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Abstract 

 

 

This dissertation further extends nanoindentation to study the initiation of plasticity in 

single crystals in nanoscale stressed volumes, to the instrumented tests for damage 

evaluation and monitoring, and to the fundamental issues in deformation and failure 

mechanisms in relationship to the defect evolutions.  

 

In the first project, model Fe-Cr, Fe-Ni and Fe-Cr-Ni alloys that are the basis of many 

structural steels were synthesized as single crystals and characterized. The compositions 

investigated were Fe-15Cr, Fe-30Cr, Fe-30Ni and Fe-15Cr-15Ni (atomic percent). 

Several key mechanical properties were determined which will be useful in further 

studies of irradiation/deformation-induced defects. Incipient plasticity and slip 

characteristics were investigated by nanoindentation on (001) and   ̅    surfaces. Finally, 

the effects of heterogeneous pop-in mechanisms are discussed in the context of incipient 

plasticity in the four different alloys.  

 

Moreover, the pop-in event mode and pop-in excursion are investigated. In previous 

literature, there are two kinds of pop-in mode: a single large displacement burst and 

multiple successive pop-ins. The size and microstructure effect are discussed for the two 

modes showing that multiple successive pop-ins is more likely to be appeared in fcc 

crystal with a smaller indenter tip. Also an analytical model is established to predict size 

effect in pop-in excursion for one large pop-in mode. The effect of the dislocation 

nucleation mechanism is discussed for the pop-in excursion.  

 

In the last project, the pinch-torsion test is designed to evaluate Li-ion cell safety. The 

failure mechanism of pinch-torsion test is examined by numerical simulations and 

comparisons to experimental observations. Finite element models are developed to 



 
vi 

evaluate the deformation of the separators under both pure pinch and pinch-torsion 

loading conditions. It is discovered that the addition of the torsion component 

significantly increased the maximum principal strain, which is believed to induce the 

internal short circuit. It is further found that the separator failure is achieved in the early 

stage of torsion (within a few degree of rotation).  
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Chapter 1 Introduction 

With device miniaturization, researchers and engineers are eager to have a better 

understanding of the material properties at small scales which are different from those of 

the bulk. Nanoindentation is becoming a ubiquitous and promising measurement in 

understanding the nanoscale deformation phenomena due to the resolutions of indenter 

displacement less than several nanometers. Different from conventional indentation 

which measures the sizes of the impression left after unload to get the hardness[1], 

nanoindentation has the ability to provide the information, i.e. modulus, hardness, varies 

continuously with depth in the sample[2, 3]. The first demonstration was in 1977 to 

analyze the loading and unloading curves to measure the surface properties at the micron 

scale[4]. The present modern treatments start in 1975 to show how the area of contact 

could be measured through the load-displacement curve[5]. In 1992, Oliver and Pharr 

developed Oliver-Pharr method to extract the elastic modulus and hardness without the 

image of the hardness impression[2, 3]. For this reason, the method has become a 

primary technique for investigating the mechanical properties of thin films and other 

structure features with small size. Another method was proposed with spherical indenters 

by Field and Swain in 1993 [6]which proved to be equivalent to the Oliver and Pharr 

method[7].    

 

1.1 Pop-in events during nanoindentation 

1.1.1 Previous researches on pop-in events 

In a loading-controlled test, the indentation load-displacement (P-h) curve (Fig. 1) 

often shows one or several pop-in events which are characterized by discrete bursts of 

displacement. The 1
st
 pop-in event is widely believed to be associated with the onset of 

the plasticity[8-15], because the P-h curve before 1
st
 pop-in event follows the Hertzian 

theory which is based on elastic analysis as shown in Fig.1.1[16]. Different materials 

have been investigated extensively by nanoindentation as listed in Tab.1.1 to estimate the 
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ideal strength of single crystal. The initiation of the first displacement burst seems to be 

highly stochastic. Repeating the nanoindentation test on the same sample gives a 

significant spread of the yield load. The distribution of the pop-in events and related 

theoretical strength determination from nanoindentation strongly depend on various 

factors, i.e. loading rate[13, 17], orientation[18], machine stiffness[19], surface 

preparation[20], microstructure[21, 22] and temperature[12]. For example, it is shown 

that the pop-in events were entirely eliminated with conventional mechanical polishing 

compared with regular pop-in events presented in experiments after electropolishing[20]. 

Also the experiments for NiAl single crystal suggested that the pop-in load highly 

depends on the indentation orientation[18]. In addition, the maximum shear stresses 

determined from the pop-in loads increase with the decreasing pre-strain[22]. For 

spherical indenters, the diameter of the sphere is an important length scale in the load of 

1
st
 pop-in events during nanoindentation as shown in Fig. 1.2[22]. Finally, the method to 

calculate the project area also has a direct influence on determining 1
st
 pop-in stress 

inside the sample[23].  

 

Fig. 1.1 Typical indentation curves with significant pop-in events. 
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Table 1.1 Recent experimental results of maximum shear stress      inside a tested 

sample during nanoindentation. 

Tested Sample Maximum Shear Stress 

(GPa) 

Experimental Reference 

Pt 4.4 (    ) Schuh et al[12]. 

Al 2 (    ) Minor et al[24]. 

Ni3Al 8 (   ) Wo et al[25]. 

Ni 

W 

SiC 

8 (   ) 

15 (    ) 

25 (   ) 

Lorenz et al[26]. 

Lorenz et al[26]. 

Schuh and Lunh[17] 

Cr3Si 

Mo-3Nb 

Ta 

GaN 

W 

18.1-21.7 (near    ) 

15.4- 16.2 (near    ) 

7.5 (   ) 

19 (   ) 

16.5 (   ) 

Bei et al[23]. 

Bei et al[14]. 

Biener et al[27]. 

Fujikane et al[28]. 

Ma et al[29]. 

GaAs 

NiAl 

5-10 (         ) 

8.57 (    ) 

Leipner et al[30]. 

Li et al[18]. 

Ni 

Mo 

Mo 

FeCoCrNiMn alloy 

Fe-Cr-Ni alloy 

Cr 

7.3 (   ) 

16.9 (   ) 

16.3 (   ) 

4.90-5.85 (near     ) 

2.98-7.21 (    ) 

20.4 (   ) 

Wang et al[21]. 

Wang et al[21]. 

Morris et al[31]. 

Zhu et al[32]. 

Xia et al[33]. 

Wu and Nieh[34] 
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Fig. 1.2 Indentation size effect on incipient plasticity[22]. 

 

1.1.2 Homogeneous and heterogeneous dislocation nucleation mechanisms 

Generally speaking, there are two kinds of dislocation nucleation mechanisms: 

homogenous dislocation nucleation and heterogeneous one[35]. Homogenous mechanism 

is that the dislocations are nucleated in crystal when the shear stress approaches the 

theoretical strength. In contrast, the heterogeneous dislocation nucleation mechanism is 

that the pre-existed defects such as vacancy concentration[13], Frank-Read source[31] 

and surface defects[36] serve as the heterogeneous dislocation nucleation sites to assist 

the process of dislocation nucleation. The heterogeneous deformation mechanism is the 

one commonly observed in bulk at conventional scale. The stress needed to conquer the 

energy barrier is much lower in heterogeneous dislocation nucleation than in 

homogenous one.  
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The viewpoint is widely accepted that the 1
st
 pop-in event is associated with the 

homogenous dislocation nucleation which drives the researchers to use nanoindentation 

to measure the crystal strength at small volume.  The first time to correlate the 1
st
 pop-in 

event with the first (or first few) dislocation loop nucleation was in 1992 by Page et al[8]. 

They found that before the 1
st
 pop-in event, the sample in the experiments were elastic 

deformed and the 1
st
 pop-in event was the elastic-plastic transition point. This trend was 

also observed by idealized moledular dynamics simulation with no pre-existed defect 

inside[9, 11, 36-42]. In experiments, Minor first used in situ nanoindentation to correlate 

load-displacement behavior with real-time image which provides direct evidences to 

support the viewpoint that the 1
st
 displacement excursion is due to homogenous 

dislocation nucleation during nanoindentation[24]. Additionally it was reported that 

homogenous dislocation nucleation may also occur when the dislocation density is       

m
-2 [24]

.  

 

However in some experiments, it was noticed that the pop-in load had a wider 

range for same sample in which some of pop-in stresses were close to the theoretical 

strength while some were significantly lower[12, 18, 31]. Therefore some work suggested 

that the heterogeneous dislocation nucleation mechanism may also be responsible for the 

material instability even the deformation occurs in small volume[13]. The first possible 

mechanism is the vacancy. Seitz showed that dislocation prefers to nucleate at a vacancy 

or a cluster of vacancies[43]. Furthermore, the self-diffusion of vacancy in solid may 

enable the formation of dislocation loop at critical radius. The activation energy for 

vacancy migration is relative lower (~1eV) compared with ~10
1
-10

2
eV for homogeneous 

dislocation nucleation[12, 13].  In other words, dislocation nucleation will be easier due 

to point defect than homogenous one from an energy viewpoint. However it is worth 

pointing out that the diffusion speed is low and the vacancy concentration is too low to 

appear in stressed volume at room temperature and at moderate pressure. Another 

possible mechanism is Frank-Read source, a mechanism based on dislocation 

multiplication in a slip plane under shear stress[44]. The multiplication of Frank-Read 
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source is a pure athermal, strain rate insensitive way when     
  (  

  is the critical 

resolved shear stress). The typical   
  is at the order of      MPa for which is 320MPa 

for Cu and 170 MPa for Al[45]. From an energy viewpoint, the activation energy is at the 

order of ~    eV[45]. As a result, the dislocation nucleation from Frank-Read source is a 

promising candidate for the 1
st
 pop-in events during nanoindention. In addition, the 

inclusion underneath the contact area also causes significant stress concentration and can 

be served as the heterogeneous sites to precede the displacement excursion which 

changes the shape of cumulative probability curves[13, 46]. Finally, the free surface can 

also be taken as the heterogeneous nucleation sites especially in thin film because atoms 

on the surface are weakened due to the missing neighbors[36]. The stress of surface-aided 

dislocation nucleation is about half of the theoretical strength in bulk. The activation 

energy and volume for different kinds of dislocation nucleation are summarized in Tab. 

1.2. 

 

Table 1.2 Activation energy and volume for typical dislocation nucleation mechanisms. 

The activation volume for homogenous dislocation nucleation is calculated as     
 , in 

which    is the critical radius of dislocation loop. 

Dislocation nucleation 

type 

Activation energy 

(90%   ) 
Activation volume 

Homogenous dislocation 

nucleation 
~10

1
-10

2
eV ~1-10

2
b

3 [14, 47, 48]
 

Vacancy migration ~10
-1

-1eV atomic volume 

Frank-Read source ~10
-1

-1eV 10
2
-10

3
b

3
 

Surface-aided ~10
-1

-1eV 2-30b
3
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1.1.3 Current models for 1
st
 pop-in event 

In order to quantitatively investigate the dislocation nucleation behavior during 

nanoindentation, several statistical models were developed to predict the probabilities of 

1
st
 pop-in event or dislocation nucleation.  

 

For homogenous dislocation nucleation mechanism, these models commonly 

assume that the process is rate dependent, stress-assisted and thermally activated. Thus at 

a given temperature the rate of homogenous dislocation nucleation obeys the Arrhenius 

relationship as follows 

 ̇    ̇      
 

  
                                                    (1-1) 

in which    ̇ is an attempt frequency per material volume,   is the activation enthalpy 

and    is the thermal energy. 

 

Schuh et al established the first statistical model in 2005 in which the rate is 

written as the form of  

 ̇    ̇      
    

  
  ,                                               (1-2) 

where   is the stress over the activation volume  .  By integrate Eq. 1-2 over the volume 

where the plasticity may occur, the globe rate for displacement burst is obtained as  

 ̇    ̇           ∭      
  

  
   

 
.                            (1-3) 

Therefore the cumulative probability for pop-in event can be presented as[12]  

           ( ∫  ̇    
 

 
  ).                                (1-4) 
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Eqs. 1-3 and 1-4 represent a general statistical framework for the full analysis of 

pop-in event during nanoindentation. Eq. 1-4 was used to fit the cumulative probability 

curves from experiments to obtain   and   which are 10.2 A
3
 and 0.28 eV for Pt single 

crystal in  fitting[12]. However it is worth noting that the dislocation nucleation process 

is that many atoms move together to form a critical volume which implies that the 

volume involved in the plastic deform is much larger than the fitting value which is a 

typical value for one or two atoms. Also   is much lower than the theoretical value of 

Volterra dislocation loop(~10-10
2
eV)[14, 49-51]. Similar underestimation can be seen in 

other studies. As a result, the model proposed by Schuh is less reliable.  Also Bei et al. 

used micromechanical analysis to get the theoretical value of activation energy   and the 

activation volume is related to the activation energy. The predictive result shows a good 

agreement with the curves at high pop-in load but fails to reproduce the pop-in events at 

the lower load which might be caused by the heterogeneous dislocation nucleation and 

the uncertainty in the tip shape[14]. The model was also used in Ref.[32]. The method is 

mathematically complex but does not clearly shed light onto the underlying physical 

mechanisms. Li et al took the elastic anisotropy and slip systems in single crystal into 

consideration and presented the cumulative probability curve as follows[18] 

          〈   ̇ ∑ ∫ ∭    { 
     [    

   
]

   
}    

  

 ̇ 

       

  〉         (1-5) 

In order to avoid the drawback mentioned, a generally form of activation energy 

was used  

   (  
 

   
)
 

                                                  (1-6) 

in which   is the applied shear stress and     is the theoretical strength.   and   are 

obtained by fitting the cumulative probability curve which are      and 5.2 respectively. 

  and   fall into the value range predicted in theoretical analysis and molecular 

simulations which proves that this statistical model is applicable for future 

nanoindentation analysis of other single crystals[14, 49-54].   
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In some of cumulative probability curves from nanoindentation in previous 

literatures, significant tails at lower load can be observed which might be attributed to 

heterogeneous dislocation nucleation. There are several heterogeneous models that have 

been proposed. For vacancy migration-limit mechanism, the rate of dislocation nucleation 

was suggested as follows[13] 

 ̇    ̇      
   |   |   

  
 ,                                        (1-7) 

in which |   |  is the magnitude of the pressure gradient and   is the magnitude of 

Burgers vector. The fitting values of activation energy and activation volume for Pt were 

0.11eV and 65 A
3
. This model was applied to investigate the behavior of FeCoCrNiMn 

alloy at different temperatures[32]. The fitting values have the same order of the one in Pt. 

We notice that the fitted activation energy is much smaller than the value from other 

measurement (1.43eV)[55] while the activation volume is slightly larger than a typical 

volume for point defect migration which is about an atomic volume. Furthermore, in 

Mason’s paper, it was mentioned that the coefficient of determination    is 0.36 

implying that the fitting result wasn’t reliable as it is expected[13]. The authors admitted 

that any mechanism based on vacancy diffusion is an unlikely candidate for pop-in events 

during nanoindentation.    

 

Additionally a statistical model for the onset of plasticity at Frank-Read source 

was established to explain the size-dependence in pop-in stresses. Two assumptions were 

made in the model: (1) The pop-in event occurs when a pre-existing heterogeneous 

nucleation site is in a volume    where              . (2) The probability of finding no 

pre-existing defect in    obeys the Poisson distribution. Therefore, the cumulative 

probability for heterogeneous dislocation nucleation is written as follows[31] 

          [          ]                                    (1-8)   
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where         is the pre-existing defect density in the specimen. It is interesting to note 

that the prediction of Morris’s model only has agreement with experimental results at 

larger indenter radius but deviates significantly from measurement at small indenter 

radius.    

 

A combined thermal-spatial statistical model was established based on 

homogenous and heterogeneous dislocation nucleation mechanisms[35]. The two 

mechanisms were treated as independent events[35].   The cumulative pop-in probability 

can be obtained from Eqs. 1-6 and 1-8:  

            〈   ̇ ∑∫ ∭   { 
     [    

   
]

   
}   

  

 ̇
 

       

  

〉

    [          ]                                                                                             

    

in which the first exponential term accounts for homogenous pop-in mechanism, Eq. (5), 

and the second exponential term accounts for heterogeneous pop-in, Eq. 1-8. Eq. 1-9 

shows excellent agreement with nanoindentation data for Mo and NiAl with different 

radii spherical indenters.  

 

This unified model can be used to explain the indentation size effect on pop-in 

event as shown in Fig. 1.3. At small contact size, the stressed region is highly possible to 

be almost defect-free and pop-in event is caused by the thermal activated process of 

homogenous dislocation nucleation (Case A). At intermediate contact size, the 

probability of finding a heterogeneous dislocation nucleation site increases and there is a 

competition between thermally dominated statistics (homogenous dislocation nucleation) 

and spatially dominated statistics (heterogeneous dislocation nucleation) as shown in 

Case B. At larger contact size, there are a much larger number of dislocations underneath 
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the indenter and thus the plastic behaviors are similar with the collective plastic dynamics 

at continuum level (Case D).  

 

 

Fig. 1.3. Schematic illustration of the indentation size effect due to the stressed volume 

and the density of pre-existing heterogeneous sites  . The two red curves provide the 

upper and lower limits of the strength[35]. 

 

Moreover, there is another statistical model to investigate the pop-in load and 

maximum shear stress at 1
st
 pop-in event in nanoindenation[56]. Similar as the unified 

model mentioned in last paragraph[35], two separate dislocation nucleation mechanisms 

were considered: nucleation of dislocations in clean crystal and activation of preexisted 

defect. which were treated equally. Two types of randomness were used to model the 

stochastic behavior. The first one is the randomness in the spatial location of preexisting 

defect. The other one is the randomness in the stress to activate the defect which was 

assumed to be uniform in Li’s model[35]. The predictive results match well with the ones 

from recent experiments and Monte Carlo simulations.     
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1.2 The indentation size effect (ISE) 

1.2.1 ISE in experiments 

After the first several pop-ins, the nanoindentation load-displacement curves 

become smooth and the underlying plastic deformation transitions from stochastic 

behavior to continuous slip plasticity.  For plastic deformation, hardness is one of the 

most important descriptors of the mechanical response to measure how resistant solid 

matter is to various kinds of permanent shape change when a force is applied. Besides the 

ISE on first pop-in event previous mentioned[22], another ISE in indentation is based on 

hardness which the contributions from both yielding and hardening are included. For 

example, the hardness of indentation H increases with the decrease of indentation depth h 

for a self-similar indenter [57, 58] and the hardness increases with the decrease of the 

indenter size for a spherical indenter [59], giving rise to the expression “smaller is 

stronger”. The classical ISE experiment data came from McElhaney et al which was 

generated on a single crystal Cu (111) with a Berkovich indenter[60]. The data which are 

frequently cited demonstrates the classical ISE behavior in Fig. 1.4. Similar phenomenon 

has been widely observed in other investigations[61-64].  
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Fig. 1.4 Indentation size effect (ISE) data for (111) Cu single crystals in nanoindentation 

experiments. The experiments shown here were performed with a Berkovich indenter[65].   

 

1.2.2 Nix-Gao model 

Conventional theories of plasticity don’t include the term of characteristic length 

which means that the mechanical responses from classical plasticity models are size- 

independent. As a result, these experiments with ISE have motivated the development of 

the modeling work, including strain-gradient plasticity theories based on continuum [66-

75], statistical dislocation models[76-83], discrete dislocation simulation[84, 85] and 

other multiscale simulations[86, 87]. Most of the recent efforts to explain experimental 

observations have associated the size effect with the concept of geometrically necessary 

dislocation (GND) that is dislocations must exist to be compatible with the deformation 

at the contact surface [88]. Simple geometric considerations is to consider the density of 

GND is given as  

                                                                 (1-10) 

in which   is the centerline to face angle and   is the Burger vector for conical indenters.  
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At the same time, during the plastic deformation, dislocation may be generated or 

activated and arrested by random trapping processes, leading to the statistically stored 

dislocation (SSD). Based on the assumptions above and Taylor dislocation model[89], 

Nix and Gao developed the relation between   and   [69, 70]:  

(
 

  
)
 

   
  

 
                                                                  (1-11) 

in which    is the characteristic length on the order of microns that is related to the 

material properties and    is the indentation hardness for a large   (    ). It means 

that the hardness is large due to the fact that the density of GND is inversely proportional 

to the indenter depth and appears no up bound at extreme small contact area. This model 

matches well with the experiment data of Cu and Ag with a Berkovich indenter [58, 60].   

 

When it comes to spherical indentation, the ISE on hardness is a function of the 

radius of the sphere. Swadener et al extended the Nix-Gao’s model as a function of R that 

has the similar form as Eq. 1-11:  

(
 

  
)
 

   
  

 
                                                               (1-12)  

in which the material length scale is introduced as    
 ̅

   
,   is the burger vector and    

is the density of statistically stored dislocation [59].  
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Fig. 1.5 Schematic representation of the Nix-Gao model for (a) conical indenter and (b) 

spherical indenter. (c) Geometrically necessary dislocation created by a rigid conical 

indentation. GND under a rigid spherical indenter has same representation[59]. 
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The Nix-Gao model was incorporated into finite element model based on a 

CMSG (conventional mechanism-based strain gradient plasticity)[90]. The prediction 

shows good agreement with Ir alloy’s experimental result with the exception of the 

smallest indenter,        . At smallest radius, the theoretical prediction deviates 

significantly with the curve from the experiments. 

 

Although it was widely applied and showed great predictive capabilities, the Nix-

Gao model clearly overestimates the indentation hardness for very small indenters 

compared with a lot of experimental data from different research groups as shown in Fig. 

1.6 [59, 74, 91]. At micro hardness, the   -    data presents a linear behavior while the 

linear one deviates significantly at nano-hardness regime. The mechanism of the break-

down observed is still unclear. The reason may be an experiment artifact[63, 92] or the 

spreading of the GNDs to a larger volume [63, 93] or dislocation source-limited behavior 

[94-96]. One approach to address this is that, as Huang et al. suggested that there is a 

maximum allowable density     
     existing, due to the strong repulsive force between the 

dislocations that push dislocations outside the high stress volume, in order to regularize 

the discrepancy[74].     
     can be measured from experiments and is to be shown that it 

is on the order of       or      m
-2

. These theories, however, do not address the exact 

details of dislocation microstructure formed during small-scale contact. Another way to 

modify Nix-Gao model is to redefine the GND volume. In original Nix-Gao model, the 

radius of the hemispherical zone with GNDs is equal to the radius of the contact 

impression. However, in small GND volume and a larger GND density, the repulsive 

forces tend to drive them outward to occupy a larger volume[59]. Durst et al suggested 

the radius scales with the contact radius by a material dependent factor  . Based on 

experiments and finite element method simulations, the value of   is in the range of 1.5 

to 2.5 which shows well agreement with the experiments. Finally another possible reason 

for the deviation is the limited number of dislocation sources, a kind of model that 

attributes the break-down to a lack of dislocation sources when the stressed volume is 

small which will be discussed later.    
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Fig. 1.6 Indentation hardness   as a function of indentation depth   for the Berkovich 

indentation on iridium crystals. The size dependence is often interpreted by the extra 

hardening due to the geometrically necessary dislocaitons (GND)[68, 73, 74]
 

 

1.2.3 Influence of dislocation source number on ISE 

Some researchers suggested that ISE in strength are due to unique deformation 

that can be observed only when the specimen volume approaches the average dislocation 

spacing and thus plastic deformation is controlled by a limited number of dislocation 

sources. Some experiments show some evidences for the dislocation source-limited 

model[95, 96]. The geometry self-similarity is not obeyed in the development of GND 

structure and the behavior may lead to the ISE. Dislocation dynamics (DD) simulation is 

an effective way to provide important clues to investigate the dependence of ISE on 

source number, as well as the dislocation forming details [97-99]. In DD simulation, 

dislocations can be either randomly placed in the initial microstructure or created by the 

activation of dislocation sources. For example, Kreuzer and Pippan conducted 2D 

simulation for the activity of edge dislocation with wedge indentation and demonstrated 
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that the dislocation nucleation is largely due to source limited [97]. In the simulation, the 

result shows no ISE essentially, however, when discrete dislocation sources were added 

to the starting configuration, a strong ISE is observed. Recently, a detailed and thorough 

comparison between dislocation dynamics and crystal plasticity was made to investigate 

ISE [100]. Crystal plasticity simulations successfully reproduced the experimental 

findings at larger indentation depth. At the same time, dislocation dynamics can only 

capture the sectors found experimentally when there is a high obstacle density and large 

obstacle strength. The simulation result from DD depends largely on source density and 

only minorly on obstacle density. However, 2D DD simulation should be treated as an 

effective way to check the controlling mechanisms rather than as quantitatively 

prediction because of the dimension limitations [65]. 

 

1.2.4 The link between the pop-in and ISE 

The goal of our research is to investigate ISE in transition from microscale to 

nanoscale which might be due to a breakdown of the kinematic relationship between 

strain gradients and GND density (e.g., a source-limited behavior). For very small 

indentation sizes/depths, it is necessary to consider the conditions for 1st pop-in event. 

Dislocation nucleation is observed in the P-h curve as a pop-in event, once the resolved 

shear stress reaches a critical value given by either homogenous strength or defect 

activation stress by heterogonous pop-in mechanism. After first pop-in or several pop-in 

events, the material is thus forced to develop a certain dislocation density which we 

consider the indentation force is given as  

                                                                      (1-13) 

in which A is the contact area and H is the hardness of material. As show in Fig. 1.6, Eq. 

1-13 has a linear relationship between the indentation force and the depth for spherical 

indenter.  
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During the pop-in event, the load is a constant while there is a displacement 

excursion. Sometimes there are several pop-ins in a P-h curve. They will produce a 

totally error in hardness measurement as shown in Fig. 1.7. Considering pop-in behavior 

is stochastic, the depth of measurement in ISE should be larger than the possible pop-in 

depth which means that the hardness should be measured in the continuous slip plasticity 

stage. Wang et al. checked the curves on silica polished or electropolished Ni and found 

that pop-in occurs at depths less than 50 nm[101]. Also Durst et al. plotted the 

relationship between the hardness and depth for W showing that 50 nm is a reasonable 

cutoff radius[102].   

 

 

Fig. 1.7 The hardness measured as a function of the indentation depth[102].   



 

20 

Chapter 2 Synthesis, characterization, and nanoindentation response of single 

crystal Fe-Cr-Ni alloys with FCC and BCC structures 

2.1 Introduction 

Fe-based alloys have wide application in the nuclear industry, as structural 

materials in fusion nuclear reactors [103]and spallation targets in accelerator driven 

systems [104]. Binary Fe-Cr alloys are of interest because nuclear transmutation of these 

elements does not occur when irradiated with neutrons [105]. Ternary Fe-Cr-Ni alloys 

exhibit void swelling at much higher doses than pure metals such as iron [106]. 

Nevertheless, they undergo microstructural changes in extremely harsh environments that 

are responsible for swelling [107, 108], accelerated creep [109], and a smooth transition 

from elastic to plastic deformation with increased yield stress [105, 110]. To extend 

service lifetimes and mitigate radiation damage, a fundamental and complete 

understanding of defect formation and evolution at the nanoscale is necessary combined 

with an understanding of how they affect the macroscopic mechanical properties that 

govern component performance and reliability. In the past several decades, extensive 

experimental and theoretical research has been conducted to investigate mechanical 

properties and understand the underlying mechanisms [108-114]. Previous research was 

focused on commercial steel or specific Fe-Cr alloys. Recently, spherical indentation on 

polycrystalline Fe-12Cr alloy showed that initial yield occurs at a higher stress with a 

smoother transition from the elastic regime due to irradiation-induced defects [105]. 

However, relatively little is known about the complex deformation behavior under 

indentation in alloys with different chemistries. A basic and thorough assessment of Fe-

Cr-Ni single crystals with different chemical compositions under nanoindentation will 

provide key information on mechanical properties at small length scales, especially the 

transition from incipient plasticity to continuum slip plasticity.  

 

Instrumented nanoindentation is a powerful tool to characterize mechanical 

behavior at small scales [2, 3]. It measures the indentation load   and the indenter 
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displacement  , which allows the extraction of material properties, including modulus E 

and hardness H [2, 3]. Continuous stiffness measurement is usually employed with a 

small, sinusoidally varying load for continuous measurement of modulus E and hardness 

H as a function of depth. The results are influenced by indenter geometry [23], 

indentation orientation [18], near-surface damage [20] and pre-existing defects [31].  

 

Nanoindentation has also been used to investigate incipient plasticity in various 

crystalline materials[10, 12, 14, 18, 20, 23, 31, 33]. Incipient plasticity is associated with 

a sudden displacement burst, or “pop-in” event, on an otherwise continuous load-

displacement curve. The first “pop-in” event often denotes dislocation nucleation in 

materials with low dislocation density  when the resolved shear stress reaches a critical 

value in the range of          where   is the shear modulus. It is very close to the 

theoretical strength     obtained from ab initio calculations [115]. Unlike in uniaxial 

loading, where it is easy to obtain the resolved shear stress [116], the stress field is much 

more complex during indentation. Li et al. [18] developed a general solution for the stress 

field in anisotropic Hertzian contact, which can be used to obtain the maximum resolved 

shear stress for any given crystallographic loading direction. The theoretically predicted 

orientation dependence of pop-in loads agrees well with the experiment results, consistent 

with the view that the first displacement burst during nanoindentation is the result of 

homogenous dislocation nucleation in a metal with low enough dislocation density. For a 

given dislocation density, the likelihood of finding a pre-existing defect that can be 

activated at a stress lower than the homogeneous nucleation stress increases as the 

volume of stressed material under the indenter increases. When that happens, the 

governing mechanism responsible for triggering the first pop-in event transitions from 

homogeneous dislocation nucleation to alternative heterogeneous mechanisms such as the 

sudden motion of pre-existing dislocations. Statistical models have been developed for 

heterogeneous pop-ins during nanoindentation to explain size-dependent pop-in stresses, 

in which the spatial statistics derive from the probability of finding a pre-existing defect 

in the stressed volume [31]. Consequently, pop-in measurements can provide not only the 
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theoretical strength of materials but also shed light on the density and strength of pre-

existing defects that are formed during synthesis or prior deformation.   

 

After the first several pop-ins, the nanoindentation load-displacement curves 

become smooth, and the underlying plastic deformation transitions from stochastic 

behavior to continuous slip plasticity. A number of studies using transmission electron 

microscopy (TEM) have been conducted to characterize dislocation patterns inside 

crystalline materials during this transition, including in Mg [117] and α-Ti [118]. An 

alternative and less tedious method by which the underlying deformation mechanisms 

can be inferred is surface slip trace analysis, which has been used extensively in uniaxial 

tests [119-122] where the intersection line between the slip plane of the activated slip 

systems and the specimen surface can be easily observed and analyzed. A similar 

approach can, in principle, be applied to the slip traces visible on indentation surfaces, 

which also depend only on the activated slip system and indentation direction.  However, 

the complex stress states under the indenter makes this type of analysis considerably 

more difficult than in the uniaxial case and is therefore not widely used.  

 

In this work, key mechanical properties of Fe-Cr, Fe-Ni and Fe-Cr-Ni alloys, 

including modulus, hardness, theoretical strength, defect density and slip systems, are 

investigated using ultrasonic technique, nanoindentation and slip trace analysis. The 

experiment results are used to analyze the deformation mechanisms, via a geometric 

construction, an elastic contact stress analysis, and a crystal plasticity finite element 

method.  
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2.2 Material and methods 

2.2.1 Single crystal growth and sample preparation 

Single crystals of Fe-15Cr, Fe-30Cr, Fe-15Cr-15Ni and Fe-30Ni (at.%) were 

grown in an optical floating zone furnace from polycrystalline rods produced by arc 

melting pure Fe, Ni and/or Cr followed by drop casting into a copper mold under Ar 

atmosphere. During single crystal growth, the diameter of the molten zone was carefully 

reduced to produce a neck that prevented the slower growing grains from propagating 

[123].  X-ray diffraction [Fig. 2.1(a)] confirmed that Fe-15Ni-15Cr and Fe-30Ni have the 

face centered cubic (FCC) structure and Fe-15Cr and Fe-30Cr have the body centered 

cubic (BCC) structure. Figure 2.1(b) shows an example of the as-grown Fe-15Cr single 

crystal. The quality and orientation of all four crystals was examined by using backscatter 

Laue diffraction, as shown in Fig. 2.1(c), which confirms the single crystal nature for all 

four alloys. Laue diffraction indicated the growth direction of Fe-15Cr, Fe-30Cr, Fe-

15Cr-15Ni and Fe-30Ni are [122], [112], [012] and [112], respectively. The as-grown 

crystals were re-oriented using backscatter Laue diffraction and cut normal to the [100] 

and [110] directions using an electro-discharge machine.  
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Fig. 2.1 (a) X-ray diffraction shows that Fe-15Ni-15Cr and Fe-30Ni have the face 

centered cubic (FCC) structure and Fe-15Cr and Fe-30Cr have the body centered cubic 

(BCC) structure. (b) Photograph shows an example of as-grown Fe-15Cr single crystal 

specimen. (c) Indexed backscatter Laue diffraction patterns showing the growth direction 

of the as-grown Fe-15Cr, Fe-30Cr, Fe-15Cr-15Ni and Fe-30Ni single crystals. 

 

2.2.2 Ultrasonic method for elastic constants 

The elastic constants of the two FCC crystals (Fe-30Ni and Fe-15Cr-15Ni), have 

been reported before [124, 125].  Therefore, here we report only the elastic constants of 

the two BCC single crystals obtained using the ultrasonic technique. Cylindrical rods 

with diameters of 6-7 mm and thickness of ~5 mm were machined and ground for this 
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propose. A cubic crystal has three independent elastic constants (   ,     and    ). 

Therefore, two differently oriented single crystals are needed to obtain these elastic 

constants. The longitudinal and transverse sound velocities for the two orientations are 

given by the following equations. 

 

For the <100> crystallographic direction, 

   (
   

 
)
   

(longitudinal),                                             (2-1) 

   (
   

 
)
   

(transverse),                                               (2-2) 

For the <110> direction, 

   (
            

  
 )

   

(longitudinal),                                     (2-3) 

where   is the specimen density, which we measured with an AccuPyc
TM

 1330 

pycnometer. The above procedure is similar to that reported in Ref. [123] where 

additional details can be obtained.  

 

2.2.3 Nanoindentation and Microindentation 

Samples were mounted in epoxy and metallographically prepared by grinding and 

polishing. To eliminate the damaged layer after mechanical polishing [20], the samples 

were electrochemically polished in a 85% H3PO4 solution with applied DC voltage of 

~10 V. Three different kinds of indentation tests were conducted with a Nanoindenter-XP 

system (formerly MTS and presently Agilent Technologies, Oak Ridge, TN) as discussed 

below.  
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First, a Berkovich indenter was used to measure hardness and modulus using the 

continuous stiffness method [2, 3]. The tip area function was calibrated with a fused silica 

sample [2]. For diamond indenters, the Young’s modulus    is 1141GPa and Poisson’s 

ratio    is 0.07. The measurements were performed in the continuous stiffness mode 

(CSM) with a constant  ̇            upto a prescribed maximum load of 15 mN, 

which results in the maximum depth of ~ 650 nm.  

 

Second, nanoindentation was performed along <001> using a spherical diamond 

indenter with a tip radius of ~400 nm to investigate pop-in events. The machine was 

programmed to apply a maximum load of 1 mN and the loads corresponding to the first 

pop-in event were recorded as the pop-in loads,        . In order to investigate the 

statistical behaviors of specimens during nanoindentation, more than 100 indents were 

made on each specimen, and these indents were placed far enough from one another to 

avoid interference.  

 

Third, microindentation was performed on (001) and   ̅    surfaces using a 

spherical sapphire indenter with a radius of ~100 µm. The purpose of this test was to 

generate surface slip traces that could be imaged with an optical microscope to determine 

the active slip systems. The maximum indentation depth was 2 µm.  

  

2.3. Results 

2.3.1 Modulus and Hardness 

Hardness and modulus were measured along [001] direction, and the results are 

summarized in Table 1. The two FCC alloys (Fe-15Cr-15Ni and Fe-30Ni) have almost 

identical hardness values (1.46 and 1.43 GPa, respectively). One of the BCC alloys (Fe-

15Cr) has a hardness (1.65 GPa) that is similar to that of the FCC alloys, but the hardness 
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of the second BCC alloy, Fe-30Cr, is almost twice as high as the others (3.06 GPa).  

These results indicate different solid solution hardening effects in the two crystal 

structures. Two major reasons for solid solution hardening are atomic size mismatch and 

modulus mismatch [126]. In the present alloys, the atomic radii of Fe (126pm), Cr 

(128pm) and Ni (124pm) [127]are all very close, thus the influence of atomic size 

mismatch may be insignificant. On the other hand, the shear modulus of Cr is about one 

and a half times that of Fe or Ni [128]. Solute atoms with different moduli than the 

surrounding matrix change the strain field and affect dislocation motion. Therefore, the 

addition of Cr to Fe is expected to cause more hardening than the addition of Ni, which is 

consistent with the measured hardness trends in Table 2.1.  

 

Table 2.1 Reduced modulus    and hardness   for the four investigated alloys. 

    from Oliver-

Pharr method 

(GPa) 

   from 

ultrasonic 

measurement 

(GPa) 

  (GPa) 

Fe-15Cr  181±9 187.4 1.65±0.03 

Fe-30Cr  193±8 195.7 3.06±0.04 

Fe-15Cr-15Ni  156±11 171.0 1.46±0.02 

Fe-30Ni  136±7 137.3 1.43±0.02 

 

 

The reduced modulus    was extracted from the unloading curve using 

continuous stiffness method [2, 3]and the results are summarized in Table 1 along with 

values calculated from ultrasonic wave velocity measurements as discussed below. 

Although nanoindentation gives reasonably good values for the reduced modulus, for 

elastically anisotropic materials, it is a complicated process to obtain the independent 

elastic constants from the nanoindentation moduli. Therefore, the ultrasonic technique 
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was used to obtain the elastic constants of the two BCC single crystals in this study. For 

the FCC single crystals, the elastic constants were taken from ref. [124, 125]. The results 

for the four alloys are listed in Table 2, along with the elastic anisotropy parameter 

                   (which is unity when the material is isotropic). Fe-30Ni has the 

highest elastic anisotropy with        while Fe-30Cr has the lowest anisotropy with 

      .   

 

Table 2.2 Elastic constants (from ultrasonic measurement) and elastic anisotropy 

parameter A for the four investigated alloys. 

     (GPa)     (GPa)     (GPa) A 

Fe-15Cr  234 128 121 2.28 

Fe-30Cr  245 120 119 1.90 

Fe-15Cr-15Ni [124] 211 137 130 3.51 

Fe-30Ni [125] 147 89 114 3.91 

 

Once all the independent elastic constants are available, the reduced modulus can 

be calculated and compared to the nanoindentation results. In nanoindentation,    for 

elastically anisotropic specimens can be calculated as follows [129]: 

   [             
     ]

  
                                            (2-4) 

where      is the effective indentation modulus of the anisotropic specimen, and    and 

   are the elastic modulus and Poisson’s ratio of the indenter.      can be obtained 

following the analytical procedure in Ref. [129] that solves the Hertzian contact problem 

of elastic anisotropic half-spaces. Clearly, it depends on the three elastic constants of 

these cubic crystals, as well as the crystallographic orientation of the indented surfaces. 

The elastic constants in Table 2.2 were used to calculate the reduced moduli   , which 

are listed in Table 1 next to the measured values from nanoindentation. The measured 

and calculated values of    for the four alloys match well (within 10%). 



 

29 

For comparison with our alloys, Eq. (2-4) was used to calculate the effective 

indentation modulus for indentation on the (001) surfaces of the pure metals iron, nickel 

and chromium. We obtain values of             GPa,            GPa and 

           GPa. The elastic constants used for these calculations were        GPa, 

       GPa and        GPa for Fe [130],        GPa,       GPa and 

      GPa for Cr [131] and        GPa,        GPa and        GPa for Ni 

[131]. From these values of Eeff, the corresponding reduced moduli, E*, for indentation 

with diamond can then be calculated, which are 182.5GPa, 234GPa and 172GPa for Fe, 

Cr and Ni, respectively. When compared to pure iron, Fe-15Cr and Fe-30Cr have higher 

E*, but they lie in the range from the E* of Fe (lower limit) to that of Cr (upper limit), 

indicating a normal rule-of-mixtures type behavior. In contrast, the E* of Fe-30Ni is 

lower than that of both Ni and Fe. Similar trends can be seen in the bulk modulus of Fe-

Ni alloys obtained from ab initio calculations [132, 133]. We note that the composition of 

our Fe-30Ni alloy is very close to that of Invar Fe-35Ni (Fe-26Ni in first-principles 

calculation [132]), which is elastically the softest among Fe-Ni alloys. Therefore the 

reason for the lower modulus of our Fe-Ni alloy may be similar to that proposed for Invar 

alloys, namely their energetically quasidegenerate small-volume/low-moment (LM) and 

large-volume/high-moment (HM) ground states [42]. 

 

2.3.2 Incipient Plasticity   

Clear pop-in events can be observed in all four alloys, as shown in the 

representative nanoindentation load-displacement curves in Fig. 2.2. The pop-in statistics 

(cumulative probability versus pop-in load        ) for the four alloys are displayed in 

Fig. 2.3, where each curve contains data from more than 100 nanoindentation tests 

performed at different locations on the specimen surface. The four curves exhibit the 

same trends with smooth ‘S’ shapes in which the probability of pop-in increases after a 

critical load and then reaches 100% relatively quickly. When the cumulative probability 

approaches unity, it is often the case that the theoretical strength for dislocation 
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nucleation is approached, so an anisotropic elastic contact analysis is needed to convert 

the saturation pop-in loads to resolved shear stresses under the indenter. However, the 

slopes for two of the curves, Fe30Ni and Fe15Cr, are not as steep as the others. One 

possible reason for this might be that the pop-in is a result of the sudden motion of pre-

existing dislocations in the highly stressed zone rather than the nucleation of new 

dislocations [10, 56]. The critical stress for defect-assisted events is expected to be about 

an order of magnitude lower than    , thus those curves in which there is an influence of 

heterogeneous nucleation are expected to have long tails at low pop-in loads. When pop-

ins occur at large loads, the highly stressed volume under the indenter is also large, 

thereby increasing the probability of encountering pre-existing defects [31]. This may be 

the case in Fe-15Cr given that its pop-in load is the highest of the four alloys. In contrast, 

the pop-in loads of Fe-30Ni are considerably lower, so its curve may be representative of 

a higher pre-existing defect density. A detailed discussion and mathematical modeling of 

these two pop-in mechanisms will be given in Section 2.4.3.  
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Fig. 2.2 Representative nanoindentation load-displacement curves for Fe-15Cr, Fe-30Cr, 

Fe-15Cr-15Ni and Fe-30Ni alloys. The curves are shifted laterally for clear visualization. 

The indenter radius is 400 nm.  
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Fig 2.3 Dependence of the cumulative pop-in probability on pop-in load for the four 

investigated alloys under spherical nanoindentation. 

 

2.3.3 Slip trace analysis 

Surface slip trace analysis is the primary method to determine the slip systems 

that are active inside a crystal. In uniaxial tests, it is found that the slip direction is always 

<111> in BCC crystals while the slip plane can be the most densely packed plane {110} 

or the main stacking fault plane {112}. Although {123} slip plane is a possible candidate 

in some BCC metals, it has not been observed in Fe-Cr or Fe-Cr-Ni alloy [134].  In FCC 

crystals the slip system is {111}<110> (full dislocation) or {111}<112> (partial 

dislocation). We now investigate the slip traces created by spherical indentation. 
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Indentation tests were conducted on (001) and   ̅    surfaces and the slip traces were 

imaged in an optical microscope as shown in Fig. 2.4. Within a given crystal structure, 

BCC or FCC, the slip trace patterns were identical regardless of alloy composition (e.g., 

Fe-15Cr and Fe-30Cr exhibited the same patterns). Therefore, we provide only one 

(representative) figure for each orientation and crystal structure. As shown in Fig. 2.4a, 

(001) BCC specimens produce rectangular slip trace pattern with edges inclined at ±45˚ 

to [001] axis. The slip trace pattern on   ̅    BCC specimens is presented in Fig. 2.4b. 

The pattern is diamond shaped with an angle α between the two nonparallel edges of 

about 43˚. The pattern on (001) FCC specimens is rectangular and similar to that on (001) 

BCC as shown in Fig. 2.4c. However, the patterns on   ̅    FCC are more complicated 

(Fig. 2.4d), and exhibit two different sets of slip traces that might be caused by two 

different slip systems. One set is parallel to the [   ] axis while the other is “X”-shaped 

with an angle α of about 73˚.  

 

A slip trace on an indentation surface is the intersection of a slip plane and the 

indentation surface. As a result, from a geometrical analysis, it is possible to predict the 

shape and symmetry of the slip traces for certain assumed slip systems. We calculated the 

slip traces for all possible slip systems in BCC and FCC specimens and the predicted 

patterns are presented in Fig. 2.5 with the corresponding slip systems. Upon comparison 

with the experimental traces, it is concluded that the activated slip systems are 

(112)    ̅ ,     ̅     ̅̅ ̅̅ ̅ ,    ̅      ̅̅̅̅   and   ̅     ̅  ̅  for (001) BCC (     ) and 

(121)   ̅  ,     ̅   ̅   ,        ̅   ,     ̅    ̅   (     ) for   ̅    BCC. Therefore, 

the slip system in Fe-15Cr and Fe-30Cr is            for both orientations. Similarly, 

for the FCC alloys, the activated slip planes are found to be (111),    ̅  ,     ̅  and 

  ̅    during (001) and   ̅    indentation, but the slip directions cannot be 

unambiguously determined. In previous research on other Fe-Ni alloys (Fe-31Ni and Fe-

33Ni), {111}<110> dislocations were observed via high-resolution transmission electron 
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microscopy[135]; therefore, in what follows we assume the {111}<110> slip system for 

further analysis.    

 

 

Fig. 2.4 Slip trace patterns from microindentation for (a) (001) Fe-15Cr, (b)    ̅   Fe-

15Cr, (c) (001) Fe-15Cr-15Ni, and (d)    ̅   Fe-15Cr-15Ni. The white dashed lines 

represent the slip trace patterns.   is the angle between two sets of non-parallel slip 

traces. 
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Fig 2.5 All possible slip traces for indentation on (001) and   ̅    for FCC and BCC 

specimens from theoretical prediction based on geometric construction. The 

corresponding slip planes are denoted besides each slip trace. Based on a comparison 

with experimental slip traces, it is concluded that the activated slip systems are 

(112)    ̅ ,     ̅     ̅̅ ̅̅ ̅ ,    ̅      ̅̅̅̅   and   ̅      ̅   for (001) BCC and (121)   ̅  , 

    ̅   ̅   ,        ̅   ,     ̅    ̅   for   ̅    BCC. The activated slip planes are 

{111} for both FCC alloys. 
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It is noted that in our FCC alloys the slip traces are straight and coarse while those 

in the BCC alloys are wavy and fine. This difference agrees with patterns observed in 

previous tension and compression tests [136, 137]. Wavy slip has been ascribed to non-

planar cross-slip of screw dislocations in BCC metals [e.g., 45]. Since there are various 

possible slip planes including      ,       and other high index planes, the screw 

dislocation after nucleation may move by a recombination-dissociation glide mechanism 

which breaks into small segments of collinear glide on a {110}-{112} neighboring plane 

pair so that the macroscopic average slip traces, comprised of elementary steps from 

several different planes, are wavy and fine. As shown in Fig. 2.4b, the average 

experimental   is 43˚ for    ̅   nanoindentation on BCC Fe-15Cr. This corresponds to 

the predicted angle   of 50° for slip on {112} plane (Fig. 2.5b). In contrast, FCC crystal 

has only one slip plane ({111} single glide) and the Peierls-Nabarro resistance is small 

which leads to less cross-slip and straight and coarse slip traces.      

 

The above analysis is based purely on the geometric features of slip, which allows 

us to infer the slip systems that are likely activated during indentation. However, from a 

mechanical viewpoint, we envision a transition from dislocation-nucleation-controlled to 

continuum-slip deformation modes as the indentation depth increases. Therefore, to 

obtain a more detailed understanding of the relationship between slip traces and 

deformation mechanisms, next we conduct anisotropic Hertzian contact analysis and slip-

based crystal plasticity modeling for our four alloys.        

 

2.4. Discussion 

2.4.1 Anisotropic elastic contact analysis  

If no strength-reducing defects are present in the volume sampled, the pop-ins 

observed in Fig. 2.2 result from homogeneous nucleation of dislocations when the 

maximum resolved shear stress reaches the theoretical strength    . Upon further loading, 
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these dislocations will multiply and form continuous slip fields that eventually lead to the 

observed slip traces on the indented surfaces. Therefore in this section, we first calculate 

the maximum resolved shear stress and its location underneath the indenter for all 

possible slip systems during elastic contact. This requires an anisotropic indentation 

analysis to calculate the indentation Schmid factor (ISF). The ISF is defined as the ratio 

of maximum resolved shear stress among all possible slip systems     
    to the maximum 

contact pressure    under the Hertzian contact[18]:  

  
    
   

  
                                                                    (2-5) 

where     
                

   
  

   
  and    and    are the slip direction and the normal 

to the slip plane. The repeated subscripts imply the usual summation convention.    is 

given by Hertzian contact mechanics as: 

   (
     

    )
   

                                                         (2-6) 

where   is the applied load and   is the indenter radius.  

 

The Stroh formalism and two-dimensional Fourier transform are applied in order 

to derive the analytical stress field in elastic anisotropic solid under Hertzian contact. 

With the entire stress fields obtained, a search for the maximum ISF in Eq. (2-5) is 

conducted using the Nelder-Mead simplex algorithm for a given set of slip systems, and 

the corresponding slip system and its location determined. This method has been 

successfully applied to predict dislocation nucleation and the first pop-in event in 

NiAl[18], Mg [117] and α-Ti [118] alloys. Here we use this method, along with the 

elastic constants obtained from ultrasonic measurements, to calculate the largest and the 

second largest ISFs for our four alloys in the (001) and   ̅    orientations, and the results 

are given in Table 2.3. For the two sets of slip systems in the BCC alloys, the largest ISFs 

are within 9% of each other and the maximum resolved shear stress on {112} is equal to 
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or larger than that on {110} for both indentation orientations. Therefore, without 

knowing the corresponding theoretical strengths, the ISF analysis alone is unable to 

uniquely determine on which slip system dislocation nucleation will occur first.  

 

Table 2.3 Largest and second largest indentation Schmid factors for the two possible sets 

of slip systems in the four alloys. Those for the activated slip systems are shown 

underlined. 

Material 
Indentation 

Plane  
Slip System Largest ISF 2

nd
 Largest ISF 

Fe-15Cr [001] {110}<111> 0.249 0.153 

Fe-15Cr [001] {112}<111> 0.264 0.215 

Fe-15Cr    ̅   {110}<111> 0.275 0.195 

Fe-15Cr    ̅   {112}<111> 0.295 0.229 

Fe-30Cr [001] {110}<111> 0.257 0.224 

Fe-30Cr [001] {112}<111> 0.275 0.213 

Fe-30Cr    ̅   {110}<111> 0.272 0.195 

Fe-30Cr    ̅   {112}<111> 0.298 0.212 

Fe-15Cr-15Ni [001] {111}<110> 0.230 0.183 

Fe-15Cr-15Ni    ̅   {111}<110> 0.254 0.184 

Fe-30Ni [001] {111}<110> 0.233 0.185 

Fe-30Ni    ̅   {111}<110> 0.260 0.183 

 

For spherical indentation, the contact response transitions from elastic, to elastic-

plastic, to fully plastic behavior as the ratio of contact radius to indenter radius increases. 

The elastic contact analysis presented here predicts where and on which slip systems the 

first several dislocations are nucleated. It is reasonable to expect that subsequent 

dislocation multiplication will occur at or near these sites of maximum resolved shear 
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stress. This conjecture has been confirmed by a recent TEM study of Ti single crystal 

[118], which found that, indeed, dislocation loops formed at the locations predicted by 

the elastic contact ISF analysis. Consequently, ISF analysis will provide important 

guidance on how slip traces form under indents. Obviously, the stress fields in the fully 

plastic state are very different from the elastic ones that are considered here. This issue 

will be addressed in the crystal plasticity simulations in the next section.  

 

We correlated the ISFs and the positions where the resolved shear stress is 

maximum for the activated slip systems determined in slip trace analysis, as shown in Fig. 

2.6. In the BCC alloys, for the different slip systems considered (Table 2.3), it is found 

that during (001) indentation the activated slip system determined by the slip trace 

analysis does indeed have the largest ISF, namely, 0.264 for Fe-15Cr and 0.275 for Fe-

30Cr. The situation is similar for (001) indentation in the FCC alloys: both ISFs for Fe-

15Cr-15Ni and Fe-30Ni are about 0.230. Since there are two kinds of slip trace patterns 

on the   ̅    surface, ISFs for both of the corresponding activated slip systems were 

calculated, which are the largest and second largest in the set of slip systems considered. 

The trace parallel to the [110] axis has the largest ISF while the ISF of the “X”-shaped 

trace has the second largest ISF among the {111}<110> slip systems. Such analysis 

indicates that dislocations nucleate, and subsequently multiply during slip deformation, at 

or near the sites where the shear stresses are maximum.  However, we also note that ISFs 

are 0.229 or 0.212, the second largest ISF in {112}<111> slip system for   ̅    BCC. 

Also the second largest ISF in {112}<111> slip system is smaller than the largest one in 

{110}<111> slip system (about 0.275). 
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Fig. 2.6 Schematic diagrams showing locations of the maximum resolved shear stress, 

slip plane, slip direction and slip trace patterns from ISF analysis for (a) (001) BCC 

crystal, (b)   ̅    BCC crystal, (c) (001) FCC crystal, and (d)   ̅    FCC crystal. The 

red lines on the indentation surface are the slip traces.   is the angle between two sets of 

non-parallel slip traces. 

 

Since ISFs are determined for the activated slip system under (001) indentation, 

we are able to obtain the theoretical strength     using 

      (
       

    )
   

.                                                 (2-7) 

We define the critical load     as the pop-in load at the cumulative probability of 

90%. The critical loads thus obtained from Fig. 2.3 are 0.501mN for Fe-15Cr, 0.235mN 

for Fe-30Cr, 0.160mN for Fe-15Cr-15Ni, and 0.0958mN for Fe-30Ni. The theoretical 

strengths calculated using these pop-in loads and Eq. 2-7 are listed in Table 4. In terms of 

their shear moduli, they are      , where   is the shear modulus on the corresponding 

slip system, expressed as                 where       is the stiffness tensor [138]. 
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These values are in the typical range of theoretical strengths,         , which implies 

homogenous dislocation nucleation.  

 

Table 2.4 Theoretical strength     of the four alloys determined from pop-in analysis. 

 Fe-15Cr Fe-30Cr Fe-15Cr-15Ni Fe-30Ni 

    (GPa)                     

 

2.4.2 Crystal plasticity simulations for the slip trace analysis 

Although slip trace analysis combined with anisotropic contact analysis is a 

reasonably accurate way to determine the activated slip systems, as shown in the 

preceding section, it fails to provide important details, e.g., macroscopic strain in the 

plastic zone. In order to better understand the plastic deformation of the four types of 

alloys and verify the conclusion from the slip trace analysis, a slip-based crystal plasticity 

model was employed to investigate the slip strain field in the fully plastic state.   

 

Our finite-element analysis (FEA) was conducted with commercial software 

ABAQUS with a user-material subroutine UMAT incorporating single crystal plasticity 

[139]. The total deformation gradient F can be expressed as a multiplicative 

decomposition:  

                                                                       (2-8) 

in which    is the plastic part solely due to crystalline slip on a given set of slip systems 

and    represents lattice stretching, rotation and rigid body motion. The rate of change of 

   is related to the sum of the slip rate   ̇    by 

 ̇      ∑  ̇             
                                              (2-9) 
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in which  ̇   ,        and      are the slip rate, the slip direction and the slip plane normal 

of the  th slip system, respectively.  

 

The slip rate is a function of the resolved shear stress      and the strength of that 

slip system      
   

. Following the work in [140, 141], the plastic flow equation is taken as 

a power-law form: 

 ̇      ̇ |
    

     
   |

 

                                                     (2-10) 

where   ̇ is the characteristic strain rate,      is the resolved shear stress,  ̇    
   

 is the flow 

strength of the  th slip system and   is the stress component. Since our main goal here is 

to describe dislocation slip in anisotropic single crystals during nanoindentation rather 

than strengthening effects, work hardening during plastic deformation was not taken into 

consideration in FEM simulation. 

 

The finite element model we used has the geometric symmetry associated with the 

rigid sphere indenter and the crystallographic symmetry of the indented crystal, which 

allows us to use just half of the deformable crystal in our simulations. The bottom of the 

crystal is fixed along z-axis. Symmetric boundary condition is applied to the cross-

sectional surface about y-axis. The contact between the indenter and the crystal is 

frictionless. The mesh has finer elements near the indenter. The elastic constants used are 

those in Table 2.2. Regarding the parameters for slip, the initial slip strength    is 

determined from the hardness of the alloys from nanoindentation. According to the Tabor 

relation, the tensile strength can be expressed as      , in which   is usually equal to 

3. Then we use the Taylor factor   (approximately 3 for both BCC and FCC crystals) to 

predict the slip strength    based on the tensile strength by       [1]. Thus    is 

183MPa for Fe-15Cr, 340MPa for Fe-30Cr, 162MPa for Fe-15Cr-15Ni and 158MPa for 
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Fe-30Ni. The other slip parameters are   and   ̇ which are 20 and 0.001    , respectively. 

We simulated two different indentation orientations: (001) and   ̅   .  

 

Fig. 2.7 shows the sum of “normalized” shear strain distributions (       

∑|    |      ) considering all the activated slip systems obtained from the previous slip 

trace analysis. The slip systems added together for the BCC alloys include 

(112)     ̅ ,     ̅     ̅̅ ̅̅ ̅ ,    ̅      ̅̅̅̅   and   ̅     ̅  ̅  for (001) indentation, and 

(121)    ̅  ,     ̅   ̅   ,        ̅    and     ̅    ̅   for   ̅    indentation. For the 

FCC alloys, the slip systems added together are (111)   ̅  ,    ̅       ,     ̅       

and   ̅        . Here   ⁄  determines the magnitude of the indentation strain field, so it 

is used to compare the slip strains. Because the slip traces are formed by the intersection 

of gliding dislocations and the free surface, the slip traces will not follow all the slip 

strain contour lines; rather they correspond to only the outermost contour line, as shown 

by the white dashed lines in Fig. 2.7. These predicted slip trace patterns agree well with 

the experimental observations. For (001) BCC, the contour is a 4-fold rosette with 

      as shown in Figs. 2.7a and 2.7c. During   ̅    BCC indentation, as shown in 

Figs. 2.7b and 2.6d, the slip traces denoted by white dashed lines form a rectangle with an 

angle   of about 50˚ (43˚ in experiment). The (001) FCC specimens exhibit a 4-fold 

rosette (Figs. 2.7e and 2.7g) similar to that in (001) BCC specimens. In the case of   ̅    

FCC, two types of slip trace pattern are obtained (Figs. 2.7f and 2.7h). One has edges 

parallel to the [110] axis. The other has a dog-bone shape with an angle α of about 65˚ 

(the experimental value of   is ~73˚). These results show that FEM simulation provides 

additional insight into the deformation occurring during the slip stage of indentation and 

that both sets of predicted slip trace patterns (from FEM and ISF analyses) are consistent 

with the experimentally observed patterns. Consequently, although the stochastic 

deformation behavior that occurs after the first pop-in and before continuum plasticity 

sets in cannot be modeled, the same types of slip traces that are predicted from these two 
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limit cases (i.e., elastic stress analysis in the previous section and the finite element 

simulations in this section) validate our slip trace analysis.   
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Figure 2.7 Normalized slip shear strain from finite element method for (a) (001) Fe-15Cr, 

(b)   ̅    Fe-15Cr, (c) (001) Fe-30Cr, (d)   ̅    Fe-30Cr, (e) (001) Fe-15Cr-15Ni, (f) 

  ̅    Fe-15Cr-15Ni, (g) (001) Fe-30Ni, and (h)   ̅    Fe-30Ni. Refer to the text for the 

definition of slip shear strain. The white solid circles present the contact area of the 

indenter. The white dashed lines are the edges of contour which corresponds to the slip 

trace.  
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2.4.3 Homogenous vs. heterogeneous pop-in mechanisms  

In a defect-free single crystal, the mechanism for the first pop-in event is 

homogenous dislocation nucleation, which is governed by thermal statistics in the defect-

free and highly stressed zone under the indenter. When the applied resolved shear stress 

is a little lower than the theoretical strength    , the energy barrier for dislocation 

nucleation can be expressed as     (            )
 

, based on a number of 

atomistic and Peierls-Nabbaro dislocation analyses. The fitting parameter   is found to be 

in the range         where   is the shear modulus and   is the magnitude of the 

Burgers vector, and the exponent   is in the range of 1.5-4.5. Based on the first-order 

kinetics, the cumulative probability for homogenous dislocation nucleation on all 

available slip systems can be expressed as follows 

          〈   ̇ ∑ ∫ ∭    { 
     [    

   
]

   
}    

  

 ̇ 

       

  〉         (2-11) 

in which   ̇ is an attempt frequency per unit volume,    is Boltzmann constant,   is the 

absolute temperature, and   is the indentation load. This homogenous dislocation 

nucleation model matches well with the indentation experiments when the stressed 

volume is small in specimens with low pre-existing defect density.  

 

However, as noted before, some of our cumulative probability curves have less 

steep slopes and show slight deviations from “S” shape (Fig. 2.3). In these cases, it is 

expected that the spatial statistics of pre-existing defects in the specimens may control the 

first pop-in event and onset of plasticity. Following [31],    is defined as the volume 

where the applied resolved shear stress,      , reaches the defect strength,        . The 

probability of finding no pre-existing defect in    is assumed to obey the Poisson 

distribution and thus the cumulative probability for heterogeneous pop-in mechanism is 

given by  

          [          ]                                    (2-12) 
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where         is the pre-existing defect density in the specimen. 

 

Our previous work developed a combined thermal-spatial statistics model to unify 

the homogenous and heterogeneous mechanisms, which are treated as independent events 

[35]. The cumulative pop-in probability can be obtained from Eqs. (2-11) and (2-12):  

            〈   ̇ ∑∫ ∭   { 
     [    

   
]

   
}   

  

 ̇
 

       

  

〉

    [          ]                                                                                          

in which the first exponential term accounts for homogenous pop-in mechanism, Eq. (11), 

and the last exponential term accounts for heterogeneous pop-in, Eq. (2-12). Equation (2-

13) has been shown previously to be in excellent agreement with nanoindentation data for 

Mo and NiAl obtained with spherical indenters having different radii. Here it is applied to 

obtain estimates of the pre-existing defect density         in the four alloys. The 

theoretical strengths used for the fitting are obtained from the calculations in Section 

2.4.1. As shown in Fig. 2.8, the predicted curves (Eq. 2-13) match well those from 

experiments. The fitting results in Table 2.5 show that Fe-30Ni has the highest defect 

density and Fe-30Cr and Fe-15Cr-15Ni have the lowest defect densities, which are two 

orders of magnitude lower than that of Fe-30Ni. The defect density of Fe-15Cr is 

approximately in the middle of these two extremes. These results indicate that, to varying 

degrees in the four alloys, incipient plasticity involves both thermally activated and the 

defect-assisted processes. In the case of Fe-30Cr and Fe-15Cr-15Ni, incipient plasticity 

may be solely due to thermally activated homogenous dislocation nucleation given their 

low defect densities (0.03 µm
-3

) while in Fe-30Ni the defect density may be high enough 

(~3 µm
-3

) that incipient plasticity occurs by the activation of pre-existing dislocations. 

Similar statistical distributions are seen also in the yield strengths obtained from small-

scale uniaxial tests. For example, Mo-alloy fibers with length   show the largest amount 

of scatter in yield strengths at intermediate values of          
    , from 0.05 to 0.3 [142]. 



 

48 

Clearly, a determination of the pre-existing defect density is important in understanding 

small-scale mechanical behavior. Usually, this is accomplished experimentally using 

TEM or X-ray diffraction [143] both of which can be cumbersome. The approach 

discussed above, where homogenous versus heterogeneous pop-ins are analyzed, 

provides a simpler way to indirectly infer the pre-existing defect densities.   

 

Figure 2.8 Cumulative pop-in probabilities as a function of maximum resolved shear 

stress for indenter radius of 400nm. The solid lines are predicted pop-in behaviors 

considering both homogenous and heterogeneous pop-in mechanisms with fitting 

parameters given in Table 2.5. 
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Table 2.5 Fitting parameters used in Fig. 8 for the four alloys under spherical indentation 

with indenter radius of 400 nm. In the fitting,                , and other parameters are 

obtained from the nanoindentation experiments. 

 Fe-15Cr Fe-30Cr Fe-15Cr-15Ni Fe-30Ni 

m 4 2.8 2.9 4.2 

        

(    ) 

0.1 0.03 0.03 3.1 

 

2.5 Summary and Conclusions 

The mechanical properties of model BCC and FCC alloys based on Fe-Cr, Fe-Ni, 

and Fe-Cr-Ni were experimentally characterized using ultrasonic, nanoindentation, and 

microindentation techniques. Based on a synergistic analysis of these experiments with 

simulations and theoretical predictions, the following conclusions were made: 

1. The nanoindentation hardness/modulus, measured by continuous stiffness method, 

are 1.65/181 GPa for Fe-15Cr (BCC), 3.06/193 GPa for Fe-30Cr (BCC), 1.46/156 

GPa for Fe-15Cr-15Ni (FCC), and 1.43/136 GPa for Fe-30Ni (FCC). The 

indentation modulus is consistent with values calculated from the single crystal 

elastic constants of all four alloys.  

2. Slip trace analysis indicates that, during (001) and   ̅    indentation, slip occurs 

on the {112} planes in Fe-15Cr and Fe-30Cr (BCC alloys) and on the {111} 

planes in Fe-15Cr-15Ni and Fe-30Ni (FCC alloys). The activated slip systems 

determined by slip trace analysis have the largest or second largest ISFs among 

the set of possible slip systems which confirms that both incipient plasticity 

(dislocation nucleation) and continuum slip plasticity occur on those slip systems 

with large ISF or maximum resolved shear stress.  

3. More than a hundred nanoindentation tests were performed on (001) surfaces of 

Fe-15Cr, Fe-30Cr, Fe-15Cr-15Ni and Fe-30Ni single crystals and the distributions 

of pop-in load measured. From these distributions and anisotropic elastic contact 
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analysis the theoretical strength     was determined to be 7.21GPa for Fe-15Cr, 

6.39GPa for Fe-30Cr, 4.17GPa for Fe-15Cr15Ni and 2.98GPa for Fe-30Ni.  

4. The pop-in loads were analyzed in terms of homogenous versus heterogeneous 

mechanisms of incipient plasticity. It was found that the pre-existing defect 

densities are higher in Fe-30Ni and Fe-15Cr. Therefore, heterogeneous pop-in 

mechanisms should be taken into account in future microstructure-property 

analysis of these alloys.   
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Chapter 3 The investigation of the pop-in mode and the size effect of pop-in 

excursion 

3.1 Introduction 

Nanoindentation is a ubiquitous tool to investigate the onset of plasticity at nano-

/micrometer[19]. The elastic-plastic transition is always associated with distinct 

displacement burst/bursts which is called pop-in event on the otherwise continuous load-

depth curves (P-h curve)[14, 18, 22, 33, 35]. In past research, the 1
st
 pop-in event and 

related issues were intensively studied, i.e. pop-in mechanism, key factors to pop-in. 

However it is noted that there are two different pop-in modes: In most of cases there is a 

single large displacement burst after which the deformation obeys the plastic behavior at 

continuum level. In contrast, it is also observed that there are multiple successive pop-ins 

after the 1
st
 pop-in with much smaller excursions. The mechanisms for the two modes are 

still unclear. In this section, we aim to compare pop-in modes for typical materials with 

different crystal structures with different indenter radius and thus to have a better 

understanding of the pop-in mode. 

 

3.2 Result and discussion 

First, the pop-in modes of Mo (bcc) and Ni (fcc) are compared at different tip 

radius as presented in Fig. 3.1[21, 22]. The P-h curve of Mo(100) exhibits a very clear 

pop-in event whose excursion is about 50 nm. Before the 1
st
 pop-in event, the P-h curve 

completely obeys the Hertzian contact theory  

   
 

 
                                                                    (3-1) 

which implies the deformation is pure elastic. After the 1
st
 pop-in, the dislocation 

density increases in order to accommodate the applied strain fields which scale as a/R. 

Therefore, for spherical indentation on soft materials, eventually a fully plastic 

deformation stage can be reached, and the corresponding the applied load can be 

described by the hardness: 
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                                                                    (3-2) 

in which   is the contact area and   is the hardness of material. As shown in Fig. 3.2, 

the contact area                              in which   is the 

contact radius. Neglecting the higher order term      , the plastic load can be expressed 

as follows: 

                                                                   (3-3)  

which implies that there is a linear relationship between the load   and the depth   in 

plastic deformation.  
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Fig. 3.1 Typical P-h curves during nanoindentation for (a) Mo(100) with       nm 

[21] (b) Ni(100) with       nm [21] (c) Ni(100) with       nm [22]. 
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(a) 

 

 

(b) 
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(c) 
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The mode of multiple successive pop-ins can be observed during Ni(100) 

nanoindentation with tip radius equals to 220 nm as shown in Fig. 3.1b. The excursion 

   is only about 5 nm. After 1
st
  pop-in, the P-h curve still can be well fitted by Eq. (3-

1) if   is replaced with     . The fitting result implies that the deformation is quite 

possible to be elastic in the high stressed zone. Experiments like unloading test are 

needed to further prove the conclusion. An explanation based on the dislocation 

nucleation and movement will be given later. Compared with Fig. 3.1a and b, it can 

reach a conclusion that the microstructure plays an important role in pop-in mode.  

 

Also another interesting experiment conducted by Shim et al using 580 nm 

indenter to perform nanoindentation on anneal (100) Ni as presented in Fig. 3.1c. 

Actually the sample used in Fig. 3.1b and Fig. 3.1c were cut from the same single 

crystal rod, therefore the initial condition, i.e. preexisted defect density should be 

exactly same. However, the modes of pop-in are totally different. The result with larger 

indenter size exhibits one single 65 nm pop-in excursion. Therefore, it seems that the 

pop-in mode is related to indenter radius, as well as the initial defect density.  

 

 

 

Fig. 3.2 Schematic illustration of the geometry for spherical indenter nanoindentation. 

 

The reason for the size and microstructure effect on the pop-in mode can be 

explained by the knowledge of the dislocation nucleation and movement. Since the 1
st
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pop-in stress for the three nanoindentation experiments is in the range of 
 

  
 

 

 
  with G 

being the shear modulus close with the theoretical strength, it means the onset of the 

plasticity is due to homogenous dislocation nucleation. When the indenter size   is 

smaller, the contact radius   is also smaller and thus the size of the stressed zone is 

smaller. Assuming the dislocation mobility is same in the high stressed zone, the 

dislocation nucleated beneath the smaller indenter will have higher possibility to escape 

the high stressed zone where enough stress may be provided for dislocation interaction 

and multiplication in a moment [42, 144]. The stressed zone became defect-clean again 

and the further deformation will be elastic obeying Hertzian contact theory, but the 

effective radius will be larger because of the apparent impression of the specimen 

surface. However, at that point, the stress in the high stressed zone is very high, near the 

theoretical stress, and hence the next pop-in event will appear very soon. As a result, the 

model of several successive pop-in is likely to be appeared at smaller indenter. In 

contrast, the internal friction for dislocation movement in bcc structure is much higher 

than that in fcc [54]. For the same indenter size (the same volume of stressed zone), it is 

more likely to see the dislocation pushed from the high stressed zone to faraway in very 

short time in fcc metal, i.e. Ni in our research, and thus several successive displacement 

bursts in  -  curves. In conclusion, the mode of multiple successive pop-ins could not 

been observed as often as the mode of one large displacement burst, because it requires 

the nanoindentation experiment to satisfy with two conditions: (1) small indentation size 

to make the high stressed zone small, and (2) weak internal friction, i.e. in fcc material, 

and negligible drag or resistance from existing defects.  

 

Further, it is noted that the length of pop-in excursion goes up with the increasing 

indenter tip radius for the mode of a single large displacement burst. The size effect can 

be explained by an analytical model with dislocation nucleation mechanism. Assuming 

that the load at the start of the pop-in is the same as that of the end, Eq. (3-1) and Eq. (3-2) 

establish the lower and upper bound for the load as a function of indenter displacement. 
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Right at the pop-in, the maximum resolved shear stress      that is responsible for 1
st
 

dislocation nucleation is related to F through: 

         (
    

 

    )

 

 
     .                                             (3-4) 

The excursion   , can be estimated from the two bounds at different radius: 

   [
      
   

            
  

 
      
  

         
 ]                                                (3-5) 

in which        is the maximum resolved shear stress at the pop-in. Eq. (3-5) shows a 

linear relationship between excursion    and  . The reduced modulus and the hardness 

in Eq. (3-5) can be measured from standard indentation test at a much higher load and 

found to be 274GPa and 2.22GPa respectively.  

 

The value of        depends on the dislocation nucleation mechanism. There are 

two kinds of dislocation nucleation mechanism: thermally activated process of 

homogenous dislocation nucleation and pre-existed defect assisted heterogeneous 

dislocation nucleation. Homogenous mechanism is that the dislocations are nucleated in 

crystal when the shear stress approaches the theoretical strength. In contrast, the 

heterogeneous dislocation nucleation mechanism is that the pre-existed defects sever as 

the heterogeneous dislocation activation sites to assist the process of dislocation 

nucleation. At the small radius, the highly stressed volume is so small that it is very likely 

to be defect-free and thus the dislocation nucleation is believed to be homogenous with 

          . Eq. (3-5) with different presumed pop-in stresses is presented in Fig. 3.3. 

 

When the radius is larger, the excursion matches with the prediction at lower pop-

in stress which may be due to the shift of the governing mechanism of pop-in event. The 

activation stress for heterogeneous dislocation nucleation is generally smaller than the 

one for homogenous nucleation which is close to theoretical strength. When the indenter 

size increases, the possibility to find a pre-existed heterogeneous dislocation nucleation 

site in the stressed volume also increases and thus the governing mechanism shifts to the 



 

59 

combination of homogenous and heterogeneous dislocation nucleation. Because of this 

mechanism shifting from small to large tip size, the average maximum shear stresses 

decrease and its fluctuation also increases with the indenter radius as shown in Fig. 3.3. 

Based on the analysis above, the size effect on the pop-in excursion at large tip radius can 

be reasonably attributed to the change of the governing pop-in mechanism. 

 

 

 

Fig. 3.3 Theoretical prediction of the excursion at different maximum shear stresses in 

terms of its ratio to the theoretical strength of Mo.  

 

In summary, there are two kinds of pop-in modes: a single large displacement 

burst and multiple successive pop-ins. The former is more common to see in the past 

nanoindentation experiments while the later can be observed in fcc sample with a small 

indenter. The two key factors to have multiple successive pop-ins: small the stressed zone 
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and high dislocation mobility. Also an analytical model is established to investigate the 

size effect of pop-in excursion. The effect of the dislocation nucleation mechanism is 

discussed for the pop-in excursion.       
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Chapter 4 Failure analysis of pinch-torsion tests as a thermal runaway risk 

evaluation method of Li-Ion Cells 

4.1. Introduction  

Lithium-ion batteries are becoming a primary power source in our daily lives 

through electronic devices (cell phones, tablets and laptops) and transportations (hybrid 

and electric vehicles, and airplanes). These applications are demanding more power 

output, higher power density and lower cost, sometimes at the expense of safety.  Safety 

hazard related issues of Li-ion cells have been well documented [145, 146]. Many major 

field incidents are caused by externally or internally (e.g., manufacturing defects, 

mechanical abuse, usage abuse, etc.) induced short circuits, which can potentially release 

the high energy stored in the battery in very short time locally and trigger chemical chain 

reactions releasing a massive amount of heat. If the battery is not well designed such that 

the heat cannot be conducted away quickly, thermal runaway could happen and lead to 

fires and explosions in some extreme cases [147, 148].  Among these safety concerns, 

internal short circuit (ISCr) under no obvious abuse or external triggers are less 

understood and very difficult to reproduce experimentally.  Therefore, evaluating the 

thermal runaway risk of Li-ion batteries by experimentally creating ISCr in a controllable 

and predictable manner has brought broad interests to the field.  

In order to evaluate the risk of thermal runaway, many tests have been conducted 

to simulate ISCr event via internal defect initiation, including forced ISCr test by the 

Battery Association of Japan, instrumented indentation and nail penetration [149]. We 

recently reported an improved pinch test method [150-152] that could reproducibly create 

controllable ISCr in a cell separator where the size of the ISCr spots depends on the 

loading speed, pinch ball or indenter diameter, and stroke return-voltage. A further 

development of this pinch test method added a torsional loading component, which 

exhibited improvement in the effectiveness of creating the ISCr [153]. It was 

demonstrated in two different commercial Li-ion cells that the torsion facilitated the 

occurrence of ISCr with lower axial load and smaller ISCr spot size. This method is thus 
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potentially applicable to very thick batteries, for which the critical loads under pure pinch 

tests are too large for the standard loading apparatus.  

In order to quantitatively relate the pinch-torsion tests to the thermal runaway 

failure in batteries, it is of critical importance to understand the deformation and failure 

mechanisms under such loading conditions. For instance, what is the dependence of the 

critical normal/twist load on the indenter radius, battery thickness, number of 

electrode/separator layers, and indenter/battery friction condition, among many other 

factors? Imagine an application of successive pinch and torsion loads, and one can design 

the loading pattern/history to conveniently identify the failure initiation and optimize the 

load magnitude to allow a portable evaluation. Motivated by the above considerations, 

the present paper attempts to develop a computational model for both test methods 

(pinch-only and pinch-torsion test systems) and make a systematic investigation on the 

deformation mechanisms to provide insight for the battery safety assessment. In this 

paper, finite element method (FEM) is used to simulate the strain field and to predict the 

defect initiation, which was then compared with experiment results. The effect of surface 

condition was also discussed to optimize the test design. Moreover, the deformation 

mechanisms were rationalized by an analytical stick-slip model when both contact and 

torsion were applied. 

 

4.2. Numerical model 

The repeating functional unit of a dry Li-ion cell contains an anode layer, a 

cathode layer, and a separator layer. Since electrolytes used in most Li-ion cells are in 

liquid phase, they were not included in the finite element models. In addition, the active 

coatings (graphite and lithium salts) are generally loosely bonded powders on the 

electrodes, which will be worn into small pieces and pushed away from the highly 

stressed zone near the indenter tip during the pinch and torsion tests. In fact, our 

experimental observation revealed that the active coating materials were pushed away 
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from the contact area after testing (Fig. 4.1). Therefore, the coatings structurally bear 

little load and will be simply excluded in our FEM setup.  

 

 

Fig. 4.1 Optical graph of an anode layer after pinch testing showing most of the graphite 

coating in the indented region was removed during the test (the grey zone is graphite 

coating). 

 

Fig. 4.2 depicts a three-layer (anode-separator-cathode) unit cell model in the 

FEM simulation in this study. The material of the top anode layer is Al, the separator 

layer in the middle is high-density polyethylene (HDPE) and the bottom cathode layer is 

Cu. The thickness of each layer h is 0.02 mm. The two indenters in the pinch and torsion 

test are modeled as two rigid spheres and the indenter radius is 12.7 mm. The lateral 

dimension of the unit cell (~ 10 mm) is chosen to be ten times larger than the estimated 
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contact radius size (~ 1 mm) to eliminate the boundary effects. The bottom indenter is 

fixed (    ,      ) and the top indenter is translated vertically to the unit cell top 

surface and rotated with displacement boundary condition to represent the twisting in the 

experiment (             and the rest     ). 

 

 

Fig. 4.2 Schematics of the cross section view of a three-layer battery unit cell system 

under the pinch tests between two spherical indenters. 

 

In nonlinear static finite element analysis (FEA), the strain-displacement equation 

is     
 

 
                  and the stress equilibrium equation is               

in which    is the body force. According to the virtual work principle, the equations 

above can be rewritten as a set of equations         to determine the displacement 

field and thus strain and stress field after deformation. In the equations,      is the 

stiffness matrix and   is the force vector as a function of the displacement  . The 

formulas of      is complex and tedious for our problem with strong nonlinearity.  Due 

to the volume of the paper, we refer our readers to Ref. [154] for more details of the 
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formulas.  It worth noting that      only relates with mechanical properties of solid, its 

geometry, the interpolation functions and the nodal positions. As a result, the whole 

analysis we conducted is pure mechanical, no electronchemistry involved. Our FEA are 

resolved with commercial finite element package ABAQUS (3DS SIMULIA). Both Al 

and Cu materials are modeled as elastic-plastic solids with isotropic hardening laws. 

Materials parameters used in the finite element model are listed in Table 4.1.  

 

Table 4.1. Material properties of Al and Cu foils measured from uniaxial tension tests. 

 Aluminum foil Copper foil 

Yield stress,   (MPa) 180 210 

Ultimate stress,   (MPa) 195 230 

Yield strain,    0.017 0.022 

Elongation (%) 2.7 3.5 

 

The HDPE material is modeled by the hyperelastic Neo-Hookean material model, 

where the “strain energy potential”    is based on strain invariants. The form of the Neo-

Hookean strain energy potential is  

        ̅     
 

  
                                                          (4-1) 

where   ̅ is the first deviatoric strain invariant and      is the elastic volume ration,     

and    are the model parameters determined from the HDPE material stress-strain curve 

measured from uniaxial tensile test. HDPE materials show various behavior in uniaxial 

tensile test e.g monotonic hardening [155] and softening effect where the stress decreases 

with increasing strain after yield due to the reorientation phenomenon [156]. 

Representative stress-strain curves of HDPE are shown in Fig. 4.3. In our analysis, 

discrete data points from uniaxial tension test are input in the material definition section 

in ABAQUS.  
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Fig. 4.3 Representative stress-strain curve of the HDPE material. 

 

In order to compare with the experimental procedure and research on the twisting 

effect to the defect initiation in the HDPE layer, the pinch and torsion tests are modeled 

in two successive steps in the FEM simulation. In the first step, the top indenter vertically 

pinches on the top surface of the unit cell. This is an axisymmetric problem and the 

analysis cost is substantially reduced by using axisymmetric elements compared with a 

fully three-dimensional model. In this simulation, the displacement of the top indenter is 

0.018 mm which is 0.9 . Large deformation (i.e., geometric nonlinearity) is used in the 

simulation. In the second twisting step, torsion along z axis is not symmetric with z axis 

(axis of symmetry in pinch test) and thus     is nonzero in the battery. Therefore a full 
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three-dimensional model is used to simulate the indenter twist in the experiment. The 

displacement and stress fields result from step one are first imported into the three-

dimensional model, and the top indenter is then applied with a maximum rotation angle 

of 12˚. The rigid body motion of the specimen is removed by fixing the transverse 

translation of the unit cell center line (    ,      ). The Coulomb friction model is 

used between the indenter and the specimen, and the effect of friction coefficient will be 

studied in details.  

Since this paper focus on the initiation of ISCr created by the pinch and torsion 

tests, the surface interactions within the unit cell are not considered. Therefore, we tie 

each contact surfaces within the unit cell, i.e. surfaces between the Al and separator 

layers and surfaces between Cu and separator layers to reduce the computation cost from 

the contact iterations and numerical divergence in ABAQUS.  

 

4.3. FEM Results and Discussion 

4.3.1 Pinch Test 

In the pinch and torsion experiments [157], ISCr in the Li-ion battery is 

intentionally created by breaking the separator layer to trigger the chemical reactions. 

The open voltage between the anode and the cathode is closely monitored to ensure that 

the indenter will be retreated immediately whenever a selected voltage drop (e.g. 0.1 V) 

is measured. The failure of the separator is due to the high tensile strain caused by the 

contact. To predict the ISCr location, the tensile zone in the separator layer in the unit cell 

beneath the spherical contact is characterized by the absolute value of maximum principal 

strain over minimum principal strain, i.e. |       |, and is plotted as a top view in Fig. 

4.4a. Experimental research shows that the ductile failure process in HDPE occurs due to 

the localized necking after excessive elongation at an intermediate strain rate, a typical 

rate for our pinch-torsion test [153, 158]. When |       |   , the location is under 

tension state where the necking is mostly likely to initiate (denoted as red zones in Fig. 

4.4a). The blue zone in Fig. 4a undergoes compressive deformation. It is shown that the 
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spherical indentation results into a local tension zone in the separator near the indenter 

but outside the contact area. The inner radius   of the tension zone is about 1.2  and the 

outer radius is approximate 1.8  where   is the contact radius. The distribution of the 

max principal strain    in the separator is shown in Fig. 4.4b. The highest value of max 

principal strain  |  |    in separator layer exists at the point 1.35a away from the center 

and is under tension. This simulation result qualitatively agrees with our experimental 

examination such that holes on the separators usually appeared at locations some distance 

away from the center of the impression as shown in Fig. 4.5. After pinch (Fig. 4.5a) and 

pinch torsion test (Fig. 4.5b), the separators layer in the unit cell are observed with a hole 

outside the contact area.  
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(a) 

 

(b) 

Fig. 4.4 (a) Top-view contours of absolute value of         in the separator layer in pinch-

only test. The non-blue colors denote the region under tension. (b) Cross section view of 

the distribution of maximum principal strain    after an indentation of 0.018 mm in unit 

cell.  
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(a) 

 

(b) 

Fig. 4.5 Optical graphs showing broken separators after (a) a pinch test and (b) a pinch-

torsion test. The pointed cracks in the separator layer are initiated outside the spherical 

contact surface for both tests. 
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4.3.2 Pinch-Torsion Test 

It has been observed in our recently developed pinch-torsion test method [157] 

that the initial axial load needed to create ISCr in the unit cell drops significantly if a 

small amount of torsion is applied on the indenter. To investigate the effect of torsional 

component on initiating defect during pinch test, a full three-dimensional torsion model is 

simulated. As stated earlier, we first import data from the pure pinch test and then 

conduct a static analysis by applying a rotation on the indenter. Fig. 4.6 shows the 

comparison of the strain fields in the separator in top view before (Fig. 4.6a) and after 

(Fig. 4.6b) the torsion is applied. The friction coefficients between the indenter and the 

unit cell top and bottom surfaces are chosen to be 0.3. After the torsion, the size of the 

tension zone is not changed noticeably. However, the maximum principal strain     in the 

tension zone increases significantly (by 77.7%) after the indenter is twisted by 12˚. It 

demonstrates that a slight twisting of the indenter can assist the defect generation which 

is consistent with our experimental observation [157]. In order to understand the effect of 

friction coefficient between the contact surfaces,  , on the pinch and torsion test, the 

maximum    is plotted as a function of   in Fig. 4.7 for three different friction coefficient 

values. When a small twist is applied to the indenter, the maximum    increases almost 

linearly with the twist angle. The slope of the maximum    and   curve gradually 

decrease with increasing twist angle until the maximum    reaches a plateau at a twist 

angle about 5˚.  
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(a) 

 

(b) 

Fig.4.6. Simulated distribution of    in separator layer (a) before twisting (b) after 

twisting with angle of 12˚.   The black dash lines denote the tension zone. 
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Fig. 4.7. The maximum principal strain    as a function of twist angle   with different 

friction coefficients  . The strain    during the torsion test is normalized by the maximum 

principal strain in HDPE when the pinch test ends which has negligible dependence on 

the friction coefficient. 

 

The above phenomenon can be explained by an elastic contact analysis [16, 159, 

160]. For an elastic half-space under spherical contact, the normal contact pressure 

distribution in the contact area is given by the Hertz theory: 

       √  (
 

 
)
 

                                                                 (4-2) 

where a is the contact radius,     (
     

    
)
   

 is the maximum contact pressure and    is 

the reduced modulus[18]. The maximum contact pressure resides on the center of the 
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contact area and monotonically decreases along the radial direction. If a torque    is 

applied, the tangential traction      in the contact area is distributed as,  

     
    

    
                                                                       (4-3) 

where, mathematically, the torsional shear traction goes to infinity at the edge of the 

contact area (i.e.    ). Such a solution is similar to the Mode-III crack tip field at the 

contact edge where the classic inverse-square-root singularity resides, and obviously it 

holds only when the interface is perfectly bonded. According to the Coulomb friction law, 

when |    |   |    |, there is no tangential slip between the two contact surfaces, and 

when |    |   |    | , there will be a relative slip between the indenter and the 

substrate. The shear stress singularity at the contact edge clearly leads to the stick-slip 

behavior as shown in Fig. 4.8a. From Eq. (4-3), after a torque      is applied, where   

is the twist angle, the edge of the contact surface will start to slip immediately due to the 

large tangential traction. However, the rest of the region in the contact area remains 

bonded, making the indenter contact surface partially slip on the solid. For any point in 

the contact area which has a distance r to the contact center, the critical twist angle 

needed to initiate the slide is related to indent pressure as,  

           
   

    
       

 

      (4-4) 

 

In this study, we assume the static friction coefficient is the same as the kinetic 

friction coefficient. Therefore, once the two contact surfaces change state from stick to 

slip, the tangential traction will remain as a constant at the value of maximum static shear 

force, i.e.      . The largest      and thus the largest shear stress     in the contact 

surface always occurs at the place where it is just start to slip. We denote the distance 

between the      maxima and the contact center as     . A representative profile of  

       when the indenter partially slips on the contact surface is plotted in Fig. 4.8a. 

where      reaches its peak at     .  For location        in the contact area, it is in 
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dynamic slipping while location remains static at       . The shear stress     will add 

a large shear strain     and thus increase the maximum   , corresponding the ascending 

part in Fig. 4.4. The stick circle eventually shrinks towards the contact center (i.e. 

      ) and the free sliding of the indenter is started with a constant moment   . 

Therefore, no further deformation takes place in the battery system and the largest 

principal strain     arrives in the plateau shown in Fig. 4.7.  

 

The above analytic solution is derived from elastic half-spaces. For the thin layer 

under a pair of spherical contacts, the stick-slip behavior applies qualitatively, but its 

quantitative feature can only be obtained from finite element analysis. The strain     is 

plotted along the radius at the battery contact surface with twist angles: 2.25˚ and 7.2˚ 

respectively in Fig. 4.8b. For        , the maximum shear strain appears at      

    .  For       , the indenter has fully slipped so that max     appears in the vicinity 

of contact. Based on the analysis above, it is confirmed that torsion of the indenter will 

increase the intensity of tension inside the sample thus will increase the possibility of 

breaking the separator layer. However, such effect saturates beyond a critical twist angle 

and the maximum     remains relatively constant, which depends on the friction 

coefficient  .  
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(a) 

 

(b) 

Fig. 4.8. (a) Shear traction        distribution when the indenter is under partial slip. (b) 

The strain     distribution along the radius at the contact surface when  =2.25˚ and 7.2˚  
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To explore the maximum    plateau value in the separator layer, the influence of 

friction coefficient   between the surfaces is presented in Fig. 4.9. It shows that the 

plateau monotonically increases with the increase of friction coefficient   because from 

Eq. (4.3), larger friction coefficient will lead to larger tangential stress and thus larger 

principal tensile strain. In other words, when   is large, a larger torque is needed to 

produce a specific twist angle for the indenter, and thus the separator layer will have 

more severe deformation to assist the defect initiation. In conclusion, torsion component 

facilitates the failure of the sample by increasing tensile deformation in the polymeric 

separator.  

 

 

Fig. 4.9. The maximum principal strain    after the indenter is twisted with an angle 

     as a function of friction coefficients  .  

 

Our recent study compared the pinch and pinch-torsion tests in terms of the axial 
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630 N under pure pinch loading to about 400 N under a combined pinch/torsion loading – 

a reduction of 36.5%. The reduction is explained in Fig. 4.10 where a fix twist angle is 

applied to different indenter force F and the maximum principle strains in different cases 

are plotted. We also make a reference case by applying an indentation force F0 on the 

unit cell and read the maximum principle strain   without any twist to the indenter. Fig. 

4.10 shows that after a slight twist angle 2.7˚ is applied, one would need less indentation 

force (a reduction of 33%) to create same amount of maximum principal strain (i.e. 

      ) in the unit cell. It is in line with what is observed in our recent study [11]. On 

the other hand, it is noticed that at the same applied load, the maximum principle strain 

inside HDPE increases significantly with   from 1˚ to 2˚. The coincidence of data for 

angles larger than 2˚ shows that the indenter is in dynamic slipping already after twisted 

2˚ at small applied load level (i.e.      is less than 0.9). When indenting with a large 

load, e.g.       , higher twisting angle is needed to make the contacting surfaces fully 

slip. And the maximum principle strain increases by 17% with the twisting angle   from 

2˚ to 5˚. 
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Fig. 4.10. The maximum principal strain    as a function of indentation force at different 

fixed twist angles. F0 and   , respectively, are the indentation force and the maximum 

principal strain when no twisting is applied. The experimental data point was taken from 

Ref [157], which represented results from multiple measurements. Since those samples 

were nominally identical they failed under similar conditions and appeared to be a “single” 

data point in Fig. 10, which has normalized axes. 

 

4.4. Conclusions  

In this paper, finite element analysis is used to simulate deformation of Li-ion 

battery layers under pinch and pinch-torsion conditions. The simulation discovery is in 

agreement with our previous experimental results. Several conclusions can be drawn as 

follows:    
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1. Spherical indentation delivers tensile zone inside the sample instead on the 

surface comparing with other experiments such as flat end punch and bending test, 

making it an attractive method to simulate ISCr in Li-ion batteries. 

 

2. A slight twist of the indenter introduces the shear strain, which increases the 

maximum principal strain in tension zone and thus facilitates the failure of the 

polymer. During this stage, the indenter and the contact surface partially slip with 

co-existence of a slip region and a stick region.  

 

3. Beyond a critical angle, the indenter is free to spin relative to the battery and the 

maximum principal strain     takes its limit value, which highly depends on the 

friction coefficient  . Therefore, controlling surface condition on the indenter or 

battery surface could be utilized to control ISCr events. 
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Chapter 5 Future works and perspectives 

Although many insightful results are obtained in this dissertation, these works can 

be further extended along following lines: 

1. The yield strength dependence on strain rate can be studied for molybdenum-

alloy nanofibers with varying initial dislocation density at different per-strain levels.  The 

result will be expected to be stochastic. This is because the sample size is comparable to 

the feature sizes of dislocation microstructure. The objective of the work will de-

convolute the coupling of the stochastic behavior and strain rate sensitivity. A negative 

strain rate dependence will be inferred from the yield experiment. 

2.  In this dissertation and some previous works in our group, the indentation size 

effect on yielding has been well discussed based on the homogeneous-heterogeneous 

model. However, these researches are mainly based on the clean crystal. However, the 

work to discuss the effect of another significant factor, initial defect density, on yielding 

has not been seen yet.  As a result, it is a possible way to conduct nanoindentation 

experiment for sample with different initial defect density to prove the validity of the 

statistic model in this dissertation.       

3.  In this dissertation, the successive pop-in behavior has been discussed in detail 

for homogeneous dislocation nucleation. It will be expected that multiply successive 

displacement bursts will also occur at a lower load, much lower than the theoretical 

strength. At this case, the pop-in mechanism is heterogeneous. The heterogeneous pop-in 

behavior is highly statistical. We can use the framework of homogeneous-heterogeneous 

model, which was often used to predict the probability of 1
st
 pop-in event in past, with 

some fundamental and necessary modifications to the codes, to see how the 

microstructure evolves during the successive pop-in events and what are the key factors 

to have the mode of several pop-in events on the load-displacement curve during 

heterogeneous pop-in.     
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