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ABSTRACT

To aid in the design and development of resistive magnetic
field coils for nuclear fusion applications, a finite element solu-
tion procedure has been developed. The computations include solu-
tion to the electric potential distribution, the spatial variation
of the Joule heat generation, and the temperature distribution in a
water-cooled resistive conductor over a joint region.

Sufficient assumptions are made that permit the thermal un-
coupling of the governing electrical and thermal differential equa-
tions, but, extensions of the analysis technique appear feasible for
problems where temperature dependency of conductor properties is
significant.

The electrical and thermal effects of conductor surface con-
tacts are included through use of experimental information. Results
developed in this study agree favorably with the results of conductor

joint tests performed at The Oak Ridge National Laboratory.
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1. INTRODUCTION

In the design of thermonuclear fusion reactors, containment
of the plasma requires the production of a composite magnetic field
that is induced through arrangements of resistive conducting coils.
The arrangement and geometry of the magnetic field coils depends on
the desired particle paths of the plasma ions. The present fusion
design project at the Oak Ridge National Laboratory, the Advanced
Toroidal Facility (ATF) is a test reactor that requires a coil combin-
ation such that the particle paths are contained on helical magnetic
flux surfaces as they accelerate around the torus.

The ATF is a current-free toroidal device; that is, no current
will conduct in the plasma. This means that the helical magnetic
flux surfaces must be produced by the magnetic coils alone. The mag-
netic coils providing the primary field influence on the helical
surfaces consist of a set of helically wound copper (bus) conductor
coils. Due to restrictions in the assembly and production schedules,
the helical field coils (HF) will not be wound in a continuous helix
but instead will be fabricated in 180 degree segments to be joined at
the ends. During assembly, joints will be machined on the ends of
each segment in order to form the continuous helix. The HF coil set
is illustrated in Figure 1 along with a removed 180 degree segment
and a schematic of a typical coil cross-section.

The HF coil design concept requires fabricating 24 identical
segments that will each consist of two stacks of seven water-cooled

1
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copper bus conductors mounted to a stainless steel structural member.
A major uncertainty in the ATF design is the ability to build and
install the HF coils to very close positional tolerances required by
the path followed by the coil's current center. This influences the
fabrication of the conductor parts, the assembly of these parts into
coil segments, the maching of joint details and the final integration
of the HF coil segments into a complete, continuous coil system.

Geometric and mechanical constraints require the joint region
of a segment to be of the same cross-sectional area as in the basic
coil region. Since the joint cross-sectional area cannot be solid
copper, the amount of copper for electrical conduction is reduced.
This increases the resistance beyond its nominal value due to the
increased current density in the joint region created by the decreased
cross sectional conduction area.

The design objectives for the joint include the following:

" no change in coil cross-sectional area,

* minimal increase in nominal resistance,

* minimal temperature rise in the bulk copper,

* accommodation of magnetic loads and thermal stresses,

* accessible for maintenance and adjustments.

The problem being addressed in this thesis involves the de-
velopment of electrical and thermal analyses procedures to support

the HF coil joint design.




Helical Coil Joint Concept

The ideal joint design from a thermal viewpoint would minimize
the 12R losses while providing sufficient cooling to keep the temper-
atures in the joint within design specifications. This would require
minimizing the electrical resistance, and machining the cooling path
as close to the joint as possible without increasing the joint re-
sistance. The resistance will be at a minimum when the area of the
joint contact surface is as large as possible. There are, however,
some mechanical restrictions in maximizing the contact surface area
due to structural and magnetic loads on the joint. Therefore, a
method of quantifying the electrical and thermal distributions
throughout the coil joint region is necessary for comparing the
various proposed designs.

Many joint designs were proposed and tests have been performed
on several of the designs. The tests measure local voltage poten-
tials and local temperatures throughout the joint region. The test
power supply, however, is capable of delivering no more than half of
the current needed to simulate design operating conditions. Joint
performance at actual operating conditions can only be extrapolated
from information obtained with the Tow current tests.

Thus, it was proposed that a mathematical model be developed
for analysis of candidate joint designs that would provide (1) the
electric potential distribution and (2) the temperature distribution

throughout the joint region during steady state electrical conduction.



It was proposed that the model would reproduce joint test results
at Tow current conditions and would then be applied to analyze the
actual operating conditions.

Due to schedule and cost constraints it was not feasible to
fabricate and test an entire coil cross section of a conductor joint
(see Figure 1, section "A-A"). Although each conductor in the coil
stack is geometrically different (i.e., conductor cross-section, con-
ductor radius of curvature, etc.), the joint configuration would be
the same for each conductor. Therefore, the fabrication, testing,
and analysis of a single (typical) conductor joint should provide
the necessary information on the electrical and thermal performance
of the entire coil cross-section at the joint.

Figure 2 illustrates a typical single conductor joint geometry
that might be fabricated for testing. Note that a typical conductor
also offers symmetry about a plane through its half-width. The
analysis, then, should simulate the conduction and transport processes
shown schematically in Figure 3.

The presence of the cooling tube presents a 3-dimensional
solution domain. Also, geometrical discontinuities appear in the
problem due to the conductor surface contacts. Depending on the
bolt clamping pressure, the resistive effects at the contact surfaces
can vary strongly. The mathematical and numerical formulations of
the solution procedure include these and other considerations which

are discussed throughout the following sections.
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2. REVIEW OF PREVIOUS WORK

Research into the literature was necessary for information on
three primary topics:

* mathematical assumptions,

* resistive effects of contacts,

* finite element application.

The mathematical assumptions for the solution procedure were
collected as a result of the available experimental information. Be-
cause of the experimental nature of the problem, the literature does
not directly address the associated mathematics. However, many
papers and texts have provided the necessary insight required to
formulate the analytical approach.

At the beginning of this study, it was recognized from the
work of Miller, Dresner and Lue [1] with nonresistive conductors that
thermal uncoupling of the problem would greatly simplify the mathe-
matics without greatly affecting the physics. Thermal problems arise
in nonresistive conductors when current must transfer from the non-
resistive material into a normal resistive material. Derby [2] also
describes a similar problem for nonresistive conductors where thermal
uncoupling is assumed. This idea was incorporated into the present
analysis on resistive conductors, and consequently, linear solution
techniques could be used in the numerical approximation. Krieth's
[3] derivation of the heat conduction equation along with Meaden's

[4] and Williams' [5] descriptions of electrical resistance were
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9
helpful in developing a mechanical/electrical analogy in the deriva-
tion of the governing differential equation of the electric field.

Due to the many possible joint designs, the analytical develop-
ment is derived in its most general form. That is, the development
is valid for geometrical nonuniformity of conductor properties. The
numerical technique emphasizes the geometrical details, while the
analytical development simply provides the mathematical framework
necessary to satisfy physical arguments.

The surface contacts introduce discontinuities and geometrical
nonlinearities in the solution domain. Although the governing dif-
ferential equations account for the spatial variation of the conductor
properties in their derived form, the specific geometrical variation
of the properties must be known in order to solve the equations. The
electrical effects of contact surfaces have been investigated in re-
cent papers. Noterdaeme, Montgomery, and Lidsky [6] report on an
experimental study of a demountable resistive joint wherein data of
contact resistance vs. clamping pressure were collected. The results
apply to the specific surface finish and geometry of the design, thus
providing only qualitative information. Giesen, Goring, Kohlhaas,
and Stickelmann [7] also provide only qualitative, but very useful
information of the electrical effects at contacts. Their experi-
mental investigations include water-cooled contacts. A paper pre-
sented by Hartwig and Van Sciver [19] describes the results of testing
aluminum and copper solder and pressure joints. Each of these exper-

imental investigations describe similar qualitative findings but

.
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fail to provide any useful correlations. It was recognized at this
point that the analysis would have to depend on the experimental in-
formation of a specific joint for quantitative information of the
contact effects. This restricts the application of the analysis to
those joint geometries that are actually fabricated and tested.

The numerical treatment of the problem required an extensive
survey of the finite element literature. The finite element method
is suggested for problems having extreme geometrical complexities.
Kellog [8] and Babuska [9] both report on the mathematical foundations
supporting the finite element's treatment of material discontinuities.
Because the finite element method is based on integral formulations,
the discontinuities can be approximated with piecewise, smooth func-
tions. The specific choice of the integral representation, however,
varies from one analyst to another. Zienkiewicz and Cheung [10]
report that the finite element method applied through a variational
approach is possible for all elliptic field problems. Many authors
describe the variational method for finite element application [11],
[12],[13]1,[14]. Baker [18] and Huebner [16] provide examples along
with their treatment of the variational methodology in finite ele-
ments. The use of isoparametric elements in irregular solution
domains is described by Zienkiewicz and Pareich [17] and Huebner
[16]. Use of isoparametric elements will be necessary for discreti-
zation of curved boundaries created by the conductor cooling path.

The well known finite element computer code NASTRAN [15] was found



to employ a variational technique in the solution to elliptic field
problems. NASTRAN also includes provisions for discontinuities in
the solution domain and employs three-dimensional isoparametric

elements.
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3. MATHEMATICAL MODELING

The analytical development of the governing equations and
their boundary conditions are presented in this section. Also, the
assumptions made in obtaining the mathematical formulations are dis-

cussed.

Assumptions

The main assumptions made in the analytical and computational
modeling are presented and discussed in this section. The following
is a listing of these assumptions:

1. The bus conductors in the coil stack are assumed to be
electrically and thermally insulated from each other.

2. Geometrical symmetry is assumed about the mid-plane of the
conductor width. Curvature in the conductor is neglected throughout
the joint region.

3. The temperature dependencies of the conductor properties
(i.e., the electrical resistivity and the thermal conductivity) are
neglected. Included instead are temperature compensations for the
conductor properties based on predicted average temperature values
throughout the joint region. This permits independent solutions of
the electrical and thermal problems, and avoids a simultaneous solu-
tion scheme. Typical predicted temperature ranges do not exceed
180°F which creates a maximum change of only 2.5% in the properties
from their mean values.

12



4. The bulk temperature and the flow rate of the cooling

water are input parameters and are assumed to be constant based on
previous test measurements.

5. The flow characteristics of the cooling water produce a
range of Reynolds number well into the turbulent regime. Based on
the measured bulk water temperature rise (typically 1 to 2°C), the
cooling tube wall surface temperature should not exceed 190°F. The
wall temperature variation is predicted to be near Tinear because
the applied rate of heat flux is near constant. Also, there is suf-
ficient coolant entry length for the test piece to assume that the
velocity profile is fully developed at the cooling tube entrance of
the finite element model. Thus, the film coefficient is assumed to
be constant along the cooling tube inner surface, and is computed
from an empirical correlation.

6. The copper conductor is assumed to consist of a uniform
material (typically OFHC copper).

7. The thermal effects of the brazing material (ASTM B-Ag 8)
around the copper cooling tube are neglected. The differences in
the material properties are small when considering the conduction

thickness of the braze material.

Analytical Development

The general differential equation governing the temperature
distribution of the conductor joint is the steady state, 3-dimensional

nonhomogeneous, and spatially nonlinear heat conduction equation

written as:
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V[kVT(x,y,z)] +Q(x,y,2z) =0 (1)

The heat being generated by the electric field appearing in
the Q(x,y,z) term, is swept away by the cooling water in the tubes
that are milled into the conductor. From assumption 1, all heat
transfer is to the water only--this will impose a nonhomogeneous
boundary condition of the third kind along the inner surface of the
cooling tube. Also from assumption 1, all other boundaries of the
conductor are assumed to be insulated. These conditions may be

expressed mathematically as,

Tgol!i 2 0 aT(LX"y'Z) -

Ox
BT(x,O,z) : 0 aT(X,L}!,Z) _ 0
Oy Oy
(2)
8T(x,y.0) _ 4 oThybl)
oz oz

kJ—-y-——LT X, ¥, 1S + hTTS th

where the subscript TS represents "tube surface" and n is an outward
unit vector everywhere normal to the inner tube surface.

Generally, the differential equations governing the heat con-
duction and the electrical conduction are coupled through the joule
heat generation term; however, according to assumption 3, the elec-

trical and thermal problems are uncoupled and can be solved
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independently of one another. If the temperature ranges encountered
are so great that this effect should be considered, a temperature
solution could always yield an update in the value of the electrical
resistivity for an iterative solution process rather than performing
a simultaneous solution.

Before the solution to the temperature distribution can be
obtained, the spatial variation of the heat generation term must be
determined. Therefore, the electrical problem must be addressed be-
fore the thermal problem can be solved. An expression for the heat
generation per unit volume can be derived through the basic laws of
electrical conduction. The heating will be nonuniform due to the
distribution of the current paths throughout the conductor width.
Paths through small cross-sectional areas experience a higher re-
sistance and will generate greater amounts of heat. In general, the

heat energy is expressed as

2
q=1iR ( R::f%:) .

By substituting for R and dividing both sides by the volume

LxA, an expression for watts per unit volume can be obtained

_i% (3)
Q —A_Q:

where p is in units of Q-inches. The current density J will be de-
fined as J = —%T" This can be substituted into equation (3) yield-
ing

Y
=% (4)




16
The current density will be a function of each spatial variable

and can be written from Ohm's law as

_1
J—EVV' (5)

where VV denotes the electric field gradient. Substituting equation
(5) into equation (4) yields an expression for Q in terms of the

square of the voltage gradient
W)e . (6)

Dividing through equation (6) with the resistivity and expanding the
differential operator results in the following expression for the
joule heat distribution

@=L (&) (30§07 "

Therefore, a solution for the temperature distribution in the
joint region requires first a solution for the voltage gradients (or
potentials) throughout the same region. The voltage gradients can
be obtained from a solution of the voltage distribution by developing
an electrical/thermal analogy of conduction through a solid. To de-
rive such a relationship, consider a small differential volume ele-

ment dxdydz of the conductor as shown in Figure 4.




Figure 4. Differential volume element of conductor.

The conservation of charge for the element in the steady

state is written as
by *ly * 0z = dyedx * lysdy * 'zedz

The rate of charge conduction passing through the left face at x
can, according to Ohm's law, be written as

. _ 10V

i '_5(37) dydz .
The rate of charge conduction passing out of the element through

the right face at x+dx is

¥y. o

. ov
'x+dx:[%(ax ——)dx]dydz.

1
p Ox
Subtracting the rate of conduction out of the element from the rate

of conduction into the element yields
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ix - ix+dx - T Bx (

: : _ 1oV
ly = iysdy ST (;;%sr) dxdydz ,

I

I

|o
~—

. . 1
iy = ig4dz = 532 ) dxdydz ,

Substituting these terms into the expression for conservation of

charge and dividing through by dxdydz gives

0 .1 0dv o (.1 29dvV 0 (1 3dvy_
‘g( )*a(qu)*‘g(ggaz) 0 (8)

If p is assumed to be spatially uniform the solution must satisfy
the Laplacian
a3l A _
+ + =0.
a2 9y? 8z2 (9)

The resulting differential equation for the voltage distribu-
tion represents a potential field problem and by comparison with the
heat conduction equation, clearly demonstrates a thermal/electrical
analogy. The voltage field would be analogous to a temperature field
and the current flow paths correspond to heat flow paths in a poten-
tial flow field. This will present a clear advantage in the numerical
modeling because a general solution for linear, elliptic, steady state
field problems can be developed for the solution of both kinds of

physical problems.



19
The boundary conditions for the electric field equation are
chosen to simulate the nature of steady state current conduction for
a particular joint geometry. Current paths will travel perpendicular
to planes of symmetry that traverse the joint region and planes of
constant conductor cross-section in the basic conductor region. These
planes are constant voltage planes in a potential flow field. The
boundary conditions would simply be an applied potential in the direc-
tion of the current flow with all other conductor boundaries remaining

insulated; the mathematical statements of which are given by

av(o'}!,zz _ 0 6V.(Lx,y.z) _

Ox ox
BV(x,O,z) - 0 aV(X,Ll!,Z) = 0

oy Oy (10)
V(x,y,0) =0 V(x,y,L,) = Vapp .

The applied voltage Va is an input parameter whose value

PP
depends on the value of the steady state current being conducted
through the joint test piece. Solution to the voltage distribution
and consequently the voltage gradients will provide the heat source
distribution term required to solve for the temperature distribution.
A summary of the complete solution procedure is given below.
1. Determine the voltage distribution from the solution to
equation (8) with the boundary conditions given in equation (10).

2. Compute the voltage gradients and substitute the values

into equation (7) for computation of the joule heat distribution.
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3. Determine the temperature distribution from the solution
to equation (1) with the boundary conditions given in equation (2)

including the heat source term described by equation (7).



4. NUMERICAL TECHNIQUE

Choice of Approximate Method

The solution to the field problems lend themselves to numerical
approximations due to the irregular geometry imposed by the solution
domain. Before the selection of an appropriate numerical technique
is presented, some additional comments concerning the restrictions
already placed on the solution procedure should be stated. First
and foremost, the temperature dependence of electrical resistivity
is neglected. This uncouples the differential equations allowing
them to be solved independently rather than simultaneously.

The differential equations and their boundary conditions do,
however, include the spatial variation of the electrical resistivity,
equation (8). This will become important when electrical conduction
across copper contacts is investigated. The inclusion of a spatially
dependent resistivity still permits independent solutions of the
electric and thermal field problems.

Restricting conductor properties to functions of position only
(assumption 3) will allow for the application of linear approximation
principles when solving the differential equations. With this con-
sideration in mind, several numerical techniques become obvious
candidates. However, considering the extreme irregular geometrical
constraints imposed by the joint designs (e.g., the curvature in the

cooling path and the presence of bolted surfaces), immediately

21
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discourages the use of finite difference schemes. The cooling tube
geometry with its convective boundary condition would require a
fourth order difference approximation to achieve sufficient solution
accuracy and, consequently, would require a very fine mesh. The
result would be an extremely large, sparse, and asymmetric matrix
system that would be costly to solve in terms of machine CPU and
disk memory. A further consideration is the eventual need for a
stress analysis of the joint subjected to magnetic loads and thermal
stresses. These considerations suggest the choice to be the finite
element method.

The solution to partial differential equations and their
boundary conditions using the fine element method (Tike most numerical
techniques) ultimately reduces the problem to the solution of a set
of linear algebraic equations that approximates the behavior of the
differential equation over the solution domain. But within the
finite element framework, several possibilities exist for the tech-
nique used in assembling the system matrix. For linear steady state
field problems, a variational principle is generally applicable [10]
whereas the stress analyst might use a weighted residual technique.
Nevertheless, the discretization of the solution domain is independent
of the system matrix assembly operation which permits a general

application of the finite element numerical technique.
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Finite Element Application

Application of the finite element method requires integral
formulations that approximate the behavior of the dependent field
variable over the solution domain. This is done through a discretiza-
tion of the solution domain into a finite number of unknown values of
the field variable at specified locations called nodes. The nodes
coincide with the boundaries of small regions where the action of the
differential equation is approximated through the integral formulation
over the subregion or finite element. The finite element equations
are then assembled into a system of algebraic equations that approx-
imate the action of the differential equation and boundary conditions
over the entire discretized solution domain.

The development of the integral formulation that represents
the action of the differential equation is (most often) problem de-
pendent. For steady state field problems, finite element integral
formulations can be obtained by either a variational principle or a
more general weighted residual technique. The variational approach
is the most convenient for the problem being studied due to the
elliptic nature of the differential equations.

In the classical variational formulation, a field problem is
reduced to finding the unknown function which extremizes an integral
involving a functional and satisfies a set of constraints placed on
the functional. In the classical analytical approach, the solution

involves integration of the governing differential equation and the
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satisfaction of the accompanying boundary conditions. The flexi-
bility in choosing the form of the functional allows the two problem
formulations to be equivalent. That is, by choice of the appropriate
functional, the analytical and variational problem statements are
equivalent because the solution that satisfies the differential equa-
tion and its boundary conditions is also the function that extremizes
the functional subject to its constraints.

The method of weighted residuals (MWR) starts with the govern-
ing differential equatidn and avoids the search for the mathematically
equivalent variational statement. The classical variational formula-
tion for field problems has many advantages over the MRW's differ-
ential formulation from the standpoint of obtaining approximate
solutions. The greatest advantage is that of the functional always
containing lower order derivatives than that of the differential
operator in the governing equation. Consequently, lower order inter-
polation polynomials can be used in the approximate solution. Use
of the weighted residual technique is usually reserved for field
problems where a variational statement is not known or does not exist.

Another important and practical advantage of the variational
formulation is its rigorous mathematical support [18] of error bounds

and solution convergence.

Variational Formulation of Field Problems

The general form of a steady state field problem for an unknown

dependent field variable U(x,y,z) can be written as,
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0 ou 0 ouU 0 oU _
S6E) 0 g) 60
where p represents the property of the medium and w is some unknown

specified function of x, y, and z. A general set of boundary condi-

tions can be written as

U(x,y,z) = Ug
V- R | _
Pt Pyay TPzt =0 (12)

This classical problem of differential calculus will be recast
in variational form through the use of the "calculus of variations."
The variational form will provide the integral formulations that are
necessary. for application of the finite element method. The classical
problem presented in the theory of the calculus of variations is to
determine a function U(x,y,z) that minimizes the integral

IQV) = ff(x,y.z.U.g—g,g—;J.g—g) dxdydz . (13)

It can be formally shown that U(x,y,z) must also be a solution

to the following differential equation known as the Euler-Lagrange

equation,

¢ of
A R AR At (1)

if U(x,y,z) is to minimize the integral I(U). In order to develop a

variational equivalent to the presented field problem, the form of

the functional f must be chosen so that the differential equation
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involving the dependent field variable U(x,y,z) is produced upon
substitution of f into the Euler-Lagrange equation.

If such a functional f exists for the differential equation

the functional integral is the solution to the governing differential
equation (Euler-Lagrange equation). The functionals for the elec-
trical and thermal conduction differential equations are known to
exist and they indeed involve lower order derivatives than their dif-
feréntia] operators. The electrical conduction integral formulation
will be presented first followed by the formulation of the heat con-
duction equation.

The electric field problem involving the voltage potential V

\

|

| involving the field problem, then the function U(x,y,z) that minimizes
is written as

B2 (A2 (180,

dy ‘e, By

with the following boundary conditions:

av(L,.y.z
V(0.y.2) _ (beyo2)

ox Ox
aV(X,O,Z) O aV(X,Ly.Z) _
oy oy
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As shown by Zienkiewicz [11], the functional form of f that
will produce the above differential equation upon substitution of f
into the Euler-Lagrange equation is
_ 1 1 roVy2 1 r0Vy2 1 0V 2
f=% [E(g)’“g(a)*—(g‘;) | LY
In the formal development of the extremum problem that leads
to the Euler-Lagrange equation, it is shown that the natural boundary

conditions of LI 0 and known boundary values, V=Va , are satis-

an pp
fied in the functional. Thus, the fixed boundary conditions on z
as well as the insulated boundary conditions on x and y are satisfied
in equation (15). This results in a variational formulation equiva-
lent to solution of the electric field problem. The procedure con-

sists of determining the function V(x,y,z) that will minimize the

integral

—
C—
—
—
~~
Q
-l
~—
N
+
—
~—~
Q
<<
~—
N>
+
—
~~
Q
<

I, =

vy 2232 ] d(vol) . (16)

The thermal field differential equation involving the temper-

ature distribution is written as

V[kVT(x,y,z)] +Q(x,y,2z) =0,

with boundary conditions
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87(0.y.2) _ oT(Ly.y.2) _
Ox - Ox -
aT(x,L,,
8T(x,0,2) _ (ly.2) 0
Oy Oy
dT(x,y,0) _ aT(x.y,L;)
TR —5 -

oT(x,y,z

The functional form needed to produce the above differential

equation upon substitution into the E-L equation appears as

=g [ (G )%y ()% (Z)2 -] . ()
As stated for the electric field problem, insulated and fixed
boundary conditions are satisfied in the functional; however, the
convective boundary condition must be imposed as a constraint on the
functional through use of a Lagrange Multiplier [18]. The constraint
must also have the appropriate functional form that will produce the

convective boundary condition upon substituting the constraint func-

tional into the E-L equation. Thus, the constraint will appear as

9 :% hT2 = hT,T (18)

Therefore, the variational equivalent to solution of the thermal field
problem can be obtained by determining the function T(x,y,z) that will

minimize the integral
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+5 [ [h12- 27,7 ] d(Area) . (19)

The différentia] equations and their boundary conditions have
been transformed into integral formulations through a variational
principle. The finite element method will be used to approximate
these integrals for each element, form the appropriate elemental
matrix from the approximation, and sum up the elemental contributions
to form the global system of equations that describe the behavior of
the dependent field variable over the solution domain.

Through approximation theory [13], the dependent field variable
in each of the integrals will be replaced with an interpolation func-
tion based on a series polynomial. Polynomial approximations are
convenient because they are easy to integrate and differentiate. The
truncation of the series expansion, however, is very sensitive to the
error residual. For most field problems, quadratic interpolation
functions are recommended [16]. The quadratic approximating function
will converge an order of magnitude more rapidly than that of a linear
function, and with a significantly more accurate solution [18]. Also,
the 2nd order quadratic function is the lowest order interpolation
function available for use of curve shaped or isoparametric elements.
These elements are essential in approximating the boundary curvature

of the cooling tube.



30
With the solution domain subdivided into elements, the unknown

field variable can be represented in each element as:
U(X,y,Z) = %N(X:LZBT{U;

where {N}T is a row matrix of quadratic interpolation functions which
depend on the nodal x,y, and z coordinates of the element and {u} is a
column matrix of the unknown values of the field variable at the nodes
of the element. Making these substitutions into the integral state-

ments, the elemental integral functionals become

I, =.%.f [é%gngV5N3V5N§T§v§ ] d(vol) (20)

Iy =5 [ [ 8370y Tey - 20563 Tew ] d(vol)

f [ hoet3TeNzsN3Teny - onTyge3Teng ] d(Area) (21)

Using the finite element approximation, the integral has be-
come solely dependent upon the unknown nodal field variable distribu-
tion. Therefore the minimum of Iv and It can only be established by

differentiation with respect to {v} and {t} respectively. That is,
oI, _
otV
and
ol

Brty
This operation provides integral statements for equations (20)

and (21) with only one unknown appearing in the integrand--the
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dependent field variable. By performing the integrations, the

problems reduce to solution of the linear systems:

[P(p)]¢v3 = {03 (22)

[P(k.h)1¢e3 = ¢D(Q,h)3 (23)
where [P(p)] and [P(k,h)] are square matrices that contain element
property.information and {D(Q,h)} is a row matrix that contains in-

put "data" information. The details of this solution procedure are

given in section 5.



5. DEMONSTRATION PROBLEM

In order to better illustrate the proposed solution technique,
a simple one-dimensional problem is solved through (1) an analytical
treatment of the set of differential equations and their boundary
conditions, and (2) a two-element quadratic finite element approxima-
tion to the same problem. This simple problem will clearly demon-
strate the proposed solution procedure that will be applied to the

complex geometry of the joint region.

Problem Statement

Consider the one-dimensional case of steady state current flow

through a solid conductor having dimensions as shown in Figure 5,

Figure 5. One dimensional solid conductor.

with conductor properties p and k. The differential equation govern-

ing the electrical conduction in one-dimension is simply

2
j_‘é: 0 (24)
Z

32
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with boundary conditions

V(z=0) = 0 V(z=L,) =V (25)

app
The solution to equation (24) permits calculation of the volumetric
heat generation which is given by

2
Q=%(%J : (26)

The temperature distribution can then be determined from solution of

the governing differential equation

2
dT _
k2t i=0 (27)
with boundary conditions
dT dT
=0 @8 kT g g =Ty (29)

Analytical Solution

The analytical solution to the voltage distribution is given by

Vv
V(z) = 3PP (30)

Thus the heat generation is computed as

. v 2
Q= (2PpY) 1 (31)
( L, ) Pay

Finally the analytical solution to the temperature distribution is

given as ] o L
2z z z
=T+ 8 [-F+F1- (32)



34

Finite Element Approximation

In the discretization of the conductor geometry, line elements
are required for a one-dimensional finite element approximation. The
use of quadratic interpolation functions will require three nodes for
each element in order to satisfy the three unknown coefficients in a
quadratic series. Therefore, the two element model of the one-

dimensional conductor will appear as shown in Figure 6.

1 2 3 4 s
o X O X 0
1 2
F 12
|——— z

Figure 6. Two element finite element model.

The finite element approximation proceeds (as described in section
4) with developing the functional integral for an arbitrary element,
performing the elemental integrations, and differentiating with re-
spect to the nodal parameters to obtain the global matrix system that
describes the behavior of the differential equation and its boundary
conditions over the entire solution domain.

The finite element integral functions would appear in one

dimension as:
I o711 /dv,2
=g [5(§) ]a (33)

2
=1/ [« (4L)* - aqr] dz+5 [ W12 - o0myT] 6z (3)



35
Through approximation theory, the field variables V(z) and
T(z) will be replaced by the product of a set of quadratic inter-
polation functions and the unknown values of the field variable at

the nodal coordinates:

V@ = @i, J= v Ty

@) = @y, b= vy

Making these substitutions into the functions of (33) and (34),

the elemental integrals become:

=5 [ e3TvamoemTen | a2 (35)
I, =+ [k e Temoem ey - 2037 ] oz
s [ Un T iy - 20y Tiny ] oz (36)

Note that {N(z)} will be the same for each problem because it is
strictly a geometry dependent parameter (i.e., the same discretiza-
tion is used for both solutions to V(z) and to T(z)). Therefore
{N(z)} can be developed independently of the field problems and then
the appropriate substitutions can be made before extremizing the in-
tegrals.

The quadratic basis {N(z)} can be determined for a general un-

known field variable U(z) from the solution of the matrix statement:
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U(z) = (N(2)}T5ur

where U(z) is approximated with a quadratic power series.

For a quadratic interpolation, three nodes are required to
define a one-dimensional element in order to satisfy the three unknown
coefficients resulting from the series polynomial expansion. The ele-
mental matrix system can be developed by establishing a local coordin-

ate system z.

21 ;%_ 29
o- X o — Z
|—— 2

The translational relationship between the local coordinate system

Z and the global coordinate system z can be written as

z2=21+2
The quadratic approximation over an arbitrary element can be

constructed from the power series

The expansion coefficients (ai's) must have the dimensions of

the dependent variable. This requires the independent variable to

appear in the nondimensional form (—=— ) based on the elemental
e

Tength [e = Zy-2,. This is written in expanded form as

U@ = sg+ g (L) 40y ()2 (37)
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The expansion coefficients can be determined by evaluating

U(z) at the three nodal coordinates of the element:

U(z=0) = u; = 3y

|
U(E:Te) = uy /9 = ag +al(%)+a2(%) (38)
U(z=lg) =up=2p+ay;+ag

Solving this system of equations for 3,5 1> and a, in terms
of Uss “1/2’ and Uss the expression for the set of interpolation
functions {N}, is formed. It can be shown that solution to equations
(38) yields

3y =Yg

a] = - U + 4u1/2 - 3u1

a9 2u2 + 2u1 - 4u1/2

The expressions for the coefficients are substituted back into equa-

tion (37) to give

u + ('u2+4u1/2'3u1)(1%;) + (2u2+2u1-4u1/2)(1%;)2 = IN(2)3Tg3 (39)

Equation (39) is simplified to obtain the desired form of

{N}u} as
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r _ _ h
1-3 (15-) + 2 (15—)2 (g )
e e
N gup = s (L2
e =4 t‘?) b vt (a0
_(Z +9 Z)2
@@

and,
(3,4 )
Ie 'e
VIN = 1 li_Q_z- ¢ (41)
e Ie
_'L+4_3
\ e IeQJ

Returning to the field problems, the integrations of the func-
tionals can be performed with the appropriate substitutions of {N}
and V{N}. Beginning with the functional involving the electric field

problem, the integral Iv simplifies to

Forming the product V{N}V{N}T, the integral becomes
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|
I :%“ﬂ%foe [M(z) ] dz {v}

where
[‘ -
9-24£+1662, -12+406-32¢2, 3-16¢+16¢2
[M2) ] = ILQ ~12+40¢-3262, 16-84€+64€2, -4+94¢-39¢2
e .
3-166+16¢2, -4+24¢-32€2, 1-8¢+16¢2
s 4
and

&

z
! €

After performing the integration, Iv reduces to

F7-8 1
1,71 1
I =5 4 N -8 16 -8 §v3
1 8 7
L o

The minimum of Iv is established by differentiating with re-

spect to {v},




which simplifies to

7 8 17 (v 0
—8 16 —8 v 1/2 = 0
L1 -8 7J Vo 0

This represents the global contribution of a single arbitrary element.
For the two element geometry that was established for this problem,

the global matrix will appear as

7 8 1 0 0] (

v1) F 0 W
816 -8 0 0 |2 0
1 814 8 1| {wabd={o |
0 0 8 16 8| | va 0

o 0 1 -8 7 v 0

N i § J \ J

The boundary conditions are applied before the solution is
obtained. This reduces the system to three equations in three un-

knowns.

vl=0 , vb = Vapp
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or

18 -8 v2) (0
DA PP 3 p=10
0 - .

i 8 18-8v,, | L) Lo

The finite element temperature approximation is obtained in a
similar fashion. The integral f VNVNT has already been determined,

allowing It to be directly written as

"7 -8 17

|
It=-é_gt;T ko— |8 16 8| ¢t - [ 2N dz

Z

~

+h J‘zlgNggN;T dz §t3 - 2hTp Jo N3 dz

The integral involving {N} is evaluated as

(1)

| N(2)3 dz =-6—e {47

-

Note that for the integral involving the convective boundary

conditions, both Timits are zero. This is due to node #1 coinciding
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with the convective boundary, thus leaving only one term after evalu-

ating the integral.

1 0 0
[T dz =10 0 o
L0 0 0 ]
and similarly,
1
[N dz =¢ 0
0
The expression for It simplifies to
(7 8 1] (1)

Itzégtﬂéki 8 16 -8 §t§—Q_e<4P

+hf 0 0 o f-2nm, (0 g

As before, the minimum of It is established by differentiating

with respect to {t},
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which simplifies to
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This represents the global contribution of a single arbitrary

element subject to a convective boundary condition.

element geometry that was established for this problem, the global

matrix system will become

For the two
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74h(-73-) -8 1 0

y -8 16 -8 0
5 .

Ue 1 -8 14 -8

0 0 -8 18

0 0 1 -8
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7
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t4

L 5 J

\
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1

8
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J

This requires the solution to a system of five equations in five un-

knowns.

In order to compare the results of the finite element approxi-

mation with the exact solution, the following numerical values were

chosen for input parameters:

Vapp =4 mV
o =1.724 x 1078 q-cm
_ W
k=25
h = 15.4667 g
m -k
LZ =20 m
T, = 27°C.

The electrical problem is evaluated first by solving equation

(24) for the exact solution, and (33) for the finite element approx-

imation. Results are shown in Figure 7 for each node location.
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EXACT (mV) 0.0 1.0 2.0 3.0 4.0

FEA (mV) 0.0 1.0 2.0 3.0 4.0

Figure 7. Voltage distribution.
The heat generation is computed from

_(Yappy2 1 4y 102 W
) o () TR

Solution for the temperature distribution is obtained at the

same node locations from solution to equation (30) for the exact

. solution and equation (35) for the finite element approximation.

These results are shown in Figure 8.

EXACT (°C) 30.0 111.2 169.2 204.0 215.6
FEA (°C) 30.0 111.2 169.2 204.0 215.6
0-==-=-- X====mneu- 0==---=-= e 0

Figure 8. Temperature distribution.

The solution procedure proves very effective for the simple
one-dimensional, linear constant property problem. The extension
of this technique to the actual joint geometry will employ the same
solution procedure; however, use of numerical quadrature will be
required for evaluation of the elemental integrals. That is, the
mathematics of the problem will remain the same. The finite element
application, on the other hand, must be completely generalized to
include 3-dimensional isoparametric elements, spatially varying

nroperties, and nonuniform boundary conditions.



6. FINITE ELEMENT MODELING OF TEST JOINTS

The extension of the finite element solution procedure to the
actual 3-dimensional joint geometry is accomplished through imple-
mentation of the large scale, multi-purpose computer code NASTRAN.
The programming complexities associated with the quadrature of irreg-
ular shaped (isoparametric) elements, accounting for the spatial
variations of the elemental properties at conductor surface contacts,
and finally, the numerical solution to the global system of element
equations are all eliminated by the application of NASTRAN. In addi-
tion, NASTRAN offers other conveniences 1ike mesh generation capa-
bilities, graphic representations of the finite element model, double
precision solutions, post-processing of solution results, and most
of all, calculation of the elemental gradients of the dependent
field variable. The elemental voltage gradient calculations are
especially helpful in computing the local heat generation associated
with each conduction element. NASTRAN is supported and maintained
on the CRAY (class-6) computer at The National Magnetic and Fusion
Energy Computing Center, Lawrence Livermore California. The computer
connections made from the ORNL DEC-10 are via satellite.

NASTRAN solves steady state field problems through the same
variational technique presented in section 5, but with a much more
general finite element treatment [15]. For a 3-dimensional solution
domain, 20-node "brick" elements are required to obtain a quadratic
interpolation of the approximation, and many of the elements will

46
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require an isoparametric mapping of their boundaries. Through imple-
mentation of NASTRAN, the problem is reduced to the discretization of
the joint geometry and preparation of the appropriate boundary con-
ditions depending on the field problem being solved. As previously
stated in section 4, the same finite element model can be used for
the electrical, thermal, and (with minor modifications) stress
analyses. In fact, the electrical problem is solved with the NASTRAN
heat conduction solution by the substitution of electrical material
properties in place of the thermal properties and treating the temp-
erature solution as a voltage solution.

In order to become familiar with the code and to validate the
general solution procedure, the same one-dimensional problem con-
sidered in section 5 was solved with NASTRAN. The solution required
two executions of NASTRAN with an intermediate step where a special
algorithm was included to calculate the local volumetric heat gener-
ation of each element. The results are identical to the exact solu-

tion and are shown in Table I.

Finite Element Models

Two different conductor joints were chosen to illustrate the
application of the described analysis. The first joint involved a
very simple conductor that contained the joint cooling tube geometry
but no actual joint. This reference "joint" would represent the

limiting case of the contact surface area being an absolute maximum

and with the joint being under an infinite contact pressure. It




TABLE I
NASTRAN RESULTS OF TEST PROBLEM

48

Distance (m) Analytical NASTRAN
Voltage Distribution (mV)

0.0 6.0 6.0
5.0 7.0 7.0
10.0 8.0 8.0
15.0 9.0 9.0
20.0 10.0 10.0
Temperature Distribution (°C)

0.0 30.0 30.0
5.0 111.2 111.2
10.0 169.2 169.2
15.0 204.0 204.0
20.0 215.6 215.6
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would be safe to expect the conductor temperature rise to be small
enough so that the average properties could be assumed to remain
constant (assumption 3).

The finite element model of the reference joint fits the con-
ductor boundaries with 165 20-node brick elements and has a total of
1023 nodes. Because of midplane symmetry, modeling only half of the
test joint was required for the solution.: The reference joint
finite element model is shown in Figure 9.

The second test joint that was chosen for the analysis (a
design candidate) is a double side bar joint that consists of four
contact surfaces for the half width conductor. Again symmetry was
applied to reduce the finite element model to represent half of the
joint where only two contact surfaces are present. The finite
element model of the double side bar joint, appearing in Figure 10,
was constructed with 257 20-node brick elements and has a total of

1737 nodes.

Input Parameters

The input parameters for the finite element electrical and
thermal conduction models include data from the joint tests, tabu-
lated material properties, and the use of appropriate empirical
correlations. Below is a list of the various input parameters for
each step of the analysis along with a description of how they were

obtained.



Figure 9.

Finite element model of reference joint.

I

[

Figure 10.

Finite element model of double side bar joint.

50
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[. Potential Distribution
Vapp--app1ied voltage in direction of current flow (mV).
p--electrical resistivity (ul-cm).
2. Calculation of Volumetric Heat Generation (Intermediate Step)

VW (x,ysz)--voltage gradients for each element as computed from

the potential solution, (—%y—-.

p--electrical resistivity (uQ-cm).
3. Temperature Distribution

Qe--volumetric heat generation for each element based on

intermediate step computations, ( w2 ).
m

k--thermal conductivity, ( mwK ).

h--convective film coefficient, (
m2-K
Tb--water bulk temperature (°C).

h(Tb-Tw)--convection load on cooling tube inner wail, ( w2 ).
m

Applied Voltage--measured test value based on the desired test
value of the steady state current.

Electrical Resistivity--average values are computed from an
empirical correlation given by Montgomery [24], valid for all temper-

atures above that of liquid nitrogen,
Pay = Poo [1 + .0041 (Tay = 207C)] . (42)

where Pog = 1.72 x 10'6 ohm-cm and Tav is the average temperature rise
between the conductor and the coolant. The predicted value of Tav

will be based on test performance. Note that a value for p is not
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required in the solution to the potential distribution for the refer-
ence joint because the governing differential equation is the Laplace
equation (i.e., no contacts to give rise to a spatial variation of
p). Its value is input at the intermediate step only.

For the case of the double side bar joint, the governing dif-
ferential equation is equation (8) and p must be included in steps
1 and 2. The variation of p due to the finite resistance of the
surface contact is computed from empirical information. The details
are given in the appropriate portion of section 7.

Thermal Conductivity--taken from tables of [25] at the temper-
ature Tcu’ the predicted average temperature rise between the cold
and hot spots in the copper conductor over the joint region. The
predicted values of TCu are based on test performance.

Convective Film Coefficient--computed from an empirical corre-
lation given by Montgomery [24] that depends on the bulk water temper-
ature (Tb), the flow velocity (v), and the cooling tube diameter (d)

all based on cgs units,
3 2 v
h=9x 100 (1 +1.5x 10 Tb) ;;3?. (43)

Montgomery's correlation is nothing more than a form of W. H.
McAdam's correlation that includes the Prandtl number as a function
of the fluid bulk temperature. Also, the appropriate conversion fac-
tors are included to obtain the convective coefficient in units of
w/(cmz-K). The correlation should not be used for Pr > 1.0 and

Re < 2,100. It is predicted from measured Tb values that Pr will



range from 2.0 to 7.0 and Re will range from 65,000 to 300,000.
Water Bulk Temperature--based on values obtained in joint

test (inlet and outlet temperature varied only 1 to 2°C).

53



7. RESULTS AND DISCUSSION

Comparisons of the analytical results with test results of the
single half-width conductor joint are presented in this section.
Analysis and test results for both the reference joint and the double

side bar joint are included.

General Test Information

The general details and specifications of the test assembly
are presented in this section. A direct current (DC) power supply
was used to provide the steady state current. The cooling water
passages were in series with the inlet water entering one side of a
joint, passing through the joint region (see Figure 11) and exiting
on the other side of the joint. Instrumentation was located on the
test assembly to monitor:

1. temperature rise in bulk copper,

2. temperature rise close to the joint,

3. bulk temperature at the inlet and outlet of the cooling

tube,

4. water flow rate,

5. voltage drop along the conductor,

6. applied steady state current.

54
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Reference Joint Results

The importance of testing a "no joint" reference sample was
noted because of the limited knowledge and information available on
the current distribution and resistive effects at contact surfaces.
The reference joint was used as a standard for calibrating the
measurements of the actual joint concepts and to verify conductor
property behavior.

By measuring the current and voltage drop over a conductor
length that includes a joint, the increase in resistance due to the
joint can be determined from reference joint measurements at the same
current rating. This will provide a means of normalizing joint per-
formance in order to compare joints of different lengths. A schematic
of the reference joint test arrangement (locations of voltage taps
and thermocouples) is illustrated in Figure 11. Test information
was collected at a steady state current of 20 Kamp with a water flow
rate of 6.00 gal/min. From the collected data, values for the input
parameters were obtained as described in section 6. Table II con-
tains a list of the input parameter values used in the 20 Kamp
analysis.

The electrical analysis was initially performed and the results
agree favorably with the potential test values collected at 20,000
amperes. The results are presented on a 2-dimensional contour plot
of the conductor surface with the test values spotted at the locations

of the voltage taps. Results of the electrical analysis are presented

in Figure 12. Note that the voltage distribution is nearly constant



TABLE II
REF INPUT PARAMETERS FOR NUMERICAL APPROXIMATION AT 20 KAMP
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Parameter Value
Thermal Conductivity 3.860 W/m-K
Electrical Resistivity 1.724 uohm-cm
Film Coefficient 15,780 W/m2-k
Flow Rate 6.0 gpm

Bulk Temperature 70.0°F

Total Heat Input 9.50x10% w/m>

Voltage Potential 35.5 mv
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Figure 12. Voltage solution of reference joint at 20,000
amperes {(mv).
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at conductor cross sections just before the cooling tube makes its
turn. This provides a check on the actual current value imposed on
the analysis. By choosing a conductor length over which the computed
voltage is nearly constant throughout the cross section, the steady

state current can be computed from
VzAz
pL,

»

where AZ,LZ, and Vz are obtained as shown in the schematic of Figure

13.
V=20 _ V(z) = v,
[}
| ;
i ! -
——— Ly r |r
{
!
?
l I AZ
k-- -------------- .
Lx ~
N——— !

Figure 13. Constant voltage conductor length.

For the analysis at 20 Kamp, the check on the steady state
current produced a value of 19.82 Kamp with the value of resistivity
given in Table II. The volumetric heat generation for each element
was computed from the resulting voltage gradients and the thermal
analysis was performed on the same finite element geometry. The re-

sults of the thermal analysis are illustrated in Figure 14 along with
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the temperature values collected from the 20 Kamp test. These results

also agree with the collected test values. The fluctuation of the iso-

therms near the cooling tube is not the behavior of the NASTRAN solu-
tion; it is a characteristic of the plotting routine.

The results of the electrical and thermal analysis for the

~relatively simple geometry of the reference joint compare well with

the test results. The assumption of average conductor properties
(assumption 3) appears to be a good approximation for the linear be-
havior of the voltage and temperature solutions. Because results of
the reference joint were so accurate, the finite element solution

procedure only required a slight modification to include the surface

contact effects in order to apply the solution technique to a candidate

joint design. The analysis of the double side bar would include two
contact surfaces, which requires electrical resistivity to be input
as a spatially varied parameter. This is accomplished through an
evaluation of the joint test data and an initial electrical analysis
that ignores the contact surfaces. The details of this approach are

given in the following section.

Resistive Effects of Contact Surfaces

Very little is known about the quantitative effects of elec-
trical surface contacts. Many papers [6], [7], [19], [21] include
experimental results in design studies of resistive joints; however
no correlations were developed or are known to exist. The quality

of a contact depends largely on the surface finish and the amount of

clamping pressure being applied. These two effects provide qualitative
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information about the specific test assembly only, and no general re-
sults are available.

Joint resistance is the sum of three components: (1) increas-
ing temperature (Rt), (2) geometry that may distort current paths
(R.), and (3) contact resistance which varies with the quality of the

g

contact (Rc). To further complicate matters, all components can
affect each other. Nevertheless, having measured the overall voltage

drop across the joint, the test resistance (R can be determined

test)
at a particular current value. Also, joint resistance due to increas-
ing temperatures can be effectively determined from the measured
temperature values at a particular current value. For joints without
excessive temperatures, test data indicates that the characteristic
increase in resistance for any joint configuration remains relatively

constant regardless of the current value. This behavior is shown

schematically in Figure 15.

.\ “‘)

L
Q&
Rtest

itest

Figure 15. Behavior of resistance with increasing current.
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Therefore, increases in resistance due to temperature increases are
assumed independent of joint geometry and are determined by tempera-
ture measurements only.

In regard to the analysis, two unknowns exist--the resistance
of the joint due to its geometrical configuration (path resistance)
and the resistance due to the presence of contact surfaces. One of
the unknowns is eliminated through evaluation of test information and
the other is eliminated through a linear analysis neglecting surface
contact effects. The linear analysis would address the geometrical
resistance only and is merely a solution to the Laplace equation,
equation (9). From this information, the effects of increasing
temperature effects on the total resistance can be included and the
remaining resistance (the difference between the test resistance and
the resistance due to geometry and temperature effects) is due to the
contact surfaces. The general solution procedure is outlined as
follows:

1. Determine Rt’ the total resistance of the joint from in-
formation based on test results. The joint voltage drop (V]]_12) is
measured between voltage taps 11 and 12 (see Figure 16) and R

test
can be computed for any monitored steady state current value as

V11-12
'test

Rtest =

2. Develop the solution to equation (9) with the boundary

conditions given in equation (10) for the finite element model of the
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Jjoint. Compute the resistance due to the geometrical configuration

and increased temperature effects (for some i) from

Vo, -V
Rg + Ry = =R—L (44)
where
2 (45)
Paviz
Pay = Pog [1 + .0041 (T,, - 20°0)] (46)

The voltage drop (V Vj) occurs between locations on the finite

app
element model that correspond to the same locations of voltage taps

11 and 12 on the test joint. The linear electrical analysis parameters
Vz’ A

2° and LZ are obtained as described in Figure 13, page 59, and

Tav is computed as the average temperature between the joint conduc-
tor hot spot and the water temperature as described in section 6.
Tav is a measured parameter whose value depends on the particular

value of test current. The resulting expression can be written as,

v -V L

- a Z )
Ry + Ry = (—E%L) 1o Pol 1 +0041(T,, - 20°C) ]

3. The results of step 2 provide information on the resistance
of the joint due to its geometrical configuration and increasing
temperature effects. The test results of step 1 provide information
on the resistance due to the geometry, temperature increase, and the
contact surfaces. Thus, the added resistance of the contacts is

computed from
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Re = Riest - Rg - Ry
4. Determine the electrical resistivity of the contacts as a

function of the contact geometry from

R.A

ccC
pch

(47)
¢

where AC is the total cross sectional area of all contact surfaces,
and Lc is the "thickness" of the space between the surfaces in contact
(<< 1). This "thickness," or contact spacing in the actual joint is
meaningless; however, the finite element model accounts for the con-
tact resistance by incorporating a planar region of highly resistive
membrane elements with a small but finite conduction thickness Lc'

5. Determine the solution to equation (8) with the boundary
conditions given in (10) where Pay will be placed in the solid con-
ductor elements and Pe will be placed in very thin (= 10'4 in.)
membrane elements at the contacts.

6. From the solution obtained in step 5, compute the volu-
metric heat generation as before in preparation for the thermal

analysis from

7. Determine the temperature distribution from equation (1)
with the boundary conditions given in equation (2) and including for
the thermal resistive effects of the contacts. The thermal conduc-
tivity of the contact will be a function of the electrical resistance

and geometry of the contact
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Pe ¢ Lel \o
=1 (2 e
where TC is a function of the average measured temperature difference
across the contact surface. The conductor thermal conductivity kaV
is obtained as described in section 6.

Despite the simplicity of the solution procedure, there is
actually little error involved. The flexibility in computing Pay
from measured temperatures and choosing a finite conduction thickness
of the contact spacing LC, are compensated for in the computation of
Pe- That is, the resistive effects of the contact surfaces are exact
in the overall model (based on test information), only the intensity
of the distribution of the contact resistive effects may introduce
error. This follows from the general nature of elliptic differential
equations.

From the appropriate substitutions, an expanded expression

for Pe can be obtained

v - V. pal A
_ 3 av-z c
Pc = [ Riest - ( p% L) A ] ' (49)
z Z c
where Vapp’ LZ, Vz’ AZ and Vj are all a result of the linear, uniform

property analysis (solution of equation (9)), R and p_ are given

test
from the test results, and AC and Lc characterize the geometry of the

contact surface.
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Double Side Bar Joint Results

The double side bar joint (DSB) was fabricated with the same
cross sectional area as the reference joint. Again, only a half-
width conductor was required for testing due to symmetry and four in-
sulated bolts were inserted with a torque of 80 ft-1b to mate the
conducting surfaces. Also, each contact was coated with a liquid
silver plating to enhance the quality of the contact. A schematic
of the test assembly is given in Figure 16.

Through a series of tests with increasing steady state current
values, a joint resistance curve was developed from collected voltage
drop measurements between voltage taps 11 and 12. The resistance

Rtest was computed as,

Vi1-12
I'test

test =

Temperatures were also measured at each steady state current
value and the average temperature at a particular current value was
computed from,

T,y = Tmax2“ Th

The test was controlled by the applied current load allowing
itest to act as the independent variable. Characteristic curves of
V11-12° Riegte and T, as functions of the increasing current value
itest’ were developed for the DSB joint. The curves of voltage drop,
resistance and temperature appear in Figures 17, 18, and 19. The

collected data are given in Table III.
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TABLE ITI

DSB JOINT TEST RESULTS

Current, KA

Voltage Drop, mV

Resistance, U

Average Temp, °F

22

0.
2.
4.
6.
8.
10.
12.
14.
16.
18.
20.
.00

00
00
00
00
00
00
00
00
00
00
00

0.
6.
14.

21

30.
38.
46.
55.
64.
73.
82.

94.

00
70
25

.90

10
20
00
50
20
25
20
00

B O O X

. 35000
.56250
.65000
. 76250
. 82000
.83333
. 96428
.01250
.06944
.11000

64.
65.
67.
72.
77.
87.
96.
i10.
122.
146.
165.

.50

00
00
00
50
50
00
00
00
50
50
00
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The resistance of the joint due to its geometrical configura-
tion, Rg, can be computed for any Vapp in the linear electrical
analysis of the solid conductor (analysis ignoring surface contacts)
because the resistance will always be constant. The resistance Rg

is computed from,

) -V: L
_iﬂﬂ%___J_]Z.pQO = constant
z

Ry =
g 4

Since the average temperature increase as a function of current has
been provided from the test, the geometrical resistance and the re-
sistance due to increasing temperature effects can be lumped together
to be expressed as a function of Tav and a constant K obtained from
the linear electrical analysis

R +Rt=Kpav,

g
where
v -V. L
K=-_23PP "] "Z_ constant
vz Az
and

-]
Bay = Pog [1 + .0041 (T,, - 20 C)] .
Below is a list of the input parameters along with the resulting out-
put parameters used to compute K in the linear analysis of the DSB
joint:
Vapp =22 mV Vj = 9.55 nmvV , Vz = 1.866 mV

L, = .9125 in A, = 2.89262 in?
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and

V. o -V L
K:iﬁ%izz.lou inl .

z AZ

Solution contours of the linear electrical analysis are shown in

¢ was computed and Figure 21

and Rg as functions of the average temperatures

Figure 20. The lumped resistance Rg+R
shows curves of Rg+Rt

in Table III. Because Tav is given as a function of 1, Rg+R can

t
also be expressed as a function of i. Figure 22 contains curves of
Rtest and Rg+Rt as functions of current i.

The resistance due tq.the DSB joint surface contacts, Rc’ is

the difference between the two curves in Figure 22. That is

Re. = Rpest — R - Rg
The contact resistance for the DSB joint is the result of two
contact surfaces. The conduction length, Lc, will be the same for
each contact, but the cross sectional area AC that appears in equation
(47) is total contact area. The contact resistivity is computed from

equation (47) as

where

2.5118 in?

Ac

L

c .0001 in.

This completes step 4 of the general solution procedure given
in the previous section and provides the spatial variation of the

electrical resistivity needed for the solution of equation (8). The
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analysis proceeds as before with the value of Vapp being an input
parameter based on the DSB test results of Figure 17, page 69, and

the current value checked as presented in Figure 13, page 59. The
results of the DSB joint test at 14 Kamp produced the input parameters
given in Table IV.

The results of the electrical analysis at 14 Kamp are presented
in Figure 23 with the test data spotted at the locations of the volt-
age taps. The results generally agree with only a slight discrepancy
of *2 mV appearing at locations near the contacts. .This is due in
part to the flexibility in choosing the conduction thickness of the
surface contact membrane elements.

The volumetric heat generation for each element was computed

from

where the value of p is Pay for the conduction elements and Pe for
the contact elements. The thermal resistive effects at the contacts
are a function of the additional heat generated due to the electrical
resistance and the geometry of the contact. The thermal conductivity
of the contact elements kC is determined from equation (48). This
expression was derived by recognizing that the difference between the
amount of heat conducted into the contact area and the heat conducted
out of the contact area is equal to the heat generated at the contact;

that is,



79

TABLE IV

DSB INPUT PARAMETERS FOR NUMERICAL APPROXIMATION AT 14 KAMP

Parameter Value
Thermal Conductivity
Average 382.5 W/m-K
Contact .00219 W/m-K

Electrical Resistivity
Average
Contact
Film Coefficient
Flow Rate
Bulk Temperature
Average Temperature
Total Heat Input

Voltage Potential

1.885 pohm-cm
53,667 uohm-cm
15,835 W/m2-K
6.0 gpm
73.0°F
110.0°F
12.80x10° W/m3
42.6 mV
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95 _ d o dT
i“Re = dy ('kcAc ]Eflc ) dy . (49)

If RC is written in terms of a differential conduction length

(contact conduction length) equation (49) becomes

. 9 Pc _ d27
P25 kAo S

- 52 (50)

The thermal contact resistive effects must rely on measured
values of the temperature difference across the contacts (thermo-
couples 4-3, etc.) at a particular current value. A second order
temperature difference approximation is substituted into equation (50)
whose value depends on the measured temperatures across the contact
to obtain the expression for kc’ equation (48). The magnitude of the
temperature gradients across the contacts were about the same magni -
tude as the temperature gradients in the solid conductor region
(x1°C/in). Therefore, the thermal resistive effects of the contacts
are small and the second order difference approximation is on the
same order as the average temperature difference (T3_4, etc.)

Table IV contains the input parameters of kC and kav as they
were computed for the 14-Kamp thermal analysis. The results of the
thermal analysis at 14 Kamps appear in Figure 24 with the test values

spotted at the locations of the thermocouples.

Results at Design Conditions

In order to apply the present analysis procedure to the design

operating conditions for the DSB joint, it must be assumed that the
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joint resistance Rtest’ average temperature Tav’ and consequently
the contact resistance RC can be extrapolated to meaningful values
at the design current load. The extrapolation for each parameter
is accomplished with a cubic spline curve fit used in a subroutine
of the DISSPLA Graphics Software System. An extrapolation of the
curve in Figure 17, page 69, provided the necessary value of Vapp
to insure that the design current of 31.25 Kamp was imposed on the
joint.

The steady state design current value (31.25 Kamp) produces the
1 Tesla peak magnetic field required for plasma containment in the
ATF torus design. Based on the operational constraints of the helical
field coils, the HF coil joints must perform in accordance with the
following steady state design conditions at 1 Tesla operation:

Joint Resistance 4.25 pQ max

Conductor Temperature 160°C max

Conductor Potential 300 mV max

Coolant Flow Rate 6 gpm
The input parameters for the DSB analysis at the design current load
are given in Table V.

The electrical analysis provided the volumetric heat generation
at design conditions and the thermal analysis was completed as pre-
viously described. The predicted potential solution at 31.25 Kamp
appears in Figure 25 and the resulting temperature solution appears

in Figure 26.
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TABLE V

DSB INPUT PARAMETERS FOR NUMERICAL APPROXIMATION AT 31.25 KAMP

Parameter Value
Thermal Conductivity
Average 372.2 W/m-K
Contact .00644 W/m-K

Electrical Resistivity
Average
Contact
Film Coefficient
Flow Rate
Bulk Temperature
Average Temperature
Total Heat Input

Voltage Potential

3.076 uohm-cm
42,256 pohm-cm
16,356 W/m2-K
6.0 gpm

79.0°F

396. 0°F
22.30x10% W/m>
90.4 mV
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From the computed results for the DSB joint at design condi-
tions, it is predicted that the joint will exceed the specified
operational design limits. Both the resistance and maximum tempera-
ture for the DSB are beyond their design values. The HF coil joint
design will require more conduction area than that offered by the
DSB joint design and may possibly require separate cooling at the
joint cross-section. Nonetheless, the proposed solution procedure
has produced an effective means of comparing the performance of re-
sistive conductor joint designs. Other candidate designs will be
considered and the present analysis technique should provide an
important service in the selection process for ATF and possibly for
future designs of separable magnetic coils for fusion energy test

reactors.



8. CONCLUSIONS

A finite element solution procedure has been established for
the computation of the potential and temperature distributions in
water-cooled resistive conductor joints. The assumptions made that
led to the application of linear solution techniques appear to have
been valid based on experimental comparisons with the analysis results.

The candidate joint design investigated, the double side bar
joint, is predicted to exceed the electrical and thermal design limits
at steady state operating conditions (based on analysis results).

Other candidate designs are to be fabricated for testing, and the
analysis procedure presented here will be able to predict the perform-
ance of these joints at operating conditions. The analysis procedure
has proven very useful in the complete design process for selection
of an acceptable joint design.

One restriction with the solution procedure is that the analysis
must be accompanied by joint test results of the particular joint
geometry being analyzed. A possible area of future research is the
development of normalized results of electrical and thermal effects
at contact surfaces that would apply to any geometrical configuration.

The proposed finite element approach here is well-suited for
predictions of joint performance even when large temperature gradients
are present causing the conductor properties to become strong functions
of temperature. The analysis could be extended to include this non-
linear coupling effect of the differential equations and is recom-

mended as an area for future study.
88
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