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ABSTRACT 

This study was motivated by the Department of the Army's desire 

to increase the efficiency and speed of response of the autopilot 

system in interceptors by allowing error correction signals to be 

transmitted and received in the Walsh domain. 

The purpose of thds study was to obtain a method for designing 

and implementing a discrete Walsh transform controller in a linear 

feedback system and to develop the fast Walsh transform algorithm. 

In particular, it was desired to obtain a value for the output from a 

physical system that was equal to the input to the autopilot system 

as time increased. 

The method for analyzing this problem was to simulate, on a 

digital computer, a second-order linear system within the desired 

Walsh transform controlled feedback system. The Continuous System 

Modeling Program (CSMP, version III) and FORTRAN were to be used to 

perform the simulation. 

In conclusion, the desired discrete controller was obtained us 

ing an integrator as the controller. A workable algorithm was de 

veloped. Several runs of the computer program were made and the re 

sults achieved were positive. The output from the physical system ap 

proached the value of the input function as time increased. 
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CHAPTER I 

INTRODUCTION 

1.1 Overview 

This study is an outcome of the Army's interest in developing a 

highly efficient and fast autopilot system for interceptors. Thus, 

with the advances in digital sensor and autopilot technology it seems 

feasible to consider utilizing a generic control system as shown in 

Figure 1.1. A basic scheme will be designed in this manuscript and 

simulated on a digital computer. In this design the development of 

the discrete transform controller is of prime importance. The output, 

OUT, from the physical system in Figure 1.1 is also of great interest. 

It is desired for this value, OUT, to approach the value of the input 

signal to the autopilot system. This result will imply that a work 

able autopilot system has been developed. 

1.2. Discrete Transforms 

Discrete orthogonal transforms are finding increasing applications 

in digital processing due to the rapid advances in digital computers 

and associated hardware. Fast algorithms, such as the Fast Fourier 

transform (FFT) for efficient computation of these transforms have 

been developed that result in reduced computational and storage re 

quirements as well as decreased roundoff error. Research activities 

in this area have focused on applications that include speech process 

ing, analysis and design of communications systems, image enhancement 

and pattern recognition[l-ioj. Attention has also been focused on the 
application of orthogonal functions to the solution of differential 

1 
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equations [l1-14]. The types of transforms under investigation can be 
summarized as in Table 1.1 which gives a comparison of the number of 

operations required to compute the various transforms[l]. 

Table 1.1 

The Number of Arithmetic Operations Required to Compute the 
Various Transforms 

(HT) Haar 2(N - 1) 
(CHT) Complex Haar 3N - 4 
(DFT) Discrete Fourier N Log- N 
(WHT) Walsh Hadamard N log- N 
(ST) Slant N log^ N + (2N - 4) 
(DOT) Discrete cosine 2N 1002 (2N) 

In this table the variable N is the number of samples utilized to 

construct the transform. 

Some of the previously mentioned transforms along with the block 

pulse transform are illustrated in Table 1.2 in both continuous form 

when applicable and in their discrete form. 

Block pulses and Walsh transforms seem particularly suited for 

the design and analysis of control systems. The three main advantages 

of these transforms are: 

1. These transforms are pulse like in nature and seem 
suitable for characterizing such digital devices as 
A/D converters. 

2. The ability to efficiently compute these transforms 
leads to the concept of the discrete transform con 
troller as shown in Figure 1.1. The blocks labeled 
T represent the algorithms that compute the dis 
crete transform and the blocks labeled T"^ denote 
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the algorithms that return the signal to the discrete 
time domain. To design this controller it is necessary 
to relate the response of a linear system in the dis 
crete transform domain to that in the discrete time do 
main. 

3. Orthogonal functions can be utilized to obtain so 
lutions to differential equations. Such solutions 
give rise to algebraic methods suitable for system 
analysis. 

This thesis concentrates on the second advantage with emphasis on 

Walsh transforms. It is shown in the following work that the response 

of a sampled linear system with an input and output y^^ can be 

represented by the matrix relationship 

Z = (1.1) 

The Walsh transform becomes 

^ =I ^^ (1.2) 
The aouDie underbar indicates a matrix while the single under bar 

denotes a column matrix. 

1.3 Organization 

In this thesis the application of Walsh transforms to linear 

systems theory is discussed and a technique is developed for obtaining 

Kj. from a given transfer function. Equation 1.2 can be considered as 

the form of the discrete transform controller shown in Figure 1.1. The 

application of this technique is illustrated for a second-order system 

where the transformation matrices T and T~^ are implemented by the 

fast Walsh transform (FWT). The FWT algorithm is developed and the 



n 

corresponding subroutiinue is presented. A computer program entitled 

"Continuous System Modeling Program" or "CSMP" for short is used to 

simulate the desired controller feedback system. Lastly, results of 

the study are presented and discussed. 



CHAPTER II 

WALSH TRANSFORMS 

2.1 The Walsh Function 

The Walsh functions, Wal(n, t) , are a set of functions ortho-

normal in the interval (0, 1) and having only the value +1 or -1. 

The first four functions are shown in Figure 2.1. In general, if 

n = 1, 2, 3, 4, ..., Wal(2"-1, t) is a square wave with 2"'^ 

periods between 0 and 1 . The remaining Walsh functions can be 

found by use of the product formula: 

Wal(n, t) Wal(m, t) = Wal(m©n, t) (2.1) 

The symbol m© n stands for addition modulo 2 , and m and n are 

written as binary numbers and added without carry. For example 

Wal(3, t) Wal(7, t) = Wal(4, t) 

n©m=»ll + 111 = 100=»4 

A brief look at the orthonormal property necessitates the following 

definitions: 

12 
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1 

0 
t 

■1 Wal(0, t) 

1 

0 

■1 

Wal(l, t) = 

0.5 

Sal(l, t) 

1 

0 

■1 

Wa1(2, t) = 

0.5 

Cal(l, t) 

-t—> 

1 

0 

-1 " 

0.5 

Wal(3, t) = Sal(2, t) 

Figure 2.1. The First Four Walsh Functions 
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Wal(0, t) = 1 

Wal(n, t)dt = 0 n 0 
0 

and 

Wal(m, t) Wal(n, t) = Wal(k, t) . 

It follows that 

1 

0 

Wal(m, t) Wal(n, t)dt = 0 m n . (2.2) 

Further, since Wal(n, t) is either 0 or 1 

[ Wal(n, t) Wal(n, t)dt = f dt 
^ JO 

= 1 (2.3) 

and the orthonormal property of the Walsh functions has been demon 

strated. 

The ordering shown in Figure 2.1 is known as sequency or Walsh 

order which is the original order for Walsh's function. Sequency is 

the term used to describe the periodic rate of repetition of the wave 

form. This rate is independent of the waveform. Sequency is defined 

as "one half of the average number of zero crossings per unit time 

interval" [l5, p. isj. As is clearly seen in Figure 2.1 the com 
ponents are arranged in ascending order of zero crossings, which is 
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their distinguishing characteristic ̂1 sj. 

2.2 Development of the Walsh Transform 

Let x(t) be some function defined in the interval (0, 1) . 

It can be expanded in an infinite series 

x(t) = I a Wal(n, t) (2.4) 
n=0 " 

where 

1 
x(t)Wal(n, t)dt (2.5) 

0 

Now let x(t) be sampled at N = 2'^ times in (0, 1) so that 

N = 2, 4, 8, 16 ... The times are denoted by tg = 0 , t^ = 1/N, 

t2 = 2/N,—t^_i = (N-l)/N and the respective samples are desig 

nated by Xg, x-j, X2, ...» x^_i . If the sample is allowed to pass 

through a zeroth-order hold the resulting signal is a staircase ap 

proximation to x(t) .which is designated by X2g(t) . The case for 

N = 4 is shown in Figure 2.2. 

An infinite series is required to represent x(t) by Walsh 

functions, but the staircase approximation can be expressed exactly 

by 

N-1 ^ 
Xop(t) = I X Wal(n, t) . (2.6) 

n=0 
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X(t) 

Xsc(t) 

H > 

0.5 

Figure 2.2. Staircase Approximation 
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The vector ^ =f x, ]is called the Walsh transform of the vector 

X = 

To show this, consider equation 2.6 for N = 4 . 

Xsc(t) = XQWal(0, t) +x^Wal(l, t) +X2Wal(2, 5) + 

X3Wal(3, t) 

For the interval 0< t< 1/4 , 

Xsc(t) = Xq, Wal(0, t) = 1, Wal(l, t) = 1, Wal(2, 5) = 1 , 

Wal(3, t) = 1 , 

so 

A /\ /\ A 

(2.7)^0"^0 ^1 ^2 ^3 

In the interval 1/4 < t< 1/2 , 



^
1

X
2
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Xsc(t) = , Wal(0, t) = 1, Wal(1, t) = 1, 

so 

Wal(2, 5) = -1, Wal(3, t) = -1 

A A A A 

(2.8) 

0<x 
The remaining intervals give 

A /\ AX2 = Xq - Xi - X2 + x^ 

and 

A A A A 

^3"^0'̂1 ^2" ^3 

Writing these in matrix form gives 

.
 ° 

1

O
C
 

X
X
 

r
1
 

1 1 1 

A 

1 -1 -1 ^1 

I
I (2.9)

A 

-1 -1 1 X2 
A 

-1 1 -1_ - ^3-

The square matrix is designated by W ^ and the following equation 

is obtained 
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1|-1A,X = W X . (2.10) 

Designating the inverse of W"^ by W , the direct transform is 

X = W X . (2.11) 

Noting that 

1 1 1 1 1 1 4 0 0 0 

-1 -1 1 1 -1 -1 0 4 0 0 

w-^w-1 = 41 

-1 1 1 -1 -1 1 0 0 4 0 

1 -1 1 -1- 0 0 0 4.J -1 

it is seen that 

1 1 1 

i_ 
-1 -1 (2.12)

4 

-1 1 

1 -1. 

The situation is very similar to the discrete Fourier transform 

which exactly represents N samples of the function by a sum of N 

complex exponentials. The Walsh transform gives an exact represent 

ation of the staircase approximation. 
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Example 2.1 

Take as an example a ramp function f(t) . The samples are then 

0,J/4, 1/2, 3/4, for N = 4 , i.e. 

X = -TT 

Then the Walsh transform of this input is 

1 1 1 1 0 6 

1 1 -1 -1 1 1 -4^ = 1 
- 4 " 16\v 

1 -1 -1 1 2 0 

_-2_J ^ -1 

3/8 

1/4 

0 

■1/8 

The way in which the Walsh functions add up to give the staircase 

approximation to the ramp is shown in Figure 2.3. 

2.3. Application to Linear Systems Theory 

2.3.1 The Walsh Domain 

Now consider a linear system as shown in Figure 2.4. Given the 

Walsh transform of x the question arises as to the procedure for 
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0.5 

0 

0.5 

0.5 - t 
0 

-0.5 1 
0.5 

0.5 

0 
0.5 

-0.5 

0.5 

1 3 ,7 8 ̂  1 , 1 _ 3F"T 
s t 

0 —> 

1 1 
F 

0.5 1 

Figure 2.3." Addition of Walsh Functions to Give Sample and Hold 
Approximation to a Ramp Function. 
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obtaining the Walsh transform of ^. 

sample 
x(t) and H(s) y(t) ̂X 

hold 

Figure 2.4. A Linear System 

In the time domain x and y can be related by 

(2.13)^ M + YoLt • 

Therefore the Walsh transform of y_ is defined as 

£=Wy^=W^jX + y £j (2.14) 

-1 ^ 
and since x = W x , 

i = W W'^ X + y^ W (2.15) 

The required version in the Walsh domain is 

y = H X + y„ F,. (2.16)
J- ^ 0 —w 

where 
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HL = W Hj W'^ 
=W — zz' ~ 

. (2.18) 

A method must now be developed in order to obtain from the 

transfer function H(s) to meet our requirement. How this can be 

done is illustrated for H(s) = K/(s + a) . More complicated cases 

can be handled with the aid of a partial fraction expansion. For 

simplicity, N = 4 in the remaining work of this chapter so all the 

matrices are no more than 4x4 . 

2.3.2 The Runge-Fox Recurrence Formula 

First consider a linear first-order differential equation 

^+a(t)y = x(t) . (2.19) 

This equation must hold for any t , including t^. = h^. , and thus 

can be rewritten in the following equivalent forms 

y- + a.y. = x^. (2.20) 

^i+l ®i+l ^i+1 " ^i+1 

Adding and dividing by 2, 



 

 

24 

(2.22) 
2 2 2 2 ^T+1 • 

This is the average of y' at t^. + h , hence the definition of de 

rivative gives 

■^i+l " "^i _ '^i+1 ' '^i (2.23) 

Substituting equation 2.23 into 2.22 gives 

^i+l - ^i . , ^•+l ^•+^ (2.24)h " 2 2 ^i " — ̂ i+l 

Solving for y^^^: 

(1 + _ ha. x h h (2.25)^i+1 2 ^i 2 ^i 2 ^i+1 

and 

(1 - 2^'^i 2 ^i 2 ^i+l] • (2.26) 
This is the Runge-Fox recurrence formula. 
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2.3.3 The Rj- and jij- Matrices 

The Runge-Fox recurrence formula is now used to obtain 

^0 

(2.27)It 

for H(s) = 1/s+a . 

Here "a" is a constant so that the Runge-Fox formula is, for h 

1/4 , 

W = W + _J_ V + _] V 
^i+1 8+a ^i 8+a i 8+a i+1 

Since the system is linear each of the five inputs Yq, Xq, x-j, x^ 

and x^ can be applied separately. 

^1 8+a — ^0y 

— 
8-a 

^0 X, =0
^2 8+a -^1y-, 8+a 

_ 8-a 8-a 
y? = yn 78+a •'2 8+a 

From this set of equations it is observed that 
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8-a 

8+a 

(2.28) 

Since is not a function of any of the x's , the first row 

of is zero. Next consider y-i . By causality, y-^ can depend 

only on Xq and x-j . Also, y2 depends only on Xq, x^ and X2 

and y^ on all of the elements above the main diagonal equal to zero. 

For Xg ^ 0 

= 0^0 

1 „ 
^1 S+a ^0 

yn = 0 

kl. y 8-a 

^2 8+a ̂ 0 2 ̂ 0
(8+a) X. = 0, i 7^ 0 

8-a (B-a) 
^2 =^^2 = ■3 ^0

(8+a) 

These equations form the first column of . 
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The second column of Hq. contains the contributions of to 

the y's . For only Xq 0 

yo = o 

1 

^1 " 8+a ^1 

^0 
w = §11 + _L X 
^2 8+a ̂ 1 8+a ^1 

[8+a \.8+ay 8+ari 
X, = 0 , i / 1 

16 

2 '^l
(8+a) 

8-a ^ _ 16(8-a)
"^3 8+a i'2 (g^^)3 ''I 

The third column contains the contributions of x, . For only 

X2 0 

yo = ° 
yn = 0 

= 0 

Xq = 0 , i ^ 2^2" sia ^2 
1 

^3" 8+a ̂ 2 8+a ^2 

= 16 
(8+a)^ 



 

28 

The last column comes from ^ 0 

yj, = 0 

N 

J'l = 0 

^0 = 0 

^2 
X. = 0 , i ^ 3 

1 
X.^7 =3 8+a "3 

The complex matrix equation is then 

^0 0 0 0 

m 

0 

^1 
1 

8+a 

1 

8+a 
0 0 ^1 

^2 
8-a 

(8+a)^ 
16 

(8+a)^ 
1 

(8+a) 
0 

X2 

^3 
(8-a)2 
_(8+a)^ 

16(8-a) 

(8+a)^ 
16 

(8+a) 
1 

8+a ^^3 

+ yr 

1 

8-a 

8+a 

(2.29) 

(^)2
^8+a^ 

/8-a v' 
^8+a^ 
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2.3.4 Extension to Several Periods 

The notation found in Table 2.1 will be used to extend the value 

of Hj to several periods. 

Table 2.1 

Notation Used to Extend Value of Hj to Several Periods 

t X y 

0 ^10 ^10"^0 

0.25 ^11 ^11 

0,50 X12 ^12 

0.75 ^13 ^13 

1.00 ^20 ^20 

1.25 ^21 ^21 

1.50 X22 ^22 

1.75 ^23 ^23 

2.00 ^31 ^31 

2.25 ^32 ^32 

n-l+h. Vi ^ni 

The values of x-iq, ^13 available only as components 

of x^ , and X2q, X2p X22. ><23 components of x^ • It is 

evident that the first cycle differs from those that follow. In the 

first cycle, is specified, and does not depend on x-jq . In the 

second, y2o depends on y-j^ and on X2q> and X2g is not available 
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until )^2 given. From the recurrence relation. 

V = V + —^ X + X^20 8+a ^13 8+a ^^13 8+a ^20 ' 

Designating y-i^ as 

V -^V +-L V
^14'5+3^13 8+a ^13 

allows to be computed before ^2 given. Then 

^20">^14 8+a ^20 * 

y-j^ replaces of Section 2.3. The first row of is now 

^ 0 0 0 
8+a 

Proceeding as before, with only X2q as the input the following 

equations are obtained 

^20"8+a ^20 

_ 8-a , 1 
^21 " 8+a ^20 8+a ^20 

y 

(8+a)7^20 
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16(8-a) „hi y
^22 8+a ̂ 21 (8+a)3 '20 

^ 16(8-a)^hi y
^23 8+a ^22 '20"(8+a)'' 

These equations give the first column of 

Similarily, the remaining columns of can be obtained and the 

complete is found to be 

8+a 

16 

(8+a)^ 8+a 

(2.30)!1t 
16(8-a) 16 

I 8+a(8+a)^ (8+a) 

16(8-a)' 16(8-a) 16 1 

(8+a)^ (8+a)^ (8+a) 8+a 

It is noted that F;|- given in equation 2.28 is unchanged. 

The original matrix developed in Section 2.3.3 is now de 

signated as . It is different from the matrix found for each 

of the succeeding periods in that the next value of y depends only 

on the previous value and not on the present value. For all the cycles 

after the first, the matrix is denoted as and 
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)Li ~ Hj—2 ^14 — (2.31) 

For a = 1 , 

F = 

1 

0.7778 

0.6049 

0.4705 

(2.32) 

0 0 0 0 

o.nn o.nn 0 0 (2.33)^Tl= 
0.0864 0.1975 0.1111 0 

0.0672 0.1536 0.1975 0.1111 

and 

ir 

0.1111 

0.1975 

0.1536 

.0.1195 

0 

0,1111 

0.1975 

0.1536 

0 

0 

0.1111 

0.1975 

0 

0 

0 

0.1111 

(2.34) 

where 

= 0.7778y^3 + O.llllx (2.35)
13 
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In general, 

and 

= 0-7778y„3 + O.mix^j . (2.37) 

The flow chart for computing ^ is shown in Figure 2.5. Block 

A represents the algorithm for computing and block B gives the 

algorithm for computing each of the cycles after the first. 

2.3.5 Examples 

To illustrate the matrix method developed above, the following 

two examples are given. 

Example 2.1 

Let x(t) be a function defined as 

x(t) = u(t) 

having the initial condition 

= 0 .^0 
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r 1BLOCK A 

BLOCK Br n 

C START 

input Input 

^0' 
7^ 

> 

Compute Compute 

= Mt Xyi=Hji in =r -—n 

^n4 Lj 

Si Display 

L 

Compute 
No Enough?

yn4 n3 

8-a 8+a 

^ S+ifyg 
Yes 

STOP 

_J 

Figure 2.5. Flow Chart to Compute 
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The analytic representation of the output is 

^anal = 1 - e" 

Taking four samples at a time, the unit step input in matrix form 

is 

for all n 

Table 2.2 gives the values obtained, using equations 2.32 

through 2.37, throughout each cycle represented in the flow chart 

of Figure 2.5. Only the values for three cycles are shown. The 

succeeding cycle values can be calculated in a like manner. 

Example 2.2 

Letting x(t) be a ramp input function 

x(t) = t 

with the initial condition 

r 0yo 
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gives the cycle values found in Table 2.3. The analytic solution is 

>anal = t" 1 ^ 

All the values seen in Table 2.3 have been calculated exactly as those 

found in Table 2.2. 

The author will concentrate on that portion of the flow chart of 

Figure 2.5 seen in block B. In other words, the matrix of equation 

2.30 will be used in determining the desired discrete Walsh transform 

controller for the given autopilot system. 

i 
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CHAPTER III 

THE FAST WALSH-ORDERED WALSH TRANSFORM ALGORITHM 

3.1 The Fast Walsh-ordered Walsh Transform 

Computation of the discrete Walsh transform (WT) requires N
p 

additions and subtractions. This number of calculations is greatly 

reduced when the WT is computed by means of matrix multiplication. 

Using matrix multiplication, an algorithm can be found for a set of 

input samples in N log2 N additions and subtractions [is]. This 
algorithm is known as the fast Walsh transform (FWT). In particular, 

this thesis will concentrate on the fast Walsh-ordered Walsh Trans 

form (FWT)^ . The subscript "w" denotes the sequency or Walsh 

ordering of the set of Walsh functions. 

3.2 The Algorithm 

Computation for the (FWT),, algorithm can be described by 
w 

means of a signal flow diagram. This diagram consists of a series 

of nodes representing a variable which is expressed as the sum of 

two other variables starting from the left of the diagram. Figure 

3.1 shows a signal flow graph for a (FWT)^ . 

The (FWT)^ algorithm begins by reordering the input samples, 

X'(m) , by a method called "bit reversal"[ic]. The bit-reversed 

ordered inputs, X(m) are sent through log2 N iterations of ad 

ditions and subtractions. The appropriate operations are indicated 

in Figure 3.1. The solid lines on the signal flow graph indicate 

the calcualted value is to be carried forward to the addition at 
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the next node with the same sign and a dashed line represents multi 

plication by -1 prior to addition. A final step of multiplying by 1/N 

is necessary to obtain the desired Walsh transform. The inverse Walsh 

transform is obtained by the same procedure as above with multipli 

cation by 1/N in the final step eliminated. 

To further explain this signal flow diagram method, three terms 

(bit-reversed order, block, and reveral) are defined, diagrams are 

given for visual aid, and two examples are included to illustrate the 

entire approach. 

3.2.1 The Bit-Reversal Process 

The first step is to reorder the input samples, X'(m), by a 

method called "bit-reversal". This process reverses the order of the 

bits tn binary representation, putting them in bit-reversed order (BRO) 

[l6, p. 112], This is exemplified for N = 8 in Table 3.1. 

Table 3.1 

Illustration of Bit-Reversal 

m "^binary "^BROCbinary) '"bro 

0 000 000 0 

1 001 100 4 

2 010 010 2 

3 Oil 110 6 

4 100 001 1 

5 101 101 5 

6 110 Oil 3 

7 111 111 7 
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For convenience, the inputs will be put in ascending index order. 

If the input data sequence is given as {X'(m)} ={X'(0) X'(l) ... 

X'(N-l)} , then the bit reversed sequence is represented by {X(m)} = 

{X(0) X(l) ... X(N-l)} . From Table 3.1 it is observed that the input 

samples after bit-reversal take on the values as seen in Table 3.2. 

Table 3.2 

Value of the Input Samples After Bit-Reversal 

BRO Initial Input 
Samples Samples 

X(0) X'(0) 

X(l) X'(4) 

X(2) X'(2) 

X(3) X'(6) 

X(4) X'(l) 

X(5) X'(5) 

X(6) X'(3) 

X(7) X'{7) 

3.2.2 Definition of a Block 

The second step is to define a "block". A designated group of 

additions/subtractions is called a block. The blocks in Figure 3.1 

are separated by heavy broken lines. Iteration #1 has 2° = 1 block; 

iteration # 2 has 2^ = 2 blocks, etc. In general, iteration #n has 

2" ̂  blocks ̂ lej. For N = 8 , the iterations and blocks are shown in 
Figure 3.2. 
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The number of iterations, n , is determined from the following 

formula: 

n = log2N . 

3.2.3 Definition of Reversal 

The third step is to define a "reversal". In the following dis 

cussion it can be seen that a reversal causes the addtions in the ap 

propriate block of an iteration of a signal flow graph to be replaced 

by subtractions, and subtractions replaced by additions. Without re 

versal the values of the next iteration can be determined using the 

following equations[is]; 

Xp+i(ni) = X^(m) + X^(m + N/2n) additions (3.2) 

and 

Xp+-|(ni + N/2) = X^(m) - X^(m + N/^n) subtractions (3.3) 

With a reversal we have: 

Xp+-|(m) = X^(m) - X^(m + N/2n) subtractions (3.4) 

and 

Xp+1(m + N/2) - X^(m) + X^(m + N/2n) additions (3.5) 
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For example, a block with reversal and the same block without reversal 

is shown in Figure 3.3. 

X(0) 0 X(0) 7- X^(0) 

X(l) Xi(l) X(1 7 Xn(l) 

X(2) Xt 2 X 2' Xn 2 
/ 

X(3 Xn(3) X(3) ̂  Xi(3 

No Reversal Reversal 

Figure 3.3. The Effect of a Reversal 

A couple of simple rules are used to determine where reversals 

should occur on the signal flow graph. They are listed below [l6, 
p. 114]. 

Rule 1. Iteration #1 contains no reversals. 

Rule 2. If b^ , £ = 1, 2, ..., 2*^"^ denote the blocks 
in the n-th iteration, then the blocks with 

reversals are those whose index is a multiple 

of 2 . In other words, every other block ex 

periences a reversal starting with block b2 

(see Figure 3.2). 
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3.2.4 Examples 

The entire approach of the (FWI)^ algorithm is now illustrated 

with the following two examples. 

Example 3.1 

Use the (FWT)^ to find the Walsh transform of fX'(m)} = 

{1 1 2 1 3 2 1 2} . 

Solution: If {X{m)} ={X(0) X(l) X(2) X(3) X(4) X(5) X(6) X(7)} 

denotes the sequence obtained by the bit-reversal of {X'(m)} , then 

we have: 

X(0) = X'(0) = 1 X(4) = X'(l) = 1 

X(l) = X'(4) = 3 X(5) = X'(5) = 2 

X(2) = X'(2) = 2 X(6) = X'(3) = 1 

X(3) = X'(6) = 1 X(7) = X'(7) = 2 

Substituting for {X'(m)} ,{X(m)} and N = 8 in Figure 3.1 we ob 

tain Table 3.3. Therefore {X(m)} = 
A 

These values of X(n) are the same as those obtained by using the 

matrix multiplication developed in Chapter II. 

Since the researcher is presently working with the case for N = 

4 , the following example is given. 

Example 3.2 

Use the (FWT)^ to find the Walsh transform of {X'(m)} = 

(1 3 2 1) . 
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Solution: If {X(m)} ={X(0) X(l) X(2) X(3)} denotes the 

sequence obtained by the bit-reversal of {X'(m)} , then, we obtain: 

X(0) X'(0) 1 

X(l) X'(2) 2 

X(2) X'(l) 3 

X(3) X'(3) 1 

Substituting {X'(m)} and {X(ni)} in Figure 3.4, we obtain: 

X'(0) = 1 X(0) = 1 Xt(0) = 4 X2(0) = 7 - x(0) 

X'd) = 3 xd) = 2 X^d) = 3 Xgd) = 1 - Xd) 

= -3- vi. X(2)X'(2) = 2 X(2) = 3 X^(2) = -2 X2(2) 

= -1 V4^ X(3)X'(3) = 1 X(3) = 1 X^(3) = 1 X2(3) 

Thus {X(n)} ^ ̂  . These same values of X(n) can be 
obtained by using the matrix multiplication presented in Chapter II, 

Iteration #1 Iteration #2 

X'(0) X(0) ^ Xt(0) Xo(0) 1/4 
X(0) 

X'd) X{1 X^(l) Xo T) 
1/4 

X(l) 

X' 2) X(2) Xd2) Xo(2) 
1/4 

X(2) 

X'(3) X(3) Xd3) Xo(3) 1/4 
X(3) 

Figure 3.4. (FWT),, Signal Flow Graph, N = 4 . 
W 
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3.3 The (FWT)^ Subroutine 

A listing of a subroutine for computing the Walsh-ordered Walsh 

transform using the fast algorithms developed in Section 3.2 is pre 

sented in Appendix A. This program was adapted from that listed in 

Reference 16, pages 142-43. The subroutine is written in FORTRAN and 

will be inserted within a larger program implementing CSMP in order to 

simulate the desired second-order controlled feedback system. 



CHAPTER IV 

COMPUTER MODELING USING CSMP 

4.1 The CSMP Code 

The CSMP program is used to solve a system of ordinary differ 

ential equations or analog block diagrams like those encountered in 

systems theory. The advantages of the CSMP digitial simulation over 

the use of an analog machine are that[l7, p. zj: 
1. it is easier to program, 

2. it gives more accurate results, 

3. it has more potential in handling nonlinear and time-
variant problems, and 

4. the user needs not be concerned with amplitude and 
time-scaling. 

4.2 The Discrete Transform Controller 

Now that has been obtained as shown in Section 2.3.4, the 

discrete transform controller of Figure 1 .1 on page 2 is known. For 

the second-order control system to be implemented in this study the 

desired discrete transform controller is the Walsh transform of an in 

tegrator. For integration, "a" is equal to zero in equation 2.30. 

The elements of JHj then become 

0.125 0 0 0 

0.25 0.125 0 0 
(4.1) 

0.25 0.25 0.125 0 

0.25 0.25 0.25 0.125 

50 
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and the discrete transform controner takes the form 

0.5 0.25 0 0.125 

-0.25 0 0.125 0 

(4.2) 
0 -0.125 0 0 

L-0.125 0 0 0 

4.3 The Control Feedback System 

The complete CSMP program developed is a simulation of the con 

trol system shown in Figure 4.1. The W block performs the (FWT)
w 

and the W" block performs the inverse (FWT)^ . The discrete trans 

form controller is designated by the WHjW ^ block and is simulated 
using matrix multiplication. 

The physical system of Figure 1.1 is shown in Figure 4.1 as a 

second-order system represented by the transfer function 

K1 

"TiHTRorkrini 

where K1 is a gain constant. Higher order systems can be implement 

ed with only minor changes in the CSMP simulation found in this manu 

script. 

From Figure 4.1 it is seen that the output from the physical 

system, OUT, and the input signal, IN, are transformed into their 

Walsh counterparts (WALOUT and WALIN, respectively) prior to summing. 

This summation gives the desired error signal, E , 
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E = WALIN - WALOUT 

In an effort to reduce the amount of computer time required, a 

more efficient model was devised. This model is shown in Figure 4.2. 

The following identity of Walsh transforms allowed for the more ef 

ficient model: 

A A 

Let f and g denote the Walsh transforms of some functions 

f and g , respectively. Then 

f + g = (f+g) . (4.3) 

The "D/A" block of the generic autopilot system in Chapter I 

is accomplished by means of a staircase approximation to the discrete 

output of the T"^ block and is termed a "zeroth order hold". This 

step is represented by the ZOH block in Figures 4.1 and 4.2. 

4.4 The Simulation Program 

The controller feedback system as seen in Section 4.3 is simulated 

with the aid of CSMP III, a more recent version of CSMP, and FORTRAN. 

Two program listings are found in the appendices. Appendix B is a 

listing for the simulation of the system shown in Figure 4.1. Appendix 

C is a listing for the simulation of the system seen in Figure 4.2. 

4.5 Results 

The feedback control system was initially simulated using a step 

function as the input. Several runs were made using various values 
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for the gain constant, K1 , of the transfer function. It was antici 

pated and desired that the physical system give an output curve, OUT, 

that approached the value of the step input. The system performed as 

was expected and the OUT curve for low gain can be observed in Figure 

4.3.A. 

As the gain constant is increased the system should reach a 

point of instability, i.e. the OUT waveform should begin to oscil 

late as the gain constant is increased. Figure 4.3.A-F shows that the 

system responded as expected as the gain was increased. 
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CHAPTER V 

CONCLUSIONS 

Many of the conclusions in regard to the ability for the auto 

pilot system to perform were reached in the preceeding chapter. In 

summation, it was determined that the discrete transform controller 

did properly control the output from the second-order physical 

system. The desired controller was implemented as an integrator. 

An efficient method for determining the discrete transform con 

troller was developed and it has been shown that Walsh transforms can 

successfully be used in control system applications. What can be per 

formed in the Walsh domain can be done in other domains, but the pre 

ference for the discrete Walsh transform came about by the correspond 

ing matrix containing only the integers +1 . 

Other aspects that merit investigation are 

1. developing a simulation program exclusively in FORTRAN, 

2. building a mechanical system to connect directly to the 

digital computer and testing out the feedback control system, 

3. comparing the results obtained in this study with those 

found using other transform methods to determine the 

computational efficiency of the various methods, and 

4. instead of using an integrator for the discrete transform 

controller allow "a" to take on various values and 

compare the results. 
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APPENDIX A 

PROGRAM LISTING FOR (FWT)^ SUBROUTINE 

C THIS ROUTINE CALCULATES THE FAST WALSH TRANSFORMS FOR ANY GIVEN 
C NUMBER WHICH IS A POWER OF TWO 

C II = 0 WALSH-ORDERED WT 
C II = T INVERSE WALSH-ORDERED WT 

C N= NUMBER OF SAMPLES 

REAL PR(IO), X(32), Y(32), Z(32), E(32) 
INTEGER B,B2,D,F,P 

C START BIT REVERSE 

DO 30 I = 1 ,N 
B= I-l 

L= 1 

10 D= B/2 
PR(L)= 1 
IF (B.EQ.(D*2)) PR(L) = 0 
IF (D.EQ.O) GOTO 20 
B=D 
L= L + 1 

GOTO 10 

20 CONTINUE 
P = 1 

F = N 

DO 25 J=1,L 
F= F/2 

25 P= P + F* PR(J) 
30 Y(P)= X(I) 

DO 35 1=1 ,N 
35 X(I)= Y(I) 
40 CONTINUE 

C- CALCULATE NUMBER OF ITERATIONS, K 

K= 0 

IR= N 

41 IR=IR/2 
IF (IR.EQ.O) GOTO 42 
K= K+1 

GOTO 41 

42 CONTINUE 
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C START LOOP FOR (LOG TO BASE TWO OF N) ITERATIONS 

DO 70 M=1 ,K 

C CALCULATE NUMBER OF PARTITIONS 

IF (M.EQ.l) NP=1 
IF (M.NE.l) NP= NP*2 
Ml = N/NP 
M2 = Ml/2 

C START LOOP FOR THE NUMBER OF PARTITIONS 

A= 1. 

DO 60 MP=1,NP 
B= (MP-1)* Ml 

C START A LOOP THROUGH THIS PARTITION 

DO 50 MP2=1,M2 
M3= M2+ MP2+ B 

B2= B+ MP2 

Y(B2)= X(B2)+ A* X(M3) 
Y(M3)= X(B2)- A* X(M3) 

50 CONTINUE 

A= -A 

60 CONTINUE 

C SWITCH Y(I) TO X(I) 

65 DO 65 1=1 ,N 
X(I)= Y(I) 

70 CONTINUE 

IF (lI.EQ.l) RETURN 

C DIVIDE RESULTS BY FLOAT (N) 

R= 1 ./N 
DO 80 1=1 ,N 

80 X(I)= X(I)* R 

RETURN 

END 



 

 

 

 

APPENDIX B 

CSMP III PROGRAM LISTING FOR INITIAL CONTROL SYSTEM 

INITIAL 

PARAM Kl=l, Tl=l, T2=0.25, N=4, IJ=0 
INPUT= 1.0*STEP(0.0) 

DIMENSION PR(10),X(32),Y(32),Z(32),E(32),HT(4,4),HTE(32),S(32) 
DIMENSION WALIN(32), WAL0UT(32) 

FIXED B,B2,D,F,I,II,IR,J,K,L,M,M2,M3,MP,MP2,N,NP,P,IJ 
NOSORT 

READ(5,999) ((HT(J,I),1=1,4),J=1,4) 
999 F0RMAT(4F10.0) 

DYNAMIC 

NOSORT 

XI= INPUT 

IF (KEEP.NE.l) GO TO 20 
IJ= M0D(IJ,4) + 1 
X(IJ)= XI 
IF{IJ.NE.4) GOTO 20 
11= 0 

CALL WT(N,X,II) 

DO 2 1=1 ,N 
WALIN{I)= X(I) 

2 .E(I)= WALIN(I)- WALOUT(I) 
IF (KEEP.EQ.l) WRITE{6,95) (WALIN(I), 1=1,N) 

95 F0RMAT(1X, 'FWT OF INPUT= 8F12.4) 
IF (KEEP.EQ.l) WRITE(6,100) (E(I), 1=1,N) 

100 FORMAT(IX,'ERROR DUE TO STEP INPUT E= ', 8F12.4) 

DQ 3 J=1 ,N 
Sl= 0 

DO 4 1=1 ,N 
S(I)= HT(J,I)* E(I) 
Sl= S1+ S(I) 

4 CONTINUE 

3 HTE(J)= SI 

DO 5 1=1 ,N 
5 X(I)= HTE(I) 

11= 1 

CALL WT(N,X,II) 
IF (KEEP.EQ.l) WRITE(6,105) (X(I), 1=1,N) 

105 F0RMAT(1X,'INVWAL OF DESIRED SIGNAL= ', 8F12.4) 
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DO 6 1=1 ,N 
El= X(I) 

E(I)= Q 

SORT 

Rl= Kl* E(I) 
R2= REALPL(0.0,T1,R1) 
OUT= REALPL(0.0J2,R2) 

NOSORT 
X(I)= OUT 

6 CONTINUE 

11=0 

CALL WT(:N,X,II) 

DO 7 1=1,N 
7 WALOUT(I)= X(I) 

IF (KEEP.EQ.l) WRITE(6,110) (WALOUT(I), 1=1 ,N) 
110 FORMAT(1X,'FWT OF SYSTEM OUTPUT= 8F12.4) 

20 CONTINUE 

TERMINAL 

TIMER FINTIM=4.0, 0UTDEL=0.04, DELT=0.04, DELMIN=8.D-7 

OUTPUT Q.OUT, INPUT 
LABEL STEP INPUT EFFECT ON SYS RESPONSE(OUT), ERROR(Q), STEP 
INPUT(INPUT) 
END 

INPUT 

0.5 0.25 0.0 0.125 
-0.25 0.0 0.125 0.0 
0.0 -0.125 0.0 0.0 
-0.125 0.0 0,0 0.0 

ENDINPUT 

STOP 

https://DELT=0.04
https://0UTDEL=0.04


 

 
 

 

APPENDIX C 

CSMP III PROGRAM LISTING FOR REDUCED CONTROL SYSTEM 

INITIAL 

PARAM Kl=l, Tl=1, T2=0.25, N=4, IJ= 0 
INPUT= 1.0*STEP (0.0) 

DIMENSION PR(10),X(32),Y(32),Z(32),E(32),HT(4.4).HTE(32).S(32) 
DIMENSION IN(32), 0UT(32) 

FIXED B,B2,D,F,I,II,IR,J,K,L,M,M2,M3,MP,MP2,N,NP,P,IJ 
NOSORT 

READ(5,999) ((HT(J,I).1=1,4),0=1,4) 
999 FORMAT(4F10.0) 

DYNAMIC 

NOSORT 

XI= INPUT 

IF (KEEP.NE.l) GO TO 20 
10= MOD(IO,4) + 1 
IN(IO)= XI 
IF (I0.NE.4) GOTO 20 

DO 2 1=1 ,N 
E(I)= WALIN(I)- WALOUT(I) 

2 X(I) = ECl) 

IF (KEEP.EQ.l) WRITE(6,100) (E(I), 1=1,N) 

100 FORMAT(IX,"ERROR DUE TO STEP INPUT E= 8F12.4) 

II = 0 

CALL WT(N,X,II) 

DO 3 0»1 ,M 
S1=0 

DO 4 1=1 ,N 
E(I)=X(I) 
s(i)= ht(o,i)* E(I) 
Sl= S1+ S(I) 

4 CONTINUE 
3 HTE(0)= SI 

DO 5 1=1 ,N 
5 X(I)= HTE(I) 

11= 1 

CALL WT(N,X,II) 
IF (KEEP.EQ.l) WRITE(6,105) (X(I), 1=1 ,N) 

105 FORMAT(IX,'INVWAL OF DESIRED SIGNAL= ', 8F12.4) 
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DO 6 1=1,N 
El= X(I) 

SORT 

Al= IMPULS(0.0,0.04) 
Q= ZH0LD(A1,E1) 

NOSORT 

E(I)= Q 

SORT 
Rl= Kl* E(I) 
R2= REALPL(0.0,T1,R1) 
OUTPUT= REALPL(0.0,T2,R2) 

NOSORT 

OUT(I)= OUT 
6 CONTINUE 
20 CONTINUE 

TERMINAL 

TIMER FINTIM=4.0, 0UTDEL=0.04, DELT=0.04, DELMIN=8.D-7 
OUTPUT Q, OUT, INPUT 
LABEL STEP INPUT EFFECT ON SYS RESPONSE(OUT), ERROR(Q)., STEP INPUT(IN-
PUT) 
END 

INPUT 

0.5 0.25 0.0 0.125 
-0.25 0.0 0.125 0.0 
0.0 -0.125 0.0 0.0 
-0.125 0.0 0.0 0.0 

ENDINPUT 

STOP 

https://DELT=0.04
https://0UTDEL=0.04
https://IMPULS(0.0,0.04
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