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ABSTRACT

An ordered cover of a finite set 5" is a finite sequence of nonempty subsets of
5 with union S. If the subsets are pairwise disjoint, then the cover is an ordered
partition. An ordered cover of a finite vector space V is a finite sequence of non-
trivial subspaces of V with sum V. If the sum is, in fact, a direct sum, then the
cover is an ordered partition of V.

Certain power series are generating functions for ordered partitions (in both
senses—i.e., for finite sets and finite vector spaces). This dissertation develops
a new class of infinite series that are generating functions for ordered covers (as
distinct from partitions) in both senses. These series are elements of the algebra
of q-binomial series that results from equipping the set of arithmetic functions
(sequences of complex numbers) with the usual addition and scalar multiplication
and with a new multiplication, the q-Newton product.

In a particular sort of binomial poset, the q-lattice, the union of sets and the
sum of vector spaces are both special cases of the join of lattice elements. Thus
5-lattices unify and generalize several pairs of identities involving, on the one hand,
binomial coefficients, and on the other hand, 9-binomial coefficients.

Formal g-binomial series are defined in terms of the join of g-lattice elements.
As a consequence, particular 5-binomial series turn out to be generating functions
both for ordered covers of sets and ordered covers of vector spaces.

When equipped with suitable operations, the collection of complex-valued func
tions on the intervals of a ̂-lattice becomes an algebra—the covering algebra of the
lattice. A subalgebra—the reduced covering algebra—is isomorphic to the algebra
of g-binomial series. These results provide an algebraic underpinning for g-binomial
series much like that provided by incidence algebras and reduced incidence algebras
for classical generating functions.
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LIST OF SYMBOLS

The following is a list of special symbols (and a very few terms) used in the
dissertation. Each is listed with the number of the section in which it first appears

(the letters A and B denote appendices) and a definition or description or perhaps
the name of the symbol. A few symbols receive two definitions in the text and thus
appear twice in the list.

Symbols that denote homomorphisms appear with the domain and codomain
indicated.

The order of presentation is as follows:

(1) Expressions involving neither letters nor numbers
(2) Expressions involving Greek letters
(3) Expressions in which a number is the "primary" symbol, arranged in numerical

order

(4) Expressions in which Roman, script, or boldface letters are the "primary"
symbols, arranged "alphabetically."

When listings in category (4) involve variables, the variables used are the "typ
ical" ones. For instance, the covering coefficient symbol appears as is
alphabetized under n.

Symbol/term Section Explanation
c 1.1 containment (perhaps improper) of sets

c A proper containment of sets

A 2.3 meet of lattice elements

V 2.3 join of lattice elements

* 4.1 the Cauchy product of arithmetic functions
(power series)

4.1 scalar multiplication (in any algebra)
0 4.2 the 5-Newton product of arithmetic functions

o 5.1 the multiplication of the covering algebra
(C(i),+,o,.)

6.1 the Schur (pointwise) product of arithmetic
functions

8 the Schur (pointwise) product on C(L)
.) 5.3 The isomorphism from {TZ{L), +,o,.) to

(C^, +,o,.)
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4.3 the Kronecker delta (= 1 if n = fc; = 0 otherwise)
A  8 the finite difference operator on V

Ag 8 the 5-finite difference operator on V
(/,; C 4.2 the monomorphism from C to the algebras

(C^,+,*,.) and (C^,+,o,.)
p _> c 4.4 the evaluation homomorphism on ("P, +, *, •)
-p ̂  C 4.4 the evaluation homomorphism on {V, +,0,.)
V  5.1 the Newton function of the covering algebra (in

verse of the zeta function)
^■/p 'P 4.4 the isomorphism between (P, -f-, *, .) and

p(^z) 2.1 the rank of z in a graded poset
Pj;{z) 2.5 the rank of z in the interval [x,z]

(  5.1 the zeta-function of the covering algebra (C = 1
on all intervals)

6  2.1 the least element in a poset
0° 3.4 by convention 0° = 1 throughout the dissertation
i  2.1 the greatest element in a poset

2^ 2.3 the power set (set of all subsets) of a set S
A{n) 2.2 the number of elements of rank one (atoms) in

an n-interval of a binomial poset
2.2 the factorial function of a binomial poset the

number of meiximal chains in an n-interval
B(n) A the n-th Bell number—the number of subspaces

of an n-space
C  1.1 the complex numbers

C(L) 5.1 the set of complex-valued functions on Int(L)—
the set on which the covering algebra of L is
defined

C(n) A the number of covers of an n-set
4.1 the set of arithmetic functions {F:N —>■ C}

C(n; Ai, . . . ,Ak) 7.2 the (relaxed) k-covevs of an n-interval in which
the rank of the ith term must be in Ai

C{n, k) 7.2 the fc-covers of an n-interval in a ^-lattice
C(n, k) A the number of A:-covers of an n-set
Co(n,)fc) 7.2 the relaxed (rank zero elements allowed) fc-covers

of an n-interval in a ^-lattice

IX



C[X] 1.1 the set V; informally the algebra of complex
polynomials

C[[X]] 1.1 the set C^; informally the algebra of complex
power series

deg P 1.1 the degree of the polynomial P
dimF 1.2 the dimension of the vector space V

DgF 8 the Eulerian derivative of F
/O" 5.1 the nth power of / G C{L) under the multiplica

tion o

F*{P) 8 the polynomial X)n=o^ F{n)P*'^
F^{P) 8 the polynomial f (n)P'^"
Fg 1.2 the finite field with ? elements (g implicitly a

power of a prime)
GF{q) A the finite field with g elements (same as Fg)
Int(F) 5.1 the set of intervals in the lattice L
fc-cover 7.2 a fc-tuple of elements of positive rank from an

interval [x, y] with join y
k-cover A a fc-block cover of a finite set

k— 1.1 the number A:(A: — 1)... (A; — n + 1)
/(P) 2.1 the length of the poset P

Ln{q) A the lattice of subspaces of Vn(g)
M(n, k) A the number of minimal k-covevs of an n-set
M(n, k,j) A the number of minimal k-covers of an n-set that

cover j points of the set uniquely

N  6.2 the Newton function of (C^,-|-,o,.) (the inverse
of the zeta function)

N  1.1 the non-negative integers

[n] 1.1 the set {1,2, ...,n}
(^) 1.2 the number of A;-subspaces of an n-space

2.2 the number of elements of rank k in an n-

interval of a binomial poset

(n n" nit) ® ^ (generalized) multinomial coefficient of order n
{^ " rit) a multi-covering coefficient

{^"^1 1.1 the number of ways to write an n-set as an or
dered union of an r-subset and an s-subset

j  1.2 the number of ways to write an n-space as an
ordered sum of an r-subspace and an s-subspace
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n-interval

n-o

Tie

n\

n-set/subset
n-space/subspace

P

V

C)\n/q

q

n{L)

|5|
S2{n,k)

span{S}
U®V

Vi/V2

valF

Vn{q)
[xj

X

X-

X*n

4.2 a covering coefficient

2.2 an interval of length n in a binomial poset

3.2 the quantity (nq){ng — Ig) ... (n, — {k — l)g)
3.2 the number + hi)

3.2 the number ng{n — l)g .. .Ig
1.1 a finite set/subset with n elements

1.2 an n-dimensional vector space/subspace over a
finite field

2.2 the set of positive integers

4.4 the set of polynomials—the finitely nonzero
arithmetic functions

8  the arithmetic function that results from replac

ing X with the polynomial P in the definition of

C")\n /q

3.1 the number A{2) - 1 in a locally modular bino
mial poset

5.2 the functions / e C{L) that are constant on
intervals of equal length—the set on which the
reduced covering algebra is defined

1.1 the cardinality of the set S

A  a Stirling number of the second kind—the num
ber of partitions of an n-set into fc-blocks

A  the vector subspace spanned by the set S
A  the direct sum of the vector spaces U and V

B  the quotient group V1IV2 viewed as a vector
space, where Vi is a finite vector space and V2
is a subspace of Vi

1.1 the position of the first nonzero term in the
arithmetic function F

A  the unique (up to isomorphism) n-space over Fg
A  the greatest integer < x

A  the smallest integer > x

4.3 the element (0,1,0,0,...) e the indeter
minate in the algebra of formal power series and
the algebra of formal binomial series

1.1 the polynomial X(X — 1)... (A — n -f 1)
4.3 the nth Cauchy power of X

XI



1.1 the polynomial X"/n!
(^) 4.3 the o-binomial polynomial of order n—the arith-
^ ̂  1 /

metic function defined by o (X — Ig) o • • • o

(X-(n-l),))

[h 8 the polynomial
\x,y\ 2.1 the interval {z G P | x < 2 < y} in a poset P
Z  6.2 the zeta function of (C^,+,o,.) (Z{n) = 1 for

all n)
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Introduction

Three themes, tightly interwoven, form the body of this dissertation: ordered
covers, ̂ -binomial series, and g-lattices.

An ordered cover of an n-set 5 is a finite sequence of subsets of S with union S.
If the subsets are pairwise disjoint, then the ordered cover receives the name ordered
partition. Both these concepts have analogues involving subspaces of a finite vector
space. Appendix A gives an extensive description of combinatorial problems that
arise under the general label of covers—ordered or unordered.

Generating functions provide a useful tool for studying ordered covers. Classical
generating functions, in particular exponential and Eulerian generating functions,
address the enumeration of ordered partitions, as Appendix B details. The enumer
ation of ordered covers, as distinct from ordered partitions, requires a new sort of
generating function, namely g-binomial series.

As Doubilet, Rota, and Stanley [4, 16] show, classical generating functions
share a unifying background of binomial posets and incidence algebras. A special
sort of binomial poset, namely the g-lattice, also unifies ̂ -binomial series. Further,
^-lattices provide the context for a more general definition of ordered cover that
encompasses the other definitions of that term as special cases.

Thus each of the three themes provokes consideration of the other two.

The eight sections of the dissertation have the following goals: Section 1 shows
several binomial coefficient and ̂ -binomial coefficient identities that motivate and
direct the search for g-binomial series. Section 2 gives a brief introduction to par
tially ordered sets and lattices, introducing some new concepts along the way.
Section 3 defines g-lattices, develops some of the basic notation associated with
them, and shows their power to unify results about sets and results about finite
vector spaces. Section 4 defines the algebra of g-binomial series and explores its
algebraic and topological properites. Section 5 introduces an incidence algebra
like structure—the covering algebra—and shows how it generates the algebra of
5-binomial series. Section 6 makes a slight detour to present Newton inversion an
analogue of Mobius inversion—in the algebra of g-binomial series. Section 7 returns
to the main discussion and indeed completes it by showing how g-binomial series
serve as generating functions for ordered covers in a g-lattice. Finally, Section 8
briefly examines questions which the dissertation touches on but fails to answer,
defining in the process a finite difference operator which seems well-suited to the
study of g-binomial series.

1



Appendices A and B contain definitions and concepts associated with gener
ating functions, finite vector spaces, covers, and the analogues of covers in finite
vector spaces. Otherwise the material in the main body of the dissertation is self-
contained and should be accessible to anyone moderately familiar with vector spaces
and algebras.



1. Motivation

1.1 Set identities

Classical generating functions, as appendix B illustrates, count ordered parti
tions or objects analogous to ordered partitions. They provide no infornaation about
the weaker concept of a cover and its analogues. Certain identities suggest, however,
the existence of a new sort of generating function that does give information about
covers.

For n 6 N = {0,1,2,... } let T be a set with n elements (henceforth an n-jet),
and for r, s e N define to be the number of ordered pairs of subsets of T for
which \R\ = r and |5| = 5 and i? U 5 = T. Note that = 0 whenever r > n or
s>n or r-f-s<n. For other values of n, r, and s the coefficient has a simple
formula which appears in Section 4 in a more general setting.

The following identity has an easy combinatorial proof.

Theorem 1.1. For k,r,s G N,

/k\ fk (1.1)
1 r, 5 j \nj

Proof. Let T be a fc-set. Then both sides of the equation count the number of
ordered pairs {R, S) of subsets of T such that \R\ = r and l^l = s.

The left-hand side counts these in the obvious fashion. There are (*) ways to
choose R and (*) ways to choose 5.

The right-hand side counts the ordered pairs according to the cardinality of
RU S. Let n G {0,1,... ,r -|- s}. Then there are (^) n-subsets of T. For a fixed
ACT with m = n there axe ordered pairs {R,S) such that RU S = A
with \R\ = r and [51 = s. Thus, there are { ordered pairs {R,S) for which
|i2 U 51 = n with jiij = r and |5| = 5. Summing over all relevant values of n yields
the desired result.

One of the usual formulas for (^) is

- ̂
n!

where

k^=k(k-l)...{k-n + l).

3



Let C[X] be the algebra of polynomials over the field of complex numbers, and
define X~ for n € N by

=  (1.2)

Then, X- and

1=0

^  (1.3)
, n / n!

are polynomials in C[X] of degree n.
Replacing the variable k by the indeterminate X in equation (1.1) produces a

statement—as yet unproved—about polynomials. A common way of establishing
such polynomial identities relies on the following algebraic facts. For ra € N, a
nonzero polynomial in C[X] of degree u has at most n distinct zeroes. Let /, fi' G
C[X] have degree n or less, and suppose that there exist distinct ci, C2,..., c„+i € C
such that f(ci) = g{ci) for all i € [n + 1] = {1,2,... ,n + 1). Then the polynomial
f — g has degree n or less and has n + 1 distinct zeroes. Hence f — g = 0. In other
words f = g &s polynomials.

Applying this to the polynomials (^) (^) and Xln=o {r?s} (n) r, s, n 6 N,
we see that these polynomials of degree at most r + s agree, by Theorem (1.1), on
an infinite set of values, namely on N. Consequently

(1.4)
r+5 ✓

XX X
= V

as polynomials.

The identities

and

r. s
n V 'n=0

X^'X' =

X"- X"
rX

r+3

s! r! s!

(r + s)!
(r + s)!I olr s

r + s

(r + s)!

for r, s G N lead to the usual rules for the multiplication of polynomials, ordinary
generating functions, and exponential generating functions, as well as to the combi
natorial significance of such multiplication. The polynomial identity (1.4) does the
same for expressions of the form (^"_q ai(^)), where Oi G C for all z G {0,1,...,n}.



Theorem 1.2. If m,n € N and cq,oi,...,Om, • • • i € C, then

J2ai
>t=0

Proof.

.i=o

m+n / i 1
Z  I , \
' Ort^s

I I I 51 I \ t
,j=0 ^ ' / 1=0 \r=0 s=t —r
Ekftll-EIEE

E -'.oc:)
vi=0 ^ ^ / 0<r<m \ / \ /

0<s<n

'r+s

- ̂  0^65 [ ̂
0<r<m

0<s<n

m+n

E
i=0

a=0

E
0<r<m

0<a<n

\ r+s>2

m+n / i i

r. S
0>r^3

i  ,

/

=E(EE|,',K:;f
j=0 \r=0 3 = i — r

(1.5)

where we have used the fact that =0 whenever r > z or s > i or r + 5 < i to get

the last equality. All indices take only nonnegative values in the above summations.

The right-hand side of (1.5) can also be written as

m+n / I t

f tE{;>
i=0 \r=0 s=0 ̂  ^

(1.6)

since | ' | = 0 in all the additional terms.
I r,5 J

Since deg ('^) = n for all n € N, the polynomials (•^) form a vector space
basis for C[X] over C. In other words, every polynomial in C[JA] can be written
in the form some n 6 N and ao,ai,...,an € C. Consequently
equation (1.5) provides a new way of drawing combinatorial information out of the
multiplication of polynomials.

If equation (1.2) involved infinite sums, then sums of the form
where 00,01,02,... G C, would be generating functions for covers. Expressions of



the form however, are as yet undefined. In particular they are not
formal power series in general, as the following shows:

If / = e C[[X]], then the power series valuation val (called degree
by some authors) of / is

,,_/oo, if/^0
^  \ min{n € N | g„ 7^ 0}, otherwise.

Let fn e C[[X]] for all n G N. By I. Niven [13], the formal series /" is defined
if and only if limn-^00 val/„ = 00. Note, however, that

jx\ r 0, if n = 0

Thus X)r=o®"(^) ̂  ̂[[^]] h and only if the On are finitely nonzero—i.e. if and
only if

|{n G N I On 7^ 0}| < 00.

So the use of expressions like requires a formal theory of such
expressions. The development of that theory occupies much of the remainder of
this dissertation. Indeed, the theory that results deals with a much more general
class of expressions of this type.

1.2 Finite vector space identities

Recall that if n,r G N and 5 is a power of a prime, then the 5-binomial
coefficient (") is the number of r-dimensional subspaces (henceforth rsubs-paces)
of an n-dimenstional vector space (henceforth n-space) over Fg. Appendix A gives
a brief introduction to g-binomial coefficients.

Using g-binomial coefficients it is easy to develop a g-analog of Theorem 1.1.
Let n,r,s G N, and let V be an n-space over the finite field Fg. Define

be the number of ordered pairs (R, S) of subspaces of V for which dimR = r and
dim 5 = s and R + S = V. Note that { " ) = 0 if r > n or s > n or r + s < n.t rySJq

Theorem 1.3. For all k,r,s£N

O.ebsLl.C).
Proof. Let U be a fc-space over Fg. Then both sides of (1.7) count the number of
ordered pairs (R, S) with R an r-subspace of V and S an s-subspace of V.



The left-hand side counts in the obvious fashion. There are ways to choose

R and (^) ways to choose S.
The right-hand side counts according to the dimension of i? + 5. Let n G

{0,1,..., r -f s}. Then V has subspaces of dimension n. If A is one of these
subspaces, then there are ordered pairs (i2, S) with dim R = r and dim S = s

and R + S — A. As the sum of subspaces is well-defined, there are ordered
pairs {R, S) with dimi? = r and dim 5 = s and dim{R + S) = n. Summing over all
relevant values of n yields the desired result.

Is there a way to generalize equation (1.7) into a polynomial identity analogous
to the way Theorem 1.2 generalizes Theorem 1.1? The procedure of "replacing k
by X" which leads to Theorem 1.2 does not produce a polynomial for g-binomial
coefficients. Nevertheless, equation (1.7) does indeed have a polynomial general
ization. Its derivation, however, occurs in a much more general context and, once
again, occupies much of the remainder of the dissertation.



2. Poset and Lattice Background

2.1 Partially ordered sets

This is a brief introduction to partially ordered sets and lattices. The definitions
related to binomial posets are Stanley's [16]. His book also serves as the reference
for the standard definitions given here.

A partially ordered set (henceforth poset) is a set P with a binary relation, usu
ally denoted < (or <p when necessary for clarity), which is reflexive, antisymmetric,
and transitive.

If x,y € P, then x and y are comparable if x < y or y < x. Otherwise x and y
are incomparable.

As a shorthand notation write x < y to mean x ̂  y and x < y.

If X G P such that for all y € P the relation x < y holds, then denote x by 0. If

x' G P has the same property, then x < x' and x' < x, so x = x' by antisymmetry.
Thus 6 is unique. Similarly, if y G P and for all x G P the relation x < y holds,
then denote y by 1.

Call a poset Q a subposet of P ii Q C P and if for all x,y G Q the condition

X  y if and only if x <p y holds.
If x,y G P with x < y, define the (closed) interval

[x,y] = {z e P \ x < z <y}.

This interval is a subposet of P—i.e., it inherits the partial ordering of P. The

poset P is locally finite if every interval in P has finite cardinality.

If x,y G P, then y covers x if x < y and [x,y] = {x,y}—in other words,
if "there is nothing between x and y." Note that this poset-theoretical cover is

unrelated to the sort of cover (i.e. a cover of a set or vector space) that forms the
primary theme of this dissertation!

A chain or totally ordered set is a poset in which no pair of elements is incom

parable. If P is a poset and C C P is a chain, then C is maximal if there is no

chain C C P such that C C C.

If C is a finite chain, the length of C is 1{C) = |C| — 1. In general, if P is a
finite poset, then the length of P is

/(P) = max{/(C) I C is a chain in P}.

For the length of a finite interval [x,y] write /(x,y) instead of /([x,y]).

8



If all maximal chains in a finite poset P have the same length n, then P is
graded of rank n. For such a poset define a rank function p: P —y {0,1,..., n} as
follows: Let y e P and let C = {xo < xi < • • • < Xn} be a maximal chain of P
which includes y. Then p{y) — l{xo,y)- In other words, if i € {0,1,..., n} and
y = Xi, then p(y) — i. That is, y has rank i.

For the same y € P suppose C = {x'^ < x[ < n n n < x'^} is another maximal
chain of P and that y = xj for some j € {0,l,...,n}. Without loss of generality
suppose j < i. Then the chain xq < < (xi — x'j) < has length
i + (n - j) = n + {i — j) > n. But no chain in P has length greater than n—by
finiteness of P every chain is contained in a maximal chain—so n + (i — j) — n.
That is, i — j. So the rank function is well-defined.

Suppose X and y are members of a graded poset P. Then y covers x if and
only if X < y and p(y) = p(x) -f 1. This observation follows almost trivially from
the definition of rank, but it proves extremely useful in later proofs.

2.2 Binomial posets

A poset P is called a binomial poset if it satisfies the following three conditions:

(i) The poset P is locally finite with 0 and contains an infinite chain.

(ii) Every interval [x,y] of P is graded. If /(x,y) = n, call [x,y] an n-interval.

(iii) For all n € N, any two n-intervals contain the same number B{n) of maximal
chains. Call B(n) the factorial function of P.

Stanley [16, pp. 142-143] lists several examples of binomial posets. For our
purposes the most interesting axe N with the standard ordering; the collection of
finite subsets of an infinite set, partially ordered by set inclusion; and the collection
of finite-dimensional subspaces of an infinite-dimensional vector space over a finite

field, again partially ordered by set inclusion.

Let P be a binomial poset and let [x, y] be an n-interval in P for some n G N.
Since P is a binomial poset, the interval [x, y] is graded and thus has a rank function.
For A: G N define [^j to be the number of elements of rank k in [x, yj. Let x be an
element of rank i in [x, y] for some i G {0,l,...,n}. Every maximal chain of P which
includes 2 consists of one of the B{i) maximal chains in the i-interval [x,z] and one
of the B{n — i) maximal chains in the (n — i)-interval [z^y]. Thus B{i)B{n — i)
maximal chains of [x,y] include z. Every maximal chain in [x,y] includes exactly
one of the ["] elements of rank i. Thus [x,y], and indeed any n-interval of P, has



— i) maximal chains. Consequently,

B{i)B{n -i) = Bin),
\

or, more usefully.
B(n)

Bii)Bin — i)

The second identity gives a nice formula for ["] and shows that that the value of
["] depends only on the length of the interval, not on the particular interval under
consideration.

Stanley gives the above formula for ["] and shows further that

Bin) = Ain)Ain — 1)... A(l),

where A(z) = [*] for i € P = {1,2, 3,... }. In the binomial poset of finite subsets
of N listed above, B(n) = n! and

n! in

i\ (n — z)! \i J

thus explaining the terminology factorial function and binomial poset.

2.3 Lattices

Let P be a poset and x,y £ P. If there exists z £ P (necessarily unique) such
that X < z and y < z and for which z < w whenever iw is a member of P with
X < w and y < w, call 2 the join or supremum or least upper bound of x and y and
write X W y = z.

Similaxly, if there exists z £ P such that z < x and z < y and for which w < z
whenever u; is a member of P with w x and w y, call z the meet or infimum

or greatest lower bound of x and y and write x t\y = z.

A poset L in which every pair of elements has a join and a meet is called a
lattice. Thus in a lattice, meet and join are binary operations which are easily seen
to be commutative and associative.

Examples.

1. For n £ N let L = 2^"], the power set of [n], be partially ordered by set
inclusion. Then T is a lattice in which

Ry S = RU S and R ̂ S = RCl S

10



for all R,S & L.

2. Let L — P ordered by divisibility (i.e., m < n if and only if m \ n). -Then L is
a lattice in which

m Vn=:lcm(m,n) and mAn = gcd(m,n)

for all m,n ̂  L.

3. Let L be any totally ordered set. Then L is a lattice in which

X V y — max{x,y} and xAy = mm{x,y}

for all x,y ̂  L.

2.4 Modular lattices

Let L be a finite lattice. If L is graded (as a poset) and

p{x) + p{y) = p{x A y) + p{x V y) for all x,y e L,

then L is a modular lattice. As Stanley [16, p. 103] shows, these two conditions on
L are equivalent to the following condition: For all a:,y E L the elements x and y

both cover a: A y if and only if a: V y covers both x and y.

Examples.

1. For n E N let L = 2^"^ ordered by set inclusion. Then L is a modular lattice
with p(R) = |i?| for all R £ L. Modularity follows from the fact that if R,S E L,
then

\R[JS\ = |i2| + |5|-|iln6'|.

2. For n E N and V an n-space over F,, let L be the collections of subspaces of
V ordered by inclusion. Then L is a modular lattice with p{U) = dim U for all
U £ L. Modularity follows from the fact that if U,W G L, then

diraU + dimW = dim(17 + W) + dim{U fl W).

3. Let L be a finite chain. Then X is a modular lattice with p{x) = /(O, x).
Modularity follows from the fact that if r, y E X and, without loss of generality,

r < y, then

p{x) + p{y) = p{x A y) = p{x V y)

since x Ay = x and x V y = y.

11



2.5 New concepts

A lattice is locally modular if every interval in jL is a modular lattice.
If X is a binomial poset which is also a lattice, then L is a binomial lattice.
Obviously every interval in a lattice is itself a lattice. If L is a binomial lattice,

then by local finiteness every interval in L is a finite lattice. If in addition L is
locally modular, we shall call L a locally modular binomial lattice. The promised
results about covers and generating functions grow out of the properties of locally
modular binomial lattices.

Let X be a locally modular binomial lattice, and let z E L. Then z has a rank
in the interval [6, z]; denote this rank by po{z). If [x,y] is a fixed interval in X and
z e [x,y], then z also has a rank within [x,y]. Denote this rank by pi(z) or simply
p(z) if the context is clear. Note that if y' G X with y < y', then the rank of z in
[a;,y'] is the same as its rank in \x,y\, so Px(z) is well-defined. In particular Pq{z) is
well-defined regardless of whether we view z as being in [6,z] or in [0,y] for some
y G X with z < y.

Examples.

1. The set N with the natural ordering is a locally modular binomial lattice with
factorial function B{ri) = 1 for all n G N. If m, n G N, then myn = max(m, n)
and m An = min(m, n). If r G [m, n], then p^ir) = r and Pm(r) = r — m.

2. Let X be the collection of finite subsets of an infinite set, ordered by inclusion.

Then X is a locally modular binomial lattice with factorial function B{n) = n!
forallnGN. Ifi?,5GX, then RWS = RUS &nd RaS = RHS. If T G [i2,5],
then Po(T) = |T| and pr(T) = \T\ - \R\.

3. Let X be the collection of finite-dimensional subspaces of an infinite-dimension
al vector space over Fg, ordered by set inclusion. Then X is a locally modular
binomial lattice with factorial function

B{n) = H \-l)...{q + 1)(1) for all n G N.

If C/, V G X, then U y V d-V (vector space sum) and U AV = U f]V. If
W G [U,V], then Pq{W) = dimkF and pu{W) = dim W-dim X" = dim(W/X).

12



3. The q-Lattice

3.1 The factorial function

Let L be a locally modular binomial lattice and suppose that [x,y] is an n-
interval in L with n > 2. Choose zq G [x,y] such that p{zo) = 1 (i-e. Px(zo) = 1).
If 0 e [x,y] with z Zo and p(z) - 1, then by modularity of [x,y]

p{zo y z) - p{zo) + p{z) - p{zq a 2) = 1 + 1 - p{x) = 2.

In short, 20 V 2 covers both 2 and 20. On the other hand, suppose w G [x,i/]
covers both 2 and zq. Since z < w and zq ̂  w, the definition of join requires that
z A zo < w. Hence w cannot cover 2 and 20 unless w = z A zq. Thus, except for 20
itself, every element of rank one in [a:,y] is covered by exactly one element which
also covers zq.

Let A = {rank-one elements of [a;,y]}-{20} and let B = {rank-two elements of
[a:,y] which cover 20}. Each element in B covers [^j rank-one elements of [x,y], one
of which is zq . Thus the map 2 1—> 2 V 20 from A to H is a ([^j — l)-to-one surjection.
Further B = {rank-one elements of [20, y]}, so \B\ = ["j ̂]. Therefore the number
of rank-one elements of [a;, y] is |A| -H 1 = |-5|([j] — l) -|- 1 = ["7^] ([1] ~ l) + 1- This
essentially proves the following lemma.

Lemma 3.1. If L is a locally modular binomial lattice, then for all n EP

-lUi.n n — 1('2'

_1 1 V 1

Proof. Recall that

= the number of elements of rank fc in an n-interval.

So []^] = 0 if n < k. Thus the result holds easily for n = 1.
For n > 2 the argument preceding the lemma shows that the right-hand side of

the equation counts rank-one elements of an n-interval, which is precisely the value

For locally modular binomial lattices the quantity [j] — 1 is extremely impor
tant. Henceforth for a given locally modular binomial lattice define

[21
(3Q = - 1. .1)

Doubilet, Rota, and Stanley [4, p.310] give the following result:

13



Theorem 3.1. Let L be a locally modular binomial lattice. Then for all n e N

n-l

2 = 0

and thus

B(n) = ng,-.
j=l 2 = 0

Proof. If n = 0, the result holds by the convention that an empty sum equals zero.
If n = 1, the result is trivial.

If n = 2, then [j] = 5 + 1 by definition of q.
Proceed by induction and apply Lemma 3.1 to see that

q + l

n —1

n -f 1 n

1 _1

i=0

=  +1
t=l

(n+1) —1

= E
2=0

In light of Theorem 3.1, we shall give locally modular binomial lattices the
name q-lattices.

Thus fax we have encountered three sorts of g-lattices:

1. An infinite chain is a g-lattice with q = 0.

2. The collection of finite subsets of an infinite set is a ̂ -lattice with 9 = 1.

3. The collection of finite-dimensional subspaces of an infinite-diminsional vector
space over the finite field Fg is a 9-lattice with q a power of a prime number.

An apparently open question is that of whether other 9-lattices exist. The work
of Doubilet, Rota, and Stanley [4, p.311] on lattices of "full binomial type" seems
to address this question in some fashion.

14



3.2 Notation

If L is a ̂ -lattice and n € N, define

n —1

rif (3.2)
J=0

To avoid confusion with other subscripts, we use a literal "9" as the subscript never
replacing g by a particular value—e.g. writing with q = 2" rather than "n2".
In practice no confusion arises from this convention.

In a further abuse of notation, for n. A; G N define

"'9=
i=i

and
k-l

nj= Y[{ng-jg).
j^o

Note that

n
n  f !

(3.3)

(3.4)

(3.5)
K

In the context of 5-lattices, the numbers n,, nig, and nj behave in a fashion
much like we have come to expect from n, n!, and n- in a more conventional setting.

The exploitation of this behavior produces a number of the results that follow.
For instance, let T be a 5-lattice with factorial function B{n). By Theorem 3.1

A{n) = — rir for all n G N.

Thus

B{n) = A{n)A{n — 1)... A(l)

= n,(n - l)g ... Ig

= n!g.

Further, for all n, G N with k < n

Bin)
Bik)Bin-k)

n\g
k\gin - k)\g

nq

kj
(3.6)

15



Note that the last equality, namely

holds even without the condition k < n.

rig
h '

kj

3.3 Combinatorial results

The well-known tendency of identities involving binomial coefficients and iden
tities involving 5-binomial coefficients to occur in analogous pairs (see Appendix A)
finds its explanation in the fact that the identities depend on 5-lattice properties
rather than on properties of sets or finite vector spaces. This fact provides a pow
erful tool for showing that these pairs of identities axe special cases of more general
results.

The following theorem follows easily from equation (3.6) by algebraic manip
ulation. The combinatorial proof given below illustrates, however, the power of
^-lattices to generalize familiar set and vector space arguments.

Theorem 3.2 (^-binomial recurrence). Let L be a q-lattice. For all n E P and
keN

_ iT _ n

(3.7)n n — 1" k n — 1

k.
—

k-1
+ q

k

Proof. The result holds trivially if n < fc or fc = 0, so assume 1 < k < n.
Let [x,y] be an n-interval in L. Then both sides of equation (3.7) count the

number of elements of rank k in [x,y].
The left-hand side does this by definition.

For the right-hand side proceed as follows. Choose zq E [a:,y] with px{zo) = 1-
Define

and

A= {z E [zo,y] I px{z) = k}

B = {z E [x,y] - [zo,y] \ Px{z) = k}.

The number of rank k elements of [x,y] is |A.| + 15|.
Clearly,

\A\= {z E[zo,y] \ Pzo{z) = k -1}
n — 1

k-l.

16



Now let C == {ti; € [2o,y] I Pzoi^) = k], and define a mapping a: B L by
a(z) = zo V z. We wish to show that a is a (g'^)-to-one surjection onto C. Since
Id = this result will show that \B\ —

Let z e B. Since zq z, the inequality z^Pz < zq holds. But the only element
of [x, y] less than zq is so zq t\ z — x and

Px{zq V 2) = Pi(2o) + Px{z) - px{zo A 2)

= 1 + it -0

= A: + 1.

Also zq\J z ̂  [zQ,y] and Pzoi^o W z) = k, so a{z) € C. Note that 0(2) covers 2
(in [x,j/]). Indeed, a{z) is, as we show below, the only element of C that covers 2
(in [x,y]), and so we may define 0(2) equivalently as the unique element of C that
covers z (in [x,y]).

Suppose w' G C, distinct from w, also covers z. Since px{w) = Px{w') = A + 1,
the elements w and w' are incomparable and px{w Aw') < k. But z < w and z < w'
and Pi (2) = A, so it must be the case that w Aw' = 2. Now zq < w and 20 < u;',
so Zo < w A w' = z. Thus zq < z < y and 2 G [zo,y]- This is a contradiction since

2 G 5 implies 2 ̂  [zo,y]- Therefore w must be the only element in C that covers 2.
If ly G C and thus Px{w) = A + 1, then

{2 G [x,y] I w covers 2} = {2 G [x,ic] | ̂1(2) = A}

A + 1

A

ik + l)U
klgllg

- (A + 1)5.

Of these = kg axe in [20,10] and hence in [2:0, y]. These are not in B and must
be omitted. Thus w covers (A + l)g — kg = q^ elements of B. So a is surjective and
(g'')-to-one.

It follows that

Thus

\B\ = q'

= |A| + |B| =

n — 1

A

n — 1 1. n — 1

A-1.+ 9 A
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In the special cases of (3.7), namely the binomial recurrence

(3=C-0+(%')
and the finite vector space ̂ -binomial recurrence

for q a prime power, the above proof specializes as follows. In the first case count
fc-subsets of an n-set according to whether they contain a distinguished element of
the n-set. In the second case count A:-subspaces of an n-space V over Fq according
to whether they contain a distinguished one-subspace of V.

3.4 Complementation

If il is a ̂ -lattice, [x,y\ is an interval in L, and 2 € [x,y], call z' € [x,y] a
complement of z (in [x, y]) if 2 A 2' = x and 2 V2' = y- The following theorem about
complements proves useful for a later result.

Theorem 3.3. Let L be a q-lattice and [x,y] an n-interval in L for some n £ N.
If k e {0,1,. n n ,n] and z e [x,y] with p(z) = k, then

{z' 6 [x,y] I 2' is a complement of z ] =

Proof. For A; e {0,1,..., n}, let 2 € [x, y] with p{z) = k. Further let

C = {2' G [x,y] I 2' is a complement of 2}.

We wish to show that \C\ =
If 2' G C, then by modularity

p{z') + p{z) = p{z A 2') -f- p{z V 2') = 0 -b n,

so

p{z) = n — p{z) = n — k.

In particular, distinct elements of C are incomparable since they have the same
rank.

18



Define

D — {chains x = ao < ai < n • n < an-k in [x, y] | On-jt G C
and p{ai) = i for all i],

and evaluate |D| in two ways as a means to finding \C\.
First note that every chain in D is a maximal chain in the (n —/:)-interval [x, z'\

for some z' G C. Conversely, if z' G C, then every maximal chain of [x, z'] is in D.
The factorial function B{n - k) = {n - k)\q gives the number of maximal chains in
[x, z'] for each z' E C, and no chain in D includes two distinct elements of C. Thus

\D\^\C\B{n-k) = \C\{n-k)\q. (3.8)

On the other hand note that oq < ai < • • • < an-k with On-k G C is in £) if

and only if A 2 = x for all i G {0,1,... ,n - k}. This is obvious except perhaps
to see that if i G {0,1,..., n — fc}, then Ui A z < z and ai A z < ai < an-k- So
ai A z < an-k A 2 = X, which is to say A 2 = x, thus showing the "only if"
statement.

Proceed by counting the ways to construct oo < oi < • • • < an-k in D directly;
Choose Go in the one way possible. Then choose oi, 02, etc. If the first part of the
chain oq < oi < • • • < Oi for i G {0,1,..., n — fc — 1} has already been chosen, how
many choices are there for Gi+i?

The interval [ai,y] is an (n — i)-interval and thus has ["p] = (n — i)g elements
that cover a,-. These are all the elements of rank (i.e. px) i + 1 which cover ai in
[x,y]. Not all of these elements, however, have the property that their meet with 2
is X. Exclusion of the elements that lack this property will leave the valid choices

for .

Let a cover a,-. Then a,- V 2 < a V 2, so

p{a V 2) > p{ai y z) — p{ai) + p{z) — p{ai A 2) = t + /: — p{x) = i-\- k.

Thus

which is to say

p{a A 2) = p{(x) + p{z) — p{a V 2)

<i + l + k — {i + k)

= 1,

p{a A z) = 0 or p(a A 2) = 1.
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Let A = {a G [x, y] I a covers and p{a A 2) = l}. The valid choices for ai+i
are all the elements that cover Oj except for those in A. So the problem is to find
|A|.

Let B = {rank-one elements of [x, z]} . If a, a' G A are distinct, then (a A z) A
{a' A z) = {a A a') A z = ai A z = X, so a A z ̂  a' A z. Thus the map from A to B
by a a A 2 is injective. In particular, |A| < \B\.

On the other hand, let G S. Then a,- A /3 < a,- A 2 = x. Thus p(a,' W /3) —
p{ai) + p{fi)-p{aiA(5) = i + 1 and p[{ai\/^)Az) = p(ai V/3) + p(2)-p(a, V(/9V2)) =
2 4.1 4- Jt - p{ai V 2) = i +1 + fc - (i + fc) = 1, so Ci V ̂  G A. If /?' G 5 is distinct from
13, then p((at V/5) V(ai V^')) = p(ai V((0V/9')) = p{ai) +p{^y (3') —p[ai A{^ A(3')) =
i + 2- p{x) = i A 2 (note a, A (^ + ̂5') < a, A 2 = x), so ai 'V l3 ̂  ai V /?'. Thus the
map from 5 to A by a,- V /? is injective. In particular \B\ < \A\.

Therefore |A| = |5| = [J] = kg. So kg of the (n - i)g elements that cover ai
cannot be element a^+i in the chain.

Altogether then there are ((" "" O9 " ̂9) construct a chain in
D—that is

n — k — l

PI = n ((""O9 - h)-
i=0

Combining this formula with (3.8) yields

n~k — l

|Cl(n-/:)!g= JJ {{n-i)g-kg). (3.9)
t=0

Now use the following identity to manipulate the right-hand side of (3.9). If
r, s G P with s <r, then

fq — Sg = + • • • + 1) — (9* ^ + 9* ^ + • • • + 1)
=  + q"--^ + - - - + q'

= q%q'-''-'+q'-'-^ + - - - + l)

= q^{r-s)g. (3.10)

From (3.9) then,

n — k — l

\C\{n-k)\g= JJ {{n-i)g-kg)
i=0

n — k — l

= n ~ ̂ ~
t=0
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n —fc —1

n (n-k-i),
1=0

i=l

''\n-k)\,.

That is,

\C\{n-k)\, = q^^^-^\n-k)\,. (3.11)

Divide both sides of (3.11) by (n — k)\q (recall 0!g = 1) to get the desired result,
adopting the convention 0° = 1 in the case ̂  = 0.
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4. The Algebra of q-Binomial Series

4.1 The set of arithmetic functions

The set of (complex-valued) arithmetic functions = {F : N —* C} is simply
the set of sequences of complex numbers. If oq, oi, 02,... G C, then the statements

F(n) = an for all n G N

and

F = (00,01,02,...)

both describe the same arithmetic function F.

There are several ways to give the structure of an algebra over C. Two

of these possibilities appear shortly. The third appears in Section 6. All three,
however, have the same addition and scalar multiplication. Namely, if F,G G
and c G C define

{F + G){n) = F{n) + G{n) for all n G N

and

{cF){n) = (c.F)(n) = c(F{n)) for all n G N.

Either juxtaposition or a period denotes scalar multiplication, the latter appearing,
however, only when clarity demands it.

Let F, G G and define the Cauchy product F * G oi F and G by

n

(F * G)(n) = F(i)G(n — i) for all n G N.
i=0

The quadruple (C^,H-,*,.) is well-known to be a C-algebra and is, in fact, the
algebra of formal power series. For a thorough development of formal power series,
see I. Niven [13]. This is the first way to give the structure of a C-algebra.
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4.2 Newton multiplication

The second way to give the structure of a C-algebra involves a new mul
tiplication and requires the following definition. Let T be a g-lattice. If n,r, s 6 N

and [a:,y] is an n-interval in L, define the covering coefficient

\ " r = \ z,w e [x,y], p{z) = r, p{w) = s, and zy w = y} . (4.1)

The following theorem shows that covering coefficients are well-defined—i.e.,

they do not depend on the particular interval [x^y] under consideration.

Theorem 4.1. If L is a q-lattice and n, r, s E N, then

("1=1 if r < n, s < u, and r + s > n (4 2)
[  0, otherwise

Proof. The "otherwise" case of (4.2) is obvious, so assume r < n, s < n, and
r + s > n.

The result follows immediately from showing that

n

(n - r)!,(n - s)!g(r + s - n)!, = (4.3)

Let [x, y] be an n-interval in L. The right-hand side of (4.3) is times
the number of maximal chains in [x, y].

The left-hand side of (4.3) counts the same quantity, but in indirect fashion.
Choose 2,u> E [x,y] with p{z) = r, p(w) = s, and zS/ w = y. There are ways

to do this, where may depend on [x,t/].

Let X = Go cii < n • • < On = y be a maximal chain in [x,y] that includes
z A w and w. Clearly ag = w and Or+s-n = z Aw since p(w) — s and p(^z A w) =

p(z) -b p{w) — p[z yw) = r-\-s — nhy modularity.
How many such chains are there? This chain being maximal is equivalent to

the chain gq < ai < • • • < ar+s-n being maximal in [x,z A tc], the chain Gr+s-n ̂

Gr+3_n-|-i < • • n < fls being maximal in [zAiti, r/;], and the chain g^ < Gj+i < • • • < Gn
being maximal in [ro, y]. The interval [x^z A w\ has length r + s — n and thus has
B(r + s — n) = (r-fs — n)!g maximal chains. Similarly the interval [z A ti;,w]
has H(s — {r + s — n)) = [n — r)\q maximal chains, and the interval [t(;,y] has
B(n — s) = (n —s)!g maximal chains. Altogether, then, (r-t-s —ra)!g(n —r)!g(n —s)!g
maximal chains in [x, j/] include z Aw and w.
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This quantity appears in (4.3) and gives rise to the following interpretation.
The left-hand side of (4.3) counts the number of ways of choosing z,w ̂  [x, y] with
p{z) = r, p(w) — s, and zM w = y and then forming a maximal chain of [x, y] which
includes z f\w and w.

How many times does this procedure count a given maximal chain? A chain

that includes z A w and w for the 2 and w chosen above also includes z' Aw and

w, where p(z') = r, z' W w = y, and z' Aw = z Aw. In short, this procedure counts
a maximal chain that includes z A w and w once for each complement of w in the

interval [z Aw, y].
The interval [2 A w, y] has length n — (r + s — n) = 2n — (r -f- s), and pzAw{w) =

s — {r + s — n) — n — r. So by Theorem 3.3, the element w has

^(n-r)((2n-(r-|-s))-(n-r)) _ ̂(n-r)(n-s)

complements in [z Aw, y].
Therefore this procedure counts every maximal chain in the interval [x,y] ex

actly times. The resulting quantity is the left-hand side of equation (4.3).
This establishes (4.3) as an identity, and the desired formula (4.2) follows im

mediately by division. In particular, (4.3) shows that depends on n, r, s,

and q, but not on the particular interval [x,y] under consideration.

If L is a ̂-lattice with g = 0 and if n, r, s € N with r < n, s < n, and r + s>n,
then equation (4.2) becomes

n ̂  _/l) if r = n or s = n
r,sj 1 0, otherwise

'9

Under the same conditions with 9 = 1,

f n 1 n!

^r,sj (n — r)! (n — s)! (r-f s — n)!'

which is the trinomial coefficient ( " , ).
\ n — r, n — 5, r-h a — n/

Let F,Ge . Define the q-Newton product F o G oi F and G by

n  n ^ X

iFoG)(n) = E E E F{r)G{s) for all n € N, (4-4)
r=0 s=n-r

where the are covering coefficients of a 5-lattice as defined by equation (4.1).
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The frequently-useful alternative definition

n  n /■ N

F{r)G{s) for all n G N (4.5)
r=0s = 0

is equivalent to (4.4) since = 0 in all the additional terms.
The proof that Newton multiplication is associative requires the following def

inition and lemma:

Let L be a ^-lattice and [x, y] an n-interval of L for some n € N. If A; > 2 and
n, ri, r2, . . . , rj; G N, define the multi-covering coefficient

{  " ] = 1^1, (4.6)
where

A = {(.21, . . ■ ,Zk) I Zi G [x, y] and p{zi) = Vi for i G [k], and zi y ■ ■ ■ M Zk = y} ■
Lemma 4.1. Let L be a q-lattice and [x,?/] an n-interval of L for some n G N. If
k is an integer with k >2 and if ri,r2, . . . ,rk+i are all nonnegative integers, then

E( ' j ( " I = i }• (4.7)^ lri,r2, . . . ,rfcj^ (r,rfc+ij^ (n, r2, . . . , rfc+i J ^
Proof. Let A be the set of (fc -f l)-tuples that the covering coefficient on the right-
hand side of (4.7) counts by definition, and let B = {(z,u>) \ z,w ^ and
p{w) = r;t-M and z V iw = ?/}.

Define a mapping a : A -> P by q;(zi,Z2, . . . ,Zk+\) = (zi V Z2 V • • • V Zfc,Zjt+i).
As the following argument shows, the left-hand side of (4.7) counts the elements of
A according to their image under a.

Let {z,w) E B he fixed. Then {zi,Z2, . . . ,Zk+i) G A maps to (z,w) under a
if and only if zi V Z2 V • • • V Zfc = z and Zk+i = w. If r = p{z), then there are

r2^ Tfclg ®nch (zj, Z2, . . . , Zfc) since for i G [A:] the z,- must be in the r-interval
[x, z]. Consequently,

|q:~^(z,u;)| = j ^ |.
The set B contains I " } elements that have a first coordinate with rank r.lr,rk+i}g

Summing over all possible values of r yields

j =i^i = e{ ' H " I-ji,r2, . .. ,rk+i}^ ^ [ri,r2, . . . ,rk}g[r,rk+i)g
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Note that equation (4.7) establishes a recurrence which effectively defines the
multi-covering coefficients in terms of covering coefficients. As the value of covering

coefficients does not depend on the interval under consideration, neither does the

value of multi-covering coefficients. That is, the multi-covering coefficients are well-

defined.

Note also that the value of | " } remains unchanged if the order of the
r, changes. This observation follows from the commutativity of the join operation.

Theorem 4.2. If o is a q-Newton product and F,G,H € then (F oG) o H =
Fo{GoH).

Proof. Let F,G^H € and n £ N. Then

n  n /'

n((C » G) o H) (n) = 5] (F o G)(r)H{s)
r=0 3=0 q

n  n \ i T r ^
n 1 / I r

= EE ; EE n.)Ga)Uw
r=0 3=0 \iz:0j=0

TI TI TI

=eee^«gow.)E ;j
1=0 7=0 5=0 r=0 >q1 = 0 J = 0 5 =

n  n n

= EEEj'(W)^w E. n (4-8)
1=0 j=o 3=0 '•'' ■'q

where the last step follows from Lemma 4.1.
Beginning with the same lemma and essentially reversing the previous steps,

n  n n f n n n
r

S
EEE^ogow.)!,, ; J =±±±Fii)GmM± {.;} {;
,=0j=05=0 t=0j=05=0 r=0

n  n f x / n n f x=EEt: fW EE
,=0 r=0 ? ^>=0 3=0 -'9

=EE{E}^'(')((g«^?)M)
i=o r=0 Jg

= (Fo(Go77))(n).
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The following three lemmas complete the demonstration that Newton multi
plication together with the usual addition and scalar multiplication give the
structure of a commutative C-algebra.

Lemma 4.2. If o is a q-Newton product and if F^G E. C^, then F o G — G o F.
That is, Newton multiplication is commutative.

Proof. This follows easily from equation (4.5) and the fact that

r u 1 f n 1
for all n, r.s. € N.

Lemma 4.3. If o is a q-Newton product and F,G,H G then F o (G -h H) =
F o G F o H. That is, Newton multiplication distributes over addition.

Proof. Let n G N. Then

(F o (G + )) (n) = I " I F(r)(G + if)(.)
r=0 5=0

= E EI "I
r=0 a=0 ' ̂9
n  n / \ n n r \

n  \ n

= EE{, J^('-)«w+EEL,k('-w^)
r=0 3=0 r=0 s=0 ̂  ' -iq

= {FoG){n)-hiFoH){n).

Lemma 4.4. If o is a q-Newton product, F,G E and c G C, then c(F o G) =
(cF) o G.

Proof. If n G N, then
n  n /'

n{c{FoG))(n) = c{{FoG){n)) = cYi E L J
r=0 3=n — r ^ ' ■'9

r=0 s=0 '^^'>^■'9

= EE{,",}(''^)w«w
r=0 3=0 ' h

= ((cF)oG)(n).
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This lemma completes the proof of the following theorem.

Theorem 4.3. If o is a q-Newton product then the quadruple (C^,+,o,.) is a
commutative algebra over C.

Let = (1,0,0,...) G C^. If F G and n G N, then

v— n arrr r> — r* ^ ^ Or=0 5=n —r

= (l)(l)C(n)

= F(n)-

Therefore (C'^,+,o,.) has a multiplicative identity, namely U.
Under the same conditions define by <;i(c) = cU for all c G C.

The mapping (f) is well-known to be a C-algebra monomorphism between C and
(C^, -f", *,.). As it turns out, (f is also a C-algebra monomorphism between C and
(C^, +,o,.).

Theorem 4.4. If o is a q-Newton product, then the mapping (f):Q by
(j){c) = cU for aJi c G C, is a C-algebra monomorphism between C and (C^, -(-,o,.).

Proof. By the remarks preceding this theorem, (j) is injective and preserves addition
and scalar multiplication. It suffices to show that <f) preserves multiplication.

Let a, 6 G C. Then 4>{ab) = [ab)U = a{bU) = a(U o bU) = {all) o bU =
<l)(a)o(l){b).

□

In light of Theorem 4.4 and the remarks preceding it, the natural practice arises
of viewing the image of C under <j), that is the set

<!>{€) = {cU\cec} = {{c,o,o, . . .) \ cec}
as a copy of C in C^. This leads to the convention of denoting the sequence cU =
(c, 0,0, . . .), where c G C, simply by c, allowing the context to resolve ambiguities.
In particular,

U = 1.U=1,

where 1 G C the first time it appears and 1 = (1,0, 0,. . .) G the second time it
appears.
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4.3 The indeterminate and q-binomial polynomials

Define X 6 by

Let

and for n G P let

X = (0,1,0,0,...).

With a suitable metric on and a few natural definitions (see section 4.5),
the series X)n>o converges to (oo, , ̂2, • • • )• For this reason the algebra
(C'^, +, *, ■)■, much more commonly denoted (C[[X]], +, *, .), is called the algebra of
formal power series. See I. Niven [13] for a thorough development of formal power
series.

A bit unexpectedly, if o is a ^-Newton product with ? > 0, then the elements of
also have a "nice" representation as infinite series in the algebra (C'^,+,o, .).

The development of this idea and an investigation of the algebraic properties of
(CN,+,o,.) occupy the remainder of this section.

Let o be a g-Newton product with g > 0. Adopting the convention that an
empty Newton product is 1 € C^, define the q-binomial polynomial of order n

/X\ {Xo(X-l,)o- - -o(X-(n-l),))
(n,(n,-l,),. .(n,-(ii-l),))

= 4(Vo(V-!,)<>■..o(X-(n-l),)) (4.9)

"/</

n-

n times

g

for all n G N.

Clearly = 1 = (1, 0, 0, . . .) by the convention on empty Newton prod
ucts, and (f)^ = X = (0,1,0,0, . . .). The following theorem characterizes in
general.

Theorem 4.5. For n E N let {'^)^ be the q-binomial polynomial of order n where
g > 0. For all k eN, then, {^)g{k) = Snk, where 8 is the Kronecker delta. In other
words (■^) =(0,0,.. .,0,1,0,. . .)6C'*,
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where the 1 falls in the nth position, the initial position being considered position 0.

Proof. The result holds for n = 0,1.

Proceeding by induction, assume the result holds for some n € N. Then

recalling equation (3.5)

/ ̂  \
\n + Ij

1  + 1)?

^  ■(Xo(X-lg)o- - -o(X-n,))g"("+i)/2(n + l)!5

=  o (X - 1,) o . . . o (Z - (n - 1),)))
\g"(n + 1)

'X\ ( 1 (X

(X-n,)

o - n,)\ (4.10)

Let

F = I ) and G = (—;; ^(X — .
W{n + lV )

If fc 6 N, then by (4.10)

' X
.n +

k  k){k) = {F<, G)(k) = •£ E (A} ^'('■)G(5). (4.11)
r=0 s=k-r ^ q

By the induction hypothesis F{r) = Snr- In particular, F{r) = 0 for r < n.
Therefore, by (4.11), for all A: < n

Now assume k > n. Then equation (4.11) yields

fc ^ fc' X
.n +

^)(k) = Fin) E {A}®W-= E
' q s=k-n *■ ' 3=k-n ^ ' Jq

Note that

9"(n + l)/~""^'°'°' '"^"
That is, G(s) = 0 for all s > 2. So the summation in (4.12) is nonzero only if
k — n = 0 or k — n = 1—in other words ifA: = norfc = n + l. Consider these two
cases separately.
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Case 1. Suppose k = n. From equation (4.12)

■Sl-'.l.'""

By the definition of covering coefficients

^ )(n)
in + l/„ ^ I u, s , „
^  ' ' 9 3=0 ^ 9

a-.
and by equation (4.2)

f n

So

-rig \ . . / 1
+1)9/^ +1)9.

= 0.

Case 2. Suppose k = n 1. From equation (4.12)

n+l
X ^

n + ly

'(n +
l!g n\g Olg / \9"(n + l)g

= 1,

where the value of comes from equation (4.2).
Therefore

^ \ / I' if/: = n + ln + l/^ \ 0, otherwise
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4.4 Polynomials

Let T' = {-F € I there exists an TV G N such that F{n) — 0 whenever
77 > TV}. In other words V is the set of finitely nonzero sequences in C^. Then
{V, +, *,.) is the algebra of polynomials over C, more usually denoted (C[X], +, *,.).

If F € F with F ̂ 0, define the degree of F by degF" = max{?7 G N | F[ri) ̂
0). Further define degO = — oo.

As it turns out, if o is a g-Newton product with ̂  > 0, then the quadruple

("P,+,o,.) is also a C-algebra and is isomorphic to (P, The proof of this
isomorphism requires the following lemma.

Lemma 4.5. Let L be a q-lattice with q > 0. For n G N define F„ G by

Fo — I,

Fi

and

Fn = ̂(X * (X - Ig) * n n n * (X - (n - l)g)) forn > 2. (4.13)
n

If r,s G N, then

n=0 9

(4.14)

Proof. For c G C, let <^c-F C he the usual evaluation homomorphism from

(P,+,*,.) to C. That is to say, if F" = ^ ̂  some TV G N and
complex constants ao, ai,..., ajy, then

N

MF) = Ojc'.
i=0

If fc, n G N, then

^ria

n

k

— 1 k-n 1

(4.15)

by equation (3.6). So if r, s G N, then Theorems 1.1 and 1.3 establish

r

r+sr-TS / N

■Si.:.).
■"•(si.:.).'-. (4.16)
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for all /c G N. Those theorems, however, make use of set arguments and vector

space arguments. A more general argument using properties of g-lattices suffices
to establish equation (4.16) for all k £ N. This argument, of course, then yields
Theorems 1.1 and 1.3 as special cases. Namely, let [x,y] be a A:-interval in L. The
left-hand side of (4.16) counts the number of ways to choose z^w E [a;,y] such that
p{z) = r and p{w) — s. The right-hand side of (4.16) does the same according to
the rank of z W w.

Both sides of equation (4.14) are polynomials of degree r -|- s or less, but equa
tion (4.16) holds for all A: € N. This says that

for an infinite collection of c G C, namely for any c = kg, where A: G N. Thus (4.14)
is a polynomial identity.

Let o be a y-Newton product with q = 0 and let

F = (1,-1,0,0,...) and G = (0,0,1,0,0,...)

be in V. If n G N, then

(FoG)(n) = f^ ( "
r=0 s=n —r ̂  ' ̂9

= f^f(7-)G(n)+2F(n)GM.
r=0 a=0

So

(i^oG)(0) = F(0)G(0) = 0,

{F o G)(l) = F{0)G(1) + F(1)G{1) + F{l)G{0)

=  — 0,

(F o G)(2) = F(0)G(2) + F(1)G(2) + F(2)G(2) -f- F(2)G(1) + F(2)G(0)

= 1 — l-|-0-t-0-(-0 = 0.

and clearly {F o G)(n) = 0 if n > 3. In other words F o G = 0. Thus {V, +,o,.)
has zero divisors and is not isomorphic to {V, -f, *,.) since {V, 4-, *) is an integral
domain.

If 5 > 0, however, the situation is rather different.
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Theorem 4.6. Let o be a q-Newton product with q > 0, and for n G N define Fn

as in the previous lemma. Define tpiV —> V by

N

HF) = ̂anFn, (4.17)
n = 0

where

F = (ao,ai,...,a7v,0,0,...) gV.

Then ip is an isomorphism between {V, +,o,.) and (V, +, *,.).

Proof. Since deg Fn = n for all n £ N, the set | n € N} is clearly a vector-space
basis for (V, -h,.). From this it follows easily that xp is bijective.

It is also clear that ip preserves addition and scalar multiplication.

Let F,G G V with N = max(deg F, deg G). From (4.4) it is not hard to see
that deg(F o G) = deg(F) + deg{G), so deg(F oG) < 2N. Thus

2N

xl^iFoG) = ̂((FoG)(n))e,
Tl = 0

2N / N N , N

=E EE
n=0 \r=0 s=0 ̂  ^ 9 /
N N 2N f ^

=eew)E
r=0 s=0 n—O ^ ?

N N

= ̂^{F{r)G(s)){Fr * Fs) (by Lemma 4.5)

= (e^w^-) ¤
= v(e) • V'(G).

□

If F' = (oo , ajv, 0.0 ) G "P, then by Theorem 4.5

^'=E ("8)
n=o ^ ' g

so the isomorphism of Theorem 4.6 can also be written as

~ Xy (4-19)
\n=o \ ' gj n=0
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That is

1'' f E <"« TI «■ ■ •« 1
\n=0 "9 /

^  1
= E - 1') * ■ ■ ■ * - !)«)) (^-20)

nn=0 ^

Note that ^/'(X) = X, so ?/> can also be written as

(N \ N
53a„X^" =5^a„X*", (4.21)
n=;0 / n=0

where
n times

X^" = X o X o • • • o X

If c G C and (j)c is the evaluation homomorphism from (C'^, +, *, •) to C, then
the mapping <?!>(.: "P C by <f>'c(F) = (f)c{}l)[F)) is a homomorphism from (C^, +, o, .)
to C. Call (j)'^ the evaluation homomorphism from (C'^j+jO, .) to C.

4.5 Topology and convergence

1. Niven [13] defines a metric d on as follows; Fix a real number b G (0,1).
Define the valuation val on by

vaim = I ^ ^ I ^\  oo, if F=0

for F € (Niven calls this the degree of F). Use this to define an absolute value
on F G by

|F| =

Finally define the metric d on by

d{F,G) = \F-G\ (4.22)

for all F,GeC^.
The sequence {F„} in is summable if and only if there exists F G such

that lim„-H.oo Z]fc=o ~ ^ sequence of partial sums
Fo + Fi + • • • + F„ converges to F in the metric d as n —> oo. In this case write
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~  i^n] being summable is equivalent to requiring
that the sequence {-Fh} converge to 0 in the metric d. This in turn is equivalent to
requiring lim„_^oo val(Fn) = oo.

Let F = (no, fli, «n, • • •) G Since val(X*") = n for all n E N, the sequence
{anX*"'} is summable, and clearly

OO

(4.23)
n—O

This is the reason for calling (C'^, +, *,.) the algebra of formal power series.
Now let o be a ̂ -Newton product with g > 0. Theorem 4.5 shows that

= X*" for all n G N,

so by (4.23) we can also write

F=t4l). (4.24)
n=0 ^ '9

In the light of this representation of the members of C^, call the algebra (C'^, + ,o,.)
the algebra of formal q-binomial series.

Equation (4.24) suggests the following restatement of the definition of Newton
multiplication. Let o be a ̂ -Newton product with 5 > 0, and let

F = (oo, Gi, CI2) • • •) G and G = (605 , 62; n • ■) G C^.

Then

'•"■(S'OJ'd'-e:.,
00 / n n f \

n \ , \ X

=E EE
n=0 \r=0 s=n — r ^ ' '9

Formula (4.5) produces the equivalent statement

OO / n c N

^'« = E EE -MO-n=0 \r=0 a=0 "^^'"^''9 / ^^'9
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4.6 Algebraic properties

Despite the existence of isomorphic subalgebras (P, +, *,.) and {V. +,o,.), the
C-algebras (C^, +, *,.) and (C^, +,o,.) are not isomorphic. This follows immedi
ately from the existence of zero divisors in (C'^, -|-,o) since (C'^, *) is well-known
to be an integral domain.

Theorem 4.7. Let o be a q-Newton product. The ring (C^, +, o) is not an integral
domain.

Proof. The remarks preceding Theorem 4.6 establish the result for q = 0, so assume

5 > 0.

Let F = ( —1,1, 0,0,... ) G C^. If F is a zero divisor of (C^, -|-,o), then there
is a nonzero G G such that FoG — 0. By formula (4.4) this equation says that

n  n ^ N

F(r)G(s) = 0 for all n G N. (4-27)
r—O s—n — r ^ ' ■'

Solving (4.27) for G yields the recursive definition

G(0) = 0,
G(l) = 1,

and

"'"'■(u.-i.y,
By equation (4.2), for n > 2

SO this definition involves no division by 0 since 5 > 0.
To verify that indeed F oG = 0, note that

(F«G)(0) = F(0)G(0) = (1)(-1)(0) = 0

and

= {o!i} + {1(0} + {m}
= (1)(-1)(1) + (1)(1){0) + (1)(1)(1)
= 0
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and for n > 2

T-=n .H:=.n. — r '

F(0)G(n) + { " } r(l)G(n - 1) + { " } f (1)G(
7  k ' J Q \ ^ J Q

r=zO s—n — r

n

n

1, n — 1
Gin - 1)

0.

As neither F nor G is 0, this shows that is a zero divisor of (C^, +,o).

Corollary. Let o be a q-Newton product. The C-algebra (C^, +, *,.) is not iso-
morphic to the C-algebra (C^, +,o,.).

The units of (C^,+,o,.) have a simple characterization whose proof uses, in
part, the same technique as that used to define G in the proof of Theorem 4.7.

Theorem 4.8. Let o be a q-Newton product. An element F of is a unit of

(C'^, +,o,.) if and only if

E
t=0

F(i) ̂  0 for all n E: N.

Proof. Suppose F G such that ["] -P(0 7^ 0 for all n G N. Define G €
by

G(0) =

and

m

for n G P.
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By Theorem 4.1 and equation (3.6) note that

n

r, 5

q(n-r){n-s)

(n - r)!g (n - s)lg (r + s - n)!^

nl,
-

U"-r)\g r\gj V(n-5)!, (r-(n

_

n r (n-r)(n-s)

r n — s

(n-r)(n-3)

(4.28)

whenever n,r, 5 € N with r < n, s < n, and r + s > n. Of course a combinatorial

proof of this identity also exists.

Equation (4.28) and the definition of G yield

(G«F)(0) = ( ° I G(0)f(0) = (1)(1)(1) = 1
.0,0

and for n G P

(GoF){n) = j2 E G(r)f(»)

s=0 r=0s=n—r ̂  '9

n

3 = 0

n

n —1 n

= G(n)E P E E {;j
a=n L J L J r=0 5=n —r ̂  ^

n —1 n

v s
r=0 5=n—r ̂  ^

G(r)F(s)=G(n)EpeW + E E

= E
.1=0

F(0 (G'(n)-G(n))

= 0.

Therefore G o F = (1,0,0,...) = 1, the multiplicative identity of (C^, +, o,.).
So F is a unit of (C^, +,o,.).

Conversely, suppose that F is a unit of (C^, +,o,.) and there exists an n G N
such that ["]-^(0 = 0. Define H G by H{i) = 6ni for all i G N, where 6
is the Kronecker delta.
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li k E {0,1,..., n — 1}, then

(FoH)(k) = Y;^ Y:
r=0 s=k-r ̂

k  k

E E
r=

0.

V S I
r=0 s—k—T ̂  ^ 1

F(r)(0)

Further, again by equation (4.28),

(F<>H)in) = ± ± {;1f(
r=0 s—n — r ^ ' "^9

r)Sr.

r=0 ̂  ' ■"!
E
r=0

n

E
r=::0

n F{t)

r

n — n

q{n-r)(n-n)

n  r 1
n

E
r=

0.

r
r=0

F{r)

Thus {F oH) (k) = 0 for € {0,1, . . . ,n}.
Since F is a unit, there exists G G such that G o F = I. In particular

{{GoF)oH){n) = {loH){n) = 1.

On the other hand

(Go(FoH))(n) = Y Y 1^" 1 G(r)(Foff)
mf) .Q=r>. —r ^ Qr=0 s=n—r

n  n

= E E
r=

= 0.

n

r 6 I
r=0 s=n—r *■ ' -^9

G(r)(0)

This is a contradiction. Therefore if F is a unit, it cannot be the case that
[i]^(0 — 0 for some n G N.
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The second half of the preceding proof is essentially an argument about val

uations and could easily be recast in that form as in the following sketch. The

valuation of the Newton product of two g-binomial series cannot be smaller than

the maximum of the valuations of the two factors (Equation (4.26) makes this

clear.). In particular if F,H G C^, then val(F o H) > vSi\{H). But if E is a unit
of (C'^, .) with Newton multiplicative inverse G, then val(F o H) = val(iif)
as otherwise val(if) = val(l o H) = val(G <> {F o H)) > val(F o H) > Yal{H).
On the other hand, if F^H G with ["]-^(0 — 0 val(i/') = n, then
val(E' o H) > n, so F cannot be a unit.

It is interesting that this same sort of valuation argument produces the standard

result that units in (C^, -f, *,.) must have nonzero constant terms.
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5. The Underlying Structures

5.1 Covering algebras

Doubilet, Rota, and Stanley [4, 16] develop the theory of incidence algebras as
a means of finding the common structures behind many of the generating functions

which arise in combinatorics. Similar structures underlie g-binomial series. Indeed,

these structures bear much the same relation to incidence algebras that (C'^, +,o,.)
bears to (C^, +, *,.).

Let L be a locally finite lattice (always nonempty by assumption), and define

Int(L) = {intervals of L} = {[x, y] | x, y G L and x <y].

Further, define C(L) = {complex-valued functions on Int(Z/)} = ■[/:Int(L) —> Cj.
Equip C{L) with the usual addition and scalar multiplication; namely, for all

fi9^ and c G C let

if + 9){x,y) = /(x,y) +y(x,y)
and

(c/)(x,y) = (c./)(x,y) = c(/(x,y))
for all intervals [x, y] G Int(L). The triple (C(X),+, .) is well-known to be a vector
space over C. Write /(x, y) in place of the more awkward /([x, y]).

Now equip C{L) with a multiplication. If /, y G C{L), we shall define f o g hy

if^9){x,y)= f(x,z)g{x,w) (5.1)
z,w^[x,y\
zVw=y

for all [x,y] G Int(X). The next few lemmas explore the behavior of this multipli
cation.

Lemma 5.1. Let L be a locally Unite lattice. If f,g G C{L), then f og = go f. In
other words, the operation o is commutative.

Proof. Let [x,y] G Int(T) and /,y G C{L). Then

(/ ̂  9){x, y)=
z,we[x,y]
zVw=y

=  g{x,w)f{x,z)
w,z£[x,y]

W\/Z=:y

= {9of){x,y).
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Lemma 5.2. Let L be a locally Unite lattice. If f,g,h G C{L), then {f o g) o h =
f o[g oh). In other words, the operation o is associative.

Proof. Let [x,y\ G Int(L) and f,g,h G C{L). Then

{{f og)oh){x,y)= ^ {{f o g){x, z))h{x,w)
z,we[x,y]
zVw=y

/  \

z,w^[x,y] a,6G[i,z]
zVw=y \ aVb=z /

f(x,a)g{x,b)h{x,w)
a,b,we[x,y]
aVbVw^y

=  S 9{^^b)h{x,w)
a,cG[x,j/] 6,u;G[i,c]
aV c=y bVw—c

=  5Z fi^^^){i9oh){x,c))
a,c€[i,j/]
aVc=y

= {f o{g oh)){x,y).

Lemma 5.3. Let L be a locally hnite lattice. If f,g,h£ C{L), then f o(g + h)
if 9) d- {f o h). In other words, the operation o distributes over addition.

Proof. Let [x,y] G Int(L) and f,g,h G C(X). Then

{f <>{9 ■hh))ix,y) = ^ f{x,z)i{g + h){x,w))
z,we[x,y]
zS/w=y

=  5Z fi^^^)i9i3:,w) + h{x,w))
z,we[x,y]

zVw—y

=  fix,z)g{x,w)+ f{x,z)h{x,w)
z,w^[x,y] r,u;e[x,!/]

ZVw—y zVw=y

= if0 9)ix,y) + {foh){x,y).
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Lemma 5.4. Let L be a locally £nite lattice. If f,g G C{L) and c E C then

c{fog) = {cf)og.

Proof. Let [a:, y] € Int(I/) and f,g E C(L). If c 6 C, then

{c{f og)){x,y) = c{{fog){x,y))

= c f{x,z)g{x,w)
z,w&[x,y]
zVw=y

=

z\/w=y

Zjiuela:,!/]
z^w—y

= {{cf)og){x,y).

Since (C(L), +,.) is a vector space, the previous lemmas complete the proof of
the following:

Theorem 5.1. If L is a locally finite lattice, then (C(jL),+,o, .) is a commutative
algebra over C.

We shall call (C(il),+,o,.) the covering algebra of L over C.
The next two results give the multiplicative identity and characterize the units

of the covering algebra of a locally finite lattice.

Proposition 5.1. Let L be a locally finite lattice. The function 8 E C{L) defined

by
_ / 1, ifx = y

is the multiplicative identity of {C(L), +,o,.).

Proof. Let / E C(L) and [x,y] E Int(X). Then

{8of){x,y)= ^ 8{x,z)f{x,w)
z,w^[x,y]
z\/w=y

= 8{x,x)f{x,y)+ 8{x,z)f(x,w)
we[x,j/]
x<z<y
zVw=y
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{l)f{x,y)+ {0)f{x,w)

x<.zKy
zVw^y

Theorem 5.2. Let L be a locally Unite lattice and f G C{L). The function
f is a unit of (C(L),+,o,.) if and only if for all [x,y] G Int(Z) the condition

Eaelx,y]f(^'^) ̂  0 ̂olds.
Proof. Suppose that for all [a:,y] G Int(I/) the condition X]ae[i 2/] ^ holds.

Define a function g G C(L) as follows: First define / on all intervals of length
zero by setting

1

g(x,x) =
f(x,x]

for all X G ii. Complete the definition of g recursively by specifying

/  \
-1

= I Y
.a€[x,?/]

W

x<w<Cy
\  2Vu; = J/ /

where [x,y] is an interval in L of positive length n. Note that the hypothesis rules
out the possibility of division by zero in this definition. (This is, of course, precisely
the definition of g that results from solving the equation (/oy)(x, y) = S{x, y) for g.)

If X G T, then

(/oy)(x,x)= Y
z,w^[x,x]
zVw=x

= f{x,x)g{x,x)

= /(x,x)- ^
/(x,x)

= 1.

If [x, y]eL With. X <c! y, then

{fo9){x,y)= Y
z,we[x,y]
z\/w=y
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v^G[2:,v] z,w&[x,y]
xKw-Cy
zWw=y

Y1

i.ae[i,y]

^,«'€[x,y]
x<w<y

\  z\/w=y

+ Y /(^'^)^(^'w
z,w&^x,y]
x<w<y
zVw=y

z,we[x,y]
x<w<iy
zS/w=:y

z,w£[x,y]
x<w<y
zs/w—y

0.

In short, f o g = 8.

Conversely, suppose /,g e C{L) with / o ̂  = <5 and EaG[x,j,]/(^'«) = 0
some [x,y] € Int(X). Then

Y Uo9){x,a)= Y K^-,o) = 8{x,x) = 1.
ae[x,j/] aeli.sf]

On the other hand

(/o5')(a;,a) = Y Y
ae[x,y] z,w£[x,a]

z\/w=a

= Y
z,w£[x,y]

= ( X] [ Y 9{x,w)
/ Vtweliiy]

= (0)f Y 9{x,w)
\w£[x,y]

= 0.
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This is a contradiction, so there must be no interval [x^y] G Int(T) such that

Sae[x,y] /(^,«) =0.

The sequel shows the previous theorem to be a generalization of Theorem 4.8.

In particular, the contradiction that proves the converse above can be adapted,

albeit with much difficulty, to prove the corresponding implication in Theorem 4.8,

and the "valuation" argument given there also has a counterpart here.

Let / G C{L). We define powers of / under o by

fo^=S

r' = f
and

n times

r" = /o/o...o/.

for n > 2.

The function in C{L) which takes the value one on every interval of L has
particular combinatorial significance. Call this the zeta function of C(L) and denote
it C As in the case of incidence algebras, powers of ( count interesting quantities
of L.

Proposition 5.2. Let L be a locally Unite lattice. For n G P and [a:,?/] G Int(L),
de£ne

J{n]x,y) = {(zi,Z2,... ,Zn) \ Zi G [x,y] for i G [n], and V Z2 V • • • V = y)

Then J{n-,x,y) = C^"(a;,y).

Proof. Proceed by induction.

The result is trivial for n = 1. If n = 2, then

C^ix,y) = (CoC)(x,y)

=  C(a:,^)C(a:,u')

zVw=y

= E 1
!:,we[x,y]
zVw=y

= J{2]x,y).
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Finally, if y) — J[n] x, y), then

r-'\x,y) = iroC){x,y)

=  C{x,zX(x,w)
t,w&[x,y]
z\/w = y

z\/w = y

E
2,u;E[i,j/]

\

E  '
... 2lv,^nG[x,2]

ZVW=y \ 2iV- -V2n —2 /

E  1
Zi,...,Zn,we[x,y]
2l V---Vr„ Vti;=j/

J{n+ l]x,y).

If c G C, then denote by c the element c6 of C{L), allowing context to clarify
whether c G C or c G C(L). In particular, ̂  = 1 G C(L).

Proposition 5.3. Let L be a locally Gnite lattice. If n e P and [x, y] G Int(L),
then

(C - ir"(a:,y) = {(-2^1, • n n ,^n) \ X < Zi < y for i G [n], and zi V n n n V Zn - y}

Proof. The proof differs from that of Proposition 5.2. in only minor details.

By Theorem 5.2 the zeta function has an inverse. We shall call this inverse

the Newton function and denote it by u. The Newton function plays a role in
(C(iy),+,o,.) analogous to that played by the Mobius function in an incidence
algebra.

If /? fi' ̂ C{L) with g = (o f, then uog = i/o(of = lo/ = /. Conversely, if
/ = 91 then (o/ = (ou og — log — g. These observations prove the following
inversion formula.
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Theorem 5.3 (Newton Inversion). Let f.g G C{L). The following two propo

sitions are equivalent:

(i) For all [x,y] G Int(L)

= (Co/)(3^,y) = f{x,w).
^,we[x,y]
zVw=y

(ii) For all [a:,y] G Int(L)

f(x,y) =(iyog){x,y) = Y w

2,u;6[i,y]
zVw=y

This result appears later in a special case that gives it a clearer combinatorial

significance.

Solving (( o i/)(x,y) = S(x,y) for iv produces a recursive definition of u. The
next theorem gives the result.

Theorem 5.4. If u ̂  has the recursive definition

u(x,x) = 1 for all X E L

and

u(x,y) =—\[x,y]\ ^ Yj v{x,w) for all x,y E L with x < y,
2,wSlx,y]
xKwCy
zVw=y

then ou = 6.

Proof. If X G T, then

(Cor/)(x,x)= Y C{x,z)iyix,w)
z^w£[x,x]
zVw^x

— ((x, x)i/(x, x)

= (1)(1)
= f(x, x).
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If [.T.y] 6 Int(L) with x < y, then

{Cou){x,y)= ({x,z)u{x,w)
z.we[i,y]
z\/w=y

= E
zS/w=y

= Y
26[x,j/] z,u;e[x,!/]

x<w<y
z\/w=y

= 0

= K^,y)-

w

5.2 Reduced covering algebras

Let X be a y-lattice, and define Tl{L) = {/ € C{L) | f{x,y) = f{x',y') when
ever [x,y],[x\y'] 6 Int(X) with l{x,y) = l{x',y')]. Recall that l{x,y) is the length
of the interval [x^y]—that is, the length of a chain of maximum length in [x^y].
So 7^(X) is the set of all functions in C(X), the value of which, on a given interval,
depends only on the length of the interval.

The set K{L) is precisely the subset of C{L) on which Doubilet, Rota, and Stan
ley [4, 16] define the reduced incidence algebra of the binomial poset L. They show
that (7^(X), -f,.) is a subspace of the vector space (C(X), -f,.). As the next lemma
and theorem show, 7?.(X) is also closed under the multiplication o. So {TZ{L), +, o,.)
is a C-subalgebra of (C(X),+,0,.).

Lemma 5.5. Let L be a q-lattice. If f,g E 7?.(X), then f o g E 'R.{L).

Proof. Let f,g be functions in 71(1) and suppose that for all n € N the value of /
on an n-interval is On and the value of g on an n-interval is where a„, E C.

For some fixed n G N suppose that [x,y] and [x',y'] are both n-intervals in L.
Then

(/oy)(a;,y)= Y
z,we[x,y]
z\/w=y
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n  n

r=0 3=n-r z,w£[x,y\
P{2)=r,p{w) = s

zWw—y

= tt E
r=0 3=n-r z,w^[x,y]

p{':)=r,p{w) = s
zVw^y

n  n ^ \

=E E ;j
r=0 3=n—r ̂  ' -'9

n  n

="^2 12 12 f{x',z)g{x',w
r—O s=n — r z,w^[x',y']

P(2)=r,p{w) = s
zVw—y'

Hj
z,w&[x' ,y']
zVw=y

= {f 09){x',y'),

where is a covering coefficient.

Theorem 5.5. Let L be a q-lattice. Then the quadruple (7?.(T),+,o,.) is a C-
subalgebra of the C-algebra {C{L), +,o,.).

We shall call (7?.(il),+, o,.) the reduced covering algebra of L.

5.3 Isomorphism to the algebra of q-binomial series

The appearance of covering coefficients in Lemma 5.5 and the dependence of
5-binomial series and reduced covering algebras on ̂ -lattices suggest a connection
between these two algebras. Then the two algebras are, in fact, isomorphic.

Theorem 5.6. Let L be a q-lattice. DeBne a mapping ̂  .■ 'R.{L) as follows:
If f E I^{L), then dehne f € by f{n) = f[x,y), where n G N and [r,?/] is an
n-interval in L. Then " is an isomorphism between (7Z(L), +,o, .) and (C^, +,o, .).

Proof. The mapping " is clearly a bijection.
Let n G N and let [r, y] be an n.-interval in L.

51



fi 9 € then

(/ + f) (n) = if + g){x,y)
= f{x,y) + 9{x,y)

= /(") + K^)

= if + 9)(n),
so " preserves addition.

If /, ̂ € K{L), then by the proof of Lemma 5.5

(/o^) (") = {fo9){^:y)
n  n f \

= E E firms)
r=0 5=n —r ̂  ^ Q

= ifogX-n),
so " preserves multiplication.

If / € 7^(L) and c G C, then

(c/) (n) = (c/)(x,y) = c(/(x,y)) c(/(n)) = (c/)(n),
so ' preserves scalar multiplication.

□

This result parallels that of Doubilet, Rota, and Stanley [4, pp. 280-281], [16,
p. 144] showing the isomorphism between an algebra of formal power series and the
reduced incidence algebra of its corresponding binomial poset.

The reduced covering algebra also behaves nicely with respect to multiplicative
inverses.

Theorem 5.7. Let L be a q-lattice, and let f,g ^ ^(•^) such that f o g = S. If
f € 'R-(L), then g G 7?.(T). In other words, if f E Ll{L) is invertible in (C{L),+,o, .),
then its inverse is in (TZ{L), -f,o, .).

Proof. Let / G and g G C{L) with f og = S. If [x, y] G Int(L) is an n-interval
for some n G N, then by Theorem 5.2

n

n

^=0 ^e[x,y]

By Theorem 4.8, then, / is invertible in (C^,+,o, .). But (C^, -t-,o, .) is isomorphic
to +, o, .), so / is invertible in (11(1), +, o, .). Since 6 G 7^(X) and fog - 6,
the function g must be the inverse of / in {H{L), -)-,o, .). In particular, g G Il{L).
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Corollary. Let L be a q-lattice, and let ( and u be the zeta-function and Newton
function of C{L) respectively. Then E 7Z(L).

Proof. Since ( is in 7Z(L) by definition, Theorem 5.7 also guarantees that v G 7Z(L).

This corollary shows that under the given conditions the functions C and u
have images in under the isomorphism of Theorem 5.6. As a result, the algebra
(C^, +,o,.) also has a Newton inversion formula as the next section shows.
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6. Newton Inversion

6.1 Arithmetic functions with the Schur product

The long-awaited third way to give the structure of a C-algebra involves

Schur (i.e. "pointwise") multiplication. Namely, if F, G G C^, define

{F n G){n) = F{n)G{n) for all n G N.

The quadruple (C^,+, •,.) is well-known to be a C-algebra. This algebra has the
particularly nice property that zero divisors, units, and multiplicative inverses are

recognizable by inspection.

Oddly enough, this third way of giving the structure of a C-algebra is not
algebraically distinct from the second way. That is, the algebras (C^,-f-,o,.) and
(C^,-f-,-,.) are isomorphic! The following lemmas lead to a proof of the isomor
phism.

Lemma 6.1. Let L be a q-lattice. If n G N, then

B-i)
r r(r—1)/2

r=0

1, if n = 0
0, otherwise

(6.1)

Proof. If n = 0, then the left-hand side of (6.1) is

= 1

with the convention that 0^ = 1 in the case g = 0.
If n > 0, then by equation (3.7)

^(_l)'-gKr-i)/2
r=:0

= E(-i)
r r(r—1)/2

r=0

n

n — 1 n — 1

r — 1
+ 9'

r

r=l

n — 1

n — 1

r — 1

n — 1

r=0

n — 1

r

E(
r=0

n — 1

r

n — 1

+E(-ir«
(r+l)(r)/2

r=0

n — 1

r

= 0.
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Lemma 6.2. Let L be a q-lattice and let n,r, 5 G N with r < s < n. Then

n s n n — r

s r _r_

1

1

«

(6.2)

Proof. Let \x^y] be an n-interval in L.
Both sides of (6.2) count the number of ways to form a chain x < z < w < y

such that p{z) = r and p{w) = s. There are ["] ways to choose w and then [(^]
ways to choose z € [x.tr]. On the other hand there are ["] ways to choose z and
then ways to choose w 6 [a:,y].

The next lemma gives a ̂ -binomial inversion formula which encompasses both

the usual binomial inversion and its ^-analog as given by Goldman and Rota [6,
p.244]. It is, thus, not a new result, but its proof requires no reference to sets or
finite vector spaces, growing instead out of the properties of ̂ -lattices.

Lemma 6.3 (^-binomial inversion). Let L be a q-lattice. If the constants

ao, oi, G2 , • • • and 6o, 6i, 62, • n • are all complex numbers, then the following two state
ments are equivalent:

0)

i.„ = E
! = 0 ■-

di for all n E N,

and

(ii)
II

an = ^(-l)"-'g("-')("-'-l)/2
1=0

bi for all n E N.

Proof. Suppose the second statement holds. Then

1=0

n

i
; = 0 j = 0
n  n

j=0 i=j

i

3.

-l)/2 n i

i J.

j=o -I i=j

n-j

7
j=o 1=0

n-j

i
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n

n
bn

— bji.

The next-to-last equality follows from Lemma 6.1. The identity ["] [l] = ["] ["j/]
is an application of Lemma 6.2.

The converse follows in a similar fashion, the identity ["] = i] being useful
in performing the necessary algebraic manipulations.

Theorem 6.1. Let o be a q-Newton product and de£ne a mapping 9:

by
n  p T

n

i
wr»(n) = £

i

F(i) (6.3)
=0

for all F € and n € N. Then 0 is a C-algebra isomorphism from (C^,-f,o,.)
to (C^, -(-, •,.). Further the inverse of 0 is given by

1=0

G(z) (6.4)

for all G G and n G N.

Proof. Let P G By Lemma 6.3 the equations (^(P)) — P and 0(^~^(F)) =
F hold. Thus 6 is bijective, and 9~^ is the inverse of 6.

Let F,G £ and c G C. If n G N, then

(9(r+G))(n) = £
1=0

n

{F + G){i)

i=0

= E >(') + E
i=0

(?(.■)

= WF))(n)+(e(G))(n)
= («(f) + «(G))(n)

and

{9{cf)){n) =
1=0

n

= E
1=0

n

(cF)(i)

c(F(.))

^E
t=0

F{i)

= (c«(r))(n)
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and

(«(F^G})(n)='£
i=0

n

= E : E E
1=0 ^ -• \r=0 s=i-

n  r -\ / n n

= E : EE

T S
r=0 s=i—r ^ ' ■' 1

= EE E
r=0 5=0 \ 7 = 0

n  n

= EE
n n

r
r=0 5=0

n

(FoG)(!)

'  ' ^ F(r)G(s)

F(t)G{s)

F(r)G(,)

F{r)G{s) (by equation (4.16))

G(.)

s

i=:0 \r=0 a=0

=(E[:]-«j(E
= (»(f).»(G))(n).

s=0

In other words, 0 preserves addition, scalar multiplication, and multiplication.
Therefore 6 is an isomorphism.

Since the units of (C^, + , - ,.) are the sequences with no nonzero terms, Theo
rem 6.1 yields Theorem 4.8 as a corollary.

6.2 A Newton inversion formula

Let T be a ^-lattice, and let Z,N E be the respective images under the
isomorphism of Theorem 5.6 of the zeta-function and the Newton function of TZ[L).
In other words, let Z = ( and N = u. Call Z the zeta-function of and N the
Newton function of

The zeta-function of has a simple description, namely

Z{n) =1 for all n G N. (6.5)

On the other hand the recursive formula for u in Theorem 5.4 does not seem to
produce a \'ery enlightening formula for N.
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As a means to finding a more helpful formula, for all n 6 N define the quantity

G» = E
i=0

(6.6)

If g is a power of a prime, then is known as the rrth Galois number. That is, (?„

is the number of subspaces of an n-dimensional vector space over the finite field Fg.
(See Goldman and Rota [7] for an investigation of the Galois numbers.). If 5 = 1,
then On is simply the number of subsets of an n-set. That is. On ==2".

Let 6 be the isomorphism of Theorem 6.1. Then N = 6~^ where

is the inverse of 0{Z) in (C^, +, •,.).
If n G N, then

E
j=o •-

Z(.)

E
1=0

On

By Theorem 6.1, then, if n 6 N,

N(n) = r'(6(Zr')(n)
n

i=0

_1_
Gi-

This observation constitutes the proof of the following theorem.

Theorem 6.2. If L is a q-lattice and n € N, then

N(n) = — i)(n—i —1)/2

j=0
G.'

where Gi = [J].

Corollary. If q = 1, then

iV(„)= --

(6.7)
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Proof. Let n,i € N. If 5 = 1, then ["] = (") by equation (3.6). Thus

by the binomial theorem. In this case, of course, L = the lattice of finite subsets of

an infinite set.

□

The Newton inversion formula of Theorem 5.3 also has, in effect, a special case
in terms of Z and N.

Theorem 6.3. Let o be a q-Newton product and F^G G C^. The following
statements are equivalent:

(i) For all n £ N,

G(n) = iZoF){n) = j2 E
r=0 3 = n — r ^ ' "^9

(ii) For all n E ISl,

F(n) = (JV«G)(n) = E E
r=0 s—n—r ^ ^ o

Proof. Let f,g G F,{L) such that F = f and G — g. Since ( and u are also in
72.(T), apply the isomorphism " to both statements in Theorem 5.3.
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7. Combinatorial Results

7.1 Old results

Several examples have already illustrated how ̂ -lattice identities generalize

identities involving binomial coefficients or 5-binomial coefficients. It remains to

show how 5-binomial series yield the results of Theorems 1.1-1.3 as special cases.

Let o be a g-Newton product with g > 0, and for c e C, let (l)[: C be
the evaluation homomorphism from (C'^,+,o,.) to C. Since (j)'^ is defined by way
of the usual evaluation homomorphism for polynomials and the isomorphism ̂l) (see

Theorem 4.6) between ("P.-j-jO,.) and (P, the mapping (j)'^ has most of the

properties of the usual evaluation homomorphism.

If A:, n G N, then

k{k - Iq)... [k - {n - l)g)
n{n - 1,)... (n - (n - 1),)

So if g is a power of a prime,

= (!) •

A'

A

and if g = 1,

A

'!)•
The latter statement follows from the observation that Uq = (g" ^ + - • - + 1) =
n if g = 1.

If g is a prime power, then the two definitions of the symbol given in
Section 1.2 and Section 4.1 are clearly equivalent. Further if g = 1, then the

definition of the covering coefficient •[ } is clearly equivalent to the definition of

{rs} given in Section 1.1.
If r, s G N, then equation (4.25) yields the special case

El"}(!)• P-3)o
r / \ s / ' I r, 5 I \n ,/ q \ / q n=o ^ ^ J q \ ' q

60



If g is a power of a prime and k GlS, equation (7.3) yields

/■ y /I \n  \ f k\
= E L \njJ

n=0 ^ ^ ^ 9

which is Theorem 1.3. Similarly, if g = 1 and A: G N, then (7.3) yields

J \s / M\r/„ \s / „'9 ^ ' 9/
f  > /I \n  \ (k\

= E . r, 5 j \n/ '
n=o V /

which is Theorem 1.1.

Another special case of equation (4.25) is the statement

where m, n G N and the constants Oq , ai, . . . ,am,bo,bi,. . . ,bn are all complex con
stants. The degree argument to establish m + n as the upper limit of the outer
summation on the right-hand side follows easily from equation (4.25).

If g = 1, then Theorem 1.2 follows immediately by application of the isomor
phism tp from Theorem 4.6 to both sides of (7.4).

In short, g-binomial series are indeed the infinite series which Theorems 1.1—1.3
initially provoked us to seek.

7.2 Generating functions

Finally, then, it remains to show the usefulness of g-binomial series as gener
ating functions. The following technical lemma leads immediately to the desired
results.
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Lemma 7.1. Let o be a q-Newton product with q > 0, and let k G N with k > 2.

k  / oo

n (E
i=:l \n—0 n

OO / n

= E E -E
n

n=0 \ri = 0 rk=0 ' Xk y g
Ori,l n • • (lric,k I ^ ̂ ̂ ' C^'^)

where the product symbol here indicates a q-Newton product and { " ) is the
K ri Jq

multi-covering coefficient of equation (4.6).

Proof. The lemma holds for fc = 2 by equation (4.26).
Proceed by induction. If the lemma holds for some A: G N with k > 2, then

fc+l / oc

n /
1=1 \n=0 * ' ?

k  / oo

mOMt- o,
o / n ^ c ^ ^

=E(EECyE-E
=E(EEh"}fE-E

1 „ „ f \ / > ' / j ")

r

( • • • (^ricjk I

n=0 \r=0 3=0 9 Vri=0 rfc=0 I'"l' ' " " TA J .. I / \ Tl

 1 \\/X^
O-n ,!•• • • O-rk ,k(^s,k-i-l I
9  // ^•■'9

CO / n n nI S ■ ■■ • • •ar*,fca,,fc+i^| I (
n=0 \ri =0 Tk =0 3=0 r=0 ^ !>•• • ) k J g ;
oo / n n n

n 'X^

= 21 ( E • • • E E A, " J ■ ■■ark,kasM
n=0 \n=0 ri=0 3=0 >"9

The last equality follows from formula (4.7).

Let T be a g-lattice with 5 > 0, and let [i, y] be an n-interval in L for some
n € N. For A: G N with q>2 define

Co(?2, k) = {(2:1, . ■ . , Zk) \ X < Zi < y for i G [A;] and V • • • V 2:fc = y}
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and

C(n, k) = {(^1,..., Zk) \ X < Zi < y ioT i e [k] and zi W n n n \/ Zk = y]

From the definition of multi-covering coefEcients in equation (4.6) it is clear that

Co(n.i)=X:--E{ "
r.r-n r-, ~n ^ 'ri=0 rfc=0 K- q

and

C(n,k)=±..±\ " |.

and thus these quantities are independent of the particular interval [r,y]. Call the
A;-tuples that C{n,k) counts the ordered k-covers of an n-inierval in L and those
that Co(n, k) counts the relaxed ordered k-covers of an n-interval in L.

Let Z be the zeta-function of C^. The following corollaries of Lemma 7.1
demonstrate the combinatorial significance of that lemma. They also provide our

first example of ̂ -binomial series as generating functions.

Corollary. Let o be a q-Newton product with g > 0, and let k G N with k > 2.

Then

'X\Y'' A „ .

Proof. In Lemma 7.1 let a„_i = 1 for all n € N and i G [A:].

Corollary. Let o be a q-Newton product with q > 0, and let k 6 N with k > 2.
Then

Proof. In Lemma 7.1 let ao,i = 0 and a„,,- = 1 for all n G P and i G [A:].

The above corollaries also follow from propositions 5.2 and 5.3 by way of the
isomorphism ' in Theorem 5.6.

If L = (the lattice of finite subsets of an infinite set), then C(n,k) is simply
the number of ordered A;-covers (in the usual sense—i.e., the sense of Appendix A)
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of an u-set, and Co(n, k) is the number of ordered fc-covers of an n-set in which the
empty set is allowed as a block. That is, from equation (Al.2),

j=o

and

Co(n,fc) = (2*^-1)".

These interpretations of C{n,k) and Co{n,k) follow from the fact that the join
operation in L is simply the union of sets.

Similarly if T = (the lattice of finite-dimensional subspaces of an infinite-
dimensional vector space over the finite field Fg), where g is a power of a prime, then
Co(n, k) is the number of ways of writing an n-space as an ordered sum of subspaces
involving k summands. The quantity C{n,k) counts the same ordered sums with
the additional restriction that all summands must have nonzero dimension.

Thus (Z — and are generating functions for k-cavevs and relaxed k-
covers of an n-interval. These results also explain the apparent similarity between

ordered covers of a set and ordered decompositions of a finite vector space as a sum
of subspaces (see Appendix B). Both are special cases of a more general construction.

Again let T be a 5-lattice with 5 > 0, and let [x,y] be an n-interval in L for
some n e N. For A: € N with A: > 2, let Ai,..., Ajt C N, and define

C(n^ Ai,..., Afc)

= {(^1,.. .,Zk) \ X < Zi < y and p{zi) E Ai for i G [A;] and 21 V • • • V = y}

So C{n\Ai,...,Ak) counts ordered A;-covers of an n-interval in which the rank of
each term (i.e. the "size" of each block) is restricted to a particular subset of N.
As with Co(n, A:) and C{n,k), the quantity C(n; Ai,..., Ajt) depends only on the
length of [r, y] and not on the particular interval itself since clearly

rftA.
rie<n

Lemma 7.1 produces the following very general result.

Theorem 7.1. Let o be a q-Newton product with q > 0. For A G N with k > 2
Jet Ai,... ,Ak C N, and for i G [k] define XAi: N —> {0,1} by

X  X I 1, if n G A,-
= I 0. ifniAr (^-8)
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Then

<}. (7.9)

Proof. By Lemma 7.1

k  / oo

n=l \n=0

X

n IE *-<.(")
oo / n ^

= E E-E " ,jx..(n)...x..W
n=0 \ri=0 n-O ̂

/

= E
n=0

E E
iG>ii rit&A.,

\ ri<n rk<n
neXi r»e.4.

n

 ^^^'■ * ■ ''^''-'9

= X^C(n;>l, At)
n=0

X

X
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8. Problems and Unanswered Questions

The results in this dissertation open the door for several lines of further re

search. They also raise a number of questions that they fail to answer. The following

discussion briefly describes some of the possibilities and problems.

Thus far 5-binomial series are purely formal (i.e. algebraic) objects. It would be
useful to know whether they converge in any meaningful sense when the variable X

is replaced by a suitable complex value 2. The obvious approach is to limit 2 to
an open subset of C and seek convergence in the usual sense in the complex plane.
Another possibility is to restrict z to a 5-adic number field and seek convergence in
the g-adic norm. The goal, of course, is to apply the techniques of analysis to q-
binomial series—a useful approach for obtaining asymptotic estimates of the growth
of coefficients of generating functions (in the usual sense of power series).

The appearance of interesting combinatorial quantities (i.e. the covering co
efficients ill products of g-binomial series—or equivalently, in products of

functions in the reduced covering algebra TZ{L)—occurs by design. That is, the
definition of multiplication makes these quantities appear. Would other such "con
trived" multiplications produce other interesting coefficients?

A related question arises from the following description of the development of
g-binomial series for g = 1. For n e N define Pn G "P by

Po-1

and

Pn = AT * (X — 1) * • • • * (X — (n — 1)) if n > 1.

If ao,ai,... ,ai^ G C for some X G N and if <f>c is the evaluation homomorphism
for some c G C, then Theorem 1.2 provides a simple rule for multiplying objects of
the form

Pn

This simple rule suggests a new multiplication on P, namely the g-Newton
product o. The mapping %j):V ̂  V with the nice definition

^  P 'V'((ao,ai,...,a„,0,0,...)) = ̂  Un "
4>

n=0
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turns out to be an isomorphism between (7^,+,o,.) and (P, Finally, the

g-Newton product o has a natural extension to that produces an algebra
(C^, + ,o,.) with nice combinatorial properties.

The question, then, is whether another collection of polynomials, say Qn G V
for n G N, induces the same process. That is, are there nice rules for multiplying
objects of the form

Qn5]an
n=0

^n(^Q n)

that lead to other combinatorially-interesting algebras on P and C'^?
One obvious attempt begins with the definition

X

n

(X - 1) * (X - 5) * n • • * (X ,n-l
)

g  (?"- 1)(?" - 7)

where n G N and 5 is a power of a prime. For k E N,

(8.1)

^0
X

n qj \ / g

a 5-binomial coefficient. By Theorem 1.3 this yields the polynomial identity

r+s
X" 'X' X

r
g

_ s _ = E
n

n=o ' ■'g
n

(8.2)

where is the usual covering coefficient. Equation (7.3) produces the same
equation when combined with the observation that

(pqn X

n
= 4>'

X

Indeed it appears that most of the development of ^-binomial series could also
be done using instead of but with the devastating defect that ['^j is
undefined for ? = 1.

The usual finite difference operator A has a 5-analog, namely the Eulerian
derivative. A natural question is whether the Eulerian derivative behaves "nicely"
on (P, + ,0, .). The study of that question requires the following definitions.

Let o be a 5-Newton product with 5 > 0, and let P = (oq , ai, • • • , oat, 0,0,. . .) G
P for some X 6 N. So

N N

n=0 n=:0

X

n
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Further, if P 6 "P, define

= -^(P o (P - Ij) o • • • <0 (P - (n — l)j)) for all 77 G N. (8.3)
"7 9 rig

Finally, define
N

P*(P) = Va„P*" (8.4)
n=0

and

e«(P) = X;««(f). (8.5)
n=0 \ ' q

In particular, then, F = F*{X) = F^(X).
The notation P*(X) is, of course, just the standard way of denoting polynomi

als and F^(X) is the natural analog of this notation using Newton multiplication.
Identify C with its monomorphicimage in both (C'^, +,*,.) and (C^, +,o,.)—

see Theorem 4.4—and let (j)c and (j)'^ be the usual evaluation homomorphisms for
some c G C. Then P*(c) = <f>c{F) and P^(c) = <i>'J^F). Note that if n G N, then
the use of the superscripts disinguishes F*{n) and F'^{n) from P(77), the nth term
of the sequence F.

If P G P, then the formula

AF = P*(X + 1)-P*(Z) (8.6)

defines the usual finite difference operator A:P —> T. Define "powers" of A by
A°F = F and A"F = A(A"-if) for 77 > 2. If

/X\ X*(A-1)*...* (X-(77-l))
(n)=^ n! (S-^)

then simple algebraic manipulation produces the well-known result that A('^) =
(n-i)- Similarly, if F = ̂^=0 ■, then a„ = ^o(A"F). The last quantity is
often written A"F*(0).

Now let 5 be a power of a prime. If F G P, then the Eulerian derivative of F,
denoted DgF, is defined by

X*DgF = F*{qX) - F*{X). (8.8)

Note that Dgi P —> P is well-defined since (P, -|-, *,.) is an integral domain. In other
words the solution to (8.8) is unique (it is easily seen to exist).
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The Eulerian derivative operates nicely on the polynomials defined in (8.1). If
n e P,then

{q--\qX - 1) - (X - ?"-^))(X - 1)(X - 5) ... (X -gX- X"

n
1

n

= x*

= x*

(?" - 1)(9" - 9)- n •(9" -9" 0

1  / (X-l)(X-g)...(X-g-^) '
— l)(g"~i — q)... (g"~^ —

X

n — 1,n—1

So

Da
"X" 1 " X n

n — qn-l
9  ̂

n — 1
(8.10)

The attempt to carry this idea over into {V, +, o,.) by something like X<>D^F =
F*{qX) — F*{X) for F E V, does not seem to produce any useful results—i.e.,

^g{n)q seem to have a "nice" form. And this definition is certainly
uninspiring if g = 1. The difficulty seems to lie in the fact that is written in

"projective" form while the Eulerian derivative is designed for "affine" quantities.
See Goldman and Rota [6, p.246] for a more precise description of "projective" and
"affine" representations.

Another operator, however, produces nice results. Let o be a g-Newton product
with g > 0. We define the q-finite difference operator, Ag-.V —>■ V hy

((g - 1)X + 1) o AqF = F^(gX + 1) - F^(X) for FeV. (8.10)

If n 6 P, then

^ = ^((^-X" + 1)0 ((gX + 1) - l,)o •• •o((gX + 1) - (n - l)g))
=  + 1) <> (5X) o ((«X - (,)1,) 0 ■ ■ ■ o (sX - (5)(r. - 2),)

,n —1

=: ^(gX + l)oXo(X-l,)o(X-2<,)o...o(X-(n-2)5).
riq

Define G EV by G = X o (X - 1,) o • • • o (X - (n - 2)g). Then

'qX + P
1  n >

^X
1 n

) =4((sV + l)(s"-')-(V-(n-l),))oG
/ q "3

~ Tn!('^9)((9 "" 1)-X^ + 1) oG
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G((5-l)X + l)o,
2g) . . . {riq (n l)g j

= ((,-l)X + l)o(^)(/\). (8.11)

Thus,
'X\ 1 / A'

A

Of course = Agl = 0.

Now fox F ̂ V define A°F = F, and for n > 2 define AJF = Ag(A^~^F).
From (8.12) if n G N, then = l/5"0-i)/2^ and if A: > n, then = 0.
These observations together with the fact that

1, if n = 0
.  . , .0, if n 6 Pq  \ ̂ ' qj ^ '

suffice to prove the following theorem.

Theorem 8.1 (g-Newton theorem). Let o be a q-Newton product with g > 0.

a„ = ■/>'o(AT) = A"F^(0).

The definition of Ag is particularly nice in that if 5 = 1, then Ag is the usual
finite difference operator and Theorem 8.1 is the same well-known result about finite
differences of polynomials mentioned after equation (8.7). Actually, the preceding
statement is not quite correct in that Ag is defined in terms of Newton multi
plication, but Theorem 4.6 and equation (4.20) show that in this regard Newton
multiplication and Cauchy multiplication display the same behavior.

Let T be a 5-lattice. If f,g £ C{L) and [x,j/] G Int(Z(), define Schur multipli
cation on C{L) by

(f ■9){x,y) = f{x,y)g{x,y).
Wagner [19] has shown an isomorphism between the C-algebras (C(/),+, •, •) and
(C(L), +, o,.). This isomorphism should provide a simpler development of the results
in sections 5 and 6. In particular it should give Theorem 6.1 a much more natural
proof.

One problem in the definition of 5-binomial series is the exclusion of the case
g = 0. This exclusion finds some justification in the fact that (V,+,0,.) has zero
divisors when 5 = 0, but a more complete justification would be helpful.
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A much larger problem is the determination of the values of q for which q-

lattices exist and the finding of a combinatorial or set-theoretic explanation of that
result. This seems to demand a deep understanding of the containment relations
among the subspaces of finite vector spaces—the sort of insight that would produce
a purely set-theoretic proof of proposition A6.2, for instance.

Covers and partitions of finite sets correspond to sums and direct sums of
finite vector spaces, both being special cases of covers of intervals in a (/-lattice.
The concept of a minimal cover of a set (see Appendix A) also has a g-lattice
generalization. Any results on minimal covers of an interval in a g-lattice would be
interesting.

Finally, is the definition of cover used herein—i.e., the join of elements in a
particular class of lattices—the most general desirable? Could we drop the require
ment of local modularity? Could we even drop the requirement that the poset be
a lattice, thus allowing some collections of elements to cover more than one other

element or no other element at all. One promising possibility, suggested by Wag
ner [19], is the study of binomial posets that are not lattices but in which every
interval is a modular lattice. We can easily generate such structures by allowing
two otherwise incomparable g-lattices to share a common least element.
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APPENDIX A

Al. Classical Results

Al.l Covers

Let 5 be a set of finite cardinality n. That is, |5*| — n for some n 6 N, where

N = {non-negative integers) = {0,1,2, Call such an 5 an n-set. Denote by
2"^ the power set of 5. So 2'^ = (T | T C 5}. li B = {Bi, B2, n n n , Bk} ̂  ^
for some A: e N and uf-jRi = S, call B a cover of S or say that B covers S. The
elements of B are blocks of the cover.

Let C{n) = |{.& I is a cover of 5 } | and C(n, k) = | {B\B is a cover of S and
|0| = ̂) I for n, fc E N. In other words C(n) is the number of covers of an n-set, and
C{n^k) is the number of such covers that consist of k blocks [k-covers henceforth).
Wagner [18, pp. 515-516] gives the following two results.

Proposition Al.l. Ifn E N, then

C(n) = f;(-l)"-'(")2(^'-". (.41,1)
i=o ^

Proof. Count the number of subsets of 2'^ — 0 in two ways. First observe that
|2(2^-0)| _ Second count subsets of 2"^ — 0 according to their union—i.e.
according to what they cover. For each j E [n], where [n] = {1,2,..., n) (so [0] = 0)
choose one of the (") subsets of S that has j elements (j-suhsets henceforth) and
then count the C{j) covers of this subset. A cover covers only one set, and every
subset of 2'^ — 0 covers some subset of S. Summing over the relevant values of j
yields I = E;=o(")C(j).

These two enumerations produce the identity 2^^""^^ =

By binomial inversion, then, C{n) =
D

Proposition A1.2. I{n,k E N, then

(AI.2)

Proof. Proceed as in the previous theorem, this time counting only A:-subsets of

2^^ — 0. This yields the identity the proposition
again follows by binomial inversion.
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Note that the empty set covers the empty set, so C(0) = 1, C(0,0) = 1, and
C(0, k) = 0 {or k € P, where P = {positive integers} == {1,2, 3,... }.

A1.2 Partitions

If B is a cover of an n-set S and the blocks of B are pairwise disjoint , call B a

partition of S.

Partitions arise in many mathematical settings and have received much atten

tion. The basic combinatorial facts about them are well-known, namely that the

number of partitions of an n-set is the Bell number B(n) and that the number of
these partitions having exactly k blocks, for ̂  € N, is the Stirling number of the

second kind S2{n,k). (Rota [14] gives an exhaustive (through 1964) bibliography
of literature about Bell numbers.) So B(n) = S2{'n, k).

The following is a "typical" derivation of the usual formula for S2{n,k).

Proposition A1.3. If n,k €. N, then

k

S2(n,J:) = i;^(-l)'-'(^)i" for,r,k€N. (.41.3)
n J=0

Proof. Let S be an n-set, A = {ordered partitions of S consisting of k blocks) =

{(Bi,B2,. .. ,Bk) 1 {Bi,B2,.. . ,Bk} is a partition of Sj, and - {f-.S
[k] I / is surjective). Define (l>:[k]^urj A hy (f>{f) = {Bi, B2,..., Bk), where
/ € [^]furj = {5 ̂  -S" I f(s) = i). It is easy to see that (f) is
well-defined and bijective.

Now define a{n,k) = |A| = |[A:]f„rj| = {f'S [fc]}. Calculate \[k]^\
as follows: For j = 0,1,..., A; choose a j-subset T of [fc]. There are (^ ways
to choose T and cr{n,j) functions in [fc]^ with range T. Summing over j yields

On the other hand it is well known that |[fc]'^| — |[^]|'^' = so fc" =
Ei=o % binomial inversion a{n,k) = (5)i"-

The A:! ways (obviously distinct) to order the blocks of a A-block partition
of 5 produce k\ ordered partitions. Distinct partitions produce distinct ordered

partitions, so a{n, k) = A:! 52(n, k). Therefore

S2{n, k) = ̂a{n, k) = ̂  ̂̂(-l)'-^'
n j=o
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The generating functions for B{n) and cr(n, k) are known to be

and

j,Tl

n\
n>0

respectively.

n\
>0

A2. Wagner's Survey

A2.1 Minimal covers

This section gives several results from Wagner's survey [18] of enumeration
problems involving restricted covers.

A cover B of an n-set S is minimal if no proper subset of B covers S.

If jB C 5, then B covers the points of S which are in S. li B covers S, with

B £ B, and every point of S covered by B is covered by at least one other block of

B, then B — {5} still covers S—that is, B is not minimal. Hence if B is a minimal
cover of S and B ̂  B, then B must cover some point of S that no other block

covers. We say that B and B cover this point uniquely.

For n, k,j € N let M(n, k,j) be the number of minimal /c-covers of an n-set S
that cover j points of S uniquely.

Proposition A2.1. Forn,k,j € N,

M(n,i,j)= (A2.1)

with the convention 0° = 1.

Proof. Count the minimal /j-covers of an n-set S that cover j points uniquely, as

follows: Choose a ji-subset of S. These are the uniquely-covered points. Partition

these j points into k blocks. Then distribute the remaining n — j elements of S
among the k blocks in such a manner that each point is in at least two blocks.

There are (p ways to perform the first step, S2{j,k) ways to perform the
second, and (2*^ — k — 1)""'' ways to perform the third (A collection of k blocks
has 2*^ subcollections. Omitting the empty subcollection and subcollections with
exactly one block leaves 2^ — k — 1 subcollections with at least two blocks.)

Therefore M(n,k,j) = S2{j, k)(2^ — k — I)""-'.
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Define M(n, k) to be the number of minimal fc-covers of an n-set.

Corollary. Ifn,k E N, then

n  / \

n

M{n, *^20'' ̂ )(2' - k - (A2.2)

with the convention 0° = 1.

A2.2 r-Minimal covers

A cover B of an n-set S is r-minimal, for r G P, if for all C C B such that

\C\ > r, the set B — C does cover not 5—that is, when the removal of r blocks from
B always uncovers at least one point of S. Clearly one-minimal is synonymous with

minimal.

Wagner asks the question, "What is the maximum number of blocks in an r-

minimal cover of an n-set 5?" For minimal covers the obvious answer, as he notes,

is n since each block covers a point of S uniquely. The only minimal cover of S that

attains this maximum is {{5} ] s € 5"}, the singleton cover of S.
For two-minimal covers Wagner gives the following unexpected answer with a

different proof.

Proposition A2.2. A two-minimal cover of an n-set S has at most n blocks.

Proof. Let S be a two-minimal cover of an n-set S. If B is minimal, then \B\<n,
so assume B is not minimal. Then there exists B E B such that B — {5} covers S.

Since B is two-minimal, removal of any block of B — {B} uncovers an element
of S. In other words, B — {B} is minimal. So \B — {jB}| < n.

If \B — {5} I = n, then B — {B} is the singleton cover of S. As B can be neither
the empty set nor a singleton subset of S, there are distinct Si,S2 G B. But in

that case {.si}, {^2} E B and B — {{-si}, {^2}} covers S. This contradicts B being
two-minimal.

Therefore |5 — {5}| < n — 1, and \B\ < n.

Wagner states that this question about r-minimal covers is still open for gen
eral r. Proposition A6.1, however, answers the question in a large number of cases.
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A2.3 Unnested covers

A cover B of an n-set S is unnested if no block of B properly contains another

block.

Several obvious combinatorial problems arise—enumeration of unnested covers

with /c-blocks, for instance. Sperner's Lemma [15] solves one of these, namely the

determination of the maximum number of blocks in an unnested cover:

Consider the collection of subsets of an n-set S. Partially order this collec

tion by set inclusion—that is A < B when ACE for members A and B of the

collection. An antichain is a collection of incomparable elements of the resulting

partially ordered set (henceforth poset—see the main text of the dissertation for
an introduction to posets), that is, a collection of subsets of S in which no subset

contains another properly.

An antichain of maximum size is obviously an unnested cover of S. Sperner's

Lemma states that the number of subsets in such an antichain is no greater than

( \_n/2\ )• ̂  slightly elaborated version of D. Lubell's elegant proof [12] of Sperner's
Lemma follows:

Theorem A2.1. Let P be an antichain in the collection of subsets of an n-set S

for n 6 N. Then

'' n
-1

E
Aer

 Ml 21. (A2.S)

(Note: Since (\_ni2\ ) is the largest binomial coefficient of order n, Theorem A2.1
shows that

|ri = Ei =
-1

E
Aer

-1

E1.2"J Aer

LI"]
<

which is Sperner's lemma.)

Proof. There are n! maximal chains in the poset of subsets of S. If A C 5", then

|A|!( n — [A|)! of these chains include A. If A, L G P with A ̂  B^ then no maximal
chain contains both A and B (as otherwise A C B or B C A). The number of
maximal chains that include an element of P is no greater than the total number of
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-1

E

maximal chians. That is, Xlyier 1^1' ('^ ~ 1^1)' — Dividing by n! yields

= y < 1. (A2.4)
Aer Aer

The collection of all [n/2j-subsets of S has ( ) members and is obviously
an antichain (and in particular an unnested cover of 5"). Thus the maximum number
of blocks in an unnested cover of an n-set is ( )• That is, the largest unnested
cover attains the bound set by Sperner's Lemma.

A2.4 r-Unnested covers

Call a cover B of an n-set S an r-unnested cover, for r 6 P, if H has no subset

... ,Br} such that Bq C Bi C • • • C B^.

This concept generalizes unnested covers and provokes the same combinatorial

questions. In particular Erdds [5] shows that the maximum number of blocks in an
r-unnested cover of an n-set equals the sum of the r largest binomial coefficients of
order n.

A2.5 Partitions of type r

Finally Wagner mentions partitions of type r. These are covers of an n-set S

in which every block has at least r elements, for some r 6 P, and every r-subset

of S is contained in exactly one block. J. Hartmanis [8] first defined this concept.
Evidently the enumeration questions related to partitions of type r have received

little attention.

A3. Clarke's Approach

R.J. Clarke [3] looks at the enumeration of fc-block covers of an n-set S in the
four cases that arise from taking the blocks to be labelled or unlabelled (equivalently,
ordered or unordered) and from considering the elements of S to be distinguishable
or indistinguishable. His definition of cover allows the empty set as a block and

allows repetition of blocks within a cover. His unordered, non-minimal covers are

thus multisets rather than sets.

The enumeration of unlabelled covers of a set of indistinguishable objects ap

pears to be enormously hard—intuitively it bears similarities to the enumeration of
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partitions of an integer. (If n G N, a partition of n is a multiset of positive integers
with sum n, repetitions included.) Clarke's results about such covers would thus
seem to be the most interesting part of his work.

A4. Covers of Doubles by Triples

In private communication, S. Mulay suggests the following cover-like idea. Let

S be an n-set, and let A C 2^ have the property that every element of A has
cardinality three and every two-subset of S belongs to at least one element of A.

Call A a cover of the doubles of S by triples—a cover of doubles by triples for short.

The idea generalizes to covers of r-tuples by a-tuples for r, a € N

If A. is a cover of doubles by triples, call A minimal if no proper subset of A is

a cover of doubles by triples. Two results on minimal covers of doubles by triples

are among the new results in section A6.

A5. Finite Vector Space Background

A5.1 Introduction

It is well-known that combinatorial results about subspaces of a finite vector

space resemble those about subsets of a finite set in a striking fashion. This suggests

an analogue (a generalization, actually, as the text of this dissertation shows) of
covers in the setting of a finite vector space. The attempt to find general results

that unify results on sets and results on vector spaces lies behind much of this

dissertation.

This section is a brief introduction to finite vector spaces and the combinatorial

results about them. Several sources [6, 7, 10, 16] serve as general references for this
introduction, but all material presented here is common knowledge unless otherwise

noted.

If 9 G P, then a field with q elements exists if and only if 5 = p" for some

p, n G P with p prime. For fixed q this field is unique up to isomorphism. Call it

the finite field with q elements and denote it by Fg or GF{q).

For n G N there is an n-dimensional vector space (henceforth n-space) over Fg.
The simplest example of this is Fg, the set of n-tuples of elements from Fg, with
coordinatewise addition and the usual scalar multiplication (i.e., c(ai, 02,..., «„) =
(coi, ca2,..., ca„)). Denote this vector space by Vn{q)- Any n-space over Fg is
isomorphic to Vn{q)- Infinite-dimensional vector spaces over Fg also exist—for in-
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stance, sequences of elements from Fg with the addition and scalar multiplication
above.

Proposition A5.1. IfV is an n-dimensional vector space over Fg, for n G N, then

\v\^qr

Proof. Let {ui ,V2, n n . ,Vn] be a basis for V. Then V = {oiUi F a2V2 + n • • F CLnVn |

01,02,... ,a„ G Fg}. There are q ways to choose each of the n coefficients in these
linear combinations, and distinct choices yield distinct elements of V. Therefore

1^1 = ,".

□

A finite dimensional vector space over a finite field has, thus, finitely many
points. Call such vector spaces finite vector spaces.

A5.2 g-Binomial coefficients

For n, G N let F be an n-space over Fg, and define to be the number of k-
dimensional subspaces (henceforth k-subspaces) of V. The numbers (^) are called
q-binomial coefficients or Gaussian coefficients. The similarity in notation and
terminology between these coefficients and the usual binomial coefficients reflects
the similarity of their behavior.

Proposition A5.2. ffn, fc GN,

F - 1)(«' - 9). .. - 9'-') (^) = (9" - 1)(9" - 9) • ■ • (9" - 9'-'). (^5.1)
Proof. Let V be an n-space over Fg. Count in two ways the fc-tuples of linearly
independent vectors in V.

First method: Choose vi E V — {0}. For i = 2,3,. . . ,k choose Vi E V —
span{t;i,i;2, • • • 5^1-1}, where span{r;i, t;2, . . . ,u,_i} is the subspace of V spanned
by {vi,V2,. .. jUi-i}. Since |F| = g" and |span{r;i,r;2, . . . for i G [k]
there are g" — g'~"^ ways to choose Vi.

Thus there are (g" — !)($" — g).. . (g" — q'^~^) ways to choose the ^-tuple
{vi,V2, . . . ,Vk).

Second method: Count the sequences (ui, ?;25 • • ■ , according to the subspace
span{ui, rJ2,. . . ,njt}. Since {ui,U2, . . . is a linearly independent set, the sub-
space span{ui,r;2,. . . is a fc -subspace of V. There are such subspaces.
Now enumerate the A:-tuples of linearly independent vectors (i.e., ordered bases)
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from a fixed A;-subspace. The argument of the first method shows that there are

— 9) • • • (9^ — 9^""^) of these.
Altogether, then, there are (9''" - l)(g^ - 9) • • • (9^' - choose

{vi,V2, .. .,Vk).
Both methods count the same set, thus establishing equation (A5.1).

Corollary. Ifn^k € N,

/n\ ^ (9"-l)(9"-g)...(9"-9'^~^)
Wo (9''- 1)(9''-9)- - -(9^"-9*-~^)

(A5.2)

The identity (g" - 1) = (g - l)(g" ^ + 9" ̂  H hi), proves useful in manip
ulating (A5.2) into other forms:

'n\ y-l)(;"-9)...(g"-g'-')
vV. (?'-1)(«'?

(«" - iXi"-' -1). n n 5'^

(9" - 1)(9"~^ - l)...(g"-^+^ - 1)
(gfc _ l)(g^-l - _ 1)

(g„-l ̂  ̂n-2 ̂  ^ ^ ^ ^ qU-k-l 4, .. n + 1)

(g'^-^ + g*^-2 _| ^ 1) _ _ , (g q- i)(i)

(A5.3)

(A5.4)

A5.3 Results about the lattice of subspaces

In general, if V" is a vector space and Ui,U2, n n n ,Uk are subspaces of V for

fc G N, define the sum Ui + U2 + • n • + Uk hy

U\ -\- U2 Uk — span{I7i U 1/2 U • • • U Uk}-

Call this a direct sum and write 17i ® 1/2 ® • * * © fffc or X)t=i

for all z € [fc] Ui H (Ui + U2 + n - - + Ui + n n n + Uk) = {0},

where the notation Ui indicates the omission of Ui from the sum.

At last, with the introduction to finite vector spaces behind us and the defini

tions of sum and direct sum in hand, we are ready to define a cover of a finite vector
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space. Namely, a cover (by subspaces) of the finite vector space N is a collection of
subspaces of V whose sum is V.

As we will see, results about covers of vector spaces bear a strong resemblance
to those about covers of sets. In addition, if we restrict our consideration to covers

in which the covered vector space is the direct sum of the subspaces in the cover,
then the results are much like those for partitions of a set.

Theorem A2.1 (Sperner's Lemma) has a nice analogue for covers of finite vector
spaces. We give it here, with necessary background, to illustrate the similarities that
exist between the two sorts of covers.

If U and V are subspaces of Vn{q), define U < V whenever U C V. This
establishes a partial ordering on the set of subspaces of Vn{q)- Under this partial
ordering the subspaces of Vn(q) form a lattice. Call this lattice Ln(q) (for an
introduction to lattices see the main text of the dissertation).

The number of maximal chains in Ln{q) proves to be an important quantity
in the study of Vn{q). The following proposition provides an easy way to find this
quantity.

Proposition A5.3. For ?^, k ̂ N, let U ̂  Ln{q) with dimU = k. For r E N

\{V € Lniq) I U < UanddimU = it+ r}| = n

Proof. The quotient group Vn{q)lU is well-known to be an (n — A:)-space over
Fg, the r-subspaces of which are in one-to-one correspondence with the (fc -f- r)-
subspaces of Vn{q) by U i-^- V/U, where V is a, (k + r)-subspace of Vn{q)- The
number of r-subspaces of Vn{q)/U is ("~'^)

Corollary. Under the above hypotheses, by equation A5.2

\{V e Ln{q) 1 U < UanddimU = k + l}\ =

nn-k _ I

q-1

=  +9""'"'+ •• • + !)
n—fc —1

= E
i=0
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Proposition A5.4. The number of maximal chains in Ln{q) is

n—1 / n-1 /n-k-1

n(";) = n E
it=0 ^ ^9 k=0 \ J=0

=  + 9"-' + • • • + + 9""' + n n • + 1)... (9 + 1)(1).

Proof. A maximal chain in Ln{q) has the form

{0} = Po<^l <■ ■ ■ <Vn = Vniq),

where Vk is a fc -subspace of V„(9) for = 0,1, . . . , n. By the corollary there are (")^
ways to choose Vi, then ("j ways to choose V2, and in general ( i"*" )g

),choose Vk for k = Therefore there are HLi (" HLo ("/),
such chains.

□

Let V be a cover of Vn{q)- We say that V is unnested if no block of V properly
contains another block of V.

As in the case of covers by subsets, we would like to know the maximum number
of blocks V can contain. Again such a cover is an antichain of maximum size in
Ln{q)- A result like Sperner's lemma would provide the desired information, so
proceeding in exact analogy with the statement and proof of Theorem A2.1, we
have the following result.

Theorem A5.1. Let T be an antichain in Ln(q)- Then

y( " V"<i-
Proof. There are (q"'~^ + hi) • • • (9 + l)(l) maximal
chains in Ln(q)- For V G F with dimP = k, the number of these chains that include
V is

[(«'-' + 9'-^ + ■ ■ ■ +1). . . (? + l)(l)] [(g"-'-' + g"-'-' + • • • +1)... (9 + l)(l)]
since each such chain consists of a maximal chain in the interval [{0},F] and a
maximal chain in the interval [P,V'n(9)]- As no maximal chain in Ln(q) includes
more than one member of P,

E
dim V /j —1

n E'-
j=i \i=o

n—dim V /j~k

n E^'
j=l \i=0
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Dividing by the right-hand side of (A5.5) yields

n;=. (eS «')vgr

Finally, simplifying the left-hand side of (A5.6) and recalling (A5.4) we see that

^ / n \ ' / n"=n-dlm V+1 (Ei=0 ?') t
4UmW, n-r/(ECo9')

From equation (A5.4) it is easy to see that largest 5-binomial
coefficient of order n. Thus we have the following corollary:

Corollary (5-Sperner's Lemma). Let F be an antichain in Ln(q). Then

|r|<(ln/2j),-

Proof.
n  \ —1

1^1 = Zl 1 = ( Ln/2J ), Z ( L«/2J )g
vgr vgr

2(LAi),E(ai:yr
ver ̂

^ ( Ln/2J )

Goldman and Rota [6, p.257] mention the existence of this result and its simi
larity to Lubell's proof of Sperner's lemma.

If V is an unnested cover of Vn(g), then V is an antichain in Ln(g) and hence has
at most ([n/2j) blocks. On the other hand, the collection of all [n/2j-subspaces
of Vnig) has ( )g elements and is obviously an unnested cover of Vn{q). Hence,
the maximum number of blocks in an unnested cover of Vn{q) is ( Yni2\ )^- That is,
the largest unnested cover of Vn{g) attains the bound set by the g-sperner's Lemma.
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A5.4 ̂ -Binomial identities in the limit > 1

In the limit as 5 —> 1, with q regarded as a real variable, identities involv

ing 5-binomial coefficients tend to become identities involving binomial coefficients.

Goldman and Rota [6] investigate this well-known phenomenon and give numerous
examples of it, the simplest of which comes from the following identity.

Proposition A5.5. For n, fc G N,

Proof. This follows from (A5.4) by algebraic manipulation.

Note that

li- (1) = (""" + f-\+ + (1°-' + n n n +1)q-^l\kj^ (5^ 1 -f • • • -I- 1) . . . (5 -f 1)(1)
n{n — 1).. .(n — k + 1)

k{k-l)...{l)

Taking the limit of both sides of equation (A5.7) as 9 —> 1 produces the well-known
identity

(:)■(.!.)
Note, however, that this does not prove (A5.8), but rather it gives us an identity
about subsets of a set that we can verify by other means.

A6. New Results

The following three propositions are new results about concepts described in
this appendix.

Proposition A6.1. For n, r G N with r >2, ifB is an r-minimal cover of an n-set
S, then \B\ < n r — 2.

Proof. We already know this for two-minimal covers, so assume r > 3. Further,
recalling that s-minimal implies r-minimal for 1 < s < r, assume B is "strictly"
r-minimal—that is, is not (r — l)-minimal.
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There exist distinct Bi, B2, n n n , Br-2 6 B such that B — {5i, £21 • n • >-Sr-2}
covers S. Removal of anj' two distinct blocks from B — {Bi, B2, n n n , Br-2} uncovers
some element of S since B is r-minimal. Thus B - {Ri,R2,- • • ,-Sr-2} is a two-
minimal cover of S and has at most n blocks. Therefore |6| < n -f- r — 2.

If B is not strictly r-minimal, then there exists 5 G P with 1 < 5 < r such that
B is strictly s-minimal. Thus, by the above argument |R|<7T.-i-s — 2<n-|-r — 2.

□

If is a cover of an n-set S, then B C 2^ and thus has at most 2" -1 blocks.
So the previous result is not sharp for r > 2" —n-f 1 as in that case n-\-r — 2 > 2" —1.

On the other hand, Wagner [19] has demonstrated that this result is sharp for
2<r<n-l-lby constructing the cover

B = {{A;} jfcE [n]}u{{l,A:} | k £ [r-1]}
of the n-set [n]. This cover has n -f r - 2 blocks and is easily seen to be r-minimal.
Proposition A6.2. Let B be a minimal cover of the doubles of [n] by triples, for
n e N. Then \B\ < ("2^)- Further there is such a cover B with \B \ = ("2 ^)-
Proof. This is obvious for 0 < n < 3, so assume n > 4.

Since B is minimal, each triple in B covers some double of [n] uniquely. Bound
the cardinality of B by observing how quickly it must "use up" the doubles of [nj.

If C C B, define

u 4-
Bee )

(j>{C) = min i e [n]
Bee

Construct a sequence of blocks from B as follows: Choose Bi £ B such that
{1,2} C Bi. Next choose B2 E: B such that {l,(j){Bi)] C B2. in general, choose
Bi^i € B so that {l,(j){Bi\JB2ll- • -UBi)} C R,+i. Stop when 5iUP2U- • = [n]
for some fc G N. The fact that B is a cover of doubles by triples guarantees the
success of this construction.

The triples in C = {Pa, jB2, . . . , Pfc] are all of the form {l,a,6} for distinct
a,b £ {2,3, . . . ,n}, so C covers k doubles which do not contain the element 1 as
well as all n — 1 doubles of the form {1, a] for a £ {2,3, . . . , ra }. Altogether C covers
n -f A: — 1 doubles.

As the set [n] has (") doubles and each triple of B covers some double uniquely,
jP — Cj < (2) — (n 4- A: — 1). In other words

iS|<g)-(n + .-l)0=^-{n-l)=(";^).
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Now define B = -[{1,0,6} | a,b G {2,3,...,n} and a / 6}. Clearly B is a.
minimal cover of the doubles of [n] by triples and \B\ = ("2 ̂)-

□

At the other extreme we would like to know the minimum number of blocks

in a cover B of the doubles of [n] by triples for n 6 N. Since there are (2) doubles
and each triple covers three doubles, an obvious lower bound is [(") /^l • This is not
always attainable, the simplest counterexample being the set {1,2,3,4} whose six
doubles cannot be covered by two triples.

The bound [(2)/3] is attainable, however, in an infinite number of cases.
Proposition A6.3. For n G N, there is a minimal cover of the doubles of [2" — 1]
by triples that has 2"^)/^ blocks.
(Note that 2" — 1 = 2"~^ + 2"~^ + • • • + 2 + 1 and that (^ 2"^) is divisible by 3).
Proof. Let V be an n-dimensional vector space over the finite field with two
elements. Then V has = 2"~^ + 2"~^ + • • • + 1 one-subspaces. Label these
ki, 1^2, • • • , k2"-i+2"-2+"-+i- Further, V has (2)2 two-subspaces. Give these the
labels WuW2, . . . ,W(^.^ .

For k = 1, 2, . . . , (2)2 define
= {^e[2"-l] |y, CMT}.

Clearly Bk Q [2" — 1] = [2"~^ + 2"~^ + • • • + 1] for all k. Also each two-subspace
has (2)2 = 3 one-subspaces, so for all k we have \Bk\ = 3. Finally for ij G [2" — 1]
with i ^ j there is precisely one two-subspace which contains Vi and Vj, namely
span{Vi U V}}. Thus the double {i,j} is covered uniquely by Bk, where Wk =
span{Vi U Vj}. In short B — {Si, S2, . . ., } is a minimal cover of the doubles
of [2" — 1] by triples in which each double is covered uniquely.

This being the case, we know that \B\ = 2"^) more directly
1^1 _(2--l)(2"-2)

2^2 (22-1)(22-2)
_ (2" - 1)(2" -2)

6
_ 1/2" - 1\
~3l 2 /•

This proof should, of course, generalize to covers of the doubles of the set [(j)^]
by (j)^-tuples for q a power of a prime.
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APPENDIX B

Generating Functions for "Partitions"

Long and Wagner [11] note the following: Let (c„)„>o with cq = 0 be a non-
negative sequence of real numbers and (gn)n>o with go = 1 a positive sequence of
real numbers. Define the generating function (i.e., formal power series—see [13])

F(.) = ̂c„- (Bl)

and a set of generalized A;-nomial coefficients

f  n \ 9n
\n\,n2, n n n ,nkj gnT_gn2 n n • 9nic

where /:,7r,ni,n2, n n n ink G N with k > 2 and n-i + n2 + • n n + Uk — n. Then the

sequence of generating functions

F^{z) — d(n^k)— for all A: G N
n>k

and the explicit formulas

d(n,0) = ̂n,0) (the Kronecker delta)

d{n,l) - Cn,

and

d{n,k)= " )c„iCn2 • • • Cn* for > 2
\riun2,...,nkj

ie[k]

define the same triangular array o<k<n<oo'
Long and Wagner mention, further, that certain choices of c„ and g-a give

(i(n, k) a known combinatorial meaning:
If Cn,^„ = 1 for all n € P, then d(n, k) is the number of ordered partitions of

the integer n into k summands. That is, d{n, k) is the number of A:-tuples of positive

integers with sum n.

If Cn = 1 and gn = nl for all n G P, then d{n, k) is the number of ordered
partitions of an n-set into k blocks.
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Let Cr, = 1 and

«. = + n n n + 1)(9""' + 9""' + • • • + 1)... (9 + 1)(1)

for all n € P, where q is a power of a prime. If V is an n-space over Fg, then
d{n, k) is the number of chains of length k that include {0} and V in the lattice of
subspaces of V. This is a special case of an example given by Stanley [16, p. 145].

If c„ = 1 and

for all n € P, where 5 is a power of a prime, then d{n,k) is the number of direct
sum decompositions of an n-space over Fg into k subspaces [1, pp.762-764].

All of these are known results about ordered partitions or analogues thereof,

and they all involve similar generating functions. For the sake of completeness

Appendix B consists of direct proofs that the coefficients c?(n, k) take on the values
specified in the preceeding paragraph. We restrict our attention to the case k > 2

since the results are trivially correct otherwise. The first two results are standard.

The third and fourth are proved by far more elegant but less direct means in the

references listed above.

We use the standard rules for multiplying power series: If a„,6n G C for all

n 6 N then

^n>0 y n>0 \i=0 /

In general if an,m € C for all n G N and m G [A;], then

n>0

\

n  I • • • 0.nk,k
m=l \n>0 / n>0 ni-(-n2-| \-nk = n

n, >0 for all i J

x". (B3)

These rules together with a little algebraic manipulation and the following

propositions suffice to show all four results.

Proposition Bl. Let 2 < k < n. There are (^Zj) ordered sums of the form
ni + 712 + n n n + rik = n where n,- G P for all i G [k].

Proof. Let mi, 7712,... ~ 1] be distinct with mi < m2 < • • • < rnk-i-
Further, define mo = 0 and m^ = n. The equation rii = m,- — rrii-i defines a one-

to-one correspondence between such collections of m,- and ordered sums of positive

integers 77i -|- ^2 -|- • • • -b nt = 77. Every (k — l)-subset of [77 — 1] yields exactly one
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such collection of rrii. Therefore the number of ordered sums ni +"2 "I — n,

being the same as the number of such collections of nn, is
□

Proposition B2. Let 2 < k < n and let ni + n2 + ■ • ■ + rik = n with Ufc G P for
all i e [k]. Then the multinomial coefRcient

n  \ n\

^ni,n2, . . . ,nit/ ni!722! . . . n^-!
(54)

counts the number of ordered partitions of[n] in which the ith block has cardinality
rii for i G [k]..

Proof. Let d(n;ni,n2,. • • ,nfc) be the number of ordered partitions of [n] in which
the ith block has cardinality rii for i G [/c]. Show

d(n;ni,n2, . . . , njt)ni! 722! . . . n^! = n! (55)

by showing that both sides of equation (B5) count the number of bijections from
[n] to itself.

This is well-known for the right-hand side of (B5).
To get the left-hand side define

-d-i =

and for i = 2,3, . . . , A; define

Ai = {ni -!-• • * + Tii-i -f 1, Til -f • • • -(- Ui-i 4- 2, . . . , ni 4- • • ■ -f rii}.

In other words, the Ai partition [n] in such a fashion that the first ni positive
integers are in Ai, the next n2 are in A2, etc. Let 5 = (5i,52, . . . ,5jt) be one
of the ordered partitions d(n; ni,n2, . . . ,nfc) counts. For i G [k] choose bijections
fi'.Bi —> A,-, and then define the function /: [n] —7 [n] by /(r) = /,(r) where r G Bi.
Clearly / is a bijection on [n].

Each /,• can be chosen in n;! ways, so there are ni! 722! . . . n^! ways to define /.
Further, distinct choices of B (for fixed ni,n2, ■ ■ ■ ,nk) produce distinct bijections
and every bijection is attained for some 5 (If /; [n] —7 [72] is a bijection, define Bi =
f~^{Ai) for i = 1,2,. . ., A;). The number of ways to choose 5 is d(n; 721,722,
so the total number of bijections from [72] to itself is d(n; 721,722, . . . , 72jt)72i! 722! . . . n^!.

Thus d(72; 721 , 722,. .. ,njfc)ni 1722!. . .?2fc! = n!. In other words
72! / 72 \d(n;72i, 722,. . . ,nfc) = 72i! 722! . . . nfc! V 721, 722, . . . ,njt^
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Proposition B3. Let go = 1 and for all r EiP let

=n E
7=1 \l=0

r—1 r—2

= 9 ++ 9 + l)(9^-'+9'"-' + - - - + l)..-(9 + l)(l),

where q is a power of a prime. Let 2 < k < n and ni + n2 + n n • + Uk = n with

n, 6 P for all i G [/:]. If V is an n-space over Fg and L is the lattice of subspaces
of V, then the number of chains {0} = Vq C Vj C • • • d Vk ~ V in L with
dim(Vi) = ui + n2 + • • • + "i for i G [k] is the generalized k-nomial coefficient

(  " )=^ n (56)ynj , 7T.2 , . . . , gjnQni n • • 9nic

Proof. Define cf(n; ni, n2,..., n^) to be the number of such chains. In a fashion
similar to that of the previous proposition, show

d(^n, Til, "^2 I • n • t'ak)gn-Lgn2 • • • — gn (57)

by showing that both sides of the equation count maximal chains in L.

Proposition A5.4 establishes the right-hand side of (B7).
Let {0} = Vo C hi C • • • C Vfc = V be a chain in L for which dim(Vi) =
F n2 + rii for all i G [A;]. We wish to count the maximal chains in L that

include ho C Pi C • • • C Pfc as a subchain—i.e., to count the chains {0} = Uq C
Ui C C Un = V in which Um+.-.+m = P for all i G [k].

First choose a collection of subspaces 17i, C/2,..., Um-i in such a fashion that

Uo C Ui C • n • C Un,^ = Pi is a maximal chain in the interval [{0},Pi]. By
proposition A5.4 there are

9nx = (9"^-' + 9"^-' + n • • + 1)(9"^"' + + • • • + 1)... (9 + 1)(1)

ways to do this. Next choose Um+i, Uni+2, n n n, Uni+n^-i so as to make the chain

Pi = Utii C Un2 C • • • C Uni+n2 = h2 maximal in the interval [Pi,P2]. The
intervals [Pi,P2], [Pi/Pi,P2/P1], and [{0},hP], where TP is an n2-space over Fg,
are isomorphic as lattices, so there are gn2 ways to do this. Continuing in this
fashion there are g^ ways to form a maximal chain in the interval [P„,._i, P„J for
i G [k]. Altogether, then, 9ni9n2 • • • guk niaximal chains of L include the subchain

Po C Pi C •• • C Pfc.

On the other hand every maximal chain in L has a unique subchain in which
the z'th member has dimension ni -f n2 + • • • + n,-.

94



Therefore the total number of maximal chains in L is

d{n;ni,n2,... ,nk)gn,9n2 n n ■dni,-.

which is the left-hand side of (-B7)
Thus

9n (d{n]ni,n2, . . . ,nk) = =1
9ni9n2 - - -9nk \'^1 ;'^2 i • • • )

Note that there is a one-to-one correspondence between ordered partitions of
an n-set S and chains in the lattice of subsets of S. This correspondence maps the
ordered partition . . . ,-Bfc) into the chain 0 = 5o C Si C ■ ■ ■ C Sk = S,
where Si — for all i G [A:]. Thus chains of subspaces of a finite n-space are
indeed an analog of ordered partitions of an n-set.

Proposition B4. Let 90 = I and for aJI r G P let

9r = (g'-iX9''-g)- - -(9'^-9'-')-

Further let 2 < k < n and ni + "2 -f- hrik = n with n^ G P for all i G [k]. If V is
an n-space over Fg, then the number of ordered direct sums VI © V2 ® ® 14 = T"
in which dim(Vi) = n — i for all i G [k] is

"  \ = ^ . (B8)
• • • I '^kJ 9ni9n2 ■ ■ ■ 9nk

Proof. Proceed as in the previous propositions by letting d{n;ni,n2, . . ■ ,nk) be
the number of ordered direct sums of the sort described and then demonstrating
that

d(n; ni, n2,. . . , nk)gni 9n2 ■ ■ ■ 9nk = 9n (BQ)

by showing that both sides of equation (B9) count the ordered bases of V.
Recall that an ordered basis (ui, U2) • • • , ^n) of V is just an n-tuple of linearly

independent vectors. The proof of Proposition A5.2 establishes the right-hand side
of (B9).

Let (ui, U2,. . . , Vn) be an ordered basis of V. This basis uniquely determines
an ordered direct sum Vj ®V2 ® • • • ®Vk — V with dim(Vi) = n,- for i G [k] by

Vi — Span^Ujij-f-nj-i—^ ,U7ji-f-n2-| h-n,_i-F25 • • • ^ hit }
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How many ordered bases of V produce this same direct sum? Clearlj^ another
ordered basis will do so only if for i € [k] the subsequence

(^"i + "2H + \-ni-i-i-2i • n n ■) '^'ni + n2H hi,-)
is replaced by another ordered basis of V,-. Again by the proof of A5.2, for i € [k]
the subspace Vi has

9ni

ordered bases. Thus gmgn^ • ■ ■ gnk ordered bases of V produce this same direct sum.
Therefore there are d(n; ni, n2, . . . , • • • gnk ordered bases of V. This

is the left-hand side of equation (B9).
Thus

gn f ^ ^d(n ;ni,n2, . . . ,nfc) =
gnigm ■ ■ - gnk ? '^2 ? • • •

Returning to the consideration of power series, let cq = 0 and c„ = 1 for n G P.
If A: > 2, define ao,i = 0 and an,i = 1 for all i G [k] and n 6 P. Further let go = I
and for all n G P let gn be a positive real number. Then

e-7 =n
yi / .--I \ yii=l \n>0. n>0

/

= E
n>0

= E
n>0

E
n>0

= E
n>0

\

E
. H .

\ n,->0 for all iG[/:]
n, + n, + -+nk=n

Ojii,! <^12,2 Qifc ,k

gnk
X

/

E
1  1

ni + n2 + -+n, = n ^n, 9n, gnk
\ n,->0 for all iSffc]

X

I

E
ii 4-"2H

\ n;>0 for all i£[k]
(

m + n2+-+nt=n

\
9n

 9n,gn^ ■ ■ ■ gnk

X"

9n

E
n

11+I12H \-nk — n
\ ni>0 for all iS[fc]

V
X

X"

gn

= ^^ din^k) —
9nn>0
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as Long and Wagner [11] note.
Propositions Bl—B4 now yield the following interpretations of d(?r, A:).

First interpretation: If gfn = 1 for all n 6 P, then

d{n,k)= 1
7li+n2H
Tii >0 for all iE[k]

= the number of ordered partitions of n

Second interpretation: If gn = n! for all n G P then

d(n,k)= E f " )
n;>0 for all iGlfc]

(the number of ordered partitions of an
=  ̂ ̂ n-set into k blocks in which the ith block

I  I , has ni elements)
ni + n2d hn(c = n '
n,>0 for all

= the number of ordered partitions of an n-set into k blocks.

Third interpretation: Let

gn = + • • • + 1)(9"-' + q''-] + n n n + !)... {q + 1)(1)

for all n G P. If n G P and L is the lattice of subspaces of an n-space V over Fg,
then

/  n \

^  , \ni,n2,... ,nk,
"i + n2H \-nk = n ^

d{n,k)= Y
"1+'»2H f
n, >0 for all «G[A:]

= the number of chains of length k in L that,

include {0} amd V

Fourth interpretation: If

for all n G P, then

d{n,k)= Y ( )
Tii >0 for all i€[/:]

= the number of ordered direct sum decom

positions of a finite n-space over Fg into

k summands.
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