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Abstract

First, generalized uniform covering maps are classified in terms of subgroups of the uni-
form fundamental group. Hausdorff, locally uniform joinable, and chain connected covering
spaces of a uniformly locally joinable chain connected space are classified in terms of closed
subgroups of its uniform fundamental group. If the space is also semilocally simply uni-
form joinable, uniform covering spaces are classified in terms of all subgroups of its uniform
fundamental group.

Next it is shown that the inverse limit of a strong Mittag-Lefller inverse system of
Hausdorff uniform covering spaces is a generalized uniform covering space. The question of
the converse is investigated. It is necessary for a generalized uniform covering map to have
strong approximate uniqueness for it to be the inverse limit of uniform covering maps. It is
shown that such a generalized uniform covering map is indeed the inverse limit of uniform
covering maps. It is unknown whether all generalized uniform covering maps have strong
approximate uniqueness.

The analog to the above characterization is investigated for regular generalized uniform
covering maps, i.e., generalized uniform covering maps that are induced by group actions.

Finally, given a pointed 1-movable continuum represented as the inverse limit of its
nerves, it is shown that connected pointed 1-movable generalized covering spaces are the
same as the inverse limit of covering spaces of its nerves provided the inverse system of
covering spaces satisfy certain properties. I thank Sergey Melikhov for suggesting to look
at this issue.
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Chapter 1

Introduction

A covering map p : C — X is a continuous surjection such that for every x € X there is
an evenly covered neighborhood U of z, i.e., f~1(U) is the disjoint union of open sets, each
of which are mapped homeomorphically onto U. One can prove that covering maps have
unique path lifting. This unique path lifting can then be used to prove the general lifting
property of covering maps. A map f : Z — X from a path connected and locally path
connected space Z has a lift f : Z — C if and only if f,(71(Z)) C p«(m1(C)). Also, if the
lift exists then it is unique.

Of particular interest are universal covering maps, i.e., covering maps p : C' — X where
C' is simply connected. These are important because for such maps, 71 (X, zp) is in bijective
correspondence with the subset p~!(zg) of C.

This traditional covering space theory works well for spaces that behave nicely with
respect to paths. The lifting property only works for maps from path connected and locally
path connected spaces. Also, the existence of a universal covering space is only guaranteed
for path connected, locally path connected, and semilocally simply connected spaces. For
such spaces, the endpoint map p : X — X where X is the set of fixed endpoint homotopy
classes of paths in X starting at some basepoint is the universal covering map.

One approach to extend covering space theory to spaces that are not so nice is to
drop the requirement of existence of evenly covered neighborhoods. Most if not all of the
applications of covering space theory hold provided the map has unique path lifting. In
particular the lifting property and the correspondence theorem mentioned above still hold.
Fischer and Zastrow~[5] take this approach by asking when p : X — X has unique path
lifting. In this case X is guaranteed to be simply connected. It is shown that, provided X
is path connected, p has unique path lifting if the natural homomorphism 1 (X) — 71 (X)
from the fundamental group of X to the first shape group of X is a monomorphism.

Another approach is to drop the consideration of paths altogether. One can shift the
focus from paths to chains, the discrete version of paths. Chains cannot be effectively
defined for arbitrary topological spaces but can be defined for metric spaces. In a metric
space, an e-chain can be defined as a finite sequence xg,...,x, where d(x;, z;11) < € for
each 0 < i < n. However, chains can be effectively defined for a wider class of spaces called
uniform spaces. This approach is taken by Berestovskii and Plaut [1]. A (generalized)
covering map is defined as a projection X — X/G where G is a particular type of group
action on X. A (generalized) universal covering space is constructed for a class of spaces
called coverable spaces. An analog to the fundamental group is defined as well as an analog
to the lifting property.



In [4] we extend the ideas of Berestovskii and Plaut by providing a definition for gener-
alized uniform covering maps that does not rely on group actions. We provide an alternate
approach to defining the generalized universal covering space introduced by Berestovskii
and Plaut and prove that this space is indeed universal in a particular category. In addi-
tion, we relate elements of this generalized universal covering space to generalized paths of
Krasinkiewicz and Minc [7] and prove that the generalized fundamental group introduced
by Berestovskii and Plaut is isomorphic to the first shape group for metric continua.

In the same paper we also define uniform covering maps which were introduced by James
[6].

This report classifies uniform covering maps and generalized uniform covering maps in
terms of subgroups of the uniform fundamental group. It also explores characterizations of
generalized uniform covering maps as inverse limits of uniform covering maps.



Chapter 2

Previous and preliminary results

2.1 Uniform spaces

We deal with uniform spaces because they are the widest class of spaces for which chains
can be effectively defined. Most of the following definitions and facts can be found in [2].
A uniform structure on X is a family £ of subsets of X x X called entourages such that

e & forms a filter under set inclusion,

each E € £ contains the diagonal of X x X,

for each F € &, its transpose ET = {(z,y) : (y,z) € E} € &,

and

for each E € € there is an F € £ so that F? C E (F? consists of pairs (z,2) € X x X
such that there is y € X with (z,y) € F and (y,z) € F).

A basis for a uniform structure is a family B of subsets of X x X such that

each E € B contains the diagonal of X x X,

each F € B is symmetric (that means (z,y) € £ implies (y,z) € E),

for each E, F € B thereisan H € Bsothat H C ENF,

and

for each E € B there is an F € B with F2 C E.

A uniform structure is generated from a basis by including all supersets.

Every uniform space is a topological space. Given a uniform space X, the topology
induced by the uniform structure is defined by taking U to be open if for each x € U there
is an entourage E of X so that B(z,E) C U, where B(z,FE) = {y : (z,y) € E}. Given a
topological space X, a uniform structure on X is said to be compatible with the topology if
it induces that topology. A topological space is uniformizable if it has a uniform structure
that is compatible with the topology.

Every metric space is uniformizable. Given a metric space X, for each ¢ > 0 define
E.={(z,y) € Xx X :d(z,y) < €}. Then {E, : € > 0} forms a basis for a uniform structure
on X that is compatible with the topology. Every topological group is uniformizable. Given



a topological group G, for each neighborhood U of the identity e € G define Uy = {(z,y) €
G x G : yr~! € U}. Then {U,; : U is a neighborhood of e} forms a basis for a uniform
structure on G that is compatible with the topology. Any compact space X has exactly
one compatible uniform structure, the one consisting of all neighborhoods of the diagonal in
X x X. Finally, a topological space is uniformizable if and only if it is completely regular.

Given a function f : X — Y between uniform spaces and an entourage E of X, f(FE)
is notation for (f x f)(F) [10]. Similarly, for an entourage E of Y, f~!(E) is notation for
(f x f)"Y(E). The function f is uniformly continuous if f~!(E) is an entourage of X for
each entourage F of Y.

Given a function f: X — Y with X a uniform space, the function generates a uniform
structure on Y [4] if the family { f(E) : E is an entourage of X} forms a basis for a uniform
structure on Y. Notice the function must be surjective. If Y is given the uniform structure
generated by f then f is necessarily uniformly continuous.

Normally we are given a function f : X — Y between uniform spaces. In this case we say
f generates the uniform structure on Y if the same family {f(F) : E is an entourage of X'}
forms a basis for the uniform structure on Y. Notice f generates the uniform structure on
Y if and only if f is uniformly continuous and f(FE) is an entourage of Y for each entourage
E of X. Such a function is called bi-uniformly continuous in [1].

A uniform space is Hausdorfl if and only if the intersection of all entourages is the
diagonal. A uniform space is complete if and only if every Cauchy filter has a limit point.
A filter is Cauchy if for each entourage F there is an E-bounded member of the filter. Note
a subset A of a uniform space X is called E-bounded if for each z,y € A, (z,y) € E.
Equivalently, A x A C E. A point y is a limit point of a filter if for each entourage E of X
there is a member A of the filter with A C B(zx, E).

Given an inverse system of uniform spaces { X, ¢gq }, a basis for the inverse limit uniform
structure on lim X, is {m, Y(E,)} where a runs through the inverse system and E, runs
through a basis of entourages of X,.

2.2 Uniform covering maps

Uniform covering maps were introduced by James [6]. The definition below is from [4] and
is equivalent to James’ definition.

Suppose X is a uniform space. Given an entourage E of X, an E-chain in X is a finite
sequence 1, ..., T, such that (z;,z;41) € F for each i < n. Inverses and concatenations of
FE-chains are defined in the obvious way. X is called chain connected if for each entourage
E of X and any z,y € X there is an F-chain starting at = and ending at y.

A surjective function f : X — Y from a uniform space X has chain lifting if for every
entourage F of X there is an entourage F' of X so that for any = € X, any f(F')-chain in
Y starting at f(z) can be lifted to an E-chain in X starting at x.

A function f: X — Y from a uniform space X has uniqueness of chain lifts if for
every entourage E of X there is an entourage F' C E so that any two F-chains in X starting
at the same point with identical images must be equal. The function has unique chain
lifting if it has both chain lifting and uniqueness of chain lifts.

! James fails to explicitly assume that a uniform covering map should generate the uniform structure
on its image. It appears that he may have meant to do so implicitly, and in this case the definitions are
equivalent.



Definition 2.2.1. A function f : X — Y between uniform spaces is a uniform covering
map if it generates the uniform structure on'Y and has unique chain lifting.

James uses the concept of uniform openness.

Definition 2.2.2. [6/ A function f : X — Y is uniformly open if for each entourage E
of X there is an entourage F of Y such that for if (f(x),y) € F, there is a y' € X with
)=y and (z,y) € E.

Lemma 2.2.3. A function f : X — Y between uniform spaces is uniformly continuous and
uniformly open if and only if it generates the uniform structure on'Y and has chain lifting.

Proof. This lemma is essentially from [4]. It is easy to see that uniform continuity plus
uniform openness imply that the function generates the uniform structure on Y. O

We used f(F) instead of an entourage F' of Y in the definition of chain lifting so that
we could talk about chain lifting without needing f to generate the uniform structure on Y
or needing Y to have a uniform structure at all.

James also uses the concept of a transverse entourage.

Definition 2.2.4. [6]/ An entourage Ey of X is transverse to f if (v,y) € Ey with f(x) =
fly) implies z = y.

Lemma 2.2.5. [/] A map f: X — Y between uniform spaces has uniqueness of chain lifts
if and only if there is an entourage of X that is transverse to f.

Then we have the James’ characterization of uniform covering maps.
Proposition 2.2.6. A map f: X — Y is a uniform covering map if and only if

1. f is surjective,

2. f is uniformly continuous,

3. f is uniformly open,

and
4. there exists an entourage transverse to f.

The following characterization relates uniform covering maps to topological covering
maps.

Proposition 2.2.7. A map f: X — Y is a uniform covering map if and only if it generates
the uniform structure on Y and there is a basis for the uniform structure consisting of
entourages E that evenly cover f(E).

We say an entourage E evenly covers f(FE) if B(z, E) is mapped bijectively onto
B(f(x), f(E)).
An analog to the classical theorem of existence of a universal covering map is proved in

[4]. Therefore analogs to local path connectedness and semi-local simply connectedness are
defined.

Definition 2.2.8. A uniform space X is uniformly locally path connected if for each
entourage E of X there is an entourage F' of X such that if (z,y) € F, x and y can be
joined by an E-bounded path.



Definition 2.2.9. A uniform space is uniformly semilocally simply connected if there
exists an entourage Ey of X such that for each x € X, any Eg-bounded loop in X at x is
null homotopic.

As in the classical case, the universal covering space of a path connected, uniformly
locally path connected, and uniformly semilocally simply connected space X is X , the
space of homotopy equivalence classes of paths. Give X a uniform structure as follows.
Given an entourage E of X, define an entourage F* to be pairs of equivalence classes of
paths ([a], [3]) such that a~!3 is homotopic to an E-bounded path.

Theorem 2.2.10. [4] The endpoint map X > Xisa uniform covering map if and only
if X is path connected, uniformly locally path connected, and uniformly semilocally simply
connected.

2.3 Generalized uniform covering maps

The idea behind the definition of generalized uniform covering maps is to find a cover-
ing space theory for spaces that are not locally path connected and semilocally simply
connected. Since the use of paths is somewhat unsatisfactory for such spaces, a natural
strategy is to pass one’s attention from paths to chains which are the discrete version of
paths. We thank Conrad Plaut for introducing us to the concept of chains in a uniform
space. More on Berestovskii and Plaut’s work and the relationship to our theory is discussed
in Chapter 5.

Like in the setting of paths, we wish to have homotopies of chains. Homotopies between
chains were successfully defined in [1]. The following is an equivalent definition from [4]
that relies on homotopies already defined for paths. It utilizes Rips complexes which are a
fundamental tool for studying chains in a uniform space.

Definition 2.3.1. Given an entourage E of X the Rips complez R(X, F) is the subcomplex
of the full complex over X whose simplices are finite E-bounded subsets of X.

Rips complexes are also used as the definition for uniform covering maps in [4]. We list
it as a proposition.

Proposition 2.3.2. A map f : X — Y is a uniform covering map if and only if it generates
the uniform structure on'Y and the family € of entourages of X such that the induced map
fe : R(X,E) — R(Y, f(E)) is a simplicial covering map forms a basis of the uniform
structure on X.

The reason Rips complexes are so useful is because E-chains in X can be related to
paths between vertices of R(X, E). Any E-chain z1,...,x, determines a path in R(X, E)
by simply joining successive terms z;, x;+1 by an edge path, i.e., a path along the edge joining
x; and x;+1. Denote the edge path between points z and y by e(x,y) (since only homotopy
classes of paths will be considered any two such paths will be equivalent). Conversely,
any path in R(X, E) joining two vertices = and y can be realized, up to homotopy, as a
concatenation of edge paths (see [11, Section 3.4]). Now homotopies between E-chains can
be defined in terms of homotopies between paths in R(X, F). Since the identity function
K, — K,,, K a simplicial complex, from K equipped with the CW (weak) topology to K
equipped with the metric topology is a homotopy equivalence (see [8, page 302]), it does
not matter which topology is chosen for R(X, E). Two E-chains starting at the same point



z and ending at the same point y are said to be EF-homotopic relative endpoints if the
corresponding paths in R(X, E) are homotopic relative endpoints. Therefore E-chains and
paths in R(X, E) between vertices can be used interchangeably.

In [1], an E-homotopy between FE-chains ¢ and d is defined as a finite sequence of E-
chains cq,...,c, where ¢; = ¢ and ¢, = d, each ¢; has the same endpoints as ¢ and d,
and c¢;y1 is obtained from ¢; by either adding or deleting a link from ¢;. It is easy to see
that this definition is equivalent to the above formulation. The above formulation has the
advantage that it relies on the well understood concept of path homotopies. However, to
show in practice that two chains are homotopic one often ends up using the definition from
[1].

We wish to consider finer and finer chains in a space and therefore come to the concept
of generalized paths. Equivalent objects were studied in [1]. They are a generalization of
generalized paths introduced by Krasinkiewicz and Minc [7].

A generalized path is a collection of homotopy classes of chains a = {[ag|} g where E
runs over all entourages of X and for any F' C E, ap is F-homotopic relative endpoints to
ap. Inverses and concatenations of generalized paths are defined in the obvious way. The
set of generalized paths in X starting at z( is denoted as GP (X, xo) and given a uniform
structure generated by basic entourages defined as follows. For each entourage E of X let
E* be the set of all pairs (a, 3), a, 3 € GP(X,xg), such that a~!3 is E-homotopic to the
chain x,y where x is the endpoint of a and y is the endpoint of 3. Call such a generalized
path E-short.

Analogously to the way the fundamental group is defined, define the group 71 (X, zg) to
be the group of all generalized loops based at z¢. It is isomorphic to lim(mi (R(X, E), zo)).
Also, as the notation suggests, 71(X, zg) is isomorphic to the first shape group for metric
compacta.

Given a uniformly continuous function f : X — Y, there is an induced function f, :
GP(X,z9) — GP(Y,y0). Suppose o = {[cg]g}r € GP(X,zp). Given an entourage E of
Y, let F = f~Y(E) and define f.(a)g = [f(cr)]E.

More definitions are needed in order to define a generalized uniform covering map.
Suppose f : X — Y is a function between uniform spaces. This function has approximate
uniqueness of chain lifts if for each entourage F of X there is an entourage F' C E
such that any two F-chains that start at the same point and have identical images under
f are E-close. Two chains z1,...,x, and yi,...,y, are E-close if (z;,y;) € E for each
i < n. The function f has generalized path lifting if for any x € X, any generalized
path starting at f(x) lifts to a generalized path starting at .

Definition 2.3.3. A map f: X — Y is a generalized uniform covering map if:
o f generates the uniform structure on'Y,
e f has chain lifting,

e f has approzimate uniqueness of chain lifts,

and
e f has generalized path lifting.

The definition from [4] includes a useful property that is later proved to be redundant.



Lemma 2.3.4. Suppose f : X — Y is a generalized uniform covering map. Then for each
entourage EE of X there is an entourage F' of Y so that any two generalized paths in X
starting at the same point are E*-close if their images under f. are F*-close. In particular,
F-short generalized paths in Y lift to E-short generalized paths in X.

This property can be used to show that a generalized uniform covering map has unique-
ness of generalized path lifts provided X is Hausdorff. This result is proved for a special
case in [4].

Proposition 2.3.5. Suppose f : X — Y is a generalized uniform covering map with X
Hausdorff. Then f has uniqueness of generalized path lifts.

Proof. Suppose two generalized paths a and 8 in X start at the same point and have
f«(a) = fu(B). Given an entourage E of X, by 2.3.4, a and (3 are E*-close. Then the
endpoints of a and § are E-close. Since X is Hausdorff this implies that the endpoints are
equal. Then o = 3 since ag and Bg are E-homotopic rel. endpoints for each entourage F
of X. O

In fact if Y is Hausdorff, then a generalized uniform covering map f : X — Y having
unique generalized path lifting is equivalent to X being Hausdorff.

Proposition 2.3.6. Suppose f : X — Y is a generalized uniform covering map with Y
Hausdorff. If f has uniqueness of generalized path lifts then X is Hausdorff.

Proof. Suppose X is not Hausdorff. Then there is x,y € X with (z,y) € E for each
entourage F of X but x # y. Consider the constant generalized path at x and the generalized
path {[z,y]gp}E. They are not equal since they have different endpoints but they are both
lifts of the constant generalized path at f(x). Indeed, f(x) = f(y) since (f(z), f(y)) € f(E)
for each entourage F of X and f generates the uniform structure on Y. O

The requirement that a generalized uniform covering map have generalized path lifting is
a general condition that we wish to be satisfied. It is automatically satisfied in the following
case.

Proposition 2.3.7. [4] A map [ : X — Y between uniform spaces with complete fibers is a
generalized uniform covering map if it generates the uniform structure on'Y and has chain
lifting and approximate uniqueness of chain lifting.

Conditions for the endpoint map GP(X,zp) — X to be a generalized uniform covering
map are introduced in [4].

Definition 2.3.8. A uniform space X is uniform joinable if any two points in X can be
joined by a generalized path.

Definition 2.3.9. A uniform space X is locally uniform joinable if for each entourage E
of X there is an entourage F' C E such that if (x,y) € F, x and y can be joined by an
E-short generalized path.

It is easy to see that if X is locally uniform joinable and chain connected then X is
uniform joinable.

Proposition 2.3.10. [/ The endpoint map GP(X,x9) — X is a generalized uniform
covering map if and only if X is locally uniform joinable chain connected.



In particular there is the following equivalence.

Proposition 2.3.11. Suppose X is chain connected. Then the endpoint map GP(X,xq) —
X generates the uniform structure on X if and only if X is locally uniform joinable.

2.4 Additional basic results

Proposition 2.4.1. [4] If X is locally uniform joinable, then GP(X) is locally uniform
joinable chain connected.

Proposition 2.4.2. Suppose X is Hausdorff. Then GP(X) is Hausdorff.

Proof. Suppose a, f € GP(X) with (a, 8) € E* for each entourage E of X. Then (z,y) € E
for each entourage F of X where x and y are the endpoints of o and 8. Since X is Hausdorff
x =y. Then ap is E-homotopic to Gg for each entourage E of X so a = 3. O

Lemma 2.4.3. [4] If f : X — Y generates the uniform structure on'Y and X is locally
uniform joinable then Y is locally uniform joinable.

Lemma 2.4.4. [4] If f : X — Y is uniformly continuous and surjective and X is chain
connected then Y is chain connected.

Proposition 2.4.5. [}/ Suppose X is path connected, uniformly locally path connected, and
uniformly semilocally simply connected. Then the natural map X — GP(X) is a uniform
equivalence.

Proposition 2.4.6. [}] If X is locally uniform joinable then 7t1(GP(X)) = 1.

In Chapter 7, pointed 1-movable continua are considered. The following equivalence
was proved in [4].

Proposition 2.4.7. [}] The following are equivalent for a metric continuum X.
1. X is uniform joinable.
2. X 1is locally uniform joinable.

3. X 1s pointed 1-movable.

2.5 Group actions

“Group Actions and Covering Maps in the Uniform Category” [3] considered group actions
that induce uniform covering maps and generalized uniform covering maps. Unless otherwise
noted, the following definitions and results are from that paper. Suppose a group G acts
on a uniform space X. The action is neutral [6] if for each entourage E of X there is an
entourage F' of X such that if (x,gy) € F there is an h € G with (hz,y) € E. Note that
if G acts neutrally on X, then the projection p : X — X /G has chain lifting and generates
a uniform structure on X/G. This is the structure that will always be considered. The
action is uniformly properly discontinuous if there is an entourage Fy of X such that
if (x,gx) € Ey for some x € X then g = 1. Given an entourage E of X define G to be
the subgroup generated by {g € G : (z,gz) € E for some x € X} [1]. The action is small
scale uniformly continuous if for each entourage F of X there is an entourage F’ of X so



that for each g € G, g~ '(F) is an entourage of X. The action is small scale uniformly
equicontinuous if for each entourage F of X there is an entourage F' of X such that
for each g € G, F C g~ *(E). The action is uniformly equicontinuous [6] if for each
entourage E of X there is an entourage F' of X such that for each g € G, F C g 1(E).
Equivalently, X has a basis of G-invariant entourages. An entourage F is G-invariant
if for each ¢ € G, gF = E. Finally, the action has small scale bounded orbits if for
each entourage I of X there is an entourage F' of X such that the action of G on X has
E-bounded orbits.

Proposition 2.5.1. Suppose G is a group acting on a uniform space X. If the action is
neutral and uniformly properly discontinuous then the projection p : X — X/G is a uniform
covering map.

Proposition 2.5.2. Suppose G is a group acting faithfully on a chain connected uniform
space X. The action is small scale uniformly continuous and the projection p : X —
X/G is a uniform covering map if and only if the action is neutral and uniformly properly
discontinuous.

Proposition 2.5.3. Suppose G acts on a uniform space X. Suppose the action is neutral
and has small scale bounded orbits. Suppose also that the projection p : X — X/G has
complete fibers. Then p is a generalized uniform covering map

Proposition 2.5.4. Suppose G is a group acting on a chain connected uniform space X.
Suppose that the projection p : X — X/G has complete fibers. Then the action is small
scale uniformly equicontinuous and p is a generalized uniform covering map if and only if
the action is neutral and has small scale bounded orbits.

Proposition 2.5.5. Suppose a group G acts faithfully on a uniform Hausdorff space X. If
the action has small scale bounded orbits, then the action is free.

2.6 The lim one functor

Given an inverse sequence of groups {Gj,;}, consider the function f : IIG; — IIG; that
sends (g;) to (giir1(gir1)™!). Then @Gi and @1 G; can be defined as sets for which
1— liLTle‘ — I1G; EN IIG; — ligll (; — 1 is an exact sequence. Of importance to us is the

case when liLnl G; = 1. Notice liLnl G; =1 if and only if f is surjective. Therefore we have
the following.

Lemma 2.6.1. Given an inverse sequence of groups {G;,v;}, @1 G; =1 if and only if for
each sequence (g;) € IIG;, there is a sequence (h;) € IG; with g; = hit;y1(hir1)~ ! for all
1> 1.

Notice if each ; is surjective then @1 G; = 1. Indeed, given (g;) € IIG;, set hy = 1.
Then for each i > 1 choose h;y1 so that ¥;11(hiy1) = gi_lhi.

It is helpful to also have the following.

Lemma 2.6.2. If liLnl G; = 1 then for each sequence (g;) € IIG;, there is a sequence
(hz) e IIG; with g; = lbi_,_l(hzq_l)*lhi fO?“ all 1> 1.

10



Proof. Given the sequence (g;), there is a sequence (k;) with g; ' = kiwi__:l(ki_i_l) for each 1.
Then g; = wi—&—l(ki—i-l)ki_l- Set hi = kl-_l. Then g; = ¢Z+1<h;+11)hz = ’lﬁi+1(hi+1)71hi. ]
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Chapter 3

Generalized uniform covering maps
relative to subgroups of the
uniform fundamental group

The existence of a universal generalized uniform covering map for a locally uniform joinable
chain connected space was treated in [4]. The next natural step is to extend this result to
match the corresponding result in the classical setting. In this setting, one not only has a
theorem about the existence of a universal covering map but a theorem giving the existence
of a covering map corresponding to any subgroup of the fundamental group of the base
space. This chapter investigates an analogous result for generalized uniform covering maps.
In addition, a classification theorem for generalized uniform covering maps over a space X
in terms of subgroups of 71 (X) is given.

3.1 Existence of generalized uniform covering maps

Given a subgroup H of 71(X), we wish to see what conditions imply the existence of a
generalized uniform covering map pg : Z — X with p,(71(Z)) = H. First we will consider
when a generalized uniform covering map exists relative to a subgroup H of 71(X). The
covering space will be constructed as the quotient of the action of H on GP(X). Given
h € H and a € GP(X), let h - a = ha. Let qg : GP(X) — GP(X)/H be the induced
projection. Given o € GP(X), let [a]g denote the orbit of o under the action.

Lemma 3.1.1. Given a subgroup H of 71(X), the action of H on GP(X) is uniformly
equicontinuous. In particular, given an entourage E of X, the entourage E* of GP(X) is
invariant under the action of H.

Proof. Let E be an entourage of X. Suppose (o, 3) € E* and h € H. Then (ha)~1(h3) =
a 'h~'hB = a 13 is E-short so (h-a,h-a) € E*. O

Since equicontinuous actions are neutral, gy has chain lifting and generates a uni-
form structure on GP(X)/H. The following lemma gives that the endpoint map pgy :
GP(X)/H — X has approximate uniqueness of chain lifts provided that X is locally uni-
form joinable chain connected.
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Lemma 3.1.2. Suppose f : X — Y generates the uniform structure onY and g:Y — Z
18 any function between uniform spaces.

1. If go f generates the uniform structure on Z then g generates the uniform structure
on Z.

2. If f has chain lifting and g o f has approximate uniqueness of chain lifts then g has
approrimate uniqueness of chain lifts.

3. If go f has uniqueness of chain lifts then g has uniqueness of chain lifts.
4. If go f has chain lifting then g has chain lifting.

Proof.

1. Given an entourage E of Y, go f(f~Y(E)) C g(E) and go f(f~!(E)) is an entourage
of Z.

2. Given an entourage E of Y, choose an entourage F' C f~!(E) so that two F-chains
starting at the same point are f~!(E)-close if their images under g o f are identical.
Choose an entourage K C F so that K-chains lift to F'-chains. Suppose two K-chains
start at a point y € Y have identical images under g. Choose = € f~1(y) and lift the
two chains to F-chains in X starting at x. These chains have identical images under
go f so they are f~1(E)-close. Therefore the K-chains are E-close.

3. Suppose Ej is an entourage of X that is transverse to go f. Then f(Ep) is an entourage
of Y that is transverse to g.

4. Given an entourage F of Y, choose an entourage F' C f~!(E) so that go f(F)-chains
lift to f~!(E)-chains. Notice f(F) C E. Let us see that g(f(F))-chains in Z lift to
E-chains in Y. Suppose z € Y and (g(x),y) € g(f(F)). Choose 2’ € f~!(z). Then
there is a 3y € X with go f(y') = y and (2/,y) € f~Y(E). Notice (f(2'), f(y/)) =
(e, /(4/)) € F.

O

Proposition 3.1.3. Suppose X is a uniform space and H is a subgroup of 71(X). Then X
is locally uniform joinable chain connected if and only if the endpoint map py : GP(X)/H —
X s a generalized uniform covering map.

Proof. Suppose X is uniform joinable chain connected. Since pg o gy = p where p :
GP(X) — X is the endpoint map, according to 3.1.2, py has chain lifting. Also according
to 3.1.2, py has approximate uniqueness of chain lifts. Finally, since p has generalized path
lifting, py has generalized path lifting.

Now suppose py is a generalized uniform covering map. In particular it generates the
uniform structure on X so p = py o qg generates the uniform structure on X. Recall p
generates the uniform structure on X if and only if X is uniform joinable chain connected
(2.3.11). O

13



We wish to have that pg, (71 (GP(X)/H, o)) = H where «y is the constant general-
ized path at the basepoint of X. For this proof we need py to have unique generalized path
lifting. Recall that a generalized uniform covering map f : X — Y has unique generalized
path lifting if X is Hausdorff (2.3.5).

Lemma 3.1.4. Suppose X is Hausdorff. Then GP(X)/H is Hausdor{f if and only if H is
a closed subgroup of 71 (X).

Proof. 1t is easy to see that for a uniform space X and a subset A C X, x € X is in the
closure of A if and only if B(x, E) N A is nonempty for each entourage F of X.

Given that X is Hausdorff, GP(X)/H being Hausdorff means that if o, 3 € GP(X) end
at the same point and for each entourage F of X there is a y(F) € H with (a,v(E)3) € E*,
then a3~! € H. Now H being a closed subgroup of 71 (X) means that if A € 71 (X) and for
each entourage E of X there is a y(F) € H with (\,y(F)) € E*, then A € H. Since E* is
invariant under the action of H, taking A = a3~! shows the equivalence. ]

The following indicates that if X is Hausdorff then H being closed in 71 (X) is equivalent
to H being closed in GP(X).

Lemma 3.1.5. If X is Hausdorff then 71 (X) is closed in GP(X).

Proof. Suppose v € GP(X) and for each entourage E of X there is a v(E) € 71(X) with
(o,7(E)) € E*. Let = be the endpoint of a and zg be the basepoint of X. Then (z,z¢) € F
for each entourage £ of X. Since X is Hausdorff z = xg and o € 71(X). O

Proposition 3.1.6. Suppose X is Hausdorff and H is a closed subgroup of 7t1(X). Suppose
pH s a generalized uniform covering map. Then pr.(71(GP(X)/H, |[awlg)) = H.

Proof. By the previous lemma GP(X)/H is Hausdorff. Therefore py has unique generalized
path lifting. Suppose a € 71 (X). Now « € pp.(71(GP(X)/H, [ap]m)) if and only if « lifts
to a generalized loop ay in GP(X)/H. In that case ay(l) = [ao]g. But « lifts to a
generalized path & in GP(X) and a(1) = a. Then qg.(@) is another lift of « in GP(X)/H
s0 qp«(a@) = ag and ag(1l) = [a]g. Therefore [a]g =[]y so a € H. O

Theorem 3.1.7. Suppose a uniform space X 1is locally uniform joinable chain connected.
Then for each closed subgroup H of 71(X) there is a Hausdorff, locally uniform joinable,
and chain connected space Z and a generalized uniform covering map py : Z — X such
that py..(71(Z)) = H.

Proof. Accoring to 3.1.3, the endpoint map py : GP(X)/H — X is a generalized uni-
form covering map. Then by 3.1.6, py.(71(GP(X)/H, [ao)r)) = H. Notice GP(X)/H is
Hausdorff by 3.1.4, locally uniform joinable by 2.4.3, and chain connected by 2.4.4. O

3.2 Equivalence of generalized uniform covering maps

Recall the following theorem from the classical setting of topological covering maps.

Theorem 3.2.1. [9] Suppose f: X — Y and g: Z — 'Y are two covering maps. Suppose
X, Y, and Z are path connected and locally path connected. Then f and g are equivalent if
and only if the groups f.(m1(X)) and g«(m1(Z)) are conjugate in m (V).
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Note saying that f and g are equivalent means that there is a homeomorphism i : X — Z
with f=goh.

We wish to have an analog of this result for generalized uniform covering maps. The
most important property of covering maps is the lifting lemma, and generalized uniform
covering maps have this property.

Lemma 3.2.2. [/] Suppose f : X — Y is a generalized uniform covering map and g :
Z —'Y is uniformly continuous. Suppose X is Hausdorff and Z is locally uniform joinable
chain connected. Let xg € X, yo € Y, and zy € Z with f(z9) = g(z0) = yo. Then
there is a unique uniformly continuous lift h : Z — X of g with h(zp) = xo if and only if
9+(71(Z, 20)) C fu(71(X, 70)).

Lemma 3.2.3. Suppose f : X — Y is a map between uniform spaces with X wuniform
joinable. Let yo € Y and xzo,71 € f~(yo). Then f.(1(X,z0)) and fo(71(X,11)) are
conjugate.

Proof. This lemma is proved in the same manner that it is proved in the classical setting. Let
a be a generalized path in X from xy to ;. Consider the induced function f, : GP(X) —
GP(Y). First suppose v; is a generalized loop in X at x1. Then f.(a)fi(71)fs(a)™! =
filama™) so fu(a) fuo(71(X, 21)) fo(@) ™! C fu(#1(X,20)). Now suppose 7o is a gener-
alized loop in X at mg. Then fi(70) = filaa tyaa™t) = fi(a)fila " yia)fi(a)™! so

Fo(@1(X,20)) C fula) fu(FL(X, 21)) file) T O

Lemma 3.2.4. Suppose a map f: X — Y between uniform spaces has unique generalized
path lifting and X is uniform joinable. Letyy € Y and xo € f~1(yo). Given a subgroup H of
71(Y,y0) that is conjugate to f.(71(X,x0)), there is an x1 € X so that f. (71 (X, x1)) = H.

Proof. Suppose aHa ™! = f,(71(X, x0)) for some o € 71(Y, ). Let & be the lift of o in
X and z1 be the endpoint of &. By 3.2.3, af.(71(X,z1))a™! = f.(#1(X, z0)). Therefore
f*(ﬁ'l(X,l'l)):H. O

We say two maps f: X — Y and g : Z — Y are uniform equivalent if there is a uniform
equivalence h : X — Z with f =goh.

Theorem 3.2.5. Suppose f: X — Y and g: Z — Y are two generalized uniform covering
maps. Suppose X and Z are Hausdorff, locally uniform joinable, and chain connected. Let
x0 € X,yo €Y, and z9 € Z with f(xo) = g(z0) = yo. Then f and g are uniform equivalent
if and only if the groups f.(71(X, o)) and g«(71(Z, z0)) are conjugate in 71 (Y, yo).

Proof. Suppose f and g are uniform equivalent with equivalence h : X — Z with f = goh.
Therefore f.(71(X,x0)) = g« © hu(T1(X, 20)) = 9+«(71(Z, h(x0))). By 3.2.3 g.(71(Z, h(z0)))
is conjugate to g« (71(Z, z0)).

Now suppose the groups f.(71(X,z0)) and g.(71(Z, z0)) are conjugate. By 3.2.4 there
isan x1 € X with fi(71(X,21)) = g«(71(Z, 20)). Then by 3.2.2 there is a lift h : X — Z of
f with respect to the uniform covering map ¢ and there is a lift & : Z — X of g with respect
to the uniform covering map f. Now ho k is the identity on X since it and the identity are
both lifts of f with respect to itself. Similarly k o h is the identity on Y. Therefore h is a
uniform equivalence. O
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3.3 Classifying generalized uniform covering maps

We wish to combine Sections 3.1 and 3.2 to classify generalized uniform covering maps
of a locally uniform joinable chain connected space in terms of subgroups of its uniform
fundamental group. We will only consider generalized uniform covering maps where the
covering space is Hausdorff, locally uniform joinable, and chain connected.

Proposition 3.3.1. Suppose f: X — Y is a generalized uniform covering map. Suppose
X is Hausdorff. Let xo € X and set yo = f(zo). Then f.(71(X, o)) is closed in 71 (Y, yo).

Proof. Set H = f(#1(X,x0)). Suppose v € CI(H). Lift v to a generalized path 4 in X
starting at xg. It suffices to show that the endpoint of 4 is xg. Given an entourage F of
X, choose an entourage F' of X so that if a, 8 € GP(X) with (fi(a), f«(8)) € F*, then
(o, ) € E* (see 2.3.5). Now there is an h € H with (y,h) € F*. Let h € #(X) with
f+(h) = h. Then (3, h) € E*. In particular, (z,z¢) € E where z is the endpoint of 4. Since

X is Hausdorff, x = xg. O

Theorem 3.3.2. Suppose X is Hausdorff, locally uniform joinable, and chain connected.
Then there is a bijective correspondence between conjugacy classes of closed subgroups of
71(X) and generalized uniform covering maps over X with the covering space being Haus-
dorff, locally uniform joinable, and chain connected.

Proof. Let zg € X and f : Z — X be a generalized uniform covering map where Z is
Hausdorff, locally uniform joinable and chain connected. We identify f with the conjugacy
class of the closed subgroup H = f.(71(Z,20) where zg € f~1(xo). This identification is
well defined and bijective by 3.2.5. The identification is surjective by 3.1.7. 0
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Chapter 4

Uniform covering maps relative to
subgroups of the uniform
fundamental group

Now we wish to translate the results of Chapter 3 to the setting of uniform covering maps.
The existence of a universal uniform covering map for a path connected, uniformly locally
path connected, and uniformly semilocally simply connected space was treated in [4]. First
we will define an analog to such spaces in the setting of uniform generalized paths and
prove that GP(X) — X is a uniform covering map for such spaces. Then we will examine
uniform covering maps relative subgroups of the uniform fundamental group and will classify
uniform covering maps of a class of spaces in terms of those subgroups. Finally, we will
classify uniform covering maps of path connected, uniformly locally path connected, and
uniformly semilocally simply connected spaces.

4.1 Existence of uniform covering maps

We already know that the endpoint map X — X is a uniform covering map if and only if
X is path connected, uniformly locally path connected, and uniformly semilocally simply
connected. Let us see when the endpoint map GP(X) — X is a uniform covering map.

Definition 4.1.1. A uniform space is simply uniform joinable if every generalized loop is
trivial.

Equivalently, a space X is simply uniform joinable if 7 (X, x9) = 1 for each zy € X.

Definition 4.1.2. A uniform space is semilocally simply uniform joinable if there is an
entourage E so that a generalized loop is trivial if its E-term is trivial.

Equivalently, a space X is semilocally simply uniform joinable if there is an entourage
E so that the projection 71 (X, zo) — w1 (R(X, E), z¢) is a monomorphism for all zy € X.

Proposition 4.1.3. Suppose f : X — Y is a generalized uniform covering map with X
Hausdorff. If Y s semilocally simply uniform joinable then X is semilocally simply uniform
joinable.
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Proof. Suppose Y is semilocally simply uniform joinable with entourage E so that any
generalized loop is trivial if its F-term is trivial. Suppose ¢ is a generalized loop at zg
with cp-1(gy trivial. Then f(c)g is trivial so f(c) is trivial. But then ¢ and the constant
generalized path at zg are two lifts of the same generalized path so they must be equal since
X is Hausdorff. O

Proposition 4.1.4. The following are equivalent.
1. The projection wx : GP(X,x0) — X is a uniform covering map for some xg € X.
2. The projection nx : GP(X,x9) — X is a uniform covering map for all xg € X.

3. X 1is locally uniform joinable, chain connected, and semilocally simply uniform join-

able.

Proof. 1. = 3. Since wx is surjective, X is uniform joinable. Since mx generates the
structure on X, by 2.3.11, X is locally uniform joinable. To see that X is semilocally simply
uniform joinable, let Ej be a basic transverse entourage of X. Suppose v is a generalized
loop in X at a point x € X whose FEy-term is trivial. Let o be a generalized path from x(
to . Then (a,ay) € Ef and mx (o) = mx(ay) so a = ay and 7 is trivial.

3. = 2. Let zp € X. By 2.3.11 nx : GP(X,29) — X generates the structure on
X (uniform joinability and local uniform joinability are used here). Since X is semilocally
simply uniform joinable there is an entourage Ey of X such that any generalized loop in X is
trivial if its Ep-term is trivial. To see that Ef is transverse to mx, suppose («, 3) € Ej with
nx(a) = mx(B). Then a~!f3is a generalized loop in X whose E-term is trivial so it is trivial.
Therefore a = 3. Finally, to see that wx has chain lifting, let £* be a basic entourage of
GP(X,zp) and let F' C E be an entourage of X so that any two z,y € X with (z,y) € F
can be joined by an E-short generalized path. Suppose a € GP(X, z¢) and (7x(a),y) € F.
Join mx(a) and y by an E-short generalized path 3. Then (o, af) € E*. O

Now we wish to see that for a locally uniform joinable, chain connected, and semilocally
simply uniform joinable space X, for each subgroup H of #1(X,zo) there is a uniform
covering map py : Z — X with p.(71(Z,20)) = H.

Proposition 4.1.5. If X is semilocally simply uniform joinable then every subgroup H of
71(X) is closed in 71 (X).

Proof. Suppose « is a generalized loop in X at the basepoint of X and for each entourage
E of X there is an h(F) € H with (a, h(E)) € E*. There is an entourage Ey of X so that
any generalized loop is trivial if its Eop-term is trivial. Therefore ah(Ep)~! is trivial, i.e.,
o = h(E()) € H. ]

Theorem 4.1.6. Suppose a uniform space X is Hausdorff, locally uniform joinable, chain
connected, and semilocally simply uniform joinable. Suppose xog € X. Then for each
subgroup H of 71(X,x0) there is a Hausdorff, locally uniform joinable, and chain con-
nected space Z, a uniform covering map pg : Z — X and a point zy € p;ll (o) such that

pH»<<fT1(Z, Zo)) =H.
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Proof. Consider the endpoint map py : GP(X,z9)/H — X. According to 4.1.4, 7x :
GP(X,z9) — X is a uniform covering map. According to 3.1.1, qg : GP(X,x9) —
GP(X,x0)/H generates the uniform structure on GP(X, z¢)/H. Then, since 7x = pgoqm,
pg is a uniform covering map by 3.1.2. Notice GP(X)/H is locally uniform joinable by
2.4.3, and chain connected by 2.4.4. Now H is closed by 4.1.5. Then GP(X)/H is Hausdorff
by 3.1.4. Also, pu (71 (GP(X, z0),a0)) = H by 3.1.6. O

Now we consider the case of X being path connected, uniformly locally path connected,
and uniformly semilocally simply connected. Existence of uniform covering maps follows
immediately since in this case, GP(X, x¢) is uniformly equivalent to X.

Theorem 4.1.7. Suppose X is Hausdorff, path connected, uniformly locally path connected,
and uniformly semilocally simply connected. Suppose xg € X. Then for each subgroup H
of (X, xg) there is a uniform covering map py : Z — X and a point zy € p;ll(xo) such
that pH*<7T1(Z, Zg)) =H.

Proof. By 2.4.5, the natural map from X to GP(X,xo) is a uniform equivalence. Then
GP(X,zp) — X is a uniform covering map which implies that X is locally uniform joinable,
chain connected, and semilocally simply uniform joinable. Therefore the theorem follows
from 4.1.6 since 71 (X) is isomorphic to 71 (X). O

The fact that if X is Hausdorff, path connected, uniformly locally path connected, and
uniformly semilocally simply connected then X is semilocally simply uniform joinable is
nontrivial since it is not true that if X is uniformly semilocally simply connected then X
is semilocally simply uniform joinable, even for a path connected space (see 4.1.9 below).
Since it is nontrivial, let us include it as a proposition.

Proposition 4.1.8. If X is Hausdorff, path connected, uniformly locally path connected,
and uniformly semilocally simply connected then X is semilocally simply uniform joinable.

Of course the converse is not true. The Warsaw circle is locally uniform joinable, chain
connected, and semilocally simply uniform joinable but not locally path connected.

Example 4.1.9. We will consider a subspace of the Hawaiian Earing to show that a path
connected uniformly semilocally simply connected space need not be semilocally simply
uniform joinable. Let the Hawaiian earring be the union of circles C), of diameter 1/n
in R? with center (0,1/2n) for n € N. Obtain a space X by removing, for each n, the
point of (0,1/n) from circle C,,. Notice X is path connected and uniformly semilocally
simply connected (in fact X is simply connected). However, X is not semilocally simply
uniform joinable. Given an entourage F of X, there is an € so that the basic entourage
E. = {(z,y) : d(z,y) < €} C E. Then, if n > 1/¢, the generalized path that runs around
the circle C), has trivial E. term (and therefore trivial £ term) but is not trivial.

Similarly, it is not true that a simply connected space is necessarily simply joinable
(consider the circle with one point removed). However, we do have the following.

Proposition 4.1.10. If X is Hausdorff, path connected, uniformly locally path connected,
and simply connected then X is simply uniform joinable.
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Proof. If X is Hausdorff, path connected, uniformly path connected, and simply connected
then X is uniformly equivalent to X. But X is path connected, uniformly locally path
connected, and uniformly semilocally simply connected so X is uniformly equivalent to
GP(X). Since GP(X) is simply uniform joinable 2.4.6, so is X. O

4.2 Classifying uniform covering maps

We wish to classify uniform covering maps with of locally uniform joinable, chain connected,
and semilocally simply uniform joinable spaces. Section 3.2 was treated in terms of gener-
alized uniform covering maps. These results can be used since uniform covering maps are
generalized uniform covering maps.

We will only consider uniform covering maps where the covering space is chain connected.
Note that we do not need to explicitly assume that the covering space is Hausdorff or locally
uniform joinable since these properties are inherited via uniform covering maps.

Lemma 4.2.1. Suppose f: X — Y is a uniform covering map.

1. If Y is Hausdorff then X is Hausdorff.

2. If Y is locally uniform joinable then X is locally uniform joinable.
Proof.

1. Suppose x,y € X and (z,y) € E for each entourage E of X. Then (f(z), f(y)) € f(E)
for each entourage F and f generates the uniform structure on Y so f(z) = f(y). But
there is an entourage of X that is transverse to f so x = y.

2. Given an entourage F of X, there is an entourage F' C E so that any two F-chains
in X starting at the same point who have identical images must be equal. By 2.3.4
there is an entourage K of Y so that K-short uniform generalized paths lift to F-short
uniform generalized paths. Since Y is locally uniform joinable there is an entourage
D of Y so that if (x,y) € D, x and y can be joined by an K-short uniform generalized
path. Suppose (z,y) € f~1(D) N F. Then (f(x), f(y)) € D so f(z) and f(y) can be
joined by an K-short uniform generalized path. This uniform generalized path lifts
to an F-short uniform generalized path starting at z. But then the F-term of this
uniform generalized path must be identical to x,y.

O]

Theorem 4.2.2. Suppose X is Hausdorff, locally uniform joinable, chain connected, and
semilocally simply uniform joinable. Then there is a bijective correspondence between the
the conjugacy classes of subgroups of 71(X) and uniform covering maps over X with the
covering space being chain connected.

Proof. Let xp € X and f: Z — X be a generalized uniform covering map where Z is chain
connected. Notice Z is Hausdorff and locally uniform joinable by the previous lemma. We
identify f with the conjugacy class of the subgroup H = f.(#1(Z, 29) where zg € f~1(x0).
Notice this subgroup is closed by 4.1.5. This identification is well defined and bijective by
3.2.5. The identification is surjective by 4.1.6. O
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Again, we have the corresponding result for path connected, uniformly locally path
connected, and uniformly semilocally simply connected spaces.

Corollary 4.2.3. Suppose X is Hausdorff, path connected, uniformly locally path connected,
and uniformly semilocally simply connected. Then there is a bijective correspondence be-
tween the conjugacy classes of subgroups of w1 (X) and uniform covering maps over X with
the covering space being chain connected.

Proof. As above, it follows from 4.1.7 and 3.2.5 since m1(X) is isomorphic to 71 (X). O
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Chapter 5

Characterizing generalized uniform
covering maps as inverse limits of
uniform covering maps

The space GP(X ) was considered by Berestovskii and Plaut as the inverse limit of spaces Xg
for which Xg — X is realized as the projection associated with a group acting on Xg that
is uniformly equicontinuous and uniformly properly discontinuous. Thus, in that situation,
the map Xp — X is a uniform covering map. Since the endpoint map GP(X) — X is
the model generalized uniform covering map, it makes sense to see if generalized uniform
covering maps can be characterized as inverse limits of uniform covering maps.

Let us fix a basepoint of a uniform space X. Following Berestovskii and Plaut, given
an entourage E of X, denote the set of E-homotopy classes of E-chains in X starting at
the basepoint as Xg. Berestovskii and Plaut considered the following uniform structure on
Xp. For each entourage F C E, let F be the set of all pairs ([d],[d]) € Xg x X, such that
¢ 'd is E-homotopic relative endpoints to the edge path between the endpoints of ¢ and d
and those endpoints are F-close. ' Then {F\ : ' C E} is a basis for a uniform structure on
XE.

For entourages F' C FE, an F-chain is also an FE-chain and if two F'-chains are F-
homotopic relative endpoints then they are also E-homotopic relative endpoints. Therefore
there is a map ¢rp : Xp — Xp that sends an equivalence class [cp|]p in Xp to the
equivalence class [cp|g in Xg. Then the corresponding inverse limit lim Xp is uniformly
equivalent to GP(X).

5.1 Generalized uniform covering maps approximated by uni-
form covering maps

Suppose X is a chain connected uniform space. Then, given any entourage E of X, the
endpoint map pg : Xg — X is a uniform covering map. It generates the uniform structure
on X since if F C E, F = pp(F) (chain connectivity is used here). To see that p has chain
lifting, suppose F' C E, [c] € Xg, and y € X with (pg([c]),y) € F. Then ¢ concatenated

with y is an E-chain whose equivalence class is F-close to [c|. Finally, E is transverse to pg

!Berestovskii and Plaut denote this basic entourage as F™*.
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so that pg has unique chain lifting.

Since GP(X) is uniformly equivalent to lim Xp, the endpoint map 7x : GP(X) — X
is approximated by uniform covering maps in the sense that for any basic entourage E* of
GP(X), GP(X) — X factors as GP(X) 8 X 8 X with gg a uniform covering map and
g having E*-bounded fibers, where 7g is the projection ([cg]) — [cE].

Definition 5.1.1. A map f: X — Y between uniform spaces is approximated by uniform
covering maps if for every entourage E of X, there is an entourage F' C E so that [ factors

as X "5 Zr Y where gr is a uniform covering map and hr has F-bounded fibers.

Investigating when a generalized uniform covering map is approximated by uniform
covering maps will be a step toward characterizing generalized uniform covering maps that
are inverse limits of uniform covering maps. There is a stronger condition than approximate
uniqueness of chain lifts that is necessary for a generalized uniform covering map to be
approximated by uniform covering maps.

Definition 5.1.2. A map f : X — Y between uniform spaces has strong approrimate
uniqueness of chain lifts if for every entourage E of X there is an entourage F' C E so that
any two F-chains starting at the same point that have identical images are F-close.

This condition is stronger than approximate uniqueness of chain lifts because the chains
are required to be F-close. Whether the condition is strictly stronger is unknown. In
particular, the following question should be posed.

Question. Does every generalized uniform covering map have strong approximate unique-
ness of chain lifts?

The following shows that the condition is necessary for a map to be approximated by
uniform covering maps.

Proposition 5.1.3. Suppose f : X — Y is a map between uniform spaces that is ap-
prozimated by uniform covering maps. Then f has strong approximate uniqueness of chain
lifts.

Proof. Given an entourage F of X, take an entourage F' C E so that f factors as X hr
Zp 95 Y where gr is a uniform covering map and hr has F-bounded fibers. Let Ey be
an entourage of Zp that is transverse to gp. Suppose there are two h}l(Eo) N F-chains ¢
and d starting at the same point with identical images under f. Then hr(c) and hp(d) are
FEy-chains starting at the same point with identical images so they are identical. Since hp
has F-bounded fibers, ¢ and d are F-close. Of course they are also h}l(Eg)—close since their
images under hp are identical. O

Now we wish to mimic the factoring of GP(X) — X as GP(X) — Xp — X for
arbitrary generalized uniform covering maps with strong approximate uniqueness. Given a
map f: X — Y between uniform spaces, an entourage F of X, aset A C X,andanz € A,
the E-component of x in A is the set of all y € A that can be joined to z by an E-chain
in A. Given amap f: X — Y and an entourage E of X, let X;/E be the set obtained by
identifying the E-components of the fibers of f to a point. Let ¢g : X — X;/E denote the
quotient function associated with the identification. Note that if F' is an entourage such
that two F-chains with the same images under f are F-close then qr(z) = qr(y) if and
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only if f(z) = f(y) and (x,y) € F. Define a map gr : Xy/F — Y to send qp(z) to f(z).
Note it is well defined since qp(z) = qp(z’) implies f(z) = f(2').

To give X¢/E a uniform structure, of course we could just pull back the uniform struc-
ture of Y, but then gr will not be a uniform covering map. In fact we will only consider a
uniform structure on X/F for basic entourages F' of X.

Lemma 5.1.4. Suppose a map f: X — Y has chain lifting and F is an entourage of X
such that two F'-chains that start at the same point and have the same images under f are
F-close. Then qr generates a uniform structure on Xy/F.

Proof. Tt suffices to show that ¢r has chain lifting. Given an entourage D of X choose
H C DN F so that f(H)-chains in Y lift to D N F-chains in X. Suppose z,y € X with
(gr(x),qr(y)) € qrp(H). Then gp(z) = qr(2’) and qr(y) = qr(y’) for some (2/,y') € H.
Then (f(x), f(y)) € f(H) so there is a v € X with f(y") = f(y) and (z,y”) € DN F. But
then z,z,y” and x,2’,y" are two F-chains with identical images under f so (v',y”) € F.
Then qr(y") = ar(y') = ar(y). O

Proposition 5.1.5. Suppose f : X — Y generates the uniform structure on'Y, has chain
lifting, and has strong approximate uniqueness of chain lifts. Then f is approximated by
uniform covering maps.

Proof. By 5.1.4, for each entourage F of X there is an entourage F' C FE so that f factors as
X X¢/F %2'Y where qr has F-bounded fibers. By 3.1.2 gr has chain lifting. Note that
gr generates the uniform structure on Y since gr(¢r(G)) = f(G). It remains to show that
there is an entourage of X;/F that is transverse to gr. Suppose (¢r(z),qr(y)) € qr(F)
with f(x) = f(y). Then qp(z) = qp(2') and ¢r(y) = qr(y’) for some (2/,y') € F. Then
z, 2,y y is an F-chain with f(z) = f(2') = f(y') = f(y) so qr(z) = qr(y). O

As justification for the definition of Xy/E, we will show that if X is locally uniform
joinable chain connected then GP(X),, /E* is uniformly equivalent to mg(GP(X)). First
notice that there is a uniform structure on GP(X).,/E* for any basic entourage E* of
GP(X).

Lemma 5.1.6. For any basic entourage E* of GP(X), any two E*-chains that start at the
same point and have identical images are E*-close.

Proof. Suppose aq,...,a, and 0y, ..., 0, are E*-chains with identical images under 7 and
a1 = (1. It suffices to show that if («a;, 3;) € E* then (ajt1,0i41) € E*. If (y, 5i) € E*
then [a; ! Bi11]E = [0 @8 'Bi1]E which is E-homotopic to the constant chain at the
endpoint of a;41. O

Proposition 5.1.7. If X is locally uniform joinable chain connected then GP(X)x, /E* is
uniformly equivalent to mg(GP(X)).

Proof. First note there is a bijective correspondence between the two sets. Let ¢ :
GP(X)r/E* — Xpg send ¢g-(a) to ag. The function is well defined and injective.
Of course it need not be surjective since Xp contains all E-chains starting at xy while
i(GP(X)xy/E*) only contains E-chains that are terms of generalized paths. But it therefore
does map onto mg(GP(X)). To see that i generates the uniform structure on 75(GP(X)),
first note that 4 is uniformly continuous since for an entourage F' C E, qp+ C iil(ﬁ ). Now
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consider a basic entourage qp+(F*) of GP(X)r,/E*. Let H C E be an entourage of X
so that if (mx(«),y) € H there is a 8 € GP(X) with (a,8) € E* N F* and mx(8) = y.
Suppose «, f € GP(X) with (mg(a),75(8)) € H. Set mx(a) = x and 7x(8) = y. Then
(z,y) € H so there is a ' € GP(X) with mx(8') =y and (o, 3') € E*NF*. Then «, 8 and
a, 8" are two E* chains with identical images so (8, 3') € E*. Therefore qg+(3) = qr=-(5')
so (qe- (), qp+(B)) € qe+ (F*). Notice i(qp-(a), qe-(0)) = (7e(a), 76(0)). O

5.2 Inverse limits of generalized uniform covering maps

Now inverse limits are investigated. We will look at inverse limits of generalized uniform
covering maps with complete fibers. In particular we are interested in characterizing inverse
limits of strong Mittag-Leffler inverse systems of uniform covering maps.

The strong Mittag-Leffler condition is assumed for many of the results of this section
but it is not needed for strong approximate uniqueness of chain lifts to be preserved by
inverse limits.

Lemma 5.2.1. Suppose there are inverse systems of uniform spaces {Xq,dpa} and
{Ya, Y80} with compatible maps fo : Xo — Y. Set f = lim fo.

1. If each f. has approzimate uniqueness of chain lifts then f has approzimate uniqueness
of chain lifts.

2. If each f. has strong approximate uniqueness of chain lifts then f has strong approz-
imate uniqueness of chain lifts.

Proof. 1. Consider a basic entourage 7, '(E,) of lim(X,). Now there is an entourage
F, C E, so that any two F,-chains in X, starting at the same point that have identical
images under f, are E,-close. Suppose c and d are two 7, ! (F,)-chains in lim(X,) starting
at the same point that have identical images under f. Then 7,(c) and 74(d) are two Fi,-
chains in X, starting at the same point with identical images under f, so they are E,-close.
Therefore ¢ and d are 7, 1 (E,)-close.

2. The proof is similar to the proof of 1. O

The following shows that having complete fibers is a necessary condition for a generalized
uniform covering map to be the inverse limit of uniform covering maps.

Lemma 5.2.2. Suppose there are inverse systems {Xa, 9o}t and {Yo,¥sq} of uniform
spaces and compatible maps fo @ Xo — Yo that have complete fibers. Suppose each X, is
Hausdorff. Then f =lim fo has complete fibers.

Proof. Suppose (yo) € limY,. Notice FY((ya)) is identical to @f&l(ya) as sets and uni-
form spaces. Since the inverse limit of complete Hausdorff spaces is complete [2], f~((ya))
is complete. O

Now consider a strong Mittag-Leffler inverse system.

Lemma 5.2.3. Suppose there is a strong Mittag-Leffler inverse system of uniform spaces
{Xa, b0} with compatible maps fo : Xo — Y. Set f =limf,.
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1. If each f, generates the uniform structure on'Y then f generates the uniform structure
onY.

2. If each fo has chain lifting then f has chain lifting.

Proof. Consider a basic entourage 7, '(E,) of lim X,. Let 8 < a so that ¢ga(Xp) =
To(lim Xy).

P

1. First note that f is uniformly continuous since each f, is. To see that fﬁqbg;(Ea) C
f(??l(Ea))v suppose (2,y) € f3dpa(Ea). Then (z,y) = fa(xls,y) for some (2, yj) €
D50 (Ea). Now ¢pa(2f,y5) = ma((Za), (Ya)) for some (za), (Ya) € lim X,. Note
F((2a), (¥a)) = (2,9). Also Ta((za), (¥a)) = $pa (2, yj) € Ea so (2,y) € f(r'(Ea)).

2. There is an entourage Fjg of X3 so that an if (fg(z),y) € f3(Fjs), there is a /' €
X with f3(y') = y and (z,v’) € ngé(Ea) Suppose (f((za)),y) € f(ﬂ'/gl(Fg)). Then
(fa(zp),y) € fs(Fp) so there is a y; € X with fs(y3) = y and (z,y5) € ¢§a1(Ea)
Now ¢ga(y3) = ma((ya)) for some (yo) € lim Xo. Note f((ya)) = y and ((za), (va)) €
7 (Ey). O

Notice it is unclear how to generalize this result to an inverse system {Y,, 13, } and maps
fa : Xa — Y,. There is even a problem showing that the resulting map f is surjective.

Proposition 5.2.4. Suppose there is a strong Mittag-Leffler inverse system { X, ¢ga} of
Hausdorff uniform spaces and compatible generalized uniform covering maps fo : Xq — Y
with complete fibers. Then the inverse limit f = lin fa is a generalized uniform covering
map.

Proof. By 5.2.2 the inverse limit has complete fibers. By 5.2.3 it generates the uniform
structure on Y and has chain lifting. By 5.2.1 it has approximate uniqueness of chain
lifts. O

In particular, the inverse limit of a strong Mittag-Lefler inverse system of uniform
covering maps over a Hausdorff space is a generalized uniform covering map.

5.3 Realizing a generalized uniform covering map as the in-
verse limit of uniform covering maps

Now we wish the express a generalized uniform covering map as the inverse limit of uniform
covering maps. According to 5.1.3, strong approximate uniqueness is a necessary condition.
Then, according to 5.1.5, given a generalized uniform covering map f : X — Y that has
strong approximate unigeness of chain lifts, X has a basis of entourages such that for each
basic entourage E, qg : X — Xy/E has E-bounded fibers and gg : X¢/E — Y is a uniform
covering map. Consider the inverse system {X;/FE, ¢rg} given by this basis where for basic
entourages F' C E of X, ¢pp : X§/F — Xy/FE is defined to send gp(x) to gg(x). These
functions are well-defined since each equivalence class of X;/F is contained in a single
equivalence class of Xy/E. The functions are also uniformly continuous and compatible
with the maps {¢g} and {gp}.

Proposition 5.3.1. Suppose f : X — Y is a generalized uniform covering map that has
strong approzimate uniqueness. Consider the inverse system {Xy/E,¢rg} given by the
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basis as above and set ¢ = liilqE. Suppose X is Hausdorff. Then q is a uniform embedding.
If f has complete fibers then q is a uniform equivalence.

Proof. Since each qg is uniformly continuous ¢ is as well. To see that ¢ is injective, suppose
z,y € X with ¢(x) = ¢(y). Since gg(x) = gg(y) for all basic of entourages E of X,
(z,y) € E for each basic entourage E. Then since X is Hausdorff, x = y. To see that ¢ is
a uniform embedding, suppose F is a basic entourage of X. Choose a basic entourage F of
X so that F3 C E. Then to show that ¢ is a uniform embedding it suffices to show that
for any x,y € X with (¢(z),q(y)) € 7' (qr(F)), ,y € E where 7 is the projection from
lim X;/F to X¢/F. Suppose (q(),q(y)) € 77 (gr(F)). Then there are 2',y € X with
(z,2"), (2',y), (y,y) € F. Therefore (z,y) € E.

Finally, to see that ¢ is surjective and therefore a uniform equivalence if f has complete
fibers, suppose (¢p(zp)) € limX;/E. Set y = f(xg). Note y is independent of the
entourage F and the choice of representative xg. For each basic entourage E let Ap C X
be the equivalence class of xx. Then {Ag} is a Cauchy filter base in the fiber f~1(y) so
it has a limit point z. Now, given an entourage F of X there is an entourage F' so that
Ap C B(z,E). Then Apngp C B(z, E) so qp(xrng) = qe(z). But qp(zrng) = qe(zg) so
q(z) = (¢e(vp))- O

Theorem 5.3.2. Suppose f: X — Y is a map between uniform spaces with Y Hausdorff.
Then the following are equivalent.

1. There is a strong Mittag-Leffler inverse system { X, ¢ga} and uniform covering maps
fa: Xa—Y wz’thleiilfa.

2. X is Hausdorff and f generates the uniform structure on Y, has chain lifting, has
strong approxrimate uniqueness of chain lifts, and has complete fibers.

Proof. 1. = 2. By 5.2.3, f generates the uniform structure on Y and has chain lifting.
By 5.2.1 or 5.1.3 f has strong approximate uniqueness. Notice that each X, is Hausdorff
as Y is Hausdorff and f, is a uniform covering map. Then f has complete fibers by 5.2.2.
Notice that the inverse limit of Hausdorff spaces is Hausdorff.

2. = 1. By 5.3.1, f is uniformly equivalent to the map @Xf/E — Y. Notice
the inverse system is strong Mittag-Leffler since X — Xy/F is surjective for each basic
entourage F. O
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Chapter 6

Characterizing regular generalized
uniform covering maps as inverse

limits of regular uniform covering
maps

Since generalized uniform covering maps can be characterized as the inverse limit of uniform
covering maps (provided that the map has strong approximate uniqueness of chain lifts), we
now attempt to characterize generalized uniform covering maps induced by group actions
as inverse limits of uniform covering maps induced by group actions.

6.1 Inverse limits of regular generalized uniform covering
maps

Since we are interested in inverse limits of uniform covering maps, we will consider the
inverse limit of neutral and uniformly properly discontinuous group actions (see 2.5.1).

Lemma 6.1.1. Suppose there is an inverse system of groups {Ga,Yga}, an inverse system
of uniform spaces {Xo, ¢ga}, and compatible actions of G on X, that are neutral. Suppose
the inverse system {Ga,Vsa} is strong Mittag-Leffler. Set G = @Ga and X = lim X,.
Then the induced action of G on X is neutral.

Proof. Let 7' (E,) be a basic entourage of X. There is a 8 < a with 95,(Gg) = 7a(G).
Now there is an entourage Fg C qzbgal (Ey) so that if (z, hy) € Fp then there is a g € Gz with
(gz,y) € qb/g;(Ea) Suppose ((zq), (ha)(Ya)) € ﬂ/gl(Fg). Then (zg, hgys) € Fp so there is
a g5 € G with (gz75,y5) € ¢§a1(Ea) Now there is a (go) € G with go = 13a(gj). Then
((9a)(za), (¥a)) € 51 (Ea). 0

Lemma 6.1.2. Suppose there is an inverse system of groups {Ga,¥ga}, an inverse system
of uniform spaces {Xa, 9o}, and compatible actions of G, on X, that have small scale
bounded orbits. Set G = liLﬂGa and X = liLnXa. Then the induced action of G on X has
small scale bounded orbits.
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Proof. Let 7 '(E,) be a basic entourage of X. Let F, be an entourage of X, so that orbits
of the action of G, g, on X, are E,-bounded. Suppose (g,) € Gngl(Fa) and (z4) € X.

Then g4 € Ga £, 50 (o, gaTa) € Eo. Therefore ((24), (9a) (7)) € 7,1 (EL). O

In particular the inverse limit of uniformly properly discontinuous actions has small
scale bounded orbits.

Given a strong Mittag Leffler inverse system of groups {Gq, ¥4}, an inverse system of
Hausdorff uniform spaces {X,, ¢g4}, and compatible actions of G, on X, that are neutral
and properly discontinuous, we wish to have the projection p : X — X/G be a generalized
uniform covering map where G = @ Gqand X = @1 Xq. By 6.1.1 the action is neutral and
by 6.1.2 the action has small scale bounded orbits. It remains to have that the projection
X — X/G has complete fibers. For this proof we need a strong assumption on the inverse
system {Gq,¥Ba}. In particular we need it to be a countable sequence with lilnl G; =1.

Proposition 6.1.3. Suppose there is an inverse sequence of uniform spaces {X;, ¢;} and a
Mittag-Leffler inverse sequence of groups {Gj;,;} with compatible neutral and free actions
of G; on X;. Let X = lim X; and G = @Gl Suppose that h(Lnl G;=1. Then h(Ln(XZ/G,)
is uniformly equivalent to X/G.

Proof. We assume the actions are neutral so that there are uniform structures on X;/G;.
Notice the action of G on X is neutral by 6.1.1 so that there is a uniform structure on X/G.
Given [(z;)] € X/G, define f : X/G — lim(X;/G;) to send [(z;)] to ([z;]). Notice it is well
defined. To see that it is injective, suppose [(z;)], [(vi)] € X/G with ([x;]) = ([y:]). Then for
each n there is a g, € G, so that x,, = gnyn. It suffices to show that (g;) is a thread. But
¢n(xn) = ¢n(9nyn) = ¢n(gn)¢n(yn) = djn(gn)ynfl and ¢n($n) = Tp-1 = gn-1Yn—1. Then
since the action is free we have ¥, (gn) = gn—1.

Now we will see that f is uniformly continuous. For each n, let ¢, : X,, — X,,/G,, be the
quotient map associated with the action of G,, on X, 7, : liLan‘ — X, be the projection
to X,,, and II,, : lin(Xz/Gl) — X,,/G, be the projection to X,,/G,. Let Q : X — X/G
be the quotient map associated with the action of G on X. Given an entourage FE, of X,
let us see that f(Q(m,(En))) € T, (gu(En)). Suppose ([(z:)] [(1)]) € Q(ry (En)). Then
(zi) = (g:)(x;) and (y;) = (hi)(y;) with (27,,9;,) € E, for some (g;), (h;) € imG;. Then

)

(([2]), ([wa)) € I (gn(En)).
Finally, let us see that set f(Q(m,(E,))) is an entourage of lim(X;/G;) so that f is

a uniform equivalence. Choose m > n so that if g, € G, there is an (h;) € @G
]

(
with h,, = wmn(gm) where ¥y, = Yn41 0 Yni2 0+ 0 P10y, Suppose (([xz ) ([ ])) S
I (¢, L (E,)). Without loss of generality we can assume (x;, ;) € ¢,k (Ey,). We will define

(1), (y7) € lim X; with ([(2)], [(y))]) € Q(my, ' (Eyp)) and ([#}]) = ([a]) and ([y;]) = ([wi])-

Since ([z;]) is a thread, for each i there is a g; € G; with ¢;11(zi+1) = giz;. Because
ligll G; = 1 there is a sequence {k;} with g; = ;11 (kiy1) 'k; for each i (see 2.6.2). Define
) = kiz;. Then ¢i1 (2 1) = ip1(kiv1)biv1(zi) = kigy ' gizs = ) s0 (z}) € lim X;. Notice
([#:]) = ([zi]). Define (y;) € lim X; analogously.

We need ([(z))], [(¥)]) € Q" (En)). Now (Smn(Tm); mn(ym)) € En. Let us cal-
culate (rbmn(xm) ¢mn(xm) = Ym-1 n(gm—l)d]m—Z n(gm—Z) o Upgo n(gn+2)'¢n+1gn+1gn$n-
Now g; = Yit1(kiy1) ki 50 Yin(gi) = Yin(Vig1 (kiv1) ki) = Yig1 n(kis1) "in(ki). There-
fore Ym—1 n(gm-1)Ym—2 n(gm—2) - Ynt1 n(gnt1) is a telescoping product and is equal to
Ymn (km)  tknr,. Now there is (h;) € lim G; with h, = U (km) ™1 so w0, ((hs) () =

Gmn(Tm). Similarly there is (I;) € lim G; with m,((1;)(¥;)) = Gmn(yYm)- O
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Proposition 6.1.4. Suppose there is a Mittag-Leffler inverse sequence of groups {Gi,1;},
an inverse sequence of Hausdorff uniform spaces {X;, ¢}, and compatible actions of G; on
X, that are neutral and have small scale bounded orbits. Suppose the projections associated
with the actions of G; on X; have complete fibers. Suppose lilnl G; =1. Set G = @Gi
and X = lim X;. Then the projection p : X — X/G associated with the induced action of
G on X is a generalized uniform covering map.

Proof. By 6.1.1 the induced action is neutral. By 6.1.2 the induced action has small scale
bounded orbits. Therefore by 2.5.3 it is enough to show that p has complete fibers. Notice
the action is free by 2.5.5. Therefore 6.1.3 applies so the inverse limit uniform structure
on X/G coincides with the structure generated by p. But then p has complete fibers by
5.2.2. O

In particular the inverse limit of neutral and uniformly properly discontinuous actions
induces a generalized uniform covering map provided the inverse sequence of groups is
Mittag-Leffler and has trivial liinl.

6.2 Realizing a regular generalized uniform covering map as
the inverse limit of regular uniform covering maps

Now, given an action of a group G on a uniform space X that induces a generalized uniform
covering map p : X — X/G we wish to express that action as the inverse limit of neutral
and properly discontinuous actions.

Lemma 6.2.1. Suppose a group G acts faithfully and uniformly equicontinuously on a
uniform space X. Then for each entourage E of X there is an entourage F C E such that
the induced action of G/GFr on X/Gp is uniformly properly discontinuous.

Proof. First note that an action is uniformly equicontinuous if and only if there is a basis
of invariant entourages [3]. An entourage F' of X is G-invariant if (gx,gy) € F for each
(z,y) € F and g € G. Given an entourage E of X, choose F' C E to be G-invariant. Notice
since F' is invariant, G is normal in G [10]. Then G/Gp is a group and its action on
X/GF is well defined. Let pr : X — X/Gp be the projection associated with the action
of Gr on X. Since the action of G on X is uniformly equicontinuous, so is the action of
Gr on X and that action is therefore neutral. Therefore pr generates a uniform structure
on X/Gp. Suppose ([z],[g][z]) € pr(F) for some [x] € X/Gr and [g] € G/Gp. Then
(9rz,hpgr) € H for some gp,hrp € Gp. Then (m,g;lhpgac) € F so g;lhpg € Gr and
g € Gp. Therefore [z] = [g][z]. Notice the action of G/GF on X/GF is faithful since G is
precicely the stabilizer of the action of G on X/Gp. Therefore [g] = eq/q,.- O

Notice the action of G/GF on X/Gp in the above lemma is also uniformly equicontin-
uous. Therefore if a group G acts faithfully and uniformly equicontinuously on a uniform
space X, X has a basis of entourages so that for each basic entourage F, the action of G/Gg
on X/G g induces a uniform covering map. Consider the inverse systems {G/Gg, Y rgr} and
{X/GE,¢rr} where for F C E, ¥pp sends the equivalence class of g in G/GF to the
equivalence class of g in G/Gg and ¢rg sends the equivalence class of z in X/GF to the
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equivalence class of z in X/Gg. The functions are well defined, ¥ rg is a group homomor-
phism, ¢pg is uniformly continuous, and these maps are compatible with the actions of

G/Gg on X/GE.

Proposition 6.2.2. Suppose a group G acts faithfully and uniformly equicontinuously on
a uniform space X . Suppose X is Hausdorff and the action has small scale bounded orbits.
Consider the inverse system {G/Gg,Yrg} given by the basis as above. Then G is isomor-
phic to a subgroup ofliLnG/GE. If the projection X — X /G induced from the action of G
on X has complete fibers then G is isomorphic to @G/GF.

Proof. Let f : G — limG/Gpg send g to ([g]g). Note f is a homomorphism. Suppose
f(g) = f(h) for some g,h € G. Then gh™! € G/Gg for each basic E. Now for each
entourage D of X there is a basic entourage E of X so that the orbits of the action of Gg
on X are D-bounded. Therefore for each z € X, (x,gh~'z) € D for each entourage D of
X. Since X is Hausdorff z = g~ 'ha and since the action is faithful g = h. Therefore f is
injective and G is isomorphic to a subgroup of liLnG /GE.

Now suppose the projection induced from the action of G on X has complete fibers.
To see that f is surjective and therefore X is isomorphic to lim G/Gg, suppose ([9r]E) €
@G/GE. Let z € X and set Agp = {grx : FF C E}. Note that each Ap is contained
in the fiber of [z] € X/G. To see the {Ag} is Cauchy, given a basic entourage E of X
choose a basic entourage F' so that the orbits of the action of Gr on X are E-bounded.
Suppose gz, gxr € Ap. Now g[}lgH € Gp so (g;(lgH:E,x) € E. Since FE is invariant
(9, grx) € E. Therefore {Ag} is Cauchy so there is a limit point gz. Now, given an
entourage E of X there is an entourage F' of X so that Ap C B(gx,E). Then Apnp C
B(gz, E) so (9rnex,9x) € E. Since E is invariant (¢~ grnpx,7) € E so ¢ 'grne € GE.
Then [grnele = [9]p- But [grnele = [9e]E so f(g) = ([9e]E). O

Proposition 6.2.3. Suppose a group G acts uniformly equicontinuously on a uniform space
X. Suppose X is Hausdorff and the action has small scale bounded orbits. Consider the
inverse system {X/Gg,drr} given by the basis as above. Then X embeds in liLnX/GE. If
the projection X — X/G induced from the action of G on X has complete fibers then X is
uniformly equivalent to @X/GE.

Proof. Let f: X — lim X/Gp send x to ([z]g). First, to see that f is injective, suppose
f(x) = f(y) for some x,y € X. Now for each entourage D of X there is a basic entourage
E so that the orbits of the action of Gg on X are D bounded. Since f(z) = f(y), there
is a gg € Gg with * = ggy. Then (z,y) = (9ry,y) € D. Since (z,y) € D for each
entourage D of X and X is Hausdorff, z = y. To see that f is a uniform embedding, first
note it is uniformly continuous since the projections X — X/Gg are uniformly continuous.
Suppose D is an entourage of X. Choose E so that E? C D and choose a basic entourage
F so that the orbits of the action of Gr on X are E-bounded. Suppose z,y € X with
(f(®), f(y)) € 77 (pr(E)) where 7p is the projection from lim X/Gp to X/Gp and pr is
the projection associated with the action of Gr on X. Now (z, gry) € E for some gr € Gp.
Also (g9, y) € E 5o (z,y) € B2 C D and (f(2), f(y)) € f(D).

Finally, to see that if f is surjective and therefore a uniform equivalence if the projection
induced from the action of G’ on X has complete fibers, suppose ([zg]g) € lim X/Gp. For
each basic entourage E of X let Ag be the orbit of xp under the action of Gg. Now each
xrp gets sent to the same equivalence class in X/G, say [z], and each Af is contained in
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the fiber p~1([x]) where p is the projection associated with the action of G on X. Note
{Ag} is a Cauchy filter base since given an entourage D of X there is a basic entourage
E of X so that the orbits of the action of Gg on X are D-bounded. Therefore there is a
limit y of {Ag}. Let us see that f(y) = ([zg|g). Given E, there is an Ap C B(z, E). Then
Apng C B(y,E). Now y = gzpng for some g € G. Then (zpng, 9xrnE) € E so g € GE.
Therefore [y|g = [xpnEe|p. But [zg|p = [xraE]. O

Theorem 6.2.4. Suppose a group G acts faithfully and uniformly equicontinuously on a
metrizable uniform space X. Then the following are equivalent.

1. The action has small scale bounded orbits and the projection p : X — X/G has
complete fibers.

2. There is a Mittag-Leffler inverse sequence of groups {G;, i} with trivial ligll, an
inverse sequence of uniform spaces {X;, ¢;}, and compatible actions of G; on X; that
are uniformly properly discontinuous and neutral with G isomorphic to liLDGi, X
uniformly equivalent to @Xi, and the action of G on X equivalent to the induced
action of@Gi on h&le

Proof. 1. = 2. Since X is metrizable it is Hausdorff. Then by 6.2.1 and the paragraph
succeeding it there are inverse systems {G/Gg,Yrr} and {X/Gg, ¢rr} and compatible
actions of G/GE on X/Gp that are uniformly properly discontinuous. Since X is metrizable
it has a countable basis of entourages so these systems can be realized as sequences. Notice
the actions are neutral since the action of G on X is uniformly equicontinuous. By 6.2.2
G is isomorphic to lim G,. By 6.2.3 X is uniformly equivalent to lim G /GEg. The inverse
sequence {G/Gpg,vrp} is Mittag-Leffler and has trivial @1 since in fact each Ypg is
surjective. Indeed, given F' C E and [g]g € G/GE, [9]r € G/GF gets mapped to [g]x.
Notice the action of G on X is equivalent to the induced action of liLnG/GE on @X/GE
since given x € X and g € G, ([9z]|g) = ([9]g)([z]E)-

2. = 1. By 6.1.2 the action of G on X has small scale bounded orbits. According to
the proof of 6.1.4 p has complete fibers. O
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Chapter 7

Characterizing generalized uniform
covering maps of locally uniform
joinable spaces as inverse limits of
uniform covering maps

Sergey Melikhov visited the University of Tennesse during the 2007-2008 academic year.
During this time he became interested in generalized uniform covering maps. He later
asked the following question. If a pointed 1-movable continuum X is represented by the
inverse limit of its nerves {P;}, is it true that generalized uniform covering spaces over X
are the same thing as the inverse limits of covering spaces over the P;’s? What follows grew
out of examining this question and I would like to thank Sergey Melikhov for posing it.

A pointed 1-movable continuum is locally uniform joinable chain connected ([4]). We
will only consider the case where the generalized uniform covering space is also locally
uniform joinable chain connected.

Let f: (X,z0) — (Y, y0) be a pointed map between uniform spaces. Given an entourage
E of X, there is an induced map fr : R(X,E) — R(Y, f(E)) which was defined in [4].
Therefore there is a well-defined induced map fg« : (Xg,70) — (YyE),v0). Given an
entourage E of Y we can view the induced map fr-1(gy« : (Xy-1(my, %0) — (Yy(r-1(E)), %0)
as having (Yg,y0) as its codomain. Let us denote this function as fg.. Then we can define
the induced map f, : GP(X,z0) — GP(Y,yo), first mentioned in [4], as follows. Given
c € GP(X,xg), let fu(c) = (fe«(cf-1(p)))E. Notice for maps f: X — Y and g: Y — Z,
(go f)s=gso fu
Proposition 7.0.5. Suppose { X5, ¢s} is a Strong Mittag-Leffler inverse system of uniform
spaces. Let X = @Xs and xo = (xos) € X. Consider the inverse system
{GP(Xs,x0s), P1s«}. Then the map f = lim 7, from GP(X,x) to @GP(XS,xOS) s a
uniform equivalence.

Proof. Let us see that f is injective. Suppose «, 5 € GP(X,xo) with f(a) = f(8). Given
a basic entourage 7, !(E;) of X, we wish to show that Q-1p) = /Bﬂ_s—l(Es). Choose t > s

so that ¢us(Xt) = 7s(X). Now 7y, (o) = 7. (5) so Wt(Oéﬂ;l(ﬁ;l(ES)) is ¢;. (Es)-homotopic to
ﬂt(ﬂﬂ;1¢;1(Es)). Therefore ¢tsﬂt(aﬂ;1¢;1(Es)) = 7T3(O[7TS—1(ES)) is Es-homotopic in ¢y5(X}) to
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(btsﬂt(ﬂw{lqb;l(Es)) = Ws(ﬂwg—l(Es)). Therefore this homotopy lifts to a 7, ! (E,)-homotopy in
X from a-1p, to Bﬂ_s—l(Es).

Let us see that f is surjective. Suppose (as) € @GP(XS,xso). Given a basic en-
tourage 7, 1(Es) of X we wish to construct a m; !(Es)-chain. Choose m(s) > s so that
Brn(s)s(Xm(s)) = ms(X). Say that the d)%%s)s(Es)—term of auy,(s) is represented by the chain
Yo - - Yn(B,)- Now for each i < n(FEj) there is an P € X with Pm(s)s(Yi) = ws(xiEs).
Notice xgs,...,mf(sEs) is a 7, 1(Es)-chain and we can assume that z,® = zo. Define

BTF;1(ES) = 55535,--‘@5(3153) (B and let 8 = (ﬂﬂ_s—l(Es)>. Notice f(8) = (as) since
Ws(ﬂﬂ_s—l(Es)) is the Es-term of a.

%

To see that 3 is a generalized path, suppose 7; '(E;) € 75 (Es). Choose r so that

r > m(s) and r > m(t). Set E, = ¢ (Fs) N b, (Ey). Since E, C ¢, (Ey), ¢;11(T)T(Er) C
¢;L1(T)r¢;t1 (Ey) = gb;nb) .(E4). Therefore the d);bl(r)r(Er)-term of vy () s gb;nb) ,(E¢)-homotopic
to the d);i?q) (E¢)-term of ;). This homotopy maps via ¢,y to an Ei-homotopy be-
tween the images of these two chains. First notice the image of the qS;ll(T)r(Er)—term of
under @,y is ﬂt(x(];;r), - ,ﬂt(a:f(ET)). Now, since ¢ (rym()«(Qm(r) = Qm@), the image
of the gb;ir)t(Et)—term of Qpy(ry UNder @y (rym(r) i gb;ll(t)t(Et)—homotopic to the qﬁ;bl(t)t(Et)—

term of ay,;). Therefore the image of the qﬁ;nl(r) (Ep)-term of ) under ¢,y is Ei-

homotopic to m(x4"), . .. ,Wt(foEt). Then we have that 2}, ... ,xf;T is ;1 (E;)-homotopic
to xgt, . ,:Uf(tEt). Similarly, xOEr, e ,xf(’"Er) is 7 1(E5)-homotopic to xOES, . ,:nf(SES). Since
N (By) € m (B, bt ,xf(tEt) is ;1 (Es)-homotopic to zt=,. .. ,xf(SES).

Let us see that f generates the uniform structure on liLnGP(Xa,I‘OS). Notice f is
uniformly continuous since each s, is. Given a basic entourage 75 *(Es)* of GP(X,xo),
choose t > s so that ¢s(Xy) = 7s(X). Suppose o, € GP(X,xo) with (f(«a), f(8)) €
I, (¢ (Es)*) where T1; - lim GP(Xs, wos) — GP(X¢, wot) is the projection. Then

(T2 (), T2 (B)) € dpat (Es)*, e, 7Tt(0é7r;1¢1;81(ES))_lT('t(ﬁwt—l(b;sl(Es)) is gzﬁ{sl(ES)-lllomotopic to
the edgepath. Then qﬁtsm(aﬂ;%tfsl(&))* (ﬁtsﬂ't(,@ﬂ_t—ld);sl(Es)) = Ws(aﬂgl(Es))* Ws(ﬁﬂ;1(Es))
is Es-homotopic in ¢s(X;) to the edge. This homotopy lifts to a 75 ' (Es)-homotopy from
a;;l(Es)/Bﬂ's_l(Es) to the edge. Therefore (o, 3) € 751 (Es)*. O
Corollary 7.0.6. Suppose {X;, ¢;} is a Mittag-Leffler inverse sequence of uniform spaces.
Let X = liﬂlXi and xo = (xo;) € X. Suppose H; are subgroups of 7t1(X;,xo;) such that
¢iv1+(Hiv1) C H;. Notice there are well defined bonding maps GP(X;1+1,x0i+1)/Hi+1 —
GP(X;,x0:)/H; that send [a] to [¢ix(cr)]. Suppose {H;, pir1x} is Mittag-Leffler and
liinl H; = 1. Then im GP(X;,x0;)/H; is uniformly equivalent to GP(X,x0)/H where
H =1lim H;.
pinininin

Proof. This result follows from 6.1.3 and 7.0.5. O

Recall that if X; is compact, then local path connectedness implies uniform local path
connectedness and semilocal simple connectedness implies uniform semilocal simple con-
nectedness (.0.12). Also, if X; is path connected, uniformly locally path connected, and

uniformly semilocally simply connected then GP(X;) is uniformly equivalent to X; and
71(X;) is isomorphic to 71 (X;). Therefore we have the following.
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Corollary 7.0.7. Suppose a locally uniform joinable chain connected space X is the inverse
limit of a Mittag-Leffler inverse sequence of compact spaces that are path connected, locally
path connected, and semilocally simply connected. Suppose there are subgroups H; of m1(X;)
such ¢iv1«(Hiy1) C Hy, {H;, ¢ix} is Mittag-Leffler, and liinl H; = 1. Then the inverse limit
of the covering spaces C; corresponding to the subgroups H; is uniformly equivalent to the
generalized uniform covering space GP(X)/H where H = lim H;. Note that GP(X)/H is
Hausdorff since H is closed in GP(X) as the inverse limit of closed subsets.

Now, given a generalized uniform covering map of X = @Xi, we wish to express it
as the inverse limit of uniform covering maps of X;. We will assume that the generalized
uniform covering space is Hausdorff and locally uniformly chain connected so that it is
uniformly equivalent to GP(X)/H for some closed subgroup H of 71(X) (see 3.3.2).

Lemma 7.0.8. Suppose {Xs, ¢is} is a Strong Mittag-Leffler inverse system of uniform
spaces. Let X = @XS and xo = (xos) € X. Consider the inverse system
{GP(Xs,205); Pts+} and the map f = limms.. If A C GP(X,x0) is closed then f(A) is

uniformly equivalent to @ﬂ's*(A).

Proof. Since f is a uniform equivalence it suffices to show that if « € GP(X, x¢) with f(«a) €
lim 7, (A) then o € A. Given an entourage E of X, f(E) is an entourage of lim GP(Xj, x50)
SO W[l(Et) C f(F) for some t and some entourage E; of X;. Now 7. () = () for some
B € A. Then (f(a), f(8)) € n; Y(E;) C f(E). Since f is injective that implies (a, 3) € E.
Then since A is closed o € A. O

Proposition 7.0.9. Suppose { X, ¢;} is a Mittag-Leffler inverse sequence of uniform spaces.
Let X = limX; and z9 = (wo;) € X. Given a closed subgroup H of #1(X, o), let
H; = mi (H). Then GP(X,x0)/H is uniformly equivalent to lim GP(X;, zo;)/H,.

Proof. The action of H; on GP(X;, zo;) is neutral (3.1.1) and free. Then
lim GP(X;,z0;)/H; = limGP(X;,x0)/lim H; by 6.1.3. But limH; = H by 7.0.8 and
P— P pa— p—

Notice the bonding maps ¢;, are surjective since m;_1, = ¢;4 © T;s« and each restriction
mix 1 H — H; is surjective by definition. Therefore { H;, ¢;.} is Mittag-Leffler and liinl H; =
1. Then we have the converse to 7.0.6.

Again, in the case that the X; are compact, path connected, locally path connected,
and semilocally simply connected we obtain covering maps of X; relative to subgroups of
the fundamental groups. Therefore we have the following.

Theorem 7.0.10. Suppose a locally uniform joinable chain connected space X is repre-
sented as an inverse limit of a Mittag-Leffler inverse sequence {X;, ¢;} of compact spaces
X, that are path connected, locally path connected, and semilocally simply connected. Then
generalized uniform covering spaces of X that are locally uniform joinable chain connected
coincide with inverse limits of covering spaces of X; relative to subgroups H; of m1(X;) such
that ¢i11+(Hit1) C H; and the inverse sequence { H;, ¢, } is Mittag-Leffler with trivial @1.
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Uniform structures and topology

Lemma .0.11. For any uniform space X, any entourage E of X, and any v € X, x €
IntB(z, E). Further, if y € X and there is an entourage F of X such that B(y,F) C
B(x,E), then y € IntB(x, E).

Proof. Given an entourage F of X and an x € X, let U be the set of all y € X for which
there is an entourage F, of X such that B(y, Fy) C B(z,E)}. Note x € U C B(z, E); we
will see that U is open. Suppose y € U. Let F, be an entourage so that B(y, F,)) C B(z, E).
Choose an entourage H of X so that H> C F),. To see that B(y, H) C U, suppose (y, z) € H.
Now B(z,H) C B(z, E) since if (z,w) € H, (y,w) € H®> C F, so (w,z) € E. Therefore
z € U and U is open. ]

Proposition .0.12. Suppose X is a compact uniform space.
1. If X 1is locally path connected then X is uniformly locally path connected.
2. If X is semilocally simply connected then X is uniformly semilocally simply connected.

Proof. 1. Given an entourage F if X, for each z € X there is a neighborhood U, of = so
that if y,z € U, y and z can be joined by an E-bounded path. Choose an entourage Fj
so that B(z, (F;)?) C U,. Since z € IntB(z, F;) (.0.11), {IntB(z, F;)}scx is an open cover
of X. Since X is compact it has a finite subcover, say {IntB(z;, Fy,)}! . Set F' =N, F;.
We wish to see that if (z,y) € F, z and y can be joined by an E-bounded path. Now
z € IntB(z;, Fy,) for some i. Notice since (z,y) € Fy,, (y,2;) € F2 soy € Uy,. Now
x € Uy, as well so z and y can be joined by an E-bounded path.

2. For each x € X there is a neighborhood U, of z so that any loop contained
in U, is homotopically trivial. Choose an entourage E, so that B(x, E,;) C U,. Then
{IntB(z, E;)}.cx is an open cover of X so it has a finite subcover, say
{IntB(x;, E3,)}" ;. Set E =N ,E;. Now given any E-bounded loop, choose a point z on
that loop. Now z € IntB(z;, E;,) for some ¢ and since the loop is E-bounded, the loop is
contained in U,,. Therefore the loop is homotopically trivial. O
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