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ABSTRACT 

The motivation for this discussion comesfrom a set ofexercises m Borelh and 

Coleman's Ordinary DijferentialEquations:A Modeling Approach. In this particular set 

ofexercises the focus is to modelthe amountofcold medication(antihistamines and 

decongestants)m the body We will consider a two-compartment model with the two 

components being the GItract and the bloodstream,producing a two-dimensional system 

ofordinary differential equations. Initially we assume a simple linear model,then we 

increase the complexity by including a saturation effect m the amountofthe drug 

clearing the bloodstream We also examine three ways ofdosing the medication, 

administeringjust one dose,continuous dosing,and periodic dosing Closed-form 

solutions are determined for the one dose,continuous dosing and non-saturation periodic 

cases,but only numerical solutions are given for the nonlinear, periodic cases While we 

do notfind closed-form solutions for the nonlinear,periodic cases we do explore their 

existence and stability. A software package called ODEArchitectis used to generate the 

numerical solutions to all the modelsin this thesis 
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CHAPTER I:INTRODUCTION 

[Pharmacokinetics] 

First formalized in 1937 by Torsten Teorell,pharmacokinetics is the study ofthe 

rate ofchange ofdrug concentrations in the body One major approach is compartmental 

modeling in which the body is assumed to be made up ofone or more divisions or 

compartments. For example,ifthe drug is administered orally,the GItract may be 

considered onecompartment and the bloodstream might be considered another.[3] 

The administration ofdrugs falls into two major categories* parenteral and enteral 

If a drug is given in a manner other than by means ofthe GItract,it is parenterally 

administered For example,drugs given intravenously,intramuscularly,subcutaneously 

(just beneath the skin),intradermally(within the dermis),percutaneously(through the 

skin),intra-arterially,intrathecally(within the spinal column),vaginally or are inhaled 

are administered parenterally If a drug is administered by means ofthe GItract,then it 

IS enterally administered For example,drugs given buccally(in the buccal cavity ofthe 

mouth),sublmgually,gastricly,intestmally or rectally are given enterally. This is by far 

the mostcommon means ofadministration ofdmgs Figure 1 1 is a diagram ofthe GI 

tract [3] 

A major factor affecting the absorption rate of the drug is the form it takes 

Because a tablet is more tightly packed, it may take longer for it to go into solution 

Different from a tablet, the capsule is less tightly packed allowing for greater ease in 

dissolving. Since some have negative reaction to certain drugs, aspirin for example,a 
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Figure 1.1. Diagram of the digestive system. The GI tract consists of the mouth, 
stomach, duodenum (the beginning portion of the small intestine) and the small and large 
intestines 

coated tablet alleviates discomfort by delaying the dissolution. The coating is designed to 

remain intact m the acidic environment of the stomach, but upon reaching the small 

intestine which is more neutral or even alkaline, the drug dissolves Elixirs, syrups, and 

emulsions have no problem going into solution, producing faster and more undimmished 

absorption Further, solutions are easier to swallow making it ideal for children and the 

elderly [3] 

The body can remove the drug through renal, biliary, pulmonary or salivary 



excretion However,the kidneys are the are the primary means ofclearance [3] 

[Model] 

Figure 1.2 IS a diagram showing theflow ofthe medication m the body. The drug 

enters the first compartment which is the GItract(consisting ofthe mouth,stomach and 

the intestines)containing an initial amountA. We will assume that the rate at which the 

drug leaves the GItract and enters the second compartment,the bloodstream,is 

proportional to the amountofmedication m the GItract,x{t). Let the proportionality 

constant be ki with units of hour"^ The drug is cleared or eliminated from the blood 

(through the kidneys)with rate proportional to the amount presentin the blood,y{t) Let 

the proportionality constant be^2 Although three possibilities exist concerning the rate 

constants,namely (1)ki > ^2,(2)ki <k2 or(3)ki=kj,case(1)is the mostcommon 

Borrelli[1]gives typical values for antihistammes and decongestants in young and 

healthy individuals as well as older and sick individuals. 

[Discussion ofChapters] 

First, we examine the results ofgiving one dose ofantihistamme determining the 

time ofmaximum dosage We also explore the effects of varying the rate at which the 

drug leaves the GItract and enters the bloodstream. Second,we study what happens 

when one dose ofdecongestant is administered investigating the effects ofchanging 
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the clearance coefficient. Typically dosing is periodic m that one takes one 

dose every 4-6 hours In ChapterIV we consider a system in which decongestant is 

given with periodic dosing Next we,look at the case m which dosing occurs 

continuously For example,time-released capsules would try to ensure a steady dosing 

rate. In an attempt to make the models more realistic, we investigate two different 

saturation models,determining when or ifthe system reaches some sort ofequilibrium 

and if a periodic solution exists 



CHAPTERII:ONEDOSEOFANTIHISTAMINE 

[Model] 

In our first model we shall suppose thatA units ofantihistamine are already 

presentin the GItract andB units are presentin the blood at time r=0. Figure 2.1 is the 

boxes-and-arrows diagram. Thus,we have the following Initial Value Problem to solve 

dx 
—=-k^x, x(0)=A 
dt 

(1) 

=k^x-k^y, y(0)=fi 
dt 

Since the differential equation for the concentration of antihistamine m the GI 

tract IS first-order linear,it has the solution 

Flow ofAntihistamine 

x{t) GI 

jc(0)=A tract 

k\x 

yit) Bloodstream 

y(0)=5 

Rate out % 

Figure 2.1. Diagram for the flow ofantihistamine in the body 



 

 

 

(2) x(0= Ae'^'' 

Using the integrating factor and substituting the solution for x(t)above in the second 

equation of(1)we obtain 

^2 -Kl 

as the solution for y(t) Applying the initial condition y(0)=B,we can solve for c,i e., 

^ k,A k,A 
y(0)=B=— +c=^c=B--

2̂-^1 k^-k^ 

which gives, 

k,A k,A ^ '-1-'
y(0=— + B— 

2̂ ^1 ^2 —^1 
V ^ 'y 

or simplifying, 

(3) y{t)=-!^[e~'^- -e-'^')+Be-'^'. 

Figure22displays the results from the numerical solver ODEArchitect used to 

solve and graph the levels ofantihistamme in the GItract and in the blood over a time 

period ofsix hours Notice that the antihistamme concentration in the blood rises, peaks 

at about4hours,and then appears to decline within the six-hour period. 

A point ofconcern would be the maximum concentration the antihistamme 

reaches m the blood Ifthe concentration remains too low,the drug is ineffective 

However,ifthe concentration becomes to high,overdose occurs From Figure 2.2,it 

appears that the maximum antihistamme level is about 1 8 units at4 hours However,we 

can determine more precisely the maximum level ofantihistamme m the blood stream by 

finding the critical values ofy{t) 
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Figure 2.2. Effect ofone dose ofantihistamine Notice that the antihistamine level in 
the blood rises, peaks and then declines during the6 hour period The peak value m the 
bloodstream is about 1 79 units at 1=4.1 hours 

, ^ 0^931 693k-°®'^"+0.023k-°°'^"j-00231^-°°^^". 
00231-06931 

Setting the first derivative equal to zero and solving for t gives the critical value oft = 
i 

4067 hours Now to verify that y{t*)= 1.7903 units is indeed a maximum,let's use the 

second derivative test to show that at t,y{t*)is concave down. 

y\t)= (0693 -0023fe-°'''")+00231'^-°°'^". 
00231-06931 



Note that y'it*)=-00064<0which implies that y(t)is concave down at t and r is a 

maximum Hence,the maximum level ofantihistamme is 1.7903 units at 4.067 hours 

[Time ofMaximum Dosage] 

Now we shall determine more generally when the maximum concentration ofthe 
J 

antihistamme in the bloodstream is attained assuming that initially antihistamme is absent 

m the blood stream Here is the IVP that models the concentration m the bloodstream 

—=-k,x, x(0)=A 
dt '' ^ ^ 

(4) 

=̂k^x-k^y, y(0)=0 
dt 

Again,we have a linear system ofODEs. The solution to the first differential equation is 

given by 

(5) x{t)= Ae-^'', 

similar to what wefound earlier Substituting this solution into the second equation and 

using an integrating factor of e''-' we get 

(6) -

fory(0. 

We will use the Second Derivative Test to determine the maximum concentration 

ofantihistamme m the bloodstream where we will need to find the critical value t where 

the first derivative is zero and verify that the second derivative is negative there. 



 

 

/(O=7- (̂- )'
-k^ 

k,A (-it,e"'''+k^e-'"')=0=> it,e"^'' =it2e"*^', 
^2 —^1 

h.= ^f* = 
k^ k^ — k2 

Notice that if ki > kz or ifk\ <kz,t is still positive 

y''(t)=J^[ee-'^'-ee-'A. 
^ 1. U \ \ 9 /

K-K ' 

k A 
In the case that > kz,the factor —' is negative and the second factor 

kj — k^ 

* k A^2g-iir _ jg positive so that att= t y"{t*)<0 In the case that ki <kz, —' is 
^2 ~^1 

clearly positive and the second factor k^^e~''^'- is negative,again making 

yV)<0. 

[Sensitivity to k\\ 

In this section we will explore the effects ofvarying the rate at which the drug 

exits the GItract and enters the bloodstream. Figure 23shows the results of having one 

unit ofantihistamine already present in the GItract and the blood initially free ofthe 

drug. The clearance coefficient kz is fixed at00231,but k\ varies. Notice that the graphs 

for larger values ofk\ cross the graphs for the smaller values. Ifk\ is small,the 
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Figure 2.3. Sensitivity to the rate constant ki As ki increases, the time at which the 
maximum concentration is reached is sooner and sooner. 

antihistamine level takes longer to peak indicating that clearance from the bloodstream 

occurs only after the antihistamine level has peaked Observe in Figure 2 4 that as k\ 

increases, the time at which the maximum concentration occurs decreases 

[Safe and Effective Zone] 

As alluded to earlier, medication levels must remain within a fixed range in order 

to be both therapeutic and safe. Suppose that the desired range for antihistamine levels m 

the blood is from 0 2 to 0 8 for a unit dose taken once. With ^2 = 0.0231, we shall 
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Figure 2.4. Graph oft* vs ki Notice that as k\ increases,the time t* at which the 
maximum concentration occurs decreases 

establish the upper and lower bounds on ki so that the antihistamme levels in the blood 

reach02within 2hours and stay below 0.8 units for 24 hours. First,we will determine 

the lower bound We want 

g -21, -2(00231))>02.f(h)= y(2)= 
00231-it, 

Using the rootfinding capabilities ofthe TI calculator, with an initial guess of0.11,the 

root obtained was0.1146 Hence,when >0.1146,the antihistamme level will reach 

02 units within two hours. Looking at Figure 2.5,we see a graphical representation that 

the zero indeed occurs when equals 0.1146. 
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Figure 2.5. Graph oif{k{)-02 When >0.1146,the amountofantihistamine in the 
blood reaches02units within 2hours 

Since the concentration ofthe antihistamine m the bloodstream rises, peaks,and 

falls, determining the upper bound for requires examination ofnot only the 

antihistamine concentration at r=24 hours but also att=t* where t* e (0,24)is the 

maximum concentration ofantihistamine m the bloodstream In the first case,we want 

.(g-2«._e-24(00231))<Qg^(^i)=>'(24) 
00231-)t, 

From the graph in Figure 2.6 we notice that for^2=00231,the concentration of 

antihistamine remaining in the blood at 24 hours is less than08 units for all values of^i. 

Now we simply need to determine the ki values that guarantee that the maximum 
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Figure 2.6. Graph ofg(A:i)-0.8 When k2=0.0231 the concentration ofantihistamme 
remaining in the blood at24 hours is less than08 units for all values ofk\. 

concentration does not exceed08 units for t g (0,24) Figure27shows the graph ofthe 

rate constant as a function ofthe maximum concentration. Wesee that when k\=0.2821 

the maximum concentration begins to exceed the limit. Thus,it follows thatfor k\ e 

(0 1146,02821),the level ofantihistamme will reach02units within 2hours and not 

surpass08 units m 24 hours 
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CHAPTERIII:ONEDOSEOFDECONGESTANT 

In addition to an antihistamine,cold pills usually contain a decongestant The rate 

equations for the flow ofdecongestant are the same as that for antihistamines,but the rate 

constants are different Again,we will use x{t)for the amountofdecongestant m the GI 

tract and y{t)for the amountofdecongestant m the blood as with the antihistamine 

[Model] 

Suppose thatA units ofdecongestant are m the GItract at time r=0,while the 

blood is free ofdecongestant Figure 3.1 shows alabeled boxes-and arrows diagram for 

the flow ofdecongestant 

Flow ofDecongestant 

x{f) GI 

x(0)=A tract 

k\x 

y{t) Bloodstream 

y(0)=0 

Rate out hy 

Figure 3.1. Diagram for the flow ofdecongestantin the body 
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Thus the corresponding system ofODEs is 

— — -k,x, x(0)=A 
dt '' ̂ ^ 

(1) 

>'(0)=0 
dt 

The first differential equation is first-order linear; therefore, 

(2) xa)= Ae-'''. 

Substituting for x{t)and using an integrating factor of in the second differential 

equation we have 

(3) = 
^2-k^ 

Looking at Figure 32,we can see that the decongestant level peaks quickly at about 1.9 

hours and begins to clear the blood,more quickly than the antihistamme. 

[Sensitivity to Clearance Coefficient] 

A person's health and age may drastically effect the rate at which his or her body 

IS able to remove the decongestant The older and less healthy a person is the smaller the 

clearance coefficient becomes. Figure 3 3 is plots ofdecongestantlevels m the blood 

when initially one unit ofantihistamme is present m the GItract and k\ is fixed at 1.386, 

but ko takes on the values 001386,006836,0.1386,0.6836 and 1.386 From the graph 

we notice that the greater the clearance coefficient kj,the sooner the decongestant level 

peaks and begins to clear the bloodstream. The decongestantlevel for a young and 

healthy individual peaks at about072hours at04units. For an old and sick person, 
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Figure 3.2. Effect ofone dose ofdecongestant As with the antihistamine,the 
decongestantlevel m the blood stream rises, peaks at about077 units when t=19hours 
and then diminishes within the6 hour period. 
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Figure 3.3. Sensitivity to clearance coefficient ^2 As the clearance coefficient 
increases,the level ofdecongestantin the blood peaks sooner and sooner Decongestant 
levels in a young and healthy person peak at about072hours at0.4 units For an old and 
sick individual,the decongestantlevel peaks at about3 hours at095 units 

The decongestant level peaks at about3 hours at095 units 
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CHAPTERIV:DECONGESTANT WITHPERIODICDOSING 

[Model] 

Instead ofjust receiving one dose,suppose decongestant is released in the GItract 

at the constant rate of12units/hour for one-halfhour and then repeated every six hours. 

The plot ofthis type ofdosing would look like the square waveI{t)in Figure4 1. ODE 

Architect has the square wave as a built-in function,SqWave(r,t^, ?,), where t^ is the 

period and r, is the on-time for the cycle.Figure42illustrates the boxes-and-arrows 

diagram to model the flow ofthe medication Given the presence ofthe nonlmearity of 

dosing input,we will present here the numerical solutions m graphicalform and discuss 

the existence and stability ofperiodic solutions later m Chapter VII. 

/(t)= 12SqWave(t,60,05) 
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Figure 4.1. Periodic dosing into the GItract at the constant rate of 12 units/hour for one-
halfhour and then repeated every six hours 
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Figure 4.2.Diagram for the flow ofdecongestant with periodic dosing. 

Thus the corresponding system ofODEsis given by 

—=7-k^x, a:(0)=0 
dt 

(1) 

=k^x-k2y, y(0)=0 
dt 

[Sensitivity to Clearance Coefficient] 

Figure43shows that the amountofdecongestant m the GItract rises quickly as 

the pill dissolves,but then drops to almostzero before the next dose is taken. The graph 
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Figure 4.3. Decongestantlevels in a young and healthy individual with periodic dosing 
over48 hours 

for the blood decongestant level reveals that a type ofequilibrium possibly has been 

established within 48 hours The maximum concentration m the blood appears to be 

around 87units 

Using the same periodic dosing as above,Figure 4.4 are plots ofdecongestant 

levels m the GItract and m the blood ofa young and healthy person over afive-day 

period Older and less-healthy individuals clear the decongestantfrom their bodies less 

efficiently than a younger and healthier person,therefore,the clearance rate k2is smaller 

Figures45,4.6 and47illustrate clearly that there will be excessive decongestant 
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kx = 1 386, )t2=01386 

y=12*SqWave(r,60,05)- kxx, x(0)=0 
/=kxx - k2y, 3;(0)=0 
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Figure 4.4. Decongestantlevels in a young and healthy individual with periodic dosing 
over a5day period. 
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h = 1.386, ik2=006386 
X =12*SqWave(f,60,0.5)- k\x, a:(0)=0 
/=hx- kiy, >(0)=0 
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Bloodstream y{t) 
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Figure 4.5. Decongestantlevels m an older and less healthy individual with periodic 
dosing over a5 day period 

23 



 

 

 

ki = 1 386, jt2=001386 

x'=12*SqWave(f,6.0,05)- kix, j:(0)=0 
y'=k\x - kjy, ^'(O)=0 

One Dose of Decongestant 
60 

Bloodstream y{t) 
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Figure 4.6. Decongestant levels in an old and sick individual with periodic dosing over a 
5 day period. 
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Figure 4.7. Sensitivity to clearance coefficient with periodic dosing As k2 decreases, 
the amount of decongestant in the blood climbs. 
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accumulation in the blood ofthe old and sick Note that it appears in the first two cases 

that a type ofequilibrium has been established within five days,but not m the third 
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CHAPTER V:CONTINUOUSDOSING 

[Model] 

Ifa medication is embedded m beads ofresins that dissolve at varying rates, a 

constantflow rateIcan be assured Figure5 1 shows the box-and-arrows diagram for 

this model. Thus the corresponding system ofDDEsis given by 

—=I-k^x, j:(0)=0 
dt 

(1) 

^^k.x-k^y, y(0)=0 
dt 

Flow ofDecongestant 

Rate in I{t)=constant 

x{t) GI 

x(0)=0 tract 

k\x 
f 

y(t) Bloodstream 

yiO)=0 

Rate out hy 

Figure 5.1. Diagram for the flow ofdecongestant with continuous dosing 
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Now let's solve this system from the top down,assuming ki^kz- The first 

differential equation is first-order linear. Let's solve the differential equation by using the 

integrating factor e*'', 

t f dx I f 
-he'''L;c-e^'7=0 

dt 

(e'^^'x) =e^'7, 

e''''x =— +c, 
k, 

x{t)=—+ 

Applying the initial condition,we get 

jc(0)=0=-^+c=>c=— 

so that 

(2) x(0=f(l-e-'")
k, 

Using an integrating factor of e"and substituting x{t)above,we get that 

=K 1(1-.-)
dt 

+̂k^y=l-Ie-'-'',
dt ' 

dt ^ 

(e'^'y) =Ie'''-Ie(ij-i])' 
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k, le"'' 
y= 

^2 ^2-^1 

^2 2~^1 

Now,applying the initial condition, 

^ ^2-^1 ^2-^1 ^2 

/yfc, 

^2fe -^l) 

SO that 

I le-'^' IL _,,
y{t)= +-^—! 

K K-K ^2(^2-^1) 

(3) y(,)=-i_t-M.l)t_+(l_^-«..)(,J 
2 1 

[Approach to Equilibrium] 

Another vital issue to consider is what happens to the levels ofmedication in the 

GItract and blood long term,i.e ,as t approaches infinity Taking the limit as t goes to 

infinity ofour solutions for x{t)and y{t)m equations(2)and(3),respectively,or ' 

(4) hm^(0=hm—(1-e *'')=— 
f->oo Jc^ 

and 

(5) 1^7(0=1^7-7^ —r +fl-e"''''1^2 =T~' 
r->~ /^oo \k2-k^j V J k2 
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wefind that approaches —and y(t)approaches—as «>. 
^1 ^2 

Graphs ofx(t)and y(t)for 200 hours are plotted in Figure52 A young and 

healthy person was given7=1 unit ofantihistamine per hour. From(4),the equilibrium 

value m the blood is 1/00231=43.29 units The graph shows that the antihistamine 

level IS at4285 units att=200 hours,suggesting that equilibrium has not quite been 

established This is not the case with the decongestant. Figure53shows plots ofjc(0 

and y{t)for 100 hours for a young and healthy individual given 1 unit ofdecongestant per 

hour We discovered from above that the equilibrium value is 1/0 1386=7.215 units 

The graph shows that the decongestant level is at7215 units at r= 100 hours indicating 

that indeed the level of medication in the blood reaches an equilibrium within 100 hours 

[The Old and Sick] 

In this section we will continue to investigate what happens to medication levels 

when the dosage is continuous More specifically, we will want to see,as m the other 

dosing models,if medication levels in the old and sick become much larger than m the 

young and healthy. For the old and sick,we will take for our rate constants one-third of 

the rate constants ofthe young and healthy. Comparing Figure 5.4 to Figure52,we 

notice that at 200 hours the amountofantihistamine present m the bloodstream is 101.01 

units, much greater than 42.85 units for a young and healthy person. Further,the 

antihistamine level has not peaked within the 200-hour period.The same situation arises 
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A:, =06931, yt2=0.0231 
/= 10 

X =I- kiX, x(0)=0 

>»'=kxx - kzy, >'(0)=0 

Antihistamine Levels with Continuous Dosage 
45 
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Bloodstream y(t) 

GI tract x{t) 

\ ' I I r 
40 80 120 160 200 

t (hours) 

Figure 5.2. Antihistamine levels in a young and healthy individual with continuous 
dosage of one unit per hour over a 200 hour time interval The equilibrium value for y(0 
IS 43 29 units, but the graph indicates that at t = 200 hours, the antihistamine level m the 
blood IS 42 85 units 
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h = 1.386, k2= Q> 1386 
1= 1 0 

x'=I- k\x, x(0)=0 
=kix - kiy, ^'(O)=0 

Decongestant Levels with Continuous Dosage 

64 Bloodstream y(t) 

c 

iS 
0 48 -
O) 
c 
o 
o 
0 

Q 
32 -

c 

:d 
1 6 GI tract x{t) 

20 40 60 80 too 

t(hours) 

Figure 5.3.Decongestantlevels in a young and healthy individual with continuous 
dosage ofone unit per hour over a 100 hour time interval. The system has reached its 
equilibrium value of7215 units m the bloodstream by r= 100 hours 
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^1=06931/3, it2=00231/3 
/= 1.0 

x'=I- kix, x(0)=0 
y'=kix - kjy, >"(0)=0 

Antihistamine Levels with Continuous Dosage 
110 

88 

0) 
Bloodstream y{t 

c 

CO 

c 

< 
44 

o 

w 

c 

D 
22 

GI tract x{t) 

80 120 160 200 

t(hours) 

Figure 5.4. Antihistamine levels in an old and sick individual with continuous dosage of 
one unit per hour over a200 hour time interval The equilibrium value for y{t)is 12987 
units,but at f=200 hours,the antihistamine level is only 101 units. 

m the decongestant. Comparing Figure 5.5 to Figure5 3,observe that after 100 hours, 

the decongestant level in the old and sick has reached 2141 units whereas in the young 

and healthy the level has reached only 7.22 units 

[Safe and Effective Zone] 

Suppose that the levels ofantihistamine m the blood are designed to reach and remain 

between 25 and 50 units for a dose taken continuously at the rate of 1 unit per hour We 
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iti = 1.386-3; )fe2= 0.1386/3 
7= 1.0 

x'=I- kix, x(0)=0 
/=kix - kjy, }'(0)=0 

Decongestant Levels with Continuous Dosage 
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20 
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Figure 5.5.Decongestant levels in an old and sick individual with continuous dosage of 
one unit per hour over a 100 hour time interval The equilibrium value for the 
bloodstream is 21 64 units At t=100 hours,214units are m the blood 

would like to examine the possibility ofthis scenario for the second through the fifth 

days The second day through the fifth day means hours48-120 Figure56clearly 

indicates that it is not possible for the antihistamme level to remain between 25 and 50 

units during the second through the fifth days 
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Antihistamine Level in Bloodstream 
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Figure 5.6. Safe and Effective Zone. It is not possible for the antihistamine level to stay 
between 25 and 50 units between 48 and 120 hours 
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CHAPTER VI:SATURATION MODELS 

Rather than the rate function for clearance in the bloodstream being linear in y as 

in our previous models,suppose that the clearance is nonlinear and proportional to 

y 
. Thisintroduces one type ofsaturation effect where clearance is not always 

l+cy 

increasing,but begins to level off at some point. A second type ofsaturation model to 

yVl
which we will give attention to is ifthe clearance is proportional to — Note that 

l+cy 

increasing the constantc also produces further saturation. We proceed m this section by 

graphically comparing the saturation models to the previous non-saturation models. In 

Chapter VII we will discuss the existence and stability ofperiodic solutions of all three 

types ofmodels m the case ofperiodic dosing 

[TypeISaturation] 

Periodic Dosing(c=0.1) 

In this section we shall explore the saturation effect with periodic dosing,that is, 

when the decongestant or antihistamme is released m the GItract at the constant rate of 

12units/hour for 1/2 hour,and then repeated every six hours In particular, we would 

like to determine ifexcessive buildup ofdecongestant occurs m the blood ofthe old and 

sick Weintroduce a saturation effect m removalfrom the bloodstream like that m the 
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compartmental diagram shown in Figure 6.1 Thus the corresponding system ofODEsis 

given by 

—= I-k X, j:(0)=0 
dt .' ̂ ^ 

(1) 
r \ 

y=̂k x-k y(0)=0 
dt l+cy 

Using the data = 1 386 and k^=0.1386,Figure 6.2shows plots ofdecongestant levels 

in the GItract and m the blood over a5-day period Compare this plot to Figure44,the 

corresponding non-saturation model The peak value for the decongestant m the 

bloodstream m the Type I Saturation model is roughly 235 units compared to the 87 

Flow ofDecongestant 
Rate in /(r)= 12SqWave(r,6.0,0.5) 

x{t) GI 

m=0 tract 

kix 
r 

y(t) Bloodstream 

y(0)=0 

f ^ 
yRate out h 

l+cy 

Figure 6.1. Diagram for the TypeI Saturation Model with periodic dosing 
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h = 1 386, jt2=0 1386 
c=0 1 

jc'=12*SqWave(?,60,05)- hx, x(0)=0 
/=k\x - k2{yl{1 +cy)), >^(0)=0 

Decongestant Levels with Periodic Dosage 
25 

20 -

c 
ffl 

to 
S, 15D) 
C 
o 
o 
(U 

D 
10 -

c 

3 
5 -

24 48 72 120 

t(hours) 

Figure 6.2. Decongestant level m a young and healthy individual in the TypeI 
Saturation Model with periodic dosing over a5day period Compare to Figure4 4 

units in the non-saturation model. Repeating with k2=Q06386,0.01386 m Figures63 

(compare to Figure 4.5)and64(compare to Figure46),respectively,we see that there 

will be excessive decongestant accumulation in the blood ofthe old and sickjust as in the 

previous model,but the medication levels become more dangerously high Summarizing 

the solutions for the decongestantlevels m the bloodstream.Figure65 again clearly 

emphasizes that there will be excessive buildup ofdecongestant m the bloodstream ofthe 

old and sick. 
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kx = 1 386, its=006386 

c=0.1 

x =12*SqWave(?,60,05)- k\x, ;c(0)=0 
=k\x - k2(y/(1 + C}/)), };(0)=0 

80 
Decongestant Levels with Periodic Dosage 

64 

c 

iS
o5 
© 48 
O) 
c 
o 
© 
© 

2 32 
o 

0) 

Bloodstream y{t) 

c 

=D 
16 -

GI tract x{t) 

^ ̂  ̂  p ^ ̂  ̂  fv K p ^ (V ^ ^ 
24 48 72 

t(hours) 
96 120 

Figure 6.3. Decongestant levels in an older and less healthy individual in the Type I 
Saturation Model with periodic dosing over a5day period Compare to Figure45 
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ki = 1 386, Jt2=001386 

c=0 1 

x'=12*SqWave(f,60,0.5)- kix, x(0)=0 
/=^ix - kiiy/i1 + cy)), };(0)=0 

Decongestant Levels with Periodic Dosage 
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Figure 6.4. Decongestantlevels in an old and sick individual in the Type ISaturation 
Model with periodic dosing over a5 day period Compare to Figure46. 
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^1 = 1 386, k2= as shown 
c=0 1 

x'=12*SqWave(?,60,05)- k\x, x(0)=0 
/=k\x - kiiyli1 +cj)), >(0)=0 

Decongestant Level in Bloodstream 
120 
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^ D) 72 
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24 01386 

24 48 72 96 120 

t(hours) 

Figure 6.5. Sensitivity to clearance coefficient in the Type I Saturation Model Compare 
to Figure47 The medication levels become dangerously high. 

Periodic Dosing(c=1.0) 

In this section we continue our investigation ofthe TypeI Saturation model,but 

increase the saturation effect slightly by changing the constantcfrom0 1 to 1 0 We 

shall examine what happens with periodic dosing as in the previous section 

Suppose decongestant is released in the GItract at the constant rate of 12 

units/hour for 1/2 hour,and then repeated every six hours. This system ofODEsis same 

as that m(1) Using the same data k\= 1.386 and k2=01386,but increasing c to 1 0, 
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Figure6 6 shows plots decongestantlevels in the GItract and in the blood over a48-hour 

period In the non-saturation model,after48 hours the decongestantlevel has peaked at 

around 8.7 units,but in the Type IModel,the level reaches around42units, without yet 

establishing equilibrium Figures67,68,and69show the solutions for x(t)and y{f) 

with ^2=0 1386,0.06386 and 0.01386,respectively,butover a five-day period In 

Figure6 10,the plots ofFigures61,6S,and69are combined to emphasize the 

sensitivity to ^2 

ki = 1 386; It2=01386 

c= 10 

x'= 12SqWave(?,60,05)-kix, x{0)=0 
y'=kix- k2(y/(1+cy)), y(0)=0 

Decongestant Levels with Periodic Dosage 
50 

40 -

c 
Bloodstream y(t) 

s 
o5 
0) 30 
D) 
C 
o 
o 
<D 

Q 
20 

O 

CO 

c 

3 

10 - GItract x(t) 

^ ly ^ A 
20 30 40 50 

t(hours) 

Figure 6.6. Decongestantlevels m a young and healthy individual in the Type 1 
Saturation Model with periodic dosing over48 hours Compare to Figure 4.3. 
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kx = 1 386, yt2=0 1386 
c= 10 

X = 12SqWave(f,6.0,0.5)-k\x, x(0)=0 
y'=kix- k2(yl(1+c>')), };(0)=0 

Decongestant Levels with Periodic Dosage 
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Figure 6.7. Decongestant levels in a young and healthy individual in the Type I 
Saturation Model with periodic dosing over a5 day period. Compare to Figures4 4 and 
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h= 1-386, ;fc2=006386 
c= 10 

x'= 12SqWave(?,60,05)-k\x, ;c(0)=0 
y'=k\x- k2(y/i1+0^)), };(0)=0 
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Figure 6.8. Decongestantlevels in an older and less healthy individual in the TypeI 
Saturation Model with periodic dosing over a5day period Compare to Figures45 and 
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h= 1 386, ;t2=001386 

c= 1 0 

x'= 12SqWave(?,60,05)-^ix, x(0)=0 
/=hx- kiiyli1+C3/)), 3;(0)=0 
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Figure 6.9. Decongestantlevels in and old and sick individual in the Type I Saturation 
Model with periodic dosing over a5 day period. Compare to Figures46and64 
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A:i = 1 386; ̂ 2= as shown 

c= 10 

x -12SqWave(?,60,05)-k\x, x(0)=0 
y'=k\x - kjiy/i1+cy)), j(0)=0 
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Figure 6.10. Sensitivity to clearance coefficient. Compare to Figures47and 6.5. 

ContinuousDosing 

Suppose that the medication is administered continuously at the rate of1unit per 

hour This model is depicted in Figure 6.11 Thus,for the Type I Saturation Model with 

continuous dosing,the corresponding system ofODEsis given by 
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Flow ofDecongestant 

Rate in 1(f)=constant 

x(t) GI 

x(0)=0 tract 

kiX 

y(t) Bloodstream 

v(0)=0 

Rate out 
yi+cy^ 

Figure 6.11. Diagram ofTypeI Saturation Model with continuous dosing. 

dx 
—= I-k^x, a:(0)=0 
dt 

(2) 
^ y ^ —=k,x-k^ )'(0)=0 

dt ' ' 

Approach to Equilibrium 

Once the system arrives at equilibrium,the medication level m the GItract and 

bloodstream remain constant Therefore, —=0and —=0,which gives as the closed-
dt dt 

form solutions for the medication levels at equilibrium the expressions in(3)and(4). 
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dx T 
(3) l,nix(0=> —=0=>x*(0=-

f->~ at h 

and 

(4) ^=0^/(0= ^ 
dt -Ic 

ODEArchitect was used to plot x(t)and y{t)over a 200 hour interval Figure 

6 12shows the results for the antihistamine ifthe dosage is/= 1 unit/hour,k\=0.6931 

hour"' and ^2=00231 hour"' According to(4)the equilibrium value for the 

antihistamine level m the blood is —-—= ^ =-13003 units This 
k^-Ic 00231-(1)(0 1) 

negative value indicates that for this set ofdata,no equilibrium is established m the 

blood The expression for — m(4)is positive leading to the conclusion that the 
dt 

antihistamine level is unbounded as oo. The graph m Figure6 12shows that at r= 

200 hours there are about 160457 units of antihistamine in the bloodstream Compare 

this to Figure52 

Repeating for the decongestant case with the data A:i = 1 386 hour"' and k2= 

0 1386 hour"',it appears that in Figure6 13 even after 200hours the system has not quite 

stabilized The equilibrium valueis—-—= =2591 units. The graoh
k^-Ic 01386-(1)(0.1) ^ 

shows that at r=200 hours there are 24.64 units ofdecongestant m the bloodstream 

Compare this example to Figure53 

47 



 

^1 =06931, ̂ 2=00231 

/= 1 0 

' c=01 

x'=I- k\x, ^ a:(0)-0 
/=hx- kiiy/i1+c>')), >^(0)=0 

Antihistamine Levels with Continuous Dosage 
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Figure 6.12. Antihistamine levels in a young and healthy individual in the TypeI 
Saturation Model with continuous dosing over a200 hour interval The medication level 
m the blood continues to increase as t becomes large Compare to Figure 5.2. 
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ki = 1 386; ̂ 2=0 1386 
1= 1.0 

c=0 1 

x'=I- k\x, j:(0)=0 
/=kix - k2(yl{1+C};)), y(0)=0 
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Figure 6.13. Decongestant levels in a young and healthy individual in the Type I 
Saturation Model with continuous dosing over a 200 hour interval. Att=200 hours,the 
decongestantlevel in the blood is 2464units The equilibrium value is 25 91units 
Compare to Figure 5.3 

The Oldand Sick 

Asin the non-saturation models,we would like to determine if antihistamine and 

decongestant levels m the saturation models show excessive build-up in the bloodstream 

ofthe old and sick Recall that the rate constants are much smaller m older and less 

healthy individuals Suppose,in fact,that they are one-third ofthose ofa young and 
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healthy person Figure6 14shows the results for the antihistamine case and Figure6 15 

that ofthe decongestant case. For the antihistamine case,the equilibrium value is 

^ ^ ̂  =-108342units,indicating that —is positive for tlarge and that 
k^-lC 0023^-0.1 dt 

y(t)grows without bound as t—> oo Compare this to the non-saturation situation in Figure 

54 Similarly for the decongestant,the equilibrium value is 

it, =06931/3; jt2=00231/3 

/= 1.0 

c=0 1 

x'=I- k\x, x(0)=0 
/=kix - k2{yl{1-i-cy)), y(0)=0 

Antihistamine Levels with Continuous Dosage 
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Figure 6.14. Antihistamine levels m an old and sick individual m the TypeI Saturation 
Model with continuous dosing over a200 hour interval. The antihistamine level m the 
blood IS unbounded for tlarge. Compare to Figure54 
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kx = 1.386/3; /:2=0 1386/3 
/= 10 

c=0.1 

x'=I- k\x, x{Qi)=0 
y'=k\x- k2(y/{1+c>')), y(0)=0 
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Figure 6.15. Decongestantlevels in an old and sick individual in the TypeI Saturation 
Model with continuous dosing over a 200 hour interval The decongestant level in the 
blood IS unbounded for tlarge Compare to Figure55. 

1 0 
=-185874units. Again,we conclude that the decongestant in the 

k^-Ic 0'38^-0 1 

bloodstream will continue to increase. Compare this to Figure5 5 

OneDose:Sensitivity to hiand k2 

Consider again the case when only one dose of antihistamine is administered to 
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the patient,but now m the context ofthe Type ISaturation Model This model is given 

by the system ofODEsin(5) 

dx 
=-k^X, x(0)=A 

dt 
(5) f \ 

=kyX-k2 y 
y(0)=0 

dt 1+cy 

LetA = 1,^2=00231 hours but let k\ vary Wesaw in Figure23 with the non-

saturation model that as k\ increased the time ofmaximum dosage decreased and the 

maximum dosage increased In Figure6 16,when /:i = 1 5 hours the peak time occurs 

k\ = as shown, ̂ 2=00231 
c= 1 0 

x'=- k\x, x(0)= 1 
y'=kix - ^2(y/(l +cy)), y(0)=0 

One Dose of Antihistamine 
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Figure 6.16. Sensitivity to ki in the Type ISaturation Model Compare to Figure23 
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at about3 3 hours with the peak antihistamine level reaching about096 units However, 

when ki=0 11 hours the maximum concentration is074 units at21 98 hours In the 

non-saturation model,for = 1 5 hours the maxiihum level occurs at(288 hours,0.94 

units)and for =011 hours at(18 hours„0.66 units) 

Consider again the case when one dose ofdecongestant is administered,butnow 

m the context ofthe Type 1 Saturation Model Figure6 17 displays the results ofvarying 

= 1 386, k2= as shown 

c= 10 

x'=-k\x, x(0)= 1 
y'=hx- k2{yl{\+cy)), y(0)=0 

Decongestant Level in Bloodstream 

001386 

08 - ... 006386 

c 

S 
to 
<D 06 - \0 1386 
O) 
c 
o 
o 
o 

Q 
04 - Ia \06386 

o 

M 

E 
3 

02 - \1 W 

0 

10 15 20 25 

t(hours) 

Figure 6.17. Sensitivity to clearance coefficient m Type 1Saturation Model Compare 
to Figure 33 
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the clearance coefficient which is analogous to the situation in Figure 3 3 in which we 

accounted for the health and age ofthe one to whom the medication is administered. In 

the non-saturation model wefound that as kzincreased the sooner the decongestant 

peaked and began to clear the blood When ^2= 1 386 hours the decongestant level m 

the blood peaked at0.72 hours at037 units. When k2=001386 hours the maximum 

concentration was095 units at336 hours. However,in the Type I Saturation Model, 

when k2=\ 386 hours the peak occurs at(0.86 hours,042units)and when k2= 

001386 hours at(384 hours,097 units) 

[Type II Saturation] 

Let's turn our discussion to an alternative way ofincorporating a saturation effect, 

We shall investigate the cold pill model with periodic dosing,continuous 
1+cy 

dosing andjust one dose noting any differencesfrom the non-saturation model and Type 

I model. 

Figure6 18 is a periodic dosing case for this Type II model The medication level 

appears to reach a maximum value ofabout 11 44 units. In the non-saturation model,the 

level ofdecongestant m the bloodstream reaches about 17 15 units(Figure45) The 

decongestant level in the TypeI model has yet to reach equilibrium and is still on the rise 

(Figure6 3). 
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h = 1 386, /t2=006386 
c=0 1 

x =12SqWave(?,60,05)- k\x, a:(0)=0 
/=kxx - .5)/(1 + cy)), j(0)=0 
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Figure 6.18. Decongestant levels m an older and less healthy individual in the Type II 
Saturation Model with periodic dosing over a5day period Compare to Figure63 

The equilibrium levels can be determined m the continuous dosing case Since at 

equilibrium there is no change in x(t)or y(t), —=0 and —-0. The equilibrium value 
dt dt 

for the antihistamine or decongestant m the GItract remains the same,but the 

equilibrium for y{t)is different in the Type II model. From(6),page 55, the level in the 

GItract reaches — units Equation(7)requires that we solve for a root m a nonlinear 
k, 

equation 
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dx ^ 7 
(6) hmx{t)^—=0=l-k,x^x\t)=-

dt 

and 

V 
ay y'^ 3/ 

(7) lim^(0=^—=0=7-^2 y -cly-I=0. 
at 1+cy 

The example in Figure6 19shows that at r=200 hours,y=31 93 units. However,the 

7:i =06931, ̂ 2=00231 
7= 1.0 

c=0 1 

x'=1- k\x, a:(0)=0 
/=k\x - k2{{y\ 5)/(l + cj)), j(0)=0 

Antihistamine Levels with Continuous Dosing 
40 

Bloodstream y(t) 
32 

o 
c 

J 24 
CO 

!.. 
OT 

C 

3 

GI tract x(t) 

40 80 120 160 200 

t(hours) 

Figure 6.19. Antihistamine levels m a young and healthy individual m the Type II 
Saturation Model with continuous dosing over a200 hour interval The equilibrium 
value m the blood is 32 19 units,but at r=200 hours,y=31 93 units Compare to Figure 
6 12 

56 



k\= 1.386; ̂ 2= as shown 

c= 10 

x'=- k\x, jc(0)= 1 
y =kix - 5)/(l + c};)), X0)=0 
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Figure 6.20. Sensitivity to clearance coefficientin Type II Saturation Model Compare 
to Figure6 17 

equilibrium value found from solving0023ly^^^ -0 ly - 10=0,gives 32 19 units as the 

equilibrium value. Contrast this to 4329 units in the non-saturation model(Figure52) 

and the TypeI model(Figure 6.12)m which the antihistamme level is unbounded 

Compare to6 17. 

Figure620shows the sensitivity to the clearance coefficient m the Type II 

Saturation Model When = 1 386 hours"',the maximum level ofdecongestant is about 

052 units at t=096 hours When ^2=001386 hours"',the decongestant level m the 
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blood reaches its max of097 units at r=384 hours. Contrasting these results with the 

non-saturation and the Type I models,the Type II model has a later peak time and larger 

peak concentration 
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CHAPTER VII:STABILITY OFPERIODIC MODELS 

[Existence ofPeriodic Solution ofNon-Saturation Model] 

Recall that in ChapterlY,we desired a closed-form solution for 

dx 
—=I(t)-k^x, I(t) periodic 
dt 

(1) 
h I.—=k.x-k.y

dt ' ^ 

1 e., we want to show that there is a unique Xp(t), yp(t), periodic,such that 

'm Xp(t) 
—>0 as t Thefollowing two theoremsfrom[1]establish that a 

periodic solution does indeed exist(Theorem 1)and that that solution is stable(Theorem 

2) 

Theorem 1 [Periodic Forced Oscillations], Suppose that A is a constant matrix in 
the system x'=Ax +F{t), and that the driving term F{t) is continuous (or piecewise 

Iki
continuous) and periodic with period T If not an eigenvalue of A, then the 

system has a unique periodic forced oscillation of period T 

Proof. All solutions ofx'=Ajc+F(t)can be written 

x(t)=e' |̂:c(0)+j (j) 
by the variation ofconstants formula. 
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x(t)IS periodic ofperiod Twhen and only when x{T)=a:(0) 

a:(0)= x{T)=e™|A:(0)+ 
<=> e™j

T 

{s)ds=[l-e™lx(0) 
0 

which IS uniquely solvable sinceI-e 
T'A

is nonsingular as not an eigenvalue of 

A (I- e^'^ singular implies x'=Ax has a nontrivial periodic solution which implies 

IS an eigenvalue ofA by the structure ofthe solutions ofx'=Ax). 

Theorem 2. [Periodic Steady State] Suppose all eigenvalues of the constant matrix 
A have negative real parts and that F{t)is periodic with period T Then the system x' 
=Ax+F{t), has a unique steady state, which is periodic ofperiod T 

2,711Proof Ifthe eigenvalues ofA have negative real parts, then is not an eigenvalue of 

A Theorem 1 holds,and x'=Ax+F(t)has a periodic forced oscillation ofperiod T 

which we will call x^{t) Since all solutions ofthe system have the form 

x{t)=e'^c+Xp(r) 

It follows that all solutions tend to A:p(r) as t +«>,because e c tends to0as t-> +°o. 

[1] 

We can rewrite the system(1)m matrix form as follows 
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" /" '-k, 0 'i(t)'X X 
r= + 

y_ y. 0 _ 

The eigenvalues ofA can befound from the characteristic equation 

7^ +(ki+k2)X+ ^2=0> which has solutions and X2=-kiboth with negative real 

1 
k,parts The corresponding eigenvectors are v,= and V2= Also note that, 

kj-fc] 

1I(t)
the forcing functionF(t)= IS periodic By the above theorems,a unique periodic. 

0 

1 

tosteady state solution ofperiod Texists for this system 
I 

[Closed-Form Solution of Non-Saturation Model] 

This system has as its general solution 

I 

xit)=e'^x{0)+e'^je-"''F{s)ds, te I 

The matrix exponential is 

-kit 
0 1 0 

-I 

e = 

k^ -k^ ^2-k^ 

e 0 

k^ —k^ 

Now, 
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x(0)e"^'' 
x(0= 

xiO) 
^2 — 

I0 7(^) 
+ (g-V_g-M) g-M J (eV_gV) gM 

0 
^2-^1 ^2-^1 

-ux{0)e-'" 

x(0) -e-'^')+ y(0)e-'^' 

I 

-k\t 
0 

_g-^2') g-i2' 0 

,^2 -^I 
0 ^2 ^1 

jc(0)e -*i' 

+ 
x(0) (g-V _g-M)+^(0)g-

^2 —^1 
I 

_^(g-M _g-^2')j/(_y)g^.^J_y+ L_e-Mjj(^)(gM _gM)^_y 
k2 — A:, 0 ^2~K 0 

which finally yields our desired solution, 

x(0)e-'''' +6-'^'j 
4 

I(s)e'^'ds 
0 

mx{t)= 
(2) K -k^ 

t t

(g-^.' _ g-*2')Jj(s)e''^ds+e-'^'J/(5)(e'''- )ds 
K-K 
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[Existence ofPeriodic Solutions ofTypeISaturation Model] 

Infhis section we will determine under what conditions there is a unique Xp(0, 

x{t)
yp{t), periodic,such that -^0 as r —> oofor the following system: 

yit). 

dx' , 
—=I(t)~kjX, I(t) periodic 
dt 

(3) 

dr ' '1+cy 

We will first tackle the solutions for x{t)and then deal with the solutions to y{t). 

Suppose that the patient is given A units ofmedication for halfan hour and 

repeated every six hours,that is,the input dosage is given by I{t)=ASqWave(r,^p,!,)• 

Our conjecture is that if l/(r)l is sufficiently small(that is, when the dose administered is 

small enough),there is a unique periodic solution y{t)and if 1/(01 is large enough,y(t) 

always tends to infinity We will prove the first part ofthe conjecture but only have the 

numerical evidence m Chapter VIfor the second part Theorem 3below from[2] will aid 

m the quest 

Theorem 3 Let assume thatj{t+T, x)=f(t, x)for a\\ t &%x & % 
and for some T> 0,and assume that/eC' Ifx'=f(t,x)has a solution (j) 
bounded on St,then it has a T-periodic solution 

The periodic solution x(0 of(2)(first component)is formed by solving 

T 

(4) x{T)=x(0)=jc(0)e-''''+ \l{s)e'''ds 
0 

for x(0)which gives 
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[l jAe^^'ds 
0 

e''"'' -1'a' 
kj
\'y 

(Recall that t, is the "on-time"for the dosing. The maximum value for x(t) will occur at t 

= ti). Note that x(0)< —since t,< T. From the first component of(2)it is clear that x(t)
k, 

decays on [/„ 7],and on[0,r,] we have 

x(t)= x(0)e-'"'+ 
k, 

=— x(0)-A+e 

k. 

so that x(t)< — on[0,t,] Thus,kix(t)<A on[0,T].
k; 

Applying Theorem 3to the differential equation for y(t)(assuming y(0)> 0), 

finding the conditions under which its solution is bounded would show the existence ofa 

periodic solution for the system The solution for x(t)remains the same as that ofthe 

linear case in(2). Recall thatI(t)takes on only two values,0or A which is some positive 

real number. Therefore,we conclude that x(t)is positive for all t since both terms in(2) 

are positive When x(t)is at its maximum value jc* =x(ti)we have kix*<Afrom above. 

♦ y
Atx=x,—<A —k2 . When y=0,—-k^x>0 So,the solution is increasing at 

dt 1+cy dx 

y=0. Thus,y is bounded below byzero Suppose that y is bounded above such that y(t) 

< M,M>0,some maximum value. (It is likely that the doctor or pharmacist would 

know the maximum allowable level ofmedication) We would like for the solution to be 
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bounded so that we would have0<y{t)<M This would happen when—<0 forj=M 
dt 

M k 
implying thatA < A:, . Notice that for large M,A < — This is our condition to 

1+cM c 

ensure that y{f)is bounded Thus itfollowsfrom Theorem 3that(3)under this condition 

does have a periodic solution ofperiod T. 

[Stability ofPeriodic Solutions ofTypeISaturation Model] 

Letp{t)be a periodic solution ofthe second equation of(3)with x{t)periodic in 

the first equation Let y{t)be any solution with y{t)>0. Setz{t)=y{t)-p{t) Then 

z\t)= y\t)-pit) 

=A:,x(t)-kj -k^x{t)+k^■—— 
1 + cy{t) 1 + cp{t) 

[l + cy(0][l + cp(0] 
_ -kjzjt) 

[\ + cy(t)][\ + cpit)] 

Let Q = Since 0 < y(t), p(t) < M, it follows that 
[l + cy(0][l + c/7(0] 

— k k — ki ^ Let k = ——. If y(0) > p{0), then y{t) > p{t) for all r > 0 by
(1 + cM) (1 + cM) 

uniqueness of initial value problems Then z' ^ -kz with z(t) > 0 which implies zit) ^ 

z(0)e'^'. Thus y(t) - p{t) —> 0 as t ^ oo. If j(0) < p(0), then zif) < 0 for all t and z' ^ -kz 

which implies -z{t) < -z(0)e"*' and again y{t) - p{t) ^ 0 as t 
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[Existence ofPeriodic Solutions ofTypeII Saturation Model] 

As with the TypeI Saturation Model,we want to determine under what conditions 

x(0 'Xp{t)
there is a unique x^{i),y^{t), periodic,such that —>0as? for the 

->'(0. 

following system* 

=I(t)-k^x, I(t) periodic 

(5) 

dt M+cy 

Our conjecture is that this system always has a periodic solution 

The discussion for the periodic solution ofx(t)is analogous to that ofthe TypeI 

model Therefore the remainder ofthis section will focus on the conditions that will 

guarantee existence ofa periodic solution ofy(t) 

Suppose x{t)IS at its maximum value x =x{t^ which implies that jc <— Atx = 
h 

* dy y'^ dy
X ,— <A- Wheny=0,—=^,x>0 So,the solution is increasing at y=0 

dt 14-cy dx 

Thus,y IS bounded below by zero Suppose that y is bounded above such that y(t)< M, 

M>0,some maximum value We would like for the solution to be bounded so that we 

would have0<y(t)<M This would happen when—<0for y=Mimplying 
dt 

KM 
thatA <K Notice that for large M,A <oo. This is our condition to ensure that 

1+cM 
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y{t)IS bounded. Since both x(t)and >'(0 are bounded under the condition A<k 
'1+cM 

by Theorem 3,(5)does have a periodic solution ofperiod Tfor all A 

[Stability ofTypeIISaturation Model] 

Letp{t)be a periodic solution Let y{t)be any solution with y{t)>0 Setzit)= 

y{t)-p{t) Further,set h{w)= ,then 
1+cw 

z{t)= y'{t)-p'{t) 

=k^x{t)-k^hiy)-k^x(t)+k2h(p) 

=-k2[h(y)-h(p)] 

Ify(0)>p(0),then y(t)>p{t)for all r>0by uniqueness ofinitial value problems By the 

Mean Value Theorem,there is an a= ait)such thatp{t)<a<y{()for all f>0and 

^'(ot)(y-p)=h{y)-Kp) Letp(t)be bounded by below by a* and y(t)be bounded 

above by/so that a < ait)<0"for all t>0. Since he C\then there is a7= 

mm{h'{ait))} for d < ait) <jT It follows that 

z{t)<-k^riy-p) 

=-Kn-

Let k=k2y,then z'<-kz with z(,t)>0implies thatzit)<z(0)e"^' Thus yit)-pit) 0as r 

Likewise,ify(0)<p(0),then zit)<0for all t and z'> -kz which implies that 

-zit)<-z(0)c"^'and again yit)-pit)->0as r-4 <>0. 
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