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ABSTRACT

The linear flow field horizontal velocities around
various airfoils have been obtained analytically and are
compared with the velocities calculated using the expone-
ntial and inverse square functional relationships between
horizontal surface velocity and the vertical coordinate.
It is found that the velocities, obtained by using the
two different functional relations, match closely with
the analytical solution except near the leading edge and
trailing edge.

Further, subcritical and supercritical flows over
6 percent biconvex and NACA 0012 airfoils at zero incid-

‘ence have been obtained using the standard integral

equation method but with a better approximate starting
solution for the iteration scheme. It is found that
this approach makes the solution converge much faster
than the existing methods. Gauss Legendre quadrature
method has been also used to solve the integral equa-
tion for subcritical flows. It is observed that this
method is not efficient as far as computing time is con-

cerned.
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CHAPTER 1

INTRODUCTION

Transonic Aerodynamics has been a subject of practical
interest and mathematical inquisition since it is known to
encompass one of the most vital regimes of flight. The
transonic flow is generally characterized by an embedded
supersonic flow in the overall subsonic flow terminated
abruptly by a shock or smoothly by a sonic line. High sub-
sonic flow, when the flow is always less than sonic, can
also be catagorized under transonic flow. Mathematically,
the transonic flow is defined by mixed type partial differ-
ential equations with nonlinearities to allow discontinuities
for the shock waves.

Though some work had been done in transonic flow
problems by Chaplygin (4) in the beginning of this century,
the real spurt came at the end of 1940's when the basic
equations and similarity rules were established by von Karman
(13). Then a small number of actual solutions have been
obtained by Lighthill (17) and von Mises (20) by transforming
the equations to hodograph plane whereby differential equa-
tions become linear although still of mixed type. These

solutions were exact but were available only for few



configurations and therefore had a limited usefulness. The
main problem in'using hodograph method arose because of
difficulties in handling the boundary conditions in the new
plane. Also this method can not be applied to three dimen-
sional flow. Inspite of all these limitations, this method
has been developed to be of practical use in the design

of supercritical shock free airfoils by Nieuwland (24)

and more recently by Boerstoel (2) and Garbedian and Korn
(7). These methods make use of the similarity between the
elementary solutions of the incompressible and compressible
hodograph equations by representing the incompressible

flow around an ellipse as a series in the elementary incom-
pressible solutions and then replacing this elementary incom-

pressible solution by the compressible elementary solution.

With the development of large computers, numerical
techniques for solving the transonic differential equa-
tions have gained importance. The first successful general
finite difference method was developed by Sells (35).
Thereafter Magnus and Yoshihara (19) formulated an unsteady
approach, to capture the shock wave, where the steady
flow is obtained asymptotically for large times by a proper
finite difference marching procedure. While some useful
results can be obtained, the time required for the solution
to settle down to steady value is enormously high. The
other finite difference relaxation technique is introduced

by Murman and Cole (22) using the small disturbance



equations in the physical plane. Here different schemes are
used in the elliptic (subsonic) and hyperbolic (supersonic)
regions to conform to the diverse characteristics of the
respective subdomains. When the flow changes from subsonic
to supersonic at the sonic line, a special '"parabolic point"
difference operator is used and when the flow decelerates
from supersonic to subsonic through a shock wave, the central
difference formula is used. Discontinuities are represented
by a rapid finite compression.

More recently Garbedian and Korn (8) and Jameson (12)
have extended the above procedure by using the exact invi-
scid equations with more accurate difference schemes. The
idea of Jameson is further used by Hafez, South and Murman
(11). They have come up with a simpler method to solve the
full potential equation by modifying slightly the density
(due to the artificial viscosity in the supersonic region)
and solving the resulting elliptic like problem iteratively.

However for the present work, the integral equation
approach has been used. The integral equation for two
dimensional flow was first obtained by Oswatitsch (33).

He transformed the nonlinear small perturbation equation
to an nonhomogeneous elliptic equation and using Green's
theorem, obtained the singular integral equation. This
equation contains a line integral over the aerofoil chord

and a surface integral over the flow field. To simplify



the calculations, he converted the surface integral to line
integral by replacing the variation of horizontal velocity
component in vertical direction with a function taking into
account the boundary conditions at the body and the asymp-
totic behaviour at infinity. Gullstrand (10) further refined
this method and also derived the three dimensional counter-
part of the integral equation. Spreiter and Alksne (36)
extended this theory to mixed subsonic/ supersonic flows
with shock wave. Later various papers have been published
by Norstrud (29, 30),.Nixon (25, 26, 27), Ogana (32) and
Ogana and Spreiter (31l) modifying the method of solving

the integral equation so as to obtain better results. Niyogi
and Mitra (28) obtained an approximate closed form solution
of the integral equation for shock free symmetric airfoil

at zero incidence while Mitra (21) got the approximate
solution for supercritical flow with a shock wave.

As discussed earlier, to convert the surface integral
into line integral, various functions, representing the
variation of horizontal velocity in vertical directionm,
have been used in the past. To validate the use of these
functions, a closed form solution has been obtained for
linear flow field horizontal velocity. The velocities, so
obtained, are compared with the velocities obtained using
the various decay functions. The calculation and the compa-
rison are given in chapter III. Chapter II contains the

detailed derivation of integral equation.



Since nowadays, the main interest is to reduce the
computing time while maintaining the same accuracy, it is
desirable to have a better solution to start the iteration
for solving the integral equation, The approximate closed
form solution given by Niyogi and Mitra (28) has been used
as the initial solution to start the iteration scheme for
the calculation of subcritical flow over NACA 0012 and
biconvex aerofoils at zero incidence while for the calculation
of supercritical flow with shock, the solution given by
Mitra (21) has been used. These results are compared with
the present existing schemes in terms of number of iterations
taken by the scheme to converge to a given accuracy. Also
Gauss Legendre quadrature method is used to solve the
surface integral in the integral equation since this method
does not require any decay function for the horizontal velocity.
Chapter IV consists of description of the methods mentioned
above and also the results.

The discussion of results and the conclusions are given

in Chapter V.



CHAPTER II

GENERAL ANALYSIS

1. Transonic Small Disturbance Equation

For a steady, two dimensional inviscid flow, the

governing equations can be written as:

3(p U 3(p W) _ 4 (2.1a)

oxX + 0z =0

oU 30U _1l3p , (2.1b)
Usx * W3z =35 3x

(2.1c)

9X dZ

ah h _ 1 3p_ 2 ; (2.1d)
Usg- t W3 = p (U x TV 55_ )

where (x, z) is a cartesian coordinate system, and x is

in the free stream direction, U and W are velocities in

L
@
E

+

=
@
E

[}
O+
wfo
P

the x and z directions respectively, p is the pressure,
p is the density and h is the specific enthalpy.
It is assumed that the fluid under consideration
is both thermally and calorically perfect and two equations
of state required to completely describe the flow can be

written as:



p=p RT, (2.1e)

h=c T=(Y—§—[)—L, (2.1f)

where R is the gas constant, T is the temperature, cp is
the specific heat at constant pressure, and y is the ratio
of specific heats.

In transonic flows, where the shock wave that occur
are usually almost normal, entropy variations across the

shocks are generally of third order, hence the flow can be

approximated as isentropic, i.e.,

—27 = constant . (2.2a)
p

From Crocco's theorem, therefore, we can assume the flow
to be irrotational for adiabatic conditions. This assum-

ption leads to the condition

3U_ _ W : (2.2b)
9z ax

Because of addition of two more equations (2.2a, 2.2b) for
the description of flow, two of the equations (2.la-2.1f)
can be neglected. Neglecting two momentum equations
(2.1b, 2.1lc) and combining the rest of the equations, we

obtain


https://2.1a-2.1f

(2.3)

a2 - (Lpdy (rrwroudy L @

Equation (2.2b) leads to the introduction of a perturbation

velocity potential, ¢, such that

u=U-1U,=¢, (2.5a)

(2.5b)

where u, w are the perturbation velocities in x and z
directions respectively. Using equations (2.4) and (2.5a,

2.5b), equation (2.3) can be reduced to

(1-M2) o +0

Zz

M (XELy +xEL 240102, 4
X VA XX
Y 2 u? 2 u2



2 y -1 Yy +1 .2
+ M, ( T ¢x + —= ¢z +

X 'z "Xz 2 U2
2
L= 242y ¢ +2M°°¢q> (2.6)
2 U2 X zz 57_ z 'xz ' :

where M_ is the free stream Mach number.

If it is assumed that all perturbation velocities
and perturbation velocity gradients are small and that only
the first order terms in small quantities need to be re-
tained, equation (2.6) simplifies to well known Prandtl

Glaurt equation of linear theory,

(1-M) o +0o =0 . (2.7)
But the failure of linear theory in transonic range is
evidenced by the calculated values of ¢x growing to such
magnitude that they can no longer be treated as small quan-
tities with respect to U,. Therefore in order to retain
the characteristics of transonic flow, it.is suggested
that the first term on the right hand side of equation
(2.6) is significant with respect to other terms on the
right hand side. This leads to a simplified version of
equation (2.6) which is also known as Transonic Small

Disturbance Equation,

2 _
(1-M2) ¢  +o, =
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2 + 1
M ( I—ﬁ;— ) by buy - (2.8)

equation (2.8) is valid only in the regions where the nece-
ssary derivatives exist and are continuous. Since this
equation does not hold where shock waves occur, an additi-
onal equation is needed for the transition through the ss
shock. The necessary equation is provided by the classical
relation for shock polar
"
w2 (U -U )2 a b , (2.9)
b a b 2
2 v’ -U U +a"
y +1 "a a b

where U and W refer to cartesian velocity components with
U parallel to the flow direction ahead of the shock, the
subscripts a and b refer to conditions ahead of and behind
the shock, and a* is the critical sound velocity, which

can be expressed in terms of U, and M, as

a*=\/[y-1+ 2 ] (2.10)
T YUl o+ A

The appropriate simplified version of equation (2.9) is

obtained by resolving the velocities into components

parallel to the axis of the coordinate system and carrying
out a small perturbation analysis analogous to that
performed in the derivation of equation (2.8). 1In this

way, the following relation is found between the
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perturbation velocity components on the two sides of the shock

wave,

2 2 2 _
(1-M ) ( u, - ) e N ¢ W, - Wy < =
+ u
2y+1,% "% 2 (2.11)
Mm U°° ( 2 ) ( ua - ub )
The boundary conditions for equation (2.9) are:
(a) the tangential condition, i.e.,
] dz
S _ 1
T T & (2.12)

where subscript s stands for the surface,
(b) the asymptotic behaviour of perturbation velocities

at infinity, i.e.,

= W| =0 . (2.13)

Further the tangential boundary condition (2.12) can be
applied on the axis rather than on the surface which is

consistent with the small perturbation theory. This leads

_ dzl
dx
z =0

(2.14)

-
U

In addition, it is presumed necessary that the direct

influence of a disturbance in the supersonic region
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proceeds only in the downward direction and the Kutta
condition applies whenever the flow velocity at the
trailing edge is subsonic. Upon solving the above boun-
dary value problem for the perturbation velocity potential

$, one may determine the pressure coefficient, cp by

dé
P-Po 23
c, =——p =— (2.15)
e

2. Transonic Integral Equation

The differenciation of equation (2.8) with respect

to x gives

2
2 vy +1,2 u-
(1 -M ) u, +u, = . M, (=5 )xx . (2.16)
A change of variables
Xx=%x, z=28 2z, and
2
M
- _y+1 o ‘
u i - U (2.17)
transforms the equation (2.16) into
_2
G_+a_=via=(%)__ . (2.18)
XX zz XX

Now the basic tool in deriving the integral equation is

the Green's theorem which relates a surface integral over



the surface of domain D to the line integral computed

around the complete boundary L. If F'and G are any two
functions which, together with their first and second
derivatives, are finite and single valued throughout the

domain D, Green's theorem states

e . 9F" _
[‘F‘an—'csn—)ds"

-//( F'vie-GVveF') ds , (2.19)
D

where the directional derivatives on the left side are taken

along the normal n, drawn inward, to the boundary L as shown

in Figure 1.
1t is convenient to let G = u and to choose F'as the
fundamental solution 1n( %1) of the equation v2p'= 0
' 1
F'= 1n ( T ) (2.20)

where, r,= (% -E)2+(z-2)% . (2.21)

Using equation (2.18) and (2.20), equation (2.19) becomes

/[1n(%1)g%--ﬁg—n(l %)]ds=
. 1
1.2

2 -
=.f/§lz_§7<;_>ds_. (2.22)



\|I||=I —-_——
— -~

-

II".—_ll\\\

Region of integration

Figure 1.
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The singularity at r =

by enclosing the point P within a small sphere. The discon-

0, in the above equation, is excluded

tinuity, because of u being discontinous at the shock wave,
is taken care by altering the boundary of the surface so
that it goes round the shock wave. Thus the equation (2.22)

gives

-%-n-ozal_l“ Ini-g -2 1ml)a
~»© 97 1 z 1
1 u 1 -9 1
- ( In = - us= 1In = )ds
Zﬁ'Ll dn r; on T L
1 du 1 - 3 1
- Z—H- ( ———an ln El" u an 11'1 -r-l)dSLz

-ﬂ-f/ )1nl as (2.23)
T

where the subscrlpt u denotes the conditions on the upper
side of xz plane.
Similarly if domain Di is considered keeping point P still

in the upper half plane, equation (2.22) gives

a5
i - 9 1
0= f(—ln—-u—ln—)d?;
M. a2 1 oz 0T
8_ '3 1 ]
- {=— In=-usz— 1n =) ds
'Z_H—Ll ain 1 an rl Ll
1 du -9 1 '
s St vam ng) ds, -
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1 22 ;2 1 '
- Zi/][';fz (7) 1n () ds (2.24)
) J ok 1
\

where the subscript i denotes the conditions on the lower

lower side of the Xz plane.

§,CE, 0 =a,(E, 0
and

du, du

T _ u, _miéi-%,%—(&:(m |

3z BE - - |
|

- - \

au, au

oo teecd

3z 3z - -

the summation of equations (2.23) and (2.24) give

1/2
a(x, z /(au L £
ulx, z) = — In =) 7_n d&
L1723 " =0
1 ou 1 - 3 1
- 2?—/ ( T In —1- u T 1n ;l) dSL
L. +L2+L1+L2
Z——f/—z(z)ln—ds . (2.25)
l

The first integral on the right hand side of above equa-
tion is equal to the value u given by the linearized
theory of subsonic flow about airfoil and can be replaced
by ﬁl. Further the surface integral is integrated twice

by parts with respect to £, and the line integral over



the shock wave is decomposed into components parallel to

the axes of the coordinate system. By performing these

operations, equation (2.25) can be rewritten as

2 2
- - 5 T 2 -
u=u; + % - _%E/J/.% —%EZ 1n % df dt
- 1
D
2
1 / 1 9 - 4
+ { ln = -_— ( u - )
2 e, Y z
-2 -
- ) 1 1 du ~ 3
-(u-%)>1n=+(1ln = — -u—1n =)
LEY: Ty T19z YA 1
2
cos(n, &) 3} 47 1 { 1n L3 @-9)
cos(n, £) I Lé+L2 L19E z
2
- u ) 1
-(u-% ) — 1n =
275 1

F(m 58 jplycosm Oy gz (226
193¢ 3z 1 cos(n, &)

Also normalization of equation (2.11), by introducing the

quantities defined in equation (2.17), gives

(G, -9, 0% + (i - )% =
u_ +u
(252 (q, -§ )% . (2.27)

The above equation can be written into two alternative

forms as



To simplify equation (2.26) further, it is assumed that

the shock wave is a normal shock wave and the flow is

parallel to the x axis, i.e.,
ﬁa = ﬁb =0 (2.30)

cos(n, ) =0 . (2.31)

Substitution of condition (2.30) in equation (2.29) gives
(a-§)=(a-‘§)b. (2.32)

With equation (2.31) and (2.32), equation (2.26) can be
simplified to

2 2

- =<2
isn e fe Hff flawmiaa o O

D
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or, _2
G( % 2) =G§;( X 2) +5(X, 2)

© o 2
.1 /G(g’g){(i-ﬁ-)z'( - i
1)) 2 (@ -D2+(E-1

The above equation is known as Oswatitsch integral

equation.



CHAPTER III

LINEAR FLOW FIELD VELOCITY CALCULATION

The main source of difficulty in solving the integral

equation (2.31) lies in the double integral. Various fun-
ctional relationships, between horizontal perturbation
velocity in the field and on the surface of the aerofoil

for the same x location, have been used in the past to
convert the surface integral into line integral. In this
chapter, linear flow field perturbation velocity is obtained
analytically and the results are compared with the velocities

obtained using the various functional relationships.

1. Exact Solution (Linear Theory)

As seen in the previous chapter, the Prandtl Glaurt

equation based on linear theory can be written as:

(1-M2) o, +o, =0 . (3.1)

The boundary conditions are

dzl
a. w=10U '&'—x— at z = 0 . (32)

20
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b. u=w=20 at z = o (3.3)

By transforming the variables as

M
]
»
o)
o)
o
NI
i
™
N

¢__+¢__ =0 . (3.4)

XX zz

Because of the symmetry of the airfoil, the flow pattern
is completely symmetrical with respect to x axis, having no
discontinuities in pressure or velocity components across
the x axis except for the jump 2 dezl/dx in w in the interval
0 <x < 1. All these requirements can be met by distribu-
ting over the interval (0,1) the two dimensional point
source solution of the Laplace equation (3.4). A sheet of
these two dimensional source distributed continously over
0 < x < 1 and having the strength o(x') per unit length at
the point (x', 0), possesses the perturbation potential at
any point (x, z)

1

¢(x, z) = Ql—/ 5(x') ln{(x-x")>
0

+ z }1/2

m

To satisfy the boundary conditions (3.2) and (3.3), we



22

calculate :
w(x,0) = 22(x,0) = 8 22(x,0)
z -
9z
8 .. 8 (L., SN2, =2,1/2 .,
= —= lim — o(x') In{(x-x")"+ z°} dx
z+0 3z 0
l |
-8  1imz o(x') dx' (3.6)
2 z-+0 - 2, =2
0 (x-x")"+ z

As z »0, the integral vanishes due to the multiplying factor
except in the viscinity of the point x'= x and z = 0, where
the integrand tends to infinity. By isolating this region
with a small segment of length 26 where § << 1, equation

(3.6) can be written as

x+$ '
w(x,0) = yE= 1im 2 HE)— g
z->0 A (}-(-X')2+ 22
x-9
=2 ’;) B lim [tan'l(%) - tan™? (—f—)]
z 0 z z
= 9(x) 5 (3.7)

Using equations (3.2) and (3.7), we obtain

o

2 U_ zq

B dx (3.8)

o(x) =
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Hence,
u(x,z) = gg—
1 -
_ 1 ' (x-x") '
= o(x') dx
7?0 (x-x')° + 72
U, [t dz; (x-x")
= & (x") > V) dx' . (3.9)
0 dx (x-x"')" + (Bz)

The Prandtl Glaurt rule can easily be obtained from (3.9)

by making z = 0

1
w(e,0) = 1 ;%/'ggl oy —dx' | (3.10)
0

Moreover it can be seen from equation (3.9) that Prandtl
Glaurt rule is not valid in the flow field because of
presence of factor Bz instead of z.

The solution to equations (3.9) and (3.10) are
given by Chaudhuri (5) and are as follows:
If the equation of the airfoil is defined by

N
X", 0< x <1 . (3.11)

then the surface perturbation velocity u(x,0) can be

written as

( )O) — '
-l%fi—- =K', (3.12)

0
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where ‘
N
mK'= Fq To(x) +v£1Fv T, (x) , (3.13)
T = g o G
R
= v =
T, (x) = 51 (2T, -1, v =2,3...... N

The field perturbation velocity u(x,z) can be written

as
—EL%LEL— = %-[x S_l(x,z) - Sl(x,z)] FO
® Z Z
N
+v£l\)[x s,_1(x,2) - S\)(x,z)] F, (3.14)
where
1 -1
S (x,2) = [C tan “{T(x,z)}
% nz/(x2+zz)
+ D 1n /L(x,z)]
S, (x,2) = —%E-[C tan”t {T(x,2)} - D 1n /L(x,z)]
L i

2 2
L(x,z) = (x+1+42 C)27+ (§+2 D)
(x-1)° + 2z
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_ (x+1+2 C) - (x-1)(z+2 D
T(x,2) = ?x-’f) (x+1+2 C) T2 (Z+2 Dg > 0.

z . % /(x2 + 22) + %

Q
I

D2 = % /(x2 + zz) - %

When T(x,z) <0, C tan-l{T(x,z)}is replaced by
C[n-tan'l{ |T(x,2)| }].

Also,
So(x,z) = %z { tan-l ( % ) - tan"1 (—E%l—) }
2 2
Sl(x,z) = x So(x,z) + 2% 1n{ (x-1) 7+ g }
X" + 2z

_ 1
Sv(X,Z)— m + 2 x S\)“].(X’Z)

- (x2 + z2) Sv_z(x,z) , Vv >2,

2. Approximate Solutions

The variation of u(x,z) with z has been approximated
by some simple functions based on Mclaurin's expansion.

The Mclaurin's expansion for u(x,z) for z > 0 can

be written as:

u(x,z) = u(x,0)+z uz(x,0)+ ------------ . (3.15)

Since uz(x,O) wk(x,O) for irrotational flow, equation



(3.15) can be written using tangential boundary condition

as

u(x,z) = ux,0) + z zy o+ ---m------ . (3.16)
XX

The various functions used to satisfy approximately

equation (3.16) are

-2z
u(x,z) = u(x,0) el s (3.17)
ulx,z)= u(x,0) i , (3.18)
z
L+ 55
where r(x) is calculated using the irrotationality
condition and it is written as
- u(x,0) _ u(x,0)
r(X) = = T—— (3.19)
{ v, Lex
3z " (x,0)

It can be seen that the above equations (3.17) and (3.18)
satisfy the boundary condition at infinity.

To compare the results, 6 percent biconvex
airfoil and NACA 0012 airfoil have been selected to
represent typical sharp and blunt leading edge profiles.

The 6 percent biconvex airfoil geometry is

described by

z)=+0.12 (x-x2) , O<x<1 . (3.20)

26
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and NACA 0012 airfoil profile is described by

- 2 3
z = + 0.12 ( b0 x + bl X + b2 x° + b3 X~ +
byx*) , 0<x<l . (3.21)
where
bO = 1.48450
b; = -0.63000
b, = -1.75800
b3 = 1.42150

b4 = -0.50750

Since the surface velocity sclution given by equation
(3.12) is singular at the leading edge, the non-singular

approximation given by Nixon (27) is used and is as follows

1 + uy
u.g = Z] -1 , : (3.22)
T X 2 ,1/2
{1+(—§-——) }

where u_. stands for nonsingular solution and uy is the

solution obtained using equation (3.12).

Using the above discussed methods, the field
velocities at different x locations for NACA 0012 and
6 percent biconvex airfoils have been calculated at zero
incidence for various Mach numbers and the results are

given in Figures 2 to 12.
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CHAPTER IV
SOLUTION OF INTEGRAL EQUATION

The Oswatitsch integral equation (2.34), which is
a nonlinear Fredholm integral equation, can be solved
numerically using an iteration process. Various tech-
niques can be used for the evaluation of the double
integral in the integral equation. One of the techniques,
as discussed in Chapter I, is to reduce the double inte-
gral into line integral using the approximate functional
relationships between horizontal perturbation velocity
in the field and on the surface for the same x location.
Thereafter the line integral is solved by using quadrature
method. Here the airfoil is divided into N elements and
by introducing a mean value of decay factor r(x) for
each of these elements, the contribution of a single
element can be determined by integration over the element.
The other technique of solving the double integfal numer -
ically can be Gauss Legendre quadrature method where the
value of double integral could be obtained without making
any assumption regarding the decay of perturbation
velocity in vertical direction. These techniques and the

iteration schemes used for solving the integral equation

39



are discussed in this chapter.

Equation (2.34) can be rewritten as

2
ﬁ=ﬁl+‘§-1 , (4.1)
where
1f7°°azf(i 52 - (5-DY 4
I - - - - £ daf
I )Tz -2+ (z- A7

For the symmetric airfoils, I can be further simplified

as

{¢
{(

[}
|
e
C.D\
N
8 8
(=]
N
AT
RE
oo v
o N
NN
4+ |
o v
NN
(S W
N
[N
y
[a %
o

Since it can be assumed that u is zero in the region

ahead of leading edge and behind the trailing edge of

the airfoil, the integration limit in £ direction (-», =)

can be reduced to (0, 1). Hence

LIRET

001_2 {( 2 _2} .
_ 1 u - Yo - ¢ - -
I—F/[Z 25— df dz (4.2)
0% )T+

g jvm

{(

on the airfoil surface.

By introducing the relation

u(g, ¢) =u(, 0) F(g, r) ,

I can be written as
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2
(g) 0) ejk

1
N

I (x,) =
J k=1

ejk has been obtained by Kraft (14) for

where - 3
u(x., 0) B

r ( xj ) = - A] Vi
(v + 1) M,

(x:)

Z
1XX J

is obtained from irrotationality condition.

1
€k 'n‘[

where

41

(4.3)

dZ dx

, (4.4)

Equation (4.4) can be integrated analytically (Reference

9, equation 3.354/ 1) to yield
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i .
{1 b lay 2 , itk
= = Hy {] —T_—TI} - ==H, {| rax. | } J

e.. =| Ibl a j

jk
1-2H (] 2 |}, 5=k (4.5)
L T e erji » J ’

where
Ho(W) = ci(u) sin(u) - si(u) cos(u)

where ci and si are the cosine and sine integration fuc-

ctions respectively.
as

2

u.

+ 5L -

2
Uy

.
22—

Thus equation (4.1) can be written

The above equation can be further simplified using the

presence of 1 in equation (4.5)

we can write the alternate form

_2
N
- _ - k -
uj —u i'z_ jk ¢’ J
where

- _ 1 b 2b
ejk—F l—lHOO {I rxj

l a {] 2a

Tlal v EG)

f
OT €55-

of equation (4.6) as

Using this,

---------

(4.8)
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1. Subecritical Flow Iteration Methods

Equation (4.6) or (4.7) can be solved by a simple

Picard iteration scheme.

n l 2 _n-1,
n (ue )
u; = ——JZ———— __—Z—__— €5k (4.9)
or _n- 1 2
_ _ N ( uk ) I
uy = ulj k— —7— &5k (4.10)

where the superscript n indicates the nth iterative step

The iteration proceeds until

max. | 4, - 4, |

becomes less than some specified tolerance.

As given by Kraft (14), the iteration starts
with ﬁg = ﬁlj. To demonstrate Kraft's method , solutions
have been obtained for NACA 0012 airfoil and 6 percent
biconvex airfoil. The results are given in Figures 13,
14 and 15 respectively. In both cases, it takes 5 iter-
ations for the solution to converge to the accuracy of
1073,

However an approximate closed form solution have
been obtained by Niyogi and Mitra (28) which can be used
as the starting solution for the Kraft's scheme. In

Niyogi and Mitra's method, use is made of an inversion

formula for the unique exact solution of a two dimensional



BB — &
3 o+ ~—— EXACT SOLUTION CREF.18)
= + KRAFT’S METHODC4 ITERS.)

—3. 683 A KRAFT’S METHODG2 ITERS.)
S ® LINEAR SOLUTION

~B. 583

a 3
= E
,_Zu 3
W —p, 38.3
o =
—~ =
& =
Eg—B.ZB_g
Q =
u
5 ~3. 183
0 =
B2 3
& = \
[ 7, I, |7, lll[lll!lLll[Li 11]
3 B.2 3. 4 B. 6 B. &5 1.8
3 CHORDWISE DISTANCE <X/C> ¥
B. 18 3
3
B. 28 3
B. 38
%
B. 40
oD

Figure 13. Subcritical pressure distribution over

NACA 0012 airfoil at M_ = 0.72 using
Kraft's method.
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Figure 14, Subcritical pressure distribution over

NACA 0012 airfoil at M_ = 0.72.
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linear singular integral equation with constant coeffi-
cients, whose kernel is identical with that of the
Oswatitsch integral equation. To solve the integral

equation (4.1), it is written in the form

2 Cre 2 -2 = =2
e o L G () L
s ten =g f0 ((E-R)% + (E-2)2}°
- - - - - - - 1 2.
= 2 u(x,z) -2 ul(x,z) + (a- Z) u (x,z) |, (4.11)

where a is a parameter greater than half, to be fixed
later,
Now the inverse formula, the proof of which is

given in reference (28), is: if

[ o . .2 - -2
3 Q(F,2) - %i/;.]f Q(E,©) {EE'X’ - E = ;2}2 df di
- (%3 (4.12)

where g(x,z) be a known function square integrable in
Euclidean Space E and the parameter a be greater than

half, then the unique exact solution in E of equation

(4.12) is

Q(i, 2) = 2_2
(4a"-1)

177 g(x,z) +
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2 @« [ee] .
(€, 0
n,(aaz-l)l/%l;_[: ®

a-1) E-0? - @il &DH? | 4o
- - -2 - - =2 2
(23-1) (E-8)° + (2a+l) (%2)
......... (4.13)

Applying the inverse formula to equation (4.11),we get

2
-4 - 2 - - - - - -
u (x,z) = (452_1)1/2 {2 u(x,z) - 2 ul(x,z) +
(- 3) NN =17 I;(%,2)
(4a“-a)

where

L R.3) - L/w T @a-1) (E-0? - atl) (T5)?
! o)L (@E) G2+ (2atl) (w2)2)2

2
(2 8¢, - 24,5, D + (3-p d (5, D}dE d¥

........ (4.14)

Solving (4.14) and simplifying, we get

G(K,2) = K@ 1+ (1= ghyy @) (R,3) - & 1,(,5)11/2

-2 1/2
K(a) = 1 + (437-1)
(2a-1)

It is further shown in reference (28) that for shock free

flow, Il(i,O) is generally small and therefore



49

G(X,0) = K(a) [1 - { 1- f(—@ i, (%,0) }1/2] . (4.16)

It is also shown that the optimum value of a, is in general,
greater than unity although a = 1 is a good choice. Using
this method, the results are obtained for NACA 0012 and
6 percent biconvex airfoils and these are given in Figures
14 and 15.
This approximate closed form solution is further
used as the starting solution for the Kraft's scheme and
it is found that the solution converges to the accuracy
of lO"3 within two iterations. The results can be seen in
Figures 14, 15 and 16 under '"Modified Kraft's Method."
Since the main interest is to reduce the computing
time to obtain a solution of given accuracy, it was
thought that Gauss Legendre quadrature method should give
a better accuracy with respect to the quadrature method
followed in Kraft's scheme for a given number of points,
thereby reducing the computing time for a given accuracy.
Hence a scheme is developed using Gauss Legendre quadrature
method to solve the double integral and is as follows:
The Gauss Legendre quadrature in one dimension

can be written as

1 n
jf f(x) dx = ¢ H, f(a,) , (4.17)

-1 i=1 1 1
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Figure 16. Subcritical pressure distribution over
NACA 0012 airfoil at M_ = 0.72 using
modified Kraft's method.
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where the ordinates a; and weights H; are fixed values
depending onn. A typical list is shown in Table 1. It is
noted that the finite limit (a', b') can easily be changed

to (-1, 1) with a substitution of the form

2x - (a' + b")
b' - a'

(4.18)

Unfortunately the substitution breaks down for infinite

limits (-», »). 1In case of an integral of the form

o 1
//;) f(x,z) dx dz

it is possible to evaluate the integral using Gauss
Legendre quadrature method by transforming the limit (0, «)

by the following substitution

z = tan1%( 1+t ) , (4.19)
to (-1, 1). The limit (0, 1) is changed to (-1, 1) by
using the transformation (4.18).

But since the integrand has to be continous, in the
region under consideration, for using the Gauss Legendre
quadrature method, the above formula can not be straight-
forward used in case of double integral, in the integral

equation, because of presence of singularity.

Gauss Legendre quadrature method is modified for
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Table 1. ABSCISSAE AND WEIGHT COEFFICIENTS OF THE

GAUSSIAN QUADRATURE FORMULA

n aj Hy n ay Hy
2 =.57735027 1.00000000 14 = 98628381 03511946
- 7 =.92843488 08015809
C] e | smesis sl | 121sisst
. o o +.68729290 15720317
=.25246951 17132449 =.51524864 18553840
:-gf;;‘l’gfg ig‘_’;‘l‘;gg | =.31911237 20519846
*.23 467 =.10805495 21526385
8 *.96028986 10122854 16 +.98940093 02715246
=.79666648 . 22238103 v +.94457502 06225352
S pnthid =.86563120 09515851
= . =.75540441 12462897
10 +.97390653 06667134 *.61787624 14959599
=.86506337 14945135 . =.45801678 16915652
=.67940957 ‘21908636 *.28160353 18260342
*.43339539 26926672 | =.09501251 18945061
*.14887434 29552422 | -
12 +.98156063 04717534
=.90411725 10693933
=.76990267 16007833
=.58731795 20316743
=.36783150 23349254
*.12533341 24914705

n = number of Gaussian points needed to

evaluate the integral

f(x)
H

given function to be integrated

i welghting factors
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solving the double integral I, is modified to take care

of singularity by using equations (4.3) and (4.4). Picard
iteration scheme is used to solve the integral equation

at each of the Gaussian pionts. Since the singularity

in I occurs at the point where the nonlinear velocity

is calculated, the contribution of this Gaussian point

to the value of double integral I(aj) is obtained using
equation (4.4) for the interval (-Hj/Z, Hj/2) instead

of

n
X f(aj, ak) Hk

H.

J k=1
Solutions have been obtained using 16 Gaussian points,
with Niyogi and Mitra's solution as the starting solution
for the iteration scheme, for NACA 0012 and 6 percent
biconvex airfoils. The results are given in Figures 17,

14 and 15 under '""Present Method."

2. Supercritical Flow Iteration Methods

If, for a fixed geometry, the Mach number is
increased such that supersonic flow develops anywhere
on the airfoil, the Picard iteration scheme fails to
converge. This is because of the existence of an embe-
dded supersonic flow in an overall subsonic flow termi-
nated abruptly by a shock or smoothly by a sonic line.

Thus to develop an alternate iteration scheme, several
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Figure 17. Subcritical pressure distribution over
NACA 0012 airfoil at M_ = 0.72 using
present method.
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points with regard to equation (4.1) are discussed first.
Solution of equation (4.1) for u in terms of I and ﬁl can

be written as
u=1 + v {21-¢(2 ﬁl -1) 1. (4.20)

Therefore for real values of u, the discriminant must
always be positive, i.e.

?

21> (24 -1) . (4.21)

Furthermore, the choice of plus sign or minus sign in
equation (4.20) determines whether the local velocities
are subsonic or supersonic. A change in sign where the
discriminant is zero corresponds to a smooth transition
through the sonic velocity. A change in sign where the
discriminant is not zero corresponds to a discontinous
jump in velocity. Such discontinuity corresponds to
normal shock wave and is permissible when it proceeds
from supersonic to subsonic velocity. Discontinuity in
the reverse direction is inadmissible since they corr-
espond to expansion shocks, an impossible phenomenon which
violates the second law of thermodynamics. These condi-
tions lead to the following relations at the sonic point.
First, the flow attains the sonic velocity at the sonic

point, or
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{21I-(2 ﬁl -1 ) } =0, (4.22)
X

and secondly, to avoid expansion shocks, the flow must

pass smoothly through the sonic point, or

%{21-(2&1-1)}x*=0. (4.23)
These conditions are used in the fixed shock iterative
scheme followed herein. In this scheme, for a fixed
airfoil geometry, an initial value of M_ and a reasonable
distribution of u are assumed. This u distribution
contains a discontinuity, given by equation (2.28) for a
normal shock wave, at the specified shock location. This
shock location is unaltered throughout the iteration
process. Using the initial u distribution, the values of
discriminant of equation (4.20) are calculated. Thereafter,
to check the conditions at the sonic point, the algorithm
given by Kraft (14) is used. 1In this algorithm, the value
of local minimum of the N discrete values of discriminant
nearest the leading edge is found. Then a quadratic poly-
nomial is fitted through the three values of the discrimi-
nant immediately upstream, downstream, and at the minimal
value. Using this polynomial, the location of actual
minimun of the discriminant (which is the sonic point locat-

ion if condition (4.22) is satisfied) is determined. The
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value of Mach number is then adjusted until a distribution
of 4 is determined such that the actual minimum of the
discriminant is zero. A new set of values can then be

calculated from

G = 1xy[2 1(&?-1) -r25,00 - 1] . .20
The terms of the discriminant in equation (4.24) are
written in functional form to emphasize their dependence

on u and M, for the previous iterative step. Proper care
must be taken to change from the minus sign to plus sign

at the sonic point and then return to minus sign aft of

the prescribed shock location. 1If the new values of M

and U are sufficiently close to the previous values, it is
presumed that a converged solution is obtained. However, if
such a close correspondence is not obtained, the new values
of M_ and u are taken and the process is repeated. Using
this technique, results are obtained for NACA 0012 and 6
percent biconvex airfoil and are shown in Figures 18 and 19
respectively.

However, since a reasonable distribution of u is
required in this method, it is decided to use the approx-
imate solution obtained for supercritical flow with shock,
by Mitra (21) as the starting solution. Mitra (21) started
with the solution given in reference (28) for shock free

profile flow:
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® MODIFIED KRAFT’S METHOD (M=, 823
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Figure 18. Supercritical pressure distribution over
NACA 0012 airfoil.
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Figure 19. Supercritical pressure distribution over
6% biconvex airfoil.



Gp(%,0) = K@ [1 -7 (1 - fze d,0) 1]

where

-2
-\ _ Y( 4a° - 1)
K(a) = 1+ (72 - 1)

Then a correction term possessing a jump discontinuity is
is determined which leads to an approximate solution for

supercritical flow as

i(%,2) = 1+ [{ﬁo(i,i) - 1% -

2
L G&,E) -1
2{(1‘1(—(35') 7 =
=S 1/2
[3,G.5 - 6D -}(* 70 4z }] . (4.26)
% 02z

where i* is the sonic point location. Here the upper and
lower sign corresponds to ﬁo 2 1. To further simplify the
integral on equation (4.26) for u(x,0), the functional
relationship between the horizontal perturbation velocity
and the vertical direction given by equation (3.17) is
made use of. Using the irrotationality condition and

boundary conditions, one can obtain

— - ¢

2 X ,.2 -2
3o (1) e 12 / (d7z, /dx")
3z u, 8 0 Gy(k,0)

dx . (4.27)
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In this method, it is assumed that the uo(i*,O) = 1 at the
sonic point. Thus for a given Méch number and the airfoil,
ﬁo can be calculated using equation (4.25) and sonic point
location is determined. Next the value of 3%0/82 is comp-
uted with the help of equation (4.27) by integrating it
numerically by Simpson's rule. Then by the same procedure,
the integral in equation (4.26) is calculated and finally
the corrected value u(x,0) is obtained using equation (4.26).

The results are obtained using this method for NACA
0012 and 6 percent biconvex airfoils and these are given in
Figures 18 and 19.

Further, these approximate solutions for NACA 0012
and 6 percent biconvex airfoils have been used as the sta-

rting solution for Kraft's algorithm and the results so

obtained are again given in Figures 18 and 19.




CHAPTER V

DISCUSSION OF RESULTS AND CONCLUSIONS

Linear flow field horizontal perturbation velocities
for NACA 0012 and 6 percent biconvex airfoils have been
obtained analytically and also by using the exponential
and inverse square functional relationships (equations
(3.17) and (3.18) respectively). For biconvex airfoil,
the results are obtained at x = 0.0lc and 0.50c for M, =
0.00, 0.30 and 0.83. These results are given in figures
2 to 7. As can be seen from these figures, for all Mach
numbers, the velocities obtained using both the functional
relationships do not agree with the analytical results
near the leading edge. Same trend can be seen near the
trailing edge of the biconvex airfoil because of its
symmetry about x = 0.50c. At x = 0.50c, the results of
all the three methods agree closely. The results calcu-
lated for NACA 0012 airfoil are given in Figures 8 to 12.
For this airfoil also, the comparison is not good near
leading and trailing edges. At x = 0.50¢, the agreement
between different results is good up to z = 0.5¢c and
thereafter the results obtained using exponential decay

matches closer with the analytical solution than that

62
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obtained using other relationship.

Further, subcritical flow solutions have been
computed for NACA 0012 airfoil at M, = 0.72 and 6 percent
biconvex airfoil at M, = 0.83 using various methods desc-
ribed in chapter IV. Figures 13 to 17 consist of these
solutions. It is seen in figure 13 that in case of Kraft's
method, it takes 5 iterations for the solution to converge
to a given accuracy (10-3) for NACA 0012 airfoil. While
with the modified Kraft's method and present method, solu-
tion converges to the same accuracy within two iterations.
However, the computing time is more in case of present
method with respect to other methods. The results for bi-
convex airfoill(Figure 17) also leads to the same conclusion
as obtained for NACA 0012 airfoil.

Finally, the results are obtained for supercritical
flow over NACA 0012 and 6 percent biconvex airfoils. These
are shown in Figure 18 and 19 respectively. It can be
seen from these figures that Mitra's closed form solution
represents a good starting solution compared to an arbitrary
solution for the Kraft's iterative scheme. Also a kink can
be observed in both figures near the sonic point. This may
be attributed to the algorithm used to satisfy the condit-

ions at the sonic point.

Thus it is seen that that the exponential and inv-
erse square functional relationships, used to represent

the decay of horizontal perturbation velocity with vertical
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coordinate, are good approximations except near the leading
edge and trailing edge. It is further seen that the Kraft's
approach for solving the integral equation can be modified
to achieve faster convergence, thereby reducing the compu-

ting time.



LIST OF REFERENCES




10.

LIST OF REFERENCES

Boerstoel, J. W. "A Survey of Symmetrical Potential
Flow About Quasi-Elliptical Airfoil Section,"
National Lucht-en Ruimtevaart Laboratorium
TR T.136, Amsterdam, Netherlands, 1967.

Boerstoel, J. W. '"Transonic Shock Free Airfoil Design
by an Analytic Hodograph Method,'" American
Institue of Aeronautics and Astronautics Paper
No. 74-539, AIAA 7th Fluid and Plasma Dynamics
Conference, Palo Alto, California, 1974.

Carnahan, B., et al. Applied Numerical Methods.
New York: John Wiley & Sons, Inc., 1969.

Chaplygin, S. A. "On Gas Jets," National Advisory
Committee for Aeronautics TM 1063, Washington,
D. C., 1944.

Chaudhuri, S. N. " Contribution to Some Problems
On Wing Flow," Ph. D. Thesis, Indian Institute
Of Science, Bangalore, India, 1961.

Ferrari, C., and F. Tricomi. ~Transonic Aerodynamics
- English Translation. New York: Academic Press,
1968.

Garbedian, P., and D. Korn. Numerical Design of
Transonic Airfoils, Numerical Solution of
Partial Differential Equations - II. New York:
Academic Press, 1971.

Garbedian, P., and D. Korn. "Analysis of Transonic
Airfoils," Communications on Pure and Applied
Mathematics, 24:841-851, 1971I.

Gradshetyn, I. S., and I. M. Ryzhik. Table of
Integrals, Series and Products. New York:
Academic Press, I1980.

Gullstrand, T. T. '"The Flow Over Symmetrical
Airfoils Without Incidence in the Lower Transonic
Range," KTH Aero TN 24, Royal Institute of Tech-
nology, Stockholm, Sweden, 1952.

66



11.

12.

13.

14,

15.

16.

17.

18.

19.

20.

21.

67

Hafez, M., J. South, and E. Murman. "Artificial
Compressibility for Numerical Solutions of
Transonic Full Potential Equations,' AIAA
Journal, 17:838-844, August, 1979.

Jameson, A. '"Iterative Solution of Transonic Flows
Over Airfoils and Wings Including Flows at Mach
1," Communications on Pure and Applied Mathematics,
27:283-309, 1974.

von Karman, T. '"The Similarity Law of Transonic
Flow," Journal of Mathematics and Physics,
26:182-190, I947.

Kraft, E. M. "An Integral Equation Method for
Boundary Interference in a Perforated-Wall Wind
Tunnel at Transonic Speeds,' Arnold Engineering
Development Center TR-76-43, Arnold Air Force
Station, Tennessee, 1976.

Kuchemann, D., and J. Weber. '"The Subsonic Flow
Past Swept Wings at Zero Lift With and Without
Body," Aeronautical Research Council R&M 2908,
London, 1956.

Liepmann, H. W., and A. Roshko. Elements of Gas
Dynamics. New York: John Wiley & Sons, 1957.

Lighthill, M. J. '"The Hodograph Transformation in
Transonic Flow," Proceeding of the Royal Society
of London, 191(Series A):352-369, 1947/.

Lock, R. C. '"Test Cases for Numerical Methods in
Two Dimensional Transonic Flows,' Advisory Group
for Aerospace Research Report No. 575, Paris,
France, 1970.

Magnus, R., and H. Yoshihara. '"Steady Inviscid
Transonic Flows Over Planar Airfoils - A Search
for a Simplified Procedure," National Aeronautics
and Space Administration CR-2186, Washington, D. C.,
1972,

von Mises, R. Mathematical Theory of Compressible
Fluid Flow. New York: Academic Press, 1958.

Mitra, R. '"Approximate Transonic Profile Flow With
Shock," Acta Mechanica, 25:1-12, 1976.




22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

68

Murman, E., and J. D. Cole. '"Calculation of
Plane Steady Transonic Flows,' AIAA Journal,
9:114-121, January, 1976.

Murman, E., and j. A. Krupp. "Computation of
Transonic Flow Past Lifting Airfoils and
Selender Bodies," AIAA Journal, 10:880-896,
July, 1972,

Nieuwland, G. Y. '"Theoretical Design of Shock
Free Transonic Flow Around Aerofoil Sections,"
International Council of the Aeronautical
Sciences Paper No. 66-26, ICAS 5th Congress,
London, England, September, 1966.

Nixon, D. 'Calculation of Transonic Flow Using
Integral Equation Method," Ph. D. Thesis,
University of London, England, 1976.

Nixon, D. 'Observation on the Strained Coordinate
Method for Transonic Flows,' AIAA Journal,
18:341-342, March, 1981.

Nixon, D. and Hancock, C. J. '"High Subsonic Flow
Past Steady Two Dimensional Aerofoil,' Aeronau-
tical Research Council CP 1280, London, 1974.

Niyogi, P., and R. Mitra. 'Approximate Shock
Free Transonic Solution for a Symmetric Profile
at Zero Incidence," AIAA Journal, 11:751-754,
May, 1973.

Norstrud, H. "The Transonic Airfoil Problem
With Embedded Shocks," Aeronautical Quarterly,
24:129-138, February, 1973, _

Norstrud, H. 'High Speed Flow Past Wing,"
National Aeronautics and space Administration
CR-2246, Washington, D. C.,1973.

Ogana, W., and J. Spreiter. '"Derivation of
an Integral Equation for Transonic Flows,'"
ATAA Journal,15:281-283, February, 1977.

Ogana, W. '"Numerical Solution for Subcritical
Flow by a Transonic Integral Equation Method,"
Acta Physica, 4:228-271, 1950.




33.

34.

35.

36.

69

Oswatitsch, K. '"Die Geschwindigkeitverteilung
an Symmetrischen Profilen beim Auftreten
Lokaler Uberschaltgebiete," Acta Physica,
4:228-271, 1950.

Sachdev, P. L., and M. Lobo. '"Numerical
Approaches to the Transonic Integral Equation,"
Private Communication, Indian Institute of
Science, Banglore, India, 1980.

Sells, C. C. L. '"Plane Subcritical Flow Past a
Lifting Airfoil," Proceedings of the Royal
Society of London, 303 (Series A):337-401,1968.

Spreiter, J. R. and A. Y. Alksne. "Theoretical
Prediction of Pressure Distribution on
Non Lifting Airfoils at High Subsonic Speeds,"
National Advisory Committee for Aeronautics
Report TR-1217, Washington, D. C., 1955.



VITA

Sunil Kumar Jain was born in New Delhi, India, on

December 14, 1952. After finishing his primary and secondary
education in New Delhi, he joined Indian Institute of
Technology, Kanpur in July. 1969 to pursue studies toward
the degree of Bachelor of Technology with a ma jor in
Aeronautical Engineering. He received the B. Tech. degree
with honors in May, 1974. Also he was the recipient of
General Proficiency Prize for being the best outgoing
undergraduate student in Aeronautical Engineering. 1In
August, 1974, he took up a job with Defence Research and
Development Laboratory, India as Junior Scientific Officer.
There he worked in the field of missile aerodynamics and
flight dynamics. Subsequent to his selection as Senior
Scientific Officer in February 1979, he was posted to
Aeronautical Development Establishment. Here he was involved
in the software development of a fighter simulator. In June,
1979, he joined The University of Tennessee Space Institute
as a Graduate Research Assistant and completed the
requirements of Master of Science Degree in Aerospace
Engineering in August, 1981.

The author is a student member of the American

Institute of Aeronautics and Astronautics.

70



