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ABSTRACT

Given a chordal graph, parallel solutions are given for finding the set of
maximal cliques, a perfect elimination ordering and a minimum coloring. The
solutions to these problems have a variety of applications. While other parallel
solutions to these problems exist, this paper presents algorithms that use resources
more efficiently and involve less total computation and so have a faster running
time on a fixed number of processors. Questions of processor grain size, commu-

nication costs, algorithm costs and possible pipelining benefits are also discussed.
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Chapter 1

Introduction

Many practical problems can be solved using graph algorithms. Unfor-
tunately, most graph problems are NP-Complete when the graph structure is
general. This motivates an effort to find sub-classes of graphs which can represent
realistic problems and for which there exist efficient solutions to practical prob-
lems. Some important graph problems with realistic applications include coloring,
shortest path, max-flow, spanning tree and perfect elimination ordering [5][14][21].
Serial graph algorithms have been widely studied [5][11]{27]. Recently, research
has focused on parallel algorithms [18][20][22]. These parallel algorithms facili-
tate finding solutions to large problems where solutions to these large problem
instances would be prohibitive on a single processor. As the hardware becomes
increasingly less expensive, parallel solutions become increasingly accessible. In
this thesis, new parallel algorithms for solving three particular graph problems
on a class of graphs called chordal graphs are presented. While other parallel
algorithms have been developed for these problems, the algorithms presented here
are more efficient for parallel machines with a fixed number of processors.

The remainder of this chapter gives the terminology of graphs and a re-
view of the literature concerning graph coloring, classes of graphs, and parallel

algorithms. Chapter 2 discusses general properties of chordal graphs. Chapters 3,
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4 and 5 present new algorithms for finding maximal cliques, finding a Perfect
Elimination Ordering, and for finding a minimum coloring, respectively. All of
these algorithms are parallel algorithms and build upon one another. In the last
chapter, a summary of the results presented here is given and some open problems

are discussed.

1.1 Terminology

In this paper standard graph definitions are used[8] [14]. Briefly, a graph
G is an undirected graph which consists of a set of vertices V = {z,y,...,z}and a
set of edges E. The set of edges represents a relation in the vertex set. The set of
vertices that are adjacent to a vertex v is denoted by Adj(v) and N(v) = v+ Adj(v)
is the neighborhood of v. |V| = n is the number of vertices in V, and |E| is the
number of edges in E.

A subgraph of G is any graph H such that H = (V', E') where V' C V,
E’' C E and the endpoints of each edge in E’ arein V’. If A C V then the subgraph
induced by A is G4 = (A, E4) where E4 = {(z,y) € E|lz € Aand y € A}. Tt is
apparent that not all subgraphs are induced subgraphs. Another notation that is
used here for an induced subgraph is G — A, where A C V. This is the subgraph
of G induced by the set of vertices V — A.

A clique is a subset C of vertices of G such that G¢ induces a complete
subgraph. In other words, a cliqueis a group of vertices that are pairwise adjacent.
A clique C is mazimal if there is no clique of G that properly contains C. A cligue
cover is a minimum number of cliques such that all vertices, v of G belong to a
clique.

The degree of a vertex v, denoted by d(v), is equal to |Adj(v)|. An inde-

pendent set of G is a subset X of V such that no two vertices in X are adjacent.




A coloring of G is a partion of the vertices of G, X7, X3, ..., X such that each X;
is an independent set. If V = X; + X, + ... + X then G is k-colorable. If k is the
minimum number of colors necessary to color G then k is the chromatic number
of G.

As mentioned earlier, the focus of this thesis is three new parallel graph
algorithms. These new algorithms determine: (1) the set of maximal cliques, (2)
a perfect elimination ordering (to be defined later) and (3) a minimum coloring
of a chordal graph. In the next section, a brief overview of the state-of-the-art for
finding maximal cliques and for coloring general graphs is given. In section 1.3,
various classes of graphs which have previously been considered are presented.
Finally, in section 1.4, some background for parallel algorithms is given. We will
then be ready to discuss the particular class of graphs that we are interested in

and subsequently to present the new parallel graph algorithms.

1.2 Literature Review - Maximal Cliques and
Colorings for General Graphs

The problem of finding maximal cliques for a general graph was shown
to be NP-Complete in [10]. Consequently, any algorithm to develop maximal
cliques will require exponential time on an arbitrary graph. In [27], an exponential
time algorithm for finding maximal cliques is given. This algorithm starts by
finding the maximal clique for one vertex and then processes the remaining vertices
sequentially. As each vertex, v, is processed the set Adj(v) is found, and the
maximal cliques found so far are augmented as required.

Two types of algorithms exist for coloring general graphs: exact coloring
algorithms and approximate coloring algorithms. Since minimum graph coloring

is NP-Complete[10] for general graphs, the exact coloring algorithms also have an



exponential time complexity. For an example of an exact coloring algorithm the

reader is referred to [5]. The heuristic used most often for approximate coloring
is to arrange the vertices in descending order by degree[5][21]. An approximate
coloring can then be obtained by coloring the vertices in order. Each vertex v is
colored with the lowest possible number 7 such that no member of Adj(v) has been
colored with 7. A variation on this algorithm, as presented in[5], is to re-order
the set of uncolored vertices after each color has been assigned. This re-ordering
excludes already colored vertices (and adjacent edges) when calculating the degree
of each vertex. A significant improvement can be made in the number of colors
used if certain interchanges are made to the partial colorings produced after each

vertex is colored[21].

1.3 Classes of Graphs

The problem of finding efficient algorithms for many graph problems has
given rise to an effort to categorize graphs by different properties. The ability to
define a class of graphs has, in many instances, made it possible to find optimal
solutions to problems that do not have reasonable solutions on general graphs.

Two commonly used types of graphs will be examined in the next sections:
intersection graphs and perfect graphs. The algorithms in this paper are developed
for chordal graphs. A chordal graph is a type of intersection graph, as well as a

perfect graph.

1.3.1 Intersection Graphs

The class of intersection graphs can be characterized as the intersection of

some family of sets[14]. By this type of characterization, each vertex represents a



set, and there is an edge between vertices if and only if their corresponding sets

intersect. If the family of sets is allowed to be any family of sets, then the class of
graphs is the set of all undirected graphs[14]. But it is possible to limit the sets
by some characteristic or pattern, motivated by applications found in practice, in
such a way that efficient solutions to problems that are not solvable on general
graphs can easily be found. Several types of intersection graphs are described
below but many other types exist[14].

If the family of sets is limited to intervals on the real line (or some linearly
ordered set), then the resulting graph is called an interval graph. If the two ends
of the “real line” are joined, then the intervals become arcs on a circle and the
graph is called a circle-arc graph. Interval graphs are a proper subset of circular
arc graphs. If none of the arcs properly contain another arc, then the graph is a
proper circle-arc graph.

Given two parallel rows with p points on each and a set of lines connecting
pairs of points on opposite rows, a permutation graph has a vertex for each line
and an edge between two vertices if and only if the corresponding line segments
cross. If the 2p points are allowed to be points on a circle, then the set of lines
connecting these points are chords of a circle and the graph is referred to as a
circle graph. Permutation graphs are a proper subset of circle graphs.

Another variation on intersection graphs is one where the graphs represent
the intersection of a family of subtrees of a tree. This class of graphs is called
chordal graphs. Another, more common, definition of chordal graphs defines a
graph G as being chordal if every cycle of length 4 or greater has a chord. (A chord
is an edge between two non-adjacent verticesin the cycle). Chordal graphs are also
know as triangulated, rigid-circuit, monotone transitive and perfect elimination
graphs. Interval graphs are a proper subset of chordal graphs. There is some

overlap between the sets of circular arc graphs, circle graphs and chordal graphs.



However, there is no subset inclusion relationship.

Chordal graphs exhibit a hereditary property, which is to say that every
induced subgraph of a graph G is also chordal. Interval graphs also exhibit hered-
itary properties[14]. This hereditary property is useful for solving various graph

problems including the problems solved in this paper.

1.3.2 Perfect Graphs

Another important class of graphs is the class of perfect graphs. Perfect

graphs have two main properties:

e The chromatic number of any induced subgraph of a perfect graph G is

equal to the size of the largest maximal clique for that induced subgraph.

¢ The size of the clique cover of any induced subgraph of a perfect graph G is
equal to the size of the largest independent set for that induced subgraph[14].

Lovasz[14] proved a stronger result, known as the Perfect Graph Theorem which
states that the two properties are equivalent. A third property that is also equiv-
alent to the first two is that the size of the largest maximal clique times the size
of the largest independent set is greater than or equal to the number of vertices
for the perfect graph. These results apply for any induced subgraph of a perfect
graph, and will be useful in developing the algorithms presented later.

Chordal graphs were the first class of graphs to be recognized as perfect.
Not all perfect graphs are chordal, however. Permutation graphs are perfect, but
circle-arc graphs and circle graphs are, in general, not perfect.

Two types of graphs have been discussed in the preceding sections: inter-
section graphs and perfect graphs. Their areas of overlap have also been examined.

The subject of the remainder of this paper is chordal graphs.



1.4 Parallel Algorithms

Most of the parallel algorithms for finding solutions to chordal graph prob-
lems have been an attempt to prove that a certain problem was in problem class
NC. (A representative set of these parallel algorithms is summarized in the next
chapter). NC'is a class of problems which have a running time bounded by the
logarithm of the size of the input and require a number of processors equal to a
polynomial on the size of the input. Unfortunately, solutions under these restric-
tions are not very practical. Even if the number of processors required is only the
square of the input size, a problem with an input size of 1000, not an exceptionally
large input size, will require 1,000, 000 processors. These types of algorithms also
completely ignore the fact that existing parallel processors tend to have a fixed
number of processors, and so cannot provide the necessary processors for large
graph problems. This paper, while not strictly addressing itself to the specifics
of a certain machine or the details of an implementation, attempts to produce
algorithms which are more realistic for some existing parallel processors such as
a hypercube. That is, algorithms which are not geared to producing only the
maximum speedup but which also consider efficient use of resources are presented
here.

The algorithms discussed in this paper are designed for what has been
called a “multicomputer”[26]. In this model of a parallel processor, each processor
has its own memory and there is no shared memory. The multicomputer is also
an MIMD computer (Multiple-Instruction stream, Multiple-Data stream). While
machines consistent with the multicomputer model are used in practice as often as
the shared memory parallel processor, most theoretical research has not explored

the problems and potential of this model.



Each of our algorithms will be evaluated by considering its relative[26]:

e Cost: the complexity of algorithm times the number of processors used(p),

e Speedup: ratio of the time required by the parallel computer to execute
the fastest serial algorithm to the time required by the same computer to

execute the parallel algorithm,
e Efficiency: the speedup divided by p, and

¢ Grain size: the amount of work to be performed by each processor between

synchronizations.

The efficiency of an algorithm can be measured either from a theoretical or
a practical point of view. The theoretical measurements give insight into the gen-
eral complexity of the different algorithms. The practical measurements attempt
to seriously compare the performance of various methods of solving a problem and
to take into account more of the difficulties of implementation. It is not always
the case that a theoretically efficient algorithm will be efficient in practice, or
that a good practical algorithm will have good theoretical bounds on its perfor-
mance. For example, even ignoring processor startup times and bus contention
problems, the PEO algorithm of {20] (presumably the best of the parallel algo-
rithms on chordal graphs) uses only n 4+ m processors and has a time complexity

nt+m

of O(log®n) which gives it an efficiency of 0(1—7;’_?’7_") or equivalently O(1/log*n).
The efficiency of an algorithm is considered good when it is close to one and for
a large graph the efliciency of this PEO algorithm is not close to one. Processor
startup time is the computation cost of starting up a processor. Bus contention
occurs when two or more processors need to send messages along the same bus.
The above discussion is not meant to minimize the value of theoretical

research into finding parallel solutions to problems. The theoretical research pro-

vides valuable insight into methods by which problems may be parallelized. But
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there is concern about the unbounded space and processor requirements of such

algorithms[16]. It would be difficult to implement an algorithm requiring a num-
ber of processors equal to the size to the fourth power of the input size on, say, a
hypercube with 16 processors. Furthermore, the argument that it is possible for
a processor to perform the work of multiple processors does not answer the ques-
tion of whether this is the most efficient solution for this number of processors.
It i1s possible to look at the cost of an algorithm as defined above and then to
examine the time complexity when this cost is distributed over a fixed number of
processors. The goal of parallel algorithms needs to be more than just achieving
maximum speedup no matter the cost in processors. Each processor needs to be
used efficiently. It is also necessary to consider the grain size of work for each
processor. The processor must perform enough work to offset the start up time.

The algorithms in this paper have been developed with these goals in mind.



Chapter 2

Chordal Graphs and Algorithms

The algorithms developed in this paper are for chordal graphs. As men-
tioned previously, chordal graphs have many practical applications. This section
will explore some of the properties of chordal graphs and then review some of the
existing sequential and parallel algorithms for finding maximal cliques, a PEO,

and a coloring for chordal graphs.

2.1 Properties of Chordal Graphs

The first aspect of chordal graphs which distinguishes them from other
graphs is that every chordal graph has at least two simplicial vertices{14]. A
vertex is simplicial if its adjacency set Adj(v) is a clique. This clique need not be
maximal and, in fact, it is not. Since every induced subgraph of a chordal graph
is also chordal, all induced subgraphs of a chordal graph G also have a simplicial
vertex. Thus it is possible to develop an ordering of vertices of a chordal graph
G such that each v; € V is simplicial on the induced subgraph G — {v;|j < ¢}.
An ordering that meets these requirements is called a perfect elimination ordering

(PEO). It should be noted that graphs that are not chordal do not have PEOs.
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A vertex’s position in a PEO ordering will be denoted by o(v). So if a vertex v

was the ith vertex in the PEO, then ¢(i) = v and ¢~!(v) = ¢. PEOs are useful
for a variety of applications including Gaussian elimination [30].

Another aspect of chordal graphs that makes them worth studying pertains
to vertex separators. A vertex separator for vertices  and y, where = and y are
not adjacent, is a set of vertices S C V such that the removal of S from the
chordal graph G results in two distinct connected components, one containing
and the other containing y. If there is not a proper subset of § that is also a
vertex separator for z and y then S is a minimal verter separator for  and y. For
a chordal graph G, each minimal vertex separator is a clique.

The above mentioned properties give rise to the following equivalent[14]

statements:

e (7 is chordal,
e G has a PEO and any simplicial vertex can start a PEO,

e every minimal vertex separator of G is a clique in G.

These definitions and characteristics of chordal graphs will aid in the development

of the algorithms presented later.

2.2 Sequential Algorithms on Chordal Graphs

Three basic parallel algorithms for chordal graphs are presented in this
paper. They accomplish: (1) finding all maximal cliques, (2) producing a PEO
and (3) finding a minimum coloring. In order to judge how well these algorithms
perform, it is necessary to compare them to the best existing sequential algorithms.
Most sequential approaches for chordal graphs start by generating a PEO. The

PEQ is then used to generate maximal cliques and a minimum coloring.
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There are several sequential algorithms for finding a PEO. Most of these
algorithms (all of the algorithms discussed below) generate the PEO in reverse
order. This means that the first vertex numbered by these algorithms receives the
number n the next n — 1 etc.

First, Lezicographic Breadth-First Search (LBFS) [30] directs the search for
the next vertex of the PEO by maintaining a list of labels for each vertex. Initially,
every vertex is assigned a list that contains the number 0. Lists are generated and
vertices are chosen as follows: a vertex is selected at random and assigned the
number n, and the label n is added to the vertex list for each adjacent vertex.
The next vertex to be selected is a vertex, v, with the highest lexicographic label.
The vertex v is assigned the next lower PEO number, and every vertex adjacent to
v has this number appended to its label. This process continues until all vertices
have been numbered. Through some fairly complex list processing, the process of
finding the next vertex to number takes constant time and the process of updating
the labels of vertices takes a total of O(m) time. Consequently, the running time
of the algorithm is O(n 4+ m).

A second sequential algorithm for finding a PEO, known as Mazimum
Cardinality Search (MCS) [33], chooses the first vertex to be numbered at random,
and each successive vertex to be chosen is the vertex which is adjacent to the most
vertices that have already been numbered. MCS, while conceptually simpler than
LBFS, has the same O(n 4+ m) running time.

There are a multitude of PEOs for any chordal graph. For some uses, one
PEO may be significantly better than another. Unfortunately, neither LBFS nor
MCS as originally presented can produce every PEO of a given chordal graph.
However, in [32], a modified MCS called Mazimum Cardinality Component is
presented that can produce every PEO for a given chordal graph. In MCC instead

of selecting the vertex adjacent to the most numbered vertices, as was done in
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MCS, the vertices eligible for selection include any vertex that is adjacent to
the most numbered vertices in any connected component on the subgraph G —
{vilvi already numbered by MCC}.

Given a PEO, it can be used to develop maximal cliques since for every
maximal clique C,, the maximal clique containing v must be of the form C, =
{v}UX, where X, = {z € Adj(v)|o~'(v) < 07(z)}[14]. Obviously, not all cliques
of this form are necessarily maximal cliques. But this formulation indicates that
there are at most n maximal cliques for a chordal graph[14]. A straight forward
algorithm for finding maximal cliques is presented in [14]. For each vertex, v, the
set of vertices is found which are adjacent to v and which are higher in the PEO
ordering. This set unioned with {v} is either a maximal clique or a subset of a
maximal clique. The algorithm determines non-maximal cliques in constant time.
Safeguards are included in the algorithm to insure that the generated clique is
actually maximal and not a subset of a previously produced maximal clique[14].
The total running time of the algorithm is O(m).

The PEO is also used to develop a minimum coloring[11]. For each vertex,
v taken in PEO order, the coloring algorithm examines the existing sets of colors.
If a set is found in which there is not a member of the set Adj(v), then v is added
to this set. Otherwise a new set, {v}, is added to the list of color sets. Because
the vertices are processed in PEO order, it is not possible that more than the

minimum number of colors is required[11]. The running time of the algorithm is

O(n?).

2.3 Parallel Algorithms on Chordal Graphs

In this section various parallel algorithms on chordal graphs will be exam-

ined. It is more difficult to summarize this research because different researchers
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start by solving different problems and use these results to aid in solving other

problems.

Consequently, we will examine each research effort separately. The first two
papers to be discussed find the set of maximal cliques and use them to generate a
clique tree from which they find a minimum coloring and a PEO. The last paper
we will examine is somewhat different in that it finds a PEO and then finds a
minimum coloring.

Bi-cliques are used to develop maximal cliques in {22]. A bi-clique is a graph
whose vertex set can be divided into two sets such that the induced subgraphs
produced by these sets are cliques. The algorithm computes all the maximal
cliques in a chordal bi-clique by divide and conquer and then merges these to find
the maximal cliques for the chordal graph. The time complexity of this algorithm
is O(log®n) using O(n*) processors.

Continuing with the work reported in [22], the maximal cliques are used
to produce a minimum coloring by first finding a clique tree for the graph. A
clique tree T is a tree where each vertex in the tree represents a maximal clique
of G' and the cliques containing any vertex v form a connected sub-tree of T. A
divide-and-conquer algorithm is used to construct the clique tree with a centroid
clique being used at each division. A centroid is a vertex in the tree which, when
removed, results in a forest where the largest tree is minimized. A coloring is
obtained using this clique tree. Again, centroid cliques are found to divide the
problem and recursion is used to color each connected component. These colorings
are merged by renaming the color classes relative to each other. Each of these
algorithms has an O(log®n) time complexity using O(n3) processors. A PEO is
also found using the clique tree. To find a PEQ, the branches of the clique tree
are numbered, a PEO is found for each branch and then the PEOs are appended

together. The algorithm runs in O(log? n) and uses O(n?) processors.
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Another suite of parallel algorithms is given in [18]. Again, the set of

maximal cliques is found before producing a coloring or a PEO. The algorithms
in this paper utilize the concept of close-separators to find maximal cliques. A
close separatoris a minimal vertex separator where all the vertices in the separator
are adjacent to one of the vertices being separated. Given a vertex w it is possible
to partion each other vertex, v, of G by comparing the close separator between v
and w. Fach connected component within a partion is called a w-close component.
In [18], the authors prove that for a vertex w of chordal graph G, if there exists
a w-close component that is a clique then this component and its corresponding
close separator form a maximal clique of G. The algorithm to find maximal
cliques using this method has a time complexity of O(log®n) and requires O(n?®)
processors.

A clique tree is also found in [18] to construct a minimum coloring. Instead
of using centroid cliques, though, minimal vertex separators are used. Once the
clique tree has been constructed, a coloring is obtained from the clique tree by
adding dummy members to each clique so that each clique has as many elements
as the largest maximal clique. Then a link is made from one vertex in one clique
to a vertex in a child clique if the vertices are not members of both cliques. These
links mean that the vertices will receive the same color. Constructing the clique
tree requires O(log n) time and O(n?®) processors. The coloring requires O(log n)
time and O(n?) processors. No PEO is found in [18].

Most parallel algorithms, until recently, have started by finding maximal
cliques. In fact, it was argued in [22] that this was necessary because “algorithms
to build a perfect elimination scheme and use it appear hard to parallelize because
they choose one vertex to process at a time based on previous choices.”. In
[20], Klein refuted this assertion. There, the notion of backward paths is used to

iteratively refine an initial numbering until a PEO is produced. Given a numbering
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of vertices, a backward path is defined as a path in G where the internal nodes

along the path all have higher numbers than the endpoints of the path. For the
numbering to be a PEQ, all vertices must have a unique number, and all backward
paths in the graph must have adjacent endpoints. The algorithm starts with a
numbering that doesn’t contradict a PEO (all vertices receive the number 0).
The algorithm then repeatedly refines this numbering in parallel by modifying the
numbering to create backward paths. The process continues until the numbering
represents a PEQ. The algorithm takes O(log® n) time and O(n + m) processors.

A minimum coloring is found in [20] using cliques, but the cliques are
found at the same time as the coloring is made. An initial clique is found and the
remainder of the graph is broken into components. Cliques are found in each of
these components and a recursive call is made to color these induced sub-graphs.
The colorings are then merged. The time complexity is O(log? n) and the number
of processors required is O(m).

These algorithms provide many insights into the ways in which chordal
graph problems may be parallelized. However, they are not very practical. They
require far more processors than are currently available on most existing parallel
processors. Furthermore, in many instances the grain size of the tasks that each
processor performs are not sufficient to offset startup costs, and the efficiency of
the algorithm is not very high. The rest of this paper will be devoted to developing
algorithms that find maximal cliques, a PEO and a minimum coloring for a chordal
graph. The goal is to develop parallel algorithms that are more practical than the

ones discussed above.
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Chapter 3

Finding Maximal Cliques in
Parallel

As seen earlier, various starting points have been used to solve the three
basic problems addressed here. In [22] and [18], maximal cliques were found first.
In [20] a PEO was found first. In this paper, maximal cliques are found first
but the approach is different from that used in [22] and [18]. In this approach a
processor develops all the cliques to which a particular vertex belongs. While this
means that cliques are developed more than once, knowing every clique to which
a vertex belongs facilitates constructing the PEO and the clique tree. Maximal
cliques are found first because maximal cliques are a key defining characteristic of
chordal graphs. They can be used to develop a PEQ, a clique tree and a coloring.

The first section in this chapter gives a general discussion of the method
used to find maximal cliques. The second section gives the maximal clique algo-
rithm. The third section gives an example of finding maximal cliques and the last

section discusses the time complexity of the algorithm.
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3.1 Discussion of Finding Maximal Cliques

When using the multicomputer model, the data for a problem must be
partitioned so that it can be stored at various processors. To this end, for each
vertex v; of chordal graph G, an adjacency vector will be made. This vector
consists of an n bit binary number with each bit representing a vertex in the
graph. If the vertex v; is adjacent to v; then the jth position in the vector v;
is 1; otherwise it is 0. The #th spot in v;’s vector is also 1. This will facilitate
the refinement of candidate cliques. There are two possible ways to partition the
data: each processor p gets an adjacency vector for each vertex, or each processor
p gets an adjacency vector for itself and every vertex in Adj(p). The first method
is useful in the minimum coloring algorithm discussed later but requires O(n?)
space on each processor. The second method, and the method used in this paper,
requires O(d * n) space, where d is the degree of the vertex. It should be noted,
however, that this second method requires longer messages during the coloring
algorithm.

In the explanation of the algorithm and the examples, n processors are
going to be used, one for each vertex. Note, however, that it would be possible
to allocate more than one vertex to a processor. For convenience, we will refer
to a processor by the same name as the vertex that it is in charge of. Thus,
processor, p, will be responsible for developing all the maximal cliques to which p
belongs. At the same time that all maximal cliques are developed, a clique graph
is going to be developed. (Clique graphs have applications in areas of computing
probabilities in knowledge based systems[3][17], databases[2][9][15][34], numerical
analysis[12][25][29] and other applications[19][6][24](31]). A clique graph, G¢, of

a graph G is one where each vertex in G¢ represents a maximal clique in G,
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and there is an edge between two vertices in G¢ if and only if the intersection of
the cliques that they represent is not empty. Each processor, while finding the
maximal cliques to which p belongs, also develops edges between maximal cliques
for the clique graph.

The idea directing the search for maximal cliques is that if a vertex p is
adjacent to a vertex v, then p and v are in at least one clique together. Thus,
the set of cliques to which p belongs is developed by using each of its adjacent
vertices to refine the current set of candidate cliques. A candidate clique is a
possible clique to which p belongs based on the information gathered so far. The
original candidate clique is the set Adj(p). Each vertex v € Adj(p) is used in
turn to refine the list of candidate cliques. A refinement of one candidate clique
by vertex v € Adj(p) involves possibly generating two candidate cliques. The
first will contain p, v and all vertices from the original clique that are also in the
adjacency vector of v. The second clique will contain all members of the original
candidate clique including p, except for v.

A brute force method for generating the two candidate cliquesis to check all
edges between v and the verticesin Adj(p). However, it is possible to determine the
refinement that a vertex v will make on the candidate cliques in a quicker manner.
If a logical and is performed between a candidate clique and the adjacency vector
of v then the result will be a candidate clique with all vertices which can be in
a clique with v. If the result is not equal to the original candidate clique, then
there needs to be another candidate clique generated which keeps the vertices
that were removed by the and operation but deletes the vertex v. Thus, with
d(p) refinements of the candidate clique list, every maximal clique in which pis a
member can be generated.

It will be assumed throughout the remainder of this paper that logical and

operations are available. If it is not possible to use and operations, perhaps due
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to the size of the graph, then the refinement by a vertex v can be obtained by

checking for an edge between v and every vertex with a lesser lexicographic! value
than v. It is important to note that when referring to lexicographic order in this
paper, the ordering will be determined by the adjacency vector representation and
order. Thus, A is lexicographically greater than B since (1000...) is greater than
(0100...). Only edges to vertices of lesser lexicographic value need be examined
because each refinement vertex v is chosen in reverse lexicographic order (greatest
first). Thus, any refinement that was required among lexicographically greater
vertices would have been performed when the lexicographically greater vertices
were refinement vertices. For each candidate clique to be refined by v, it is still
possible to generate only two new candidate cliques: the first will contain all
members of the original candidate clique except those vertices which were not in
Adj(v), the second will contain all members of the original candidate clique except
v.

To find the maximal cliques then, we begin with a candidate clique that
contains all the vertices to which p is adjacent. This clique list is refined by the
above process for each v € Adj(p), and new cliques are created as necessary.
The vertex whose adjacency vector is currently being used to refine the candidate
cliques will be referred to as the refinement vertez. The refinement vertices are
processed in reverse lexicographic order (greatest first). After the initial refine-
ment, a clique will be refined only if the refinement vertex is in the candidate
clique. If, when the clique and the adjacency vector are anded, the result is equal
to the original clique, then no action is taken. If the result is not equal to the
original clique then this result takes the place of the original candidate clique and
a new candidate clique is generated. This new candidate clique is equal to the

original candidate clique minus the refinement vertex, and is placed immediately

1The lexicographic value used here and in the remainder of the paper is an arbitrary ordering,
say, the order in which the vertices appear in the input.
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following the result clique in the candidate clique list.

Theorem 1 The method of generating cliques described above maintains a list of

cliques that are in reverse lezicographic order.

Proof: To prove this it is necessary to show:

o that the result of an and will always be lexicographically greater than the

clique that is generated by removing the refinement vertex.

e that any clique that is the result of a refinement can never be greater than
the clique that is the result of a refinement of a greater clique or less than

the result of a refinement of a lesser clique.

To prove the first item, note that when a candidate clique is refined by v, it has
already been verified that each vertex z, lexicographically greater than v, is in
Adj(v). Consequently, each vertex z lexicographically greater than v is in the
result candidate clique. The refinement vertex must also be in the result since it
is in the original candidate clique (or the and wouldn’t be performed), and it is in
the adjacency vector by definition. The new clique that is generated will retain
all the vertices from the original candidate clique except the refinement vertex.
Consequently, the refinement vertex must be the first difference in the vectors.
Thus, the result is greater than the generated clique, and since this new candidate
clique is placed following the result, order is maintained.

To prove the second item, note that if a refinement produces two new
cliques, C; and Ci4;, the clique that keeps the refinement vertex, C;, is placed
before the clique without the refinement vertex, C;y;. This refinement vertex
must be in each clique that can be generated from C; since it has already been
verified that the refinement vertex is adjacent to every vertex in C;. While any

clique that can be generated from C;;; will never have the refinement vertex since
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the candidate clique does not have the refinement vertex as a member. Thus, any
cliques generated from cliques C; and C;y; will remain in order relative to the
vertices greater than or equal to the refinement vertex. In addition, an induction
argument can be used to show that any cliques generated before C; or after Ci;y
will remain in order. O

It is possible, while developing these candidate cliques, to generate cliques
that are non-maximal. These non-maximal cliques can be identified and removed
as soon they are created. To identify non-maximal candidate cliques as they
occur, “candidate” edges (as in the clique graph) will be maintained for each pair
of candidate cliques. It is also apparent that it is only possible for cliques to
become subsets of cliques which appear before them in the candidate clique list
since each earlier candidate clique contains a vertex that will never appear later
in the candidate clique list. Each candidate clique will keep a list of candidate
edges to every candidate clique that appears before it in the candidate clique
list. These candidate edges will be kept as vectors. As long as a candidate clique
does not equal one of its edges, it contains a set of vertices that are different
than any other candidate clique. When a clique is refined, it is possible that one
or both of the resulting candidate cliques has had the vertex(vertices) removed
that differentiated it from another candidate clique. As soon as this happens, the
candidate clique will equal one of its edges and the clique can be removed. After
all refinements have been made, the edges will be edges between the cliques for
the clique graph.

When a clique that is not the last clique in the list is split, it will be
necessary for this clique to update each of the edge lists of candidate cliques that
appear later in the list. To facilitate this, a candidate clique will maintain a list
of pointers to their edges in edge lists of candidate cliques which appear later in

the candidate clique list.

22




As the candidate cliques are refined and new candidate cliques generated,
it is necessary to update the edges between cliques. When a clique is refined
and the result is not equal to the original clique, then the result gets the original
clique’s edges, updated to reflect the refinement. The clique which gets created
from the original clique minus the refinement vertex gets a copy of these edges,
also updated to reflect the refinement, and a new edge between the result and
the new clique is added to this list. As the edges are updated the candidate
clique is checked against the edges. If the clique equals any of its edges, it is a
subset of another candidate clique and can never be maximal. Therefore, it and
its edges are removed from the candidate clique list. Once a candidate clique has
been removed, it will also be necessary to remove an edge from each of the later
cliques.

The graph G in Figure 3.1 is a chordal graph and Figure 3.2 shows a partial
list of the candidate clique development with edges for vertex J for graph G. Note
on the fifth level (the last level shown) several candidate cliques have edges that
are equal to the candidate clique. Consequently, these cliques will be removed
from the candidate clique list. After all the refinements up to and including H,

the candidate clique list (after removal of the non-maximal cliques) is the set:

(-———EFG——J—L-)
(———=-E~GH-J-L-)
(————- FG—-1J-1-)
(mm—————— 1JKLM)

A summary of the candidate clique list after each of the refinements for vertex J
is given in Figure 3.3.
When all adjacency vectors of v € Adj(p) have been used to refine each

of the cliques in the candidate clique list, the candidate clique list is a list of all
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Figure 3.1: Chordal Graph

the maximal cliques in which p is a member, and the edge list gives a complete
list of edges between each of the cliques containing p. Since every processor,
p, develops all maximal cliques in which p appears, a copy of a maximal clique
appears on each processor, v, where v is a member of the maximal clique. Thus,
to eliminate the possibility of duplication when assembling the maximal cliques
and/or clique graph the owner of a clique, defined to be the processor p such that
p is the lexicographically greatest vertex in the clique, is responsible for reporting
the existence of the clique. (Recall that lexicographically greatest is determined
by vector representation). For example, A is the owner of the clique ABC and
processors B and C will not report the clique ABC'. In addition, only edges which
are in the edge list of owned cliques are contributed.

For later use, a count of the number of maximal cliques involved with each
particular vertex is also maintained. As mentioned earlier, a processor p develops

all cliques to which p belongs.
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Figure 3.2: Partial Maximal Clique Generation with Clique Graph Edges
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It should be noted that it is possible to find maximal cliques in parallel
without generating the duplicates inherent in the process used above. To do so
we need only restrict processor p to finding cliques that it owns. This can be
accomplished by using only the portion of the adjacency vectors that is less than
or equal to p. However, by not developing all cliques containing a vertex, we lose
the ability to build a clique graph. In addition, determining the number of cliques

that a particular vertex belongs to would be significantly harder.

3.2 Maximal Clique Algorithm

The algorithm for developing the maximal cliques is given below.
Algorithm: MaxClique.
Input: Chordal Graph G.
Output: The set of maximal cliques for G and the corresponding edges in Gc.

Method: Initially, each processor p is given the adjacency vector for p and the
adjacency vectors for each v € Adj(p). The processor for vertex p will

maintain a candidate clique list (CCL) and a list of candidate edges for
each candidate clique. The candidate clique list is refined by each vertex
v € Adj(p). The list of candidate cliques remaining after all refinements is
the list of maximal cliques to which p belongs. Details are given in figure 3.4.

The majority of the work in the algorithm is performed when a refinement

occurs (steps M7 - M34). Briefly, if the result is not equal to the original candidate

clique then the following occurs:
e place the result clique in the candidate clique list before the current clique,

e give this result clique a copy of the original cliques edges, update the edges
and if the clique is equal to any of the edges, remove the clique, the edges,

and an edge in each of the later cliques,
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o if the clique was not removed then update the edges in each of the later

cliques in the clique list and update the edgepointers in each of the earlier

cliques in the clique list,
e remove the refinement vertex from the current clique,

e update each of the edges and if the clique is equal to any of the edges, remove

the clique, the edges and an edge in each of the later cliques,

o if the clique was not removed then update the edges in each of the later
cliques in the clique list and update the edgepointers in each of the earlier

cliques in the clique list.

3.3 Example of Maximal Clique Development

In this section, the algorithm presented in the preceding section will be
used to develop maximal cliques for the chordal graph shown in Figure 3.1. The
graph G has 13 vertices and thus 13 processors are used to find the maximal
cliques for this graph. Each processor p is given a copy of adjacency vector p
and an adjacency vector for each v € Adj(p). Let p in this example be vertex
J. Vertex J has as an adjacency set {E,F,G,H,I,J,K,L,M}. Each of these
vertices is in at least one maximal clique with J. The set {J} + Adj(J) is the
first candidate clique vector. The processing begins by anding this vector with
the adjacency vector for E, since F is the lexicographically greatest vertex in the

adjacency vector of J.

(-———-—FEFGHIJKLM) CC (current clique)
(-~ CDEFGH —J — L-) AV (adjacency vector of E)
(-———FEFGH—-J—-L-) result
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Mt:

M2:
M3:
M4:
M5:
M6:
MT:
MS:
M9:

M10:
M11:
Mi2:
M13:
M14:
M15:
M16:
M1T7:
M18:
M19:
M20:
M21:
M22:
M23:
M24:
M25:
M26:
M27:
M28:
M29:
Ma30:
M31:
M32:
M33:
M34:
M35:
Ma36:
Ma37:
M38:

receive adjacency vectors in lexicographical order and store owner of each
vector (refinement vertex)
cliquecount « 1
AV is first element in adjacency vector list
while adjacency vector list not empty do
CC is first element in candidate clique list
while not the end of candidate clique list do
if refinement vertex is in C'C' then do
result « and of CC and AV
if result £ C'C then do
cliquecount « cliquecount + 1
add result to candidate clique list before CC
CC = C(C —refinement_ vertex
result gets copy of edgelist and edgepointers of CC
for result and CC do
for each edge € edgelist do
update edge
if edge = result/CC then do
remove result/CC and edgelist
cliquecount « cliquecount — 1
end if do
end for do
end for do
if both result and C'C were removed then do
remove edge from each clique that appears later in CCL
else do
update edgelist of each clique that appears later in CCL
update edgepointer list of every vertex that appears in CCL
end else do
if neither result nor CC removed then do
add an edge to edgelist of CC
add an edge pointer to edgepointer of result
end if do
end if do
end if do
CC is next element of candidate clique list
end while do
AV is next element of adjacency vector list
end while do

Figure 3.4: Algorithm: MaxClique
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There are two simple ways to check for equality of result and the original
candidate clique. First, the two could be exclusive-ored. If the result is 0, then
the two vectors are equal. Second, the result could be subtracted from the original
candidate clique. If the answer is 0, then the vectors are equal.

If the vectors are equal then the candidate clique list needs no alteration. If
they are not, then the result is put in the list before the current candidate clique,
and the current clique is altered by removing the refinement vertex from the cur-
rent clique. Thus the original candidate clique list was (————EFGHIJKLM),
and after refinement by the adjacency vector of E there are two candidate cliques
in the list: (-~——FEFGH—-J-L-),(————— FGHIJKLM). The first clique
in this list is the result of the and, and the second is the original candidate clique
minus the refinement vertex E. The second clique also retains the original edge
list which is empty. In addition, in step M13 a copy of this edge list is given to the
first clique. Then in steps M30 and M31 an edge is added to edgelist of the second
clique, and a pointer to this edge is added to the first clique’s edgepointer list.
The edge is simply the result of the and minus the refinement vertex E. So the
edge added to the second candidate clique’s edgelist is (————— FGH-J-L-).

In Figure 3.2, the first level represents the original candidate clique. The
second level shows the candidate clique list after refinement by the adjacency
vector of E. There are no more elements in the candidate clique list, at this
point, so the loop of M4 is complete. AV becomes the next adjacency vector
in the adjacency vector list, which is the adjacency vector for vertex F. This
adjacency vector is used to refine both of the existing candidate cliques. The

adjacency vector is first anded with the first clique in the candidate clique list.

(~———EFGH - J - L-) CC (current clique)
(-——-DEFG—-1J—-L-) AV (adjacency vector of F)
(-———FFG—-—-J—L—-) result

Since the result is not equal to the original candidate clique, this clique
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is placed prior to the original candidate clique and given a copy of its edges and
edgepointers. The copied edgelist is empty while the edgepointer list contains
one element. The refinement vertex, F, is removed from the original candidate
clique, and an edge is added to its edgelist which is result minus the refinement
vertex. An edge pointer is also added to result’s edgepointer list to point to this
edge, and for each edgepointer in the edgepointer list, the edges in edgelists are
updated.

CC then becomes the second clique in the candidate clique list, and it is

anded against AV which is still the adjacency vector for F.

(————— FGHIJKLM) CC (current clique)
(-——-DEFG—-1J-L-) AV (adjacency vector of F)
(————~— FG-1J-L-) result

Again result is not equal to the original candidate clique, CC. Conse-
quently, result is placed in the candidate clique list prior to CC and the refine-
ment vertex, F' is removed from CC. The result gets a copy of the edgelist and
edgepointer list of CC, and these lists are updated. A new edge is added to
edgelist for CC, and a pointer pointing to this edge is added to the edgepointer
list of result. The third level of Figure 3.2 shows the candidate clique list after
refinement by the adjacency vector of F'.

Refinement continues until all adjacency vectors have been used to make
a refinement. At this point the candidate clique list contains all maximal cliques
in which J is a member. Each clique will also have a list of edges to each clique

which appears earlier in the list.

3.4 Time Complexity Analysis

The time complexity is evaluated for a single vertex/processor. The speedup,

efficiency and cost are examined later in the paper.
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The algorithm consists of 6 loops inside the while loop at M6 which is
inside the while loop (M4). M1 is also a loop and will take d steps, where d is
defined to be d(p). All other steps take constant time. The inside loops are at
M13, M14, M15, M24, M26, M27.

The loop at M14 is executed twice, once for result and once for CC. All
other loops that appear inside the while loops are executed at most once for each
clique in the candidate clique list for that iteration through the while loops. This
follows from the fact that each candidate clique can have no more than one edge
to each other candidate clique.

We claim that at the end of each iteration through the while loop at M6,
the number of elements in the clique list is no more than the number of maximal
cliques in G that contain p. To see this, note that any candidate cliques that
might be subsets of other candidate cliques or non-maximal relative to the cur-
rent candidate clique list are discarded as they are generated. Thus, at the end
of any iteration through the while loop at M6, the candidate cliques are unique.
Furthermore, using an argument similar to that used when proving that the max-
imal cliques were kept in order while being generated, it can be shown that each
clique is differentiated by some unique initial segment of vertices in Adj(p). This
unique initial segment consist of all vertices in each candidate clique up to and
including the current refinement vertex. Recall also that each candidate clique
has a refinement vertex that no other candidate clique has, so for each candidate
clique the set of vertices up to and including the refinement vertex is unique. Since
each such initial segment corresponds to a set of completely connected vertices,
each distinct candidate clique must have at least one distinct maximal clique con-
taining this initial segment. Thus, the number of candidate cliques at the end of
an iteration through the while loop at M6 must be no more than the number of

maximal cliques containing p.
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Moreover, the same formulation of maximal cliques that proved that there
are at most n maximal cliques in G also proves that there are at most d maximal
cliques containing p in G. This formulation was C, = {v} U X, where X, = {z €
Adj(v)|e~(v) < o7}(z)}[14], for some PEO o of the vertices. A vertex w can
only appear d different ways in this formula because w can only have one possible
set of adjacent vertices with higher PEO numbers, and w can only appear in d
minus the number of vertices that appears in the set of adjacent vertices with
higher PEO numbers different X, sets. Thus, all inside loops, except the trivial
loop at M14, can be executed a maximum of d times.

To determine the total complexity, observe that the loop at M4 must also
be executed d times because p has d adjacency vectors, and once M6 has been
entered, it executes a maximum of d times because of the argument above. Thus,
for each iteration of the loop at M4, the loop at M6 is executed a maximum of d
times. This means that the loop at M6 is executed a maximum of d? times. The
inner five loops are executed a maximum of d times, for each iteration of the loop
at M6. Since the M6 loop is executed a maximum of d* times, the inner five loops
are executed a maximum of d° times.

This gives a total running time of the algorithm equal to O(D?®) where D
1s the maximum degree of all the vertices. This time complexity is based on the
bit vector model of computation[l]. In this model, logical operations on vectors
are considered to be constant time operations. Thus, the O(D?®) complexity here
is Opv(D?). However, as noted in [1], “most computers do logical operations on
full-word bit vectors in one instruction cycle. Thus bit vectors of length 100 could
be manipulated in three or four steps.” If this maximal clique algorithm were
implemented on a machine with a b bit word length, then a logical and could be
performed in n/b steps. For a general machine, the actual running time of the

parallel maximal clique algorithm is O(D3n/b).
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3.5 Summary

In this chapter, we have given a parallel algorithm for developing the set of
maximal cliques of a chordal graph. The algorithm also produces the clique graph
of the original graph. The algorithm runs in O(D°n/b) time on a distributed-
memory machine using O(n) processors. Furthermore, with no added imple-
mentation difficulties, the algorithm can be implemented on a machine with z
processors. This would result in a time complexity of O(D?(n/b)(n/z)).

In the next two chapters, the maximal cliques developed here will be used

to develop a PEO and a minimum coloring respectively.
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Chapter 4

Generating a PEO in Parallel

Another important aspect of chordal graphs is a PEO or Perfect Elimina-
tion Ordering. A PEQO, as mentioned previously, is an ordering of the vertices of
chordal graph G such that each vertex v; is simplicial on the induced subgraph
G — {v,|j < i}. A simplicial vertex v is a vertex whose adjacency set is a clique.

The commonly used serial algorithms to find a PEO are LBFS, MCS and
MCC. In [22], maximal cliques and a clique tree are used to find a PEO; [20]
employs backward paths and an algorithm to refine these backward paths to find
a PEO. In this paper, a PEO is found directly from the maximal cliques.

The first section of this chapter discusses the PEO algorithm. The second
section presents algorithms for both the host and vertex processors. The third
section goes through an example of how the PEO algorithm works, and the last

section discusses the time complexity of the algorithm.

4.1 Discussion of Finding a PEO

The PEO found by this algorithm will use the information available at the

end of the maximal clique algorithm. In fact, a certain amount of pipelining’

!By pipelining we mean that there is a certain amount of overlap between the execution of
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1s possible since a processor p can start its work of finding a PEO as soon as it
has completed finding all maximal cliques for p. Recall that at the end of the
maximal clique algorithm each processor p has a list of all the cliques to which p
belongs and a count of those cliques. A Lemma will aid in the understanding of
the PEO algorithm. Although this Lemma may have been proven elsewhere, for

completeness, we include our version here.
Lemma 1 Any simplicial vertex is a member of ezactly one mazimal clique.

Proof (by contradiction): Assume simplicial vertex v belongs to two distinct
maximal cliques. Then there must be vertices ¢ and y such that (z,v) € E and
(y,v) € E but (z,y) € E. But this contradicts the definition of a simplicial vertex.
O

A consequence of Lemma 1 is that we can find a PEO from the maximal
cliques that have already been found. The PEO generation involves the use of a
host processor to collect the ordering, and the n processors for the vertices of G.
As vertices are discovered to be simplicial, they are sent to the host processor to
be included in the PEO.

It is possible to determine if a vertex is simplicial by determining when it
1s a member of exactly one clique. Thus, a processor p whose clique count is 1,
knows that p is a simplicial vertex and will send a message to the host processor
indicating that p is ready to be included in the PEQ. The host processor will
receive the message and include p in the PEQ. The processor p will also send a
message to each v € C where C is the one clique in which p is a member. This
message will inform each of these processors that p has been removed from the
graph. As simplicial vertices are eliminated from the graph, maximal cliques are

also going to be removed. A maximal clique will be removed from the graph when

the maximal clique algorithm and the PEQ algorithm.
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all its vertices have become simplicial (and thus are removed from the graph) or

when the clique is no longer maximal. (In other words, when the clique becomes a
subset of another maximal clique). Eventually all maximal cliques will be removed.
This follows directly from the facts: (1) a simplicial vertex is a member of one
maximal clique, and (2) a chordal graph must have a PEO.

It is not necessarily true that when all simplicial vertices have been removed
from a maximal clique, that it is no longer a maximal clique. In Figure 4.1, ABC
is a maximal clique and A is simplicial. When A is removed, however, it is not
true that vertices B and C are in one less clique because BC is still a maximal
clique on the induced subgraph G—{A}. So processors B and C cannot decrement
their cliquecount when they receive a message from A indicating that A has been
removed. They must first check to see if removing A results in one less clique in
the induced subgraph.

When processor p receives a message indicating that a vertex v has been
removed from the graph, it will perform a binary search on the maximal clique list
to find the clique containing v. It should be possible to perform a binary search
by determining whether a clique is lexicographically greater or less than the clique
containing vertex v. When the clique containing v is found, v is removed from the
clique. Recall that v can only be a member of one clique since it was simplicial. It
now needs to be determined whether this new clique C is still maximal, and if the
clique is still maximal, then its new place in the maximal clique array needs to be
determined. It should be noted here that removal of any vertex from a clique can
only make the clique lexicographically lower. Recalling that the maximal cliques
are kept in reverse lexicographic order (greatest first), this implies that it is not
possible for C to move towards the start of the list and thus, it is not necessary
to search back in the list to find C’s new location.

So, when v’s maximal clique C is found, C — {v} is compared against each
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Figure 4.1: Removal of A does not remove a maximal clique

maximal clique which appears earlier in the list to determine if C is a subset of
one of these maximal cliques. If it is, then C is discarded and each maximal
clique which appeared later in the list is moved up. If C is not a subset of any
maximal clique, then C' must be compared to each maximal clique which appears
after it in the list to determine its new position. There are three possibilities: C is
lexicographically less than the maximal clique to which it is being compared, C is
a subset of the maximal clique, or C is lexicographically greater than the maximal
clique. If the first possibility is true, then C’s place in the maximal clique has
been found. If the second possibility is true, then C is removed from the list,
and every maximal clique that appears later in the list is moved up. If the last
possibility is true then the maximal clique to which C is being compared is moved
up in the list and C is compared to the next maximal clique.

If the clique C, from which v was removed, is not inserted back into the

maximal clique list it means that the clique no longer exists on the induced sub-

38



graph. Processor p, therefore, will decrement its cliquecount. If the cliguecount
1s now 1 then p is now simplicial and can be sent to the host processor. A message
will also be sent to each vertex in the remaining clique. This process continues for
each processor until cliquecount = 1 and p sends a message to the host, at which
time that processor has completed its work in PEO generation®. The process will
continue for the host processor until it has n messages, one from each processor.
You should recall here that induced subgraphs are chordal, and chordal graphs

have simplicial vertices. Therefore, this process will continue to completion.

4.2 PEO Algorithm

The following algorithm is performed by each processor p immediately

following the maximal clique algorithm.

Algorithm: PEO

Input: For each processor p a list of all maximal cliques containing p and a
cliguecount.

Output: A PEO on the host processor.

Method: Each processor will maintain an array of maximal cliques and a count
of maximal cliques for the induced subgraph as vertices are removed. To be-
gin, each processor p will check its cliqguecount, and if it is 1 then p will send
a message to the host and to every vertex remaining in the clique. Other-
wise, p will wait to receive messages indicating that other vertices have been
removed from the graph. When p receives a message indicating z’s removal,
p deletes = from its aﬁ)pro riate clique and adjusts C’s maximal clique rep-
resentation accordingly. ’f)his process continues until the cliquecount = 1,
at which time p will send messages to the host and each member of the
remaining clique. The details of the vertex processor algorithm are given in

Figure 4.2.

2Simplicial vertices send a message to the host first and then to each vertex processor z in the
last clique. The vertex processor « must then do some computation before it can send a message.
It is therefore assumed that the messages will not get out of order. If this assumption were not
reasonable for a given machine, relative time stamps can easily be added to the messages to
ensure synchronization.
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P1:
P2:
P3:
P4:
P5:
P6:
P7:
P8:
P9:

P10:
P11:
P12:
P13:
P14:
P15:
P16:
P17:
P18:
P19:
P20:
P21:
P22:
P23:
P24:
P25:
P26:
P27:
P28:

while cliquecount > 1 do
receive(wait) vertex removal message (v)
use binary search to find v in maximal clique C
C—C-v
MC «~ the maximal clique before C
complete — of f
while not beginning of maximal clique array and not complete do
if C C MC then do
cliqguecount « cliquecount — 1
move up all maximal cliques that appeared after C
complete — on
end if do
if not complete then MC « clique before MC
end while do
MC « the maximal clique after C
while not end of maximal clique array and not complete do
if C C MC then do
cliquecount « cliquecount — 1
move up MC
move up all maximal cliques that appeared after MC
complete — on
end if do
if C < MC then complete — on
MC « the maximal clique after MC
end while do
end while do
send(wait) message to host (p)
send message to each v € E (p)

Figure 4.2: Algorithm: Vertex Processor PEO
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Since, each vertex is a member of exactly one maximal clique when it is
simplicial, and every chordal graph has a simplicial' vertex, the process of sending
messages will begin as soon as the maximal clique algorithm has finished for some
vertex. Eventually all vertices will have become simplicial, all maximal cliques
will be removed and all processors will have dropped out of the while loop at P1.

The host processor begins work when it receives its first message. It will
receive a message from each processor in turn indicating that the vertex is ready
to be included in the PEQO. The host will keep a list of vertices in PEO order. The

details of the host processor algorithm are given in Figure 4.3.

4.3 Example of PEO Development

Figure 4.4 shows the list of cliques developed by each processor during the
maximal clique algorithm on the chordal graph of Figure 3.1. Obviously, vertices
A, B, H and M are simplicial. Thus, these vertices will send messages to the host
and to each vertex in the maximal clique. A sends messages to the host, B and
C. B sends messages to the host, A and C. H sends messages to the host E, G,
J and L. M sends messages to the host and J, K and L. All these messages are
sent concurrently.

Each processor that receives a message will use a binary search to find the
vertex in the maximal clique array. For example, J will first receive a message
from either H or M. If H is received first, a binary search will be used to find
FEGHJL in the maximal clique array. H will be removed from the clique C, and
then C will be compared to the first clique before it in the array. C is a subset
of the clique, so C will be removed from the array, and everything after C' will bé
moved up in the array. The cliquecount will also be decremented and since it is

not yet 1, J will continue to wait for vertex removal messages. J may receive M
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Hi:
H2:
H3:
H4:
H5:
H6:
HT:

start up n processors and distribute adjacency vectors { work for maximal cliques}

msgcount «— 0

while msgcount < n do
receive(wait) a vertex message (v)
add v to PEOQ list
msgcount «— msgcount + 1

end do while

Figure 4.3: Algorithm: Host PEO

Vertex/Proc | A B C D E F G
Count 1 1 2 2 4 3 3
Clique ABC | ABC | ABC| CDE | CDE | DEFG | DEFG

CDE | DEFG | DEFG | EFGJL | EFGJL
EFGJL | FGIJL | EGHJL
EGHJL FGIJL
Vertex/Proc H I J K L M
Count 1 2 ) 2 3 1
Clique EGHJL | FGIJL | EFGJL | IJKL | EFGJL | JKLM
UKL | EGHJL | JKLM | EGHJL
FGIJL FGIJL
IJKL IJKL
JKLM JKLM

Figure 4.4: Clique list and count for each processor
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next. Again, the clique C, after the removal of M, will be a subset of a maximal

clique. So C is removed and the cliquecount decremented. Messages will also be
received from K and L, and in each case C is a subset and will be removed. At
this point the cliquecount = 1, and J will send a message to the host to indicate
that p is ready to be included in a PEO.

The exact PEO will depend on the synchronization of the processors. One
reasonable sequence of events would be for all vertices in exactly one clique to be
first in the PEO. The next group might be any vertex which was in exactly one
clique after removal of all cliques containing vertices in the first group and so on.

A possible PEO generated this way is:

ABHMCKDIEFGJL

4.4 Time Complexity Analysis

In this section, the time complexity of the algorithm for each vertex pro-
cessor 1s examined followed by an analysis of the complexity of the host processor.
Questions of speedup and efficiency are, again, postponed until later.

The binary search for the PEO algorithm (step P3) requires log ¢ time
where, ¢ is the number of cliques of which p is a member. Clearly, ¢ < d. The
loops at P7 and P16 take, in the worst case, ¢ total time for one iteration through
P2, since every maximal clique may need to be examined. The outside loop at
P2 must be executed at least ¢ — 1 times. However, each message received will
not necessarily remove a maximal clique so it is possible that d messages will be
required to remove the ¢ — 1 cliques. Steps P8 and P17 take constant time since
it is possible to check if (C — MC) = 0. Thus the time complexity for the PEO
algorithm on each processor is O(d * ¢) plus some possible wait time. Wait time is

the time an algorithm spends waiting for messages. Because of the accumulated
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effect of vertices becoming simplicial, the possible total wait time for any vertex is
O(D = C), where D and C are the degree and clique count of the “worst” vertex,
respectively. So, the time cbmplexity is still O(d * ¢).

Note, however, that the processor that develops maximal cliques for a sim-
plicial vertex will, in all likelihood, complete this process sooner than processors
working on vertices with multiple cliques. It can also be stated that for the “av-
erage” chordal graph there will be a tendency to pipeline the messages for the
PEO algorithm. By pipelining we mean that there will be a tendency for mes-
sages from simplicial vertices to go to vertices with a few cliques and then these
vertices become simplicial and send messages to vertices with a few more cliques
etc. When this pipelining effect is present, the idle wait time for most processors
will be negligible because processors with few maximal cliques will determine that
they are simplicial and send messages to processors that are continuing to find
cliques. When these processors have finished finding maximal cliques, simplicial
vertex messages will be available for them to process. However, this is not always
the case. See Figure 4.5 for an example of a graph where the pipelining is limited.
Vertices B and C would need to wait until F' became simplicial; D and E would
need to wait until G became simplicial; and A would need to wait until either B
and C became simplicial or D and E became simplicial. A, B,C, D and FE are all
in 2 cliques but, to make the example worse, F' could be made a member of any
number of cliques.

Because of the pipelining, the host processor will not have to wait until
all maximal cliques have been developed to start receiving messages from the
vertex processors about the PEO. The host will receive n messages, hence its
time complexity is O(r). However, the host processor should finish receiving all
messages soon after all vertex processors are complete.

On the graph in Figure 3.1 every simplicial vertex, except M, sends a
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Figure 4.5: Example of Chordal Graph with little pipelining

message to a processor with just two cliques. A and B both send a message to C,
and J sends a message to I. C sends a message to E, and I sends a message to
L, both of which have just two cliques. The pipelining tendency is apparent.
Another important aspect of the complexity of this algorithm is the com-
munication. The nice part of the maximal clique algorithm is that after receiving
the adjacency vectors, each processor can work without interruption to develop
the cliques. When work can be divided so that each processor can work with no
communication, then the benefits of parallelism are at their peak, as long as the
extra work required due to using no communication is not prohibitive. For the
PEO algorithm, a message will be sent every time a vertex appears in a maxi-
mal clique. So, the total number of messages is equal to Y°{_; |C;|, where the set
{C1,Cs,...,C.} is the set of all maximal cliques. The pipelining that is possible
with the combination of the maximal clique and PEO algorithm may reduce some

of the bus contention but it cannot guarantee it. One area for further research is
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to consider how to reduce the communication required by the PEO algorithm.

4.5 Summary

In this chapter, we presented an algorithm to generate a PEO. It is not
necessary that every processor have found all maximal cliques before a processor
can start on the PEO algorithm. Processor p can start the PEQ algorithm as soon
as it has found all the maximal cliques to which p belongs. The PEQO algorithm
presented here has a worst case time complexity of O(d * ¢) plus any necessary
wait time, and uses n + 1 processors.

As in the maximal clique algorithm, the work here can easily be divided
among a constant, say z, processors with no sacrifices to the worst case time
complexity (i.e., worst case time complexity would be O(d * ¢(n/x))).

In the next chapter, the PEO generated here is used to find a minimum

coloring.
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Chapter 5

Generating a Minimum Coloring
in Parallel

To color a graph G, each vertex, v is assigned a color such that no vertex
u € Adj(v) has the same color as v. A minimum coloring is a coloring that uses
the minimum number of colors possible. Coloring of graphs has many applications
including VLSI design and resource allocation.

In this chapter, a parallel algorithm that begins with a PEO and produces
a minimum coloring is developed. The first section discusses coloring in parallel.
The second section presents the coloring algorithm. The third section provides an
example of a coloring, and the last section examines the time complexity of the

algorithm.

5.1 Discussion of Parallel Coloring

Unlike the PEO algorithm, the coloring algorithm cannot begin until the
PEO generation has been completed. The processors which were used to develop
the maximal cliques can now be used for the coloring algorithm. However, here

each processor will handle a color instead of a vertex. This will avoid the expense of
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starting up new processors. Obviously it is not possible for more than n processors

to be required, since at most n colors will be required.

The method used here to color a graph is a parallel version of Gavril’s serial
coloring algorithm[11]. As with Gavril’s algorithm, vertices are colored in reverse
PEO order. The host finds vertices that can be colored with the first color and
pass vertices that cannot be colored with color 1 to the next processor representing
color 2. When processor 2 determines that a vertex cannot be colored with color
2, 1t must pass the vertex on to processor 3, and so on. Consequently, either the
host must inform processor 2 to which processor it should pass vertices or some
scheme must be understood. One such scheme is that the processor that handled
vertex A represents color 2, the processor that handled B will represent color 3
and so on. We assume this scheme is used.

The host begins by taking the vertices in reverse order. The last vertex
in the PEO will be assigned color 1. The next to last vertex, z, is then selected.
The host must determine whether z can have the same color as every vertex that
already has color 1. To do this, the host keeps a conflict vector that is n bits
long like the adjacency vectors, and where a bit is 1 if it has been colored 1 by
the host and is 0 otherwise. To determine whether z is adjacent to any vertex,
v € {v|v colored 1}. The host will perform an and between the adjacency vector
of x and the conflict vector. If the result is not equal to 0,  cannot be colored 1
and must be passed to processor 2. Since processor 2 will have to verify whether «
is adjacent to any vertex colored 2, the host will need to send the adjacency vector
for . To ensure synchronization, a timestamp is sent with the message. In other
words, the first message sent by the host is stamped 1, the second 2 etc. Thus,
processor 2 knows if it has received messages out of order and can wait until it
had received the proper message. Continuing with the coloring process, processor

2 determines whether z can be colored 2. Again, this will be done by performing
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an and. If z cannot be colored 2, then processor 2 sends  to processor 3. So each
processor p in turn performs an and between the adjacency vector of z and the
conflict vector to determine if  can be colored p and sends z and its adjacency
vector to the next processor if it cannot. For each processor, if the result of the
and is 0, z can be colored with this color and the appropriate position in the
conflict vector is set to 1.

The number of colors required is equal to the size of the largest maximal
clique. But this number was never determined, and it is not a trivial task to find it.
To achieve this, each processor would need to determine the largest clique it owned
and then these would have to be combined and compared. If the size of the largest
maximal clique is known then the number of colors, k, (the chromatic number)
is known. Since it is known that the algorithm will produce a minimum coloring,
the processor k — 1 would not start up another processor. Instead, processor k —1
would simply keep two colors. Any vertex that could not be colored k£ — 1 would
receive color k.

It is not necessary to know the chromatic number, however. We will allow
each processor p to start another processor if it finds a vertex z which it cannot
color with p. Processor k — 1 then will start up processor k& when it finds a vertex
which cannot be colored £ — 1. Processor k will check the adjacency of each x
it receives but will not receive any adjacent vertices, and thus, will not start up
another processor.

The host continues until every vertex in the PEO has been examined and
either colored 1 or sent to processor 2. When it has completed every vertex, it will
send a message to processor 2 that all vertices have been colored, and processor
2 passes the message along. In addition to producing a coloring at this point, we

also know the maximum clique size which is k.
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5.2 Coloring Algorithm

The following is the algorithm the host will perform for the coloring. This
will follow immediately after all n vertices have been received for the PEO.
Algorithm: Host Coloring.

Input: A PEO for G.

Output: A coloring distributed across k processors.

Method: The host maintains a PEO list and a conflict vector CVwhich contains
the vertices which can be colored 1. The host processes vertices in reverse
order. The host determines for each vertex processed whether it can be
colored 1 and if it can, the vertex is added to the conflict vector. Otherwise,
the vertex is passed to processor 2. The details are given in Figure 5.1.

The algorithm performed by each color processor is similar except that
instead of using vertices from the PEO, the vertices are sent to the processor from
the next lowest color. The algorithm terminates when a termination message is

received by processor k. See Figure 5.2 for details.

5.3 Example of Coloring

Figure 5.3 shows how the coloring proceeds and the way vertices are passed
from color to color for the graph in Figure 3.1. The host processor places L in its
conflict vector. It then checks whether J is in Adj(L). It does this by performing
an and between the conflict vector and the adjacency vector of J. L is adjacent
to J, so J is sent to processor 2, which puts J in its conflict vector. The host,
meanwhile, determines whether the next vertex in the PEO, G, is adjacent to
anything in its conflict vector. G is adjacent to L so G is sent to processor 2.
The host then determines whether F' is adjacent to anything in the conflict vector

while processor 2 determines whether G is adjacent to anything in its conflict
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Cl:  remove last vertex in PEO and place in CV
C2: AV « adjacency vector of last vertex v in PEO
C3:  while PEO not empty do

C4. result «— CV anded with AV

C5: if result = 0 then do

Cé6: add v to CV

C7: end do it

C8: else do

C9: send v and AV to processor 2

C10: end else do

C11: AV « adjacency vector of last vertex v in PEO

C12:  end while do
C13:  send processor 2 completion message

Figure 5.1: Algorithm: Host Coloring

D1:  receive message

D2:  add message vertex to CV

D3:  receive message

D4:  while message # completion message
D3: AV « received adjacency vector
Dé: result «— CV anded with AV

D7: if result = 0 then do

D8: add v to CV

D9: end do it

D10: else do

Di1: send v and AV to processor p + 1
D12: end else do

D13: receive message

D14: end while do
D15:  send processor p + 1 completion message

Figure 5.2: Algorithm: Processor Coloring
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vector, and so on. When the host processor has examined all vertices in the PEO

it sends a completion message to processor 2, which passes the message to 3 etc.

Figure 5.4 shows the final color sets and Figure 5.5 shows the colored graph.

5.4 Time Complexity

The time required to complete the coloring after finding a PEO is depen-
dent on the time required by the host processor plus the extra time needed to
finish processing at the other processors after the host has sent vertex n along.
The loop at C3 for the host will take n time since there are n elements in the
PEO. Thus the running time of the algorithm is O(n) for the host. The other
processors will terminate soon after the host has finished. In the worst case, each
other processor will also take O(n) time after receiving its messages. Thus, the
entire time is O(n). It should also be noted that the message passing can avoid bus
contention if the processors are arranged so a processor with color p is adjacent

to a processor with color p + 1.

5.5 Summary

We have presented a parallel minimum coloring algorithm that requires as
input the PEO produced by the algorithm in the previous chapter. After receiving
the PEOQ, our coloring can run in O(n) time on O(k) processors, where k is the
chromatic number.

In the next chapter, we summarize the suite of our algorithms presented

in the last three chapters and briefly discuss some open problems.

52



Host
L
P
%4
¥
¥
y 4
D
K
2
M
H
B
X

complete

L A A A A A

1l

[N
w
N
o

J

7.4 — G

by — ¥ —

P4 N X — ) 4 — I
K — K

C

M — X — M

M — A — H

X — A

complete — complete — complete — complete

Figure 5.3: Messages and final coloring

Colorl = {L,D,B}
Color2 = {J,C}
Color3 = {G,K, A}
Colord = {F,M,H}
Color5 = {E,I}

Figure 5.4: Color Sets
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Chapter 6

Conclusion

6.1 Summary

In this paper, three algorithms have been developed. Maximal cliques
were found by refining candidate cliques using adjacency vectors. Each processor
p found every clique in which p was a member. Thus, processor p knew whether
vertex p was simplicial. The PEO algorithm used this fact to find a PEO. Any
processor that had a simplicial vertex sent it to the host. Other processors then
updated their maximal clique lists and determined whether any cliques had been
absorbed by other maximal cliques. In this way, processor p determined when
vertex p was simplicial and when it was, a message was sent to the host. The
coloring algorithm started after a PEO was found. In this algorithm, a vertex v
was passed from one processor p to another until there were no vertices in the
color list of p that were adjacent to v.

Figure 6.1 provides a summary of the algorithms presented, their running
time, number of processors required, sequential running time, speedup, efficiency,
and cost. The maximal clique algorithm efficiency depends on the maximum
degree of the graph. For sparse graphs, the figure is good. However, as the density
of the graph approaches that of a complete graph, the algorithm approaches the
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Parallel Serial
Running | Number of | Running
Algorithm Time | Processors Time
Max Clique | O(D?) n O(n + m)
PEO O(d * ¢) n O(n 4+ m)
Coloring O(n) k O(n?)
Algorithm Speedup Efficiency Cost

Max Clique | (n+m)/D?* | (n+m)/D3n | nD?
PEO (n+m)/d*c|(n+m)/d*cn | d*xcn
Coloring n n/k nk

Figure 6.1: Algorithm Statistics

time of a serial algorithm. The efficiency of the PEO algorithm is dependent on
the size of ¢ and d which is the maximum number of cliques and degree of a vertex.
Depending on the graph, this figure could be very good. The coloring algorithm
efficiency is dependent on the number of colors &, but it is clear that this figure
1s greater than 1 and so the speedup is superlinear.

Figuress 6.2 through 6.4 compare various parallel algorithms in the litera-
ture to those presented here. In almost all cases, the time complexity of the other
algorithms is better than the algorithms presented here if D and c are large. For
sparse graphs, however, our algorithms perform better than the others. Moreover,
time complexity is not the only aspect of a good parallel algorithm. Perhaps the
best way to compare these algorithms is by their cost. Again, it is difficult to
make any hard and fast statements about these figures, but for all algorithms the
cost of the algorithms presented in this paper compares favorably with the other
algorithms.

Another important benefit of the algorithms presented here is that the
number of processors required is, most often, orders of magnitude less than those

required by the other algorithms. Furthermore, the algorithms presented here are
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Running | Number of
Paper Time Processors Cost
This Paper | O(D?) n nD?
[22] O(log” n) n* ntlog®n
[18] O(log* n) n3 n3log’n

Figure 6.2: Maximal Clique Algorithm Comparison

Running | Number of
Paper Time Processors Cost
This Paper | O(d * ¢) n ndc
[20] O(logn) | n4+m (n 4+ m)log®n
[22] O(log® n) n? n?log®n

Figure 6.3: PEO Algorithm Comparison

Running { Number of
Paper Time Processors Cost
This Paper |  O(n) k nk
20] O(log® n) m mlog* n
18] O(logn) n? n?logn
[22] O(log” n) n3 n3log’n

Figure 6.4: Minimum Coloring Algorithm Comparison
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more efficient than the other algorithms on machines with a constant number of
processors. This can be seen from the fact that, in almost all cases, the costs of
the algorithms presented in this paper are definitely lower, and in all other cases
the costs will be lower or comparable than the other parallel algorithms on chordal
graphs. Since the cost of an algorithm is the total amount of computation time, a
lower cost will result in faster computation on a fixed number of processors. The
approach, when developing these algorithms, was to develop algorithms that made
more eflicient use of the resources provided by commercially available parallel
processors. Our algorithms do this.

When assigning more than one vertex to a processor, there are several
approaches which could be used. One possible approach would be to assign several
vertices which are adjacent to a processor at the very start of the algorithms. It
might be possible, using this approach, to limit some of the duplication of maximal
cliques. Another approach, which might improve the load balance, would be to
have the host distribute one vertex per processor. Then, when a processor finishes
processing that vertex, it would ask the host for another vertex.

The granularity of the algorithms presented in this paper is also better
than the other parallel algorithms for chordal graphs. Each processor performs
enough work to offset the cost of starting up the processor. There is also some

pipelining of work which helps improve the efficiency of the parallel algorithm.

6.2 Future Work

One of the most promising areas of future work is to consider the construc-
tion of a clique tree immediately after finding all maximal cliques. The clique tree
could be constructed at the same time that a PEO is found without much added

time complexity. In [22], a clique tree was used to generate a PEQ, but it should
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be possible to generate a PEO and construct a clique tree at the same time. The

clique tree can then be used to generate a minimum coloring. Figure 6.5 shows a
clique tree for the graph in Figure 3.1. The vertices listed in the squares at each
node are simplicial on the graph induced by removal of all simplicial nodes in
cliques below. As maximal cliques are removed from the graph through the algo-
rithmic process described in the PEO section of this paper, it should be possible
to determine the paths of the clique tree and collect simplicial vertices as the tree
is generated bottom-up. From the clique tree it is possible to generate a minimum
coloring much faster than was done here, while keeping the number of processors
small. The possibilities for additional parallelism in a bottom-up coloring process
are also of interest. This would increase the potential for pipelining.

Another area for future work is to explore the parallel generation of a fill-
in for a graph which is not chordal. Given an ordering of graph G, the fill-in
generated by the ordering is defined as {(z,y)|(z,y) € E, and there is a path in
G from z to y including only z, y and vertices which are ordered before both z
and y}. The relation between PEOs, fill-in and Gaussian elimination is discussed
in [28]. A PEO is termed a PEO because of its relation to fill-in. If a graph G is a
chordal graph and an ordering of the vertices of G is a PEO, then the vertices of G
can be removed in order of the PEO without producing any fill-in. By converting
a general graph to a chordal graph using fill-in, heuristic solutions to general graph
problems that are NP-Complete are found using the corresponding chordal graph.

It would also be profitable to explore the uses of the clique graph. The
clique graph provides the most complete definition of a chordal graph, and it has a
wide range of applications. It would also be of interest to explore the possibilities
of using a clique graph or clique tree to maintain certain aspects of a dynamic
graph. For instance, it would be interesting to consider the use of a clique graph

to maintain a coloring of a dynamic graph.
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Figure 6.5: Clique Tree with Simplicial Vertices
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