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ABSTRACT 

This work develops criteria for determining whether an extension of rings 

R Q T satisfies the condition that A C B satifies R for each ring extension such 

that R C A C B C T (i.e.,(R,T)is a "P-pair"), for some properties V related to 

"going-down." 

In Chapter I, we define many properties and associated pairs ofrings related 

to "going-down" and study how these ring-theoretic properties behave under the 

formation offactor domains,finite products, and reduced rings. 

In Chapter II, assuming the (Krull) dimension of the base ring R is zero, we 

find that(R,T)is a "going-down-ring pair" (resp., "open-ring pair") if and only if, 

for each minimal primeP ofT,we have that the transcendence degree oiT/P over 

R/{Pr]R)is less than or equal to one (resp., is zero). We provide examples to show 

that transcendence degree criteria are not sufficent to characterize going-down-ring 

pairs or open-ring pairs in the case where the dimension of the base ring is nonzero, 

and then we provide some positive partial results involving INC-pairs. 

In Chapter III, we generalize results of Dobbs and Papick on extensions of 

going-down domains and open domains and we use these generalizations to show 

that a going-down-ring pair(resp., open-ring pair)is a going-down-pair (resp., open-

pair) if the top ring has a unique minimal prime ideal. 

In ChapterIV,using results ofDobbs,Mulay,and Akiba,weshow that ifthe 

base ring R is Priifer or the top ring T is a field, then a pair of domains {R,T)is a 

fiat pair if and only if i? C T is either an algebraic field extension or the inclusion 

of a Priifer domain inside an overring. We also prove some results on i-pairs of 

arbitrary rings. 
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INTRODUCTION 

Throughout this work, all rings are commutative with 1 and all ring homo-

morphismsR^Tsend the 1 ofi? to the 1 of T. We assume the reader is familiar 

with basic commutative algebra as described in [K],[G2]and [E]. Famiharity with 

Papick's thesis [P] and with the going-down survey article of Dobbs and Papick 

[DP2] would also be helpful to the reader. 

We proceed to discuss backgroimd material. An overring of a domain R is 

a domain containing R and contained in the quotient field of R (which we denote 

by qf{R))- An underring of a domain R is a subring A oi R such that qf{A)= 

qf{R). More generally, an overring of an arbitrary ring 5 is a ring containing 

S and contained in the total quotient ring ofS(which we denote by T(S)). The 

symboldim{R)alwaysrepresentsthe Krulldimension ofaring R. The transcendence 

degree of a domain T over a subring R,represented by tdR{T), is defined to be the 

transcendence degree of the quotient field ofT over the quotient field of R. 

The set of prime ideals of a ring R will be denoted Spec{R). Except where 

otherwise noted,Spec{R) will have the Zariski topology, which is defined by declar 

ing the basic open sets to be the sets of the form {P e Spec{R)\g ̂ P}, where g 

runs over the set of elements of R. On a few occasions, we impose on Spec{R)the 

flat topology, which is defined by declaring as the closed sets the images of maps 

Spec{S) Spec{R) induced by ring homomorphisms R S that make S a fiat 

P-module. The one fact we will use about the flat topology states that a ring 

extension R C T satisfies going-down if and only if the induced contraction map 

Spec{T) —> Spec{R)(that sends a prime ideal P ofT to the prime ideal PDP of 

R)is a closed map in the flat topology. (This is[DFP,Proposition 2.7].) 

Let P be a ring. The set of minimal prime ideals of P will be denoted 

Min{R). The set of maximal prime ideals ofP will be denoted Max{R). The set 



of nilpotent elements of R will be denoted Nil{R). Recall that R is reduced if it 

contains no nonzero nilpotent elements. We define the reduced ring of a ring R to 

be Rred '■ = R/Nil{R). 

The lying-over and incomparabihty properties described in [K, p. 28] will be 
denoted LO and INC, respectively. 

A ring extension i? C T is open (resp., an LH-eoctension, an i-extension, 
unibranched) if the contraction map Spec{T) Spec{R) is an open map (resp., 
local homeomorphism, injection, bijection) in the Zariski topology. A ring extension 
RQT is flat if T is a fiat i?-module. Flat and open extensions satisfy going-down 
(cf. [DP2, Theorem 3.5]). 

A going-down-domain is a domain R such that RCT satisfies going-down for 
all overrings T of R. The most familiar examples of going-down domains are Priifer 

domains and domains of (Krull) dimension less than or equal to 1 (cf. [DP2, p. 273]). 
Among other facts, we will need the result that for classical D + M constructions, 
D -f M is a going-down-domain if and only if D is a going-down-domain, by [DPI, 
Corollary]. 

Similarly, we can define open-domain, LH-domain, i-domain, a,nd flat-domain. 

Since LH-extensions are open, LH-domains axe open-domains. Also, open-domains 

are going-down-domains. An open-domain R must be semiquasilocal; that is, R 

must have only finitely many maximal ideals, but need not be Noetherian ([P, 
Corollary 3.4]). By [R, Theorem 4], a domain R is a fiat-domain if and only if R is a 
Priifer domain. Also, a domain R is a Priifer domain if and only if each torsion-free 

R-module is R-fiat (cf. [C, Theorem 4.2]). 

A ring extension R C T is residually algebraic if tdR/pnR{T/P) = 0 for all 
P G Spec{T) (cf. [AJ]). By [FHP, Theorem 6.5.6], a pair of rings (R,T) is a 
residually algebraic pair (i.e., A C B is residually algebraic for all rings R ^ A C 



B C T)if and only if {R,T)is an INC-pair (i.e., AC B satisfies INC for all rings 

RCACBCT). 

In [D6], Dobbs introduced the concept of a "going-down-ring." A ring is a 

going-down ring if B/P is a going-down-domain for all P6Spec{R). For example, 

any one-dimensionalring is a going-down-ring. In Chapter I, we will similarly define 

open-rings, LH-rings, and i-rings. 

LetP Cr be an extension of rings. Then R is integrally closed in T if any 

element ofT that is a root of a polynomial with coefficients in R must itself be an 

element ofR. Also, ifPis a domain,thenPis seminormal iffor each t G qf{R),we 

have that GP implies t E R. Note thatP integrally closed (in qf{R))implies 

thatP is seminormal. 

We next proceed to quote afew theorems that we will find useful later. First 

we quote Evans' generalization of Zariski's Main Theorem. 

[Ev,Theorem]LetPCT be an extension ofrings withP integrally closed 

in T such that there exist with T integral over R[ti,...tn]- If a prime ideal 

P of T is isolated over P nP (i.e., if P is maximal and minimal with respect to 

the primes ofT whose intersection with P is Pn P),then there exists an element 

s G P\(P nP)such that Tg = Rg-

[AD,Theorem 3.10] For rings R CT,the following are equivlaent: 

(1) Spec{R)=Spec{T)(as sets); 

(2) Max{R)=Max{T)] 

(3) Max{R)C Max(T); 

(4) Max{T)C Max{Ry, 

(5)P and T have the same radical ideals. 



Moreover, if(any of) the above conditions hold and R^T,then R is quasilocal. 

[AD, Corollary 3.26] Let R ^ T he distinct rings such that Spec{R)= 

Spec{T). Let M be the unique maximal ideal of R. Then Spec{R)= Spec{S)for 

each ring contained between R and T ifand only ifthe field extension R/M CT/M 

is algebraic. 

[CMZ, Corollcury 4.15] Let D be a domain with quotient field K. Then 

D+XK[X\ is a Priifer domain if and only if Z)is a Priifer domain. 

[DM,Theorem 2.2] Let A be a subring of a domain R,and assume that 

R is fiat over each of its underrings that contains A. Assume also that R is not a 

field. Then R is algebraic over A. 

Finally, we quote a result ofWadsworth giving necessary conditions for a pair 

of domains {R,T) to be a Noetherian pair of domains (i.e., every domain S such 

that i? C5Cr is a Noetherian domain). 

[W,Theorem 4] Suppose {R,T)is a Noetherian pair of domains. Then, 

(1) if R is not a field, then [qf{T):qf{R)]< oo; 

(2) if i? is a field, then either qf{T)is algebraic over qf{R) or qf{T) is an 

algebraic function field in one variable over qf{R). 



CHAPTER I 

ON SEVERAL PROPERTIES OF PAIRS OF COMMUTATIVE RINGS 

The going-down property is one of the fundamental properties of ring exten 

sions that are described in [K, p. 28](the others being incomparabihty, lying-over 

and going-up). At various times, authors have studied properties of pairs of rings 

related to incomparabihty, lying-over and going-up. (For example, see [FHP] and 

[D3].) Our purpose here is to study various kinds of pairs related to going-down. 

In this paper,V always refers to a property of(some)ring extensions and V 

always refers to a property of(some) domains. Also,the notation(R,T)is used to 

indicate that i? CT is a ring extension. The following five definitions will ease the 

exposition. 

Definition 1.1 Let i? C T be a ring extension. Then (i?,T) is a V-pair if A C B 

satisfies V for all ring extensions ACE such that R C A CB CT. 

Definition 1.2 A domain R is & V-domain if R QS satisfies R for all overrings S 

of R. 

Definition 1.3 LetR CT be an extension ofdomains. Then(R,T)is a V-domain 

pair if S satisfies V for all domainsSsuch that RCSCT. 

Consider applying the above definitions in case V is either going-down or 

open. The most obvious examples of going-down-domain pairs that need not be 

open-domain pairs are(R,T), where R is any Priifer domain and T is an overring 

of R; and {k,k{X)), where k is any field and X is an indeterminate over k. Since 

"open" implies "going-down", we see that each open-pair is a going-down-pair and 



each open-domain is a going-down-domain. Also, we note that each going-down-

domain pair (resp., open-domain pair)is a going-down-pair (resp., open-pair),since 

R a going-down-domain (resp., open domain) implies that R C T satisfies going-

down(resp.,is an open extension)for all domainsTcontaining R,by[DP2,Theorem 

4.1] (resp.,[P, Proposition 3.10]). The converse is false: for instance, open-pairs of 

domains need not be going-down-domain pairs. An example of this is given in 

Example 3.1. 

In extending certain domain-theoretic results to the context ofarbitrary com 

mutative rings, we generalize the approach given for V = going-down in [D6] by 

introducing the following definition. 

Definition 1.4 A ring i? is a V-ring if i2/P is a D-domain for all P£ Spec{R). 

Note that if i? is a domain,then R a X?-ring imphes that i? is a P-domain, 

since(0)is a prime ideal of any domain and R/(0)=R. However,for some proper 

ties V such as "having Krull dimension 1",i? a D-domain does not imply that R is 

a X?-ring. 

We similarly extend the concept ofI>-domain pairs. 

Definition 1.5 (R,T)is a V-ring pair if 5' is a D-ring for all rings S such that 

RCSCT. 

Aswesee in theknownresults collected in the next Proposition,manydomain 

propertiesTsatisfy the condition that ifPholds for a domainP,thenTalso holds 

for RfP whereP is any prime ideal of R. 

Proposition 1.6 For each of the following properties V,the class of2?-domains is 

stable under formation of factor domains: V = going-down, open, INC-, LH-, i-, 

Priifer. 
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Proof: For the statement for going-down-domains, use [D2, Remarks 2.11 and 

3.2(a),(b)]. For the statement for open-domains, use [D2, pp. 360-1, paragraph 

after Remark 2.11]. For the statement for LH-domains, use [P, Corollary 4.18]. 

For the statement for INC-domains, combine[FHP,Proposition 6.5.1] with[FHP, 

Corollary 6.5.14]. For the statement for i-domains, use[P, p. 3, before Lemma 2.2]. 

Finally, the statement for Priifer domains is well-known: of. [02,Proposition 22.5]. 

For the rest of this chapter, we will let T represent any property of(some) 

domains such that when R satisfies.F,so does R/P for all prime idealsP ofR and 

so does any domain isomorphic to R. 

We next note some nice properties of F"-rings and .F-ring pairs. 

Proposition 1.7 If R is an F'-ring and I is an ideal of R, then R/I is also an 

F-ring. 

Proof: Prime ideals in R/I have the form Pjl where P e Spec{R) and I C P. 

Then {RII)I{PII)=R/P,which satisfies F. 

Proposition 1.8 R is an F-ring if and only if R/Pq is a domain satisfying Ffor 

all Po ^ Min{R). 

Proof: The "only if" assertion is trivial. For the converse, let P G Spec{R). By 

Zorn's Lemma,Po C P for some Pq e Min{R). By hypothesis, R/Pq is a domain 

satisfying F. Therefore R/P={R/Pq)/{P/Po) also satisfies F. 

Corollary 1.9 Let i? be a domain. Then R is an F-ring if and only if R is an 

F-domain. 
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Proof: For the "only if" implication, note that since i? is a domain,(0) € Spec{R)\ 

therefore, R = i?/(0) must be a ̂ -domain. Conversely, since i? is a domain, 

Min{R) = {(0)}. Now, i?/(0) = R is assumed to be an ̂ -domain; hence by 

Proposition 1.8 ,i? is an.F-ring. 
/ 

The next two propositions will reduce the study of F"-ring pairs to that of 

F'-domain pairs. 

Proposition 1.10 Suppose {R,T)is an F-ring pair. Let Q be an ideal of T and 

let P=(5n i2. Then {R/P,T/Q)is an F-ring pair. If, in addition, Q e Spec{T), 

then {R/P,T/Q)is an F-domain pair. 

Proof: Let D be any ring such that R/{QnR)C D C T/Q. Note R/{QnR)= 

(P+Q)/Q. Then D = A/Q for some ring A such that R+Q C A C T. Since 

{R,T)is an F-ring pair, A is an F-ring. Therefore, by Proposition 1.7, D = AjQ 

is also an F-rihg. The final assertion follows by combining the first assertion with 

Corollary 1.9. 

Proposition 1.11 The following statements are equivalent for a ring extension 

PCT: 

(1){R,T)is an F-ring pair; 

(2){R/{Q D R),T/Q)is an F-domain pair, for all Q in Min{T); 

(3)(R/{Q n R),T/Q)is an F-domain pair, for all Q in Spec{T). 

Proof:(1) (3): Apply Proposition 1.10. 

(3)=J> (2): TVivial. 

(2) =:> (1): For each ring A such that RC ACT and for all Q in Min{A), 

there is a Qq in Min{T)such that Qor\A=Q (cf. [K, p. 41, Exercise 1] and [K, 

8 
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Theorem 10]). Now AjQ^{A+Qo)/Qo-, therefore, R/{R n Qo)C A/Q C T/Qq. 

Hence,by(2), A/Q is a.F-domain. Since A/Q is an F-domain for all Q in Min{A), 

A is an F-ring by Proposition 1.8. Therefore,{R,T)is an F-ring pair. 

The analogue of Proposition 1.11 for going-down-pairs is false, as the follow 

ing example demonstrates. 

Example 1.12 Let i? be aone-dimensional quasilocaldomain. Let bethe unique 

nonzero prime ideal ofR. LetK be the residue field R/^and letT=RxK.By[H, 

Example 73], we know that i? C T is a ring extension that does not satisfy going-

down (where we view R R x (R/^i) via r^(r,f)). Therefore {R,T) is not a 

going-down-pair. Nevertheless, we show {R/{Pn R),T/P)is a going-down-pair for 

aUP G SpeciT). 

IfP € Spec{T),thenP must be(0)x PT, x P"orPx (0). IfP=(0)x K, 

then PnP=(0); hence(P/(PD R),T/P)=(P,P), which is a going-down pair. 

Moreover,ifP=^x/T orP=Px(0),thenPnP= hence(P/(PnP),r/P)= 

{K,K),which is a going-down pair. 

We want results that apply to rings with zero divisors. Since making a finite 

product of rings is an easy way to construct a ring with zero divisors, we next 

consider finite products of rings. 

Proposition 1.13 A finite product of rings Pi x ...x P,i is an F-ring if and only 

if Ri is an F-ring,for alH=1,... ,n. 

Proof: For the "only if" implication, use Proposition 1.7. For the other implication, 

let A=Ri X ... X Rn. AnyP in Spec{A) has the form P=Pi x ... x Rj_i x Pj x 

Rj+i X ... X Rn,for some PjG Spec{Rj). For any such P,A/P= Rj/Pj, which is 



a domain satisfying T. 

To prove an analogue of Proposition 1.13 for .^-ring pairs, we first need the 

following technical lemma, whose elementary proof is left to the reader. 

Lemma 1.14 Let R CS and TCV he ring extensions. LetP£ Spec{S x V)be 

ofthe form Pi x V for some Pi £ Spec(S). Then we have the following commutative 

diagram 

(P X T)/((P nPi)X T) (5X V)/{Pi X V) 

f 9 

P/(PnPi) S/Pi 

where/and g are ring isomorphisms, h andjare ring monomorphisms, 

/(r+(Pn Pi))=(r,0)+((Pn Pi)X T)for all r £P, 

g{s+Pi)=(s,0)+(Pi X V)for all s£5, 

h((r,t)+((Pn Pi)X T))=(r,t)+(Pi x V)for aU (r,t)£P x T, and 

j{r+(Pn Pi))=r+Pi for all r £P. 

Using the above Lemma we can prove the following result. 

Proposition 1.15 Let R<ZSand TC V be ring extensions. Then{R x T,Sx V) 

is an P-ring pair if and only if(P,S)and (T,V)are P-ring pairs. 

Proof: For the "onlyif" implication,apply Proposition 1.10to the ideals(0)x V and 

5X(0)of5X V. Conversely,letP be a prime ideal of5x U. Then eitherP=P^xV 

for some Pi in Spec{S)orP=5x P2for some P2in Spec(V). SupposeP=Pi xV 

for some Pi £ Spec{S). Then {S x V)/P S S/Pi and(P x T)/((P x T)nP)= 

10 
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{R X T)/((Pini?)X T)=R/{PinR). Since {R,S)is assumed to be an P-ring pair, 

we have by Proposition 1.11 that (R/(Pi n R),S/Pi) is an P-domain pair. Using 

Lemma 1.14, we get that {{R x T)/{R x T)nP),(5x V)/P)is an P-domain pair. 

In caseP=Sx P2,then by a similar argument{{RxT)/{{RxT)r\P),{Sx V)/P) 

is anP-domain pair. Hence,by Proposition 1.11,{RxT,SxV)is an P-ring pair. 

The next several results will show that,for P-rings and many ofthe pairs we 

are interested in analyzing, we can assume without loss of generality that the rings 

involved are reduced. 

Proposition 1.16 A ring R is an JF-ring if and only if Rred{= R/Nil{R)) is an 

P-ring. 

Proof: Every prime in Spec{Rred) has the form P/Nil{R)for some P6 Spec{R). 

Also,every primeQ e Spec{R)satisfiesQ D Nil{R)and so gives rise to Q/Nil{R)e 

Spec{Rred)- Therefore, for all P/Nil{R) € Spec{Rred) we have Rred/{P/Nil{R))= 

{R/Nil{R))/{P/Nil{R))= R/P. So Rred/{P/Nil{R)) is an JF-domain if and only 

if R/P is an P-domain. Hence R is an P-ring if and only if Rred is a P-ring. 

Proposition 1.17 Let P C T be an extension of rings. Then {R,T)is an JF-ring 

pair if and only if {Rred,Tred) is an P-ring pair. 

Proof: Rred is canonically a subring of Tred, since Nil{T)D R= Nil{R). For the 

"only if" implication, let A be a ring such that Rred Q A C Tred- Such A can be 

expressed in the form S/Nil{T)for some ringSsuch that R C R+Nil{T)Q SCT. 

Since (P,T)is assumed to be an P-ring pair, S is an P-ring. Hence by Proposi 

tion 1.16, A=S/Nil{T)= Sred is a .F-ring. Conversely, let 5 be a ring such that 

R C S CT. Then as above, Sred = S/mi{S)^ {S+ Nil{T))/Nil{T) satisfies 

11 
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Rred ̂ Sred Q Tred- Since {Rred,Tred) IS assuHied to be an ̂ -ring pair, Sred is an 

^-ring. Therefore by Proposition 1.16, we have that S is an JF-ring. 

Proposition 1.18 Let T be a property of(some)continuous maps between topo-

logical spaces such that 

(1) homeomorphisms satisfy T and 

(2)compositions of T-maps satisfy T. 

Let 72 C T be an extension of rings. Then the canonical map Spec{T) —> Spec{R) 

under the Zariski (resp., flat) topology satisfies T if and only if the canonical map 

Spec{Tred) Spec{Rred) Under the Zariski (resp., flat) topology satisfies T. 

Proof: Consider the commutative diagram 

Spec{Tred) Spec{Rred) 

hf 

Spec{T)—^Spec{R) 

wherejand g are canonical,f{P/Nil{T))=Pfor allP£ Spec{T),and h{Q/Nil{R)) 

=Q for all Q e Spec{R). By[DFP,Remark 2.3(g)], the maps/ and h are home 

omorphisms under the Zariski (resp., flat) topology. Therefore, if g satisfies T,so 

does h~^gf=j. Conversely, ifjsatisfies T,so does hjf~^=g. M 

Using the above Proposition, we get the following equivalence whose proof 

we merely sketch below. 

12 
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Corollary 1.19 For each ofthe following properties V,an extension ofringsRCT 

satisfies V if and only if the extension Rred Q Tred satisfies V\ going-down, open, 

LH-,i", INC-,lying-over, unibranched. 

Proof(sketch): First we prove the statement for INC-extensions. Rred Q Tred is 

not an INC-extension there areP g g in Spec{T)such that P/Nil{T)n Rred= 

QlNil{T)n Rred <=> there are P ^ Q in Spec{T) such that(P n R)/Nil{R) = 

{QnR)/Nil{R) there areP^Q in Spec{T)such thatPnP=(5nP<^^Pcr 

is not an INC-extension. 

Next we handle the other properties V. (The statement for V = "going-

down" is proved in[DFl,Lemma 3.2(a)], but the proofwe sketch below is new.) By 

[DFP,Proposition 2.7], an extension ofringsP CTsatisfies going-down if and only 

if the canonical map Spec(T) —> Spec{R) is a closed map in the flat topology. The 

extension R CT is open (resp. LH-, i-, lying-over, unibranched) if and only if the 

canonical map Spec{T) —> Spec{R) is an open map (resp. local homeomorphism, 

injection,surjection, bijection)in the Zariski topology. The rest ofthe proofconsists 

of routine checks that closed maps, open maps, local homeomorphisms, injections, 

surjections, and bijections satisfy the conditions listed in Proposition 1.18. 

Proposition 1.20 Let V be one of the properties listed in the previous Corollary. 

LetPCrbe an extension ofrings. Then(P,T)is aP-pair ifand only if{Rred,Tred) 

is a P-pair. 

Proof: For the "only if" implication, first we note that every intermediate ring 

extension in {Rred,Tred) can be expressed in the form A/Nil{T) C B/Nil{T) for 

some rings A and B such that P C P -|- Nil{T) C A C B C T. Since {R,T) is 

13 
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assumed to be a T'-pair, ACB satisfies V. By Corollary 1.19, Ared ̂ Bred satisfies 

V. But, as above, Ared = A/Nil{A)^ {A+ Nil{T))/Nil{T) = A/Nil{T) and 

(similarly and compatibly) Bred = B/Nil{T). Therefore, A/Nil{T) C B/Nil{T) 

satisfies V and we have that {Rred,Tred) is a P-pair. 

Conversely, let A and B be rings such that R C A C B CT. As above, we 

have canonical inclusions Rred C Ared ̂ Bred Q Tred- Since {Rred,Tred) is assumed 

to be a P-pair, Ared ̂ Bred satisfies V. So by Corollary 1.19, ACB satisfies V. 

Thus{R,T)is a P-pair. 

14 



CHAPTER II 

PAIRS AND TRANSCENDENCE DEGREE 

At various places throughout the Hterature, authors have shown that for 

certain domain properties V, all subrings of a domain R enjoy property V if and 

only if the transcendence degree of R over its prime subring has an appropriate 

value. For examples,see[D4,Theorem 2.1 and Corollary 2.2] and [01,Theorems 4 

and 5]. We intend to show that in certain cases, the T>-domain-pairedness of a pair 

of domains {R,T)can be characterized in terms of the transcendence degree of T 

over R,and by then using Proposition 1.11, we will be able to develop transcendence 

degree criteria for P-ring-pairedness. 

We start by considering going-down-domain pairs. In the special case of an 

extension of fields k C K,we get the following equivalences. 

Proposition 2.1 For an extension of fields k C K,the following statements are 

equivalent: 

(1){k,K)is a going-down-domain pair; 

(2){k,K)is a going-down pair; 

(3)dim(A)< 1 for all rings A such that k C A CK] 

(4)tdk{K)< 1. 

Proof:(3)=» (1): Let A be an intermediate ring of the pair {k,K);i.e., A is a ring 

such that k C A C K. The ring A is actually a domain, since it is a subring of a 

field. Since dim(A)< 1,the domain A is a going-down-domain. 

(1) => (2); As noted in Chapter I after Definition 1.3, this implication is a 

consequence of[DP2,Theorem 4.1]. 
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(2) (4): Deny. Then we have two algebraically independent indetermi-

nates X and Y such that k C k[X,Y]C K. Since is a field, qf{k[X,Y]) C K\ 

so all overrings of k[X^Y] are intermediate rings of the pair {k,K). So k[X,Y] is 

a going-down-domain, since overrings suffice as test algebras in determining going-

down domains, by[Dl,Theorem 4.1]. But k[X,Y]is Noetherian,so by[Dl, Corol 

lary 2.3], dimfc[X,y]< 1. We have a contradiction since, by [G2, Theorem 30.5], 

dimk[X,Y]=2. 

(4) => (3): Let A be an intermediate ring of(k,K). If dim(./l) > 1, then 

there is a chain(0)^ CPjin Spec{A). Pick0 a G Pi and 07^ /? G P2\Pi- Let 

B=k[a,0\. Then dimB> 2,since(0)^Pi fiB g P2HB. But by[E, Chapter 13, 

Theorem A], dim(B)=tdk{B)< tdk{K). Since it is assumed that tdk{K)< 1, we 

have2< dim(P)<tdk{K)< 1,acontradiction. Thus we must have dim(A)< 1. 

We next generalize to the case oi k CT,where k is still a field but T is a 

domain. 

Proposition 2.2 Let fc be a field contained in a domain T. Then the following 

statements are equivalent: 

(1){k,T)is a going-down-domain pair; 

(2){k,qf{T)) is a going-down-domain pair; 

(3)tdk{T)< 1. 

Proof: (2) (3): Apply Proposition 2.1. 

(2) => (1): If A is an intermediate ring of {k,T), it is also an intermediate 

ring of {k,qf{T)). 

(1) (3): Suppose tdk{T) > 1. Then qf{T) contains two algebraically 

independent elements, Xq and Yq, transcendental over k. So, for some nonzero 

16 



�

h,h,tz,U e T, we have Xq =ti/t2 and Yq = ^3/^4. Consider A= k[ti,t2,t3,t4], a 

subdomain of T. The quotient field of A contains k{Xo,Vq); hence tdkA > 2. Since 

{^1)^2)^3)^4} is a generating set for qf{A) as a field over k, it contains a transcen 

dence basis for qf{A)over k. Therefore, A contains two algebraically independent 

indeterminates,X and Y,such that k C A;[X,Y]C T. Since {k,T)is assumed to 

be a going-down-domain pair, k[X,Y] is a going-down domain. However, k[X,Y] 

is also Noetherian of Krull dimension 2, contradicting [Dl, Corollary 2.3]. Thus 

tdk{T)< 1. 

Combining Proposition 1.11 with Proposition 2.2, we obtain the following 

transcendence degree criteria for going-down-ring-pairedness when the base ring 

has dimension 0. 

Proposition 2.3 Let(i2,T)be a pair ofrings with dim(i?)=0. Then the following 

statements are equivalent: 

(1)(R,T)is a going-down-ring pair; 

(2)tdR/^pr,R){T/P)< 1 for allPe Spec{T)-

(3) tdR,^pr,R){T/P)< 1 for all P G Mm(T). 

Proof:(1) (2): Let (i?,T)be a going-down-ring pair. By Proposition 1.11, with 

P="going-down",we have that(i?/(Pni?),T/P)is a going-down-domain pair for 

each P G Spec{T). Since dim(P)=0,each such R/(P Pi R)must be a field, and so 

we can apply Proposition 2.2 to obtain (2). 

(2) (3): Trivial. 

(3)^ (1): Since dim(P)= 0, we have that P/(P n P) is a field for all 

P G Min{T). Thus by Proposition 2.2, (3) ensures that {R/{P n R),T/P) is a 

going-down-doniain pair for aU P G Min{T). Hence by Proposition 1.11, the pair 
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�{R,T)is a going-down-ring pair. 

We note that it is possible to have a going-down-ring pair (i?,T)for which 

tdR/(pnR){T/P)=IforsomeF G Spec{T). For example,consider the pair 

where k is any field. 

In many special cases we can eliminate the possibility that a pair of rings 

{R,T)satisifes tdR/(pnR){T/P)=1 for each P G Spec{T). We once again look at a 

field extension k CK and obtain the following equivalences. For motivation, note 

the following immediate consequence of a result on lying-over-pairs [D3, Corollary 

3.9(a)]: a field extension k CK is algebraic(that is, has transcendence degree 0)if 

and only if {k,K)is an LO-pair. 

Proposition 2.4 Lei k C K be an extension of fields. Then the following state 

ments are equivalent: 

(1){k,K)is a unibranched-pair; 

(2){k,K)is an i-domain-pair; 

(3)(fc,K)is an i-pair; 

(4) (A;,K)is an LH-domain-pair; 

(5)(A:,K)is an LH-pair; 

(6) (A:,K)is an open-domain-pair; 

(7)(fc,K)is an open-pair; 

(8) (A:,K)is an INC-pair; 

(9)T is a field for all rings T such that k CTC K-, 

(10)tdk{K)=0. 

Proof:(1)=> (3): Unibranched extensions are i-extensions. 

(5)=> (7): Local homeomorphisms are open maps. 
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(4) (6): Since local homeomorphisms are open maps, LH-domains are 

open-domains. 

(9)=> (2),(4),(6): Fields are i-domains, LH-domains and open-domains. 

(3) ̂ (9): Since {k,K) is assumed to be an i-pair, the canonical map 

SpeciT)—> Spec{k)is injective for all intermediate rings T. Since Spec{k)={(0)}, 

we have Spec{T)={(0)}. Therefore T is a field. 

(5)^(4): Let A be a ring such that kC ACK. Then qf{A)C K,and so 

every overring of A is an intermediate ring of the pair {k,K). Hence by (5), A CT 

satisfies LH for every overring T of A;therefore A.is an LH-domain. 

(7) => (6): We repeat the argument for (5) (4), except that we replace 

"LH" with "open" wherever "LH" occurs. 

(6) (10): Deny. Suppose there is an element ueK transcendental over k. 

Since {k,K)is assumed to be an open-domain pair, A:[u] is an open-domain. By[P, 

Corollary 3.17], A:[u] is semiquasilocal, contradicting the fact that fc[w] has infinitely 

many maximal ideals. Hence tdk{K)=0. 

(8) =4> (9): Since {k,K) is assumed to be an INC-pair, k C T satisfies 

incomparability for all intermediate rings T. For anyP G Spec{T),the intersection 

knP=(0). Since (0)C P,by incomparabihty we must haveP=(0). Hence T is 

a field. 

(10) (8): Let A CP be an intermediate extension ofthe pair {k,K). Since 

C if is an algebraic field extension, it is an integral extension. Thus A CP is an 

integral extension,so A CP satisfies incomparability. 

(9) (1),(5): Let A CP be an intermediate extension of the pair {k,K). 

Then A and P are fields, and so the canonical map Spec{B) Spec{A) is the 

unique map from {(0)} to {(0)}. Therefore A CP is unibranched and LH. 
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(2) => (10): (We thank S. B. Mulay for providing us the following argu 

ment.) Deny. Suppose X £ K \s transcendental over k. Let X ^f £ k[X] be 

an irreducible polynomial of degree at least 1. Consider k[Xf^X'^f] C k[X]. Then 

(X)and (/) are prime ideals of k[X]such that(X)n k[Xf,X'^f]={Xf,X^f)= 

if)n k[Xf,X^f]£ Max{k[Xf,X^f]). Since qf{k[Xf,X^f])= k(X)= ?/(A:[X]), 

we have that k[Xf,X^f] is not an i-domain. This contradicts the assumption that 

(k,K)is an i-domain pair. 

Although going-down admitted anextension ofafield-theoreticresult(Propo 

sition 2.1) to the context of domains containing a field (Proposition 2.2), the next 

result shows that there are no interesting non-field domain extensions (of Proposi 

tion 2.4) when "open" replaces "going-down." 

Proposition 2.5 Let A: be a field contained in a domain T. If {k,T)is an open-

domain-pair,then T must be a field. 

Proof: It suffices to show thatTis algebraic over k. Suppose,on the contrary, that 

there is some u£T transcendental over k. Since k[u] is then an open-domain,[P, 

Corollary 3.17] tells us that k[u] is semiquasilocal. This contradicts the fact that 

k[u] is not semiquasilocal, and so T is algebraic over k. 

By the proof of(2) (10) in Proposition 2.4, we see that the analogue of 

Proposition 2.5 is valid when "open-domain pair" is replaced by "i-domain pair." 

Of course, the same is then true for "LH-domain-pair." 

Using the previous two results, we present criteria for open-ring pairs and 

LH-ring pairs. 
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Proposition 2.6 Let i? C T be an extension of rings with dim(i?)=0. Then the 

following statements are equivalent: 

(1){R,T)is an LH-ring pair; 

(2)(i?,T)is an open-ring pair; 

(3) dim(A)=0for all rings A such that R C A<ZT-, 

(4){R,T)is an INC-pair; 

(5)i? Cr is a residually algebraic extension (i.e., tdR/(^pr,R){T/P)=0for all 

P G Spec{T))-, 

(6)tdR/{pnR){T/P)=0for all P G Min{T). 

Proof;(1)=> (2): Since LH-domains are open-domains, LH-rings are open-rings. 

(2)=> (3): LetSbe an intermediate ring. LetP G Spec{S)and Po=PdR. 

Then {R/Pq,S/P)is an open-domain pair by(2)and Proposition 1.11. Since R/Pq 

is a field, so is S/P by Proposition 2.5 . Since S/P is a field for all P G Spec{S), 

we conclude that dim(5)=0. 

(3) (4): Let A C B he a,n intermediate extension of rings. Since it is 

assumed that dim(B)=0, all prime ideals are B are pairwise incomparable. Hence 

AQ B satisfies the incomparability property vacuously. 

(4)=> (5): By[FHP,Theorem 6.5.6],INC-pairs are residually algebraic pairs. 

(5) (6): Trivial. 

(6) (1): Since dim(i?) = 0, the domain R/{P f]R) is a. field for all 

P G Min{T). So,by(6),T/P is also a field. By Proposition 2.4,(i2/(Pni2),T/P) 

is an LH-domain pair for all P G Min{T). Therefore(P,r)is an LH-ring pair by 

Proposition 1.11 withP="LH." 

Note that the above result combined with Proposition 2.3 guarantees the 
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existence of going-down-ring pairs that are not open-ring pairs (and hence not 

LH-ring pairs). For example, consider again the pair where k is any 

field. Since (fc,k{X))is not an INC-pair,it is not an open-ring pair; however,since 

tdk{k{X))= 1, the pair (fc,k(X))is,a going-down-ring pair. ^ 

When the dimension of the base ring is not 0, the analogues of Propositions 

2.3 and 2.6 do not hold in general, as the following examples show. 

Examples 2.7 (a)A pair ofdomains(R,T)need not be a going-down-domain pair, 

even if (i?,T) is an INC-pair (and hence tdfl(r)= 0). For an example, consider 

(Z[A'],Z[A][-\/2])- The extension Z[X]C Z[A'][V^] is integral and hence we have an 

INC-pair,but Z[XJ is not a going-down-domain,sinceZis not a field. This example 

also tells us that, in general,(R,T)being an INC-pair does not imply that {R,T) 

is an open-domain pair or a LH-domain pair. 

(b)Even if i? is a going-down-domain and CT is an integral extension of 

domains(and hence{R,T)is an INC-pair),the pair{R,T)need not be agoing-down 

domain pair. In [DF2, Example 3.1], we have a integral domain extension RCT 

where i? is a 2-dimensional going-down-domain but T is not a going-down-domain. 

Therefore,(i?,T)is not a going-down-domain pair. 

(c)An LH-ring pair (or open-ring pair) need not be a zero-dimensional-ring-

pair. For example, let R he & 1-dimensional semilocal Noetherian i-domain and 

let K= qf{R)- Clearly {R,K)is not a zero-dimensional-ring-pair. We show that 

{R,K) is an LH-domain pair: Let S be an intermediate ring. By [P, Corollary 

4.12], S is semilocal. Also, by Krull-Akizuki, S is Noetherian and dim(5) < 1. 

Therefore by [P, Proposition 3.20 and Theorem 4.16], S is an LH-domain. For a 

trivial example, consider {R,R),where i? is a 1-dimensional valuation domain. 

(d)An open-ring pair need not be a LH-ring pair. For example,consider the 
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pair(Q+XR[[X]],Q(\/2)+XR[[X]]). Every intermediate ring of this pair has the 

form F+XR[[X]], where F=Q or Q(V^). The domain R[[^]] is 1-dimensional 

and semilocal,so by [P, Proposition 3.20], R[[X]] is an open-domain; hence, by [P, 

Corollary 3.28], Q-b JtR[[X]] and Q(v^)-l-XR[[X]] are open-domains. So our pair 

is an open-domain pair, hence an open-ring pair. However,since R is not algebraic 

over Q,by Proposition 2.4 we have that(Q,R)is not an open-domain pair, and so 

by [P, Corollary 3.29 and Theorem 4.16], Q+XR[[A']] is not an LH-domain. So 

(Q -b A'R[[A']],Q(v^)-b XR[[X]]) is a pair of domains that is not an LH-domain 

pair, thus it is not an LH-ring pair. For a trivial example,consider the pair(R,R), 

where R is any open-domain that is not an LH-domain. 

However, we can obtain many positive partial results in cases where the 

dimension ofthe base ringR is nonzero. Thefirst such result will be thatifdim(R)> 

0and {R,T)is a going-down-ring pair, then R<ZT must be an algebraic extension. 

(The result fails if dim(R)=0: consider (fc,k{X)).) 

We first need the following proposition. It will be used to extend to arbitrary 

rings the known result that for any domain R,the polynomial ring R[A']is a going-

down-domain if and only if dim(R)=0(cf. [DP2, p. 274, first full paragraph]). 

Proposition 2.8 het Aq C ... C. An be rings such that dim(>lo)> 1- Suppose at 

least one of the following two conditions holds: 

(1) Aq C An satisfies the going-up property; 

(2) Aq C An satisifies the going-doAvn and lying-over properties. 

Then neither Aq+AiX+...+An-iX'^~'^+X'^An[X]nor AQ-\-AiX->r...+An-iX''~'^+ 

X'^An^X]\ is a going-down-ring. 

Proof: Since it is assumed that dim(Ao)> 1, there exist P G Min{AQ)and M € 

Spec{Ao)such thatP^M. 
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We claim that there are Pn ̂ Mn in Spec{An)such that n i4o =P and 

Mn n Ao=M.In case condition(1) holds,then since minimal primes are lain over 

(cf. [K, Exercise 1, p. 41]), there exists P^ £ Spec{An) such that PnO Aq = P. 

By going-up we obtain the Mn that satisfies our claim. In case condition(2) holds, 

lying-over gives us Mn and then going-down gives us the P„ we need for our claim. 

LetB=A0+A1X+.. Then Bn{Mn+XAn[X])G 

Spec{B) contains two specific prime ideals, B n(P„ -h XAn[X]) and B fl Mn[X], 

both of which contain B D Pn[X] G Spec{B). Since P ^ M,there is an element 

m in M\P and therefore in B D M„[X], but not in B D(P„+XAn[X]). Also, 

since 1 ^ il4, we have A in B fl(Pn -t- XAn[X]), but not in B n Mn[X]. Therefore 

B n(Pn -I- XAn[X])and B D Mn[X]are incomparable. So B/(B n Pn[X]) is not a 

treed domain (i.e., as a partially ordered set,.Spec{B/{B n Pn[X])) is not a tree); 

hence by[Dl, Theorem 2.2], B/(B fl Pn[X]) is not a going-down-domain. So B is 

not a going-down-ring. 

The proof ofthe statement for Aq+AiX -1-... -f An-iA''"^ -f Ar"An[[A']] is 

the same as the above proof, except that every appearance of "[AT]" is replaced by 

"imr-

We note that the following example shows that the two conditions listed in 

Proposition 2.8 are necessary for the conclusion. 

Example 2.9 ConsiderZ^Q,an extension that does not satisfy lying-over (and 

hence does not satisfy going-up). Then sinceZis Priifer,so isZ+XQ[X],by[CMZ, 

Corollary 4.15]. Hence Z-|- A'Q[A'] is a going-down-ring. Also,Z+A'Q[[A']] is a 

D+Mconstruction;therefore,sinceZis a going-down-domain,so is Z-fXQ[[A']],by 

[DPI, Corollary]. (For an alternate proof,sinceZis a Priifer domain with quotient 
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field Q,note thatZ+XQ[[X]]is a Priifer domain (cf. [G2,Exercise 13, pp. 286-7]) 

and hence a going-down-domain.) 

As an easy corollary of Proposition 2.8, we get the promised extension of 

[DP2, p. 274, first full paragraph]. 

Corollary 2.10 For a ring R,the following statements are equivalent; 

(1){R,i2[A"]) is a going-down-ring pair; 

(2)R[X]is a going-down-ring; 

(3)dim(i2)=0. 

Proof:(1) (2): Trivial. 

(2) =^> (3): Suppose dim(i?) > 0. Then by Proposition 2.8 with n = 1 and 

Ao=An=R,the ring .RfA"] cannot be a going-down-ring. 

(3)=^> (1): Note that each minimal prime ideal ofi2[A'] has theform P[X]for 

someP e Spec{R). Foreach P[A']6 Min{R[X]),wehavetd;i/p[x]niz(P[A']/P[A'])= 

tdR/p{{R/P)[X])= 1. Hence by Proposition 2.3, (P,PfX]) is a going-down-ring 

pair. 

Asanimmediate consequence ofCorollary 2.10,we obtain the conclusion that 

a going-down-ring pair(P,T)must be an algebraic extension unless dim(P)=0. 

Corollary 2.11- Let(P,T)be a going-down-ring pair such that dim(P)> 0. Then 

per must be an algebraic extension. 

Proof: Deny. Then wecan chooseu£Ttranscendental over P. Then PfJf]=R[u] 

is an intermediate ring of the pair(P,T)and is therefore a going-down-ring. So by 

Corollary 2.10, dim(P)=0, which contradicts the assumption that dim(P)> 0. 
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We also present an analogue of Corollary 2.10 for /2[[X]]. 

Corollary 2,12 The ring i2[[X]] is a going-down-ring if both diin(i?) = 0 and 

dim(jR[[X]])7^ GO. Also, the ring i2[[Ar]] is not a going-down-ring if dim(i?)> 0. 

Proof: For the first statement, since dim(i?)=0 and dim(i2[[A]]) 7^ oo, we have 

dim(i2[[A'j]) = 1 by [Ar, Theorem 2]. Thus i2[[A']] is a going-down-ring. For the 

second statement, apply Proposition 2.8 with n=1 and Aq=An=R. 

Wenextsharpen ourfocusfrom arbitrary going-down-ring pairstothe special 

case of open-ring pairs. We show that any open-ring pair (i2,T)(and hence any 

LH-ring pair) must also be an INC-pair, regardless of the dimension of R. As we 

noted in Example 2.7(a), the converse fails in general. 

Proposition 2.13 If{R,T)is an open-ring pair, then it is an INC-pair. 

Proof1: First weshow that RCTis residuaUy algebraic, regardless ofthe dimen 

sion of R. Let P € Spec(T). Since {R,T)is assumed to be an open-ring pair, by 

Proposition 1.11 withP="open," we have that{R/{PnR),T/P)is an open-domain 

pair. In case R/{PDi?) is a field, then by Proposition 2.5 so is T/P,and hence by 

Proposition 2.4, R/{Pr\R)C T/P is algebraic. In the remaining case,Rl(Pr\R)is 

not a field. Then,since open-domain pairs are going-down-domain pairs. Corollary 

2.11 implies that R/{Pr\R)C R/P is algebraic. Thus for allP e Spec{T), we have 

'tdR/(^PnR){R/P)=0; that is, i2CT is residually algebraic. 

Since {R,T)is an open-ring pair, so is(A,B)for all intermediate extensions 

A C B of the pair {R,T). Thus by the above argument, A C S is a residually 

algebraic extension for all rings R C A C B C T. Hence (S,T) is a residually 

algebraic pair, and thus by[FHP,Theorem 6.5.6],{R,T)is an INC-pair. 
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Proof 2: Deny. Then there is an intermediate extension A C B with Qi ̂ Q2 

in Spec{B)such that QinA=Qjn yl. LetP= nA. Without loss of generality, 

B = A[u] for some u e Q2\Qi- Then (0)= Qi/Qi g Q^IQx are prime ideals in 

A[u]/Qi=BIQi={A/P)[u+Q^ that contract to(0)in Spec{A/P). The element 

u+(5i is transcendental over AfP.(Otherwise,let p{X)be a nonzero polynomial in 

{A/P)[X] of minimal degree for which w+Qi is a root. Then the constant term is 

an element of{A/P)D{Q2/Q1)and is therefore zero, contradicting the minimality 

of the degree of p(X).) Therefore (cf. [K, p. 25]), there are infinitely many incom 

parable prime ideals of B/Qi that contract to (0)in Spec{A/P). So B/Qi is not 

semiquasilocal. (Otherwise, some maximal ideal of the domain B/Qi contains at 

least two incomparable prime ideals, and hence B/Qi is not a treed domain. This 

contradicts the fact that all open-domains are going-down-domains and hence treed 

domains.) Therefore, B/Qi is not an open-domain, and so B is not an open-ring. 

Since (P,T)is assumed to be an open-ring pair, we have a contradiction, and so 

(P,T)must be an INC-pair. 

Weinclude the second proofofthe above result because it suggests a relation 

between "finite fiber pairs" and INC-pairs. LetPCT be a ring extension and let/ 

be the canonical map Spec{T) Spec{R). Then RCT is said to have finite fibers 

if f~'^{P) is a finite set for all P e Spec{R)(cf. [P, p. 21]). If(P,r)is a pair of 

rings where all intermediate extensions have finite fibers, we call(P,T)afinite fiber 

pair. Note that any i-pair is an example of a finite fiber pair. 

Using a proof similar to Proof2 of Proposition 2.13, we next show that each 

finite fiber pair is an INC-pair. 
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Proposition 2.14 If{R,T)is a finite fiber pair, then it is an INC-pair. 

Proof: Repeat thesecond proofofProposition 2.13through the end ofthe sentence, 

"Therefore, there are infinitely many incomparable ideals ofB/Qx that contract to 

(0)in Spec{AIP)." Hence,there are infinitely many prime ideals ofB that contract 

to P in Spec{A), which contradicts the assumption that A Q B has finite fibers. 

Thus{R,T)must be an INC-pair. 

The converse of Proposition 2.14 is false. To see this, let K be any finite 

field, say with q elements, and let T be a product of infinitely many copies of K. 

Since each element t eT satisfies = t, we see that T is integral (algebraic) over 

K,and so {R,T) is an INC-pair. However,(P,T) is not a finite fiber pair, since 

infinitely many prime ideals ofT lie over the prime ideal(0)of K. 

In Corollary 2.11 and Proposition 2.13 we stated some necessary conditions 

for going-down-ring pairs and open-ring pairs. We next prove some sufficient con 

ditions for going-down-ring-pairedness. 

We start with the following easy consequence of Kaplansky's Theorem 45. 

Proposition 2.15 Let {R,T) be an INC-pair of rings with dim(P) < 1. Then 

(P,T)is a going-down-ring pair. 

Proof: Since (P,T)is assumed to be an INC-pair,[K, Theorem 45] implies that 

dim(A)< dim(P)< 1 for all intermediate rings A of(P,T). Thus all intermediate 

rings are going-down rings. 

When(P,T)is not an INC-pair,it need not be a going-down-ring pair, even 

if dim(P)< 1. For example,consider the pair(Z,Z[X]),which is not a going-down-

ring pair since Z[X]is a two-dimensional Noetherian domain. 

28 



�

�

The next result shows that algebraic extensions of one-dimensional INC-

domains form going-down-domain pairs. 

Proposition 2.16 Let be a one-dimensional INC-domain. Let i? C T be an 

algebraic extension of domains. Then {R,T)is a going-down-domain pair. 

Proof: It suffices toshow that dim(A)< 1for allintermediate domains A. Deny. So 

we have an intermediate domain A with a sequence of prime ideals(0)^Qi^(52-

By[P, Proposition 2.26], R is an INC-domain if and only if the integral closure of 

J? is a Priifer domain. Hence, since R C A is algebraic and R is an INC-domain, 

by [D5, Proposition 3], we have that R C A is an INC-extension. By algebraicity, 

QiHR^(0). Since dim{R)= 1, we have Qi H i?=(^2 n i?, which contradicts the 

fact that i? C A is an INC-extension. 

We next present two consequences of Propositions 2.15 and 2.16. 

Proposition 2.17 Let{R,T)be a pair of domains for which all intermediate rings 

are Noetherian (i.e., (i?,T)is a Noetherian pair). If dim(i?) < 1, then {R,T) is a 

going-down-domain pair. 

Proof: In case i? is a field, tdR{T)< 1 by[W,Theorem 4] and hence {R,T)is a 

going-down-domain pair by Proposition 2.2. If dim(i?)=1,thenT is algebraic over 

R by[W,Theorem 4(i)]. Since R is 1-dimensipnal Noetherian, the integral closure 

of R is Dedekind and hence Priifer (cf. [DP2, pp. 281-2]). Thus by Proposition 

2.16,{R,T)is a going-down-domain pair. 

Proposition 2.18 Let{R,T)be an INC-pair of domains that is also a Noetherian 

pair. Then (i?,T)is a going-down-domain pair if and only if dim(i?)< 1. 
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Proof: For the "only if" direction, note that i? is a Noetherian going-down-domain. 

Hence by[Dl, Corollary 2.3], dim(i?)< 1. Conversely, suppose dim(i?)< 1. Since 

{R,T)is an INC-pair, apply Proposition 2.15. 

Judging from the results so far in this chapter, the reader may suspect that 

all going-down-ring pairs are either INC-pairs or pairs for which all intermediate 

rings have dimension less than 2. We close this chapter by showing two examples of 

going-down-ring pairs that are neither INC-pairs nor "one-or-zero-dimensional-ring 

pairs." 

Examples 2.19 (a) Let n > 1 be either an integer or oo. Let F be a field, and 

let F{X)+M be a valuation domain with maximal ideal M and Krull dimension 

n. Let R — F+M and T=F]^]+M. Each intermediate ring of (i?,T)has the 

form 5-1-M for someintermediate ring5ofthe pair(F,F[A']). Since(F,F[X])is a 

going-down domain pair, so is (i?,r), by[DPI, Corollary]. Therefore, by Corollary 

1.9,(F,T) is a going-down-ring pair. (We also note that by [D3, Remark 2.12], 

{R,T) is an LO-pair.) However, R/M C T/M is not an algebraic extension, and 

so(F,T)is not a residually algebraic pair. Hence(F,T)is not an INC-pair. Also, 

note that dim(F)=n. 

(b) Let A: ̂ AT be a field extension with tdk{K)= 1. Note, by Proposition 

2.1, that {k,K) is a going-down-ring pair. Let (jR,T) be a going-down-ring pair. 

Then by Proposition 1.15 withT="going-down",(kx R,K xT)is a, going-down-

ring pair. But {kx R,K xT)is not an INC-pair, since K x T is not residually 

algebraic over k x R. In this example, we can arrange k x R io have any desired 

Krull dimension > 1. 
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CHAPTER III 

CONNECTIONS BETWEEN"P-FAIRS AND D-RING PAIRS 

As noted in Chapter I, all going-down-domain pairs are going-down-pairs 

and all open-domain pairs are open pairs. However, the converses of the above 

statements are false, as demonstrated by the following example of a open-pair of 

domains that is not a going-down-domain pair (and therefore not an open-domain 

pair). 

Example 3.1 Let L G^be an algebraic field extension. Consider T= A'[[A,T]] 

=K+M,where M=XT-f YT. Let R=L+M. Since T is not treed,T is not a 

going-down-domain. Therefore (i?,T)is not a going-down-domain pair. 

Note that M,the unique maximalideal ofT,is a maximalideal ofR. There 

fore, by [AD, Theorem 3.10], Spec{R) = Spec{T) as sets. Since L ^ R/M C 

T/M= AT is an algebraic field extension,by[AD,CoroUary 3.26]we have Spec{R)= 

Spec{S)for all rings S such that R C S CT. Therefore, {R,T)is a going-down-

(and open- and LH-) pair of domains that is not a going-down-domain pair. 

Indeed, by[AD, Proposition B.2], since T is not a going-down domain, no 

intermediate ring of the pair {R,T)is a going-down domain. 

Let T' be a property of(some) ring extensions (e.g. going-down, open, in-

comparability) and let V be the property of being a"P-domain. Then in general,the 

concepts ofP-pairedness and P-ring-pairedness (i.e., P-domain-ring-pairedness)are 

independent, as the following three examples show. 

For the first such example, we need the following technical lemma, whose 

elementary proof is left to the reader. 
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Lemma 3.2 Let R,T,V be rings such that RCT.Then all intermediate rings of 

the pair {R x V,T x V)have the form Sx V,where 5" is a ring with R CSCT. 

With the above lemma,we can present an example in the spirit of Example 

3.1 with focus on rings with zero divisors. 

Example 3.3 (a) Let k C K he an algebraic extension of fields. Let T be a ring 

that is not a going-down-ring, and consider {k x T,K x T). By Lemma 3.2, each 

intermediate ring has the form FxT,for some field Fsuch that k CFC K. Hence 

the canonical map Spec{G xT) Spec{F x T)is a homeomorphism for all rings 

kxTCFxTCGxTCKxT.So{kxT,KxT)is a going-down-pair, open-pair, 

LH-pair, and unibranched-pair which is not a going-down-ring pair. Indeed,in this 

example, no intermediate ring is a going-down-ring (cf. Proposition 1.11). 

If we replace "going-down" in the above paragraph with "INC-" (resp., "i-"), 

we get an example of an INC-pair (resp., i-pair) of rings for which no intermediate 

ring is an INC-ring (resp., i-ring) (cf. Proposition 1.7). 

(b)We also note that for any R that is not a going-down-ring,{R,R)gives us 

a trivial example of a going-down-, open-, i-pair of rings that is not a going-down-

ring pair. 

Our next example shows that INC-domain pairs need not be INC-pairs. 

Example 3.4 Let R = Fp, the finite field with p elements, and let T = F5(X), 

where q =p^ for some positive integer r. The pair {R,T)is a going-down-domain 

pair by Proposition 2.1. Also, by[Gl,Theorem 4], {R,T)is a Noetherian pair. So 

all intermediate rings S of{R,T) have dim(5)< 1. Hence, by [P, Corollary 2.27], 

{R,T)is an INC-domain pair. However,(R,T)is not an INC-pair by Proposition 

2.4 since tdii{T)= 1. 
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The next result shows that any field extension {R,T)having the properties 

exhibited in Example 3.4 must be transcendental. 

Proposition 3.5 Let D be an INC-domain and D C T" be an algebraic extension 

of domains. Then {D,T)is both an INC-pair and an INC-domain pair. 

Proof: If {D,qf{T)) is an INC-pair and an INC-domain pair, so is {D,T). So 

without loss of generality, we can suppose T is a field algebraic over D. 

By[D5, Proposition 3], D CE satisfies incomparabihty for all intermediate 

rings E of {D,T). So {D,T)is an INC-pair. For all intermediate rings E, we see 

that E C F satisfies incomparabihty for every overring F oi E,since T is a field. 

So(D,T)is an INC-domain pair. 

We next sharpen our focus to going-down-ring pairs and open-ring pairs. 

The proof that going-down-domain pairs are going-down pairs depends on the fact 

that R C T satisfies going-down if J? is a going-down-domain and T is a domain 

containing R. So, to obtain a relation between going-down-ring pairs and going-

down-pairs, it would be useful to know under what conditions R a going-down-ring 

implies that RCT satisfies going-down for (at least some)rings T containing R. 

[D6, Example 1] demonstrates that RCT need not satisfy going-down if R 

is a going-down-ring and T is an overring of R.(The R given in [D6,Example 1] is 

also an open-ring by[P,Theorem 3.16],since for each minimal prime idealP ofthat 

i2, we have that R/P is a quasisemilocal one-dimensional domain.) The offending 

ring R has exactly two minimal prime ideals. So, in search of a positive result, we 

consider the case where the base ring has only one minimal prime ideal. 

If a ring R has a unique minimal prime ideal Pq,then we have Pq= Nil{R), 

and so R/Nil{R)is a domain. Using the results in Chapter I on reduced rings and 
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the domainhood of R/Nil{R)when i? has a unique minimal prime ideal, we get the 

foUowing extension of[DP2,Theorem 4.1] and [P, Proposition 3.10]. 

Proposition 3.6 Let Rhea,going-down-ring (resp., open-ring) with a unique min 

imal prime ideal. Then RCT satisfies going-down (resp., is an open extension) for 

any ring T with a unique minimal prime ideal. 

Proof: First we prove the statement for going-down-rings. Since i? is a going-

down-ring, R/Nil{R)= Rred is a going-down-ring by Proposition 1.16. Since R 

and T each have a unique minimal prime ideal, Rred is a going-down-domain and 

Tred is also a domain. Therefore, Rred ̂ Tred is a going-down extension. Hence by 

Corollary 1.19, i? C T"is a going-down extension. 

The proofofthe statement for open-rings is similar: replace every occurrence 

of "going-down" in the above argument by "open". 

We can extend the "going-down" portion of the above Proposition to obtain 

the following result. 

Corollary 3.7 Let RCT he a. ring extension with R a going-down-ring. Suppose 

R (resp., T) is such that each maximal ideal of R (resp., T) contains a unique 

minimal prime ideal ofR (resp., T). Then RCTsatisfies going-down. 

Proof: Suppose we have P2 Q Pi e Spec{R) and a. Qi e Spec{T) such that 

Qi D R = Pi. To show that RCT satisfies going-down it suffices to show there 

exists some Q2 € Spec{T)such that Q2C Qi and(^2H i?=P2. 

Pick M e Max{R) such that Pi C M. Consider Rm Q Tr\m' each of 

these rings has a unique minimal prime ideal, and Rm is a going-down-ring by[D6, 

Proposition 2.1(b)]. By Proposition 3.6, Rm C Tr\m satisfies going-down. Hence, 
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we can find Q e Spec{TR\M)such that Q C {Qx)r\m and Q n = {.P2)rm- Let 

TT :T Tr\m be the canonical ring homomorphism. Then Q2:= 7r~^((5) has the 

desired properties. 

As another corollary of Proposition 3.6, we get an extension of the result 

that every going-down-domain pair (resp., open-domain pair) is a going-down-pair 

(resp., an open-pair). 

Corollary 3.8 Let {R,T)be a going-down-ring pair (resp., open-ring pair), where 

T has a unique minimal prime ideal. Then (i2,T)is a going-down-pair (resp., open-

pair). 

Proof: Since T is assumed to have a unique minimal prime ideal, every subring A 

ofT has a unique minimal prime ideal (since if A had two or more minimal prime 

ideals, they would be lain over by two or more minimal primes ofT). Apply Propo 

sition 3.6. 

Proposition 3.6 and Corollary 3.8 are false in general without the hypothesis 

that Min{T)={Nil{T)}. Recall Example 1.12, a:n extension i? CT in which R is 

a domain and T has two minimal prime ideals,(0)xK and Rx(0). The extension 

R C T is not a going-down extension and {R,T) is not a going-down-pair, even 

though, by Proposition 1.11,{R,T)is a going-down-ring pair. 

We are also interested in conditions under which going-down-pairs (resp., 

open-pairs){R,T)are going-down-ring pairs (resp., open-ring pairs). Let (0) be a 

primary ideal ofthe ring R (i.e., suppose all zero divisors ofR are nilpotent). Then 

[D6, Corollary 2.6] says that i? is a going-down ring if and only if i? C T satisfies 

going-down for all overrings T of R. We next prove the analogue of[D6, Corollary 
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2.6] for open-rings. 

Proposition 3.9 Let i? be a ring for which (0) is a primary ideal. Then R is an 

open-ring if and only if il CT is an open extension for all overrings T of R. 

Proof: First we prove the "only if" statement. Since(0)is assumed to be primary 

in R,we have that R has the unique minimal prime ideal Nil{R). Moreover,(0)is 

primary in every overring T ofR (cf. the proof of[D6,Theorem 2.4(b)]), and so T 

has the unique minimal prime Nil{T). Apply Proposition 3.6. 

Conversely, suppose i? C T is an open extension for all overrings T of R. 

LetP=Nil{R). By Proposition 1.16, it suffices to show that R/P is an open-ring. 

Since Nil{R)is the unique minimal prime ideal ofR,we have that is a domain, 

and so it suffices to show that R/P C V" is an open extension for all overrings V 

of R/P. Let V be an overring of R/P. Then V C Rp/PRp. Let T:= 7r~^(F), 

where tt : Rp Rp/PRp is the canonical surjection. Then V = T/PRp and 

i? C i?+PRp CTC Rp=T{R),so T is an overring of R. Therefore R/P CV is 

an open extension. 

We next show a generalization of the fact that, for a domain R, the pair 

{R,qf{R)) is a going-down-domain pair (resp., open-domain pair) if and only if 

{R,qf{R)) is a going-down-pair (resp., open-pair). 

Proposition 3.10 LetP be aring for which(0)is a primary ideal. Then{R,T{R)) 

is a going-down-ring pair (resp., open-ring pair) if and only if(i?,T(P)) is a going-

down-pair(resp., open-pair). 

Proof: We first prove the statements for "going-down". For the "only if" direction, 

note that since R has a unique minimal prime ideal, so does T{R)(as before, cf. 

the proof of[D6,Theorem 2.4(b)]). Apply Corollary 3.8. 
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Conversely,suppose(/?,T{R))isa going-down-pair. LetSbe an intermediate 

ring ofthe pair{R,T{R)). ByProposition 1.20,{Rred,T{R)red)is a going-down-pair. 

But T{R)red is a field,since T{R)has a unique minimal prime ideal. Therefore,since 

Rred Q Sred ̂ T{R)red and (Rred,T{R')red) is a going-down-pair, we can conclude 

that {Sred,T{R)Ted)is a going-down-domain pair;in particular, Sred is a going-down-

domain. Hence by Proposition 1.16, -S is a going-down-ring. 

The proof for "open" is similar: replace every occurrence of "going-down" 

with"open." 

We can improve the above result so that the top ring need not be the total 

quotient ring of the base ring, but instead just a larger ring Ssuch that S=T{S). 

Proposition 3.11 Let R CS be a ring extension with S=T{S)and (0) primary 

in S. Then {R,S)is a going-down-ring pair (resp., open-ring pair) if and only if 

{R,S)is a going-down-pair (resp., open-ring pair). 

Proof: We first prove the result for "going-down." For the "only if" direction, 

apply Corollary 3.8. Conversely,suppose {R,S)is a going-down-pair. Let A be an 

intermediate ring of {R,S). We show that A is a going-down-ring. Since each zero 

divisor in S is nilpotent, the same is true for A, whence(0)is primary in A. Then 

each non-zero divisor in A is non-nilpotent, hence a non-zero divisor in S, hence 

invertible in T{S)=S. Therefore,T{A)C S. Hence by Proposition 3.10,{A,T{A)) 

is a going-down-ring pair; in particular,.4 is a going-down-ring. 

The prooffor "open" is similar: replace every occurrence of"going-down" by 

"open." 
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The extension R C T in Example 3.1 shows that one cannot delete the 

hypothesis "S=T(S)" from the "if" assertion in Proposition 3.11. 
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CHAPTER IV 

FLAT-PAIRS AND ADDITIONAL REMARKS 

Since "flat" implies "going-down," we next consider flat-pairs (that is, V-

pairs with V ="flat"). One of the most obvious examples of a flat-pair is given 

by {R,T)where i? is a Priifer domain and T is an overring of R (for instance, the 

quotient field of R). Indeed, given rings R C A C B C T,then by [G2, Theorem 

26.1], A is a Priifer domain and B,being torsion-free over A,must be A-flat. More 

generally, we see similarly that any Priifer domain pair is a flat-pair. A partial 

converse is given in Lemma 4.6. 

Our first result is a transcendence degree criterion in the spirit ofProposition 

2.2 and Proposition 2.4. 

Proposition 4.1 Let A:beafield contained in adomain R. Then {k,R)is a flat-pair 

if and only if A: C i? is an algebraic field extension. 

Proof: For the "if" direction, since A; C R is assumed to be an algebraic field 

extension, all intermediate rings of {k,R) are fields. By[DM,Proposition 2.1(a)], 

any field is fiat over each of its subrings,,and so {k,R)is a fiat-pair. 

Suppose the converse fails. Then (A:,R)is a fiat-pair and,by Propositon 2.4, 

there is a nonfield S such that k Q S Q R. Then (k,S)is a flat-pair, and so by 

[DM,Theorem 2.2], A: C5is algebraic. HenceS must be a field,a contradiction. 

Before we go further, we note that many of the so-called "fiat pairs" in the 

literature are not the fiat-pairs being discussed here. Akibain[A2]defines two types 

of "fiat pair" in the following manner. 
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Definition 4.2 A pair of rings(A,B)is aflat pair of type 1 if for all intermediate 

rings C,we have that C is a flat A-module. 

Definition 4.3 A pair of rings(A,B)is aflat pair of type 2 if for all intermediate 

rings C,we have that B is a flat C-module. 

Any pair of domains {R,T)for which i? is a Priifer domain is an example 

of a flat pair of type 1, since each intermediate ring is a torsion-free i2-module and 

hence a flat i?-module. Any pair of domains (/?,K)for which A is a field is an 

example of a flat pair of type 2, since a field is flat over each of its subrings (cf. 

[DM,Proposition 2.1(a)]). 

The next example show that a pair of domains (i?,T)can be a flat pair of 

type 1 and a flat pair of type 2, but not a flat-pair. 

Example 4.4 Consider the pair {K,K{X,Y)), where A is a field and X and Y 

are algeraically independent indeterminates. This pair is a flat pair of type 1 since 

A is Priifer. This pair is a flat pair of type 2 since K{X,Y)is a field. Suppose 

(K,K{X,Y)) were a flat-pair. Then {K,K{X,Y)) would be a going-down-pair, 

which contradicts Proposition 2.1 since tdK{K{X,T))= 2. 

Flat pairs of types 1 and 2 are related to flat-pairs in the manner specified 

by the following Proposition, whose elementary proof is omitted. 

Proposition 4.5 For an extension of rings ACT,the following conditions are 

equivalent: 

(1)(A,T)is a flat-pair; 

(2)(C,T)is a flat pair of type 1 for all rings Csuch that R^CCT] 

(3)(A,B)is a flat pair of type 2 for all rings B such that RCB CT. 
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So,in particular, we recover the obvious fact that a flat-pair is a flat pair of type 1 

and a flat pair oftype 2. 

Weshow in Proposition 4.9 that if the top domain K is a.fleld, then the pair 

of domains {R,K)is a flat-pair if and only if either R C K is an algebraic field 

extension or i? is a Priifer domain with quotient fleld K. 

First we prove the following lemma, which shows that if the top domain is a 

field, then flat-pairs are the same as Priifer domain pairs. 

Lemma 4.6 Let K he a fleld containing a domain R. Then the pair {R,K)is a 

flat-pair if and only if{R,K)is a Priifer domain pair. 

Proof: The "if" direction was noted earlier. For completeness, we give its proof. 

Let A and B be rings such that RCACBCK.Since A is assumed to be Priifer 

and B is a torsion-free A-module, we have that B is a flat A-module. 

Conversely,suppose that(B,K)is a flat-pair. Let A be an intermediate do 

main of {R,K). Since is a field, we have that {A,qf{A)) is a flat-pair. Hence 

every overring T of A is a flat A-module, and so by [R, Theorem 4], A is a Priifer 

domain. 

Next weshow that a Priifer domain pair(B,T)consists of either an algebraic 

field extension or a Priifer domain B inside its overring T. 

Lemma 4.7 Let B C T be domains. Then(B,T)is a Priifer domain pair if and 

only if at least one of the following conditions holds; 

(1)BCT is an algebraic field extension; 

(2)T is an overring ofB and B is Priifer. 
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Proof: First we show the "if" direction. In case condition (1) holds, every inter 

mediate ring is a field and hence Priifer. In the remaining case, condition(2) holds; 

therefore, every intermediate ring is an overring of a Priifer domain and is hence 

Priifer. 

Conversely,since(R,T)is assumed to be a Priifer domain pair,each interme 

diate ring is integrally closed and thus seminormal. Hence by[ADH,Lemma 2.2(c)], 

either i? is a field or T is an overring of R. IfT is an overring of R,then condition 

(2) holds and we are done. So,suppose next that i? is a field. Then since(R,T)is 

a flat-pair. Proposition 4.1 implies that i? CT is an algebraic field extension. 

We pause to note the following finitistic corollary ofLemma 4.7. 

Corollary 4.8 Let R CT be domains. Then(R,T)is a Dedekind domain pair if 

and only if at least one ofthe following conditions holds: 

(1)i? Cr is an algebraic field extension; 

(2)T is an overring ofR and R is Dedekind. 

Next we combine the above two lemmas to obtain the following promised 

result. 

Proposition 4.9 Let i? be a domain and K a field containing R. Then(R,K)is 

a fiat-pair if and only if at least one of the following conditions holds: 

(1)i? C A is an algebraic field extension; 

(2)i? is a Priifer domain and T=qf{K). 

Proof: Combine Lemma 4.7 and Lemma 4.6. 

We next obtain a result similar to Proposition 4.9 if i? is a Priifer domain 

contained in a domain T. 
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Proposition 4.10 Let i? C T be an extension of domains with i? Priifer. Then 

{R,T)is a flat-pair if and only if at least one of the following two conditions holds: 

(1) i? CT is an algebraic field extension; 

(2)T is an overring of R. 

ProofiThe "if" direction follows from Lemma 4.7 and the fact that any Priifer do 

main pair is a flat-pair. Conversely,supppose{R,T)is a flat-pair. By[Al,Theorem 

2.7], either T is an overring of or i? is a field. If T is an overring of R,then we 

are done. So, next suppose that i? is a field. Then apply Proposition 4.9. 

Recallfrom (2.15)-(2.18) that INC-pairs occasionally exhibit going-down be 

havior. In this spirit, we next note a relation between INC-pairs and flat-pairs. 

Proposition 4.11 Let {R,T) be an INC-pair of domains with R integrally closed 

in T. Then {R,T)is a flat-pair. 

Proof: Since (i?,T)is assumed to be an INC-pair, it is also a residually algebraic 

pair. Hence by[FHP, Theorem 6.5.18], {R,T) is a normal pair. Therefore, for all 

rings A such that R C A QT,the ring A is integrally closed in T. Also,since{R,T) 

is assumed to be an INC-pair,{A,T)is an INC-pair for all rings RQ ACT.Hence 

by [FHP, Theorem 6.5.18],(A,T)is a flat pair of type 1 for all rings A such that 

R C A CT. Thus by Proposition 4.5,{R,T)is a flat-pair. 

However,anINC-pair need not be aflat-pair,asthe following example shows. 

Example 4.12 Let iZ be a non-Priifer i-domain. (Such domains exist by[P,Propo 

sition 2.23], for instance R+A'C[[X]].) Since R is an i-domain, it is also an INC-

domain. Therefore by Proposition 3.5, {R,qf{R)) is an INC-pair. However, since 
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R is not Priifer, by [R, Theorem 4] there is an overring S which is not R-flat. So 

{R,qf{R))is not a flat-pair. (Also, note that by[P, Corollary 2.13],(R,qf{R))is a 

going-down-domain pair.) 

We turn next to the "additional remarks" mentioned in the title of this 

chapter. Let(R,T)be an i-pair of domains. Then by [P, Proposition 2.12] (resp., 

[P,Corollary 3.11],{R,T)is a going-down-domain pair (resp.,an open-domain pair) 

if and only if is a going-down-domain (resp., an open-domain). In Corollary 4.14, 

we generalize the previous sentence to i-pairs of arbitrary rings. We first generalize 

[P, Proposition 2.12 and Corollary 3.11]. 

Proposition 4.13 Let i? CT be an i-extension of rings. If i? is a going-down-ring 

(resp., open-ring), then T is also a going-down-ring (resp., open-ring). 

Proof: We show that T/Q is a going-down-domain (resp., an open-domain) for 

each Q € Spec(T). Let Q6Spec(T)and P:= Q O R. Then R/P is a going-down-

domain (resp., open-domain). Hence, by[P, Proposition 2.12] (resp.,[P, Corollary 

3.11]), it suffices to show that R/P C T/Q is an i-extension. 

Each prime ideal of T/Q has the form A/Q for some A e Spec{T). Let 

A,B e Spec{T)besuch that A/QnR/P=B/QnR/P. Weshow that A/Q=B/Q. 

Wehave{AnR)/P=A/QnR/P=B/QnR/P={BnR)/P. Hence AnR=BnR, 

and so A=5since i? CT is assumed to be an i-extension. Thus A/Q=B/Q. 

Corollary 4.14 Let (i?,T) be an i-pair of rings. Then {R,T) is a going-down-

ring pair (resp., an open-ring pair) if and only if i? is a going-down-ring (resp., an 

open-ring). 
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Proof: The "only if" statement is trivial. To show the converse, let A be an inter 

mediate ring of {R,T). Then since {R,T)is assumed to be an i-pair, i? C A is an 

i-extension. By Proposition 4.13,.A is a going-down-ring (resp., open-ring). 

It is interesting to note that the INC-analogue of Corollary 4.14 fails: see 

Example 2.7(b) in regard to[DF2,Example 3.1]. 

Next we show that any residually algebraic pair of rings {R,S)with R in 

tegrally closed in S is an i-pair. (The special case of this statement for domains is 

part of[AJ,Theorem 2.10].) 

Proposition 4.15 Let R C S he rings, with R integrally closed in S. Then the 

following statements are equivalent: 

(1){R,S)is a residually algebraic pair; 

(2){R,S)is an INC-pair; 

(3){R,S)is an i-pair. 

Proof: Recall that (1) (2)(cf. [FHP,Theorem 6.5.6]); and (3) (2) trivially. 

It remains to show that(2)=> (3). Deny. Then there is a ring A with R C A CS 

and there are Qi 7^ Q2 in Spec{A)such that Qi DR=P:= Q2(1 R. Without loss 

of generality, there is some element a e Qi\Q2- Note that a is in Qi n R[a], but 

not in Q2n i?[Q;]. Replace A (and S)with R[a]. Therefore,S is algebra-finite over 

R. By INC, we have that Q\ is isolated in its fiber over P. Therefore, by Evans' 

generalization of Zariski's Main Theorem [Ev, Theorem],there is an r € R\P such 

that Rr=Sr- Therefore, Q2Sr=PRr=QiSr,and so Qi=Q2,a contradiction. 

Proposition 4.15 needs the hypothesis that R is integrally closed in S. For 

example, consider any integral extension R C S which is not an i-extension, such 
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asZ C Z[\/^]. [P, Example 2.17] is another example that shows the necessity of 

the hypothesis in Proposition 4.15 that R is integrally closed in S. Note that in [P, 

Example 2.17], unlike the example given above, the top ring is an overring of the 

base ring. 

Combining Proposition 4.15 with Corollary 4.14 gives us the following Corol 

lary. 

Corollary 4.16 Let (i7,T)be a residually algebraic pair ofrings with R integrally 

closed in T. Then {R,T)is a going-down-ring pair (resp., an open-ring pair) if and 

only if 72 is a going-down-ring (resp., an open-ring). 

Finally, we note that the hypotheses in Corollary 4.16 are needed. Indeed, 

[DF2,Example 3.1]shows that we cannot delete the hypothesis that R is integrally 

closed in T. Moreover,by applying Proposition 2.1 to the purely transcendental field 

extension k C A:(X,T), we see that we cannot delete the hypothesis in Corollary 

4.16 that {R,T)is a residually algebraic pair. 
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