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Abstract

Fractal image compression describes an image by storing the relationship between diifo'ent

regions of an image in the fwm of contractive af&ne transforms. This technique provides extremely high

compression rates while maintaining good image fidelity and rapid access to the image. The disadvantage

of this technique is the intensive computational requirements for image compression. Computational

requirements can be reduced by minimizing the number of comparisons that must be made.

A set of domains and ranges WCTe defined over each image compressed. For each range a

domain pool was defined consisting of all domains within a given distance (in pixels) from the range. As

the size of the domain pool was varied compression ratios and image qualities were measured.

This research concluded that, based on the compression of three images, a distance of

approximately 60 pixels resulted in an acceptable compromise between image fidelity and computational

requirements. At distances less than 60 pixels increasing the distance results in large benefits in terms of

compression ratio and image fidelity. There was little benefit from using distances greater than 60 pixels.
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Chapter I

Introduction

In today's wwld of digital computo's, graphical images are constantly used as a communication

medium fw transferring ctxicepts and ideas between computers and users. These images, in the form of

picture elements (pixels), are memory and bandwidth intensive. Multiple megabyte hard disk and CD-

ROM drives, gigabit magnetic tape drives, and megabit po" second (ml^s) netwwk communicaticm

hardware and software are required to support these images. To increase the capabilities of present

computing and communication resources to manipulate and transfer images, the prcqwsed research plans

to investigate digital image compression as a method to enhance present compute' systems.

Within the past few years, an image compression technique known as fractal image comps'ession

was introduced and published in the doctoral dissertation by Jacquin [10]. This dissertation, based cm

patents held by Barnsley, outlined the algwithms used fw this technique [3]. Although this technique

provides high image quality and compressicm ratios, the technique has not been widely accepted because

of its intensive computational requirements and extreme compression times.

Fractal image compression techniques encode an image by stcving the relaticmship between

different regions of the image to domains defined ovct the image. The intensive computational

requirements of these techniques are a result of the large number of compariscms perfwmed in finding the

cqitimum transform which approximates the image. To reduce the extreme ccmipressicm times required

fcx' compressicm, the numba" of compariscms must be minimized. Howeva, reducing the number of

comparisons reduces the image quality and compressicm ratio and increases the memory stcx'age and

bandwidth requirements.

Fcv this research, a set of domains and ranges are defined ov^ the image to be compressed. The

ranges are the regicms of the image that the fractal transfcxms will describe. The set of domains provide

the source of the transforms that will describe the ranges. Detomining the transform few a range ccmsists



of comparing the range to a set of domains within a given radius of the range. This set of domains is

called the domain pool for that range. The purpose of this thesis is to detCTmine the optimum domain

pool radius needed to reduce the computational requir^rats while maintaining high image fidelities and

compression ratios.

Chapter n presents background infamation and theory of fractal image axnpressicMi. The

chapter introduces image compression techniques, fractals, fractal image compression, the mathematical

background of fractals, application of fractal image compression, and theory of effects of varying the

domain pool size.

Chapter III presents procedures and algwithms fcx" encoding and decoding an image. DistOTtion

measurements for images, fractal image compression algCHithms, fractal image decompressicxi algorithms,

and the fractal transfcHm file frnmat are introduced.

Chapter IV presents the results of the research. The results fw each compressed image are

presented in the fwm of grai^iical plots, e.g., compression ratio vctsus distance, and signal to noise ratio

(SNR) versus distance.

Chapter V presents conclusions and areas for future wwk.



Chapter II

Fractal Background and Theory

This chapter presents background information and the theory of fractal image ctxnpressim. The

chapter introduces image compressicxi techniques, fractals, fractal image compression, the mathematical

background of fractals, application of fractal image compressicxi, and the theory of effects of varying the

domain pool size. A mca-e detailed discussion of the theory of fractals can be found in Bamsley's text [1].

2.1 Image Compression Techniques

A digital or raster image consists of a two dimensional array of image elements called pixels.

Each pixel has an associated intensity color that is rq)resented by a group of bits. For example, gray

scale images have pixel values that range from 0 to 255. Consequently 8 bits must be used to rq)resent

each pixel of a gray scale image. True color images are anoth^ common raster image fcvmat. In this

fwmat pixels are made up of three bytes (24 bits), divided up into 1 byte fw red intensity, 1 byte for green

intensity, and 1 byte fw blue intensity. An image is sttx'ed in a ccxnputCT as a sequential stream of pixels

with each pixel requiring at least a byte. As the numba of pixels in an image increases the sto'age

requirements become very large and can easily exceed a megabyte of disk space. Storage requirements of

an image can be reduced by the use of image compression techniques. Image compression reduces the

storage requirements of an image by reducing the number of bits per pixel while maintaining the same

colcx" resolution. The number of bits of the original file divided by the numb^ of bits of the compressed

file is the ccMnpression ratio.

Th^e are two families of digital image compression techniques: lossy and lossless. With lossless

image compression an image can be compressed and decompressed with no loss of information and the

resulting image is identical to the original image. Howev^, these techniques provide relatively low

oxnpression ratios. Lossy image compression techniques provide high compression ratios but the



decompressed image is an approximation of the original image. GenCTally, the higher the compression

ratio the lower the image quality.

Over time, standards have evolved in image coniM'ession. Two common image compression

standards are GIF (Graphics Interchange F(*mat) and JPEG (Joint Photographic Experts Group). JPEG,

a collabcH-ation between CCITT (Intonational Telegraph and Telq)hone Ccxisultative Committee) and

ISO (International Standards Organization), is an international standard for compressing and transmitting

images[16]. GIF is the standard for transfCTiing images on CompuServe and has gained a wide following

in the private and public sectors [S].

GIF is a lossless image compression technique used to stOTe and transmit images. This technique

gained its initial popularity on CompuServe, but it has since become a pt^ular standard in networks and

bulletin boards in both the public and private sectws [5]. The GIF technique begins with a true colw

raster image. The raster image is compressed using a slightly modified LZW compressitHi technique [5].

LZW is a lossless compression technique that maps infomation to a symbol table that is generated

dynamically from the data to be compressed. Compression ratios from this technique are typically 2:1

[17].

JPEG is a standard which consists of a group of four separate ccmpression methods. These four

fcHms of JPEG are sequential, progressive, hierarchical, and lossless. In sequential encoding the image is

encoded in a single scan [16]. Progressive encoding uses multiple scans inaeasing the image

compression ratio and the compression time [16]. With progressive encoding the image reconstruction

proceeds from a coarse initial image to a mwe refined fmal image as the scans {X'oceeds. Hierarchical

compression encodes the image at multiple resolutions [16]. This way low resolution versions of the

image can be accessed quickly and high resolution versions of the image can still be recreated. Lossless

encoding provides an exaa reproduction of the image aftCT reconstruction [16]. The draw back to this

method is that it provides lowo- compressitMi ratios than the other three lossy techniques. Sdectitxi of the

method to use is based on prc9)erties of the image, computational requirements, and user requirements.



The most common fwm of JPEG is the sequential compression method [2]. Comp-essirai begins

by dividing the image into 8x8 pixel blocks. A DCT (Discrete Cosine Transform) is applied to each

block and the resulting coefficients are stored using Huffman compression. Huffman oxnpression is a

lossless technique of rq)resenting a piece of infomatioi with a variable number of bits. Coefficients that

occur frequently are encoded with as few bits as possible while confidents that occur less fi"equently will

be represented with mwe bits. Huffman compression requires a table of how the coeffidents will be

represented. This table is based on probability of occurrence of each coefficient value.

This sequential comix'ession method is lossy due to the truncaticxi error incurred when storing

the DCT coefficients. The DCT coefficients are divided by a quantizing value, and the fractional portion

of the result is removed. The resulting integers are stwed using a Huffman compression. The DCT is

reconstructed by deampressing the values and multiplying them by the quantizing facto'. The range of

integers allowed and the efficiency of the Huffman determine the final compression ratio. If a large range

of integers is allowed, DCT coefficients can more accurately be decompressed, but the compressed file

requires mwe storage space. Typically compression ratios of 3:1 w 4:1 can be achieved with sequential

JPEG compressicHi while maintaining high quality images[16].

Fractal image compression is a lossy technique that compresses images by stoing the self

similarities of the image as affine transfOTms. The transforms can be scaled to operaiie on images of any

size. The affine transfcwms are size independent. It is difficult to determine the exact compression ratio

using this method because the image can be decompressed at a variety of resolutions. Extremely high

compressirai ratios (over 1000:1) have been reported by decompressing a fractal image into an image

many times larger than the wiginal [2]. Comparing the compressed image to the original image is a more

reliable method of detamining the compression ratio. Compressioi ratios of 10:1 to 40:1 have been

repOTted by comparing the compressed image to the original image file while maintaining high image

fiddity. The drawbadc of this method is that it can take fi-om an hour to days to compress one image on a



80486DX2 66Mhz based canpuler. However, once the image has been compressed it can be

decompressed in a matter of seconds.

Need determines the compression technique used. If the compressed image must be recovered

exactly, lossless image compression techniques must be used. The lossless techniques, such as GIF and

JPEG lossless, have low compressicxi ratios. If approximation of the (xiginal image is accq)table, lossy

compression techniques can be used. Lossy techniques, such as JPEG sequential compression and fractal

image compression, have high compressim ratios. If the computational requirements are not impo'tant,

fractal image compression may be a good choice. Fractal image compression provides high compression

rates and a high image fidelity at the cost of extremely high computational requirements.

2.2 Fractals

The idea of fractals cxnginated with Mandellxot [9]. In the 1960's Mandelbrot was analyzing

cotton ixices. Cotton is an old and well regulated commodity and consequently there are well k^t records

of cotton prices dating back to the early 1900's. Afto" some analysis Mandellxot noticed a strange

peculiarity in the data. Although the day to day prices wCTe random, self similarities on various time

scales were emerging. The pattens of one day's prices appeared to be similar to the price trends over a

month. After further investigation Mandellxot confirmed that thCTe were similarities within the data over

time and scale. These similarities pwsisted over a sixty year p^iod that saw two wwld wars and the

American great depression. Mandellxot had observed fractal behavior in the variation of cotton prices.

Fractals are based on the idea of similarities within a system at various scales. When the cotton

data is examined at (xie scale or another there are no significant similarities. Jfoweva, when the data at

two different scales is examined, e.g. on a monthly and a daily basis, similarities appear. If a

mathematical transfom can be used to describe the relaticmship between the information at different

scales, the system is called a fractal. The function that describes the relationship is a fractal transform.



Fractal transfOTms can describe very complex systems with very little information if the system exhibits

the fractal characteristics of self similarity at various scales.

Afto" the discovCTy of similarities in cotton data, Mandelbrot began to explore otho* occurrraces

of this fractal phenomenon. Mandeltvot used old mathematical paradoxes to describe and model complex

systems and behaviws. He began to see the systems in a whole new light. These old mathematical

paradoxes included the two classic fractal examples Cantor dust and Koch curve [9]. These fractal

examples can be represented with simple transforms, but they produce complex systems. Manddbrot's

comparismis of these mathematical paradoxes to physical systems resulted in a greater understanding of

both the mathematical models and the physical systems.

Cantor Dust is a construction in which a finite line is reduced to an infinite set of points of length

zero. This construction begins by taking a finite line and removing the middle third. The resulting two

finite line segments are a third as long as the original. Rq>eating this process on each segment an infinite

number of times results in the Cantw Dust construction (Figure 2-1) [1].

This construct was used by Mandelt»'Ot during analysis of noise in telephcxie lines. In telephcme

lines, thCTe are periods of noise and periods of no noise. In a period of noise, thCTe v/ete regions of noise

and no noise, and so on. This was not very remarkable except fw the fact that the ratio of noise to no

noise regions remained approximately constant at various scales of obsCTvation. From fractal analysis



Mandellx-ot concluded that the engineers should stq) trying to solve the problem of noise by increasing

signal strength. Instead a mod^ate strength signal should be used and they should accq>t that there is

going to be scxne error in the signals [9].

A Koch curve is a line segment of infinite length. Construction of a Koch ciuve b^ins with a

line segment. In the middle of the line segment, make an equilato'al triangle with each side a third of the

l^gth of the original line segment. Next, remove the middle third of the original line segment. Rqieat

this procedure on the four line segments an infinite number of times. The resulting curve will be of

infinite length (Figure 2-2(a)). A Koch snowflake follows the same procedure as the Koch curve excq)t

with an cxiginal configuration of three line segments forming an equilateral triangle. The Koch

snowflake encloses a finite area, but has an infinite circumference (Figure 2-2(b)).

The Koch curve and Koch snowflake have existed fw a long time, but Mandelbrot saw them in a

different light. Mandellwot was contonplating shorelines and political boundaries, and started

questioning the accuracy of bwder measurements. The length of the bwders is dependent upon how the

measurements are made, just like the length of a Koch segment is dependent upon how many times the

procedure has been iterated. When a satellite image is used to measure the length of the border a lot of

detail will not be measured and the distance will be approximated in tmns of long line segments. The

resulting bwder length will be relatively shwt. If a yard stick is used to measure length of the bwder, a

longer length will be found because mcve detail will be takra into account. If a 12 inch nilo' is used, the

length will be longo* again as the measurements go into mwe of the nodes and crannies. Therefore, the

length of the border depends on the scale of the measiuement and the detail of the measurement



C* ^ c"-!

?
j^-j

fJXJ
«-. .i
>  t,

VA, J
r

S~A.>

-i c

^  f'n f'

,.A.r

■<_Aj- ■■«La.

Figure 2-2. Koch Segment and Koch Snowflake.

As the field of fractals and fractal geometry continued to evolve, many interesting systems were

explored. Fractal art is a popular area of fractals. Strange mathematical sets, such as the Mandelbrot set,

have become very popular fw producing images. Fractals can also generated very intricate and colix'ful

images based on simple mathematical fcxmulas that appear to be real wwld objects such as flowers, trees,

and fields [9].



2.3 Fractal Image Compression

If fractals can be used to create pictures, can an arbitrary image be represented with fractals?

This is the focus of Barnsley's research. Bamsley is exploring the possibility of rq)resenting real world

images with fractal transforms. His work has produced very life-like images from rdatively simple

equations. Initial images were all tediously created by hand but as his wwk continued Bamsley develq)ed

a technique which automates the process of creating a fractal to approximate an arbitrary image.

Since fractals can rqiresent ctxnplex systems or images they can be used as an image encoding

technique. Because fractals can rq)resent complex structures with voy little information images encoded

as fractals should take up less stOTage i^ace and provide an image compression technique. Difficulties lie

in finding the fractal transf^ms that will represent a desired image. The problem of finding the functions

is known as the inverse iterative transfom problem, and was partially solved by Jacquin [10].

Fractal image compression has large computational requirements due to the large number of

transforms considered to find the one transfcxm which best describes the image. Various papas have

been published describing various means to compress an image using fractals, but none of these papers

have examined how large of a solution set must be searched in order to find an adequate solution which

describes the image. Most work in fractal image compression attempts to do some preprocessing to

classify regions of the image. Only regions with the same classification are compared [4,6,9,10,14].

While classifying regicms of the image does limit the number of comparisons, the computatitxial

requirements are still very large.

Kaouri attempted to limit the size of the solution set by only locddng at a small subsectioi close

to the region of the image that was being described [13]. The compression scheme worked. Howeva, no

infcvmation was presented describing the result of using diffaent sized subsets, or even if diffaent sized

subsets were attempted.
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2.4 Mathematical Background

This section Iwiefly presents a mathematical framewwk used to describe iterative systems and

resulting fractal images. Fot a detailed explanation of fractal theory, see Bamsley's Ixx^ [!• 2].

Let p denote an image. Each image p is an element of the set of all possible images X. The

distance measure dO is the measure of the similarities between two images. Two images which are

visually similar will be a shot distance apart, while dissimilar images will have a largo* distance. A

distance of zao means that the images are identical.

An image, p, can be operated on by a transform function i. The transfom frmction, t, maps the

image pj to an image Pj^.] in the set of all possible images X. s is the cOTtractivity of the transform t. A

Pansform is conpactive if

35 <1 such that Vp,V€X,d(T(p),x(v))^5d(p,v). 2-1

When a PansfcH'm is rq)eatedly applied to an image it will generate a series of images p^, pj, P2,

P3... Pn where

2-2

The function i which does the mapping determines what the series of images will be and how it will

behave. If the transfwm function t is conpactive, the series will converges to an image p^jg regardless

of the iniPal conditicms. If M^orjg ̂ atPactor of the Pansfwm x. A

conpactive Pansform can be iterated tm an image and will converge to a stable image.

By the Collage Theoron, the attracts of a fractal Pansfom can be fwced to be arbiparily close

to an initial image, P0^g[l,2,9,14]. This theorem provides the tools needed to solve the inverse transfcxTn

problem. The Collage Thewem states:

Letlt: tj, i = 1,..., n) define a Pansfcxm function that cerates on three dimensional spaces.

If set of Pansfcxms t can be found such that d(p^ig, t(p^g)) e>0.

then

11



2-3

1-5

where A is the attracto' of the transfom t, s is the contractivity factcx', e is the maximum allowed aror

distance[l,14]. Transfcmns can be made up of many smallw transfwms covwing the original image. One

method of applying this theorem is to cover the desired image with a set contractive afflne transform

that map the image onto itself.

2.5 Application of Fractal Image Compression

As previously stated, fractal image compression stcves the similarities of an image in the fcM-m of

affine transforms. The process of determining the affine transforms that represent an image is known as

the inverse transfcsm problem. Once the transfwms have been determined they are stwed in a computer

file and used to reconstruct the image. Reconstruction of the image is perfamed by repeatedly applying

the transforms to an initial random image until the image has converged to an approximaticxi of the

wiginal image. When transfmns are applied to an image, they mutate an image into one the functions

represent. The initial image used fw reconstruction is unimportant because transfwms have an attractor

which is the image that they describe. After multiple iterations transform functions will convo-ge cm their

attractor regardless of initial conditicxis [1,2,10]. As long as transforms can be stcxed at a lowo' bit per

pixel rate than the (xiginal image, stcxing fractal transfcxms can be used as an image compression

technique.

Affine tranfforms are linear fimctions used in fractal geometry to describe the relationship of one

region of an image to another region of the same fractal image. In complex images, groups of affine

transforms are used to represent various similarities.

A three dimensional affine transform is a linear function described by the function

12
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where (x,y) is the location of a pixel, z is the gray scale value of the pixel (x,y). a, b, c and d provide

rotatitxi and scaling of the pixels, e scales the gray scale levels, f, g and h provide translation. An afifine

transfcxm is said to be contractive if it maps a large region onto a smallo* region. For the above transform

to be contractive a, b, c, d, and e must be greater than or equal to 0 and less than 1. If the transfcxm is

contractive, the transfcxm has an attractcx'[10,ll].

As long as affine transfcx-ms are contractive, an image can be represented by defining a set of

transforms over the entire image known as a collage. The transfcxms describe how each piece of the

cxiginal image is similar to another regicxi of the cx'iginal image. This collage of transforms ccxitains all

of the information needed to reconstruct the image in the future [2].

The first step in determining the transforms is to divide the image up into fixed sized,

overlapping regicxis called domains D. The set of all dcxnains defined over an image is given by

D = \D} 2-5^  t J 0<iiNo ^ ̂

where Nj) is the number of dcxnains defined over the image p. The upper left hand ccxtict of each

domain will be offset fircxn the previous dcxnain by a distance of Ad. The dcxnains, D, will provide the

domains for the affine transforms.

Next a set of ranges, R, are defined. The set of all ranges defined over an image is given by

«={«,},(KiSV. 2-6

where is the numb^ of ranges ddined over the image p. These ncxi-overlapping ranges cover the

entire image p. Equal sized ranges, half the size of the domains, are initially defined. As the image

compressicxi proceeds the size and numb^ of ranges vary.

13



Domains and ranges cover the entire image. Any given pixel in the image will lie in one range

and probably multiple domains.

Fot each range € R defined over the image p a transfra-m must be found. First the range

Rj is classified. Based on the classification of the range R| a predetermined set of transforms is applied to

a subset of the domains D in an attempt to find a match most similar to the range. If the most similar

transfOTm-domain pair approximates the range with an error less than the allowed error, a match has been

found. If a match is found then the transfoTn that describes that match is stored. OthoTvise, the range Rj

is split into quartos and another attempt is made at finding a transfom fw each of the four child ranges.

The transforms, the domains they operate on, and the range the transfwm describe are all stored in a

computer file. This file is the ctxnpressed image file. The process of defining the subset of the domains D

searched fcx* a given transf^m is described in the next section.

Image decompression begins with an arbitrary image. The arbitrary image is divided up into

domains similar to the domains used fw compression. Transforms are loaded into memory fi'om the

computer file. Next, the ranges are defined over the image based on the information stwed in the

transfOTms.

Transforms are applied sequentially to each range defined over the image. The result firtxn the

transform replaces the portion of the image covered by the range. One itCTation of the firactal transforms

is completed when evo-y transfwm defined over the image has been applied once. After multiple

iterations of the fractal transfcMins an image will convCTge uptxi the attractcx" of the fractal transforms.

2.6 Effects of Varying the Domain Pool Size

This research is an extension of the research by Kaouri [13]. The purpose of this wwk is to study

effects of various sized domain pools on image compression ratio and fidelity. The results create an

efficient fractal image compression routine. The number of ctxnparisons required to detomine the

transforms was minimized while maintaining an acceptable compression ratio and image fidelity.
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Let DP^^ denote the domain pool used to detomine a fractal transform for a given range

Rj. The domain pool DP^. ̂̂ consists of all domains with uppo' left hand owners within T pixels of the

upper left hand owner of the range Rj (see Figure 2-3). Domain pools are a superset of all domain pools

with a smaller distance T. A domain pool includes all smallw domain pools plus new domains fw a given

range Rj. Increasing the distance T will never cause the image quality or compression ratio to decrease.

The number of computations required is dirertly propwtional to the size of the domain pool. The

size of the domain pool increases with the square of the domain pool radius, T^. The numbw of domains

in the dwnain pool that must be compared to a range is giv«i by Equation 2-7.

TcT^ 2-7
NumberOfComparisons =

tsd

Figure 2-4 is the graph fw the approximate number of comparisrais required if the domains are offset by 4

pixels from each other (Ad=4). Minimizing the domain pool size while maintaining image fidelity and

compression ratio will optimize the computational requirements of fractal image compression.
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Figure 2-3. Two Domain Pools fw the range Rj in the image ji. The domain Dj is included within the

dcmiain pools defined by the radius T j and T2- The domain D2 is included in the domain pool defined by

T2, but not in the dcmain pool defined by Tj. maps the dcxnain D2 to the range Rj. D3 is offset from

D2 by Ad.
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Figure 2-4. Comparisons versus Domain Pool Size Radius T. The domain offset Ad is 4

pixels.
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Chapter ni

Procedures and Algorithms

This chapter presents procedures and algoithms for encoding and decoding an image. The

chapter introduces distOTtion measurements fcv images, fractal image compression algmithms, fractal

image decompression algwithms, and the fractal transform file fwmat. The basic algorithms covered in

this chapter were first presented by Jacquin [10].

3.1 Distortion Measure

Distortion between two images is measured with an average mean squared error [10,12].

N u 3-11  N M

-—X X ("i j ~ "ij

where the image M is N pixds high by M pixels wide. U- j is a pixd of the current image and U ĵ is the

corresponding pixel of expected image. This errOT provides a measure of similarity between the two

images. Although this method does not necessarily measure the visual similarities between images it has

been used for many years in the field of image processing and is an accepted measure fcv image

comparison [12]. Other methods of determining the visual similarity between two images exist but they

require more computation. The average mean squared method chosen was computationally inexpensive

and provided accq)table results [10].

Final analysis of the decompressed image was performed with the signal to noise ratio (SNR)

measurement.

SNR(dB) = lOlog,o
^PeakDR^^

eL J

where PeakDR is the maximum dynamic range of the oiginal image's pixels [12]. In this w^k the

maximum dynamic range of the gray scale images used was 255.
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3.2 Fractal Image Compression Algorithms

Encoding an image was accomplished by defining a set of transfatns t. The transfcrms describe

a set of ranges R within a given error. The image to be encoded was initially divided into a set of

overlapping domains D of equal size. Next, a range the same size of the original image was defined. The

range was then repeatedly quarto'ed until the sub-ranges wae smaller than the domains. After the ranges

have been defined an exhaustive search was perfomed to find a transform and a dtxnain describing a

range as close as possible. If a dcxnain-transform pair could not be found that described the range to

desired accuracy, the range was split into quarters and the process was applied recursively on each

quarter. The maximum distOTtion allowed was determined wben the image was encoded.

All of the range sizes as well as the size of the oiginal image to be encoded wo'e assumed to be

squares with sides equal to a power of 2. Each pixel was assumed to be an 8 bit value ctxresponding to

(me of 256 gray scale intensities.

Each range bl(x;k was classified as either a shade blcmk, an edge blcmk, or a midrange block. A

shade block is defined as a block which has no significant gradient. An edge block has a definite change

in intensity within the bl(x;k. A midrange bl(x;k has a gentle gradient with no definite edge. F(M' a

detailed description of the algcmithm used to perfcxm this classification see Appendix A.

The transfcxm describing an image was made up of a collage of transfcams. Each transfcHin

defines one range of the image. Let /? = define the set ranges defined ovct an image. An

image transfcnm t has the form;

X= withx,. =Fi oLj 3-3
OSi<N

where the affine transfcam is made up of two distinct transforms Fj and L^. The transfcmm defines

the range Rj. Each transfcam Xj represents (Mie affine transf(xin as described by Equaticxi 2-4. Actual

values fca* the translation of the affine transfcvm, represented by the variables f and g in Equaticai 2-4, are
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not calculated. Instead, the transfcvm tj has a domain index indicating the source for the calculaticxis.

The index was used to determine the source domain of the transfcxm. The result represented the range

defined by the transform.

Lj is the special contraction of the transfwm. This transftxin scaled the domain block to be the

same size as the range block. Contraction of the affine transform was performed by this transfcxm. This

portion of the transfcxm tj correspcxids to scaling the variables a, b, c, and d fircxn Equation 2-4.

Fj provided rotation, ccxitrast, and brightness adjustments fcx the transform. These three

parameters were selected to minimize the distorticxi between the cxiginal range and the transfcxmed

domain. The contrast a, and the Ixighmess Ag- adjustments of the transfcxm ccxrespond to the variables

e and h from Equation 2-4 respectively. Rotation of the transfcxm was represented by an iscxnetric

transform i. i can be rq)resented as a two dimensicxial rotation matrix that ccxrespcxids to the variables

a, b, c, and d from Equation 2-4.

Three separate pools of predetomined transfcxms w^e searched to detomine a transfcxm fcx a

given range. The transfcxm pcx)l searched was det^mined by the range block classificaticxi. The different

types of blocks have different charact^istics that were exploited to simplify the search fcx a transfcxm.

If the range was a shade block then the transfcxm used was a ccxistant. The fcxm of the

transfcxm was

^•=C, 3-4

The range block was approximated by a ccxistant value equal to the average intensity of the cxiginal range.

If the range was a midrange blcxk then the transform was

X. = Fi o L, = a,, (l,. o ) -I- Ag. 3.5

where a, was a constant scaling factcx taken from the set (0.7,0.8,0.9,1.0), Dj was the dcxnain that the

transform was operating cxi, and Ag- was calculated such that the avo-age intensities of the original range

and the transfcxmed domains wo'e approximately the same. Thus Agi was

=  3-6
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where and Dj represent the average intensities if the range and domain respectively.

If the range was classiHed as an edge block the transf«in was

X. = F. o L, = (a, (Lj oDj) + Ag,) 3-7

where was an isometric transform providing rotaticxi and translation of the pixels, a,, was a oxitrast

scale, Ag- was a Ivightness scale, and Dj was the domain.

a, was chosen such that the domain and the range have aiq>roximately the same dynamic range.

The value fw a,- was chosen by calculating

driR,) 3-8
a: =—

dr(Dj)

and setting a, to the closest value from the set {0.5,0.6,0.7,0.8,0.9,1.0}. The dynamic range of a

block was calculated by identifying the two highest peaks of a histogram of the block. If the peaks were at

least 1/4 of the dynamic range apart then the peaks represented the value of the bight and dark regions of

the block. If the peaks were not 1/4 of the dynamic range apart, a different method of finding the

intensities of the regions was used. To find the value for the light region a search began at the value 0 of

the histogram and proceeded upwards until a peak was found. This was an approximate value fw the

block's light region. The search ftv the dark region began at the tq) of the histogram and w^ked its way

down until another peak was found. The second peak represented an approximate value fcx* the block's

dark region. The dynamic range of the block was the differMice between the values of the peaks.

Ag- was calculated so the intensity of the dark regions of the scaled domain (a,. {Lj ̂Dj)) and

range (Rj) were approximately equal. This was done by using the histogram of both regions and then

identifying the two highest peaks. Ag- was found by subtracting the dark peak value of the scaled

domain fixwn the dark peak value of the range.

Agi = Dark Peak(/?,) - Dark Peak(a, (Ly o Dj)). 3-9
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Next the isOTietric transfOTin was determined. The Isometric transforms rotated and translated

pixels within a block. They do not modify pixel values or change the average intensities.

The isometric transfram was chosen from a pool of eight possible transfoms. Each transftxm

maps a square region to another square region. The eight transfams and their correspcxiding 2

dimensional matrixes are:

i) Cq^y the pixels with no reflection or rotation

(loD)(x,y) = D(jc,3') 3-10

^0 ~[::]
ii) Orthogonal reflection about the mid-vmical axis

(IiD)(jc,}') = D(5-1-x,3') 3-11

[o 1.
iii) OrthogCMial reflection about the mid-horizontal axis

{h^Xx,y) = D{x,B-\-y) 3-12

=[: -J
iv) Orthogonal reflection about the first diagonal (i=j)

3') = £>(>. Jf) 3-13

^3■p;]
v) Orthogtxial reflecticm about the second diagonal (i + j = B -1)

(l4D)(x,}') = £)(fi-l-y,B-l-x) 3-14
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vi) Rotation about the center of the block +90°

3-15

=[-" ;]
vii) Rotation about the center of the block +180°

3-16

l6 =
-1 0"

0 -1

viii) Rotation about the center of the block -90°

{^D){x,y) = D{B-l-x,y) 3-17

I? —
0 -1

1  0

Each domain block D is of size BxB. Each isometric transform was tried and compared to the oiginal

range. The isometric transfcvm producing the lowest distCHtion was chosen fOT the transfom T, that

describes the given range Rj.

For each range, the transfmn was applied to a set of domains Dr where Dj e Dg. The domain

Dj and the parameters from transfcH-m X, {Dj ) that resulted with the lowest distra-tion compared to the

original range Rj was the transform chosen. If the distortion was larger than a predefined acceptable

amount, the range was quartered. The procedure was applied recursively to each of the quartered ranges.

The domain pool used to determine a transftsm for a range Rj was the set of all dcnnains within

the circle of radius T^ centered on the upp» left hand cwner of the range. For a domain to be included in

the circle the upper left hand ccxmo' of the domain must lie in the circle. Domains that lie outside the

radius T^] are not considered as candidates for the given range and igncved.
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Transforms were determined for each range Rj defined ovct the image ji. As each transfwm was

determined it was placed in the firactal transfwm file. Details of the file framat are in the section Fractal

TransfOTm File Fwmat.

3.3 Fractal Image Decompression Algorithms

Decompression begins by defining an image p. with arbitrary pixd values. The initial p image

consisted of unifcvm gray scale values of 128. The transfoms are loaded into memwy fi-om the

compressed file. Ranges and domains are then defined ova* the image based on the transforms from the

file. The transforms are then iterated over the image. As the transforms were iterated the image

converged towards the attractor of the transforms. The fidelity of the final decompressed image depends

on the number of times the transfoms were iterated on the image and the errw bounds used to determine

the transforms.

For this wwk the transfwms were applied 10 times to an initially uniform gray image with pixel

values of 128. Previous work done by Jacquin has determined that a transform will converge to the

desired image with ten iterations of the transfcams [10].

3.4 Fractal Transform File Format

The transforms describing an image were stewed in a computer file. The compression ratio was

the ratio of the transform compute file to the original file size. An efficient means of sttwing the

transfcwms maximized the compression ratio. This program used a variable record stcwage scheme

dependent on the transform type and range block size.

The first 21 bits of the fractal transfcwm file consisted of a file header ctxitaining the size of the

(wiginal image, size of the domains, and offset of one domain to another domain. The header is detailed

in Table 3-1. All three of these fields are unsigned integCTS.
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Table 3-1. IPS File Header Format.

Information

Bits 9

Domain Size

8

Domain Shift

Following the header were descriptions of the affme transforms. Each transfOTm was described

by a variable length recwd which follow each other sequentially. The record fcxmat of each aitry is

detailed in Table 3-2. Each record craisists of a minimum of a Transform, Ag, sign bit, a value fc»- Ag^,

and the size flag.

The transfwm field was a 3 bit unsigned integer indicating the transform type of this record. It

corresponded to one of the three classification types: 0 for shade transfwm, 1 fw midrange transform, and

2 for an edge transform.

The meaning of Ag- varied fcM' each transfram, but evCTy transfmn had an 8 bit value for Ag-

and a sign bit for Ag-.

Table 3-2. IFS File Record Format.

Information Transform11i
Ag. Size Flag iog2 Size Dtjmain

■
isometric

Bits 2 1 8 1 3 o/12/i: 0/2/3 am

The size flag indicated if the recwd represented a new size. If the size flag was set then the next

3 bits rqiresented the size of the range this recwd and the next three recwds represented (which may

recursively split into smaller regions themselves). These three bits were the log2 of the size of the range.

The actual range size was determined by taking 2 to the power of this value.



If the recOTd represented a midrange or an edge transfOTm, the next 12 bits indicated the dtxnain

index used fcff this transform. The domains are indexed from left to right, starting at the tap and moving

down the image.

If the recOTd represented a midrange block, a value ft* 04 was in the next 2 bits. The actual value

fw ttj was calculated by taking the value stored in the two bits, adding 7 to it and multiplying by 0.1. The

result was a number in the set {0.7,0.8,0.9,1.0}.

If the reccvd was an edge block, fields which followed the domain are 3 bits ftx' Oj and 3 bits for

the iscxnetric transfcxm i^. 04 was calculated by adding 2 to the value fw aj and multiplying by 0.1. This

resulted in a value fw 04 from the set (0.2,0.3,0.4,0.5,0.6,0.7,0.8 0.9,1.0). The bits from the

isometric field ccnrespond to one of the eight isometric transf^ms.

Although this variable file fwmat was moderately complicated it provided an efficient usage of

bits in the transforms file. The longest one recwd could be was 33 bits long. The size field was only used

in 1/4 of the records. The maximum length of recwds without the length field was 25 bits. A group of

four transforms todc 108 bits. Gray scale blocks 2 pixels wide and 2 pixels high block contained 128 bits

of raster information. As long as range blocks were 2x2 or larg^ the transf^ms provided compression.

Since the size of the transforms was fixed larger range regions produced higher compression ratios. The

smallest range block permitted was 4x4 pixels. Th^efcve, this algwithm guaranteed image compressimi.
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Chapter IV

Results

This chapter presents the results of the research. Results for each compressed image are

presented in the form of graphical plots, e.g., compression ratio vctsus radius, and signal to noise ratio

(SNR) versus radius.

Figures 4-1(a), 4-3(a), and 4-5(a) illustrate three 256x256 gray scale images that were

compressed using the fractal image ctxnpression technique. Each image was initialized with a range size

of 256x256 pixels and a domain size of 32x32 pixels. The range fw each image was repeatedly quartered

until the three dimensional affine transfwm (Equation 2-4) approximated the range within an average

mean square errcM* of 1.0, or the range reached a size of 4x4 pixels. The avCTage mean squared errw of

1.0 provided a SNR (Equation 3-2) of approximately 48.13dB. Refaring to Section 2.5, the overlapping

parameter. Ad, for each domain was set to 4 pixels, i.e., the position of the upper left hand comer of each

domain was offset from the pH'evious domain by 4 pixels.

Referring to Section 2.6, each image was cwnpressed using multiple domain pool sizes. Pot each

domain pool size, the number of bytes representing the compressed image was recorded and compression

ratios determined by dividing the aiginal image size by the conpressed image size.

The SNR was determined by comparing the decompressed image fw each domain pool size to the

OTiginal image. Referring to Section 3.3, each image was decompressed by iterating the fractal transforms

10 times. The transforms wwe applied to a uniform gray image with a pixel value of 128. SNR and

Compression Ratios versus Domain Pool Radius, defined as the domain pool size (Section 2.6), are

illustrated in Figures 4-2,4-4, and 4-6.
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Figure 4-1. LENA Original and Decompressed Images,

(a) The (»-iginal Image, (b) Compressed with T=20 pixels,

(c) Compressed with T=60 pixels, (d) Compressed with T=90 pixels.
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Figure 4-2. Compression results fw LENA.
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Figure 4-3. Doll Original and Decompressed Images.

(a) The c»iginal Image, (b) Compressed with T=20 pixels,

(c) Compressed with T=60 pixels, (d) Compressed with T=90 pixels.
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Figure 4-4. CcMUpression results fw DOLL.
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Figure 4-5. GULF Original and Decompressed Images,

(a) The original Image, (b) Compressed with T=20 pixels,

(c) Compressed with T=60 pixels, (d) Compressed with T=90 pixels.
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Figure 4-6. Compression results f(W GULF.
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4.1 LENA Results

Figure 4-1(a) illustrates the oiginal wwking image LENA. This image was compressed 11

times using domain pool radius, T, set to values {5.0,10.0,15.0,20.0,25.0,30.0,35.0,40.0,60.0,70.0,

90.0}. Figure 4-l(b), (c) and (d) illustrate three additional images using T=20, T=60, and T=90,

respectively. The image fidelity (measured by the SNR) and compression ratio are shown in Figure 4-2(a)

and (b) re^ectively.

Referring to Figure 4-1, as T increases the images illustrate a better approximation to the oiginal

image. Specifically, fw T=20 pixels (Figure 4-1(b)) the compressed image was very blocky. Image

resolution or quality was jagged and sranewhat undefined. Finer details, such as individual feathers

attached to the lady's hat, were indistinguishable. Other details within the image scene had the same

characteristics. A radius of T=60 provided a bett^ approximation of the wiginal image (Figure 4-1(c)).

The quality became mo-e definite and individual feathers in the lady's hat began to appear. Additional

improvement in image quality are seen for T=90 (Figure 4-l(d)). Also, image quality increased more

rapidly for T=20 to T=60, than fw T=60 to T=90. This contention is confirmed by visual observations of

Figure 4-2(a). The figure shows that the SNR ratio increases rapidly (fi-om 17.46bB to 23.2dB) for

increasing domain pool radius (firom 5 to 40), and goes into saturation fw inaeasing radius T.

The compression ratio versus radius is shown in Figure 4-2(b). As the radius T increases

compression ratio increases. Comfvession ratio does not imivove as rapidly at higho' radii.

Referring to figure 4-2(b), the compression ratio increases rapidly (fi-om xx: 1 to xx: 1) for

inaeasing domain pool radius (fiom 5 to 40), and also goes into saturatimi for increasing radius T. This

omtention also confirms the above observaticms.
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4.2 DOLL Results

Figure 4-3(a) shows the original image of a doll. This image was compressed 12 times with T

equal to {5.0,10.0,15.0,20.0,25.0,30.0,35.0,40.0,60.0,70.0,90.0,110.0). The three compressed

image are shown in Figure 4-3(b), (c), and (d). The image fidelity and compression ratio results are

shown in Figure 4-4(a) and (b) respectively.

Referring to Figure 4-3, as T increases the images illustrate bett» approximations to the oiginal

image. This result is confirmed by Figure 4-4(a). When the domain pool radius increases beyond T=70

the SNR goes into saturation. These results are similar to the results from the image LENA.

Referring to figure 4-4(b), the compression ratio increases rapidly (from xx: 1 to xx: 1)

fw increasing domain pool radius (from 5 to 30), and also goes into saturation for increasing radius T.

These results are also similar to the results from the image LENA.

4.3 GULF Results

Figure 4-5(a) shows the wiginal image of GULF. This image was compressed 11 times with T

equal to {5.0,10.0,15.0,20.0,25.0,30.0,35.0,40.0,60.0,70.0,90.0}. The three canpressed image are

shown in Figure 4-5(b), (c), and (d). The image fidelity and compression ratio results are shown in Figure

4-6(a) and (b) respectively.

Referring to Figure 4-5, as T increases the images illustrate better approximations to the oiginal

image. This result is confirmed by Figure 4-6(a). When the domain pool radius increases beyond T=60

the SNR goes into saturation. These results are similar to the results from the images LENA and DOLL.

Referring to figure 4-6(b), the compression ratio increases rapidly (from xx: 1 to xx: 1) for

inaeasing domain pool radius (from 5 to 60), and also goes into saturaticm fcx" increasing radius T. These

results are also similar to the results from the image LENA and DOLL.
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4.4 Overall Results

In all three cases image compression ratio and image fidelity increased with the domain pool

radius T. Howevo-, both compression ratio and image fidelity became saturated as T increased beyond 60

pixels. The number of comparisons also increases rapidly with T (see Figure 2-3). Consequently,

compressing images with radii greater than 60 to 80 pixels is computationally expensive and does not

increased image fidelity or compression ratio. This result is consistent for both image fidelity and

compression ratio of all three images.
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Chapter V

Conclusions

A fractal image compression algorithm was devel(q)ed to minimize the computational

requirements fcv compressing images. The algoithm encoded images by storing relationships between

different regions in the image to domains defined over the image. Three images were compressed with

various domain pool radii T. Image fidelities and compression ratios w^e recorded and analyzed fa- each

compressed image. Donain pool radii less than 60 pixels resulted in low image qualities and low

compression ratios. Domain pool radii greater than 60 pixels provided little improvement in image

quality or compression ratio. Also, the computational requirements to compress the image increased with

the square of the radius of the domain pool, T. Therefae, this research concludes that a radius T of 60

pixels provided acceptable compression ratios, image fidelities, and minimal computaticMial requirements.

Further research should modify the transfoms to increase image quality and determine the effects of

various domain pool sizes with the c^timized transfoms.

37



List of References

38



List of References

[1] Bamsley, Michael F. Fractals Everywhere. Academic Press, INC. San Diego, CA. 1988.

[2] Bamsley, Michael F. and Hurd, Lyman P. Fractal Image Compression. AK Peters, Ltd.
Wellesley, MA. 1993.

[3] Bamsley, and Sloan, United States Patent # 5065447, "Method and Apparatus for Image
Compression." 1991.

[4] Beaumont, J. M. "Image Data Compression Using Fractal Techniques." BT Technology
Joumal. Vol 9 No 4 October 1991.

[5] CompuSCTve. "GIF Graphics Interchange Format, A Standard Dining a Mechanism for the
Storage and Transmission of Raster-Based Graphics Infcxmation." CompuSCTve, Incorporated.
June 15,1987.

[6] Dettmer, Roger. "Fcffm and Functions - Fractal-Based Image Compression." IEEE Review,
September 1992.

[7] Fisher, Y., Jacobs, E. W., and Boss, R. D. "Fractal Image Compression Using Iterated
Transforms." Image and Text Compression. Stcver, J. A. Kluwer Academic Publishers,
Dordrecht, Netherlands. 1992.

[8] Fisher, Yuval. "Fractal Image Compression - SIGGRAPH "92 Course Notes." The San Diego
Super Computer Center, University of Califomia, San Diego CA. 1992.

[9] Gleick, James. Chaos, Making a New Science. Penguin Books, New Ywk, New York. 1987.

[10] Jacquin, Amaud E., Ph.D. "A Fractal Thewy of Iterated Markov Operates with Applications to
Digital Image Coding." U.M.I. Ann Arbw, Ml. 1989.

[11] Jacquin, Amaud E. "Image Coding Based on a Fractal Thewy of ItCTated Contractive Image
Transformations." IEEE Transactions on Image Processing, Vol 1, No 1, January 1992.

[12] Jain, Anil, K. "Image Data Compression: A Review." Proceedings of the IEEE, Vol. 69, No. 3,
March 1981.

[13] Kaouri, RA. "Fractal Coding of Still Images" International Conference on Digital Processing
of Signals in Communications: 6th: 2-6 Septembo" 1991: UnivCTsity of Lomughbwough, U.K.
London: Institute of Electrical Engineers cl991.

[14] Kocsis, S. M. "Fractal-Based Image Comja-ession" 23rd Asilomar Caiference on Signals,
Systems & Computers. 1989. Pacific Grove, California.

[15] Ramamurthi, Bhaskar and GCTsho, Allen. "Classified Vector Quantization of Images" 1F.F.R
Transactions on Communications, Vol. COM-34, No. 11, NovMnber 1986.

39



[16] Wallace, Gregwy K. "The JPEG Still Picture Compression Standard." Communications of the
ACM, Vol 34, No 4, April 1991.

[17] Welch, Terry A. "A Technique fw High-Performance Data Compression." IEEE Computer, Vol
17, No 6, June 1984.

40



Appendix

41



Block Classiflcation

This appendix describes the algorithm used to classify a block into either an edge, a midrange, or

a shade block. This algoithm is based on the wwk by Ramamurthi and GCTsho and also by Jacquin [15,

9,10]. A modified version of the alg(»ithm is presented ho'e.

Classification of the block is a two stq) process. The first step is to aihance and analyze the

image which results in two gradient tables Gj, and Gy and some counters S|j, Sy, I^, H^, Vp, and V^.

Next the counters are examined and a decision tree is used to det^mine the block type. The result is raie

of three cases. The block is either an edge blodc, a midrange block, ot a shade block. A shade block is a

block with a no discernible gradient A midrange block is a block with a smooth gradient over the block

but without a definite boarder between a light and dark region. An edge block is one with a definite

gradient and a definite boarder between the light and dark regions.

Let u(iO, jO, B) denote an image block of size BxB with the upper left hand cMiier at (iO, jO). Let

ui J denote the gray scale level at the point ij. Let u^yg be the average intensity of the block u.

Begin by calculating the threshold values Te, Ts, Js and Je. The edge contrast threshold Te and

the shade contrast threshold are define as

T.=
0.2 otherwise

A-1

and

^^f0.1ifn„,<30.0orll„,>225.0 A-2
' \ 0.025 otherwise

The thresholds Js and Je which are used to filta out ftdse results are defined as

A-3

and
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'  2.0

A-4

The elements of the normalized horizontal and vertical gradient tables are given by

A-5

and

A-6

Fot the rest of this section assume that djj and dy are equivalent to d^O j) and dy(i j) respectively.

The gradient tables are generated by comparing d^ and dy to an edge contrast threshold Tg.

Whenever the absolute value of the uOTmalized gradient is greater than the shade contrast threshold Tg

then the shade counters Sj, and Sy are incremented.

A-7

i lifd,>T,

-1 if < -T, , with I'o < i < I'o + fi-2 andy'o ̂ 7 ̂ 7o + ^

0 otherwise

and

Likewise

5,+=iifK>7;. A-8

A-9

GMJ)=-

lift/, >7,

-1 if <-T, , with/(, </■</(,+ fi -l and^o <j<jQ+B-2
0 otherwise

and

S,+ = lifK|>T,. A-IO

Now the polarity of the gradient is examined. A positive and negative polarity, corresponding to

the black to white or white to black gradient of the block, is detamined fw both the hwizontal and
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vertical gradient tables. The values are stored in Hp and Hn for positive and negative polarity from the

hwizontal table. Vp and Vn stwe the results for positive and negative polarity from the votical table.

The value Hp is the number of+l's from the table Gj,. H^ is the count of -I's from the table Gh-

Likewise Vp and cwrespond to the number of+I's and -I's respectively from the vmical gradient

table Gy.

The blodc can now be classified. If Vp ̂  Je or Vn ̂  Je or Hp ̂  Je or Hn ̂  Je then the block is

classified as an edge block. If the block is not and edge block then if Sh S Js and Sv ̂  Js then the block is

a shade block. If the block does not pass either of the previous tests then the block is a midrange block.
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