in Case III, David Matula suggests utilizing a value denoted w. The w
symbol represents a standard residue digit which is omitted from the recovery
process (along with the corresponding modulus). The following arithmetic

tables are utilized in MMRA.

Multiple-modulus Residue Arithmetic Tables

+(_) 0 T 00 w *(/) 0] z (o ¢} w
0 0 T 03] w 0 0 0 w w
y Y [y+z|m oo w y 0 |y*z|m oo w
00 fo'e) o0 w w 00 W 00 00 w
w w w w w w w w w w

Hence, when an w value occurs that standard residue digit and the cor-

responding modulus are eliminated from further processing.

39



CHAPTER III

RESULTS AND SOFTWARE DESCRIPTIONS

The multiple-modulus residue arithmetic algorithms described in the pre-
vious chapter were implemented in C on a Vax 11/780 computer. The main
program and subroutines are listed in Appendix A. These algorithms are

applied for calculating the inverse elements of the Hilbert Matrix.

3.1 The Hilbert Matrix

Computing the inverse elements of a Hilbert Matrix is interesting for
two main reasons. First, this problem is widely known as an inherently ill-
conditioned problem, highly sensitive to perturbations in the data. Second,
the elements comprising the Hilbert Matrix are simple fractions. The im-
plemented MMRA computer routines are tested by computing the inverse
elements of an NV x N Hilbert matrix where N =3, N =4 and N = 5. For
example, each element a;; of the Hilbert Matrix is given by

1

MG

and the 3 x 3 Hilbert Matrix is

H3 = (3°1)

COJrt B i [1=e
e O R
L= R N [ ] L]

The inverse elements of the Hilbert Matrix are given by

e (=1)U+IN(N +T-1)Y(N+J-1)!
% T T+ T[T -0 = DN - )N =)
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The computed inverse values of the 3 x 3 Hilbert Matrix are

9 -36 30
Hi'=| -36 192 —180 |. (3.2)
30 —180 180

The computed inverse values of the 4 x 4 Hilbert Matrix are

16 —120 240 —140 |
., | -120 1200 -2700 1680
H' = . (3.3)

240 —2700 6480 —4200

| —140 1680 —4200 2800

The computed inverse values of the 5 x 5 Hilbert Matrix are

25 —300 1050 -1400 630

—300 4800 -—18900 26880 —12600
H' = 1050 —18900 79380 -—117600 56700 | - (3.4)

—1400 26880 -—117600 179200 -—88200
630 —12600 56700 —88200 44100

3.2 Software Descriptions

An overview of how the computer programs interact is presented and
then the routines are described. First, the main program ititializes the base
vector of moduli. Since all the fractions are generated in the program, the nu-
merators and denominators are moved into an extended precision fraction.
The forward mapping routine calculates the standard residue representa-
tion of |$|4. Then the integer arithmetic operations (+, ) are performed on
the standard residue representation in componentwise fashion, reducing each

residue digit with respect to the corresponding modulus in the base vector.
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Then the order-N Farey fraction is recovered from the resultant standard

residue representation. There are two main programs which compute the

inverse elements of the Hilbert Matrix. One program solves the analytical

formula presented. The second program performs Gaussian elimination with

backward substitution solving for the identity matrix. A description of all

the data structures and subroutines follow in alphabetical order.

Data Structures
ARRAY_

BASE_VECTOR
FRACTION

NUMBER_LENGTH

This particular data structure serves four main
purposes:

(1) Represention of an extended precision num-
ber,

(2) Represention of standard residue digits,

(3) Represention of the product of the moduli,
(4) Represention of the N value in the order-N
Farey fractions.

This data structure contains the base vector.
This is used for representing an extended preci-

sion fraction.
This is the magnitude of the allowed extended

precision.

Multiple-modulus Residue Arithmetic Routine Descriptions

a_b_.beta This routine maps the reduced Order-n Farey fraction

onto the set of standard-residue digits
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ARGUMENTS:

RESULTS:

NOTE:

add_array

ARGUMENTS:

RESULTS:

add_standard_residues

ARGUMENTS:

= |e1, €2y ..y Cn), for ¢ =1,2,...,n,
)

where

|$lmi f b"lm, exists

00 otherwise.

rational: An extended precision Order-N Farey
fraction.

base: The base vector of prime moduli.

anwer: The standard residue representation of

the order-N Farey fraction.
Negative one denotes oo for |$|s when the

ged(b,m;) #1 fori=1,2,..,n.
This routine adds two extended precision

integers.

a_1: An extended precision integer.

a-2: An extended precision integer.
answer: The extended precision result.

This routine adds two standard residue represen-
tations in componentwise fashion with respect to

the base vector.
a_l: The standard residue representation of the

first addend.

a-2: The standard residue representation of the
second addend.

base: The base vector of moduli.
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RESULTS:
big.m

ARGUMENTS:
RESULTS:
FATAL ERRORS:

compare

ARGUMENTS:

RETURNED VALUE:

convert

ARGUMENTS:

RESULTS:

answer: The standard residue representation of

the result.

This routine computes the product of the moduli

comprising the base vector.

base: The base vector of moduli.

The product of the moduli.

If the product of the moduli exceeds the storage
allowed for the extended precision representation
of M, a message is printed indicating the source
of the problem and program execution is termi-

nated.
This routine compares the magnitude of

two extended precision decimal numbers,
the returned value reflects the outcome of

the comparison.

al: An extended precision integer.

a2: An extended precision integer.
comparison returned

decision values
al = a2 0
al < a2 -1
al > a2 1

This routine recovers the mixed radix digits from
the standard residue digits with respect to the

base vector.
t_minus.d: The array containing the standard

residue digits.

base: The base vector of moduli.
s_digit_set: The recovered mixed radix digit set.
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decimal.value

ARGUMENTS:

RETURNED VALUE:

FATAL ERRORS:

digit_array

ARGUMENTS

RESULT:

divide_array:

ARGUMENTS:

RESULTS:

This function computes the decimal value repre-
sented by an extended precision number.

value: An extended precision number.

The decimal value represented in the extended

precision array.

If the decimal number is too large (ten digits are
used) an error message indicating the source of
the problem is printed and program execution

terminates.
This routine copies a decimal number (from a

particular position in the array passed) into an

extended precision array for further processing.
digit_set: This array contains integers.

posn: This indicates the location in the “digit_set”

of the integer one wishes to copy.

answer: This is the extended precision copy of

the selected integer.
This routine performs the operation |$|s. If

b=1(m;) for i = 1,2,...,n, does not exist the frac-
tion is denoted as negative one in the standard

residue vector.
numerator_: The numerator of standard residue

digits.

denominator: The denominator of standard
residue digits.

base: The base vector of moduli.

posn: The starting position in the standard

residue digits.
quotient: The standard residue quotient.
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farey fraction_array

ARGUMENTS:

RESULTS:

NOTE:

forward _map_array

ARGUMENTS:

This routine utilizes the Extended Euclidian Al-

gorithm, solving for the order-N Farey fraction.

The seed matrix is

modulus_ 0

denominator. numerator.

denominator: An extended precision number
used in the seed matrix.

numerator_: An extended precision number used
in the seed matrix.

modulus_: An extended precision number used

in the seed matrix.
answer: The extended precision fraction re-

turned.
If no Order-N farey fraction is recovered a mes-

sage indicating pseudo — over flow has occurred

is printed.

This routine is used for computing the inverse of
a fraction with respect to the modulus utilizing

the seed matrix

modulus_ 0

denominator_ numerator.

denominator: An extended precision number
used in the seed matrix.
numerator—: An extended precision number used

in the seed matrix.
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RESULTS:

forward _map_integer

ARGUMENTS:
RESULTS
gcd_array

ARGUMENTS:

RESULTS:
get_moduli

ARGUMENTS:
RESULTS:

modulus_: An extended precision number used

in the seed matrix.

answer: This routine computes

denominator~!(modulus) X numerator.

This routine utilizes the Extended Euclidian al-

gorithm to map a reduced integer onto the set
I.=0,1,2....m—-1,

where m is the modulus of the system using the

seed matrix

modulus 0

value 1

value: An integer in the seed matrix.

modulus: The modulus in the seed matrix.
answer: The inverse of value with respect to the

modulus.
This routine finds the greatest common divisor

between two extended precision integers.
value_: An extended precision integer.

modulus: An extended precision integer.

answer: The extended precision greatest com-

mon divisor.
This routine reads the prime moduli into the base

vector.
base: The base vector initialize to prime moduli.

The initialized base vector.
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=
o

ARGUMENTS:

RESULT:

<

ARGUMENTS:

RESULT:

ARGUMENTS:

This routine scans the standard residue digits.

If a digit is zero then the corresponding modulus
becomes a component in the product vector re-
turned. If no digit is zero the product returned

is one.

base: The base vector of moduli.

residue: The standard residue digit array.

m_O_vector: The product of the moduli whose
corresponding standard residue digit is zero. If

no digit is zero the product returned is one.
This routine scans the standard residue digits. If

a digit is greater than zero then the correspond-
ing modulus becomes a component in the prod-
uct vector returned. If no digit is greater than

zero the product returned is one.
base: The base vector of moduli.

residue: The standard residue digit array.
m_1_vector: The product of the moduli whose

corresponding standard residue digit is greater
than zero. If no digit is greater than zero, the

product returned is one.

This routine scans the standard residue digits. If
a digit is negative one (symbolically ‘co’) the cor-
responding modulus becomes a component in the
product vector returned. If no digit is negative

one then the product returned is one.
base: The base vector of moduli.

residue: The standard residue digit array.
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RESULTS:

mod_array

ARGUMENTS:

RESULTS:

multiply_array

ARGUMENTS:

RESULTS

multiply standard.residues

m.star_vector: The product of the moduli whose
corresponding standard residue digit is negative
one. If no digit is negative one, one is the value
of the returned array.

This routine reduces the value with respect to
the modulus the number of reductions

and returns an extended precision array with

residue given by

answer = value(modulus).

value_: The extended precision number which is
reduced.
modulus: The extended precision modulus of

the system.

answer_: The residue value passed to the calling
routine.
ret_-val: The number of reductions required on

the extended precision array.

This routine multiplies two extended precision

integers.

al: An extended precision multiplicand.

a2: An extended precision multiplicand.

answer: This array contains the extended preci-

sion product.

This routine multiplies two standard residue rep-
resentations in componentwise fashion with re-

spect to the base vector.
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ARGUMENTS:

RESULTS:

print._
ARGUMENTS:

print_base_vector

ARGUMENTS:

print_fraction

ARGUMENTS:

q-value

ARGUMENTS:

RESULT:

a_1: The standard residue representation of the
first multiplicand.

a-2: The standard residue representation of the
second multiplicand.

base: The base vector of moduli.

answer: This array contains the standard residue

representation of the product.

This routine prints an extended precision integer.
vector: This is an extended precision array.
This routine prints the BASE_.VECTOR data

structure.
base: This the base vector data structure.

This routine prints an extended precision frac-

tion.
rational: An extended precision fraction.

This routine establishes a subset of the standard
residue digits, |s|m; = ¢, for each ¢; > 0 where
J = 1,2,...,n. The new set of digits and their
corresponding moduli are solved for their mixed-
radix digits. The mixed-radix digits are solved,

resulting in the ¢ value.

sum._: The array containing the standard residue
digits.

base: The base vector of moduli.
q-value: the value of the solved mixed-radix dig-

its.
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recover This routine recovers the Order-N Farey fraction

from the standard residue representation of the

result.
ARGUMENTS: base: The base vector of moduli.
sum: The standard residue digit array.
RESULT: rational: The order-N Farey fraction recovered.
reduce.integer This routine reduces a value with respect to a
modulus.
ARGUMENTS: value: The integer which is reduced.

modulus: The modulus of the reduction.
RETURNED VALUE The residue of the reduction.

set_up.digit_array This routine duplicates an integer value in an

extended precision array.
ARGUMENTS: value: The integer which is copied into an ex-

tended precision array.
RESULTS: answer: The extended precision integer repre-

sented in an array.

sub_array This routine performs the extended precision op-

eration (¢-1 — a-2).

ARGUMENTS: a_1: An extended precision subtrahend.

a_2: An extended precision subtrehend.
RESULT: answer: The extended precision result of (a-1 — a_2).
sum.array This routine computes the value represented in

the mixed-radix digit set with respect to the base

vector
<s8§>p = <dp,d,dy,...,dn_1 >

and

8 = do + dl(ml) + dz(mlmz) + ...+
dn_l(mlmz...mn_l).
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ARGUMENTS: dset: The mixed-radix digits.

base: The base vector of moduli.

RESULT: answer: The extended precision integer represented in

the mixed-radix digit set.
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CHAPTER IV

CONCLUSIONS AND RECOMMENDATIONS

4.1 Multiple-Modulus Residue Arithmetic vs Single-Modulus

Residue Arithmetic

There are four specific aspects of MMRA which are compared and con-
trasted to SMRA.

1. If the data describing the problem and the solution to the problem
are order-N Farey fractions one can use SMRA or MMRA for computing the
results totally free of machine roundoff error. However, if the result is not
an order-N Farey fraction pseudo-overflow occurs. Unfortunately, pseudo-
overflow when recovering the answer is always fatal, and undetectable if the
mathematical answer is “congruent” to an order-N Farey fraction. Therefore
MMRA has no advantage over SMRA in this particular aspect.

2. The use of prime numbers is no longer restricted to Mersenne Prime
numbers which allow easy computation of the order-N Farey fraction. The
study conducted® on single-modulus residue arithmetic uses very large Mersenne
prime numbers as a method for avoiding pseudo-overflow. Mersenne prime

numbers allow relatively easy computation of the integer N satisfying
2N*+1<M

where M is the modulus of the system. Mersenne prime numbers are of the

form

p=2°-1

!Smyre[1983]
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where p and a are primes. Substituting this value into the equation 2N? +1< M
yields
2N?+1<2°—1

2N?< 2% -2
N?<osl
N2 < 20!
N < 2%,

Hence, one can see Mersenne primes allow easy initialization of the value N.

However, in MMRA we compute N as an extended precision integer. The

k.~=\/(m,~—1)/2 for i=1,2,...,n

where k; is an integer in the product

formula is

N =TIk

=1
Thus, the value used as N in this implementation is somewhat less than the

square root of M where

n
M =][m,fori=1,2,..,n.

i=1
Yet, there is extra flexibility in selecting prime numbers.
3. One notices that the elements in the standard residue representa-
tion are independent. This results from the integer arithmetic operations
being performed in componentwise fashion with respect to the base vector.

Suppose there were K parallel processors available. Then ideally one could

54




utilize a base vector with K moduli and perform the residue arithmetic com-
putations on all K members of the standard residue representation simulta-
neously. Thus, a parallel processing implementation may speed up MMRA
significantly over SMRA utilizing extended precision integers.

4. Single-modulus residue arithmetic will always be preferable to MMRA
if the host computer is capable of representing the values in the system I,,
and the modulus of the system in ordinary word lengths. Consequently,
the speed of SMRA would be more expedient than MMRA for. performing
arithmetic computations in an environment free of machine roundoff error.

5. Single-modulus residue arithmetic needs only one operand for rep-
resenting an element in the system I,,. However, multiple-modulus residue
arithmetic uses n operands (where n is the number of moduli in the base
vector) for representing the same element in the system Is.
Disadvantages of Multiple-modulus Residue Arithmetic

1. In MMRA (as in SMRA) the recovered order-N Farey fraction is not

guaranteed the correct mathematical solution. This results directly from
pseudo — over flow which occurs when the order-N Farey fraction is “congru-
ent” to the mathematical solution or the residue result does not correspond
to an order-N Farey fraction.

2. The implemented multiple-modulus residue routines require enormous
amounts of CPU time. Although this is not a time study, the execution time
requirements are clearly higher than similar floating point computations.

3. One can not estimate the magnitude or sign of a rational number
represented in a standard residue representation. Therefore, the only option
is mapping the intermediate results onto their corresponding fractions in Fy

and performing the comparison.
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However, pseudo-overflow may occur during the inverse mapping of the in-
termediate result, causing the entire computation to fail.

4. When encountering an undefined value in the standard residue digits,
we discard the digit and the corresponding modulus from the base vector.
Consequently, the set Fy is reduced. Thus, increasing the likelyhood of
pseudo-overflow.

Research Suggestions

1. Clearly the most disturbing problem in MMRA is pseudo-overflow.
This system of arithmetic will have a much higher acceptance if this partic-
ular problem is resolved (at least to the point where it is always detectable).

2. Currently, one is unable to determine the sign and magnitude of the
rational equivalent of standard residue representation without performing
the inverse mapping. This detracts from the MMRA and SMRA systems,
since performing the inverse mapping on intermediate results may cause the
entire computation to fail. Hence, some form of magnitude estimation should
be examined.

3. The problem of w values in the standard residue representations should
be investigated. Robert Gregory and David Matula developed the method
for performing the arithmetic operations (+,—,-,/) utilizing w. Carl Gre-
gory (Robert Gregory’s son) and David Matula also developed a method
for performing the arithmetic operatons (+,—,-, /) which eliminates the w
value from the standard residue digits. However, this method detracts from
the parallel processing aspects of MMRA. (Furthermore, as of this writing
a homomorphism had not been established between Gregory and Matula’s

system and Tj.)
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4. Experimental research defining a “function of usefulness” for determin-

ing when MMRA or SMRA is the more expedient form of residue arithmetic
will be useful. It is expected that when executing a computationally in-
tensive program the arithmetic computations on the standard residue digits
will be much quicker than the same arithmetic computations on the extended
precision integer in SMRA. With (extensive) research an exact function cor-
relating execution time and the number of arithmetic computations could be
demonstrated.

5. This is a new method for stabilizing numerical algorithms, thus numer-
ical analysis will have a new approach for studying algorithms. Furthermore,
existing numerical analysis techniques can be applied to the data of MMRA
problems which may minimize the possibility of undefined values occurring.
Software Enhancements

The implemented routines are extremely slow. For improved execu-
tion time the routines which perform the mappings |-|: Fy — |%]s and
|- |: 13| = Fn should be (1) implemented in hardware or (2) implemented in
microcode or (3) implemented in assembly language. (Of the three, the hard-
ware implementation gives the best performance improvement and assembly
language the least performance improvement.

2. If the data are rational numbers with the numerator and denominator
representable in the integer word size of the host computer, then a specific
routine can be dedicated for computing the |$|s which utilizes only inte-
ger arithmetic. The currently implemented routine serving this purpose is
designed for mapping extended precision fractions into the system.

3. The main program performing residue arithmetic is considerably
longer than a similar program using floating point arithmetic. For exam-

ple to execute the string of commands
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requires

multiply_standard_residues(|¢|s, |5|s, temp-1)
multiply_standard_residues(|%|s, | 5|5, temp2)
add_standard_residues(temp_1,temp_2, result).

Clearly a complex assignment could be handled more conveniently if the

implementation called for statements similar to ordinary arithmetic symbols.
4.2 Conclusion

A method of residue arithmetic is presented which performs computations
exactly if the data describing the problem and the solutions to the problem
are order-N Farey fractions. Multiple-modulus residue arithmetic is less
restrictive in the choice of prime moduli and has the potential to out-perform
(in terms of execution time) single-modulus residue arithmetic because of the
ability to utilize existing integer arithmetic on the host computer.

However, the underlying theory of MMRA has some gaps which detract
from the system. For example, the problem of pseudo-overflow will restrain
any wide application of MMRA for calculating unknown variables. Conse-
quently, this method is acceptable for solving all problems when the magni-

tude of the solution is known, but, this method is unacceptable for solving

problems when the magnitude of the solution is unknown.
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C PROGRAMS

#include <stdio.h>

/ﬁ

*/

#define
typedef

typedef

typedef

typedef
typedef

This is the header file called "hilbert.h".

These are the data types utilized in the multiple-modulus residue
arithmetic routines.

NUMBER_LENGTH 100

struct array {
int sign:

int array_[100]: /* NUMBER_LENGTH */ } ARRAY_;

struct base_ {

int num_moduli.;

ARRAY_ value_[100]; /* NUMBER_LENGTH */

int decimal_ [1003; /* NUMBER_LENGTH */ } BASE_VECTOR:

struct fraction {
int sign(2]:
int array_([2][100):;
} FRACTION:;
int FRACTION_ARRAY [2] [100]:;

int FRACTION_INT(2]:
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#include <stdio.h>
#include "hilbert.h"

main ()
/* This routine performs Gaussian Elimination on a (N x N)
matrix. This routine is tested on a 4 x 4 Hilbert Matrix.

*/

iRRAY_ matrix(4) [4],
solution[4][4]:

BASE_VECTCR base, element;:

ARRAY_ srd, num_l, num_2, den_1, den_2, n_value, t_1, t_2, t_3,
result, n_1, d_1;

int i, 3, k, 1, tmp, row, col, place;
FRACTION rational, f_1, f_2:

/*n=4; The Hilbert Matrix size */

get_modull (&base) ;
printf("\nThe base vector:");
print_base_vector (&base) ;

for (1 = 1; 1 <= 4; 1++)

for (J = 1. 3 <= 4; 3++) {
/* set up denominator */

O
[u )
HHN

rational.array_

rational.array_[1
+ 3 -1
rational.sign|1l

e e

e s

rational.array_

rational.array_ O]
rational.sign[0] =

T
O
—a_
(]

a_b_beta (&rational, &base, &element) ;

for (k = 0; k <= element.num_moduli; k++)
matrix([i - 1][3 - 1].array_(k + 1] = element.decimal_[k];

matriin - 13 3 - 1].array_[0] = element.num_moduli;
1:

matrix{i - 1][J - 1] .sign' =
Y /L3
/* Initialize the solution matrix as the identity matrex */

for (col = 0; col < 4; col++)
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for (row =
if (row == col)

0. row < 4; row++)

solutionfrow] [col].array_[0] = 3;
solution{row] [col .array_({1] = 1;
solution(row] {col .array_[2] = 1;
solution(row) [col .array_{3] = 1;
solution({row] [col].sign = 1:
} else {
solution(row] [col].array_[0] = 3:
solution(row] [col .array_[1l] = 0; .
solution(row] [col .array_[2] = 0;
solution(row] fcol] .array_[3] = 0;
) solution(row] [col] .sign = 1:
/* Forward elimination of Gaussian Elimination */
for (col = 0; col < 4: col++)
or (row = col; row < 4: row++)
if (row == col) { /* t_1 is the multiplicative inverse */
place = row; /* of the diagonal elements. v/
for (k = 1: k <= matrix(row] [col] .array_[0]; k++) {
tmp = matrix[row] [col] .array_(k]:
forward_map_inte?er(tmp, base.decimal_[k - 1].4&1):
t.l.array_[k] = I;
t_l.sign = 1;
t_l.array (0] = matrix(row] [col].array_[0];

for (k = 0; k < 4; k++)

} else {

for (1 =0; 1 <= matrix[row][k}.array_[O]; 1++4)
srd.array_[1l] = matrix(rowj [k].array_[1]:
srd.sign = matrix[row] (k] .sign;

multiply_standard_residues(&t_l, &srd, &base, é&result);
for (1 = 0; 1 <= result.arra -[0]. 1++)

matrix{row] [k] .array_[1] = result.array_[1];
matrix(row] (k] .sigh = result.sign;
for (1 =0; 1 <= solution(row] [k -array_[0]: 1++)

srd.array_[1] = solution(row (k] .array_[1]:
srd.sign = solution{row] [k].sign;
multiply_standard_residues(&t_l, &srd, &base, é&result);
for (1 =0; 1 <= result.array_J[0]: 1*+{

solution row] (k] .array_[1l] = resu t.array_[1];
solution(row] {k].sign = result.sign;

/* k loop */
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for (k = 1; k <= matrix[row] rcol .array_{0]; k++) {
tmp = base.decimal_[k - 1]
matrix[row] tcol] array 2.9
t_l.array_{k] = reduce_ inte?er(
base.decima - 1]) ;

X
t_l.sign =
t_l.array_ LO] = matrix[row] [col].array_[0C];

/* t_1l is the additive inverse of the matrix element */
for (k = 0; k < 4; k++)
for (1 =0; 1 <= matrix[placel (k] .array_[0]; 1++)
srd. array_[l’ = matrix(piace] [k’ .array_[1]:
srd.sign = matrix[place] [k].sign;
multiply_standard_residues (&t_1, &srd, &base, &t_2):
for (1 = 0; 1 <= matrix[row] [kl.array_[0]: 1**)
srd. array_[l = matrix[row] [K]. array_[N
srd.sign = matrix([row] (kK] .sign;
add_standard_residues (&t_2, &srd, &base, &t_3):
for (1 = 0; 1 <= t_3.array_[0]; 1l++)
matrix [row] [k] array_[l] = t 3d.array_[1]:
matrix([row] (k] .sign = 1;
/* duplicate the mathematics on the solution matrix */
for (1 =0; 1 <= solutlon[placel [k] .array_[0]; 1**)
srd.array_[{1l] = solution[p ace] (k] .array_[1]:
srd.sign = solution [place] [k] .sign;
multiply_standard_residues (&t_l, &srd, &base, &t_2):;
for (1 =0; 1 <= solution[row] k] .array_(0]: 1+¢)
srd.array_[l] = solution [row] k] . array_[l]
srd.sign = so ution (row] [Kk] .sign;
add_standard_residues (&t_2, &srd, &base, &t_3):
for (1 = 0; 1 <= t_3.array_ [ ] 1++)

solution{row] [k] array = t_ 3.array_[1];
solution(row] (k] .sign =

} /* End k loop */
/* End else */
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Backward Substitution in Gaussian Elimination */

3; col >= 0; col--)

col; row >= 0; row--)

if (row = col)

place = col;

/* Get the additive inverse. */

for (k = 1; k <= matrix[row] [5?1] array_[O] k++) {

tmp = base.decimal_
matrix|[row] [col] .array_[k]);
t_l.array_[k] = reduce_integer (tmp,
base.decimal_[k - 1]):

}
t.1l. array_"O] base.num_moduli;
t_.l.sign =

for (k = 0; K < 4; k++)

for (1 =0; 1 <= matrix[placel (k] .array_[0]: 1-»’)
srd. array_[l] = matrix([place] (k] .array_(1]:
srd.sign = matrix[place] [kK].sign;

multiply_standard_residues (&t_1, &srd, &base, &t_2):
for (1 = 0; 1 <= matrix[row] [K].array_[0]. 1l++)
srd.array_71] = matrix[row] [Kj. array_[l’ ;
srd.sign = matrix row] [k].sign;
add_standard_residues (&t_2, &srd, &base, &t _3):
for (1 = 0; 1 <= t_3.array_[0]; 1++)
matrix(row] Dd array_[l] = t_3.array_(1]:
matrix{row] (k] .sign = 1;
/* duplicate the mathematics on the solution matrix */

f 1=0;1c¢«= 1 1 (0 les
°r (srd. arra :[1?°=ms::§3t[§o:%glgcqe] a[l:‘]PaZnEa]y_ [13. )
srd.sign = solution(place] (K] .sign;

multiply_standard_residues (&t_1, &srd, &base, &t_2):;
for (1 = 0; 1 <= solution(row] (k].array_[0]; 1**)
, srd.array_[1l] = solution[row] x] . array_hlj
srd.sign = so ution [row] [k] .sign:
add_standard_residues (&t_2, &srd, &base, &t_3);
for (1 =0; 1 <= ¢_3. array_ 5 1+4)

solution row] fk] array = t 3d.array_[1];
solution{row] [k] .sign =

/* End k loop */

/* E.!}1d else */
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printf ("\f Here is the final matrix\n'):
for § = O 1 < 4; 1++)
or =0; 3 < 4; j**)
or k =0; ; )
srd. array_[k] = natrix[i][j] array_[Kk]:

srd.si
printf("\nThe standard residue digits for {¥d. %d}:\n",

k++

print_ (&srd

order_n &base &srd, &n_value): R
recover (&srd, &base, &rational, &n_value)

prince(’ \nThe recovered fraction:\n");

print_fraction(&rational) ;

}

printf("\f Here is the final sclution matrix\n"):
for é 0; 1 < 4; 1++4)
or (3= 0; j < 4; Jr) {
or (k' ="0; k < NUMBER_LENGTH; k++
srd.array_[k] = solution[i] [j].array_[k];

srd.si
printt%n\nThe standard residue digits for {¥%d, %d}:\n",

print_ (&srg

order_n &base &srd, &n_value{

recover &srd, &base, &rationa &n_value) ;
princf(’ \nThe recovered fraction: \n");
print_ftraction(&rational) ;
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a_b_beta(rational, base, answer)
/t

This routine "reduces' the rational number to lowest terms.
Then this number is "forward mapped"” w.r.t. the base_vector.

*/

FRACTION
*rational;

BASE_VECTOR
*base,
*answer;

{
int 1, place, numerator_sign, denominator_sign’

ARRAY_ numerator, denominator, temp_numerator, temp_denominator,
new_numerator, new_denominator, common_factor, zero, one,
negative_one;

/* Set up arrays */

for (1L = 0; 1 < NUMBER_LENGTH; 1i++)
numerator.array_{i] = rational->array_[0][i].
denominator.array_{i] = rational->array_[1] 1]

}
if (rational- >sign[01 == rational->sign(l]) {
numerator_sign
denominator_sign = 1:;
} else {
numerator_sign = -1;
denominator_sign 1;

numerator .sign = numerator_sign;
denominator.sign = denominator_sign:

new_numerator.array_[0

new_denominator. array_ 0
zero. array_[ ] =
zero.sign = 1;
one.array_[0

one.array_|[1

one.sign = 1;
negative_one.array_[0]
negative_one.array_ 11
negative_one.sign = -1;

.

1;

"wa
[

gcd_array (&denominator, &numerator, &common_factor):
i = compare {&common_factor, &one):
if (compare (&common_factor, &one) > 0 {

if (compare (&numerator, &zero) > 0
while (compare (&numerator, &zero) > 0) {
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X

sub_array (&mmerator‘, &common_factor, &temp_numerator)

for (1 = 0; i <= temp_numerator.array.(0]: 1++)
numerator.array_[{i] = temp_numerator.array_{i}:
numerator.sign = temp_numerator.sign;

add_array (&one, &new_numerator, &temp_numerator);

for (L = 0; 1 <= temp_numerator.array_[0]: 1++)
new_numerator.array_[i] = temp_numerator.array_[i]:
nev_numerator.sign = temp_numerator .sign’

else
while (compare (&numerator, &negative_one) < 0)
add_array (&numerator, &common_factor, &temp_numerator):

for (L = 0; 1 <= temp_numerator.array_[0]. 1++)
numerator.array_{i] = temp_numerator.array_[i]:
numerator.sign = temp_numerator.sign;

sub_array (&new_numerator, &one, &temp_numerator):

for (L = 0; i <= temp_numerator.array_[0]: 1+-)
new_numerator .array_[(1i] = temp_numerator.array_[i]:
newv_numerator.sign = temp_numerator.sign.

}

while (compare (&denominator, &zero) > 0) {
sub_array (&denominator, &common_factor, &temp_denominator):

for (1 = 0; i <= temp_denominator.array_[0]: i++)
denominator.array_[i] = temp_denominator.array_[1]:
denominator.sign = temp _denominator.sign;

add_array (&one, &new_denominator, &temp_denominator);

for (1 = 0; i <= temp_denominator.array_[0]: i++)
new_denominator .array_[i] = temp_denominator.array_([(i]:

new_denominator.sign = temp_denominator.sign;

)

for (1 = 0; 1 <= new_numerator.array_[0]: 1++)
numerator .array_[{1i] = new_numerator.array_[i];
numerator.sign = new_numerator.sign;

for éi = 0; 1 <= new_denominator.array_[0]; 1++)
encminator .array_[1] = new_denominator.array_[i]:
denominator.sign = new_denominator.sign.

numerator.sign = numerator_sign:
dencminator.sign = denominator_sign;

place = 0;
divide_array (&numerator, &denominator, answer, base, place):
} /* end a_b_beta */
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#include <stdio.h>
#include "hilbert.h"

add_array(a_l,a_2,answer)
/l

This routine adds two arrays positionally; the result is in answer.
*/

int .
i, j, cary, 1, al_sign, a2_sign;

for (1 = 1; 1 < NUMBER_LENGTH; 1++)
answer->array_{i] = 0;

answer ->array_[0] = a_l->array_[0] =+ a_2->array_[0];

al_sign = a_l->sign; a_l->sign = 1;
a2_sign = a_2->sign; a_2->sign =

if (compare(a_1, a_2) >= 0) { /* a_l >= a_2 */
for (1 0; 1 <= a_l->array_[0]; i++) {
al.array_[i] = a_l->arra ~(1];
al.array_J[i] = a_2->array_[1i];

al.sign = al_sign; az.sign = a2_sign;
} else {

for (L = 0; 1 <= a_2->array_[0]; i++) {
al .array_[1i] = a_2->array_{i];
aZ.array_[1i] = a_l->array_[i]:

al.sign = a2_sign; a2.sign

]
1
ll-‘
2]
Py
8

a_l->sign = al_sign; a_2->sign = a2_sign;
/* add arrays with like signs */

if (al.sign == a2.si {
éor (1i=1;1 <=ggi.arra ~[0]; 1++)
if (a2.array_[0] < 1

answer->array_[{i] = al.array_[i);
else

answer->array_[(i] = al.array_[i] + a2.array_{i];
/* reduce */ ’
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for (1 = 1; 1 <= answer->array_ £0J 1++4)
if (answer->array_[i] »>=
Cary = answer->array_[(i] / 10;
answer - >array_[1] = answer->array_f[i] - (10 * cary):

answer->array_[1 + 1] = answer->array_[i + 1] + cary:

}
} else { /* add arrays with unlike signs */

for (1 =1; 1 <= al. array [0]; 1++)
if (a2.array_ E ] <
answer->array_{i] = al array_J[1]):
else
answer->array_[i] = al.array_[i] - a2.array_(i]:

/* reduce */

for (1 =1; 41 <= answer~>arrax_[0]: 1++)
if (ansver->array_[1] <
answer ->array_[1] = answer->array_[i] + 10;
answer->array_[(i + 1] = answer->array_[1 + 1] - 1;

for ( 1 = answer- >array {01, 1 > 0; 1--)
if (answer->array_[i] =0
breaic;

’

answer->array_{0) = 4;

1f (answer- >array_ [ ] = 0)
answer->sign =
else
answer->sign = al.sign:
/* end add */
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#include <stdio.h>
#include '"hilbert.n"

add_standard_residues (a_l, a_2, base, answer)
»

This routine subtracts two standard residue representations in
componentwise fashion, reducing each result with respect to the

modulus.

BASE_VECTOR
*base;

ARRAY_

*a_l, *a_2, *answer:
{
int i, temp:

answer->sign = 1;

for (L = 1; 1 <= base->num_moduli; i++)
if (a_l->array_(i] == -2 || a_2->array_[1]
answer->array_ [i]

continue;

if (a_l->array_[i] = -1 || a_2->array_[1]
if (a_l->array_[1] 1
if (a_2->array_[4] > -1)
answer->array_[1i]

if (a_2->array_[i] == -1)
if (a_l->array_[1i] > -1)
answer->array_[i] = -1;

else

answer->array_[(i] = -2;

continue;

temp = a_l->array_[i] + a_2->array_[i)];

}

answer->array_[i] = reduce_integer (temp, base->decimal_[i-1]):

answer->array_[0] = base->num_moduli;



#include <stdio.h>
#include "hilbert .h"

big_m(base)

/*
*/

Find the Product of the modulj.

BASE_VECTOR
*base:

{
ARRAY_

temp_ 1, temp_2, temp_answer;

int

for ; 1i=0; 1« base->num_modu11; i++
1f (1 ==0) (
t

_2.array_ Eo]

temp_z.array_ 1] =1;
ten;Lz.sign =1;
emp_l.sign = 1:

for ( § = o; J <= base->value_
temp_l.array_[J] = base-

multiply_array(&temp_

for (3 =0: § <= temp_answer .arra

] = temp_answer

temp_Z.array_[J

Rl A )

exit(l);
} /* end for
} /* end program

>= 65 && 1 < (b

ERROR :

*/

T4

insuffic

*/

i3. -
>$a u::Eﬁy.array_[jg:

1, &temp_2, &temp_ansver):
y-[0]; J”3~

/'lmultiply initally by 1

[0]: 3+«

array_[j

ase->num_moduli -
ient array size.")

v/

1) {



#include "hilbert.h"

compare (al, a2)
/t

This routine compares two integer arrays.

Return values : 0 - al = a2
1l - al > a2
-1 - al < a2
"/ ARRAY.
‘alT
*a2;
{
int
i, 1;
/t

Compare the longest array to the shortest, testing the signs
for exact magnitude comparison.

step 1: length(al) > length(al)
*/

if (al->si '= a2->sign
if (al->sign =
return(l);
else

if ((al- >array_ (0] = 0) && (az2->array_[0] == 0))
return(0) ;

if (al->array_[0] > a2- >array_[0])
for ( i = al->arra 1. >0, i--
(al >array_ [I] > 0) && (i > az2->array_{0]))

al->si =
return(l?n
else

return(-1) ;
else if }( 1 <= a2- >arra¥ [0)) && (al->array_[i] > a2->array_[i]))

(al->sign ==
return(l);
else
return(-1);
else if ((i <= a2->array_[0]) &&
al >array_[(i] < a2->array_[1]))
(a2->sign = 1)
return( 1)
else

return(l):

/t
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y stepZ: length(al) <= length(a2)

if (al- >arra¥ [0] <= a2- >array_[0])
for >array, 0] 0, 1--)
if §(a2 >array [1 0) && ( 1 > al->array_[0]))
az2->si =
return( ?n
else
return(l);

else 1if é(i <= al- >lrra¥ [0]) && (a2->array_[1] > al->array_[i]))
(a2->sign
return(-1);
else
return(l) ;
else if ((i <= al->array_[0]) &&
al->array_[1i) > a2->array_[i]))
(al->sign ==
return(l?n
else

return(-1) ;

/a
step 3:
The numbers in the array are identical, check the signs to determine
/equality

if (al- >sign az2->sign)
return
else if (al >s1 = 1)
return(l}j;
else
return(-1);

} /* end compare routine */
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#include "hilbert.h"

convert (t_minus_d, base, s_d_set)
/t

*/

/Q

*/

This routine recovers the s_digit_set from the mixed radix
digit set, passed in t_minus_d.

BASE_VECTOR
*t_minus_d,
*base, .
*s_d_set;

{

BASE_VECTOR
tm d;

ARRAY_
t_beta, m_inverse, temp_t_m_d, d_beta, quotient, d_,
last_modulus, remainder, product, modulus, temp_t, one, dummy ;

int i, k, place;

Initialize t_m_d to t_minus_d. This protectrs the integrity of the
passed array.

one.array_EO} =
one.array_J[1] =
one.sign = 1;

1;
1;

ir é’l—:»aseonmoduli > 0)
.Ssign = t_minus_d->value;[0] .sign;

s_d_set->value_ 0] .sign = 1;
s_.d_set->num_moduli = base->num_moduli s

for (k = 0; k <= t_m.mus_d->value_[0] -array_(0]. k++) {
d_.array_ [kl = t_minus_d->value_ (0] .array_ [kl:
s_.d_set->value_ [0].array_ [k] = t_minus_d->va ue_[0] .array_[k];

} e{se %k
for =0 k <= t_minus_d->va1ue_[oa.array__ [0]: k++)
s_cLset->value_[O] .array_[k] = 0;

s_d_set->value_ (0] .sign = 1:
return(0) ; ’

for (1 = 0; 1 < base->num_moduli : 1++4)
or (k = 0; k <= tminus_d->value_[{] -array_[0]: k++)
tm_d.value_[i] .array_J[k] = tninus_d->valle_ (1] .array_[«3;
tom_d.value_ 1l.slgn = t_minus_d->value_[1] .sign;
tom_d.num_m i = t_minus_d- >num_moduli ;
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for

i = 1; 1 < base->num_moduli; i++)

or
las

for

for

{
(k = 0; k <= base->value_[i - 1] .array_[0]; k++)
last_modulus.array_[k] = base->value_[i - 1].array_[Kk]:
t_modulus.sign = 1;

(place = 1; place < base->num _moduli’ place++) {

for (k = 0; k <= base->value_[place] .array_[0]; k++
modulus.array_[k] = base->value_[(place].array._(k]:
modulus.sign = 1;

for (k = 0; k <= t_m d.value_{place] .array_[0] 6 k+-+
t_beta.array_[k] = t_m_d.value_[place].array_(k]:
t_beta.sign = t_m_d.value_[place].sign:

sub_array (&t_beta, &d_, &temp_t).

mod_array (&temp_t, é&modulus, &remainder, &dummy) ;
forward_map_array (&last_modulus, &one, &modulus, &quotient) ;
multiply_arragé&rminder, &quotient, é&product);
mod_array (&product, &modulus, é&remainder, &dummy) ;

for (k = 0; k <= remainder.array_[0]: k++)
t_m_d.value_[place) .array_[k] = remainder.array_[k]:

t_m_d.value_[place] .sign = remainder.sign;

/* end for */
(k = 0; k <= t_m d.value_[i].array_[0); k++) {
s_d_set->value_[i].array_ = t_m_d.value_[i] .array_[K]:

d_.array_[k] = t_m_d.value_[1i] .array_ ;
/* end]t‘or k=20 i Y- ]

}
s_d_set->value_[i].sign = t_m_d.value_[i].sign;

d_.

sign = t_m_d.value_[i].sign;
/* end for i =1 */
/* end program */
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#include "hilbert.h"

decimal_value (value)

/t
Find the decimal value in an array, where the least significant digit
1s in the 1lst position, and the most significant digit is in the last
used position of the array. The exact position of the last significant
digit is in the .array.[0]-th position.

*/
ARRAY_
*value;
{
int
i,
decimal_val,
tens;
if (value->array_{0] >= 10) {
printf("\nfatal error in decimal_."):
printf("\nThe array you wanted to represent as an integer is:\r'"):
print_(value);
exit (1)
tens = 1;
decimal_val = 0;
for (1 = 1; 1 <= value->array_[0]; i1++)
imal_val = value->array_[i] * tens + decimal_val;
tens = tens * 10;
return (decimal_val)
}
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#include "hilbert.n"

</ngit_array(digit__set, posn, answer)
L

This routine sets up the answer array with the integer value stored at the
/digit_set_ [posn] .
-

ARRAY_
*digit_set,
*answer ;

int
posn;

int
temp, value, i, digit;

i=0;
value = digit_set->array_[posn);

while (value > 0) {
temp = value / 10;
answer ->array_[++1i] = value - (t * 10);
value = (value - answer->array_[?]!? / 10;

answer->sign = digit_set->sign;

answer->array_[{0] = i;
} /* end program */
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#include "hilbert.h"

farey_fraction_array (denominator_, numerator_, modulus_, answer_. n_value_)
*

This routine forward maps the rational number onto an integer in the
y range 0,1, 2, . (modulus-1).
.

ARRAY_
*denominator_,
*numerator._,
*modulus_,
*n_value_;

FRACTION
ranswer_;

{
int 1, multiplicand, j, k, numerator_sign;

ARRAY_
temp_modulus, denominator, numerator, last_answer, temp_denominator,
temp_numerator, answer, modulus, multlplicand_array, temp,
result, last_result, zero, ret val

/* initialize */

for (i = 0; i < NUMBER_LENGTH; i++)
modulus.array_[1i] = modulus ->array_[1]):
temp_,modulus array_ E modulus_->array_[1].;
denominator.array_[1i] denominator ->array [1]
numerator .array_[1i numerator _->array_[1i]:

last_answer. arra¥ i

answer_->array_ i numerator ~~>array_[1]:
) answer_->array_{0] (i denominator_->array_ 1]
answer_->sign (0 1;
answer_->sign[1 1;

numerator .sign

numerator_->sign;
denominator.sign

denominator_->sign;

1;
1;

temp_modulus.sign
last_answer.sign

modulus.sign = modulus_->sign;

onpare(n_value_, &numerator) = -1)

0 NUMBER_LENGTH; 4i++)
answver ->array__ ] i} = denominator.array_[i];
answer_->array_[l]{i] = numerator.array_[1i]:
answer_->sign{0] = numerator.sign;
;nsver_->sign l] = denominator.sign;

if (ca?mre(mvalu &dencminator) != -1)
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return(i);
N (

2ero.si =1;
zergr.‘array_[()] =0;
/* Page 3 of gcd */
mod_array (&denominator . &temp_modulus, &t

if écoupare(&ret_val, &zero) 1= 0) {
or (k =0; k <= tc:p_denominator.array_ [0]: k++)

denominator.array_ [k] = tup_denominator.array_ k).
dmominator.sign = terp_dmaminator.sign;

emp_denominator, &ret_val) ;

mod_array (&numerator . &temp_modulus,

if t(coupare(&ret_val, &zero) != 0) (
or (k =0; k <= tenp_nmnerator.array_[O]: Kk++)
numerator.array_ (k] = temp_numerator -array_[k];

r}wmerator.sign = temp_m.nnerator.sign;

&temp_numerator, &ret_val) :

sub_array (&denominator, énumerator, &result) :

it (result.array_[O] = 0)
return (0) ;

while (denominator.arra -.[0] > 0) {

mod_arra (&temp_mody us, &denominator, &temp_denomnator,
éanu tiplicancLarray) :

ir élast_answer.array_[O] == 0)
or (1 =0; 1 <= numerator.array_[O]: 1++)
last_answer.array_ (1] = numerator.array_ (1),

multiply_array(Ganultiplicanq_array. &last_answer, &answer) ;
numerator.sign = answer.sign * -1:

for (1 = 0; 1 <= answer.array_[0]; 1++4)
} el nmrator.array_[i] = answer .array_[i]:
else

for (1 = 0; 1 <= numerator.array_[O]; i1++
temp.array_ (1] = numerator. array_[1]:

temp.sign = Numerator.sign:
multiply_array(&mmerator, &nultiplicancLarray, &answer) ;
answer .gi = answer.sign * -).
add_array?ZIast_answer, &answer, &numerator) ;

for (1 = 0; 1 <= tq:p.array_[O]; 1++)
last_answer.array_ (4] = temp.array_{i]:
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last_answer.sign = temp.sign;

/* common code with gcd */
for (1 = 0; 1 < NUMBER_LENGTH; i++) {

temp_modulus.array_[i] = denominator.array_[1]:
denominator.array_[i] = temp_denominator.array_’i];

}
temp_modulus.sign = denominator.sign;
denominator.sign = temp_denominator.sign;

for (1 = 0; 1 <= result.array_[0]. i++)
last_result.array_[i] = result.array_[1]:;

last_result.si =1;
result.sign = 1;

numerator_sign = numerator.sign;

if (compare (n_value_, &denocminator) != -1)
if ?ompare (n_value_, &numerator) != -1
or (1 = 0; 1 < NUMBER_LENGTH. i~+)
answer_->array_l;0} [i] = denominator.array_[1];
answer_->array_ 1 ti_ = numerator.array_([i];
answer_->sign{0: = numerator_sign;
answer_->sign 1j =1;
return(l) ;
} else

numerator.sign = numerator_sign:

i /* end while */
/* end inverase map array
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#include "hilbert.h"
forward_map_array (denominator_, numerator_, modulus_, answer_)
*

This routine forward maps the rational number onto an integer in the
range 0,1, 2, , (modulus-1) .
*/

ARRAY_
*denominator_,
*numerator.,
*modulus_,
tanswer_:

{
int i, multiplicand, j, k.

ARRAY_
temp_modulus, denominator, numerator, last_answer, temp_denominator,

temp_numerator, answer, modulus, multiplicand_array, temp, zero,
ret_val;

/* initialize */

for (1 = 0; 1 < NUMBER_LENGTH:; i++)
modulus.array_[{i] = modulus_->array_{i].
temp_modulus.array_[1] modulus_->array_[i]:
denominator.array_[1i] denominator_->array_[i]:
numerator.array.[i numerator_->array_ [1]:
last_answer.array_[i] H

zero.array_[0] = 0; zZero.sign =

numerator.sign

numerator_->sign;
denominator. sign
an

denominator_->sign;

temp_modulus.s =1;
last_answer .sign = 1;
answer_->sign =1;
answer_->array_[0] = 0;

modulus.sign = modulus_->sign;

mod_array (&denominator, &temp_modulus, &temp_denominator, é&ret_val);

if (compare (&ret_val, &zero) !'= 0) {
or (k = 0; k <= temp_denominator.array_[0]: k++)
denominator.array_{k] = temp_denominator.array_(K]:
denominator.sign = temp_denominator.sign:

mod_array (&numerator, &temp_modulus, &temp_numerator, &ret_val):
if §compare (&ret val, &zero) !'= 0)

{
0; k <= temp_numerator.array_[0]; k++)
numerator array_[k] = temp_numerator.array._(K]:
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}

}

numerator.sign = temp_numerator.sign;

while (denominator.arra ~[{0] > 0) ¢
mod_array ( étemp_modulus, &denominator,
&taxp_denonunator, émultipl icand_array) ;

ir t(last_answe .array_[{0] == g)
or (1 =0; { <= mmerator.array_[O]; 1++)
last_answer -array_[1i] = numerator.array._ [i].

multiply;array(&multiplicand_array, &last_answer, &answer) ;
numerator.sign = answer.sign * -1:
for (L = 0; 1 <= answer.array_[0] ; 1++)
numerator.array_[i] = answer.array_[i];
} else

for (4 = 0; § <= numerator.array_[O]; i1++)
temp.array_ (1] = Numerator.array_ (1];

temp.sign = numerator, sign;

multiply_array (&numerator, &multiplicanct_array, &answer) ;
answer .si = answer.sign * -3-:
?21“

add_array t_answver, “&answer, &numerator) ;
for (4 = 0; { <= t .array_[0]; 1++)
last_answer.arrae;ff[ij = eup.array_[i]:

t
N last_answer.sign = temp.sign;

for (41 =0; { < NUMBER _LENGTH: 1++)
temp_modulus.array_ [1] = denominator.array_ [L]:
3 denominator, array_[i] = temp_denominator. array_[1i];

temp_modulus -Sign = denominator, sign;
denominator -8ign = temp_denominator. sign;

/* end while */
od_array (&last_answer, modulus_, answer_, &ret_val);

/* end inverase map array */
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#include <stdio.h>
#include '"hilbert.h"”

forward_map_integer (value, modulus, answer)

/t

This maps the rational number 1 /denominator) onto
a member of the set 0,1,2,..., (modulus-1), using the
. extended Euclidian algorithm.
int
value,

modulus,
ranswer;

int i1, numerator, denominator, temp,
multiplicand, last_answer, return_answer, original_modulus;

original_modulus = modulus;
last_answer = 0;

if (value = 1| value = 1) {
*answer = value;
return(value) ;

if (value > 0) {
enominator = value;
numerator = 1;
} else {
denominator
numerator = -1

.

value * -1;

’

if (denominator != original_modulus)

denominator = reduce_integer (denominator, original_modulus);

while (denominator != 0) {
multiplicand = modulus/denominator:

if (last_answer = 0) {
last_answer = numerator:

numerator = (multiplicand * last_answer) * -1;
} else {

temp = numerator;
numerator = (numerator * multiplicand * -1) + last_answer;
last_ansver = temp:

temp = denominator;

denominator = modulus - (multiplicand * denominator);
modulus = temp;

} /* end while */
return_answer = reduce_integer (last_answer, original_modulus):

*answer = return_answer;

return (return_answer) ;
} /* end forward map integers */
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#include "hilbert.h"
gcd_array(value_, modulus_, answer )
*®

This routine forward maps the rational number onto an integer in the
range 0,1,2,..., (modulus-1).
*/

ARRAY_
*value_,
*modulus_,
ranswer_;

{
int i, k, multiplicand, value_sign, modulus_sign’

ARRAY_
temp_modulus, denominator, numerator, last_answer, temp_denominator,
answer, dummy, modulus, multiplicand_array, temp, commor_factor;

/* initialize */

value_sign = value_->sign: modulus_sign = modulus_->sign;

value_->sign = 1; modulus_->sign = 1;

answer_->sign = 1; answer_->array_.0] = 1;

answver_->array._[1] = 1;

if 22(value_->array_[0] == 1) && (value_->array_[1] == 1)) ||

modulus_->array_[0] = 1) && (modulus_->array_[1l] == 1))) {

value_->sign = value_sign; modulus_->sign = modulus_sign:
return{l):

if (compare(value_,modulus_) <= 0)

for (1 = 0; 1 < NUMB ;o144
temp_modulus.array_[i] = modulus_->array_[1]:
denominator .array_{1 = value_->array_|[1];
last_answer .array_[{i] = 0/

else
for (1 = 0; 1 < NUMBER_LENGTH; 1++)
temp_modulus.array_J[i] = value_->array_[1]:
denoninator .array._ 1} = modulus_->array_[1];
last_answer .array_ (i ;

}

numerator.sign =1; numerator .array_J[0] = 1;
numerator.array_[1] = 1;

denominator.sign 1;
temp_modulus.sign ;
last_answer.sign ;
answer_->sign ;
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answer_->array_[0] = O;
/* begin common code v/
while (denominator.array_[0] > 0) {

mod_array (&temp_modulus, &denominator,
&temp_denominator, &multipl icand_array);

if last_answer.array._[0] = 0) {

or (k = 0; k <= numerator .array_[0]; k++)

last_answer .array_[k] = numerator.array_[k]:
last_answer .si = numerator.sign.
multiply_array(&multiplicand_array, &last_answer, &answer):
numerator .sign = answer.sign * -1;
for (k = 0; k <= answer .array. (0]’ k++)

numerator .array_[K] = answer .array_[K]:

} else %(
for = 0: k <= numerator.array_[0]: Kk++)
temp.array_[K] = numerator.array. LI

temp.sign = numerator.sign;

multiply_array (&humerator, &multiplicand_array, &answer):
answer .sign = answer.sign * -1;

add_array (&last_answer, &answer, &numerator)

for (k = 0; k <= temp.array_{[0]. k++)
last_answer .array_[K] = temp.array_[k]:
last_answer.sign = temp.sign;

/* end common code */

for (4 = 0; i < NUMBER_LENGTH; i++)
ten:p_modulus.array_,{i] = denominator.array_[1]’
denominator.array_[i] = temp_denominator.array_[41]:

}
temp_modulus.sign = denominator.sign;
denominator.sign = temp_denominator.sign;

} /* end while x/

for (1 = 0; i <= temp_modulus.array_[0]: 1+4)
answer_->array_[i] = temp_modulus.array_[1]:
answer_->sign = temp_modulus.sign:
value_->sign = value_sign; modulus_->sign = modulus_sign;
} /* end inverase map array */

88



#include "nilbert.h"

#define charval(n) ((n) - '0")
get_moduli (base)

L]

Read the moduli into the base_vector and store character by character in
b_vector, and total integer value in base_vector.

*/
BASE_VECTOR
*base;
{
FILE
*data_in;
ARRAY_
temp,
decimal;
int i, j. k,
data;

data_in = fopen ("modull.dat",6"r");

/* get the number of moduli */
3 =0
decimal.sign = 1;
for whi%. { da da da
t - = ) ) P~ 1] )
?dééé ==a,\t9?§C( ta_in)) ) 1l (cata \n') ||
if (data = '8§')
break;
else
N temp.array_{++j] = charval (data):

temp.sign = 1.
temp.array_[0] = J.

for g;c= temp.array_[0]; k > 0; k--) {
N imal .array_[temp.array_{0) - k + 1] = temp.array._[k]:

decimal .array_[0] = te:np.arraY_[OJ;
base->num_moduli = decimal_value (&decimal)

/* now get the base vector */
for J(j. =°0: i < base->num_moduli; i++) {
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f b
°or \Shi%.e{(( data = getc(data_in)) == 'Y || (data == '\n') ||
Edata = "\t"))
if (data = '§")
1sl‘;r-eak;
) € temp.array_[++j] = charval (data);
temp . array_ [O] 3
temp.sign =
for = temp.array_[0]; k > 0; k--) {

imal .array_[temp.array_[0] - k - 1] = temp.array_Tk_:
base->value_[1].array_(temp.array_[0] - k + 1] = temp.array_{K;:

base->value_[1].array_[0] = temp.array_[{0].
base->value_{1i].sign = 1;

decimal. array [O] = temp.array_[0]):

rint_ (&decima

ase- >dec1ma1 [*] decimal_value (&decimal) ;

printf ("\n base->decimal_[%d] = %d", 1, base- >decimal_[i]):

/* zero the remaining positions in the array */

for e:ng .array_[0] + 1), k < NUMBER_LENGTH; k++)
base > ue_[i].array_ [k1 = 0;

} /* end read base vector */
} /* end program”/



#include "hilbert.h"
M_0 (base, residue, m_0_vector)

®
/ This routine finds the product of the base vector moduli which
correspond to zero.

BASE_VECTOR
*base;

ARRAY_
*m_0O_vector,
*residue;

*/

int
temp,
digit,
i, 3.

ARRAY_
al, a2, answer;

a2.sign = 1;
al.array_ 0}
a2.array_|[1
al.sign = 1;

o

1;
1;

n

answer .array_ [0]
answer .array_[1
answer .sign =

/t
remenber : the base vector values begin in position 0, and

. the residues vector values begin in position 1.

/
for (1 = 0; 1 < base->num_moduli; 1++)
if (residue >array_[1 + 1] = 0) {

2 <= base->value_[1i array_[O{ 3++)
a array_[J] = base->value_J[i] .array_[]j]:

multiply _array(&al, &a2, &answer);

for (J = 0; j <= answer.array.[0]: il**)
a2.array_[j] = answer.array_[]].

} /* end if v/

for (1 = 0; 1 <= answer.array_{[0]; 1++)
m_O_vector->array_[1i] = answer.array_[1]):

m_0O_vector->sign = answer.sign;
} /* end m_0 */
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M.1l (base, residue, m_l_vector)

/‘
This routine finds the product of the base vector moduli which
correspond to zero.

BASE_VECTOR
*base;

ARRAY_
*m_1_vector,
*residue;

*/

{

int
temp,
digit,

.

ARRAY_
al, az2, answer:

a2.sign = 1;
aZ.array_[0]
al.array_ lﬁ
al.sign = 1;

nn
ey

IR ]]
—

answer .array_

answer.array_EO
1
answer .sign =1

3.

/Q
remenber: the base vector values begin in position 0, and

. the residue vector values begin in position 1.

for (1 = 0; 1 < base->num_moduli; 1+4)
if (éresidue->array_[i+l] '= 0) && (residue->array_li+1] != 1)) {
or (J =0; 3 <= base->value_[1i].array_[0]: j++)
al.array_[j] = base->value_Ti] .array_T1j];

multiply_array(&al, &a2, &answer) ;

.

f = 0; = answer. _[0]: g++
°r (22.arr33_ij] = a:;v::rg¥r£y1[Jf )

} /* end if */

for (1 = 0; 4 <= answer .array_[{0]; i++)
m_l_vector->array_[{] = answer .array_[i]):

m_l_vector->sign = answer.sign:
} /* end m_0 */ =
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#include "hilbert.h"
multiply_array (al, a2, answer)
-

This routine multiplies two arrays together, storing the resust in answer.
*

ARRAY_
*al,
*az,
ranswer ;
int
.
cary;
/* initialize answer array */
if (al- >array;{0] == 0)
al->si
1f (a2- >array [OJ = 0)
az2->sign =

for (1 = 0; 1<N’(MBER_LENGIH i++)
answer ->array_[1i] =

/* multiply numerator */
answer->array_[0] = al->array_[0] + az2->array_[0];

if éal >arra 0] > a2->array_ [
1" <= al->array_[0]: 1++)
for (j =1: 3 <= a2- >array 3++)
ansver ->array_[i + } f
az->array_[{3j] * a ->arra -[1] +
1 answer->array_[i + X
else
for (1 = 1; 1 <= a2- >array_[0]: 1++)
for (j = 1; 3 <= al- >array ] J++)
answer - >array (1 + f
al->array_[j] * a ->array_ (1] +
answer->array_[i + j - {

/* reduce */

for é =1, 1 <= answer->array_[0]; i++) (
1 (ansver >array_[1i] >= 10
Cary = answer->array_[1] / 10;
answer->array_[i] = answer- >array_[1] (10 * cary):;
if ( 1 < answer- >arra¥ [0]
lanszar >array_[1i + 1] = answer->array_[i + 1] + cary;
else
-nsver->array_[0]

answer ->array_{0]) + 1:
answer->array_[1

= cary;

cary = 0;
}

if (al->sign == a2- >sign)
answer->sign =
else
answer->sign = -1;
for answer ->array,

(= y-[03: 1> 0; 1--)
ir (answcr >array [1]

;nsver->array_[0] =
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#include "hilbert.n"
mod_array (value_, modulus_, answer_, retwmn_value)
/t

This returns an integer which is the # of times the value is reduced by
the modulus. The remainder is stored in answer.

*/
ARRAY _
*value_,
*modulus_,
*answer_,
*returmn_value;
int
i;
ARRAY_
temp_value,
temp_modulus,
answer,

zero,'one, j. k.
K_last, j_last;

temp_value.sign = value_->sign;
temp_modulus.sign = modulus_->sign;

j.array_[0] = O; j.sign = 1;
-last.array_[0] = 0; j-last.sign = 1;
.array_[0] = 0; k.sign = 1;

k_last.arrag_[()] = 0; k_last.sign = 1;

one.array_[0] = 1; one.array_[1] = 1;

one.sign = 1;

for (1 = 0; 1 < NUMBER_LENGTH: i++)
temp_value.array_[i] = value_->array_[1];
temp_modulus.array_ 11 = modulus_->array_[1];
answer .array_[i] = value_->array_[i]:
answer_->array_ 1% = 0;

zero.array_{ij = 0.

}
answer .sign = value_->sign;

if ((temp_value.array_[0] > 0) && (temp_modulus.array_[0] > 0
vmil:qzconpare (&ta}l':p_[vqalue,%:tunp_(mggﬁlus) >= 0) { Y-[0] NA

sub_array (&temp_value, &temp_modulus, &answer)
for (1 = 0; 1 <= answer.array_[0]: 1i++)
temp_value.array_[i] = answer.array_[1i]:



temp_value.sign = answer.sign:
add_array (&one, &j_last, &g ;
for (4 = 0. 4 <= J.array_[0]; 1++

Jj.last.array_[1] = J.array_[1i]:
j-last.sign = j.sign;

} /* end while */
w}uled‘tonpare(&tunp_value,&zero) == -1)
a

{
array (&temp_value, &temp_modulus, &answer) ;

for (1 = 0; 1 <= answer .array_[0]; i-++)
temp_value.array_{i] = answer .array_[4i].

temp_value.sign = answer.sign;
add_array (&one, &k_last, &)

for (1 = 0. 1 <= k.array_[0]: 1++
K_last.array_[i] = k.array_[1];
K_last.sign = k.signh;
/* end while */
} else
return(-1);

for (1 = 0; 4 < NUMBER_LENGTH; 1++)
answer_->array_[i] = answer.array_[i];

answer_->sign = answer.sign:

if ((j.array_éO] > 0) || (k.array_[0] > 0))
Sub_array (&j, &k, return_value)

returr_value->sign = 1;

} /* end mod_array */
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#include "hilbert.h"
m.xltiply_standard_residues (a_l,a_2,base, answer)

This routine multiplies two standard residue representations of
rational numbers. The multiplication is performed in coponentwise
tasﬁon, each result is reduced with respect to the corresponding
modulus.

*/
BASE_VECTOR
tbase;

answer->sign = 1;

for (1 = 1; 1 <= base->num_modull; i++)
if (a_l->array_[i] = -2 5[ a_2->array_[1] = -2) {
answer->array_[1] = -2;
continue;

0) Il
a_l->array_J[1i 0 && a_2->array_[i -1)) {
answer ->array_ = -2

if (5q_1->array_£11 : -1 && a_2->array_[1]
continue; 1

i1f (a_l->array_[i] = -1 1] a_2->array_[1] = -1) {
answer->array_([1] = -1;
continue;

temp = a_l->array_[i] * a_2->array_[1]:
) answer->array_[i] = reduce_integer (temp, base->decimal_[1i-1]);

;nswer- >array_[0] = base->num_moduli;




#include "hilbert.h"

print_(vector)
/.
y This routine prints arrays of values.
"
ARRAY _
*vector;
int
i,
3:
printf ("\n").
if (vector->sign == 1)
printf ("+");
else
printf("-");
for (i = vector->array_[0]; &1 > 0; i--) {
printf (" %d ", vector->array_[i]):
2##;
£ (3 = 10) {
printf("\n ")
/* it */
} /* for */
} /* print */
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#include "hilbert.h"

;/:rint_base_vector (base)
L]
. This routine prints the base vector.

BASE_VECTOR
*base:

{
int i, j, k;

printf ("\n¥d moduli compose the base vector.\n",base->num_moduli) ;
for 151 =00; i < base->num_moduli; i++) {
printf ("\n"); ‘
if (base->value_[i].sign == 1)
printf (" + ");
else
printf (" - ");

£ = base->value_[1]. ~[0]: 937"
T G R T 52 0 170 ¢

H é}:i;_gf]fg{n{ ")

} else
printf(" ");

}
printf("\nThe decimal value of the preceeding modulus = %d\n",
base->decimal_[1i]):
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#include "hilbert.n"
7{1nt_traction(rational)
This program prints fractions.

ERACTION
*rational;

*/

int 1, j;
j=o0;
printf ("\nNumerator: \n"):
ifr (rational->sign[0] = 1)
printf ("+") .
else
printf("-"),

for (1 = rltional->array_[0][0]; i>0;
printf (4", rltional->array_[0][1])
*+

£ {3 =254
J =0
printf("\n ");
j=0:
printf("\nDenominator:\n");

ir (rationa1->sign[1] == 1)
printf("+");
else

printf ("-");

:1=-)

.

for (i = rational->array_[1][0]: 1>0 1--) ¢

printf("yd", rational->array_[1][1])
++
f (3 = 25)(
J=0;
printf("\n ");

i /* end program */

.
.



#include "hilbert.n"
7_va1ue (sum, base, q_value)
*

y This routine recovers the value from the standard residue digits.
L]

BASE_VECTOR
*base;

ARRAY_
*q_value,
*sum;

{

int i, k, place;

BASE_VECTOR
c_.j. base_j, s_d_set;

ARRAY_
q..
answer;
place = 0;
for (1 =0; 1 < base->num_moduli: 1++4)
if (ﬁum»array_[i + 11 !=0) && (sum->array_[1 + 1) '= -1)) {
git_array(sum, (1 + 1), &answer) ;

for (k = 0; k <= answer.arra ~[0]. k++)
c_].value_[place) .array_ = answer.array_[Kk]:

c_Jj.value_[place] .sign = 1:

b4 = 0; k <= b, - lue_1[13. - [0):; k+
°r b(]:se__'j .val:e_ [;T:c;;?a::ay['_][k;r;ag s[e1>va1t:)e_[1) .array_T[k].

Place++;
} /* end if */
base_j.num_moduli = place;

if (place > 0) {
convert (&c_J, &base_j, &s_d_set) ;

sum_array (&s_d_set, &base_j, &q );

for (1 =0; 1 <= q_.array_[0]; i++)
q_value->array_[1] = q_.array_[i]):

) ei;;:a‘][.ue»sign = q..8ign;

q,_valu.->array_ (]
q.value->array_ [1]
9 value->sign = 1:

; /* end program %/
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#include <stdio.h>
;educe_integer (value, modulus)
~

This routine fir'uds the least non-negative residue of 'value'

w.r.t. 'modulus’'.
*/

int
value, modulus:

{
int quotient, remainder;
if (value == 0)

return (0) ;

while (value > 0)
value = value - modulus:

while (value < 0)
value = value + modulus:

return (value) ;
} /* end reduce_integer
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#include "hilbert.h"
7et_ -digit_array (value, answer)
*

Set up the answer array (positionally) reflecting the integer
value passed.

ARRAY_
*answer;

int
value;

*/

{
in

t
temp_value,
i, posn;

posn = 0;

it (value > 0)
answer->gign = }1:

else {

lnswer->sign = -1;
value = value * ~1;

while (value > 0) {

temp_value = (value/10) * 10;
for (1 =0; 1 < 10: 1++)

if (value = (temp_value + 1))
break; -

value = temp_value/10:
answer->array_[++posn] = {;

answer->array_[0] = posn;
} /* end set_ —digit_array */

102



#include "hilbert.h"
7ub.array (a_l, a_2, answer)
-

This routine subtracts two arrays positionally:
*/

ARRAY_
*a_l,
*a_2,
*answer;

ARRAY_
al,
az;

int
i, j, cary, sign;

if (a_1- >array_{0] = 0)

a_l->sign

if (a_2- >array_ [0’ = ()
a_2->sign =

al. sign = 1;

az. ?n =1;

for (1 =0;1 < NLMBER_LENGI‘H; 1**) {
al.array_[1 a_l->array_
a2.array_([1 a_2->array_[i

}
if égi%? : conparem &azn < °)1++) (

al.arra a_2->arrsa
) az. arra¥_£ ] 1 >arra¥_[ ]
al.sign = a_2->sign;
az2.sign = a_l->sign;
} else {
al.sign = a_l->sign;
aZ.sign = a_2->sign;

answer->sign = al.sign * sign;
/* subtract like sign numbers */

if (al.sign = a2. si
answer ->arra = al. arrmg [01
for (i = 1. <— al.array_[0] ++)
if (a2.array_[0) <
answer ->array._ [1
else
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answer->array_[(i]) = al.array_[i] - a2.array_[1i]:
/* reduce */

for (1 = 1; 1 < answer->array_[0]). 1++) {
if (answer->array_{i] < 0
answer->array_[1i] = answer->array_[i] + 10;
answer->array_|i + 1] = answer->array_[i + 1] - 1;

for (1 = answer- >array_[0% i>0; 1--)
if (answer->array_[1] )
break;
ansver->array_[0} =1,

if (answer->array_[0] = 0)
answer->sign = 1;
return(l) ;
/* end subtract like signs */
/* Subtract arrays with like signs */

if (al.sign |= a2.si
answer - >arra ?n_ al. arrax [01:
for (4 = 1; <- .array_[0]; 1++)
if (a2. array [0] <3
answer->array_{1] = al.array_[1i]:
else
answer->array_[i) = al.array_[(i] + a2.array_[i];

/* reduce */

for (1 =1; 1 < answer->array_[0]. i++) {

if (answer >array_[1] >= 10) {
cary = answer- >array [1])/10;
answer ->array_[1] = answer- >nrray_[1] - (10 * cary):
if ( 1 < answer->array_[0]

1 anfwer >array_[1i + 1} answer->array_(1 + 1] + cary;
else
answer->array_[0] = answer->array_[0] + 1.

answer->array_[i] = cary:
cary = 0
/* reduce - unlike signs */
/* end subtract unlike signs */
/* end if */
for (i = answer->array_[0]: 1 > 0; i--)
ir (ansver >array_ [1] 1= 0)
break
answer->array_[0] = {;
if (answer->array_ [0] == 0)
answer->sign == 1;
} /* end program
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#include "hilbert.h"

7\.m.array (d_set, base, answer)
/'nus routine computes the value of the digit set w.r.t. the base vector.
]

{

int 4, posn:
S_value, multiplicand, d_value, digit_set,
temp_modulus, temp_answer;

for (4 = 0; 1 <= d_set->value_[0] .arra (0], 1<+
s_value.array_[i] = d_set->va ue_[oy.array_[i ;

multiplicand.array_[()} : 1;

multiplicand.array_[1 1.
multiplicand.sign = 1}
temp_modulus.sign = 1;

digit_set.sign = 1:
s_value.sign = 1;

for SN = 1; posn < base->num_moduli; posn++)
or (1 =0; 41 <= base->value_[posn - 1] .array_[0]; 1++)
tanp_modulus.arra¥_[1] = base->value_[posn - 1] .array_[i]:
temp_modulus.sign = 1;

multiply_array (&multiplicand, &temp_modulus, &temp_answer) ;

for (1 = 0; 1 <= temp_answer.array_[0]: 1++)
multiplicand.array_[i] = temp_answer .array_[1i]:
multiplicand.sign = 1;

for éi = 0. 1 <= d_set->value_[posn] .array_[0]; 1i++)
value.array_[i] = d_set->value_ [posn) .array_[i];
d_value.sign = d_set->value_[posn].sign;

multiply_array (émultiplicand, &d_value, &temp_answer) ;
add_array (&s_value, &temp_answer, &d_value) ;

for (1 = 0; 1 <= d_value.array_[0]; 1++)
s_value.array_[i] = d_value.array_([i]:
s_value.sign = d_value.sign;

answver->sign = s_value.sign;

for (1 = 0; 1 <= s_value.array_[0]: 1i++)
answer->array_[1i] = s_value.array_[1];

}
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