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ABSTRACT

The stability for quasi-geostrophic disturbances of atmospheric
currents is investigated for a continuously stratified model. The
baroclinic disturbances in the atmosphere are initiated as the result
of a hydrodynamic instability of the basic zonal current with respect
to small pertufbations of the flow. The perturbation equation with
nonlinear boundary conditions is derived from the nonlinear theory
of the quasi-geostrophic potential vorticity, and solved numerically
by the pseudospectral method with the aid of the discrete Fourier
transform and the fast transform. A numerical computer code is writ-
ten and developed to obtain wave amplitudes for the spectrally expand-
ed solution which are found from boundary conditions through time
integrations by the Adams-Bashforth method.

The optimum time evolution of wave amplitudes depends upon the
combination of three factors: grid points, physical plane size, and
initial values. After the final time, 14 days, the blow-up in time
integrations comes possibly from the instability condition of Eady
linear model, atmospheric turbulence, and frontogenesis. Wave pat-
terns show the principal picture of the nonlinear development of a
linear wave. At the final time, the initially small perturbations
produce a significant disturbance. So contours at the upper level
exhibit atmospheric motions similar to cyclone or anti-cyclone, and
wave surfaces at three different levels have the thermal wind-shear

effect in the perturbed flow.
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NOMENCLATURE

Longitude angle

Vertical turbulent viscosity coefficient
Wave amplitudes

Latitude angle

Wave amplitudes

Wave phase speed

Specific heat at constant pressure
Characteristic vertical length
Discrete fFourier transform

Ekman number

Vertical Ekman number

Coriolis parameter

Froude number

Effective gravitational potential
Elevation of the lower boundary

Wave number for x direction

Wave number for y direction
Characteristic horizontal length
Number of grid points in y direction
Number of grid points in x direction
Pressure

Rate of heat addition per unit mass
Radial distance from earth's center

Earth's radius

x1



x1i

Thermal Rossby number

I
S Stratification parameter

Ta Taylor number

U Characteristic horizontal speed
W Weighting kernel

Greek Symbols

a Thermal expansivity

8 Beta-plane

Y Dissipation parameter

s Aspect ratio

A Supercriticality

€ Rossby number

4 Vorticity

9 Potential temperature

K Thermal conductivity

A Scalar quantity

v Kinematic viscosity

0 Fluid density

¢ Perturbation stream function
" Stream function

WO Basic state stream function

w Absolute vorticity

Q Earth's angular speed



CHAPTER I
INTRODUCTION
Preface

The envélope of air surrounding the earth is the atmosphere with
four different regions: troposphere, stratosphere, mesosphere, and
thermosphere. The troposphere is of principal interest to most inves-
tigations because fronts, jetstreams, cyclones, anti-cyclones, and
hurricanes occur in this lowest region.

The motions of the atmosphere are complicated, but the important
one is the circulatory motion. Both the earth's rotation and the
baroclinicity have profound effects on the circulation and the vorti-
city in the atmospheric flow. The atmosphere, which is heated by
the sun more strongly at the equator than the poles, is a system that
is inherently unstable. A simple form of the instability in a strati-
fied fluid occurs when heavier particles lie above lighter particles.
The westerly winds in mid-latitudes exhibit large-scale instability.
In laboratory experiments, a similar instability is observed in a
differentially heated, rotating annulus. The instability which hinges
on the noncoincidence of the constant density and the constant pres-
sure surfaces is called baroclinic instability. The essential factors
for the baroclinic instability are rotation, stratification, and hori-
zontal temperature gradient.

The baroclinic instability is the most important form of the

instability in the large-scale flow of the atmosphere which has the



features of being nearly hydrostatic, nearly geostrophic, and wave-
like in appearance. The first linear theory of the baroclinic insta-
bility in the quasi-geostrophic flow was formulated by Charney [1]

and Eady [2]. The development of the finite-amplitude equilibration
of the baroclinically unstable flows has been characterized by close
interplay between theoretical work, laboratory experiments, and obser-
vations of natural geophysical systems. The following review focuses
on recent studies in the nonlinear theory and their associated experi-

ments.

Previous Studies

Experimental Studies

The nonlinear baroclinic instability theory was much stimulated
by results from laboratory studies of convection in rotating fluids.
The most adopted laboratory model is a rotating cylindrical annulus
of fluid differentially heated between inner and outer walls as shown
in Figure 1. The annulus represents a hemisphere of the earth, the
fluid represents the atmosphere, and the motion of the fluid is in-
tended to represent the atmospheric circulation. Much of this labora-
tory work is discussed by Hide and Mason [3]. The annulus experiments
usually exhibit several flow regions as shown in Table 1.

Figure 2 is the typical regime diagram [3] to illustrate the
dependence of the mode of convection on the two principal dimension-
less parameters: the thermal Rossby number (ROT), and the Taylor

number (Ta). These numbers are given by
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Figure 1. Cross-section of a Rotating Fluid Annulus for Baroclinic
Instability.



Table 1.

Classification of Types
Fluid.

of Free Convection in a Rotating

Axisymmetric

Nonaxisymmetric

Regular baroclinic waves
Steady waves
Vacillation
(Wave shape, wave amplitude,
wave number, wave dispersion)

Irregular baroclinic waves
(Geostrophic turbulence)
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Figure 2. Typical Regime Diagram.
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Where o is the thermal expansivity, AT is the temperature difference
between outer and inner walls, and v is the kinematic viscosity. The
anvil- or knee-shaped curve in the figure separates the flow into

two main parts: axisymmetric regime, and nonaxisymmetric regime.

The numbers in the region of steady waves refer to the zonal observed
wave number of the dominant wave.

The axisymmetric flow has been divided into two classes according
to the circumstances in which it occurs. In the upper symmetric re-
gion the axisymmetric flow is stable because of the high static sta-
bility set up by the convective motion; whereas, in the lower sym-
metric region, it is stable because of viscous and conductive dissipa-
tion.

Up to now the annulus experiments have not only guided studies
concerning the predictability or periodicity of the atmosphere, but
also have become the subject of numerous theoretical and numerical

studies.

Theoretical Studies

The results of previous theoretical studies of the baroclinic
instability in the quasi-geostrophic flow fall into two categories:

weakly nonlinear theory, and strongly nonlinear theory. In the first



category, the points representing the system under investigation lie
within the unstable region and near the marginal curve as in the stu-
dies of Pedlosky [4,5,6], Drazin [7,8], Barcilon and Drazin [9], and
Chou and Loesch [10,11]. In the second category, general studies

with different modes in the unstable region and away from the marginal
curve have been conducted by Hoskins [12], Boville [13,14,15], and
Weng [16].

Pedlosky [4,5] first used asymptotic methods in a quasi-geostrophic
two-layer model to discuss the nonlinear equilibration of baroclinic
waves. The results depend on the dissipation parameter y which is
the ratio of the square root of the Ekman number (E) to the Rossby
number (e) of the flow; i.e., y = /E/e (E and ¢ will be defined later
in the fourth section of Chapter II). If y is either equal to zero
or much less than one, which corresponds to the inviscid Eady problem,
the amplitude of the observed wave should oscillate in time. The
steady finite-amplitude waves are obtained for values of y of the
order unity. Pedlosky [6] studied the free-rigid surface configura-
tion in the two-layer model and found that the wave amplitude would
have a vacillation which had a growth-decay tendency with the weak
dissipation.

Drazin [7,8] also adopted asymptotic methods but in the continu-
ous Eady-type model. The nonlinear extension of Eady's model gave
a qualitative description of the interchanges of kinetic and potential
energy between the basic flow and large-scale disturbances of the
troposphere in mid-latitudes. The slightly unstable basic zonal flows

do not develop into turbulence, but into a zonal flow together with




a nonlinear wave periodic in space and time. When he included Ekman
layers on the rigid top and bottom of the square channel of his model,
the results exhibited the baroclinic instability qualitatively similar
to that of the two-layer model. The relation between his model and
experiments on the differentially heated annulus in the rotating fluid
is closer.

Barcilon and Drazin [9] used a weakly nonlinear theory to study
the baroclinic instability in the quasi-geostrophic flow of a slightly
viscous fluid in a rectangular channel. The basic states differ
slightly from Eady's model. Owing to these departures, the critical
layers lead to weak instabilities. The weak dissipation is allowed
to overcome exactly the growth on a marginal curve different from
tady's. They found that in some regions of parameter space amplitude
vacillation occurred.

Chou and Loesch [10,11] used the asymptotic approach, the ad
hoc approach, and the spectral numerical approach to study the Eady
model modified by Ekman dissipation on the lower boundary and a free
upper boundary. The time evolution of the disturbance is generally
characterized by a single bump pattern, a growth stage to a maximum
amplitude followed by a decay stage. During the decay stage, the
spectral solution develops an amplitude vacillation. The asymptotic
and the ad hoc solutions qualitatively capture the growth and the
decay of the disturbance, but fail to predict vacillation. They also
employed both asymptotic and spectral numerical methods to study

finite-amplitude dynamics of baroclinic disturbance in the presence

of asymmetric Ekman pumping at the lower and upper boundaries. The




results exhibit that eventual equilibration, reqular vacillation,

and chaotic vacillation depend on the actual values of supercritical-
ity, dissipation, stratification parameters, and fundamental zonal
wave number.

Hoskins [12] used semi-geostrophic equations in theoretical stud-
ies of the baroclinic wave and in a general analysis for the stability
of a zonal flow to an infinitesimal perturbation. The perturbation
equations are identical with those that would be obtained from the
quasi-geostrophic theory. These equations are also used for a numeri-
cal and analytical study of the development into the nonlinear regime
of the Eady wave instability mode. Both the linear and the nonlinear
developments contain many features similar to those observed in atmos-
pheric cyclone disturbances.

Boville [13,14,15] used a two-level quasi-geostrophic model in
f-plane and B-plane channels to study strongly nonlinear baroclinic
waves undergoing vacillation. The results on f-plane are compared
to those of a weakly nonlinear asymptotic theory of amplitude vacilla-
tion formulated by Pedlosky [4,5]. Although the two systems give
similar results for weak instabilities, they give quite different
results for larger instabilities. It is shown that the weakly nonlin-
ear theories do not work well on the g-plane, because nonlinear inter-
actions are not negligible even though only a single wave has any
significant amplitude. The mechanism which causes amplitude vacilla-

tion has been shown to be substantially different on g-plane than

it is on f-plane.
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Weng [16] used a modified Eady model to study analytically and
numerically the behavior of strongly nonlinear, baroclinic waves in
her dissertation. She gave a unified picture that described the four
regimes observed in the rotating annulus experiments as shown in Table
1. The transition regions between two regimes are found to be quite
narrow except the one between amplitude vacillation and structural
vacillation. Her work may help in the basic understanding of transi-

tion to more complex regions, like geostrophic turbulence.

Numerical Studies

Quient [17] used the Lorentz model to study properties of the
structural vacillation. The Lorentz model is a quasi-geostrophic,
two-layer model with a single zonal and two meridional (sin ny and
sin 2my) modes. He simulated five different kinds of vacillation,
asymmetric vacillation, and double asymmetric vacillation. All his
studies exhibited the structural vacillation without producing the
amplitude vacillation.

Quon [18] reproduced almost all of William's results in one-
twentieth of the computing time with a mixed spectral and finite dif-
ference model; but Williams [19] used the finite difference method
to investigate baroclinic annulus waves by means of numerical integra-
tion of the three-dimensional, nonlinear Navier-Stokes equations and
the heat equation. Quon simplified his studies for interactions in
baroclinic flows between mean current and wave, between wave and wave,
or between multiple waves because his mixed model permitted the selec-

tion of the number of waves and wave numbers.
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Klein and Pedlosky [20] used a series of numerical integrations
of the two-layer, quasi-geostrophic model to investigate the nonlinear
dynamics of baroclinically unstable waves with the Fourier spectral
method. Their studies are in some respects similar to Boville's [13,
15], but different from his in the strong supercriticality. The over-
all behaviors of the solutions are a function of dissipation parameter
(y) and supercriticality (a), the difference between the value of
the rotational Froude number (F) and its critical value for linear
instability (FC); i.e., A = F - FC. The results are contrasted with
results of the weakly nonlinear theory which is valid only at small
supercriticality. The aperiodic amplitude waves exist as the super-
criticality increases. At much higher supercriticality (QFC), many

waves are unstable.
Present Work

Baroclinic flows are ubiquitous in the geophysical fluid dynamics,
and they are frequently unstable. Although a great deal of effort
has been applied to the development of baroclinically unstable systems
as described in the previous section, the present investigation studies
the same nonlinear problem with a different approach, and the insta-
bility possesses a strong nonlinearity in the three-dimensional case
and in the quasi-geostrophic continuous model.

In Chapter II, the problem formulation deals with the derivation
of our nonlinear problem from the basis of the geostrophic equations
and thermal wind equations to the quasi-geostrophic, potential vortex

equations. The linear problem is also presented for the convenience
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of study. Chapter III pertains to the selection of the numerical
method to solve our problems. Of course, a number of baroclinic in-
stability problems were analyzed and solved by the finite difference
method or the finite element method, or both. We chase the pseudo-
spectral method based on Fourier series. In Chapter IV, numerical
procedures are set up on the theory of discrete Fourier transformation
and fast transformation. In Chapter V, the numerical solution is
computed in the horizontal plane at lower, middle, and upper levels
in the vertical direction. The numerical results are represented
and explained with their physical meaning. Chapter VI, the last chap-
ter, gives the conclusion of the present study and the feasibility

for further study.
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CHAPTER 11
PROBLEM FORMULATION
Fundamental Equations

The fundamental equations of atmospheric motions are manifesta-
tions of basic laws of physics and thermodynamics. The mathematical
relations expressing these laws are given as follows:

a. Continuity equation,

>

%%"’ ov'v:o (2.1)

b. Momentum equation,

<+

—d—+2§xV=-%VP+vG+F (2.2)

pers

c. Energy equation,

-1
de L pde _ kg2
TP T+Q+0D (2.3)
d. Equation of state,
P = PRT (2.4)

e. Poisson's equation,

P R/CP
s
S =T|¥ (2.5)
f. Vorticity equation,
dio ot ety x P i
gt = w¥ V- wvV + 5 + V x 5 (2.6)
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The continuity equation is the general expression of conservation
of mass in fluid dynamics. Here p is the density and V is a velocity
vector denoted by (u,v,w) in space.

The momentum equation is written in terms of a rotating coordi-
nate system representing the earth's rotation about its axis with
angular velocity % = ok. The term 22 x V is called the Coriolis force.
Here G is the effective gravitational potential, and F is the fric-
tional force. If F is neglected for large-scale motion and VG is

replaced by 6 = gE only, then Equation (2.2) takes the following form:

:2VX§—%VP—6. (2.7)

In the enerqgy equation, e is the internal energy per unit mass,
k is the thermal conductivity, Q is the rate of heat addition per
unit mass, and D is the dissipative energy.

The equation of state is also called the gas equation. Here
R is the gas constant and T is the absolute temperature.

In Poisson's equation, the potential temperature 6 is defined
as the temperature that a parcel of air at pressure, p, and tempera-
ture, T, would attain when its pressure is changed from p to the ref-
erence value Pg = 1000 mb by an adiabatic process. Here Cp is the
specific heat at constant pressure.

The vorticity equation is obtained from the momentum equation.
» is the absolute vorticity and equal to relative vorticity, ;r =
v X V, plus planetary vorticity, 28. Consider the fluid inviscid, and

let ) be any scalar quantity such that dia/dt = 0. Taking the scalar
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product of VA with Equation (2.6) yields

d .é_ ~ oh. VP X Yp
It (va p) = VA >3 . (2.8)

11.(2
p

3 *vA) = 0. (2.9)

=

This is called Ertel's theorem. The quantity I = ;'Vx/p is known as

potential vorticity [21].
Baroclinicity of Atmosphere

Generally, the density p in a fluid may be expressed by the equa-

tion
p = D(pyT) (2.10)

where p is pressure and T is absolute temperature. When the relation-
ship (Equation (2.10)) holds, the fluid is said to be baroclinic.
Baroclinicity implies that constant pressure surfaces intersect with
constant density surfaces. When this relationship becomes p = p(p),
the fluid is said to be barotropic. Barotropicity means that surfaces
of constant density (or temperature) are coincident with surfaces
of constant pressure. It is the state of zero baroclinicity.

In the atmosphere, the equation of state is expressed in either

of the following two ways:

oRT (for ideal air);

T
i

pRT (1 + 0.6q) (for moist air),

he)
1]
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where q is the specific humidity of the moist air [22]. These two
equations indicate that the fluid flow in the atmosphere is generally

a baroclinic flow.
Coordinate Systems

The vector momentum equation consists of three scalar component
equations in a chosen coordinate system. A natural choice is a spher-
ical coordinate system (A,B,r) with the earth's center of gravity
as origin. Here A is the longitude angle, B is the latitude angle,
and r is the radial distance from the earth's center as shown in Fig-
ure 3. For simplicity we apply a local Cartesian system (x,y,z) with
the origin in an arbitrary point, p, in the atmosphere at sea level.
The normal convention adopted is that the x-axis points eastwards, the
y-axis points northwards, and the z-axis is along the vertical direc-
tion, pointing upward. Let I,},; denote unit vectors in the x, vy,
and z directions, respectively. All of them are also shown in Figure
3. The relationship between spherical and local rectangular coordi-

nates is given by

X = ArU cos B0 (2.11)
y = (B - BU)I‘0 (2.12)
z=r1 -1, (2.13)

Their derivatives have the following relationships:

3/3A = r. cos 803/3x (2.14)

0

3/B = roa/ay (2.15)

3/3ar = r -1 (2.16)

0’
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S X

Figure 3. A Local Cartesian Coordinate and Spherical Coordinate Sys-
tem.



where rU is earth's radius and Bg is the central latitude when the

point p is at mid-latitudes.
If we denote vectors g = (0,0,-9) F = (Fx,Fy,FZ), and 9 =
(0, 2 cos B, @ sin B), then the component momentum equations in rec-

tangular coordinates are found to be

F
du_ _12p - x
FE ot 29 (v sin B - w cos B) +-7; (2.17)
dv _ _13p _ 5 in B fx (2.18)
g Z T 53y u sin B + . .
dw 1 3p Fz
*oez 2Q ucos B - g+ - (2.19)

In spherical coordinates corresponding to the local Cartesian

system, the continuity equation becomes

dp aw 2w 1 3(v cos B) 1 Ju (2.20)

£ - _ X

t ar ° r T T cos B aB * T cos B 3A |’

and the component momentum equations are expressed by

F
du _ uv uw . 1 aP A
S tan B - - 2(v sin B - w cos B) - ST cosBaAt (2.21)
2 F
dv = U W . 1 3p B
S tan B - 2Q u sin B - SrB T - (2.22)
2 2
dw _u” + v _13p r
gt 7 —+t2ucosB s ar -9t oo (2.23)

where frictional force F = (FA,FB,Fr). Since the atmosphere is very

shallow compared with Tgs T may be replaced by g when r is undiffer-

entiated.
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Scale Analysis

The important motions in the atmosphere are the circulatory mo-
tions. Atmospheric circulations are described by sorting out events
according to size and time. Small whirlwinds that carry dust skyward
are far too small to show up, while cyclones and anti-cyclones reveal
large-scale wind patterns. A small eddy, like a dust devil, lasts
only a few moments; whereas, a large vortex, like a hurricane, may
persist for days. The time and space scales for atmospheric motions
are summarized in Table 2 [23] and in Table 3 [24]. These two tables
will be helpful in choosing the characteristic length and velocity
scales for the numerical computation.

The present study emphasizes the large-scale motion. It does
not mean that the motion systems of smaller scales are unimportant,
but that the microscale and medium-scale circulations are, to a large
extent, controlled by large-scale motion systems. Strong turbulence
is formed in regions of large-scale wind fields. Only large-scale
motion can be observed and analyzed over a large portion of the globe.

Hereinafter, for convenience in deriving the nondimensional equa-
tions, the following scaling has been introduced to relate the dimen-

sional variables (with asterisks) to their dimensionaless counterparts:

(x*,y*) = L(x,y) (2.24)
z*¥ = Dz (2.25)
(u*,v*) = U(u,v) (2.26)
w* = §Uw, (2.27)
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where 8§ = D/L = aspect ratio

r* = g+ z* = g+ Dz (2.28)

t*

Lt/U. (2.29)
The scaling for pressure, density, and potential temperature is

more subtle, but it can be defined [21] as

p* = pS(z) + ps(z)UfOLp (2.30)
p* = ps(z)[1 + eFp] (2.31)
g% = es(z)[1 + efe] (2.32)
where

fO = 29 sin B0 = Coriolis parameter

€

U/(fOL) = Rossby number

-
"

f'(ZJLZ/(QD) = Froude number

z
Pg = - gé ps(z)dz.

Here L is a characteristic horizontal length, U is a characteris-
tic horizontal speed, D is a characteristic vertical length or the
depth of the fluid, and Pgr Py and es are functions of z in the basic
state, s. Another dimensionless quantity is the Ekman number defined
as £ = v/(2aL%).

For the large-scale atmospheric motion at mid-latitudes, the
ordering relationships are given by

€

U/(f‘OL)<<1 (2.33)

[e ]
H

D/L = 0(ed) (2.34)
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L/r0 = 0(e) (2.35)
r*/r0 -1%g U(ez) (2.36)
E < 0(e). (2.37)

Basing upon the ordering, some variables in their related equations

may be considered as functions of e [21] in the following way:

2
(u,v,w) = (uo,vO,O) + e(u1,v1,w1) + ¢ (u2,v2,w2) + - (2.38)
where Wy = 0 at z = 0, and

2
(p,p,e) = <p0’°0’90) + €(p1’01ye1) + € (pZ’OZ,ez) + (2-39)
Geostrophic Motion

Applying the ordering relationship to the momentum equations,
both acceleration and frictional force terms are compared with
the Coriolis term. Since their orders are equal to ¢ or less than €,
respectively, the momentum Equations (2.2) or (2.7) can be simplified

as follows:

>

2k x V = --} vp + gk. (2.40)

It means that the Coriolis force is balanced by the horizontal
pressure force.

Similary in Equation (2.17), the vertical velocity, w, is
small of order e’ and can be neglected. In Equation (2.19), the
order of term 2Qu cos B is smaller than that of g and can also
be neglected. Therefore, Equations (2.17) through (2.19) are simpli-

fied in the following way:
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_13p
fv = 5 Bx (2.41)
1 3p
fu = - — .
u 5 3y (2.42)
- _13p _
g = - S 3% g, (2.43)

where f is the Coriolis parameter; positive in the northern hemi-
sphere, negative in the southern hemisphere, zero at the equator, and
equal to 107%™ at 43.30 latitude angle. Equation (2.43) is the
hydrostatic approximation in the vertical direction. Equations
(2.41) and (2.42) are geostrophic approximations and can be combined

into the following form in the horizontal plane (subscript with

H) and shown in Figure 4:

fk x VH = - VH P/p

where V., = (u,v) and v, = (3/3x + 3/3y).

H
Under the condition of the geostrophic approximations, the
large-scale atmospheric motion is called the geostrophic motion. The
wind with velocity of geostrophic motion is called geostrophic wind.

The vertical variation of geostrophic wind is the thermal wind. By

the geostrophic and hydrostatic approximation with the aid of the

gas equation, the thermal wind equations [25] are presented by

3

du _ _ g3l ual

3z~ fray " Taz (2.44)
av _ g aT v aT

2z  floax " Taz® (2.45)

In a barotropic atmosphere there can be no increase of geostro-
phic wind with height because of 3u/3z = av/az = 0. However, in a
baroclinic atmosphere, we can show that the vertical wind shear

depends mainly upon the horiztonal temperature gradients.
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By the definition of the geopotential ¢,
d¢ = gdz = - dp/p, (2.46)
the geostrophic wind equations in isobaric coordinates [26] are

expressed by

fu = - [%;L]p (2.47)
; [%]p. (2.48)

Differentiating Equations (2.47) and (2.48) with respect to p and
using Equations (2.43) and (2.46), we get the following results

for a perfect gas

a_uz__g_[_a:l]

3z fT laylp (2.49)
dv._ g [T

az ~ fT ax]p' (2.50)

Their vector form is

_H o9 7, (vD),. (2.51)

Thus the increase of the horizontal velocity with height depends
upon the horizontal gradient of the temperature within the surfaces

of constant pressure.
Quasi-geostrophic Potential Vorticity Equation

The quasi-geostrophic motion is a particular class of motions,
i.e., the large-scale, essentially geostrophic motion. In a shallow,

rotating layer of homogeneous and stratified fluid, applying the

scaling and ordering relationships to the continuity and momentum




Equations (2.20) and (2.23), the conserved equation in the quasi-

geostrophic motion can be obtained by

at %o y b_ 32

where d/dt = 3/at + an/ax + voa/ay.

S

To the lowest order fluid field, the geostrophic equations

are presented by

ug = - apo/ay (2.
Vg = apo/ax (2.
g = - (1/ps) a(pspo)/az, (2.

and the potential temperature equation is expressed by

8y = apo/az. (2.

Thus, the thermal wind equations are given by

p) > _ >
and the vorticity equation is denoted by
av au
t __0 "0 (2
0D~ ax ay

Concerning 8, the beta-plane is deinfed as a plane where the

oseo]] - 0, (2.

27

52)

53)

54)

55)

56)

57)

.58)

Coriolis parameter, f, is approximated by f = fO + By where g = df/dy

is assumed to be constant in the present case.
S is called the stratification parameter, as the fluid is

stratified by a heavier fluid underlying a lighter one. It is

defined as
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S = 2

fo L

2
0
where N is the Brunt-vdisdld frequency. This frequency is also

called the buoyancy frequency [26]. It is defined as

2 _gde
N= = 8 dz’

and is a measure of the static stability of the environment [27].
Note that Equations (2.53) and (2.54) show that pg Possesses,
in this case, the same definition as the stream function in two-

dimensional plane flow, i.e., ¢ = Py and Equation (2.52) becomes

D, 3 3 3y a] [VZ 1.3 [Zs 2w = 0. (2.59)

————— HY Y5 3z (5 az) * %

This is the quasi-geostrophic potential vorticity equation and
is very important in our study.

The boundary conditions to Equation (2.59) are determined by
vertical velocity, vorticity, bottom topography, and upper-surface
status.

The lower-boundary condition depends on the Ekman layer [21]

and is presented by

%

Ev - hB
w1(x,y,0) = 5o ;O(x,y) + VU * Y|pl- (2.60)
Here Ev is the vertical Ekman number defined as ZAV/(fDZ) where
AV is called the vertical turbulent viscosity coefficient [21],

and hB(x,y) is the elevation of the lower boundary above the reference

level z = 0, as shown in Figure 5.
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In quasi-geostrophic scaling and ordering, we have

hg
o enB(x,y) (2.61)
de
_ 1 9
w,l = - ‘S'——dt . (2.62)

Substituting Equations (2.61) and (2.62) into (2.60) yields

o

1 [deo By
S at) , .9 " 7 oY) - v 0" g (x,y). (2.63)
The upper-boundary condition is given by
%
Wi (x,y,1) = [ ep(x5y) - gglx,y) (2.64)

where &y is upper vorticity at the level z = 1. If the fluid flow
is bounded above by a free or rigid horizontal surface, then Equation
(2.64) is expressed in the following two boundary conditions:

de

%-7ﬂ9 =0 (free) at z = 1 (2.65)
Py

1 dog )

5 gt = 7 Sp(xoy) (rigid)  at z = 1. (2.66)

Substituting Equations (2.53), (2.54), (2.56), and (2.58)
into (2.63), (2.65), and (2.66) with the aid ¢ = Pg? the equation

for the lower boundary becomes

4 (3w 39 _B _aw B _ v 2
at [az S [ z vy (2.67)

while the equations for the upper boundary are

d (ay) _
3 [S%ﬂ =0 (free) (2.68)
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d [ay v 2 ..
at laz 7o Vv (rigid) (2.69)
d _3 3% 3 8y 3

Perturbation Equation

In the large-scale, quasi-geostrophic motion a rotating layer
of homogeneous incompressible and inviscid fluid is considered.
If the sphericity of the earth and the bottom topography of the
boundary are neglected, then the governing equation of motion,

Equation (2.59), takes the following form:

B, v ay a) (2 L_a_kﬂ]-.
[ 3t T 3x 2y 3y ax] lVH v Y [ T 35| = 05 (2.70)

and the equations for the boundaries, Equations (2.67) through (2.69),

are reduced to this simple equation

3 .3y 3 ay 3) 3y _ i
[B_t ax 3y 3y ax] 3z -0 atz=0,1. (2.71)

The initial state flow is usually considered as a zonal flow
(i.e., along latitude circle). The stream function in this basic
state is denoted by ¢ = wo(y,z). The velocity (UO) and the potential

temperature (90) are represented respectively by

"

Uo(y,z) - 3¢0/8y (2.72)
eo(y,z) = a¢0/az. (2.73)

According to Equation (2.57), the thermal wind relation is given by

aUO/az = - aeo/ay. (2.74)
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After perturbation, the stream function in the perturbed state
must be characterized by the following two parts:

v(x,y,z,t) = vo(ysz) + olx,y,z,t) (2.75)

where ¢ represents the perturbation of the initial state. Differenti-
atirg Equation (2.75) with respect to x,y,z, respectively, and
applying the relations of Equations (2.72) through (2.74), we have

the following expressions:

W _ 20
ax ~ ax (2.76)
CL 3¢
3y - U0 + 7y (2.77)
W _ 3¢
3z - %0 * 3z (2.78)
2 2
B_%J_; (2.79)
ax aX

aU 2
%z__é_ﬂ +3_;, (2.80)
ay y ay

Substituting the above five expressions into Equation (2.70) with
the aid of Equation (2.73) gives the following nonlinear partial

differential equation:

3 2 3¢ al _
[3? + U0 3;] q + >yt J(¢,9) = O (2.81)
2 2 0
_ 3¢ 3 ¢ 1 ] S 3¢
where g =7+ 7+~ [s az]
ax 3y s

perturbation potential vorticity
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2
H_a"0+ii[°sa¢0]
ayZ py 92 S az
= basic state potential vorticity
2
EE-_BUU__LL[EaUUI
3y ay2 p_. 32 |S az

potential vorticity gradient for the basic flow

J(¢,q) = g(::y) = Jacobian operator for x and y.

For the boundary condition in the y direction, we assume that
the rigid walls exist at y = + 1, containing the region of the flow
and the perturbations. Under this condition, it follows that the

velocity, v, has to vanish on Y = £ 1, i.e.,

]
_5%:0 aty=i1, (2.82)

and the average of the velocity, u, is independent of time at rigid

walls, i.e.,

3 3oL _ _
3T <W> =0 aty=¢+1 (2.83)
3 lim 1 X 3
where <& - = KL
X+ 2X x 9y

For the boundary condition in the z direction, substituting
Equations (2.72) and (2.76) through (2.80) into Equation (2.71)

yields

aU
] 3 9 0 3 3
[—at + Uy —ax] —a: - = —a: + J[¢,—¢ = 0. (2.84)
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Linear Stability Problem

If the nonlinear terms are dropped from Equations (2.81) and
(2.84) with the assumptions of constant Pgs S, and U0 = z, then the
so-called linear stability problem or Eady problem [21] is expressed

by the following form,

2 2 2
3 3 ||a% 3% 1 a%|_
'at +z ax][ 7Y 7t 2]‘ 0 (2.85)

axt  ay 3z

and the boundary conditions become

3 3

[a—t+2§]a—z--§-‘-o atz:O,‘I. (2.86)

The solution to the linear Equation (2.85) which is consistent
with the boundary conditions, Equations (2.82) and (2.83), is repre-

sented by [21]
o(x,y,z,t) = A(z) cos (n +-%) my exp (ik(x - ct)) for i = /=1

where n = 0,1,2,....
Using this solution form, Equation (2.85) is reduced to the ordinary

differential equation

2
(z - ¢) {9—% - uzAJ =0 (2.87)
dz
2
where u2 = [kz + [n + %— ﬂz’S.

The boundary Equation (2.86) is also reduced to

(z - ¢) gé ~A=z=0 atz=0,1. (2.88)

If (z - ¢) is not equal to zero, the solution to Equation (2.87) is
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A(z) = a cosh uz + b sinh uz
where a and b are constants.
Applying solution A(z) to the boundary Equation (2.88) gives

02 -Cc + u_1coth11- u—2 = 0. (2.89)

Solving this quadratic equation yields

L
21 u u] fu ul)*
c = > * [[2 - coth ZJ [2 - tanh 2]] .

= BN

The above condition shows that a critical value of yu exists and it is

Mo = 2.3994,

When u < Moo © has two complex roots which are associated with the
stability and the instability of the linear Eady problem. Finally,
the solution to Equation (2.85) can be written in the following

form:
6(x,y,z,t) = exp (ik(x - ct)) cos (n + %0 ny(a cosh uz + b sinh pz),

where n = 0,1,2,..., a and b are constants.

Nonlinear Stability Problem

If the same assumptions concerning the basic state employed in
the linear problem are used again in Equation (2.81), then this

equation has the following form:

2 2| q-2%239 _ 2339
[at * 2 ax] q = a3y 3ax  3x a3y (2.90)
2 2 2
-390 36 137
where q = 7t 5+ % Tk



Equation (2.90) is a full nonlinear problem in the interior of

a baroclinic flow. The baroclinic instability of an infinite fluid
on f-plane was investigated in the Eady problem without potential
vorticity. If the assumption of potential vorticity being zero
initially should be retained, and according to Equation (2.9) the
potential vorticity should be zero for all times, then the interior

equation for pressure perturbation (¢) takes the following form:
2 2 1 32¢

T5 T2

ax y az

=0 (2.91)

where the stratification parameter, S, is a specified external
parameter. Note that with the assumption of vanishing potential
vorticity, the governing differential Equation (2.90) is rendered
linear.

The boundary condition in the y direction is unaltered; but

in the z direction, it changes from Equation (2.84) with U0 =z

into the following expression:

3 lae| _a |, _, 20 3030|_ 3 |36 3¢

at [az] T oax [° £z 3y azJ 3y [ax az] (2.92)

This equation for the boundary conditions is nonlinear and compli-
cated. Both Equations (2.91) and (2.92) constitute the nonlinear
stability problem in the present study. Note that in the present,
the nonlinearity is in the boundary conditions and not in the field

equations.
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CHAPTER III
SOLUTION METHOD
Spectral Method

The previous chapter has presented the formulation of a nonlinear
problem for the purpose of this study. Since the analytical or
closed-form solution is not obtainable, it is necessary to make
use of the numerical techniques. In principle there are three basic
numerical methods used to solve the partial differential equations:

1) finite difference methods, 2) finite element methods, and 3)
spectral methods. In the past years, weather prediction [28] was
treated by the finite difference methods. Recently the finite
element technique has also been used in atmospheric science [29,30].
Since the publication of the 1977 monograph [31], the spectral
method has been applied to meteorology [32,33] because it is particu-
larly useful in numerical geophysical fluid dynamics. It is also
used to solve the problems of fluid dynamics in both the incompress-
ible and the compressible flows [34,35,36,37].

There are three ways to apply the spectral methods to the
engineering problems; namely, the Galerkin approximation, the tau
approximation, and the collocation (or pseudospectral) approximation
[31]. The basic idea of the spectral method is given below. Consider

the differential equation,

au
?E = G(U)’ (3'1)
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over a spatial domain, D, with suitable boundary conditions on u along
the domain boundary. Here u is a function of independent variables x
and t. It is possible to approximate u by f in the following finite
series form:

N

f(x,t) = ZJ =1

aj(t) Fj(x) (3.2)

where FJ(X) are the linearly independent basis functions and aj(t) are
the coefficients which are functions of time t. Substituting Equation
(3.2) into (3.1) yields the difference 3f/at - G(f). The integration
of this difference over domain, D, with Fj as weighting functions

must be zero in the following manner:
fl2E _af)| Fodx = 0 (3.3)
Diat k : .

Thus, a system of N equations for N unknowns, dak/dt, is obtained from
these integrals. The important difference between Galerkin and tau
approximations is that the functions Fj should satisfy the boundary
conditions in the Galerkin method, but they need not in the tau
method. The boundary constraints are imposed as part of the condi-

tions to determine the expansion coefficients a The collocation

K

approximation will be introduced in the following section.
Pseudospectral Method

In the present investigation, the pseudospectral method is
chosen because the collocation approximation is the easiest and most
efficient method to apply to our nonlinear problem. The boundary

conditions are also easier to apply because the collocation method
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involves solving the equations by using the discrete Fourier trans-
forms and fast transforms.

The following analysis is concentrated on the spectral colloca-

tion method. The standard collocation points in the two-dimensional

case are
xn=21rn/N,n=O,1,..., (N - 1) (3.4)
Y = 2tm/My, m o= 0,1,..., (M- 1). (3.5)

The perturbation function and its derivatives are approximated by
¢(xn,ym,z), ¢x(xn,ym,z), ¢y(xn,ym,z), and ¢z(xn,ym,z), respectively.
So the spatial discretization of the equation for the boundary condi-

tions, Equation (2.92), is given by
a¢z(xn,ym,z)/at = aF/ax - 3aG/ay, (3.6)

where F = ¢ - zp, + ¢y¢z and G = UNC The solutions to Equation
(3.6) are constructed by using the discrete Fourier transform (DFT) or
the fast Fourier transform (FFT) on the right-hand side, and the
Runge-Kutta method, leapfrog method, or the Adams-Bashforth method
for time integration on the left-hand side.

Concerning stability and convergence of the pseudospectral
Fourier method [38], consider the solution of the time-dependent ini-

tial value problem

au _
B—E- Lu (3.7)

with initial condition u(t = 0) = Ug- Here u is a function of x and
t, L is a linear differential operator. The collocation approximation

gives
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ﬂ: L,u (3.8)
at N-N
where Uy and LN approximate to u and L, respectively. This approxima-
tion is said to be consistent and convergent if the norms of (L - LN)u
and (u(t) - uN(t)) approach zero as N approaches infinity, respective-

ly. The pseudospectral method is said to be stable if
luy (O <cC luy(@ || for 0 <t <T. (3.9)

Here T is the final time, and C is a constant dependent on T, but not
on N.

For time integration, the fourth order Runge-Kutta method is
fourth-order accurate, but has the disadvantage of requiring computa-
tion and evaluation of the derivatives of function such as f(t,x)
[39].

The leapfrog method is one-step, explicity, three-time level,
and second-order accurate in space and time, but it needs another
method to find the first two-time numerical computation [40].

In practical applications of the pseudospectral approach, it has
been found that the Adams-Bashforth time integration scheme works
well [41]. So this method is used in time integration. The time

step size in this case is suggested [31] with the condition,
st < =, (3.10)

for stability. Here N is the number of collocation points or grid

points along the x direction.
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Discrete Fourier Transforms

The complex Fourier series [42] may be considered as a transfor-
mation that maps an analytical function to a sequence of Fourier
series coefficients. This function, f(t), is expressed by

f£) = I g2mikt/T (3.11)

with the coefficient, Ck’ given by

I

2
C, =+ J F(t) e 2mikt/ Ty (3.12)

-1

2

where T is the period.
The Fourier transform [43,44] is a mapping that changes a

function, f(t), into another function, F(w). The one-dimensional

Fourier transform pair is defined as

©

F(w) J F(t) e dmivtyy (3.13)

F(t) = I F(w) e2™ Wiy, (3.14)

The former is called the (direct) Fourier transform while the latter
is known as the inverse Fourier transform. Similarly, the two-
dimensional Fourier transform pair for the function f(x,y) is repre-

sented by
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@™ o

Flu,v) = J J F(x,y) e-2milux + vy)dxdy (3.15)
Fix,y) = I I Flu,v) 2w+ vy)y 4 (3.16)

To determine either the Fourier series or the Fourier transforms
of functions, integrals must be evaluated with the infinite limits.
Sometimes these functions are so complicated that the numerical
computation is needed. Sampling and truncating the functions makes
the computer digest sequences of numbers which represent the given
function. The DFT is a right operation that maps a finite sequence

{f(k)} to another finite sequence {F(j)}. The DFT pair is defined

as
N -1 e
F(§) = 1 F) W™J, j=0,1,..., N-1 (3.17)
k =0
J N = "
Flk) =5 1 F(j) W Ik =0,1,..., N =1 (3.18)
i=0

where W = exp (27i/N) is called the weighting kernel [42]. This
kernel possesses some basic properties as follows:

wtkN

1 for any integer k;
wkiJ - wkwiJ;

w<N23) - tkd N i the period for cycle.

If N is equal to 8, k and j vary from 0 to N - 1, then wa

represents a symmetric matrix as illustrated in Table 4, and has

the cyclical nature of process shown in Figure 6.
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Values of WkJ for N = 8.

Table 4.
; k1 o 1 2 3 4 5 6 7

o W0 W0 W0 W W0 8 o

1 W W woooow W W W

2 W0 W W e W 8
31w W Wy wooow W W

s | W0 W WD 0 e 0

s w0 W W W W e B

6 W0 wWE W W W e e 2

7 W W W W




Figure 6.
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W1:W9=
12_ o wO-uB-
VERVLEN W/ =w!o2

Cyclic Nature of WkJ for N = 8.
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In the case of our study, k will range from negative to positive
values while j = 0,1,..., N - 1. Here N must be an odd number for the
sake of matching between k and j. If N = 7, then the matrix ij,
indicated in Table 5, is not symmetric for -3 Lk<3and0< j<7.
For the two-dimensional case, the DFT pair is defined as the

following expressions:

N-1 M- o v

Flu,v) = Fx,y) WX woVY (3.19)
N M

x =0 y=20

g N M- ux vy
f(x,y) = NML,E . Z . F(u,v) WN WM (3.20)
where WN = exp (27i/N)

Wy = exp (2ni/M).

The above two equations for the two-dimensional DFT pair will be ap-

plied to the problem in Chapter IV.
Fast Transform

Concerning the FFT, it is an algorithm [45] for computing
the DFT of a function with minimum CPU time because the computing
time will be reduced from N2 (for one-dimensional DFT) to a time pro-
portional to N log2 N. If N is an even number, particularly N = 2P
and p is a positive integer, the FFT is applicable. In the present
case, owing to the odd number N, another fast transform should

be used in Chapter IV to reduce computer CPU time.
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Values of wkj for N = 7.

Table 5.
j Kl-3 -2 0 1 2 3
0 wo WO WO wo W W e
1 W w2 w0 W W2 W
2 w'6 w‘“ w‘2 w[J w2 w“ w6
3 w2 Wt w30 W Wé w2
4 w2 owl oW 0 w? W W
5 w‘1 w'3 w‘s w0 w5 w3 w1
6 Wt ow? w0 wé W W
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CHAPTER IV
NUMERICAL PROCEDURE
Features of Solution Form

In Chapter II, the nonlinear problem consists of the following

equations: 1) the linear equation for perturbation pressure,

2% . 2% L1 2%
S .2

=0 (4.1)
axZ  ay? 3

where S = 1 in the present case;

2) the equation for the boundary conditions in the y direction,

20 _ _
ax 0 at y = D,b (4'2)

where b = 3.14 in the present case;

and 3) the nonlinear equation for the boundary conditions in the z

direction,

g%-[%%}:-gg - %% at z = 0,1 (4.3)
where

F=¢-2 %% + %%-%%

The solution to this problem is considered to have the following form:

el(kx + ly) (A cosh Kz' + B sinh Kz') (4.4)
-k

I~ X
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where ¢ = ¢(x,y,z,t)

A = A(k,1,t)
B = B(k,1,t)
K:¢k2+12
z' =z - 1/2.

Here the limit of z' is (-1/2, 1/2) as z goes from 0 to 1 for the
convenience of the numerical computation.

The wave amplitudes A(k,1) and B(k,1) are complex functions of
time. Their conjugate complexes are A* and B*. Since K equals defi-
nite real values, regardless of k and 1 being positive or negative,
both cosh Kz' and sinh Kz' do not affect the complex forms of A, B,
and their conjugates. Therefore, ¢ can be split into the following

two parts:

6= 6, + 0g (4.5)
where
oy = 11 gllkx + 1y) cosh Kz' (4.6)
k 1
0g = 1] e (&% +1¥) g ginh k2t for - K < k,1 < K. (4.7)
k1

If setting A” = A(k,1), A” = A(-k,-1), and p = kx + ly, then the ex-
pression of ¢, can be written simply and without loss of generality
in the following form:

AY exp (ip) + A~ exp (-ip)

A

(A: + iAZ) (cos p + i sin p) + (A; + iA;) (cos p - 1 sin p)
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+ - - + .
= (Ar + Ar) cos p + (Ai - Ai) sin p
+ i (AI + A7) cos p + (A:- AD) sin p|. (4.8)

In order to make on real, the imaginary part of Equation (4.8) must

be zero. Therefore, A; = A:, and A; = -AI, that is

A(-k,-1) = A*(k,1) (4.9)
and

A(k,- 1) = A*(-k,1). (4.10)

Similarly, the following expressions can be found:

B(-k,-1) = B*(k,1) (4.11)
and
B(k,~1) = B*(-k,1). (4.12)

The relationships of Equations (4.9) through (4.12) are illustrated
in Figure 7, and they are useful to reduce half as much as the number

of the numerical computation.

Analysis of Boundary Conditions

The boundary conditions play an important role in the analysis
of the pseudospectral method. Once the solution ¢ is given, the non-
linear partial differential Equation (4.3) for boundary conditions
can be reduced to ordinary differential equations through which both
coefficients A and B will be obtained from the time integration.

Differentiating ¢ with respect to x, y, and z', respectively,

the following expressions can be obtained:



Figure 7.
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A*(_kyl) A*(k,l)

B*(—k’l) B*(k,l)
| (0.0)

A(‘ky'l) A(k,-l)

B(-k,-1) B(k,-1)

Regions of Relationship Between A, B and A*, B*.



o, = %%—: ) ikel(kx +ly)(A cosh Kz' + B sinh Kz')
k1

¢y = %% S ilel(k>< +ly)(A cosh Kz' + B sinh Kz')
k 1

6, = %%T =77 Ked (kX + ly)(B cosh Kz' + A sinh Kz'")
k 1

where 3¢/9z' = 3¢/3z = ¢

Taking the derivative of 3¢/9z' with respect to t yields

&_z L 9A
at‘k t

3 1]
g sinh Kz ].

cosh Kz'

i(kx + 1y) [QE
% Ke ot
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(4.13)

(4.14)

(4.15)

(4.16)

Substituting Equations (4.13) through (4.16) into Equation (4.3) gives

i(kx +1y) [@_ K, dA . _K_] _8F 3G '
E % Ke gt cosh 5 gp sinh AT at z
Multiplying both sides of Equation (4.17) by e_l(kx +1y)

= +

1
5 (4.17)

and integrat-

ing by parts with respect to x and y, the following expressions are

obtained:
dB K dA . K
K[az-cosh VT sinh 2]

aG

ay]dxdy

bb
21 J [ e-i(kx + ly)[zﬂ _
“bb 3x
00

1

ikF(k,1) - i1G(k,1) = 5

6,(k,1) at 2' = %

where

(4.18)
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b b

Fk,1) = ;%-J I e-l(kx M ly)F dxdy (4.19)
b” 5 o
b b

G(k,1) = lzj [ e 1 (kx + 1y)e oy (4.20)
5" 0 0

Thus, the following two equations are obtained:

dB K dA . K _
—d-E'K COSh?-O-EK 81nh'2-— 9+(k,l) (4.21)
dB K dA . K _
9t K cosh 7 - gt K 81nh-§ =8 _(k,1). (4.22)

Solving these two equations yields

8, (k,1) - 8_(k,1)

dA

dt =~ 2 K sinh (K/2) (4.23)
o (k,1) + 6 (k,1)

e 7 : (4.24)

dt 2 K cosh (K/2)
They are simultaneously ordinary differential equations. Both coeffi-

cients A and B can be obtained by time integration.

Transformation of ¢ and Its Derivatives

In Chapter 111, the basic ideas of the transformations were pre-
sented. First, the discrete transforms are applied to the calculation
of sequences for ¢ and its derivatives ¢x’ ¢y, and ¢Z to get the DFT
of F and G in Equation (4.3). Then applying the inverse DFT to compu-
tation of double integrations gives the results for F(k,1) and G(k,1l)
from which 6+(k,l) and 8 _(k,1) may be found. In the course of these
transforms, the FFT technique could be used to reduce the number of

computation.
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DFT of ¢ and Its Derivatives

Applying the DFT technique to Equation (4.4) yields the following

expressions:
f(kn 1lm
¢(n,m) = J 7 |A cosh K+ 8 sinh Eq 2N * TWi
2 2
k 1
=71 kn Im
N-1 N-3 N-1
for k= - -5
1= .M M-3 M-1
BB 2 R
n=0,1,...,N -1
m=0,1,...,M -1 (4.25)

where a(k,1) = A cosh (K/2) + B sinh (K/2)

WN = exp (2ri/N) = weighting kernel for N
WM = exp (2ri/M) = weighting kernel for M
N = number of grid points in x direction
M = number of grid points in y direction.

Since both k and 1 range from negative to positive values while both

n and m are positive, special attention must be paid to matching the
corfesponding nodes in the implementation of the computing program.
Figure 8 shows the matching of the points (- E%l, - M%l), (- E%l,-ﬂ-g—l),
(5513 M%l), and (H%l, - M%l) in the wavenumber plane corresponding

to the points (0, 0), (0, M-1), (N-1, M-1), and (N-1, 0) in the physi-

cal plane.



m
T 1
|
(0,'M;1) ! (N-1,M-1)
B | N-1 M-
2 2 277
|
_______ —i-_—————-——-—-—’-k
|
I
|
l
|
I
(0,0) | (N-1,0)
UMM N-T Mo
2’ 2 2 T2
_ N1 N3 N1
k = - 2! - 2 °y09° )
M-1 M-3 M-1
l-—T’--Z_’ -90,~ '77
n=0,1,...,N1
m=0,1,...,M1

Figure 8.

The k,1 Plane Matching with the n,m Plane.
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Similarly the DFTs for 0. ¢y, and 6,

. kn ,1m
¢X(n,m) =V J ika(k,1) Wy Wy
k1
- kn ,1m
¢y(n,m) = 1 ] ila(k,1) W/ Wy,
k 1
o_(nym) = T T Ka'(k,1) WK™ wim
z k1 M

where a'(k,1) differs from a(k,l), and a'(k,1l) = B cosh (K/2)

+ A sinh (K/2).

are given by
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(4.26)

(4.27)

(4.28)

For the numerical calculation, Equation (4.3), with the aid of

Equations (4.25) through (4.28), is used to compute the DFTs of F

and G. Both of them are given by

F(nym) = ¢(n,m) - [z - ¢y(n,m)] ¢Z(n,m)

G(n,m) ¢X(n,m) ¢Z(n,m).

Inverse DFT of F(n,m) and G(n,m)

(4.29)

(4.30)

According to Equations (3.19) and (3.20), the inverse DFTs of

F(n,m) and G(n,m) for these double integral Equations (4.19) and

(4.20) are given by

N-1M-
11 F(n,m) kn . -1m
Flk,1) =5 % I ) 2 W W
NM n=0m=0 b2 N M
N-1M-1
11 G(n,m) ,-kn  ~1m
G(k,1) =z = J I A AL e
NM n=0m=20 b2 N M
where k = - E%l, - N%z,..., N%l
M-1 M-3 M-1
L= - 7

(4.31)

(4.32)
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Wy = exp (2mi/N)
Wy = exp (2ni/M).
. dA dB
Once F(k,1) and G(k,1) have been determined, EE-and-aE can be

found from Equation (4.18), and Equations (4.21) through (4.24).

Fast Transformation

To compute ¢(n,m) in Equation (4.25), the double summation should
be directly or indirectly expanded. If the direct technique is taken,

the summation is expressed by

_[E:l.n [M-1]m
N-1 M-1 2 R
¢(n,m) = a [ > - T] Wy Wy +
N-1 M-1 2 ) 2
+a [- N1 —i—] Wy Wy ‘..
[N:l] [ﬂ:l]m
N-1 M-1 2 - 2
ve [“z_’ - T] N kY *
Bl (1)
+ a [Nély M%l} WN 2 WM 2 (4.33)

If the indirect technique [46] is taken, the double summation is split

into two parts as follows:

b(k,m) = § alk,1) wy" (4.34)
1
onym) = § bk,m) WK™ (4.35)

Here each part is treated as a one-dimensional case.

k

The summation

of the right-hand side of each part is done by 1 or k, respectively,




57

From Equation (4.33), the total number of multiplication is (NM)
(NM) = (NM)Z. However, in Equations (4.34) and (4.35) it is found
that the total number of multiplication is the sum of (NM)M and (NM)N
equal to (NM) (N + M). If both N and M are larger than 2, the indi-
rect technique can save the computing time because of (NM) (N + M)
< (NM)Z. If N and M are equal to 2P and p is an integer, then the
FFT is very useful in computing this transform which requires, rough-
1y, N log, N operations [45]. However, the FFT method is replaced
by the technique to separate the two-dimensional transform into two
one-dimensional transforms in the present study. So the indirect
technique is used for all the transforms such as F(n,m), G(n,m),
F(k,1), and G(k,1) in this computation. In fact, this technique is

a matrix method which will be illustrated in the following section.

Computing ¢(n,m)

If Equation (4.33) is used to compute ¢(n,m) for 0 < n < N - 1
and 0 < m <M -1, then it can be replaced by the following matrix
form:
¢ = LAR (4.36)

where

[ ¢(0,0) ¢(0,1) C $(0, M=1) ]

¢(1,0) o(1,17) .. o(1, M-1)

| 6(N-1, 0) ¢(N-1, 1) .o o(N-1, M-1)
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Obviously, ¢ is N x M matrix, L is N x N matrix, A is N x M matrix,
and R is M x M matrix. If M equals N, k and 1 vary from -(N-1)/2
to (N-1)/2, then matrix L is the transpose matrix of R, i.e., L =
RT. But both matrices L and R are not symmetric. If we set B = AR,
then ¢ = LB. It means that ¢ can be separated into two parts in ope-
ration. An illustration with an example is given below.

If M =N=3 is used and WN = WM = W is set, then k = 1 = -1,
0, Tand n = m = 0,1,2. With these conditions, Equations (4.34) and

(4.35) can be expanded into the following two matrix forms:

b(-1,0) b(0,0) b(7,0
b(-1,1) b(0,1) b(1,1)

5(-1,2) b(0,2) b(1,2)

= |W W W a(-1,-1) a(0,-1) a(1,-1)
"RLLEC L a(<1,0)  a(0,0) a(1,0) (4.37)
w2 w0z 02 a(-1,1)  a(0,1) a(1,1)

¢(0’0) ¢(U’1) ¢(U,2)
$(1,0) ¢ (1,1) 6(1,2)

$(2,0)  ¢(2,1)  ¢(2,2)

= (W W W b(-1,0) b(-1,1) b(-1,2)
W W W b(0,0) b(0,1) b(0,2) (4.38)

W W W b(1,0) b(1,1) b{1,2)
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Transposing both sides of Equation (4.37) and substituting the trans-

posed result into Equation (4.38), we obtain the following expression:

353 = Laxs Ases Rsys (4.39)
where
$(0,0) ¢(0,1)  ¢(0,2)
055 = [001,0)  #(1,1)  ¢(1,2)
6(2,0)  ¢(2,1)  ¢(2,2)
T&-10 00,10
[ P T L
Lyys = | W W
120202
[a(-1,-1)  a(-1,0) a(~1,1)
A3x3 = |a(0,-1) a(0,0) a(0,1)
a(1,-1) a(1,0) a(1,1)
y10 112
|00 01 02
Ry 5 = | W W
S0 w12_

Ifk=1=-1,0,1andn =m = 0,1,2 is substituted into Equation

(4.36) directly, the same result as Equation (4.39) is obtained.
Computation for ¢(x,y,z,t)

The perturbation stream function, ¢, has the features described
in the first section of this chapter; but in the process of the compu-

tation round-off errors are always introduced. To avoid these errors
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in the computations, it is necessary to represent the equation for

computing ¢(x,y,z,t) in the following real form:

o(x,y,z,t) = 7 ] [(Ar cosh Kz' + Br sinh Kz') cos (kx + ly)
k1

- (Ai cosh Kz' + Bi sinh Kz') sin (kx + 1ly)] (4.40)

real part of A(k,1,t)

£
-
[v]
g
(0]
b=
e}
1"

A. = imaginary part of A(k,1l,t)
B_ = real part of B(k,1,t)

B. = imaginary part of B(k,1,t)

N
]

z - 1/2.
At specific time (tn), the function of ¢ in three different heights,
z, is given below:

Case 1: At ground level (z = 0),

K . K
¢(x,y,0,tn) = E % [(Ar cosh 7 - Br 51nh-§) cos (kx + ly)

K . K .
- (Ai cosh 5 - Bi sinh 70 sin (kx + ly)]. (4.41)

Case 2: At middle level (z = 1/2, or z* = 5 km),

¢(x,y,%3tn) = E E [Ar cos (kx + ly) - A; sin (kx + 1y)] (4.42)

where cosh (0) = 1, and sinh (0) = O.

Case 3: At upper level (z = 1, or z* = 10 km),

. K
o0, y,1,t ) = E % [ (A, cosh g-+ B, sinh ) cos (kx + ly)

-(Ai cosh ;-+ B, sinh-;) sin (kx + ly)]. (4.43)




Using the given initial values of A(k,1) and B(k,1), and the

computed values of A(k,l) and B(k,1) at specific time, the stream
function ¢ can be represented in the physical plane (x,y plane) by

the Equations (4.41), (4.42), and (4.43).
Numerical Procedures

From the study of the preceeding sections in this chapter, the
procedure for finding wave amplitudes and wave patterns is summarized
below:

Step 1: Find derivatives of ¢ at z' = + 1/2,

6 =77 ei(kx + 1y) (A cosh ;-i B sinh g&
k 1

+

6. =1} ikel(kx + 1y) (A cosh K+ 8 sinh EO

X k] 2 2
o =77 11X+ 1Y) (4 cosn K & g sinn X)
y k1 2 2

6. =77 l<el(kx + 1y) (B cosh-g + A sinh-ﬁ).
k1 2

Step 2: Find DFT of ¢ and its derivatives,

o(n,m) = 3 T a(k,1) wE" wim
k1 N M

Im

. kn
¢x(n,m) =V 7 ika(k,1) Wy Wy

k1

Im
M

I J ila(k,1) W W

¢ (n,m)
y k 1



o (n,m) = E % Ka' (i, 1) W< W™
where
a(k,1) = A cosh (K/2) * B sinh (K/2)
a'(k,1) = B cosh (K/2) £ A sinh (K/2)
Wy = exp(2ni/N) and WM = exp (2mi/M).

Step 3: Find DFT of F and G,

F(n,m)

o(n,m) = [g] o, (n,m) + o (n,m) o (n,m)

G(n,m)

¢x(n,m) ¢Z(n,m).

Step 4: Find inverse DFT of F(n,m) and G(n,m),

1 1 -kn , -1m
F(k,1) = A 7§ F(n,m) WN WM
b nm
G(k,1) = izﬁﬁ I 5 G(n,m w" wb‘f‘“
b nm

dB

: dA
Step 5: Find Hf'a”d I

0,(k,1) - o_(k,1)

dA _

dt ~ 2K sinh (K/2)
a8 o (k,1) + o _(k,1)
dt ~ 2K cosh (K/2)

Step 6: Find new A and B (A and B are given initially) by time
integration. Then repeat Steps 2 through 6 for iteration until the
final time step.

Step 7: Represent wave patterns at the specific time by Equa-

tions (4.41) through (4.43).
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CHAPTER Vv

NUMERICAL RESULTS

Scaling Values and Parameters

64

In order to solve the nonlinear problem numerically, the relevant

scales and parameters necessary in Equations (4.1) and (4.3) need
to be specified. In the region of troposphere under investigation,
fronts, cyclones, and anti-cyclones are usually formed or created.
The atmosphere in this region has the large-scale and circulatory
motion. Referring to Tables 2 and 3 in Chapter 11, the space and
time scales for large-scale atmospheric motion are chosen to have
the following values:
Characteristic horizontal length, L = 1000 km
Characteristic vertical length, D = 10 km
Characteristic horizontal speed, U = 28 m/s
Earth's mean radius, g = 6370 km.

According to these characteristic values, the following param-
eters are derived:
Aspect ratio, § = 0.01
Rossby number, ¢ = 0.19
Ratio of L to r

L/r, = 0.16

-4 -2
S

a’ 0

10

Buoyancy frequency, N2
Stratification parameter, S = 1.

The first three specified values are also found to satisfy the

ordering relationships in Equations (2.33) through (2.35) of Chapter II.
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Numerical Integrations

The solution of the nonlinear problem as formulated involves only
time integration. In Chapters III and IV, the time integration has
been introduced through which the time developments of the wave ampli-
tudes A(k,1) and B(k,1) can be found. The grid points and the physical
plane size are necessary for the application of the DFT and fast trans-
form. These values affect the numerical integration in time. Also in-
itial values are needed to integrate numerically with respect to time.
The time-step size can also influence the accuracy of the numerical in-
tegration. Thus, the above-mentioned four factors: 1) grid points,

2) physical plane size, 3) initial values, and 4) time-step size, must
be given more discussion from the numerical experiments in the follow-

ing subsections.

Grid Points

The lines x = X4 and y = yj are grid lines and their intersections
are grid points or mesh points of the grid. When the numerical method
is applied to the partial differential equations, the grid lines should
be used for the construction of mesh points in computation. With such
points, all numerical algorithms are implemented in the entire computa-
tional space which is also called the physical plane (x,y plane), as
well as the wavenumber plane (k,1 plane). These planes are shown
in Figure 9.

In principle, the computer code was developed to accommodate any
desired value of mesh points in both the x and y directions. However,
as will be discussed later, the solution to the equations restricted

the number of mesh points used in the algorithm.
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1
A
(-5,5) (5,5)
(1,1)
= k
('57'5) (0’-5) (5,-5)
a. Wavenumber Plane
Y
(5,10) (10,10)
—— X
(0,0) (5,0) (10,0)

b. Physical Plane

Figure 9. Computation Space.
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Initially the simplest example consisting of the 3 x 3 grid
points was tried with hand calculation in order to verify the numeri-
cal computation. As the results of calculation and computation were
coincident, the grid-point numbers were gradually expanded into 5 x 5,
7%x 74000y 19 x 19 in the numerical tests. 1In all the tests, the same
initial values of A(k,l) and B(k,l), and the same physical plane size
are used. In order to determine the optimum grid size for the final
use, the code was initially run for only five days with all possible
combinations of grid sizes. After examining the variation of the
principal mode amplitudes with time, some grid sizes were deemed as
nonuseful, while others were useful. Only those grid sizes for which
the absolute values of both A(1,1) and B(1,1) were monotonically in-
creasing during the entire five-days computations were deemed to be
useful. Below is tabulated all the grid sizes used and the type of

results they yielded.

Grid Points Results
3x 3 Nonapplicable
5x5 Nonapplicable
7 x 7 Applicable
9 x9 Nonapplicable

1 x 1 Applicable
13 x 13 Applicable
15 x 15 Nonapplicable
17 x 17 Nonapplicable

19 x 19 Nonapplicable
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Figure 10 shows the variations of the absolute values of A(1,1)
and B(1,1) for two grid sizes of 9 x 9 and 11 x 11 for 14 days. Though
their time durations terminate together at 14 days, the patterns of
their variation with time are different. The absolute values of A(1,1)
and B(1,1) increase monotonically for the 11 x 11 grid points, but
not for the 9 x 9 grid points for the first five days because their
values decrease. These values are indicated in Table 6. Figure 10 is
used only to illustrate the difference between the applicable and
nonapplicable cases. Among the above three applicable cases, the
grid size of 11 x 11 is the best case due to reasons which will be
discussed later. Since the 9 x 9 grid points are not applicable, the
11 x 11 grid points have been chosen for this study. Upon this choice,
the computational space in Figure 9 has X5 and yj for i,j = 0,1,...,10;

and wave number k,l = -5,-4,...,4,5.

Physical Plane Size

In the computational space, the different dimensions of this space
are used in computing. For the same grid points, 11 x 11, and the
same initial values of a(1,1) = 0.015 and B(1,1) = 0.023, varying the

sizes of x and y in the physical plane yields the following results:

X Or y in km Results
1000 Nonapplicable
2500 Applicable, shorter time
3140 Applicable, longer time
4500 Nonapplicable

6280 Nonapplicable
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Table 6. Values of A(1,1) and B(1,1) for 9 x 9 Grid Points.

Items Results of A(1,1) and B(1,1)

t (day) 0.00 1.00 2.00 3.00 4.00 5.00
A(1,1) .0150 0145 .0135 .0127 .0139 .0182
B(1,1) .0230 .0227 .0219 .0209 .0198 .0194
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Figure 11 shows the results of the numerical integration for the
time developments of the principal mode amplitudes A(1,1) and B(1,1)
for two different plane sizes of 3140 and 4500 km per side. The tend-
ency of the curves for the 4500 km size indicates that the variations
of the absolute values of A(1,1) and B(1,1) do not increase monotoni-
cally with time. Table 7 indicates how the absolute values of A(1,1)
and B(1,1) decrease in the first 10 days. Therefore, the physical
plane size of 4500 km per side is not suitable, but the size of 3140

km 1is suitable.

Initial Values

From Chapter IV, the equations for the boundary conditions, Equa-
tion (4.3), can be reduced to two first-order ordinary equations,
Equations (4.23) and (4.24), in time. To solve these simultaneous
equations, a set of initial conditions for all mode amplitudes A(k,1)
and B(k,1) are needed. Throughout the wavenumber space, there are
121 node points for A and B, respectively, for the mesh size of
11 x 11. The initial values assigned for all points are zero except
at point (1,1). Though initial values for A(1,1) and B(1,1) could
be chosen arbitrarily, there should be a dependent relationship be-
tween them in the numerical tests. This relationship is shown in
Table 8.

Table 8 indicates that there are five different ratios of B to
A for the physical plane size of 3140 km per side. From the last
row of values in Table 8, only the ratio of 1.5 appears to be better

than the others for the larger duration. No matter what ratio is
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Table 7. Values of A(1,1) and B(1,1) for x = y = 4500 km.

Items Results of A(1,1) and B(1,1)

t (day) 0.00 2.00 4,00 6.00 8.00 10.00
A(1,1) .0150 L0143 .0124 .0110 .0128 .0189
B(1,1) .0230 .0225 .0218 .0194 0175 .0165
Table 8. Initial Values for B/A.

Items Results for B/A Varied

A(1,1) 0.15 G.20 0.20 0.15 0.40 0.50
B(1,1) 0.45 0.40 0.30 0.23 0.40 0.40
B/A 3.00 2.00 1.50 1.50 1.00 0.80
t(day) 4.00 4,00 5.00 5.00 4.00 4.00
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used, the variation with time for A(1,1) always grows more rapidly
than that for B(1,1).

In a number of numerical experiments, the initial values for the
principal mode amplitudes A(1,1) and B(1,1) are varied; but the grid
size is fixed to 11 x 11, and the side size of the physical plane
is also fixed to 3140 km. The test results are tabulated in Tables
9 and 10, and shown in Figures 12, 13, and 14, respectively.

Comparing the results in Tables 9 and 10, it appears that the
smaller the initial value becomes, the longer the time endures. The
too small initial values mean that the initial pressure perturbation
is too weak to induce the early growth of the higher harmonic waves,
which is an undesirable condition in this study. For compromise, the
initial values for A(1,1) = 0.015 and B(1,1) = 0.023 are used here-
after in the computation. The last rows of the tables denote the final
time in days. Beyond each final time, blow-up of the integration
occurs.

Figures 12 and 13 indicate that the time developments for A(1,1)
or B(1,1) terminate at 8, 9, 10, 11 and 14 days, respectively, due
to the different initial values. All the lines have different termina-
tions, but they are nearly parallel. Beyond each terminal, the
integration has blow-up. Figure 14, being slightly different from
Figures 12 and 13, exhibits the time evaolution of A(1,1) and B(1,1)
through five days' duration for initial values of A(1,1) = 0.15
and B(1,1) = 0.23, and 14 days' duration for A(1,1) = 0.015 and
B(1,1) = 0.023. This figure also exhibits that the initial values

of a different order of magnitude make nine days' difference in
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Table 9. Initial Values for Shorter Time.

Items Results for B/A = 1.5

A(1,1) 0.60 0.50 0.40 0.30 0.20 0.15
B(1,1) 0.90 0.75 0.60 0.45 0.30 0.23
t (day) 2.00 2.00 3.00 3.00 5.00 5.00

Table 10. Initial Values for Longer Time.

Items Results for B/A = 1.5
A(1,1) 0.060 3.050 0.040 0.030 0.020 0.015
B(1,1) 0.090 0.075 0.060 0.045 0.030 0.023

t(day) 8.00 9.00 10.00 11.00 11.00 14.00
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Variation of A(1,1) with Initial Values.

Figure 12.



77

7l

"san{eA TBTITUL Y3TM (1°L)Q JO UOTIeTIEA

Avd

‘¢l @anbt4

£20°0

0°¢-

la] 901




78

*sanTeA TBTITUT Y3TM (LL)g pue (L°L)Y 4O UOTIETIBA *H| 3InbT4

Avd
Hl Zl ol 8 9 /] VA 0
_ _ | — | _ 1 _ 1 _ 1 _ 1 0°zZ-
lm-Fl
~
I - Q
£20°0 = (1L 1)8 > o
7 - =
PR — 0°L-
o i S
SL°0 = (L)Y, —
- =
L S B
€2°0 = (1°1)8 }— ¢+p-
=




79
time duration. From the point of view of time duration, the longer,
the better; so the final time of 14 days is desirable. In Figure 14,

blow-up also occurs beyond each time limit.

Time-Step Size

In Equations (4.23) and (4.24) of Chapter 1V, the continuous ap-
proximations to the solutions of A(k,1,t) and B(k,1l,t) are not sought;
instead, approximations to A and B are generated at mesh points in a
finite time interval. From initial time to final time, a series of
steps are used to find these numerical approximations. The common
distance between each time step is the time-step size. In the princi-
ple of numerical analysis, the small step size produces more steps in
time interval and makes the results more accurate. Several different
step sizes were used in the numerical integration from initial time to
final time (14 days). The obtained results are listed in Table 11.
The first column denotes five different step sizes; the second
one shows the number of steps needed in time interval (or 14 days);
the third and fourth ones exhibit the absolute values of A(1,1)
and B(1,1) at the final time.

In Table 11, the absolute values of A(1,1) and B(1,1) change a
little when the step size changes from 0.1 to 0.05. Therefore, the
time-step size does not alter the results considerably and is fixed to
ot = 0.05 because of the restriction of the use of the computer time.
Also, At = 0.05 is satisfied with the condition at 5_8/112 given
in Equation (3.10) of Chapter III. Here the time-step size at = 0.05

is equivalent in dimensional quantity to at* = 1/2 hour.
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Table 11. Relationship Between at and A(1,1), B(1,1).

at Steps AC1,1) B(1,1)
0.05 708 .413824 .212336
0.10 364 .410392 .204819
0.20 192 . 396698 . 196842
0.40 105 .377106 . 188507
0.80 062 .345915 .176530
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Results

The numerical investigation is aimed at finding all the coeffi-

cients A(k,1) and B(k,1) in time for the use in the perturbation
stream function ¢(x,y,z,t). Then the configuration of this stream
function represents various wave patterns which are treated in the

following subtopices.

Time Evolution of A(k,l) and B(k,1)

The previous section concentrated on the discussion of the
time evolution of the principal mode amplitudes A(1,1) and B(1,1).
Owing to the complex conjugate relationships given in Equations (4.9)
through (4.12), the initial values for modes A(-1,-1) and B(-1,-1)
are the same as that for modes A(1,1) and B(1,1); the time develop-
ments of A(-1,-1) and B(-1,-1) are also the same as that of A(1,1) and
B(1,1), respectively. During the numerical integration in time, the
values of the wave amplitudes A(k,l) and B(k,1) seem to have no varia-
tion in the first nine days except for A(1,1) and B(1,1). After nine
days, a few higher harmonic waves appear in a substantial way. These
phenomena are shown in Figure 15 for A(k,l) and Figure 16 for B(k,1l).
Figures 15 and 16 also show that the slopes of the time-development
curves for the higher harmonic modes are steeper than that for the
principal modes. A few higher harmonic modes appear at a later time,
but blow-up occurs with the principal modes immediately after the
final time of 14 days.

From Figures 10 through 16, there appear two main features of the

time evolution of A(k,1) and B(k,1l) in the computational space. The
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first one is concerned with factors of the grid points, the physical
plane size, and initial values. The optimum time evolution for these
wave amplitudes A(k,1) and B(k,l) depends upon the optimization of
these three factors.

The second feature is the problem of blow-up. In our numerical
investigations, all the applicable time-development curves have their
own time terminations. Beyond these different time limits, they are
confronted with the same problem of blow-up at a specific time. For
example, the values of A(1,1) and B(1,1) increase from 0.015 and 0.023
at the initial time to 0.673 and 0.527 (absolute values hereafter) at
1&% days, respectively. For two more time steps, they reach the values
of 1.507 and 0.670, respectively. For one more time step again, they
suddenly change into 9.828 and 5.805. At 14%

same result--blow-up. This sudden change occurs at a special condi-

days, they have the

tion which corresponds to the critical condition of the Eady linear
problem. In Chapter II, the quadratic equation, Equation (2.89),
from the boundary condition of the Eady problem was shown to have a
critical value of Mo = 2.3994. If one root of this equation is less
than oo the baroclinic instability possibly exists in the Eady prob-
lem. In our nonlinear problem, as this critical value is approached,
all the time-development values for the absolute A(k,l) and B(k,1)
change abruptly, and ultimately blow up. The possibility of this phe-
nomenon comes from the instability of the Eady linear problem. It

is also possible that the atmospheric turbulence could grow at the
expense of the energy in waves by wave-breaking phenomena after 14

days. 0Owning to the growth of the turbulence, blow-up may occur.
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Wave Patterns

Plane Waves. In Chapter IV, there are three equations, (4.41),
(4.42), and (4.43), for different height levels. They are used here
to compute the numerical values for plotting the curves shown in Fig-
ures 17 through 20 in the following two cases:

Case 1 corresponds to the initial time. The initial perturbation
waves are cosine curves with different amplitudes for three height
levels. Figure 17 illustrates these waves propagating along the x
direction, but y and z are fixed at y* = 785 km and z* = 5 km, and
at y* = 942 km and z* = 10 km, respectively. At ground level, the
wave amplitude is so small that the wave shape almost becomes a
straight line.

Case 2 corresponds to the fipal time, 14 days. From initial
to final time, the numerical tests exhibited the small variation in
the perturbed waves at t* = 7 days and t* = 10 days, respectively,
because modes A(k,1) and B(k,1) have response only after nine days.
So the results from these tests are neglected. Figures 18 through
20 indicate the results obtained at the final time.

Figure 18 exhibits two waves at ground level. They propagate
along the x direction with nearly the same amplitudes. The solid
line is for y* = 2512 km, while the dashed one is for y* = 2747 km.
Both of them are similar to the steady waves in the rotating annulus
experiment. Figure 19 shows two waves at mid-height (z* = 5 km) level.
Their amplitudes are so small that the waves seem to be negligible.
Figure 20 indicates the unstable waves at upper level (z* = 10 km)

and at y* = 628 km (solid) and at y* = 785 km (dashed), respectively.
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Plane Wave for ¢(x,y,0) at t*

Figure 18.
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14 Days.

Plane Wave for ¢(x,y,1) at t*

Figure 20.
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Contour Plotting. In Chapter II, Equations (2.53) and (2.54) in-

dicate that pressure can serve as stream function. However, in the
nonlinear problem, the perturbation stream function serves as pertur-
bation pressure. The locus of points of equal pressure are used in
topographic mapping. Contour lines or curves represent a uniform
series of pressure, and the difference in pressure between adjacent
lines or curves is the contour interval of the given map. Thus, con-
tours represent the shape of the undulation of the flow field on the
flat map surface; but, generally, they do not cross each other in the
plotting.

Using The University of Tennessee Space Institute (UTSI)/National
Center for Atmospheric Research (NCAR) package, the contour plottings
for ¢(x,y,z) at different times are shown in Figures 21 through 25.

At initial time, owing to the very small wave amplitudes shown in Fig-
ure 17, contours for ¢(x,y,0), ¢(x,y,%&, and ¢(x,y,1) are featured with
a few straight, tilted dividing lines (labeled with 0.0) similar to
that shown in Figure 21. So these contours at t = 0 are omitted here.
At 10 days, contours are represented in Figures 21 and 22. The con-

tour for ground level has only a few dividing lines and is also omit-

ted. Figure 21, for mid-height level, exhibits several straight,
tilted dividing lines with absence of contours; and Figure 22, for
the upper level, indicates contour lines parallel to the dividing
ones.
At final time, 14 days, the situation is changed. Figure 23 shows

the contour lines at ground level. Some lines (labeled with 0.02)

lie in a high-pressure and some (labeled with -0.02) lie in a
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low-pressure area. However, they are partitioned by dividing lines.
They look like streamlines passing through an aobject because of steady
waves (Figure 18) existing at this moment. At mid-height level, owing
to the waves with very small amplitudes (Figure 19), only the curved
dividing lines appear in Figure 24 without contours. At upper level,
contours shown in Figure 25 have a number of oval shapes around low-
(-0.200) or high- (0.200) pressure centers, and exhibit the atmos-
pheric motion similar to cyclonic or anti-cyclonic motion. Each group
of these concentric contours is separated from the other one by the
curved dividing lines because the waves shown in Figure 20 have sig-
nificant peaks and troughs. The wave cyclone develops in conjunction
with a frontal zone. It is another possibility to make time integra-
tions of A(k,1) and B(k,1) blow up finally because of frontogenesis.

Surface Plotting. The code SRFACE of the UTSI/NCAR package is

used to draw a perspective picture of a function of two variables.
The function is approximated by a two-dimensional array of heights.
The lines of sight enter the horizontal plane from both the x and
y directions at different angles.

The application of this code to the stream function ¢(x,y,z)
at different time produces the surfaces shown in Figures 26 through
29. The surfaces in Figures 26 and 28 were drawn with 41 grid points
along the x and y directions, respectively, for clear appearance;
while those in Figures 27 and 29 were drawn with 101 grid points along
the x and y directions, respectively. Fiqure 26 indicates the surface
of ¢(x,y,1) which represents the very slight wavy surface at upper

level and at initial time. This surface is nearly a flat one because
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= 0.

Surface of ¢(x,y,1) at t*

Figure 26.
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the corresponding cosine wave in Figure 17 has the smaller wave ampli-
tude. The other surfaces of ¢(x,y,0) and ¢(x,y,%) at t = 0 are omit-
ted because they are similar to the flat surface in Figure 26. At
final time, 14 days, the surfaces obviously have the undulation, ex-
cept for the surface in Figure 28 at mid-height level because the cor-
responding waves in Figure 19 have the very small amplitudes. The
wavy surface in Figure 27 folds at wave peaks and troughs reqularly
owing to the nearly same amplitude waves in Figure 18. The surface in
Figure 29 possesses a number of ups and downs on the surface. On both
the x and y directions there are five wave ridges and five wave

troughs coinciding with those shown in Figure 20.

Discussion of Waves, Contours, and Surfaces

The three-dimensional perturbation stream function ¢(x,y,z,t)
can be taken as a one-dimensional function at specific Yy, z, and t;
and a two-dimensional function at specific height and time. These
functions represent waves, contours, and surfaces shown in Figures
17 through 29. Comparing these figures, the following relationships
are found: a) the waves predict what kind of contours or surfaces
will produce, while the contours exhibit the surfaces rugged or not;
and b) the surfaces justify the existence of waves and contours in
different kinds and shapes. In this study, the figures for waves real-
ly predict the configurations of the surfaces, and the figures for
contours exhibit these facts: a) closely spaced contours indicating

the ruggedly wavy surface at upper level or uniformly wavy surface

at lower level; and b) sparseness or absence of contours indicating




102
the very weakly wavy surface or nearly flat x,y plane at mid-height
level. These facts also indicate that the nonlinear instability in
the baroclinic flow comes from the thermal wind shears because of
the weak waves at mid-height level. Ffrom.these facts, the strongly
nonlinear theory and the structure of the code are proved to be appli-

cable to the present study and the numerical computation, respectively.
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CHAPTER VI

CONCLUSION

The development of our understanding of the complex nonlinear
process occurring in baroclinic flows depends upon the interplay be-
tween theory, experiment, and field observation. Among these, three
theory and numerical experiments were used in this investigation. The
quasi-geostrophic potential vorticity equation leads to the nonlinear
problem with boundary conditions, and this problem is solved numeri-
cally by the pseudospectral method.

A numerical computer code was written, developed, and verified to
obtain the amplitudes A and B for the spectrally expanded solution
which were found from the boundary conditions through time integration.
The numerical experiments on the time integration for A and B indicate
that a second-order Adams-Bashforth technique leads to superior re-
sults over the commonly used Runge-Kutta or the leapfrog methods.
There are three factors which could make time evolution of A and B
shorter or longer: 1) grid points, 2) physical plane size, and 3) ini-
tial values. The optimum results will depend on the combination of
these three factors.

In the course of computation, the blow-up in time integration is
a problem which puzzled us for a long time. The final time in inte-
gration was a few days, initially; however, we were able to stretch it
to 14 days through many improvements. Though it is not the best one,
it is really the better one in a lot of the numerical experiments.

This perplexed problem comes possibly from the instability condition
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of the Eady linear model, atmospheric turbulence, and frontogenesis.
Other reasons are not excluded here.

Examining the graphics for plane-wave presentation, contour and
surface plottings, we find that at initial time the small amplitude
cosine waves produce the tilted, parallel, straight lines (similar
to isobars) or blank in contours, and the very slightly wavy surface.
At ten days, the higher harmonic modes occur so late and so few that
the plane wave and surface plottings are negligible, but two contours
for (x,y,%) and (x,y,1) are represented. From our numerical experi-
ments, waves, contours, and surfaces at t* = 0 and t* = 10 days are
similar to each other. However, at the final time, 14 days, wave
patterns are different from one another at three vertical layers,
i.e., at z* = 0, 5 km, and 10 km heights. At the ground level, the
wave would be steady wave, the contour lines look like streamlines
passed through an object, and the surface is folded at wave peaks and
troughs regularly. At the mid-height level, a train of waves has
very small, different amplitudes. It makes the contour blank and
the surface very slightly wavy. At the upper level another train
of waves has substantially different amplitudes. It makes contours
similar to cyclone (low-pressure center) followed by anti-cyclone
(high-pressure center) and the wavy surface with ridges and troughs in
both the x and y directions. Waves, contours, and surfaces exhibit
that they exist consistently. The final wave surfaces at three dif-
ferent levels have the thermal wind-shear effect in the perturbed

flow.
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This investigation fails to predict the vacillation in a rotating
annulus because the flow is inviscid and Ekman conditions are not in-
troduced into it. The solution form in this study may lead to fronto-
genesis. If Ekman conditions are applied to both lower and upper
boundaries, and if another solution form is used, it will be a differ-

ent situation. This recommendation needs money and time for further

study.
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