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ABSTRACT

An evaluation has been made of the feasibility of detecting trace

species concentrations in a host gas mixture using a laser induced

Schlieren Technique (LIST). A numerical prediction of the deflection

of a probe laser beam intersecting the thermal lens caused by a reso

nantly absorbed laser pump beam which is tuned to a spectral line of

the trace species has been found to be proportional to the con

centration of the trace species at the intersection point of the two

beams. Results from case studies are presented where the gas mixture

is Na-H20-N2 using Na as the absorbing trace species and H2O as a

nonabsorbing trace species. It is estimated that for the mixture with

Mach numbers less than 0.1, the Na measurement sensitivity is on the

order of 1 ppb for a 1 watt pump laser source with a 10~3 sec pulse

width.
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CHAPTER I

INTRODUCTION

Many application areas require the accurate measurement of trace

gas contaminants in both static gas and flowfield environments. While

several techniques are possible, most involve either disturbing the

gas mixture or sacrificing real-time measurement. In some applica

tions such as high temperature combustion studies or wind tunnel

flows, probing of the mixture may be undesirable or difficult. In all

applications where the gas density is variable, spatially-resolved and

time-resolved measurements become essential.

To be successful, the measurement technique used should (1) be

non-perturbing to the environment being measured, (2) yield results

that are spatially and temporally resolvable, and (3) be capable of

detecting exceedingly small concentrations of the trace species (on

the order of 1 ppb). Several methods have developed into standard

use, but have proven limited for measurement of trace gas species.

For example, the accuracy of coherent anti-Stokes Raman scattering is

degraded by signal contributions from the non-resonant electronic

susceptibilities of the gas mixture [1]. Resonant flourescence scat

tering which requires quenching corrections [2], and absorption

spectroscopy which is affected by line of sight temperature and den

sity gradients are two other well-known techniques with bothersome

limitations. Mass sampling probes perturb the gas mixture and are

limited by calibration and mass resolution problems [3]. Use of opto-
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acoustic spectroscopy (OAS) has had some success, but is limited by

acoustic refraction effects [4].

A promising method which may satisfy the aforementioned require

ments is the Laser Induced Schlieren Technique (LIST) proposed by

Herman and Pohl [5]. LIST is a variation of opto-acoustic spectroscopy

using the thermal lens effect caused by an absorbed laser traversing

the gas mixture. This laser radiation, referred to as the pump

radiation, is tuned to a spectral line of the trace species. The sub

sequent electronic (or vibrational) excitation energy caused by

absorption of the pump is transferred from the trace species to the

host gas molecule by electronic-(or vibrational) vibrational colli-

sional exchanges. The energy then "relaxes" to translational energy

by vibration-vibration (V-V), vibration-rotation (V-R), and vibration-

translation (V-T) processes, and the transferred energy becomes

measurable as a temperature rise (5T) in the host. The resulting tem

perature field along the path of the pump produces a change (6n) in

the index of refraction (ng) and creates a thermal lens. When a

nonabsorbed probe laser beam intersects the thermal lens created by

the pump beam, a deflection of the path of the probe beam results.

Since the strength of the thermal lens effect is directly dependent on

the temperature increase, and the temperature rise is directly depen

dent on the trace species' number density, the deflection of the probe

would reasonably be expected to be a direct measure of the trace

number density. The crossed beam arrangement is shown as Fig. 1.

LIST differs from OAS primarily in the time that the measurement

is made. When the pump radiation enters the gas mixture, two time

2
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domains are of importance. First, the accoustic domain is defined by

the pressure wave generated by the initial transfer of energy to the

trace species. The duration of this time region is of the order of

magnitude of the time (t^) required for the acoustic pulse to travel

across the pump beam. For an atmospheric pressure sample of N2 at

300K and a beam radius of about 1mm, this time is on the order of 3

microseconds. After approximately 10-30 microseconds, isobaric con

ditions prevail within the thermal lens region; thus begins the second

time (thermal) domain. The thermal domain lasts until the thermal

lens either decays by conduction to ambient temperature or, by convec

tion, is swept away by the flowfield. The mathematical difference in

the two regions is that the opto-acoustic region requires solution of

a wave equation, but the thermal region is found by solving the heat

conduction equation.

Even though Hermann and later Bailey [6] both demonstrated that

deflections do occur under such conditions, neither investigation exa

mined the critical processes inherent in the LIST method.

Specifically, these processes consist of the pumping scheme of the

pump laser, the broadening characteristics of the gas, the radiational

and collisional transfer mechanisms, and a time-dependent prediction

of the deflection caused by a multiply-pulsed pump laser. Also not

addressed in these reports are the limitations for a flowing gas

sample.

For this work, a mixture of atomic sodium (Na) as the trace spe

cies and diatomic nitrogen (N2) as the host species was assumed. The

choice of gas species was made because the doublet sodium 3^P electro-

4



nlc levels are easily pumped and because the energy relaxation pro

cesses in N2/Na mixtures are well known [7,8,9], The molecular relaxa

tion computer model (MRCM) written by D. H. Campbell [10] was modified

to allow laser and line broadening processes and to utilize a more

realistic pulse shape for the pump laser (see Appendix D). Inclusion

of broadening processes produces a realistic model which is capable of

describing the off-resonance pumping of both doublet levels.

The primary purpose of this work then becomes to investigate the

feasibility of using LIST to measure trace species. To accomplish

this goal, two secondary tasks must be accomplished. The spatial and

temporal temperature field along the pump beam must be quantitatively

calculated; the deflection of the probe beam must be predicted as a

function of time and space. These tasks are accomplished by combining

Campbell's MRCM with the temperature increase model of Bailey to

describe the time-space behavior of the thermal lens produced by the

pump beam. These results are then incorporated into an optical ray

deflection computation to describe time dependent deflection of the

probe beam. The following sections of this work describe the com

putational models of the pump and probe processes and the result of

the computation. Finally, an assessment of the feasibility is pre

sented for the use of LIST to measure the concentration of trace gas

species.



CHAPTER II

THEORY

A. Theoretical Considerations

Deflection of any light ray requires simply a change in the index

of refraction of the media through which it propagates. The ray's

path of lengths may be quantitatively predicted by the eikonal

equation [II]

ds^ ds-*

For present purposes, assume that the cartesian coordinate system is

used and that the ray lies sufficiently close to the z axis that the

^  A A A

paraxial ray approximation may be used. Using r = xi + yi + zk, the

eikonal then becomes

d/dz [n[(dx/dz)i + (dy/dz)i + k)] = ̂ n

If the beam is initially injected into a vacuum such that n = no = 1.00

then

(d^x/dz2)i + (d^y/dz^)j = 0

or

d^x/dz^ = 0

and

d^y/dz^ = 0

These two vector components describe a linear vector whose slope is

constant, so that no deflection occurs. Replacing the vacuum with a

medium of constant index of refraction (no) results in the two

6



components

°  fe"o Is ° •
and the results are similar with no deflection and constant slope.

Any variation in the index of refraction such that n becomes

spatially dependent, n(x,y,z,t), will make the right side of the eiko-

nal non-zero. Suppose the index of refraction now varies only along

the z axis but is constant in x and y. Then the eikonal becomes

(dn(z)/dz)[(dx/dz)i + (dy/dz)j + k] +

n(z)[(d^x/dz2)i + (d^y/dz2)j] = [dn(z)/dz]k

giving the vector components

dz'^ dz'^

and

dn/dz = dn/dz (an identity)

A z dependent case which will illustrate one aspect of the temperature

calculation in the following section is the propagation of the pump

beam in an absorbing medium for which the transmitted intensity is

described by Beer's law. In Beer's law absorption the media absorbs

incident radiation according to the relation [12]

T  TI = I e
o

where B is the absorption coefficient. Assume now that the change in

index of refraction is directly dependent on the Beer's Law absorption

process so that for a gas (I<n <n +C) with z < z < z where z
^ o o o o s s

is the z coordinate of the measurement

n(z) = n + C (1 - e~^^)
o  o



is a constant such that the behavior of the gas as 3 " is known

to be n^ ->• n^ ^o' indicial equation representing the two compo

nents is given by

X  ̂ X

(dn/dz)(dx /dz) +n (d^x,/dz^) = 0
i  1 ^1=2 ~ ̂

A general solution to this equation may be written immediately as

''i " ln(n(z))] + ,

or in vector notation, the deflected ray path r^ is given by

Td = + ®d
= B ,i + B, j + B k

d  xd yd zd

The absolute deflection ( | | Ar | | ) may be defined by the magnitude of

the vector difference (see Fig. 1) of r, and the incident beam path r
d  c

To illustrate the results obtainable from the eikonal

formulation, let r and r, have identical slopes at the initial
o  d

starting position, z = z^. The two vectors then become

r  = X D (n z) + S
o  o o o o

X n 3(z - z ) + lnfn(z)/n(z )):  =-^D [Bz + 2 ^ o^]
d  3 o'- o r , ^ ^ ^ c(l - C^exp(-3z^)/n(z^))

where X^ and B^ are constant vectors describing the initial position

and slope of the two rays, is a multiplicative constant (let H 1)

and n^ is the initial index of refraction. By defining an intersection

point along the z axis as (x^, y^, z^) the use of the vector equation



(r - r ) = kit

where k is a magnitude to be determined, yields the value of and

as

and

where

- (Ax/Az)i + (Ay/Az)j

Bq = Axi + Ayj + Azk

Ax = X. - X
i  0

ly - Yi - y„

Az = z. - z
i  o

The absolute deflection then becomes

1 1 -»- , i 3(z - z ) + ln(n(z)/n(z ))1 1 Ar I I = -^ [b(z - z ) + ] I 1
B(1 + C exp(-Bz )/n(z ))
^  o o o '

For a specific case of N- at STP and A = 1, z-z =110 cm,
2  I o ' o '

= -0.0003 and n^ = 1.0003, a graph of | | Xr | | vs 6 for this case is

given as Fig. 2.

It becomes obvious from this simple case that as the ray traver

ses the gas, the deflection is dependent on the index of refraction.

What is not so obvious is the dependence of the deflection on the den

sity and temperature. It will be shown in the following section that

for the isobaric thermal wave domain, the temperature and index of

refraction are related by

n  - 1

6n = -A(_2 ] 61
T
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where A = 1.00 for an ideal gas and 6T may be a function of space and

time.

Herman and Pohl [5] have demonstrated that for a Gaussian beam

spatial profile and a parabolic spatial approximation to 6n, the solu

tion of the eikonal yields the following

6y = -2(y^/w)^w(6n/0^)

and

x'(z) = 2(6n/0)(y^/w)(x^/w)

as the displacement, 6y, and divergence, x'(z), where 0 is the inter

section angle and (x^, y^) are the intersection coordinates in the xy

plane. Using these equations in the 6n equation for an ideal gas

yields

5y = 2(y /w)3(w/02)(n -1)(5T/T)
1  o

and

x'(z) = -2(yj^/w)(x^/w)(n^ - 1)(1/0)(6T/T)

with the restrictions given by Herman and Pohl that

(6n/02) « 1 and (6T/T) « 1

Taking 6T/T =2 0.1 and realizing that for a gas sample, n - 1 = 0(10"*^)
o

the order of magnitude of the deflection becomes

6y ̂  w/5 (maximum)

and the divergence is

x'(z) = 10"^

if y^/w and x^/w are approximately 1.0. For a beam of radius w = 1 mm,

6y is then on the order of 0.2 mm. Taking Az = z - z = 100 cm, the
s o

spatial divergence then becomes

Ax = (10"^)(100 cm) = .1 cm

11



If the medium through which the ray passes is selectively heated

by a source of radiation such as a laser, 6T will be nonzero in a

volume defined by the beam. For a binary mixture heated by a laser

beam of energy and cross sectional area A^, the ratio 6T/T may be

approximated by

5T/T = X^CMj/M^Xy - l)(a^^g/Ao)(Eo/kT)

where is the mole fraction of the species that absorbs the laser

radiation, is its molecular weight and is its absorption cross

section. The host species in the mixture is assumed to be of mole

cular weight M2, predominant in number density, and to have a ratio of

specific heats, y. If the sodium 3S1/2 ->• 3^Pl/2 transition is the

absorbing transition and the laser energy is 1 mJ with a beam radius

of 1 mm, 5T/T is on the order of 0.1 at 300K. Since laser powers of

1 mJ are quite reasonable, measurable deflections should be calculable

and observable.

For flowfields the lifetime of the thermal lens effect severely

limits the use of LIST. In a flowfield, the thermal lens of charac

teristic diameter, 2r , decays with a characteristic convection time
o

T  = 2t /V^, where is the flow velocity component perpendicular to

the axis of the cylindrical thermal lens. If the flow speed is large,

the lens is greatly distorted or swept away entirely [13]. Therefore,

use of a multiply-pulsed beam of sufficient power and sufficiently short

pulse length is necessary to maximize heating and minimize convective

heat loss. For a flow field, the LIST deflection measurement becomes

limited to a narrow region in time. The initial time, t^, of the

deflection measurement must be much longer than the characteristic

12



acoustic time (tj^»T^), and the time, t^, at which the measurement is

concluded must be less than the characteristic flow time (t ) rela-
cc

tive to (see fig. 3). Combining the two restrictions limits the

flow speeds to < 0.1 (where is the flow Mach number) for the

isobaric thermal region of the pulse (LIST). Supersonic flows could

be observed by allowing the deflection times to enter the acoustic

region of the pulse. However, as stated above, the solution would

become the solution to a wave equation (rather than the heat conduc

tion equation), and sensitivity to the gas molecular relaxation pro

cesses can be expected to increase, which for an unknown host gas

constituency is undesirable.

Although increased laser power produces a larger gas temperature

increase, sufficiently high pump powers result in saturation of the

absorbing gas species. When saturated, the trace species' absorption

coefficient goes to zero and gain in the media is possible. Little

energy is absorbed, but a large amount of radiant energy is released

in the form of fluorescence. Fluorescence is included in the MRCM

calculation, but contributes to the thermal lensing process only by

further absorption, and such multiple photon-atom collision processes

are ignored in this work. Pump laser powers, therefore, will be kept

below saturation in the LIST calculations.

13
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B. Temperature Field Theory

Transfer of the pimp laser's radiant energy to kinetic energy in

the host species produces the temperature rise in the gas mixture.

Three physical processes are involved in this transfer. The first

process is absorption of the radiation by the trace species' electro

nic levels. Transfer of the trace species' electronic energy to the

host species' vibrational energy levels is the second process. The

final process is relaxation of the vibrational energy into transla-

tional energy in the host species. All three processes are well-

documented for the Na-N^ mixture and the general theory for molecular

energy relaxation is complete [7,8,9,14]. A brief overview of each

process would be beneficial, however, to the understanding of the

entire method.

By neglecting hyperfine structure, sodium may be represented by a

three-level model (see Fig. 4) [10]. The most spectrally predominant

of sodium's many electronic energy levels are the doublet 3 P levels

(3 PV2» 3^P3/2). The 3^Pl/2 level lies 16,956.1 cm ̂  above the ground

state (3S1/2) and may be excited by radiation at 589.59 nm. Similarly,

the 3^P3/2 level lies 17.19 cm ^ above the 3^Pl/2 level and may be

excited by radiation at 588.99 nm [15]. Laser radiation impinging on

the sodium atom at either of the two frequencies will cause electron

transitions to the appropriate upper level. After about 20 nsec, the

sodium atom would lose its excess energy by spontaneous emission.

Before spontaneous emission occurs, however, one of two events could

possibly happen to cause premature decay. Stimulated emission may

cause the electronic energy to be released as radiation, or collisions

15
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with other atoms or molecules could cause the atom to return to the

3SV2 state.

Two collisional mechanisms occur. If the sodium atom interacts

with another sodium atom, the most likely energy transfer is from one

electronic level of one atom to an electronic level of the collision

partner. The level-to-level transfer probabilities or quenching rates

are deteinnined experimentally and are reported in previous works [7,8],

Rate equations which describe the number density distribution func

tions are determined by detail balancing of the level energy transfer

mechanisms [9]. In particular, when both levels are pumped by a laser

with linecenter and the gas sample is broadened by a Voight pro

file, the rate equations for Na - energy transfer (to the 3^P

levels) become [10]

dnz/dt = -[B2iPv2 + ̂21 ^21 ■*" ^231^2 f®12Pv2

and

dnj/dt = -[B3jP„3 + A3j + Qjj + Qjjlnj + IB^3P^3 +

where A, and B are the appropriate Einstein coefficients, Q. . is
ij ij ij

the quenching rate probability for the i^^ to the level and is

the energy density for pumping the i^'^ level given by

vi oZ og vo

(see Appendix C). Quantum effects are ignored by this formulation,

and it is assumed that the temperature is sufficiently low that

higher-lying electronic states are not populated either thermally or

by collisional excitation with the 3 P species. Complexity of the

17



relaxation problem increases with the excitation of four or more of

the atom's electronic levels. Information concerning phase rela

tionships between the electronic states is not retained by the rate

equation formulation. Although important in studies involving the

interaction of coherent light sources (such as coherent Raman

scattering) it is assumed in this work that the electronic state phase

relationships are ignorable. To include phase relationships would

require formulating a density matrix for each number density utilizing

its complex, quantum wave function. In the three level model, each

energy level is described by its own rate equation forming a set of

three coupled, first-order differential equations to be solved for the

number densities as a function of time. The other collisional mecha

nism is Na-N2 collisional quenching. Comparison of the energy levels

of Na to N2 (see Fig. 5) indicates that resonant transfer of electro-
2

nic energy should occur between Na 3 P levels and the v = 7,8 vibra-

tional levels. Previous experimental investigations have determined,

however, that due to a strongly nonresonant, electronic to vibrational

coupling in N2 - Na collisions, the energy transfer is most likely at

the V = 3,4 levels [8]. A graph of the probability distribution is

2
given as Fig. 6 for the 3 P electronic-vibrational energy transition.

To describe these atom-molecule collisional energy exchanges, the rate

equations above must be expanded. The quenching rates (Q^^) given

above become dependent on the vibrational population distribution of

the colliding molecule such that

021 I
vw

w>v

18



are cm

Figure 5. Energy Level Diagram Calculated from Herzberg. Units

Reference: Herzberg, Gerhard; Spectra of Diatomic Molecules, D.
Van Nostrand Co., Inc., Princeton, N.J., p.88ff (1964)
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Q,, = ̂  n k'
12 ^ w wv

w  v<w

Qo 1 ~ I n k
31 ^ V i; vw

V  w>v

Q, - = ̂  n y k
^13 ^ V t; vw

V  w>v

Q23 = 03^^23 "t^23

and

Q32 = "2^32 "t^32

where in the notation of Campbell and Lewis [10], k22 and k22 are

P-level exchange rate constants for collisions with Na atoms in the

ground state (level 1), k22 and k23 are exchange rate constants for

collision with N« molecules of total number density N_,, k is the
^  i vw

exchange rate constant for an upward vibrational transition causing a

downward Na transition (quenching), and k^ is the exchange rate con-
wv

stant for a downward vibrational transition causing an upward Na tran-

ition (reverse quenching). The relation between k and k' is given
vw wv

by

^wv = ̂ vw^S2/gi)exp[-(AE2^ - AE^)/kT] .

In this work quenching rate constants which are assumed equal for both

P-levels are only valid for two-body collisions. An increase in n(N2)

also increases the probability of three body collisions ocurring.

Three body quenching rates are not well known and are needed for

20 —nvimber densities much above 2 x 10 cm . For this reason, n(N2) will
20 —3be assumed less than 2 x 10 cm (approximately 10 atmospheres at

22



300K). The constraining equation for the solution of the , N2, and

rate equations is

"total(Na) ^ constant

The final physical process is the relaxation of the vibrational

energy into translational energy. The overall process involves two

mechanisms, but both result from collisions between molecules of the

host gas. Energy can be transferred by vibration-vibration (V-V)

transfer; that is, vibrational energy exchanges which occur between

colliding host species molecules. These collisions usually result in

only part of the original vibrational energy going directly into

vibrational modes of the collision partner. After collision, both

partners may still be in vibrational modes, one higher than before the

collision, the other lower than before the collision. The other

mechanism may also occur in the collision such that little or no

energy goes into the vibrational modes of the colliding partner, but,

instead goes into translational or motional energy (V-T energy

transfer). These collisions (V-V and V-T) are also represented by

rate equations where the dependent variable becomes the vibrational

level number density, n^. For m nitrogen vibrational levels, there

are m rate equations describing the transitions. These m rate

equations are then solved simultaneously with the three sodium rate

equations to produce temporal number density distributions. Since the

actual mechanism of the nitrogen vibrational rate equations is of

lesser interest to this report than those of the sodium which contain

the broadening mechanism, the reader is referred to Campbell and

23



Lewis [10] for a detailed description of the vibrational level rate

equations. The MRCM of Ref. 10 is a numerical routine to solve the

simultaneous rate equations yielding number density solutions as a

function of time. Typical distributions of n(N2) vibration levels are

shown as Fig. 7 and for n(Na) electronic levels in the results. Use of

the MRCM, with some modification, is the first step in calculating the

time-dependent temperature field of the laser.

Modifications made to the MRCM of Ref. 10 were two-fold. Where

it was originally assumed that the entire laser pulse was available to

pump the entire spectral line of only one level, the realistic method

is to convolve the Voight broadening function of the gas mixture with

the pump laser lineshape. The second modification is to use a more

versatile (and realistic) pulse-shape.

Convolving the laser and Voight lineshapes produces spectral

fractions that can be used to calculate the spectral absorption

coefficient [16] and modify the energy density, in the rate

equations. The broadening parameter, B(v,v .,v ), is given by the
O Xf og

product of two functions

B(^.^oA'^og> = L(v,v^j^) g (v,v^g)
where

and

e;tp ( - (v - V )2Mvy

g<v,v»g) = C„ / ^'g'(-(v-Mvg)2)
[Avs^ + (v - vog - v')2]

Here g(v,v ) is the Voight function given by Kielkopf [17]. L(v,v )
o  OX>

is the expression for a laser with a Gaussian frequency distribution
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of line width Av^ centered about AVs is the Lorentzian linewidth

given by the sum of Avp and Av^^, the pressure broadened linewidth and

natural broadened linewidth respectively. For the convolution to be

properly normalized, C and C must be such that
JL V

^«V,V„^)g(V,V^^)dV s 1

Therefore, , end , and
^  g

the resulting function is

Avo "exp(-(v - V )2/Avpexp(-(vVAVg)2)
-00 [AVg^ + (V - - v')2]

Computing this function for a given laser linewidth (Av ) and laser
Iji

line center at each s

over all frequencies gives

line center (^qj^) 3b each spectral line center (^^g) snd integrating

P(v„„v„^) = n - V)Vav^^xp[-(v-Mv )a) _
Av Av IT'' -00 [Av 2 + (v - V - v")2i

h  g ' S ^ Og ^ '

This fraction then modifies and the absorption coefficient for

each spectral absorption linecenter. Figures 8 through 10 present the

Voight/laser profile as a function of several temperatures. F(v v )
ol' og'

cannot be determined analytically; results must be obtained either as

an approximation or as a numerical integration [18] (see Appendix C).

Both methods were used in order to cover the entire range of broaden-

ing effects. In Appendix C the various linewidths are shown to be

functions of the temperature. For 5T/T <0.1, changes in the temper-

26
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ature-dependent linewidths (AVp.Av^) are less than 5 percent; there

fore, Av^, Av^, and Av^ were treated as constants in the calculation.

Using time dependent number densities calculated directly from

the rate equations, the total absorption coefficient (g ) was calcu-
vo

2
lated for each 3 P level. For level i this became

■  ̂(l - (g /g )N In

f" ViThe spectral absorption coefficient of the i level was then obtained

f-rom 3(v^^Jv .) = F(v
og' oA' oJl' og ^ vo

where ^og^^® spectral line frequency of the i*^*^ level.
Laser energy densities at the spectral linecenters were calcu

lated in like manner such that for each rate equation p became for
vo

the i^'^ level

P J = nvi oZ og vo

thereby allowing both levels to be pumped if the various linewidths

allowed such pumping.

The second modification of the MRCM changed the pulseshape to a

function formed by the difference of two Heaviside functions. This

pulse shape was normalized to a minimum and a maximum of 0.00 and

1.00, respectively, and was used to determine the amplitude of the

pulse as a function of time. A weighting variable in the pulse func

tion produced a wide range of pulse shapes (see Appendix D).
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The crux of the LIST is the two-fold task of determining the tem

perature increase caused by the pump beam as it passes through the

absorbing mixture and obtaining the relationship between this tem

perature increase and the change which it produces in the index of

refraction of the gas. The time dependent temperature field, 5T(r,t),

calculation will be presented in a subsequent section where the uses

will be made evident of the parameters derived from the MRCM, such as

(t) and t . The next derivation will focus on the relationship of

the change of the index of refraction due to gas heating.

Jackson shows that the index of refraction is related to the

molecular polarizability by the Lorenz-Lorenz relation [19] given by

-■ - ^(4^)mol + 2

where p is the density in molecules cm-3 and Is computed on a molar

basis. For gases n^ is 1.0, therefore

- 1 = (n + l)(n - 1)

or

If 2tiy^^1 = K this relation is essentially a constant for a given gas

species and can be written as

(n - l)/p = K

At another density, p', the index of refraction becomes n^ while K

remains constant to yield

(n' - 1)/ p' = K

Now write

6n = no - n" and 5p = po - p'

31



so that

(no - l)/po = (n' - l)/p' = (no - 6n - l)/(po - 5p)

or

5p/po = 6n/(no - 1)

which is the Gladstone-Dale equation [20],

For imperfect gases, the equation of state can be written as a

virial expansion

p/kT = p(l + B2(T)p + B3(T)p2 + ...) [21]

^ Viwhere B^(T) is the i virial coefficient. Several works give experi

mental results for the virial coefficient [21,22,23]. For pressures

less than 50 atmospheres (approximately 10^^ molecules per cm^ at

BOOK), virial coefficients higher than the second may be ignored.

Proof of this comes from Fig. 12-6 in McQuarry where the third virial

coefficient for N2 (300K<T<2000K) is approximately

B- = 0.3b 2
3  o

The factor b^ is a hard-sphere potential result used to normalize B^

and is given by

b^ = [2Tra3/3]2

For N2, Ref. 23 gives a = 3.7 x 10-® cm so that

b 2 = 1.126 X 10"''^^cm^
o

and

Bg = 3.38 X 10"'^^cm^

The third virial coefficient's contribution to the equation of state

then becomes the dimensionless quantity,

B2p2 = 0.0034 for p = 102^ cm-®
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which is small compared to the contribution from the second virial

coefficient (see below). Neglecting virial coefficients higher than

the second (82), the equation of state becomes

p/kT = p + B2(T)p2

where for spherically symmetric interaction potentials, u(r),

00

82(1) = -2Tr / [e-u(r)/kT - Hr^dr
o

McQuarrie shows that for available experimental results, the Lennard-

Jones potential function [21]

u(r) = AE^[(a/r)12 - (a/r)^ ]

is a good approximation with o = 3.7 x 10-®cm and Eo/k = Tc = 95.2K

for N2. Including u(r) and setting x = r/a gives the second virial

coefficient as

00

82(1) = 2X0® / {exp[-(4Tc/T)(x-12 - x -®)] - l}x2dx
0

which can be evaluated to yield

B (T) - U (^) ^ 0/4 .
j=o ■

Calculating the isobaric density change yields

-(P/kT2)6T - 6p + 2p82(T)6p + p2[3B2(T)/3T)p6T

or

but

-[p/kT2 + p2(3B2(T)/3T)]6T = (1 + 2p82(T))6p ,

(382/9T)p = -2110® / (-4T /t2)(x-^2 _ x-®)exp[-4T /T(x-^2 _ x-®)]x2dx
c

o
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which becomes

OBj/SDp . dBj/dT . r(il-^)(T/Tj-"3 + 5)/4 _

Letting

00

B2'(T) = STra^T / (x-^^ _ x-6)exp[-4T /T*(x-12 - x-S)]x2dx
o  ̂

the density change equation becomes

-[P/kT^ + p2b2'(T)/t2]6T = [1 + 2pB2(T))5p

and dividing both sides by p and rearranging terms yields

-[1 + pB2'(T)]6T/T = [1 + 2pB2(T)]6p/p

Setting

A = [(l + pB2'(T))/(l + 2pB2(T))]

yields the relation

5p/p = - A(6T/T)

for the isobaric density change where only the second virial coef

ficient is significant. From the Gladstone-Dale equation above

6n/(n^ - 1) = 6p/p H - A(6T/T)

then

6n =« -A(n^ - 1)(6T/T)

where A = 1.0 for an ideal gas. Evaluating A at 300K with number

densities of lO^^cm-^ and 10^^ cm-^ gives values of 0.999 and 0.995,

respectively. Increasing the number density to lO^^cm-^ at 300K gives

A = 0.677, a significant change.
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Heraan and Pohl [5] stated this relationship for an ideal gas

(A = 1.0), but did not calculate 6T. For their calculations, 6n was

assumed to be a parabolic function and 5T was not needed.

Having obtained the relationship between fin and fiT for isobaric

heating of an imperfect gas, attenuation is now turned to the com

putation of the temperature field fiT(r,t). A detailed treatment of

the temperature rise is given by Bailey [6]. Bailey's derivation has

four significant limitations, however. Use of semi-infinite boun

daries in the Green's function is a special case of finite boundaries

(see Appendix B). No provision is made for thermal gradients along

the path of the pump beam. Only one pulse is assumed, and the shape

of the pulse is that of a Dirac-delta function. Finally, Bailey's gas

sample is assumed to be static. For the case at hand only the pulse-

shape restriction becomes truly restrictive.

For a medium of molar density, p, thermal conductivity, K, and

molar specific heat , the heat conduction equation is given by

1_ v2(6T) = 0(r,t)
a2

where

l/a^ = K/CpP = thermal diffusivity

and 6(r,t) is the heat source function. Appendix B shows that for the

semi-infinite boundaries 0 < r < ® and 0 < z < » the Green's function,

I  ® ,3 a2 )2G(r,t I r',tO =[ — y ] exp( )
2 [irCt - t')]^2 4(t - t')

solves the homogeneous partial differential equation (0 5 0). Assum-
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Ing a uniform initial temperature distribution, the solution to the

inhomogeneous partial differential equation with 0(r,t) becomes

6T(r,t) = / dt" / dr' G(?,t | ̂,t')0(^,t)
0  V

With the volume integral separable into radial and axial parts, and

no angular dependence assumed,

^  t " 00
6T(r,t) =/ dt' / dr'r"*G(r,t I r',t') / dz' G(z , t | z', t')0(r',z''t').

0  0 o

Bailey asserts that the only axial contribution to the tempera

ture rise comes from evaluating the source function at the z coordi

nate; i.e., that

00

/ dz'G(z,t I z',t')0(r'z',t)
0

actually becomes

00

/ dz'6(z - z-)0(r',z%t') = 0(r-*,z,t')
0

This assertion ignores axial gradients; i.e., it is assumed that

3(61)/3z = 0) in the temperature calculation which, in effect, reduces

the problem to one of determining the radial temperature variation in

a series of circular planes perpendicular to the z axis. The tem

perature rise in this case then becomes

t  ®

6T(r,z,t) = / dt' / dr'r'G(r,t I r',tO0(r',z',t')
0  0
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where now

G(r,t| r-,t') = ( 2 )^xp I - ]
2[Tr(t - t')]V2 4(t - t')

For slight absorption along the z-axis, as before, a Beer's law atten

uation process may be assumed

1=1 e~®^ ,
o  '

and Bailey shows that an appropriate source function incorporating the

Beer's law attenuation, the time release of energy into translational

motion, and the radial flow of temperature is a Gaussian source given

by

0(r'',z,t'') = (—i—5r)3Eoexp(-Bz)exp(-r'^/r
C pr ^ g
P  g

ij^Ct') is the function yielding the rate of heat production in the

environment, is the pump laser energy such that p = E /(cirr ^),

c is the speed of light in vacuum and r is the Gaussian limit of the

pump beam. Bailey suggests that by modeling a single laser pulse such

that its entire energy is imparted to the gas before the temperature

begins to rise, a first-order approximation for \^(t') is

t(t') ^exp(--|-)
V  V

where is the characteristic vibrational relaxation time. The va

lidity of the source term is verified by the MRCM calculation. Figure

11 compares i);(t') with the shape of the relaxation curve calculated

by the MRCM. The broken line is AE /AE vs t and the solid line
V  max

is ij)(t )x^ vs t. AE^ is the total vibrational energy difference
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between the vibrational states of the diatonic species (N^) at tine t

and its ground state vibrational energy at time t = 0. AE is the
max

maximum vibrational energy difference, is taken to be the time at

which AE^/AE^^^ = 1/e. The entire source function then becomes

0(r ,z,t ) = [— y)3Eoexp(-3z)exp(-r'^/r^)exp(-■^)
C pTTT r S "^v

P  V g

giving

ft ^ GXp ( ^ / X )6T(r,z,t) = - ^)e exp(-ez) / dt' / dr'r'[ (x)
Air CpPTTT^rg o o (t-f)

le,p(-r-2/r/)exp(-2!<^)]
The integral over r', can be calculated using Bessel functions to

yield the final temperature rise prediction

,  n2 ^ t exp(-t'/T )6T(r,z,t) = - ( ^]3exp(-ez)E / dt'( ] (x)
AirC px o (t - t' + a r /4)

p  V g

--pc ; ) .
4(t - t^ + a r /4)

g

2  2Using T = a r /4 (the heat conduction relaxation time) and r as a
^  g

characteristic time and length, respectively, and t = x /x this
V  V c

equation can be written as

«T(r,z,t) = ( L^)e exp(-6z) J e'=P(-t-/Tv)e,ip(-r2/(t-t'+l)ldt _
"CpPr^ ° o (t-t'+l)

Bailey's derivation using a single, delta-function shaped pulse

as stated above, is not obviously applicable to a multiply pulsed pump
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laser. The extension may be made by introducing the normalized

Heaviside difference function, A(t), of Appendix D into the calcula

tion. If each pulse of the pump laser is assumed to consist of m

Dirac-delta function shaped pulses, an envelope using A(t) may be

constructed to enclose the peaks (see Fig. 12).

A(t)

Figure 12. Heaviside envelope and delta function pulses.

The time between the i^^ and the (i - 1)^^ pulse is simply t^ - t^
During this time interval the energy from the (i - 1)^^ pulse atten

uates according to ij)(t^ - t^_j) given above. A pulse function of the

form

A  A

A  A

I A(t^)t^exp( K—
i=l Tv

where n < m was devised with A(t^) given in Appendix D. Using this
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in the Bailey 6T expression gives

,(1)
3

6Tn(l)=( ^ .]exp(-gy^z)E (x)
irC pr T ^ " °
P  g V

I  (X)
i=l ^ T

?n^^ ^expC-t'/Xy) exp[-r^/(t^^^- t' + 1))
J  dt s ^ -
o  t' + 1)

where is the non-dimensional time (t^^^ < t^^^) for which
"  n m n

is being calculated, denotes the absorption coefficient at t^^\
"  n

and (1) denotes the first pulse.

For the case of multiple pulses, the pulse shape is taken to be

invariant. Summing the temperature increases (6T^^^) for k pulses
n

where t^^ ̂ denotes the n^^ time in the pulse yields

5T(t) = I
j = l "

and the n^^ interior time in the pulse is given by

= t - (j - 1)(t )
n  ps

where j is the integer number of the pulse (1 < j < k) and x is the
ps

total time spanned by one pulse (including the separation time between

pulses).
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At time t, the total temperature rise is given by,

A  k6T(r,z,t) = [TiCpPT^rg]~^E^ I ^exp[-0^^ ̂ z] (x)

n  -(t^J^- t^j^
I  [;(t<J'k<j'e,p(-ll^^)] (,)
i=l i i T

V

• exp(-t'/T ) exp(-a\^/(t'J'- t' + 1))
/" It- V.) . 2
o  (t^J - t' + 1)

n

A ✓ j \

where t^^ represents the non-dimensionalized time of the i^^ Dirac-

function subpulse in the pump laser pulse (0 < tf^^ < The
i  n

factor

E  l A(tp^tp^exp( ^ )
°i=l ^ ^ T

is the total energy made available to the trace species at time, t, by

tilthe j pulse. The index n may be deleted from the expression by use

of

= t - (j - 1)T
n  ps

but is retained for clarity. The absorption coefficient is the sum of

the absorption coefficients for each of the doublet 3^P levels.

Graphs of this function as a function of r and z, and as a function of

r and t are given as Fig. 13 and Fig. 14 respectively. Behaviour of

6T(r,z,t) for times on the order of 5t^ is shown as Fig. 15.
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C. Beam Deflection Theory

Having calculated the two-dimensional, axially symmetric tem

perature rise 6T(r,z,t) at any point along the beam length, the change

in index of refraction (6n) can be obtained for the thermal conduction

domain from the Gladstone-Dale equation

6n/(no-l) = -6T/T

The path of light through any medium with varying index of re

fraction is given by the eikonal equation,

d/ds[n(dr/ds)) = ̂ n

where s is the path length and n = n(r,0,z,t).

For an incident pump beam along the z axis, the paraxial ray

approximation to the eikonal equation is

d/dz(n(dr/dz)) = ̂ n

A sketch of the beam geometry is shown as Fig. 16.

As shown in Appendix A, for axially symmetric conditions, cylin

drical coordinates allows the eikonal equation to be written as a set

of four coupled, first-order differential equations

dfp/dt = A(5T)fp + pfg^ - B(5T)

dfg/dz = A(6T)fg - (2/p)fpf^

dp/dz = f de/dz = f-
P  y
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Solving these equations for the deflection ( | | Ar | | ) is not

straight-forward, however. One difficulty arises when a temporal

calculation is desired and 6n is proportional to 6T(t). Since the

eikonal equation does not contain the time explicitly, a separate

solution must be determined for each time of interest . Another dif

ficulty arises in just solving the differential equation for a speci

fic time. Essentially these equations are integro-differential

equations for which no analytical solution exists. Further, the boun

dary conditions on the temperature calculation are semi-infinite so

that at all points past the entry point of the pump beam into the gas

mixture a non-zero temperature field theoretically exists. The final

difficulty lies in determining exactly what constitutes the deflection

of a probe beam that is finite in width.

To solve the eikonal differential equations and provide the time

dependence requires a numerical analysis. A deflection computer code

(DCM) was written using the Gear multistep method [24] to integrate

the spatial equations. Temporal dependence of the deflection was

accomplished by incrementing the time variable in the DCM producing a

full set of solutions for each time increment. Merging the MRCM and

DCM then produced a realistic model in which the temporal population

changes of the sodium 3 P level, the Voight broadening function of the

gas, and the frequency distribution of the laser provided the temporal

and spatial temperature field (and consequent deflection) at each

point along the path of a light ray.

Since each solution of the DCM calculated the deflection of only

one ray of light contained in the probe beam, it was necessary to

48



devise a method whereby the deflection of the entire probe could be

defined^ To include a finite width for the probe beam required

solving the DCM for enough rays to lend shape to the probe beam. For

the sake of clarity in observing the deflection and astigmatic distor

tion of the probe beam at the screen position, an elliptical Gaussian

beam shape was assumed. The length of the semi-major axis of the

ellipse varied with the intersection angle, o, to insure that the

undeflected beam at the screen position would be Gaussian (and near

circular) in shape. Figure 17a shows the circular projection of the

beam on the xy plane and Figures 17b, c, and d show the necessary

shape of the elliptical beam to produce the circular projection at

several intersection angles. The equation of the ellipse necessary to

produce the circular image becomes

2  2
2  r cos o

r
e  2 2 2

(sin 9 + cos 9 cos a)

where r,9 are the polar coordinates in the circular projection.

Eccentricity of the ellipse is simply sin a. The Gaussian radius,

Tgp, of the ellipse for a circular projection of Gaussian radius, r ,

is then

2  2
o  r cos a
2  P

r  =

(sin^9 + cos^9 cos^a)

and the intensity plot for the elliptical, Gaussian probe beam becomes

I/I = exp[-(r /r )^)
o  e ep
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to produce a corresponding Gaussian intensity distribution of

I/I^ = exp (-(r/rp)^)

on the xy plane. Taking n rays within the probe beam, one ray at the

center, the balance spaced around the perimeter at the Gaussian

radius, required n solutions of the eikonal, but produced plots

dramatically illustrating the computed deflection (see Fig.20 as an

example).

The final two questions to arise are (1) the validity of using

the intensity distribution of such an elliptical beam to experimen

tally determine the deflection, and (2) the experimental feasibility

of producing such a beam.

Since the beam is of finite width, precisely determining a

deflection that may be less than or approximately .001 r can be done
P

only if the intensity distribution is predictable after deflection

occurs. To be predictable, the deflected beam must also be the same

intensity distribution as the undeflected beam. For example, a

Gaussian undeflected beam must produce a Gaussian deflected beam. For

5T/T < 0.1, the absolute deflection, | j ^r | [ , of each computed ray

comprising the beam model in the DCM was equal (see Fig. 18).

Constant deflection with respect to the width of the xy projection of

the undeflected probe indicates that a Gaussian, circular intensity

region before deflection will map into a Gaussian region after deflec

tion. Because of astigmatic effects, the deflected image will not

necessarily be circular. Using a photo-sensitive array capable of

detecting variations on the order of 1 ym, a digital integration by
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standard laboratory equipment could be performed over the area of both

the deflected and undeflected Images. Comparison of the areas covered

on the array by the spot intensity would give the deflection, | | Ar | | .

If the probe beam is taken to be non-Gaussian, but of constant inten

sity, the projection of the elliptical shape would again be circular,

but of constant intensity. The digital integration technique men

tioned above would again be valid.

The final procedure to be established is the ability to construct

such an angle-varying, elliptical beam in the laboratory. Once the

shape and cross sectional area of the probe beam is determined, a cir

cular aperature with radius, r^, centered at the (x^,y^,z^) point and

overfilled by the probe beam would produce the desired elliptical

shape within the gas sample. All intersection angles, a, defined by

(xQ»yQ>z^) and (x^,y^,z^) would be restricted to values such that the

paraxial ray approximation is valid (tan a = a). Since the deflection

is a measure of the absolute difference in position across the area of

the beam intensity, the actual intensity distribution at the initial

entry point (x^,y^,z^) is not critical. The only requirement for the

probe laser intensity distribution is that it be constant during the

time that the deflection measurement is taken.
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CHAPTER III

RESULTS

To provide a reference, a standard model (SM) was devised using

the constraints and concepts developed in the paragraphs above.

Specific data for the SM is shown in Table 1. To insure that the

calculations were truly being made in the isobaric region, pulse

lengths of 1 msec were used. All models used to quantify deflection

effects assumed four, 1 msec pulses of a pump laser with r„ = 0.1 cm
O

centered on the 32pl/2 spectral line of sodium (589.59nm) and with

linewidth, Avl of 10® hz. Voight broadening then allowed both

spectral lines of the sodium to be pumped and the degree of pumping of

each line varied with the assumed ambient temperature and number den

sity of the gas. As an example, ratios of spectral pumping for the

3^PV2 to 3^P3/2 lines are 1:1.2 x 10~® at 300K, 1:4 x 10~® at lOOOK,

and 1:7.5 x 10~® at 2000K. For all calculations, the intersection

angle, o, was taken to be approximately 14° (0.245 radians) with the

intersection point of the two beams lying 10 cm into the gas sample.

Deflections were calculated assuming a distance of 100 cm from inter

section point to screen position. Length of this "moment arm" had a

direct effect on the value (and detectability) of the deflection.

An initial run of the SM with only nitrogen as the host species

and sodium as the trace species produced a V-T relaxation time (t^)

in excess of 10^ seconds. This was predictable from the empirical

results given by Anderson.^2 Extremely long relaxation times produced

virtually no temperature rise in the gas mixture and, consequently, no
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Table 1. Standard Model (SM) Parameters

A. Pump Laser Parameters:

(energy) = 1.00 x 10^ ergs

r  (Gaussian radius) = 1.0 mm
g

Tp (FWHM of pulse time) = 1.0 msec

Tps (FWHM + pulse separation time) =2.0 msec

Ip (no. of pulses) = 4

(Linewidth) = 1.0 x 10^ hz

(Linecenter) = 589.59 nm

B. Atmosphere Parameters:

n(N2) (host number density) = 1 x 10^^ molecules/cm^

n(Na) (trace nxomber density) = 1 x 10^*^ molecules/cm^

(heat conduction time) = 4.649 msec

(vibrational relaxation time = 111.2 msec

n^ (index of refraction) = 1.0003

K (thermal conduct.) = 2.598 x 10^ ergs/(cm - k)

Cp (specific heat) = 2.910 x 10® ergs/(g-mole k)
p (molar density) = 1.550 x 10~^ g-mole/cm®

4v (Doppler Linewidth) = 1.066 x 10^ hz
6

4v (Lorentzian linewidth) = 1.606 x 10^ hz
s

C. Interception parameters:

(x^.YqjZq) (initial probe beam coordinate) = (4,4,-10) (cm)

(Xi,yi,Zi) (beam intersection point) = (0,0,0) (cm)
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deflection. To decrease the relaxation times by about three orders of

magnitude (to about 100 msec), introduced into the Na | N2 mixture was

a third gas whose selection had to meet two criteria. No spectral

absorption could take place at or near the sodium 3P levels. Vibra-

tional resonances must occur at or near the predominant levels of the

nitrogen with the energy quickly relaxing into translational energy.

A common gas meeting both criteria proved to be water vapor [21].

Vibrational levels of water vapor are shown juxtaposed with those of

in Fig. 5. By introducing a number density of water vapor

equivalent to approximately 10 ppm, the V—T relaxation time was

decreased to approximately 100 msec, and significant heating of the

gas mixture occured with this V-T relaxation time. Using SM

computations yielded a maximum temperature rise of 15.IK at a time of

about 63.1 mS for four (4), millisecond pulses. The calculated

deflection was quite satisfactory (see Fig, 18) and was of the order

of approximately 500 pm.

To obtain a region of validity for the LIST, initial computation

al runs of the MRCM and DCM were made for a n(N2) of 10^^ per cm^

(approximately 0.4 atm. at 300K) and n(Na) ranging by decades from 1

part per trillion (1 ppt) to 100 ppb. For each value of n(Na), pump

laser energies, E^, ranging from 10^ ergs to 10^ ergs were used. To

investigate the effect of varying n(N2) on the deflection, selected

calculations were also performed for 10^® per cm® (approximately 0.04

atmospheres at 300K) and 10^^ per cm® (approximately 40 atmospheres at

300K). As mentioned previously, the accuracy of the calculations for

10^1 per cm® of nitrogen suffer from the lack of three body quenching
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rates In the MRCM, but the deflection results may be used to Indicate

a trend.

Figure 19 graphically displays the results of | | Ar | | vs n(Na)

(10^^ cm-3 of nitrogen at 300K, = 10^ ergs, and = 113.5 mS).

Figure 20 displays the change in the sodium levels as a function of

time. As expected low n(Na) allowed little absorption of the pump

laser radiation with virtually no deflection of the probe. Figure 21

displays the calculated xy projections of the deflection of the probe

beam for the indicated number densities at t/x^ = 0.55, the time ratio

for maximum 5T. Increases in the astigmatic distortion as | | Ar | |

increases are easily seen. Maximum deflection for n(N2) = 10^^ cm"^

occured at or near the SM (1 ppb of sodium) with | | ^r | | rapidly

dropping for n(Na)/n(N2) greater than 10 ppb. Above 100 ppb the

deflection from 10^ ergs of laser energy is again virtually undetec-

table. The decrease in | | | [ at the 100 ppb number density is

attributable to the increased absorption cross section of the sodium

and the attendant rise in the absorption coefficient from .0263 cm-^

to 2.63 cm-^ (see Fig. 22). The gas becomes optically thick with

little energy available for absorption at the intersection of the beams,

Varying produced an exponential increase in the deflection at

t/x^ = 0.55 for 10^^ cm-^ of nitrogen and 1 ppb of sodium. The condi-

tion that 6T/T < .1 was quickly violated once E^ exceeded approximate"
0

ly 10 ergs, although the DCM computed deflections of nearly 50,000

ym (5 cm) at t/x^ = 0.55 for the 10^ ergs case. Increasing the pump
power increased the population of the two sodium 3^P levels as shown

by Fig. 23. Saturation was nearly reached at 10® ergs. Figure 24
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Figure 20. Number Density Variations of Sodium Electron Levels
for constant E^, solid line is 3S1/2, short broken line is 32p3/2 and
long broken line is 32pl/2. n(N2) = IQI^ cm-3, Eq = 10^ ergs, (a) n(Na)
=  . (c) n(Na) = IQH cm'^, (d) n(na) =
10^^ cm"-^ .
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Figure 22. Absorption Coefficient for n(N2) = and Eg = 10^
ergs, (a) n(Na) = lp9 cin-3 (b) n(Na) = IQIO cin-3, (c) n(Na) = IQH
cm"^, (d) n(Na) = 10^2 cm~3.
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Figure 23. Number density Variation of Sodium Electronic levels
for varying Eq, solid line is 381/2, short broken line is 32p3/2 and
long broken line is 32pl/2. n(N2) = IQI^ cm-3 and n(Na) = IQIO cm"3 (a)
Eq = 105 ergs, (b) E^ = 10^ ergs, (c) E^ = 10^ ergs (SM), (d) E^ = lO^
ergs.
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Figure 24. Absorption Coefficient for n(N2) = cm"3, n(Na)
10^" cm-J and varying Eq. (a) Eg = 105 ergs, (b) Eq = 106 ergs, (c)
Eq = 10' ergs (SM), (d) Eq = 10^ ergs .
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shows the changing absorption coefficient. Restricting the 6T/T ratio

to the upper end of its range of validity at the 10® ergs and 10^ ergs

values of predicted reasonable deflection measurements of approxi

mately 500 Mm at t/r = 0.022 (6T/T = 0.08). Deflection versus E
V  o

projection plots, shown as Fig. 25, are chosen for time regions where

<5T/T <0.1. A graph of | | Ar | | vs E^ is given as Figure 26.

Increasing n(N2) to 10^^ per cm^ decreased to approximately

2.0 msec. The temperature peaks occurred approximately 50 msec sooner

than in the lower nCN^) case, but for n(N2) = lO^^ per cm^ t/x = 7.9

for the peak while at n(N2) = lO^^ per cm^ = 0.55. The difference

In ratios can be attributed to the increased dependence on the

heat conduction time (x^) in the gas since for the n(N2) = 10^^ per

cm^ runs, = 0.005 while for the n(N2) = 10^^ per cm^ runs,

~ 25.0. Even though the molecular collision processes increased

the absolute rate at which the vibrational energy relaxed in the

higher n(N2) case, the heat conduction time which is proportional to

p  moderates the ratio. Although not entirely valid because of

the preponderance of three-body collisions in the gas sample, the

higher n(N2) illustrates the increased dependence of the energy

transfer mechanisms on the collisional relaxation times. Reasonable

deflections seem possible at the higher value of n(N2) with a n(Na)

range of 0.1 ppt to 1 ppb, but pump laser energies of 10^ ergs or

greater would be required. Since saturation effects begin to dominate

at higher pump energies, the upper limit on useable E would be less
o

9
than 10 ergs. Figure 27 depicts the deflection versus n(Na) for

n(N2) = 10^1 cm-^ of nitrogen, E^ = 10^ ergs, and four 1 mS pulses.
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Figure 25. Circular Deflection Plots for Varying Eq n(Na) =
10^^ cm"^, n(N2) = 10^^ ciii"^. 6T/T not violated. (a) Eq'= 10^ ergs,
(b) Eq = 106 ergs, (c) Eg = 10^ ergs (SM), (d) E^ = 10® ergs. All
axes in cm.
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When the n(N2) was decreased to 10^® per cm^ at 300K, the vibra-

tional relaxation time, increased to approximately 1,125 seconds.

Temperature peaks occurred at ratios t/x^ 0.09, a significant

decrease from the SM ratio, increased to approximately 2450.

Figure 28 is a graph showing | | ^r | | as a function of n(Na) for a

nitrogen number density of 10^® per cm® and 1 watt of pump laser

power. Measurable deflections ( > 1 pm) are calculated for n(Na)

greater than 10^ cm~® (.01 ppb) peaking at approximately 10 ppb, and

then decreasing quickly to non-measurable quantities for sodium number

density ratios greater than 100 ppb.

From the data presented in Figures 19-28 and compiled as Tables

2-4, efficiency of the LIST method peaks at approximately n(N2) =

10^® cm-®. Deflection peaks occur at about 10 ppb for n(N2) = 10^®1® cm-®

cm-®, 1 ppb for n(N2) = 10^® cm-®, and about 1 ppb for n(N2) = 10^1
cm-® for those times where 6T/T <0.1 and with 10^ ergs of pump laser

energy. Efficiency can be improved by increasing pump laser energy,

however saturation effects quickly begin to dominate at energies
O

greater than 10 ergs violating the 6T/T restriction and decreasing

the time in which the deflection measurement can be made.
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CHAPTER IV

CONCLUSIONS

An evaluation of LIST's feasibility in measuring trace species

number density (n(trace)) may now be made using the theoretical calcu

lations presented in this work. Results graphically presented in

Fig. 18 through 23 and in Tables 2 through 4 demonstrate that LIST is

theoretically capable of detecting a range of 0.001 ppb to 10 ppb of

Na in an atmosphere which is predominately N2. Similar sensitivities

could be expected for any gas mixture where the pump laser is tunable

to a spectral line of the trace species.

LIST calculations using the MRCM and DCM developed in this work

are applicable to nCN^) values less than approximately lO^^cm-^. Its

use is indicated especially for low n(N2) (< 10^^cm-^) where the

vibrational relaxation time, ranges from 1 mS < x^ < 1 sec. For

^2» this range of x^ can be accomplished by introducing approximately

10 ppm of H2O vapor into the atmosphere. Resonant energy transfer

then reduces x^ from a value in excess of 10^ seconds to values in the

desired range. A comparison of Tables 2, 3, and 4 indicates that as

n(N ) increases by an order of magnitude, x decreases and the heat
£. V

conduction time, x^, each increase by an order of magnitude. Ratios

of "^v^^c correspondingly indicating an increased dependence

on the host gas relaxation processes. Large values of n(N2) >

10^"cm-^ enter the region where three-body collisions dominate; the

two-body quenching rates used in the MRCM become invalid. Severe
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decreases in which may occur in large n(N2) and high temperatures

could shift the calculation into the acoustic domain of the pulse.

Laser radiation energy densities must remain below saturation

energy for the given nCN^) to avoid population inversions.

Restricting energy densities to the minimum required to produce a

measurable deflection would also reduce the likelihood of a 6T/T

violation. The LIST formulation requires that for large laser

g
radiation energies (> 10 ergs/cm^), deflection measurements must be

made at times where 6T/T < 0.1 is not violated. This decreases the

time available for the measurement and introduces an unnecessary degree

of uncertainty. Measurement times much below approximately 100 ys

would approach the (forbidden) acoustic domain of the pulse.

As presented in the introduction, LIST in the thermal domain is

also limited to static or slowly flowing gas samples. Convective

transfer for i 0.1 would distort the temperature field of the pump

laser causing unpredictable deflection behaviour. Large values of V

could be observed by decreasing Tp and entering the acoustic domain

of the pulse.

The method of applying LIST (composed of the MRCM and DCM) to a

practical measurement of the number density n(trace) of a general

trace species would be similar to the approach used in this paper.

For given n(host) and pump laser characteristics, a set of deflection

curves would be generated by varying n(trace) in the calculation.

These curves could then be used to compare deflection measurements and

obtain a measure of n(trace). Scanning the gas sample with a variable

frequency laser source would allow a series of plots of laser fre-
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quency versus deflection in the known n(host) at a measured time.

Comparison of the deflection magnitudes at the respective laser fre

quency could then be used to determine both the amount and identity of

the trace species in the sample.

Even though this work concentrated on the use of LIST for

measurement of trace species number densities, the results could be of

more general interest. Any procedure or technique which involves the

intersection of laser beams could benefit from the temperature field

calculations and deflection predictions. Spatial errors caused by

deflections could be anticipated, predicted, and eliminated by the

LIST technique.
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APPENDIX A

Eikonal Equation

The eikonal equation is given by

d/ds(n(dr/dx) = ̂ n

where in cylindrical coordinates

r = p^p + zk

Using the paraxial ray approximation which requires that the tan a = o

where a is the interaction angle, this becomes

d/dz(n(dr/dz)) = ̂ n

For the cylindrically symmetric thermal lens,

^n = (3n/3p)p + (3n/3z)k

and

^  ̂ A A

dr/dz = (dp/dz)p + p(dp/dz) + (dz/dz)k = z(dk/dz)

A  A A

Since dp/dz = 0(d0/dz) and dk = 0,

^  A A A

dr/dz = dp/dzp + p(d0/dz)0 + k

d/dz(n(dr/dz)) = (d^p/dz^)p + (dp/dz)(d0/dz)0 + (dp/dz)(d0/dz)0

+ p(d^0/dz^)0 - p(d0/dz)^p

Consequently,

n[(d2p/dz2)p + 2(dp/dz)(d0/dz)0 + p(d20/dz2)0 - p(d0/dz)2p]

+ dn/dz[(dp/dz)p + p(d0/dz)0 + k] = (dn/dp)p + (dn/dz)k
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which yields the following relations

n(d^p/dz^) - np(d0/dz)^ + (dn/dz)(dp/dz) = dn/dp

n(dp/dz)(d0/dz) + pn(d^0/dz^) + (dn/dz)p(d0/dz) = 0

dn/dz = dn/dz (identity)

Since n = n^ + 6n where 6n = -A((n^- 1)/t]6T for isobaric heating of a

gas sample of constant composition, with an imperfect gas coefficient

A, the index of refraction, n, becomes

n = n^ - A[(n^ - 1)/t)6T

giving the two gradients,

dn/dz = -A[(n^ - 1)/T)(d(6T)/dz)

dn/dp = -A[(n^ - l)/T)(d(6T)/dp)

The two eikonal relations then become

[n^ - A((n^ - l)/T)6T](d2p/dz2) - A((n^ - 1)/T)(d(6T)/dz)(dp/dz)

- [n^ - A((n - l)/T)6T]p(d0/dz)2 + (A((n^ - 1)/t)(d(6T)/dp) = 0

and

[n - A((n - l)/T)6T]p(d20/dz2) + 2[n^ - A((n^ - 1)^T)6t](3p/3z)(d0/dz)

- pA[(n^ - l)/T](d(6T)/dz)(d0/dz) = 0

To obtain the first-order, coupled differential equations required for

the use of the GEAR routine let,

fp = dp/dz fg = d0/dz

A(6T) = [A((n^ - l)/T)(d(6T)/dz)]/[n -A((n - 1)/T)6T]

and

B(6T) = [A[(n^ - l)/T)(d(6T)/dp)]/[n^ " D/Tj-STj.
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Inclusion of f^, f^, A(6T), and 3(5T) yields the following set of

order differential equations

df^/dz = A(6T)fp + pfl - B(5T)
P  O

dfg/dZ = A(dT)fg- (2/p)fpfg

dp/dz = f
P

d0/dz = fg

which is of the form required for use in the GEAR routine.
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APPENDIX B

Green's Function

I. The Green's Function for finite boundaries.

The inhomogeneous heat conduction equation is given by

3T/3t - (l/a2)v2T = 0(r,z,t)

where T is the temperature = T(r,z,t) and 0(r,z,t) is the source func

tion. If T is taken to be

T = T + 6T
OO

then the heat conduction equation becomes Bailey's equation 6

36T/3t - (l/a^)V^6T = 0(r,z,t)

To determine the general form of the Green's function used in the

solution of the inhomogeneous heat conduction equation, first set up

the homogeneous equation as

36T/3t - (l/a2)v26T = 0

For a cylinder with finite radius, b, and length, L, the homogeneous

heat conduction equation in cylindrical coordinates is (letting = 6T)

32i|)/ar2 + (l/r)Oi|;/3r) + = (1/a) OTj;/a t)

the boundary conditions of interest are

(1) 3ij>/3r + = 0 atr = b t>0

(2) -(3ip/3z) + H.\|; = 0 atz = 0 t>0
Z X

(3) 3\J)/3z + ̂^2^ " ̂ atz=L t>0

(4) i|) = f(r,z) at t = 0

88



The boundary conditions are of the third kind and may be reduced to

the first kind by letting ■»■ <» or to the second kind by letting

-»• 0. The most general case is the third kind which is convection

by a surface into a region of constant temperature.^
Using separation of variables gives the solution in t, r, and z

as

2  2
t(r,z,t) = R (6 r)Z(n ,z)e"°^^m ""p

o  m p

3^ and n^ are discrete because r and z boundaries are finite. Then

ii'(r,z,t) = I I Cmp R (6 r)Z(n z)e"°^^®^ "p^^^
m=l p-1 o m p

Using condition #(4) (t = 0) gives

1  1m=l p=l
f(r,z) = I I Qnp Ro(3_r)Z(n^,z)

now use the operators

J rE^(8„r)dr
o

L

/ Z(n ,z)dz
o  ̂

which gives

,  b L

^mn " / dr / dzrR (6 r)z(n ,z)f(r,z)"'P [N(3 )N(n )] o o ° P
m  p

The heat conduction problem as stated here is problem 6-13, page 243
in Osisik, M. N., Heat Conduction, John Wiley and Sons, N. Y. (1980).
The solution is the author's.
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to give

t(r,z,t) = I I )N(n )]R (3 r)Z(n ,z) (x)
m=l p=l m p ^ o m p

b  L

/  / r R (3 r')Z(n z')f(r-',z')dr'dz'
e ra p

G O ^

Now use table 3-1 in Ozisik case 1 (v = 0) to get

R (3 r) = J (B r)
o  m o m

and

l/(N(B_^) = 2/(j^2(S_^b))[B^2/b2(H2 +6^2,J

with 3 being the roots of
m  °

3 J'(3 b) + H J (3 b) = 0
mo m r o m

In a similar manner, use Ozisik's table 2-2 case 1

Z(n z) = n cos n z + H .sin n z
P  p p zl p

with

l/(N(np) = 2[(n2 + h2^)(l + H /(n2 + H^^)) +

and the roots n are
P

tan n L = (n (H , + H „))/(n2 + H ,H „)
p  p zl z2''' p zl z2'

From equation 6-19 the homogeneous part of the equation is written as

i|/(r,t) = / G(?,t I ?'t) I f(?')dA'
A

In cylindrical coordinates dA = drdz giving

b  L

i|>(r,z,t) = / dr' / dz' G(r,z,t j r',z',T) j f(r',z')
o  o
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Comparing the \|)(r,z,t) gives

"  <» -o(3 ^ + n 2)t
G(r,z,t| r',z-,T)| - I 1° ^ R„(6„r)z(. z)r-R^(B„r')z(n zO

T=i m=i p=l m p

or the general green's function

"  ~ ^-a(3^+n^)(t-i|<)
G(r.z,t I r',z',T) - I P ^(8 )»(/)

m= 1 p= 1 m p

Z(n z)Z(n z')
P  P

Assuming that homogeneous boundary conditions apply (i.e. no variation

in the boundary temperatures) and taking f(r,z) to be 0 throughout the

region (T T - T^).

t  b L

5T(r,z,t) = |- / dt' / & dz' G(r,z,t | r',z%t')0(r',z',t')
o  o o

Now placing the Green's function value into 6T(r,z,t) gives the

expression

R (3 r)Z(n z) t b L
6T(r,z,t) Jdt'/r'dr'/dz'R (3 r')Z(n ,t') (x)

mp N(3 )N(n) o o o o ® P
m  p

Using the relations

-a(3 2
e  m p g(r ,z ,t )

R (3 r) = J (e r)
o  m o m

Z(n z) = n cos n z + H sin n z
P  p p z p

J 2(g b) b^CH^ + 3
o  m m
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1

nHTT
"  + "zlJ

the temperature rise, 5T(r,z,t), for a finite cylinder becomes

^  4J (3 r)(n cos n z + H , sin n z)3 ̂
6T(r,z,t) = ̂ I I 2_Ji P P El P 2

° P[j 2(0 b)b2E(H 2+0 2)][(n 2+H 2)(lh — ) + H ,

t  b L

(x) /(|)T'/r'dr/dz'[ J^(3jjjr') [n cos n z' + sin n z'] (x)
o  o o

--o(3_^ + n ^)(t - ^ . .v-ie  m p 9(r ,z ,t )J

II. The Green's function for semi-infinite boundaries.

From Section I the general Green's function is

"  " + n 2)(t - t')
G(r,z,t I r',z',t') = I ^ N(3 ) N(n ) ■

m=l p=l m p

)2( n z) Z(n^z')
o  m o m p p

For Bailey's Green's function the limits on r and z must become semi-

infinite; i.e. 0<r< '*> and 0 < z < <». As r and z become semi-

infinite, the Fourier component goes from discrete to continuous, so

that

"  ~ + n2)(t - t^)

N(3)N(n)
o  o

G(r,z,t I r%z',t')= / dB / dn[^-^ mTrWTTH (^)

R^(3r)R^(3r')Z(nz)Z(nz')]

^Ozisik, M. N.; Heat Conduction, John Wiley & Sons, N.Y., p. 113,
(1980).

92



The radial solution R^(gr) requires that at r = 0 no singularities

occur, therefore

R^(er) = J^(0r)

and the solution along the z axis becomes for the semi-infinite case

using Ozisik's table 2-3, case 3

1  2
Z(n,z) = sin nz with -177—= —

N(n) Tt

the z axis integration becomes

v/ \ 2 f -an2(t - t') . .F(z) = — J e sin nz sin nz dn
o

or

t4ira(t - 4a(t -
V2

C  (z + z" )2 1
Aa(t - t-)J

Rearranging terms yields

The normalization of the radial N(g) yields

00

N(3) = /r'J^(3r')J^(3r')dr' i j
O

to give for the radial portion of the Green's function

00 2 /* -*

F(r) = / 3e"°^ 'J (Sr)J (3r')d3
0 0

o

where R^(3i) is replaced by J^(3i) to insure non-singular behaviour at

3=0. This integral is standard; evaluating it yields
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FCr") - ^ r'2)/4a(t - t')^ r rr' >,- Wt-t^) ® VW^T-py)

For semi-infinite limits, the Green's function then becomes

In the narrow region around z = z' and with

2«(t"- t-) » °

the Green's function then becomes

• (..act "

t-

which is Bailey's Green's function.
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APPENDIX C

Voight profile and Laser Lineshape

I. Normalization of the Voight Laser Convolution.

As stated in the text the normalized laser/Voight convolution is

given by

Av « exp(-(—AT^)^)exp(-(^)2)dv'dv
F(v V )= 5—/ / h

°  Av_ Av -00 [Av ^ + (v - V - v' 1
L  g s ^ og

To see that this is a normalized convolution, rearrange the integrals

as

.  dxdy

g  g

Av ^ V - V „
,  S V ol „
where a = x = -j— y = —; 6_ . = v - vAVg Av^ ^ Av^ LG og oJt

this double integral is the overlapping area of the two functions

being convoluted. Figures 7, 8, and 9 are plots of the integral

showing the gas line functions and the laser lineshape. Areas

overlapping represent ^(^oi'^og^*

To check that the entire area from -<*» to 4<*> is actually

normalized to 1.0 integrate over Z where Z =« 6^ ̂ /Av and
LG g

b = AVj^/Av^(y - x),

oo 00 00 ^ Aa  j j j exp( -y^ )exp( -x-^ )dxdydZ
ir [a^ + (Z - b)2]

95



Following the Z integration which is a standard integral, this becomes

00 00

— / / exp(-x2)exp(-y2)dxdy
IT

—00 —00

the value of which is 1.0; the Voight/Laser convolution is properly

normalized.

B. Approximations for the Voight/Laser Function.

Using Kielkopf's arrangement of the Voight^ the laser/Voight

looks like

<X> V - V . " Av /ti

1  rxr®  -oo L -® [Av ' + (v - V - V ]
og

g  g

Kielkopf derives an approximation to the Voight function

vv

' " I<a)[(l - y)exp(-(-j^)2lnz) + 7i(-, ]
1 + ■ Av

V

where in Kielkopf's notation

Av
s

^ " Av
g

Z +

1
Kielkopf, J. F.; "New Approximation to the Voight Function with

Applications to Spectral Line Profile Analysis", Journal of the
Optical Society of America, vol 63 no. 8 (1973).
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2
a  (a )erfc(a)

s

= ̂ ^s/i

2 _ (1 - A)

®  ln2

A - 2/{l + £ln2 + [(1 - eln2) + (41n2/a )] }

e = 0.0990

V2

2
According to the evaluation of Hui, Kielkopfs approximation is

valid only for regions where a < 2.5 or near the peak of the Voight

curve. Six significant figures can be obtained in this region, but

when a > 6.0 or V > j 3^^ + 6Av j (near the wings of the Voight),

accuracy drops to only one significant figure. Using a Hermite

integration for the dv integral yields a highly accurate solution for

small a or near the peak of the curve. This will be referred to as

the Hermite-Kielkopf integration (H-K).

For those regions where a > 2.5 or in the wing regions of the

curve, a straight-numerical integration works quite well. This solu

tion using Hermite-Gaussian for both integrations will be referred to

as Hermite-Hermite (H-H) integration.

Using these two methods, the Voight/Laser convolution may be

accurately determined for each spectral line center.

2
Hui, A. K. et al; "Rapid Computation of the Voight and Complex Error
Functions," JQSRT, 19, 513 (1978).
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III. Determining the Linewidths

The linewidths entering the Voight/laser convolution are the

Doppler linewidth, Av^, the natural linewidth, the pressure line-

width, Av , and the laser linewidth, Av . Of the four, only Av is
P  Li L

considered to be known a priori. The other three are functions of the

temperature.

The doppler linewidth is given by the full width of the doppler

lineshape at half maximum (FWHM). Utilizing a doppler lineshape as

(v - V )^mc^

^d^^'^'og^ " t ^ 1
2v 2icT

where is the linecenter of the profile, m is the mass of the gas

molecules, c is the speed of light, k is Boltzman's constant and T is

the temperature. Setting this equal to 0.5 and solving for (v - v
o

gives

V ^kt
(V -V )2 = 8(-2 ^)in2

mc2

which is the doppler linewidth

Av = 2(v /c)(kT/m)^/22in2
g  o

evaluating the constants with M = (6.0223 x 1023)m where M is the

molecular weight of the molecule gives

AVg = 7.1615 X 10-7(T/M)1/2

3
Mitchell, Allan G. and Zenansky, Mark W.; Resonance Radiation and

Excited Atoms, Cambridge Press, London (1961).
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Similarly, the pressure linewidth can be evaluated by calculating the

Lorenz function at half maximum. The pressure linewidth is given by

[l + [2TrT(v - V )]2]

or

gives

and

1 + [2tit(v - v^)]2 = 2

2TrT(v - V ) = 1
o

AV (hz)

The mean time between collisions, t, may be evaluated using Davidson's

treatment,^

1/t » (2.753 X 1012)(x/m)1/2d2n^

where is the mole fraction of the i*"^ species and D^ is the colli

sion cross section. Campbell and Lewis^ give the cross section as

6.708 X 10-®cm and 4.47 x 10-®cm for N2 at 300K and 2,000K

respectively. For the Na-N2 mixture « 1.0 and = 0.0.
^  2

For Na, the Einstein A coefficient for the doublet 3 P states is

given by ref. 5 as A >= 6.13 x 10^ sec . Natural broadening is the

4
Davidson, N.; Statistical Mechanics, pn. 162-164, McGraw Hill, New
York (1962).

^Campbell, D. H. and Lewis, J. W. L.; "Detailed Temporal Behavior of
Laser Excited Sodium Tracer in Nitrogen and Application to Nitrogen
Number Density Measurements at Low Densities", Applied Optics, vol. 20
pp. 4102-4109 (1981).

99



lifetime of the 3^P states given by the lorentzian function above with

1/t = A

so that

AVjj = A/2ir = 9.756 x 10^ (hz)

The lorentzian linewidth, Av , is then simply
8

Av « Av„ + Av
s  N p

Since Av^ and Av^ are both dependent on the square root of the

temperature it is necessary to see what change in the linewidths

accompany a change in the temperature. As shown in Figs. 29a and 29b

neither Av^ nor Av^ vary more than 5% over a temperature range of 250K

to 2000K. The temperature dependent linewidths may then be taken as

constant for the deflection calculation.
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Figure 29. Lorentzian and Doppler Linewidths vs Temperature.

(a) Av (Lorentzian) for (solid) n(N ) = 10^^ cm~^,(long broken)
20 -3 19 -3n(N„) =10 cm , (mixed broken) n(N_) = 10 cm and (short broken)
18 —3n(N2) = 10 cm vs Temperature, (b) Av (Doppler) linewidth
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APPENDIX D

Pulse Shape Function

Formation of the pump laser pulse is accomplished by using the

difference between two Heaviside functions. The basic functional form

is

Wf W(t - T^)A(t) = tanh (.j^) - tanh (
P  P

where x is the pulse width at FWHM in seconds, t is the time in the
P

pulse, and W is a weighting function used to alter the pulse shape.

Direct calculation of A(t) is not satisfactory, however, since the

values are centered about t = 0 and are not usefully normalized.

Since the solution for 5T(r,z,t) is numerical, array A(t) is generated

and stored to provide the proper shaping for a single pulse.

If X and X . represent the calculated maximum and minimum
max min

values of A(t), then A(t) may be formed by first normalizing with,

A(t) - 1 —
fx - X . 1
max min''

Numerical shifting of the array such that the first non-zero value of

A(t) falls at t = 0 is then accomplished. The result is a pulse shape

dependent on the value of W. Gaussian-like pulse shapes may be

obtained for 20 = W = ICQ while square waves are generated for

W > ICQ. FWHM of the waveform remains constant for a given x^.

Linear interpolation between A(t^) and A(t^ j) are used to calculate

values of t such that t^_j^ < t < t^. Use of A(t) in the 6T derivation
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in section IIB assumes this numerical interpolation procedure.

Figures 30a, b, c, and d show the resulting waveform for various

values of W, and x « 1 msec.
P
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