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ABSTRACT

The asymptotic expansion of the Laplace integral,

I(z) = f; e Zt(t)dt , 2] =, lang z| < 3, (1)
where f(t) is a function whose behavior near the origin is known, is
generally obtained by Watson's Lemma.

In many applications, f(t) is a function analytic in the right
half complex t-plane except that it may have a branch point at the
origin. There are many completely different and comparatively more
sophisticated techniques being used to obtain the asymptotic expansion
of I(z) as |z| » =. Dr. K. Soni's technique for obtaining a uniform
asymptotic expansion for finite Laplace transform is comparatively
simple and less restrictive. Furthermore, it provides the remainder
term explicitly when the expansion is terminated after a finite number
of terms. We use this technique to obtain the asymptotic expansion of
I(z) together with an explicit representation for the error term. By
considering different examples we show how the error, involved in
replacing I(z) by a finite number of terms in the asymptotic expansion,

can be estimated
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NOTATIONS

Landau order symbol

gamma function

t approaching zero from the right

the difference between f(z) and nth partial sum of the series
nth partial sum of a given series

kth derivatives of a function f(t)

asymptotic variable

a function of the real or complex variables z

complementary incomplete gamma function

Pochhammer's symbol

asymptotically equal to
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CHAPTER 1
INTRODUCTION

Suppose we are given an integral of the form

I(z) = j: e Zte(t)dt | (1.1)

where f(t) is real and absolutely integrable in the interval (0,a),

0<a<ow, If

o A
f(t) ~ Z akt k , t -0t , -1« Ay« A

< AL e (].2)
k=0 n

n-1
then, the asymptotic behavior of I(z) is given by Watson Lemma [Qlver,
1974, p. 71] and as z ~ = in the sector |ang z| <-%,

-(Ak+])

I(z) ~ kg F(Ak + ])akz . (1.3)

0

The relations (1.2) and (1.3) can also be interpreted in the following

sense: If
n-1 Ak
f(t) = kz;o akt + Rn(t) ’ t -> 0+ Py '] < AO < An_] < An s
(1.4)
where
An
R(t) =0(t") , t-0+, (1.5)




)9 Z > oo (]-7)

A
in the sector |ang Zl.i‘% -6 <-%, and z € assume the principal values.

Recently, Dr. K. Soni obtained a uniform asymptotic expansion for
finite Laplace transform. We use that technique to obtain the asymptotic
expansion of the function I(z) as defined by (1.1), together with the
remainder term when the expansion is terminated after a finite number
of terms.

We apply these results to obtain the estimate of error in the
asymptotic expansion of certain integrals. Our results do not follow
directly from Watson's Lemma because Watson's Lemma provides only the
order of the remainder as |z| + =, [see (2, p. 104)], whereas we obtain
an estimate of the error when the asymptotic expansion is terminated
after a finite number of terms. Thus, for the type of functions that
we consider, we obtain more information than that provided by Watson's

Lemma.



CHAPTER 2
MAIN RESULTS

We prove two theorems. In theorem 1, we obtain, under appropriate
conditions on f, asymptotic expansion for I(z) as z - = when 0 < a < «,
As stated in the introduction, the technique that we follow here is the
same as that given by Dr. Soni [3, 1980]. Then we let a + = and obtain
the corresponding expansion for I{z) when the interval of integration in

(1.1) is (0,»). This result is given in theorem 2.

A. Theorem 1

Let f(t) be p times continuously differentiable in 0 < t < a and

let
n-] Ak
f(t) = kéo akt + Rn(t)
where
My
Rn(t)=0(t ), t >0+, -1<AO<A]...<An<....
If
(A, -k)

Rrgk)(t) =ot™ ), too+,

for 0 <k <p,andp <A +1, then for |ang z| < %3




a n-1 -(a, +1)
J e'th(t)dt = F(Ak + 1)z k 2

- pi] e'zaf(k)(a)z'(k+])

k=0
-p n-1 -zt AP
-z" ) jm e (Ak -p+1)t dt
k=0 /a P
-p (2 -zt (p)
+ 2 f e 28%(P) (t)at (2.4)
O n
where
(Ak-p+])p=(Ak'p+])(Ak-p+2).-.Ak.
PROOF OF THEOREM 1: Let --% <ang z < %u We see from (2.1) that
f(t) = fn_](t) + Rn(t) (2.5)
where
n-1 Ak
fn_](t) = { akt (2.6)
zt

If we multiply both sides of (2.5) by e “~ and integrate from 0 to a, we

obtain

(t) + R (t))dt .

a a
-zt _ -zt
f e Zhe(t)dt = [O eZs

Notice that

Ao
fop(t) =o(t "), t-0+,




and
A

Ry(t) =o(t "), t~o0+.

Since hg > -1 and Ay > Ag > -1, each of the integrals in

a
fo e 2t (1) + R (£))dt

converges. As a result of this convergence, we can separate the

integrals as follows:

a a a
f e 2t (t)dt = f e~ Zt¢ J(t)dt + J e 2t (t)dt
0 0 n-

Now,

n-1 A
Iw e"thn_](t)dt = Jm e'Zt( ) a,t k)dt .
0 0 k=0

But, for0 <k <n-1, t>1, z=x+1iy, x>0,
A A
le‘Ztt kl < e'Xtt k .
b o
Also, for 0 <t <1, t " <t and Aq > -1 .

Tnerefore,

(2.7)

(2.8)




[l « e

1 A A
< f e ¥t Kt + fw e ¥ty Kat |
0 1

Since both the integrals on the right converge, each of the integrals

A
fm e 2t kdt
0

converges absolutely. Since there are only a finite number of terms

involved, we can interchange the order of integration and summation in

(2.8). Thus,
n-1 A n-1 A
re'Zt(Z a t Kydt = ¥ a, f e 2t Kyt (2.9)
0 0

[see Appendix item 7]. For - g-< ang z <-%,

A r(a, +1)
[emtih D
0 A * 1
Z

-1 r(a, + 1)
-zt _" k

Next, we will show that

]
o~
[}
N
8]
c—h

-1
f: e'thn_](t)dt g e “°f _(a)z -(k#1) 4, P Jm e'thﬁg)(t)dt .




and
-1
ja e ?'R (t)dt = - 6 e 2p(K) (q)~ (k*1)
0 k=0

+ 2P f: e'Ztkﬂp)(t)dt . (2.11)

Using integration by parts in (2.10), we obtain

"
'
.m

—h

J: %t L (t)dt — £ (1)

]
4]
—h

e

o~
"
gat”
+

N|—

[ 3
m

'

N

s
—h

AY

—t

———
‘—‘.
g
o
-+
-
o
—
N
S

Similarly,

-1 -zt,.. _ -2 -2a.. -2 -zt .-
z f: e fn_](t)dt =2z % fn_](a) + z f: e f;_l(t)dt .

Now we can prove by mathematical induction that

- ~za P21
f; e thn_](t)dt =% kéo z (k+‘)f£f%(a)

+ 7P J: e'thgf%(t)dt . (2.13)

which is Eq. (2.10).

Finally, using integration by parts in (2.12), we obtain




a -zt a a
-zt e -1 -2ty
e 2t (t)dt = - £ R (t)] + z f e 2t (t)dt
-za a
_ e 1 -zt,-
= - = Rn(a) + z fo e Rn(t)dt

a
2] [ 2R (t)dt = - £ R (1)
0 z

Therefore,
a -Za -Za
-2t e e -
fo IR0 < - - R (0) - S R )

Again, by mathematical induction, we can prove that

a st P e (k1) (K .
IO e”? Rn(t)dt = - kéo e~ %8z (k+ )Rg )(a) + 7P f

which is Eq. (2.11). Combining (2.9), (2.10), and (2.11), we get

a _Zt n"] '(Ak+])
f e “°f(t)dt = § CH F(Ak + 1)z
0 k=0

Pl em2agl) (), (4)
- kéo e Zafn_](a)z (




n
n-1 ( 0 -(Ak+])
= +
Lo kT T
"7 ezaglk -(k+ Pl -zag(k) -(k+1)
) (kéo ¢ Zafn-%(a) (erT) k{O e zaRﬁ (a) )

(2.14)
But
R(t) = f(t) - f_{(t)
so that
etk @) + Rl () = £k qa) (2.15)
Therefore,
-1 q
(2.16)

Using (2.16) in (2.14), we get
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f(t)dt = ¥ (p, + 1)
JO kZO a, ridy z
p-1
-za (k) (k+1)
- L 23 *1(a)

(2.17)
Since
(P) n-1 P A
d k
f_L(t) = a — t
n-1 k=0 " at’
n-1 AP
= ZO ahy (ny - ) ... (a =P+ Nt , (2.18)
by using Pochhammer's symbol, we can write
n-1 A, =P
P) Ay
fn (¢ z a, -p 4+ ])p . (2.19)
Therefore,
" et (pyat = [ e " a(p, -p + 1)t P gy
a n-1 Z K\ P p
a
n-1 © Ay P
= 1At t ), [ 2t K Tat . (2.20)
a

The interchange of integration and summation is justified because each
of the integrals is absolutely convergent. Combining (2.17) and (2.20),
we obtain Eq. (2.4).
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Notice that the third term in (2.4) can be expressed in terms of
complementary incomplete gamma functions. For real z, let zt = u,

zdt = du. Then,

o A -P pP-A =1 (= A -P
J e 2t K gt = 2 k J e Uy K gt
a az
P-Ak-l
=z F(Ak -p +1,az) . (2.21)
Using (2.21) in (2.4), we obtain
a _ n-1 -(A +1) p-T1 )
[etemar - 1oy ez e e 1 e (k+1)
0 k=0 k=0

n-1 -(Ak p+1)

-p
+ z )z r(a,-p+1,az)(a, -p+1) a
k=0 k k p“k
-p (2 -zt (p)
+z J e 2R{P (1)t (2.22)
0

By analytic continuation, (2.4) and (2.22) hold for all values of z such

m

that |ang z| < 5.

B. Theorem 2

If f(t) is p times continuously differentiable in 0 < t < =,
satisfies (2.1)-(2.3) and if
#k)(e) = 0(eh) , taw,

for some ¢ > 0 and for k = 0, 1, 2, ... p, then, for every |z]

sufficiently large, and lying in the sector |ang z| 5_%—- § < %3
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+ 2P Jw e'ZtRﬁp)(t)dt ) (2.23)
0

PROOF OF THEOREM 2: If we can show that as a -+ « in theorem 1,

and,

ezt (P) (44t

ja e‘ZtRﬁp)(t)dt N jo .

0

then we would obtain (2.18)

Let z be a fixed number in the sector --% t+§<ang z <5 - 8.

NI

Since |z| is sufficiently large, we can assume that Re z = x > ¢ + 1.

Then for k =0, 1, ... n-1,

A -P ® Ay -
e K g = J o~Xt, kT Tdt
a

Since the last integral converges when the Tower limit is any fixed

number greater than zero,

o



Therefore,

a—re

x|

© p
Tim j e—th( )(t)

n-1

dt = 0

Again, for 0 <k <P, and x> c + 1,

But e'th(k)(t) is bounded as t + ». Therefore

e~ 2ts(K) (4)

vim (e”22¢(K)(4))

a->wo

Also, for 0 <m<n

t

Since A0 < A], ves

fn-i(t)
Therefore,

o

A_
e-zt m

il

k

=0.

0 <k

<P,

13

(1)

(3)




lim e‘zaRﬁk)(a) =0 .

d-re

By (1) and (3), as t »> =,

e'Zthp)(t) = e-Zt(f(p)(t) - )l
< e-ztf(P)(t) + 'thﬁp%( t)
A _-P
< M]e't + Mze'tt n

for some constants M] and M2. The constant M] is obtained as follows:

e8Pl (g)| < |eXt P (1)< emCte t[(P) (4

= et Ct£(P)(g)

-t

| A

M]e
Therefore, by (5),

Jm e‘Zthp)(t)dt
0

converges absolutely and so

Tim JZ e-Zthp)(t)dt = J; e‘ZtRﬁp)(t)dt :

a-ro

Therefore,



j e 2t¢(t)dt
0

which is Eq. (2.18).

nil Ak+]
= a, r{a, + 1)z
kso K K

-p (7 -zto(p
+ 2P jo e”? Rn )(t)dt

lang z|_i-% -8 <35,

15




CHAPTER 3

APPLICATIONS

A. Example 1: Incomplete Gamma Function

Consider the integral

1(z) = JZ e+ )% Ndt , (lang 2| < ) (3.1)

where (1 + t)a-] is positive when o is real. The asymptotic expansion
of I(z) can be obtained directly by using simple integration by parts.

a-1

However, f(t) = (1 + t) can be expanded into a convergent power series

when |t| < 1.

f(t) = } (-H"I{ﬂﬂTbld ?a)t" .t <1 (3.2)

Then,

n-1
fra(8) = L (-n* F(E(i e 2 ik (3.3)

where k! = 1(k +1). Let P =n. Then,

n-1 -(Ak+1)
I(z) = Z akl‘(Ak + 1)z + En(z) R (3.4)
where, by (2.18),
En(z) =z N J; e-ZtRﬁn)(t)dt . (3.5)
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R,(t) = F(t) - f_(t)
n-1
- f(0) - T (10* Ly (3.6)
From (3.6),

RiM ey = ¢(M) (e

n
= (-1)" P(?({ 1=e) (34 gl (3.7)
Therefore,
- 1-a) [T -zt a-n-1
E (2) = (-1)"z" F‘?({ 3 ) Jo e 2t (1 + ) " at . (3.8)

Thus, the expansion and the remainder that we obtain is the same as that
obtained by using integration by parts technique.

To obtain an error bound we may assume that o is real and
n+1>a. Then, (1 + t)a'n'] is a decreasing function of t. By using
the Second Mean-Value-Theorem of integral calculus (see Appendix) we
‘obtain,

<F(n+]-a)

(1 - a)

2"E (2) f e Zt(1 + £)* "yt

f(n + 1= a) 7 oxtgy , opaen-]
e [t o e

|A

r(1

t
Q
~q

_I(n+1-4q) JN -xt




Therefore,

E(2)] < L0 ET = o)+l (g

(1 - a)
This estimate for the error holds for all z in the half-plane Rez > 0,
However, it is useful only when |z]| is reasonably large and
w

o] <5 -6 <3

Notice that the above inequality also implies that

-n-1
E(z) =0(z]™™Y) , z| » = .

If & is nearly equal to +90°, the bound for error term is not useful
because in that case, sec 6 is very large. In such cases, we have to

use other methods to obtain an error bound.

B. Example 2

We consider the integral

00

1(z) = Jo e 2 cosh ug, (3.9)




In this example, assume arg z = 0 so that z

19

The integral above is

not a Laplace integral but can be trans formed into the desired form by

proper substitution.

Since cosh u - 1 is an increasing function of u

Let

coshu-1=1¢t.

cosh u- 1~ t is one to one. Therefore,

I(z) = JO e'Zt %% dt ,

where
du _ 1 - 1
t sinh u 5
Jcosh u-1
- 1
,/(t + 1)2 -1
- 1
2+ 2t
Therefore,

Jt + 2t

in (0,=), the mapping

(3.10)

(3.11)

Notice that we cannot apply integration by parts technique here because
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-3/2

o) 22 124 26)73/2 (21 4 2)

- ¢73/2 (t + 2)'3/2 (t +71) .

This function is not integrable at the origin because
320+ 2) 32 (v a1y = (YY) |t o
Write

fle) = —L—= @)/2 (1 + /2
t o+ 2t

so that

o«

- -1/2 k _r(k +1/2 k
f(t) - (Zt) kzo (']) F(i + ])F(]}ﬂ (t/2) s

[t} <2 . (3.12)

Notice that in this example, f(t) is obtained by substituting t/2 for t
and -1/2 for a - 1 in example 1 which has been previously discussed.

As earlier, we define

n-1
an® < T 0 R

We again take p = n. Then,

n-1

) - kZo (0" r(E(E :)]<$}2) (/2] En(2) (3.14)

where




12 ”i‘ (1)K ol + 1/2) (7)1

|
—
~nNo
o
~—
—
~
N
———
—
+
(2
~
~N
~
]
™|

r(k + 1)r(1/2

n-1 k
- (Zt)-]/z{(l )2 Sy (t/z)k].

(3.16)
We shall estimate the error when the expansion is terminated
after the first two terms.

Forn =2 and |t<1,

1 K
Ry(t) = (Zt)“/2[<1 R R (t/z)k] .
k=0 '
(3.17)
But,
(1 +t72)"1/2 - Z (- ]&|§§$/;)]/2) (t/2)% , [t] < 2.
Therefore,
- k
_ 1)k + 1/2) k-1/2.-(k + 1/2
Ry(t) = kgz L alr(l/Z) el )
and
- T DR+ 1/2) | (ke1/2)(k - 3/2) ke5/2
Ry (t) = kzz KIT(1/2) 2k-% 572 L koSt
_ . k
= Z (-1) ak

k=2




r(k +1/2) (k- 1/2)(k - 3/2) NS 5/2

% T KIT(172) k-2 ,572

Note that a, are positive. We will show that they are decreasing for
k>4 , t<1.
Fork>4 , 0<t=<1,

r(k + 1/2)(k - 1/2)(k - 3/2) (k rlk + 3/2)(k + 1/2)(k - 1/2) ¢
1 K172 = (c + 1)1 2KFTH1/2

iFf r(k+1/2)(k -3/2)(k -1/2) S (k+1/2)F(k+1/2)(k+1/2)(k-]/2

kt 2k 21/2 = (k+1) kt 2K 2 2172
2
. (k+1/2)
iff k-3/2 > 45— (t/2)
iff k2172 k-3/2 > (KB +k+1/8) (t/2) .

For any fixed k, the right-hand side of the last inequality takes its

maximum value at t = 1 and

K- 1/2k - 3725 (K + k + 1/4)/2
iff K2 -2k +1>4+1/8
. 2
iff (k-1)%>41/4.

Therefore, for k > 4 a >3 + 1. Also, a, are positive. Now we

will prove that

Tim a = 0.

ko
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To prove this, we write

t-5/2

_ Ik + 1/2)(k = 1/2)(k - 3/2) ok ( )
kt 2¢ r(1/2)27% 25/

where the term in the bracket is independent of k. Let

b = T(k +1/2) (k -k1/2) (k - 3/2)tk

k KT
Pt |k 3/2) (k+1/2) (k- 1/2) [£[KH kt 2
by AL Tk +172)(k - 172) (k= 3/2)
J o (ks1/2)2
T 2(k+Ty(k-372y 1t -
Vim k41| L LeL
k-0 bk 2

x

Therefore, the series ) b, converges absolutely if [t| < 2.

Therefore, for |t| < 2,

1im b, = 0.

koo K
Therefore,

lim a, = 0.

koo K

(> <]

Therefore, the alternating series J (-l)kak converges and
k=4
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e

K
(-1
Ly U1

ia4 .

We will use this estimate to find a reasonably good estimate for E2.

1

J; e 2te(2) (£)at = J

> e'ZtRéz)(t)dt + Jm e 2tR(2) (t)dt .

0 1 2

Let

and

|
‘ I,(x) = J] e Xt [ E (-1)Kr(k +1/2) (k -1/2) (k - 3/2) k-5/2[4,
‘ k

0 =2 ki r(1/2) 2K2 25/2
We write Réz) as follows:
42 () - [r(s/z)gs/z)(1/z) 172 1(5/2)(5/2)(3/2) 4172

2r(1/2) 2°/2 3(2)r(1/72)27/2

2 (-D)*r(k +1/2) (k- 1/2)(k - 3/2) k-5/2
4kl or(1/2) 262 20

+

] [(3/2)(1/2)r(1/2)£3/2)(1/2) 172
2r(1/2) 2°/2

- (5/2)(3/2)(1/2)r(1/2)(5/2)(3/2) t1/2
60(1/2) 2772
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‘5 (-D)*r(k+1/2)(k -1/2) (k - 3/2) ,k-5/2
k=4 kt r(172) 2K2 2%/2

-1/2 _C2t1/2+ E (-1)r(k+1/2)(k -1/2)(k - 3/2) tk—5/2\

= [cq t
] k=d ki r(1/2) 2K2 25/2
where
- (3/2)(1/2)(3/2)(1/2)
¢ = ~ 0.047
1 2) 2572
and

. (5/2)(3/2)(1/2)(5/2)(3/2) . 4 104

¢ 6) 272
1
1 (x)] = JO e X %R{2)(t)at

DXk *+1/2) (k= 172) (k - 3/2) ck-5/2,,
k=4 k! r(1/2) 2K2 25/2

| A

1
Jo e_Xt(c]t_]/z -c2t1/2)dt

1 T k k-5/2
+ (1) r(k+1/2)(k-1/2)(k - 3/2)t -xt
jo [;24 [ k! T(1/2) 22 25/2 }e Jdt '

For 0 <t <1,




0 <
k

where

ek 2 1/2) (k- 1/2)(k - 3/2) kesi2

4 k! 1(1/2) 2272 25/2

3/2
c3t

_Na+172)(8 - 1/2)(4 - 3/2)

1R

—
(a»] —
[¢]

]
>
(-*
=~
1)

4

Therefore,

I](x

For x > 0,

.

0

a1 t(1/2) 2% 2°/2

0.106 .

H]

_I(4+1/2)(4 - 1/2)(4 - 3/2) ,4-5/2
41 10(1/2) 2

a constant

(D r(k+1/2) (k= 1/2) (k- 3/2) (k-5/2,,
k! r(1/2) 2K2 /2 -

)

<

Xt =1/24, 5.J

0

=

Xt 1721, _ 1(1/2)

0

1/2
c2t Jdt

X

« /2

] (=2}
J Xt /24, < J e Xt 3/2-1 4, _ 1 (3/2)

3/2

+

b

c.e
Jo s

f e Xt 32,1
0

-xtt3/2dt




] o
J o~ Xt3/24, < J o Xt:5/2-1,, _ 1(5/2)
0 0 x5/2

Therefore,

c]P(]/Z) c2F(3/2) c3r(5/2)
1L, (x)] < M2V RN TF.

<% (0.047 + § (0.104) + F (0.106))
- |

(0.1785) .

In

Therefore,

1/2

[1,(x)| < 0.1785 x

| A
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(3.18)

(3.19)

This bound for I](x) holds uniformly in x > 1. If x is large

then we can get a better estimate for I](x) by retaining the form as

in the first inequality in (3.18). Since

2

Rp(t) = £(t) - £ _,(t),

Ry(t) = (t2 + 26) V2(2t) V2 4 (1)23/2,1/2

Ry(t) = - % (t2 + 26)"32(2t + 2) - 2712 1y~3/2
v (2 el

S+ 1)(62 + 26) 32 4 97327312, po1/2,-1/2
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REZ)(t) = ~(2 + 26)"2 4 305 + )42 + 2)"5/2 _ 3 -5/2

2 | 4/7
1,1y 1 .-3/2
- L
27293
o (2 2t) Y2 )22 2e) 52 3 521 -3/

4/2 16V2

RSP0 < (¢80 20) 203000 1) 200 20)"5/2 4 3 ¢5/2, 1 (=372
42 16/2

Therefore,

IIz(X)I

[w e'XtRéz)(t)dt
1

| A

f“ e-xt[(t2-+2t)'3/2-+3(t-+1)2(t2-+2t)'5/24~—§— t'5/2-+——l—-t'3/ﬂ
: 47 16/2

Jm e X2 + 2t)"3/ 2t < fm e ¥t 3qt
1 1
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Therefore,

J e Xt 3t + 1)2(t% + 2t)™2at 5_J e Xtt-34t +'J e Xt 3gt
] 1 1

162 T 16/2
-l -X
16v2 %
Therefore,
|T5(x)] §_|3e'xx'] + 13(]6/7)']e'xx']|

= e (3 + 13(16/2)7]

3.58]e x| . (3.20)

<
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Thus, by (3.19) and (3.20)

-2

IEz(X)I II](X) + IZ(X)IX

11,00 [x72 + 1, (x)|x~

I A

0.1785 x™>/2 + 3.58]e7*x3|

| A

<0.1785 x3/2 1+ 3,58 x3 .

' n-1 r(a, + 1)
e Xt(t2 + 2t)'1/2dt = a ——Ji————-+ E_(x)
LTk A +] n
0 k=0 k
X
=27 Vepcdy xt W2 L pm8/2p 3y (32 L g iy
2 2 2

where

|E,| < 0.1785 x™>/% + 3,58 x™3 |
C. Example 3

Let

F(x) = Tog(1 +t72) |, 0<ctcw. (3.21)

This function has a branch point at t = -1. The expansion of log(l + t)

about the origin is given by

2 .3 .4 k+1 .k
1mu+w=t-%+%1%4,“+h%fL+“” (3.22)




Therefore,

k
1/2,2 k+1,,1/2)
/2, _ 1/2  (t77) (-1)" (¢t
Tog(1 +t /%) = t - 5 + - ..+ c + ...,
o k+1,k/2
- kz] LA R (3.23)
Therefore,
o k+1,.k/2

fe) = A= e, (3.24)
and if we let

f J(t) = a,t. , ay=0,

n-1 k<0 k 0
then

n-1 k+1.k/2
f (t) = z (-]) ___t . (3.25)
-1 k
n k=1
n-1 -(Ak+1)

I(z) = kZO 3,z + En(z) . (3.26)
where

En(z) =zP J e’ZtRép)(t)dt

0

=
—
“t+
~—
]

f(t) - fn_](t)

n-1 k+1
log(1 + t/2) - kz ill%——— k2 (3.27)
=




We will estimate the error when the asymptotic expansion is terminated

after the first three nonzero terms. Thus, when n = 4,

t3/2

_Je ¢
f3lt) = t71% - 5 + 25

-+ %_ 1 (%_t-1/2) _ %_t-l/Z
(1 + /2)2

1 ( 1 - 1)
4/t 1 +2/F + t
2/t + t
/E(1+/E)2

$
B—

2 + /1
(1+/E)2

£

1 1
( + )
1+ (1+/4)°

i

o)—
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We take p = 2.

f e'Xth’(t)dt
0

it
| —
—
o
]
>
[
—_
—
+
—
N
Q.
(m

Therefore, the expansion can be given as

o n-1 -(A +1)
I e~ Xt log(1 + t]/z)dt = a, X k + E4(x)
0 k=0
2
= x5 v (x)

where
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APPENDIX

Gamma Function: The "gamma function" r'(x) is defined by

r(x) = J e tXtyt s 0 <x .
0

Properties:
(a) T(x + 1) = xr(x) , x > 0.
(b) T(1/2) = Vx.

(c) For any a > 0,

f ematyx=T F(i) .
0 a

Second Mean-Value-Theorem of Integral Calculus: Suppose f~ is

nonnegative and integrable and g is continuous on [a,b]. Then

b c
j f(x)g(x)dx = f(a) J g(x)dx + f(b) J g(x)dx
a a

for some ¢ in [a,b]. (See Trench, p. 154.)

Integration by Parts: If u” and v~ are integrable on [a,b], then

b b b
f a(x)v- (x)dx = u(x)v(x)l ] J v(x)u-(x)dx .
a a a

(See Trench, p. 153.)
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Series:

(]-x)—a=]+ax+._(_2':'_])xz+.”0t(a+]).r.]; (a+n-1)

The series converges to (1 - @)% when |x| <1 .

Alternating Series Test:

o«

The series ) (-l)na converves if

n=0 n
0 Sap S,
and
Tim a, =0

Sequence of Functions:

n . .
Let Zanx have a nonzero radius of convergence R. Denote its sum

by f(x). Then, f is differentiable for {-R < x < R} and,

©

£-(x) =gandix(x") . Ix] <R.

Absolute Values of Integrals:

Let f(x) be a function in a < x < b. Then

Ve
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Improper Integral:

We say that the integral J f(x)dx converges (as an improper
b ‘0

Riemann integral) if f f(x)dx exists for every a and b such that
a _

0 <a <b < «and the limits

b b
Tim J f(x)dx , lim f(x)dx
a»re ‘3 bro /a

both exist.

The Symbols ~, o, and ¢:

Suppose we are given a known function ¢(x) where x is assumed to be
a real variable, and want to describe the behavior, as x + =, of a
wanted function f(x) in terms of the known function 6(x), then,

(1) If f(x)/6(x) > 1, we write
f(x) ~ ¢(x) (x > =) .

In words, f(x) is asymptotic to ¢ or ¢ is an asymntotic
approximation to f.

(ii) If f(x)/¢(x) + 0, we write
f(x) = o{e(x)} (x + =) .

In words, f(x) is of order less than 4.

(iii) If |f(x)/¢(x)] is bounded, we write
f(x) = 0{o(x)} (x » =) .

In words, f(x) is of order not exceeding .



VITA

Tohun Akinleye was born in September 1945 in Okemesi-Ekiti,
Nigeria. He received his primary education at St. Andrew's School in
Okemesi-Ekiti. He also received his secondary education in the same
town in 1964. 1In 1970 he obtained a Yaba College of Technology diploma
in Mechanical/Electrical Engineering Technology.

During the same year, he obtained the City and Guilds of London
diploma in Mechanical/Electrical Engineering Technology.

In 1975, he obtained a Bachelor's Degree in Mechanical
Engineering Technology and Mathematics from Metropolitan Stage College,
Denver, Colorado.

Tohun A. Akinleye was selected for Who's Who Among Students in
American Universities and Colleges in 1974-1975 while attending
Metropolitan State College, Denver, Colorado.

He received his Master of Science in Nuclear Engineering from

Tuskegee Institute, Tuskegee, Alabama, in 1980.

40




