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ABSTRACT

As the field of computational fluid dynamics (CFD) continues to mature, algorithms are required
to exploit the most recent advances in approximation theory, numerical mathematics, computing
architectures, and hardware. Meeting this requirement is particularly challenging in incompressible fluid
mechanics, where primitive-variable CFD formulations that are robust, while also accurate and efficient in
three dimensions, remain an elusive goal. This dissertation asserts that one key to accomplishing this goal
is recognition of the dual role assumed by the pressure, i.c., a mechanism for instantaneously enforcing
conservation of mass and a force in the mechanical balance law for conservation of momentum. Proving
this assertion has motivated the development of a new, primitive-variable, incompressible, CFD algorithm
called the Continuity Constraint Method (CCM). The theoretical basis for the CCM consists of a finite
element spatial semi-discretization of a Galerkin weak statement, equal-order interpolation for all state-
variables, a 8-implicit time-integration scheme, and a quasi-Newton iterative procedure extended by a
Taylor Weak Statement (TWS) formulation for dispersion error control. Original contributions to
algorithmic theory include: (a) formulation of the unsteady evolution of the divergence error, (b) investi-
gation of the role of non-smoothness in the discretized continuity-constraint function, (c) development of
a uniformly H’ Galerkin weak statement for the Reynolds-averaged Navier-Stokes pressure Poisson
equation, (d) derivation of physically and numerically well-posed boundary conditions, and (e) investiga-
tion of sparse data structures and iterative methods for solving the matrix algebra statements generated by
the algorithm. In contrast to the géneral family of “pressure-relaxation” incompressible CFD algorithms,
the CCM does not use the pressure as merely a mathematical device to constrain the velocity distribution
to conserve mass. Rather, the mathematically smooth and physically-motivated genuine pressure is an
underlying replacement for the non-smooth continuity-constraint function to control inherent dispersive-
error mechanisms. Dominated by this dispersive-error mode, the non-smoothness of the discrete continu-
ity-constraint function is proven to play a critical role in its ability to remove the divergence error in the
discrete velocity distribution. The genuine pressure is calculated by the diagnostic pressure Poisson
equation, evaluated using the verified solenoidal velocity field. This new separation of tasks also produces
a genuinely clear view of the totally distinct boundary conditions required for the continuity-constraint
function and genuine pressure. A broad range of 3-dimensional verification, benchmark, and validation

test problems, as computed by the code CFDL.PHI3D, completes this dissertation.
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CHAPTER1

INTRODUCTION

Purpose

As the field of compixtational fluid dynamics (CFD) continues to mature, new algorithms are
required that are capable of exploiting the most recent advances in numerical mathematics, computing
architectures, and hardware. This requirement is particularly true in the area of incompressible fluid
mechanics, where there has been a continual interest in primitive-variable CFD formulations that are
accurate, efficient, and robust in three dimensions. Since most incompressible fluid flows of practical
engineering interest are turbulent and possibly unsteady, the issues of turbulence closure and time-accu-
racy must also be addressed. For turbulent flows, the promises of direct numerical simulation (DNS),
wheré all of the relevant length scales are resolved with highly refined meshes, and large eddy simulation
(LES), where the smallest length scales are modeled, have yet to be realized (Moin, 1992); therefore,
some form of turbulence modeling based upon the Reynolds-averaged form of the Navier-Stokes (RANS)
equations is necessary to approximate the effects of turbulence upon the mean flow. For a time-accurate
solution in three dimensions, an implicit time-integration technique with its potential for high-order

accuracy and larger usable time-steps is becoming the method of choice for current CFD algorithms.



Applications

In the preface to his classic text on fluid dynamics, Batchelor (1967) explains why he chose to
focus on incompressible fluids: “I regard flow of an incompressible viscous fluid as being at the centre of
fluid dynamics by virtue of its fundamental nature and its practical importance.” Whereas compressible
fluids and irrotational flows tend to be the primary concern of aerodynamicists, applications for
incompressible fluids and isochoric flows cut across the boundaries of almost every engineering discipline.
The fields of industrial and environmental fluid mechanics are dominated by fluids for which the

incompressibility condition is a valid assumption (Hunt, 1991).

Industrial fluid mechanics (IFM) covers those aspects of the design, manufacture, and operation
of industrial products that are related to fluid-flow problems. Examples of IFM applications involving
incompressible fluids include flows of liquids in chemical processing plants, recirculating cooling water in
power plants, water flows in open channels, and air flows in the heating and ventilation of rooms and
electrical equipment. Environmental fluid mechanics (EFM) refers to fluid motions in the lower
atmosphere, in the ground, and in rivers, lakes, and seas that relate in some way to problems connected to

the environment.

In a recent review paper, Hunt (1991) presents several examples of current industrial and
environmental fluid-flow problems. Incompressible CFD plays an integral role in the solution process for
many of these problems. For example, safety and accident analyses now rely on a combination of scale
model experiments and computational experiments as a part of the “fluid-dynamicist’s tool kit”.
Turbulence, heat transfer, forced convection, buoyancy-driven source terms, and mass transport of toxic
and/or reacting (e.g., combustion reactions) materials are physical phenomena typically included in

computational models.



The investigation of the disastrous fire at the King’s Cross underground station is an important
case-study of how fluid-flow problems associated with accidents and safety-related issues are now being
studied and how the results of such EFM studies influence subsequent government decisions. On
November 18, 1987, near the end of the evening rush-hour, a fire began beneath and near the entrance of
a wooden upward-moving escalator located in a tunnel sloping up from the train platforms to the large
ticket hall of King’s Cross station, one of London’s busiest underground and railway terminals. The fire
burned slowly for about 15 minutes and then spread rapidly upward and ignited the escalator in the upper
part of the tunnel. Intense fumes and smoke developed on the escalator and in the ticket hall. The fire
killed 31 people and seriously injured over 80. The follow-up investigation focused on a number of key
technical questions involving the growth and movement of the fire up through the tunnel. Included in
these studies were experimental scale models and a computational model. The CFD analyses used the
3-dimensional incompressible finite volume code FLOW-3D to simulate the motion of the turbulent flame
front that flowed up the tunnel. It was postulated that the flame front was driven by the steady release of
buoyant air at the original point of ignition of the fire and by air movement induced by arriving trains.
The CFD model produced quantitative and qualitative data on the structure and speed of the resulting
buoyant plume. These data assisted in the design and interpretation of subsequent scale-model
experiments. “This investigation is just one example where fluid-dynamics computer codes have greatly
helped in solving environmental and safety problems where there are many processes and the geometry of

the flow is quite complex” (Hunt, 1991).

Original Contributions

Recognition of the dual role of the pressure in the incompressible Navier-Stokes conservation law
system has motivated this investigation of a new time-accurate primitive variable CFD algorithm. Upon

imposition of the incompressibility condition, the pressure assumes the dual roles of both a Lagrangian



multiplier instantaneously enforcing an isochoric constraint on the flow field (conservation of mass) and
of a dynamical state-variable acting as a part of the mechanical force balance law for the flow
(conservation of linear momentum) (cf. Gresho and Sani, 1987, and Pelletier, et al., 1989). The proposed
algorithm accommodates both of these requirements by (1) applying a continuity-constraint potential
function to enforce a robust conservation of mass and (2) using the derived Reynolds-averaged pressure
Poisson equation with mathematically well-posed and physically-motivated Neumann boundary conditions

to obtain an accurate and discretely continuous pressure solution.

A critical requirement for demonstrating the feasibility of this algorithm, as an accurate and cost-
effective CFD finite element technique, is its successful extension to 3-dimensional flows. As original
contributions to the study of incompressible CFD, this dissertation presents:

(a) a derivation of an accurate expression for the unsteady evolution of the divergence error, thus

providing a firm and exact theoretical foundation for the continuity-constraint algorithm,

(b) an investigation of the separate roles of the non-smooth continuity-constraint function, ¢”,
and the smooth physically-motivated genuine pressure P,

(c) an investigation of the Galerkin weak statement for the Reynolds-averaged pressure Poisson
equation, thus determining the required order of the Sobolev functional space for the
turbulent diffusion (eddy viscosity) source term,

(d) an investigation and resolution of physically and numerically well-posed boundary conditions
for the selected state-variable serving as the mass-conserving constraint function,

(e) an implementation of the CCM using a finite element semi-discretization of a Galerkin weak
statement with an optional Taylor Weak Statement extension for Q in R’,

(f) an efficient solution strategy for work-station-based computing,

(g) an investigation of sparse iterative solvers and sparse data structures for solving the terminal
linear algebra problems required by the algorithm, and

(h) a verification and benchmarking for isothermal and nonisothermal test cases in R’.



A discussion of the mathematical formulations that constitute the conservation law system for
incompressible fluids is presented in Chapter 2. In Chapter 3, a review of the history of computational
methods for incompressible fluids and a summary of the current state-of-the-art for incompressible CFD
algorithms are presented. The present method, the Continuity Constraint Method (CCM), is described in
Chapter 4. Numerical linear algebra issues for the CCM are addressed in Chapter 5, and the resulting
implementation on a UNIX workstation is discussed in Chapter 6. In Chapter 7, relevant 3-dimensional
benchmarking studies used to validate the theory and implementation of the CCM are given, and, finally,

conclusions and recommendations resulting from this research are presented in Chapter 8.



CHAPTER 2

CONSERVATION LAW SYSTEM

In the continuum description of fluids, the governing physical equations can be grouped into four
classes: (1) kinematic relations concerned only with the geometry of motion, (2) kinetics and mechanical
balance laws relating forces (stresses) to motion (strain-rates), (3) thermodynamic principles producing
equilibrium relations between heat, work, and system properties, and (4) constitutive laws which relate
kinematic variables to kinetic variables for specific material groups (Reddy, 1986). The conservation law
system for incompressible viscous fluids consists of a coupled set of partial differential equations that
draw from all four categories. These physical laws are the conservation of mass, conservation of linear
momentum, and conservation of energy. Even though the theoretical treatments by Navier (1822) and
Stokes (1845) were concerned only with the mechanical balance laws (Lamb, 1932), the complete set of
equations is now commonly referred to as the Navier-Stokes equations for Newtonian fluids. The details
of the derivation of these equations can be found in any basic text on fluid or continuum mechanics, for
example the books by Aris (1962), Batchelor (1967), Spencer (1980), Shames (1962), or White (1974).
This chapter will present the equations in their general continuum forms and demonstrate how the
incompressibility condition produces the specific equation set addressed by incompressible CFD

algorithms.



Incompressibility Condition

All fluids are compressible to a greater or lesser degree. By assuming the density is constant, the
incompressibility condition represents an idealization of the physical behavior of liquids and gases for
certain flow conditions and thermodynamic states. This idealization assumes that any density perturbations
due to either pressure or temperature variations are sufficiently small to be negligible (Tritton, 1988).
Small variations in density (due to temperature and/or species-concentration gradients) inducing buoyancy
body forces can be accommodated under the incompressibility condition by adding buoyancy source terms
to the momentum equations. The incompressibility condition requires that the kinetic equation of state for

the fluid have a special barotropic form, specifically,

F(p,p)=F(p)=p-p,=0 )

where p is the thermodynamic (or thermostatic) pressure, and p, is the assumed constant density.

Rosenhead (1963) presents an extensive discussion of the conditions under which fluids may be
considered incompressible. For steady and unsteady liquid flows, the absence of cavitation and liquid-
vapor phase changes are the primary requirements for neglecting temperature and pressure effects. In
order to exclude the effects of high frequency acoustic waves, the term oL, /a must be small, where  is
the radian frequency of small pressure waves, L, is an appropriate length scale, and a is the acoustic
celerity (speed). In gas flows, the frequency o also refers to oscillations of any nearby solid boundaries.
Again oL, /a must be small, implying a slowly varying flow. Three additional conditions must be met for
gas flows: (1) a low Mach number, U, /a<0.2, (2) small relative temperature differences, (T, T..)/T., near
boundaries , and (3) a small reference length scale, gL, /a’, relative to atmospheric length scales (for

terrestrial gravitational effects) where g = |g,| is the magnitude of the gravitational acceleration vector.




Conservation of Mass

The principle of conservation of mass (or the continuity principle) states that, for a material body
in motion, the total mass of the body remains unchanged during the motion. d’Alembert first developed
the continuity equation in 1752 for the steady rotationally symmetric motion of a perfect gas, and its

generalized form was derived by Euler in 1757 (Malvern, 1969).

The general form of the continuity equation is

ou,
gy =120, % @
p Dt axj

where ¢ is time, x; is the spatial coordinate, p is the density, u(x, f) is the velocity vector field, and

D(*)/Dt is the material derivative operator defined as

D(s) _ (%), 9(*) 3
Dt ot Y 3%, ®

In Egs. (2)-(3) and throughout this dissertation, the Einstein index summation convention will be
followed,; that is, repeated latin indices imply summation over the dimension of the domain. From Eq. (2),
the assumption of constant density results in

Dp. ou.
2(py = -+ 2P0 g @

po Dt 0x;

where the divergence of the velocity field, du/0x,, is called the dilatation (expansion) rate. Therefore, for
an incompressible fluid to conserve mass, its velocity vector field must necessarily be solenoidal, and its
motion must be isochoric or volume preserving. One often sees references in the literature to
incompressible flows. Strictly speaking, this is incorrect. A fluid may be considered incompressible, but

the resulting flow is isochoric. Isochoric flows may also be produced by compressible fluids.




Conservation of Momentum

Newton’s second law of motion for a single mass particle can be extended to a system of mass
particles, assuming that Newton’s third law holds for the action and reaction of internal forces, to produce
the momentum principle. In its continuum form, this principle is a basic postulate of continuum
mechanics (Malvern, 1969). The conservation of linear momentum can be stated in terms of Cauchy’s

first law of motion,

Y=p——r"-—H _5b.=0
L) =p 5 = P ®)

where pb, is a body-force vector field and g, is the Cauchy stress tensor. Equation (5) is a mechanical
balance law in that the inertial force of a material body, associated with the product of its mass and
acceleration, is balanced by all external surface and body forces. If one assumes that the conservation of
the moment of momentum (for the nonpolar case) also holds, then the symmetry of o, can be deduced.
When distributed moments exist in the fluid, Eq. (5) is still valid; however, the stress tensor is in general

no longer symmetric.

A fundamental assumption in the formulation of Eq. (5) is that the continuum is viewed from an
inertial (or Galilean) frame of reference. An inertial reference frame is one which is not accelerating. A
rotating coordinate system is a special case of a non-inertial reference frame for which corrections to the
accelerations terms in Eq. (5) are available. These corrections take the form of Coriolis ( 2oxu ) and
centrifugal ( @x(wxr) ) accelerations that are added to the inertial terms in Eq. (5), where o is the angular
velocity of the reference frame, and 7 is a position vector for the material particle under study. When
Coriolis inertial forces represent dominant terms in the conservation of momentum, then the resulting

condition produces geostrophic flows (Tritton, 1988).




Conservation of Energy

The energy equation arises from the energy-balance postulate of the first law of thermodynamics,
wherein the time-rate of change of the total energy (kinetic plus internal energy) is equal to the sum of the
work done on the system by all external forces and the heat transfer rate into the system from both
external and distributed internal heat sources. First derived by Kirchhoff for a perfect gas in 1869 and for
the general case in 1894, the energy equation takes the form

ag;

d(e) = p%

where e is the internal energy, s is the distributed heat generation, and g; is the heat transfer rate by
diffusion across the system boundaries. The stress power, g, €, , is the external power input per unit

volume not contributing to the change in kinetic energy. The strain-rate tensor ¢, is defined by

| L Q)
V2| ex; ax,

A more general energy equation can be developed by adding to Eq. (6) a relation for the
conservation of mechanical energy. The balance law for mechanical energy, independent of any
thermodynamic considerations, is also derivable from the conservation of momentum, Eq. (5), and
expresses the principle that the rate of change of kinetic and potential energy is equal to the rate at which

the translation forces do work on the system.

The second law of thermodynamics, as expressed mathematically by the Clausius-Duhem

inequality (Yih, 1969), plays an important role in imposing restrictions upon the constitutive relations for

the conservation law system.
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Constitutive Relations

Cauchy’s equation of motion, Eq. (5), holds for any continuum no matter how the stress tensor
oy is related to the strain rate. The relationship between the stress field and the corresponding motion is
defined by the constitutive equations selected for the particular material to be modeled. The Navier-Stokes
equations are derived for a class of fluids called Newtonian fluids. A Newtonian fluid is a linear
Stokesian fluid. The fundamental behavior of a linear Stokesian fluid is based upon the following
assumptions (Aris, 1962):

(1) The Cauchy stress tensor o, is a linear function only of the strain-rate tensor €; and the local

thermodynamic state.

(2) The fluid is homogeneous. The spatial distribution of the stress field is a function only of the

positional variation of the strain rate and does not explicitly depend on x;.

(3) The fluid is isotropic. There are no preferred directions, implying that the principal directions

of o, and ¢; are the same.

(4) When the fluid is at rest, €; = 0, and the state of stress is hydrostatic, o, = -pd, , where 5 is

the Kronecker delta.

The Navier-Poisson law (also called the Stokes viscosity law) for a Newtonian fluid, satisfying

the above assumptions, is

°ij= 'p 6,J+).ekk6u+2|.l.eu (8)
where pu and A are the first and second coefficients of viscosity, respectively. Note that the trace of the
strain-rate tensor, €, , is just the dilatation rate du/0x,. The simplest case for 1-dimensional shear flow is
due to Newton (1687). The 3-dimensional cases were obtained by Navier (1822) for incompressible fluids

using molecular models and by Poisson (1831) for the generalized form. The continuum theory is due to

St.-Venant (1843) and Stokes (1845), (Malvern, 1969).
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For compressible fluids, the variable p in Eq. (8) can be readily set equal to the thermodynamic
pressure as defined by a suitable kinetic equation of state. The definition of p is more problematic for
incompressible fluids. As a result of the incompressibility condition, the kinetic equation of state does not
include the pressure; therefore, the pressure can be defined in the thermodynamic sense only as the limit
point for a sequence of increasingly less compressible fluids. One, therefore, must view the pressure p in
Eq. (8) as a dynamical (kinetic) variable (Aris, 1962). Some insight into the nature of p can be found by

recasting Eq. (8) in terms of the stress and strain-rate deviators, defined by

I Okk Y ki
Oij- Oil—-——-éu N €,-1= eij——-—-——ﬁu (9)
3 3
Inserting Egs. (9) into Eq. (8), one obtains
o 2
°;{j='(P+“§£)5ij+( A+3F)ekk6ij+2uex{j (10)
Noting that for an incompressible fluid, £,=0, and by definition the trace of the deviatoric stress and
deviatoric strain-rate tensors is zero, one finds upon contraction of Eq. (10) that
p= -tk n

For an incompressible fluid, the pressure is a kinetic state-variable, dependent upon the flow and equal to
the mean of the normal stresses at a point. Batchelor (1967) defines p as the modified pressure p,, , equal
to the absolute pressure minus the pressure variation due to gravity and position (relative to some datum

elevation). This modified pressure (also referred to as the motion pressure, Gebhart et al., 1988) arises

strictly from the effect of the motion of the fluid.

In Eq. (10), the grouping (A+ %ap) is called the bulk viscosity, k. For compressible fluids, it is a
common practice (with important exceptions) to adopt the Stokes assumption and assume k=0, primarily

because K is extremely difficult to determine (Yih, 1969). For incompressible fluids, the question is moot,




since £,=0, obviating the need to determine the second coefficient of viscosity, A.

Collecting ideas, the Navier-Poisson stress-strain law for an incompressible Newtonian fluid can

be stated as
ou, du;
- 12)
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/ Y ax;  ax;

Applying Eq. (12) to the diffusion term in the momentum equation gives, assuming constant u,

S0y _dpy [, |%% %) op 0 |9 O a3)
ox; 9x; Y ax ax; ox; ax; ~ ax;| ax; ax;

The stress power term in the energy equation can also be transformed using Eq. (12).

ou; du; 1| 9u; du;
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Replacing the strain rate in Eq. (14) with its unique deviatoric decomposition, i.e., the sum of a spherical

(isotropic) tensor and the deviatoric strain-rate tensor,

€y + € 15)

wlp—n
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(16)
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In Equation (16), it has been recognized that €, , as the dilatation rate, is zero for an incompressible fluid.
The term u® is the dissipation function (Yih, 1969) and represents the irreversible rate of transformation

of mechanical energy into thermal energy due to viscous effects. A scaling analysis (Schlichting, 1979)
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shows that for small values of the dimensionless grouping Ec/Re, where Ec is the Eckert number
(= U,’/cpAT,), Re is the Reynolds number (= U, L/ v), and subscript “r”” denotes a suitable reference or

scale value, viscous dissipation may be neglected.

Focusing on the body force term, pb, , in Eq. (5), a commonly occurring body force is due to
small local variations of density, caused typically by temperature and/or species-concentration gradients in
a gravity field. Limiting consideration to temperature gradients, the density p(7) is assumed to be a linear

function of temperature T, obtaining

p(T)=p,[1-B(T-T,)] an
where subscript “r” denotes a suitable reference state, and B is the coefficient of isobaric volume

expansion, defined by

--1(%e
p p(ar)p as)

For an ideal gas, p=pRT, and f=1/T. From Eq. (17), the body force pb, due to local density perturbations

becomes

pbi=-(p,-p)8i=-p,B(T-T)g 8, 9)
where g = |g,| is the magnitude of the gravity vector and §, is a unit vector in the direction of
gravitational acceleration. Equation (19) is due to Oberbeck (1879) and Boussinesq (1903) and is typically

referred to as the Boussinesq buoyancy approximation.

Using Eq. (17) to approximate the buoyancy body force appears to violate the incompressibility
condition of constant density. This violation is considered acceptable if the density variations are
sufficiently small to induce only buoyancy forces. Gebhart et al. (1988) present a scaling analysis, based
upon a Taylor series expansion of p,(T,)—p(7T'), that provides insight into the conditions for which the

Boussinesq approximation is valid. They identified two dimensionless parameters that should be small
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relative to unity,

R, - 8L, 22) R -Ae 20)
8. op T Pr
where g, is a conversion constant. To ignore the modified-pressure effect on density, the parameter R,
must be small. As an extreme case, pressure effects cannot be neglected for liquids near the
thermodynamic critical point of a vapor-liquid system. If the density variation is sufficiently linear in T
for the temperature region of interest and the parameter R, is small, then the Boussinesq approximation is
valid. An interesting example for which the Boussinesq approximation is not appropriate is the case of a
buoyancy-driven flow in cold water near 4°C, the point at which a density extremum occurs. Slightly
above 4°C, B is positive, and slightly below 4°C, B is negative. The density variation near this
temperature is significantly nonlinear, and the Boussinesq approximation should not be applied. A more
extensive analysis into the suitability of the Boussinesq approximation for liquids and gases has been
carried out by Gray and Giorgini (1976) in which they allowed all relevant properties to be linear
functions of temperature. They identified eleven dimensionless parameters which must be small to

validate the approximation.

The final term in the energy equation requiring a constitutive relation is the divergence of the
conduction heat flux, ¢, Fourier’s law of heat conduction (Yih, 1969) can be applied, introducing the

transport property k, the thermal conductivity. Fourier’s law states that

oT
L= =22 21
The divergence of the heat flux vector is, therefore,
99 8 (4T @2
axj axj axj



Finally, the material derivative of the internal energy can be transformed into a term involving

the fluid temperature (Batchelor, 1967) by

De . DT 23
°Dr P Dr @)

where ¢, is the mass-specific heat capacity.

Applying the above constitutive relations and imposing the incompressibility condition, the
Navier-Stokes equations are, upon expansion of the material derivative operators,

2o = i -0 @4)
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where v is the kinematic viscosity and a is the thermal diffusivity. Equations (25)-(26) are in divergence
form where the incompressibility condition has been applied to allow the grouping of the advection and

diffusion terms.

Reynolds-Averaged Navier-Stokes Equations

Most flows of engineering interest are turbulent. Turbulent flows are inherently 3-dimensional,
nonlinear, and unsteady, exactly the conditions for which the Navier-Stokes equations have been derived.

Equations (24)-(26) should in theory be able to predict the physics of turbulence for incompressible fluids.
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The difficulty arises due to the fact that turbulent motion is characterized by a large number of 3-
dimensional vortex elements (eddies) varying in size and fluctuating over a range of frequencies
(Haroutunian, 1988). Turbulence, therefore, involves a wide spectrum of length and time scales. This
spectrum is so wide that it presents a computationally intractable problem. In order to attain approximate
solutions for turbulent flows using CFD algorithms based upon Eqs. (24)-(26), spatial and time
discretizations would need to be fine enough to capture the characteristics of the smallest dissipating
eddies. For practical engineering analysis, the capacity of today’s computers is unable to meet these
requirements using a direct solution approach to turbulence. Such a direct approach, called direct
numerical simulation (DNS) (Moin, 1992), is classified as one of the Grand Challenges of scientific

computing, requiring the best available supercomputing capability.

The response to this dilemma has been a statistical approach in which the instantaneous
state-variables are decomposed into mean and fluctuating parts. For the general state-variable g, this

Reynolds decomposition can be represented mathematically as

q=q+q @n
where the overbar and superscript (' ) denote mean and fluctuating values, respectively. Two statistical

averaging procedures employed in incompressible turbulence theory are time-averaging and ensemble

averaging. Time-averaging is expressed by

~__1 reeay
q—Msf,o q(8)dE @8)

where ¢, is a reference point in time and A is a sampling interval. Ensemble averaging involves
calculating the arithmetic average of the results of a series of N experiments (realizations) obtained under

identical conditions. The ensemble average is

Zo Ly gk (29)
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where ¢* (¢, ) is the kth value of the state-variable obtained from a single realization ¢, seconds after the
beginning of the experiment. If the turbulence field is statistically stationary, then the ergodic hypothesis
states that the two averaging methods produce identical results (Hinze, 1975). For nonstationary
turbulence in which the time scales of the mean flow and the turbulent fluctuations are sufficiently
different, then time-averaging is still a valid technique. If the nonstationary time scales overlap, then

ensemble averaging must be used.

When a Reynolds decomposition is executed for the state-variables in Egs. (24)-(26), specifically
4 , P , and T, and when the appropriate averaging technique is carried out, the resulting partial

differential equations are the Reynolds-averaged Navier-Stokes conservation law system.
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The two second-moment statistical correlations, u,-/uj/ and u,-'T’ in Egs. (31) and (32), come from

the nonlinear advection terms in the momentum and energy equations. These two double correlations are

the turbulent Reynolds stresses ( - p u,-/uj/ ) and the turbulent heat flux vector ( - p p u,-/T’ ). The

inability to calculate them directly is the turbulence closure problem. Turbulence modeling consists of
developing techniques to calculate approximations for the Reynolds stresses, thus providing an

approximate closure for the Reynolds-averaged Navier-Stokes equations.
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Excellent general reviews of turbulence modeling can be found in the books by Anderson et al.
(1984) and Baker (1983), the monograph by Rodi (1980), and the review papers by Ferziger (1987),
Nallasamy (1985), and Speziale (1991). Various methods of turbulence model classification have been
used in the literature. One method depends upon the number of partial differential equations that must be
solved, and another method focuses attention on the “order” of closure, referring to the order of the

correlations that must be modeled through approximations and empirical data.

Transport equations for the Reynolds stresses can be derived from the Navier-Stokes equations

(cf. Tennekes and Lumley, 1972; and Rodi, 1980) with the following result,
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The Reynolds-stress transport equations, Eq. (33), are a highly nonlinear PDE system containing even
higher-order unknown correlations. The CFD group in Los Alamos (Daly and Harlow, 1970) and the
Imperial College group in London (Launder et al., 1975) were among the early researchers to develop
second-order closure models based upon modeled forms of the transport equations for the Reynolds

stresses.

At present, the most common methods of approximate turbulence closure are based upon the
concept of a turbulent kinematic eddy viscosity, v*, due to Boussinesq (1877). The eddy viscosity
approach uses a modeled constitutive equation relating the Reynolds-stress tensor and the mean flow
strain-rate tensor. Accounting for invariance, the simplest (linearized) form, modeled after the Navier-

Poisson constitutive relation, Eq. (12) , is
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where k is the turbulent kinetic energy, equal to one-half of the trace of the Reynolds stress tensor.

Equation (34) is known as the Boussinesq approximation for turbulence closure.

Based upon Reynolds-analogy arguments, the eddy viscosity can also be employed to produce
closure for the Reynolds-averaged energy equation by introducing the turbulent Prandtl number, Pr' (1

for most turbulent flows). The modeled constitutive relation for the turbulent heat flux vector is

.
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With Eqs.(34) and (35), the momentum and energy equations become
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For notational convenience, the overbars denoting mean-flow variables have been left off Egs. (36) and

(37). Unless stated otherwise, all state-variables in the sequel are for the mean flow.

Boussinesq-based turbulence models view the eddy viscosity as the product of a characteristic
turbulent velocity and length scale. The modeling problem then becomes one of selecting methods for
calculating these two scaling parameters. One of the simplest turbulence models (the zero-equation model)

is based upon Prandt!’s mixing-length theory (Prandtl, 1925), where the eddy viscosity is calculated by
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The length scale is /, Prandtl’s mixing-length, described in the theory as the transverse distance over
which fluid particles maintain their original momentum. Mixing-length models remain very popular,
especially in external aerodynamics applications. The text by Cebici and Smith (1974) presents a detailed

review of the method as it applies to compressible Navier-Stokes flows.

One-equation models continue to use the mixing-length as their length scale, but the velocity
scale is related to the square root of the turbulent kinetic energy £, calculated by a transport equation
derived from the Navier-Stokes equations. The one-equation models have not gained wide acceptance
since their dependence on the mixing-length limits their application primarily to turbulent flows already
adequately modeled by the simpler zero-equation models (Anderson et al., 1984). The additional effort in
calculating k has produced results, when compared to mixing-length models, that have not proven to be

computationally “cost-effective.”

For internal flows, the two-equation models are among the more popular methods for turbulence
closure. Among this class of methods, the k- (TKE) model, originally derived by Harlow and Nakayama
(1967 and 1968), uses two transport equations to calculate both & and the isotropic dissipation rate €. The
velocity scale is again related to the square root of the turbulent kinetic energy, and the length scale is
proportional to £%/e. Once both & and ¢ distributions have been calculated, the eddy viscosity is

determined by the Prandtl-Kolmogorov relation,
2
v-c ¥ 39)

where C, is an empirically derived constant.
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TKE systems can be categorized by the range of turbulence intensity they have been designed to
model. The parameter characterizing turbulence level (distribution) is the turbulence Reynolds number

(Re’) defined by

Ret= Y (40)
v

For a laminar flow, v'=0 by definition; therefore, Re' is also zero. For a fully turbulent incompressible
boundary layer flow, Re’ will range smoothly from zero at a solid wall up to the order of 100-500 in the

fully turbulent region.

High Reynolds number TKE models (Launder and Spalding, 1974) do not attempt to resolve the
low Re’ regions near wall boundaries. To bridge the region containing the viscous sublayer, from the wall
out to the fully turbulent boundary layer, high Reynolds number TKE models employ wall functions based

upon logarithmic law-of-the-wall velocity profiles (White, 1974).

Low Reynolds number TKE models have been developed by several researchers (cf. Jones and
Launder, 1972) to include the viscous sublayer in the computational domain through the use of special
wall-proximity functions. Patel et al. (1985) published a review of a number of low Reynolds number
TKE models. One of the more promising for nonisothermal flows is that of Lam and Bremhorst (1981).

The TKE system of equations is

t.C k? 41
veC f K (D
= ak + a k- + Vt ak ot + = 42
£ (k) 5t —-—-axj u,k (v _Ok) —axj vVid + e =0 42)
de 0 vf) de €
Q(e):—at +_j uje—( \Y +-;;] ——J— - Cl’l%vt(p + C2 ’2%5 =0 (43)
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The model parameters f, , f; , and f; are wall-proximity functions dependent upon the local distribution of

turbulence Reynolds number Re' and a wall-proximity Reynolds number Re” with definitions

Cu = 0.09

C =14

C,=192

o, = 1.0

o, =13 (a4)
f" = (1-exp(-0.0165Re *))* (1 +(20.5 C”fu/Re 9)

fi = 1+ 005[f)

fy = 1-exp(-Re*/C, £, )
Re' = vi/v

Re#

vEy/lv

where y is the normal distance from the wall. The positive-definite function ® is identical to the kinematic
term in the molecular viscous dissipation function, Eq. (16), and acts as a production (source) term for

both k and €.

Nondimensional Forms

The nondimensionalization of the conservation law system is important for both theoretical and
computational reasons. Nondimensional scaling provides one method of developing nondimensional
groups that can provide physical insight into the importance of various terms in the PDE system.
Computationally, nondimensional forms have the added benefit of providing numerical scaling of the
discrete equations when producing the terminal linear algebra statement, producing a physically-linked
technique for improving the ill conditioning of the equation system. Typical scaling rules for the

Navier-Stokes equations are
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Pm _2,;
3

8" = T-Tr P* = Po Prt = P‘CE
ATr U,z k!

where # is the turbulent thermal conductivity and superscript “*” denotes a nondimensional variable.

Applying the above scaling rules to Eqgs. (24), (36), and (37), results in

*

2o = 4 - 0 46)

+ P8, |+ Ar0°g =0 (7

ut : ( 1+Ret) aul‘ - au].
ox;

., ou
Q(u;) = +
ot*

3®" , 3
ot* ax,‘

FICROE

t *
u.'G‘—_.l_( 1 +R_e)89
Prt

; L B0 48)
Re| Pr ox; | Re

where the nondimensional moduli are the Reynolds number (Re), Prandtl number (Pr), Archimedes

number (Ar), Grashof number (Gr), Eckert number (Ec), and turbulent Reynolds number (Re’), defined by

U L
Re = — LT Pr=_" Ar=5r
v o Re?
3 2
Grg—pgATrLr Ec= U’ Re‘sit
v2 CpATr v

In the sequel, the superscript “*” will be dropped, and all state-variables will be assumed nondimensional.
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Initial and Boundary Conditions

Equations (46)-(48) are a coupled set of mixed parabolic/hyperbolic nonlinear partial differential
equations defining an initial-/boundary-value problem. The problem is well-posed upon definition of
appropriate initial and boundary conditions. Assume that Q is an open set of R’ with boundary closure T,
where Q is located locally on one side of a Lipschitzian I' (Temam, 1983). For the velocity and pressure
field, the boundary I is subdivided into ', and ', where I'=I', U T'yand ', " Iy, = &. A similar
partitioning of I is required for the energy equation where I and Iy do not necessarily coincide with
I', and Ty . Mathematically, the problem is to find u(x,), P(x,?), and 6(x;) that satisfy Egs. (47) and
(48) in Q and Ju/0x~0 in Q and on I (a kinematic constraint) subject to the boundary conditions for

t>0of

u(x;,t) =wi(x;,0) x;eTp
] f) J

P 1+Re! | U4, F
- —— x ’t
+( Re ) an w50

t) ou
(1+Re ]—;ll =Ft,(xj,t) x;ely

Re d
49)
1+Re'|0U,
1 1 Re'} o0
AR AR e T

where u, is the normal component of velocity (outward pointing ») and «,, and u,, are the two tangential
velocity components on I, (Gresho,1991). Given boundary data include w,, F, , F,, , F,,,©,,and O, .
For the special case of I'=I",, and I'y,=0, no Dirichlet data exist for the pressure. The pressure is known
only to within an arbitrary constant. Also, for this special case of I'=I"j, and I' =, a solvability condition

requires the global conservation of mass, i.e.,
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fwmdr =0 fortz0 (50)
A more general definition for no-slip boundaries allows no relative tangential velocity between the fluid

and the wall, i.e., €, % w;, = 0 (uxw = 0) (Tritton, 1988).

The initial conditions are

u(x;,0) _

0 x;€Q
axj
94(%,0) xeT
axj
(51
t) ou
‘P+( 1+R§e )—a;”=Fn(xi,0) x‘G Pn

8(x,,0) =8 ,(x,,0) X;€Tpg

—_ | —+—=|=n-= x;,0) x;eT
Re | Pr Pr' axJ 'j QO( i ) i Ne

1 [ 1 . Re' ) 36
+
The above mathematical initial and boundary conditions must eventually be translated into the
various physical conditions addressed by CFD. Boundaries on which velocities may be fully defined (I'y)

include no-slip walls and prescribed inflow planes. Partial specification of velocities occurs at tangency,

symmetry, and entrainment boundaries. Neumann boundaries can occur at outflow planes.

Pressure Poisson Equation

Even though the modified pressure does not appear in the kinetic equation of state, a Poisson

equation for the pressure may be derived from the momentum equations. Assuming the necessary




smoothness, the divergence operator is applied to the momentum equations to produce

d -
Q(P) = a—xi(g(u,)) =
: [au‘ L & ] *2)
ox;\ ot Re 3x;0x;
2 {oP O 3 |Re'| O Oh\| hiegt=0
ox; |dx; 'ox; 9x;| Re | ax; 9x,
Equation (52) can be further simplified, assuming the continuity constraint is satisfied; hence
. ou; 2 . . R
gpy - P, 0% 9" |Re'|OW; O\ L, 88, o &)
ox;9x; 9x; 0x; 9x;0x;| Re | dx; Ox; ox;

The fundamental assumptions implied by Eq. (53) are that both the velocity field and the acceleration are

solenoidal.

Physically-motivated boundary conditions for the pressure Poisson equation can be derived
(Orszag et al., 1986 and Gresho and Sani, 1987) by projecting the momentum equations onto I';,. Two
basic options for this projection are available, the normal direction (outward-pointing) and two tangential

directions. Projection onto the normal direction produces a Neumann boundary condition for Eq. (53):

oP _ 9

an on

u’l
- Ar® (54)
Re n En

(1+Re‘)a“n

The tangential projection with subsequent integration over the boundary surface results in a Dirichlet
pressure boundary. Gresho and Sani (1987) demonstrate that the Neumann boundary condition will
produce solutions for the pressure field that also satisfy the tangential boundary conditions. In addition,

the Neumann boundary condition applies for both ¢ = 0 and ¢ > 0 and maintains a solenoidal acceleration.
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CHAPTER 3

REVIEW OF INCOMPRESSIBLE CFD ALGORITHMS

The robust enforcement of the conservation of mass is the primary challenge for incompressible
CFD algorithms. All admissible solutions to the momentum equations must satisfy the solenoidal
kinematic constraint, du,/0x=0. This constraint is so critical that a taxonomy for incompressible
algorithms, presented in Table 1, can be developed based upon the method chosen for conserving mass.
The two broad classifications are exact enforcement and inexact (or approximate) enforcement of the
continuity constraint. This chapter presents a brief sketch of the incompressibility problem and a summary

of some of the more popular methods that have been developed over the last thirty years.

Incompressibility — The Problem

Enforcing the kinematic constraint of a divergence-free (solenoidal) vector field poses special
problems for any discrete approximation method. The problem, called the div-stability condition (Boland
and Nicolaides, 1983), is independent of any nonlinearities in the Navier-Stokes equations; for example, it
manifests itself in the linear Stokes problem in fluid mechanics and the incompressible elasticity problem

in solid mechanics. If one attempts to produce approximate solutions (independent of the method, e.g.,
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Table 1. Taxonomy of Incompressible Navier-Stokes CFD Algorithms

CONTINUITY ISSUES/
RIGIN
ENFORCEMENT METHOD ORIGINS DETRACTIONS
I
VORTICITY/ Fromm, 1963 (FDM) Practical for 2D only.
STREAMFUNCTION Baker, 1973 (FEM) Vorticity BC at walls
VORTICITY/ . BCs for vector potential
Aziz and Hellums, 1967 ..
EXACT VECTOR POTENTIAL vorticity BC
WITH VORTICITY | yORTICITY/VECTOR Aregbesola and Burley, 6 DOF/node in 3D
SCALAR POTENTIALS 1977 vorticity BC
VORTICITY/ Fasel, 1976 (2D) 6 DOF/node in 3D
VELOCITY Dennis et al., 1979 (3D) vorticity BC
. Ladyzhenskaya, 1969 ...
EXACT _ u-P Direct Babuska, 1973 lil-conditioned
(mixed finite elements) . numerical diffusion
Brezzi, 1974
————
INEXACT- Temam, 1968 Ill-conditioned
ALGEBRAIC PENALTY Zienkiewicz et al,, 1975 Reduced integrations
INEXACT- PSEUDO- Chorin. 1967 Steady-state only
INITIAL VALUE COMPRESSIBILITY ? Numerical diffusion
Staggered mesh
MAC/SMAC Harlow and Welch, 1965 Velocity BC
. Staggered or non-
PROJECTION Chorin, 1968 staggered meshes
Temam, 1969 . )
BC implementation
SIMPLE, SIMPLER, Patankar and Spalding, Staggered m“h’Bsg‘”
SIMPLEC, SIMPLEST 1972 convergence,
implementation
Equal-order finite
INEXACT- VELOCITY . C
BOUNDARY CORRECTION Schneider et al.,, 1978 ellemcn;, explicit W}th
VALUE PROBLEM umped mass matrix
2-step predictor/
PISO Issa, 1985 and 1986 corrector, staggered
mesh, BC, pressure
OPERATOR R decouples nonlineartiy
SPLITTING Glowinski, 1985 from incompressibility
Implicit, equal-order,
Williams, Noronha, Baker, time-accurate, finite
PRESENT 1990- clement Galerkin weak
statement
_
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finite difference, finite volume, or finite element) for the incompressible Navier-Stokes equations without
satisfying or in some way circumventing the div-stability condition, the results can be unstable and/or
nonphysical velocity vector fields and spurious pressure solutions. Various approaches have been
developed to understand and explain the nature of the problem, ranging from detailed mathematical

descriptions using the tools of functional analysis to physical intuition.

Gunzburger (1989a) presents a readable description of the div-stability problem as it relates to
the method of weighted residuals in its finite element Galerkin weak statement form for the isothermal
Navier-Stokes equations. Following Gunzburger, one begins with a few mathematical preliminaries by

defining some functional spaces.

For a domain Q in R® with boundary closure 3Q=I", L*(Q) is the linear space of functions that
are square-integrable (in the Lebesgue sense) over 2, defined by
L2(Q)s{q:fnq2dn<~} (55)
L*(Q) comes equipped with the usual inner product and norm.
@.=[ pada ; 19k=(a.9" (56)
The subspace L,(Q) is constrained to include functions with zero mean over Q.
LX(Q)={qe Lz(n):fnq dQ =0} (57
The Sobolev space H4(Q) is defined as

H*(Q)={qe L*(Q): D%ge L*(Q)for s=1,..,k} (58)
where k is a non-negative integer and D* denotes all generalized derivatives up to and including order s.

The Sobolev norm is
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1/2
k
lql,,s[llqll%+2 ID‘qli] g
s=1
The constrained subspace H,'(Q) requires g=0 on the boundary I', such that

H,(R)={qe H'(Q): ¢=0 on T'} (60)

where H,(Q) is equipped with the norm

) n gl 2\1/2
= + (61)
s £f2]

and the norm-equivalent energy semi-norm

4
ax,

n 2\1/2
lq1, [2; ] (62)

0

The classic Galerkin weak statement for the isothermal Navier-Stokes equations is as follows.

One seeks the functions u(x; , )e H,'(Q) and P(x;, f)e Ly’(Q) such that

[y2mpda=0 Ve Hy(Q) (63)
[q %% da -0 V ge LE(Q) (64)
Q axj h

where £(u;) are the momentum equations in the canonical form as given by Eq. (47). Equation (64)
requires that all admissible velocity solutions, u(x,, f)e H,'(€2), must also reside in the constrained

(solenoidal) subspace Z, defined by
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Z={v;e Hy(Q): b(v,g)=0 Vqe Lj(Q)} (65)

where b(v, , q) is a bilinear form describing the weak satisfaction of the solenoidal constraint on v; defined

by

b(v,q) = -fnq% do Vvv,e H(Q),qe L¥(Q) (66)

Up to this point, all discussed functional spaces have been infinite-dimensional, and the Galerkin
weak statement, Eqs. (63) and (64), is expressed for the continuum Navier-Stokes equations. Assume that
by some method, e.g., the finite element method, approximate solutions (%) to the discrete Galerkin weak

statement have been obtained, where u'e V," and P* € S satisfy

h h h h
[v'etwhda=0 vvieV,
k (67)
du
fnq" —'h da-=0 vgqheSt
ox;
The superscript “4” denotes a dependence on some measure of the mesh, the discrete approximation to the

domain Q. The finite-dimensional spaces ¥," and S," are the subspaces from which admissible

approximating functions are selected for /" and P*.

The fundamental problem for the incompressible Navier-Stokes equations is that ¥, H, and
S,< L,’ alone are not sufficient conditions to produce stable approximate solutions. Define Z” to be the

subspace of discretely divergence-free functions, such that
Zh=(vle V2. bt gh=0 vgheS}) (68)

The dilemma arises from the fact that, in general, Z* ¢ Z, i.e., discretely solenoidal functions are not

necessarily solenoidal in the limit as #—0. Based upon the theoretical work of Ladyzhenskaya (1969),
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Babuska (1973), Babuska and Aziz (1972), and Brezzi (1974), a stability condition has been developed

ensuring, as h—0, that discretely divergence-free functions tend to solenoidal functions in Z.

Thit €iv-stability condition, also known as the LBB or inf-sup condition, states that, for a given

pair of approximating functional spaces S,” and ¥, if there exists a positive real number y > 0 such that

LI |
inf  sup [M]Z v 69)

h
0s q*e Sy 0w vieVy | |W |1 “qhno

then the discrete solutions u*e ¥,” and P”e S,” to Eqs. (63) and (64) will be stable. The selection of
interpolation functions for the velocity and pressure approximations that satisfy the div-stability condition
is the basis for the mixed finite elements methods (Stenberg, 1987). An analogous div-stability condition
also exists for finite difference methods, of course, and the well-known staggered-mesh technique is one

method of producing a stable solution (Gunzburger, 1989a).

Zienkiewicz (1977) and Schneider and Raithby (1980) present the div-stability problem in terms
of an over-constraint condition caused by the lack of an independent equation for the pressure. As an
illustration, a Galerkin-type discretization of Eqs. (67) for a steady, isothermal flow produces a Newton
linear algebra statement as

JUUY,p,30, [JUPY,,,, {6U}3,,xl} . (FU},,., (70)
UUslpsps  [00p | (3P Y|~ [(FUx)

nxl1 nxl

where [JUU] and [JUP] are the jacobian submatrices arising from the momentum equations. The
submatrix [JUU*] is the contribution to the jacobian produced by the continuity constraint. Before the
application of boundary conditions, there are the same number of equations as unknowns. For a problem
in R? and assuming an equal-order interpolation of the velocity and pressure, there are 3» equations from
the momentum equations and » equations from the continuity equation, where » is the total number of

nodes in the mesh. With equal-order interpolation, the velocity components and the pressures are
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evaluated at the same locations for all nodes. Before any Dirichlet boundary conditions are applied, the
number of equations (4n) is, therefore, equal to the number of unknowns, 3 velocity components and the

pressure per node.

Typically, one considers the equations produced by the momentum conservation law to be
associated with the velocity-component degrees-of-freedom, and the equations produced by the continuity
constraint to be associated with the pressure degree-of-freedom. One procedure for invoking Dirichlet
velocity or pressure data is to delete the corresponding degree-of-freedom from the jacobian and to adjust
the right-hand-side residual to reflect the specified values for the velocities and pressures. Let m, be the
number of fixed-velocity degrees-of-freedom, and m, be the number of fixed-pressure degrees-of-freedom.
The number of velocity equations to be solved is now n, = 3n-m,, and the number of pressure (continuity)

equations to be solved is n,=n-m,. The resulting linear algebra statement is

JUU1,,, . {{bU},..x,} i {{FUI,.,xx } (M)

[JUU=]

[JUP]

R, x np

{GP}Ilpxl (FU*}npxl

npxn,' [O]Ilpxnp

To prevent the system, Eq. (71), from being overdetermined, the following conditions must be

met.

n,+n,>n
P u
(72)
n,zn,

Satisfaction of n,+n,2n, is of course trivial; however, satisfaction of the condition 1,27, is dependent upon
the degree of interpolation for the velocity and the pressure. Equal-order interpolation for the coupled
system of Eq. (71) will in general produce an overdetermined (singular) system of equations, i.e., more
equations than unknowns. The singularity can be removed by using an interpolation degree for the
pressure that is less than the velocity interpolation. Let » be the total number of degrees-of-freedom for

the pressure using a lower degree interpolation such that r<n; therefore, n, is now r-m,, and the condition
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n,2n, can be met. Similar reasoning is used to explain the need for reduced integration techniques in the

penalty method (Zienkiewicz, 1977), to be discussed in the sequel.

Exact Continuity Enforcement with Vorticity

Vorticity, as a derived state-variable, plays a major role in many incompressible CFD
formulations. By taking the curl of the momentum equations and applying a vector identity, VxVP=0, the
pressure can be removed from the conservation law system, thus allowing the automatic enforcement of
the continuity constraint. The following sections describe the primary ways in which vorticity has been

used to obtain solutions for the incompressible Navier-Stokes equations in 2- and 3-dimensions.

Vorticity-Streamfunction

The vorticity-streamfunction formulation was among the first unsteady, incompressible
Navier-Stokes CFD algorithms. The original finite-difference algorithm was developed at Los Alamos
(Fromm, 1963 and 1964), and the first finite element implementation is due to Baker (1973). By
eliminating the pressure as a state-variable and enforcing continuity with a vector potential, the method
automatically produces an exact mass-conserving velocity field. Arakawa (1966) employed the
vorticity-streamfunction method to carry out an early investigation into instabilities associated with
dispersive errors (which he termed “noodling”) arising from the advection terms. A thorough review of
boundary condition issues can be found in Roache (1972), Gupta and Manohar (1979), Baker (1983),
Quartapelle and Napolitano (1984), Gunzburger (1989a), and Gresho (1991). The formulation is not
limited to incompressible fluids as demonstrated by the compressible implementation of Leonardi and

Reizes (1981).
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For a 2-dimensional domain (three-dimensional extensions are presented in the next section),
assume the flow is isothermal, Re'=0, and p is constant. Taking the curl of Eq. (47) in R?, dropping the
buoyancy term, and applying the continuity constraint produces the Helmholtz vorticity transport equation

in conservative form, as
dw d 1 dw
%0 9 fye-L32 (73)
0= axj( A Reaxj]

where @ is the x;-component of vorticity, defined in R? by

ou; ou, ou

o =Vxuk=¢, = —= - — (74)
ox, ox, ox,
where €, is the permutation tensor.
The pressure is eliminated from Eq. (73) due to the vector identity
2 2
vxvp=e,.,.,ﬁ_(2?.]= P Py e 75)
ax;\ ox; ox,0x, 0x,0Xx,
Continuity is automatically enforced by defining the vector potential yk, via
u=Vx ¢k
A A 4 A 4
U, = —_—= —t o —
i = €y ax, €23 ax, * €3 ax, 76)
U 1 = a_q’ H uz = - a_‘l,
ax, ox,

| Both the vector potential (streamfunction) and the vorticity are automatically solenoidal in 2-dimensions

since the only non-zero scalar components lie perpendicular to the flow plane. With the vector identity
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Vx(Vxyk) = V(V-yk) - Viyk

amn
= -Vi¢yk for V-yk =0

the curl of Eq. (76) produces the kinematic compatibility equation tying the streamfunction y (and thus

the continuity constraint) to the vorticity.

L(Y) =Yy +w =0 in R? (78)

Equation (73), with the velocity replaced by its vector potential, becomes

@ (0)=92 . 99) .0 inR? (79)

ad ay 1
—_ e'i! _
ot ox;| ¥ ax, Re 9x;

Closure has, therefore, been obtained with a Poisson equation, Eq. (78), coupled to a nonlinear transport
equation for the vorticity, Eq. (79). Completion of the initial-/boundary-value problem requires the
specification of well-posed initial and boundary conditions. The primary difficulties are due to the
required specification of the vorticity at no-slip walls (Baker, 1983) and of the streamfunction at interior
no-slip boundaries in multi-connected domains (Gunzburger, 1989a). In both instances, the boundaries

require Dirichlet data that are known only as the solution evolves.

Recently, investigators have had success in not specifying any vorticity boundary conditions at all
(Gresho, 1991). The idea is that the streamfunction alone carries all the necessary boundary information
and that there are no boundary conditions for the vorticity. An early paper describing this method is by
Campion-Renson and Crochet (1978). As an example, assume the vorticity-streamfunction equations are
to be solved as a coupled system for a domain Q with boundary closure I' =T', U I,, where T, is the
union of all boundary segments on which both y and dy/dn are known but o is not, e.g., wall boundaries,
and I', is the union of all boundary segments on which both y and ® are known, e.g., inflow and outflow
planes. Let N be the total number of nodes in the mesh with p nodes on I, and ¢ nodes on I,. The total

number of degrees-of-freedom on the interior of the domain is 2(N-p-q), and the total number on the
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boundary is p unknown vorticities on I',. The total degrees-of-freedom are, therefore, 2N-p-24.
Campion-Renson and Crochet cast Eqs. (78) and (79) into a finite element Galerkin weak statement
formulation. When the Green-Gauss theorem is applied to the Galerkin weak statement for Eq. (78), the
natural boundary condition is related to the normal derivative of y. This natural boundary condition,
dy/on , is employed as a forcing function for the equations from Eq. (78) that are associated with the p
nodes on I',. For the ¢ nodes on I';, the known y data can be applied, leaving N-g independent equations
from Eq. (78). Values for ® and the normal derivative of ® are unknown on I';. The Galerkin weak
statement for Eq. (79) produces N-p-g independent equations with Dirichlet data for y being applied on
the p+q nodes on I, and I',. There are, therefore, 2N-p-2q independent equations and 2N-p-2g unknowns;
hence the problem is closed. Campion-Renson and Crochet present solutions for flow in a lid-driven

cavity up to a Re=400 and flow in a channel with a step.

It is possible to eliminate the vorticity from the formulation by applying the kinematic

compatibility equation, Eq. (78), to Eq. (79), producing

2 2 4
g (p-L[ L | o[ 00 g | 1L ¥ __g gz @80)
ot| ox,ax, ) ox;| /¥ ax; ox,dx, ) Re 3x;3x;0x, 0%,

Equation (80) is an initial-value, biharmonic equation for the streamfunction. The difficulty posed by a
fourth-order partial differential equation for finite element algorithms is that conforming elements must be
C! continuous at interelement boundaries, e.g., triangular elements using incomplete quintic polynomial
basis functions (Tuann and Olson, 1978), and the approximation subspace must be ¥* HA(Q).
Gunzburger (1989a) presents a review of both conforming and nonconforming algorithms for the

biharmonic streamfunction equation.
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Vorticity with a Vector Potential

The natural extension of the vorticity-streamfunction method into 3-dimensions is the vorticity

with a vector potential (Aziz and Hellums, 1967). The vector potential (streamvector, ¥, ) is defined as

u=VxY
5%, @1
U= €jp——
X,
In R?, the vorticity is a vector field defined by
®=Vxu
du, (82)
;= eijka_xj
The vorticity transport equation in R’ is, therefore,
dw, u Jw;
g(mi)=___£-w.__i+a_ u-wi-i—' =0 (83)
ot Tox; ax 7 Re ox;

where the new second term in Eq. (83) represents 3-dimensional “vortex stretching”. Vortex stretching
serves as a redistribution mechanism between the three components of vorticity. Taking the curl of

Eq. (81)

@ =Vxu=Vx(Vx¥)

ou, F) (84)

= e — = . —
imn imn
ox,, ox,,

¥,

enjlc

(I)i a
X

and employing the vector identity Vx(Vx¥)=V(V ¥)-V*¥ with ¥ required to be solenoidal, the Poisson
equations relating the vector potential to the vorticity are

viyp
%y q (85)

1
-~

3x,, 0%,

Equations (81), (83), and (85) are the basis for the vorticity-vector potential method.
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Aziz and Hellums (1967) used an alternating-direction-implicit (ADI) method to solve the
vorticity transport equations and the successive over-relaxation (SOR) iterative method to solve the
Poisson equations. Their validation case was a 3-dimensional, fully-confined cavity natural convection

problem.

The method of false transient (Mallinson and de Vahl Davis, 1973, and de Vahl Davis and
Mallinson, 1976) is a modification of the vorticity-vector potential formulation where false transient terms
are added to Eqs. (85), resulting in a completely parabolic system of equations that can be solved by
marching through a nonphysical transient. Upon convergence, the transient terms become negligible, and
the true steady-state solution is obtained. The method is related to Chorin’s pseudocompressibility

formulation (to be discussed) in that it provides an iterative technique for steady-state solutions.

Vorticity with Vector and Scalar Potentials

Difficulties in specifying boundary conditions for the vector potential led to the development of
the vorticity with vector and scalar potentials formulation (Aregbesola and Burley, 1977, and Richardson
and Cornish, 1977), which is based upon the Helmholtz decomposition of the velocity vector field into

potential and divergence-free components. Specifically,

u=-Vd + Vx¥
a0 3P, (86)
M7 e, Ty,
i J

where @ and 'V, are the velocity scalar and vector potentials, respectively. Existence proofs for both the
scalar and vector potentials are provided by Hirasaki and Hellums (1970). The vector potential is again
required to be solenoidal, and, by the vector identity VxV®=0, the scalar potential is irrotational. Taking
the divergence of Eq. (86) for a solenoidal velocity field and noting the vector identity V {Vx¥)=0
produces Laplace’s equation for £(®). The curl of the defining relation for the vorticity again produces

Z(¥). The governing equations for the vorticity-vector and scalar potential method are, therefore,
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The continuity constraint is thus satisfied automatically by the scalar potential.

Aregbesola and Burley (1977) assumed that the normal velocities at all boundaries are known.
The boundary condition for ® is

22 = -Uu.n =-u (90)

where 7, is the outward-pointing normal. The boundary conditions for the vector potential are chosen such
that the tangential components of ‘¥, for a planar boundary are zero. Since ‘¥, is required to be solenoidal,

the resulting boundary conditions are

P =—L=0 o1

Values for vorticity at boundaries are calculated during the iterative cycle using the current velocity data
and the defining relation for the vorticity, Eq. (82). Tangential velocities at the boundaries are calculated

from the scalar and vector potentials by Eq. (86).

The vorticity-vector and scalar potential method continues to be the subject of research. Yang

and Camarero (1991) investigated the problem of boundary conditions for general curved duct flow using

a body-fitted curvilinear coordinate system. Their outflow boundary conditions were
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where v, is the mean velocity at the outlet.

Vorticity with Velocity

The vorticity-velocity formulation dispenses with all scalar and vector potential functions. Fasel
(1976) first introduced the algorithm for 2-dimensional flows, and Dennis et al. (1979) extended it to
three dimensions. Taking the curl of the defining relation for the vorticity and imposing the continuity

constraint produces

Ux@ =Vx(Vxu) =V(V-u) - V’u = - V2u

du, 5 ( au,) o (ow) a4 a%u, ®3)
€ijk 3. T CijkR | Skmn i | T 3T |- = -
ox; x; ox,, ax;\ ox; ox; 3x; ox; 9x;

For three dimensions, therefore, the vorticity-velocity method requires six equations to be solved, three

transport equations for the vorticity vector and three Poisson equations for the velocity components.

v ; u, dw;
Do)t mw, ot Oy, - L2% g R 94)
ot 4 ox;  ax; 4 Re dx;
o%u, ]
@(u) = —b +ei.kﬂ -0 inR? (95)
ox; 9x; J ax;

Boundary conditions are considerably simplified relative to vorticity-potential methods. The
vorticities at the boundaries are calculated by the boundary velocity data using the defining relation for the

vorticity, ©=Vxu.,

There has been a continuing interest in the vorticity-velocity method. Using a non-staggered

mesh, Agarwal (1981) investigated a third-order accurate upwind scheme for the advection terms and
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calculated the flow in a 3-dimensional lid-driven cavity for Re<400. Farouk and Fusegi (1985) studied
natural and forced convection heat transfer in a 2-dimensional annulus. Guj and Stella (1988) employed a
staggered mesh and an ADI iterative method to calculate 2-dimensional flows for a lid-driven cavity and a
step-wall diffuser. Gatski et al. (1989) developed a novel formulation in which a Cauchy-Riemann-type
system of first-order partial differential equations is solved simultaneously for the velocity field.
Guevrement et al. (1990) presented a finite element implementation for 2- and 3-dimensional isochoric
and near-isochoric (compressible subsonic) flow problems. Napolitano and Pascazio (1991) used a
staggered mesh in their finite difference formulation in which the Poisson equations were parabolized to

accelerate convergence to steady-state at the sacrifice of time-accuracy.

Exact Continuity Enforcement ~ u-P Direct Method

The u-P Direct method requires the simultaneous solution of the Navier-Stokes and continuity
equations as a directly coupled system (Gresho, 1991). Primarily used with a finite element method in the
form of a Galerkin weak statement, it will be demonstrated here with the steady Navier-Stokes equations
with no body forces. Mathematically, the problem statement is to find the discrete velocity vector function

u! € ¥V, and the discrete kinematic pressure scalar function P* ¢ S,* such that

h
ou
fnvihi( uihujh - i ! + Phbij dQ =0 Vv,-he I,oh

(96)

where V,’ c H,' and S," < L,’ are the functional spaces defined at the beginning of this chapter. Upon
discretization, Eqgs. (96) produce a system of coupled nonlinear algebraic equations. Gunzburger (1989a)

describes a number of iterative techniques that can be applied to nonlinear systems such as Newton’s
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method, the fixed jacobian (or chord) method, and quasi-Newton algorithms such as Broyden’s update
method. These solution techniques for nonlinear systems are designed to produce a sequence of linear
algebra problems that typically have the form

[A BT

20 (2) (o

where F and G hold the nonhomogeneous data. The coefficient matrix in Eq. (97) is indefinite

nonsymmetric with a large number of zeros on the diagonal corresponding to the pressure

degrees-of-freedom.

Due to ill-conditioning, it is common practice to solve these linear algebra problems using direct
methods, e.g., Gaussian elimination. Partial pivoting can generally be avoided if the ordering of the
equations places the pressure unknowns after the velocities (Gunzburger, 1989a). This ill-conditioning has
tended to limit the u-P direct method to 2-dimensional applications. The use of direct solvers for

3-dimensional problems can produce prohibitively high computational costs.

As discussed at the beginning of this chapter, a critical requirement for the subspaces ¥," and S,
is that they satisfy the div-stability condition, thus placing the #-P method within the broader class of
mixed finite element methods (Stenberg, 1984). Gunzburger (1989a) presents a review of finite element
pairs that satisfy div-stability, e.g., (1) using the same degree polynomials but overlaying different grids
for the velocity and pressure, (2) using restrictions on the pressure space (e.g., the Taylor-Hood
biquadratic velocity-bilinear pressure pair), and (3) using bubble elements in which the velocity space is
enlarged through the use of “bubble” functions embedded in the basis sets for the velocity. An analysis of

3-dimensional counterparts to the Taylor-Hood element pairs is presented by Stenberg (1987).



Another approach is to use element pairs that do not satisfy div-stability (e.g., equal-order
bilinear velocity and bilinear pressure elements on the same grid), but circumvention of div-stability is
accomplished by making modifications to the continuity equation. An example of such a circumvention
scheme is given by Hughes et al. (1986¢) for the Stokes problem. Another method of circumvention is the

penalty method, to be discussed.

Inexact Continuity Enforcement — Penalty Method

The penalty method has had widespread application in solid mechanics, specifically
incompressible elasticity problems (Zienkiewicz, 1977). Applications to Stokes and Navier-Stokes flows
go back as far as Temam (1968). The penalty formulation in solid mechanics corresponds to classical,
isotropic, compressible elasticity; therefore, for incompressible elasticity problems, an incompressible
medium approximates a slightly compressible one. Applying the penalty method to Stokes flow, an
incompressible fluid is approximated by a slightly compressible fluid resulting in an inexact enforcement

of the conservation of mass.

There are a number of ways one can view the penalty method (cf. Hughes et al., 1979; and
Baker, 1983). For a linear Stokes flow, it can be considered an application of a constrained minimization
problem in which the penalty term is an approximation to a Lagrange multiplier. Penalty solutions are
proven to converge to the exact Stokes flow solution (Temam, 1968). A physical interpretation is
provided by Hughes et al. (1979). The incompressibility condition is dropped, and the constitutive relation

for the Cauchy stress tensor is replaced by
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where

PRSI 4 99)
ox,

As A—x, the solution to the momentum equations, “penalized” by the large penalty term, must

compensate by driving du; /0x,—>0.

One of the positive features of the penalty method is the computational decoupling of the
pressure from the velocity determination. Since the incompressibility constraint is also dropped, the
div-stability condition is apparently circumvented, hence can be ignored (Gunzburger, 1989a). If one
intends to use Eq. (99) in a post-processing step to recover the pressure field, however, then the
div-stability condition must be satisfied, thus leading to the key requirement of “selective reduced
integration” of the penalty term in the penalized momentum equations and in the post-processing of the
pressure (Baker, 1983). Reduced integration places the penalty method in the class of mixed finite element
methods. For certain combinations of velocity/pressure interpolation-function pairs, the resulting pressure
field approximation is piecewise discontinuous. This discontinuous pressure field can exhibit a rank
deficiency in the assembled pressure equations producing “checkerboard” oscillations. However, least
squares type pressure-smoothing techniques have been successfully applied to remove such

checkerboarding and other analogous pathologies (Hughes et al., 1979).

The major computational problem with the penalty method is that the dominating penalty term
introduces severe ill-conditioning into the terminal linear algebra statement. The already limited diagonal
dominance, produced by the momentum equations, is further weakened, and the asymmetry due to the

advection terms is reinforced by the asymmetry of the penalty term. Such ill-conditioning limits the
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algorithm designer’s choices for linear algebra solvers. Typically, direct solvers with ill-conditioning
countermeasures such as partial pivoting are required. For 3-dimensional applications, direct solvers
introduce a very compute-intensive aspect (relative to iterative solvers) into the algorithm. Recently,
researchers have reported some progress on an iterated penalty method (cf. Gunzburger, 1989b; and
Reddy et al., 1992) in which iterative solvers can be used with iterative cycling within a time step. A
smaller penalty parameter (equal to the square root of the direct penalty term) is used to reduce the ill-
conditioning normally associated with the direct penalty method. The iterated penalty method is similar to
the formulation proposed by Fortin and Fortin (1985) in which Uzawa’s algorithm for the Stokes problem

is combined with a Newton-Raphson scheme to solve the incompressible Navier-Stokes equations.

Inexact Continuity Enforcement — Pseudocompressibility

The pseudocompressibility (or artificial compressibility) formulation (Chorin, 1967) was
originally designed and is primarily used as a method to produce an iterative procedure for converging to
a steady-state solution. The solution converges to a steady condition by progressing through a

non-physical transient. The continuity equation is modified by adding a temporal term yielding

1P 0% _, (100)

where ¢ can be considered an artificial sound speed or, alternatively, 1/c? is an artificial compressibility.
When Eq. (100) is solved in conjunction with the momentum equations, Eqs. (47), the problem becomes

hyperbolic in form. The hyperbolic nature of the method can be demonstrated by taking the time

derivative of Eq. (100), obtaining

(101)




The right-hand side of Eq. (101) can be replaced by the divergence of the momentum equations resulting

in

1 &*P _a*P_ &
c? ot? axiz ax,.axj

(102)

auy
ax]. ox

1+Re!
"""f'( Re )

Equation (102) is a generalized wave equation with wave speed c. The selection of the parameter c is

critical to achieving optimal convergence and to maintaining stability. Chorin (1967) used a non-staggered
mesh with leap-frog time integration for his original implementation. Peyret and Taylor (1983) suggest

that a staggered-mesh implementation produced more accurate results.

Peyret and Taylor (1983) demonstrate that the iterative cycle produced by the
pseudocompressibility method is, in some sense, also an iterative method for solving the pressure Poisson

equation. The velocity field is represented by a Taylor series expansion over time, such that

. ou;
ul l=ui" +AL a; +..(HO.T.) (103)

Using the momentum equations to replace the first-order time derivative in Eq. (103) yields,

n
. t) ou;
ul l=u,~"-At—a— uu, - 1+Re'\ Ol ,,9P" (HO.T.) (104)

ax| Re | ox; ox;

A backward expansion of the pressure produces

n+1
pr-Pr1-at®P™ L wmorT) - P""+At( 02%] + (105)

at ax,.

Taking the divergence of Eq. (104) and substituting the result into Eq. (105) gives, after some

rearrangement of terms
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At convergence as t—>w, P™/—5P" Ou; /0x—~0, and Eq. (106) converges to the pressure Poisson

equation, Eq. (102).

Turkel (1987) suggested a modification to the pseudocompressibility method in which artificial
time derivatives are introduced in both the continuity equation and the momentum equations, with the

result

1 8P 9ou;
QPC = 9% .
(po) ciar |z,

w - LeRe'|f 2 3w,
J Re ax;  ox

Equations (107) are called the preconditioned Navier-Stokes equations. For y=-1, the preconditioned

(107)

oP
+ =
ax;

gPC(u) (Y+1)u aui+a =0
c?

o "o o,

matrix method returns to the pure pseudocompressibility method. One attempts to choose the two
parameters y and ¢ to compensate for the difference in wave speeds experienced during the nonphysical
transient. The parameters act to scale the hyperbolic preconditioned system such that all of its eigenvalues
are approximately the same order of magnitude. Hsu et al. (1992) tested a method for adaptive refinement
of ¢ and found it led to inferior convergence. Constant values of -3<y<1 and c=1 gave them the best
results for 3-dimensional simulations of fully developed flow in a straight duct of square cross-section.
Cabuk et al. (1992) employed the preconditioned matrix method with local time-stepping and implicit
residual smoothing for 3-dimensional flows in a 90-deg bend and a backward-facing step. A four-stage

explicit Runge-Kutta scheme was used to advance the system of equations through pseudo-time.
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Attempts have also been reported in the literature to apply the pseudocompressibility method to

unsteady flows. Rogers and Kwak (1991) present solutions for steady-state flow through a 3-dimensional
90-deg bend and for unsteady 2-dimensional flow over a circular cylinder. Time accuracy is obtained

(claimed) by subiterating the equations in pseudo-time during the physical time-step.

Ramshaw and Mesina (1991) discuss a hybrid penalty-pseudocompressibility method for
performing time-accurate transient incompressible flow calculations. They combine the two methods by

computing the pressure from

at ox; at

thzau,-_la[auj] (108)
J

AT
The intent of the formulation is to introduce a diffusional character into the hyperbolic
pseudocompressibility equation system. The pseudocompressibility term (first term on the right-hand side)
in Eq. (108) introduces artificial pressure (acoustic) waves that are dissipated by the second
penalty-related term. Ramshaw and Mesina (1991) caution that care should be taken in the specification of
both the initial velocity and pressure fields, since any errors in these initial solutions may persist for some
period of time after start-up. Solutions were reported for the 2-dimensional driven-cavity problem and for

flow past a rectangular obstacle.

Generalizations of the pseudocompressibility method for compressible flows at low Mach
numbers have also been developed. Ramshaw and Mousseau (1991) report on a technique to increase
convergence of the compressible flow equations to steady-state by adding to the conservation law system

an evolution equation of the form
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In Eq. (109), B is a factor used to reduce the effective sound speed, t is a relaxation time, and pD is a
damping term with the effect of an artificial bulk viscosity. The pseudopressure g replaces the pressure p
in the momentum equations only. The true thermodynamic pressure is still used in the energy equation. At

steady state, the time derivatives in Eq. (109) go to zero; thus g=p.

Inexact Continuity Enforcement — Pressure Relaxation

Pressure-relaxation methods represent the largest class of incompressible CFD algorithms for
solving the primitive-variable form of the Navier-Stokes equations. All these methods produce an inexact
enforcement of the continuity constraint, but they share the advantage of being extensible to

3-dimensional implementations.

The Marker and Cell (MAC) method is the oldest of the incompressible pressure relaxation
methods (Harlow and Welch, 1965), having been developed (at Los Alamos Scientific Laboratory)
initially for free-surface flow simulations. The MAC method can also be used for general incompressible
Navier-Stokes problems. The “markers” are massless Lagrangian particles that track the location of the
free-surface. They do not participate in the calculation for subsurface nodes. In the original
implementation, the velocity vector field is advanced by an explicit time integration (forward Euler). A
modified pressure Poisson equation is designed to insure an approximate enforcement of continuity after

the velocity update.
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At the beginning of time step n+1, the velocity field is initialized with an approximate solution,

typically the converged solution from the previous time-step . The pressure field is then estimated from

the initial velocity data by the modified pressure Poisson equation.

#*P " _ _ wu)" 1 D " _aD" (110)
ax, 0%, ox,0x;  Reoxax,  at

where D is the discrete dilatation rate (“discrepancy term”, Welch et al., 1966), 0u/0x,. These discrepancy
terms are included in the pressure Poisson equation to control nonlinear numerical instabilities which may

develop over a series of time steps (Hirt and Harlow, 1967).

A significant feature of the MAC method is the introduction of a staggered mesh in which the
pressures, the discrepancy terms, and the residuals for the right-hand side of Eq. (110) are computed at
cell centroids, and the velocities are computed at cell faces. Figure 1 presents the general layout for a
staggered mesh surrounding an interior node (i,j) in a 2-dimensional domain, and Fig. 2 shows a typical
boundary node. The finite difference discretization is based upon central differences for all spatial
derivatives. To compute the residuals for the pressure Poisson equation, velocities are required at cell

centers and cell corners. These velocities are calculated as simple arithmetic averages, e.g.,

B, jt Ui,

i,j 2
Uinp,j*%iap, ja
Uiap,jerz = . j 2 l2.] (111)

(uv)i-l/2,j-l/2 =

ui-l/2,j+ui—l/2,j-l vi,j-1/2+vi—1,1‘-1/2
2 2

where the subscripts (i, /), (i+%, j), etc. refer to positions in the mesh.
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Figure 1. Layout of staggered mesh at interior cells.

Figure 2. Layout of staggered mesh at boundary.
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After the pressure field has been calculated, the velocities are advanced explicitly using a central

difference discretization of spatial derivatives in the momentum equations. For example, the u,,,, ;

difference equation is

2 2
)" - (Ui D" . (“V)'ilq/z,j-uz'(uv)'i'«llz,j»l/z .
5x 8y (112)

net n
Uiiga,j = Wivyz,j + 81

n n n n n n n n
Pi,j iy, 1 Wiz, j+tWicya,j=28ip,j . Wiz, jer *Rivipa,jo1 ~2Ui0y2,
dx Re x? 5y2

where 8¢ is the discrete time-step and &x and 3y are mesh intervals.

One of the difficulties with the staggered mesh involves the imposition of tangential velocity
boundary conditions at free-slip and no-slip walls. A typical wall boundary for a staggered mesh is shown
in Fig. 2. Note that whereas the normal velocity #; is explicitly defined on the mesh, the tangential
velocity at the wall, vy, is not. To deal with this problem, a “belt” of image nodes are positioned along the
boundary T, just outside of the domain Q. The boundary condition is then approximated as
Vo, ju = V1, = vp for a free-slip wall. For a no-slip boundary, the tangential velocity in the image node is
set at v, ., = -V, .4 A linear interpolation of the velocity between the boundary and image nodes
produces a zero tangential velocity at the wall. This technique is called the reflection method for free-slip
and no-slip boundaries on a staggered mesh. The local truncation error for the approximation of second
derivatives at point (1, j~4) is shown by Peyret and Taylor (1983) to be O(1) when the reflection method
is used, i.e., the difference equation at (1 , j/~'%) is not consistent with the differential equation. Higher-
order consistent methods for establishing velocity boundary conditions are also discussed by Peyret and

Taylor (1983).

For the pressure at a free-slip wall, the finite-difference equivalent of a homogeneous Neumann

boundary condition is applied (P, =P, ). At a no-slip wall, the pressure boundary condition is a
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non-homogeneous Neumann condition produced by projecting the momentum equations onto the outward
normal unit vector at the boundary. The result is

P, =P, - %ﬂ?l_z_.g_'x_u_u) 113)
It can be shown that the velocity solution produced by the MAC method is independent of the actual
normal pressure gradient at the boundary when the reflection method is applied. This result has led
various researchers to use the more easily implemented homogeneous boundary condition for the normal
pressure gradient at wall boundaries. One should not lose sight of the fact, however, that this homogenous
Neumann boundary condition is a numerical convenience only for applying velocity boundary conditions

on a staggered mesh, and it does not reflect the actual physics of the pressure field.

The difficulty with applying nonhomogeneous Neumann boundary conditions, required by the
true pressure Poisson equation, is that a compatibility condition must be met by the discrete equations in
order to attain convergent solutions. This compatibility condition can be derived by integrating the
pressure Poisson equation and then applying the Green-Gauss theorem to the pressure term to produce the

following integral relation:

§ %’ dr - [ Fda (114)

where F is the forcing function (right-hand side) for the Poisson equation and » is the outward pointing
normal on I'. It can be shown that this compatibility condition is not automatically satisfied on either

staggered (Peyret and Taylor, 1983) or nonstaggered grids (Abdallah, 1987).

Abdallah (1987) has proposed a modified MAC method based on nonstaggered grids. To satisfy
the compatibility condition for the pressure Poisson equation, consistent finite-difference approximations
for the velocity derivatives in the forcing function ¥ in Eq. (114) were developed. Abdallah also notes

that, even though the viscous terms from the momentum equations do not appear in F, they do appear in
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the nonhomogeneous boundary conditions for the pressure. The integral of the viscous terms over the
boundary I should be consistent with the compatibility condition. Abdallah achieved compatibility by

writing the viscous terms as the curl of the vorticity vector.

SMAC

Difficulties with applying nonhomogeneous Neumann boundary conditions for the pressure
calculation led the CFD group at Los Alamos to develop a modified version of MAC called the Simplified
Marker and Cell (SMAC) method (Amsden and Harlow, 1970). In SMAC, the true pressure field is never
calculated. Since the vorticity transport equation does not contain the pressure, any pressure field (or the
gradient of a scalar function in the position of the pressure) inserted into the Navier-Stokes equations will
not prevent the subsequent time-advanced velocity solutions from carrying the correct vorticity at interior
points. It is important to note that vorticity production and diffusion at a rigid wall will not be correct if
the intermediate velocity field is not mass-conserving at the wall. Assuming that the velocities from the
previous time step are divergence-free, then vorticity production at a wall will be correct only for an
explicit time-integration scheme. If implicit time-integration is used, however, iterative cycling within the
time step is necessary. Continuing with the development of SMAC, if the inserted pseudopressure is
constructed such that the resulting velocities are mass-conserving (or can be corrected to be mass-
conserving), then the new velocities will be the unique and correct velocity field. The advantage of using
a scalar potential function rather than the true pressure is that homogeneous Neumann boundary

conditions can be used with the potential function.

The SMAC algorithm begins at the top of a time step by initializing the pseudopressure field, P*.
In the original implementation of SMAC (Amsden and Harlow, 1970), P* is set to zero except at
free-surface boundaries where appropriate Dirichlet data are applied. A staggered mesh, as in MAC, is

used. An intermediate velocity field #*"* is then generated by an explicit advancement of the discrete




momentum equations from the previous time step solution, 4”. The finite difference equation for the

u*,, ; velocity component in R? is

2 2
(l‘i,j)"‘(ui«l,j)'l . (uv)'i'dlz,j-l/z_(uv)’ilq/z,ju/z .
5x 3y (115)
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SMAC also introduced the ZIP method of differencing the node-centered momentum advection terms in
order to remove the destabilizing truncation error term that occurred in the original MAC method. An

example of ZIP differencing is

(8,10 = Uiy 5 By j (116)

The discrepancy term D, ; from the MAC method is calculated at node centers by the central difference

relation

1 * * 1 * *
Di,j = é_x( Uiy, j~Bioya,j) * b_y( Vi jez = Vi, j-12) (117)

A mass-conserving potential function ¢ is next computed at node centers from the Poisson equation

Vi, ;=-D,;; (118)

The final step is to annihilate the divergence error by correcting the intermediate velocity field using the
potential function ¢.
ui’:;z i = Wi, - —l"( i -6 )
vJ S e L Vi

(119)

+ . 1
vi’.'jilﬂ =Vijan -~ 3;( bij1 -9y, ;)

After the velocities have been corrected, the solution is advanced to the next time step. Some typical
boundary condition specifications in SMAC are presented in Table 2. The subscripts on the velocities and

pressures refer to locations on a staggered mesh near a left-boundary plane as shown in Fig. 2. The
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Table 2. Boundary Condition Specifications for SMAC

Boundary Type Normal Velocity Tangential Velocity Pseudo-pressure

Free-slip ur=0 Vo=V 4 Py=P, ;

No-slip ur=0 Vo==V) jy Py=P, ;

Prescribed Inflow ur = Data Vo==V; iy P,=P,;

Continuative Outflow we=uty, Vo=V ju P,=0
I . Jul. S C—

reflection method is used to specify tangential velocities at free-slip and no-slip boundaries. The
continuative outflow condition is equivalent to applying a vanishing normal derivative on both velocity
components. For the pseudo-pressure, a homogeneous Neumann boundary condition is enforced for
free-slip, no-slip, and prescribed inflow planes. The pseudo-pressure in the image cell just outside the

boundary is set to zero at a continuative outflow boundary.

Ikohagi and Shin (1991) have extended the SMAC method to generalized 2-dimensional
curvilinear coordinates where the momentum of the contravariant velocities are solved in transform space,
and the viscous (diffusion) terms in the momentum equations are recast as contravariant vorticities. A
3-dimensional implementation of the generalized-coordinate SMAC method is proposed by Ikohagi et al.
(1992). Continuing with the staggered mesh, as in the original SMAC, the contravariant velocities are
defined at the centers of the computational cell faces; the contravariant vorticities are located at centers of
the cell edges; and the pressure is at the cell center. Their test case was a 3-dimensional step-wall

diffuser, to be discussed further in Chapter 7.

Projection Methods

The projection (or fractional step) method was independently developed by Chorin (1968) and
Temam (1969). In his original description of the method, Chorin used a nonstaggered mesh and an

implicit ADI time-integration of the modified momentum equations. For finite difference applications,
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however, it has become more commonly implemented with an explicit time-integration and a staggered

mesh.

Chorin (1968) casts the momentum equations in the following operator form:

au,
i 9P | 5 (u,b;,Re) (120)
ot ax;

where # is a differential operator (vector function) that depends on the velocity field, the body force field,
and fluid properties, but not on the pressure, P. The vector field # can be decomposed into the sum of a

rotational (thus solenoidal) vector field and an irrotational vector field.

F(u;) = VxA + Vo am

V-(VxA)=0 VxVd=0

This Helmholtz decomposition exists and is unique whenever the initial value problem for Navier-Stokes
equations is well-posed. By the continuity constraint, the divergence of the acceleration (0u/0r) is zero,
and the curl of the gradient of the scalar pressure field is identic;lly zero (for a sufficiently smooth
pressure). One, therefore, can identify the rotational component of # (u;) with the acceleration and the
irrotational component with the pressure. Eqs. (120) and (121) can also be interpreted in terms of the
orthogonal projection operators ® and O, where ® projects a vector onto the null space of the divergence
operator and Q projects a vector onto the null space of the curl operator (Gresho, 1990). Therefore, one
obtains

au,
— = 9‘ ; V = 3
i) P=Q7 (u) 122)

92___9’02:0’ pQ'_'QP:O

and the resulting acceleration is divergence-free as required by the continuity constraint.




Based on the above projections, Chorin proposed that the velocity field be advanced in two steps.

In the first step, an auxiliary velocity field is computed from a discrete approximation to & by

- 7 hul (123)
3t '

A distinguishing feature of Chorin’s method is the absence of the pressure during the solution for the
auxiliary velocity. In the SMAC method the initial estimate for the pressure was set to zero as an optional
computational convenience; however, in the projection method the zero pressure field during this step is a
fundamental part of the development. In the second step, the auxiliary velocity field is projected onto a

nearby solenoidal manifold. The necessary Poisson equation is derived from

n+1 »
YWt gpntyg
8t
v-u*l=0 (124)

- v2prt = Lgye
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The boundary condition for the Poisson equation is obtained by a normal projection of the first relation in
Egs. (124) onto the boundary I'.

n+1
(55). = -ael i) az5)
r

For a staggered mesh and an explicit time integration, it can be shown that the velocity solution is
independent of u*;. since (1) »* is a function of %" only in an explicit scheme, and (2) u* appears in both
the right-hand side and in the Neumann boundary condition of the Poisson problem where it identically
cancels for a staggered mesh (Peyret and Taylor, 1983). If u* is arbitrary, it can be chosen to be u;™*’,
producing a homogeneous boundary condition for the Poisson problem in Eq. (124). After P"*/ has been

calculated, the final step in the projection is to correct the auxiliary velocity field by

u*l =gu*-5¢ VP"! (126)




Notice that for the above implementation, the projection method is identical to SMAC, although the
development of the two methods followed different lines of reasoning. It is, however, important to note
that the designers of SMAC did not associate the potential function (used to correct the auxiliary velocity
field) with the true pressure. They recognized that the use of homogeneous Neumann boundary conditions
was a computational convenience and did not reflect the physically correct boundary conditions for the

pressure.

Donea et al. (1982) have proposed a finite element implementation of the projection method. By
diagonalizing the mass matrix using the standard row-sum lumping technique, they are able to use a
purely explicit time-integration. The div-stability condition is satisfied with either the bilinear velocity and
element-constant pressure or the biquadratic velocity and bilinear pressure interpolation functions. During
the momentum advancement step, the complete velocity Dirichlet boundary conditions are applied. For
the projection step, the Neumann velocity boundary conditions are imposed, but only the normal
component of the velocity Dirichlet boundary data is enforced. The tangential velocity boundary
conditions are satisfied only in the weak sense in order to be consistent with the pressure boundary
conditions. The fractional step method was tested on an unsteady driQen cavity, axisymmetric flow
through a sudden enlargement, flow around a stationary sphere, and natural convection in a closed vertical

cylinder.

Shimura and Kawahara (1988), using an equal-order finite element projection method,
investigated a procedure for applying a computed nonhomogeneous Dirichlet outﬂov;' boundary condition
for the pressure equation. This Dirichlet pressure condition is calculated by integrating a boundary
pressure Poisson equation along a layer of elements adjacent to the outflow plane. The boundary pressure
equation is constructed with velocity data from either the previous time step or a previous iterate. The
resulting pressures computed on the outflow plane are applied as Dirichlet pressure data during a

subsequent global Poisson solve for the mass-conserving potential function.
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Continuing with the development of both the projection and SMAC methods, researchers have
investigated various semi-implicit techniques in which the advection terms are advanced explicitly and the
diffusion terms implicitly. Gresho (1990) presents an extensive theoretical discussion of boundary
condition issues for a number of proposed semi-implicit projection methods. A finite element

implementation of a semi-implicit technique is given by Gresho and Chan (1990).

Velocity Correction

Schneider and Raithby (1978) proposed a finite element pressure relaxation technique based
primarily on the SMAC method. They were able to circumvent the div-stability condition while using
equal-order interpolation functions for the velocity and pressure by maintaining a “strict enforcement of
the continuity constraint at every stage of the iterative process.” The first step in their velocity correction
method involves an explicit time-advancement of the momentum equations using a guessed solenoidal
velocity field (from the previous time step) and a pressure field calculated from the genuine pressure
Poisson equation. The new velocity field does not satisfy the continuity constraint, so a mass-conserving
potential function (see Eq. (118)) is computed via a Poisson equation and the discrete divergence error.
The potential function is then used to correct the velocity field. Schneider and Raithby note that the
corrected velocity field will no longer satisfy the momentum equations, so the final step of the iterative
cycle is to recalculate the pressure using the true pressure Poisson equation. Time-marching with
biquadratic finite elements was used to calculate steady-state solutions for the lid-driven and natural
convection cavities. Kawahara and Ohmiya (1985) used the velocity correction method to calculate
density flow in a tank with a sloping bottom. Indicative of its roots in the SMAC method, Kawahara and
Ohmiya also used Lagrangian marker particles for flow visualization, and they dropped the pressure

Poisson solve at the end of the time step.

Rice and Schnipke (1986, see also Schnipke and Rice, 1987) discuss an equal-order velocity

correction method very similar to the one proposed by Schneider and Raithby (1980). In fact the
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distinctions are not obvious. The momentum equations are solved for an intermediate velocity field which
is then corrected with a potential function computed from a Poisson equation. The forcing terms for the
Poisson equation are the discrete divergence error, and homogeneous Neumann boundary conditions are
applied at wall and inflow boundaries. “Natural boundary conditions” for the potential function are
applied at outflow planes; however, the nature of these boundary conditions is not discussed. A streamline

upwind method for controlling dispersion error is also presented (Rice and Schnipke, 1985).

SIMPLE/SIMPLER/SIMPLEC

Developed by the Imperial College CFD group in the late 1960s (Patankar and Spalding, 1972),
the Semi-Implicit Method for Pressure-Linked Equations (SIMPLE) is a widely used pressure relaxation
CFD technique. Employing a staggered grid, Fig. 3, SIMPLE uses the finite-volume method for
discretizing the incompressible Navier-Stokes equations. A review of the finite-volume method, as applied
to heat transfer and fluid flow problems, is given in the book by Patankar (1980). An early SIMPLE-like

algorithm using finite-differences is discussed by Roscoe (1976).

A generic finite-volume with typical SIMPLE notation is sh;)wn in Fig. 3. Velocities are
evaluated at the faces of the volume, and the pressure and any other scalar variable such as temperature
are assigned at the element center. As an example of SIMPLE algorithm notation, the implicit
advancement of the u,"* velocity component (neglecting body forces) at the east face of node P is

calculated as

a.u, =Eanbunb+(PP—PB)Az 127
where the a’s are coefficients produced by the finite-volume integrations over the faces of the volume, the

subscript nb refers to the surrounding faces (neighbors) of node P, and 4, is the surface area of the east
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Figure 3. Generic finite-volume with SIMPLE notation.




face. The a coefficients are functions of the velocity field, the mesh geometry, and the time-step. In
Eq. (127), the correct pressures at the volume centers are assumed known. Since at the beginning of the
iterative cycle a guessed pressure field must be used, the actual implicit velocity advancement step is

written as
au; =Y a,un+( Py -Pg)A, (128)

gy

where the superscript “*” denotes the current estimate for the velocities and pressures.

SIMPLE involves a velocity correction step and a pressure correction step. The velocity

correction equations are derived by first subtracting Eq. (128) from Eq. (127), giving

au, =Y atny+( Pp-Py)A,
u'=u-u* ; P=P-P*

(129)

Equation (129) is the fully implicit velocity correction equation. The semi-implicit velocity correction

equation drops the underlined term in Eq. (129) to obtain

ue/=de(Pl:_Pl;)

(130)
d,=A,|a,
An equation can be derived for the pressure correction terms by using Eq. (130) with the discrete
continuity equation. The resulting Poisson equation is
v2p/ =———1——V-u' a131)
At

In practice, the pressure corrections produced by Eq. (131) tend to overpredict the required adjustment to

the pressure; therefore, some level of underrelaxation is required when the pressure correction is applied,

e.g.
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P=P*+aq,P 132)

It is also common practice to underrelax the momentum update of the velocity field by

% u;m = E anbur:gl"'( P;m'PI;m)Ae * (l;a) a u:m-l (133)

where m is an iteration index. Typical values for o, and o are 0.8 and 0.5, respectively (Patankar, 1980).

The iterative sequence for SIMPLE is:

(1) guess a pressure field P*’;

(2) solve the momentum equations, Eq. (133), to obtain »*";

(3) solve the Poisson equation, Eq. (131), to obtain the pressure corrections, P’

(4) apply the pressure correction with underrelaxation, P*™/ = p*™ + a, P’

(5) calculate the velocity correction, Eq. (130), and correct the velocities to obtain z* ™*/;
(6) repeat steps 2-5 until convergence; then

(7) advance to the next time-step.

Boundary conditions for SIMPLE are very similar to those used in the SMAC method. No-slip
and free-slip walls use the reflection method for the velocity and a homogeneous Neumann condition for

the pressure.

There has been a continuing effort to improve the convergence and stability of the SIMPLE
algorithm. It was soon recognized that even though the pressure correction term did a good job of
correcting the velocities it did not produce very good estimates for the corrected pressure field. This slow
convergence of the pressure correction was attributed to the dropping of the term underlined in Eq. (129).

A modified algorithm called SIMPLE Revised (SIMPLER) was developed by Patankar (1980) to improve
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the convergence rate of the pressure field. In SIMPLER, the pressure corrections are applied to the
velocities only. The pressures are updated using a Poisson equation with an improved estimate for the

velocity field.

The SIMPLER algorithm proceeds as follows:

(1) guess a velocity field u*;

(2) calculate a pseudovelocity field, #**, using Eq. (133) with the pressures set to zero;

(3) use the pseudovelocities #** to form the right-hand side of the Poisson equation,
Eq. (131), and calculate a new estimate for the pressure field, P* ;

(4) calculate u* with the pressures P* from step 3 using Eq. (133);

(5) solve the Poisson equation, Eq. (131), for the pressure correction terms, P’, using the u*
from step 4 to form the right-hand side;

(6) correct u* with the P’ calculated in step 5. Do not correct the pressure, P*;

(7) repeat steps 2-6, until convergence; then

(8) advance to the next time-step.

Notice that step 2 is an implicit form of the first step in Chorin’s projection method.

The SIMPLEC method (van Doormal and Raithby, 1984) was also developed to improve the
convergence rate for the pressure field. In SIMPLEC, the fully implicit velocity correction equation is

modified by subtracting the term 3, a,, u’, from both sides of Eq. (129).

(a,-Y aydu; =Y a(ug-uy) + (Py-Pp)A, (134)

67




The underlined term in Eq. (134) is dropped, and the modified velocity correction equation is

u¢/ =d¢(P1:-PB{)
A (135)

d = —"°
) (a,- E a,;)
The iterative cycle for SIMPLEC proceeds exactly as in SIMPLE with the new definition for d, and with

o= 1.0.

Connell and Stow (1986) compared convergence rates of the SIMPLE algorithm to the results of
two extended pressure correction equations. The extensions involved adding higher-order advection terms
to the right-hand-side of the pressure correction Poisson equation. With these extensions, they found that
underrelaxation of the momentum equations was not necessary; however, underrelaxation of the pressure
correction was still required. Based on tests with the driven cavity problem, the extended pressure

correction equations produced up to a 50% decrease in CPU time compared to SIMPLE.

A modified SIMPLEC method has been proposed for nonstaggered grids by Aksoy and Chen
(1992). The Momentum Weighted Interpolation Method (MWIM) calculates velocities and pressures at
element centers. MWIM is very similar to another nonstaggered variant of SIMPLE called the Pressure
Weighted Interpolation Method (PWIM) due to Rhie and Chow (1983). To avoid spurious pressure
solutions, the divergence error (required as the right-hand-side for the pressure-correction Poisson
equation) is evaluated using velocities interpolated to element faces. Aksoy and Chen applied the finite
analytic method (Chen, 1988) to discretize the momentum equations. A comparative assessment of the
performance of MWIM to SIMPLER, SIMPLEC, PWIM, and a nonstaggered grid version of MAC by
Abdailah (1987), was carried out by Aksoy and Chen using the lid-driven cavity problem. They found that
the performance of all the algorithms deteriorated as the grid size was refined. The nonstaggered version

of MAC had excellent convergence and stability properties as an explicit method; however, conservation
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of mass was poor in isolated areas of the mesh near flow singularities. MWIM and PWIM produced more
or less the same performance characteristics. They were able to attain larger stable time-step sizes than
either SIMPLER or SIMPLEC; however, SIMPLER and SIMPLEC required fewer iterations for

convergence than the implicit nonstaggered grid algorithms.

s}
(g
7]
@]

The Pressure-Implicit with Splitting of Operators (PISO) method is a non-iterative
predictor/corrector algorithm developed by Issa (1985) (see also Issa et al., 1986) for incompressible and
low Mach number compressible CFD applications. Time-integration is fully implicit (backward Euler),
and the spatial discretization is based on a finite-volume staggered mesh. Following Jang et al. (1986),
PISO can be presented using SIMPLE-like notation for easy comparison to the SIMPLE family of
algorithms. Note in the corrector step for the pressure, the genuine pressure Poisson equation is used to
insure that the final pressure distribution is consistent with the momentum-equation update of the velocity

field distribution in the second corrector step for the velocities.
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The two-stage version of PISO is as follows:

(1) Predictor step for velocity — Advance the implicit discrete momentum equations with the
pressure field from the previous time-step:

a, u,‘ = Z Ay unb’.l + Ae( an - pE” )

(2) Predictor step for pressure - Solve a Poisson equation for p*:
Vip* == 1/At V- u*.

(3) First_corrector step for velocity = Use a SIMPLE-like velocity corrector:
u** =ur+d [(p*-pp" )= (pe* - p5" )]

(4) Corrector step for pressure — Solve the genuine pressue Poisson equation for p**:
Vip** = = V{u**Vu** - (1/Re)Viu**]

(5) Second corrector step for velocity. — Use an explicit advancement of the momentum
equations with ( p** - p*).
u** =u* + [ a, (uy* - u,* a, +d, [ (pe**- pp* ) = (Pe**- pe*) ]

(6) Advance to the next time step = #,"*/ = u,*** and p"*/ = p**

Homogeneous Neumann boundary conditions are applied for the pressure Poisson equations. Like
SIMPLER, two Poisson solves are required. However, in PISO the second velocity corrector step is
accepted as the converged solution for the velocity, and the algorithm advances to the next time step. Issa
(1985) performed a heuristic error analysis of the two-stage version of PISO and determined that the
errors in the solution of the linearized difference equations for the pressure and velocity are of order At*

and At*, respectively.

Jang et al. (1986) carried out a comparative assessment of the performance of PISO, SIMPLER,
and SIMPLEC. They found that for isothermal laminar flows, where the momentum equations are not
strongly coupled to a scalar state-variable with its own transport equation, the noniterative PISO algorithm
outperformed the iterative SIMPLER and SIMPLEC methods in terms of computational effort. For
problems with a strong coupling between the momentum and scalar transport equations (e.g., coupling

with the energy equation through a Boussinesq buoyancy term, or with a k-€ turbulence model through the
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eddy viscosity v’ ), PISO did not exhibit good convergence rates relative to SIMPLER and SIMPLEC.

PISO also required small time steps for the strongly coupled cases in order to obtain acceptable solutions.

Braaten and Shyy (1987) studied a multi-step pressure correction algorithm, similar to PISO,
with extensions that included nonorthogonal curvilinear coordinates and a multi-grid solver for the
Poisson equations. They found improved performance, relative to a single pressure correction step
algorithm, for laminar flows and flows on nearly orthogonal meshes. However, convergence rates did not
improve for more complicated flows and geometries, e.g., turbulent and reacting flows, and highly
nonorthogonal meshes. Little performance gain was obtained by solving the pressure Poisson equations to

a tight tolerance at each pressure correction step.

Operator Splitting

Glowinski and Pironneau (1992) have recently presented a review of a class of finite element
methods for the incompressible Navier-Stokes problem based on operator splitting. These time-integration
schemes produce at each time step two groups of subproblems, the advection-diffusion problem and the
linear incompressible Stokes problem. A generalized form is the 6-scheme, described below for the

unsteady Navier-Stokes equations with no body forces.
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(1) First Stokes Problem - Solve for 4™ and P"*.

+0 _
un ul _ vau..o + VP n+o _ vauu - ( uu.V)un
0At Re Re (136)

V-utt® -0

(2) Advection-Diffusion Problem — Solve for u™/?.

u"*"o—u'"o - j_vZuu#l"o + ( u“’°-V)u'"l_° =
(1-20At) Re (137

& g2ynt0 _gpneo
Re

(3) Second Stokes Problem - Solve for #**/ and P™'.

ut*l-ynr1-9 - & g2yael  gpasl _P_VZu"*l"’ - (u**1-o.y)yn1-0
B AL Re Re (138)

V-ourtl =

The continuity constraint is enforced in the linear Stokes problems, Steps 1 and 3. In Step 2, the
advection-diffusion problem has been linearized by lagging the coefficient of the nonlinear advection

term. The splitting parameters, a and f, can be chosen such that

o = 1-20) . 5 _ 8 (139)
(1-6) (1-6)

Glowinski and Pironneau suggest an optimal value for 8 is 1 - 1//2.

The operator splitting scheme succeeds in decoupling the nonlinearity in the Navier-Stokes
equations from the incompressibility constraint. The algorithm designer is still faced, however, with the
nontrivial tasks of solving the incompressible Stokes problem and the advection-diffusion problem.

Taking advantage of the symmetric positive-definite terminal matrix statement produced for the Stokes
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equations, a preconditioned conjugate gradient algorithm can be used (Cahouet and Chabard, 1988). A
number of methods have been developed to control the dispersive errors associated with
advection-diffusion equations, e.g., Taylor-Galerkin methods (cf. Baker and Kim, 1987; and Donea,
1984), Petrov-Galerkin methods (cf. Hughes et al., 1986a and b), and Lagrangian/Eulerian schemes based

on the method of characteristics (Glowinski and Pironneau, 1992).

Shen and Temam (1989) have proposed an interesting variant of the projection method in terms
of an operator splitting scheme. This algorithm was designed to produce an approximation of a
nonhomogeneous Neumann boundary condition for the pressure while retaining the computationally
attractive properties of homogeneous Neumann boundary conditions for the intermediate pseudopressure

q. The scheme proceeds in two steps as follows:

(1) Stokes Problem — Solve for &™** and ¢™**.

w*l? -ut 1 gamen, Vgt =0
AT Re (140)

Veur? =

(2) Advection-Diffusion Problem - Solve for &™’

nel _ . n+1/2 1
u u - G2y el 24 n+1/2 Vu "l = _Vq n+1/2 (141)

(At/2) Re

Shen and Temam postulate that
P = _:12_( PLRCINPLETY (142)

is a good approximation for P(¢,) based on the observation that, upon summing Eqs. (140) and (141) at

time step 7 -1 and then projecting the result onto the outward normal at the boundary, one obtains .
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Qn = _l_Vz( ulz,y, ) -u 12 . gy | .pn (143)

an 2Re
which corresponds to a discrete approximation of the nonhomogeneous Neumann boundary condition for
the pressure Poisson equation. Their stability and convergence study found that the new scheme is
unconditionally stable and convergent. An error analysis, in which numerical results produced by the new
scheme and by Chorin’s projection method were compared to an analytical (exact) solution, showed the
new scheme to be more accurate. They also discovered that the precision of the pressure approximation

produced by the new scheme slightly improved as the Reynolds number was increased.

Summary

The algorithms discussed in this chapter demonstrate the range of formulations that have been
developed to enforce the continuity constraint. The pressure gradient in the momentum equations provides
a mathematical linkage to the continuity equation; however, the absence of the pressure in the barotropic

equation of state for an incompressible fluid presents severe computational difficulties.

Exact enforcement of continuity typically involves eliminating the pressure by recasting the
problem in terms of a derived state-variable, the vorticity. Conservation of mass can then be satisfied
automatically by coupling the resuiting Helmholtz vorticity transport equation to a streamfunction in R? or
vector and/or scalar potential functions in R®. These potential functions can be bypassed with formulations
linking the vorticity directly to the velocities. With all of these methods, the elliptic nature of the
incompressible continuity principle is manifest by the presence of one or more Poisson equations. The u-P
direct formulation, as a mixed-finite element method, has found some application to 2-dimensional
problems; however, the ill-conditioning of the final matrix statement presents obstacles to extending it to

3-dimensions.
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Formulations designed to produce inexact or approximate enforcement of the continuity
constraint require a modification to the conservation law system. The conservation of mass can be
transformed into either an algebraic relation (e.g., penalty methods), a hyperbolic initial-value PDE (e.g.,
pseudo-compressibility methods), or a boundary-value PDE (e.g., pressure relaxation methods). However,
all of these formulations must eventually be implemented within a semi-discrete approximation statement,
and, as a consequence, resolvability on the spatial discretization Q" is a key issue. The computational
impact is truly significant, since every inexact theory centrally involves “measuring” the error in V *-u* |
and then correcting it (Baker et al., 1992¢). Any code implementation can accomplish this operation only
modulo the discrete approximation V * to the gradient and divergence operators, V and V-, respectively.
As an example of the difficulties arising from the use of an inappropriate V *, consider the discrete
velocity solution shown in Fig. 4. The velocities are located at cell centers, and the solution is clearly
nonphysical. However, if central differences are used to evaluate V * &*,, the discrete divergence error at

node P will be zero. Such difficulties led the developers of MAC to the staggered mesh.

The dominant approximation error mode for V * is dispersive, and, as a result, V*- u* is not only
non-smooth but usually piecewise discontinuous on Q*. Therefore, for any of the inexact formulations, the
created discrete approximations to the theoretical pressure estimate may (will) contain short wavelength
oscillations which can become very pronounced. In fact, such oscillations appear to be critical to the
numerical enforcement of approximate continuity, to be discussed, but this constraint potential function

bears little relation to the genuine (smooth) pressure distribution.

The theoretical framework for the new method to be presented in Chapter 4 assumes that the
continuity constraint fields ¢”, as computed modulo V*, are no more than just that, i.e., they are not
accurate approximations to the genuine pressure P. Assuming that one can achieve V*-u* < ¢ , then a
genuine pressure field can be approximated by the solution to the pressure Poisson equation with

physically motivated and numerically well-posed boundary conditions.
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Figure 4. Example of a spurious velocity solution with V *- u#,=0 using central differences.
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CHAPTER 4

CONTINUITY CONSTRAINT ALGORITHM

A new primitive-variable finite element CFD algorithm, the Continuity Constraint Method
(CCM), has been developed to produce approximate solutions for the unsteady Navier-Stokes equations in
three dimensions. Falling in the general class of pressure relaxation algorithms, the new method has its
origins in the finite difference SMAC method (Amsden and Harlow, 1970), the finite element
velocity-correction method of Schneider and Raithby (1978), and early developments in research on
incompressible algorithms at the University of Tennessee’s CFD Laboratory (cf. Noronha, 1989; and

Noronha et al., 1990).

Recognition of the dual role of the pressure, as both an enforcer of the continuity constraint and
as a force in the mechanical balance law for the conservation of linear momentum (Gresho and Sani,
1987), has been a guiding principle in the algorithm’s development. An implicit time integration with
iterative cycling within the time step allows the two roles for the pressure to be completely separated.
Specifically, a mass-conserving potential function is used to enforce the constraint of continuity while the
genuine pressure, as induced by a solenoidal velocity field, is calculated (as required) with well-posed and
physically motivated boundary conditions via the pressure Poisson equation. This separation of tasks
produces a genuinely clear view of the individual and totally distinct boundary conditions required for the

continuity constraint function and the pressure.
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Additionally, the CCM employs a 6-implicit time-integration scheme, a consistent mass matrix,
an optional (as required) Taylor Weak Statement (TWS) formulation for dispersion error control, and
equal-order interpolation of all state-variables. Implicit time-integration allows larger, stable time-steps
compared to explicit schemes. A consistent full mass matrix, as opposed to the “lumped” mass matrix
commonly used in explicit methods, exploits the cross-coupling in the inertial terms of the momentum and
energy equations produced by the finite element semi-discretization. The TWS theory has been employed
by Baker and Kim (1987) to identify a multi-dimensional tensorial mechanism for algorithm stability in
hyperbolic conservation law systems. The derived stability formulation was later verified for
incompressible systems as highly effective in control of third-order dispersive error mechanisms (Noronha
and Baker, 1989). Equal-order interpolation of the velocity, pressure, and temperature state-variables with
trilinear and bilinear (for boundary condition surface integrals) basis functions produces a continuous and

more accurate pressure solution.

Continuity Error Distribution

Gresho (1990) presents an investigation of the continuity error distribution for semi-implicit
projection methods. Expressing the solenoidal velocity solution at time-step n+/ in terms of a Taylor
series expansion about the solution at time-step » resuits in

, A2y

ut = u e ar—

n

Assuming any approximation to the velocity field, #,*, can be made with any guessed pressure field,

P" = P", the Taylor series companion to Eq. (144) is
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u; = ui‘" At— - O(A t3) (145)
ot |,, 2 3t n
At r=t,,
ou; ou; ou; d%u,
PRLIPA O I B | B uj_=_L_' ap (146)
at |, at|, ax; Re gx2 Ox;
and Gresho specifies that the second derivatives of %" and u,"” with respect to time are
2 2
Fu| _af, o _ 13 o 47
Fu| |, % 1 ¥ (148)
atz|,,  at| Jox; Re ox]

where, apparently, for the guessed pressure field 0P*"/0=0. Although the rationale for setting OP*/0t=0
is not given by Gresho, one explanation may be that the genuine pressure field, P", is assumed to be
evolving in time with the solution, and the guessed pressure field is not. Subtracting Eq. (144) from

Eq. (145) , one obtains the following expression for the error in the velocity field,

RS
I
=
I

2{ a2 20 2
net _ . _ At2[07W; 3%u +O(ALY) = A2 3 (3P 5ap3y (149
2 at? at? n 2 axi ot n

The curl of Eq. (149) is identically zero; hence the divergence error for explicit time integration can be

expressed as the gradient of a scalar field, i.e.,
u,- - u,- = - (150)

This divergence-error distribution, Eq. (149), is used to develop “optimal” semi-implicit projection
schemes that require the estimation of (0P/0¢)". These schemes are semi-implicit in the sense that the

diffusion terms are advanced in time implicitly, and the advection terms are advanced explicitly.
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A 6-implicit time integration scheme can be derived with the aid of two Taylor series expansions

n+1-0

for u, , about %," and u,"*/, thus obtaining

, (1-8)24¢2 3%y

5 pve O(At?) (1s1)

_ du
u't = ulte(1- B)Ata—t‘

. du 2542 3%u
uinlo'ul 1_gap 24 +eAt i
at |,., 2 ar?

n+l

Subtracting Eq. (152) from Eq. (151) and rearranging terms, the 6-implicit integration scheme is

. du; ou;
u''-u = At[ ea—t' + (1-0)—67'

n+1 n

Using the momentum equations to replace the time derivatives in Eq. (153) results in

ul - --oar| S4B _ 2 | 1Retl Oy 0|} OGP\ gp
Hner ox; ax]. “Re ax ox; ox; "
" (154)
o(u,u t| du, Ju
_(l_e)At LLi)_a_ ﬂ __._i+_1 a_P+Aregi +O(At2)
ax, axj Re ax, ax, ax; n

Integrating the momentum equations with a guessed pressure field, P* , results in a velocity field, u,*,

that does not in general satisfy the continuity constraint. Equation (154) becomes

. .Ou;" 5 [1+Ret( 04 Ou|| ap- .
U ey = el =0 b~ e | B ]]a *Ar8’g
j j i i n+1 (155)
o(uu t{ du;, OJu;
-(1-6) At ) _ 3 | 1+Re'| 0% 04 §£+A1-9gi + O(At?)
ax, ox,| Re |ax, ox )| ox, ]

Note that the advection term for »,” in Eq. (155) is not in divergence form since




Subtracting Eq. (155) from Eq. (154), the relation for the 6-implicit divergence error is

e = (w-u') =oALy

Lout a(uu)
j

ax, ax;

7 n+1

+9At_a__

9x;

(156)

1+Re! %+a_“z _[ 1+Ret ] | 9% +auj‘
Re ox; ox; Re ax; 9x;
n+1
+oardP =P

o +Ar(8°-0),,, g + O(At?)

n+l

There are four modes in Eq. (156) producing errors in the velocity field, i.e., error modes due to
advection, diffusion, pressure, and a nonconservative (rotational) body force. Taking the curl of Eq. (156)
shows that in general the 8-implicit error is not irrotational. Only the error induced by the incorrect
pressure field can be represented by the gradient of a scalar potential function. The remaining errors in
Eq. (156) must be reduced by insuring that u,’=>u,"*’ through iterative cycling with the momentum

equations and, in the case of nonisothermal flow, the energy equation.

An iteration strategy can be devised to drive the divergence error to below some specified level.
The first step is to assume that the divergence error at iteration p+1 can be approximated by the gradient

of a potential function; hence,

. pel a [P+
U; -U; = - — 15
( l l) nel axi n+l ( 7)
The advection term in Eq. (156) can be approximated by
. 14 * p
u’ o _ u,-% = |u; w ~u) " u a%¢ |7 (158)
ax; axj ox; dX; ox;
n+l J n+1 J T tipe
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and the diffusion term, for Re‘=0, by

. . 4 2 .
BAt__l_ -a_ %+a_l ...a_ ai-q-fu_j eAt.La (ui ul)
Re| dx; | ox; ox,| ox,| ox, ox Re  ax?
j j f j j t n+1 "/ n+1
(159)
3 4
-0ar - 28
Re ox,% ax;
n+1

Equation (156) is, therefore, approximated by

(160)

p+1 3 2 14 . _
oat| = T80 070 +9Atur +Ar(8*-8)g,f
Re axl axi axj axi ol ax' net

Continuing with simplifying Eq. (160), the advection, diffusion, and body force terms are neglected to

obtain

p+1 . _ P
91" L gar¥L2 -P)
ax,

161
o (161)

n+1 n+l1

Integrating Eq. (161) and setting the constant of integration to zero result in a pseudo-pressure correction

equation of the form

PP+ L g2 (162)

P
PI n+l eAt n+1

n+1

The difficulty posed by Eq. (162) is that it requires a correction for the pressure at iteration p using the
unknown ¢ solution at iteration p+1. A computable strategy, therefore, must rely on the accumulation of ¢
solutions, i.e.,

1 & Lk
Pk, = P|, + eAtkE.l by (163)

where, as the iterations converge, |¢ | ,~0 and $—0.
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With the above strategy, the error in the velocity field at iteration p is defined as the gradient of a

scalar potential function at iteration p+1, giving

" pe1
(a2 -u;")? = -g.gl (164)
i

Taking the divergence of Eq. (164), the resultant Poisson equation for ¢ is

2 ou.
@)= _ T .9 (165)

The Neumann boundary condition for Eq. (165) is obtained by projecting Eq. (164) onto the

outward-pointing normal direction at the boundary T, i.e.,
-u;’ )m, on T (166)
For that portion of the boundary where all the efflux velocity components are fixed with Dirichlet data,

u,(x;, )=w,(x, t) for x; € I', Eq. (166) becomes a homogeneous Neumann boundary condition.

Using Eq. (164) as a mechanism for a velocity correction equation of the form
u,- = u,' - - (167)

where u;** is the “corrected” velocity, produces spurious errors near the boundary. The homogeneous
Neumann boundary condition, Eq. (166), allows the normal component of u,** to satisfy the Dirichlet

data, i.e., 4** n, = w, for x; € I'p; however, in general

u''t = (u,f __?__?L)ri *w, onT,inR? (168)

where w, is the tangential component of the Dirichlet velocity vector at the boundary. The velocity

correction (or projection) step, therefore, generates a spurious slip velocity that violates the noslip
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boundary condition (Gresho, 1990). If »** 1, is set equal to w, after the velocity correction, a vortex sheet

is produced at I, thus discontinuously injecting additional vorticity into Q. Again, iteration within the

time step is required to minimize the amount of spurious vorticity produced on I',.

Poisson Equation for ¢

The following discussion presents a formal development of the Poisson equation for the

continuity constraint potential function, ¢, and its natural boundary conditions arising from a Galerkin

weak statement.
Recall that the defining relation for ¢ is
(169)

where u is the solenoidal velocity field, and »,* is the computed velocity field not satisfying the continuity

condition. The Poisson equation for ¢ resuits from applying the divergence operator on Eq. (169).

i\ 9% i ox; 9% ox;
¢ _ ouw
ax,ax,  ox, (70
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A weak statement for ¢ is

IREOLER [v 2L Q—fq:ai;dow

VeeLi(Q)amd de HI(Q),u e H'(Q)

Applying the Green-Gauss theorem to the diffusion term in Eq. (171) gives

% oy d¢d d¢
¥ a0 - -[H 40, ¢ y2Lpar
L ax, ax; fnax, ax, fao x; ! 172)

where n, is the outward-pointing normal unit vector on the boundary. Inserting Eq. (172) into Eq. (171),
the resulting Galerkin weak statement is
uy’
[wawda = - [ Rag - [y —Laa+ g a"’ndr 0
o

VyeHy(Q)and e H'(Q), u;"c H'(Q)

The natural boundary condition for ¢ is the projection of the gradient of ¢ onto the
outward-pointing normal of the boundary. By Eq. (169), this projection is related to the error in the

velocity field at the boundary

174)

The six types of boundaries to be investigated are inflow, outflow, entrainment, symmetry,

no-slip, and free-slip (tangency condition) boundaries.
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Inflow Boundaries
Assume at an inflow boundary that the normal velocities are prescribed by problem data, and,

therefore,

d *
- a—::ni = (-1 )m; = 0 a75)

thus producing a homogeneous Neumann boundary condition for the surface integral in Eq. (173). Using a
homogeneous Neumann boundary condition, therefore, establishes a solvability constraint for the data

supplied to the ¢ Poisson equation; that is, the Dirichlet velocity data must be divergence free.

Outflow Boundaries
For outflow boundaries, a traction force-balance (Neumann) boundary condition is typically
applied for the momentum equations. Therefore, the divergence error is generally not zero at the

beginning of the iterations, that is,

0 . _ .
- 3{,"" = (u;-u;")n; = 0 (176)

For a local normal-tangential coordinate system, the gradient of ¢ is

9¢

" (4, -4, )
Qa7
- 3_2 = (u.\‘_u;)

Assuming that the outflow boundary is positioned such that the predominant flow across the boundary is
in the normal direction, one may expect, therefore, that throughout the iterative cycle, the tangential diver-

gence error remains small, such that
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¢

U, -uU,) = - —<e<<<1
(g = s} as

b _ (178)

or — =

as

» ¢ = constant along s

The value for ¢ at outflow boundaries is usually set to zero.

Entrainment Boundaries |
Based on the above observations for outflow boundaries, a similar argument can be made for |

entrainment boundaries, specifically, that the tangential divergence error is small throughout the iterative

cycle, and a good approximation for ¢ is to set it to zero. The divergence error can be made identically

zero by fixing the tangential velocity at an entrainment boundary.

Symmetry Boundaries

For symmetry boundaries, the normal velocity components are set to zero, and, by Eq. (174), the \
normal component of the divergence error at these boundaries is identically zero. Therefore, the boundary

condition for ¢ is homogeneous Neumann.

No-Slip Boundaries
For no-slip boundaries, all velocities are set to zero, and the divergence error at these boundaries

is identically zero. Again, the boundary condition for ¢ is homogeneous Neumann.

Free-Slip (Tangency Condition) Boundaries

The tangency boundary condition is

un =0 a79)
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For a free-slip wall, Eq. (174) can, therefore, be rewritten as

-w'n = -u'm,

- ﬂni = (u;-u;')n, = u;n, .

axi 1
(180)

=u'"n +0

]

&
-~

[

resulting in a nonhomogeneous Neumann boundary condition at free-slip boundaries. The resulting
surface integral should be computed if #, is not specified. Equation (180) provides an effective means of
enforcing a tangency condition along an arbitrarily oriented surface without explicitly having to specify

u,=0. With the tangency boundary condition, the Galerkin weak statement for ¢ is

*

dy 90 au;
(P)dQ = | — —dQ dQ
Lw (@) fgaxi ox; +'/;l" ax;
- § yu'ndr-o (181)
9Q - tangency

VeeHy(Q)and ¢ € H)(Q),u" e H'(Q)

Evaluating the surface integral in Eq. (181) will enforce an approximation to the tangency condition as the

solution converges.

Pressure Poisson Equation

One difficulty in solving the pressure Poisson equation for turbulent flows is that the turbulent

Reynolds number, i.e., the eddy viscosity v/, is not constant but varies significantly over the flow field.

The pressure Poisson equation, therefore, has the general form




2(P) = (@) -
i

2
ox;| 9t Re dx;dx;

ox; ’aox; ax

9 joP O 3
ox;

+A19§i}=0

Re!| 04 04
Re | ox; ox;
where, due to the presence of the Re' term, third order spatial derivatives exist for the velocity field. The
following analysis demonstrates how the Galerkin weak statement, after selective applications of the
Green-Gauss theorem, reveals the appropriateness of the classic H’ (Q) Sobolev space for the velocity,
thus producing an easily computed right-hand side for the pressure Poisson equation. The analysis also
reveals the natural boundary conditions associated with the Galerkin weak statement for the pressure in

laminar and turbulent flows.

Equation (182) can be further simplified by imposing the continuity constraint on the flow field.
Assuming the necessary smoothness in the flow field’s dependence on time allows the commutation of the
temporal derivative with the divergence operator, thus implying that the acceleration is solenoidal for all
time, hence

3 (%) o (%) _, (183)
ox;\ at at | ax;

Next, sufficient smoothness for the spatial derivatives is assumed to allow them to commute. The

reference Reynolds number, Re, by definition does not vary over the flow field, therefore,

] (_l_azui

8 1 | 9% _, (184)
ox;| Re gx?

R o 3

Applying Eqs. (183) and (184) to Eq. (182) yields the pressure Poisson equation for divergence-free flow

fields as
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a L]
G(P) = (")) =

(185)
u t{ ou, du -
_§_£+uj__§_a_£._‘+__l +Al‘9g, =0
ox; | 0x; ox; 0x;| Re | 9x; 9x,
Note that £°( u, ) is defined as
ou t| ou; Ju -
Q'(ui)s_q__P-;-u,_i—a_. B_e_ et S +Aregi
ox; 'ox; ox;|Re|dx; ax;
(186)
ou ou
=g(u‘)__’+a_ 1 %%
dt axj Re axj

In Eq. (185), the continuity constraint has eliminated the diffusion term associated with the mean flow
Reynolds number; however, the spatial dependence of the Re' diffusion term has forced a third-order

derivative on the velocity to remain in the formulation.

A Galerkin weak statement for the pressure is now

F]

yL(Pyda = [ ¢y 2 (2*(u;))da =0
fo fn axi( ) a87)
VyeLi(Q) and u,e Hj(Q), Pe HJ(Q)

specifically, &, lies in H,’(Q). Employing the Green-Gauss theorem with Eq. (187) results in
d . __ [ 9% . . -
o"'a_xi( @*(u,))dQ = foa_x, 2*(;)dQ + § ¥ L*(u;) n, dT = 0 55
Vy eHj(Q)andu, e HX(Q), Pec H}(Q)

From the momentum equations observe that

(189)
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Therefore, Eq. (188) becomes

ax,
_fg_?_£+ua_ui.-_a_g_e_ta_ui.+% +Ar8éi dQ
adx,|ox, Jax; x| Re|dx; dx (190)
du o%u
- q,_!nidl“q»f w—l——’n,dI‘=0
0 © Jt 3a " Re asz

V¢ e Hy(Q)and 4, € H3(Q)

In Eq. (190), both the turbulent diffusion term and the final surface integral act to constrain the velocity to

reside in H*(Q2). The following analysis verifies that the Sobolev space for velocity can be expanded to

H'(Q).

Treatment of the Re' Term in Eq. (190)

Focusing attention on the term in Eq. (190) involving the turbulent Reynolds number Re', the

pressure Poisson equation, Eq. (185), can be expressed as

9
ax,

6
ox;

i

L(Py = (2 () = ——( 25 (w) + 2;(uy)) (191)

(192)

(193)




From Eq. (187), the weak statement for the pressure is

[eePraa = [ v 2( i) + 2;(u))da
‘ (194)
3 (oo 3 (.
- fn"'a_x,( ¢ (u,))dQ + fo"’a_x,( @; (4;))da = 0

The weak statement for &£,, upon expanding terms, becomes

fn"’aa_x,.( 2% (u))da = fnw%i

az
) 'fn"'axax
7 9%,

- -fﬂ"’

Ret
Re

9?2 [Ret u;
ox,0x, | Re ox,

ox, 0x;

(195)

az
-2
N dx, ox;

d
- 'an"'a_xj

Re! Y
Re axj

B(Re'/Re) %  Re' 3

ox; ox;  Re 0x;

dQ

au,
ax,

3(Re'/Re) 9% ) da

3
-2 2
fo¥ x| ox, ox

The Green-Gauss theorem is applied to the final form of Eq. (195), with the result

dQ =
9x; ox;

- 3 | 3(Re'/Re) 9Y;
; fo"'a(—. =

(196)
t ou t ou
a axj x; axj aa ax; ax; ’

a .
: fn"’Ex—,.(g2(“i))dQ =
(197)
fn 3% d(Re'[Re) O o y O(Re'/Re) ouy

ox, ox; ax, oa ox; ox;

n; dr
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Returning to &,, the Green-Gauss theorem gives

3 [ e A e .
fn"'_axi( @7 (1;))dQ = fn—axi @ (u,) dQ + fanw,(ui)nidr (198)
Note that

U,
L) = g—: +U— +Ar® g =

;) ox;

(199)
au:+16ui+a %+iﬁ]]
ox; ax,

Ret

Re

v . _ _r dy| oP ou;
f Q](u) daQ +fanl|liel(u,-)nid1‘— fna:[sz +uj5;; + Ar© gl]dn(zoo)

t| ou, Ju
Re | %% % n,dr
ax; 9x;

u *u
_f qy—'n,dr‘+if ‘l'—;"idr* v
a ~ Jt Re /o axj LY axj

The weak statement for the pressure is now, after multiplying through by -1,

OU:
[ ¥ 2(P)da - f (ap w2 . areg,|da

ax; axg
au,
20 ¥ 5 ™47 f q; ndr‘—
201)
t|du; Ju ¢
¢a_ Re | i |mar
dx;| Re | dx; 0x;
7 / /)
“2f a\p a(Re‘/Re) ou idn ‘2§ ¢ Q(Re'[Re) O n,dr = 0

VyeHyQ)andu, e H(Q), Pe H'(Q)

The surface integrals in Eq. (201) involving Re' can be further simplified by
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Re ax ax.

3 | Ret| 9y au d(Re'/Re) Y, -
an\lia—xj[—[ l])ndl‘ 2f y o n.dr =

n
ox;  ox;

2
,,,a(_k_lkg[ i‘_‘z"_“z] mar - § o B Php a4y a(Ret/Re)_znd

(202)

The second term on the right-hand side of Eq. (202) can also benefit from an application of the

Green-Gauss theorem:
t 9%u t du t Ju
aQ Re axj 0 aXJ axj ayp Re axj (203)
ou; t ou t du
wa(R" ‘/Re) —ipdr + Re’ ?J'l_‘nidr - ¢RL_"d D
ax; ox; %2 Re 9x; 9x; @), Re dx,

In Eq. (203), the dyadic n, », for an orthogonal coordinate system is equal to the Kronecker delta, 5, and,
therefore, the continuity constraint will remove the final integral. Equation (202), with the use of

Eq. (203), becomes

ou; du; t ou;
¥ a_ = w1 dr + 2f ¥ M dl‘ -
%~ 9x; Re ax ox; ox; ax]
t ou, Ju t du
v d(Re'/Re)| °4; L oY% ndr + f ¥ d(Re'/Re) —in,.dr‘ (204)
axj axj ox; Y] axj axj

ou; du
ff Betow M, o gy AReYRe)

Y n;dr
o Re ax ax axj ox;

i

or

tf du;, odu, t ou,
_f O | Rely &R O ":df‘+2f g J(Re/Re) Oy ar =
30~ 9x; ax; ox; 20 ax; ox; ’
f) J J (205)
t ou
+f Re’ iq_’._‘n dar +f ___B(Re /Re)__l. ,dr

The terminal pressure weak statement with the above considerations is
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_ oy| oP ou;
fora®rda - [ 2B = w5t Areg fa0

J
2u
i
+ fanw-é?n,.dr‘ Re 4: Py n,dr
Re' 3y 94 Saf v B(Re'/Re) Miga + § y ORe'[Re) a—uin,dr o
9 Re 0X; axj Q dx; axj o ax; ox,

vV eH;(n)and u; e H(Q)
(206)

To complete the analysis, two cases will be examined for the surface integral involving the second

derivative of u,.

62
T reatment of RL Yy —— n,dl’ - Case 1: inflow boundaries
€ Ox
}

A second application of the Green-Gauss theorem for the final surface integral in Eq. (190)

results in

d%u, ou, ou,
'ilE ¥ — n.dr - é ang-"’- o mdr - Rl 0ip ¥ 3o AT @07)
ax; X; oX; e x;

As noted previously, for orthogonal coordinate systems the dyadic or second order tensor arising from the

outer product of two unit vectors, # n; , is equal to the Kronecker delta, 8, . Therefore, the final

1-dimensional integral in Eq. (207) is

Re fan ¥ 3% ax ndr = Re fan qu: ax ,-de‘ " Re Joa- w? a_dr 0 (208)

Therefore, with Eqs. (207) and (208), the weak statement, for Case 1, is




3y | aP o, .
Pyda=[ ¥ .yt +Ar0 g |dQ
fﬂ"’g( ) fQ axi axi * Iaxj * g
+ 4 tlr—n 1y 2w %, 4p
Re 8 9x; 0X;
au, : au,
Re' 9% Ztipar -2 2% ARe/Re) “yq y dRe'[Re) 9, n g
32 Re dx; dx; Q dx; ox; 0x; %a 9x; ox; '
VyeHyj(Q)andu, e H(Q), Pe H'(Q)
(209)

0%u,
T reatment of L Yy —— n,dI’ - Case 2: no-slip and free-slip walls
= Re - asz

For no-slip and free-slip walls, an alternate formulation of the surface integral of the viscous flux

vector can be examined. For convenience, the analysis is set in R%.

At the surface of a wall one can construct a local normal/tangential or n-s coordinate system.
The proper boundary conditions for the velocity field at an impenetrable no-slip wall are, in the n-s

coordinate system,

u;n =0
(210)
Note that the continuity equation in the n-s coordinate system is
ou, . du, -0 @11)
as an

8 0? az
and the laplacian operator has the form F = F Frel . Transforming the surface integral from
X n

the global to the local #-s coordinate system gives
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n + n

as? an?

212)

d%u
-1 ¥ "dI‘:_lf ¥
Re /00 asz Re ‘90

u u )

At a no-slip wall, the derivative of the normal component of the velocity field with respect to the wall

tangential direction is zero, since u, is 0 along s, thus

2
ou, =a_(au,.]=o (213)
ds? as\ és

By the continuity equation, the second derivative of u, with respect to the normal coordinate becomes

du, 4 [ou,)_ _d (3 (214)
dn? dn\ on dn\ dos

Therefore, the surface integral along the no-slip wall is

1 azun azun 1 d dus (215)
-1 + ar = - L A i B P
Re 30‘”( as? an? Re faﬂw as\ dn

Applying the Green-Gauss theorem results in

du du
_lf ,I,(_a__s ar = --L | % 4r . q,%.s
Re /80 os\ dn Re Joa 9s \ dn J dn

As was true in the previous Case 1, the final term in Eq. (216) is zero since it represents the projection of

(216)

a vector in the n direction onto the s direction. Since n and s are orthogonal, their inner product must be
zero. Note that the derivative du/dn represents the shear strain rate (and also the vorticity) at the wall.

Coupled with the viscosity in the Reynolds number pre-multiplying the surface integral, the term also

represents a nondimensional shear stress at the wall.




Ou,

Inflow_Boundaries - Treatment of Advection Term [ _gi u .a__ dQ
x x

The term in the pressure residual arising from the kinematic flux vector in the momentum

equations can provide natural boundary conditions for inflow planes. Applying the Green-Gauss theorem,

v , %m:_ M Mi iq . ua_"ndp @17
I aax, / ax; fa¥ dx; ox; ¥ 3

The surface integral in Eq. (217) must be computed at inflow boundaries.

CCM Overview

In the preceding section it was demonstrated that an iterative cycle within the time-step is

required for an implicit integration. During these outer iterations, the CCM replaces the genuine pressure

with a continuity constraint state-variable, C ?,,, where the superscript p is an iteration index. The

0-implicit semi-discrete momentum equations, therefore, have the form

. P
. o(u,u; tf du, ou
U ‘fnl—uil _eAtLL) 1+Re . +£+Ate.g
ax ax;{ Re | dx, ax, ax;
! ! ! n+l(218)

-(1-9)At

n

a(“g"i)_ﬁ_[ 1+R°'(93£+%J]+6—P+Ar9&

gx; ox;\ Re |adx; ox; ox,

When the genuine pressure, P, is required, it is assumed computable, as discussed in the previous section,

from the pressure Poisson equation, i.e.,

2 . ; 2 s
Q(P)=8_P+%%-__a__.__ Ui | a8 -0 @9
dx;0x, 9dx,0x; 0x,0%; ax; ax, ax;

for any u, |,.,, aconverged, solenoidal velocity vector field. The genuine nonhomogeneous Neumann
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boundary condition for Eq. (219) is

ou, ou, -
- %y " _ Are on T (220)
at " an ga b

1 +Re' | 9u,
Re | on

where [, is the union of all boundary segments where the velocities are fixed by Dirichlet data, e.g., walls

and inflow planes.

The iterative cycle in the CCM requires the solution of a Poisson equation for a continuity

constraint potential function ®. This Poisson equation has the form

Vip Pl =V.y*r? (221)

The boundary conditions for & on I';, are homogeneous Neumann.

9" .0 Ty (222)

The CCM iterative solution strategy is:

©® TIME STEP n + 1
(1) initialize the constraint state-variable by either C’,,,=C?*'or C’,,,= P";
(2) solve the momentum and energy equations implicitly for # *” and ®°7 ;
(3) solve Poisson equation for &7 ;
(4) update approximation for C,,, by
p

+1 1 1
Crli = m*(m);‘pk
=1

(5) repeat steps (2)-(4) until

§®P|g <€ , convergence tolerance

(6) advance time step ; solve genuine pressure Poisson equation for P™*/ if necessary.
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Since equal-order interpolation of all state-variables is employed, which is the finite element equivalent of
using a nonstaggered mesh, the div-stability condition is not satisfied by the CCM. As a result, there is a
dominant dispersive error mode, modulo V" , associated with ®. One significant computational attribute
of the genuine pressure Poisson solve in Step 6 is that it prevents the dispersive error from polluting the
velocity and temperature solutions. Step 6 also provides the means for establishing a basis (i.e., a
continuous C’,,, based on the genuine pressure P" ) for an approximation of P"*/ during the iterative
cycle. Experience with the CCM has shown that the pressure Poisson solve can be subcycled (e.g., solved

every third, fourth, or fortieth time-step) to improve computational efficiency.

Step 5 defines the stopping test for the outer iteration cycle in terms of the energy semi-norm of

@, defined as

1
270 ax; ox, (223)

Volume of Qb

P
@ 4P iQ

|‘1’1’|EE

n+1

where the || @ || ; has been normalized by the volume of the mesh. By the definition of ®, Eq. (164), the
normalized energy norm can be seen to be a measure of the kinetic energy per unit volume of the error in

the current approximation for ¥, | ,,, .

Galerkin Weak Statement

The conservation law system described in Chapter 2 constitutes a nonlinear coupled set of
initial-value partial differential equations (PDE) whose solutions are constrained by the incompressibility

condition. These PDEs can be expressed in the general form

-99,39 v -
g(q)_aaua;(j;—ﬁ)—s—o onQcR"”, t>t (224)
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where £(q) is a differential equation system written on the state-variable g(x,,#). The function f; is called
the kinematic flux vector, and f;” is the viscous flux vector. For the Reynolds-averaged Navier-Stokes
equations in R® with Boussinesq buoyancy body forces and negligible viscous dissipation, g, f, and ;"

have the following definitions:

1+Ret) 3% |
Re axj
" uu, + P8, (1+Re']% - Areg,
g = u, : f - uju2 + P62J : fv < | Re ax] L. 5= - Aregz (225)

U, / ujuy + P63i ! 1 +Re! a_us_ - Ar8g,
e u;e Re ) ox; Se

1(1,Re)30

Rel| Pr t aij

The algorithm auxiliary quasi-linear Poisson PDEs have the general form

2(q,) = Vg, - 5,(4) =0 onQcR" , 121, (226)

where
q. E{¢} .S, { veu } @27)
P V(< (u)-VP)

Proceeding to the discrete form of Eq. (224), the state-variables g and g, are replaced by a

continuous approximation that assumes the separability of space and time, thus
N
q(x;,t) = qN(x;,1) = ¥ P(x) Q) (228)
i=1

where the function set ‘¥ (x)), called the approximation “trial space,” is user-selectable. The superscript N
in Eq. (228) denotes any approximate solution produced via the inner product of the known trial function

¥(x)) and the set of unknown coefficients O(¢).
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The weak statement is a continuum form of the method of weighted residuals for constraining the

error in ¢”. Using the functional spaces defined in Chapter 3, one seeks the vector function %"(x,) € ¥,

and the scalar functions ®"(x,t) € ¥, , $"(x,t) € S,, and P(x,,f) € S, such that
J oW gghds=0 , vweV, (229)

where the velocity vector function %" is also constrained to sit in Z, the space of weakly divergence-free
functions. The requirement that Eq. (229) must hold for any test function w(x,f) € ¥, is enforced by
making the integral stationary with respect to any set of W(f), where the interpolation of w(x?) is carried

out by
M
wM(x,t) =Y ®,(x) Wi(2) (230)
i=1

This extremum is termed a “weak statement” with the form

WSV = ;T,fow*'(xj,t)se(q'v)dr , Vi
i (231)

=f°d>,-(xj)s£(qN)dt=0 , forl<is<M

The optimal choice for the test function set @ (x)) is that it be identical to the trial space ¥ (x) (Baker,

1983). This decision yields a Galerkin weak statement
GWSH = fn P(x) 2(qN)dr =0, forls<isN (232)

Mathematically, the GWSY is optimal since the approximation error in 4"(x, ,¢) is required to be orthogonal

to the space of functions supporting ¢” for any choice of trial space (cf. Baker et al., 1992b).
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For any approximate solution, the GWS" form for Eq. (224) is

agN 9 v
GWS"=fa'1',(_a‘1t_ +a_%(f,.-,;. )~_s~)df

(233)

- e | - 0

N 0¥, v
fn‘l’i(iq “SN)dt - faaj(f;-fl' )th + fa

ot a,Naa

where a Green-Gauss theorem has been applied to project the divergence operator from the flux vectors, £
and f”, to the approximation trial space, '¥;, and to produce a surface integral in Eq. (233) that is the

mathematical placeholder for all natural boundary conditions in the GWS".

The finite element method uses a spatial semi-discretization (or partitioning) Q*, of the
continuum domain Q, made up of the union of a set of non-overlapping subdomains Q, or finite elements,

such that

a=at=Jaq

e

e 239)
The approximation ¢" is then formed as g, the union of finite element approximations g, on Q,, i.e.,
q(x;,0) = qV(x,0) = qP(x;,0) = U g, (x;,) 235)
e

On any finite element domain Q,, the generic form for g, is

4.(x;,t) = (N,(n)1T{Q(D)}, (236)
where each element in the row matrix {N,}” (called the finite element basis set) is a kth degree

polynomial. There are as many of these polynomials as there are nodal degrees-of-freedom in Q..

The indicated integrals in Eq. (233) are evaluated at the element level, and the resulting

element-rank expressions are then summed (assembled) into a global matrix statement of the form
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ows* - M14L2) . (R(Q)) - (0) @37)

In Eq. (237), [M] and {R} are global rank square and column matrices, respectively, and {Q}={0(9)} is
the array of the state-variable approximation coefficients at the geometric nodes of Q. The residual {R} is
a nonlinear function of {Q}, and contains contributions from all terms in Eq. (233) except the time term,

i.e., convection, diffusion, source, and boundary conditions.

For the present CCM implementation, the discretization of the time derivative employs the
0-implicit, one-step algorithm family (Euler/trapezoidal) derived in the previous section. The terminal

algebraic statement for Eq. (237) is of the form
{FQ} = [M]{Q,,,-Q,} + Ar( 8 {R},,, + (1-9){R},,) ={0} (238)

where ¢,,, = t,+At and 0.5<6<1.0. A GWS" is also developed for any Poisson equation in the CCM,

directly producing the algebraic system as

(FQu} = [D1{Q,} - (S4(Q()} (239)

The GWS” finite element methodology has, therefore, produced a coupled, nonlinear system of
algebraic equations that must be solved iteratively. The classic Newton method constitutes the following

iterative cycle,

(Q1..= (Q}, ; {FQY.,= (FQ,

forp= 0,1,2, ... until convergence

(240)
[M pat AR ot - (FOp.,
QY .,

{Q¥5i1= {QB, + (3Q¥2:}

Quasi-Newton approximations amount to the use of simplified forms of the jacobian [M+0A16{R}/5{Q}].
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The quasi-linear algebraic system Eq. (239) has the Newton matrix statement

[(D1{Q4} = {S4(Q(N} @241)

Finite Element Basis Operations

The CCM Galerkin weak statement algorithm is cast into computable form via a finite element
semi-discretization of the domain of integration of the GWS", with a 6-implicit time integration
procedure. The element geometry considered most appropriate for verification of the CCM is the trilinear,
planar-faced hexahedron, Fig. 5. This 3-dimensional finite element can be distorted easily to fit most
applicable geometries. In transform (n) space, it appears as a cartesian unit cube. The trilinear basis

functions spanning the 8-node hexahedron, in the nodal order given in Fig. S, are

Figure 5. Trilinear hexahedron with one-to-one mapping onto R®.
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((1-n,)1-1,)(1-n;)
(1+n,)(A-1,)(1-n,)
(1+n)(A+n,)(1-ny)
1-n)A+n,)(A-n,)
(1-n,)A-1,)A+n,)
1+n,)(A-n,)(1+n,)
1 +n,)(1+n,)(1 +ny)

[ (1-n) A +0,)(1 +n;,)

{N()} = » (242)

00

A fundamental aspect of the FE method is use of a master element where all element-data inner
products and integrations are performed in generalized coordinates, once and for all. The coordinate

transformation (or mapping) that bridges the computational (transform) n-space and Euclidean space R® is

téin~ X; = x(n) (243)
The mapping 1° is one-to-one and onto its range provided the transformation jacobian .J is nonsingular,

where

kN
o 6:1 Ju o i
1 [_Ll = Vo (B0 k) 2| T S o
Hexd 3 Iy Ty Iy
2ns)

The inverse of Eq. (244) is required to evaluate the flux vector divergence term in the GWS". The closed

form solution is

106




3 (Jzz‘lsa' Jaz"zs)’ (Jls"az' Jqua)’ (le"zs' JIBJZZ)
?:l} = detl[J] Ui~ Iudy)s s~ Jdy) Tdy- Ty dyy) (245)
(sz"az‘ 131]22)’ ("12"31_ Jsz"u)’ ('111"22' J12J21)

1=

where
det[J]= Ju("n"n' Jsz"zs) - le(',zl'lss‘ J31J23) + JIS(J21J32_ Jstzz)

z[zx_zza_ax ) a"z(ﬂ%- o & ]

= et e} —3
on, an,

dn, dny  9ny On, on, on,  9n, an, (246)

ﬂ[ﬁfﬁ i ﬁﬁ]
an,{on, an;  n, am,

The metric tensor dn,;/0x, is required only on the master element Q, ; therefore, the specific local

form for Eq. (243) uses the interpolation Eq. (242) yielding
x{ = x{(n) = (N (XJ), 247)

where the entries in {XJ}, are the (x,, x;, x; ) coordinates of the eight nodes of Q, . (The notational
convention from here on is that capital letters denote discrete data at the nodes of Q, while lower case
defines the continuum forms.) Since the element transformation generates piecewise smooth data, on
quality discretizations it is appropriate to evaluate the metric data dn/0x, at the centroid of Q,, yielding a
significant DO-loop economy in the code. Using a subscript to denote node numbers on Q, , one obtains,

for example,
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%% | - X1y XL XL~ X1,-X1g+ Xlg+ X1~ X1

on,
0% _ L X2+ X2.+ X2.- X2, X2.+ X2.+ X2.- X2.)
5'1—1 = '§( 1 2 3 4 s 6 7 8
ox, 1 (248)
2 30 X0 X3y X3,m X3, X3p0 X3 X3, X3y
1

% L= X3,- X3, X3,- X3,0 X3,0 X3ge X3, X3)

The element Fortran variable name for (0, /0x, ), is “EJK,,” and the final steps for the FE

implementation are to form the basis ,-derivatives, needed for the flux vector terms, and to complete all

integrals. The derivative operation on Eq. (242) is trivial and produces

(-(1-n,)(1-1;) (-(1-n,)(1-n,) -(1-n;)(1-ny)
(1-n,)(1-13) -(1+0,)(1-n,) -(1+0,)(1-n,)
(1+n,)(1-1,) (1+1,)(1-ny) -(1+n,)(1+n,)

{ﬂ}= 1] -(1+n,)(1-n,) | {ﬂ} 1] Ao | {ﬂ} 1)@y | 249)

an,[ 8|-(l-np)t+ny) | |on,[ 8|-U-npt+n) [ lons[ 8| A-npA-ny)
(1-n,)(1+n,) -(1+n)(1+n,) (1+n,)(1-n,)
(1+n,)(1+n,) (1+0,)(1+n,) (1+n,)(1+n,)
-(1+n,)(1+n,) | (1-np)A+n,) | (1-n,)(1+n,)

Products of {N(n,)} with itself, and/or G{N}/0n,, are required to be integrated over Q, to form the master
matrix library for the selected basis. A compact notation, (cf. Baker and Pepper, 1991, Ch. 5), for any 1-,

2-, or 3-dimensional matrix is [Mabcd)], where

M prefix denoting the dimensionality of the element master matrix,
M= A for 1D, B for 2D, and C for 3D

a an integer indicating how many bases occur in the integral

becd:  integers 1,2, or 3, denoting the n,-direction of the derivatives in the matrix,
or 0 for no derivative
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The master element matrices appearing in Eq. (238) are of the form [B2bc] for boundary condition 2-
dimensional surface elements, [C200] for the mass matrix and source terms, and [C2bc] or [C3bcd] for
the kinematic and viscous flux vector terms. Since the summation convention operates therein, (,c,d) can

also become (/,J,K) in compact notation for inner products on EJK..

As an example, the kinematic flux vector term is nonlinear and, with P extracted via the CCM

continuity theory, yields the FE matrix equivalent as

AN} M geyqy . [ BNY Mk s er1] da
fﬂ a_r'k ax]f [O aﬂk axj(q )e et[J]

- | 2| pEx, [, (Wi 2 w7(Q), on
7 Je ‘ oy (250)

_ | 9 DET,{UJ}Z([Q {N}%N’{N}Tdn {Q},
* k

e

EXX_ DET, (U5} [C30K0] (Q},

The three master hypermatrices [C30K0], K=1,2,3 , each consist of nine 8x1 column arrays of integers
normalized by an integer, since 1 < (J,K) < n=3 is a summation index. The formulation of its
contribution into {R}, of the Newton statement, Eq. (240), involves a DO-loop to multiply the various

element-dependent data (with subscript €) as inner products.

The actual construction of any [C30K0] employs a gaussian quadrature rule, e.g.,

1 11
[C30101= [ [ [ f(n,,np.my)dn, dn, dn,
-1 -1 -1 (251)

=) E ) wiijkf(nli'“zj’“ak)

i=1j=1k=1
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where the function in the integrand is

a{N(nlivnzj’ngk)}
on,

f(nli’ﬂzj’ngk) = {N(ﬂli,nzj:ﬂgk)} {N(nli’nzjangk)}T (252)

FE Residual Statements

The construction of FE residuals {FQ} (as specified by Eq. (238)) for the velocity components is
representative of data base operations for the CCM. The lead term in Eq. (238), from the time derivative

in Eq. (224), becomes

[ (NHNT det {J] dQ (U™ - (UIY" = DET, [C200/(UI)™! - (UIY"),  (253)

since no derivatives are involved, and DET, is evaluated at the centroid of Q,. The kinematic flux vector

term yields, after application of the Green-Gauss theorem (Baker, 1983),

- at (UN[ (N S ANY AT 177 dQ (UT) =

0X; Omg (254)

- At DET, EX, (Un! [C30ko0] (U1},

The viscous flux vector term, with effective diffusion coefficient 1/Ref = (1+Re' )/Re evaluated at the

centroid, yields

3 T
atf, 1_9M 3N} 9m AN 401 11y g (UT) -

¢ReB 0X; 0 ox;

At DET, $ EIX, EIM,[C2KM] (U1},

The Boussinesq body-force term is
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AtAc[ (N}{N)Tg,det(J1dQ (8}, = 256

At DET, Ar GI [C200] {8},

where GI is a unit vector in the direction of gravity. Finally, the continuity constraint function is applied

via the directional derivative

atf ""{N} 8NV 4ot J1d0 (CNPI), = At DET, EU, [C201] (CNPI},
a, 9x; ong (257)

At DET,(E11[C201] + E12 [C202] + E13[C203]) {CNPI},

p+l £
where {CNP1} contains the current evaluation of C,.,, + %_t
k=2

The FE residual statement for all other members of the initial-valued state variable is similarly

formed. For example, the energy equation FE statement in compact form is

(Fe} = DET,[C200] ({8 )"~ (8}™),

- At DET, EIK, {U1)] [C30K0] (8 },
(258)

1(1 Re
+ Atfe-(ﬁ- + ET)DET‘ EXX, EM, [C2KM] (8},

- At DET, [C200] (S8}

Two Poisson discrete weak statements for the auxiliary variables close the FE CCM algorithm.

For the continuity constraint, the GWS” yields the residual
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{F® )= DET, EXX, EM, [C2KM]{® ],
+ DET, EJK, [C20K} (U1}, (259)

e

+ DET2,[B200] N1, {UI}2"" = {0}

The last term in Eq.(259) is the Neumann boundary condition resuiting from the application of the
Green-Gauss theorem to the residual for ®. Since this boundary condition is imposed on a 2-dimensional

boundary segment 0Q,, it produces a [B ... ] master matrix and the corresponding determinant DET2, as

indicated.

The discretized residual for the pressure is, using Eq. (209) as a guide,

_ [ AN} [ aUNYT(P)) T dUNYT(UIY) Y
(FP} = [ o [ o +{NYT(UJ) o, + Ar(N)T(8) g |dQ

-2 d({RETURB}T(N}) (N} a({N}" (UN}) ,q
a ox; ox; 0x;

* T . 1 ¢ 9N} aqN)T (UL} (260)
f,0 (N} INYT (DUIDt} myar + = § = LAV

+ §_(RETURB)T (N} 2UND) QUNVT(UIY) g
an axj ax]

. f O((RETURB}T(N}) vy 3UNY{UTD) p ap . (o)
aq axj ox; i

1
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In compact notation, the 3-dimensional residual for the pressure is

{(FP}, = DET, EIX, EIM, [C2KM] { P},

+ DET, EIK, EIM, (U1}T [C30KM] {UT),
+ DET, GI Ar, EIK, [C2KO0] {0 },

- 2DET, EM, EJK, EJL, (RETURB)! [C3MKL] (U1},

+ DET2, [B200] (DUIDt}, NI (261)

+ DET2, —ng EIK, EIM, [B2KM] {U1}, NI

+ DET2, EJK, EIM, {RETURB}. [B30KM] { U1}, NI
+ DET2, EIX, EIM, {RETURB)! [B3K0OM] (UJ}, M = {0}

A quasi-Newton Iteration Procedure

Any linear algebra matrix iteration approximation starts with the formation of the Newton
jacobian. For Eq. (240), the developed FE residual statements are readily differentiated to produce the
necessary master matrix expressions. The element contribution to the Newton jacobian from the residual

time term for {FUI}, is

FUL | 262
0T~ DET. [C2001 (262)

Similarly,

OUFUL _ _ Ate DET. [(UNTEXK, [C30K0
a( Ut}  [(UNCEX, : (263)

+ (Ul)g (E11, [C3010] + E12, [C3020] + E13, [C3030] )]

is the velocity self-coupling contribution from 8As{R}. The non-self-coupling momentum contributions,

113




from Eq. (254), are

o{FUI} _

3(Un} (264)
- At6 DET, (Unj7(En, [C3010] + E2, [C3020] + EJ3, [C3030])

for the restriction J#I. The dissipative flux vector term in 0Az{R} yields

HFUL} _ R t 26
0T At DET, Re(1+ Re')EIK, EIM, [C2KM] (265)

and the temperature coupling term is

AFUY} _
e}

At6 DET, Ar[C200] G1 (266)
Expressions similar to Eqs. (262)-(266) are readily derived for all other state variable
contributions to the Newton jacobian. The segregated jacobians for the two Poisson equation discrete

statements are identical and of the form

f’.é{_{%“’}_} - DET, EIX, EIM, [C2KM] (267)

Boundary Conditions

Four common boundary types that must be addressed by any incompressible Navier-Stokes CFD
algorithm are: (1) no-slip impenetrable boundaries, (2) free-slip and drag-slip tangential boundaries,
(3) inflow boundaries, and (4) outflow boundaries. The following discussion details the treatment of these

boundaries by the CCM.
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No-slip impenetrable boundaries require that the flow velocity at the boundary equal the velocity
of the boundary; therefore, all velocity components are fixed at the no-slip boundary velocity, w(x,?). For

a fully-contained flow, I',=&, a solvability condition exists for the Dirichlet data, such that
§ win,dr = 0 (268)

which is a requirement for global conservation of mass.

Free-slip boundaries require the satisfaction of a tangency condition, i.e., %, n, = w,. If the wall is
parallel to a coordinate axis, then the tangency condition can be easily enforced by setting «, n, = w,. For
stationary boundaries at arbitrary angles with respect to the coordinate system, an approximate tangency
condition may be applied using a nonhomogeneous Neumann boundary condition with Poisson equation

for the continuity constraint potential function.

A tangential traction or drag is imposed on the flow-field through the evaluation of the natural
boundary condition produced by applying the Green-Gauss theorem to the viscous flux vector for the

momentum equations. For example, for laminar flow,

%u, du, ou,
1 ! dQ=_1_ a_‘l’_'dg__}- ¥y — dr (269)
Re /0 " 9x; ox; Re “0 9x; dx; Re /o2 ° gn

Focusing on the surface integral in Eq. (269), the integrand can be related to the shear stress at a slip wall

by

B Uref
8 Lref

8 Lref
[ Urgf

_ 1
ReE

i (270)
ﬂnwadr " Reb s’ Ti-way 4T

where 1., is the dimensionless traction at the wall in the ith direction. The dimensional traction, t,* has

been scaled by ( g, L,,;/ u U, ) such that
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—t - 271)
The traction at the wall can be expressed by a general function, e.g.,

Cioway = | @+ DUy + €(Upy- U, )| @72)
where U, is the tangential velocity of the fluid near the wall, and U, is the velocity of the wall boundary

itself. By Eq. (272), the boundary condition in R’ is applied to the residuals for each momentum equation

by

+AL 0 % [B200] { TAUIW}, DET2, @73)

For the energy equation at wall boundaries, the temperature or the heat flux may be fixed. The
heat flux may be applied as a constant or as a linear or nonlinear function of boundary and near-wall fluid
temperatures. The heat flux boundary condition arises from the diffusion term in the weak statement for

the energy equation. Applying the Green-Gauss theorem results in

_1 fa_‘l’ 98 4o - 1
RePr-’a axj axj RePr

L)
v o n; dr 274)

The surface integral in Eq. (274) can be related to the dimensional heat flux at the boundary by Fourier’s

Law of Conduction

oT
y = —K—= 275)
Twalt k on (

Eq. (275) can be non-dimensionalized such that

_a8 _| Ly - 276)
% - | a7ty v - P10

In Eq. (276), QFLUX is the non-dimensional heat flux at the boundary where a positive value indicates

that heat is being removed from the flow. The residual for the energy equation is now, using compact
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notation for the 3-dimensional case,

(FO} = {otherterms} + DET2, I{:E [B200] { QFLUX}, @77

The contribution to the jacobian for the energy equation is

3(F8} o, DET2, 3QFLUX | gy, 278)
a(e} RePr )

The overbar in Eq. (278) indicates that any explicit appearance of © in the derivative term will be

replaced by an average value for the 2-dimensional boundary element.

A general function describing three possible methods of imposing a heat flux at a boundary is

Gy =@ + bT + c(T-T,)¢ (279)

The constants a, b, ¢, d, and T, are data. Note that Eq. (279) is a dimensional equation, anda, b, ¢,
and T, must, therefore, have dimensions consistent with any other dimensional data in the problem. The
temperature T, is a prescribed boundary temperature located outside of the computational domain. The
three positionally dependent boundary conditions that can be applied using Eq. (279) are a prescribed heat

flux, forced convection, and natural convection.

Case 1 - Prescribed Heat Flux
The heat flux g, is imposed by some external means and is independent of any solution

variables. This boundary condition is applied by setting

a=Q., ; b=c=d=0
Case 2 - Forced Convection

For a forced convection boundary condition, Newton’s Law of Cooling has the form

Guan = H(T-T,) (280)

where 4 is a user-prescribed heat transfer coefficient (film coefficient). Eq. (279) requires that
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a=-hT, ; b=h ; c=d=0
In terms of @, b, and O, the result is
Goar = b[GAT"f + T”f] +a
Case 3 - Natural Convection
In the case of natural convection from a surface, there are a number of empirical correlations
expressing the film coefficient for natural convection as a nonlinear function of the difference between the
fluid temperature, T, and the surface temperature, 7, . (Recall that 7, is located outside of the

computational domain.) These correlations typically can be cast in the dimensional form
h=C, (T-T,)% . @81
The relation for the boundary heat flux is now
Quap = R(T-T,) = C,(T-T,)""% (282)

In terms of the general function,

a=b=0; c=C ; d=1+C, ; specify T,

The complete nondimensional form for Eq. (279) is

al blL T
FLUX = ref + ref + ref +
Q [ AT"fk) [ k ) ° ATref

(283)
cL,
[—Ar,fk] (08T ep+ Trey = T *

and the required derivative for the jacobian is

a{

- bL"f] . (69 Ly LT T d-1 (284)
a{8} ( k k (emATref Tref Tb)

The explicit appearance of ® in Eq. (284) has been replaced by the arithmetic average ©,, of the




temperatures of the four points defining the surface element over which the integration is taking place.

An alternative would be to interpolate the ® and change the [B200] to a [B3000] for the jacobian only.

Outflow boundaries present a unique problem for CFD algorithms. Their location is typically
arbitrary and somewhat artificial, arising from the need to truncate the domain at some point in order to
establish a finite domain, thus a tractable problem. The physics of the flow field generally offers little
guidance. Application of the Green-Gauss theorem to the kinematic and viscous flux vectors, however,
does produce mathematically well-posed natural boundary conditions for outflow planes. The advection
term in divergence form in the GWS¥ for the momentum equations is

The volume integral on the right-hand side of Eq. (285) has been discussed in a previous section, and its

formulation in compact notation for the residual {FUI} is
- At DET, {U1}! EIK, [C30K0] { UT), (286)
The contribution of the surface integral to the residual {FUI} is

+ At DET2, {UN}[[B3000] { U1}, (287)

where {UN} is the projection of u; onto the outward-pointing normal at each node in the surface element.
The surface integral represented by Eq. (287) is evaluated at an outflow boundary using the latest estimate

for the velocity solution. A similar boundary condition for the energy equation can be developed.

The viscous flux vector or diffusion term in the momentum equations produces the following

volume integral for {FUI}




T
L 9% 3N} 9w ANV 4oy 11 40 (U, - ‘

, . |
Re ax, ong ax, on, 288) |
+ At DET, é EIK, EIM, [C2KM] { U1},
and the corresponding surface integral is
E
- At é $.(N) %‘%ﬂldetu]w dr (U1}, nJ =
WAL (289)

- At DET2, Rl EIK, [B20K] (U1}, nI
(<}

The surface integral in Eq. (289) requires the evaluation of the normal gradient of the velocity at the
outflow plane. This gradient is in general unknown in the absence of specific data on downstream
conditions. A common approach is to assume a vanishing normal derivative (a “continuative” outflow
boundary). A more accurate technique is the one proposed by Freels (1992) in which it is assumed that the
gradient at the element adjacent to the boundary is equal to the gradient at the boundary. Implementation
of this boundary condition involves setting to zero the row of the diffusion matrix associated with the
boundary node during assembly of the global system matrix. This approximation improves in accuracy as

the mesh is refined near the outflow plane. The continuative assumption cannot be improved through

mesh refinement.




Dispersion Error Control

In the development of any CFD algorithm, a key theoretical issue is stability in
convection-dominated flows. With increasing Reynolds and Peclet numbers, the natural dissipation
mechanisms, associated with the physical diffusion terms in the momentum and energy conservation laws,
begin to lose their ability to moderate a dominant dispersive error mode. The spatial discretization of the
hyperbolic advection terms is the source of this numerical dispersive error which manifests itself as
characteristic “2-Ax waves” in the velocity and temperature distributions (Baker, 1983). To address the
issue of dispersion error control, a Taylor Weak Statement is employed wherein a temporal
Taylor-series-derived modification to the conservation law statement is added to the momentum and

energy equations.

In finite difference/finite volume CFD applications, various upwind differencing schemes are
employed for dispersion error control, ranging from donor-cell upwinding (Gentry et al., 1966) to
high-order upwind operators such as QUICK/QUICKEST schemes (Leonard, 1979). Upwind differencing
involves approximating convective derivatives with upstream and cell-centered solution values. As
discussed by Roache (1972), upwinding methods inherently introduce some level of artificial diffusion
into the flow field. A particularly troublesome manifestation of this error mechanism is “cross-wind”

diffusion in which velocity fields experience a dissipation error normal to the flow direction.

Finite element upwinded convective terms can be developed in several ways, including modified
weighting functions (Christie et al., 1976), modified quadrature rules (Hughes, 1978), stream-line-upwind
Petrov-Galerkin (SUPG) methods (Brooks and Hughes, 1982), multi-dimensional “tensor viscosity”
schemes (Dukowicz and Ramshaw, 1979), “balancing tensor diffusivity” (BTD) methods (Gresho et al.,

1984), and Taylor-Galerkin methods (Donea, 1984; and Baker and Kim, 1987).
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The theoretical treatment of dispersive error instability has relied typically upon the linear,

1-dimensional, scalar advection equation as a hyperbolic model problem,
99 _,9% (290)

where a is a scalar constant. Equation (290) describes an evolutionary process for which existence of the

_Taylor series

, At?3%q
2 or?

3 43
L At°3d°g

6 ar (291)

d
R+l _ n . At—q
q q9 3t

is guaranteed. Baker and Kim (1987) present a generalization of the Taylor Weak Statement algorithm for
Eq. (290) which permits selective control of both time accuracy and stability. As noted by Noronha and
Baker (1989), “the Taylor Weak Statement (TWS) procedure provides the broader generalized perspective

for nonlinear stability mechanisms for hyperbolic and/or partially parabolic conservation law systems.”

The TWS formulation for the incompressible Navier-Stokes equations was derived and verified
by Noronha and Baker (1989). In the limit of large Re (and neglecting source terms), the

multidimensional form of the conservation laws can be restated as

_3q ,% _oq,49q 292
<@ a3 at+Afaxj 272)

where 4, is the jacobian of the kinematic flux vector (3f, /0g). Following Baker and Kim (1987), the
higher order time derivatives in Eq. (291) are replaced with spatial derivatives obtained from Eq. (292).

For example, it can be shown that the second derivative of g with respect to time is

d%q _ 2 .4 99 . 3
- |aalep A4 2D (293)

at?r ox; 0x,

subject to the convexity constraint a*— B* = 1. Similar manipulations can produce an expression for the
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third-order temporal derivative in Eq. (291) in terms of spatial derivatives. Substitution of the revised

Taylor series into Eq. (290) results in the Taylor-modified conservation law statement,

Etm(q)=iq-+Aj-a—q- _A_t_ _4+ Ata_(A.A Qﬂ)}

at* ax 2 ox 45t 3 ax \" Tk ar
(294)
ta . At 3
-8t AA_‘L AA4,A24 | -0
2axj[p i 3ax,,(f"’ax,”

where 0q/0t*—0q/0t as At—>0. A Galerkin weak statement can be formed with Eq. (294) that, based upon
the specification of the parameter set o*, B*, v*, and p*, contains over a dozen independently derived

dissipative CFD algorithms (Baker and Kim, 1987).

For the current application, dispersion error control is based upon the use of the f*-term in
Eq. (294). Noronha and Baker (1989) show that the required TWS form for the momentum conservation

law involves adding

- p* Ma_( "j"k% . uiukfl‘i] (295)
2 dx ox, ox;

to the momentum equations. The p*-modified energy equation includes the term

. At 3 a8
- — | u.u, == 296
p°2ax(1"ax,c) @)

ou,
As a computational convenience, (295) can be approximated by neglecting #, u,‘gi.
Xy

This approximation produces a B-term similar in form to (296), i.e.,

_ e A_a_[ujukﬂ‘_i] 297
2 9 ax,

Equation (297) is identical in form to a “balancing tensor diffusivity”or BTD term (cf. Gresho et al.,1984;
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and Dukowicz and Ramshaw, 1979). Following Raymond and Garder (1976), an approximate

element-level Courant number replaces the time-step Af in (296) and (297), thus,

phelln * ph””
T RS T @98)

B.

where B and B are user-selectable parameters (20), » is the problem dimension, A, is an appropriate local
mesh measure (with the dimensions of area for #»=2 and volume for »=3), and |u|, is an element-based

reference speed.

The Taylor weak statement for the momentum equations is, therefore,

hl/n ou.
WS =fn'lr9.€,,,(u,-)dn = fntltS.P(ui)dQ - p fq::x( u u‘]dn =0

%% 3, (299)
VeeLiQ), uye HX(Q)
Applying the Green-Gauss theorem to the B-term in Eq. (299) gives
TWS = [ ¥2,(u)dQ = [ y<(u)da
B+ oy . k" du, ) (300)
iy ooy 00 - Tl ¥ e, e
Ve eHy(Q) , u;e H(Q)
The discrete form of the p-terms in Eq. (300) is, therefore,
h"" 3
B — [, (0N TN (UK) TN 01 31N}y Tm ANV ) ger 1, am
(301)
hl/n
- B2 g ok Ny D= AN gy (N TOUN) dett T,
|u|¢ ox k aﬂm

where {UN} are the boundary velocities projected onto the outward-pointing normal. In compact form,

one obtains the TWS contribution to the {FUI}, residual
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lul,
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|ul,

En, EXM, DET, {U1}]( {UK), [Ca00LM] {UT},)

(302)

EKM, DET2, {UN},({ UK}/ [B40ooM] { U1},)

The assembly of the [C400LM] and [B4000M] hypermatrices into the global residuals and Newton
jacobian matrix is a prohibitively compute-intensive 6peration for large problems. As an approximation,
the order of these terms can be reduced through the formation of element-averaged velocity components,

hence,

p A"
lul,
Bk,

|ul,

EIL, EkM, DET, UT, (Ux}[ [C30LM] { U},

(303)

ExM, DET2, UN, (UK} [ [ B30oM] { UT},
Similar terms can be developed for the energy equation residual {F®} with the result

1/3
%- EIL, ExM, DET, U7, (UK} [C30LM] (8},

u e
Bo 1tze”

|ul,

(304)
ExM_ DET2,UN, (UK} [ B300M] {8},

The surface integrals in (303) and (304) should be evaluated for those boundaries at which the normal

velocities are not fixed by Dirichlet data, e.g., outflow boundaries.

The B-terms can be differentiated to obtain their contributions to the element-level Newton

jacobians. For the momentum equations, the self-coupling term is
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1/3
aa{{F UT}} - B|h| EIL, EXM, DET, UT, (UK), [C30LM]
u e

p "

EL, EM, DET, U7, (Un}} [C3MLO]

le

13
+ p h‘

| ELL, EXM, DET, UK, (Un)] [C3MLo]
e
p byl

EXM, DET2, UN, (Ux}[ [ B300M]

le

p h21¢/2

lul

EmM, DET2, UN, (U1}] [ B3M00]

e

and the cross-coupling term is

1/3
u e
, bR

EL, EM, DET, UK, {U1}] [C3MLO] I1+K

le

B hzlelz

ExM, DET2, UN, (U1} [ B3M00]

e

For the energy equation, the self-coupling term in the jacobian is

1/3

a(Fe ) _ Poh. En_ExM_ DET, UT, (UK} [C30LM]

a{e } |u],
Bohzlelz T
_ T EKM, DET2, UN,{UK}, [ B300M]

and the cross-coupling term is
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1/3
o(Fe) _ Bohe” py v pET, TT, (007 1C3MLO]

oun s,
p 1/3
T | EL, ExM, DET, UK, (e} (C3MLo] (308)
u [
Bohze’
. EM, DET2, UN, (0} [ B3M00]
e

It remains to select an appropriate measure for the mesh A,. For rectangular hexahedra, the
determinant of the transformation jacobian, det J, , is equal to one-eighth of the volume of the element;
therefore, one choice for 4, is to set it equal to 8xdet J, . The cube root of A, will, therefore, be
dimensionally correct. The boundary conditions are evaluated with bilinear quadrilateral elements. For
rectangular quadrilaterals, det J, is equal to one-fourth of the element area; therefore, an appropriate

choice for 4,, is 4xdet J,p,.
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CHAPTER 5

NUMERICAL LINEAR ALGEBRA

In the translation from algorithmic theory to practical computer code, the CFD practitioner is

uitimately presented with the task of solving a sequence of linear algebra.problems of the form

Ax =b (309)

where the square matrix 4 and the vector 4 are known, and x is the vector of unknowns. For many
incompressible formulations, the ellipticity associated with the continuity constraint produces one or
more Poisson equations. The resuiting terminal matrix statements have 4 matrices that are symmetric
positive semi-definite (SPSD), an important property in the design of numerical linear algebra
procedures. When implicit time-integration techniques are used for the momentum and energy
equations, the 4 matrices are nonsymmetric, indefinite, and ill-conditioned. In both instances, however,
A is characteristically large and sparse. Golub and Van Loan (1989) note that two important measures of
efficiency for linear algebra algorithms are exploitation of matrix data structures and economy of
computational effort. This chapter presents a review of some of the latest methods in data management
and linear algebra solution techniques, hence identification of those feasible for CFD implementation in

a workstation computing environment.

The matrix shown in Eq. (310) is an example of the type of matrices produced by the laplacian

operator for the ® and pressure Poisson equations. The model problem consists of a unit
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cube with a M= 2x2x2 discretization. No boundary conditions have been applied. The matrix 4 is
symmetric with positive diagonal elements and nonpositive off-diagonals. Since A4 is symmetric, its

spectrum (set of eigenvalues) are real, as shown in Eq. (311).

[ 1.413 |

0.435
0.680
0.864
0.864
0.680
0.153
0.680
0.153
0.386
0.386
0.417
A, = | 0.153 G11)

0.153
0.417
0.417
0.250
0.250
0.333
0.250
0.333
0.333
0.167
0.167
0.167
| 0.167 |

The presence of the zero eigenvalue indicates that the matrix is singular, i.e., det (4) =0, and A™! does
not exist. However, since the remaining eigenvalues are positive, 4 is classified as symmetric positive
semi-definite. The singularity can be removed by applying a Dirichlet boundary condition on one node.
One method of imposing Dirichlet boundary data is (on the row of the corresponding Dirichlet node) to
replace the diagonal element with a large number. For example, when the element in the (1,1) position

in A is replaced by 10° the resulting set of eigenvalues are
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108
1.411
0.006
0.675
0.429
0.159
0.153
0.864
0.680
0.864
0.680
0.153
0.386
A = 0386 (312)
0.153
0.417
0.417
0.250
0.250
0.417
0.250
0.167
0.333
0.167
0.333
0.167
| 0.333 |

Examination of the matrix spectrum in Eq. (312) shows that all the eigenvalues are now positive. The
modified 4 is an example of a class-M matrix, where the diagonals are all positive, the off-diagonals are
nonpositive, and A is irreducibly diagonally dominant (Ortega, 1972). The definition of irreducible
diagonal dominance is given in a subsequent section. A symmetric M-matrix is called a Stieltjes matrix,
and it can be shown (cf. Ortega, 1972; and Horn and Johnson, 1985) that a Stieltjes matrix is symmetric

positive definite (SPD). A more formal definition of positive definiteness is (Wachspress, 1966):

Given the square matrix A, if the quadratic form x "Ax > 0 for all x # 0, then 4 is
positive definite. If x"Ax > 0 for all x # 0, then A is positive semi-definite.

One property of a SPD matrix is that its spectrum consists of all positive eigenvalues.
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Matrix Data Structures

Symmetry, bandedness, and sparsity are among the matrix structural properties that have a
potential for exploitation in the design of linear algebra solvers (Golub and Van Loan, 1989). The
obvious advantage of symmetry is that only the upper (or lower) triangular part and the main diagonal of
the matrix need be stored. The term bandedness includes the properties of bandwidth, profile, and
root-mean-square (rms) wavefront, all of which depend solely on the ordering of the unknowns in

Eq. (309). Sparsity is the property of a matrix that is sparsely populated with nonzero elements.

To produce “optimal” orderings, various heuristic resequencing strategies have been developed
to minimize bandwidth, profile, or rms wavefront (Everstine, 1979). For a symmetric square matrix 4 of
order n, the bandwidth w, for row i is defined as the number of columns from the first to the last nonzero

in the row. The matrix bandwidth BW and profile PR are defined as

BW = max w;
isn
(313)
"o(w +1
. . )

The wavefront f, is the number of active columns in row /, where a column j is active in row i if j2i and
there is a nonzero in that column in any row with index k<i. The matrix rms wavefront WF is defined as

W = (1Eﬁ’] (314)

ni-q

Everstine (1979) presents a comparative study of three popular resequencing algorithms, testing the
performance of the Cuthill-McKee, Gibbs-Poole-Stockmeyer, and Levy methods. For the test probiems
that Everstine examined, the Gibbs-Poole-Stockmeyer method was found to be the fastest and best able

to reduce profile and rms wavefront. Schwarz (1988) gives a description of the Rosen, Cuthill-Mckee,
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and reverse Cuthill-Mckee methods in terms of graph theory. The Cuthill-Mckee algorithm has the

advantage of reducing both the bandwidth and the profile, simultaneously.

Assuming an approximate “optimal” ordering has been accomplished, a number of compact
storage techniques are available. The band storage method in the general linear algebra package
LINPACK (Coleman and Van Loan, 1988) is an example of how the banded structure of a matrix can be
exploited. The lower bandwidth is defined as that positive integer p such that a;=0 whenever i>j+p, and
the upper bandwidth ¢ implies that a,~0 whenever i<j-q. As before, the matrix bandwidth is
BW=p+q+1. In LINPACK’s band storage technique, a square nX» matrix is mapped to a (2p+g+1)xn

matrix, e.g.,

A(iJ) = Appy(i-j+q+1,j)

(a, @, a; 0 0] )
0 0 a; ay ay
Gy Gy Gy Gy O 315)

0 a, ay a; ag
A=|0 ay ay ay ay - A
A1 Gy Q33 Gy Gss
0 0 a, a, a

| Gy 4y 85 a5, O

_0 0 Oa“a”.

For the above storage scheme to be effective, it is necessary that p,q << n.

The NSPCG linear algebra package (Oppe et al., 1988) uses a primary storage technique for
unstructured matrices. The method is efficient for matrices that have a relatively constant number of
nonzeros on each row. The nXn matrix A is represented by two nXmaxnz matrices, a real-valued matrix
COEF and an integer matrix JCOEF, where each row in COEF holds the nonzeros of the corresponding
row in the full matrix 4, and JCOEF contains the respective column numbers. The positive integer
maxnz is the maximum number of nonzeros per row over all the rows of 4. An example of primary

storage is
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(3, 0 0 ay ay] [[ayy @y a5 ] (1 4 5]
0 a, 0 0 O a, 0 0 200
A=[0 0 a, 0 O - COEF=|ay 0 0 | ; JCOEF=|300 (316)
a, 0 0 a, a, Gy Gy Gy 415
[ ag 0 0 ag ag | | 9ss @51 Gs4 | |5 1 4]

For the above example, »=5 and maxnz=3. If a row in 4 has fewer than maxnz nonzeros, then the

corresponding row in COEF is padded with zeros.

The diagonal storage technique is effective for matrices with a block or diagonal structure. The
diagonals of 4 are stored in the columns of the compressed matrix COEF, and the offsets from the main

diagonal are stored in the integer vector JCOEF. An example of diagonal storage is

(@, a, 0 ay, O] [ay, ay, a O]
Gy Gy Gy O a Gy Gy @ @y ‘1)
A=|0 ayaya, 0| = COEF=|ayay 0 ay| ; JCOEF =| | G17)
0 0 a, a, a, Gy a5 0 a, -1
_0 0 0 ag ay | s 0 0 a

The superdiagonals in A are top-justified, i.e., short superdiagonals are padded with zeros from below,
and subdiagonals are bottom-justified. Positive integers in JCOEF indicate a superdiagonal, and

subdiagonals have negative offsets.

For more general unstructured sparse matrices, diagonal storage can result in a large number of
zeros being stored and computed on. Coordinate storage (also known as triad storage) is effective for
general sparsity structures at the cost of additional integer overhead. In coordinate storage, only the nnz
nonzeros of A are stored in the vector COEF. Two nnz length integer vectors or one nnzx2 integer
matrix hold the row and column indices of the corresponding elements in COEF . For the following

example, nnz=17.
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(ay a, 0 ay O]
Gy Gy Gy 0 ay
A=|0 ayaya, 0| = COEF=|ay| ; JCOEF =
a, 0 a, ay, a 434

| 0 a, 0 ay ay | Q4

(318)

GB AN U B W R W N WY WN = AN -

h B LB B R R LW WRDNNND L L

In Eq. (318), the nonzeros of 4 are stored by row, but they can also be stored by column.

The Yale Sparse Matrix Package (Eisenstat et al., 1977b) has an even more compact storage
format in which only the nonzeros of A are stored in the vector COEF, either by column or row, and two
integer vectors, /A4 of length n+1 and J4 of length nnz, hold the structural data. The integer vector J4
stores the row (or column) indices of the corresponding elements in COEF, and /A4 contains pointers to
positions in J4 and COEF where each new column (or row) begins. The following example uses Yale

Sparse Matrix (YSM) column storage with the main diagonal positioned at the beginning of each new

column.




(@, a, 0 ay 0] as,
a4y Gy @y 0 ay Gy
A=|0 a,a;a 0 = COEF =| Gy | ; JA=

a, 0 a, a, ag Q43

8 (319)
11

15
- 18 L

_0 as; 0 ag as | ay

N NN W h W o= bR N W WL W= N & DN =
1}

An advantage of the both the coordinate and YSM techniques is that the storage requirements
are independent of the bandedness of the matrix, since only the nonzeros of 4 are included in its sparse
representation. The disadvantage is that some integer overhead is incurred to decode the sparsity

structure.

Sparse Solution Techniques

Linear algebra solution techniques for Eq. (309) can be classified into two main groups, direct
methods and iterative methods. Direct methods involve a factorization of A4 into triangular (and easily
solvable) systems. Iterative methods are designed to generate a convergent sequence of vectors x” where

A7 b is the limit point of the sequence. The data management techniques discussed in the previous
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section can be incorporated into many direct and iterative linear algebra algorithms. The following
discussion gives a brief overview of some of the more popular sparse linear algebra algorithms currently

employed in finite element applications.

Direct Methods
For any nonsingular square matrix A4, a basic theorem of linear algebra (Horn and Johnson,

1985) states that a permutation matrix P exists such that the factorization

PA = LU (320)
exists, where L is a unit lower triangular matrix (ones on the diagonal) and U is upper triangular. The

matrix P acts to reorder the rows of 4 before factorization. The vector of unknowns x is obtained by the

solution of two triangular systems,

Ly = Pb 321)

Ux =y

The factorization described by Eq. (320) is called gaussian elimination with partial pivoting. Complete
pivoting requires a second permutation matrix Q, such that

PAQ = LU = (PAQ)(Q'x) =Pb

Ly = Pb 322)
U(QTx) =y

The factorization in Eq. (322) takes advantage of the fact that permutation matrices are orthogonal, thus

QT=Q-1 - QQT=QTQ=I (323)

where [ is the identity matrix.

If A is symmetric, then the permutation matrices in Eq. (322) are related by O=P " resulting in

the factorization, i.e.,
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PAPT = LLT = (PAPT)(Px) = Pb

Ly = Pb (324)

LTPx) =y
If A is SPD, then P=I, and no pivoting is required, resulting in the well-known Cholesky factorization.
The solve steps (called forward and back substitution) for the triangular systems in Eqs. (321), (322),
and (324) require a small computational effort relative to the factoriiation steps. For banded matrices,
direct methods have the advantage of preserving the bandwidth during the factorization; however, the
original sparsity structure within the bandwidth is lost due to a process called “fill-in.” Banded direct
solvers are, therefore, most efficient when the matrix is dense within the bandwidth and the ordering of
the unknowns is “optimal,” i.e., the bandwidth is as small as possible relative to the order of the matrix.

If the matrix is sparse within the bandwidth, then special sparse direct methods may be required.

Dongarra et al. (1991) group sparse direct methods into three main categories: frontal methods,
multifrontal methods, and general sparse techniques. Frontal schemes were originally designed for
symmetric positive definite matrices produced by finite element structural analysis codes; however, they
can also be applied to nonsymmetric matrices. Performing well on systems whose bandwidth or profile
is small, frontal methods can be interpreted as extensions of band or variable-band schemes. For
symmetric systems, the frontal method consists of setting up a subset of the equation system while
simultaneously carrying out a Cholesky factorization and forward substitution. The method exploits the
fact that, for a banded matrix of bandwidth BW, it is necessary to store only BW+1 successive rows of
the matrix in core memory (Schwarz, 1988). This submatrix, called the “frontal” matrix, is used as a
“window” that runs down the band as the elimination progresses (Dongarra et al., 1991). The results of
each elimination step are stored in “out-of-core” memory (also called “backing” or auxiliary storage).
After a complete sweep of the band, the unknowns can be obtained by back substitution. A small

bandwidth/profile is critical, since, for large bandwidth matrices, frontal methods can require more
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storage and many more floating point operations than general methods. Multifrontal methods are an
attempt to improve computational efficiency while maintaining some of the benefits of frontal methods.

The details of both frontal and multifrontal methods are discussed in the book by Duff et al. (1986).

An example of a general sparse direct solver is Harweil’s MA28 code (Duff, 1980). MA28 is
composed of a suite of Fortran subroutines for the solution of sparse nonsymmetric linear algebra
systems using a variant of gaussian elimination and employing sparsity pivoting to minimize fill-in as
well as complete numerical pivoting for round-off error control. The rows and columns of A are first

reordered so that the coefficient matrix is block triangular, i.e.,

.An [0] -~ - [0]]
Ay Apn [0]
PAQ = | Ay 4A; Ay, [0] (325)
(0]
_ Ay Aw

where P and Q are permutation matrices. The diagonal blocks, 4, are square matrices, and the
off-diagonal blocks, 4, (j<i), are rectangular. The block triangular system is then solved by block
forward substitution, where each block is solved with its own LU factorization with complete numerical
pivoting. Information gained during the initial permutation and factorization of 4 can be saved in order
to reduce the computational effort for subsequent factorizations of new matrices that have the same
sparsity structure as 4. MA28 uses the coordinate scheme for top-level (input) storage of 4; however,
several linked lists are employed as dynamic storage for the internal representation of the permuted and

factored blocks.
Finally, Gunzburger (1989) notes that “although for two-dimensional problems direct solution
techniques have proven to be popular and successful, it seems that they cannot be used for solving

realistic three-dimensional problems on today’s super-computers.” For 3-dimensional problems in CFD,

139




therefore, the current methods of choice fall in the broad class of iterative algorithms.

Iterative Methods

Iterative methods have two main advantages over direct schemes for large sparse linear algebra
problems; they preserve the original sparsity structure of the matrix, and the accuracy of the iterated
solution can be estimated and, thereby, controlled. Since sparsity is preserved, memory and storage
requirements for iterative methods are significantly less than direct methods. For many applications, a
machine-precision direct solution is not necessary; therefore, the ability to apply a stopping-test during

the iteration cycle can result in significant reductions in computational cost.

In general, iterative methods may be broadly categorized as either stationary or accelerated
(nonstationary) procedures (cf. Hageman and Young, 1981; and Wachspress, 1966). Within these
classes, the diagonal or non-diagonal structure of the iterative matrices is also a delimiting
characteristic. The basic stationary methods such as Jacobi, Gauss-Seidel, and successive overrelaxation
(SOR) can be formulated both as point-iterative (diagonal structures) schemes or as line-iterative
(non-diagonal block structures) schemes. The stationary Alternating Direction Implicit (ADI) and
approximate factorization (AF) methods use non-diagonal matrices exclusively. Accelerated methods
involve applying techniques such as Chebyshev or conjugate gradient acceleration to the basic iterative

methods.

Hageman and Young (1981) define linear stationary iterative methods of the first degree as

having the general form

x”l =Gx? + k, p = 01192’ (326)

where G is called the iteration matrix. The specific iterative procedure is uniquely defined by the form

of its splitting matrix Q, where
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G=1-Q'4 ; k=Q'b (327)

The known matrix 4 and vector b are the original system coefficient matrix and right-hand-side “load”
vector as given in Eq. (309). If the sequence x’, x’,x?, ... converges to 4 ' b for an arbitrary x’, then
the iterative method is defined to be convergent (Young and Gregory, 1972). It is a fundamental
theorem of linear algebra (Ortega, 1972) that a necessary and sufficient condition for Eq. (326) to be

convergent is
S(G)<1 (328)

where S(G) is the spectral radius of the matrix G. The spectral radius is the maximum in modulus of the
eigenvalues of a matrix. S(G) is also a measure of the efficiency of an iterative procedure since the

asymptotic rate of convergence is defined as

R_(G)= -log8(G) (329

The convergence rate, therefore, increases as S(G) decreases.

Five stationary procedures are designated by Hageman and Young (1981) as basic iterative
methods: the Richardson (RF), Jacobi, Gauss-Seidel, successive overrelaxation (SOR), and symmetric
SOR (SSOR) methods. These basic methods can be described in matrix form with the following
decomposition:

A=D-L-U (330

where D holds the diagonals of 4, and L and U are strictly lower and upper triangular, respectively.
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RF iteration is a variant of Richardson’s method where 0=/, and

x?t=(I-A)x? + b (331)
Conjugate gradient methods can be categorized as acceleration techniques applied to the RF method.
Without acceleration, the RF method has little utility since line-iterative forms cannot be accommodated

(Hageman and Young, 1981).

The Jacobi method has the splitting matrix Q=D ~' such that

xP*!' = Bx? + k
(332)

B=I-D'A4 ; k=D"'p
where B is the Jacobi iteration matrix. In its point-iterative form, Jacobi iteration solves for each
unknown on the diagonal of 4 in terms of the corresponding off-diagonals using values obtained from

the previous iteration, i.e.,

7 = L( b-Ya, xl.ﬂ) S (333)
8,

jwi

Gauss-Seidel improves upon the convergence rate of the Jacobi method by using current values
for the lower off-diagonal terms as they are updated. The splitting matrix for Gauss-Seidel is Q=D - L,

and

Pl =g xP 4k

(334)
@=(I-D'L)'D'U ; k=(-D'L)'D'b

where & is the Gauss-Seidel iteration matrix.

A fundamental property of A that insures convergence of both the Jacobi and Gauss-Seidel

iterations is given by the Diagonal Dominance Theorem (Ortega, 1972).
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If A is either strictly diagonally dominant or irreducibly diagonally dominant, then
S(B) <1 and S(&£) < 1, and both the Jacobi iterates, Eq. (332), and the Gauss-Seidel

iterates, Eq. (334), converge to A" b for any x°.

Diagonal dominance requires that the absolute values of the diagonal terms in a matrix be greater than

or equal to the sum of the absolute values of their respective off-diagonals, i.e.,

la, | 2}2 lay |, i=1,..n (335)
wi

If strict inequality holds in Eq. (335) for all the rows of A, then the matrix is strictly diagonally
dominant. Irreducible diagonal dominance requires the matrix to be irreducible and diagonally
dominant, and strict inequality must hold for at least one row. Definitions of irreducibility in terms of
either directed-graph structure or canonical forms can be found in the books by Ortega (1972) and Horn
and Johnson (1985). Note that the Diagonal Dominance Theorem does not require that 4 be symmetric;
therefore, Jacobi and Gauss-Seidel iterative schemes have a potential application for nonsymmetric

problems.

The SOR method is a modification of the Gauss-Seidel method; however, unlike Gauss-Seidel,
its primary convergence theorem assumes that 4 is symmetric positive definite (SPD). SOR overrelaxes

the Gauss-Seidel iterate and, as a point-iterative scheme, can be expressed as

x" =x + co(xi'p*l—x,”) (336)

where x, "#*! is the Gauss-Seidel iterate. In matrix form, the SOR method is

xPl=9g xP+k,
337
g, =(D-0l)'[(1-0)D+wU] ; k,= o(D-wL)'b

[~
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The Ostrowski-Reich theorem is a fundamental convergence theorem for SOR.

If A is SPD and 0<0<2, then S(£,) < 1, and the SOR iterates, Eq. (337), converge

to A~ b for any x°.

The splitting matrix for SOR is (o ~'D - L), where for =1 the Gauss-Seidel method is recovered. In
order to fully exploit the high convergence rates of SOR, an “optimal” value for the iteration parameter
o should be used. Wachspress (1966) and Hageman and Young (1981) describe adaptive techniques for
estimating an optimal ® by monitoring the convergence history of the iterative cycle. An SSOR iteration

is a two-step procedure consisting of a forward SOR and a backward SOR sweep.

Increased convergence rates are possible as a result of applying acceleration schemes for those
basic iterative methods that can be classified as symmetrizable (Hageman and Young, 1981). An
iteration method is symmetrizable if, for some nonsingular matrix W, the matrix W(Q"'4)W is SPD. For
example, if both 4 and O are SPD, then the method is symmetrizable. The Jacobi and SSOR methods

are symmetrizable and suitable candidates for acceleration if 4 is SPD.

Polynomial acceleration is a semi-iterative procedure involving a new vector sequence v?

produced by a linear combination of the basic iterates, x”. One chooses the coefficients a,,, o, .., @,
such that
(338)

(339)




With suitable choices of a,,,, it is theoretically possible to substantially improve the convergence rate of
the basic method. A popular technique for accelerating Jacobi iteration is based on the use of Chebyshev
polynomials of the first kind (Young and Gregory, 1972). In Chebyshev acceleration, the iterates v', V%,

... are calculated by the three-term recurrence relation

P -
pel o "2l [(2B-(B+a))v? +2k] + (1- ve-l | p=0,1,2,. (340)
v 2_(Wm[( (B +a)I) ]+ (1-p,.) P
where
pr=1, py=—2E 2
1 * e 222_1 ’ zZ = M ifa¢ p
B-a
)7 1 if o= p
= - = = o=
pp+l (l 422 pp) ’p 2)3,"' pi

The matrix B is the iteration matrix for Jacobi iteration, Eq. (332), the vector kis D~/ b, and the
parameters o and § are the upper and lower bounds of the eigenvalues of B. As Hageman and Young
(1981) note, in order for Chebyshev acceleration to be effective on slowly convergent problems, it is
important that nearly optimum iteration parameters be used, specifically the typically unknown
minimum and maximum eigenvalues of B. Assuming a SPD coefficient matrix 4, adaptive procedures

have been developed to provide estimates for a and P during the iterative cycle.

A difficulty with iterative procedures like SOR and Chebyshev acceleration is that, in order to
obtain optimal convergence rates, the user is required to choose or in some way calculate good estimates
for various iteration parameters. In general, these parameters are unknown and in many cases may be
difficult to determine (Golub and Van Loan, 1989). A family of iterative procedures having competitive
convergence rates and no user-specified iteration parameters have gained much popularity in recent
years. Included in this family are the preconditioned conjugate gradient, biconjugate gradient, conjugate

gradient squared, and generalized minimal residual (GMRES) methods.
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The conjugate gradient method falls in a class of algorithms that are sometimes called
Krylov-subspace or projection methods (Dongarra et al., 1991). One can recast Eq. (326) in terms of the

splitting matrix Q, thus

PV =xP + QN (b-Ax?) , p=0,1,2,. (341
Defining the initial residual vector r°= b-4x°, it can be proven by mathematical induction that the

iterate x? is determined by a linear combination of vectors of the form

xP=x%+agr®+ 0, Ar® + 0, APr%+ .+ a0, AP0 (342)
where a superscript in parentheses denotes a matrix raised to a power. The iterate x” is, therefore, seen

to be equal to x ’ plus a vector taken from the subspace defined by the spanning set

span { 70, Ar® AP0 AC-D,0) (343)
This vector space is called a p-dimensional Krylov subspace, K,(4; r°). The basic iterative methods
involve selecting special elements from this subspace; however, projection methods are devised to
search for more optimal elements. Upon construction of a suitable basis for K,(4; r?), one solves the
system Ax=>b projected onto this Krylov subspace. Projection methods can also be formulated as

acceleration techniques for the basic iterative algorithms (Young and Mai, 1987).

Following Golub and Van Loan (1989), the conjugate gradient method is viewed as a
minimization technique. Specifically, given the SPD matrix 4, find the value of x such that the quadratic

form
d(x)==xTAx-xTb (344)

is a minimum. Differentiating ¢(x) with respect to x and setting the result to zero, one finds that the
functional ¢(x) is stationary at x=4 ~' b. Since 4 is SPD, this stationary point is an absolute minimum;

therefore, the original linear algebra problem, Eq. (309), is equivalent to the minimization problem




Eq. (344). The method of steepest descent (also known as Richardson’s method) is a simple approach to

minimizing ¢(x) based on the recurrence relation

kel g p k-l (345)

where r*= b — 4 x* is the residual vector. The iterate x* is equal to the vector sum of the previous iterate

and a search direction vector. The direction vectors in Eq. (345) are just —V¢, and the parameters «, are

determined such that ¢(x* + ar*”) is minimized, via

- (’.k-l,rk—l) (346)

«
k (r &1, Ar k1)

where (x, y) denotes the inner product x” y. The method of steepest descent generally converges ve
g Ty

slowly when the condition number of 4 is very large.

Other direction vectors may be selected that do not experience the convergence problems of the
gradient directions, —V¢. The conjugate gradient method, CG, is an efficient way of generating a set of

direction vectors p* such that

(phAp)=0 , i%j (347)
The criteria in Eq. (347) state that the p* vectors must be mutually 4-conjugate, i.e., they are orthogonal

with respect to the inner product (x, Ay) as defined by 4.
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The basic CG algorithm is

CONJUGATE GRADIENT ALGORITHM
Choose x°, set p ’=r *=b—Ax °, calculate (r°, r°)
For k=0, 1, ...

o = (r, rHp* 4p")
x¥=xt+ q, pt

Bk

r - a, Ap*
it (f r*'] ,/08] ;) = ¢, continue
Bt = (rhl’ rhl)/(rk’ "‘)

pttl = phi 1B, pt

The coefficients B, insure that p**/ is A-conjugate to p*, and the stopping test is based on the 2-norm of
the current residual. The conjugate gradient algorithm was originally presented as a direct method in a
paper by Hestenes and Stieffel (1952). In theory, the direct solution should be obtained in exact
arithmetic in, at most, » steps, where »n is the order of 4 (Ortega and Poole, 1981). However, the
conjugate gradient method is not practicable as a direct method, since, for large systems, » steps of the
procedure incurs an unacceptably large computational cost. In addition, rounding errors lead to a loss of
orthogonality among the residuals resulting in a breakdown of the procedure (Hageman and Young,
1981). However, its convergence properties indicate that the CG method can be a very effective iteration
procedure if 4 is close to a rank 7 correction to the identity matrix. The following convergence theorem

is presented and proven in Golub and Van Loan (1989).
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If A=I+B is an nxn SPD matrix and the rank of B is equal to 7,
then the conjugate gradient method will converge to the direct

solution in at most » steps.

The above theorem points to the potential of a preconditioned conjugate gradient, PCG.

Preconditioning is carried out by a congruence transformation of the form

A* =SAST (348)

where S is a nonsingular matrix chosen so that the condition number of A’ is less than 4. The CG
method, in theory, is applied to the preconditioned system
(SAST)(S Tx) =Sb
] (349)

A'x* = b*

Since the congruence transformation destroys the sparsity structure of 4, PCG is designed to work with
A and a preconditioner matrix M= (S7S)™' rather than explicitly constructing A*. It is desired to choose
M such that the condition number of A" is as small as possible. The relationship between the spectral
condition number of 4" and the preconditioner M is

Ap (M 1A)

Ll 4D (350)
Ay (M “14)

cond, (A *) =

where A,,, and A,,, are the maximum and minimum eigenvalues of M~’ A (Ortega, 1987). The ideal (but
impractical) preconditioner is M=A, since M~/ A=I, and cond,(4")=1. Preconditioning procedures,

therefore, have the goal of producing an M matrix that is as close to 4 as is computationally feasible.
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The derivation of the following PCG procedure is given by Ortega (1987).

PRECONDITIONED CONJUGATE GRADIENT ALGORITHM
Choose x’; set r’= b-Ax ; solve Mw ’=r?’; set p’=w’,
For k=0, 1, ..
o, = (wh rp*, 4p")
= xt+ q, pt
r¥l=pk_a 4p*
test for convergence
solve for wt' = Mw!ti=p !
B = (W™, rH0)(w*, rh)

kel _ okt k
pri=w + B p

One can see that another requirement for M is that the preconditioning step Mw=r be easily computable.

A number of schemes have been developed that attempt to satisfy, in varying degrees, the
generally conflicting criteria for a good preconditioner. Perhaps the simplest preconditioner is diagonal
scaling where M= diag(4); however, the improvement in convergence rate is fairly minimal. Truncated
series preconditioning involves a preset number of passes by a basic iterative method operating on the
system Aw=r to produce the auxiliary vector w. The basic method must have a SPD iteration matrix
which excludes Gauss-Seidel and SOR. Examples of this approach include the m-step Jacobi and m-step
SSOR preconditioners. Diagonal scaling can, therefore, be considered a 1-step Jacobi preconditioner.

Ortega (1987) also discusses a form of polynomial preconditioning.
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Perhaps the most important and effective preconditioning technique is based on the notion of

incomplete factorization of A. Cholesky factorization can be viewed as

A=LLT=HHT+R @351)
where A is assumed SPD, and H is lower triangular. The SPD matrix HH  has the same sparsity
structure as 4, and the matrix R contains all of the “fill-in” produced by the factorization. In incomplete
factorization, R is ignored, and HH " is the preconditioning matrix M. Various strategies, called no-fill
schemes, have been developed to avoid the computation of any elements of R. The no-fill principle can
be relaxed, however, to make HH T a better approximation of 4, if necessary. The incomplete Cholesky
conjugate gradient (ICCG) procedure has become one of the more widely used iterative methods for

large sparse SPD problems.

The conjugate gradient method requires both A and the preconditioner M to be SPD in order to
achieve mutually orthogonal residual vectors r* using a simple three-term recurrence relation. In
general, therefore, PCG cannot be applied to nonsymmetric indefinite matrices. Krylov-subspace
methods have been developed, however, for the more general problem. Included in this class of methods
are biconjugate gradients (BCG), conjugate gradient squared (CGS), and generalized minimal residual

(GMRES).

In the BCG method, two sequences of mutually orthogonal residuals, r and » *, are generated
using simple relations similar to CG schemes. Also, two sets of direction vectors, p and p*, are chosen
to be mutually 4-conjugate. As in CG, a number of preconditioning techniques are available to improve

convergence. The following BCG method is due to Fletcher (1976).
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PRECONDITIONED BICONJUGATE GRADIENT

Choose x? ; set r° = b—Ax’ ; solve Mw’=r?°
Choose r*?=r%orr*’=w’;set B,=0
Fork=0, 1,2, ...

p*=w’+p,p*’

prhk=r**+p, p**

o= (r*F, wh)(p**, Ap*)

ritl=pt_a, Ap*

solve fory = M7y =p**

pritl=prk g 47y

k+1 = Mw k+l rk+l

solve for w
H =kt a,,p"

test for convergence

Bk-{-l = (r*k”’ wk” )/(r.k’ wk)

Note that the auxiliary vectors »* and p* are used only in the calculation of o, and B,. The
preconditioning matrix M can be generated, for example, by diagonal scaling or incomplete LU

factorization.

The conjugate gradient squared, CGS, method is a modification of BCG. Dongarra et al. (1991)
* observe that the residuals #* and 7** in the BCG method satisfy the relations »*=P *(4)r ° and
r**=P* 4 "r*°, where P*(4) is a kth degree polynomial in 4. The idea behind the conjugate gradient

squared (CGS) method is that applying the operator P*(4) a second time such that r*=P*(4) 2 r° will
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result in the residual ° being doubly reduced. A preconditioned form for CGS is the following:

PRECONDITIONED CONJUGATE GRADIENT SQUARED
Choose x’; set 7%= b-Ax?; r*°=r?,
Bo=(r’r**)q°=p~ =0
Fork=0,1,2, ..

ut=r*+p,q*

pr=ut+B (g*+Bp*')
solve fory = My = p*

o= (r* r )0, 4y )

9" =u'-a, dy

solve for u* = Mu* = u* + g*!
xtl=xt+ o, u*

test for convergence
r¥l=rt_q, du*

if (r*°, r¥*! ) = 0 then the method fails

Bes = (¥, PH 1 )(r* %, r*)

In the above description of CGS, M is a suitable preconditioner such as diagonal scaling or incomplete

LU factorization. The CGS algorithm typically converges twice as fast as BCG.

When 4 is SPD, the projection of Ax=b onto the Krylov subspace K o(4; r° results in an easily

solvable tridiagonal matrix formed by a simple three-term recurrence relation (Dongarra et al., 1991).

For nonsymmetric indefinite systems, the projected system is an upper Hessenberg matrix. A family of




algorithms including ORTHOMIN, ORTHODIR, ORTHORES, and GCR (Generalized Conjugate
Residual) have been developed to construct this Hessenberg system (cf. Hageman and Young, 1981; and
Chandra et al., 1977). The Generalized Minimal Residual (GMRES), due to Saad and Schultz (1986), is
one of the more popular algorithms in this group. GMRES(m) as presented by Saad and Schultz (1986)

is:

GENERALIZED MINIMAL RESIDUAL - GMRES(m)
Choose x’;set r®=b—Ax; v =r%|r’|
Forj=12,.,m

compute the /,-orthonormal basis v/
By =@iv'),i=12,.j
AP (D WY P L
construct elements of upper Hessenberg matrix H
By = 12|
vit =y,
Form the approximate solution:
V™ matrix consists of the Arnoldi vectors v/
x™=x%+V"y" where y™ minimizes | Be, - H,, y|
Restart:
set r"=5b— Ax"

test for convergence

reset x’=x" v/ =r"| r|




The construction of the upper Hessenberg system typically involves techniques developed for
the algebraic eigenvalue problem such as Householder transformations or a modified Gram-Schmidt
orthogonalization. A practical implementation of the method is GMRES(m) in which the iterations are
restarted every m steps, thus avoiding the disadvantage of having to store all of the residual vectors up

to convergence.

A comparative study of a number of Krylov subspace methods, specifically BCG, CGS, and
CGR, and a direct nonsymmetric frontal solver is presented by Howard et al. (1990) for 2- and
3-dimensional FEM semi-discretizations of the Navier-Stokes equations. The model problem is natural
convection in a unit square/box solved with the mixed finite element »-P direct method. Both
unpreconditioned and ILU preconditioned forms of the iterative methods were tested on a Cray XMP/48
and a Cray 2. The results of the study indicate that the unpreconditioned BCG method is robust for
moderately nonlinear problems, and the ILU-BCG method is very robust and more economic than a
nonsymmetric frontal solver on a Cray 2. The direct method had advantages over the iterative methods
in the ability to vectorize significant CPU-intensive portions of the coding. Optimal implementations of
the iterative methods on vector supercomputers were more difficult to attain since performance (i.c.,
convergence rate) is dependent upon the spectral (eigenvalue) properties of the specific matrix being

solved, and there is no single portion of the code that dominates the CPU usage.
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CHAPTER 6

IMPLEMENTATION ON A UNIX WORKSTATION

The Continuity Constraint Method (CCM), described in Chapter 4, has been implemented in the
Fortran 77 computer code CFDL.PHI3D. The target computer for CFDL.PHI3D was an engineering
workstation running under the UNIX operating system, specifically an IBM Risc/6000-UNIX(AIX) Model
320 with a 20 mHz clock speed and 32 mbytes of random-access-memory (RAM). This machine is typical
of the “UNIX-X Windows” systems that are emerging as the dominant platforms for modern CFD and
general scientific cqmputing. A summary of the methods, approximations, and decisions required to

implement the CCM for this computing environment is presented in this chapter.

Linear Algebra Procedures

As discussed in Chapter 5, iterative methods appear to hold the greatest promise as efficient
solution techniques for 3-dimensional CFD implementations. In a workstation environment, where internal
memory capacity represents a significant capital investment, the efficient management of sparse linear

algebra data structures is of critical importance.

After a survey of the literature, a library of sparse solver routines was assembled. The main

source for the library was public-domain software, available through the netlib service based at the QOak
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Ridge National Laboratory (Dongarra et al., 1991). A number of Krylov-subspace solvers for SPD and

general nonsymmetric problems developed at the Courant Institute and Lawrence Livermore National

Laboratory for the Sparse Linear Algebra Package (SLAP) project, and the MA28 general sparse direct

solver from Harwell were selected. The assembled library also includes a Gauss-Seidel sparse solver

developed by the author.

To solve the linear algebra problem Ax = b, CFDL.PHI3D accesses the sparse solver library by a

single call to an interface subroutine called sparse. The call format for sparse is:

Input:
norder
nnz
lenw
leniw
itrmax

isym

tol
solve
ldiag
inj
smat

iwork
work

xp

Output:

call sparse (norder, nnz, lenw, leniw, itrmax, m, isym, tol, solve,
lldiag, inj, smat, xp, b, iwork, work)

order of the matrix 4

number of nonzeros in A (dimension of smat)

dimension of work

dimension of iwork

maximum number of iterations allowed

number of vectors saved in GMRES(m) and ORTHOMIN(m)
0, all nonzeros of A are stored in smat

1, A is symmetric and only diagonal and strictly upper/lower triangle
nonzeros are stored in smat

convergence tolerance for stopping test

keyword specifying the solver and preconditioner, see Table 3
integer list of pointers to diagonals in inj and smat

integer of row numbers for nonzeros in smat

sparse representation of 4 using YSM column storage

vector holding right-hand-side data

integer workspace for solver

double precision workspace for solver

vector holding the solution x

The call list for sparse requires that the amount of integer and double precision work space (leniw and

lenw) be input for the specific solver designated by the keyword solve. A subroutine called worksp is

available in the solver library to calculate these dimensions. The soive keywords are given in Table 3.
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Table 3. Sparse Solver Library Keywords

e
“ Keyword Solver Preconditioner II
gseidel Gauss-Seidel none
dsgmres GMRES diagonal scaling
lugmres GMRES incomplete LU factorization
dsbegrd biconjugate gradient diagonal scaling
lubcgrd biconjugate gradient incomplete LU factorization
dsbcgs conjugate gradient squared diagonal scaling
lubcgs conjugate gradient squared incomplete LU factorization
dsormin ORTHOMIN diagonal scaling
luormin ORTHOMIN incomplete LU factorization
dscgrad conjugate gradient diagonal scaling
iccgrad conjugate gradient incomplete Cholesky factorization
direct MA28 none
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The sparse solver library uses the YSM column format representation of the matrix 4. In this
format the nonzeros are stored counting down columns (except for the diagonal entry, which must appear
first in each “column”) and are stored in the double precision vector smat. In other words, for each
column in the matrix one stores the diagonal entry in smat. Then the other nonzero elements are stored
going down the column (except the diagonal) in order. The inj integer vector holds the row index for each
nonzero. The lldiag integer vector holds the offsets into the inj and smat vectors for the beginning of each
column. That is, inj(lldiag(icol)) and smat(lldiag(icol)) point to the beginning of the icol-th column in inj
and smat, and inj(lldiag(icol+1)-1) and smat(lldiag(icol+1)-1) point to the end of the icol-th column in inj
and smat. The information necessary to calculate the sparsity structure of the 4 matrix and generate the
lldiag and inj vectors is available in the element connectivity tables. This table is constructed as a part of
the finite element mesh generation and consists of a list of node numbers for each element. As pointers to
the global coordinate data base, the node numbers provide the complete geometric definition of the
element. By carrying out a symbolic assembly of the global system matrix using the connectivity tables,
the sparsity structure of 4 can be determined. A Fortran listing of a subroutine thag executes this symbolic
assembly is given in Fig. 6 The subroutine /list was designed for YSM row storage, but it is also
applicable for YSM column storage since the sparsity structure of A is symmetric, even though A4 itself

may be nonsymmetric.

The global coefficient matrix A4 is never actually formed by CFDL.PHI3D. As a part of the
construction of the Newton residuals for each state variable, the sparse representation of 4, represented by
the double precision vector smat, is assembled on an element-by-element basis in a DO-loop over all of
the elements in the mesh. The information necessary to build the YSM formatted vector smat is contained

in the integer vectors /ldiag and inj.
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c****fﬁ*t**'ﬁiﬁ*tii'bii*t********i**'h**i*i****itti*******tt********t*t*******c

cwew subroutine llist *hko
cti*i’#***ﬁ*********i**ttt****#*i*i***t**t****t'*********ii*ttt****tt*****tc
LA a4 Determine YSM sparse data structure for global system matrix. *ekC
Cr¥** input: *k*o
G Na order of system matrix *kwC
Chre isym= logical symmetry flag wwRC
Cwrw mel (8, nmel) = element connectivity table LA AT
LA a4 workspace: (must be input) *ewg
[l iwork(27,n) *EwC
Cee nnz(n) Rk
[ hddd output: haliadd -]
Chwr lldiag(n+l)= list of pointers to diagonals in inj *kEC
Chwew inj (nz)= integer list of column pointers *rko
Ch** nz= number of non-zeros in smat *xkc

c***ﬁ**ﬁﬁﬁ*ﬁﬁ***i'ﬁﬁ'**'*******i**i***it****ﬁ**iﬁ*********ﬁ****************c

subroutine llist (lldiag, inj,mel,nnz, iwork,n,nmel,nz,isym)
implicit double precision (a-h , o-z)
logical isym
integer mel(8,nmel),lldiag(n+1),inj(27*n),iwork(27,n),nnz(n)
cﬁﬁii*iiﬁ**ﬁ*i*iiiﬁ* first executable 1ine of llist L2222 R 22X X 2R X2 2R R 2 8 2
c initialize work space
do 10 i=1,n
mz({i)= 1
iwork(1,i)= 1
do 10 j=2,27
iwork(j,i)= 0
10 continue
cffiiii'if*****i'ii*t*ﬁﬁii begin loop over elements kb hhhdrhdhdrhddhdr

do 60 jel=1,nmel

do 50 i=1,8
c get row number
irow= mel (i, jel)
do 40 j=1,8
c get column number
jcol= mel(j,jel)
c skip over diagonal position. it has already been counted.
if (irow.eqg.jcol) goto 40
c for symmetric matrices store only the upper triangular block
if(isym .and. jcol.lt.irow) goto 40
c check to see if jcol has already been counted

do 20 ii=1,nnz(irow)
if (iwork(ii,irow) .eq.jcol) goto 40
20 continue
nnz(irow)= nnz(irow) + 1
iwork (nnz (irow) ,irow)= jcol

40 continue
50 continue
60 continue
c**'*ﬁ#*ﬁ*i*t*tt't*i** end of element loop e e de e e de e v o Jr e ok dr e W v e e b dr ok e e e e ek e o e
c construct integer-lists and compute total number of non-zeros
lldiag{l)= 1
nz= 0

do 70 i=2,n+1
nz= nz + nnz(i-1)
lldiag(i)= lldiag(i-1) + nnz(i-1)
70 continue
do 100 irow=1,n
i1= 0
do 100 j=lldiag(irow),lldiag(irow+1)-1
il= i1 + 1
inj(j)= iwork(il,irow)
100 continue
return
c*i'*fﬁ'tit*t last line of subroutine llist e de e o O e o o de e e de W A o e o v e ke ok e e e e e e e e e e
end

Figure 6. Listing of Fortran subroutine to construct YSM data lists.
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Finite Element Mesh Generation

The generation of the finite element mesh is carried out as a preprocessing step using the
public-domain code INGRID (Stiillman and Hallquist, 1985). Work on INGRID began in 1979 at the
University of Tennessee with the acquisition of the Los Alamos program INGEN. A preprocessor was
added to INGEN along with a simple graphics program to produce INGRID. Subsequently, the work on
INGRID shifted to Lawrence Livermore National Laboratory (LLNL). Perhaps the most important new
capability added to the code is associated with the ease of application of boundary conditions, loads, and
material properties required by nonlinear mechanics programs. The current version of INGRID is
designed to produce complete input files for a suite of 3-dimensional finite element solid mechanics and
heat transfer codes developed at LLNL. The author has written an interface program that takes an input
file generated by INGRID for the 3-dimensional heat conduction code TOPAZ3D and produces the
necessary input files for CFDL.PHI3D. INGRID is capable of producing general 3-dimensional finite
element meshes using 8-node hexahedra. Various boundary conditions are applied by paving the required
surfaces with general 4-node quadrilateral elements. The ordering of the nodes in the connectivity tables
for these 2-dimensional elements is used to specify the direction of the outward-pointing normal unit
vectors for each boundary surface. Multi-connected domains can be generated with the INGRID delete

commands, and mesh grading is available in any of the coordinate directions.

Memory Management

In a workstation environment, the ability to control the allocation of internal memory during job
execution is of critical importance for the efficient use of computing resources. The Fortran 77 language
(ANSI Standard X3.9-1978) makes no provision for dynamic memory allocation; however, the C

programming language supplies, as a part of its standard implementation (Kernighan and Ritchie, 1988),
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the functions malloc and realloc which can be used in a Fortran-callable C function. The C function
malloc (defined as void *malloc (size);) sets aside a block of contiguous memory for an object of size
“size” in bytes and returns a pointer to the starting address of the block. If the memory is unavailable, the
pointer is set to NULL. The C function realloc (defined as void *realloc (void *ptr, newsize);) resizes to
“newsize” the contiguous memory block set aside by a previous call to malloc( ). The contents of the
memory are not corrupted. If space is not avgilable (when more is needed) at the present location, then a
new location is selected, the contents copied there, and a new pointer returned. The variable ptr is a
pointer to the original memory location allocated by the previous call to malloc( ). The void pointer for
realloc( ) points to the starting address of the reallocated contiguous memory block if the operation is
successful. If unsuccessful, then the void pointer is set to NULL. Listings of two Fortran-callable C

functions that carry out these operations are given in Fig. 7.

Solution Strategies

An initial study of memory requirements indicated the need for a sequential segregated solution
strategy in which the required sequence of linear algebra problems is limited to a single
degree-of-freedom per node. Segregated formulations are discussed by Benim and Zinser (1986) and
Shaw (1991). For the present work, two segregated quasi-Newton iterative solution strategies were

investigated. Both schemes employ quasi-Newton jacobians completed for self-coupling only, neglecting

cross-coupling terms such as 3{FUI}/8{UT}, 8{FUI}/8{®}, and 0{F@®}/6{UJ}.

The first solution strategy is presented in Table 4. This scheme uses a standard segregated

sequence of system matrix and residual FORM steps followed by state-variable SOLVE and UPDATE

steps. The sparse representation of each state-variable jacobian matrix (denoted by the




#include <sys/types.h>
#include <sys/times.h>
#include <time.h>
#include <stdio.h>
#include <stdlib.h>

kbbb drddbbbhrbbbb bbb bbb bbb hddbbr bbb ddh */

- falloc drde e i/
**%* dynamically allocate contiguous memory (number*size) *#** */

LA 22X RSS2 S22 22 XX R 2 X X2 R R0 2 X2 it 22X 22X X2 X tEX) */
L2 * ek */
ik input; e */
ke int *number = the number of words to be allocated *%* */
bbb int *gize = number of bytes per word *ex x/
LA int *array = pointer to allocated array ek x/
LT Y Tk */
*** output: deded */
habd int *addr = address of allocated memory *kk k)
wn int *offset = offset of allocated memory wkk x/

LA 2 AR 242 ARl il il ittt il il il Al sl S */

void falloc(int *number,int *size,int *array,int *addr,int *offset)

{
/w

int *malloc(); */
int *addrp;
addrp = malloc((*number)*(*size));
if (addrp == NULL )
printf( " Memory allocation unsuccessful.\n");
printf( " Execution aborted.\n");
exit (1) ;

*offset = (int) (addrp-array)*sizeof (int)/(*size);
*addr = (int)addrp;
printf( " Memory allocation successful: address= %d \n", *addr);

LA A2 AR 222 ARl dd s il il iRR il il a2 */
L2 2 reloc dr ek */

*** reallocate contiguous memory (number*size) at *addr *wkx wf
I3 22 X2 2222222 222222 2222222222222t 222l 2t 22222 2 X R X2 2 X 2 f/
o 22 -p/
L XX input: *deh */
b int *number = the number of words to be allocated **+* */
ok int *size = number of bytes per word rkk k[
bt int *array = pointer to allocated array *kk ok /f
bl int *addr = address of original allocation *kx x/
Y] ek k[
*** output: LEA R V)
b int *addr = address of reallocated memory e */
bl int *offset = offset of reallocated memory ke x/

LA A AL RS AR R sl d sl X2t 22 R X2 X X2 */

void reloc(int *number, int *size,int *array,int *addr,int *offset)

{
/*

int *realloc(); */
int *addrp;
addrp = realloc( *addr, (*number)*(*size));
if ( addrp == NULL )
printf( " Memory reallocation unsuccessful.\n");
printf( " Execution aborted.\n");
exit (1) ;

*offset = (int) (addrp-array) *sizeof (int)/(*size);
*addr = {(int)addrp;
printf( " Memory reallocation successful: address= %¥d \n", *addr);

Figure 7. Listing of Fortran-callable C functions for dynamic memory allocation.
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" Step Operation

Table 4. Segregated Solution Strategy No. 1.

Description |

1 FORM-© form @-smat, apply boundary conditions, and construct {F©}
2 SOLVE-@ solve for 6@ 7*/ = [ SMAT 1{6@} = —{F®}

3 UPDATE-© update ® ™/ for iteration p+1: @ 7*' = @ 7 + (5@} **/

4 FORM-U1 form Ul-smat, apply boundary conditions, construct {FU1}
5 SOLVE-U1 solve for SU17*' = [ SMAT 1{8U1} = -{FU1}

6 UPDATE-UI update U1 ™ for iteration p+1: U1?* = U1? + (U1} 7"

7 FORM-12 form U2-smat, apply boundary conditions, construct {FU2}
8 SOLVE-L2 solve for 8U27*' = [ SMAT 1{8U2} = —{FU2}

9 UPDATE-U2 update U2 ™ for iteration p+1: U2°* = U2° + {3U2}**!

10 FORM-U3 form U3-smat, apply boundary conditions, construct {FU3}
11 SOLVE-U3 solve for SU37*' = [ SMAT 1{8U3} = —{FU3}

12 UPDATE-U3 update U3 ™’ for iteration p+1: U3?*' = U3? + {3U3}#*

13 FORM-® form ®-smat, apply boundary conditions, and construct {R®}
14 SOLVE-® solve for @ #*' = [ SMAT ]{®} = {RD}

15 UPDATE-C update C™*' for iteration p+1: C**' = P"+ %, ., &

16 TEST STOP | test for convergence: IF |® |, <& THEN go to STEP 18

17 GOTO STEP 1 | increment iteration index p and repeat outer iteration

18 FORM-P form P-smat, apply boundary conditions, and construct {RP}
19 SOLVE-P solve for P™! = [ SMAT ]{P} = {RP}

20 ADVANCE update state-variables: 0" = Q™' ; go to next time station
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vector smat) is formed exactly for all self-coupling terms and boundary conditions in Steps 1, 4, 7, 10,
and 13. The residuals {FUI}, {FO}, and {R®D} are also formed in these same sequential FORM steps
where they are able to use the most recently updated solutions for the other state-variables. Timing studies
showed that the most compute-intensive components of the iterative cycle for Strategy No. 1 were the

FORM steps and the SOLVE step for the ®-Poisson equation, Step 14.

For the momentum equations, the self-coupling quasi-Newton jacobian (excluding boundary

conditions) in Strategy No. 1 is, in compact notation,

3(FUL) _
ST = DET(C2007

- Ate DET, ExX_ {UJ)? [C30K0]
(352)
- A6 DET, { U1} (E11,[C3010] + E12,[C3020] + E13,[C3030])

+ At DET, L (1+Re") EXX,EM, [C2KM]
Re
where the repeated “I” index is not summed. The corresponding jacobian for the energy equation is

UF8} | prr 1Cc200)
3(0)

- Ate DET, EXX_ {U3}1[C30K0] (353)

+ At6 DET, é(%+%) EX, EM, [C2KM]

A revised solution strategy was developed to reduce the computational cost of the FORM steps.
Strategy No. 2 is presented in Table 5. It was noted that by modifying the convection term contributions

to smat in the momentum equations, a base level approximation for smat (not including boundary




Table 5. Segregated Solution Strategy No. 2.

Step __(zperation B Description
1 BASRES form base level smat and all residuals {FUI} and {F®} with
boundary conditions applied to residuals only
2 FORM-0 add boundary conditions to smat for ® solution
3 SOLVE-©® solve for 8@ 7*! = [ SMAT 1{80} = —{F®}
4 REMOVE-® subtract ® boundary conditions from smat
5 UPDATE-© update ® ™/ for iteration p+1: © »*/ = © ? + {50} 7"/
6 FORM-U1 add boundary conditions to smat for U1 solution
7 SOLVE-U1 solve for SU17* = [ SMAT 1{8U1} = —{FU1}
8 REMOVE-U1 subtract U2 boundary condtions from smat
9 UPDATE-U1 update U1 ™ for iteration p+1: U17*' = U1? + {3U1}7*
10 FORM-U02 add boundary conditions to smat for U2 solution
11 SOLVE-U2 solve for 8127 = [ SMAT 1{8U2} = —-{FU2}
12 REMOVE-02 subtract U2 boundary conditions from smat
13 UPDATE-L2 update U2 "/ for iteration p+1: U2°" = U27 + {812} "
14 FORM-U3 add boundary conditions to smat for U3 solution
15 SOLVE-U3 solve for 8U37* = [ SMAT 1{8U3} = —{FU3}
16 REMOVE-U3 subtract U3 boundary conditions from smat
17 UPDATE-U3 update U3 ™*/ for iteration p+/: U3"*' = U3” + {8U3}**
18 FORM-® form ®-smat, apply boundary conditions, and construct {RD}
19 SOLVE-® solve for @ **' = [ SMAT 1{®} = {RD}
20 UPDATE-C update C™/ for iteration p+1: C**' = P"+ %, . ®-*
21 TEST STOP | test for convergence: IF | @[ <& THEN go to STEP 23
22 GOTO STEP 1 | increment iteration index p and repeat outer iteration
23 FORM-P form P-smat, apply boundary conditions, and construct {RP}
24 SOLVE-P solve for P™! = [ SMAT }{P} = {RP}
_E ADVANCE update state-variables: 0" = 0™/ ; go to next time station
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conditions) could be assembled that would be identical for all three momentum equations and the energy
equation. This approximate smat is formed only once for each outer iteration. The FORM steps for the
energy and momentum equations consist of adding the required boundary conditions to smat, resulting in
a significant computational savings since the application of boundary conditions does not typically require
a complete loop over all mesh elements. After the each SOLVE step, the boundary conditions are
REMOVEd from smat in preparation for the next equation system. Since the residuals for each
state-variable continue to be formed exactly, the modified quasi-Newton jacobians affect only solution

convergence rates and not solution accuracy.

If the third term on the right-hand side of Eq. (352) is neglected, then the resulting
approximation to the quasi-Newton jacobian for the momentum equations will be similar in form to

Eq. (353).

I{FUL} _
Ty, = DET.(C2001

- Ate DET, EXX, (U1)![C30K0] (354)

+ At@ DET, Ri(une') EXX, EM, [C2KM]
e

Equation (354) is the template for the base level smat in Step 1 of Strategy No.2. Two approximations are
being made for the base level smat: (1) the convection term contribution to the global system Newton
jacobian for the momentum equations is compromised and (2) the influence of the Prandtl number on the
diffusion term in the energy equation is neglected. As noted above, these modifications are applied only to
the formation of the base level smat. The calculation of the state-variable residuals are not compromised,

i.e., solution convergence is affected only, not solution accuracy.

An additional impact on the convergence rate for Strategy No.2 arises from the fact that the

state-variable residuals {FUI} and {F®} are calculated only in Step 1; therefore, the individual UPDATE




steps (Steps 5, 9, 13, and 17) do not influence the residual calculations until a full pass through the
iterative cycle has been completed. The boundary condition updates for smat (Steps 6, 10, and 14) do use
the latest updated solutions. In Strategy No. 1, however, the effect of the UPDATE steps is immediately

felt by all subsequent residual and global smat calculations.

Even with the above disadvantages, however, preliminary testing has indicated that Strategy
No. 2 is effective in reducing the overall CPU costs (in terms of compute cycles per time step) relative to
Strategy No. 1. The minimal reduction in convergence rates was more than offset by the savings realized
in reduced floating point operations. Therefore, all of the solutions to be presented in Chapter 7 were

obtained with Strategy No. 2.

" Program Operation

Even though the UNIX operating system does not formally include a batch operating mode, as a
multi-tasking system it does support background processing, which allows the user to initiate a task and
then proceed to other activities while the system continues to work on the original background task (Groff
and Weinberg, 1988). The CFDL.PHI3D program is, therefore, normally executed as a background
process through the nohup (“no hangup”) utility. The nohup utility allows the user to log-off of the

computer without killing the background process.

Three-dimensional CFD problems can require execution times on the order of several hundred
hours or more to produce a steady-state solution. In order to sustain such long residence times on the
computer, any large application program should have an internal checkpointing capability if it is not
provided by the operating system. CFDL.PHI3D has its own system of checkpointing by temporarily

suspending computations at preselected intervals, called checkpoints, and writing a binary restart file to
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out-of-core memory (e.g., a hard disk). These checkpoints provide a means of protecting long-running
jobs from system failures or intentional shutdowns. If the computer should be shutdown for some reason,

CFDL.PHI3D execution can be subsequently restarted from the most recent restart file.

The system matrices for the @ and pressure Poisson equations are functions of the mesh
geometry only and do not change during execution. It is, therefore, more computationally efficient to
calculate these matrices once and then store them for subsequent retrieval in the FORM steps (Step 18
and 23) for @ and the pressure. If incomplete factorization is used as a preconditioner for any of the
Krylov-subspace iterative solvers listed in Table 3, the preconditioning factors need only be computed
once and then stored for future SOLVE steps. CFDL.PHI3D makes use of binary swap files to carry out
these store and retrieval operations. A swap file is a temporary file (typically residing on a medium such
as a hard disk) that is accessed by an unformatted binary “read” where the required data are swapped into
and out of a shared block of internal memory. Swap files are, in effect, a user-controllable form of virtual

memory.

Solution Strategy No. 2 indicates that the pressure solution is required in Steps 23-24 at the end
of each time step. It was determined, however, that these steps could be subcycled without a significant
loss in stability or solution accuracy. Subcycling the pressure solution involves executing Steps 23-24 at

selected time stations (e.g., every 10th time station).

The progress of program execution is monitored by tracking the iteration history of the evolution
of each of the state-variables in the system as measured by appropriate energy norms. At the end of each
outer iteration in the cycle (Step 22 in Table 5), the global energy norms for the three velocity
components, the temperature, and the potential function ® are computed and written to a file. This file
can be accessed at any time by the user to generate iteration-history plots which can be used as a

diagnostic tool for determining the status of the calculations. Large excursions by any of the energy norms
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are indicative of a pending breakdown in the solution process. Attainment of an approximate steady-state

solution can be determined by a comparison of the relative rates of change of the energy norms.

Post-Processing

The visualization of 3-dimensional data is becoming an important subfield of modern scientific
computing. As with any CFD code, CFDL.PHI3D produces a large amount of information, and the ability
to present this information in an effective and clear graphical format is a critical requirement for a

successful implementation.

As a part of its checkpointing function, CFDL.PHI3D generates, at selected intervals, a binary
plot file containing a number of solution variables. Included in this file are the mesh definition, the
velocity vector field distribution, scalar field distributions for the temperature and pressure, a node-based
distribution of the divergence error as measured by the energy norm of the @ potential function, and a
vorticity vector field distribution. A post-processing program was specifically developed to translate the
data in the plot file into an input file for the commercial graphics program TECPLOT™, an interactive
code for visualizing engineering and scientific data (TECPLOT, Version 5 User’s Guide, 1992).
TECPLOT integrates XY plotting with 2- and 3-dimensional surface contouring, scatter field plots, vector
plotting, streamlining, and surface visualization into a single program. One can use the program to
display, manipulate, and examine data, and then create high-quality color or greyscale hardcopy plots on

various output devices including laser printers, film recorders, and pen plotters.
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CHAPTER 7

RESULTS AND DISCUSSION

Test cases, designed to investigate the accuracy and limitations of algorithm implementations,
can be grouped into three classes of problems: verification, benchmarking, and validation (Williams et al.,
1989). Verification involves the comparison of computational to analytical results for problems in which a
“closed-form” solution exists. Benchmarking is the comparison of results to those produced by an
independent computational model, i.e., “code-to-code” comparisons. Code validation requires the
compaﬁson of computer simulations to experimental data. The results of test cases, selected from ail three
categories, are presented in this chapter with the intent of exploring the accuracy, convergence, and
stability of the CCM as implemented in CFDL.PHI3D. Preliminary testing of CFDL.PHI3D focused on
2-dimensional flows generated via vanishing normal derivative boundary conditions on a two-element
wide mesh in the third direction (Williams et al., 1992). The test cases discussed herein complete the
verification, benchmarking, and validation studies by exploring 3-dimensional flows, including fully
developed flow in a square duct, developing flow near the entrance of a square duct, natural convection in
a thermal-driven cavity, isothermal separated flow in a 2- and 3-dimensional step-wall diffuser, combined
forced- and natural-convection in the University of Illinois test facility for full-scale room ventilation
experiments, and natural convection in a partitioned thermal cavity based on scale model experiments

carried out at Colorado State University.




Preliminary Studies

As a key element in the development and implementation of the CCM, studies were carried out
to investigate (1) the fully-discrete performénce of the algorithm’s pseudo-pressure distribution during
iterative cycling and (2) the computational performance of the sparse solvers available in the linear

algebra library discussed in Chapter 6.

Smoothing of Pseudo-Pressure

Due to equal-order interpolation in the CCM of all state-variables including the continuity
constraint function, @, there is a dominant dispersive-error mode present in the pseudo-pressure
distribution accumulated during iterative cycling within the time step and over time steps. Several
researchers have investigated the application of recursive and non-recursive digital filters to remove these
high-frequency “2-Ax” signals (cf. Pepper et al., 1979; Lee et al., 1979; Hughes et al., 1979; and Gresho
et al., 1984) from pressure and velocity distributions. Tests were carried out to determine the effect of
smoothing the pseudo-pressure distribution, hence cycling with the genuine pressure solution as it is

modified by the continuity constraint function.

The test problem was fully-developed flow through a channel, Re=100, to be discussed in detail
in the following section. A simple 5-term nonrecursive, low-pass filter (Hamming, 1973) was applied to
the pseudo-pressure distribution (referred to as C#*' in Chapter 6) after each update in the outer iteration
of the solution strategy (see Step 20 in Table 5, Chapter 6). A visual inspection of the pseudo-pressure
before and after the filtering operation showed a definite smoothing of the solution; however, comparisons
with control tests also showed a decrease in convergence upon smoothing with an eventual divergence
after approximately 10 time steps. The conclusions drawn from these tests were (1) filtering out the
dispersive error mode in the continuity constraint distribution is not effective in improving convergence

rates, and (2) the dispersive error mode definitely plays an important role in the ability of the continuity
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constraint function to remove the divergence error in the discrete velocity distribution. These results
confirmed the decision to use the genuine pressure, calculated from a smooth solenoidal velocity
distribution, as a replacement for the pseudo-pressure C”*’ to prevent the contamination of the velocity

and temperature fields by the inherent dispersive error mode present in C#*/.

Sparse-Solver Linear Algebra Study

Test cases were run on a 3-dimensional natural convection cavity, M=17x17x10, to measure the
performance of different combinations of solvers available in the Sparse Iterative Solver Library,
developed as a part of this research. The results of 8 cases are reported in Table 6. The thermal-driven
cavity problem is discussed in detail in a later section. For these tests at Ra=10° Pr=0.7, the initial
conditions were the steady-state solution at Ra=10°. The energy norm traces for all state-variables were
examined and found to be essentially the same for each test case; therefore, the number of outer iterations

executed over the 10 time steps used in the test were the same, and the solutions produced by each solver

Table 6. Memory and CPU Timing Data for 3-dimensional Test Problem

Case u,v,w-Solutions ®- and Pressure Solutions || Total
No. solver n:(i‘;‘::;y til:e solver T(;I;;? tir;le Tl;ne
et e
1 dsgmres 471.8 100.8 iccgrad 643.8 188.7 965
2 dsormin 941.3 130.4 iccgrad 643.8 194.4 1031
3 dsbcgrd 2164 141.2 iccgrad 643.8 184.6 1007
4 dsbcgs 203.7 116.6 iccgrad 643.8 188.8 967
5 dsbegs 203.7 1224 dsbegs 203.7 301.9 1122
6 dsbegs 203.7 120.6 dscgrad 2164 111.7 904
7 lubcgs 1122.0 224.2 iccgrad 643.8 168.0 1072
8 lugmres 296.0 223.0__“ iccgrad _6_4_1.3.8 168.7 1072
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were equivalent. The solver designations are the keywords defined in Table 3 of Chapter 6. Also reported
in Table 6, memory is the workspace memory required by the solver, time is the CPU execution time for
the specified solve step for 10 time stations, and rotal time is the total CPU execution time for all
operations. The most effective combinations appear to be Cases 6, 1, and 4, in that order. The final
memory requirements for Cases 1 and 4 are the same. Since workspace is shared by the solvers, it is the
maximum memory among the solve steps, rather than the sum, that determines the workspace
requirements for an execution. The configuration in Case 6 was later eliminated after subsequent testing
on more ill-conditioned problems, because diagonal scaling proved to be an ineffective preconditioner.
For all solutions reported in the remainder of this chapter, the Case 1 configuration was used, i.e., the
momentum and energy solutions were obtained with the diagonally-scaled GMRES sparse solver, and the
@ and pressure Poisson solutions used the conjugate gradient solver with incomplete Cholesky

preconditioning.
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Fully-Developed Flow in a Square Duct

Steady-state, isothermal, laminar flow in a straight duct of square cross-section is a common
first-verification case for incompressible Navier-Stokes CFD algorithms (cf. Pelletier et al., 1989; and Hsu
et al., 1992). For the x,-coordinate direction aligned with the duct axis, Fig. 8, the axial velocity fully-

developed profile at any x,-station, with —a<x,<aand - b <x,<b, is

2
ul(xz,x3,a,b) = 16a3 (__‘_;d_xg.]&(xgsxg’a,b) 5 u2=u3=0

e ! (355)
- (L) cosh(nnx,/2a)| cos(nnx,/2a)
E(x,,x,,a,b) —n-l,zs,s,...(_l) 2 [ " eosh(n b/2a) n3

The associated axial pressure gradient dp/dx, is a uniform constant, and the corresponding

Figure 8. Fully-developed flow in a rectangular duct.
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volumetric flowrate Q through the duct is (White, 1974)

- _ 4ba’( dp
Q(a,b) = u,,(2ax2b) ™ [ dx‘)((a,b)

(356)

192a Z": tanh(nnb/2a)
ﬂsb n=1,3,5.. n5

C(a’b) =1-

The nondimensional velocity profile, scaled by the average duct velocity ,_,,, is obtained by

dividing Eq. (355) by Eq. (356), yielding

u s U, _ 48 &(x,,%5,a,b) @57
Uy e =  $a,b)

where superscript “star” denotes a nondimensional variable. At the centerline of the duct (x, = x; = 0), the

maximum velocities are

=
]

= 1.5 for a two-dimensional duct , b~ =
< (358)

2.096... forasquareduct , a=b

RS
n

which are independent of the flowrate and pressure drop in the duct. Using Eq. (356), the constant

nondimensional axial pressure gradient is a function of the bulk-flow Reynolds number and the geometry

of the duct.
dP* 3 (4b \* 1
dx; 'E(mb) {(a,b) )
where
u,_..D aab X
Re = llvgh;l)E ;PtE P . A 3 360
v h a+b pulz_.vg xl Dh ( )

where D, is the hydraulic diameter of the channel (White, 1974). For a 2-dimensional channel
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t(a,b) =1 and - "R (361)
1
and for a square duct
{(a,b) = 042173. and - ‘;P - - BB toranh 362)
X e

Steady-state laminar flow in a straight duct of square cross-section was simulated using the
modestly nonuniform mesh shown in Fig. 9. Exploiting the symmetry of the flow field, only half the duct
was included in the model domain. The mesh discretization is M=24x20x10 consisting of 5775 nodes and
4800 hexahedra elements. The boundary conditions for the six surfaces of the model are given in Table 7.
As initial conditions, the velocity components and pressure were set to zero for all interior points and on
all boundaries where Neumann boundary conditions were applied. For Re=100, the steady-state velocity
solution is shown in Fig. 10 where selected cutting planes have been extracted from the complete solution
to enhance visualization. Figures 11 and 12 present quantitative comparisons for the analytical and

computed solutions. In Fig. 11, spanwise velocity profiles at the middle of the channel

Table 7. Boundary Conditions for Fully-Developed Channel Flow

| Velocity @ Potential Function_]_ Pressure
e =T ~ —
3 walls || no-slip (u;~u,=u,~0) 8D/On=0 no };’:‘m‘;g;;““s
fully-developed
inflow profile using o®/on=0 nonl;)mogeneous
Eq. (357) eumnann
homogeneous _
outflow Neumann o=0 P=pP,
uy=0 nonhomogeneous
symmetry | 5y /on=du,/on=0 OP/on=0 Neumann
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Figure 10. Fully-developed channel flow: velocity vector field at Re=100.
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Figure 11. Fully-developed channel flow: spanwise velocity profiles at x,=0.
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Figure 12. Fully-developed channel flow: pressure gradients v. Re.
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height (x,=0, 0<x,<0.5) are compared to the analytical solution, Eq. (357), for selected locations along the
length of the channel at Re=100 and Re=25. All the data are in essentially exact agreement with the

analytical solution. A check of the vertical span (x,=0, —0.5<x,<0.5) shows the same level of agreement.

Equation (362) confirms that the constant axial pressure gradient is inversely proportional to the
duct flow Reynolds number. Estimates for the pressure gradient were calculated at the mid-point of the
channel, x=(1,0,0), for a range of Re with the pressure set to zero uniformly across the outflow plane. The
computed gradients, Fig. 12, consistently underpredicted the analytical solution by an average of 6.8%.
The pressure Dirichlet boundary was switched from the outflow plane to inflow plane, and a case was
rerun for Re=75. No significant differences were observed in the solution. The grid was refined by
increasing the number of cross-stream elements in the x,- and x;-coordinate directions to give a mesh of
M=24x30x15, thus increasing the number of nodes to 12,400. Pressure gradients were calculated with the
refined-mesh solution for Re=10, 25, 50, 75, and 100, with the pressure fixed across the outflow plane.
The resulting nondimensional pressure gradients, calculated at the center of the channel using a central
difference formula, are now in close agreement (approximately 0.1% error) with the analytical values,

Fig. 12. For Re=100, the pressure distribution on cutting planes in the channel is presented in Fig. 13 as
nine equally-spaced contour levels with a minimum contour of 0.06 and a maximum of 0.53. The
analytical solution predicts a uniform pressure distribution for a constant x,-plane. No significant span-
wise pressure gradients were observed in the computed solution as indicated in Fig. 13. The distribution of
the energy norm of the & constraint function is plotted in Fig. 14, where the nine equally-spaced contours
have a minimum level of 1.9x10~° and a maximum of 1.7x107, The non-zero, but very small; divergence

error exists at the outflow plane where the Dirichlet boundary condition is applied, as anticipated.
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Figure 13. Fully-developed channel flow: pressure contours at Re=100.
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Developing Flow in a Square Duct

Developing flow in the entrance region of a straight rectangular cross-section duct has been the
subject of extensive study. Han (1960) calculated analytical velocity profiles based upon boundary layer
linearization approximations to the Navier-Stokes equations. For the duct axis aligned with the x,-
coordinate axis and the coordinate system origin located at the centroid of the duct entrance plane,

Fig. 15, the analytical axial velocity profile is

® m+n

¥ (_1)—2——-1 cos(mmx,/2a)cos(nnx,/2b)
i = U m? maciss. mn[m?+niy2+(2pa/n)?] (363)
u 4 -
e Y [m?n%(m?+n?y2+2pajn)?)]"!
m,n=1,3,5..

where y=a/b is the duct aspect ratio, and f is a parameter evaluated via numerical integration as a function

of x,. Entrance lengths, defined as the axial distance from the duct entrance plane to the

[T

Figure 15. Developing flow at the entrance of a rectangular duct.
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point at which the centerline velocity reaches 99% of the fully-developed value, are calculated by Han for
rectangular channels of six aspect ratios. For a given aspect ratio, the analysis shows that the entrance
length, x;, when correlated by the dimensionless modulus xg/(D,xRe), is independent of Re. The
Reynolds number, Re, is evaluated using the area-weighted average flow velocity, u,_,, and the hydraulic

diameter, D,, of the duct.

Han calculates a value of x5,/(D,xRe)=0.0752 for a square duct. Goldstein and Kreid (1967)
present experimental data for developing laminar flow in a square duct obtained with a laser-Doppler
anemometer. They compared their data to Han’s predictions and found close agreement in the
fully-developed region. In the developing region, Han’s approximate analysis tended to overpredict the
centerline velocities as compared to the measured velocities. Goldstein and Kreid measured a value of
xg/(DyxRe) of 0.090 for their square duct, but they noted that “the slope of the curve is very small when
the center-line velocity approaches the fully developed value. Thus, when using the foregoing definition
of x,, the difference between the measurement and prediction is perhaps magnified out of the true

proportion.”

Using a space-marching integration technique, Briley (1974) presents solutions to the parabolized
Navier-Stokes equations for flow at the entrance to a rectangular straight duct for two aspect ratios and at
Re=1000 and 1333. Comparisons between Briley’s computed centerline velocity profiles and the
experimental data of Goldstein and Kreid (1967) showed better agreement than did Han’s results;

however, the growth of the wall boundary layer near the inlet plane continued to be overpredicted.

Aregbesola and Burley (1977) used the vorticity, vector-scalar potential method to calculate
approximate solutions for the full Navier-Stokes equations for developing flow in a square duct at Re=1,
50, and 100. Their calculated values for x;,/(D,xRe) are approximately constant at 0.086 for Re > 50.

Centerline velocity profiles at Re=50 are compared to the analytical results of Han (1960) and the
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computational results of Briley (1974). These solutions show better agreement with the available
experimental data in the developing flow region than either of the two parabolized Navier-Stokes
solutions. All three solutions converge to the fully-developed profile beyond the duct entrance length

region.

Mizukami and Tsuchiya (1984) present solutions for entrance flow in a square duct at Re=20
using a finite element implementation of Chorin’s projection method (Chorin, 1968). Finally, Yang and
Camarero (1991) combine the vorticity and vector-scalar potential algorithm with a new rotated upwind
difference scheme to solve the developing duct flow problem for Re=100, 400, and 800. Using an
M=15x15x31 grid, their solutions show excellent agreement with the experimental data of Goldstein and

Kreid (1967).

The laminar, isothermal flow near the entrance to a straight square duct of unit cross-sectional
area was simulated with a quarter-duct model, 15 units in length and a=5=0.5. As depicted in Fig. 16, the
mesh discretization is M=100x15x15 with 25,856 nodes and 22,500 elements. The mesh is graded slightly
near the two solid-wall boundaries and the outflow plane. The boundary conditions are as given in
Table 7, except there are now two symmetry planes, and the prescribed inflow velocity profile is slug
flow, i.e., u, = 1.03, u, = u; = 0. The inlet u, velocities were set to 1.03 (except at the no-slip walls) to
give an effective u, ., ~ 1.0 at the inlet. The velocity field was initialized with a slug-flow profile

throughout the length of the duct.

The steady-state velocity vector and || @ | distributions for Re=100 are presented in Figs. 17 and
18 on selected cutting planes near the inflow plane. The computed centerline velocity at the outlet is
2.096, indicating the establishment of a fully developed profile with negligible loss of mass (<0.01%).

The essential steady-state solution was obtained after 250 time steps using a nondimensional time step
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Figure 16. Developing flow in a square channel: Mesh M=100x 15
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x,/(D,*Re)=0.0075
x,/(D,*Re)=0.02

Figure 17. Developing flow in a channel: velocity vector field near entrance, Re=100.
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Figure 18. Developing flow in a square channel: | & | distribution near entrance, Re=100.
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of 0.01. The associated maximum local Courant number was approximately 0.7. The distribution of the
energy norm of the continuity constraint function ® is shown in Fig. 18 for 9 equally-spaced contours
with minimum 8.5x10~* and maximum 7.6x10~. The maximum divergence error level is now located near
the inflow plane, which is surrounded By homogeneous Neumann boundary conditions. The constraint
algorithm is attempting to enforce conservation of mass between the inflow plane and the first plane of
interior nodes, but the Dirichlet data for #,, u,, and u, across the inlet plane do not provide any solution-

adjustable degrees-of-freedom, hence the localized continuity error is a maximum (as expected).

The distribution of the axial centerline u, velocity is plotted in Fig. 19 as a function of x,/Re.
Near the entrance plane, the selected inflow boundary condition (with data designated as the base case)
appears to retard the growth of the wall boundary layers near the inlet plane (x,=0), as compared to the
analytical results of Han (1960) and the experimental data of Goldstein and Kreid (1967). Aregbesola and
Burley (1977) also underpredicted the experimental data in this region, and they commented that “in
experimental work it is difficult to reproduce the sharply singular inlet profiles used in the theoretical
calculations so that comparisons very close to the inlet are not particularly reliable.” Near x,/Re=0.05, the
solutions of Briley (1974), Aregbesola and Burley (1977), and the present study converge to the analytical
solution of Han (1960), which slightly bverpredicts the experimental data until the fully-developed region
is attained. For a second experiment, the mesh was refined in the axial direction by reducing the length of
the model from 15 units to 10 units, while keeping the same number of nodes. The results for mesh 2
showed no significant difference compared to the base case. Spanwise u, velocity profiles at three x,
stations are plotted in Fig. 20, and the locations of the first two x, stations (x,*/Re=0.0075 and 0.02) are
noted in Fig. 17. Except near the entrance plane at x,*/Re=0.0075, the present base case results show
good agreement with the experimental data. The results for the refined mesh solution are not significantly

different from the base case.
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Figure 19. Developing flow in a square channel: centerline 4, profiles, Re=100.
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O experimental (Goldstein and Kreid, 1967) > present results - inviscid inlet

057

0.4

0.3} ]
0.2 ]
0.1} : ]
[ "
00 :x1/l(o;ne)=o.op75: x,/(D,"Re)=0.02 x,/(D,*Re)<0.075 § |
' 20 2.0 2.0 U /U

Figure 20. Developing flow in a square channel: spanwise u, profiles, Re=100.
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These data prompted design of a refined CFD experiment to improve the simulation near the inlet

plane. The slug profile specification across the inlet plane requires all three velocity components fixed as
Dirichlet data. As was the case with the fully-developed channel flow problem, the algorithm will attempt
to satisfy the continuity constraint; however, these Dirichlet boundary data do not provide required
solution-adjustable degrees-of-freedom between the inlet plane and the first plane of interior nodes. The
result is a localized error in the divergence-free requirement for the velocity flow field. To assess a
correction for this problem, the inlet of the channel was extend;ad upstream 0.25 units, with free-slip
velocity boundary conditions applied on all walls and the symmetry planes. Then, Dirichlet data across the
inlet plane of the inviscid entrance region provides a strict slug-flow profile (i.e., u,=1.0, u,=u,=0), and

Neumann boundary conditions for the pressure and continuity constraint function, ®, remain appropriate.

The problem specification was run now with zero velocity data at all interior nodes as the initial
condition. The results for Re=100 with this inviscid inlet extension are given in Figs. 19 and 20. The
modified inlet boundary condition resulted in significant improvement in the agreement with the
experimental data of Goldstein and Kreid (1967). The entrance lengths reported by Han (1960), Goldstein
and Kreid (1967), and Aregbesola and Burley (1977) are compared with the base case and inviscid inlet

present results in Table 8.

Table 8. Entrance Lengths for Developing Flow in a Square Duct

Source x*/Re Il
Han (1960) 0.075
Goldstein and Kreid (1967) 0.090
Aregbesola and Burley (1977) 0.086
present results: base case 0.072
present results: inviscid in!c_et 0.078




Natural Convection in an Enclosed Cavity

Buoyancy-driven flow, resulting from natural convection in an enclosed cavity, represents a
suitable benchmark for incompressible CFD codes. This problem also has many practical applications
including nuclear reactor insulation, energy conservation, ventilation of rooms, solar energy collection,

cooling of electronic equipment, dispersion of waste heat in estuaries, and crystal growth in liquids.

For many years, research on natural convection in enclosures has concentrated on two basic
modes of convection, specifically flows induced by a density gradient oriented either normal or parallel to
the body-force vector (Ostrach, 1982). If the density gradient is normal to the body force, the flow starts
immediately; however, if the gradient is aligned with the body force, then no flow starts until a critical
value of the density gradient is exceeded (e.g., Bénard convection). The two modes can occur
simultaneously as in the case of tilted enclosures. Density gradients can result from temperature gradients,

species-concentration gradients, or a combination of both.

A number of experimental studies have been carried out for natural convection in enclosures. The
early investigations focused on collecting quantitative heat transfer data with only limited qualitative
observations of flow field structures. An excellent review of the experimental work done in this area up to
1965 is given by Elder (1965). The heat transfer data were used to develop correlations for the Nusselt
number, Nu, as a function of the Grashof number, Gr, and nondimensional parameters related to the
enclosure geometry. Among the earliest of such correlations is due to Jakob (1949), based upon his
analysis of the experimental data of Mull and Reiher (1930). Much of the experimental work since then
(e.g., Eckert and Carlson, 1961) has been concerned primarily with improving and extending the range of

these heat transfer correlations.
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Only limited experimental data are available for validation of computer codes. The first detailed
velocity measurements of natural convection in enclosures were reported by Elder (1965) who used
medicinal paraffin and silicone oil as the working fluids. Streak-line photographs were used to measure
velocities for Rayleigh numbers up to 10%, with cavity height-to-width ratios from 1 to 60 and Prandt!
numbers from 1100 to 2600. Vertical velocity profiles, obtained in the central core of the cavities, were
not symmetrical about the center line. Higher velocities and smaller wall-layer thicknesses were observed
in the flow field near the hot wall. The theoretical study by Gill (1966) concurred with Elder’s results that
for given Rayleigh and Prandtl numbers the core streamfunction and temperature depended only on the
vertical coordinate. Using laser-Doppler anemometry, Morrison and Tran (1978) investigated 3-
dimensional laminar flow structures in a vertical rectangular cavity with a height-to-width ratio of 5.
Velocity profiles were measured at a Rayleigh number of 5x10%, and the effect of end-wall conduction on
the flow structure was studied by varying the degree of insulation applied to the unheated walls. Morrison
and Tran show that heat loss through the vertical sidewalls is a major factor in the breakdown of 2-
dimensional flow. Cheesewright et al. (1986) present experimental turbulent velocity data for natural
convection in a cavity with a height-to-width ratio of 5. The Rayleigh number of approximately 10'° is
based upon the cavity height. All of the experimental cases reported by Cheesewright et al. show evidence
of 3-dimensional effects. Accordingly, they present a correction method to make the data suitable for

validation of 2-dimensional computer codes.

Early computational studies of natural convection in cavities include the work of Wilkes and
Churchill (1966), Elder (1966), Aziz and Hellums (1967), and Newell and Schmidt (1970). With the
exception of Aziz and Hellums, these investigations were concerned primarily with predicting heat
transfer rates. Aziz and Hellums were the first to attempt a 3-dimensional solution; although, the limited
computing capacity available in 1967 restricted simulations to very coarse meshes (M=11x11x11), so few

details of the 3-dimensional flow structure could be determined. Recent notable numerical studies of




turbulent flows in 2-dimensional cavities are reported by Fraikin et al. (1982), Markatos and Pericleous

(1984), and Thompson et al. (1987).

Two-Dimensional Natural Convection Cavity Benchmark

Since quality laminar experimental data for the validation of computer codes has yet to be
obtained, benchmarking (i.e., code-to-code comparisons) is at present the most widely used method for
testing computer codes for natural convection flows in enclosures. A 2-dimensional benchmark problem
for this purpose was suggested by Jones (1979), and the commonly accepted benchmark solution was
published by de Vahl Davis (1983). The problem, referred to as the “double-glazing” problem, is that of
2-dimensional flow of an incompressible fluid of Prandtl number 0.71 in an upright square cavity of side
L. The buoyancy body force is modeled by the Boussinesq approximation. The upper and lower horizontal
walls are adiabatic, and the vertical sidewalls are set at the constant uniform temperatures 7}, and 7,
The velocity boundary condition is no-slip on the four walls. Solutions for this problem, including
velocity and temperature distributions and rates of heat transfer, are presented by de Vahl Davis for
Rayleigh numbers of 10°, 10*, 10°, and 10°. The vorticity/streamfunction formulation was used with a
finite-difference implementation to obtain solutions on uniform meshes from M=11x11 to 41x41 for
Rayleigh numbers of 10° and 10%; at the higher Rayleigh values, finer meshes up to 81x81 were required.
The results from several meshes were then applied with a Richardson extrapolation scheme to produce the

benchmark solution.

A number of dimensionless accuracy measures are reported by de Vahl Davis to provide a means
for quantitative comparisons between computer solutions. Of the original nine, the first two measures
involved the streamfunction which is not computed by CFDL.PHI3D. The remaining seven are defined as

follows:
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U, e the maximum horizontal (dimensionless) velocity component on the vertical mid-plane of
the cavity (together with its location on the x, coordinate);

Uyme  the maximum vertical (dimensionless) velocity component on the horizontal mid-plane of
the cavity (together with its location on the x, coordinate);

Nu, the average Nusselt number throughout the cavity;

avg

Nu,,  the average Nusselt number on the vertical mid-plane of the cavity;

Nu, the average Nusselt number on the vertical boundary (x, = 0) of the cavity;

Nu,, the maximum value of the local Nusselt number on the vertical boundary (x, = 0) of the
cavity (together with its location on the x, coordinate);
Nu,, the minimum value of the local Nusselt number on the vertical boundary (x, = 0) of the

cavity (together with its location on the x, coordinate);

The velocity components are nondimensionalized via a reference velocity scale which is not
uniquely available for this problem. Since the domain is fully confined (i.e, no inlets or outlets), the
selection of a suitable velocity scale is somewhat problematic. de Vahl Davis chose the thermal diffusion
velocity, a/L, as a reference velocity, where o (=k/pc,) is the thermal diffusivity. Ostrach (1982) reviews
several velocity scales that have appeared in the literature for natural convection flows and comments on
the implied flow and heat transfer conditions for which these velocity scales are appropriate. The thermal
diffusion velocity implies a balance between convection and conduction in the energy equation. The
viscous diffusion velocity, v/L, implies that the inertial and viscous terms in the momentum equations are
of the same order of magnitude. A hybrid velocity scale, (av)*/L, has also been used; however, no
physical implications are clear. The velocity scale, BgAT L*/v, implies that buoyancy and viscous forces
are of equal magnitude and is generally appropriate only for small values of Grashof (Gr) and Rayleigh
(Ra) numbers (i.e., Gr <1 and Ra < 1). Ostrach demonstrates how improper selection of the reference
velocity for problems involving natural convection in enclosures can be the cause of considerable

numerical problems and errors. Such problems can be avoided, he notes, by properly normalizing the
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governing partial differential equations with the goal of making the state-variables not only

nondimensional but also of unit order of magnitude.

The present study developed a velocity scale related to the intensity of the buoyant motion as
described by the free-fall velocity of a thermal (Gray and Giorgini, 1976). This velocity scale is derived
by assuming the kinetic energy of the buoyancy-induced flow is balanced by the work done by the
buoyancy force (as represented by the Bousinnesq approximation) acting over the reference length scale,

hence,

p Ur:f

_—

Ly 288 g Ly (364)
28,

ref 8.
The free-fall velocity is, therefore, proportional to (g B AT, L, )", as
1
Uref = E (g p Lref A Tref )1/2 (365)

where C is a problem-dependent constant that can be adjusted to reduce computational conditioning, e.g.,
round-off problems. One consequence of Eq. (365) is that the square root of the Grashof number assumes
the role of the Reynolds number in the scaling of the Navier-Stokes equations (Jaluria, 1980, and Gebhart

et al., 1988), i.e.,

ULy 1 e Ly 1(8BAT LY\ (Gry12(366)
Re - = s g (8P8Ty Ly =X -G |0 -

The Archimedes number, Ar, becomes
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ME%=C2%=C2 367)

thus giving some physical guidance for the selection of an appropriate value for C. For the thermal-driven
cavity solutions developed in the present study and following numerical experimentation, C=1 was
determined to minimize computational ill-conditioning problems over the Rayleigh number range for the
benchmark. With the nondimensionalization of the conservation law system described in Chapter 2, the
selection of C provides a measure of control over the scaling of the diffusion terms in the momentum and
energy equations (thus affecting computational stability) through the Reynolds and Peclet numbers. For

C=1, Ar=1, and the Reynolds (Re) and Peclet (Pe) numbers are

Re=( )™ - ((Raspryinic,
(368)

1/2
Pe=RePr=(%) Pr = {(RaPr)!'/2}._,

In a post-processing operation, the nondimensional velocities computed by CFDL.PHI3D are muitiplied

by (Ra Pr/ Ar)”* for comparison to the benchmark solution of de Vahl Davis.

The benchmark Nusselt number is defined as the x,- or horizontal component of the

dimensionless local heat flux vector (de Vahl Davis, 1983).

a0

»

Nu(x,",x,)= u,© -

(369)
ax,

where
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(T(xpxz)'Tcald) . u‘:ﬂ(_xl_’xL) . 'E—f—l- . L

: = DX : = L (370)
( Thot - Tcold) ' Lref : Lref rof

e(x,,x,) =

Except for the vertical sidewalls, the local first derivative of the potential temperature with respect to x,*
is approximated in the present results by a three-point second-order central-difference formula (Hoffmann,
1989),

a8 o 0.+ (Yz' ne,; - Yzei_l
y(y+1)(Axy)

O(Ax)?

%1 *,,%)
G7)

Axi+l
Ax;

I

Y = ; Ax; = (xl‘)i_(xl')i-l

where i is a node-column index. Dimensionless temperature gradients at the vertical sidewalls were
calculated using a two-point first-order difference ratio. The five benchmark Nusselt numbers are defined

as

1

[ Nu(0,x")dx;

Nu,

o

1
[ Nu(1/2,%")dx)
0

Ny, 2

rt 372
Nu,, = [ [ Nu(x',x)dx dx/’ ¢
0 0

Nu,, = max (Nu(0,x,))
0< x, < 1
Nu,, = min (Nu(0,Xx,))

0s %, < 1

For the present study, the integrations required for evaluating Nu,, Nu,,, and Nu, , are calculated

avg

numerically using the trapezoidal rule.




Table 9 presents a comparison of the seven benchmark parameters as calculated by de Vahl Davis
(1983), Upson et al. (1980), Markatos and Pericleous (1984), and the present study, for Ra = 10°, 10*, 10°,
and 10°, Figure 21 gives a comparison of the solutions for four accuracy measures in terms of their
percent deviation from the benchmark solution by de Vahl Davis (1983). The agreement among the
solutions is generally good. The most significant disagreement occurs in the values for Nu_,, and Nu,,,.
Markatos and Pericleous found these accuracy measures to be very sensitive to small differences in the

temperature solution.

Upson et al. solved the benchmark problem using a finite element penalty method code,
implemented with 9-node biquadratic elements for »; and ® and a bilinear discontinuous approximation
for pressure P. They chose the free-fall velocity, (g B AT,;L,,;)* with C = 1, as their reference velocity
scale because “it results in dimensionless velocities and pressures that are of order unity, and secondly, it
allows simulation at larger Ra since the penalty method is more accurate in this form ... ” (Upson et al.,
1980). The nonuniform finite element mesh consisted of 745 nodes and 168 isoparametric elements with
refinement near the walls and in the four corners. The reported Nusselt numbers were calculated using the
“consistent flux method” which gives an integral relation for the heat flux distribution at the boundaries.
The two Nusselt numbers that require interior heat flux data, Nu,, and Nu,,,, are not reported by Upson et

al.

Markatos and Pericleous (1984) employ the finite-volume algorithm SIMPLEST (Patankar,
1980) with a nonuniform M=40x40 mesh. Three- and five-point finite difference formulae are used to
resolve the temperature gradients required for the Nusselt number calculations. For Ra up to 10°, solutions
were obtained using “normalized variables, in such a way that dimensionless velocities were of the order

of unity, in order to improve the accuracy of the results.” The specific velocity scale is not reported.
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Table 9. Benchmark Measures for 2D Natural Convection of Air in a Square Cavity

|| Ra=10* l

l * ) €)) @ | @ ) &) )] |

L e e L L .
U)o 3.649 3.656 3.544 3.668 16.18 16.19 16.18 16.26
at x, 0.813 0.812 0.832 0.811 0.823 0.822 0.832 0.841
Up max 3.697 3.704 3.593 3.709 19.62 19.68 19.44 20.22
at x, 0.178 0.166 0.168 0.189 0.119 0.119 0.113 0.107
Nu,,,g 1.118 - 1.108 1.111 2.243 - 2.201 2212
Nu,, 1.118 - - 1.124 2.243 - - 2.205
Nu, 1.117 1.118 - 1.117 2.238 2.245 - 2221
Nu,,,, 1.505 1.506 1.496 1.507 3.528 3.535 3.482 3.460
at x, 0.092 0.075 0.082 0.107 0.143 0.132 0.142 0.159
Nu,,;, 0.692 0.691 0.720 0.685 0.586 0.585 0.643 0.511
at x, 1 1 0.992 0.954 1 1 0.992 0.971

" Ra=10° Ra=10°

" a 2) €)) )] 1) () €)) _ &)
U} s 34,73 34.62 35.73 31.72 64.63 64.59 68.81 61.84
at x, 0.855 0.856 0.857 0.868 0.850 0.850 0.872 0.841
Uy e 68.59 68.90 69.08 70.82 2194 220.6 221.8 225.7
at x, 0.066 0.066 0.067 0.064 0.037 0.032 0.038 0.040
Nu,vs 4.519 - 4430 4.454 8.800 - 8.754 8.802
Nu,, 4,519 - - 4.496 8.799 - - 8.750
Nuy, 4.509 4.521 - 4.482 8.817 8.817 - 8.863
Nu,,, 7717 7.731 7.626 7.510 17.92 17.29 17.87 17.08
at x, 0.081 0.075 0.082 0.107 0.038 0.045 0.038 0.052
Nu,, 0.729 0.728 0.824 0.279 0.989 0.980 1.232 0.115
at x, 1 1 0.992 0.954 1 1 0.992 0.966

*Solution Source Key

(1) de Vahl Davis (1983)

(2) Upson et al. (1980)
(3) Markatos and Pericleous (1984)

(4) Present results M=32x32
(5) Present results M=80x80
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Figure 21. Comparisons to deVahl Davis (1983) benchmark for four accuracy measures.
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For the present results, an M=32x32 nonuniform mesh, shown in Fig. 22a, was used for solutions
at Ra=10%, 10*, and 10°, and an M=80x80 mesh, in Fig. 22b, was used for Ra = 10°. At each Rayleigh
number, the solution was run for approximately 1000 time steps. The benchmark variables were then
calculated, and the solution restarted and run an additional 500 time steps. If the benchmark measures
remained stationary to three significant figures, then the solution was accepted as converged. This solution

was then used as the initial condition for the next higher Rayleigh number execution.

The results of de Vahl Davis (1983) and the present solutions are summarized as contour plots of
streamline, temperature, and the u, and «, velocity components in Figs. 23-30, respectively. Qualitative
agreement with the companion plots presented in the de Vahl Davis’s benchmark solution is good. The
contour values for each plot are presented using a common format, i.e., cmin (interval) cmax, where cmin
and cmax are the minimum and maximum contours and interval is the interval between each contour line.
As noted by Upson et al. (1980), the flow fields are similar at Ra = 10° and 10%, with a primary vortex roll
completely filling the domain. Significant vertical temperature stratification in the central core has already
developed, however, by Ra = 10*. Secondary vortex rolls, embedded in the primary roll, are evident by
Ra = 10°, and definite thermal boundary layers are evident along the vertical walls. These secondary rolls
do not result from an instability of the base flow but are caused by the flow-induced distortion of the
temperature field (Mallinson and de Vahl Davis, 1977). As the Rayleigh number increases to 10°, the
secondary rolls strengthen and become distorted in shape, and their centers move closer to the vertical
walls. There is also evidence of a weak tertiary vortex roll, rotating in the same direction as the base flow,

developing in the central core.
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(a) M=32x32
adiabatic

gravity

Thot

adiabatic
(b) M=80x80

Figure 22. Natural convection in a cavity.
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(a) Ray10°

(b) Ra=10*

(c) Ra=10° {d) Ra=10*
Figure 23. Contour maps of streamfunction, de Vahl Davis (1983).

(a) Ra=10° (b) Ra=10*

=

(c) Ra=10* (d) Ra=10°

—

‘ Figure 24. Streamlines computed by TECPLOT, present data.
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Figure 26. Temperature contou

rs at 0(0.1)1, present data.
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(a) Ra=10"-3.637(0.7274)3.637 ¥ (b) Ra=10* -16(3.2)16
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(c) Ra=10° -43.59(8.719)43.59 (d) Ra=10°-125.5(25.1)125.5
Figure 27, Contour horizontal u, velocity component, de Vahl Davis (1983).
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(a) Ra=10%-3.637(0.7274)3.637 (b) Ra=10*-16(3.2)16

(c) Ra=10° -43.59(8.719)43.59 (d) Ra=10° -125.5(25.1)125.5

Figure 28. Contours of horizontal u, velocity component, present data.
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(a) Ra=10" -3.663(0.7327)3.663 _ . (b) Ra=10* -19.39(3.877)19.39

(0 Ra-lO’ -67.96(13.59)67.96 (d) Ra=10° -207.6(41.52)207.6 -

Figure 29. Contour of vertical 4, velocity, de Vahl Davis (1983).

(a) Ra=10° -3.663(0.7327)3.663 (b) Ra=10" -19.39(3.877)19.39

1

(c) Ra=10° -67.96(13.59)67.96  (d) Ra=10° -207.6(41.52)207.6

Figure 30. Contours of vertical #, velocity component, present data.
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Three-Dimensional Natural Convection Cavity

The 3-dimensional extension of the “double-glazing” problem is natural convection in a
rectangular box, Fig. 31, called the “window cavity” problem by Mallinson and de Vahl Davis (1977).
Two opposing vertical walls are set at different temperatures, and all other walls are adiabatic. For the
momentum equations, all walls have the no-slip boundary condition. Unfortunately, no verification,
validation, or benchmark quality solutions have yet been published in the literature. Some limited
qualitative data are available (cf. Aziz and Hellums, 1967; Reddy, 1982; Pepper and Watterberg, 1986;
and Reddy et al., 1992); however, the typical intent of these papers is to demonstrate either a new CFD
formulation or a new technique for flow visualization of 3-dimensional solutions. Essentially no

quantitative data have been found.

2%
adiabatic wall |
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Figure 31. “Window cavity” problem.
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One of the more informative studies of 3-dimensional flow structures in the “window cavity”
problem is reported by Mallinson and de Vahl Davis (1977). They employed a vorticity/vector potential
formulation to obtain steady-state solutions using the method of false transient (Mallinson and de Vahli
Davis (1973)) for 0 < Ra < 10%, 0.1 < Pr < 100, and box aspect ratios from 1 to 5. The majority of their
solutions were obtained with a mesh of A=15x15x15 using either a PDP-10 or an IBM 360/50 computer.
This mesh was considered to represent a reasonable compromise between accuracy and computing cost,
considering the limitations of computing capacity in 1977 and the exploratory nature of the study.
Qualitative characterization of the essential flow structures were desired rather than establishment of

benchmark quality data.

The absence of heat losses from the end-walls, floor, and ceiling of the box, combined with the
no-slip boundary condition on all walls causes the three-dimensional axial flow character in the “window
cavity” problem. Mallinson and de Vahl Davis (1977) describe two mechanisms associated with the
end-wall that appear to cause such axial flows. The first mode, called the inertial end effect, is due to the
kinematic interaction of the rotating fluid with the stationary end-wall. The second mode, the thermal end
effect, results from axial temperature gradients near the ends of the box generated by variations in the flow

field.

The geometry for the “window cavity” problem are shown in Fig. 32 where the end-walls, floor,
and ceiling are adiabatic and the long opposing sidewalls are fixed at different temperatures. The cavity is
twice as long as it is tall and wide. Due to symmetry of the geometry and boundary conditions, only half

of the cavity is modeled with the M=30x30x18 mesh depicted in Fig. 33. The global coordinate




Figure 32. Geometry for the “window cavity” problem.
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system origin is located at the lower corner of the symmetry plane, contiguous with the hot vertical
sidewall. Solutions for three cases, as reported by Mallinson and de Vahl Davis (1977), were obtained

using CFDL.PHI3D: (1) Ra=10* Pr=0.1, (2) Ra=10* Pr=100, and (3) Ra=1.5x10° Pr=0.71.

Lagrangian particle tracks were calculated from the solutions of Cases 1 and 2 using a modified
Euler integration scheme for visualization, as suggested by Mallinson and de Vahl Davis (1973). The
tracks presented in Figs. 34 and 35 have origins at (0.6,0.6,0.9) and (0.6,0.6,-0.9), respectively. The tracks
are reflected into the mirror quadrant for full problem characterization. The spiraling motion of the
particles from the end-walls towards the central mid-plane is clearly evident. Temperature contours and
velocity vectors on select horizontal and vertical cutting mid-planes are presented in Figs. 36-39 for Cases
1 and 2, respectively. The corresponding pressure contours with velocity vector plots are given in
Figs. 40-43. The strong influence of the Prandtl number can be observed in these data presentations. For
Case 1, at Pr=0.1, the maximum computed longitudinal velocity, along the common axial center line of
the horizontal and vertical mid-planes, was 3.17, after being scaled by (Ra Pr/ Ar)% to reflect the
reference velocity used by Mallinson and de Vahl Davis. At Pr=100 in Case 2, the corresponding

maximum longitudinal velocity was 0.67 in the -x, direction.

Particle tracks were calculated for Case 3 using the starting points specified by Mallinson and de
Vahl Davis (1977), (0.5, 0.49, 0.9) for the forward flow and (0.3, 0.65, 0.2) for the reverse flow as shown
in Figs. 44 and 45. Temperature and pressure contours for this case are presented in Figs. 46-49. The

more complex nature of the flow at this higher Rayleigh number is apparent in these figures.
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Figure 34. Particle tracks for Ra=10* Pr=0.1.
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Figure 36. View of horizontal mid-plane Ra=10* Pr=0.1
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Figure 39. View of vertical mid-plane Ra=10* Pr=100: temperature 0(0.1)1.
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Figure 40. Horizontal mid-plane Ra=10* Pr=0.1: pressure —-7.1x107(1.42x107)7.1x10"".
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Figure 42. Vertical mid-plane Ra=10* Pr=0.1
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Figure 44. Particle tracks for Ra=1.5x10° Pr=0.71: forward flow.
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Figure 45. Particle tracks for Ra=1.5x10° Pr=0.71: reverse flow.
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The inertial end effect has been studied by Pao (1970) (as cited by Mallinson and de Vahl Davis,
1977) using a rotating cylinder with a stationary end-wall. For the case of a low Rayleigh number single
vortex roll, the rotating cylinder approximation is fairly representative of the end effect. Based on the
results of Pao’s analysis, Mallinson and de Vahl Davis postulated that the intensity of the axial flow

would be inversely proportional to the Prandtl number.

The thermal end effect, manifested by small axial temperature gradients near the end-walls, is
due to reduced convective heat transport in the vicinity of the end walls. The reduction in convection in
this region is the result of the additional viscous drag on the fluid by the proximity of the noslip boundary
condition at the end-wall. Mallinson and de Vahl Davis assert that, at least for 0.2 < Pr < 100, the thermal
effect is independent of Pr. Since the axial flow due to the inertial effect decreases with increasing Pr,
they argue that at Pr=100 any 3-dimensional flow structure is due to the thermal effect alone. “The total
longitudinal motion at any Pr is thus the sum of a constant thermal effect and a Pr-dependent inertial
effect. The magnitude of the constant thermal effect can be deduced from a high Prandtl number solution,

for which the inertial effect should be negligible.”

At Rayleigh numbers less than 6x10*, the axial flow proceeds from the center of both end-walls
in a spiraling motion towards the central symmetry plane, Figs. 34-35. The return path for the reverse
flow is along the vertical and horizontal sidewalls. As was the case with the 2-dimensional double glazing
problem, the flow structure becomes more complicated at Rayleigh numbers above 10* due the presence
of secondary motion. For Ra=1.5x10° and Pr=0.71, Mallinson and de Vahl Davis observed two secondary
vortex rolls in the cross-sectional flow far from the end-wails. Strong axial flows occurred near the
end-walls, with each secondary roll forming its own spiral center for the inward moving flow. At these

higher Rayleigh numbers, the axial flows are confined to the vicinity of the end-walls, Figs. 44-49.
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Step-Wall Diffuser

Flow separation, a subject of fundamental importance in fluid mechanics, has been the focus of
intensive study for many years. To aid in experimental and computational investigations of this
phenomenon, a set of simple geometric configurations has been developed as representative test beds
including (a) flow in a pipe with a sudden expansion, (b) flow in a pipe with an obstruction such as an
orifice, (c) flow over an obstruction (either a step or a thin fence) in a channel, and (d) flow in a channel
with a sudden expansion (step-wall diffuser or backward facing step), as depicted in Fig. 50. Within each
base configuration, variations in boundary conditions and the addition of heat and/or mass transfer serve
to further broaden the problem class. Among these four basic configurations, the step-wall diffuser,

Fig. 50d, has become a very popular benchmarking and validation test problem for CFD codes due to its

simple geometry and the availability of quality experimental data.

(a) sudden expansion in a pipe

=

—-

=
(b) obstruction in a pipe

W 1

(c) obstruction in a channel

——-

(-

= =

(d) sudden expansion in a channel

[ ==

Figure 50. Test bed configurations for flow separation.
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Flow separation can be defined as a region of recirculating flow adjacent to a solid boundary.

The positions for detachment and reattachment of the “separation bubble” are delimited by sign changes in
the vorticity of the flow field at the boundary. Within the separation bubble, the flow is characterized by
recirculating vortices and flow reversals. A necessary but not sufficient condition for the onset of flow
separation in both boundary layer and fully-viscous flows is the presence of an adverse pressure gradient
in the flow field near the outer boundary of the separation bubble (Tritton, 1988), where “adverse” refers

to an increasing pressure in the direction of the main flow stream.

Much of the early experimental data on flow separation was developed for boundary layer flows
in studies of the “stall” phenomenon of external aerodynamics. A common test geometry for these studies
is depicted in Figs. 50c and d in which the upper boundary is a free surface. The separation-reattachment
process in boundary layer flows is a complex interaction between the separated shear-layer and the
adjacent flow. Test conditions can be grouped into three distinct regimes reflecting the character of the
flow at the point of detachment and reattachment: (1) laminar-laminar, (2) laminar-turbulent, and (3)

turbulent-turbulent.

Abbott and Kline (1962) studied turbulent-turbulent flows over double and single backward
facing steps using an open-surface water table. Three-dimensional flow structures were observed in the
form of one or more vortices rotating about an axis normal to the vertical step and parallel to the floor of
the test section. This 3-dimensionality is confined in space to the region immediately downstream of the
step; however, the vortices changed in size over time. Adjacent vortices were counter-rotating and varied
in number depending on the step geometry and water depth. With the advent of laser-Doppler
anemometry, experimental studies of turbulent boundary layer separation have continued to produce data
of increasing quality (cf. Etheridge and Kemp, 1978; Kim et al., 1980; Eaton and Johnston, 1981; and
Isomoto and Honami, 1989). Studies of laminar-laminar boundary layer separation (e.g., Goldstein et al.,

1970) indicate that the characteristics of the separation regimes are dependent on both geometry and
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Reynolds number; however, for turbulent-turbulent regimes, the flow structures are dependent primarily

on the step geometry and are relatively insensitive to Reynolds number.

As noted by Tritton (1988), the phenomenon of separation is not confined to boundary layer
flows. When the upper boundary in Figs. 50c and d is an impermeable wall, these two configurations join
Figs. 50a and b in a class of flows for which an inviscid flow regime or distinct shear layer does not exist.
In this class of computational problems, the full Navier-Stokes conservation law must be simulated
throughout the complete flow domain. Axisymmetric flow with a sudden enlargement, Fig. 50a, has been
the subject of computational studies by Donea et al. (1982), Zienkiewicz et al. (1990), and Fang and
Paraschivoiu (1991). Laminar experimental data for this configuration were obtained by Iribarne et al.
(1972). Leone and Gresho (1981) and Carvalho et al. (1987) present benchmark quality solutions for
channel flow over a step, Fig. 50c, and turbulent and laminar stratified channel flow with a backward-
facing step has been studied computationally by Oliver (1980), Leone (1990), Gartling (1990), and

Papanastasiou et al. (1992).

The present study has concentrated on isothermal 3-dimensi§nal flows in a channel with a sudden
expansion, Fig. 51, also known as a step-wall diffuser or a backward-facing step. Because of the quality of
the experimental data available and the simplicity of the geometry, this configuration has become a
standard test problem for validation studies of incompressible Navier-Stokes CFD algorithms. Two
experimental investigations have been used extensively in the validation efforts quoted in the literature,

specifically the laminar data of Denham and Patrick (1974) and the laminar and turbulent data of Armaly

et al. (1983).
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Figure 51. Step-wall diffuser geometry.

Denham and Patrick (1974) Experiments

Denham and Patrick (1974) present experimental data for 2-dimensional, laminar, recirculating
flow in a channel with a backward facing step. A'directionally-sensitive laser-Doppler anemometer and
dye-tracer injection were used in their experiments. The test setup consisted of water flowing from a
constant-head tank into a diffuser, through a settling chamber packed with flow-straightening honeycomb
material, and into a 2-dimensional contraction preceding the test section. From the test section, the flow
passed through a bank of flow meters and then into a lower constant-head tank. The backward-facing step
was formed by inserting a block of Perspex into the main channel of the test section. The leading edge of
the block was beveled to avoid separation upstream of the step. The ratio of step height to upstream
channel height (S/4 in Fig. 51) was 0.5 and the spanwise channel width to step height ratio (W/S) was 20.
The expansion ratio for the step, defined as the ratio of the downstream to upstream channel heights
(H/h), was 1.5. Laminar flow velocity profiles were measured at several stations upstream and
downstream of the step, at four different Reynolds numbers (Re= 292, 500, 764, and 916, where the

Reynolds number is evaluated using twice the upstream channel height as a reference length and the
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upstream average flow speed as a reference velocity). For the Reynolds numbers investigated, Denham
and Patrick maintained that the “flow in the mainstream appeared to be truly two-dimensional over at least
the central two-thirds of the width of the channel.” However, 3-dimensional effects were observed in the
region immediately downstream of the step. Dye-tracer observations indicated the presence of secondary
3-dimensional flow in the form of counter-rotating vortices in the recirculation region. The vortex axes
were parallel to the vertical face of the step and normal to the floor. Denham and Patrick note that this
secondary flow “caused the dye trace to spiral out from the centre of the duct” rather than inward as
reported by Goldstein et al. (1970) in their free-surface laminar experiments. At the highest Reynolds
number (Re=916), the initiation of transition to turbulence was observed as small periodic fluctuations in
the velocities near the reattachment point. No secondary separation on the upper wall of the test section

was observed.

Computational simulations of the step geometry used by Denham and Patrick have consistently
predicted longer reattachment lengths for the primary separation bubble than were obtained
experimentally (Hackman et al., 1984 and Ghia et al., 1989). This discrepancy has been attributed to the
construction of the test section which included an asymmetric flared Aevice along the lower wall of the
channel upstream of the step. Ghia et al. (1989) observe that, since the resulting inlet section was
relatively short, the velocity profiles obtained by Denham and Patrick just before the step indicate an
asymmetric distortion from the parabolic profiles typically assumed in computational studies. The severity

of this distortion increases with increasing Reynolds number.

Armaly et al. (1983) Experiments

An open-loop air-driven flow channel was used by Armaly et al. (1983) to measure velocity
distributions and reattachment lengths downstream of a backward-facing step. Results are presented for
laminar, transitional, and turbulent flow of air with a Reynolds number range of 70 < Re < 8000. The

channel height upstream of the step was 5.2 mm, and the downstream channel height was 10.1 mm, giving
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an expansion ratio H/h=1.9423 and a step height S of 4.9 mm. The channel width was 180 mm, and
W/8=36.735. The channel floor, roof, and step face were built of aluminum, machined to close tolerances
regarding wall orientation and surface roughness. The two sidewalls were made of glass, 10 mm thick,
sufficiently rigid to support the test section and to facilitate laser-Doppler measurements using forward-
scattered light. Air flow with 2 um mean diameter silicone oil scattering particles was first fed from a
large settling chamber through five 6 mm diameter bored tubes into the first stage of the flow channel,
consisting of an expansion section packed with steel wool to smoothen the flow and to prevent input
disturbances from affecting the measurements. Passing through a series of flow straighteners, the flow
entered a smooth contracting nozzle whose outlet was connected to the entrance of the test section. The
test section provided a 200 mm straight channel approach to the backward-facing step and a 500 mm long
channel downstream of the step. Operating in a forward-scattering mode, the laser-Doppler anemometer
was set up to measure only the streamwise velocity component. The optical system was fixed in space,

and the test section was moved in steps using a 3-dimensional traversing table.

The reattachment lengths of the separation regions were measured by scanning the lower and
upper walls in the streamwise direction at constant and known elevations. To determine the reattachment
length, the position of the zero-mean-velocity line was measured. The points of detachment and

reattachment were taken as the extrapolated zero-velocity line down the wall.

Measurements of the reattachment length for the primary separation bubble, x, in Fig. 52, just
downstream of the step on the lower wall allowed the identification of the laminar (Re < 1200),
transitional ( 1200 < Re <6600 ), and turbulent ( Re > 6600 ) regimes of the flow, Fig. 53 (Armaly et al.,
1983). The Reynolds number is evaluated with a reference velocity equal to two-thirds of the maximum
velocity measured 10 mm upstream of the step and a reference length equal to twice the upstream channel

height (i.e., the hydraulic diameter of the upstream channel). For the laminar region, the separation length
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Figure 52. Separation regions identified by Armaly et al. (1983).
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Figure 53. Location of detachment and reattachment points v. Re, Armaly et al. (1983).
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increases nonlinearly with the Reynolds number. The transitional flow regime is characterized by a sharp
initial decrease in the reattachment length, followed by a continued gradual, but irregular, decrease to a
minimum at a Reynolds number of approximately 5500. Beyond Re=5500, the reattachment length ceases
to be a function of Reynolds number. An additional separation bubble was measured along the floor of the
channel downstream of the primary separation, x, and x; in Fig. 52. This secondary floor bubble
disappears above a Reynolds number of 2300. A secondary separation region was also observed along the
upper wall downstream of the step, x, and x, in Fig. 52. It develops in the laminar region ( for Re > 400 )
and remains throughout the transition regime. The length of this upper separation bubble initially
increases with increasing Reynolds number and then gradually decreases until it disappears above a

Reynolds number of approximately 6600.

To determine the 2-dimensionality of the flow, spanwise velocity profiles at various constant
elevations were measured at selected Reynolds numbers. At Reynolds numbers smaller than 400, the flow
was predominantly 2-dimensional. Within the Reynolds number range of 400 < Re < 6600, the flow
downstream, and in the immediate vicinity of the step, was found to be 3-dimensional. The experimental
data of Armaly et al. (1983) and Denham and Patrick (1974), in terms of the reattachment length of the
primary separation region v. Reynolds number, are plotted in Figs. 54 and 55 for two length scale
definitions, the step height S and the hydraulic diameter of the upstream channel D,, respectively. The two
data sets were obtained using test sections with different expansion ratios, H/A= 1.9423 for Armaly et al.
and H/h=1.5 for Denham and Patrick. As noted by Armaly et al. (1983), the two data sets appear to
correlate well with the Reynolds number evaluation in Fig. 54, incorrectly suggesting that the
reattachment length is a function of Re alone. The lack of correlation between the data sets, evident in

Fig. 55, demonstrates that the reattachment length may be a function of several variables
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including Reynolds number, step geometry, and velocity profile at the step plane. Accordingly, it is very
important that validation studies correctly simulate the geometry and upstream flow conditions as well as

the Reynolds number of the experiment.

Computational Experiments

Two- and 3-dimensional models simulating the step-wall diffuser experiments carried out by
Armaly et al. (1983) were developed for CFDL.PHI3D. The 2-dimensional model, Fig. 56, used an
M=4x11x1 discretization upstream of the step and M=87x20x1 downstream of the mesh, where all
velocities in z-coordinate direction are set to zero. Exploiting the experimentally verified symmetry of the
flow field, the 3-dimensional model, Fig. 57, employed a central vertical symmetry plane with a mesh
discretization of M=4x11x24 upstream and M=87x20x24 downstream of the step plane. The upstream and

downstream channels are approximately 1 and 30 step-heights long, respectively.

The final meshes for the 2- and 3- dimensional models resulted from a mesh refinement study
that investigated the sensitivity of the solutions to: (a) channel lengths upstream and downstream of the
step and (b) the mesh refinement and grading near all walls, the step plane, regions of separation, and the
approach to the outflow plane. Seven stages of mesh refinement were investigated for the 3-dimensional
model, starting with approximately 20,000 nodes and progressing to the final mesh of 47,300 nodes.
Using an approach length of ten step-heights, the initial 2-dimensional results indicated that a
fully-developed velocity profile was well-established within one step-height from the inlet plane, allowing
the shortening of the approach channel. The 2- and 3-dimensional studies also showed that adequate mesh
grading was necessary both upstream and downstream of the step-plane. Grading along the upper wall was
critical in the 3-dimensional model for resolving the thin secondary separation region, and the solution

became unstable if the mesh was inadequately graded near the outflow plane.
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The velocity boundary conditions for both models included no-slip conditions at all impermeable
walls, prescribed fully-developed laminar velocity profile at the inflow plane, and a zero traction
Neumann condition as described in Chapter 4 for the outflow plane. The pressure and continuity
constraint function @ were both set to zero across the outflow plane. Except for the symmetry plane, the
boundary condition for the constraint function was homogeneous Neumann. To maintain a free-slip
tangency condition for the symmetry plane, a nonhomogeneous Neumann boundary condition for ® is
calculated as the solution evolves. The pressure boundary condition was homogeneous Neumann across
the symmetry plane and nonhomogeneous Neumann for the inflow and no-slip boundaries. For Re=100,
the initial conditions for the velocity field were a fully developed profile filling the upstream and
downstream channels, where the downstream channel profile was scaled from the upstream profile by the
cross-sectional area ratio (upstream to downstream) to provide a nominal conservation of mass at =0.0.
The initial pressure field was calculated by the pressure Poisson equation using the initial velocity data.
For subsequent higher Re, Reynolds number continuation was used to obtain initial conditions. For both

the 2- and 3-dimensional simulations, laminar steady-state solutions were obtained for 100 < Re < 800.

Preliminary results for the 3-dimensional model indicated an instability in the computed velocity
distribution at the step plane that did not respond to remeshing. It was postulated that the source of the
instability was due to roundoff error, produced by the significant difference in magnitude of the three
velocity components. The problem was eliminated by rotating the computational coordinate system,
relative to the “laboratory” reference frame, through two successive Euler angles. The first transformation
was a +45° rotation aboﬁt the z-coordinate axis, producing a (x’, y’, z") coordinate triad, and the second
transformation involved a +45° rotation about the y-coordinate axis to produce (x", y", z") where all
computations were performed. In the new reference frame, all three velocity components were of the same

order of magnitude as measured by their respective energy semi-norms, defined by
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where g represents any state-variable and C is a normalizing constant.

A number of researchers have used the experimental data of Armaly et al. (1983) for
computational validation studies. A representative sampling from the literature is presented in Table 10.
The CFD formulations include a range of algorithms, such as the finite difference MAC, finite volume
SIMPLE, finite element penalty, and pseudo-spectral formulations. The Reynolds numbers cited in the
far right column are calculated using a consistent reference velocity and length scale. As described by
Armaly et al. the reference velocity is the average bulk velocity in the upstream channel (defined as two
thirds of the maximum axial velocity measured 10 mm before the step plane), and the reference length is

the hydraulic diameter of the upstream channel (defined as the twice the upstream channel height).

Present results from the 2-dimensional simulations in the region near the step are summarized in
Fig. 58 for Re = 389, 648, and 800. The Re = 389 solution is close to the experimentally determined
upper bound for approximate 2-dimensional velocity profiles at the central symmetry plane. Beyond
Re = 400, evidence of 3-dimensional flow structures are reported by Armaly et al. in the form of a
variable line of reattachment for the primary separation bubble across the floor of the downstream
channel. Above approximately 400, it has been postulated that the reason the 2-dimensional solutions
cease to agree with the experimental reattachment data is due to the 3-dimensionality of the flow (Ghia et
al.,1989). The onset of the secondary separation along the upper wall of the downstream duct also occurs
near Re=400. The short vertical arrows denote the detachment and reattachment points reported by

Armaly et al., and the computational locations are marked with longer vertical arrows. These
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Table 10. Computational Studies of Step-Wall Diffuser.
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Method/Code Mesh Reynolds
No.
A"“‘;lgysgt al, J. Fluid Mech. SIMPLE/TEACH 45x45(2D) <1250
Kim and Moin, , Chorin’s projection
1985 J. Comp. Physics method 101x101(2D) 100-800
Guj and Stella, Int. J. Numer. Meth. e .
1988 Fluids vorticity- velocity 101x40(2D) 80-800
Sohn, 1988 Int. J. Numer. Meth penalty/FIDAP 61x33(2D) 100-800
Fluids
pseudospectral
Ku et al., 1989 J. Comp. Physics matrix element 43)9(;])6(3«31(82(?1))) 75-450
(PSME)
. Int. J. Numer. Meth. vorticity-

Ghia et al., 1989 Fluids streamfunction 195x33(2D) 300-1200
Thangam and Comp. Fluids SIMPLE 120x61(2D) | 33.3-600
Knight, 1990 ' :

. Int. J. Numer. Meth. | penalty/NACHOS II
Gartling, 1990 it & FIDAP 800x40(2D) 800
Ik°hag;;;‘ld Shin, Comp. Fluids SMAC 70x21(2D) 100-800
n‘°*‘?§‘9§‘ al, Comp. Fluids SMAC 75x35x31 (3D) 1000
preconditioned
Cabuk et al., 1992 AIAA J. pseudo- 121x21(2D) 100-600
compressibility
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Figure 58. Present results for 2-dimensional simulations.
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computational locations were determined from the intersection of zero vorticity contours with the wall
boundaries. The contours of negative streamwise velocity in Fig. 58 provide a visualization of the

back-flow in the separation regions.

Primary reattachment lengths, normalized by the step height S, are plotted as a function of the
Reynolds number in Fig. 59. The 2-dimensional computational data reported by various researchers show
good agreement with the experimental values up to Re = 400. Above 400, the computational results

diverge, as expected, from the experiments.

Dispersion error control proved to be vitally important for maintaining solution stability above
Re ~ 400 in both the 2- and 3-dimensional simulations. Interestingly, the influence of dispersion error
manifested itself most significantly in the pressure solution. Comparative pressure solutions are presented
in Figs. 60a and 60b for Re=648. In Fig. 60a, the 2-dimensional simulation has been run 500 time steps
with the steady state solution at Re=389 as the initial condition and the TWS dissipation parameter f=0.
For the same initial condition but B=0.1, the pressure solution in Fig. 60b was obtained, also after 500
time steps. The presence of a dominant 2-Ax dispersive error mode can be clearly seen in Fig. 60a. A
visual inspection of the corresponding velocity solutions showed no readily discernible differences;
however, attempting to continue to a higher Reynolds number using the solution in Fig. 60a as the initial
condition resulted in a divergence. A converged steady-state solution at Re=800 was obtained using the
solution of Fig. 60b as the initial condition continuing with $=0.1. The pressure solution, therefore,
represents a sensitive diagnostic measure of the presence of a very subtle, low-level, and potentially

destabilizing dispersive-mode error in the velocity solution,
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Figure 59. Primary reattachment length v. Re, 2-dimensional solutions.
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Figure 60. Two-dimensional pressure solutions at Re=648: (a) 8=0, (b) §=0.1.
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This sensitivity is due to the complex nature of the right-hand-side residual for the pressure
Poisson solution. As discussed in Chapter 4, the residual for the pressure Poisson equation involves

products of the velocity components and their spatial derivatives of the form

DET, EIX_ EIM_ {UT}T[C30KM] { U1} 374
A number of areas were investigated to remove the dispersive error shown in Fig. 60a, including
remeshing, using different iterative and direct linear algebra solvers, and modifying Eq. (374) to a simpler

form

DET, EIK, EM, UJ [C2KM]{ U1} (375)
None of these attempts were successful. Only the annihilation of the dispersive error in the velocity

distribution through the TWS formulation provided the necessary smoothness in the pressure residual.

Velocity vector distributions on the symmetry plane of the 3-dimensional solution are shown in
Fig. 61 for (a) Re=389, (b) Re=648, and (c) Re=800. In Fig. 62, the reattachment lengths of the primary
separation region for this same symmetry plane are compared to the éxperimental data of Armaly et al.
(1983) and the 3-dimensional computational results of Ku et al. (1989). The present 3-dimensional results
show good agreement with the primary reattachment data of Armaly et al. above the Reynolds number at
which the 2-dimensional solutions began to diverge. The resolution of the very thin secondary separation
region on the upper wall of the channel is in general qualitatively good; however, the present mesh may

not be sufficiently refined to recover the same level of detail obtained for the primary region.
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Figure 61. Present results of 3-dimensional model at symmetry plane.
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As a demonstration of the 2- and 3-dimensional character of the flow below and above Re=400,
respectively, Armaly et al. reported spanwise velocity profiles for Re=397 and Re=648. For Re=397, the
spanwise scans were taken at an elevation 7.5 mm above the floor of the downstream channel, Fig. 63.

The data from three x-stations, Figs. 64a-c, confirm that the flow is essentially 2-dimensional.

At x/5=6.22, which is upstream of the measured primary reattachment point, the 2-dimensional
character of the flow field is captured by the present results; however, the magnitude of the computed
axial velocity exceeds the experimental value by approximately a factor of 5. The low level of the
experimental velocity is predicted to occur 2 mm above the 7.5 mm as graphed in in Fig. 64a. These
experimental data appear to be inconsistent with the magnitude of the axial velocities measured
downstream of the primary reattachment point. By the conservation of mass, one would expect at least the
average axial velocities at x/S=6.2 to be higher than those at x/5=14.3 and 18.9, due to the reduced

axial-flow cross sectional area available where the primary recirculation region exists.

The computational results are in good agreement with the experimental axial profile at x/5=14.3,
downstream of the reattachment of the primary separation. Further downstream at x/5=18.8, the
experimental profile shows a significant increase in average velocity, and the computational profile
indicates a slight decrease. If the flow has re-established an approximate fully-developed profile at
x/8=14.3, as suggested by the agreement shown in Fig. 64b, then there appears to be a substantial error in
the experimental results. The conservation of mass does not allow an increase in velocity unless additional
(and undetected in both experiment and CFD simulations) separation regions were encountered in the
channel. At all x-stations plotted, the 3-dimensional nature of the flow near the sidewall can be seen in
the present results, which is apparently beyond the detection range of the experiment. As will be shown,

the 3-dimensional structures near the sidewall are CFD-predicted to have a significant influence on the
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Figure 63. Locations of transverse planes for spanwise velocity profiles, Re=397.
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Figure 64. Comparison of spanwise velocity distributions, Re=397.
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Fig. 64. (continued) Comparison of spanwise axial velocity distributions, Re=397.
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Figure 65. Locations of transverse planes for spanwise experimental velocity profile
measurements, Re=648.
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Figure 66. Comparison of CFD and experimental spanwise velocity profiles, y=7.5 mm
Re=648.
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Fig. 66. (continued) Spanwise velocity profiles, Re=648 y = 7.5 mm.
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Figﬁre 67. Comparison of CFD and experimental spanwise axial velocity profiles, y=2.35 mm

Re=648.
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Fig. 67.(continued)Spanwise velocity profiles, Re=648 y=2.35mm.
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Figure 68. Separation region “footprints”, Re=389.
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Figure 69. Separation region “footprints”, Re=500.
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Figure 70. Separation region “footprints”, Re=648.
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Figure 71. Separation region “footprints”, Re=800.
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regions out into the main flow field. The separation bubble on the roof near the symmetry plane is very

thin, approximately 1 mm, and does not connect with the sidewall separation region for Re < 800.

As was the case with the 2-dimensional simulations, CFD dispersion error control was essential
for obtaining stable solutions above Re~400. Two comparative pressure solutions are presented in Fig. 72
for Re=648 to illustrate this key issue. In Fig. 72a, the dissipation parameter § was set to 0, resuiting in
significant 2-Ax waves in the pressure solution occurring for a fully steady-state velocity prediction
visually devoid of a dispersive error mode. Setting $=0.1 produced the smooth pressure distribution given,
for the nominally (visually) identical velocity field, in Fig. 72b. Polluted pressure solutions from Fig. 72a

are confirmed to prevent the attainment of stable steady-state solutions at Reynolds numbers above 400.

Another enhancement to improved visualization the flow field is via computation of “oil-flow”
streaklines, as calculated from the projection of the velocity field onto horizontal planes near the floor and
the roof. For Re=800, the solid lines with arrows, Fig. 73, are such streaklines demonstrating the
significant 3-dimensional flow character around and within the primary and secondary separation regions.
The solid lines without arrows are contours of negative streamwise velocity, corresponding to the contours
presented in Fig. 71. The pronounced vertical-axis vortex in the flow near the roof, Fig. 73a, is very

shallow (as will be examined further using a lagrangian particle track in this region).

Flow field enlargements near the sidewall at Re=800 are projected in Fig. 74 onto transverse
planes, located at x,/S=7.72 and 18.37 step-heights from the step. These transverse projections clearly
show the strong 3-dimensionality of the flow involving a wall jet at the step and complex vortex
structures that extend well beyond the region of reverse flow, in the upper and lower corners of the
channel, and into the central flow field. (The perspective graphs are included to enhance the location

sense.)
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Figure 72. Pressure contours for Re=648.
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Figure 73. Oil-flow streaklines at Re=800 on horizontal planes.
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Lagrangian particle tracks were calculated from steady-state velocity vector solutions using a
modified Euler integration scheme suggested by Mallinson and de Vahl Davis (1973). For a particle
release point of (5,5.1,89), the tracks for Re=389, 648, and 800 are shown in Figs. 75, 76, and 77,
respectively. The diameter of the particle symbol (the*bubble”) is a function of elevation above the
channel floor, and the distance between each bubble represents a constant elapsed-time interval. In
Fig. 78, the particle release point is near the vertical-axis vortex shown in Fig. 73b. Note that the bubble

diameter is generally uniform, confirming the shallowness of the vortex structure at this location.

Ghia et al. (1989) have suggested two possible mechanisms for what they termed an “abrupt
change” in flow structure from 2- to 3-dimensional flow when the secondary separation bubble first
appears on the upper wall at Re=400. They note that 2-dimensional boundary layer flows, subject to a
locally destabilizing concave curvature of the boundary, are susceptible to a Taylor-Gortler vortex
instability. Spanwise-periodic counter-rotating pairs of vortices with axes aligned with the main flow
. direction are formed as a result of this instability. It has been suggested that such a vortex instability could
be a common phenomenon near 2-dimensional separation points. Ghia et al. postulate that the appearance
of the secondary separation bubble on the upper wall provides the necessary conditions for the formation
of Taylor-Gortler vortices, and they propose “that the additional mixing which would accompany a
developing Taylor-Gortler instability would tend to delay the upper wall separation; thus causing the
secondary separation point, x, , to occur farther downstream than wouid be predicted on the basis of a
strictly two-dimensional analysis.” The delay of the detachment of the secondary separation decreases its
blocking effect and allows the development of a longer reattachment length for the primary separation

bubble than would be predicted in the absence of this 3-dimensional disturbance.
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Figure 75. Lagrangian particle track for Re=389.
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Figure 76. Lagrangian particle track for Re=648.
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The alternative mechanism suggested by Ghia et al. involves the growth and interaction of the
boundary layers on the sidewalls of the test section. They rejected this mechanism based upon their
assumption that the effect would tend to decrease with increasing Reynolds number due to a thinning of

the sidewall bomidary layers.

The present results support the contention that the formation and structure of the upper separation
region is a critical element in explaining the divergence of 2-dimensional simulations from the
experimentally observed primary reattachment lengths. Comparison of the 2- and 3-dimensional resuits in
Figs. 58 and 61, respectively, shows that a much thicker separation bubble is formed in the 2-dimensional
simulation which, once established, produces a relatively stationary blockage of the channel. This blocking

effect serves to prevent the growth of the primary reattachment length with increasing Reynolds number.

Armaly et al. present the spanwise velocity profiles shown in Figs. 64, 66, and 67 as evidence for
their contention that the flow is 2-dimensional for Re < 400 and 3-dimensional for Re > 400. There is
generally good agreement between the present results and their experiments for Re = 397 and excellent
agreement for Re = 648. The present computational results, however, reveal details of the flow structure,
unavailable to Armaly et al., which suggest a third mechanism for the development of strongly

3-dimensional flow with increasing Reynolds number.

A wall jet, attached to the sidewall as shown in Fig. 74, forms at the step plane and grows in
strength with increasing Reynolds number. Observed at the lowest Reynolds number simulated (Re=100),
this wall jet, interacting with separation regions along the upper and lower corners of the sidewall, is the
source of 3-dimensional vortices in the vicinity of the sidewall which penetrate the central flow stream
within the primary separation region. The particle tracks in Figs. 75-78 reveal a fascinating picture of very
complex 3-dimensional flow structures. Even at Re = 389, the tracking particle, released at the source of

the wall jet in Fig. 78, shows a spiralling 3-dimensional path from the sidewall to the central symmetry
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plane. Nearing the symmetry plane, the particle joins the essentially 2-dimensional primary separation
region. As the Reynolds number increases, the wall jet strengthens, and the point at which the tracking
particle is caught up by the central separation region moves closer to the symmetry plane, Figs. 76 and 77.
Rather than thinning, the separation region along the sidewall continues to develop with increasing
Reynolds number. Complex 3-dimensional vortices can be observed along the sidewall, Fig. 74, and roof,
Fig. 78. In summary, the present results show that the transition from 2- to 3-dimensional flow is not an
“abrupt change” but rather a continuous penetration of 3-dimensional flow, fed by a wall jet, from the

sidewall to the central symmetry plane.
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Full Scale Room Air Experiment

In the Ph.D. dissertation of Spitler (1990), see also Spitler et al. (1991) and Cantillo (1990),
flow field and temperature data were taken for several settings of the University of Illinois Dept. of
Mechanical Engineering full-scale room ventilation test facility. Figure 79 illustrates the basic
supply/exhaust configuration for the test facility which is 15 ft long, 9 ft high, and 9 ft wide. The walls
have individually controllable heating panels, and the ceiling and floor of the room are insulated. Two
supply discharge locations are available, in the east side-wall, flush with the north wall, and in the
center of the ceiling. In the selected experiment, only the east side-wall supply and west side-wall

exhaust are active.

A ventilation system is available to supply cool air to the room through one of the supply

discharges at flow rates ranging between 2 and 100 air changes per hour (ACH). Additional details on

the room experimental facility and the available control systems can be found in the cited references.

CEILING SUPPLY

!' 15 \
1l m

EXHAUST | EAST SIDE
.%u. SUPPLY

Figure 79. Schematic of U. Illinois room ventilation test facility.
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Two data sets were selected from Spitler (1990) for comparison to the developed CFD
simulation. These are: (a) buoyancy-dominated flow rate of 15 ACH and Archimedes number (Ar) =4.3
and (b) a flow rate of 30 ACH and Ar=0.82. Other data at selectively larger ACH are also reported, but
these specifications are well beyond nominal HVAC comfort performance specifications. The data
presentations are mainly grey-scale graphs of measured room air speed on select planes, Fig. 80, and as
room-averaged t!lennal stratification maps at select locations, Fig. 81. Somewhat more detailed velocity
(speed) and temperature data are presented in Cantillo (1990), Fig. 82 and Fig. 83, but the air flow rate
of 50 ACH well exceeds the nominal comfort range for HVAC systems. Cantillo (1990) did not report

Archimedes numbers.

For the test conditions studied, the supply outlet was an unobstructed opening (no vanes). The
mass-average inflow speed for 15 ACH was ~80 fpm at 69°F, while, for the 30 ACH test, the supply
flow average speed was ~160 fpm, also at 69°F. The experiment Reynolds numbers, based on the
molecular viscosity of air and the supply duct hydraulic diameter and bulk velocity, are Re,;=15,000 and
Re,;=30,000, respectively, where the subscript denotes ACH. The reported Archimedes numbers (Spitler,
1990) are Ar,;=4.3 and Ar,,=0.82, based on bulk velocity in the supply duct, as the velocity scale, and
the longest possible “throw” of the supply jet (15 ft) as a reference length scale. Finally, the AT, used

in the Ar definition is the difference between the supply and exhaust air temperatures.

The selection of an appropriate and consistent set of U, L, and AT,,, to compute the Ar and
Re is somewhat arbitrary. Spitler (1990) discusses various combinations used by different researchers to

correlate room ventilation experimental data. The primary application for the Archimedes number
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Figure 80. Measured distributions of room air speed in
supply centerplane, (a) 15SACH, Ar=4.3, (b) 30 ACH,
Ar=0.82, range 0 <U <250 fpm, from Spitler (1990).
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Figure 81. Vertical temperature distribution, room supply centerplane,
averaged over the horizontal plane, from Spitler (1990).

264




[ ]
3 ] L] T L
Y ;ggi -
X 2 (i ] vELOCITY (fpm)
o m 350
x [ m 300
x] L o = 250
v [ : i 4 m200
i L @ 150
...... U ]00
R g so
J ' . as
0 1 2 o, 3 4 s
3 /. I.:I.n:l 1 |
2 | VELOCITY (fpm)
u 350
| X u 300
7 I
| .. B 150
e e e e e MRS . e O 100
SRR TN | L.
: : : ' g it SRS pped 1 O
1

VELOCITY (fpm)

m 17S
N 150
| 125
[ 100
|7?s

aso

a2s

oo
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is in the development of empirical correlations for predicting the trajectory of the supply jet. Such
correlations are typically independent of viscous effects, i.e., they do not include the Reynolds number.
To the experimentalist, it is, therefore, not necessary that both the Ar and the Re be defined in terms of

the same characteristic length and velocity scales.

For CFD applications, however, the Ar and Re both appear as scaling parameters in the

momentum equations, so they must be defined consistently. For these CFD experiments, the length

scale was taken to be the height of the room, 9 ft, and the velocity scale was the bulk velocity in the
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supply duct. The AT, is defined as the difference between the prescribed wall boundary temperature and
' the supply temperature, ~13°F for 15 ACH and ~10°F for 30 ACH. This definition for AT, was
selected since both temperatures are known a priori the CFD experiment, while the exhaust air

temperature is to be computed.

CFD Experiments

A series of CFD experiments have been conducted to simulate two test conditions for the
University of Illinois ME full scale experimental facility. The INGRID mesh generator (Stillman and
Hallquist, 1985) was used to build the computational mesh depicted in Fig. 84. This non-uniform
3-dimensional distribution contains 19,926 nodes for 17,712 trilinear hexahedra (8-node) finite elements.
One-foot-long extensions into the supply and exhaust ducts were necessary to facilitate boundary
condition specifications that did not compromise local flow field accuracy. (Note: The typical CFD
experimental procedure reported in the ASHRAE literature does not explore such extensions, such that

local first-order accurate (upwind) discretizations are necessary for stability.)

Both the supply and exhaust ducts are 3 ft tall by 1.3 ft wide, and one side wall of each duct is
flush with its corresponding room wall. The full scale room enclosure is 9 ft tall, 9 ft wide, and 15 ft

long. The “young graduate student” in Fig. 84c gives an approximate sense of scale.

The supply duct velocity condition is assumed a slug flow profile at uniform temperature. A
continuative Neumann boundary condition is specified at the outflow duct exhaust plane for velocity and
temperature. Along all room surfaces, a drag boundary condition is used to simulate a turbulent

boundary layer coupled with flow tangency. The assumed functional form for shear stress, T, , at the

slip »

slip plane near the wall is
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Figure 84. Three views of the mesh for ventilation room problem.
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e, = a+ bUl+ c(ul-ul,) (376)

where a,b,c, and d are dimensional constants, Ul is the CFD-computed tangential velocity, while U',,,p is
a prescribed wall tangential velocity. The mesh is assumed to be offset some small distance A (on the
order of an inch) from the solid wall; therefore, to calculate a shear stress at y*=A one differentiates Ul

with respect to y* , evaluating the derivative at y*=A,

g, = 20U 377
g |,

Following Murakami et al. (1988), the 1/ 7th power-law profile for turbulent flow over a flat plate was

selected, hence

u, [& ]" 378)
ref

where y* is a normal distance from the wall, and § is a length scale representative of a typical turbulent

boundary layer thickness. Carrying out the differentiation of Eq. (378), one obtains

aul
6y*

slip

-F
&

ye=4
2o gy (22" - 2lwnf2e]" o |ems
g Oy* 8 yeun & O 5 |,..a | 8 8 A

In Eq. (379), u is the dynamic viscosity, and g, is a conversion constant to insure that Tyip has the

(379)

Ul

dimensions of force per unit length squared. From Eq. (379), applying the 1/7th power law amounts to

setting a=c=0, m=1/7, and

(380)
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As stated, throughflow boundary conditions for the energy equation are a uniform temperature

at the supply duct and vanishing normal derivative at the exhaust plane. Both the ceiling and floor are
assumed adiabatic. A heat flux is prescribed using Newton’s law of cooling for all vertical walls. This

general flux boundary condition has the functional form

q"=a+bT +c(T- Tm,,)"’ 381
where a,b,c, and d are dimensional constants, and T,,, is a wall-fixed temperature. Newton’s law of

cooling is the specification

q"=h (T _ Tw”) (382)
with A the heat transfer coefficient for forced-convection. Based upon Spitler’s (1990) heat transfer data,

the average value A=5 Btu/h-ft*>-°F was selected for the CFD simulations. Comparing Eqs. (381) and

(382), c=0, b=h, a= —hT,,, , and d =1 yields the desired enforcement.

For the continuity constraint Poisson equation, the boundary condition ®=0 is required on the
exhaust plane. All other boundaries require a homogeneous Neumann constraint. The pressure Poisson
equation boundary conditions include a prescribed uniform pressure on the exhaust plane, and non-

homogeneous turbulent Reynolds number dependent Neumann boundary conditions on all walls and the

supply plane.

The supply flow is modestly turbulent, and the room flow would be low turbulent. A
significant unknown in these CFD experiments is the turbulence intensity of the supply air. Hence, as an
approximation, the turbulent Reynolds number Re' was set uniformly at 14 and 29, respectively, for the
initial tests at Re,;=15,000 and Re,;=30,000. The sensitivity of this decision was tested by running a

parametric study varying Re’ .
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Two test cases were selected from Spitler (1990), both using the east-side, mid-wall supply

configuration. These cases differed primarily in their air flow rate and side-wall temperature.

Problem 1: 15 ACH and T, = 83°F

For Problem 1, the total air flow to the room is 15 air changes per hour (ACH) with an inflow
air temperature of 69.8°F. The term “air changes per hour” are the units of volumetric flow rate, where,
for the experimental room, a complete air change involves a volume of 9x9x15ft or 1215 ft'. Through
the room’s heater control system, the side walls are maintained at 83°F. The bulk velocity of the air in
the inlet duct (1.3 ft/s) was selected as the reference velocity, U,,,. The Ar number reported by Spitler
(1990) for this case is 4.3. The local Re in the inlet duct can be computed using the hydraulic diameter
of a 1.3 ft x 3 ft rectangular cross section as the reference length. This Re is approximately 15,000. The
level of turbulence in the air flow entering the room can be estimated by prescribing a value for Re’,
defined as the ratio of the eddy viscosity v* to the molecular kinematic viscosity v. The base case for
this problem assumed an Re’ of 14, producing an effective diffusion coefficient Re® of 1000, where
Re"=Re/(1+Re"). To explore the sensitivity of the steady-state solution to this critical assumption, two

additional cases were run with Re’ values of 29 (Re®=500) and 149 (Ref=100).

Figures 85-87 present different views of the steady-state velocity solutions for Problem 1 at the
three values for Re’. The east-side wall supply diffuser abuts the north wall. In Fig. 85, the velocity
vectors plotted are for the first plane of nodes off the north wall, the east and west walls, and the floor
and ceiling. Notice in Fig. 85a that the low level of turbulence (hence low turbulent mixing) coupled
with the large buoyancy forces cause the significant jet of cold air towards the floor. This region where
the cold air jet hits the floor is appropriately termed a “splat”. Increasing the level of turbulent

transport and mixing by increasing Re/, the intensity of this “splat” decreases.
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Figure 85. Velocity solutions for 15 ACH.
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Figures 85-87 also demonstrate that the velocity distributions within this simple room geometry
are a quite complex 3-dimensional flow field. The cold air sweeping along the floor feeds buoyancy-
induced 3-dimensional vortex rolls along each of the walls, including the supply plane wall for smallest
Re'. In Fig. 88, isotherms are plotted for the three values of Re’. In Fig. 88a, at the lowest level of
turbulent mixing, large temperature stratification near the floor can be observed as well as the
temperature gradients associated with the falling inflow jet and floor “splat”. As the Re’ is increased in
Figs. 88b and 88c, the higher turbulent mixing progressively smoothens out the temperature gradients.
Figures 89 and 90 show contours for the static and total pressure, respectively. In the stagnation region
associated with the “splat” on the floor, a high static pressure region is produced, lessening as the effect
of the “splat” as Re’ increases. Contours of constant speed (isovels) in the units of ft/s are shown in
Fig. 91. The distribution of the divergence error in the solution as measured by the energy norm of the
continuity constraint function ® can be depicted by plotting contours of constant |® | . Nodal values
for | @ are calculated by taking the average of the associated element-based | ® || . normalized by the
element volume and projecting each element contribution onto the node. The resulting distribution is a

measure of the Kinetic energy per unit volume of the divergence error in the velocity solution.

The variation in the distribution and magnitude of the divergence error for the three Re’ levels,
depicted by the |® | ; contour plots in Figs. 92a-c, gives an excellent quantitative description of the
influence of dispersion error (in the absence of any dispersion error control, f=0) on solution quality. At
the lowest Re’ (=14, Fig. 92a), numerical dissipation is minimal, and the divergence error is significant
(| ® | =10 and broadly distributed. Increasing Re, implying more turbulent mixing, increases physical
diffusion, and the divergence error is significantly lowered (|| @ | ~10), becoming localized near

geometric singularities such as the sharp corners of the supply and exhaust ducts.
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Figure 90. Total pressure for 15 ACH.

278




t Iso-speed Contours

(a) R e — 1 4 2.78

2.59
240
222
2.04
1.85
1.68
1.48
1.30
1.11
0.93
0.74
0.56
0.37
0.19

)
“NWAOOEIN®OIPDOOMM

Figure 91. Isovels for 15 ACH.
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Problem 2: 30 ACH and T,,,= 80°F

In the second problem, the flow rate is increased to 30 ACH, and the set point for the wall
temperature is decreased to 80 °F. This produces a reference velocity of 2.6 ft/s and a AT,,, of 10 °F.
The local Re in the supply duct is approximately 30,000, and the reported Ar for the room is 0.83. For
this Archimedes number, the convective forces are relatively more dominant than buoyancy forces, the
reverse of the condition in problem 1. Figures 93-95 present views of steady-state velocity solutions for
three values of Re’. As evidenced by Fig. 93, the supply jet follows a much straighter path (due to the
reduced importance of the buoyancy body force) into the room. However, the flow is still strongly 3-
dimensional as in problem 1. The isotherms shown in Fig. 96 present the variation in temperature
stratification as influenced by the differing levels of turbulent mixing, yielding Re® = 1000, 500, and
100 for Re’ = 29, 59, and 299, respectively. Contours of constant static and total pressure are given in
Figs. 97 and 98, and contours of constant speed and | ® | in Figs. 99 and 100. Compared to problem
1, good control of the divergence error, as shown in Fig. 100, did not vary significantly over the range

of Re” tested.

In problem 1, the 3-dimensional character of the flow is dominated by the descending supply
jet and the “sweep” of cold air along the floor. The resuiting buoyancy-driven vortex rolls are thereby
evident along each of the room walls. Conversely, in problem 2, the center of the room contains the
most interesting fully 3-dimensional flow characteristics. Viewing Figs. 94 and 95, the assumption for
Re' is again confirmed to be critical in determining the robustness of the 3-dimensional character of the
flow. Specifically, the distinctive S shape produced by the isovel contours in Fig. 99(a) is lost as the

simulation turbulence level, Re/, increases, Fig. 99(c).
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Figure 95. Transverse plane for 30 ACH.
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Figure 96. Isotherms for 30 ACH.
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Comparison Between CFD and Physical Experiments

In his dissertation, Spitler (1990) reports measured room air speed distributions on the vertical
plane, parallel to the room north wall and offset therefrom by 0.127m, which coincides with the
centerplane of the air supply duct. For the two selected room flowrates, 15 and 30 air changes per hour
(ACH), these data were collected using 16 TSI 8470 omnidirectional air velocity transducers mounted
on a trolley, which could be moved throughout the room. This instrumentation measured flow speed
only (not components of the velocity vector), and the reported measurement accuracy was +12/-23%
(+10/-14 fpm). In addition, temperature measurements were made in horizontal planes using 16 type T
thermocouples mounted on the same trolley. Each temperature data point, as reproduced in Fig. 81,
“represents the average of 112 temperature measurements in a horizontal plane,” which presumably

extended throughout the entire room.

Figures 80a and 101 present (on approximately the same scale) the experimental and CFD
computed distributions of room air speed for the 15 ACH, Ar=4.3 case, with the latter for the three
selected turbulent Reynolds number (Re') settings. A very good qualitative comparison occurs for the
smallest Re’ level, for which the supply jet is predicted to literally “crash” downwards, due to buoyancy
effects, yielding a pronounced floor jet. This CFD prediction yields an extremum speed (143 fpm) that
agrees very well with the (apparent) 150 fpm measured maximum. The more diffusive (Re=29 and
Re'=149) CFD solutions do not predict the significant measured floor jet, and the associated predicted
extremum speed is reduced to the order 100 fpm or lower. Clearly, then, the Spitler data appears to
correspond to a low turbulence level room air experiment, for which the smallest Re CFD experimental

speed prediction is qualitatively and quantitatively in good agreement.
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In distinction, this comparison between the CFD experiments and data, for the 30 ACH,
Ar=0.82 case, indicates neither qualitative nor quantitative agreement, Figs. 80b and 102. Spitler
measured large regions with air speeds of the order 200-250 fpm, while the CFD predicted extremum is
165 fpm. The CFD simulation predicts these planar flow field speed distributions as rather insensitive to
Re!, as are the underlying velocity distributions, Fig. 93. (Recall however, that the CFD velocity
distributions are very sensitive to Re’ elsewhere in the room, Fig. 94.) Based on the good comparison
achieved for the 15 ACH test, one might conclude that a significant scaling error may exist in the 30

ACH test specification, as reported.

Consistent with experimental procedure, reported by Spitler (1990) for planar-averaged
temperature stratification, the CFD data summary shown for Figs. 103 and 104 averages the calculated
temperatures over every horizontal plane in the computational mesh. For the 15 ACH case, Fig. 103
confirms a much stronger room-averaged temperature stratification exists in the experimental data than
for the CFD results. The exception lies in the first 0.5m above the floor, for the lowest turbulence level
(Re'=14) test, which shows quite good level and slope agreement with the experiment. This flow region
is dominaied by the cold floor jet, which apparently has been quite accurately predicted (in these
norms). At all higher elevations in the room, the CFD results predict a much more isothermal state than

was measured experimentally on the average.

At the 30 ACH flowrate, the temperature stratification for the lowest two turbulence level
simulations, as measured by vertical gradient, shows quite good agreement with the experimental data,
Fig. 104. The fact that the CFD data produce a much colder overall room air temperature level confirms

the expressed suspicion regarding a scaling error in this experiment definition.
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Natural Convection in a Two-Cell Enclosure with a “Door”

Engineering interest in natural convection in complex enclosures with restricted communication
has been stimulated by applications involving energy-efficient passive-solar buildings, cryogenic storage
equipment, natural convection cooling of electronic equipment, solar energy collectors, and room heating
and ventilation. A basic configuration for the study of room ventilation involves the “association of two
enclosures which communicate laterally through an opening in the same manner as two rooms connected
through a doorway, window, corridor, or over an incomplete dividing wall” (Lin and Bejan, 1983). The
experimental program carried out by researchers at Colorado State University (cf. Neymark, 1988;
Neymark et al., 1989; and Boardman et al., 1989) has provided heat transfer and flow visualization data,
obtained from partially-divided air- and water-filled enclosures, Fig. 105, that can be used for CFD

validation studies.

Fig. 105. Geometry for a partially-divided enclosure.
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Early work on natural convection in partitioned enclosures by Brown and Solvason (1962)

examined convective heat transfer through an aperture resulting from a zone-to-zone bulk density
difference across the aperture. Nansteel and Greif (1981) investigated the effect of 2-dimensional
conducting and nonconducting centrally-located partitions of various lengths extending vertically
downward from the ceiling of a water-filled rectangular enclosure. Flow visualization and vertical
temperature profiles were reported along with correlations for the overall cross-cavity heat transfer.
Bajorek and Lloyd (1982) described a series of experiments with air and CO, in a square enclosure with
two partial dividers, one attached to the top wall and the other to the bottom, amounting to two chambers
communicating through a mid-height window. Comparing heat transfer data taken in the partitioned ~
enclosure with the corresponding measurements in the unpartitioned single enclosure, they found that the

partitions reduce the heat transfer rate appreciably.

Other investigators (cf. Lin and Bejan, 1983; and Nansteel and Greif, 1984) have used
small-scale water-filled enclosures to correlate cross-cavity heat transfer with the enclosure wall
temperatures. Nusselt-Rayleigh number data for a water-filled partially-divided enclosure were correlated
by Lin and Bejan (1983) for Rayleigh numbers between 10° and 10'°, where the Rayleigh number was
evaluated using the enclosure height as the reference length and the hot-to-cold wall temperature
difference. High Rayleigh number natural convection heat transfer measurements were reported by
Nansteel and Greif (1984) for water-filled enclosures with both 2- and 3-dimensional vertical partitions
and 10°< Ra <10"". In both of these studies, the flow field was found to be laminar along the heated and

cooled walls.

Numerical investigations of partially- and fully-partitioned enclosures have almost exclusively
been 2-dimensional (cf. Kelkhar and Patankar, 1986; Winters, 1988; Nishimura et al., 1988; Fu et al.,
1989; Ciofalo and Karayiannis, 1991; Ghosh et al., 1992; and Karayiannis et al., 1992). Using the

SIMPLER algorithm with an M=26x52 mesh, Kelkar and Patankar (1986) reported results for laminar
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flow in a square enclosure for two partition geometries, a single partition located vertically at the center of
the enclosure and two identical partitions located at the top and bottom walls. Calculations were made for
a range of Rayleigh numbers, partition heights, and partition conductivities. Nishimura et al. (1988)
performed both an experimental and numerical investigation with water-filled enclosures having multiple
vertical partitions for 10° < Ra < 10°. The problem of transient heating in an enclosure with an
off-centered partition was studied numerically by Fu et al. (1989). Ciafalo and Karayiannis (1991) and
Karayiannis et al. (1992) applied the SIMPLEC algorithm to study fully- and partially-partitioned
2-dimensional enclosures. They found that the characterization of the thermal boundary conditions at the
upper and lower end walls can have significant effects on local and mean heat transfer rates across the
enclosure. Adiabatic and linear temperature profiles (LTP) were investigated, and the LTP boundary
condition provided a better comparison with experimental data. Ghosh et al. (1992) studied the effect of

shifting the position of a full partition on flow structure and heat transfer.

The author has found only one 3-dimensional computational study of natural convection in a
partially-partitioned enclosure. Fusegi et al. (1992) present the results of a 3-dimensional simulation of air
ina cubic;al enclosure with a solid partition, as shown in Fig. 105 with H = L = W. The centrally located
rectangular opening in the partition is of height 4 and width w, and the thickness of the partition wall is
much smaller than the size of the enclosure (/L = 0.03). Two partition geometries were examined; Case
A used w/W = 0.4 with Ra =107, and Case B used w/W = 1.0 with Ra = 5x10°. The area aspect ratio 4,

defined as 4,=(hxw)/(HxW), for the partition was 0.2 for Case A and 0.5 for Case B.

In Case A, the SIMPLE algorithm with the QUICK scheme for dispersion error control was used
to calculate laminar flow field and temperature distributions on an A=82x62x62 nonuniform mesh. A
JSree-fall reference velocity resulted in an Archimedes number of 1.0. Boundary conditions included fixed
hot and cold wall temperatures, and all side, floor, and ceiling walls were assumed adiabatic. Conduction

heat transfer was allowed through the solid partition (soffit), and all solid boundaries were treated as
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no-slip for the momentum equations. Perspective views of isotherm and isovorticity surfaces revealed

prominent 3-dimensional flow structures.

Near the hot sidewall as the heated fluid moves upward, the flow is blocked by the partition in
the upper portion of the hot chamber, resulting in a near-stagnant region in the upper-level compartment
between the partition and the heated sidewall. Away from the boundary layers, developing near the
sidewalls and partition, the vertical temperature stratification can be characterized by a two-zone structure.
The strongly buoyant flow generated near the heated vertical sidewall descends the hot-zone side of the
internal partition and is discharged into the cold zone by turning sharply under the top of the doorway. At
this point near and including the vertical symmetry plane passing the through the center of the doorway,

the flow behaves like a free jet directed toward the upper corner of the cold zone.

For Case B with Ra=5x10 and an M=112x102x62 mesh, the flow exhibited steady periodic
oscillations which were assumed to be indicative of a transition to turbulent flow. The entire flow field is
thermally stratified, and very thin thermal and hydrodynamic boundary layers were seen to develop near
the heated and cooled walls. The boundary layer on the heated sidewall penetrates up to only the
mid-height of the enclosure, above which the flow was in a stratified and stagnant state. At this level, the
boundary layer separates from the heated surface and moves horizontally toward the door. Reaching the
doorway, the flow turns under the top of the door and moves up the cold-zone side of the partition. The

flow path follows the inner vertical and horizontal walls. No jet-like flow was observed in the cold zone.

Colorado State Water-Filled Enclosure Experiments

Researchers at Colorado State University have investigated natural convection in
partially-divided enclosures using a full-scale air test cell, built at Colorado State, and a small-scale water

cell at the Solar Energy Research Institute (SERI). The objectives of the research were to determine under
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what conditions an enclosure will develop large zone-to-zone temperature differences (and the resulting
effect on cross-cavity Nusselt numbers) and to compare the behavior of small-scale water models with
full-scale air enclosures (Neymark et al., 1989). The small-scale water model has been selected for CFD
simulation because the flow was experimentally determined to be laminar within the boundary layers

along the walls.

The water test cell, Fig. 106, was equipped with a constant heat flux hot wall, a constant
temperature cold wall, and an insulating partition with an aperture (doorway) of constant height (4 = H/2)
and varying width w. The details relating to the original construction of the water cell are reported by
Scott et al. (1988), and the modifications made for the Colorado State experiments are given by Neymark
(1988). Flow visualization experiments using dye injection were performed for two aperture widths,

w/W=0.01 and w/#=0.2, at a flux Rayleigh number of 2x10'2, The flux Rayleigh number is defined as

symmetry plane

Ic

e - L=56.5cm
X

Figure 106. Geometry of small-scale water model.
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Ra* = 8__(£H‘;1 (383)
va

where g is the uniform heat flux at the hot wall, g is the acceleration of gravity, and B , k, v, and a are
the coefficient of volume expansion, thermal conductivity, kinematic viscosity, and thermal diffusivity of
water, respectively. The thermal properties of water were evaluated at the average of the cold wall

temperature 7. and the midpoint temperature of the hot wall 7},

The primary flow loop at the symmetry plane of the test cell for w/#=0.01 is shown in Fig. 107.
The laminar upward boundary-layer flow along the hot wall separated from the wall at H/4 <y < H/2. The
detached flow moved horizontally toward the top of the door, accelerating as it passes through the
doorway, and exiting into the cold zone as a turbulent jet directed toward the cold wall at approximately a
45° angle. The turbulent fluctuations of the jet were visible without the assistance of the injected dye and
were measured by a thermocouple traverse. Along the cold wall, the downward flow was wavy laminar

with small vortices along the edge of the boundary layer.

For w/W=0.2, the flow up the hot wall was characterized by a wavy laminar boundary layer,
Fig. 108. Separation occurred at (3/8)H <y < (5/8)H with a resulting horizontal flow moving toward the
top of the door. Entering the cold chamber, the flow rose as a laminar plume upward along the partition
with a small component of entrained fluid moving horizontally toward the cold wall. The plume rose to
the top of the cold chamber where it turned and thickened as it approached the constant temperature cold
wall. Descending the cold wall, the boundary layer started out as wavy laminar near y = H and grew more
turbulent as it approached y = H/2. Below H/2, the cold wall boundary layer turbulence subsided into

wavy laminar flow.
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Figure 107. Flow visualization in the water cell, w/#=0.01 (Neymark, 1988).
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Figure 108. Flow visualization in the water cell, w/#=0.2 (Neymark, 1988).
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CFD Experiments

The small-scale water experiment with w/W = 0.2 ( 4, = 0.1 ) was selected for simulation by
CFDL.PHI3D. Since the experimental flow visualization data showed the flow was symmetric about a
vertical longitudinal plane passing through the middle of the door, a half-model was constructed with an

=52x42x26 mesh, Fig. 109, containing 57,000 nodes. The mesh shown in Fig. 109 is the final result of

a meshing study which began with a relatively uniform 24,000 node discretization. Mesh refinement and
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Figure 109. Mesh layout for the water test cell, M=52x 42 X 26.
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adaptation, based upon visual inspection of solutions at Ra~10°, proceeded through a sequence of
discretizations that focused mainly on attainment of solution stability in the region of the doorway and the
hot zone with its dominant vertical buoyant plume. Previous benchmark experience verified the

requirement for § > 0, hence B~0.1-0.2 was used in this meshing study.

Boundary conditions for the momentum equations were no-slip on all surfaces of the dividing
partition and doorway and a tangency condition with an applied drag on all other boundaries except for
the symmetry plane. The decision to apply a no-slip boundary condition on surfaces near the doorway and
internal partition was based upon computational experience and the expectation that solution stability,
hence accuracy, would be critically dependent upon the resolution of the momentum and thermal
boundary layers in this critical region. Drag and tangency boundary conditions can certainly be applied on
surfaces farther away from the door, resulting in a significant savings in computational costs. The far wall

drag boundary condition was calculated by integrating Blasius’s solution for a developing boundary layer

over a flat plate of length H (White, 1974), yielding
. - [ 1328
w

P lj2 = 1.328 p v U3/2
JRey | 28 |\ 28 \, H (384)

t,, = 0.008487 U%? [dynes/cm?]

The final integrated shear stress at the wall, 7, in Eq. (384), was evaluated in cgs units using the water

property data in Table 11.
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Table 11. Water Properties at 22°C , Neymark (1988).

density, p 1.0 g/em®
kinematic viscosity, v 0.00954 cm?/s
thermal diffusivity, a 0.00143 cm?/s
coeff. of volume expansion, B 0.000224 K
thermal conductivity, £ 0.006 W/cm-K
Prandtl number, Pr 6.7

Boundary conditions for the energy equation included a fixed uniform temperature, T, for the
cold wall and a constant heat flux, ¢, applied uniformly across the hot wall. All other surfaces, including
the floor, ceiling, symmetry plane, and internal partition, were adiabatic. The experiment was run at a flux
Rayleigh number (Ra*) of 2x10 '?, corresponding to a uniform heat flux across the hot wall of
0.0641 W/cm?. Correlating the water-filled heat transfer data for this geometry, Neymark (1988) presents

the Nusselt number (Nu) as a function of Ra¥*, as,

Nu = 0.297 (Ra*)%!® (385)
where
= J___H_
Nu KT, -To) (386)

and T is the cold wall temperature, T}, is the hot wall mid-point temperature, & is the thermal conductivity
of water evaluated at Ty = ( Ty + T¢ )/2, and H is the height of the enclosure. For Ra* = 2x10'%,
Nu = 62.7, Tgy=22°C, (T — T ) = 10°C, Ty, = 27°C, and T, = 17°C. The corresponding wall-to-wall

Rayleigh and Grashof numbers for these conditions are

Bg( TH_Tc)HJ
va

R

Ras= =32x10"° ; Gr= _P_r‘i = 4.8x10°

For Ar = 10,000, the reference velocity is 0.09 cm/s, and the Reynolds and Peclet numbers are
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Gl‘ 172
Re = [E] - 6928 ; Pe = RePr = 4,642

Rayleigh number continuation was used to work up to the target test conditions beginning at
Ra = 10°. The initial velocity distribution was assumed zero, and an initial horizontal temperature
distribution was interpolated linearly between the hot and cold walls. The approximate steady-state
solution at each intermediate Rayleigh number was used as the initial condition for the next higher

Rayleigh number, incrementing Ra by an order of magnitude for each step.

The solution at Ra = 10° represents a geometrically-important case for future benchmarking
considerations. The thermal boundary conditions were simplified by using a constant uniform temperature
for the hot wall rather than a uniform heat flux. The user-selected velocity scale directly impacts solution
stability through the scaling of the body-force (Ar), diffusion (Re and Pe), and advection terms in the
momentum and energy equations. This flexibility, resulting from the scaling rules chosen for
nondimensionalization, is especially critical for natural convection in water, where Pr~6. Since Pe=Re Pr,
a velocityscale, selected to produce a stable value for Re, may still result in an adversely high Peclet
number, thus exposing the energy solution to a potentially destabilizing dispersion error mode. For
Ra = 10% Ar = 100, and Pr = 6, the Reynolds number was 41.2 and Pe = 242.9. These low Reynolds and
Peclet numbers provided sufficient natural diffusion in the problem to easily establish a benchmark-

candidate case for further Rayleigh number continuation.

The computed velocity and temperature distributions on the symmetry plane at Ra = 10° are
given in Fig. 110. The temperature boundary conditions are a uniform cold wall temperature of 17°C and
a uniform hot wall temperature of 27°C. At this low Rayleigh number, the buoyant plume rising up the
cold zone partition above the door is well established. However, the boundary layer separation in the hot
zone, observed in the dye injection experiments at Ra=3.2x10'°, does not form. Lateral and spanwise

temperature distributions on cutting planes in the middle of the cold and hot zone quadrants,
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(a) velocity distribution projected onto the symmetry plane
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(b) temperature distribution on symmetry plane
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Figure 110. Symmetry plane velocity and temperature distributions at Ra =\10‘.
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Fig. 111, indicate the extent of thermal boundary layers along the heated and cooled walls.

Lagrangian particle tracks for three release points in the doorway are shown in Figs. 112-114,
presented from view points in the hot and cold rooms, respectively. The release point (28.25,28,0.5) for
the first particle, Fig. 112, is near the top of the door jam and offset 0.5 cm from the symmetry plane.
Caught in the buoyant plume, the particle rises to the ceiling of the cold zone and then descends to the
floor through a winding path. Once entrained by the main flow along the floor and near the symmetry
plane, the particle rapidly moves into the hot zone where it closely follows the boundary layers along the
walls. The direction of motion is indicated along the track, and the time interval between particle symbols
(“bubbles”) is again a uniform constant. Therefore, local relative particle speed is discernible by bubble

separation distances.

The second particle, Fig. 113, is released slightly below the mid-height of the doorway, halfway
between the symmetry plane and the door jam, at (28.25,10,2.5). Initially moving into the hot zone, the
particle is engaged by the complex 3-dimensional flow within the central core of the hot zone. It
eventually proceeds horizontally toward the top of the door, reenters the cold zone, and is entrained by the

dominant buoyant plume. Descending to its release point, the particle enters the hot zone a second time.

Released 2 cm above the floor near the door jam, the third particle, Fig. 114, follows an initial
path that is somewhat similar to the second particle, briefly entering the hot zone and then moving
horizontally toward the door and the cold zone. The buoyant plume again captures the particle where it
follows a path in the cold zone eventually passing back into the hot zone near its original release point.
Note that particles 2 and 3 manifest a horizontal flow across the midplane of the hot zone that is not,

however, associated with a boundary layer separation as described in the experiments.
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(a) temperature distribution on lateral cutting planes
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Figure 111. Temperature distributions on lateral and spanwise cutting planes, Ra=10°.

308




(a) view of cold zone

(b) side view of hot and cold zones

Figure 112. Lagrangian particle track, Ra=10% release point=(28.25,28,0.5).
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(a) view of cold zone
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(b) side view of hot and cold zones

Figure 113. Lagrangian particle track, Ra=10° release point=(28.25,10,2.5)
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(a) side view of hot and cold zone
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Figure 114. Lagrangian particle track, Ra=10°% release point=(28.25,2,5).
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The steady-state solution obtained for Ra=10° was used as the initial condition for the water-cell
experiment case of Ra=3.2x10" (Ra*=2x10'?). To better simulate the experiment, the hot wall boundary
condition was changed from a constant uniform temperature to a constant uniform heat flux of
0.0641 W/cm?. Figures 115-124 present the results of the solution after 3000 time-steps (~ 9000 outer
iterations), where the time-step was ~ 0.016 sec., giving an elapsed time of ~ 48.0 sec. This solution is not
at a steady-state condition; however, it has progressed far enough from the Ra=10° solution to observe
distinct differences. Figures 115 and 116 indicate the development of strong boundary layer flows, and the
buoyant plume just above doorway along the interior wall continues to dominate the flow field. The
horizontal streamlines shown in Fig. 117 demonstrate the definite 3-dimensionality of the flow. An
oblique shear layer, intersecting the doorway at mid-height, is a distinctive feature of the flow through the

aperture. The structure of the thermal boundary layers can be seen in Figs. 118-120. -

Lagrangian particle tracks for various release points are presented in Figs. 121-124. The
elapsed time for each track in these figures is 600 sec. In Fig. 121, the release point is near the top of the
doorway where the particle immediately follows the buoyant plume up to the top of the cold zone.
Moving slowly back to the partition, it descends briefly until caught by a rising current and transferred
over to the cold wall boundary layer. Rapidly descending the cold wall, the particle rises towards the
doorway where it is captured by the lower stream of the shear layer and swept into the hot zone. Released
at approximately the mid-height of the door, the particle in Fig. 122 is also captured by the lower stream
of the shear layer and, thereby, drawn into the hot zone. Moving along the floor of the hot zone, it follows
two loops that are a part of a large vortex roll driven by the boundary layer flow along the hot wall.
Eventually the particle is caught up by the upper stream of the doorway shear layer, where it proceeds
through the door and enters the buoyant plume. The third particle, shown in Fig. 123, is released near the
corner of the door, just above the floor. Moving briefly into the hot zone, the particle follows the upper
stream of the shear layer into the cold zone where it tracks one loop of a large, slow vortex roll in the

middle of the zone before being captured by the buoyant plume and driven to the ceiling. Following the

312




hot wall
cold wall

TP PPPIPSPN
R R P N
Lweeet 0000000000
:1:/1//"\
RTINS
AR
[
IV:I e—
vl !
R g
| ii” I 2
i { i
\
boiii]111 1 SRR o
s R N
bannpggpeee \‘\‘r
P ““\\‘:
s W N
P11 S o

RTTRRE

hot wall

cold wall

TavssSss~ ——
AN NS ——
R

Figure 115. Velocity distribution at selected vertical planes, Ra=3.2x 10",

313




Figure 116. Streamlines projected onto vertical planes - Ra=3.2x10",
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(a) just below top of door
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Figure 117. Streamlines projected onto horizontal planes - Ra=3.2 x 10"°.
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Figure 118. Isotherms on selected vertical planes - Ra=3.2 10",
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(a) temperature distribution on lateral cutting planes
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Figure 120. Isotherms on lateral and spanwise cutting planes, Ra=3.2 x10".
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(a) view of cold zone
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Figure 121. Lagrangian particle track, Ra=3.2x 10", release point=(28.25,28,0.5).
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Figure 122. Lagrangian particle track, Ra=3.2x 10", release point=(28.25,10,2.5).

(b) side view of hot and cold zones



(a) view of cold zone
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Figure 123. Lagrangian particle track, Ra=3.2x 10", release point=(28.25,2,5).
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(a) release point=(3.2,22.8,20)
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Figure 124. Lagrangian particle tracks in hot zone, Ra



boundary layer flow along the cold wall, the particle moves back into the hot zone. Two release points,
located in the interior of the hot zone, are shown in Fig. 124. These particle tracks demonstrate some of
the structure of the slowly moving vortex rolls that dominate the flow field outside of the strong boundary
layer flows along the walls. The solution has not progressed far enough toward its steady-state condition
to show the experimentally observed separation of the hot wall boundary layer; however, even after 48
sec. into the transient, there is significant horizontal flow near the top o_f the door in the hot zone. When
separation occurs, the stagnant region in the upper portion of the hot zone should increase in temperature.
The boundary layer flows are well-established and should continue to strengthen. Future work will
develop the solution onto a steady-state condition where a direct comparison can be made with the

experimental data.
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CHAPTER 8

CONCLUSIONS AND RECOMMENDATIONS

A new primitive-variable finite element CFD algorithm, the Continuity Constraint Method
(CCM), has been developed to produce approximate time-accurate and/or steady-state solutions for the
unsteady, incompressible Navier-Stokes conservation law system in three dimensions. Recognition of the
dual role of pressure, as a consequence of the constraint of continuity and as a force in the mechanical
balance law for conservation of momentum, has been the fundamental principle guiding the CCM

development.

An implicit time integration scheme, with quasi-Newton iterative cycling within the time step,
allows the two roles for pressure to be completely separated computationally. Specifically, a
mass-conserving potential function is used to enforce the continuity constraint, and the resulting dominant
“2 A-x” dispersive error mode is prevented from polluting the velocity vector distribution by replacing the
accumulated “pseudo pressure” with the genuine pressure computation at the end of the time step, as
required. Induced by a solenoidal velocity vector field, the genuine pressure is calculated with well-posed
boundary conditions by the pressure Poisson equation. This separation of tasks produces a theoretically
appealing and computationally clear view of the individual and totally distinct boundary conditions

required for the continuity constraint function and the genuine pressure.




As implemented in the computer program CFDL.PHI3D, the CCM employs a 8-implicit
time-integration scheme, a consistent mass matrix, an optional (as required) Taylor Weak Statement
(TWS) formulation for dispersion error control, and equal-order interpolation of all state-variables.
Isoparametric 8-node hexahedra with trilinear basis functions are used to support the semi-discrete
approximation on the computational domain. The CFDL.PHI3D code was developed for a UNIX
platform, taking advantage of the recent expansion of computing capacity with the emergence of

engineering workstations as the primary compute engines for modern computational analysis.

As original contributions to the field of incompressible CFD, this dissertation has presented:

(a) a derivation of an accurate expression for the unsteady evolution of the divergence error, thus
providing a firm and exact theoretical foundation for the CCM,

(b) an investigation of the separate roles of the non-smooth continuity-constraint function ¢”, dominated
by a “2 Ax” dispersion error, and the smooth physically-motivated genuine pressure P”,

(c) an investigation of the Galerkin weak statement for the Reynolds-averaged pressure Poisson equation,
thus minimizing the required order of the Sobolev functional space required for a turbulent flow
simulation,

(d) an investigation and resolution of physically and numerically well-posed boundary conditions for all
state-variables including the mass-conserving potential function,

(e) an implementation of the CCM using a finite element semi-discretization of a Galerkin weak statement
with an optional Taylor Weak Statement extension for Q in R 3,

() an efficient solution strategy for work-station-based computing,

(8) an investigation of sparse iterative solvers and sparse data structures for solving the terminal matrix
linear algebra statements required by the CCM, and

(h) a verification, benchmarking, and validation study of the CCM for isothermal and nonisothermal flows

in challenging 3-dimensional flow geometries.
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It has become clear, during the present research, that a paucity of quality detailed 3-dimensional
test cases exist in the literature for support of verification, benchmarking, and validation of incompressible
CFD algorithms. The cases presented in this dissertation provide a starting point for future development of
benchmark-quality solutions and validation-quality experimental data for 3-dimensional flows. The
present investigation of the step-wall diffuser is the first published study to quantitatively explore the rich
detail of 3-dimensional flow structures produced by this basic geometry. Additionally, buoyancy-driven
flows in nonpartitioned and partitioned enclosures provide suitable 3-dimensional test configurations,
incorporating a range of simple geometries and easily applied boundary conditions. The development of

3-dimensional turbulent test cases is another area for future research.

Additional research into the CCM should include a study of adaptive time-step control, an
extended examination of the Taylor Weak Statement incorporating the influence of all of the terms
identified by Baker and Kim (1987), a continued investigation into advanced numerical linear algebra
techniques, the implementation of suitable turbulence models to explore the implications of the pressure
Poisson equation for Reynolds-averaged state variables derived in the present study, and an exploration of

parallel irhplementations for this (and other) segregated forms of the CCM.

Finally, the long-term viability of 3-dimensional CFD is in part dependent upon the development
of effective methods of presenting the large amounts of data produced by simulations of steady and
transient flows. The present study has investigated a number of available methods for solution display and
flow visualization, including 2- and 3-dimensional contour plots of relevant state-variables, vector and
contour plots on selected cutting planes, and lagrangian particle tracking displayed on 3-dimensional
perspective views of the flow domain. Methods of visualization of 3-dimensional data represent a new and

productive field of research for all areas of computational mechanics.
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APPENDIX A1

COMPACT NOTATION

A form of compact notation is used throughout this dissertation to describe matrix-vector
operations that form element-based contributions to the global linear algebra matrix statement. This
notation was first presented by Baker (1983) (cf. Baker and Pepper, 1991) and has proved to be a very
effective and accurate tool for the translation of general statements of algorithmic theory into a
computer programming language such as Fortran. The following discussion describes the notation with

the aid of detailed examples taken from the text.

Basis Functions and Metric Data

The inertial term in the residual for the momentum equations requires the following element-

level integral and subsequent matrix-vector inner product to be evaluated.
[, INVINYT detfJ1dQ ((UT)™! - (U™, (A1)

where the column-vectors {UI}, contain the discrete approximations for the u, velocity components at
the eight nodes of the element; discrete time stations are denoted by the superscripts “»” and “n + 17;
superscript “T” denotes the transpose operator; and {N} is a column-vector holding the trilinear basis

functions that span the 8-node hexahedron, defined by
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((1-n,)(1-n,)(1-n,)
(1+n)A-n,)(A-1,)
(1+n )@ +n,)(1-7,)
{ (1-n,)A+1,)(1-n,) | (A2)
(1-n,)1-1,)(A +n,)
(1+n,)A-1,)(A+n,)
(1+n,)(A +0,)(1 +n,)
(A=) A +n,)(1+ny)

{N("Ii)} =

00 | =

As shown in Fig. 5 in Chapter 4, the v, are generalized coordinates in transform space (-1 < 7, < +1

for i = 1,2,3 ). The outer product {N}{N}” produces a 8x8 matrix of polynomial functions of up

The jacobian J of the coordinate transformation or mapping from transform space ( 1, ) to

Euclidean space ( x, ) is defined by

9
on
3 al Jy Jip I
X,
I = law = |52 - ENGERES Y A S (A3)
t X
@3 3 sy Iy Iy
on,
The term “det [J]” is the determinant of the transformation jacobian with the closed-form solution
det[J] = Ju(']zz‘laa' Jaz"za) - le(J21J33' J31J23) + Jls("zljaz‘ J31J22)
_ ax, | ox, ax, _ 0x, ax, ax,| ox, ax, _ 0x, ox, .
on,\9n, dn; Onydn,| ony| dn,Om, An, m, (A4)

ax,(ox, ax, ax, ax,
dn,|{dn, on, In, on,

For general hexahedra, det [J] depends on its position within the element.
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The actual evaluation of Eq. (A1) in CFDL.PHI3D involves a simplifying approximation that

produces an element-independent master matrix, so that

o INHNYT det(J) d@ ((UIy™! - (UL} =
(A9)
DET, ([, (MM ea) qun™-(unm,

where the notation DET, signifies that det [J] has been approximated by its value at the centroid of the
element, 0, = (0,0,0), thus allowing the only element-dependent term in the integrand to be brought

outside the integral.

Spatial derivatives occur in terms like the expression for the viscous flux vector,

ar| (1+Re') O (N} 9nm BNYT detlJ] da (UL (A6)
2.\ Re ox; on, ox; on,

where repeated latin indices imply summation over the dimension of the domain Q,. The metric data

a . o .
“ 2% are elements of the inverse of the transformation jacobian [ J; 17,
i

(Jzzjsa‘ Jaz*’zs)’ (J13J32' le'lsa): (le"za" JI3J?2)

detl[.,] (J31J23_ J21J33), (J11J33_ JI3J31)’ (J21Jl3_ J23Jll)
(g Isp~ I3y J0), pdsy- I d1))s (A A Jo o)

on; (A7)

[Jij]-l =

and, as with det [J], the metric data are functions of position within the element. As a simplifying

approximation, the metric data can be evaluated at the centroid of the element, designated by

EIK = oM (A8)

e xj
n;=(0,0,0)

The contribution of the viscous flux vector term to the residual for u, can, therefore, be approximated by
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T
Atfn(1+Re‘) ﬂ 3N} 9m BN} det[J] dQ (U1} =

Re ox; a9 dx;, d
i O % Om (A9)
T
L arDET, Ex Emv [ AN ANV g |y
Ref 9 9ng Iy,
where the “effective Reynolds number”, Ref, is

L = 1+ Ret (A10)
Re® Re |, -00.0

Master Matrices

In the above examples, the simplifying approximations have resulted in an element-independent
integral that can be evaluated once and for all, producing a master matrix that is dependent only upon
the choice of basis functions. A special notation is used to describe these master matrices with the
general form [Mabcd], where

M: prefix denoting the dimensionality of the element master matrix,
M = A for 1D, B for 2D, and C for 3D
a an integer indicating how many bases occur in the integral

bcd: integers 1,2, or 3, denoting the n,-direction of the derivatives in the matrix,
or O for no derivative

In the first example, the element master matrix is

+1 +1 +1
[C200] sfo (N} {N}TdQ = f f f (N} {N}T dn, dn,dn, (Al1)

-t -1 -1

where C signifies that 3-dimensional basis functions are being used, and two bases occur in the

integrand with no derivative operations. The master matrix associated with the viscous flux vector is
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+1  +1

+1
_ [ O(N} ainT AN} 3N}T
C2kM] = | 2221 ZU0 49 - UMy SNV dn.dn.d (A12)
[ ] fa, an,  on, -fx-f1£a‘1k an,, n;8n,a4n,

In Eq. (A12), the 3-dimensional master matrix has two bases and each is differentiated. When combined

with the metric data, the summation convention is applied to give the expanded expression

T
Exx Em|[ W ANV 40 ) . Exx Emv [C2xM) -
2 ank aﬂm

[C2111(E11E11 +E21 E21 + E31 E31) +

[C222)(E12E12 + E22E22 +E32 E32) +

[(C233]1(E13E13+E23 E23 + E33E33) +

[C212](E11E12 + E21 E22 + E31 E32) + (A13)
[C221](E11E12 +E21 E22 + E31 E32) +
[C213]1(E11E13+E21E23 + E31E33) +

[C2311(E11E13 + E21 E23 + E31 E33) +
(C223)(E12E13+E22E23 + E32 E33) +

[(C232](E12E13 + E22E23 + E32 E33)

All of the required master matrices can be calculated and stored as a pre-processing step. The following

examples were computed using a Sth-order gaussian quadrature rule.

(8424421 2] 442 -2-221 -1]
48422421 442 -2-221 -1
24841242 224 -4-112 -2
(Caop- L|42482124 CpCory - L| 2241122 gy
2742128424 18221 -1-442 -2
24214842 221-1-442 -2
12422484 112 -2 -224 -4
12 12442438] -112 -2 -224 4]




(A17)

1 2 -2 -1 -1 -2
1 -1 -2

2 2

-1

-2

1
-1 -2

-2

-1 1 2 2
-1 -1 -2 2 1

-2

2

-1 -1 -2

1 2 -2
2 2 1-1-2
-1 -2

-2

-2 -1
2 2
1

1

-1 1

-2

-1 -1 -2 2

(A18)

2 1 2 -4-2-1 -2
2 4 2 1 -2 -4 -2
2 4 2 -4

-1
-2
-4

2

-1 -2
-2

1

-1 -2
1

2 4
-1 -2 4 2

2
-4
-1 -2

1
)
-4

2
-4
-2

2 4 2 1
1
-4 2
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2 4 2

-1 -2
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4
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1

1

1
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1
18
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Expressions involving the interpolation of two state-variables, such as the kinematic flux vector term,

produce a special master matrix called a iypermatrix, e.g.,

3
- At {UJ}Tfn.{N}??cf aa{—:’: (NYT det [J] dQ{UT} =

- At DET, EX, (UN] ( [ o 2N (7 aa | o, - A1
Q, ank
- At DET, EXX, {UnI[C30k0] (U1},
where the elements of the three [C30K0] hypermatrices are 8x1 column vectors, e.g.,
[ (-18) (-9 (-3\ (-6 (-6 (-3\ (-1\ (-2
-9 |-18| [-6] |-3| |-3]| [-6] |-2] |-1
-3 [-6]|-6||-3] |-1] |-2| [-2] [-1
-6||-3||-3||-6|]|-2]|-1] |-1] |-2
-6 | |-3|]|-1]|-2]|-6||-3] [-1] [-2
-3 |-6]|-2||-1] [-3] ]-6] |-2| |-1
-] [ -2 =2 -1 [-1] |-2] [-2] [-1
2)\-1) (1) \2) \-2) {-1) |-1) |-2
18 (9 (3) (6\ (6) (3 (1) (2
of (18] |6 3| (3]s |2] |1
3 |6 [ |3] 1] |2 |2] |1
6 (3| 36| ]2]1 1 |2
6| 3| 1] |2]]s6] |3 |1] |2
3 (6] [2 1] |3][s] |2] |1
i 22 (11 ]2] [2] |1
[C3010] = 2_16 2) L1y {1y \2)\2) (1) {1 (2 (A20)
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The premultiplication of [C30KO0] is executed by forming the inner products of {UJ}” with each of the

column-vector elements in the hypermatrix, resulting in a 8x8 scalar matrix.

Summary

The following is a summary of the compact notation used in this dissertation.

Metric Data
DET, = the determinant of the transformation jacobian evaluated at the centroid of the
element
EL, = the (ij) element of the inverse of the transformation jacobian [%—21 evaluated
i
at the centroid of the element
Mass Matrix

+1 +1 +l

[C2001 = [ [ [ (N}(N}Tdn, dn,dn,

Gradient Matrices

+1 41 41

T
[C201] = [C210)7 = [ [ [ {N}"’gqﬂdmdnzdns
1

-1 -1 -1

+1  +1 41 T
[C202] = [C220]T = f f f (N} %V}— dn,dn,dn,
-1 2

-1 -1

+1  +1 +1

T
(€203 = (C23017 = [ [ [ ) SN g, d,

-1 -1 -1 3




Diffusion Matrices

_ (N} a(M)T
[C211] = = dn,dn,dn
.fl fl fl én, am, 1 277

(C2221= [ [ [N %ﬁdnldnzdn,

G 0a 4 on 2

_ AN} NY
[C233] = —1 =21 dn,dn,dnq
-fn'-[x-fla"a on, e

+1 +1
[C212] = [C221)7 = [ | fa{—N} am'

n,dn,dn,
%% 4 9n ony

+1 «+

1 +1 T
(C213] = [C31)7 = [ [ [ ANV AN} g gy d,
G4 4 ong ong

+1 +1 T
(C223] = (C23217 = [ [ [ AN AN 4, gy dn,
G h n 9n, ong

Convection Matrices

+1 +] +1

(0] = [ [ [N (N gy dn,dn,
S R on,
+1 +1 +1 aN

[C30201 = [ [ [ (N2 (MyT dn dn,dn,
-1 -1 -1 a'qz
+1  +1  +1 N

[C3030] = fff{N}‘Z‘—n’ (N}T dn, dn, dn,
-1 -1 -1 3
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APPENDIX A2

CFDL.PHI3D USER’S GUIDE

The following is a description of the input stream for the CFDL.PHI3D code. An abbreviated

listing of the input file for the 3-dimensional natural convection cavity is presented in Fig. Al as an

example. Note that if an asterisk, * , appears in column 1 of a card image, then that line is treated by the

input processor as a comment card, and the contents of the line are ignored.
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titl
3D thermal driven cavity Ra=1E6
parm
* gpheat condct visc rho beta2
0.71000000e+00 0.10000000e+01 0.10000000e+01 .10000000e+01 1.42857140e+06
* gracecn reflen diffd deltem uref
0.10000000e+01 0.10000000e+01 0.00000000e+00 0.10000000e+01 0.10000000e+01
* tref parml parm2 parm3 parm4
0.00000000e+00 1.18678166e+03 1.00000000e+00 8.42614977e+02 0.00000000e+00
* gravl grav2 grav3 gc
0.00000000e+00-1.00000000e+00 0.00000000e+00 0.10000000e+01
*
file
* plotf.dat restart.dat rest.dat
1 1 1
* read in mesh.dat file
mesh
* apply 3-D Dirichlet boundary conditions
disd
ul node 648
1 2 3 4 S 6 7 8 9 10 11 12
13 14 15 16 17 18 19 20 21 22 23 24

25 26 27 28 29 30 31 32 33 34 35 36

.0000D+00 .0000D+00 .0000D+00 .0000D+00 .0000D+00
.0000D+00 .0000D+00 .0000D+00
* apply 3-D Neumann boundary conditions

ne3d
wall elem 320
1 2 4 3
3 4 6 S
* read in restart file
rest
* specify TWS dissipation parameters
diss
0.1 0.1
* set up integration data
inte

* nitmax, nprint,npress,ntight,iterno,iplot
500 500 1 600 2 10

* chio chif chilim chimax delta
0.00000000e+00 0.10000000e+05 0.35000000e-01 0.50000000e+01 0.00000000e+00
* theta dchio epsphi errmax
0.50000000e+00 0.10000000e-01 0.10000000e-04 0.10000000e+00
* epsuvl epsuv2 epsen

1.00000000e-04 1.00000000e-05 0.10000000e-05
* specification of solvers

solu

* specification of solvers for each equation system

* momentum energy phi pressure format (4a10)
dsgmres dsgmres icegrad iccgrad

stop

Figure Al. Abbreviated input file for CFDL.PHI3D.

360




CFDL.PHI3D uses keywords to delimit sections of the input stream. These four-letter keywords

must begin in column 1 and be in lowercase for the workstation version of CFDL.PHI3D. Except where
explicitly noted, all data should be entered using a consistent set of units. These data are
nondimensionalized internally by CFDL.PHI3D using the reference parameters given with the parm
keyword. The following keywords are employed CFDL.PHI3D:

titl

parm

mesh

grid

tini

di3d

ne3d

rest

diss

inte

solu

stop

A description of the input requirements for each of these keywords is given in the sequel.
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A descriptive title should be entered in columns 2 through 80 on the line following the titl

keyword. This title will be used in the printed output.

parm

Relevant flow parameters and fluid property data are entered with the parm keyword. Four lines

of data are input after the parm keyword. The property data and reference parameters should be in a

consistent set of units.

format

Line variable description columns
— e
1 spheat specific heat 1-15 real
1 condct thermal conductivity 16-30 real
1 visc dynamic viscosity 31-45 real
1 rho density 46-60 real
1 beta2 coeff. of volume expansion 61-75 real
2 graccn acceleration of gravity 1-15 real
2 reflen reference length 16-30 real
2 diffd (not used) 31-45 real
2 deltem reference temp. difference 46-60 real
2 uref reference velocity 61-75 real
3 tref reference temperature 1-15 real
3 parml effective Reynolds number 16-30 real
3 parm2 effective Archimedes number 31-45 real
3 parm3 effective Peclet number 46-60 real
3 parm4 (not used) 61-75 real
4 gravl component of gravity unit vector in x1 1-15 real
direction
4 grav2 component of gravity unit vector in x2 16-30 real
direction
4 grav3 component of gravity unit vector in x3 31-45 real
direction
4 gc gravitational conversion factor 46-60 real
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The mesh keyword requires no data lines following it. This keyword signals CFDL.PHI3D to

read mesh data from an external file named mesh.dat. This is typically generated by an external mesh
generator program. A code called INGRID, developed at the Lawrence Livermore National Laboratory,
was used to generate the mesh for the room ventilation problem. The INGRID input file for the natural
convection problem is shown in Fig. A2. The mesh.dat file contains the nodal geometry and element

connectivity data defining a mesh constructed of 8-node hexahedra.

tini
The tini keyword is used to initialize the temperature field. A single number should appear on
the line following the keyword. This number should be a nondimensional temperature potential and

appear in columns 1 through 15 with format real.

di3d

The di3d keyword is used to define the Dirichlet data for the problem. Six variables may be set
with di3df ul ,u2 , u3, phi, press , and temp . These variables represent the three velocity components,
the ¢ parameter, the pressure, and the potential temperature, respectively. For each variable with Dirichlet

data, the following format is required.

variable node number_of nodes (free format)
(node numbers to be set) (format(1415))
(Dirichlet data) (format(5e12.4))
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c ingrid input for 3D thermal driven cavity
tz3d
start
117 33 ;
117 33 ;
1 11 ;
0 0.5 1.0
0 0.5 1.0
0 0.5
sfi -1 ; i ;i plan 0 0 0 -1 0 0
sfi -2 ; i ; plan 0.5 0 O 1 0 0
sfi -3 ; i ;j plan 1.0 0 O 1 0 0
sfi ;-1 ; ; plan 0 0 0 0 -1 0
sfi i -2 ; ; plan 0 0.50 0 1 0
sfi ; -3 ; ; plan 0 1.00 0 1 0
sfi ; ; -1 ; plan 0 0 0 0 0 -1
sfi ; i =2 ; plan 0 0 0.5 0 0 -1
¢ apply dirichlet data
c set ul,u2,u3 to 0.0 on hot and cold walls
ft 111 132 1 0.0
ft 311 332 1 0.0
ft 111 132 2 0.0
ft 311 332 2 0.0
ft 111 132 3 0.0
ft 311 332 3 0.0
c set ul,u2, and u3 to 0.0 on floor and ceiling
ft 111 312 1 0.0
ft 131 332 1 0.0
ft 111 312 2 0.0
ft 131 332 2 0.0
ft 111 312 3 0.0
ft 131 332 3 0.0
c set ul,u2,and u3 to 0.0 on north and south walls
ft 111 331 3 0.0
ft 112 332 3 0.0
c
c set temperatures at hot wall
ft 111 132 5 1.0
c
c set temperature at cold wall
ft 311 332 ) 0.0
c wall pressure data
c hot and cold walls
re+ 1 11 13 2 7no -1 0.5 0.0625
re+ 311 332 7 no 10 0.5 0.0625
c floor and ceiling
re¢+ 111 312 7no 0.5 -1.0 0.0625
re+# 131 33 2 7 no 0.5 10.0 0.0625
end
end

Figure A2. Input file for INGRID mesh generator.
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ne3d

The ne3d keyword is used to input Neumann boundary condition data. These data are made up
of a listing of 4-node quadrilateral finite elements which overlay the surface where the boundary condition
is being applied. The order of the nodes for each element determines the direction of the
outward-pointing unit-normal vector for the surface element. A counterclockwise ordering of node
numbers produces the correct right-hand-rule direction. Nine variables are available for Neumann
boundary conditions: ul , u2 , u3, ¢ , press , temp , wall , drag , and gflux. The input format is:

variable elem number_of surface_elements (free format)

(four nodes per line defining each surface element) (free format)

The drag and gflux Neumann are traction-slip and heat flux boundary conditions, respectively. Their
input format is:
variable elem number_of surface_elements function_number
(four nodes per line defining each surface element) (free format)
(function definition data) ifunc a b ¢ d U, (for drag)
or (function definition data) ifunc a b ¢ d T, (for qflux)

The general form for the drag and qffux functions are:

Ty =A@+ (BU) +c(U-U,)?

QFLUX =a + (bT) +c(T -T,)*

where 1, is the shear stress at the wall, QFLUX is the heat flux at the wall, U, is boundary tangential
velocity, and 7, is the boundary temperature. The functions are dimensional with units of shear stress and

heat flux; therefore, the coefficients a, b, and ¢ should be in a consistent set of units.
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rest
The rest keyword signals CFDL.PHI3D to read an external restart file named restart.dat.
inte
The inte keyword is used to input time integration data and convergence criteria.
—_— SRS
Line variable description columns format
s — ——— e e——
1 ntime number of time steps 1-5 integer
1 nprint interval for printout of solution 6-10 integer
1 npress interval for pressure solution 11-15 integer
1 ntight interval for tightening convergence 16-20 integer
1 iplot interval for checkpoints 21-25 integer
2 chio initial time 1-15 real
2 chif final time 16-30 real
2 chilim maximum time step size 3145 real
3 theta implicitness parameter 1-15 real
3 dchio initial time step 16-30 real
3 epsphi convergence criterion for Newton 31-45 real
iteration
4 epsuvwl initial convergence criterion for 1-15 real
momentum equation iterations
4 epsuvw2 secondary convergence criterion for 16-30 real
momentum equation iterations -
4 epsen convergence criterion for energy equation 31-45 real
iterations
diss

The diss keyword is used to input the TWS dissipation parameters for the momentum, B , and

energy, B , equations. These parameters are entered in free-format on the line immediately the keyword.
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solu

The solu keyword allows the user to specify the solver to be used for each of the main equation

systems in CFDL.PHI3D. On the line following solu four additional keywords are required in fields of

10 to specify the solvers for the momentum equations, the energy equation, the ¢ Poisson equation, and

pressure Poisson equation, respectively. There are currently 12 preconditioner/solver options available as

indicated in the following table.

SOLVER KEYWORD PRECONDITIONER ITERATIVE SOLVER
%%ﬁ
gseidel UNDERRELAXATION GAUSS-SEIDEL
dsgmres DIAGONAL SCALING GMRES
lugmres INCOMPLETE LU GMRES
FACTORIZATION
dsbergd DIAGONAL SCALING BICONJUGATE GRADIENT
lubcgrd INCOMPLETE LU BICONJUGATE GRADIENT
FACTORIZATION
dsbegs DIAGONAL SCALING CONJUGATE GRADIENT
SQUARED
lubcgs INCOMPLETE LU CONJUGATE GRADIENT
FACTORIZATION SQUARED
dsormin DIAGONAL SCALING ORTHOMIN
luormin INCOMPLETE LU ORTHOMIN
FACTORIZATION
direct NONE MA28
dscgrad DIAGONAL SCALING CONJUGATE GRADIENT
iccgrad INCOMPLETE CHOLESKY CONJUGATE GRADIENT

FACTORIZATION

stop

e

3

This keyword signals CFDL.PHI3D to end the execution. No data are required after the stop

keyword card.
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