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ABSTRACT

In this dissertation a class of methods that numerically solve initial-value prob-
lems with second order ordinary differential equations of the form y" = f(z,y(z))
is investigated. Methods in this class are two step implicit Runge-Kutta methods
with s internal stages that do not require an update of y'. There are many examples
in the literature of methods which conform to our format.

Using a type of Nystrom tree and a corresponding special type of Nystrom
series the order conditions for this method are developed. With this technique of
putting order conditions in terms of trees, we obtain a set of simplifying conditions
that serve as a framework for generating and analyzing higher order methods.

Our analysis affords the development of a two—parameter family of eighth—order
methods. The issue of maximum obtainable order for unconditionally stable s stage
methods is investigated for s = 1, 2.

When implemented, these methods, in general, require at each step the solution
of an algebraic equation of the form Y = (M ®I,,)F(Y'), Y € IR" where M is an
(s + 1) x (s + 1) matrix. To facilitate solving this equation we develop a method

where M is lower triangular.
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CHAPTER 1

Two-STEP IMPLICIT RUNGE-KUTTA METHODS

§ 1.0 Introduction.

In this dissertation we consider a class of methods that are numerical solutions

to the initial value problem

y" = f(2,y(z)), y(zo) =¢°, ¥'(z0) = 9" (1.1)

where y € IR™ and f : IR x IR™ — IR™. Due to the absence of the term y’, this is

known as a special second order system.
Special cases of these methods include:

Hairer’s fourth order method [17]

B2 ' -

yn-i-l _2yn +yn—l — ﬁ [fn+1 + (IO—R)fn +fn—l +Rf ]
on = — n+1 n n—1
vt =y" 12R (F" =2+ ")

R is free parameter

Cash’s fourth order method (5]

yn+1 _ 2yn + yn—l = 2 [360 (fn+1 fn—l) + 20fn 90 (fn+ fn—z)]

—n+1 =l n+1 n__l_ n-1 2 [ T2+l Z rn
gt =yt Yt -7y +h ( f +48f >
—n—3 1 | 2 +1 15 1 a1
n = " - h n Y _—rn
yrE=gyuibgy 4 192f ~96’ "’



and Chawla’s fourth order method [7]

n n— -1 n - b) n n—
y" T -2y 4yl = p? g(f“+f" 1)+;9-(f+%+f *)]

T § n+1 l n=1_ p2 |gntl _ § —-B n—1
grTE=ytT A v+ [ f 3 f
b= s [ (S48) o)

B a free parameter.
These three methods as well as methods mentioned in [6],[8],[12],[18],[19] can be
written as special cases of the general method
Y =i gy 6y 4 R os SRR S 4 RE B f

+ h? Z aij f(z" + cjh,y™)

i=1

yn+1 — __yn—l + 2yn + h? Z b.‘f(xn + c,-h, yn,i)

i=1

+h25’ fn—l +h25 fn+h2,é fn+1 ) (1.2)

A main point of this dissertation will be to investigate the order and stability of
methods of the general form (1.2).

One of the more successful classes of methods for this problem is known as the
Nystrom methods. Nystrém’s method applied to problem (1.1) is

2
ki=f(zo+aih, " +ai hy” + 82 ai; kj)

i=1

y1=y0+hyol+hzz b; k;

=1

yll =y0’ +hz E,' k; .
i=1



This is equivalent to

y Y =yt ta hyt + R Y g™

J=1
yn-l-l = yn + h yn’ + h2 Z b,‘ f(yn,i)
=1
y"+1’ = y"' +h Z b; f(yn’i) . (1.3)

i=1
Note that unlike method (1.2) Nystrom’s method requires an update of the deriva-
tive as each step. Also note that there are choices [17] of the a;’s, a;j’s, @;j’s, b;’s
and b;’s that give an unconditionally stable method of order 2s.

To find high order methods by means of matching up the Taylor series expansion
of y**1 and y(zo + h) directly is a very tedious task, especially when considering
the case y(z) e IR® m > 2. J. C. Butcher looked at this problem in [1], [2], [3]
with respect to finding high order Runge-Kutta methods for the ODE

y'(z) = f(z,y(x)) , y(zo)=1y°. (1.4)

Then in [15], E. Hairer and G. Wanner used trees and Butcher series to find the
order conditions of various methods that solve (1.4). In [16] Hairer and Wanner
used a device they termed Nystrém trees. Similarly, in Chapter 2 of this disserta-
tion, a framework for discussing the accuracy, via order conditions, of the class of
methods (1.2) is developed in the following manner. We show that the elementary
differentials, of which the terms in the Taylor series are composed, can be repre-
sented by a certain set of trees which we call A trees. These are in fact a subset
of the Nystrom trees. Then, we show that these A trees can be decomposed into

trees of lesser order, enabling us to write the trees in a simple form that leads to
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recursive formula for coefficients (maps from the A trees to IR) in the “A series”

representations of both the true and approximate solution. Comparing these A
series allows the specification of order conditions in terms of trees.

From these order conditions, certain simplifying conditions are established. The-
orems relating these conditions are developed; these will be used in the remaining
chapters to find high order methods with additional properties.

In Chapter 3 we investigate the limitations on order that are imposed by the
requirement of unconditional stability. We analyze conditions that admit an eighth
order family of methods.

In Chapter 4 we develop a fourth order unconditionally stable method for s = 2.
The method requires solving a nonlinear algebraic system of the form 7" = (M ®
Im) f('g'") at each step. We show that the parameters in (1.4) can be chosen so
that the matrix is lower triangular with distinct diagonal entries. We will estabiish

that this form of M is useful in implementing the method.

§ 1.1 Motivation: Collocation.

In addition to noting that a wide class of known methods for solving (1.1) can
be put in the form (1.2) at this point, we provide another motivation for this class
of methods. This motivation parallels work done in [21], in which implicit Runge-
Kutta methods for first-order systems are shown to be equivalent to a collocation
approach. Our work then discovers a similar relationship when dealing with special
second-order systems.

For any sufficiently smooth function u,

z+k z+k
+ / u'(r)dr

z

= —ku'(z) + u(z + k) — u(z) .

z+k
/ (k=1+2z)u'(r)dr =(k -1+ z)u'(7)
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z+k
Hence u(z + k) — u(z) = ku'(z) + / (k= 7+ z) u’(7)dr. Put z = ¢y, k = c;h,

so that
to+cih
u(to + c;h) = u(to) + ¢; hu'(to) + / (to +c¢i h—7) u"(r)dr . (1.5)
to
Put z =ty , k = —h to obtain
to—h
u(to — h) = u(ty) — hu'(to) + / (to —h—71)u"(r)dr . (1.6)
to
Put z =t;, k= h to find
to+h
u(teo + h) = u(to) + hu'(to) + / (to+ h—1)d"(r)dr . (1.7)
to
Now (1.6) =

—(9,' - c,-)u(to —h)=—(6; — ci)u(to) + (0,‘ - C,‘)hu'(to)

to+cih |
—(6; — ) /t (to — h — T)u"(7)dr (1.8)

and (17) = —9, u(to + h) = -6, ’U.(to) - 0; h’u’(to)
to+h
—6; (to + h— 1) u"(r)dr . (1.9)

to

So, adding (1.5), (1.8), (1.9) we get

u(to + ¢ h) - (9,‘ — c;)u(to —h)—6; u(to + h)

to+cih

= u(to) + ¢; hu'(to) + /t (to +¢; h—71) u’(r)dr (1.10)
° tot+h

— (6 — ci)ulto) + (8; — c)hu' (o) — (8; — <) /t (to — h — )" (r)dr

0

to+h
— 6; u(to) — 6; hu'(te) — 6; / (to +h—71)u"(r)dr .
to

5



Make the change of variable v = %(T —tp) so that ¢t + vh = 7. Then

totcih ci
/ (to + cih — 7)u"(v)dr = h/ (ci —v)u"(to + vh)dv . (1.11)
to 0
So, in particular, for ¢; = —1
to—h -1
/ (to —h—1"(r)dr = h/ (=1 —=v)u"(ty + vh)dv . (1.12)
to 0

and forc; =1
to+h 1
/ (to +h —7)u"(1)dr = h/ (1 =v)u"(to +vh)dv . (1.13)
to 0
Using (1.11), (1.12) and (1.13) in (1.10) we obtain
u(to +ci h) = (6; —ci)u(to —h) — 0; u(to+ h) =
(1 —26; + ¢;)u(to) + h? [/ . (ci —v)u"(to + uh)dv]
0
1
—6; h? [/ (1-v)u"(to+v h)du]
0
-1
— (6; — c;)h? [/ (1 —-viu"(tg +v h)du] . (1.14)
0
Now, define the collocation polynomial u(t) of degree (s + 4) by
u''(tg + cih) = f(to + cihy, u(to +c;ih))=k; i=1,...,5+3

where we specify c,41 = —1, ¢s42 =0, and ¢,43 = 1 along with the condition that
u(ty) = y° and u(ty — k) = y™!, which are given.
Note that this nonstandard notation of ¢,41 = —1, ce42 = 0, and cy43 = 1 is

due to the fact that our method requires us to evaluate f(to,y%), f(to — h, y~}),
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f(to + A, y'). Since u"(t) has degree s + 2, it is reproduced by its interpolate at

the (s +3) points ¢; = 1,...,8+ 3. It follows that

843
u"(to +vh) =) u"(to +c;h)lj(v) (1.15)

i=1
where [j(¢;) = 6ij (Ij(v) is the fundamental Lagrangian interpolating polynomial).

Then, by (1.14)

u(to + cih) — (6; — c;)u(to — h) — 6; u(to + h) =
s+3

(1 —26; + c;)u(to) + h® [/C-' (ci —v) Z k; 1;(v)dv
0 =1
843

1 s+3 -1
— 6 /0 (1-6) ; ki Li(v)dv — (8; — ci) /0 (-v—1) ; kj z,-(s)ds]

s+3 ¢
= (1 — 26; + ¢;)u(to) + h? Z {/0 (ci —3) lj(v)dv

=1

1 -1
— 0 / (1—v) lj(v)dv — (6; — ci) / (-v-1) lj(u)du} . (1.16)
0 0
We adopt the following notation:

Ci 1 -1
/ (C,‘ - V) lj(l/)dl/ - 0,’ / (1 - l/) lj(l/)dll - (0, - c,') / (—V —_ 1) lj(l/)dl/
0 0 0
ai; if 1<, j<s
o if j=s8+41,1<1<s
6 if j=s8+42,1<i<s
Bi if j=s+3 1<i<s .

Then, the collocation polynomial, by (1.16) satisfies

u(to + C,‘h) — (9, - Cg)u(to — h) — 6; u(to + h)

= (1 —26; + c;)u(to) + h? Z aij kj + h? o ks+1 -+ h? b; k,+2 + h? Bi k_,+3
(1.17)

j=1



fori=1,...,s and ¢ =3+ 3. We note that

ksy1 = f(to — h, u(to—h)) = f(to —h, y™')

ksrz = f(to, u(to)) = f(to, ¥°)
are known quantities.
Since cy43 = 1 and we shoose 8,43 = 0, for i = s + 3 equation (1.16) becomes

u(to + h) + u(to — k) = 2u(te) + h% | > b; f(to +c; b, u(to +c; k)

i=1

+ &f(to — b, u(ty — h)) + 8f(to, u(to)) + Bf(to + h, u(to + h))
where

Gs4+3 = bj _ for i=1,...,s

(443,541 = 0, As+43,8+2 = s, and Qg+3,843 = 8. (1.18)

By definition y! = u(to + k), and we have y® = u(ty), and y~! = u(¢o — h), and let
yt = u(ty + c;h).
Using this in (1.16) and (1.17) suggests the method

y = (0 —ci) y + 6yt + (1= 26; + ¢y

]

+h? D" aij f(to +cjh, y™)

j=1

+h?o; f(to—h, y™1)+ A2 6 f(to,y") + R Bi f(to +h, ¥')

and



y! =2y° —y~ 1 + A2 Z bi f(to +ci hyy"?)

i=1

+&f(t0—h1 y-1)+gf(to’y0)+léf(to+h, yl)

where 0; — ¢c; = a; and 1 — 20; + ¢; = v;. This is, with obvious correspondence of
notation, the method (1.2), and hence we have established that it may be viewed

either as a collocation scheme or an implicit Runge-Kutta method.



CHAPTER 2

TREE-BASED DEVELOPMENT OF ORDER CONDITIONS

§ 2.0 Introduction

In A Theory for Nystrom Methods [16] E. Hairer and G. Wanner use Nystrom
trees and Nystrom series to find the order conditions of Nystrom methods. Nystrom

methods can be applied to the more general ODE

" = f(y,¥"), y(zo) =4°, ¥'(z0) = 4" . (2.1)

Hairer and Wanner show that there exists a one to one correspondence between the
elementary differentials of (2.1) and Nystrém trees, which are a type of tree whose
nodes are also labeled “fat” and “ meager”.

They then use this correspondence to describe the Taylor series expansion of
y(zo+h) as a Nystrom series, which is a series summed over Nystrom trees. Similarly
the numerical estimate y* obtained from Nystrém method is described as a Nystrom
series. Then the order conditions are found by matching up the coefficents of these
two Nystrom series.

Sections one and two of this chapter will parallel this work. Since the O.D.E.
(1.1) that method (1.2) solves is independent of y', the elementary differentials
of the solution to (1.1) will be a proper subset of the elementary differentials of
the solution to (2.1). Because of this, we introduce a class of trees we call A trees,
which are the proper subset of the Nystrom trees that correspond to the elementary

differentials of the solution to (1.1), and a corresponding series, deemed an A series. .
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Then, as in [16], we use this 1-1 correspondence to express y(z; + k) and y? as A
series. The order conditions are found by matching up the coefficents of these two
A series.

We note that S. Gupta in an unpublished work [14], has investigated a class of
two-step methods (in his case, applied to boundary value problems) which appear
to be a subclass of the methods we consider here, in that certain of the parameters
in our method do not appear in his scheme, and that our interest is to investigate,
in general, methods which are implicit, while his are explicit. He too uses a tree—
based analysis, but does not provide detailed proofs, and correspondences between

his conditions and ours are not apparent.

In [1] J. C. Butcher, who originated the whole concept of alternative ways to gen-
erate order conditions, shows that instead of looking at the order conditions directly
by matching up Taylor Series, that the order can be found more easily by means of
“simplifying conditions” A, B,C, D, and E. (These type of conditions have become
standard in the Runge-Kutta industry). The conditions A, B, C, and F in section
2.3 are defined in the spirit of the corresponding conditions in [1]. The D condition
is of necessity a little different from the D condition in {1].

The rest of § 2.3 is devoted to proving a series of theorems that show the inter-
connections between conditions A, B,C, D, and E and the order conditions. These

theorems will greatly simplify the search for higher order methods.
§ 2.1 Trees
First we give the definition of the most basic type of tree.

DEFINITION 1 [16] (Monotonically labelled trees (LT). Let n ¢ Z, n > 0. A

monotonically labelled tree of order nisamapt: {2,...,n} = {1,...,n} suchthat

11



ti)<ifori=2,...,n.

Let p(t) denote the order of a labelled tree ¢.

A labelled tree t of order n can be graphically represented by n labelled points
called nodes and n — 1 arcs connecting node 7 to note t(z). It is traditional to locate
the node labelled 1 called the root at the bottom of the graph.

EXAMPLE 2.1: Consider the fifth order tree ¢ where t maps 2 - 1, 3 — 2, 4 —

3 5
2k>+
o\
EXAMPLE 2.2: Here are the graphs of LT of order 4 and less:
3
2 2 3 23 4 9 N 4
2
VIV OO
' 1 ! ! ! 1 f 2
1

DEFINITION 2 [16] (Trees (T)): A tree is an equivalence class of LT’s which rep-

1, 5 — 4 The graph of this labelled tree is

resent the same graph but differ in numeration. This equivalence relation can be
defined by
txu < 1) p(t) = p(u).
2) There exists a permutation o of

{1,...,p(¢)} such that o(1) =1 and

t(1) = ouo”1(i) (i=2,...,p(t)).

12



EXAMPLE 2.3: The following two trees are equivalent

g 4
N 3 3 2 .
, and , and the equivalence class can be repre-
! (
sented by the graph \> .

EXAMPLE 2.4: Here are the graphs of trees of order 4 and less

-I\/>\1/\>

DEFINITION 3 [16] (Monotonically labelled Nystrém-trees (LNT). A m.LN. tree of

order n is a map ¢t € LT together with a specification of its nodes into fat ones and

meager ones, i.e. a second map

g: {1,...,n} = {0,1}

such that
a) the root is meager, i.e. ¢(1) =0
b) a meager node has no ramifications and each adjacent node must be fat, i.e.:
(1) =0=> card {t7!(i)} < 1and g({t7'(:)}) = 1 if t71(3) # 0.
A labelled Nystrom tree can be graphically represented in the same manner as a

labelled tree but with the extra notation of a circle around the fat nodes.

EXAMPLE 2.5: Consider the 5'* order LNT(t,q) where t maps: 2 — 1, 3 —

2,4—2,5—4and wheregmaps: 1-20,2—-1,3—-50,4—-1,5—0.

The graph of this LNT is 3 S
\T»d
2
[

DEFINITION 4 [16] (Nystrom-trees (NT)): A N-tree is an equivalence class of LNT’s

13



with respect to the equivalence relation
(t,q) ~ (u,r) <=1)

2)

3 (@) =roa(s)

} same as in definition 2

EXAMPLE 2.6: The following two trees are equivalent by the above equivalence

relation

3 4 4 3
ﬁ{@ A
; and . , and their equivalence class can be repre-
sented by the graph \E?/@

EXAMPLE 2.7: Here are the graphs of the Nystrom-trees of order 4 and less:

LYY S5

It was shown in [16] that any Nystrom tree of order 3 or greater can be generated
from Nystréom trees of lesser order using the construction described in the following
definition.

DEFINITION 5 [16] : Let t;,...,t,, e NTand k ¢ Z with 0 < k < m. Then we
denote by t = [t1,...,tk; tk+1,---tm] a new NT of order i p(ti) —m+k+2 which
is obtained by: =

1) The roots of tg+1,...,tx are identified to a new fat node “Charlie” say

2) The roots of t1,...,t are connected by a new branch to Charlie;

3) Finally a new root is affixed underneath of Charlie .

This has sense only if the order is > 1 for ¢;,...,tx and > 2 for tx41,...,tm.

EXAMPLE 2.8: Given t; = >)and t, = ? then the tree ([t;,12;]

14



is C‘L?é , the tree [t1;12] is 2;‘/9 , and the tree [;t;, ;] is @\/?/Q

Finally we define A trees in the following manner.

DEFINITION 6 (Monotonically labelled A trees (LAT)): Let n ¢ Z ,n > 0. A
monotonically labelled A tree of order n is a mapping ¢ € LT together with the map
q such that

{2,...,n} 5 {1,...,n} 5 {0,1}
such that

1) #2)=1 and t(i)<i
2) q(1)=0
3) if (i) =0 thencard {t7'(i)} <1
and q({t7'(@)}) =1 if t71(G)#0
4)if ¢(i)=1 then q({t”'(i)})=0.
As in definition 3, g labels the nodes meager if q(i) = 0 and fat if g(i) = 1.

Note condition 4) in the above defintion is what distinguishes the LAT from the

LNT, that is LAT C LNT. Observe that the following labelled Nystrom trees are

not labelled A trees @)\?/@ <@

15



EXAMPLE 2.9: The following are the LAT of order 5 and less:

1< Y
YYY s

DEFINITION 7 (A trees (AT)): An A tree is an equivalence class of LAT’s with

respect to the equivalence relation

(t,q) ~ (u,r) <= 1) p(t) = p(u)
2) There exists a permutation ¢ such that
" o(1)=1and t(i) = cus™'(3) i = 2,...,p(t).

3) (i) =ra(7)
The above equivalence relation is the same as the one mentioned in definition 4
so AT is a subset of NT.

EXAMPLE 2.10: Here are the AT of order 5 and less:

DRGSR A

The following definition gives us a method of generating A trees from A trees of

lesser order.

16



DEFINITION 8: Let ¢1,...,tm € AT; then we denote by t = [t;,...,tm] a new 4
tree which is obtained by connecting each root of ¢;, ¢ = 1,...,m to a new
branch. Those new branches are connected to a new fat node with one meager
node underneath it.

The construction [ty,...,t,,] described in definition 8 produces the same tree as
[t1,...tm;] defined in definition 5.

Example 2.11: Here is an example of the construction defined in definition 8. Given

A trees T and Y then t = [t;,t2] is the tree

The following two propositions are concerned with a tree as a composite of smaller
trees.
k
PROPOSITION 2.1: p([t1,...,tk]) = 3 p(t:) +2
i=1
PROOF: The proof follows directly from the definition. For example just count the
nodes in the above example.
PROPOSITION 2.2: Every t ¢ AT with p(t) > 3 can be represented in the form
t=[t1,...,te] with ¢; € AT, p(2;) < p(t). Except for permutation among ty,...,%,
this representation is unique.
PROOF: (The proof of this proposition is just an adaptation of the proof of Propo-

sition 8 in [16].) Take away the lowest two nodes and the adjacent branches. What

is left is a collection of A trees t;,...,t; and so t = [t;,..., k).
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§2.2 Elementary Differentials
As was shown in [16] the elementary differentials of y where y" = f(y,y’) are:

! !

y'=y
y' = f(y,y)

y® =Dif-y' +Dof - f

y® =DDif-(y,y')+ DDy f - (y', f) + D1f - f + D1 Daf - (f,4)

+ DDy f - (f,f) + D2f - (D1 f,y') + Dof - (Dof - f)

In [16] E. Hairer and G. Wanner define a one to one, onto correspondence between

these.elementary differentials and the N trees in the following manner:

For t € NT define F(t) recursively by:
F(¢)y,4") =y
F(-)y,y") =¥
F)w.y) = fwv)
F(t)y,y') = DYDF~*f - (F(t1),- ., F(te), F(tea)s- -, F(tm))  (22)

where t = [t1,...,tk; tkt1,---rtm]

In our case, the elementary differentials of y, where y” = f(y), are:
y' =y
y"' = f(y)
¥ = fy(y) ¢/
¥ = fy ) W Y) + f, () - f
¥ = fuy(¥) - (V5,0 + Foy@) - (F8) + fuy(0) - 0, ) + -

18



These elementary differentials can be represented by monotonically labelled A

trees in the following manner

!

e Y
TCI) f(y)
@{ fy(y)- y'
> L% ¥
¥ <

IRORCRS ) - f

Ly 5 5
4 4
5 s 3 + 3 4 3 [y +
2 2 2 3

!

Frn @YY @) W) @) Fwnd) Fru@)- (£ £,) o) v)

Formally this correspondence is as follows.

For every t € AT we define a function F(t) : IR™ x IR™ — IR™ recursively by

F(é)y,y') =y

F()y,y') =y
FO)w.v) = fv)
F(t)(y,y') = Dsf - (F(t1),...,F(tx)) where t={[t;,...,t]. (2.3)

Since this is the same correspondence as described in [16], restricted to AT C NT,
we know it is well defined and 1 to 1. As to it’s being onto, that is shown in the
proof of the following theorem, which describes the actual solution at the next point

as an A-series.
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THEOREM (2.3). For the solution of equation (1.1) we have

P(zo)= > Ft) (y°y")
teLAT
p(t)=p

and

R

_ 0,0y~
y(zo + h) = ¢§T Fit)(y',y ) (p(®))!

where F is defined by (2.3).

PROOF: We can restate the problem
¥'(2) = fy(@), y() =", ¥/(20) ="

as y'(2) = fu(@),v'(@), ¥zo) = 3", ¥(z) = y* where f(y(2),y'(2)) =
f(y(z)). Since y"'(z) = f(y(x),y'(:c)) is the problem that [16] addresses, by Theo-
rem 10 of [16] we have
¥ (20) = Y FO)@',v"),
e

where F' is defined as in (2.2) with respect to the f defined above.

Next we show by induction that F(t)(y%,y%) =0 for all t ¢ AT.
Consider the smallest tree in NT that is not in AT namely

; then F’@? )y°, ") =Dyf - f=0, since D,f=0.
Assume the claim is true for all trees t ¢ NT - AT of order less than p. Consider
t ¢ NT — AT, p(t) = p. Since t ¢ AT then either m > k or at least one of the t;’s

is an element of NT - AT .
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If m > k then

F(t) 4°,y”) = DEDP*f - (F(t1), ..., F(te), F(tesr), - -, F(tm)),

but as stated before, Dy f =0, so if m > k, then F(t) = 0.

If one of the ¢;’s is an element of NT-AT then by our assumption F'(t;) (y°,3° ) =
0 since p(t;) < p, so F(t) (y°,4%) =0 for all t ¢ AT.

Since F(t) |yp_,p=0 and F(t) |sp= F(t) we have y?(zo) = 3 F(t) (v°,y*)

teAT
and the Taylor Series of p(t)=p

, hP(t)
0,0
yzo+h)= Y F(t) 3y Fol
teLAT
An A series is a special case of N series which is defined as follows
DEFINITION 9 [16] (Nystrém or N series): With a mapping a: NT — IR we

combine the series

(1)

N(a,y’,y") = ) at)F)(y"y° 2

]
teLNT (t)
and call it a Nystrom series. Its derivative is

(t) -1
N'(a,4°,y") = OF @y ) ——
vy ,EN:T“ vy’ ((t) e

t#90
where (2.2) defines the F.
DEFINITION 10 (A Series): Given the mapping a : AT — IR then the A series

A(a,y°,y%) is the sum

A(a, 4%, y") = ) a(t)F()°,y° PR

|
teLAT (t)
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Its derivative is

) , (1)1
Ay ) = T () (88" )

e (p(t) = 1)V’
t#£8
where (2.3) defines the F.
So an A series is an N series where the mapping a: NT — IR obeys a(t) = 0
for all ¢t ¢ LAT.
Theorem 2.3 gives us that y(zo + Th) is an A-series A(p,,y°, 3% ) with p,(t) =
7°(Y) where y is the exact solution to (2.1). In particular y(zo + k) = y(z1) =

A(p,y°,y®) where p(t) = 1 for all ¢.
The following proposition allows us to say that two A series A(a, y%,4%) and
|

A(b,y°,y®) are equal for all f if and only if a(t) = b(t) for all t. The proof of this

PROPOSITION 2.4: For any tree t € AT there exists an initial value problem of the

form y" = f(y,y'),y(z0) = ¥°, ¥'(z0) = y* such that for the first component of

F(u)(y’,y")
F(u) (° y°') { #0 for u=t ueAT
’ =0 for u#t ueAT

where the F is defined by (2.3).

PROOF: Proposition 12 in [16] states that for any tree t e NT there exists an initial
value problem of the form y" = f(y,¥'),y(z0) = ¥°,¢'(z0) = y"" such that for the

first component of F(u)(y®,y®)

' #0 for u=t ueNT
PO {

proposition is just a special case of the proof of Proposition 12 in 16[22].
=0 for u#t

(where F is defined by (2.2)).
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This was done by considering a vector valued polynomial f of dimension p(t) — 1

where f is defined to be
' ’ My, ye  if ¢(i)=1
fi((y2a sy yp(t))’ (y2a cee ayp(t))) = keM (i) k'eM' (i)
0 if ¢(:)=0
with the initial values y° = (0,...,0),y* = (Y2,00- - - » Yo(e),0)» Where

, { 0 if q(i)=1
Yio = . .
1 if ¢(z)=0

The set M'(2) for an index 1 is defined to be the set of indices of fat nodes directly

above the node labelled ¢; that is

M'(i) = {kli =t(k), q(k) = 1}

3]
1

M(?) is the set of indices of fat nodes which are connected with via a meager

node and of the meager end nodes which are directly above “z”, that is
M(i) ={k [t(k) = 1,q(1) = 0,¢(]) =1}
U{k [¢(k) = i,q(k) = 0,¢ (k) = ¢}.

Consider t € AT; then M'(i) = ¢ when ¢ is a fat node, so the f; above is

My, q(i) =1

fi((yz,...,y,,(t)),(y;,...,y;(t))) = { keM(i)
0 otherwise .

So for t € AT the IVP formed to prove Proposition 12 in [16] is in the form of
the IVP 3" = f(y), y(z0) =¢°, ¥'(20) =9""

When applied to y"" = f(y) the F defined by (2.2) and the F defined by (2.3)
agree on AT, so the proposition is proved. §

Like Theorem 13 in [16] the following theorem will be crucial in getting the
recursive form of the order conditions. The proof the Theorem 2.5 just shows how

to adapt Theorem 13 in [16] to the situation here.
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THEOREM 2.5. Let a: AT — IR be a mapping. If a(¢) =1 then
pe()-2

f(A@y ") = Y a"OFEESY )( D=2

- teLNT
where a" : AT — IR is defined by a"(¢) = a"(-) = 0, a"(P ) = 1, and a"(t) =
a(tlj ...a(ty) for t = [ty,...,t], and F is defined as in (2.3).

PROOF: Consider the extension @ of a to NT where a |NT— ap= 0. Let @ be a
mapping @ : NT — IR where &'(t)=0 forall t#. and a'(-)=1.
Rewrite the IVP 4" = f(y,3') = f(y), y(zo) = ¥°, ¥'(z0) = ¥*. Then by
Theorem 13 in {16)
F ~ 0 0 1ot .0 0 he(9—2
(NG y), M@,y ) = ) & OFW ") s
teLNT ( (t) 2)

where F' is defined as in (2.2) and with respect to f above. By Theorem 13 in (16]
the @ : NT — IR is defined as follows:

a(¢)=a'()=0,a(P)=1
a()=a(t1)...a(te) @ (tk41).-.a (tm)

t= [tl,...,tk; tk+1,...,tm].

Ift e LNT —LAT ¢ = [t1,...,tk; tk+1,...,tm] then either m > k or ¢; ¢ LAT for
at least one s, for i = 1,...,k. If m > k then by definition 5, p(tx+1) > 2. Therefore
@(tk41) =0 so @ (t) = 0. I t; ¢ LAT then a(t;) = 0; therefore a"(t) = 0. So if
t e LNT — LAT then & (t) = 0.

Using this result we obtain

p(t)—2

F(N(&,4°,4), N’(&',yo,yol))=“§’r a (H)F(y°,y° )(t)( () - 2)!
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By the way f is defined we have
F( (@, 4", 4"), N'(@,6%8%)) = FINGE, Y, v™) = f(A(a,y",8")

and
FO°,4") | o= F@°¥") |

Fort = [t1,...,ts;] e AT then & (t)=a(t1)...a(te) = a(t1)...a(ts) = a ().

Using these last four results we obtain the desired result. 1§

From now on when we use F' we will be refering to the F' defined by (2.3).
§2.3 Order Conditions

Before investigating the order conditions we will find certain compatibility con-
ditions, i. e. conditions on the coefficents under which our method yields the same
result whether it is applied directly to (1.1) or to the equivalent autonomous sys-
tem in the following manner. Solving the problem y"” = f(z,y(z)) is equivalent to
solving the following problem. |
Let

7= [49) - [7)] |

wpa(z)] | =

then

P = [0 - 7). 2.4)

We want the numerical solution of applying our method to y"(z) = f(z,y(z)) to

agree with the numerical solution of applying our method to (2.4).
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Applying our method to (2.4) yields

o

¢ vz
3 ai [f(q, ,p,)]

+h2 [f(y“z»yl)] +h2,3i [f(yn+lvyl+l)]+h2
j=1

0
[a;y{"l + vyl + 6yt + R2oif(yp 7yl ) + RS f (v vl

aiys ™t + viys + Giyp ™

+ K2Bif(y3t ypth) + R Z ai; f(¢7,P")

j=1

(2.5)
+0

and

?n-’-l: [y?_:]+2|: ]+h2 [f(yn+layl+l)]
Y2 Yz

+ 12 [f(yé‘"t),yi‘-l)] + h23 [f(yé‘o,yx ] + B2 Ebi [f(Q?O»P?)]
i 2.6)

By using equation (2.5) in (2.6) we obtain

?n+l=_|:gl::ij|+2[zlz]+h2~ [f ’yl l)]+h2 [f(y2ayl)‘
2 2
+ k% [f(yé‘““o,yi‘“)] +h22b; x
i=1

[f(afyé"l +yiys +0iyr T oyt + vyl + Gyt + RPoif(ys T yr Y

0

s

+h26:f(yg, u) + K28 fus Tyt ™) + B2 aiif(a},p}))

j=1
+0
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Now directly applying the method to the problem y"(z) = f(z,y(z)) yields

y" = =yl 2" + R bif(za + cihyy™) + B2G fas + 28 fn + B2 B fnia

=1
=—y" N+ 2" + B2 bif(Tn + cihy oy + iy + 6y 4 RPoi
i=1
+ B2 f™ + BB + B2 aiif(Ta + cibyy™))
i=1

+ h25Fr1 4 2GR+ RRG
We want the two approaches to produce the same result, that is y*t! = yp+i.
For this to happen we must have
T + cih = aiyy ™ + viys + 0yt
= ai(zn — h) + 7i(Za) + 0i(zn + )
= (ai+7i+6i)zn + (—ai +6i)h .
This happens if and only if
ai+vi+6i=1and 6;—a;=c;, i=1,...,8. (2.7)

The above equations are the compatibility conditions. From now on we will
assume these compatibility conditions. With these compatibility conditions we are
able to look at the simpler problem y” = f(y) and the method (1.2) applied to it

becomes
y™ = oy + iy + Oyt + BPoi T+ BB+ REB
L]
+ h? Z ai; f(y™?) (2.8)
J=1

yn+l - _yn—l + 29" + B2 Zbif(yn’i) + hZ&fn—l + h2gfn + h2’éfn+l )

i=1
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When we say a method has local truncation error of order p we mean

ly™** = y(tn + R)|| = O(R?)

where y™*! is the numerical solution obtained from method (2.8) assuming y",y"*
are exact. This happens when the coefficents of the Taylor series of the exact solu-
tion, y(z, +h), and the approximate solution, y"*!, match up for all the elementary
differentials corresponding to trees of order p — 1 or less.

Using this idea we will derive the order conditions for our method by finding the
A series representations for the estimate y? and equating it with the A series of
the true solution y(z; + h) up to a certain order. (In doing so, we are following
the usual practice in the literature of going from time steps 0, 1 to 2, rather than
n—1,n to n+ 1.) To do this first we find the A series representation of y''.

Let y'* (the ith intermediate stage), and y? (the approximate solution at the next
step), be expanded in A-series about z; (instead of zo),.corresponding to the maps
ai, ¥ : AT— IR respectively. That is, y'* = A(a;, yl,yll) and y? = A(7,y!, yll).

Then

gV = Aai, v',vY) = aiA(p-1,3%, 3" ) + 1iA(Po, v*, ¥ )
+6; AT,y v ) + R2oi f(A(p1, ¥, y)) + R26: f(A(Po, y'y"))

+ BB f(A(T, ¥ y")) + 1Y aif(Alas,yt,y")) (29)

j=1

and

y? = AT, 41, y") = —A(p-1,v",¥") + 24(po, v, ")
+ k%5 f(A(p-1,y",y")) + R2BF(A(T, ¥ y"))

+h? Y bif(Adai, vty y")) -

=1
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S

In these formulae , p_; and pg are defined as follows

1 if t=190 1

0 otherwise ‘

po(t) = {

and  poa(t) = (=1)P¥).

If we require a;(#) = 1 then by Theorem 2.5

' . L he(t)

B f(Aai,y',y")) = “Lng a; OF O V) oy =y

N _ al.l 1 ll hp(t) —_ a 1 ll
_td,Z,;T(p(t))(p(t) Da; OFOW" ") oy = A@y'y") (210)

where  @i(t) = p(t)(o(t) — )ai (1)

Therefore &(0) = ai(-) =0, &) =2 and a(t) = p(t)(p(t) —1)ai(t1) .. . ai(tm)
where t = [t1,...,tm].

Now, p_1(®) = po(®) = 1, so by applying Theorem 2.5 again and doing the same

caluclations as before we get the following results

h? f(A(po,y*, ")) = A(Bo,y* o y") (2.11)

where

Bo(®) = Ho(-) =0, 5o(3) =2, Ho(t)=0 and
R F(A(p-1,9",9")) = AP-1,9",9") (2.12)
where f_1(t) = p(t)(p(t) = Dp-1(2).-.-P-1(tm) = p(E)(p(t) — 1)(~1)"92 where
t=[t1,...,tm)]-
If we réquire U(@) =1 then by the same reasoning
R F(ACT, Y 9)) = A, y'y") (2.13)
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where §(0) = ¥() =0, ¥@) =2 and ¥(t) = p(t)(p(t) —1)¥(t1) ... ¥(tm) where
t=[t1,.--rtml):

Applying these results to (2.9) we get

g = Afai v, y") = @id(p-1,v', 3" ) + AP,y 1)
+ 6;A(T, y',y") + 0iA(P-1,3'y" ) + 6 A(Bo, v, y")

+ ﬂiA(‘iaylayll) + ZaijA(&jaylayll) .

=1

Therefore

ai(t) = aip_1(t) +vipo(t) + 6;¥(t) + oip-1(t) + 6:po(t)

+6: %) + Z aijd;(t) .

=1
It follows that

ai®) =a;+7vi+6:i=1.

Note this agrees with the compatibility conditions. If ¥(:) = 1 then a;() = —a; +6;
and by one of the compatibility conditions, a;(-) = —a; + 6; = c;.
We have
a.-(? )=a; + 0.-\11(? )+ 20; + 26 +26; + 2 z’:a.-,-

i=1

and for p(t) > 2 we get

a;(t) = ai(=1)"9 + 6;9(t) + 0:(~ 1) "2 (p(t))(p(t) = 1)

+ B 8(t1) ... U(tm)p(t)(p(t) = 1)+ (p(D)(p(t) = 1) Y aijaj(ts) - a;(tm)

=1
where t = [t1,...,tm].
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DEFINITION 11: A method has the property A(p) if its local truncation error is of
order > p+ 1, that is ¥(¢) =1 for all t € AT, p(t) < p.
If a method has property A(p), and t € AT, p(t) < p, then

ai(t) = ai(=1)"® + 6; + 7ip(t)(p(t) — 1)(—1)PD 2

+Bip(t)(p(t) = 1) + p()(p(t) = 1) D _ aijaj(tr).- .- aj(tm)

j=1
where t = [t1,...,tm].
Now, we proceed to find a formula for ¥(¢). Using the results (2.10), (2.11),
(2.12), and (2.13) we obtain

T(t) = —(~1)7D + 2po(t) + 75-1(t) + 6po(t) + BL(2)
+ E biai(t) .

i=1

So we have

@) =-14+2=1
¥() =1

\Il((f)=—1+2&+25+2[§+2i:b,-

i=1
and U([ts,...,tm]) = —(=1)P + 5(=1)P=2p(t)(p(t) - 1) + Bp(t)(p(t) — 1) X
T(t) ... U(tm)+ 2oy bip(t)(p(t) —D)ai(t1) ... ai(tm). If ¥(t;)=1fori=1,...,m
then ¥([ty,...,tm]) = —(=1)P) + 5(=1)?I=2p(t)(p(t) ~ 1) + Bp(t)(p(t) — 1) +
p(E)(p(t) = 1) Ty biai(ta) .. ailtm).
In summary, here are the order conditions up to order 5 if the method obeys the

compatibility conditions

ai+7vi+6i=1, i=a;i—c;.
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By the above, ¥(@) =1 and ¥(-)=1

¥P)=1¢= 14256 +26+25+2) bi=1

=1

U[])=1<= —(-1)-66 + GB +6§:b;ci =1

=1

3
U([,)=1 -1+125 + 128 + 12Zbi03 =1

=1

¥(P) =1 -1+125 +125 + 12 " bi(; + 6; + 205 + 26

=1

+26;+2) aij) =1

=1

([ ) =1« 1—-20&+20[§+202bec?=1

i=1

V(9 ) =1+>1-205+208+20 bici(a; +9;

i=1

+ 20; + 26; + 28; +2Zaij) =1

Jj=1

and

([ =1+<>1-205 +203 +20 i: bi(c

=1

—60,'+6,3i+62a,~,~cj)=1 .

i=1

It is customary to relate these conditions to quadrature and other properties. So,

to begin, consider the following tree t = [ -, ..., - ], which is represented by the graph
(x-2) N e’

. k-2

where k > 2.
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Then
U(t) = ~(=1)* + &p(t)(p(t) — 1)(=1)* % + 5p(t)(p(t) — 1)(0)*~

+ Bp(t)(p(t) = 1)(1)*2 + E bip(t)(p(t) = 1)cf ™2 .

. . _1)k
So (1) = 1 & S(-= 17+ 02 4 B2 + Ty bk~ = L sinee
DEFINITION 12: A method of the form (2.8) has property B(p) if
H(-102 4 HOF2 4 R+ Y ek = LEED
P T k(k—1)

for all k such that 2 <k <p.
We begin the presentation of simplifying conditions with the following theorem,

which is an implication about quadrature.
THEOREM 2.6. For any method of the form (2.8), A(p) = B(p).
Proor: A(p) = ¥(t) =1 wheret = [ -,...,- | for 2 < k < p so the theorem is
e’

k-2
proved by the above work. 1

Next, consider the following tree t = -,...,- [-,...,+]] where I,k > 2. This tree
S e N

is represented by the graph

Then
U(t) = —(-1)* + (-1 + k) I+ k-1 + B+ k)1 +k=1)

([, DU+ D b+ R+ E=Dai([ -0 (@)
k=2 i=1 k-2
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First we calculate a;([ -,...," ]):
v
k=2

RIS A —1)* +6; + ai(=1)* P (k)(k = 1) + (k)(k ~ 1)8:(0)"

+ (k)(k = 1)Bi(1)* " + (k)(k - 1) Za,, ;
As stated before, it is obvious that ¥(-) = 1. So if we assume ¥([-,...,+]) =1 then

() = (=) + (=) U+ k)I+ k= 1) + (1 + k) + k- 1)F(1)+F

+({+k)(I+k-1) Z’:bicﬁ'z(a;(—l)" +0; + (k)(k — 1)o;(~=1)*"2

i=1

+ (k)(k = 1)6:(0)" =% + (k)(k — 1)B; + (k)(k — 1) Zau <

J—

So ¥(t) =1 if and only if

F-1)E 4 B+ Y bk (= 1) + 6 + (1R - 1)
=1
+ (k)(k = 1)6:(0)* 7% + (k)(k — 1)B; + (k)(k — 1) Zau ¢
L4 (=1)HE i
T (+R)(I+k-1)"
DEFINITION 13: A method of the form (2.8) obeys property E(§,7n) if

F(-1)"** + f(1)Hr + ib,-c:.*(a.-(—nk + 0; + (k)(k — 1)oy(—=1)F2
i=1

+ (B)(k = 1)6:(0)* 7% + (k)(k — 1)Bi + (k)(k - 1) Z aijc;

j=1
3 1+ (_1)I+k
NEDETE

for all k,lsuchthat 2<I/<€éand2<k<7.

Hence, by the above argument we have shown:
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THEOREM 2.7. A(p) — E(§,n) where { + 1 < p.

Next we develop a condition like the C' condition in [4].

Consider the following initial value problem:
y'(t) =0 where ¢'(t)=c, y(t)=ct.
If y° y!,y? are exact, thatis, y° =0, y' = ch, y* = 2ch then y!* exact implies
y' = yihe + 0;2hc; = (h + hei)c .

This happens if and only if v; +260; =1+ ¢;.

Since we have assumed v; + 8; + a; = land 6, — a; = ¢; weget v; + 6; + 0; =
1—6; —a; +c; +a; =1 +c¢;. So the compatibility conditions imply y!» is exact
when determined for the problem y" = 0.

Now consider the following problem

SO =t P = e y() =
’ (k+1)’ (k+1)(k+2) ’

If 4%, y',y? are exact, then y!** is exact if and only if

i _ (h+ hc;)*+?
T (k+2)(k+1)

‘)/,'hk+2 9;(2h)k+2
(k+2)(k+1) * (k+1)(k+2) (2.14)
+o;-0+ h25,'(h)k + hzﬁi(2h)k + h? 2’: a,-j(h + th)k .

i=1

=a; 0+

So factoring out the A from both sides of (2.14) we get y'* is exact if and only if

(1 + c,-)"+2 _ vi 0,’2k+2
kr2)(k+D) - G+2)k+D) T G+2)E+D)

+6i+ B2 + ) aii(L+¢)*

j=1
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This leads us to the following definition, which is a statement of exactness of
internal quadrature.
DEFINITION 14: A method has property C(p) if

oi(1-1DF 2461 -0 2+ 8(1+1)*2+ i:a,-,-(l +¢j)*?
=1

_ (e w62k
C(B(k-1)  (k)(k-1) (k)(k-1)

Next the property C(p) will be put in a more useable form.

for 2<k<p.

PROPOSITION 2.8: Property C(p) implies

-2 _ b+ (—Dkei = 61+ (-1)F)
(0)5=26; + B + (-1)*~ 2a,+§: a;j k7t = =) (2.15)

for2<k<p

PROOF: Proof by induction. For p = 2, C(2) gives us

Ut+6 +:Bt+z "_—.2——._0:"2- (216)

J_.

Using the compatibility conditions the right hand side of (2.16) is

14+ 2ci+cf —(7i+6;) —30;  14+2¢;+c?—(1-6;+c;)—36;
2 - 2

¢ +¢; —26;

-

Therefore é; + i +0i + 3.;_; aij = (¢} + ci — 26;)/2 so the claim is true for p = 2.

Assuming that it’s true for p < n, we then prove it’s true for p = n. C(n) =
C(n — 1) which implies (2.15) is true for 2 < k < n — 1, so all that is left to show
is that (2.15) is true for k = n, which asks that

A+c)" i 62"
nin-=1) nn-1) nn-1)"

&+ B:i(2)" % + Z aij(1+¢;))" 2 =
=1
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That is,

5+ Bi(2)"% + z_: aij [nf (" f 2) cj.]

i=1 =0

“wss{[E ()4}

Therefore by expanding this, (2.15) with £ = n can be stated as

s

n-3 s
n— -2 -2 n—
Si+B(2" 7+ ) E:aij<n, )CHE: (:_2)%‘0;‘ i
i=1

=1 j=1

g lEO ),

By using the assumption that the claim is true for k < n, the result v; = 1 -26; +¢;,

and simple algebra we obtain
s n-3 9 9
Bi +(-1)"o; + Z aij c}'"z = fi (1 2"y Z (n; ) + (n;)— ))
=1 =1

n—-3

+0i ((—1)" +) (" ] 2) (-1)' + 1) +6i(—-1+1)
=1

* n(nl— 0 {Z (7) = (1= 20+ _0‘2n}

=0
=2/ n—2) [+ (=12 — 6;(1 + (—1)H2)
—;( 1 ){ T+2)(i+1) }

_ (naz) {C? +(=1)%¢ —20i(1 +(—1)2)} .

The Binomial Theorem gives us

n—2 = n—2 n—2
1-22 43 (7 T+ ) =0

=1
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and

(- 1)"+Z( )( '+1=0.
i

(") m-2y 1 ~ (n—2)!
Note that 7 ST+ 1) S Mn-2-D | IH0F]) T2l -(+2)
n! 1 n
Tatn-1)  (+2n-(+2))  nn-1) \U+2
the following equality

’f(n?)(zég:l:l) n(n—l)zl( )

=1

. Using this we obtain

and

n—3 142 i
,; (") (zizl)zw D (n —11)(n> ,4? ( ! ) =

By using these results and the Binomial Theorem we obtain

Bi(D)™ +(-1)"oi + Y aij ¢}
j=1

c?+1+nc,~+Mc?—l—29,~—c;—0,-2"
n(n —1 2

A HE @ er-afE (e E (o)

_ {c’:~‘+(—1>2c,~-2 9.-(1+(—1)2)}

1 n 1" — 6: -1\
_;l(n—_l—){ci'i'( 1) [ 01(1+( 1) )} *

So by induction the proposition is true. 1
We now present a major result, which connects simplifying conditions with A-
series of the intermediate stages and the true solution. This will be useful in gener-

ating order conditions.
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THEOREM 2.9. If a method of the form (2.8) obeys properties C(p) and B(p) then
a;(t) = cf(t) and ¥(t) =1 for all trees t ¢ AT such that p(t) < p.

PROOF (by induction on p): First, consider the case p = 2. Then if p(t) <
2 thent = ¢, or -, or . By the compatibility conditions the result holds for
t=¢,or-.Ift=? then

v( 9 )=—1+2&+2S+2B+22’: b

=1
B(2) gives us ¥( C]) ) = 1. This gives us
s
ai( (i) ) = a; + 6; +20; +26; + B; +QZ aij -
i=1
By using C(2) and the compatibility condition we get

2 . — 0.
ai( T )=0i—ci+0.‘+2(c'+c’2 bi 2)=c?.

So the theorem is true for p < 2.

Now, we assume the theorem is true for p < k and prove it is true for p =k + 1.
C(k+1), B(k+1)= C(k), B(k), so by our assumption a;(t) = cf(t) and ¥(t) =
1 for all t, p(t) < k.

So the only case we have to consider is p(t) = k + 1. Let t = [t1,...,tn] where
p(ti) < k — 1. By our assumption ¥(¢;) = 1 and a;(t;) = cf(t’) forj=1,...,m.
Recall that

(t) = = (=1 4 5k + 1)(k)(-1)F 1 + (k + 1)(k)B

+(k+1)(k) D bief) . gt
=1

=— (=1)¥ 4 (k+ 1)(R)3(=1)*" + (k + 1)(E)B + (k + 1)(k) Z bicf ™! .

i=1
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By B(k + 1), this is equal to 1. Using this, the following holds
ai(t) = ai(=1)**1 +6; + (k + 1)(k)oi(=1)* " + (k + 1)(k)B;

s
+ (k + 1)(k) z aij cf(t‘) e c;-’(t"‘)
=1

= ai(=1)** 4+ 6; + (k + 1)(k)oi(=1)* "1 + (k + 1)(k)B;i + (k)(k + 1) i aij ¢; .

Jj=1
By C(k + 1) and the compatibility conditions we have

e 4 (=1)* ¢ — 6;(1 + (—1)k+1))
(k + 1)(k)

ailt) = (6 — ) (=) + 6 + (k + 1)(k) (

_ k41
¢

So by induction the theorem is true. 1
The next theorem shows that in the quest of high order, a broad class of trees
are easily. handled, and, at the same time singles out those which require individual

attention.

THEOREM 2.10. If a method of the form (2.8) obeys properties C(p — 2) and
B(k) where k > p, then ¥(t) = 1 for all trees t ¢ AT such that t = [t1y- - tml,
p(ti) <p—2 and p(t) < k.

PROOF: Consider t ¢ AT where p(t) < k, t = [t1,...,tm] and p(t;) < p—2. Then
by Theorem 2.9 ,a;(t;) = ¢?%) and ¥(t;) =1for I=1,...,m. So

B(t) = —(=1)° + 5(-1)PO2p(t)(p(t) = 1) + Bp(t)(p(t) — 1)
+p()(p(t) = 1) 3 b 972
i=1

The property B(k) gives us that the above is equal to 1, that is ¥(t) = 1. B

The next two results give an indication of what is to be required of the C-condition

with respect to certain order.
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THEOREM 2.11. Given a method of the form (2.8) where b; # 0 fori = 1,...,s and
the ¢;’s are distinct, then B(6 + s+ 1)+ E(s + 1,£) = C(§), for s > 1 and £ > 2.

PROOF: Fix k, for 2 < k < . Then for 2 <1 < s+ 1 the property B(é + s+ 1)

implies

&(_1)l+k—2 +3(0)l+k—2+3(1)l+k—2+2 b; c£+k—2

- (ll++k()&1-3-’;k:21) ‘ (2.18)
Also, the property E(s + 1, ) implies
B4 3 b 1 6 DRk 1)
+ (k)(k = 1)6:(0)*~2 + (k)(k — 1)B: + (k)(k ~ 1) Z a;j ¢~
L+ (-1 (2.19)

T+l +k-1)"

By subtracting equations (2.18) form (2.19) we obtain

i: bi ¢i*(ei(=1)* + 6; + (k)(k — 1)oi(=1)*2 + (k)(k — 1)6;(0)* 2

+ (k)(k = 1)8; + (k)(k - 1) Z aij k%) - Z b T2 =0 (2.20)
i=1 i=1

for2<1<s+1.

Equation (2.20) implies

S b e ai(=D + 6 + (DI (R)(E — 1)+ (R)(E — 15(0)42

FRE-1B+B)E-1) Y ay b —ch) =0 (2.21)

—1
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for2<i<s+1.

1 ...1 1
. . . cl “ oo C, . .
For ¢; distinct, the matrix V = ) . is a Vandermonde matrix,
ci’.‘l e cj.'l
by -
by
therefore nonsingular. Also the matrix B = 0 | is nonsingular since
0
i b,

we assumed b; # 0 for: =1,...,s. Let
= ai(=1)F + 6 + (k)(k - 1)0:'(—1)"'2 + (k)(k - 1)8:(0)*

+ (k)(k = 1)B; + (k)(k - 1) Z a;; ¢ J Cf .

Ji=1
Using the above notation (2.21) can be restated as the vector equation

0
VB® =10 where W:[‘
0

. . . - . .
Since V B is nonsingular we must have @ = 0. This gives us

_ Cf b a,-(_—l)k - 0,

oi(=1F P+ &0 P+ B+ ) aijef HE=D (2.22)
i=1
fort=1,...,s.
Using the compatibility condition a; = 6; — ¢; in (2.22) gives us
kL (—1)ke, — 0, —1)k
N BN W ST S A G kel G RASS R

24 ®)F - 1)

fori =1,...,s. Since (2.23) is true for any k where 2 < k < £, the property C(§)
holds. §

The following theorem shows the naturalness of the C' condition. Because of the

form of the C condition this theorem will prove very valuable in finding methods of

a certain order condition.
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THEOREM 2.12. For a method of the form (2.8) where the c;’s are distinct and
b; # 0, the property A(s+1+¢&) = C(£).

PROOF: A(s+1+ &)= B(é+s+1)and E(s + 1,£), which implies, by Theorem
(2.11), C(€).

Before developing the D condition we will introduce the following notation that

will aid forthcoming caluclations.

Let
Gis41 = Oy @ig42 = PBi, Gis43 =06; for 1=1,...,s
aij =a;j for ,3=1,...,s
and
&,+1,j = &,.}.2’1' = &,+3,,~ =0 for ] = 1,...,8 +3.
That is
[ o1 P 61 ]
A :
A:[&--]: asﬂs&s
Clo.T L0
0... ...0
[0... ...0 i}
Let
Cs41=—1 Es42=1 éEs43=0 and & =¢ for 1Z:1<s

IN
IN
I

Ba-}-l =0 I;,+2 = ,é 5,.*.3 =g and B,‘ = b,’ for 1

—

IN

IN
[V

é,+1 =0 é,+2 =1 é,+3 =0 and 0,’ = 6,‘ for
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The following calcualtions will be helpful later

L+ (=1)")8t1 = (~1)* &1 = (1 + (=10 = (-1)*(-1)) = =(-1)*

(2.24)
(1+ (=1)*)pp2 = (=1 &2 = (1 +(-1)")- 1 - (-1)*- 1) =1 (2.25)
1+ (=1)")bpps = (1)} Ers =1+ (-1)*) - 0 - (-1)*-0=0 (2.26)

Now, we state the B and E conditions in this new notation. Condition B(§)

holds if and only if

s+3
25‘5""_%(11571(:})11) for 2<k<E€.

i=1

Recall the compatibility conditions give us a; = §; — ¢;, so
ai(=1)* +6; = (0 — ci)(=1)F +8; = (1 + (-1)%)8; — (-1)*c; . (2.27)
By using (2.27) we get the condition E(£,7) holds <=

G(=1)"** 4+ 8(0)"*+* + B(1)"** + i: bi (1 + (=1)")8; = (=1)*cs)

=1

+ (k)(k = 1)(0i(=1)¥"% + 8:(0)" =% + B; + Z a;j 5

j=1
_1\+k
G i :)Ez -&1-)k -1) (2:28)
for2<1<¢ 2<k<n.
With the new notation we get

s s43
oi(-1)*"2 £ 6;(0)*"2 + 6; + Z a;j ¢ 2 = Z a;j 5§—2 (2:29)

j=1 j=1

fori=1,...,s.
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Using (229) and the fact that a,+1,j = &,+2,,~ = &,+3’J‘ =0 fOl‘j = 1,. . + 3

we get

i bi ci” (a,( 1)* +6:(0)*" 2+ﬂ:+Za-z % )

=1 J_
s+3 . s+3

— Z b, ~£ =2 (Z &1] Ef 2) . (2'30)
i=1 =1

Using (2.24), (2.25), (2.26), we get

F(=1)"*F + 8(0)+* + B(1)*F + 2’: bi i 2((1+ (=1)%)8; — (=1)*es)

=1
= byt1 ETT((L + (=1)")bss1 = (=1)* &o1)
+ by B35+ (=1)* )42 — (=1)*E42)
+ bs+3 &L+ (1)")543 — (—1)*Es4a)
- 2 B (1 + ()N~ (<D} &)

a+3

=Y b @1+ (-D)5)6i - (-1)* &) - (2.31)

=1

So using (2.30), and (2.31), the E(¢,n) condition in the new notation is

s+3 543 s+3
Z b &7+ (18— (-D)F &)+ (R)(k-1) ) b &l (Z &y &5~ )
14 (=1)Ht* j 3

T U+k(+k-1)

for 2<k<n and 2<I1<¢.

If we have the B(£ + 1) condition, then E(£,7) can be rewritten as

s+3 043
Zb"l 2((1+( -1) )0)+Z b~l2c~l,]"f2
i=1 =1

14 (=1)"+* (=1)k(1 + (=1)H1)

+ 2<k<n 2<I<E.

Tk -DI+R(+k=1) " (+1)Dk(k-1)°
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Now consider the following tree

t=[ ..., [[.-,"]]] where [>2 and k>4.
ARG b LA 7

1-2 k—4
To calculate ¥(t), we first note if ¥([[ +,...,- ]]) =1 then
k—4
Gl =0+ (- 1)*)6; — &(-1)*
k—4

+3

+ (k)(k - 1) Z aii((1+ (-1))8; — &(-1)%)

s+3

+ (k) —1)(k—2)(k—3) Y i jn &7t
=l (2.32)

By using (2.32) and assuming ¥([[ -,...,- ]]) = 1 we obtain
k—4
\II([ fyevey” [[ tyeeay? ]]])=b_(__1)l+k
-2 k—4
<43

(l+k)(l+k—1)z b &1+ (-1)M)h; - &(-1)F)

s+3
+(R)E=DA+R)A+k=1) Y B &7 a1+ (-1)%)8; - &(-1)F)
H s+3 .
+(k)k=1)(k=2)(k=3)(I+ k)1 +k—1) Y b &% aij dja &7t
t,j,n=1

Therefore (] -,..., s ) =1 and ¥([[-,...,-]]) =1 if and only if

-2 k-4 k—4

s+3 &l-2 k s+3 -1
&1+ (~)M) 5 d
Z(k)(k—l)k -3 V'Y BE-DE-DE-9

B & a1+ (-1)M)6; S hid?a; g
+ '; C ]2)(k 3 ("1)k '_;::1 (k= 2)(k J_. 3)

o3 1 +(_1)I+k

+ ), hETajam et = T+ R+ E=-1)(k)(E-1)(k-2)(k-3)

t,j,n=1
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DEFINITION 15: A method in the form of (2.8) obeys condition F(¢,n) if
([ +eer- [y 1)) = Land (][ - RIS ,+ ) = 1 for all |,k such that 2 <
—— N

-2 k~4 k_4
I<¢and4 k<.
If we have condition B(£ +1) and E(¢,3) holding then condition F(§,7) becomes

b2+ (-1)M)6 B b @? a1+ ()R
Z {a+(- ”}+Z (1+(=1)7)

(k)(’c = 1)(k—2)(k-3) = (k= 2)(k—3)
s+3 . i e 1+(_1)I+k
¥ .-,j;l b @ g &0 = A+ R+ k= D)k)(k - 1)(k - 2)(k - 3)
N VR i W Y
(B)(k = 1)(k=2)(k = 3)(I+1)(1) * (k—-2)(k— 3)
1+ (=" (=131 + (=)
{6(1 +3)(1+2) 6(1 + 1)(1) } (2.33)

for 2<1<fand 4<k<.

DEFINITION 16: A method of the form (2.8) obeys property D(n) if the following

holds:
343 s+3
> biE a,,a,n=—2(b“’20b0b+b”’20b in
t]— 1,j=1

s+3
+Z(1(5,- &0 Bt By 2 Gy0) = 20y &7 B, B G by 870 e 60

. .. . 12 14 (=1
(b6 05 b & 45 877 4 &) + (1+( 1) +(=1) )

(I+2)(1+1) I+ 1))

1
6
1. 1, . 1+ , 13&. .. .
X{Tbn+6bncn—ﬁbncn+ﬁ.i=zl(bj9jbn+bjajn)

forn=1,...,s+3 and 2<I[<7
To conclude this chapter we establish the necessity of a certain D condition if a

certain order is to be attained.
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THEOREM 2.13. If a method of the form (2.8) obeys properties F(n,s+6), E(n,3),

B(s+6), E(n+2,s+4) and E(n+1,s+5) and has &’s that are distinct, then the
method obeys property D(n).

PROOF: Basic algebra will prove the following
1+ (1) (=D*(1 +(=1)"*)
(I+E)(I+k—-1)(k)k-1)k—-2)(k—-3) (k)k-1)k-=2)k-3)(+1))

(-1)* { 14 (~1)3 + (-1 + (—1)'“)}
(k—2)(k-3) \(+3)(1+2)6 6(1 + 1)(1)

l 1 +(_1)l+k
6 {(l+k)(l+k—1)(k—2)(k—3)

+l{ 1+(_1)I+k
3\A+E)(I+k—1)(k—1)(k—2)

1 { 14 (=1)H* (-D)*a+ (—-1)'“)}
T L+ +E=1)(k)(k-1) " (k)(k-1D{I+1()

1+(=1)Y  1+(=D*N 1 7 1+ (=D 1/ 14 (=14
* ((z+z>(l+1) N0 ) {ﬁ ((k—z)(k—:») G ((k— 1>(k—z>>
1 1+(=DF) 1 14+ (-1 ~
* ((k—l)(k)) ((k)(k—l)(k—z)(k—3>)}‘°' (2:34)

Since properties F(l, k), E(l + 2,k — 2),E(l + 1,k — 1), E(l, k), B(k), B(! + 3),
E(l,3) and E(2,k —2) and equation (2.34) hold, we get

+

+

S o B

(k=2)(k-=3)1+3)(1+2)

(=D +(=1)"*?) }
(k=1)(k—2)(I+2)(I +1)

+

+

’f b a2+ ()G i bi 872 @1+ (-1)M)6;
(k

Wk =1)(k=2)(k=3) = (k= 2)(k - 3)
s+3 s+3 7 ~ k—=2\J s+3
1 bj €:(1 4+ (-1)*7%)6; . N
~l 2~ o~ ~k-4 J v J Cxl o~ k-4
+,Jzn:_ b 87085 B & "6{; (k= 2)(k - 3) +]_§lb: ¢ Gij Cp
s+3 ~I 1 k-1 s+3
1 b &-1(1 + (=1)1)§; s
+3{J§=; (k—l)(k ) ]; b]c Qjn Cp

43



s+3 ~_ _2(1+ lko a+3~~_~ e
- {z (k)(k—(l))) +.Z bj &% Gjn &y 2}

1

1+(=1)H1  14(-1)H# e R -
((l+2)(1+1) (l+1)(l) ){ b, &k —EZ b, gk—3

[= Y]

=1 n=1

1 s+3~ " a+3 (1+( l)k 2)0
tg ) b 2Z ICED(EE)

n=1

s+3
- Z b am~k-—4}___0

J,"_

Since properties B(s + 6) and E(2, s + 4) hold the following equations hold:

s+3 ks 1+( l)k_z
> hiE” S k-2)(k-3)

L=al]
-

i=1

s+3 — 1+(_1)k_1
; L T (=R
843

1. E!C—2 1+( 1)k
2 b = -

and
T ) ) /B S S S 1+ (-D*
L -aon) t o BT mE k- o=

By using (2.36) in (2.39) we get

i=1 1J_

Using (2.36), (2.37), (2.38), and (2.40) in (2.35) we get

43 s+3 s+3
7. 4. ck—1 5. k4 = 14+ (—1)*
Zb'e'@b )+E bt &7 = k- D)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)



j=1 n=1 jn=1

—1)i+2 I+1 s+3 s+3
+(1+( D LD ){1 anaﬁ-4—1 b €573

(I1+2)(1+1) I+ 1))
s+3 s+3 s+3 s
1R L, 1)
+12 bach? =5 ) b 6, (Z by &K 5
=1 j=1 )
Therefore

3+3 843 . . - o~ ~ -
D & 4{2(1; &2 6 55705 bo + b &% 05 bj Gjn + bi &7 @ij 65 ba

n=1 5,J=1

s+3
+ bi ~,‘ a:] a]n) + Z (“—(b_; n + bj E; ajn)

~ A

0 bn c,,+bJ cJ aj,, €n)

+
0“1
("N

(b5

1

3

1.5 . 2 &2 -2

E( ' 6; bn & +b; c' a,ncn))

(1 < D 1+ (- 1)‘“) {Lb
T+20+1) T 1+ )0

——f(b B b + b, a,,.)}}

where
2<1<y and 4<k<s+6. (2.41)
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Fix | and let 9,, be defined as follows

s+3
Up = Z (E, 55_2 é,’ EJ' éj En + 5,‘ 55_2 é,' .I;J' Gjn + 5,‘ 55_2 éj 5,.
i,j=1
~ 843 . . 1 . L.
+ b &% a5 ajn) + Z( L85 b+ b5 & djn) + 3(b; &1 0; by En

+ b &7 jn én) - (b, &2 6 b & +b; &7 &jn 5,,))

14+ (=12 1+(—1)'+1
* ((1+2)(1+1) D0 )"

1 1 1 &
bo& b &2 b.0: b +b. 4.
{12b 6b,,c,,+1—2b,.c,,-§;(b,-e,b,,+b,a,n)}.

So we can restate (2.41) as 3°°1% &k~4 G =0 for 4 < k < s + 6; this can be put

n=1

into matrix form in the following way

~ - (551 0
51 Co+3 .
Zat2 ~s+2 Vs+3 0
s+3
1 1
. - ¢ Cota | | : .
Since the &;’s are distinct . . is a Vandermonde matrix and is
Es+2 ~a+2
1 o a+3

therefore nonsingular, so 9, =0 for n = 1,...,3+3. 9, = 0 gives us the following

o1



equality

343 s+3

i,j=1 i,j=1
. L. s+3 1 -~ L. .
+ b; 55—2 a;; 0]' ba) + Z (-6—(12]' Ej- 9]' by + b; ~_li &jn)
j=1

1« i x5 % el - 1 2 o s 5 w0 % dmn . .
—§(bj cg- 1 0 by En +b; c;- laj,. c,.)+§(bj c} 29j bn ci+b,- c;- zaj,, ci))

1+ (-1 14 (-1
+ ((1+2)(z+1) 0 )"

12 6 12 2 4
Jj=1

1, 1. . 1. , 18. .. .
— btz bala— s ba B+ D (B 6 ba+b5dn) ) -
This holds for 2 < I < 7, thus proving the theorem. §

THEOREM 2.14. For a method of the form (2.8) A(n + s + 6) = D(n).

PROOF: A(n + s +6) = F(n,3s +6), E(n,3), B(s +6), E(n + 2,s + 4), and
E(n+1,s+ 5) = D(n) by Theorem (2.13).

Having established these theorems for methods with an arbitrary number of
stages, we shall now go on to demonstrate their applicability to some cases with

few stages, which are of practical interest.
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CHAPTER 3

ORDER AND UNCONDITIONAL STABILITY

§ 3.0 Introduction.

In this chapter the question of what the maximum obtainable order of an uncon-
ditionally stable method for s = 1 and s = 2 is addressed. Section 3.1, which deals
with the case s = 1, shows that the maximum obtainable order is 4. For s =1
there do exist fourth order methods that are unconditionally stable. In section 3.2
it is shown for s = 2 there exists eighth order methods; these, however, are not
unconditionally stable. In fact it is shown that for s = 2 any method of order 6 or
more can not be unconditionally stable.

The characteristic equation for our method is shown to be
(14 2267(I + 2A)7(8 — 22B) + B%) €
+ (=24 22T(I + 22 4)~ (7 - 223) +622) ¢
+ (1 +22T(I +224)7(@ - 2%0)+62%) =0
If (14 2287 (I422 A) (8 —22 )4 22) = (142267 (I+22A)~ (@ 227 )+522), then
the roots of the characteristic equation are the same as the roots to the following
equation
2(1 - 1226T(I + 224)~}(F — 226) — 1522)

(1+ 22bT(I + 22 A)-1(8 — 22B) + fz?)
So the method is unconditionally stable if and only if the absolute value of the

¢ £+1=0.

rational function
1-2227(I + 247V (7 - 226) — 1622

R(Z2) = — — ~
14 22bT(I + 22A)-1( 6 — 22 8) + fz2
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is less than or equal to one for all real z.

In [11] John P. Coleman uses the following definition.

DEFINITION 3.1: (Order of Dispersion [11]): For any method corresponding to the

characteristic equation of the form
€2 —2Rpm(r*)E+1=0

the quantity

p(ry=r— cos™! |R,,m(r2)[

is called the dispersion (or phase lag). If ¢(r) = O(r?*!) as r — 0 the order of
dispersion is ¢q. Effectively, the order of dispersion deals with the order that will
be seen when a method of our type is applied to a linear problem, and hence the

order of dispersion is greater than or equal to the “order” of a method.

For a method with s stages the corresponding rational function is Ram(2?) as we
have described it where n,m < max(s + 1,3). Coleman in [11] shows that for a
method that solves second order ODE’s that has a characteristic equation of the

form

€2 — 2R, m(r*)é+1=0

if the method is unconditionally stable then the order of dispersion can not exceed
2m.

So for s = 2 [11] tells us that for an unconditionally stable method the order of
dispersion is less than or equal to 6; this does not disagree with what is shown here,
but, in fact our results apply to the actual order of the method and are, in some

cases, sharper.
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The case where

(14 267(I + 224)"1(8 — 22B) + B22)
# (14 22T(I + 224" (@ — 2%0) +62%)
is partially covered in “Unconditionally Stable Methods for Second Order Differen-

tial Equations” {17] by E. Hairer. The roots to our characteristic equation are also

roots to the following equation

(1 + B2%) det(I + 22 A) + 226T(I +224)"1(8 — 22B) det( + 2* A))E2
+ (=2 + 527 det(I + 22 A) + 2267 (I + 224)71(F — 226 ) det(I + 22 A))¢

+ (14 52%) det(I + 22 A) + 22bT(I + 22 A) ™Y@ — 220) det(I + 22 A)) =0
This equation is in the form of

Q(z,6) = Qo(z*)E* + Qu(z*)€ + Q2(2*) = 0.

In [17] Hairer uses the following definition for order.

DEFINITION 3.2: The solution of Q(z,¢) = 0 is said to be of order p(p > 1), if and

only if one of the principal roots (say R;) satisfies
e’ — Ri(2) = C2?*' + O(z?*?) for z—0, with C#0

Using this definition of order p the following result was proved in [17].
Corollary 5 in [17] says if Q(z, ) satisfies the following:

I) is irreducible

IT) Qo(0) # 0
1) Q(0,1) =0, 22(0,1) =0, £3(0,1) #0
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then if the method is unconditionally stable, that is, the roots ¢; are of modulus

less than or equal to one for all real z, then

p<2deg Qo .

If the method is of order p in our sense, then it is also of order p in this weaker
sense, so this gives us the following result. If our method is unconditionally stable

then

order <2deg Qo <2(s+1).

It is very easy to show the Q(z,¢£) for our method satisfies conditions II and III so
the only condition is question is I. Therefore, in conclusion, if @(z,§) is irreducible
and the method is uncondtionally stable, then the order is less than or equal to

2(s +1).

§ 3.1 Methods with one intermediate stage: s = 1.
In this section we explore the limitations of order for methods of the form (2.8)

when s = 1. When s =1 the method takes the following form

yn,i — alyn-—l + ,nyn + olyn+1 + hzalf”'l + h261fn
+ hzﬂlf";"l + hlay f(t" + arh, y™!)
yn+l = _yn—l + 2yn + h2b1f(tn + Clh,yn'l) + h25'f"—1

+ hZan + hZﬁfn+l (3.1)

THEOREM 3.1. A method of the form (3.1) cannot have order greater than 4.

PROOF: Say the method has order greater than 4; then by Theorem(2.6) property
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B(6) holds. If so, the following equations hold

G+é+8+b =1

—&+ﬁ+b101=0
~ 1
5+ﬂ+b163=6

—F4+B+bE=0

= 1
O bict=—.
0'+ﬂ+ 1C 15

By subtracting (3.3) from (3.5) and then factoring we obtain
bici(c1 = 1)(c1+1)=0.
Therefore at least one of the following equations holds
by =0,¢;=0,¢1=1, orcg=-1.
If by = 0 or ¢; = 0 then by (3.4) and (3.6) we have

o s 1
d+p8= and a+ﬂ_15

| =

which is a contradiction.

If ¢; = £1 then by (3.4) and (3.6) we get

|

&+B+b1=

(3.2)
(3.3)
(3.4)
(3.5)

(3.6)

which again is a contradiction. Therefore there is no solution to these equations, so

there does not exist a 5th order method in the form of (3.1).

A method is 4th order if and only if it obeys A(5), which by Theorems (2.12) ,

(2.6) and (2.10) happens if and only if properties B(5) and C(3) hold. Therefore
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the method (3.1) has order 4 if and only if it obeys equations (3.2) through (3.5)

and the following equations

2 - 26
R (3.7)
and
C:l, —C

pr—o1+an = 6 (3.8)

Also the compatibility conditions are
o1 + 7 + 01 =1 (39)
91 —Q; =C . (310)

By subtracting (3.3) from (3.5) and then factoring we obtain

blcl(cl - 1)(01 + 1) =0.

Therefore one of the following must hold

by =0, or ¢;=0, or ¢; =1 or ¢; =-1.

If b, = 0 then the method is really just a linear multistep method. If ¢; = 1,

then by using this value of ¢; in equations (3.2) through (3.5) and equations (3.7)
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through (3.10) we obtain the following set of equations

F+6+B+b =1

—54+8+b =0
L 1
U+,3+b1=g
—G+B+b =0 (3.11)

i+ +or+an=1-6
B1—01+a3; =0
aj-1n+6,=1

01——011:1

The second equation gives us § = & — by; using this result in the third equation

gives us
1
20 = =
"%
therefore & = 1—12- .
Using this value of & gives us
~ 1
,3 = ﬁ - b1 .

Using these two results in the first equation of (3.11) gives us

1 - 1
1—2‘+5+ﬁ—b1+b1—1

therefore & = % .

The equation f; — o1 + @11 = 0 implies 8y = o7 — a;;. Using this result in the

equation
h+ph+or+an=1-6
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givesus 63 +01—ann+o1+an1=1-6;.

Using this formula for a; in the equation

C!1+71+01=1 weget

bp—1+m+6,=1

therefore v, =2 — 26,.

So for ¢; = 1 all solutions to (3.11) can be expressed in terms of b1, 61,01, and a1y

in the following manner

. 1 ~ 1
C1—1 0-12 IB__b1+12
5=§ ,31 =01 — a1 51 =1—01 —201 (312)
(11=01—1 ‘)’1=2—291

In a similar manner the solutions to equations (3.2) through (3.5) and (3.7)
through (3.10) can be solved in terms of by,0,6;,a,; for ¢; =0 and ¢; = —1. For

¢1 = 0 the solutions will obey the following equations

~ 1 = 3
= =0 = — ==—9%
(4] 0 ,B ag 12 ) 6 1
ﬂ] =01 —an 51 = —20'1 - 01 a)] = 91 and 1= 1- 291 . (3.13)
For the case ¢; = —1 the solutions will obey the following equations
.1 ~ 1 - 5
a=-1 o=p-b b=5 o=3
pr=01—an 6 =-20; -6
ay=1+6, v =-26,. (3.14)
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We have thus exhibited many possibilities for methods of order 4. In particular,

in [8] Chawla gives the following method

h? -
y"t 2yt Tl = ﬁ(f"+l +10f" + 1y

yn = yn _ ah2(fn+l - 2fn +f"—1) (315)

where a is a free parameter, a > 135. This method is of the form (3.1) with

This method has order 4 and is unconditionally stable so we know such a method

exists.

§ 3.2. Methods with two intermediate stages: s = 2.

First we show there exists an 8th order method where s = 2.
THEOREM 3.2. There exists an 8th order method of the form (2.8) with s = 2.

ProoF: By Theorems (2.6) and (2.12) for s = 2 property A(9) implies that prop-
erties C(6) and B(9) hold. If properties B(9) and C(6) hold, then by Theorem
(2.10) ¥(t) = 1 for all A trees t such that p(t) < 9andt is of the form t =
[t1,-..,tn] where p(¢;) < 6. The only A trees of order 9 or less not in this form are
of the form ¢t = [{] where p(t) = 7. Note that for t = [t1,...,fx] where p(%;) < 5,
if the property C(6) holds then a;(;) = ¢ for i =1,2,7 = 1,...m. This means
that

2
a(f)=ai(-1)+8;—0; - T-6+Bi-T-6+7-6) aji;c.

i=1
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- 2 2
Thus ‘I/([ﬂ) =1-9-8 6+9~8ﬂ+9-826,~(—a,~+0;—42 o; +42 ﬁi+42za,‘j cf)

=1
for any A tree of this form.

All of this leads to the following simplifying statement. For s = 2

A(9) © B(9)+C(6)+¥([f)) =1 where p(f)=T7.

For s = 2 property B(9) implies

GH+E+B+b+b =1
— G+ B+bici+brcz =0
&+B+hﬁ+hé=%
— G+ B+b1c} +byc3 =0

&+ B+ bict +bach =

15

— G+ B8+b S +b,3=0
1

U+,3+b101 +b2c2 28

— &+ B4+bcl +bych =0

Here is a solution to equations (3.16) through (3.23):

L _ 1
o=y [H—F = ,/ &~ 556348640 = —c, ,
6

1 _
15
1 _1
b — 15 6 o 29 ,
' 2¢3(? - 1) 1885 233952255 = by
s .1 . 247
ﬂ—a—l —hq-z%m >~ 010919540 ,
< 8771
6=1-26 - 2b1 '1—1-5'1—6 = 510256410 .

(3.16)
(3.17)
(3.18)
(3.19)
(3.20)
(3.21)
(3.22)

(3.23)



Recall that for s = 2 if the property C(6) holds then

8§02 + Bi(1)* 2 + 0i(-1)* 2 + ainc % + aincy
_ = (D — 61+ (-1)%)
- (k)(k —1)

for 7=1,2 and 2<k<6.

Taking into aecount ¢; = —cz, property C(6) holding means the following equa-

tions hold.

2 - 26
1 +bBi+01+an+an= fﬁ-—c;—}' (3.24)
2 —c;—26
b2 + B2 + 02 +az +az = -61—0-12——2-3 (3.25)
3 _
Bi1 — o1 +anc —aner = a 5 a (3.26)
o3
P2 — 02 + az1c1 — axcr = —CLGLEI- (3.27)
1 - 26
B+ o1+ 0116% + 0126% = E‘% (3.28)
4 — —
B2 + 02 + anic} + azcl = i—clsz@- (3.29)
3 3_c—a
p1 — o1 + anc) — anxcy = 20 (3.30)
—3
B2 — 03 + azic} — agc} = %ﬁl ‘ (3.31)
$ - 26
p+o1+ auc'f + algc‘} = ﬁ—+c31—0"—1 (332)
8 —c —26
B2 + 02 + anci + aggc‘f = 1——20—2- (3.33)
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These equations are easily manipulated, to first obtain, letting A = 60(c? — 1),

ajg —aiz = (3¢t — 102 +7) / A
Ao — A9 = (—36‘; + 106% - 7) / A
a11 + ayz = (2¢¢ — 5¢ — 31 +661) / (c2A)

az1 + az2 = (2¢5 — 5¢; + 3¢y + 662) / ()

13

22 the expressions

from which we determine, upon setting ¢; =

4y, = =003 147 (691_3 )

= 146160 3770

9787 147
ai2 (601 - 3
The other coefficients are then determined, approximately as

~ 146160 ~ 3770

9787 . 147
921 = 776760 ~ 3770 (602 +3

—-500 14
azs > ! (692 +3

-AI-—' .hlo—‘ .h'»—‘ ﬂ%‘
Nl w N W N N W

= 146160 3770

1 A +c¢—26 3 —-c
01=§(—(¢111 + a12)c? + (a1 — arz)e; + = 112 L _ 16 1)

1
= 5(.0116548 — 0218391 6,)

1 d-c1-20, -d+c

o2 = 5(_(a21 +az)e] + (az1 — az)er + = 112 - - 16 1)
1
5 (—0159495 — 0218391 6,)

3 _
8 =34 - 1 (a11 — a12)er + 0y = —.0018997 — .0109196 6,

3
-1+

6

B2 = — (@21 — az2)er + o2 = —.0002477 — .0109196 6,
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2 +c¢;—26
61 =%——1—(011+012)—01—ﬂ1

.2661183 — .5102549 6,

_ ¢t —c - 26,
2

= —.0177622 — .5102549 6, .

— (a1 +az)—02— B

The requirement that ¥([f]) = 1 where p(f) = 7 is equivalent to requiring

2 2
~ G+ B+ bi(—0i+8; — 420, + 428, +42 ) aijc}) =0 (3.34)
i=1

i=1
Recall that the compatibility conditions from Chapter 2 give us a; — §; = c¢;; using

this in (3.34) gives us

9 2
~ G+ B+ bi(=i+ci+ 8 — 420, +420: + 42 _a;jc}) =0 (3.35)

i=1 i=1

.2
The condition B(9) gives us —G + 8 + Y_bic; = 0, so using this, (3.35) becomes

=1
2 2
Y bi(=oi+Bi+ Y aijc})=0. (3.36)
=1 Jj=1
Since ¢; = —c¢; and b; = by (3.36) becomes
bi(=01 + B1 — 02 + B2 + ((a11 — a12) + (a21 — az2))c}) =0 (3.37)
Summing (3.26) and (3.27) we get
B1 — o1+ ai1c1 — arz¢1 + P2 — 02 + a21c; — azecy =0

thus
—01+ B — 02 + B2 = —c1((a11 — a12) + (@21 —az2)) =0 (3.38)
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Using (3.38) in (3.37) and factoring produces
blcl(ci —1)(a11 — a2+ a2 —a2)=0. (3.39)
The condition C(6) holding gives us
a1y —azz +az1 —az = —.10119054— 1011905 =0

so equation (3.39) and thus equation (3.34) hold. i

This shows there exists a two—parameter family of methods of order 8 for s = 2.
We intend to pursue at a later date some ways to choose these parameters to see
what type of effective methods might be generated. As is well known, though, we
must still address the question of stability. Unfortunately next we will show that

for s = 2 any method of order 6 or greater will not be unconditionally stable.

THEOREM 3.3. There does not exist an unconditionally stable method of the form

(2.8) with s = 2 of order 6 or greater.

Proof: If a method has order 6 then it satisfies property A(7). By Theorems
(2.6) and (2.12) for s = 2 property A(7) implies properties C(4) and B(7) hold. If
properties B(7) and C(4) hold then by Theorem (2.10) ¥(t) = 1 for all t € AT p(t) <
7andt = [t1,...,ts] where p(t;) < 4. The only A trees of order 7 or less not in

the above form are of the form ¢ = [f] where p(f) = 5. Note that this tree { can be

decomposed in the following manner
t=[t1,...tm] where p(f;)<3,

so by C(4) we get a;(f;) = cf(t.").
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Using this we get

2
a,-(f)=a,-(—1)+0,-+a,-5-4+ﬂi5-4+Z a,'j5-4c§
=1

thus

2
YH)=1-7-65+7-65+7:6) bi(—ai+8i—0i5-4

i=1

2
+ﬂi'5'4+z a;;5-4c}). (3.40)

i=1

All of this leads to the following simplifying statement. For s = 2
A(T) & B(1)+C@) +¥([f{]) =1 where p(t)=5.

For s = 2 a method obeys B(7) if and only if equations (3.16) through (3.21)
hold. '

Next we show that if a method obeys property B(7) where s = 2 then b; = by #
0,6 = B, and ¢; = —cy # 0,21. Subtracting equation(3.17) from equation (3.19)

bi(c —c1) + ba(c3 —c2) =0
which implies

baca(c2 — 1) = —=byey(ci — 1) . (3.41)
Subtracting equation (3.19) from (3.21) and factoring gives us
bictei(c? — 1) + bacdea(c2 —1) =0. (3.42)
By using equation (3.41) in (3.42) we obtain

bicd(c2 - 1)+ cZbiey(c2 —1)=0.
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Factoring this gives us

blcl(cg - 1)(6% - Cg) = 0 .

Therefore one of the following must be true
bb=0 or ¢;,=0 or ¢=%1 or cf:cg.
If b =0 or ¢; =0 or c¢; = %1 then (3.41) becomes
baca(c2 —1) =0
therefore one of the following must hold
bp=0 or c¢=0 or c,=4=%£1.
By subtracting (3.18) from (3.20) we get
bi(ct =) +bo(c;—cd)==—-= (3.43)

if b =0 or ¢ =0 or ¢, = +1 and b =0 or ¢, =0 orc = %1

then the left hand side of this equation is zero which leads to a contradiction. So

by =0,c; = 0 and ¢; = +1 are not possible and therefore ¢ = c% must hold.

If ¢; = c; then equation (3.41) becomes
bgcl(c'f -1)= —blcl(cf -1)
therefore one of the following must hold

b1=—-b2 or (] =0 or Cl=:t1.

68



It was shown that ¢; = 0 or + 1 is not possible. If b = —b, then equation (3.43)
becomes
1 1

bl =) -ti(d - =5z -5

which is impossible since the left hand side is zero so ¢; # c;.

The only possible left is ¢; = —c;; then (3.41) becomes
—ber(c? = 1) = =byey(c? —1), and
therefore b; = by since ¢; # 0,%1. Using this in (3.17) gives
-6+B=0

and therefore & = §.
Using the results b; = by,6 = 8, and ¢; = —¢; in equations (3.16), (3.18) and
(3.20) we obtain '

6428 +2b, =1
2B+2b163=é—
~ 1
2 byct = — .
,3+2101 15

Therefore the following holds

1 1 -1
2b16‘;—2b16f = Tg—g = -ib- .
Since ¢; # £1,0 we obtain
-1
= ———— 44
1™ 20c2(c2 - 1) (344)
Simple algebra gives us
~ 11
B= 5(6 —-2bc%) . (3.45)
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By using (3.44) in (3.43) and simplifying we get

B = %(1 1—0—(-0—1}—_1)) (3.46)

Since

6§=1-28-2b (3.47)

by using (3.43) and (3.44) we get the following equation

3:1-(%+ ! )+ ! : (3.48)

10(c? - 1) 20c%(c? - 1)

So this solves equations (3.16) through (3.21), thus the equations for the B(7)
condition are solved.

The condition C(4) holds if equations (3.24) through (3.29) hold.

Equations (3.24) and (3.25) imply

C% + cy — 291

8 = >

- ,31 — 01 — a1 — a2 (349)

and

2 —cy—26
0y = %—2 — Py — 02 —ag; —ap; . (3.50)

By adding (3.26) to (3.28) and doing some simple algebra we obtain

P =

1 C‘I‘+CI—201 C?—Cl
12 6

- (au - (112)61 - ((111 + alg)c%) . (351)

A similar calculation involving equations (3.27) and (3.29) produces the following

formula for G

ﬂ2_l(c‘}—c1—202 +—c?+c1

T2 12 ) — (az1 + az)cf — (an - 022)61> . (3.52)
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By subtracting (3.26) from (3.28) and doing some algebra we obtain

(3.53)

12

C‘}—Cl—-291 __C?—Cl)
2 6 |

1
oy =z (—(011 + alz)cf + (a11 — a12)ar +

A similar calculation involving equations (3.27) and (3.29) produces the following

equation

c} + ¢ — 26 _ci’—cl)
s .

L (3.54)

02 = (—(011 + 012)03 + (a1 — a12)er +

Using the results b = by, = B and ¢; = —c; the requirement ¥([f]) = 1 where

p(t) = 5 becomes

1-7-68+7-68+7-6(b(—ay+6,-5-401+5-4 5
+5-4(aycd —a12¢d)) +bi(—az +6, —5-402+5-4 B2

+5-4(azi1cd —azcd))) =1. (3.55)
By considering the compatibility condition 8; — a; = ¢; in (3.55) we obtain

bl(Cl -20 o+ 20 ,31 + 20(0118:1; - 0120:1}))

+b1(—c1 -20 02 + 20 ,32 + 20(0216:1; - (1226::)) =0. (356)
Since by # 0 (3.56) is true if and only if
—01+ P1 — 02 + B2 + (a11 — a12)c} + (az1 — azz)c; = 0. (3.57)

Adding equations (3.26) and (3.27) yields

c"l’—cl _ci’+c1
6 6

= —(ay; —aj2 + a2 — ax)a (3.58)

fr—o1+Pr—02= — (a11 — a12)er — (az1 — az2)cy
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By using this result in (3.57) and factoring we obtain

(a11 — @12 + @21 —az)(c —c1) =0.
Since ¢; # +1,0 ¢} — ¢; # 0, so we must have
ay; — ai2 + asz) — Qg = 0 (359)

To summarize this work for s = 2 our method has order 6 if and only if its
parameters satisfy equations (3.44), (3.46), (3.48), (3.49), (3.50), (3.51), (3.52),
(3.53), (3.54), (3.59) and by = b, & = f, and ¢; = —c¢,. Using this information we
next show that such a method cannot be unconditionally stable.

The usual linear stability analysis goes as follows. We apply our method (for

8 = 2) to the problem y" = —A2y, (y here is in IR!), where X € IR, to obtain
y™ =y yt + 0y - (AR oy T — (AR)ay"
— (AR2Biy™H — (AR)Payy™ — (Ak)2aypy™?
y™? = agy™ !+ may” + 60" — (Ah)oay™ Tt — (Mh)265y"

_ (/\h)2ﬂ2yn+l _ (/\h)2(121y"’1 _ (/\h)2a22yn,2
and

yn+l = _yn—l + 2yn _ (/\h)i’(blyn,l + bzy"+2)

= (AB)?ay" 7! — (AR)Sy™ — (AR)PGy™H

n,l

If we let ?" be the vector [y ] then we have

n,2

—_

Y" = a’yn—l + ':r’yn + ;yn+l _ (/\h)2;yn—l _ (/\h)23yn

— (AR)By™*! — (AR)2AY™
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yn+1 — _yn—l + 2yn _ (/\h)sz?" _ (,\h)Z &yn—l _ (/\h)23y" _ (/\h)Zﬁyn-H

_lann a2 7 _ |k - |a . 2 _ 2
where A = [012 022] , b= [bz] , @ = [a2} etc. By setting 2* = (A\h)

and doing some algebra we obtain
Y" + 2AY" = (a =220y '+ (v - 22_6‘)3/" + (3 - z2§)y"+1 (3.60)
g™t =yl oy 2Ty — 2oyt~ 226y" — 2fynt
Multiplying both sides of (3.60) by (I + 224)™! produces
Y* = (I+224)7 (3 - 220" + (I + 224) 71 (7 - 26 "

+I+24)7(6 - 2By

Thus
| g™t = gl g oyn T (I 4 224) "N (@ — 225 )yt
H(I+2A)7N(T - 26"+ (T + 2470 - 2By
225yl = 28y — 2yt
Therefore

(14 22T (1 + 224)71(8 — 22 B) + B2y
+ (=24 22T(I + 224)71(F = 226) + 822"
+ (1 + 22T+ 22A) Y (a — 220) + 628)y"" ' =0. (3.61)
The solution to the difference equation (3.61) is in the form y" = {" with { a

root of the quadratic
(1+ 26T(I + 224)71(9 — 228) + §22) €
+ (=24 22T (I + 22 4) 1 (3 — 228) +822) ¢
+ (1 + 22T+ 224) Y (a - 220) +62%) =0. (3.62)
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The method is unconditionally stable if the roots &; of (3.62) obey |¢i| < 1 for
¢ = 1,2 for all real 2. In analyzing stability, our task is simplified by showing that

for s = 2, if our method has order 6 or greater, then
(14227 (I + z2A)'1(3 - zzﬁ) + B2%)
=(1+4227(I 4+ 2A) Y (a - 2%0) +62%) .
Since 3 = & all that is needed to show us that
BT(I + 22 4)"1(6 = 228) = bT(I + 22 4)" (3 — 2%7) .

Since
1 14 22a9; —z2%a;9
2 2
(14 22a3; (1 + 22a92) — ztajzan —z%a; 14 z%an

(I+224)"! =

and b; = b, and by equation (3.59) a;; — ay3 = ag — ay; the following equation

holds for a vector T = [xl ]

T2

[blabl]
(1 + z2a11)(1 + 22022) - 24(1126121

1 + 22(122 —Z (112
—z%ay; 14 z%an
=b1{(1 + 22022)$1 — 22a1a72} + bl{—22021$1 +(1+ 22(111)932}
(1 + 22a11)(1 + 22a22) — z%ajzan

=b1{($1 + 23) + 2%((a22 — a21)71 + (—a12 + a11)z2)}
(1 + 22011)(1 + 22022) - 24(112(121

X

I(I+224)7 1'% =

_bl{(a:l +.’L'2)+22((0-11 "012)(1'1 +:L‘2)} (3 63)
(14 z2a11)(1 + 22a22) — z%a12a2: .
Using this fact we have

T[4 2A)-1(5 — 525 = (b1 +62) - 22(B1 + B2))(1 + (a11 — a12)2?)
b (I+ A) (9 ) - (1 +z2a11)(1 +Z2022) _ 24(112(221

4




and

b ((eq + ag) — 22(01 + 2))(1 + (a1 — ay2)z?)
(14 2%2a11)(1 + z2a92) — 2*a12a2

bT(I+22A) (a - 2%0) =

So all that is left to show is that 6; + 6, = a; + a2 and B; + B2 = o1 + 02. The

compatibility conditions give us
a;=0;,—c; so aj+az=0,+6,—(c;+c2)=6,+6,.
By using equation (3.59) in equation (3.58) we obtain
br—o1+pr—02=0

thus
B+ B2 =01 +02, | (3.64)

which gives us the desired equality.

The roots of an equation of the form
a4+ 26 +a=0
are less than or equal to one in magnitude if and only if
HERS

So the roots of (3.62) are less than or equal to one in magnitude if and only if

~H=2+2TTU+ 24T =28 487 |,
1+ 2257 + zzA)‘l(; - zzﬁ) + 322 -
| —%(322 — 2)((1 + 2%a11)(1 + 2%ay;) — 2*as091)
(822 + 1)((1 + z2a11)(1 + z2a2;) — z%a12a21))

+22b1 (11 + 72 — 226 + 62))(1 + 2z%(a1; — a12)) <1
+22b1 (61 + 6, — 22(B1 + B2))(1 + 2%(ai1 —a12)) ' T (3.65)
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The following calculations shows that (1 + (a11 — a12)z?) is a factor of both the
numerator and the denominator of the left hand side of the inequality (3.65), by
establishing that (1 + (a;; — a;2)2?) is a factor of (1 + 22a11)(1 + 2%az2) — 2%ay202:.

Equation (3.59) gives us az2 = ai1 — a2 + az; so the following two equations will

hold

a1 + a2 = (a11 — a12) + (a21 + an) (3.66)

and

aj1azz — aj2az; = an(ay; — a2 + az1) — a12a2:

= (an1 + a21)(an1 — ar2) . (3.67)
Simple algebra and equations (3.66) and (3.67) give us

1+ 22011)(1 + 22022) ~z%a2a91 = 1+ (a1 + (122)22 + (a11a22 — ajzag;)z*
=1+ ((a11 — a12) + (@21 + a11))2® + (a1 + a21)(a1 — a12)z*

= (1+ (a1 — a12)2*)(1 + (az1 + a1)z?) | (3.68)

which gives us the factorization we wanted.

Using this result we have our method is unconditionally stable if and only if

P(z) l

Q(z)

iy —3{(822 = 2)(1 + (a21 + a11)2?) + 2%b1 (11 + 72 — 22(61 + 62))} <1
(Bz% +1)(1 + (ag1 + a11)2%) + 2261(61 + 02 — 22(By + B2))

|R(2)l =|

(3.69)
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The inequality — g 3 < 1 holds for all real z if and only if

0 < Q(z) - P(2)

and

0<Q(z)+ P(z) where @Q(z)>0
02 Q(z) - P(2)

and
0>Q(z)+ P(z) where @Q(z)<0

P(z) = Q(z2) where Q(z)=0 .

The following calculations will help put the coefficents of Q(z) + P(z) and Q(z)—
P(z) in terms of the variables a;; + a1, ¢1, 61 + ;. Recall that the compatibility

conditions give us
ai+6;i+vi=1 and bi —ai=c;

therefore

1+v2=2- (6 +6)— (a1 + a2)
=2—(61+6;)— (61 + 62 — (c1 + ¢2))

=2-2(6, +6,) . (3.70)

Equation (3.59) gives us

a1 + a1z + azz + az;1 = 2(a1; +a21) . (3.71)

By adding equations (3.51) and (3.52) and using equations (3.59) and (3.71) we
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obtain

26% - 2(01 + 02)
12

- (au — a2 + az1 — azz)c

gt =3

— (@11 + a12 + a2 + 021)63)

1 (C‘;t - (01 + 02)

= 5 —2(a1n +an )Cﬁ) . (3.72)

2

Summing equations (3.49) and (3.50) and using equations (3.71) and (3.64) produces
81+ 8, =t — (61 + 63) —2(B1 + B2) — 2(ans +a21) - (3.73)

By using equation (3.72) in (3.73) we get

i — (61 + 62) +
6

5 4
=ci + gb+ 82) - % +2(an + a2 )(c2 - 1). (3.74)

6146, =c3— (6, +6;) - 2(ay; + ag1)ci — 2(a11 + 621)

Equation (3.70), (3.73), (3.47) and (3.44) will enable us to do the following cal-
culcation
Q(2) — P(2) = 22(8/2 + B)(1 + (az1 + an1)2?)
+ 220, {6, + 6, + %(2 —2(8, + 62))
- 22[By + B2 + %(Cf — (61 + 02) — 2(B1 + B2) — 2(a11 + a21))}}
- z2(% —b1)(1 + (a2 + an1)7?)

2
+ 225, {1 - %[cf ~ (81 +63) - 2(a11 +an)]}

22 1 (91 +62) 2
2 {1+ ((azn +au) + 20(c2 - 1)  20c3(c? - 1))2 b

(3.75)

By using equations (3.70), (3.47), (3.73), (3.72), (3.46) and (3.44) we obtain

Q=)+ P() = (24 (B~ )71+ (e + an)s?)
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(040~ DT 2, 48— 26+ 8)

= (24 (B (3 = A= )L+ (e +a)e?

+2%b1{6; + 6, — (1 — (61 + 62)) — 2*[B1 + B2

_ (% - 01—;—0—2 — (61 + B2) — (a11 + a21))]}

=(2+(28- % +b1)z)[1 + (az1 + a11)2?]

2 6,+6
+z2bl{2(ol+oz)—1—z2[2(ﬂ1+ﬂ2)—c—‘+ o

=24+{26-+ + by + 2(az1 + a11) — by + 261 (61 + 62)}2*

blcl _ b6y +62)
2

+ (a11 +an)l}

+{(am +an)(2B — 5 +b) = 2b1(By + ) +
—bi(an + a21)}2

~ 1
=2+ {2,3 - 5 + 2((121 + a11) + 2b1(91 + 92)}22

. o2
+ {(a21 + a11)(28 - %) — 2b:1(By + B2) + 51201 _ 51(912+ 02)}24

_ 1 1 1 (61 +02) | ,
=2+{5- +10(2—1)+2(““+“”) 10c’;’(c1—1)}

1 1 1 Cl —(91 +92)
tilan+ a“)< To@- 5) taaa-pl

c 6, + 6, }ot
40c3(c2 —1) * 40c3(c? - 1)
1 1 6 +6, .,
t@ -1 " 1083 - 5
2(91 +02) c% _ 1 }24 .
60c3(c? —1)  60(c? —1) 20(c-1) (3.76)

—2(a11 + az)c?] -

=2+ {2(a11 +a21) —

-2
+ {?(021 +a51)+

If the method is unconditionally stable then Q(z) — P(z),@(z) + P(z), and Q(z)
must agree in sign for all real z. If these three polynomials agree in sign for all real

z then their leading coefficents must agree in sign. If the leading coefficents are all
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less than or equal to zero then

1 (91 + 92)

- <
atont Ty T RAE 1) =
and
2 2(01 + 02) C% 1
2 - <0
glanta)t et gE o) W@ S
therefore
-1 01+ 62
<
a8 S o5rm Ty T 0@ - 1)
and

a1 +a > 61 + 92 C% _ 3
TR = 90c2(c2—1) ' 40(c2—1) 40(c2-1)"

For these two inequalities to be true the following must hold

91 + 02 + C? _ 3 < -1 + 91 + 92
20c3(c? - 1) ' 40(c2 —1) 40(c3 -1) = 20c3(c? —1) =~ 20c}(c? - 1)

which is true if and only if

2
Cl—l
40(c2 -1) ~

which is not possible.
Therefore if the three leading coefficents agree in sign they must all be positive.

For this to happen the following three inequalities must hold

4 _
%(an +an)+ 1 (cl (6 +92)) >0

203( — 1) 12
and
2 2(8, + 6,) &2 1
-Z - 0
slantan)t o Y e@ D " 0@ =D
and

6, + 6,

1
- 0.
WE 1) 203(E-1)"

(a11 +ag1) +
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These three inequalities are true if and only if the following three inequalities hold

—c? 6, + 6,
20(c? —1) * 20c3(c2 —-1)
1 i\

a; +az >

and
91 + 02 C1 3
mton<ypaa_nti@-1 20 -1)
and
-1 6, + 6,
mton > T nE@-1)
Note that
—C% 91 + 02 < 01 + 92 _ 1
20(c? —1) '~ 20c3(c2 —1) ~20c3(c2—-1) 20(c}-1)

since

c 1
>
20(c2 - 1) ~ 20(c? -1)

for 2 #1
(recall the order conditions require ¢ # 1). Therefore the three leading coefficents
are positive if and only if

91+02 _ 1 <ay +ay < 91+02 C%—3
03 (2 1) 20(c2—1) > T T 203(2 1) 40(c2 - 1)

To get stability at infinity it was shown that aj; + a; must be in the interval

( 6r+6; 1 -3 + c? 6, + 6,
20c3(c? —1) 20(c2—1)’ 40(c? —1)  40(cZ—1) 20c%(c? —-1)
SO
1 8; + 6,
Mrtent o T 1) T 022~ 1)
> ( 91 + 02 _ 1 + 1 _ 01 + 92
=\20c3(c2-1) 20(c2—-1)  20(c2-1) 20c%(c2-1)
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therefore
1 _ 0, + 6,
20(c? —1) 20c3(c? -1)

a;; +ap; + >0.

1 6, +6
Now Q(z) - P() = 7(=* + [(a“ ton)t 20(c3 -1) 20c¥1(:%—21)] #) w0

Q(z)—P(z) > 0for all real z. Therefore to get unconditional stability Q(z)+ P(z)

must be positive for all z.

To look at the sign of @(z) + P(z) consider the case if

i1+ gy € 6r+6; 1 6: + 6, f-5 )
TS 2023(c2—1)  20(c2—1)° 20c3(c2 —1) ' 80(c2 — 1)
then
=-(4 - =
Q=) + Pz) = 3 (4+ (ou +an) = 3+ 57—y ~ 3030 —1))
2 01 +02 C% 1 4
+ ( (au + a21) + ( ) 20c2(c? - 1) + 60(c? —1) 20(c? - 1))2 )
1 0, + 6, C% -9 2 1 4(01 + 62) 2
2(4 + (4(20cf(c§ -1)  80(c? - 1)) 3 + 5(c2 —1) 20c%(c? - 1))
+(—_2( 6, + 6, 1 ) 2 0, + 6, c2-3 )4)
20c2(c2 —1)  20(cZ — 1) 20c%(c? - 1) 60(c1 -1)
1 Z-5+4 2 2+ct -3
= -(4 A YT 2),2 £ 7Y
54+ (40(c§-1) 3)2 +(60(c1 —)%)
1 ct-1 2 -1
= =(4 e SRS PV R S
3 +(20(c§—1) 3)? +60(c1—1) )
_o_ ST 2, 1 4
=2-10° t10°

Using this polynomial inequality and evaluating it at z = 4 gives us

37 1
<(2- —22+—2* = -, -
Q(Z)+P(Z) |z=4— (2 1202 + 1202 ) |z=4 8 < 0
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So in this case Q(z) — P(z) and Q(z) + P(z) differ in sign at z = 4. Therefore the

method is not unconditionally stable for a;; + az; in this subinterval.

If
01+02 c§—5 C%—3 01+02
o1+ oz € (20c§(c§ D tRE-D WE-1) W03 - 1))

then

1 -3 61 + 6, 2

< = - =

Qe+ PG < 504+ W= + i =)~ 3

+ 1 _ 4(91 +92) )22 (—_2( 01+92 C¥—5 )
5(c2 —1) 20c%(c?-1) 20c3(c? —1)  80(ci —1)

2(01 + 92) C% _ 1 )24)
60cf(cf — 1) 60(c2 —1) 20(c?-1)

3+2 STAR: = RS 'SP
(4 (10(2 ) (120(c —1)) ) =2-%% T0”
Therefore in this case
Q P L S = —1.466665
(Z)+ (z) Iz 4—- _z + 240 ) |z—-4_ -

Therefore at z = 4 the signs of Q(z) + P(z) and Q(z) — P(z) are different, so the
method is not unconditiona.lly stable for a;; + ag; in this subinterval.

Therefore there is no way to pick a;; + az; and have an unconditionally stable
method. Thus for s = 2 if the method has order 6 or more it will not be uncondi-
tionally stable.

Even so, with the flexibility afforded by the two—parameter family of eighth order
methods, it may yet be of interest to consider them for problems in which conditional
stability is acceptable. For the coefficients we have determined it can be shown after

some calculation that the associated rational function is

1— 8,2 313 4
R(z) = 252 15120

74
1+ 353 252 + 15120
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(which is, indeed, the (4.4) Padé approximation to cos z). It is then simple to show

that |R(z)| < 1 if and only if 2% = |hA|? < 128, thus giving the stability limit.
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CHAPTER 4
IMPLEMENTATION AND SOME CONCLUSIONS

§ 4.0 General Strategy.

This chapter is concerned with developing methods that are easy to implement.
When our method is implemented at each step the following equation must be

solved.
a1y ny" 6y"t!
asyn—l Ys yn esyn+l
__yn—l 2yn Oyn+1
o f(y™) 61f(y™)
. b2 .

6,fiy")

a..f(z'/"“) s
L & f(y™) 6f(y")

( afl G.T, ,3.1 f(yn,l)

+ h2 : : : ® Im n,s :
\ absl co abaa %’ f‘-f((:n-i-l)) (4'1)
1 e s

where y(t) e IR™ so y™,y" 1,y y™1, f(y™), f(y"*!), F(y™), and f(y"~') are m

dimensional real column vectors and where ® is the direct product.

Since
6,yn+! 0 ... 0 6 y™!
2 R I ER S IR B

B,y"+1 0 ... 0 6, " y™e

oynt? 0 ... 00 ynt?
yn,l yn,l yn,l
and y;,a = I s+1)m y’:'” = (I(s+1) ® In) g
y"H y"t1 Yyt



solving (4.1) is equivalent to solving

0 ... 0 01 y"'l
Ln®Ly)-||: L @I :
(Te41 8 In) 0 ... 0 6, y™°

0 0 0 yn+1

aii ... Q1s ,Bl
y" 7,y A1 ... Qg P
by ... b B
f(y"’) fnf(y" D) 61f(yn)
X : + h? 5 + h® : : (4.2)
f™°) oo f(y" 1) 8sf(yn)
fy™th) gf(y"") of(y™)

Since in [20] Lancaster shows (A+B)® C =(A®C)+(B®C) and (A®B)™' =

" A~1® B~! for any three square matrices A, B, and C, we have

0 ... 0 6
(o1 ® In) o ... 08| "
0 0 0
1 0 0 6;]
1 .
6,
0 0 0 1

In [20] Lancaster showed that if A,C are square matrices of dimension s and

B, D are square matrices of dimension m then

(A® B) (C® D) = (AC)® (BD) .
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By using this fact and multiplying both sides of (4.2) by

1 0
0 1
0 0
this produces the following equation
1 0 0
- yn,l .
) 01 :
=11 0
y .
_yn+1 P 1
[0 0 0
([oay™ my"
+ .
a, y* ! Ts "
\ i _yn—l 2 yn
('1 0 0 6]
. a
0 1 1
+ h? : 0
Q,1
: 1 6, by
\l0 o© 0 1]

0 6]

0 ®Im .

1 86,

0 1

6,
Q® I,

6,

1 -
o f(y™ 1) 6 f(y™)

+R| + R

o f(y"~?) és f(y™)
& f(y™ ") 6 f(y™)
als ,Bl f(yn'l)
a&s /B‘.S f(yn’s)
b, B fy™h)

(4.3)

Since when calculating y™*!, the terms y™ and y"~! have already been calculated,

when solving the equation (4.3) we can set

1 0
01

0 6,

Q® I,

O o .-

+ h?

oy y*~! 7Y ]
.n—l + : n
Qs Y Ys Y
_yn-—l 2 yn )
a1 f(y*~) [61 f(y™)
: +h2|
o0 ") by F™)
& f(y"') L8 f(y™)
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a constant vector.

Let _ .
10 0 6
. an ... a1 B
1 :
M=[mgl=1]: . 0 ‘
’ . Qg1 ... Qg4 ,3.:,
: 1 4, b, ... b B
00 ... 0 1]
With this new notation equation (4.3) becomes
y™! fy™")
P aeMely |G + k" (4.4)
y™ f(y™)
y™+! fy™*h)

The question explored in this chapter is how might the parameters of our method
be chosen so that M will be in a form that will facilitate solving equation (4.4).
For example if M is diagonal then equation (4.4) will be much easier to solve, and,
in fact, the stages can be done in parallel. Several authors (c.f. [13], [14]) discuss
ways in which M might be diagonalized by similarity transformations. While this
indeed may be possible for our case, we have chosen instead to look for schemes
which avoid such transformations and yet admit a sort of decoupling of the stages.
Work involving similarity transformations will be reported on at a later date.

We first attempt this for the case s = 2. Then,

ann + 61 aiz +6:0 B +91[§
M= |az+06:b ay+6b B2+06.8
b by B

is diagonal if and only if

by =by=ajp =as =0

Bi+6:8=0+65=0.
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If the method also has order 3 then the property B(4) must hold, so the following
must hold

FH+E4+B8+b +b=1
—G+B+bicr+bcz =0

" 1
F+B+bc+byct ==

(=]

Taking into account the assumption that M is diagonal the following must hold:

AP T
a‘_‘ﬂ’ﬂ‘_‘ﬁa&:

| ot

The stability polynomial is

(1+2287(I + 22A)" (8 — 228) + B22)¢?

+ (=24 28I+ 224)"1 (3 — 226) + (§22)¢ (4.5)

+ (14227 + 224)7 (e - 2%0) +622)=0.

Since b; = by = 0 the stability polynomial will be

1oy (L9392 12y
1+ 332 )€+ (-2+ 352 )€+(1+122)—-0.

s

The modulus of the roots of the stability polynomial is less than one if and only if

—-v!gl forall =

which is obviously not true. Hence the possibility of a diagonal M for this case has

been ruled out.
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§ 4.1 A Specific Class of Fourth—Order, Unconditionally Stable Schemes.

Our next approach is to look for schemes in which M is lower triangular. In
that case, it is possible to solve (s + 1) systems of size m in a sequential manner.
Further, if the diagonal entries are distinct, indeed, this will lead to schemes for
which the stages may be solved in parallel following a similarity transformation.
We concentrate here only on the first phase of this problem.

That is, next a method will be developed that has implementation matrix M
lower triangular with distinct entries on the diagonal, is unconditionally stable and
has order 4 with s = 2. We remark that the methods of Cash [6], Chawla (8]
and Hairer [17] achieve order 4 and unconditional stability with s = 1 but in each
case, M is not lower triangular and has complex eigenvalues, ruling out a similarity
transformation to diagonal form with real diagonal entries. Here, our approach is
to avoid such transformations, anyway.

By the same argument used in Chapter 3, Theorems (2.3) and (2.7) give us
that for s = 2 a method has order 4 if and only if conditions B(5),C(2) hold and

O([L]) =1.
Condition B(5) holds if and only if
GHE+B+b+b =1
~G+B+bicy +byc, =0
G+ B +byct + bacs =%
—G+f+bc} +bci=0.
Condition C(2) holds if and only if

C? +c - 291

b+ pP1+01+an+az = 2
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c% +cp — 26,
2

b2+ P2 +02+ax +ax=
The requirement ¥([[-]]) = 1 implies
bi(=0o1 + B + (a11¢1 + arzca)) + bo(—02 + P2 + (az1c1 + azecz)) =0
since it is already assumed that
— G+ B +bici+bye=0.

Since .
ann +6iby a2z +61by B+ 6,8
M= |a +0:b1 a2 +62b; B2+6:8

b by B

M is lower triangular if and only if

a2 + 610 =0
Br+6:5=0
B2 +6:8=0.

The compatibility conditions imply
ai =0;i—¢; and ~v;=1-20;+¢; 1=1,2.

If6 =B, c1 = —cz, by =by, 01 +02 =1 + B2 and a1 — a2 = azz — az then the
second and fourth equations of the B condition hold and ¥([[]]) = 1 is also true.

By the same calculations done in Chapter 3 we obtain
1+ 2267(I + 224)™! (8 — 228) + f2°
=1+ 227 + 22A)™ (a = 220) + 2% . (4.6)
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Since (4.6) holds, by the same argument used in Chapter 3 the roots of the stability

polynomial (4.5) have modulus less than or equal to one if and only if

Rol= (PO o A2 AU PTG - 20 8,
Q(z) (1 + 22bT(I + 22A)~1(8 — 22 B) + B2?)
Now
[1 + 224,  —2%ay2
(I+224)7! = —Ztan 1+ 2en

~ (14 (a1 + a22)z? + (a11a22 — 612621)2*)

so for any vector T = [xl ]

B 1+ z2(a11 — a13)) (21 + 2)
1,1] (I + 224)™! [z‘]= (
(1,11 ( z°4) D) 1+ (a1 + a22)2? + (a11a22 — a12a21)z*

since a;; — ayjg = a9 — Ag] .
Therefore
1 - - .
5(-2+ 20T+ 22 A7 (7 —2268) +6 2%)

2
2
—2-b1(1 + (@11 = @12)2%)(71 + 72 — (61 + 62)2?)

1+ (@11 + a22)z? + (a11a22 — @12021)2*

= -1+ +gz2

~

)
={(-1+ 522)(1 + (@11 + a92)2? + (a11a22 — ar2a21)z*))

b
+ ?122(1 + (@11 — a12)z8)(m + 712 — (61 + 62)2%)}

1
X i
<1 + (a11 + a22)2% + (a11022 — 012021)24)

As in Chapter 3, since a;; — a;2 = a2 — ag; the following equations hold

a1 + az2 = (a1 — a12) + (a1 + a21)

ai1a22 — aj2a2; = (a11 + a21)(a1 — ai2)

92




a1 + a2 + az1 + az2 = 2(ay; + az) .

By compatibility, 71 + 72 = 2 — 2(6; + 62). The condition B(5) holding implies
§=1-2b —-285.
Since M is lower triangular

Br+Pa=—P(6: +62) .
Since o7 + 02 = B + B2, the C(2) condition implies

81 + 62 ==-2(p1 + B2) — (ail +ay2 +a +a2)+cd—(6+6)

= 2B(91 + 92) - 2((111 + (121) + C% - (01 + 02) .
Using these results we obtain

%(—2 + 26T(I + 22A)~ Y (7 - z23) + §2%)

= {(-1+ (5~ b = F)2) x

[1+ ((a11 — @12) + (@11 + a21))2* + (a11 — a12)(an1 + a21)z*]
2

+ c'f - (91 + 92))22]}

+ (1 + (a1; — a12)2%) [2— 2(61 + 62) — (2B(6: + 62) — 2(an1 + a21)

1
X .
(1 + ((a11 + a21) + (@11 — a12))2? + (a1 — a12)(a11 + 1121)24)
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Factoring yields

%{—2 + 2267 (I + 22A)7 (7 - 223) +62%)

= [1 4 (a11 — ar2)2?{[-1 + (% -b - 5) 2%)[1 + (a11 + a21)2%]

+ 2% [1 — (6, + 63) - (5(01 +6;) — (a11 +az1) + _Czi = +02)) =1

1
8 ([1 + (a1 — a12)2%)[1 + (a1 + 021)22]) '

Doing the same type of calculation again we obtain

1+ 2671+ 224)") (6 — 228) + B2
=[1 + (a11 — a12)2?[{[1 + 22B][1 + (a11 + a21)7?]

+b1(61 +62) 2% + b18(6: + 6;)2*} ([1 + (a1 — 012)22]1[1 + (an + a21)22]) '

Since R(z) = Sg ; using the previous calculations we can write P(z) and Q(2)
as
Q(z) = (1 + (a1 — a12)22){[1 + B2l + (an1 + a21)2?]
+ b1(6) + 62)2% + b, B(61 + 62)2*}
P(z) = (14 (a1 — a12)2?) (1 + (—% +b + B) 2%) (1 4 (a11 + a1)z?)
— 22by(1 — (61 + 62)) + 2*5,(B(6: + 62)

c? 0+0
—(a11+a21)+ 1 12 2))

=Q(z)-(1+ (an - <112)22)((l = b1)2%(1 + (a1 + azn)z?)
+ 228y — 2by (—(an +an) + —2 - Githl),
=Q(z) - [1+ (a1 - 012)22122{(5 -b)+ (';‘ - b1)(a11 + a21)2?
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61 + 02 ]22}

2
c
+ by — bi[—(an1 +a21) + 51- i

= Q(2) = (1 + (a1 — a12)2%)2’
{_ a +021 _ b + b1(61 + 62) 2} .

2 2
Therefore
P(2)
&)= %6)
_ Q@) —3(1+(au - 012)22)22{1 + [(a11 + (121) — by c? + by (81 + 62))2%)
Q(z)
_,_ 370+ (et an) — bt + b6 + 62))2%

(14 B22)[1 + (an1 + a21)2% + by (6, + 62)2?]

_ %22{1 + [((111 + 021) - blc% + b1(01 + 92)]22}
(14 B22)(1 + [(an1 + an) + bi (61 + 62)]2%)

If 3> 0 and (a;; +az;1) + 5;1(6) +62) > 0 then (1+ 322) and (1 + ((a11 +aa1)+
b1(81 + 62))z2) > 0 for all real z. Under these conditions

R(z)<1
1 22{1+[(a11 +an)+bi(6, +62) - 5101122}
(1 + ,322){1 + [(a11 + a21) + b1(61 + 62)]2%2}

& —-5 22{1 + [(a11 + a21) + b1 (61 + 62) — b2z} <0

= 1 + [(au + (121) + b1(01 + 02) - blcl]z > 0
This last inequality holds for all real z if and only if

(a11 + a21) + b1 (61 + 62) — b2 > 0.
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—-1< R(z) also holds for all real =z
- 1<1- 32201 +~[(au +a21) + b1 (61 + 62) — bicfl2?)
- (1 + 228){1 + [(anx + az1) + b1 (6 + 6;)]22}
Y —-22%{1 -i: [(a11 + a21) + by (61 + 82) — bicf]2?}
T (14 228){1 + [(a11 + a21) + b1(61 + 67))2%}
& 41+ 228)(1 + [(a11 + az1) + b1 (6; + 65))2%)

> 22{1 + [a11 + a21) + b1(61 + 62) — blcf]zz}
& 4+4(B+ (a1 +a21) + bi (6 + 62))2°
+4B((a11 + az1) + b1 (6 + 62))2*
> 2% + ((a11 + a21) + b1 (61 + 62) — bicd)z!
& 4+ (48 + (an +a21) + b1(61 + 62)] — 1)2°
+4(B[(a11 + az1) + b1(61 + 62)] — (@11 + az1) — bi(61 + 62) + bicd)z! > 0.
This last inequality is true for all real z if

B + (a11 + az1) + b1(61 +62) >

AN

and if
(48 — 1)((ay; + az1) + 01(61 + 62)) + b1 > 0
Therefore if the parameters a;; +az;1, 61 +82, c1, b obey the following inequalities
>0

aj; +ag +b6:1(6, +6,) >0

—

(a11 + a21) + b:1(61 + 62) — bie > =

(=2}

B+ (ay1 +agz1) +b1(8; + 62) >

NP

and
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(48 — D(a11 + az1) + b1(61 + 62)] + by} >0

where

then the method is unconditionally stable.

One set of choices of parameters that obey the above inequalities is the following:

aj; +az =1

‘ 1
91+92=§
oo L
RV

-1
bl'? .

With these choices

A=1 151972 '27 3

and the rational function R(z) will be

_ 32+ A5+ 9
(1+322)(1+(1-3)2?)
_ 1+ 4522 - 221
1+ 1,24 224

R(z)=1

So with these choices |R(z)| < 1 V z e IR ; therefore the method is unconditionally

stable.

Therefore the following method will be unconditionally stable, have order 4 and

have an implementation matrix M that is lower triangular with distinct entries on
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the diagonal

1 1y, ,1 1. 1 .
y™! = (§ - 7—5)!/" + (§ + —\/-5)!/ + (§)y +
+ h2((__1_ _ _8_)fn _ _]'_fn+1 + ?_fn,l + _l_fn,2)
2v2 9 9 4 6
yn,z = (\/ii)yn—l + (1 - _\%ﬁ)yn (4'7)
1,,._ 1 13,0, 1,0, 5.4
+h2(—§f 1+(—2—\/§—ﬁ)f +3f oS %)

n n— 1 n 1 n— n 4 n
y +1=_y 1+2y"+h2(-—-2-(f '1+fn'2)+§(f 1+f +1)+§f ) )

We note that the order of dispersion of this scheme is also 4; we assert, without
presenting here the proof, that it is not possible to elevate this order of dispersion

to 6 while maintaining lower triangularity of M and unconditional stability.

§ 4.2 Conclusions.

We have provided a tree based framework for analyzing a broad class of numerical
methods for second-order initial value problems. We have éstablished a set of
relationships among the parameters of the methods which aid in the determination
of order. These relationships have been used in a positive sense to discover specific
families of methods; they also serve to establish limitations on the possible order of
methods with a given number of stages. In conjunction, the matter of unconditional
stability has been weighed against attainable order. We intend to continue to pursue
such theoretical connections.

We have suggested some classes of methods for which further study is possible.
The eighth-order family in Chapter 3 is only conditionally stable. Nevertheless,
with the freedom to choose its parameters, without effecting the stability limit we

perceive the possibility of using them to find some easily implemented schemes or,
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perhaps, schemes for which certain dominant terms in the local truncation error
are eliminated. Likewise, for the fourth-order unconditionally stable schemes of
this chapter, there may be other solutions which accomplish some specific goal with
respect to local truncation error. Further, a comparison with methods which can
be decoupled by similarity transformation is indicated.

Indeed, our framework will allow the analysis of other methods with more stages,
not yet considered. One possible avenue, with parallel processing a goal, would be
to increase s, but to attempt to find the parameters so that the implementation
matrix is block diagonal, with blocks of at most size 2. In that case, each processor
would effectively be working on a system like that which a method with just one

internal stage produces.
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