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ABSTRACT

An ordered cover of a finite set S is a finite sequence of nonempty subsets of
S with union S. If the subsets are pairwise disjoint, then the cover is an ordered
partition. An ordered cover of a finite vector space V is a finite sequence of non-
trivial subspaces of V with sum V. If the sum is, in fact, a direct sum, then the
cover is an ordered partition of V.

Certain power series are generating functions for ordered partitions (in both
senses—i.e., for finite sets and finite vector spaces). This dissertation develops
a new class of infinite series that are generating functions for ordered covers (as
distinct from partitions) in both senses. These series are elements of the algebra
of g-binomial series that results from equipping the set of arithmetic functions
(sequences of complex numbers) with the usual addition and scalar multiplication
and with a new multiplication, the g-Newton product.

In a particular sort of binomial poset, the g-lattice, the union of sets and the
sum of vector spaces are both special cases of the join of lattice elements. Thus
g-lattices unify and generalize several pairs of identities involving, on the one hand,
binomial coefficients, and on the other hand, ¢g-binomial coefficients.

Formal g-binomial series are defined in terms of the join of ¢-lattice elements.
As a consequence, particular ¢g-binomial series turn out to be generating functions
both for ordered covers of sets and ordered covers of vector spaces.

When equipped with suitable operations, the collection of complex-valued func-
tions on the intervals of a g-lattice becomes an algebra—the covering algebra of the
lattice. A subalgebra—the reduced covering algebra—is isomorphic to the algebra
of g-binomial series. These results provide an algebraic underpinning for ¢-binomial
series much like that provided by incidence algebras and reduced incidence algebras

for classical generating functions.
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LIST OF SYMBOLS

The following is a list of special symbols (and a very few terms) used in the
dissertation. Each is listed with the number of the section in which it first appears
(the letters A and B denote appendices) and a definition or description or perhaps
the name of the symbol. A few symbols receive two definitions in the text and thus
appear twice in the list.

Symbols that denote homomorphisms appear with the domain and codomain
indicated. :

The order of presentation is as follows:

(1) Expressions involving neither letters nor numbers

(2) Expressions involving Greek letters

(3) Expressions in which a number is the “primary” symbol, arranged in numerical
order

(4) Expressions in which Roman, script, or boldface letters are the "primary”
symbols, arranged “alphabetically.”

When listings in category (4) involve variables, the variables used are the “typ-
ical” ones. For instance, the covering coefficient symbol appears as {r"a}q and 1s

alphabetized under n.

Symbol/term  Section Explanation

- 1.1  containment (perhaps improper) of sets
C A proper containment of sets
A 2.3  meet of lattice elements
Y 2.3 join of lattice elements
* 4.1 the Cauchy product of arithmetic functions
(power series)
4.1  scalar multiplication (in any algebra)
o 4.2  the ¢g-Newton product of arithmetic functions

5.1  the multiplication of the covering algebra
(C(L), +,9,.)
6.1  the Schur (pointwise) product of arithmetic
functions
: 8 the Schur (pointwise) product on C(L)
“:R(L) - CN 5.3  The isomorphism from (R(L),+,9,.) to
(CN,+,9,.)
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A

A
$:C — CN
¢po:P—C
¢.:P—C

v
v:P—-P

B(n)

¢(L)

C(n)
CN
C(n;Al,. .. ,Ak)

C(n, k)
C(n, k)
Co(n,k)

4.3

4.2

4.4
4.4
5.1

4.4
2.1
2.5
5.1

2.1
3.4
2.1
2.3
2.2

2.2

1.1
5.1

4.1
7.2

7.2

7.2

the Kronecker delta (= 1if n=4k; =0 otherwise)
the finite difference operator on P

the ¢-finite difference operator on P

the monomorphism from C to the algebras

(CN, +,%,.) and (CN, +,9,.)

the evaluation homomorphism on (P, +, *,.)

the evaluation homomorphism on (P, +,9,.)

the Newton function of the covering algebra (in-

verse of the zeta function)

the isomorphism between (P, +, *,.) and

(P, +,9,.)

the rank of z in a graded poset

the rank of z in the interval [z, 2}

the zeta-function of the covering algebra (¢ = 1
on all intervals)

the least element in a poset

by convention 0° = 1 throughout the dissertation
the greatest element in a poset

the power set (set of all subsets) of a set S

the number of elements of rank one (atoms) in

an n-interval of a binomial poset
the factorial function of a binomial poset—the

number of maximal chains in an n-interval
the n-th Bell number—the number of subspaces

of an n-space
the complex numbers
the set of complex-valued functions on Int(L)—

the set on which the covering algebra of L is

defined
the number of covers of an n-set

the set of arithmetic functions {F:N — C}
the (relaxed) k-covers of an n-interval in which

the rank of the 7th term must be in A;
the k-covers of an n-interval in a g¢-lattice

the number of k-covers of an n-set
the relaxed (rank zero elements allowed) k-covers
of an n-interval in a g¢-lattice
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the set P; informally the algebra of complex
polynomials

the set CN: informally the algebra of complex
power series

the degree of the polynomial P

the dimension of the vector space V

the Eulerian derivative of F

the nth power of f € C(L) under the multiplica-
tion ¢

the polynomial Y08 F F(n)P*"

the polynomial Zi‘foF F(n)P°"

the finite field with ¢ elements (g implicitly a
power of a prime)

the finite field with ¢ elements (same as Fy)

the set of intervals in the lattice L

a k-tuple of elements of positive rank from an
interval [z,y] with join y

a k-block cover of a finite set

the number k(k —1)...(k—n+1)

the length of the poset P

the lattice of subspaces of Vi(q)

the number of minimal k-covers of an n-set

the number of minimal k-covers of an n-set that
cover j points of the set uniquely

the Newton function of (CN,+,0,.) (the inverse
of the zeta function)

the non-negative integers

the set {1,2,...,n}

the number of k-subspaces of an n-space

the number of elements of rank k in an n-
interval of a binomial poset

a (generalized) multinomial coefficient of order n

a multi-covering coefficient

the number of ways to write an n-set as an or-
dered union of an r-subset and an s-subset
the number of ways to write an n-space as an

ordered sum of an r-subspace and an s-subspace
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the set of polynomials—the finitely nonzero
arithmetic functions

the arithmetic function that results from replac-
ing X with the polynomial P in the definition of
(%),

the number A(2) — 1 in a locally modular bino-
mial poset

the functions f € C(L) that are constant on
intervals of equal length—the set on which the
reduced covering algebra is defined

the cardinality of the set S

a Stirling number of the second kind—the num-
ber of partitions of an n-set into k-blocks

the vector subspace spanned by the set S

the direct sum of the vector spaces U and V
the quotient group V;/V, viewed as a vector
space, where V; is a finite vector space and V;
is a subspace of V

the position of the first nonzero term in the
arithmetic function F'

the unique (up to isomorphism) n-space over Fy
the greatest integer < z

the smallest integer > z

the element (0,1,0,0,...) € CN—the indeter-
minate in the algebra of formal power series and
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Introduction

Three themes, tightly interwoven, form the body of this dissertation: ordered
covers, g-binomial series, and g-lattices.

An ordered cover of an n-set S is a finite sequence of subsets of S with union S.
If the subsets are pairwise disjoint, then the ordered cover receives the name ordered
partition. Both these concepts have analogues involving subspaces of a finite vector
space. Appendix A gives an extensive description of combinatorial problems that
arise under the general label of covers—ordered or unordered.

Generating functions provide a useful tool for studying ordered covers. Classical
generating functions, in particular exponential and Eulerian generating functions,
address the enumeration of ordered partitions, as Appendix B details. The enumer-
ation of ordered covers, as distinct from ordered partitions, requires a new sort of
generating function, namely ¢-binomial series.

As Doubilet, Rota, and Stanley [4, 16] show, classical generating functions
share a unifying background of binomial posets and incidence algebras. A special
sort of binomial poset, namely the g-lattice, also unifies g-binomial series. Further,
g-lattices provide the context for a more general definition of ordered cover that
encompasses the other definitions of that term as special cases.

Thus each of the three themes provokes consideration of the other two.

The eight sections of the dissertation have the following goals: Section 1 shows
several binomial coefficient and g¢-binomial coefficient identities that motivate and
direct the search for ¢-binomial series. Section 2 gives a brief introduction to par-
tially ordered sets and lattices, introducing some new concepts along the way.
Section 3 defines g-lattices, develops some of the basic notation associated with
them, and shows their power to unify results about sets and results about finite
vector spaces. Section 4 defines the algebra of g-binomial series and explores its
algebraic and topological properites. Section 5 introduces an incidence algebra-
like structure—the covering algebra—and shows how it generates the algebra of
g-binomial series. Section 6 makes a slight detour to present Newton inversion—an
analogue of Mdbius inversion—in the algebra of ¢-binomial series. Section 7 returns
to the main discussion and indeed completes it by showing how ¢-binomial series
serve as generating functions for ordered covers in a g-lattice. Finally, Section 8
briefly examines questions which the dissertation touches on but fails to answer,
defining in the process a finite difference operator which seems well-suited to the

study of ¢-binomial series.



Appendices A and B contain definitions and concepts associated with gener-
ating functions, finite vector spaces, covers, and the analogues of covers in finite
vector spaces. Otherwise the material in the main body of the dissertation is self-

contained and should be accessible to anyone moderately familiar with vector spaces

and algebras.



1. Motivation

1.1 Set identities

Classical generating functions, as appendix B illustrates, count ordered parti-
tions or objects analogous to ordered partitions. They provide no information about
the weaker concept of a cover and its analogues. Certain identities suggest, however,
the existence of a new sort of generating function that does give information about
covers.

Forn € N = {0,1,2,...} let T be a set with n elements (henceforth an n-set),
and for r,s € N define {rns} to be the number of ordered pairs of subsets of T for
which |R| = and |S] = sand RUS = T. Note that {I.} =0 whenever 7 > n or
s >norr+s < n. For other values of n, r, and s the co’efﬁcient {r','s} has a simple
formula which appears in Section 4 in a more general setting.

The following identity has an easy combinatorial proof.

Theorem 1.1. For k,r,s € N,

B)E-Z{m0) 0

n=0

Proof. Let T be a k-set. Then both sides of the equation count the number of
ordered pairs (R, S) of subsets of T such that |R| =r and |S| = s.

The left-hand side counts these in the obvious fashion. There are (i) ways to
choose R and (f) ways to choose S.

The right-hand side counts the ordered pairs according to the cardinality of
RUS. Let n € {0,1,...,7 + s}. Then there are (*) n-subsets of T. For a fixed
A C T with |A| = n there are {r"'s} ordered pairs (R, S) such that RUS = A
with |[R| = r and |S| = s. Thus, there are {rns}(ft) ordered pairs (R, S) for which
|[RU S| =n with |R| = r and |S| = s. Summing over all relevant values of n yields
the desired result.

One of the usual formulas for (: ) 1s
By _ B
n) n

k2 =k(k—1)...(k—n+1)

where

3



Let C[X] be the algebra of polynomials over the field of complex numbers, and
define X™ for n € N by

x* =[x -9 (1.2)

Then, X* and .
(X> _X (1.3)

are polynomials in C[X] of degree n.

Replacing the variable k by the indeterminate X in equation (1.1) produces a
statement—as yet unproved—about polynomials. A common way of establishing
such polynomial identities relies on the following algebraic facts. For n € N, a
nonzero polynomial in C[X] of degree n has at most n distinct zeroes. Let f,g €
C[X] have degree n or less, and suppose that there exist distinct ¢, ¢2,...,¢Cnt1 € C
such that f(c;) = g(c:) for all i € [n + 1] = {1,2,...,n 4+ 1}. Then the polynomial
f — g has degree n or less and has n + 1 distinct zeroes. Hence f —g = 0. In other
words f = g as polynomials.

Applying this to the polynomials ()f) ()j) and Z:;’b {r"'s} (if) wherer,s,n € N,
we see that these polynomials of degree at most r + s agree, by Theorem (1.1), on
an infinite set of values, namely on N. Consequently

()=S0

as polynomials.
The identities

XrXs=Xr+s
and XrXxse 1
indadi b r+4s
rl sl —r!s!X
_(r+9)! Xrts
orlst (r+os)!

[T+ X7t
N\ r J(r+s)

for r,s € N lead to the usual rules for the multiplication of polynomials, ordinary
generating functions, and exponential generating functions, as well as to the combi-
natorial significance of such multiplication. The polynomial identity (1.4) does the
same for expressions of the form (Z?:o a,-‘()f)), where a; € Cfor all: € {0,1,...,n}.

4



Theorem 1.2. If m,n € N and ag,a1,...,0m,bo,b1,...,bn € C, then

(S0) (£ - (B2 A0) ) 0o

1=0 r=0 s=1—1
Proof
(X T (X X\ /X
(E()) (D)= 2 ()
1=0 1=0 0<r<m
0<s<n
r43 .
3 X
= arbs (Z {T,S}(Z))
0<rm 1=0
0<s<n

m+n .
X
-2 | Z e | ()
; r,s 1
0 0<r<m ’

0<s<n
\ r+s2>1

S () (7)

r=0 s=i1—r

where we have used the fact that {ris} = 0 wheneverr > tors >torr+s <1 toget
the last equality. All indices take only nonnegative values in the above summations.

a

The right-hand side of (1.5) can also be written as

$ (S50 ()

r=0 s=0

since { rfs} = 0 in all the additional terms.

Since deg (f) = n for all n € N, the polynomials (f) form a vector space
basis for C[X] over C. In other words, every polynomial in C[X] can be written
in the form Y ., a,( ) for some n € N and ag,a1,...,a, € C. Consequently
equation (1.5) provides a new way of drawing comblnatorlal information out of the
multiplication of polynomials.

If equation (1.2) involved infinite sums, then sums of the form } 77, an (ff )s
where ag, a1, az,... € C, would be generating functions for covers. Expressions of

-

0



the form > o, an()n(), however, are as yet undefined. In particular they are not

formal power series in general, as the following shows:
If f =52 a,X" € C[[X]], then the power series valuation val (called degree
by some authors) of f is

1fo % if f=0
valf = min{n € N | a, # 0}, otherwise.

Let fn € C[[X]] for all n € N. By I. Niven [13], the formal series S0 o fn is defined
if and only if lim,_  valf, = oco. Note, however, that

1 X\ 0, ifn=0
V@ n/) T\, ifneP.
Thus Y o0 @n ():) € C[[X]] if and only if the an are finitely nonzero—i.e. if and

only if
|{n€N|an7$0}|<oo.

So the use of expressions like Y oo ;an (if ) requires a formal theory of such
expressions. The development of that theory occupies much of the remainder of
this dissertation. Indeed, the theory that results deals with a much more general

class of expressions of this type.

1.2 Finite vector space identities

Recall that if n,r € N and ¢ is a power of a prime, then the g-binomial
coeflicient (:)q is the number of r-dimensional subspaces (henceforth r-subspaces)
of an n-dimenstional vector space (henceforth n-space) over F,. Appendix A gives
a brief introduction to g-binomial coefficients.

Using ¢-binomial coefficients it is easy to develop a g-analog of Theorem 1.1.
Let n,7,s € N, and let V be an n-space over the finite field F;. Define {r’,‘s}q to
be the number of ordered pairs (R, S) of subspaces of V for which dim R = r and
dimS = s and R+ S = V. Note that {r’,‘s}q=0ifr>nors>norr+s<n.

Theorem 1.3. Forall k,r,s € N

0,0,-5{.0), o

n=0

Proof. Let V be a k-space over F,. Then both sides of (1.7) count the number of
ordered pairs (R, S) with R an r-subspace of V and S an s-subspace of V.

6



The left-hand side counts in the obvious fashion. There are (f)q ways to choose

R and (’:)q ways to choose S.
The right-hand side counts according to the dimension of R + 5. Let n €
{0,1,...,7 + s}. Then V has (:)q subspaces of dimension n. If A is one of these

subspaces, then there are {r"s}q ordered pairs (R, S) with dimR =r and dim S = s
and R+S = A. As the sum of subspaces is well-defined, there are {rr"s }q (k) ordered

n/q

pairs (R, S) with dim R = r and dim S = s and dim(R + §) = n. Summing over all

relevant values of n yields the desired result.

Is there a way to generalize equation (1.7) into a polynomial identity analogous
to the way Theorem 1.2 generalizes Theorem 1.17 The procedure of “replacing k
by X" which leads to Theorem 1.2 does not produce a polynomial for g-binomial
coefficients. Nevertheless, equation (1.7) does indeed have a polynomial general-
ization. Its derivation, however, occurs in a much more general context and, once

again, occupies much of the remainder of the dissertation.



2. Poset and Lattice Background

2.1 Partially ordered sets

This is a brief introduction to partially ordered sets and lattices. The definitions
related to binomial posets are Stanley’s [16]. His book also serves as the reference
for the standard definitions given here.

A partially ordered set (henceforth poset) is a set P with a binary relation, usu-
ally denoted < (or <p when necessary for clarity), which is reflexive, antisymmetric,
and transitive.

If z,y € P, then z and y are comparable if z <y or y < z. Otherwise z and y
are incomparable.

As a shorthand notation write £ < y to mean ¢ # y and z < y.

If £ € P such that for all y € P the relation ¢ < y holds, then denote z by 0. If
z' € P has the same property, then z < z' and z' < z, so £ = z' by antisymmetry.
Thus 0 is unique. Similarly, if y € P and for all z € P the relation z < y holds,
then denote y by 1.

Call a poset Q a subposet of P if @ C P and if for all z,y € @ the condition
r <g y if and only if z <p y holds.

If z,y € P with z < y, define the (closed) interval

[z,y]={z€ Ple<z<y}

This interval is a subposet of P—i.e., it inherits the partial ordering of P. The
poset P is locally finite if every interval in P has finite cardinality.

If z,y € P, then y covers z if z < y and [z,y] = {z,y}—in other words,
if “there is nothing between z and y.” Note that this poset-theoretical cover is
unrelated to the sort of cover (i.e. a cover of a set or vector space) that forms the
primary theme of this dissertation!

A chain or totally ordered setis a poset in which no pair of elements is incom-
parable. If P is a poset and C C P is a chain, then C is mazimal if there is no
chain C' C P such that C C C".

If C is a finite chain, the length of C is I(C') = |C| — 1. In general, if P is a
finite poset, then the length of P is

I(P) = max{l(C) | C is a chain in P}.
For the length of a finite interval [z,y] write [(z,y) instead of I([z, y]).

8



If all maximal chains in a finite poset P have the same length n, then P is
graded of rank n. For such a poset define a rank function p: P — {0, 1,...,n} as
follows: Let y € P and let C = {zo < 71 < -+ < 5} be a maximal chain of P
which includes y. Then p(y) = I(zo,y). In other words, if 7 € {0,1,...,n} and
y = z;, then p(y) = 4. That is, y has rank .

For the same y € P suppose C' = {z, < 2} < --- < z,} is another maximal
chain of P and that y = z; for some j € {0,1,...,n}. Without loss of generality
suppose j < i. Then the chain zg < -+ < (2; = %) < -+ < 7z, has length
i +(n—j)=n+(:—j) > n. Butno chainin P has length greater than n—by
finiteness of P every chain is contained in a maximal chain—so n + (i — j) = n.
That is, ¢ = 7. So the rank function is well-defined.

Suppose z and y are members of a graded poset P. Then y covers z if and
only if z < y and p(y) = p(z) + 1. This observation follows almost trivially from

the definition of rank, but it proves extremely useful in later proofs.

2.2 Binomial posets
A poset P is called a binomial poset if it satisfies the following three conditions:

(i) The poset P is locally finite with 0 and contains an infinite chain.
(ii) Every interval [z,y] of P is graded. If I(z,y) = n, call [z,y] an n-interval.

(iii) For all n € N, any two n-intervals contain the same number B(n) of maximal
chains. Call B(n) the factorial function of P.

Stanley {16, pp. 142-143] lists several examples of binomial posets. For our
purposes the most interesting are N with the standard ordering; the collection of
finite subsets of an infinite set, partially ordered by set inclusion; and the collection
of finite-dimensional subspaces of an infinite-dimensional vector space over a finite
field, again partially ordered by set inclusion.

Let P be a binomial poset and let [z,y] be an n-interval in P for some n € N.
Since P is a binomial poset, the interval [z, y] is graded and thus has a rank function.
For k € N define [}] to be the number of elements of rank k in [z,y]. Let z be an
element of rank 7 in [z, y] for some i € {0,1,...,n}. Every maximal chain of P which
includes z consists of one of the B(i) maximal chains in the i-interval [z, z] and one
of the B(n — 1) maximal chains in the (n — i)-interval [z,y]. Thus B(:)B(n — 1)
maximal chains of [z,y] include z. Every maximal chain in [z,y] includes exactly
one of the [’:] elements of rank . Thus [z,y], and indeed any n-interval of P, has

9



[':] B(#)B(n — i) maximal chains. Consequently,

[?]B(i)B(n —4) = B(n),

WRF G et

The second identity gives a nice formula for [':] and shows that that the value of

or, more usefully,

[':] depends only on the length of the interval, not on the particular interval under
consideration. ‘
Stanley gives the above formula for [':] and shows further that

B(n) = A(n)A(n — 1)... A(1),

where A(2) = [;] for: € P = {1,2,3,...}. In the binomial poset of finite subsets
of N listed above, B(n) = n! and

N=mmm= ()

thus explaining the terminology factorial function and binomial poset.

2.3 Lattices

Let P be a poset and z,y € P. If there exists z € P (necessarily unique) such
that z < z and y < z and for which z < w whenever w is a member of P with
¢ < w and y < w, call z the join or supremum or least upper bound of r and y and
write z Vy = z.

Similarly, if there exists z € P such that z < z and z < y and for which w < 2
whenever w is a member of P with w < z and w < y, call z the meet or infimum
or greatest lower bound of z and y and write z Ay = z.

A poset L in which every pair of elements has a join and a meet is called a
lattice. Thus in a lattice, meet and join are binary operations which are easily seen
to be commutative and associative.

Examples.
1. For n € N let L = 2[", the power set of [n], be partially ordered by set
inclusion. Then L is a lattice in which

RVS=RUS and RAS=RNS

10



forall R,S € L.
2. Let L = P ordered by divisibility (i.e., m < n if and only if m | n). . Then L is

a lattice in which
mVn =lem(m,n) and m A n = ged(m,n)

for all m,n € L.
3. Let L be any totally ordered set. Then L is a lattice in which

z Vy = max{z,y} and z Ay = min{z,y}

for all z,y € L.

2.4 Modular lattices
Let L be a finite lattice. If L is graded (as a poset) and

p(z)+ ply) = p(z Ay)+ p(z Vy) for all z,y € L,

then L is a modular lattice. As Stanley [16, p. 103] shows, these two conditions on
L are equivalent to the following condition: For all 2,y € L the elements z and y
both cover z Ay if and only if z V y covers both = and y.

Examples.

1. For n € N let L = 2[" ordered by set inclusion. Then L is a modular lattice
with p(R) = |R| for all R € L. Modularity follows from the fact thatif R, S € L,
then

|[RUS|=|R|+|S|—|RNS]|.

2. For n € N and V an n-space over Fy, let L be the collections of subspaces of
V ordered by inclusion. Then L is a modular lattice with p(U) = dimU for all
U € L. Modularity follows from the fact that if U, W € L, then

dim U + dim W = dim(U + W) + dim(U N W).

3. Let L be a finite chain. Then L is a modular lattice with p(z) = (0, z).
Modularity follows from the fact that if z,y € L and, without loss of generality,
z <y, then

p(z) + p(y) = p(z Ay) = p(z Vy)

sincezAy=zandzVy=y.

11
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2.5 New concepts

A lattice is locally modular if every interval in L is a modular lattice.

If L is a binomial poset which is also a lattice, then L is a binomial lattice.

Obviously every interval in a lattice is itself a lattice. If L is a binomial lattice,
then by local finiteness every interval in L is a finite lattice. If in addition L is
locally modular, we shall call L a locally modular binomial lattice. The promised
results about covers and generating functions grow out of the properties of locally
modular binomial lattices.

Let L be a locally modular binomial lattice, and let z € L. Then z has a rank
in the interval [0, z]; denote this rank by py(z). If [z,y] is a fixed interval in L and
z € [z,y], then z also has a rank within [z,y]. Denote this rank by p(z) or simply
p(z) if the context is clear. Note that if y' € L with y < y’, then the rank of z in
[z,y'] is the same as its rank in [z,y], so pz(z) is well-defined. In particular p3(z) is
well-defined regardless of whether we view z as being in [0,2] or in [0,y] for some
y € L with z < y.

Examples.

1. The set N with the natural ordering is a locally modular binomial lattice with
factorial function B(n) = 1 for alln € N. If m,n € N, then mVn = max(m,n)
and m A n = min(m,n). If 7 € [m,n], then ps(r) =r and pm(r) =r —m.

2. Let L be the collection of finite subsets of an infinite set, ordered by inclusion.
Then L is a locally modular binomial lattice with factorial function B(n) = n!
foralln € N. IfR,S € L, then RVS = RUS and RAS = RNS. If T € [R, S),
then po(T) = |T| and pa(T) = |T| - |R]

3. Let L be the collection of finite-dimensional subspaces of an infinite-dimension-
al vector space over Fy, ordered by set inclusion. Then L is a locally modular
binomial lattice with factorial function

B(n)=(¢""' + q"‘? +--4+1)...(¢g+ 1)) for all n € N.

IfU,VeL, thenUVV =U-++YV (vector space sum) and UAV =UNV. If
W € [U,V], then p3(W) = dim W and py(W) = dim W —dim U = dim(W/U).
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3. The g-Lattice

3.1 The factorial function

Let L be a locally modular binomial lattice and suppose that [z,y] is an n-
interval in L with n > 2. Choose 2 € [z,y] such that p(ze) = 1 (i.e. pz(20) = 1).
If z € [z,y] with z # 2o and p(z) = 1, then by modularity of [z,y]

p(zo V 2) = p(20) + p(2) = plzo Az) =1+ 1—p(z) = 2.

In short, zo V z covers both z and 2p. On the other hand, suppose w € [z,y]
covers both z and zy. Since z < w and zg < w, the definition of join requires that
2z A 29 < w. Hence w cannot cover z and 2 unless w = z A zg. Thus, except for 2,
itself, every element of rank one in [z,y] is covered by exactly one element which
also covers zg.

Let A= {rzink-one elements of [z,y]} — {20} and let B = {rank-two elements of
[z,y] which cover zp}. Each element in B covers [ﬂ rank-one elements of [z, y], one
of which is zg. Thus the map z — 2V 2z from Ato Bisa ([ﬂ - 1)-to—one surjection.
Further B = {rank-one elements of [zo,y]}, so |B| = [*7!]. Therefore the number
of rank-one elements of [z,y} is |[A]+1 = |B|([f] -1)+1= [";1] (m ~1)+1. This
essentially proves the following lemma.

Lemma 3.1. If L is a locally modular binomial lattice, then for alln € P
nl |n-1 2 1) +1
1] |1 1 '

[Z] = the number of elements of rank k in an n-interval.

Proof. Recall that

So [Z] = 0 if n < k. Thus the result holds easily for n = 1.
For n > 2 the argument preceding the lemma shows that the right-hand side of
the equation counts rank-one elements of an n-interval, which is precisely the value

of [71‘] :

0

For locally modular binomial lattices the quantity [3] — 1 1s extremely impor-
tant. Henceforth for a given locally modular binomial lattice define

2
= -1 3.1
=[] (3.1)
Doubilet, Rota, and Stanley [4, p.310] give the following result:

13
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Theorem 3.1. Let L be a locally modular binomial lattice. Then for alln € N

n—1

n ne - i

[1} =" T+ D) =) 4
1=0

and thus .
n j—1

B(n) = H zqi.

j=11i=0
Proof. If n = 0, the result holds by the convention that an empty sum equals zero.
If n = 1, the result is trivial.
If n =2, then [?] = q + 1 by definition of g.
Proceed by induction and apply Lemma 3.1 to see that

-

= <q§qi> +1

1=0

In light of Theorem 3.1, we shall give locally modular binomial lattices the
name q-lattices.
Thus far we have encountered three sorts of g-lattices:

1. An infinite chain is a g-lattice with ¢ = 0.

2. The collection of finite subsets of an infinite set is a g-lattice with ¢ = 1.

3. The collection of finite-dimensional subspaces of an infinite-diminsional vector
space over the finite field F, is a g¢-lattice with ¢ a power of a prime number.

An apparently open question is that of whether other g-lattices exist. The work
of Doubilet, Rota, and Stanley [4, p.311] on lattices of “full binomial type” seems

to address this question in some fashion.
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3.2 Notation
If L is a g-lattice and n € N, define

n—1
ng=(¢" ' 4+¢" 4+ +1) =) ¢\ (3.2)
1=0

To avoid confusion with other subscripts, we use a literal “¢” as the subscript never
replacing ¢ by a particular value—e.g. writing “ng with ¢ = 2” rather than “ny”.
In practice no confusion arises from this convention.

In a further abuse of notation, for n, k € N define

n
nlg =[] 7, (3.3)
j=1

and
. k—1
Ng = H(”q — Jq)- (34)
i=0
Note that
ng = q(;)n!q. (3.5)

In the context of g-lattices, the numbers ny, nly, and nf‘ behave in a fashion
much like we have come to expect from n, n!, and n in a more conventional setting.
The exploitation of this behavior produces a number of the results that follow.

For instance, let L be a g-lattice with factorial function B(n). By Theorem 3.1

A(n) = [le] =n, forallneN.

Thus
B(n) = A(n)A(n —1)... A1)

=ng(n—1),...14

—n!
e n.q.

Further, for all n,k € N with &k <n

n| B(n)

ki — B(k)B(n —k)
nlg

= Ey(n - k),

=2 (3.6)



Note that the last equality, namely

holds even without the condition k£ < n.

3.3 Combinatorial results

The well-known tendency of identities involving binomial coefficients and iden-
tities involving ¢-binomial coefficients to occur in analogous pairs (see Appendix A)
finds its explanation in the fact that the identities depend on g-lattice properties
rather than on properties of sets or finite vector spaces. This fact provides a pow-
erful tool for showing that these pairs of identities are special cases of more general
results.

The following theorem follows easily from equation (3.6) by algebraic manip-
ulation. The combinatorial proof given below illustrates, however, the power of

g-lattices to generalize familiar set and vector space arguments.

Theorem 3.2 (g-binomial recurrence). Let L be a g-lattice. For alln € P and

keN . .
- e}

Proof. The result holds trivially if n < k or k¥ = 0, so assume 1 < k < n.

Let [z,y] be an n-interval in L. Then both sides of equation (3.7) count the
number of elements of rank k in [z,y].

The left-hand side does this by definition.

For the right-hand side proceed as follows. Choose 2o € [z,y] with p(2z) = 1.
Define

A= {Z € [20,9) | p=(2) = k}

and

B={z€[z,y] - [20,y] | p(2) = k}.

The number of rank k elements of [z,y] is |4] + |B|.
Clearly,

41 = |z € ol Lonoe) = -1} = [ T3],

16



Now let C' = {w € [z0,Y] | pzo(w) = k}, and define a mapping a: B — L by
a(z) = 29 V z. We wish to show that a 1s a (¢¥)-to-one surjection onto C. Since
|IC| = ["7}] this result will show that |B| = g [

Let z € B. Since zp £ 2, the inequality 2o Az < zo holds. But the only element

of [z,y] less than zg is z, so 20 A z = = and

pz(z0 V 2) = pz(20) + pz(z) — pz(20 A 2)
=1+4+k-0
=k+1.

Also 29 V z € [20,y] and p;,(20 V 2) = k, so a(z) € C. Note that a(z) covers 2
(in [z,y]). Indeed, a(z) is, as we show below, the only element of C' that covers z
(in [z,y]), and so we may define a(z) equivalently as the unique element of C that
covers z (in [z,y]).

Suppose w' € C, distinct from w, also covers z. Since p.(w) = pz(w') = k + 1,
the elements w and w' are incomparable and p,(wAw') < k. But z <w and z < w'
and p.(z) = k, so it must be the case that w Aw' = z. Now zp < w and 20 < w',
so zg <wAw' =z Thus zg < z <y and z € [z,y]. This is a contradiction since
z € B implies z € [2q,y]. Therefore w must be the only element in C that covers z.

If w € C and thus p;(w) =k + 1, then

{z € o, 0] | palz) =k}

_[k+1
-[7)
(k4D
Rl

=(k+1),.

{z € [z,y] | w covers z}

Of these [, *,] = k, are in [20,w] and hence in [20,y]. These are not in B and must
be omitted. Thus w covers (k+ 1), — k, = ¢* elements of B. So a is surjective and
(¢*)-to-one.

It follows that

o=
=m0
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In the special cases of (3.7), namely the binomial recurrence

B-G2D+()

and the finite vector space ¢-binomial recurrence

(1), (o2, (F)

= &, ),

k), k-1/, ko /,

for ¢ a prime power, the above proof specializes as follows. In the first case count
k-subsets of an n-set according to whether they contain a distinguished element of

the n-set. In the second case count k-subspaces of an n-space V over Fy; according

to whether they contain a distinguished one-subspace of V.

3.4 Complementation

If L is a g-lattice, [z,y] is an interval in L, and z € [z,y], call 2’ € [z,y] a
complement of z (in [z,y]) if zAZ' = z and 2V z' = y. The following theorem about

complements proves useful for a later result.

Theorem 3.3. Let L be a g-lattice and [z,y| an n-interval in L for some n € N.
Ifke€{0,1,...,n} and z € [z,y] with p(z) = k, then

‘{z' € [z,y] ’ 2' is a complement of z }l — qk(n—k)'

Proof. For k € {0,1,...,n}, let z € [z,y] with p(z) = k. Further let
C = {# € [z,y] | #' is a complement of z}.

We wish to show that |C| = ¢*¥(»~k).
If 2’ € C, then by modularity

p(ZN+p(2)=p(zA2)+p(zV2)=0+n,

o(z)=n—p(z) =n— k.

In particular, distinct elements of C' are incomparable since they have the same
rank.

18



Define

D= {chains t=ag<a; < < n-f in [z,Y] |an_k eC
and p(a;) =1 for all i},

and evaluate |D| in two ways as a means to finding |C].

First note that every chain in D is a maximal chain in the (n—k)-interval [z, 2']
for some z' € C. Conversely, if z' € C, then every maximal chain of {z, '] is in D.
The factorial function B(n — k) = (n — k)!, gives the number of maximal chains in

[z, 2] for each 2' € C, and no chain in D includes two distinct elements of C'. Thus
|ID| = |C|B(n — k) = |C|(n — k). (3.8)

On the other hand note that ag < a1 < -+ < @n—f with an—x € C isin D if
and only if a; A z = z for all 1 € {0,1,...,n — k}. This is obvious except perhaps
to see that if ¢ € {0,1,...,n — k}, then a; Az < zand a; A 2 < a; < ap-k. So
ai ANz < an_x Az = z, which is to say a; A z = z, thus showing the “only if”
statement.

Proceed by counting the ways to construct ag < a1 < -+ < @n—k in D directly:
Choose ag in the one way possible. Then choose a;, a2, etc. If the first part of the
chain ag < a; < -+ < a; fori € {0,1,...,n— k — 1} has already been chosen, how
many choices are there for a;4,7?

The interval [a;,y] is an (n — i)-interval and thus has [*[*] = (n —1), elements
that cover a;. These are all the elements of rank (i.e. p;) 7 + 1 which cover a; in
[z,y]. Not all of these elements, however, have the property that their meet with z
is z. Exclusion of the elements that lack this property will leave the valid choices
for a;41.

Let o cover a;. Thena; Vz<aVz, so

plaVz) 2 p(ai Vz) = plai) + p(z) —plai A2) =i+ k—p(z) =i+ k.
Thus

o A2) = p(a) + p(2) ~ plaV 2)
Sitl+k—(i+k)
=1,

which is to say
plaNz)=0 or plaAz)=1.
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Let A = {a € [z,y] l a covers a; and p(a A z) = 1}. The valid choices for ai,
are all the elements that cover a; except for those in A. So the problem is to find
|Al.

Let B = {rank-one elements of [z, z]}. If a,0' € A are distinct, then (A z) A
(o Az)=(aAha')Az=a;Az==z,s0 aAz#a Az Thusthe map from A to B
by o — a A z is injective. In particular, |A] < |B].

On the other hand, let 3 € B. Then a; A 8 < a; A z = z. Thus p(a; V B) =
p(ai)+p(8)—p(aiAB) = i+1 and p((aiVB)Az) = p(a;VB)+p(2)—p(aiV(BV2)) =
i+1+k—pla;Ve) =i+14+k—(i+k)=1,s0a;VB € A If ' € Bis distinct from
B, then p((a;VB)V(ai V")) = p(a:iV(BVB") = p(a:)+p(BV ')~ p(ai N(BAB')) =
i4+2—p(z)=i+2 (note a; A(B+B') <aiAz=1z),500a;V P #a; V. Thusthe
map from B to A by 8 — a; V f is injective. In particular |{B| < [A].

Therefore |A| = |B| = [’lc] = ky. So kg of the (n — 1), elements that cover a;
cannot be element a;4+; in the chain.

Altogether then there are H::Ok_l ((n —1)q — kq) ways to construct a chain in
D—that is

n—k-1
|D| = H ((” —1)g— kQ)'

Combining this formula with (3.8) yields

Cltn= Kty = I (=)~ ). (39)

Now use the following identity to manipulate the right-hand side of (3.9). If
r,s € P with s < r, then

rg—sg =" g P+ + D)= (T T+ )

— (= 8), (3.10)

From (3.9) then,

n—k-—1

Cln =)ty =TT ((n=i)s—k)

n—k-—1

= H qk(n"k_i)q
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n—k—1

=g 00 ] (k- i)

i=0
n~k

_ qk(n—k) H iy
=1

= ¥ =B — k),

That 1s,
ICl(n—k)y = ¢**"F(n - k)1, (3.11)

Divide both sides of (3.11) by (n—k)!4 (recall 0!; = 1) to get the desired result,
adopting the convention 0° = 1 in the case ¢ = 0.
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4. The Algebra of q-Binomial Series

4.1 The set of arithmetic functions

The set of (complex-valued) arithmetic functions CN = {F : N — C} is simply
the set of sequences of complex numbers. If ag, a1, as,... € C, then the statements

F(n)=an foralln € N

and

F =(agp,a1,as,...)

both describe the same arithmetic function F.

There are several ways to give CN the structure of an algebra over C. Two
of these possibilities appear shortly. The third appears in Section 6. All three,
however, have the same addition and scalar multiplication. Namely, if F,G € CN
and c € C define

(F + G)(n) = F(n) + G(n) foralln e N

and

(cF)(n) = (c.F)(n) = ¢(F(n)) for all n € N.

Either juxtaposition or a period denotes scalar multiplication, the latter appearing,
however, only when clarity demands it.

Let F,G € CN and define the Cauchy product F x G of F' and G by

(F*xG)(n) = zn:F(z)G(n —1) for all n € N.

The quadruple (CN,+,%,.) is well-known to be a C-algebra and is, in fact, the
algebra of formal power series. For a thorough development of formal power series,
see I. Niven [13]. This is the first way to give CN the structure of a C-algebra.
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4.2 Newton multiplication

The second way to give CN the structure of a C-algebra involves a new mul-
tiplication and requires the following definition. Let L be a g-lattice. If n,r,s € N

and [z,y] is an n-interval in L, define the covering coefficient

{ " } = ‘{(z,w) | z,w € [z,y}, p(2) =7, p(w) =5, and zVw =y}l. (4.1)

r,s

The following theorem shows that covering coefficients are well-defined—i.e.,

they do not depend on the particular interval [z, y] under consideration.

Theorem 4.1. If L is a g-lattice and n,r,s € N, then

ntyg(n == ) .
{ n } = { (n—r)ly(n—8)g(r+s—n)ty? ifr < n, s s m, andr +s2n . (42)
0
q

TS , otherwise

Proof. The “otherwise” case of (4.2) is obvious, so assume r < n, s < n, and
r+4+ s> n.
The result follows immediately from showing that

{} (n = )lg(n = )y(r + s = n)ly = nlgg™=D"=9), (4.3)
’ q

Let [z,y] be an n-interval in L. The right-hand side of (4.3) is ¢(®~"{("=*) times
the number of maximal chains in [z, y].

The left-hand side of (4.3) counts the same quantity, but in indirect fashion.
Choose z,w € [z,y] with p(z) =7, p(w) = s, and z V w = y. There are {r"ls}q ways
to do this, where {r','s}q may depend on [z,y].

Let z = a9 £ a3 £ --- £ a, = y be a maximal chain in [z,y] that includes
z A w and w. Clearly a, = w and ar4s—n = 2 A w since p(w) = s and p(z Aw) =
p(z) + p(w) — p(z V w) = r + s — n by modularity.

How many such chains are there? This chain being maximal is equivalent to
the chain ap < a; £+ < ar4s—n being maximal in [z, z A w], the chain arys—p <
Ar4s—n+1 < - < ag being maximalin [zAw, w], and the chaina; < ag41 <+ < ap
being maximal in [w,y]. The interval [z,z A w] has length r + s — n and thus has
B(r + s —n) = (r + s — n)!; maximal chains. Similarly the interval {z A w,w]
has B(s — (r + s —n)) = (n —r)!; maximal chains, and the interval [w,y] has
B(n—s) = (n—s)!y maximal chains. Altogether, then, (r+s—n)ly(n—r)ly(n—s)l4

maximal chains in [z,y] include z A w and w.
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This quantity appears in (4.3) and gives rise to the following interpretation.
The left-hand side of (4.3) counts the number of ways of choosing z,w € [z,y] with
p(z) =r, p(w) = s, and zVw = y and then forming a maximal chain of [z, y] which

includes z A w and w.

How many times does this procedure count a given maximal chain? A chain
that includes z A w and w for the z and w chosen above also includes z' A w and
w, where p(z') =7, 2’ Vw =y, and 2’ Aw = z Aw. In short, this procedure counts
a maximal chain that includes 2 A w and w once for each complement of w in the
interval [z A w, y|.

The interval [z Aw,y] has lengthn — (r+s—n) =2n—(r+s), and paw(w) =
s —(r+s—n)=n—r. So by Theorem 3.3, the element w has

q(n—r)((2n——(r+s))—(n—r)> = g(r=n)(n=9)

complements in [z A w, y].
Therefore this procedure counts every maximal chain in the interval [z,y] ex-
actly (=" (=9 times. The resulting quantity is the left-hand side of equation (4.3).
This establishes (4.3) as an identity, and the desired formula (4.2) follows im-
mediately by division. In particular, (4.3) shows that {r','s}q depends on n, r, s,

and ¢, but not on the particular interval [z,y] under consideration.

If L is a g-lattice with ¢ = 0 and if n,r,s € Nwithr <n,s <n,andr+s > n,
then equation (4.2) becomes

n| J1, fr=nors=n
rst, 1 0, otherwise '

Under the same conditions with ¢ = 1,

{:s}q (n—r)(n —:;'(r Fs—n)

which is the trinomial coefficient (,__ — +s_n).

Let F,G € CN. Define the ¢-Newton product F o G of F and G by
(FoG)(n)= Z Z { } F(r)G(s) forallneN, (4.4)
r=0 s=n-—r

where the { ™, }q are covering coeflicients of a g-lattice as defined by equation (4.1).

’
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The frequently-useful alternative definition

(Fo@)n) = ZE {T 3} )G(s) forallneN (4.5)

r=0 s=0

is equivalent to (4.4) since {:s }q = 0 in all the additional terms.

The proof that Newton multiplication is associative requires the following def-
inition and lemma:

Let L be a g-lattice and [z,y] an n-interval of L for some n € N. If k£ > 2 and

n,T1,T2,...,7k € N, define the multi-covering coefficient

n
{ } _ |4}, (4.6)
7‘1,7‘2,...,T‘k q

where
A= {(zl,...,zk) | zi € [z,y] and p(z;) = r; for i € [k],and z; V- -+ V 2z =y}.

Lemma 4.1. Let L be a g-lattice and [z,y] an n-interval of L for somen € N. If
k is an integer with k > 2 and if ry,r9,...,rk41 are all nonnegative integers, then

r T n n
—o0 T14y724...,Tk q Ty Tk+1 q T1,725. ..y Tk41 q

Proof. Let A be the set of (k+ 1)-tuples that the covering coefficient on the right-
hand side of (4.7) counts by definition, and let B = {(z,w) | z,w € [z,y] and
p(w) =141 and zVw = yJ.

Define a mapping a : A — B by a(21,22,...,2k+1) = (21 V22 V -+ - V 2k, 2ky1).
As the following argument shows, the left-hand side of (4.7) counts the elements of
A according to their image under a.

Let (z,w) € B be fixed. Then (z1,22,...,2k+1) € A maps to (z,w) under «
if and only if z; V2o V-V 2z = z and 2p41 = w. If r = p(z), then there are

} such (2,'1,22, ., 2k ) since for ¢ € [k] the z; must be in the r-interval

-1 _ r
Ia (z,w)[ a {rl,rz,...,rk}q'

The set B contains { , r:+1} elements that have a first coordinate with rank r.

{ T1 ,7‘2 yoey Tk
[z, 2]. Consequently,

Summing over all possible values of r yields

n
T Rt e 0t (R 3 W
T1,72y. -y Tk+1 q —0 T1472,...4,Tk q Ty Tk4+1 q
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Note that equation (4.7) establishes a recurrence which effectively defines the
multi-covering coefficients in terms of covering coeflicients. As the value of covering
coefficients does not depend on the interval under consideration, neither does the
value of multi-covering coeflicients. That is, the multi-covering coefficients are well-
defined.

Note also that the value of {rl,r:...,rk} remains unchanged if the order of the
r; changes. This observation follows from the commutativity of the join operation.
Theorem 4.2. Ifo is a g-Newton product and F,G,H € CN, then (FoG)o H =
Fo(GoH).

Proof. Let F,G,H € CN and n € N. Then

(FoG)oH)(n)= ZZ{T s} (FoG)(r)H(s)

{z,]}qF(l GG ) H(s)

SR8

S5 (SR roew) o

=335 rcome {7 {7}
- g:oz:%;F(i)G(j)H(s {Z,:‘,S} (4.8)

where the last step follows from Lemma 4.1.

Beginning with the same lemma and essentially reversing the previous steps,

ZZZF G’(])H(s){ } ZZZF(Z)G(J)H )Z{ }{}

LRI ro(EE ) oom)
_;Z{} (G0 B)r))
=(Fo(GoH))(n).
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The following three lemmas complete the demonstration that Newton multi-
plication together with the usual addition and scalar multiplication give CN the

structure of a commutative C-algebra.

Lemma 4.2. If¢ is a ¢-Newton product and if F,G € CN, then FoG = GoF.

That is, Newton multiplication is commutative.

Proof. This follows easily from equation (4.5) and the fact that

{n} ={n} for all n,r.s. € N.
sty $7J,

Lemma 4.3. If o is a ¢-Newton product and F,G,H € CN, then Fo(G+ H) =
FoG+ Fo H. That is, Newton multiplication distributes over addition.

Proof. Let n € N. Then

(Fo(G+H))(n)= iozo{ } F(r)(G + H)(s)
- Z Z {r } (F(G(s) + P H(s)
=2=:0ZO{ " } F(r) G(s)+;§{ } F(r)H(s)

=(FoG)(n)+ (FoH)n).

Lemma 4.4. If ¢ is a ¢-Newton product, F,G € CN and c € C, then ¢(F o G) =
(cF)oG.

Proof. If n € N, then

((Fo@)n)=c(Fo@)(n)=cY 3 { ”S} F(r)G(s)
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This lemma completes the proof of the following theorem.

Theorem 4.3. If o is a g-Newton product then the quadruple (CN,+,0,.) is a

commutative algebra over C.

Let U = (1,0,0,...) € CN. If F € CN and n € N, then

(Uo F)(n Z Z{ } (r)F(s)

r=0 8=n-—r

~ {O,n}qU(O)F(n)

= (D(1)F(n)
= F(n).

Therefore (CN, +,0,.) has a multiplicative identity, namely U.

Under the same conditions define ¢: C — CN by ¢(c) = cU for all ¢ € C.
The mapping ¢ is well-known to be a C-algebra monomorphism between C and
(CN, 4, *,.). As it turns out, ¢ is also a C-algebra monomorphism between C and

(CN,+,0,.).
Theorem 4.4. If o is a g-Newton product, then the mapping ¢:C — CN by
¢(c) = cU for all ¢ € C, is a C-algebra monomorphism between C and (CN, +,0,.).

Proof. By the remarks preceding this theorem, ¢ is injective and preserves addition
and scalar multiplication. It suffices to show that ¢ preserves multiplication.

Let a,b € C. Then ¢(ab) = (ab)U = a(bU) = a(U o bU) = (aU) o bU =
¢(a) o 4(b).

u]

In light of Theorem 4.4 and the remarks preceding it, the natural practice arises
of viewing the image of C under ¢, that is the set

¢(C)={cU | c€ C} = {(c,0,0,...) | ce C}

as a copy of C in CN. This leads to the convention of denoting the sequence cU =
(¢,0,0,...), where ¢ € C, simply by c, allowing the context to resolve ambiguities.
In particular,

U=1U=1,
where 1 € C the first time it appears and 1 = (1,0,0,...) € CN the second time it
appears.
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4.3 The indeterminate and g-binomial polynomials

Define X € CN by
X =(0,1,0,0,...).
Let
X0 =1= (1,0,0,...),
and forn € P let .
n times

X"=XxXx*-xX.

With a suitable metric on CN and a few natural definitions (see section 4.5),
the series Y ., a,X*" converges to (ag,a,az,...). For this reason the algebra
(CN, +, *,.), much more commonly denoted (C[[X]], +, *, .), is called the algebra of
formal power series. See I. Niven [13] for a thorough development of formal power
series.

A bit unexpectedly, if ¢ is a g-Newton product with ¢ > 0, then the elements of
CN also have a “nice” representation as infinite series in the algebra (CN,+,9,.).
The development of this idea and an investigation of the algebraic properties of
(CN,+,9,.) occupy the remainder of this section.

Let ¢ be a g-Newton product with ¢ > 0. Adopting the convention that an
empty Newton product is 1 € CN, define the g-binomial polynomial of order n

<X> _ (XoX ~1)00(X —~(n—1)))
n/g (nq(nq —1g)...(ng—(n— 1)q))

= (nq(nq—lq)...l(nq-——(n_l)q)) (XO(X—19)0"'°(X—'(n—1)q))
1

n
Ng

(Xo(X —1g)0--0(X —(n—-1)y) (4.9)

for all n € N.
Clearly <}0{>
ucts, and <)1<>

general.

=1 = (1,0,0,...) by the convention on empty Newton prod-
X =(0,1,0,0,...). The following theorem characterizes <},f >q in

'~

. =

Theorem 45 Forn € N let <f>q be the ¢-binomial polynomial of order n where
g > 0. For all k € N, then, <f>q(k) = énk, where § is the Kronecker delta. In other

words

X
< > :(0’0""70,1,0)0'°)€CN’
q

n
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where the 1 falls in the nth position, the initial position being considered position 0.

Proof. The result holds for n =0, 1.
Proceeding by induction, assume the result holds for some n € N. Then

recalling equation (3.5)

X 1
<n+1> m(XO(X—lq)O-HO(X—nq))
1

= qn(n+l)/2(n + 1)'q (XO(X — 1q) O O(X — nq))

= <—;(—T%)/QT!q(X<>(X—1q)o---o(X —(n - 1)q)))
q (e )
_ <‘:f>q o (ﬁ(x - nq)) (4.10)

Let

If £ € N, then by (4.10)

k k

<n+1>(k) (Fo@G)(k) = ZZ{ } (r)G(s). (4.11)

r=0 g=k—r

By the induction hypothesis F(r) = 8,,. In particular, F(r) = 0 for r < n.
Therefore, by (4.11), for all k < n

<ni{r 1>q(k) =0

Now assume k£ > n. Then equation (4.11) yields

<n+1> (k) = F(n) Z { }q (s). = }i {n]’cs}qG(s). (4.12)

s=k—n s=k—n

Note that 1
G=———(-n41,0,0,...).
9"(" + 1)9( ! )
That is, G(s) = 0 for all s > 2. So the summation in (4.12) is nonzero only if
k—n=0or k —~n = 1—in other words if k = n or £k = n + 1. Consider these two

cases separately.
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Case 1. Suppose k = n. From equation (4.12)

OHICEN LS

- {nr"'o}qG(O) + {ntll}qc;a).

By the definition of covering coefficients

n
=1,
{n>0}q

{nill}q —h
(X m={ oo+ {7} o

and by equation (4.2)

=) () + ) (e

= 0.

Case 2. Suppose k =n + 1. From equation (4.12)

(L=

s=1
n+1
_{ n,1l } (1)
- 1l n' 0!y g*(n+1),
= 1’

where the value of {1:}-11} comes from equation (4.2).

Therefore
X (k) = l, fk=n+1
n+1/, ~ 10, otherwise
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4.4 Polynomials

Let P = {F e CN | there exists an N € N such that Fi(n) = 0 whenever
n>N } In other words P is the set of finitely nonzero sequences in CN. Then
(P, 4+, *,.) is the algebra of polynomials over C, more usually denoted (C[X], +, *, .).

If F € P with F # 0, define the degree of F' by deg ' = max{n € N | F(n) #
0}. Further define deg0 = —o0.

As it turns out, if o is a ¢-Newton product with ¢ > 0, then the quadruple
(P,+,9,.) i1s also a C-algebra and is isomorphic to (P, +,*,.). The proof of this
1somorphism requires the following lemma.

Lemma 4.5. Let L be a g-lattice with ¢ > 0. For n € N define F, € CN by
F=1,
=X,

and

1
Fa= 2z (Xs(X=1)s s (X~(n-1))) forn>2  (413)
ny
Ifr;s € N, then

r+4s
Fo+F, = { " } F.. (4.14)
q
Proof. For ¢ € C, let ¢.:P — C be the usual evaluation homomorphism from

(P,+,%,.) to C. That is to say, if F = Zio a;X** € P for some N € N and
complex constants ag,ai,...,an, then

M=

¢C(F) = a,-ci.
1=0
If k,n € N, then
1 n
elPr) = () 1
]
-
= | (4.15)
by equation (3.6). So if r,s € N, then Theorems 1.1 and 1.3 establish
k] %]
F.xF,) =
i [F
_ g:s n k
B = \r,s),n
T+s n
= ¢x, (; {r’s}an) (4.16)
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for all ¥ € N. Those theorems, however, make use of set arguments and vector
space arguments. A more general argument using properties of g-lattices suffices
to establish equation (4.16) for all k € N. This argument, of course, then yields
Theorems 1.1 and 1.3 as special cases. Namely, let [z,y] be a k-interval in L. The
left-hand side of (4.16) counts the number of ways to choose z,w € [z,y] such that
p(z) = r and p(w) = s. The right-hand side of (4.16) does the same according to
the rank of z V w.

Both sides of equation (4.14) are polynomials of degree r + s or less, but equa-
tion (4.16) holds for all £k € N. This says that

6.(Fe F)) = b (fj { }qF)

n=0

for an infinite collection of ¢ € C, namely for any ¢ = kg, where k € N. Thus (4.14)
1s a polynomial identity.

Let o be a ¢-Newton product with ¢ = 0 and let
F=(1,-1,0,0,...) and G =(0,0,1,0,0,...)

be in P. If n € N, then

(FoG)(n Z Z{ } (r)G(s)

r=0 s=n-—r

= Z F(r)G(n) + Z F(n)G(s)

So
(FoG)(0) = F(0)G(0) =0,
(FoG)(1) = F(0)G(1) + F(1)G(1) + F(1)G(0)
=04+040=0,
(FoG)(2)=F(0)G(2) + F(1)G(2) + F(2)G(2) + F(2)G(1) + F(2)G(0)
=1-1404+0+0=0,
and clearly (F'o G)(n) = 0if n > 3. In other words F o G = 0. Thus (P,+,9,.)
has zero divisors and is not isomorphic to (P, +, *,.) since (P, +, %) is an integral

domain.
If ¢ > 0, however, the situation is rather different.
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Theorem 4.6. Let o be a ¢-Newton product with ¢ > 0, and for n € N define F,
as in the previous lemma. Define ¢¥: P — P by

N

W(F) =) anFn, (4.17)

n=0

where

F =(ap,a1,...,an,0,0,...) € P.
Then 1 is an isomorphism between (P,+,9,.) and (P, +, *,.).

Proof. Since deg F,, = nfor alln € N, the set {F}, | n € N} is clearly a vector-space
basis for (P, +,.). From this it follows easily that 3 is bijective.

It is also clear that ¢ preserves addition and scalar multiplication.

Let F,G € P with N = max(deg F,deg G). From (4.4) it is not hard to see
that deg(F o G) = deg(F) + deg(G), so deg(F o G) < 2N. Thus

2N
W(FoG) =) ((FoG)n)F,

7;7\70 N N n

=3 (ZZ {T’S} F(r)G(s)) F,
n;O Nr-—O 8=0 o )

=3 N F(rn)Gs) Y {r S} Fy
r;,O 3;0 n=0

= Z Z(F(r)G(s))(Fr * Fy) (by Lemma 4.5)
r= ]\;;—0 N

= (Z F(r)Fr> x (Z G(s)Fs)

= $(F) * %(G).

If F=(a,ai1,...,an,0.0....) € P, then by Theorem 4.5
N

F= ;an <i>q (4.18)

so the isomorphism of Theorem 4.6 can also be written as

P (i an<‘:>q> = i:oanFn. (4.19)

n=0
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That is
N
" (Zanﬁ(Xo(X —1)0-0(X —(n— 1)q))>

Yoo
Z —QX* [~ 1) %% (X —(n=1),)) (4.20)

Note that ¥(X) = X, so 3 can also be written as

N N
¥ (Z anX"") = a,X*", (4.21)

n=0 n=0

where )
n times

N

X" =XoXo---0X.

If c € C and 4. is the evaluation homomorphism from (CN, 4+, *,.) to C, then
the mapping ¢..: P — C by ¢.(F) = ¢.(¢(F)) is a homomorphism from (CV, +,0,.)
to C. Call ¢, the evaluation homomorphism from (CN,+,0,.) to C.

4.5 Topology and convergence

I. Niven [13] defines a metric d on CN as follows: Fix a real number b € (0, 1).
Define the valuation val on CN by

val(F) = {min{n EN|F(n) 70}, i F A0

for F € CN (Niven calls this the degree of F). Use this to define an absolute value
on F € CN by
IFl — bval(F).

Finally define the metric d on CN by
d(F,G) = |F - G| (4.22)

for all F,G € CN.

The sequence {F,,} in CN is summable if and only if there exists F € CN such
that limp—co ) po Fx = F—that is, if and only if the sequence of partial sums
Fy + Fy + --- 4+ F,, converges to F in the metric d as n — oco. In this case write
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S o Fn = F. It is easy to see that {F},} being summable is equivalent to requiring
that the sequence {F,} converge to 0 in the metric d. This in turn is equivalent to
requiring lim, . val(Fy) = oo.

Let F = (ag,a1,an,...) € CN. Since val(X*™) = n for all n € N, the sequence

{a,X*"} is summable, and clearly
F=)Y a X" (4.23)
n=0

This is the reason for calling (CN, +, ,.) the algebra of formal power series.
Now let o be a ¢-Newton product with ¢ > 0. Theorem 4.5 shows that

n

<X> =X for alln € N,

g

so by (4.23) we can also write

(4.24)

F= gan<f>

In the light of this representation of the members of CN, call the algebra (CN, +,0,.)

the algebra of formal q-binomial series.

q

Equation (4.24) suggests the following restatement of the definition of Newton
multiplication. Let ¢ be a ¢-Newton product with ¢ > 0, and let

F=(a0,a1,a2,...)ECN and G=(bo,b1,bg,...)€CN.

Then

_ i (T" 2": {:S qa,bs) <)§ >q. (4.25)

Formula (4.5) produces the equivalent statement

FoG= Z% (i i {:S}qa,bs) <)n(>q (4.26)

=0 s=0
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4.6 Algebraic properties

Despite the existence of isomorphic subalgebras (P, +,*,.) and (P, +,¢,.), the
C-algebras (CN, 4, *,.) and (CN, +,9,.) are not isomorphic. This follows immedi-
ately from the existence of zero divisors in (CN, +,¢) since (CN, +, *) is well-known

to be an integral domain.

Theorem 4.7. Let o be a ¢-Newton product. The ring (CN, +,0) is not an integral

domain.

Proof. The remarks preceding Theorem 4.6 establish the result for ¢ = 0, so assume

qg > 0.
Let F = (—1,1,0,0,...) € CN. If F is a zero divisor of (CN, +,0), then there
is a nonzero G € C¥ such that F oG = 0. By formula (4.4) this equation says that

i 2": {rns}F(r)G(s) =0 for all n € N. (4.27)

r=0 s=n-—-r

Solving (4.27) for G yields the recursive definition

and

) (uhoto-n) oz

0,n q

By equation (4.2), for n > 2

n
{ } _{ n} =ng—1=¢""+¢"" 4 +q#£0,
q q

1,n 0,n

so this definition involves no division by 0 since g > 0.
To verify that indeed F ¢ G = 0, note that

(Foe)0) = { "o FO)G0) = (-1)0) =0

and
FoG(1) = {Ofl}qF(O)G(n + {1,10}qF(1)G(0) + {1,11}qF<1)G(1)

= (M=) + (D)) + (1)(1)(1)
=0
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and for n > 2

I,n ,n
n n
= —-1) - -1
Ln—1 qG(n 1) I }qG(n )

As neither F nor G is 0, this shows that F is a zero divisor of (CN, +, ).

Corollary. Let ¢ be a g-Newton product. The C-algebra (CN,+, %,.) is not iso-
morphic to the C-algebra (CN, +,0,.).

The units of (CN,+,0,.) have a simple characterization whose proof uses, in
part, the same technique as that used to define G in the proof of Theorem 4.7.

Theorem 4.8. Let ¢ be a g-Newton product. An element F of CN is a unit of
(CN,+,0,.) if and only if

m F(iy#0 forallne N.
=0

1

Proof. Suppose F' € CN suchthat 3.1 [ F(i) # 0 for all n € N. Define G € CN

by
G(0) %
and o
G(n) = — (; m F(z’)) (;0 ; {:S}qG(r)F(s)) for n € P.



By Theorem 4.1 and equation (3.6) note that

{ " } nl, g(n=r)(n=s)
rs), T (n=m)ly(n=38)y(r+s-n)

- (o) (o)
=[”” " }qw-r)(n—s) (4.28)

ryin—s:-

whenever n,r,s € N with r <n, s <n, and r + s > n. Of course a combinatorial

proof of this identity also exists.
Equation (4.28) and the definition of G yield

GoF)0) =1} GOF0) = mm@) =1
0,0/,

and for n € P

(G o F)(n)= n n {"}G
——G(n)zn:{n}F ) +

n

=)y Z [ } (n=mn=9) F(s) +Z Z { }G(r )F(s)

—

3

{ }quF(s)

=0

-

o[l £ {7 ooms
(St S E S )
- (; H F(i)) (6(r) - G(m)

=0.

Therefore G o F = (1,0,0,...) = 1, the multiplicative identity of (CN, +,0,.).
So F is a unit of (CN, +,9,.).

Conversely, suppose that F is a unit of (CN,+,¢,.) and there exists ann € N
such that - [T]F(i) = 0. Define H € CN by H(:) = 6y for all i € N, where §

1s the Kronecker delta.
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Ifke{0,1,...,n =1}, then

(FoH)(

>
i

0.

k

r—’;\
w‘
H/—’
L=}
5]
Ve
S
N
(%N
3
@

i

Further, again by equation (4.28),

n

(Fomym)=3 3 { }Fo»)am

0s=n-—r
oo
r,n

[ - n} pTA——

]
H

.,
1

I
M:

.,
Il
o

I
.

(13-
(=

3 |l

n

F(r)

P

‘]
Il
=)

Thus (Fo H)(k)=0for k € {0,1,...,n}.
Since F is a unit, there exists G € CN such that G o F = 1. In particular

(GoF)oH)(n)=(10H)(n)=

On the other hand

(Go(FoH))(n) = Z E {"} (r)(F o H) (s)

r=0 s=n-~r

_ Z Z { n }qG(r)(O)

r=0 s=n—r

= 0.

This is a contradiction. Therefore if F is a unit, it cannot be the case that
S o [ F(2) = 0 for some n € N.
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The second half of the preceding proof is essentially an argument about val-
uations and could easily be recast in that form as in the following sketch. The
valuation of the Newton product of two ¢-binomial series cannot be smaller than
the maximum of the valuations of the two factors (Equation (4.26) makes this
clear.). In particular if F, H € CN, then val(F o H) > val(H). But if F is a unit
of (CN,+,0,.) with Newton multiplicative inverse G, then val(F o H) = val(H)
as otherwise val(H) = val(lo H) = val(G o (F o H)) > val(F o H) > val(H).
On the other hand, if F,H € CN with 3 [}]F(:) = 0 and val(H) = n, then
val(F o H) > n, so F cannot be a unit.

It is interesting that this same sort of valuation argument produces the standard
result that units in (CN, 4, *,.) must have nonzero constant terms.
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5. The Underlying Structures

5.1 Covering algebras
Doubilet, Rota, and Stanley [4, 16] develop the theory of incidence algebras as

a means of finding the common structures behind many of the generating functions
which arise in combinatorics. Similar structures underlie ¢-binomial series. Indeed,
these structures bear much the same relation to incidence algebras that (CN, +,0,.)
bears to (CN, 4, *,.).

Let L be a locally finite lattice (always nonempty by assumption), and define

Int(L) = {intervals of L} = {[z, ] | z,y € L and z < y}.

Further, define C(L) = {complex-valued functions on Int(L)} = {f:Int(L) — C}.
Equip C(L) with the usual addition and scalar multiplication; namely, for all
f,g €C(L) and c € C let

(f +9)(z,y) = f(z,y) +9(z,9)
and
(ef)z,y) = (e.f)(z,y) = c(f(2,y))
for all intervals {z,y] € Int(L). The triple (C(L),+,.) is well-known to be a vector

space over C. Write f(z,y) in place of the more awkward f([z,y]).
Now equip C(L) with a multiplication. If f,g € C(L), we shall define f o g by

(fegdzy)= D, flz,2)g(z,w) (5.1)

z,we[z,y]
zVu=y

for all [z,y] € Int(L). The next few lemmas explore the behavior of this multipli-
cation.

Lemma 5.1. Let L be a locally finite lattice. If f,g € C(L), then fog=go f. In

other words, the operation ¢ is commutative.

Proof. Let [z,y] € Int(L) and f,g € C(L). Then
(foq)zy)= D flz,2)9(z,w)

z,w€[z,y]
zVw=y

Y. 9(@w)f(z,2)

w,z€[z,y]
wVz=y

= (go f)(z,y).
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Lemma 5.2. Let L be a locally finite lattice. If f,g,h € C(L), then (fog)oh =

fo(goh). In other words, the operation ¢ is associative,

Proof. Let [z,y] € Int(L) and f,¢g,h € C(L). Then

((fog)oh)(z,y) =

Y. ((fog)(z,2)h(z,w)

z,w€[z,y]
zVw=y

Z Z f(z,a)g(z,b) h(z,w)

z,w€[z,y] \ a,b€[z,2]

Vuw=y avb=z

S i@ a)e(z, b)h(z,w)
a,b,w€(z,y]

aVbvVuw=y

Z f(:v,a) Z g(z,b)h(x,w)
a,c€[z,y] b,w€(z,c]

aVe=y bvw=c

Z f(x,a)((goh)(x,c))
a,c€{z,y]

avVe=y

(folgoh))(z,y).

u}

Lemma 5.3. Let L be a locally finite lattice. If f,g,h € C(L), then f o (g + h) =
(fog)+(foh). In other words, the operation o distributes over addition.

Proof. Let [z,y] € Int(L) and f,g,h € C(L). Then

(Ffolg+h)(z,y) =

Y i) ((g+ k)W)

z,wE[z,y]
zVw=y

= Z f(z,2)(g(z, w) + h(z,w))

z,we[z,y]
zVw=y

= Z f(z,2)g(z,w) + Z f(z,2)h(z,w)

z,w€[z,y]
Vw=y

z,w€[z,y]
zVw=y

=(fog)(z,y) + (f o h)(z,y).
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Lemma 5.4. Let L be a locally finite lattice. If f,g € C(L) and ¢ € C then
c(fog)={(cf)og.
Proof. Let [z,y] € Int(L) and f,g € C(L). If c € C, then

(e(f 0 9))(z,y) = c((f o 9)(z,¥))
=c Z flz,2)g(z,w)

z,w€(z,y]
zVw=y

= Y (e, )z w)

7, we€[z,y]
zVw=y

= Y ((cHz,2)g(z,w)

z,w€[z,y]
zVw=y

= ((cf)og)(z,y).

o

Since (C(L), +,.) is a vector space, the previous lemmas complete the proof of
the following:

Theorem 5.1. If L is a locally finite lattice, then (C(L),+,9,.) is a commutative
algebra over C.

We shall call (C(L),+,9,.) the covering algebra of L over C.

The next two results give the multiplicative identity and characterize the units
of the covering algebra of a locally finite lattice.
Proposition 5.1. Let L be a locally finite lattice. The function § € C(L) defined
by

_J1, ffz=y
6(:c,y)—{0, frz<y
is the multiplicative identity of (C(L),+,9,.).

Proof. Let f € C(L) and [z,y] € Int(L). Then

(6°f)(xay) = Z 6($72)f(x>w)

ziwe[x7y]
Nw=y
= 6(z,z)f(z,y) + Z 8(z,2)f(z,w)
we(z,y]
<2<y
ZVw=y
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we[z,y]
r<z<y
zVw=y

Theorem 5.2. Let L be a locally finite lattice and f € C(L). The function
f is a unit of (C(L),+,9,.) if and only if for all [z,y] € Int(L) the condition

Y aelz,y F(2,a) # 0 holds.

Proof. Suppose that for all {z,y] € Int(L) the condition 2 a€(z,y f(%,a) # 0 holds.
Define a function g € C(L) as follows: First define f on all intervals of length

zero by setting
1

g(z,z
9= Hem
for all z € L. Complete the definition of g recursively by specifying

9(z,y) = (Z fxa) - Y e )g(zw) |,

a€[z,y] z,w€[z,y)
zlw<y
zVw=y
where [z,y| is an interval in L of positive length n. Note that the hypothesis rules
out the possibility of division by zero in this definition. (This is, of course, precisely
the definition of g that results from solving the equation (fog)(z,y) = §(z,y) for g.)
If z € L, then

(fog)(z,2)= D flz,2)g(z,w)

z,w€[z,1]
2Vw=z

= f(x7x)g(x7$)
1
f(z,z)

=1.
If [z,y) € L with z < y, then

(fog)zv)= D f(z,2)g(z,w)

z,w€[z,y]
Vw=y
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( fc,Z))gwa Y fle gz, w)
z€[z,y] z

y2WweE[z,y]
I<w<y
zVw=y

- z>)
= Ze[z’y] ) Z f(z,z)g9(z, w)

+ Y fla2)glew)

zwe[z,y]
clw<y
ZVw=y
Y. f@2gzw)+ > flz,2)g(z,w)
z,wE[:c,y] Z,tUE[.‘l:,y]
rlw<ly r<w<y
z2Vw=y zVw=y

= 0.

In short, fog =4.

Conversely, suppose f,g € C(L) with fo g = § and Zae[z,y] f(z,a) = 0 for
some [z,y] € Int(ZL). Then

Z (feg)z,a) = Z 6(z,a) = é6(z,z) = 1.
a€lz,y] a€lz,y]

On the other hand

S (Fegdma)= S Y f(z,2)g(z,w)

a€lz,y] a€lz,y] z,w€[z,q]
ZVw=a

= ) flz,2)9(z,w)

z,wE[:c,y]

= ( > f(x,z)) ( > g(x,w>>
z€[z,y] we€(z,y]
=(0)( > g(x,w))
we€|[z,y]

= 0.
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This is a contradiction, so there must be no interval [z,y] € Int(L) such that

Z:ilE[:c,y] f(ma a) =0.

The sequel shows the previous theorem to be a generalization of Theorem 4.8.
In particular, the contradiction that proves the converse above can be adapted,
albeit with much difficulty, to prove the corresponding implication in Theorem 4.8,

and the “valuation” argument given there also has a counterpart here.

Let f € C(L). We define powers of f under o by

=6
Fr=f
and
n times
on—" . o 8
fP=fofo--0of.
for n > 2.

The function in C(L) which takes the value one on every interval of L has
particular combinatorial significance. Call this the zeta function of C(L) and denote

it (. As in the case of incidence algebras, powers of { count interesting quantities
of L.

Proposition 5.2. Let L be a locally finite lattice. Forn € P and [z,y] € Int(L),
define

J(n;z,y) = '{(21,22,...,2,,) | 2i €lz,yl fori €[n],and 21 V2o V---V 2, =y}‘.

Then J(n;z,y) = (°**(z,y).

Proof. Proceed by induction.
The result is trivial for n = 1. If n = 2, then

(*(z,y) = (Co{)(z,y)
= Y (ea)(ew)

z,w€[z,y]
zVuw=y

Yo

z,w€[z,y]
z2Vw=y

= J(2;,y).
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Finally, if (°"(z,y) = J(n;z,y), then

¢ (z,y) = (¢ 0 O)(2,y)
= Z gon(z‘/ E)C(‘r7 w)

Z,we[ziy]

Vuw=y
= Z J(n;z,2)(1)
z,we(z,y]

VNw=y
= 2 2. 1
z,we€[z,y] 21,...,20 €[2,2]
Vw=y 21V--Vzp==z

= > 1

Z1y-+3%n 1w€[I)y]
z1Ve-VzgVu=y

=J(n+1;z,y).

If c € C, then denote by c the element ¢é of C(L), allowing context to clarify
whether ¢ € C or ¢ € C(L). In particular, § =1 € C(L).

Proposition 5.3. Let L be a locally finite lattice. If n € P and [z,y] € Int(L),
then

(¢(—1)°"(z,y) = '{(zl,...,zn) le<z;<yfori€n),andz; V- V2, =y}’.

Proof. The proof differs from that of Proposition 5.2. in only minor details.

By Theorem 5.2 the zeta function has an inverse. We shall call this inverse
the Newton function and denote it by v. The Newton function plays a role in
(C(L),+,0,.) analogous to that played by the Mobius function in an incidence
algebra.

If f,geC(L)withg=(of, thenvog=volof=10f=f Conversely, if
f=vog,then (o f=(ovog=10g=g. These observations prove the following

inversion formula.
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Theorem 5.3 (Newton Inversion). Let f,g € C(L). The following two propo-

sitions are equivalent:

(1) For all [z,y] € Int(L)

o(z,y) = (o f)z,y)= Y flz,w).

z,we€(z,y]
zVw=y

(ii) For all [z,y] € Int(L)

flmy)=wog)z,y) = Y vz 2)g(z,w).

z,w€[z,y]
Vw=y

This result appears later in a special case that gives it a clearer combinatorial
significance.

Solving (( o v)(z,y) = 6(z,y) for v produces a recursive definition of v. The

next theorem gives the result.

Theorem 5.4. If v € C(L) has the recursive definition

viz,z) =1 forallz € L

and
viz,y) = —I[x,y][—l Z v(z,w) forallz,y€ L withz <y,
z,w€|z,y]
zlw<y
Vw=y
then (ov = 4.

Proof. If z € L, then

(Cov)(z,z) = Z ((z, 2)v(z,w)

2, w€(z,z]
zVw=z

= ((z,2)v(z,z)
= (1)(1)
= 6(z, z).
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If [.y] € Int(L) with z < y, then

(Cov)(z,y) = Zg’mz (z,w)

z,w€[z,y)
zVw=y
= Z v(z,w)
Zwa[I,y]
zVw=y
= Y e+ Y dew)
2€[z,y] z,w€[z,y]
zlw<y
z2Vw=y
= |[z,9]|v(z,9) - |[z, y]|v(z,y)
=0
= 6(z,y).

5.2 Reduced covering algebras

Let L be a g-lattice, and define R(L) = {f € C(L) | f(z,y) = f(z',y') when-
ever [z,y,[z',y'] € Int(L) with {(z,y) = I(z',y')}. Recall that I(z,y) is the length
of the interval [z,y]—that is, the length of a chain of maximum length in [z,y].
So R(L) is the set of all functions in C(L), the value of which, on a given interval,
depends only on the length of the interval.

The set R(L) is precisely the subset of C(L) on which Doubilet, Rota, and Stan-
ley (4, 16] define the reduced incidence algebra of the binomial poset L. They show
that (R(L),+,.) is a subspace of the vector space (C(L),+,.). As the next lemma
and theorem show, R(L) is also closed under the multiplication 0. So (R(L), +,9,.)
1s a C-subalgebra of (C(L), +,9,.).

Lemma 5.5. Let L be a g-lattice. If f,g € R(L), then fog € R(L).

Proof. Let f,g be functions in R(L) and suppose that for all n € N the value of f
on an n-interval is a, and the value of g on an n-interval is b,,, where a,, b, € C.

For some fixed n € N suppose that [z,y] and [z',y'] are both n-intervals in L.
Then

(fog)(:r,y) = Z f(xaz)g(wi)

z,w€z,y]
zZVw=y
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ZZ Z Z f(:c,z)g(:z,w)

T zwe€lz,y]
p(2)=rp(w)=s
Vw=y

Z arbg

r=0 s=n—r Z,’U)E[.’E,y]
p(z)=r,p(w)=s
2Vuw=y

n
{ }arbs
s
r T q

\,
Il
=)
@

l
NE

3

1.:0 S=n-—
=X > 2 f@E 2 w)

r=0 s=n—r z,wE[I,’yl]

p(z)——-"')p(w):s
zV'UJ:y’

= Y fe2)Ew)

z,wE[I',y’]

sz=yl

=(fog)z',y"),

where { " } is a covering coefficient.
¥

Theorem 5.5. Let L be a g-lattice. Then the quadruple (R(L),+,%,.) is a C-

subalgebra of the C-algebra (C(L), +,9,.).

We shall call (R(L), +,0,.) the reduced covering algebra of L.

5.3 Isomorphism to the algebra of g-binomial series

The appearance of covering coefficients in Lemma 5.5 and the dependence of

g-binomial series and reduced covering algebras on g¢-lattices suggest a connection

between these two algebras. Then the two algebras are, in fact, isomorphic.

Theorem 5.6. Let L be a g-lattice. Define a mapping ":R(L) — CN as follows:
If f € R(L), then define f € CN by f(n) = f(z,y), wheren € N and [z,y] is an
n-interval in L. Then " is an isomorphism between (R(L),+,9,.) and (CN, +,9,.).

Proof. The mapping " is clearly a bijection.
Let n € N and let [z,y] be an n-interval in L.
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If f,g € R(L), then
(F¥9) () = +9)z.v)
= f(z,y) + g(z,y)
= f(n) + §(n)
= (f +§)(n),

so " preserves addition.
If f,g € R(L), then by the proof of Lemma 5.5

(Fou) )= (Fog)ay)

n n n . A
B ; s:zn:—r {r’ S}qf(r)g(S)
= (fog)(n),

so ~ preserves multiplication.

If f e R(L) and c € C, then
(F) (m) = (ef)2,y) = e(f(2,9)) = c(F() = (ef)(n),

so " preserves scalar multiplication.

O

This result parallels that of Doubilet, Rota, and Stanley [4, pp. 280-281], [16,
p. 144] showing the isomorphism between an algebra of formal power series and the
reduced incidence algebra of its corresponding binomial poset.

The reduced covering algebra also behaves nicely with respect to multiplicative

mverses.

Theorem 5.7. Let L be a g-lattice, and let f,g € C(L) such that fog = 6. If
f € R(L), then g € R(L). In other words, if f € R(L) is invertible in (C(L),+, 0, .),
then its inverse is in (R(L), +,¢,.).

Proof. Let f € R(L) and g € C(L) with fog = 6. If [z,y] € Int(L) is an n-interval
for some n € N, then by Theorem 5.2

n

> []in= X searo

r=0 z€[z,y]
By Theorem 4.8, then, f is invertible in (CN,+,0,.). But (CN, +,9,.) is isomorphic
to (R(L),+,9,.), so f is invertible in (R(L), +,9,.). Since é € R(L) and fog =6,
the function g must be the inverse of f in (R(L), +,9,.). In particular, g € R(L).

m]
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Corollary. Let L be a g-lattice, and let ( and v be the zeta-function and Newton
function of C(L) respectively. Then (,v € R(L).
Proof. Since ( isin R(L) by definition, Theorem 5.7 also guarantees that v € R(L).

u]

This corollary shows that under the given conditions the functions ¢ and v
have images in CN under the isomorphism of Theorem 5.6. As a result, the algebra

(CN, +,9,.) also has a Newton inversion formula as the next section shows.
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6. Newton Inversion

6.1 Arithmetic functions with the Schur product

The long-awaited third way to give CN the structure of a C-algebra involves
Schur (i.e. “pointwise”) multiplication. Namely, if F,G € CN, define

(F-G)(n)=F(n)G(n)  foralln e N.

The quadruple (CN,+,,.) is well-known to be a C-algebra. This algebra has the
particularly nice property that zero divisors, units, and multiplicative inverses are
recognizable by inspection.

Oddly enough, this third way of giving CN the structure of a C-algebra is not
algebraically distinct from the second way. That is, the algebras (CN, +,0,.) and
(CN ., +,:,.) are isomorphic! The following lemmas lead to a proof of the isomor-

phism.
Lemma 6.1. Let L be a g-lattice. If n € N, then
- oy r(r=1)/2 | 1, ifn=0
;( e [r] - {0, otherwise (6.1)

Proof. If n = 0, then the left-hand side of (6.1) is
0
-1 0 0 =1
(-1)"¢ [0]

with the convention that 0° = 1 in the case ¢ = 0.
If n > 0, then by equation (3.7)

Z( 1)7q - 1)/2[ J Z( 1)rgrr=D/2 ([::i] f [n;l})
_Z( 1)7q"(r= 1)/2[ ]+Z( 1)rgrr=D/2 r[ ;1}

n—1
— Z(_l)r+1q(r+1)(r)/2 [ ]
r=0 r
n-—-1 1
+ Z( 1)7' (r+1)(r)/2 l:n - :l

r
r=0



Lemma 6.2. Let L be a g-lattice and let n,r,s € N withr < s < n. Then

AE= IR o

Proof. Let [z,y] be an n-interval in L.

Both sides of (6.2) count the number of ways to form a chain z < 2 <w <y
such that p(z) = r and p(w) = s. There are [?] ways to choose w and then [?]
ways to choose z € [z,w]. On the other hand there are m ways to choose z and

then [}~7] ways to choose w € [z, y].

The next lemma gives a ¢-binomial inversion formula which encompasses both
the usual binomial inversion and its g-analog as given by Goldman and Rota 6,
p.244]. It is, thus, not a new result, but its proof requires no reference to sets or
finite vector spaces, growing instead out of the properties of g-lattices.

Lemma 6.3 (¢-binomial inversion). Let L be a g-lattice. If the constants
ap,@1,032,...and by, by, by, ... are all complex numbers, then the following two state-
ments are equivalent:

(1)

n

bn:Z[ﬂai for all n € N,

i=0
and
(ii)
n = -1 n—i_(n—1)(n—i—1)/2 n bi fe 1] )
a ;( )" 'q ; oralln e N

Proof. Suppose the second statement holds. Then

n

> [{]e = 32 [ Socnsgenesnn ],

1=0 1=0

n n ro.

=3 by Y (—1) g2 ["] f]
=0 i=; tu
n . n -n_].

=3 "]y S (mayi gz ]
=il = i -
n )] n-—j o Tl—j

SO AL M e
Jj=0 7] =0 :
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ik
n
= bp.

The next-to-last equality follows from Lemma 6.1. The identity [%] [;] = [?] [?__]J]
1s an application of Lemma 6.2.

The converse follows in a similar fashion, the identity [7:] = [n l] being useful
in performing the necessary algebraic manipulations.

]

Theorem 6.1. Let ¢ be a g-Newton product and define a mapping §: CN — CN
by

n

COIOEM LG (63)

i=0
for all F € CN and n € N. Then § is a C-algebra isomorphism from (CN,+,0, )
to (CN,+,-,.). Further the inverse of § is given by

(671 (@))(m) = Y_(-1)"ignInimn/E m G(i) (6.4)

for all G € CN and n € N.

Proof. Let F € CN. By Lemma 6.3 the equations 61 (6(F)) = F and 8(6-1(F)) =
F hold. Thus 6 is bijective, and §7! is the inverse of 6.
Let F,G € CN and c€ C. If n € N, then

n

oF+ &) =3 7]+ 6160

1=0

S [+ 55 oo

= (6(M)(m) + (8(&))(n)
= (6(F) +6(G)) (n)

and

(B(eH))(

Il
:II
l’_l | —— |
. 3
|_J ———
\_/

= (c6(F))(n)
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and

3

(BFo@)n) =3 |"|(Fo0)i)

By [’:J:m F(r)G(s)  (by equation (4.16))

(% [(Jee)
= (6(F) - 6(G)) ().

In other words, 6 preserves addition, scalar multiplication, and multiplication.

Therefore 6 is an isomorphism.

Since the units of (CN, +,-,.) are the sequences with no nonzero terms, Theo-
rem 6.1 yields Theorem 4.8 as a corollary.

6.2 A Newton inversion formula

Let L be a g-lattice, and let Z, N € CN be the respective images under the
1somorphism of Theorem 5.6 of the zeta-function and the Newton function of R(L).
In other words, let Z = { and N = . Call Z the zeta-function of CN and N the
Newton function of CN.

The zeta-function of CN has a simple description, namely

Z(n)=1 forallne N. (6.5)

On the other hand the recursive formula for v in Theorem 5.4 does not seem to
produce a very enlightening formula for N.
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As a means to finding a more helpful formula, for all n € N define the quantity

n
G, = ; H (6.6)
If ¢ is a power of a prime, then G, is known as the nth Galois number. That is, G,
is the number of subspaces of an n-dimensional vector space over the finite field Fj,.
(See Goldman and Rota [7] for an investigation of the Galois numbers.). If ¢ = 1,
then Gy, is simply the number of subsets of an n-set. That is, G, = 2".

Let 6 be the isomorphism of Theorem 6.1. Then N = §7!(6(Z)7!), where
6(Z)7" is the inverse of §(Z) in (CN, +,-,.).

If n € N, then

By Theorem 6.1, then, if n € N,
N(n) = 67 (8(2) ) (n)
n . . ) ni 1
— Z(_l)n—zq(n—t)(n-—z-—l)/Z[ :| =

1=0 t

This observation constitutes the proof of the following theorem.

Theorem 6.2. If L is a g-lattice and n € N, then

. -1 _(n—t)(n—i— 1

N(n) = Y (=1)r-igtn=itn=i=n/2 m =, 6.1)
=0 }

where G; = E;':o [;]

Corollary. Ifq =1, then



Proof. Let n,1 € N. If ¢ =1, then ["] = (';) by equation (3.6). Thus

1

vy ()a- (+3) = ()

by the binomial theorem. In this case, of course, L = the lattice of finite subsets of

an infinite set.

The Newton inversion formula of Theorem 5.3 also has, in effect, a special case
in terms of Z and N.

Theorem 6.3. Let ¢ be a g-Newton product and F,G € CN. The following

statements are equivalent:

(i) For alln € N,

n n

Gn)=(ZoF)(n)=> Y. {r”s} F(s).
(ii) For alln € N,

Fln)= (NoG)m)= 3 Z{ }N(r)G()

r=0 s=n—r

Proof. Let f,g € R(L) such that F = f and G = §. Since ¢ and v are also in
R(L), apply the isomorphism ~ to both statements in Theorem 5.3.



7. Combinatorial Results

7.1 Old results

Several examples have already illustrated how ¢-lattice identities generalize
identities involving binomial coefficients or ¢-binomial coeflicients. It remains to
show how g¢-binomial series yield the results of Theorems 1.1-1.3 as special cases.

Let ¢ be a ¢g-Newton product with ¢ > 0, and for ¢ € C, let ¢.:CN — C be
the evaluation homomorphism from (CN,+,¢,.) to C. Since ¢/, is defined by way
of the usual evaluation homomorphism for polynomials and the isomorphism ¥ (see
Theorem 4.6) between (P, +,¢,.) and (P, +, *,.), the mapping ¢’ has most of the
properties of the usual evaluation homomorphism.

If k,n € N, then

(/XN kG—1).. (k= (n—1),)
qékq <<n >q> B n{n—1,)... (Tl —(n— 1)0).

So if ¢ is a power of a prime,

(()-0),
w(()-0)

The latter statement follows from the observation that n, = (¢"~14¢"~24.. . 4+1) =
nifg=1.

and if ¢ =1,

If ¢ is a prime power, then the two definitions of the symbol {rns} given in
g
Section 1.2 and Section 4.1 are clearly equivalent. Further if ¢ = 1, then the

definition of the covering coefficient { }q is clearly equivalent to the definition of
{:a} given in Section 1.1.

If r,s € N, then equation (4.25) yields the special case

0BG

n=0
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If ¢ is a power of a prime and k € N, equation (7.3) yields

(5),6), - (), +(9))

which is Theorem 1.3. Similarly, if ¢ = 1 and k € N, then (7.3) yields

B = (0

which is Theorem 1.1.

Another special case of equation (4.25) is the statement

(S )o (S0 -5 (S 3 {fen) (F). e

i=0 r=0s=i—r

where m,n € N and the constants ag,as,...,am,bo,b1,...,b, are all complex con-
stants. The degree argument to establish m + n as the upper limit of the outer
summation on the right-hand side follows easily from equation (4.25).

If ¢ =1, then Theorem 1.2 follows immediately by application of the isomor-
phism ¢ from Theorem 4.6 to both sides of (7.4).

In short, g-binomial series are indeed the infinite series which Theorems 1.1-1.3
initially provoked us to seek.

7.2 Generating functions

Finally, then, it remains to show the usefulness of g-binomial series as gener-
ating functions. The following technical lemma leads immediately to the desired
results.
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Lemma 7.1. Let ¢ be a ¢g-Newton product with ¢ > 0, and let k € N with k > 2.
If olgan,i(}y), € CN for alli € [k], then

_5° (Z E5 9 IR e ) ().

where the product symbol here indicates a g-Newton product and {r1 ” - }q is the

multi-covering coefficient of equation (4.6).

Proof. The lemma holds for k = 2 by equation (4.26).
Proceed by induction. If the lemma holds for some k£ € N with k& > 2, then

n n=0
HERCLEEL. o
—nzo r=0s=0 V% g\/ 20 =0 1o TE qa”’l""ark,k Gokt1 1\ q
—i n n {n } n n r X
_nzo i s, ”2;0 "rg;o {rl)..-,Tk}qarl’l“..ark’kas’k'*'l <n>q
n

n X
e M.tk ) Ans) ) \n/,
- n X
r e Qry 1+ 0pr EQs K,y n .
=0 re=0s=0 \ L Tk q

The last equality follows from formula (4.7).

3
il
=)

Ms 1M
7= 107:

3
I
=)

Let L be a g-lattice with ¢ > 0, and let [z,y] be an n-interval in L for some
n € N. For k € N with ¢ > 2 define

Co(71,k)=’{(zl,...,zk)Imgzigyforz'e[k] a.ndzlv---Vzk—_—_y}‘
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and
C(n,k) = ;{(zl,...,zk)!:c<zi§yfori€[k] and 21V---Vzk=y}l.

From the definition of multi-covering coeflicients in equation (4.6) it is clear that

Co(n,k) = i Zn: {rl,.?,rk}q

1"1=0 T'k"—:o

and

C(n,k) = i i {rl,.TL.,Tk}q,

ri=1 =1

and thus these quantities are independent of the particular interval [z,y]. Call the
k-tuples that C(n, k) counts the ordered k-covers of an n-interval in L and those
that Co(n, k) counts the relazed ordered k-covers of an n-interval in L.

Let Z be the zeta-function of CN. The following corollaries of Lemma 7.1
demonstrate the combinatorial significance of that lemma. They also provide our
first example of ¢-binomial series as generating functions.

Corollary. Let ¢ be a g-Newton product with ¢ > 0, and let k € N with k > 2.

Then 3 .
ok _ (Z <f >q> -y co(n,k)<f >q. (7.6)

n=0 n=0

Proof. In Lemma 7.1 let a,; =1 for all n € N and 7 € [k].

Corollary. Let ¢ be a ¢g-Newton product with ¢ > 0, and let k € N with k > 2.

Then
(2 1) = ({Z <f>q)k - g:l C(n, k)<‘:f>q. (7.7)

n=1

Proof. In Lemma 7.1 let ap,; =0 and a,,; =1for all n € P and ¢ € [k].

The above corollaries also follow from propositions 5.2 and 5.3 by way of the
isomorphism "~ in Theorem 5.6.

If L = (the lattice of finite subsets of an infinite set), then C(n, k) is simply
the number of ordered k-covers (in the usual sense—i.e., the sense of Appendix A)
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of an n-set, and Cy(n, k) is the number of ordered k-covers of an n-set in which the
empty set is allowed as a block. That is, from equation (A1.2),

Cln, k) = g)(—”"_j (?) (2]; 1)

Co(n, k) = (2F — )™

These interpretations of C(n,k) and Cy(n, k) follow from the fact that the join

operation in L is simply the union of sets.

and

Similarly if L = (the lattice of finite-dimensional subspaces of an infinite-
dimensional vector space over the finite field Fy), where ¢ is a power of a prime, then
Co(n, k) is the number of ways of writing an n-space as an ordered sum of subspaces
involving k summands. The quantity C(n,%) counts the same ordered sums with
the additional restriction that all summands must have nonzero dimension.

Thus (Z — 1)°* and Z°* are generating functions for k-covers and relaxed k-
covers of an n-interval. These results also explain the apparent similarity between
ordered covers of a set and ordered decompositions of a finite vector space as a sum
of subspaces (see Appendix B). Both are special cases of a more general construction.

Again let L be a g-lattice with ¢ > 0, and let [z,y] be an n-interval in L for
somen € N. For k € N with £ > 2, let A;,...,Ax C N, and define

C(n; Ay,..., Ax)
= '{(zl,...,zk) I:c <z <yandp(z;)€ A;jfori € [k]and z; V---V 2 =y}l.
So C(n;Ay,...,At) counts ordered k-covers of an n-interval in which the rank of
each term (i.e. the “size” of each block) is restricted to a particular subset of N.

As with Co(n, k) and C(n, k), the quantity C(n; Ai,...,Ax) depends only on the
length of [z,y] and not on the particular interval itself since clearly

Cln; Ay,..., Ap)= > - Y {rl,.’f‘_,rk}q.

r1€A, Tk EAk
r<n e <n

Lemma 7.1 produces the following very general result.

Theorem T7.1. Let ¢ be a ¢-Newton product with ¢ > 0. For k € N with k > 2
let Ay,...,Ax €N, and for i € [k] define x4,: N — {0,1} by

1, ifn€eA;
XA.'(n)z{O, ifng¢ A’ (7.8)
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Then

1 (Ee(?),)- 5

Proof. By Lemma 7.1

nljl (rio XA.'(”)<if>q>

2 ;---20{Tl’j’Tk}qul(rl)“-XAk(rk)> <‘2>q
(

= o
Lt :,_,
A

I
ifs il il
g
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> 21
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3
T
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T
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~
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»
A
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8. Problems and Unanswered Questions

The results in this dissertation open the door for several lines of further re-
search. They also raise a number of questions that they fail to answer. The following
discussion briefly describes some of the possibilities and problems.

Thus far ¢-binomial series are purely formal (i.e. algebraic) objects. It would be
useful to know whether they converge in any meaningful sense when the variable X
is replaced by a suitable complex value z. The obvious approach is to limit z to
an open subset of C and seek convergence in the usual sense in the complex plane.
Another possibility is to restrict z to a g-adic number field and seek convergence in
the g-adic norm. The goal, of course, is to apply the techniques of analysis to g-
binomial series—a useful approach for obtaining asymptotic estimates of the growth
of coeflicients of generating functions (in the usual sense of power series).

The appearance of interesting combinatorial quantities (i.e. the covering co-
efficients { r"‘s}q) in products of g-binomial series—or equivalently, in products of
functions in the reduced covering algebra R(L)—occurs by design. That is, the
definition of multiplication makes these quantities appear. Would other such “con-
trived” multiplications produce other interesting coefficients?

A related question arises from the following description of the development of
g-binomial series for ¢ = 1. For n € N define P, € P by

Py =1

and
Po=X+(X-1)%- (X -(n-1)) if n > 1

If ag,a;,...,an € C for some N € N and if ¢ is the evaluation homomorphism
for some ¢ € C, then Theorem 1.2 provides a simple rule for multiplying objects of

N
P,
2 oty

This simple rule suggests a new multiplication on P, namely the ¢-Newton

the form

product ¢. The mapping ¥: P — P with the nice definition

Pr
$a(Pn)

N
’la[)((a07a1a-",an70a07"')) = Zan

n=0
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turns out to be an isomorphism between (P, +,0,.) and (P, +,*,.). Finally, the
g-Newton product ¢ has a natural extension to CN that produces an algebra
(CN, +,0,.) with nice combinatorial properties.

The question, then, is whether another collection of polynomials, say @, € P
for n € N, induces the same process. That is, are there nice rules for multiplying

objects of the form
= Q

Qn
2@
that lead to other combinatorially-interesting algebras on P and CN?

One obvious attempt begins with the definition

E SR SRR, Sl
BN are

where n € N and ¢ is a power of a prime. For k € N,

o ([31)- ().

a g-binomial coefficient. By Theorem 1.3 this yields the polynomial identity

-0, 62

n=0

(8.1)

n

where {r"s}q is the usual covering coeflicient. Equation (7.3) produces the same

equation when combined with the observation that

o (B1) - (),

Indeed it appears that most of the development of g-binomial series could also
be done using [if]q instead of <f >q, but with the devastating defect that [)n{]q is
undefined for ¢ = 1.

The usual finite difference operator A has a g-analog, namely the Eulerian
derivative. A natural question is whether the Eulerian derivative behaves “nicely”
on (P,+,9,.). The study of that question requires the following definitions.

Let o be a g-Newton product with ¢ > 0, and let F' = (ao, a1,. . .,an,0,0,...) €
P for some N € N. So

N N X
F= ZanX*" = Zan<n> .
n=0 q

n=0
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Further, if P € P, define

<P> = %,_—(PO(P—1q)(>-'-<>(P—(TL-—1)q)) for all n € N. (8.3)

n

Finally, define
N

F*(P)=) a,P™ (8.4)
and N
F°(P)=an <i > : (8.5)
n=0 q

In particular, then, F' = F*(X) = F°(X).

The notation F*(X) is, of course, just the standard way of denoting polynomi-
als and F°(X) is the natural analog of this notation using Newton multiplication.

Identify C with its monomorphic image in both (CN, 4, x,.) and (CN, +,0,.)—
see Theorem 4.4—and let ¢, and ¢/ be the usual evaluation homomorphisms for
some ¢ € C. Then F*(c) = ¢.(F) and F°(c) = ¢'(F). Note that if n € N, then
the use of the superscripts disinguishes F*(n) and F°(n) from F(n), the nth term
of the sequence F.

If F € P, then the formula

AF = F*(X +1) - F*(X) (8.6)

defines the usual finite difference operator A:P — P. Define “powers” of A by
A°F = F and A"F = A(A""IF) forn>2 If

<X) _Xr(X-Dxox (X (n=-1))

n n!

forne P, (8.7)

then simple algebraic manipulation produces the well-known result that A()n{) =
( X ) Similarly, if F = ZnN=O Un (}'f), then a, = ¢ (A"F). The last quantity is

n—1

often written A™F*(0).
Now let ¢ be a power of a prime. If F € P, then the Eulerian derivative of F,
denoted D, F', is defined by

X + DgF = F*(¢X) — F*(X). (8.8)

Note that D,;: P — P is well-defined since (P, +, *,.) is an integral domain. In other
words the solution to (8.8) is unique (it is easily seen to exist).
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The Eulerian derivative operates nicely on the polynomials defined in (8.1). If
n € P, then

[qX} _ [X} _ @M @X - - X ")) X - DX —g)... (X —¢"7?)
q . (¢" - 1)(g"~q)...(¢" - q":l)

=X <(q“‘(1X——1)1()f.l(j(‘1_—qzz) ‘- ()((q;“(‘] - q)"‘2)>

=X * L [ X ] .

g lin-1

qn—l

AN LS 10

n n—1

The attempt to carry this idea over into (P, +, ¢, .) by something like X oDy F =
F*(¢X) — F*(X) for F € P, does not seem to produce any useful results—i.e.,
Dfl’(if)q does not seem to have a “nice” form. And this definition is certainly
uninspiring if ¢ = 1. The difficulty seems to lie in the fact that (J: >q is written in
“projective” form while the Eulerian derivative is designed for “affine” quantities.
See Goldman and Rota [6, p.246] for a more precise description of “projective” and
“affine” representations.

Another operator, however, produces nice results. Let ¢ be a ¢-Newton product
with ¢ > 0. We define the g-finite difference operator, A;: P — P by

(= DX +1)0AF = F(¢X +1) - F*(X) for FeP. (8.10)

If n € P, then

<qX + 1>
no/y

3 % §|=|'-' '“:I=l -

(X +D)o(gX +1)~1)0--0((¢X +1) - (n—1),))

(gX +1)0(gX) o ((¢X —(g)1g) 0+ 0 (¢X ~ (g)(n — 2),)

=L (X +1)eXo(X 1) 0 (X =2,)0--0 (X = (n — 2),).

q

Define GEP by G=Xo(X —-1;)0 -0 (X —(n—2),). Then

G,

((¢X +1)(¢" ™) = (X = (n = 1)) ¢ G

1
=
ng
L

= =(ng)((¢ - 1)X +1) oG

n
Ng
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(ng —1)(ng —2¢) ... (ng — (n — 1)q)>
= (@-vx+1) () (X)) (511

Ay P X forn € P. (8.12)
n/, gl \n~-1 q

Of course Aq<‘§>q = A, =0.

Now for F' € P define AgF = F, and for n > 2 define AJF = A, (AZI"IF).
From (8.12) if n € N, then A;‘(f)q =1/¢"""U/2 and if k > n, then A{;()Dq =
These observations together with the fact that

o (/X _J1, ifn=0
<n>q_¢0 <n>q _{0, fnelP

suffice to prove the following theorem.

=((q—1)X+1)<><

Thus,

Theorem 8.1 (¢-Newton theorem). Let ¢ be a ¢-Newton product with ¢ > 0.
IfF = EQI_O an<X> , then
= n /g

an = GH(A"F) = A™F°(0).

The definition of A, is particularly nice in that if ¢ = 1, then A, is the usual
finite difference operator and Theorem 8.1 is the same well-known result about finite
differences of polynomials mentioned after equation (8.7). Actually, the preceding
statement is not quite correct in that A, is defined in terms of Newton multi-
plication, but Theorem 4.6 and equation (4.20) show that in this regard Newton
multiplication and Cauchy multiplication display the same behavior.

Let L be a g-lattice. If f,g € C(L) and [z,y] € Int(L), define Schur multipli-
cation on C(L) by

(f ) g)(zay) = f(=, y)g(w,y)-

Wagner [19] has shown an isomorphism between the C-algebras (C(I),+,-,-) and
(C(L),+,9,.). Thisisomorphism should provide a simpler development of the results
in sections 5 and 6. In particular it should give Theorem 6.1 a much more natural
proof.

One problem in the definition of ¢g-binomial series is the exclusion of the case
g = 0. This exclusion finds some justification in the fact that (P,+,0,.) has zero
divisors when ¢ = 0, but a more complete justification would be helpful.
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A much larger problem is the determination of the values of ¢ for which g¢-
lattices exist and the finding of a combinatorial or set-theoretic explanation of that
result. This seems to demand a deep understanding of the containment relations
among the subspaces of finite vector spaces—the sort of insight that would produce
a purely set-theoretic proof of proposition A6.2, for instance.

Covers and partitions of finite sets correspond to sums and direct sums of
finite vector spaces, both being special cases of covers of intervals in a g¢-lattice.
The concept of a minimal cover of a set (see Appendix A) also has a g¢-lattice
generalization. Any results on minimal covers of an interval in a g-lattice would be
interesting.

Finally, is the definition of cover used herein—i.e., the join of elements in a
particular class of lattices—the most general desirable? Could we drop the require-
ment of local modularity? Could we even drop the requirement that the poset be
a lattice, thus allowing some collections of elements to cover more than one other
element or no other element at all. One promising possibility, suggested by Wag-
ner [19], is the study of binomial posets that are not lattices but in which every
interval is a modular lattice. We can easily generate such structures by allowing
two otherwise incomparable g-lattices to share a common least element.
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APPENDIX A

A1l. Classical Results
A1l.1 Covers

Let S be a set of finite cardinality n. That is, |S| = n for some n € N, where
N = {non-negative integers} = {0,1,2,...}. Call such an S an n-set. Denote by
25 the power set of S. S0 25 = {T | T C S}. If B = {B;,Ba,...,Bx} C 25—
for some k € N and UX_ B; = S, call B a cover of S or say that B covers S. The
elements of B are blocks of the cover.

Let C(n) = |{B| B is a cover of S }| and C(n, k) = |{B|B is a cover of S and
|B| = k}] for n, k € N. In other words C(n) is the number of covers of an n-set, and
C(n, k) is the number of such covers that consist of k blocks (k-covers henceforth).
Wagner [18, pp. 515-516] gives the following two results.

Proposition Al1.1. If n € N, then
C(n) =Y (-1 (Tf)z(?j'l). (A1.1)
- J
J=0

Proof. Count the number of subsets of 2° — § in two ways. First observe that
|2(2s_0)| = 2(2"-1) Second count subsets of 25 — () according to their union—i.e.
according to what they cover. For each j € [n], where [n] = {1,2,...,n} (so [0] = 0)
choose one of the (’;) subsets of S that has j elements (j-subsets henceforth) and
then count the C(j) covers of this subset. A cover covers only one set, and every
subset of 2% — () covers some subset of S. Summing over the relevant values of j
yields |2(25_0)| =3 im0 (';)C’(])

These two enumerations produce the identity 22" ~1) = > =0 (?)C (7)-

By binomial inversion, then, C(n) = 3.7_,(—1)*" (;‘)221'1

Proposition A1.2. Ifn,k € N, then

C(n, k) = i(—l)"“i (”) <2j - 1). (41.2)

=0 J
Proof. Proceed as in the previous theorem, this time counting only k-subsets of

25 — (. This yields the identity (2",:1) = Y i=0 (?)C(j, k), and the proposition

again follows by binomial inversion.




Note that the empty set covers the empty set, so C(0) =1, C(0,0) = 1, and
C(0,k) = 0 for k € P, where P = {positive integers} = {1,2,3,...}.

A1l.2 Partitions

If B is a cover of an n-set S and the blocks of B are pairwise disjoint, call B a
partition of S.

Partitions arise in many mathematical settings and have received much atten-
tion. The basic combinatorial facts about them are well-known, namely that the
number of partitions of an n-set is the Bell number B(n) and that the number of
these partitions having exactly &k blocks, for £ € N, is the Stirling number of the
second kind S2(n,k). (Rota [14] gives an exhaustive (through 1964) bibliography
of literature about Bell numbers.) So B(n) = >_7_, Sa2(n, k).

The following is a “typical” derivation of the usual formula for Sy(n, k).

Proposition A1.3. Ifn,k € N, then

k
Sa(n, k) = _I::_Z ( > " for n,k € N. (A1.3)

Proof. Let S be an n-set, A = {ordered partitions of S consisting of k blocks} =
{(B1,Ba,...,Bx) | {B1,Ba,..., B} is a partition of S}, and k5 = {f:8 —
[k] | f is surjective}. Define ¢ [k]wr] — A by ¢(f) = (B1,Bs,...,By), where
f € [k]5,; and B; = f71(i) = {s € S| f(s) = i}. It is easy to see that ¢ is
well-defined and bijective.

Now define o(n, k) = |A| = l[k]furjl and [k]® = {f: S — [k]}. Calculate l[k]sl
as follows: For j = 0,1,...,k choose a j-subset T of [k]. There are (’;) ways
to choose T' and o(n,;) functions in [k]® with range 7. Summing over j yields
[1k]°] = Zjeo (o(n)-

On the other hand it is well known that |[k]5| = |[k]||s| = k", so k* =
Z?:o (’;)a(n,]) By binomial inversion o(n, k) = Z§=O(~1)k‘j (’;)]"

The k! ways (obviously distinct) to order the blocks of a k-block partition
of S produce k! ordered partitions. Distinct partitions produce distinct ordered
partitions, so o(n, k) = k! S2(n, k). Therefore

k

Sa(n, k) = %U(n, k) = Z( 1)':—1( )




The generating functions for B(n) and o(n, k) are known to be

e®—1 _ ﬁ
e = Z B(n) -

n>0
and n
k x
(e = 1) = Z a(n,k);-!—
n>0
respectively.

A2. Wagner’s Survey
A2.1 Minimal covers

This section gives several results from Wagner’s survey [18] of enumeration
problems involving restricted covers.

A cover B of an n-set S is minimal if no proper subset of B covers S.

If BC S, then B covers the points of S which are in B. If B covers S, with
B € B, and every point of S covered by B is covered by at least one other block of
B, then B — {B} still covers S—that is, B is not minimal. Hence if B is a minimal
cover of S and B € B, then B must cover some point of S that no other block
covers. We say that B and B cover this point uniquely.

For n,k,j € N let M(n,k,j) be the number of minimal k-covers of an n-set S
that cover j points of S uniquely.

Proposition A2.1. Forn,k,j € N,
Mn, k) = (7). Rt - k-1, (42.1)

with the convention 0° = 1.

Proof. Count the minimal k-covers of an n-set S that cover j points uniquely, as
follows: Choose a j-subset of S. These are the uniquely-covered points. Partition
these j points into k blocks. Then distribute the remaining n — j elements of S
among the k blocks in such a manner that each point is in at least two blocks.
There are (?) ways to perform the first step, S2(j,k) ways to perform the
second, and (2¥ — k — 1)"J ways to perform the third (A collection of k blocks
has 2F subcollections. Omitting the empty subcollection and subcollections with

exactly one block leaves 25 — k — 1 subcollections with at least two blocks.)
Therefore M(n,k,j) = (';) Sa2(5, k)(2F — k —1)r4.
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Define M(n, k) to be the number of minimal k-covers of an n-set.

Corollary. Ifn,k € N, then

3 < )52 G, k)2F — k-1~ (A2.2)

j=0

with the convention 0° = 1.

A2.2 r-Minimal covers

A cover B of an n-set S is r-minimal, for r € P, if for all C C B such that
IC| > r, the set B —C does cover not S—that is, when the removal of r blocks from
B always uncovers at least one point of S. Clearly one-minimal is synonymous with
minimal.

Wagner asks the question, “What is the maximum number of blocks in an r-
minimal cover of an n-set S?” For minimal covers the obvious answer, as he notes,
1s n since each block covers a point of S uniquely. The only minimal cover of .S that
attains this maximum is {{s} | s € 5}, the singleton cover of S.

For two-minimal covers Wagner gives the following unexpected answer with a
different proof.

Proposition A2.2. A two-minimal cover of an n-set S has at most n blocks.

Proof. Let B be a two-minimal cover of an n-set S. If B is minimal, then |B| < n,
so assume B is not minimal. Then there exists B € B such that B — {B} covers S.
Since B is two-minimal, removal of any block of B — { B} uncovers an element
of S. In other words, B — {B} is minimal. So |B — {B}| < n.
If |B - {B}I = n, then B — {B} is the singleton cover of S. As B can be neither
the empty set nor a singleton subset of S, there are distinct s;,s; € B. But in
that case {s1},{s2} € B and B — {{s1},{s2}} covers S. This contradicts B being

two-minimal.

Therefore |B — {B}| <n -1, and |B| < n.

Wagner states that this question about r-minimal covers is still open for gen-

eral r. Proposition A6.1, however, answers the question in a large number of cases.




A2.3 Unnested covers

A cover B of an n-set S is unnested if no block of B properly contains another
block.

Several obvious combinatorial problems arise—enumeration of unnested covers
with k-blocks, for instance. Sperner’s Lemma [15] solves one of these, namely the
determination of the maximum number of blocks in an unnested cover:

Consider the collection of subsets of an n-set S. Partially order this collec-
tion by set inclusion—that is A < B when A C B for members A and B of the
collection. An antichain is a collection of incomparable elements of the resulting
partially ordered set (henceforth poset—see the main text of the dissertation for
an introduction to posets), that is, a collection of subsets of S in which no subset
contains another properly.

An antichain of maximum size is obviously an unnested cover of S. Sperner’s
Lemma states that the number of subsets in such an antichain is no greater than
( Ln72 [ ). A slightly elaborated version of D. Lubell’s elegant proof [12] of Sperner’s

Lemma follows:
Theorem A2.1. Let I be an antichain in the collection of subsets of an n-set S
forn € N. Then
-1
n
<1. (A2.3)
> (1)

Ael

(Note: Since ( |_n72 | ) is the largest binomial coefficient of order n, Theorem A2.1

shows that -1
IT| = ;;1 = ([;nJ) AEE:F (L%nnJ)

() ()

which is Sperner’s lemma.)

Proof. There are n! maximal chains in the poset of subsets of S. If A C S, then
|A|! (n — | A])! of these chains include A. If A, B € T with A # B, then no maximal
chain contains both 4 and B (as otherwise A C B or B C A). The number of

maximal chains that include an element of I is no greater than the total number of
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maximal chians. That is, ) 4cr |4]! (n — |A])! < n!. Dividing by n! yields

n\™* Al (n — |A])!

Ael Ael

The collection of all |n/2]-subsets of S has (ln72 J) members and is obviously
an antichain (and in particular an unnested cover of S). Thus the maximum number
of blocks in an unnested cover of an n-set is ( Ln72 ] ) That is, the largest unnested
cover attains the bound set by Sperner’s Lemma.

A2.4 r-Unnested covers

Call a cover B of an n-set S an r-unnested cover, for r € P, if B has no subset
{B¢,B1,...,Br} such that By C By C --- C By.

This concept generalizes unnested covers and provokes the same combinatorial
questions. In particular Erdés [5] shows that the maximum number of blocks in an
r-unnested cover of an n-set equals the sum of the r largest binomial coefficients of
order n.

A2.5 Partitions of type r

Finally Wagner mentions partitions of type r. These are covers of an n-set S
in which every block has at least r elements, for some r € P, and every r-subset
of S is contained in exactly one block. J. Hartmanis [8] first defined this concept.
Evidently the enumeration questions related to partitions of type r have received
little attention.

A3. Clarke’s Approach

R.J. Clarke (3] looks at the enumeration of k-block covers of an n-set S in the
four cases that arise from taking the blocks to be labelled or unlabelled (equivalently,
ordered or unordered) and from considering the elements of S to be distinguishable
or indistinguishable. His definition of cover allows the empty set as a block and
allows repetition of blocks within a cover. His unordered, non-minimal covers are
thus multisets rather than sets.

The enumeration of unlabelled covers of a set of indistinguishable objects ap-

pears to be enormously hard-—intuitively it bears similarities to the enumeration of
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partitions of an integer. (If n € N, a partition of n is a multiset of positive integers
with sum n, repetitions included.) Clarke’s results about such covers would thus

seem to be the most interesting part of his work.

A4. Covers of Doubles by Triples

In private communication, S. Mulay suggests the following cover-like idea. Let
S be an n-set, and let A C 2° have the property that every element of A has
cardinality three and every two-subset of S belongs to at least one element of A.
Call A a cover of the doubles of S by triples—a cover of doubles by triples for short.
The idea generalizes to covers of r-tuples by a-tuples for r;a € N

If A is a cover of doubles by triples, call A minimal if no proper subset of A is
a cover of doubles by triples. Two results on minimal covers of doubles by triples

are among the new results in section A6.

A5. Finite Vector Space Background
A5.1 Introduction

It is well-known that combinatorial results about subspaces of a finite vector
space resemble those about subsets of a finite set in a striking fashion. This suggests
an analogue (a generalization, actually, as the text of this dissertation shows) of
covers in the setting of a finite vector space. The attempt to find general results
that unify results on sets and results on vector spaces lies behind much of this
dissertation.

This section is a brief introduction to finite vector spaces and the combinatorial
results about them. Several sources [6, 7, 10, 16] serve as general references for this
introduction, but all material presented here is common knowledge unless otherwise
noted.

If ¢ € P, then a field with g elements exists if and only if ¢ = p" for some
p,n € P with p prime. For fixed ¢ this field is unique up to isomorphism. Call it
the finite field with ¢ elements and denote it by Fy or GF(q).

For n € N there is an n-dimensional vector space (henceforth n-space) over Fy.
The simplest example of this is Fii', the set of n-tuples of elements from Fy, with
coordinatewise addition and the usual scalar multiplication (i.e., ¢(a1,a2,...,a,) =
(cay,cag,...,can)). Denote this vector space by Vy(g). Any n-space over Fy is

isomorphic to V;,(¢). Infinite-dimensional vector spaces over F, also exist—for in-
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stance, sequences of elements from F, with the addition and scalar multiplication

above.

Proposition A5.1. IfV is an n-dimensional vector space over Fy, forn € N, then

V] =q".

Proof. Let {vy,vs,...,v,} be a basis for V. Then V = {ajvy + agvs + -+ + anvn |
ai,as,...,an € Fy}. There are ¢ ways to choose each of the n coeflicients in these

linear combinations, and distinct choices yield distinct elements of V. Therefore

V| =q™

A finite dimensional vector space over a finite field has, thus, finitely many
points. Call such vector spaces finite vector spaces.

A5.2 ¢-Binomial coefficients

For n,k € N let V be an n-space over Fy;, and define (:)q to be the number of k-
dimensional subspaces (henceforth k-subspaces) of V. The numbers (Z)q are called
g-binomial coefficients or Gaussian coefficients. The similarity in notation and
terminology between these coefficients and the usual binomial coefficients reflects
the similarity of their behavior.

Proposition A5.2. Ifn,k € N,
— n n n n —_
(¢ = 1)(¢" —q)...(" - ¢ 1)(,) =(¢"-1)(¢" —¢)...(¢" = ¢"7"). (45.1)
q

Proof. Let V be an n-space over Fy. Count in two ways the k-tuples of linearly
independent vectors in V.

First method: Choose vy € V — {0}. For: = 2,3,...,k choose v; € V —
span{v;,vs,...,vi—1}, where span{vy,vs,...,v;~1} is the subspace of V spanned
by {v1,v2,...,vi—1}. Since |V| = ¢™ and |span{v1,v2, e ,vi_1}| = ¢'71, for i € [k]

there are ¢ — ¢'~?

ways to choose v;.
Thus there are (¢ — 1)(¢" — q)...(¢" — ¢*7!) ways to choose the k-tuple

(v1,v2,...,0k).

Second method: Count the sequences (vq,vs,...,vx) according to the subspace
span{vi,vy,...,vk}. Since {v1,vs,...,vx} is a linearly independent set, the sub-
space span{vy,vs,...,vr} is a k-subspace of V. There are (Z)q such subspaces.

Now enumerate the k-tuples of linearly independent vectors (i.e., ordered bases)
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from a fixed k-subspace. The argument of the first method shows that there are

(¢* = 1)(¢*¥ = q)...(¢" = ¢F™!) of these.
Altogether, then, there are (¢* — 1)(¢F —¢)...(¢" — qk"l)(Z)q ways to choose

(v1,v2,...,Vk).
Both methods count the same set, thus establishing equation (A5.1).

Corollary. Ifn,k € N,

n\ _ (¢"-1D@"-q)...("—¢")
(k)q T (F=D(gF—q)...(¢5 — ¢ V) (A5.2)

The identity (¢" —1) = (¢ — 1)(¢"~* +¢""% +--- + 1), proves useful in manip-
ulating (A5.2) into other forms:

(”) _ @ =" -q)..-(¢" —¢")
k), (¢ =1(¢*—9q).. (¢* —g* ")
T T et W e
@ - D@ =1 (g=1) =
(¢ —1)(g"! = 1)... (" **! — 1)
(¢F—1)(¢* 1 =1)...(¢ - 1) (45.3)
(" T+ g" 24 ) (" g 4 1)

= Ab.4
(F 1+ gk +-+1)... (¢ +1)(1) (45.4)

A5.3 Results about the lattice of subspaces
In general, if V is a vector space and Uy, Us,...,Ux are subspaces of V for

k € N, define the sum Uy + Uy + -+ + Uy by
Uy+Uz+ -+ Ur =span{U; UUz U--- U U}
Call this a direct sum and write U; @ Uy @ -+ @ Uy or Zf=1 U; if
foralli € [k] UinN(Ui+Usp+--+ Ui+ +Up) = {0},

where the notation ﬁ,- indicates the omission of U; from the sum.
At last, with the introduction to finite vector spaces behind us and the defini-
tions of sum and direct sum in hand, we are ready to define a cover of a finite vector
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space. Namely, a cover (by subspaces) of the finite vector space V' is a collection of
subspaces of V whose sum is V.

As we will see, results about covers of vector spaces bear a strong resemblance
to those about covers of sets. In addition, if we restrict our consideration to covers
in which the covered vector space is the direct sum of the subspaces in the cover,
then the results are much like those for partitions of a set.

Theorem A2.1 (Sperner’s Lemma) has a nice analogue for covers of finite vector
spaces. We give it here, with necessary background, to illustrate the similarities that
exist between the two sorts of covers.

If U and V are subspaces of V,(gq), define U < V whenever U C V. This
establishes a partial ordering on the set of subspaces of V;,(¢). Under this partial
ordering the subspaces of V,(q) form a lattice. Call this lattice L,(g) (for an
introduction to lattices see the main text of the dissertation).

The number of maximal chains in L,(q) proves to be an important quantity
in the study of V,,(q). The following proposition provides an easy way to find this
quantity.

Proposition A5.3. Forn,k € N, let U € L,(q) withdimU = k. Forr € N

|{V € L,(¢) | U £ VanddimV =k +r}‘ = (n—- k) .
r
q

Proof. The quotient group V,(q)/U is well-known to be an (n — k)-space over
F,, the r-subspaces of which are in one-to-one correspondence with the (k + r)-
subspaces of V,(¢) by V — V/U, where V is a (k + r)-subspace of V,(g). The
number of r-subspaces of V,(q)/U is (":k)q.

Corollary. Under the above hypotheses, by equation A5.2

{V € Ln(g) | U < VanddimV =k +1}| = (n;k)
q

_qn—k___l

_——q_l
=(q"—k—1-{—qn—k_2+--'+1)
1

q.

n—

k—
i=0
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Proposition A5.4. The number of maximal chains in Ln(q) 1s

n-—1 " — k —n—-l n—-k—1 i)
m(),-m(s
= (" T D@ T+ ) (g + 1))

Proof. A maximal chain in Lyp(g) has the form
{0} =< < Vo= Vn(Q)a

where Vj is a k-subspace of V,(q) for k =0,1,...,n. By the corollary there are (';)q
n-—1 n——k+1>
1 1

choose V; for k = 1,2,....n. Therefore there are [[;_, (n_fﬂ)q = Z;; (n;k)q

ways to choose Vi, then ( )q ways to choose V3, and in general ( . vays to
such chains.

o

Let V be a cover of V,(g). We say that V is unnested if no block of V properly
contains another block of V.

As in the case of covers by subsets, we would like to know the maximum number
of blocks V can contain. Again such a cover is an antichain of maximum size in
Ln(q). A result like Sperner’s lemma would provide the desired information, so
proceeding in exact analogy with the statement and proof of Theorem A2.1, we
have the following result.

Theorem A5.1. Let I' be an antichain in L,(q). Then
n \ "1

2 (d' v) st

ver \&HY /g

Proof. Thereare (¢" ' +¢* %4 - +1)(¢" 2 +¢"%+---4+1)...(¢+1)(1) maximal
chains in L,(q). For V € ' with dim V = k, the number of these chains that include
V is

(14" 24+ 1) (g + D] [+ 4 1) (g + 1))

since each such chain consists of a maximal chain in the interval [{0}, V] and a
maximal chain in the interval [V,V,(g)]. As no maximal chain in L,(g) includes
more than one member of T',

2 [T [T ()1

(i q‘> : (A5.5)

86



Dividing by the right-hand side of (A5.5) yields

[Ilmnlv z:] 1 ; ][II n—dim V 2:]_ ]
o I (SE ) I ()

ver I, ( -1 q'> <1 (A5.6)

Finally, simplifying the left-hand side of (A5.6) and recalling (A5.4) we see that

n \ 7} H?:n—dim V41 (23;3 qi> -
‘Z <dimV) =), ( Hdimv<21 oq') ) =1

er q Ver j=1

From equation (A5.4) it is easy to see that (L"72 ] )q is the largest ¢-binomial
coeficient of order n. Thus we have the following corollary:

Corollary (¢-Sperner’s Lemma). Let I' be an antichain in L,(g). Then

T < ([n72j)q‘

Proof.
n n -1
T =" 1= (iaja)y 2 Ciaay),
ver Ver
~1

< (1a721) (" )

ln/2] quer dimV/,
< (pnyat), -

Goldman and Rota [6, p.257] mention the existence of this result and its simi-
larity to Lubell’s proof of Sperner’s lemma.

If V is an unnested cover of V,,(g), then V is an antichain in L,(q) and hence has
at most (Ln72 | )q blocks. On the other hand, the collection of all |n/2]-subspaces

of Vn(q) has (Ln72 | )q elements and is obviously an unnested cover of V,(g). Hence,
the maximum number of blocks in an unnested cover of V;,(gq) is (Ln72 | )q. That is,

the largest unnested cover of V,(g) attains the bound set by the ¢-sperner’s Lemma.
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A5.4 ¢-Binomial identities in the limit ¢ — 1

In the limit as ¢ — 1, with ¢ regarded as a real variable, identities involv-
ing ¢-binomial coefficients tend to become identities involving binomial coefficients.
Goldman and Rota [6] investigate this well-known phenomenon and give numerous

examples of it, the simplest of which comes from the following identity.

Proposition A5.5. Forn,k € N,

(Z)q - (" k) (4.7)

Proof. This follows from (A5.4) by algebraic manipulation.

Note that
. n . (qn—l+qn—2+_“+1).”(qn—-k+qn—k—l+_._+1)
lim = lim
¢—1\k/ =~ ¢=1 (F14+¢* 2+ +1)...(g+1)(1)
_nn-1)...(n—k+1)
B k(k—1)...(1)

()

Taking the limit of both sides of equation (A5.7) as ¢ — 1 produces the well-known

-()

Note, however, that this does not prove (A5.8), but rather it gives us an identity

identity

about subsets of a set that we can verify by other means.

A6. New Results

The following three propositions are new results about concepts described in
this appendix.

Proposition A6.1. Forn,r € N with r > 2, if B is an r-minimal cover of an n-set
S, then |B| <n+r—2.

Proof. We already know this for two-minimal covers, so assume r > 3. Further,
recalling that s-minimal implies r-minimal for 1 < s < r, assume B is “strictly”
r-minimal—that is, B is not (r — 1)-minimal.
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There exist distinct By, Ba,...,Br_y € B such that B — {B1,Bz,...,Br-2}
covers S. Removal of any two distinct blocks from B — {B;, Ba, . .. , By_2} uncovers
some element of S since B is r-minimal. Thus B — {By, B2,...,Br—2} is a two-
minimal cover of S and has at most n blocks. Therefore |B| < n 471 —2.

If B is not strictly r-minimal , then there exists s € P with 1 <'s < r such that
B is strictly s-minimal. Thus, by the above argument [B|<n+s—-2<n+r -2

u}

If B is a cover of an n-set S, then B C 2° — 0 and thus has at most 2" —1 blocks.
So the previous result is not sharp for r > 2" —n+1 as in that case n+r—2 > 2" —1.

On the other hand, Wagner [19] has demonstrated that this result is sharp for
2 <r < n+1 by constructing the cover

B={{k}|ken}U{{1,k} ke [r —1]}
of the n-set [n]. This cover has n+ r — 2 blocks and is easily seen to be r-minimal.

Proposition A6.2. Let B be a minimal cover of the doubles of [n] by triples, for

n € N. Then |B| < (*;'). Further there is such a cover B with |B| = "7h).

Proof. This is obvious for 0 < n < 3, so assume n > 4.
Since B is minimal, each triple in B covers some double of [n] uniquely. Bound

the cardinality of B by observing how quickly it must “use up” the doubles of [n].
If C C B, define

#(C) =min{i €nllig U B}.
BeC

Construct a sequence of blocks from B as follows: Choose B; € B such that
{1,2} C B;. Next choose B; € B such that {1,4(B1)} C Ba. in general, choose
Bit1 € Bsothat {1,¢(B1UB2U---UB;)} C Biy1. Stop when BjUB,U- - -UB}, = [n]
for some k € N. The fact that B is a cover of doubles by triples guarantees the
success of this construction.

The triples in C = {B;, Ba,...,Bi} are all of the form {1,a,b} for distinct
a,b € {2,3,...,n}, so C covers k doubles which do not contain the element 1 as
well as all n — 1 doubles of the form {1,a} for a € {2,3,...,n}. Altogether C covers
n+ k — 1 doubles.

As the set [n] has (’;) doubles and each triple of B covers some double uniquely,

IB~C| < (3) — (n+k—1). In other words
B| < (g)—(n+k-1>+k.—_ﬁ”—2‘—9-<n_1)= (”‘1).

2
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Now define B = {{1,a,b} | a,b € {2,3,...,n} and a # b}. Clearly B is a

n-—1

minimal cover of the doubles of [r] by triples and |B| = (";').
s

At the other extreme we would like to know the minimum number of blocks
in a cover B of the doubles of [n] by triples for n € N. Since there are () doubles
and each triple covers three doubles, an obvious lower bound is [(})/3]. Thisis not
always attainable, the simplest counterexample being the set {1,2,3,4} whose six
doubles cannot be covered by two triples.

The bound [(})/3] is attainable, however, in an infinite number of cases.

Proposition A6.3. Forn € N, there is a minimal cover of the doubles of [2™ — 1]
by triples that has (an_l)/3 blocks.

Note that 2" —1=27"1 4272 ... 4 241 and that (¥ !} is divisible by 3).
2

Proof. Let V be an n-dimensional vector space over the finite field with two
elements. Then V has ('1')2 = 2771 4 27=2 1 ... 4 1 one-subspaces. Label these
Vi,Va, ..., Van-14gn-24..47. Further, V has (’2')2 two-subspaces. Give these the
labels W], VVz, ey W(g)2

For k = 1,2,...,('2')2 define
By ={ie[2"-1]| V; CW,}.

Clearly By C [2" — 1] = [2"71 42772 ... 4+ 1] for all k. Also each two-subspace
has (3)2 = 3 one-subspaces, so for all k we have |Bg| = 3. Finally for ¢,j € [2" — 1]
with ¢ # 7 there is precisely one two-subspace which contains V; and Vj, namely
span{V; U V;}. Thus the double {7,;} is covered uniquely by By, where W} =
span{V; U V;}. In short B = {Bs, B, .. .,B(;)z} is a minimal cover of the doubles
of [2" — 1] by triples in which each double is covered uniquely.

This being the case, we know that |B| = (2n2“1)/3, but more directly

/) (@ -1E"-2)
Bl = (2) NCERCED)
_ @ -1t -2)

a

This proof should, of course, generalize to covers of the doubles of the set [(?)q]

by (f)q-tuples for ¢ a power of a prime.
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APPENDIX B

Generating Functions for “Partitions”

Long and Wagner [11] note the following: Let (¢q)n>0 With ¢o = 0 be a non-
negative sequence of real numbers and (gn)n>0 With go = 1 a positive sequence of
real numbers. Define the generating function (i.e., formal power series—see [13])

A=Y el (B1)

n>0 "

and a set of generalized k-nomial coeflicients

< n )_ gn
- b)
Ny, No,...,Nk In,9ng -+ - Gny

where k,n,nq1,n9,...,nx € N with ¥ > 2 and n; +ny + -+ + nx = n. Then the

sequence of generating functions

Fz)=Y d(nk)>~ forallkeN
gn
n>k

and the explicit formulas

d(n,0) = é,,0, (the Kronecker delta)
d(n,1) = cn,

and

d(n,k) = Z ( " >cnlcn2...cn,c for k> 2

0 niy,No,..., Nk
i€[k]

define the same triangular array (d(n, k))0<k<n<oo.

Long and Wagner mention, further, that certain choices of ¢, and g, give
d(n, k) a known combinatorial meaning:

If cn,gn = 1for all n € P, then d(n, k) is the number of ordered partitions of
the integer n into k£ summands. That is, d(n, k) is the number of k-tuples of positive
integers with sum n.

If ¢, =1 and g, = n! for all n € P, then d(n, k) is the number of ordered

partitions of an n-set into £ blocks.
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Let ¢, =1 and
Gn = (" ¢ T (TP 4 1) (g 1)(T)

for all n € P, where ¢ is a power of a prime. If V is an n-space over Fy, then

d(n, k) is the number of chains of length k that include {0} and V in the lattice of

subspaces of V. This is a special case of an example given by Stanley [16, p.145].
Ifc, =1 and

gn=(g" - 1" —q)...(¢" —¢" ")

for all n € P, where ¢ is a power of a prime, then d(n,k) is the number of direct
sum decompositions of an n-space over Fy into k subspaces [1, pp.762-764].

All of these are known results about ordered partitions or analogues thereof,
and they all involve similar generating functions. For the sake of completeness
Appendix B consists of direct proofs that the coefficients d(n, k) take on the values
specified in the preceeding paragraph. We restrict our attention to the case k > 2
since the results are trivially correct otherwise. The first two results are standard.
The third and fourth are proved by far more elegant but less direct means in the
references listed above.

We use the standard rules for multiplying power series: If ap,b, € C for all
n € N then

Z anz" Z bpz™ | = Z (i: aibn_,') z". (B2)
n>0 n>0 n>0 \i=0

In general if ap,m € C for all n € N and m € [k], then

k

H Zan,m:c" =Z Z Gny10ng,2 -+ On, & | 2™ (B3)

m=1 \n>0 n>0 \ ni+nat-tnp=n
n; >0 for all 2
These rules together with a little algebraic manipulation and the following
propositions suffice to show all four results.

Proposition B1l. Let 2 < k < n. There are (Z:;) ordered sums of the form
ny+ny+---+ng =n wheren; € P for all : € [k].

Proof. Let my,ma,...,mg-1 € [n — 1] be distinct with m; < ms < -+ < mg_3.
Further, define mg = 0 and my = n. The equation n; = m; — m;_; defines a one-
to-one correspondence between such collections of m; and ordered sums of positive
integers ny 4+ ng 4+« -+ + ni = n. Every (k — 1)-subset of [n — 1] yields exactly one
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such collection of m;. Therefore the number of ordered sums ny +ng +---+nr = n,

being the same as the number of such collections of m;, is (::;)

Proposition B2. Let2 <k <nandletn;+no+---+ng=n with ny € P for
all 1 € [k]. Then the multinomial coefficient

!
n n.
( ) In,! v (B4)
ny,ng,...,Ng nying....Nk-

counts the number of ordered partitions of [n] in which the ith block has cardinality
n; for i € [k]..

Proof. Let d(n;n1,n2,...,nk) be the number of ordered partitions of [n] in which
the ith block has cardinality n; for ¢ € [k]. Show

d(n;ny,ng, ..., ni)nitng! . ngl = nl (B5)

by showing that both sides of equation (B5) count the number of bijections from
[n] to itself.

This is well-known for the right-hand side of (B5).

To get the left-hand side define

Al ={1327"-)n1}a
and for : = 2,3, ...,k define
Ai'_‘{nl+"'+ni—-1+1an1+"'+ni—1+2,...,n1+---+ni},

In other words, the A; partition [n] in such a fashion that the first n; positive
integers are in A, the next n, are in A, etc. Let B = (By,Bs,...,Bg) be one
of the ordered partitions d(n;n;,na,...,nk) counts. For ¢ € [k] choose bijections
fi: B; = A;, and then define the function f: [n] — [n] by f(r) = fi(r) where r € B;.
Clearly f is a bijection on [n].

Each f; can be chosen in n;! ways, so there are ni!n,!...ni! ways to define f.
Further, distinct choices of B (for fixed nj,ns,...,ng) produce distinct bijections
and every bijection is attained for some B (If f:[n] — [n] is a bijection, define B; =
f7Y(A4;) for i = 1,2,..., k). The number of ways to choose B is d(n; ny,na, ..., nk),
so the total number of bijections from [n] to itselfis d(n;ny, ng,...,nk)ny!ng!. .. ngl.

Thus d(n;ni,ne,...,nk)nilng!. .. ng! = nl. In other words

|
d(”?”l,n%---’nk):__m—:( " >

nl!ng!...nk! ny,Nng,... Nk
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Proposition B3. Let go =1 and for allr € P let
gr = H

1(57)
=@ T A DT T ) (g 1Y),

where ¢ 1s a power of a prime. Let 2 < k < n andn; +ng + -+ + ny = n with
n; € P for allt € [k]. If V is an n-space over Fy and L is the lattice of subspaces
of V, then the number of chains {0} = V, ¢ V; C - C Vpy = V in L with
dim(V;) = ny + ng + -+ - + n; for ¢ € [k] is the generalized k-nomial coefficient

( m ): L — (B6)
NNy 5k GniGns e Gna

Proof. Define d(n;ny,ng,...,nk) to be the number of such chains. In a fashion
similar to that of the previous proposition, show

d(n;ni,ne, ... NE)gn Gny -« - Gy, = gn (B7)

by showing that both sides of the equation count maximal chains in L.

Proposition A5.4 establishes the right-hand side of (B7).

Let {0} = Vo C Vi C--- C Vi = V be a chain in L for which dim(V;) =
ny+ng + -+ n; for all ¢ € [k]. We wish to count the maximal chains in L that
include Vo C V4 C --- C V4 as a subchain—i.e., to count the chains {0} = Uy C
Uy C+ CUp=Vinwhich Up 4..qn; = V; for all ¢ € [k].

First choose a collection of subspaces Uy,Us, ..., Uy, —1 in such a fashion that
Uy c Uy C -+ C Uy, = V; is a maximal chain in the interval [{0},V1}. By
proposition A5.4 there are

O, = (@M P+ gm 24 4 D(g" 24 ¢gm 3 4. 4 D...(¢+ 1))

ways to do this. Next choose Un;41,Un +2,--.,Un;4n,—1 S0 as to make the chain
Vi =Un CUn C -+ CUpjgn, = V2 maximal in the interval [V3,V,]. The
intervals [V, V2], [V1/V1,V2/V1], and [{0}, W], where W is an n,-space over F,
are isomorphic as lattices, so there are g,, ways to do this. Continuing in this
fashion there are g, ways to form a maximal chain in the interval [V,,_;, V4] for
i € [k]. Altogether, then, gn,gn, - ..gn, maximal chains of L include the subchain
WowCcwviC-- CVr.

On the other hand every maximal chain in L has a unique subchain in which
the :th member has dimension ny + ny 4+ - -+ + n;.
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Therefore the total number of maximal chains in L is

d(n;ni,na, ...y Nk)Gn, Gny - - - Grg:

which is the left-hand side of (B7)
Thus

n
R e )

IniGny - - Gny ny.Ng,...,Ng

Note that there is a one-to-one correspondence between ordered partitions of
an n-set S and chains in the lattice of subsets of S. This correspondence maps the
ordered partition (Bj, Bz, ...,Bg) into the chain § = Sy C §; C --- C Sk = 5,
where S; = Ui_, B; for all i € [k]. Thus chains of subspaces of a finite n-space are

indeed an analog of ordered partitions of an n-set.

Proposition B4. Let go =1 and for allr € P let

gr=( -1 —q)...(¢ =)

Furtherlet2 < k<nandny+ng+---+nr=n withn; € Pforalli € [k]. IV is
an n-space over Fy, then the number of ordered direct sums V1@ V2@ --- @ Ve =V
in which dim(V;) =n —1i for all 1 € [k] is

( n >=__g"— (B8)
ny,Nz,...,Nk IniGns - - - Iny

Proof. Proceed as in the previous propositions by letting d(n;ni,ng,...,nk) be
the number of ordered direct sums of the sort described and then demonstrating
that

d(n;ni,n2,...,nk)gn 9ng - - Iny = Gn (B9)
by showing that both sides of equation (B9) count the ordered bases of V.

Recall that an ordered basis (v1,v2,...,v,) of V is just an n-tuple of linearly
independent vectors. The proof of Proposition A5.2 establishes the right-hand side
of (B9).

Let (v1,v2,...,v,) be an ordered basis of V. This basis uniquely determines
an ordered direct sum Vi @ Vo @ --- @ Vi = V with dim(V;) = n; for 1 € [k] by

Vi= Spa'n{vﬂ1+ﬂ2+"'+ni—1+1 yUnidngt-+ni_1+25- - - 7vn1+n2+"‘+ni}
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How many ordered bases of V produce this same direct sum? Clearly another

ordered basis will do so only if for ¢ € [k] the subsequence

(Vnydngtetnioi+1s Ungdngbetniog+2y - - - s Ungtngdedng)
is replaced by another ordered basis of V;. Again by the proof of A5.2, for 1 € []
the subspace V; has

(@ = 1" —q)--- (g™ = ¢" ") = gn,
ordered bases. Thus gn,gn, - - - gn, ordered bases of V produce this same direct sum.
Therefore there are d(n;ni,na,...,nk)gn,gny - - - gn, ordered bases of V. This
is the left-hand side of equation (B9).
Thus
d(n;nl,ng,...,nk)—————grz——:_( n )
y Tk

In,9n, -+ - Iny n1,N2y. ..
[w]

Returning to the consideration of power series, let ¢ = 0 and ¢, = 1forn € P.
If k> 2, define ag,; = 0 and an; = 1 for all « € [k] and n € P. Further let go = 1
and for all n € P let g, be a positive real number. Then

k k
$n anyi n
Z Cnm— | = H Z —=z
- Z Iny,1 Ona)2 Qng .k "
n2>0 ni+ng+-Fn=n gn,  Gn, dn,
n; >0 for all {€[k]
- Z ! “_1 ——1 z"
TZZO ni+ns+-+nr=n gn1 gn2 gnk
n; >0 for all i€[4]
= Z dn "
nZO ny+nqg+-tng=n gnlgn2 « o gnk gn
\n,—>0 for all 1€[k]
O R
n>0 \ nitna+-tnp=n 1,782, , Nk Jn
n; >0 for all 1€[4]
n
T
= d(n, k)—
nZO gn
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as Long and Wagner [11] note.
Propositions B1-B4 now yield the following interpretations of d(n, k).

First interpretation: If g, = 1 for all n € P, then

d(n, k) = > 1

ny+ns+-+nr=n
n; >0 for all 1€[k]

= the number of ordered partitions of n
_(n-—1
_ (k - 1).

Second interpretation: If g, = n! for all n € P then

d(n,k) = Z <n1,n2,n-..,nk>

ny+n+---+ng=n
n;>0 for all i€[k]

(the number of ordered partitions of an
= E n-set into k blocks in which the ith block

ni+nat-+ng=n has n; elements)

n;>0 for all i€[k]
= the number of ordered partitions of an n-set into k blocks.

Third interpretation: Let
gn = (@ TP DT T A+ D) (g 1(D)
for alln € P. If n € P and L is the lattice of subspaces of an n-space V over Fy,

then
d(n, k) = "
(n, k) = Z n1,M2,.. ., Nk

ni+ng+--tng=n
n;>0 for all i€[k]

= the number of chains of length k in L that.
include {0} and V
Fourth interpretation: If
gn=(¢" ="~ 9).-.(¢" —¢"7)

for all n € P, then

dn, k)= ) <n2nnk>

nitng+-dnp=n
n; >0 for all i€[k]

= the number of ordered direct sum decom-
positions of a finite n-space over Fy into

k summands.
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