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ABSTRACT

Analytical models for two-point spatial spectra of atmospheric turbulence are
developed. Models based on both the von Karman and Dryden correlation are
presented. A two-point auto-correlation, defined as the correlation between like
components of velocity measured at two spatially separated positions, is Fourier
transformed to give the spectrum.

The bias and aliasing errors associated with fast Fourier transform techniques
for two-point spatial correlations are described. A comparison is given of the spec-
trum computed by the fast Fourier transform of the digitized analytical correlation,
with closed form solutions. The results demonstrate that the two-point spatial
spectrum is extremely sensitive to bias errors. Filters for smoothing the data to

minimize the bias error are investigated and an optimum filter is proposed.
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CHAPTER I

INTRODUCTION

The effects that atmospheric turbulence has on an aircraft during landing or
takeoff has a strong influence on both the structural design of the aircraft as well as
the design of its aerodynamic controls. A significant amount of theoretical analysis
has been devoted to computing the aerodynamic forces and the resulting pitching
and rolling moments using linearized turbulence models (Diederich and Drischler
(1957), Houbolt and Sen (1972), Houbolt (1973), Frost and Lin (1983), Ringnes and
Frost (1985), and Frost, et al (1987)). The atmospheric turbulence used for most of
the aerodynamic analysis can be grouped into two models. These two models are de-
picted in Figure 1. The first model assumes a linearly uniform but one-dimensional
random time varying turbulence in which the turbulence is modeled as essentially
rolling waves acting uniformly over the aircraft. The second model introduces two-
or three-dimensional random gusts which are modeled as sinusoidally distributed
in three-dimensional space. The first model introduces only pitching moments to
the aircraft. The three-dimensional gust model allows both pitching and rolling
moment analysis of the aircraft, as well as structural wing bending, etc. Dynamic
analyses of turbulence effects on aircraft often employ models of turbulence spectra.
Although many one-dimensional models are available, notable among these are the
von Karman and the Dryden models, two-point spectra models which account for

spatial variation in turbulence are much less available.

Houbolt and Sen (1972) developed theoretical models of two-point spatial spec-
tra based on von Karman’s correlation model. Their vertical velocity spectrum is
correct but their longitudinal velocity spectrum is incorrect since they did not ac-

count for the direction cosines which align the velocity components with the body
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Over the Aircraft Produce Bending and Rolling Forces

Figure 1.  Structure of Turbulence.



axis of the aircraft. Frost, et al. (1987) developed a correct theoretical model based

on von Karman’s correlation but did not fully investigate all the ramifications of
their results. Moreover, no one has published a complete theoretical model of the
two-point spatial spectra based on the less precise for atmospheric turbulence, but

more popular due to mathematical simplicity, Dryden correlation.

As part of this research, the closed form solution for the two-point spatial
spectra based on the Dryden correlation is developed. In addition, a full deriva-
tion and parametric investigation of the two-point spatial spectra based on the von
Karman correlation is presented. For this analysis, the definition of “two-point”
spatial correlation used by Frost, et al. (1987) was adopted. That is, the com-
monly used “cross-correlation” term will be used to describe a correlation between
different velocity components such as lateral and longitudinal components or be-
tween vertical and lateral components. The term “two-point” spatial correlation is
used to describe a correlation between velocity components measured at stations
separated in space such as the two wing tips of an aircraft. There can be a “two-
point” cross-correlation between different velocity components separated spatially
or a “two-point” correlation between like velocity components separated spatially.
The term auto-correlation is used to define a correlation between like velocity com-

ponents measured at the same spatial location but separated in time.

The current practice used by the atmospheric community to compute turbu-
lent spectra is direct Fourier transform of the measured digitized velocity fluctuation
time history. This is referred to as a direct Fourier transform. The alternate ap-
proach is to first compute the correlation and then Fourier transform it to obtain
the spectra. In both cases the data are digitized and a Discrete Fourier Transform
(DFT) technique is employed. The Fourier transform of a digitized signal, however,

can introduce both bias and aliasing errors. A systematic study of the nature of
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these errors in atmospheric turbulence analyses has not been reported in the liter-
ature. Therefore, a second part of this research is to investigate these errors in a
systematic fashion. Having developed in the first part a closed form solution for
the spectra by direct integration of the theoretical correlation, an analysis of the
effects of using DFT to integrate the correlation in a digitized format can be con-
ducted. The analysis investigates the effects of record lengths which introduce bias
errors and the effects of sampling intervals (digitizing time step) which introduce
aliasing errors. Recommendations for using DFT analysis on measured data sets is
presented. In addition, an investigation of using windowing techniques to resolve
bias errors is included. This results in the recommendation of one or more selected
windowing techniques which should be applied in atmospheric turbulence spectral

analysis.



CHAPTER 11

ANALYTICAL MODEL OF THE TWO-POINT SPATIAL SPECTRA
FOR ATMOSPHERIC TURBULENCE

A two-point spatial spectrum may be computed by a Fourier transform of
the correlation for atmospheric turbulence. In this chapter the classical (along
the z; axis in ground fixed coordinates) longitudinal and lateral (along the z; or
z3 axis in ground fixed coordinates) correlations for turbulence are extended to
correlations in a general coordinate system which is aligned with the body axis of
an aircraft. The extended correlations are then analytically integrated to produce
closed form solutions of the spectra for direction 1 (along body), direction 2 (along
wing span), and direction 3 (along perpendicular to plane of wing and body) velocity
components in the aircraft body axis coordinate system. A graphical presentation
of the solutions for a range of parameters is then given at the end of this chapter.

The general turbulence correlation tensor can be developed following the work
of Hinze (1975). Consider two points A and B in a flow field with @ and b being
two given directions at each of the points A and B, Figure 2. If the mean velocity

of the flow field is assumed to be constant, then at any instant

Ua = Uleal + uq
(1)

Uy =Urep + us

where the direction cosines of the flow with respect to the mean flow are e,; and
es1. The velocities U, and Uj consist of a mean velocity and a turbulent fluctuation

about the mean. The correlation of velocities U, and U} 1s given as

Us(ZT4) Up(ZB) = (Ur€a1 + ua)a (Ures: + us)B
(2)

= Ulzealebl + m

5
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Figure 2. Notations for Definition of General Flow Field Turbulence
Correlation Tensor.




where the first term on the right-hand side of Equation 2 relates to the mean motion
of the flow field and the second term relates to the turbulent fluctuations in the flow
field. Since the mean flow pattern does not vary with time in a steady flow field,
the correlation product given in Equation 2 is a function of the location of points

A and B and the turbulent components u, and u; at those points, i.e.:

Qa,B = (ua)a (us)B (3)

If the turbulent velocities are defined in terms of the velocity components (u;)4

and (u;)p along a selected Cartesian coordinate axis, such that
Qa = (ui)a (4;)B €aitsi (4)
then the term m becomes a tensor of second-order
(Qi5)a,8 = (wi)a (u) (%)

Defining £ as the Eulerian cartesian coordinates relating the position of 4 to

B, then it can be shown that @4, p is a function of i, eq; and e;; given by

Qa,B = Qi€ifjeqica; + Q26ijeqieaj + Qa€ijklkeaics; (6)

where §;; is a unit second-order tensor (Kronecker Delta), §;jx is an alternating
unit tensor and Q1, Q2, and Q3 are functions of r? where r is the distance between

points A and B. The correlation component (Q; ;) 4, becomes

(Qi,j)a,B = Q&€ + Q26i; + Qa€ijulk (7)

The remainder of the derivation assumes the flow field is both homogeneous

and isotropic. These conditions require that for an arbitrary point there can be

7
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no variance of the correlation under rotation of the coordinate system and under

reflection with respect to the coordinate system, therefore

(Qi,j)a,B =(Qj,i)aB (8)

which requires 3 = 0. Equation 7 then becomes
(Qij)a.B = Q1(r*)&ik; + Q2(r?)é6;; 9)

Equation 9 is the general expression for a homogeneous, isotropic tensor of the
second order.

Defining the term f(r) as the coefficient of spatial longitudinal velocity cor-
relation with respect to r and the term g(r) as the corresponding lateral velocity

correlation, Figure 3, Equation 9 can be written as

u” f(r) g(r)

(Qi,j)a,B il + 9(r)6i; (10)

where v’ is defined as \/7 which is the root-mean-square of the turbulent velocity
component.

Consider now an aircraft flying in a horizontal plane with a constant mean
velocity, V. Point A is on the left wing tip and Point B is a point upstream of
the right wing tip. This point will, in principle, impinge upon the wing at a later
time, ¢, as shown in Figure 4. Thus, as the aircraft flies through a non-aligned
atmospheric flow field with a velocity, V, the gust experienced at the right wing tip
which occurs at a lag time, ¢ from that experienced by Point A, is itself at point
B. Assuming Taylor’s hypothesis (Taylor (1938)), turbulence at B is an effective

distance, r, from A given by

r=1/s?+ V22

8
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Figure 4.

Aircraft Velocity Components.
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Moreover, the sine and cosine of the angle 8 are given by

sind =Vt [ \/s?+ V22
cosfd =s [ /st + V22

In terms of these definitions, the correlations for the velocity component given by

(11)

Equation 10 becomes

@ua)am = [HZ0D (e s o)

b

@a)az =uf [LIZ0D (o4 o) (12)

(@3,3)a,8 =u :g(")]

The two-point spatial spectra (E; j)4,p is defined as the Fourier transform of

the correlation (Q; ;)a,B

(Eij)a,B = /_°° (Qi;)ap e ™ dt (13)

Equation 13 can be evaluated upon substituting (@ ;) in the form of Equation
12 after appropriate selection of the functional form of f(r) and g(r).

Von Karman (1948) developed theoretical expressions for f(r) and g(r) which
have been found to fit atmospheric data well. The von Karman correlations are
functions of the modified Bessel function of the second kind, Kp( ), as defined in

Lebedev (1972), and are given by

0= (3) 5 (3)

o= () ()i ()] oo

11
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where I'( ) is the Gamma function and L is a length scale characterizing the eddy

sizes of the turbulence. Substituting Equations 14 into Equations 12 gives the von

Karman correlations in the aircraft body coordinates as
- 1/3 1 AN -2/3
Qu(l) = H, |£/° Ky3(8) — 5) \3 ¢ K, 3(€)

Q22(l) = H,y :(g)elﬂ* K1/3(0) + (%) (%)2 €73 K_35(8)

- (';')34/3 K4/3(f)]

Q33(l) = Hs[(3)31/3 Ky3(¢) - ( ) v K4/3(£)]

(15)

where the nomenclature for @ and E is changed slightly, from this point on, for

convenience of presentation.

H; =4 2*/3 /T(1/3)

2 242
lz_ﬁﬂ;a=s/L

a = /7 [(1/3) / T(5/6) = 1.339

as defined in von Karman (1948).

Applying the Fourier transform, Equation 13, to these correlations results in

the two-point spatial spectra

_ 1
En(v)= C'“'1205/3{K—slﬁ[zlz 36— 5 Kl/ﬁ[z]zl/s}
4 _ 1
Ey(v) = 0“5;05/3{3 K_s/gl2]z7%/% + 2 K 6l2)2"/® - ‘2‘ - K 11/6(2]z” 11/6}

Ey3(v) = C“';Us/s{g K—s/s[z]z_s/ —% Z_ K_ 11/6[2]2 11/6}

(16)

12




z=a{?+ (1/a)2}1/2

v=wL/V; o=s/L

C = 2*/3(2x)1/2 | (1(1/3) a?/?

The functions Q;;({) and E;;(v) become dimensionless when divided by u!’ .
Thus, Qii(!) / u! and Ei(v) / uﬁz are both functions of the dimensionless parameter
o = 8/L and individually functions of the dimensionless variables ! = ¢t V/L and
v = w L[V, respectively. However, to better illustrate the influence of V/L, the
plots presented in this dissertation are in dimensional form. A complete derivation
of Equations 15 and 16 is given in Appendix A.

Figure 5a is a plot of the correlations for velocity components in direction 3
from Equation 15 as a function of point separation, s, divided by length scale, L.
Figure 5b is the corresponding spectra. Results are presented for a fixed ratio of
length scale, L, to velocity, V, of 2.0. Figure 6, on the other hand, presents the
effects of holding s/L fixed at 0.10 and varying L/V from 1.0 to 5.0; all other
conditions being the same.

Prior to von Karman, Dryden (1943) published the correlation for turbulence

as an exponentially decaying function
f(r)= el
(17)
— (1= ) /L
g(r) = (1 3 L) e

This correlation does not fit atmospheric turbulence as well as von Karman’s
correlation (Equation 14). However, it does agree with wind tunnel data well and
it is frequently used in aeronautical analysis because the corresponding one-point
spectrum is a rational function and simpler to employ mathematically. For these

reasons the two-point correlations and spectra based on Dryden’s model are derived

13
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in this study. The derivation follows the same procedure as that for the von Karman
and is described in detail in Appendix B.

The two-point Dryden correlations are given by Equation 18.

[ 2 (¥ o’tz‘k
Qu() = u! a%%)K6Y+ﬂPp_( s ) e (B)[(#)+] ]

VL) ()" + o]}
' = N (O STk
() = uf |~ (D) o]t s2 \e
Q2(1) _ +(2VL) [(%)2+t2]%

(18)

_(K)e4mkw%ﬂ*
L) el

2 Vet v e (Bl()+ %
Q33(Da,B = uy [e (r)[(v) + ] - (2_L) [(%)2+t2]—% ‘

The expressions in Equation 17 contain three exponential forms. Using Equa-

tion 13 to derive the Fourier transform of Equation 17 would appear from inspection
to be a much simpler task than deriving the two-point spatial spectra from the von
Karman correlations. This assumption, however, turned out to be in error. A review
of all published Fourier transforms revealed that there was no available transform
for the last term of each expression in Equation 17. Therefore, it was necessary to

derive the following Fourier transform (see Appendix B).

1
oo 2 2 2 42
LG ] o e a -
0

, (19)
()" Ko+ (3)* (5) mex

where

16




The resulting closed form solution for the two-point spatial spectra from the

Fourier transform of the Dryden correlations are

En(v) = 2u'1202{K1[z]z'1 - (%) K,,[z]}

Ep(v) = 2u';a2{ (g) Ki[z)271 + (%) Kol2] - (%) o Kz[ZJz'z} (20)

st (i - (3) i)

where

v=wL/V

and

o=s/L

Figure 7a is a plot of the Dryden two-point correlation from Equation 17 pre-
sented as a function of s/L and L/V = 2, while Figure 7b presents the corresponding
spatial spectra. In Figure 8 the effects of holding s/L fixed at 0.10 and varying L/V
from 1.0 to 5.0 is shown.

A quick inspection of Figures 5 through 8 reveals that both the correlations
and the two-point spectra from the von Karman model compares in shape with
those from the Dryden model. Figure 9 presents a direct comparison between
the Dryden and von Karman models for a fixed L/V of 2.0 and for three values
of s/L (0.0, 0.5, and 1.0). The Dryden correlations have a larger magnitude at
low frequencies and a steeper slope than the von Karman correlations causing the
correlation plots to cross. For higher values of s/L, the spectra appear merged at
the higher frequencies. This is an illusion from the graphics and, in fact, the error
[(E,‘,‘(V))VK — (Eiu(v)) DRy] /(E;i(v))vk becomes progressively larger for a given

frequency as shown in Figure 10.
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One also observes from Figure 9 that there is a faster drop-off in the lateral

correlations than the longitudinal correlation which was confirmed by experimen-
tal data collected and analyzed by Kader, et al. (1989). Dryden developed his
correlation model based on wind tunnel data where as von Karman developed his

correlations based on atmospheric data.

It should be noted that the spectra models given in Equation 16 for von Karman
and Equation 20 for Dryden are both functions of modified Bessel functions of the
second kind. The Bessel functions of fractional order in the von Karman model are
much more difficult to compute than the integer order Bessel functions in the Dryden
model. For this study both the fractional and integer order Bessel functions were
computed using an International Standard Mathematical Library (ISML) routine
for personel computers. The ISML routine has a quoted accuracy of 8 to 10 digits
for all modified Bessel functions and can be double precisioned. In a side-by-side
comparison on a Compaq 386-20 MHz computer using a math co-processor, the
computation of a given Dryden spectra was 3.5 times faster than the computation
of the same von Karman spectra. On an IBM-XT 4 MHz computer, also using a

math co-processor, the Dryden computation was again over 3.5 times faster.

If the ISML routine is not available, an engineer can hand compute selected
points by using the Dryden model since the integer order Bessel functions, Ky and
K,, are published in tabular form in Abramowitz and Stegun (1964). It will also be
necessary to use the recursive relationship given by Lebedev (1972) which expresses

K, as a function of Ky and K; to compute all of the terms in Equation 20.

Figures 11 and 12 present the von Karman and Dryden correlations and cor-
responding spectra for values of s/L = 0.2 and L/V = 4.0 for each of the three
directional components, respectively. The lobe shown in both spectra plots for ve-

locity Component 1 is due to the fact that both the von Karman and Dryden models
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have a sign change (positive to negative) which occurs at a value of z given by

2K5/6(Z)
= —1— 21
‘ K1/6(Z) (1)
for von Karman and
_ 2K1(Z)
z= o (2) (22)

for Dryden.

Equations 21 and 22 vary as a function of the conditions under investigation,
and for Figures 11 and 12 the sign changes at approximately f = 0.5. Since the
absolute value of the spectra is plotted in order to preserve the log-log plot, the
negative values appear as a lobe or spike. The concept of a negative spectrum value
initially seems contra to physical reasoning. However, for turbulent fluctuations
having wavelengths half the wing span, a positive velocity on one wing tip will
correlate with a negative velocity on the other (see Figure 13) thus producing what
appears as a negative turbulence kinetic energy.

It should also be noted that the limit of Equations 16 and 20 converges to the
one-point spectra presented in the standard literature; i.e,

von Karman

2
En(v)= T @ )FF
1+ (§)(av)? .
Ei(v) = [1 + (av)?]11/6 1=2,3
Dryden 0
En(v)= 1772
1+32
Eii(V) [1 + 1/2]2 y 1= 273
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Figure 13. Half-Wave Length Distribution of Turbulent Fluctuations.
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CHAPTER III

THE EFFECTS OF COMPUTING TWO-POINT SPATIAL SPECTRA
FROM DIGITIZED DATA

The spectra resulting from atmospheric turbulence is generally computed from
a digitized velocity fluctuation time history of finite length. This velocity fluctuation
time history is processed through a Discrete Fourier Transform (DFT). The process
of digitizing the data and only analyzing a finite time history creates aliasing and
bias errors. In addition, when processing real data, variance errors will be induced
because turbulence is a random function. Of these three primary error sources,
only variance will not be discussed since it involves real data and each real data
set is unique and can only meaningfully be treated as a specific entity and not as a

general case.

Both bias and aliasing errors can be reduced, but never completely eliminated
by appropriate computational techniques. These errors and the various means to
reduce them can be understood using the correlations and analytical spectra de-
scribed in Chapter II. The von Karman model is chosen for illustration purposes in
this study because it best represents atmospheric data. The results of this chapter,
however, apply equally well to the Dryden model. This closed form solution will
be compared to various DFT solutions for the spectra computed from the digitized
von Karman correlation. The graphical comparison of these two approaches will
illustrate both aliasing and bias errors and the success or lack there of in reducing

them.

In order to use meaningful values of L/V and s/L for this analysis a specific set
of realistic conditions was selected based on a Boeing 747-400 type aircraft which
has a wing span of 196 ft (60 m). This aircraft has a landing speed of 165.0 mph or
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75.0 m/sec. In addition, a representative length scale for atmospheric turbulence

of 990 ft (300 m) was assumed. The above stated conditions result in the following

ratios
s/L =0.20

(23)
L/V =4.00

A. The Discrete Fourier Transform

The Discrete Fourier Transform (DFT) is defined in Oppenheim and Schafer
(1975) as the Fourier representation of a finite-duration periodic sequence. In this

reference the DF'T is represented by the following transform pair

X(k) = { Yoaco o(n) ek n/N 0 <k <N -1 (24)
0 otherwise

z(n) = { & Tico X(k) ek /N 0<n<N-1

(25)
0 otherwise

where z(n) is a finite-duration sequence and X (k) is the Fourier transform of this

sequence. It must be noted that where DFT relations are concerned, a finite-

duration sequence is considered to be one period of a periodic sequence.

In order to determine the frequency content of the finite-duration sequence, at
least two samples per cycle are required. If data is sampled at an interval of 7, then
there are 1/7 samples per second. The highest frequency that can be defined by 1/7
samples per second is 1/(27) Hz. Any energy contained in higher frequencies in the
sequence will be folded back or aliased into the energy contained in the frequency
range 0 to 1/(27) Hz. The point at where the aliasing begins is known as the
Nyquist Frequency, fn. The effect of folding or aliasing is illustrated graphically in
Figure 14b from Oppenheim and Schafer (1975).

Consider the Fourier transform E(w) of a continuous time function given in

Figure 14(a) and the DFT, ET(w) for the discrete time version of the same function
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E(w)

_ Qo
2 2
ET(w)
A (S » / A
(b) e ™\ 1 //1 N /l\\ 1 //J\\ 1 // S w
-7 | T T | 2T 3 47
S o7y
2 2
ET(LU) T2 < T

._21\'_Q%11 Q%IZ 27 4

Figure 14. (a) Fourier Transform of Continuous-Time Signal.
(b) Fourier Transform of the Discete-Time Signal Obtained by Periodic

Sampling. The sampling period is large, so the periodic repetitions
of the continuous-time transform overlap.

(¢) Same as (b), but with the sampling period small enough so that the
periodic repetitions of the continous-time transform do not overlap.

(Oppenheim and Schafer (1975)).
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given in Figure 14(b). The period of E(w) is 2, and the sampling interval is 7;. In
Figure 14(b) the period of the function ET(w) is defined such that

Qo > 2n/71y (26)

This means that the sampling period is too large and causes the ET(w) to be shifted
such that they overlap. This phenomenon is aliasing and causes high-frequency
energy to, in effect, be added to lower frequency energy.

The second major type of error introduced from using the DFT technique
occurs due to analyzing a finite duration of the total sequence. This is called
bias error. Bias error occurs because the DFT analyses treats the finite-duration
sequence as one period of a periodic sequence. Since at least two sampling periods
are required to recover the frequency content of the sample, the DFT process reflects
the finite sample of discrete data points about an end point. This assumes that the
finite sample of discrete data is a single period of a periodic function. When the
data sample is not periodic as the example from Harris (1978) shown in Figure
15, a bias error occurs. This error source is also known as spectral leakage and/or
truncation error.

Calculation of atmospheric turbulence spectra is generally carried out by direct
Fourier transform of measured digitized turbulent velocity time history. Aliasing
and bias errors are thus inherent in the resulting spectra. In most reported results,
procedures to avoid aliasing errors are carefully implemented. Generally however,
limited consideration is given to bias error. Frost, et al. (1987) observe that for
one-point or auto-spectra, aliasing is the major contributor to error but for two-
point spectra bias error is by the most significant. Their observation was based on
limited investigation. In the following sections a more indepth investigation into
the nature of aliasing and bias error is presented and procedures for reducing bias

error are given.
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The investigation of errors introduced by the DFT technique is carried out by

digitizing the von Karman (Equation 15) and Dryden (Equation 18) correlations.
The DFT is then applied to compute the spectra. The DFT values are then com-
pared with the closed form analytical spectra. Departures of DFT results from the
closed form solution are a measure of the aliasing error introduced by the selected
digitizing time step At and of the bias error introduced by truncating the corre-
lations at specified time periods. The results of investigating errors by the above

described procedure is illustrated in Figures 16, 17, and 18.

Figures 16a, 17a, and 18a present the one-point spectra with the solid lines
representing the closed form solutions for the von Karman spectra for velocity com-
ponents in the directions 1, 2 and 3, respectively. The closed form solutions are the
auto-spectra given by Equation 16. The dashed lines represent the spectra resulting
from the DFT technique applied to Equations 15 for three truncation lengths of 6.4
sec. (256 points), 12.8 sec. (512 points), and 51.2 sec. (2048 points), respectively. A
sampling rate of 40 samples per second (i.e., 7 = 0.025 sec.) was employed which,
in principle, will resolve all frequencies up to 20 Hz. The plotted results clearly
show aliasing errors which become highly visible at approximately 5 Hz. Further
inspection of the figures shows that extending the length of the digitized correlation
data record from 256 points to 2048 points while holding the sampling rate at 40
Hz, has no effect on the DFT solution of the auto-spectra. This indicates that
truncating the record length before using the DFT (i.e., bias error) is not a major

error source and that the error in the auto-correlation is primarily from aliasing.

Aliasing is reduced by sampling the data sequence at a higher rate. In Figure
19, the data were sampled 80 samples/sec. or (7 = 0.0125 sec.) twice the rate used
for Figures 16, 17, and 18. Thus, the folding frequency is now 40 Hz as contrasted
to 20 Hz. As can be seen from this figure, the DFT solutions based on the higher
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sampling rate much closer follows the closed form solution than the solutions for

the lower sampling rate.

Now re-examine part b of Figures 16, 17, and 18 which is a plot of two-point
spectra computed with a DFT of the digitized form of Equation 15 compared with
the closed form Equation 16. It is readily apparent that the record or truncation
length has a pronounced effect on the DFT solutions. These figures clearly indicate
the significance of bias error which occurs when DFT techniques are applied to

computation of two-point spatial spectra.

Aliasing errors in the two-point spectra are not obvious in Figures 16b, 17b,
and 18b. To further examine the magnitude of aliasing error the DFT solutions for
a fixed sample length of 512 points and for digitizing increments of 7 = 0.025 sec.
and 0.1 sec., respectively, are shown. For the 0.025 sec. case, a frequency content
of up to 20 Hz can be resolved where as for the 0.100 sec. case, the maximum
resolvable frequency is 5 Hz. As can be seen in both Figures 20a and 20b which
are the von Karman spectra in directions 3 and 1, respectively. Interestingly, the
data for the largest digitizing increment 7 = 0.1 sec. fits the closed form solution to
higher frequencies better than the 0.025 sec. results. The observation is deceptive,
however, because the number of data points is fixed at 512, thus case one (7 =
0.025 sec.) is for a total time of 12.8 seconds whereas case two (7 = 0.1 sec.) is
for a time of 51.2 seconds. Therefore, it is actually the bias error which is observed
and not an aliasing error. Figure 21 illustrates this effect further. In this figure,
the correlation function for direction 1 is plotted as a function of time. The cut-off
times for both case 1 and case 2 are shown. It can be seen that for case one, which
terminates at 12.8 seconds, the correlation is much further from zero than for case
two which terminates at 51.2 seconds. A sample length of 2048 points would be

required at a time interval of 0.025 seconds (i.e., case 1) to reduce the bias error to
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Time, sec.

7 =0.025 sec.
o 7 =0.100 sec.
0.08 -
(.0¢
by
= oA B \
S .
0.0
0.00 = \\ e -
Lot :
Case 1 Case 2 !
U.“"l’IT'TTTT'IIIIIIII?TIII[I1IIIITT]]I'IlIlII!ITI“[IIIIIII|
0.00 10.00 20.00 30.00 40.00 50.00

Figure 21. Error Introduced by Truncating Correlation Sample (512 points).
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the same level as for case two. Therefore the analyst must trade off bias error for
frequency content in establishing test data collection criteria.

In Figure 22 the effect of changing the correlation separation ratio from 0.0
(auto-correlation with no separation) to twice the characteristic length scale of the
turbulence s/L = 2.0 can be seen. In this figure both the direction 1 spectra, Figure
20a, and the direction 3 spectra, Figure 20b, are shown. At a certain point, the
DFT solutions diverge from the closed-form solution due to lobing or the influence
of truncation. At the divergent point, a “ringing” or instability occurs due to the
inherent side-lobe structure. The side-lobe structure is strongly dependent on the
manner in which the correlation is truncated. If the correlation is simple set to
zero for all values after the truncation length, the DFT is said to have a rectangle
window. The influence of a rectangle, as well as other windows, are discussed in

the next section.

B. Window Functions

Window functions can be used to reduce the bias errors resulting from trunca-
tion. For two-point spatial spectra computed from the correlation models given by
either Equation 15 or Equation 18, windowing consists of multiplying the correlation
function with a prescribed function (called a window function) prior to computing

the DFT. For example, given the window function W(t), Equation 13 becomes

(Ban= [ WO @udas e dt (27)
or in the DFT form
N-1 .
(Eij)ap= Y, W(nt) (Qij)ape " (28)
n=0

The most basic form of the window function W (#) is the rectangle window where

10, n=0,1, ..., N-1

29
0 n>N-1 (29)

Wi(n) = {
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This function (shown graphically in Figure 23) can be thought of as a unit gating
function applied over the data interval. The rectangle window also known as the
Dirichlet window is used by default when all of the data points in a finite length
sample are weighted equally.

Another standardly used window is the triangle or Bartlett window also shown

in Figure 23. The triangle window for a DFT is defined as

10-57 » n=01,..,%
Wmn)={ W((N-n)) , n=-%.. . ,N-1 (30)
0 , Inl> %

For both the rectangle and triangle window, the log-magnitude of the Fourier trans-
form of the window function W(t) have the forms presented in Figure 24 (Harris
(1978)). The side-lobe structure of the window functions is clearly shown in this
figure.

Papoulis (1977) points out that although there are many extensively used win-
dows beyond the basic two windows described above, and that while these other
windows have good overall properties, most of them have not been optimized for
any specific set of conditions. Papoulis (1977) develops a proof that the Bohman
window defined by the equation

W(n) =[1.0 — %] COS{“%} + 17;2 Sin{ﬂlNl/;—}’ (31)

will minimize the truncation error in high-resolution computations. He uses a mo-
ment expansion to prove that the error is minimum if the second derivative of E(w)
is a minimum. The Bohman window is referred to by Papoulis as a minimum ampli-
tude moment window or simply the minimum moment window. Papoulis strongly

recommends its use when trying to eliminate bias or truncation errors. The min-
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imum moment window is one of the two optimum windows used in the remainder
of this analysis.

The other optimum window comes from Harris (1978). Harris has developed a
comprehensive catalog of available windows and tabulates significant performance
parameters by which different windows can be compared. Harris selects optimum
windows based on their ability to minimize side-lobes. He points out that the
highest side-lobe of the 4-sample Blackman-Harris window function is -92db. This

window is defined by the equation

2 27 2
W(n)=ao +a; cos{—]—\r?—r n} + a; cos{J—v- 2n} + a3 cos{ﬁr 3n} (32)

where

n=0,1,2,...,N—1

ap = 0.35875
a; = 0.48829
az = 0.14128
a; = 0.01168

Figure 25 presents both the shape of the minimum moment window and the
4-term Blackman-Harris window along with their respective log-magnitude Fourier
transforms. Note the difference in the side-lobe structures in going from the rect-
angle window in Figure 24 to the Blackman-Harris window in Figure 25. Table 1
(Harris (1978)) presents a comparison of some of the more important parameters
of the four windows described in the preceding paragraphs. Figure 23 presents the
weighting effect of the four window functions for each point in a 512 point data
sample for the four windows used in this analysis. Again, inspecting Figure 25,

note the difference in the side-lobe structure between the minimum moment win-
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dow function and the Blackman-Harris window function and then note in Figure 23
the small difference in the weighting between the two windows.

All four window functions were applied to the DFT solution for the von Karman
two-point spatial spectra for the Boeing 747-400 type aircraft at landing speeds. A
512 sample data set was used with a digitizing interval of 0.025 seconds. Figures
26 through 28 compare the closed form solution and the DFT solutions with each
of the respective windows. The figures are for direction 1, 2, and 3, respectively. In
these figures the rectangle and triangle windows result in the form of DFT solutions
generally presented in the literature. The minimum moment solution proposed by
Papoulis (1977), however, does in fact, reduce the bias error and allow the DFT
solution to better approximate the closed form solution. It is, however, very obvious
that the 4-term Blackman-Harris window gives even better reduction of the bias
error. The reduction produced by the Blackman-Harris window over that produced
with the minimum moment window is equivalent to the reduction that the minimum
moment window gives over the rectangular window. These results were consistent
for all cases investigated.

The side-lobe structure of the window is the primary parameter controlling
the results of windowing. It is apparent from Figure 26 through 28 that a triangle
window degrades the two-point spectra computed with the DFT more than any of
the other windows. Analysts computing two-point spectra of atmospheric turbu-
lence should therefore refrain from using a Bartlett window. It is, in fact, strongly
recommended that either the minimum moment or preferably the Blackman-Harris

windows be used.
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CHAPTER IV

CONCLUSIONS

The following conclusions have been reached as a result of this investigation.
A closed form solution for both the Dryden and von Karman two-point spatial
spectra have been developed and will provide meaningful models for use in
design analysis of aeronautical systems.

For analysis where computational requirements are a significant limiting fac-
tor, the Dryden model which computes 3.5 times faster than the von Karman
model may be used. Although graphically the two spectra appear to merge at
high values of s/L, they differ appreciably at high and low frequencies. This
difference, as a percent of the von Karman value, decreases monatomically with
s/L for any given frequency. Therefore, it is not recommended that the two
models be interchanged indiscriminately.

In the DFT computation of the one-point spatial spectra, aliasing is the primary
error source. Aliasing can be minimized by sampling the data at a rate of
twice the frequency for which information must be resolved. Also, filtering
frequencies higher than Nyquist frequencies will also minimize aliasing error.
Bias error caused by truncating data records is the most significant source of
error in computing two-point spatial spectra with DFT techniques. Bias errors
can be minimized, but never eliminated, by windowing data records prior to
processing with a DFT. The side-lobe structure of a window is the primary
parameter to be considered in reducing bias error in two-point spectra analyses.
The Blackman-Harris four-term window provides excellent correction of bias
errors. On the other hand, the triangle or Bartlett window produces very high

bias errors and should not be used for two-point spectra analysis.
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APPENDIX A
DERIVATION OF THE von KARMAN TWO-POINT SPECTRA

In 1948 von Karman assumed that the turbulence spectra behaves as (x/k,)*
for small values of « and is proportional to (k/k,)~3/® for large values of k. The
parameter & is the wave number of the fluctuation and &, is proportional to 1/L,
where L is a length characterizing the scale of turbulence. Based on these assump-
tions, von Karman proposed that the lateral correlation, g(r), and the longitudinal

correlation, f(r), be written as follows

2/3 ry\1/3 »
)= 501755 5)” K () (41)

and

2/3 1/3 r r
9(r) = 1‘?1/3) ( )/ {Kl/" (f) oz Ban (Z)] (42)

Later work resulted in the term (%) being modified by the term 1/a where
a =/ I'(1/3) / T'(5/6) = 1.339 (A3)

such that defining

(A4)

and substituting into Equations Al and A2 yields

f& = r(1/3) (O Ky (0) (45)
and
2213 1/3 1 43
g(€)=r(1/3) (&) Kiy3(€) = 5(0" Kaya(f) (46)
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For the specific case of an aircraft flying in a plane at a constant velocity (Refer
to Figure 4), r in Equation A4 is replaced with r = v/s2 + V2¢2, Equation A4 can

then be written as

VETVIE ¢
t= 1.3390L oL (47)

In Chapter II, the velocity correlation for component 1 is given by
r)—g(r
Qu() =uf 10290 e 4 o)
where a slight change of nomenclature has been used for convenience of the deriva-
tion. That is, the subscript A, B has been dropped and should be understood in
the remainder of the derivation. Also it should be understood that r is a function

of time.

Introducing the notation

u'l2 22/3
1= T/3) (A8)
and the definitions of f(r) and g(r) given in Equations A5 and A6 gives
[ (Vt)? 1/3 1/3 I
Q]](t) =H1 T E K1/3(E) - f K1/3(€) + '2— K2/3(£)
' (49)

A3 K, a(8 _£4/3 K, sl
+ 1/3( ) 3 2/3(¢)

Recall from Chapter II, Equation 11 that

() + (=1 =

Solving for the term (V2¢2/r?) from Equation A10 and substituting into Equation

A9 yields after some algebra

Qu(l) = H, [elﬂ‘ Ky/s(8) - (%) (ﬁ)2 3 Ky (e)] (A11)
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The definition of the two-point spatial spectra given by Equation 13 in Chapter
Il is

En(w) = /_ T Qu(t) e dt (412)

=[G (@)

and substituting Equation All into A12 yields

= [ () (G +2) "]
in (37) () +#) ] e
-0 (3) G (@) ()T
o (3) ()" +2) ] o

Equation A13 is an even function of ¢{. Noting that Fourier transforms of even

Redefining £ as;

(A13)

functions can be written as two times the Fourier cosine transforms from 0 to oo
and making use of the Bessel function relationship that K,(z) = K_,(2), Equation

A13 can be written as the sum of two term:

T1 =/0°°[(%)2+t2 & K1/3[(£-/E) ((%)2+t2)1/2] cos(wt) dt  (Al4)

and
T2 = /0 m[(%)z +t2] e K_z,s[(é) ((%)2 +t2)1/2] cos(wt) dt (A15)
therefore

Eiy(w) = 2H, (%)1/3 (T1) - Hy (%)2 (;‘%)_2/3 (T2) (A16)
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Using the Fourier cosine transforms published as part of the Bateman manuscript
project in Erdelyi (1955) (No. 45, Page 56) with p = 1/3, the solution of term T'1

in Equation A14 becomes

n-(2)" @ @)"

s , s \2\1/2 s , v\ 2\ 1/21-5/6 (A7)
kol () (4 G2)) B (+(2)) ]
and with p = —2/3, Equation A15 becomes
n()" (@) @
A18)

anl7) (4 (2)) TG (4 ()]

Defining z as:
2\ 1/2
(&) (24 (X
2= (V) (“’ +(aL) ) (419)

and substituting Equations A17, A18 and A7 into Equation A16 yields

Ey(w) = u;;6212;;)(?/72311£;2jz/3 [K_s/s[z] (2‘5/ 6) - (%) Kislz] (zl/ 6)] (A20)

Considering the second velocity correlation term given in Equation 12 of Chap-

ter 11
Qu(t) = of [ 1290 (o4 ) (d21)
and introducing the term H,;
B ul 2213
= 1173 (422)

along with A5 and A6, Equation A21 becomes

Oull) = Hy [(%)2 e';/s

Ky /3(¢) +8 Ky/3(¢) - (%) s Kz/s(e)] (A23)
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At this point it is necessary to introduce the recursive relationship for modified

Bessel functions of the second kind, K,, given by Lebedev (1972)
2p
Kp-1(2) = Kpt1(2) = = Kyp(2) (A24)
Setting p = 1/3 and noting K_,(z) = K,(z), Equation A24 becomes

Ky3(z) = K4/3(2) - 3% K1/3(z) (A25)

Using this recurrence relationship A23 becomes

4 1 s \2 _ 1
@nl) =8| (3) 0 Kus(0+(3) ()" 70 K- (5) £ Kuptt)]
(A26)
Following the procedure used in deriving Equation A20 the two-point spatial

spectrum for component 2 can be written as
8 v \1/3 s\2 / V"2 v\ 43
s (3 1 () ") (5) ()"
(A27)

where T'1 and T2 are given by Equations Al4 and A15, respectively and T'3 is

T3 = /0 w[(%) +t2] 7 Ky [(?.YE) ((—;)2 +t2)1/2] cos(wt) dt  (A28)

Again using the Fourier cosine transform from Erdelyi (1955) with p = 4/3, T3

becomes




Introducing T'1,T2 and T'3, and the definition of z from Equation A19, the spectrum

E22(w) becomes

(@)= u;;(?/g)(?();f):f?s [(5) ool (=) + (3) Futl ()

(1) ()" Kot ()]

The third and last velocity correlation term given in Equation 12 of Chapter

(A30)

II is
Qsa(t) = uf [g(r)] (A31)
Introducing Hj as
2
ul 22/3
Hy= -3 A
T T(1/3) (432)

and substituting von Karman’s correlation given by Equation A6 yields

Qus(l) = Ha (0% Kua(6) - (5) (0% Kas(t)

Using the recurrence relationship given by Equation A22 gives

Qss(l) = Hi [% 08 K, jy(8) (%) /3 K4/3(£)] (433)

Again follow the same procedure as before, the two-point spatial spectrum for Equa-

tion A33 is
Ess(w) = (g) H, (%)1/3 (T1) - (%)4/3 Hy(T3) (434)

where the Fourier transform, T'1 and T3, are given by Equations A17 and A29,

respectively. Thus Equation A34 becomes

Eue) = ey |(5) Koo (5) G)” Kot ()

(435)
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It is convenient for computational purposes to rewrite Equations A20, A27,

and A35 in terms of

s
7T
and
oL
%
Noting that

Eii(v) = (%) Eii(w)

then these equations become

En(v) = Cul %3 [K_s/e[z] (2)7%6 - (%) Ky sl2] (21/6)] (A36)

Bu() = 0uf 0% (5) Kol -2~

(5) et () (3) (s oot ()

(437)

4

Ex(v) = Cujy o° [(g) K_ssslz]- 275/

- (3) (aam) -t ()]

(A38)

where
fore ()]
o=s/L
and
23 (or)1/2
o-(3)" Tm
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APPENDIX B

DERIVATION OF THE DRYDEN TWO-POINT SPECTRA

In 1943 Hugh L. Dryden published (Dryden (1943)) his statistical theory of
turbulence. In this analysis Dryden noted that two-point turbulence correlations
curves are of the exponential type and stated that the longitudinal and lateral
correlations, f(r) and g(r) respectively, are even functions of r/L where r is the
separation distance of two points and L is a length scale which characterizes the

turbulence. Dryden proposed a two-point correlations model for f(r) and g(r) given

by
f(r) =€t (B1)
or)=(1-57) " (B2)

For the specific case of an aircraft flying in a plane with a constant velocity
(refer to Figure 4 in Chapter II), the term r in Equations Bl and B2 must be
replaced with the term r = /s? + (Vt)?. Also in Chapter II, the first velocity

correlation term in Equation 12 was
2 r)—
Qu(t) = u] [i”—,}(’"—)wnz + g(r)]

Replacing r with 1/s2 + (Vt)? in Equation B1 and B2, this Equation becomes

Qut) =} :[e"/L ~(1- % e-r)L] (Yr_t>2 n [ (1 _ 5%) e—r/L”

- G) () e -G |

.
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But from Chapter II, Equation 11

() +@r= a9

Solving for the term (Vi/r)? in Equation B4 and substituting into Equation B3

yields
1?2 | —s/L r? ~s/L
Qui(t) =) |e ~\3m:) © (B5)
The second velocity correlation term given in Equation 12 of Chapter II was
2 r)—g\r
Q22(t) = uy [&;‘29_(2 (s)* + 9(7”)]
In terms of the Dryden correlation model with r = /s? + (Vt)? this becomes
2
_ 2 (3 L L _ (T -1/
Qna(t) = vz [(2@) e Tt (2L) ¢ ] (B6)
The third velocity correlation term given in Equation 12 of Chapter II was
Qu(t) = 5 [o(r)
Which for the Dryden model can be written as
_ | -r/L _ L -r/L
Qu(t) =5 [ - (57) <] &)

Rewriting the term r as
i
s\?  ,|?
r=v [(v) t ]

And substituting into Equations B5, B6, and B7 yields

2 -~ +e
Qu(t) =u! [e-(%)[({r)mz]*_( 3 ) e~ (D) +17]

wi) Tgpeen | %
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o= N+ (V) e—(%)[(fr>2+t’1‘l]

2 s \2 2 2
Qun(t) = f [P+ ()

VL) [(sr+e1F  \2L) [(pr+e]h
(B9)
2 , V\ e~(Pl)+e1}
A= ul —(%)[(v)’w‘li_(_)
Qu() = | ) T (B10)
The definition of the two-point spatial spectra is
Eif(w) = / Qui() e~ dt (B11)

which is the Fourier transform of the velocity correlation. This requires that each of
the Equations B8, B9, and B10 be transformed. From inspection, it can be seen that
Equations B8, B9 and B10 contain only three complicated forms of the exponential.
The Fourier transform of Equations B8, B9, and B10 can be accomplished by taking
the Fourier transform of these three exponential terms, multiplying them by the
appropriate constants, and then sum the resulting terms as defined by Equations

B8, B9, and B10. The three transforms are defined as follows

T1 = / TPt it gy (B12)
oo 2 3

T2=/ [(%) +t2] e~ DIPP+EI} it gy (B13)
oo 2 _%

e [Ty e epert g

Equations B12, B13, and B14 are all even functions of ¢ since only squared terms
of t appear in the equations, then the exponential Fourier transform can be written

as two times the Fourier cosine transform such that
had 2, .21%
Tl = 2/ e~ (DU +EI? co5(wt) dt (B15)
0
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[o o] 2 '&‘
T2 = 2/ [(i) + t2] e~ (DU +13 cos(wt) dt (B16)
0 |4

oo 2 -3 2i 2
T3 = 2/ [(—8—) + t2] e~(DN(H)*+t it cos(wt) dt (B17)
0 Vv

A review of all available Fourier transforms revealed that while transforms for Equa-
tions B15 and B17 are readily available there is no published transform for Equation
B16. In order to develop a closed form solution for the spectra from Dryden’s cor-
relation model, a Fourier transform for Equation B16 was derived. Since the key to
an analytical solution is solving Equation B16, it will be carried out first.

The approach taken to solve Equation B16 is to integrate it by parts, such that

the following relationship holds

/udv = uv — /vdu (B18)

The key to this approach is separating Equation B16 into parts in such a way as to

have a new integral for which a transform is tabulated. Integrating by parts where
1
[ (2) | et
‘= [ (V) + ] ¢
dv = cos(wt) dt

allows Equation B16 to be rewritten as

2 H P >
19 =2 H (%) + tz] (Pl sin(wt)]

w
0

2 /°° te(D()* +#71*
wlo P+
2V [

+ L ¢ e-({')[(")z'”z]% sin(wt) dt
wi Jo

sin(wt) dt (B19)
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The first term on the right hand side of Equation B19 is evaluated at 0 and co. This
term is zero at zero since the sine of zero is equal to zero. At oo it is undefined.
However the function is of exponential order and will go to zero as ¢ — —oo.
Therefore, the first term in Equation B19 is zero.

For the other two terms in Equation B19, the Fourier sine transforms published

as part of the Bateman manuscript project in Erdelyi (1955) applies. From Equation

B19, Term 2 is defined as

o 4 e~(PUH+}
Term 2 = —g/ te TV sin(wt) dt
wh (2 +e}

From Erdelyi (1955), Page 75, transform No. 36, this becomes

—2#)? Kil($)((5)2 +w?) )
($)((%)? +w?)?

(B21)

Term 2 =

The third term in Equation B19 is given as
oo
Term 3 = %/ t =PI+ sin(wt) dt
wk Jo

Again from Erdelyi (1955), Page 75, transform No. 35, this becomes

(52(3) Kal(§) (%) +w?)¥]

Term 3 =2 -
()2 +w2) P

The solution of Equation B19 can now be written as the sum of Term 1, Term 2,

and Term 3 as follows. First, however, introducing the term

=@ (') o2
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Then

T2=0- 2(%)2 K@) +2(3) (%)2 Ka(2)(2)"2 (B23)

Again considering Equation B15, the Fourier cosine transform given in Erdelyi

|

(1955), Page 16, No. 26 allows for T1 to be written as

n=s[ () (D)D) ] =) () )

Upon substitution of z from Equation B22, becomes

N

T1=2 (%) (%)2 Ki(2) [ (B24)

The Fourier cosine transform of Equation B17 is, from Erdelyi (1955), Page 17, No.

e [6)((2) )|

Again using the definition for z, this becomes

27,

T3 = 2K, [7] (B25)

The two-point spatial spectra for the Dryden correlation model can be written
using Equations B23, B24, and B25. The general spatial spectra given by Equation

B11 when applied to the correlation given by Equation B8 yields

En(w) =] [2(%)(@; BE () xle]

- ()] s - Q)]
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In a similar manner

Bulw) = uf [2 (3) &) K07+ (37) (%)
~(5z) |2 3)° (%) Ka(s)- ()7 -2 (37) Kl(@(z)‘*]]
Bu(w) =2 ;) [3 Kl )6 + (3) Kol

-(3-5) Kl ]

and term Ej 3(w) can be written as

(B27)

Bu(w) =2 (7 [g Kl -5 (5) I(‘ji]] (B29)

Equations B26, B27, and B28 are the closed form solutions of the two-point
spatial spectra based on the Dryden correlation model. For computational purposes

these equations will be rewritten. First consider Equation B22 and redefining z such

=) ()]

Now introducing the terms ¢ = s/L, and

y= (‘ivé) (B29)

that

as well as, the fact that

Biiw) = (7 ) Butv)
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Equation B26 can be written as

En() =2 o2 [Kl [2)(2)~" - (%) Ko[z]]

Equation B27 becomes

En(v) = 2ul’ o7 [g Kyil2)(2)™ + (%) Kol2]

-(3) a2K2[z1<z)-2]

and Equation B28 becomes

1

Ess(v) = 2u} o? [g Ki[2)(2)7! - (5) 02K2[z](z)_2]
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