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ABSTRACT

The purpose of this thesis is to present two methods for solving
large-scale linear programs which impose certain restrictions on the
values of the variables. By taking advantage of the restrictions on
the variables, the restrictiveness of working with a large basis, which
would be required if the simplex procedure was applied directly, is a-
voided.

Two different types of structure for the restrictions on the vari-
ables will be considered. The first type is composed of restrictions
which require each varjable not to exceed a specified limit. In this
case, these upper 1imits are not explicitly represented in solving
the problem. Instead, from a feasible basis an "effective" basis is
defined, where the nonbasic variables can equal their upper limit or
zero. Conditions are then set to show when an optimal solution is
found, to find candidates to enter the effective basis, and what value
these candidates should attain. The second type is composed of re-
strictions that restrict the total value of certain linear sums of the
variables, In this case, a "working" basis, much smaller than a normal
feasible basis, is derived from a feasible basis. This "working"
basis is used to find all the necessary information to optimize the

problem.
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INTRODUCTION

Theoretically, it is possible to solve any linear programming
problem by the simplex method. However, computer storage capacity or
processing time restrictions could prohibit the solving of large-scale
problems by directly applying the simplex method. In some large
systems, though, the constraints of the problem are structured in such
a way that advantage can be taken of the form to facilitate the solv-
ing of the problem. The material presented in the following chapters
provides methods for solving specially structured larged-scale problems.

In Chapter I, the simple upper-bound procedure is presented as a
technique for solving a problem which imposes upper 1imit restrictions
on the value of the variables. This procedure uses the properties
these upper limit restrictions have in solving the problem, while not
explicitly representing the upper limit restrictions. These properties
are used to modify the simplex procedure by defining a new "effective"
basis from a feasible basis that is smaller than the feasible basis by
the number of upper limit restrictions. Modified simplex rules are then
used to let nonbasic ("effective" basis) variables equal to their upper
limit, show when an optimal solution is found, find candidates to enter
the "effective" basis, and what the new value of these candidates will
be. In problems when the number of upper Timit restrictions is large
in comparison to the normal constraints, this procedure will result in
a considerable reduction in the number of constraints and, therefore,

a savings in storage and computation.
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The generalized-upper bound procedure is presented in Chapter 1I
as a method for solving a problem composed of constraints that re-
quire certain linear sums of the variables to equal one (1). From
the structure of the constraints, a "working" basis is defined from a
feasible basis of order less than the feasible basis, by the number of
linear constraints. The "working" basis is then used to calculate
the information necessary to apply the revised simplex method to the
problem. Some special rules are also used to update the "working"
basis. The use of the generalized upper-bound procedure will result
in a considerable reduction of constraints and, hence, a saving in
storage and computation in problems where the number of linear re-

strictions is large in comparsion to the number of normal constaints.



CHAPTER I

SOLVING SIMPLE UPPER-BOUNDED PROBLEMS

In this chapter we are going to discuss linear programming pro-

blems of the form:

maximize z = €'X (1-1a)
Ax = b (1-1b)
0< X (1-1c)
xj g_uj for some or all j (1-1d)

where the uj are positive constants, and the matrix A is m x n .
The constraints of (1-1d), that some or all of the variables X;
are also bounded from above, are called upper-bound constraints. The
given upper-bound constraints can represent capacity limitations, pro-
duction requirements, or resource limitations in linear programming ap-

plications. Linear programming problems that have upper-bound con-

straints are called simple upper-bounded problems. The upper-bound

constraints can be expanded to bound all of the variables xj » by

letting each xj that is not bounded above have as its corresponding

uj s Uj =@ . Thus, we are able to generalize the discussion of

simple upperQbounded problems.
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If we were to solve problem (1-1) by the standard simplex method,
we would have to replace each upper-bound inequality constraint with
an equivalent equality constraint using slack variables. The problem
with slack variables would have 2n variables with (m + n) con-
straints. In this discussion however, we will develop a modification
of the simplex procedure that will solve simple upper-bounded oroblems
without having to represent the upper-bound constraints in an explicit
way. This modified procedure, the simple upper-bound procedure as we
will now call it, treats only the m constraints Ax = b explicitly.
The simple upper-bound procedure therefore, will use a basis of order
m instead of a basis of order (m + n) necessary for the standard
simplex procedure. Thus, a large savings in storage and computation
will occur if n is much larger than m ., Our development of the
simple upper-bound procedure will be based on three main sources;
Linear Programming Methods and Applications by Saul Gass, Methods and
Applications of Linear Programming by Cooper and Steinberg, and Opti-
mization Theory for Large Systems by Leon Lasdon.

To begin the development of the simple upper-bound procedure, we
will need to investigate some special properties of the constraints
in a simple upper-bound problem . We will start by rewritina (1-1),
as in the standard simplex procedure, by adding on a slack varijable
sj to each of the upper-bound inequality constraints. The new form
of (1-1) will be figure (1-2) on page 3 where 3; is the m-element
jED column of matrix A . A basic feasible solution to a problem in
the form of (1-2) would have (m + n) basic variables and 2n - (m +

n) = n-m nonbasic variables. For each of the n constraints
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xj + Sj = uj we can see that one of the following will be true for a

basic feasible solution: xj > 0 and Sj =0, xj =0 and sj >0,

X5 > 0 and 55 > 0 . The positive xj's and sj's will be basic

variables for the feasible solution, This will mean that only m of

Xj + sj = uj constraints can have both variables positive and hence

basic. The other (n - m) constraints xj + sj = ”j will have only
one variable in each constraint positive and basic. If more than m

of the xj + Sj = uj constraints have both variables basic, there

would be more than (m + n) basic variables,
Let us now assume that we have a feasible solution to the pro-

blem in (1-2) that has both Xj and S5 basic for the first m con-

X Cts.=u. (ie., . ' s -
straints Xj * 55 = U (i.e., both X; and S positive for j

T, ..., m) and one variable basic for each of the last (n - m)
constraints Xj + sj = uj (i.e., either Xj =0 and Sj = uj or

X5 = Uy and 55 = 0 for j=m+1, ..., n) . This feasible solu-

tion will thus have (m + m) columns of its feasible basis of the
5. 5

form p. = J1 , and q. = |- s J=1, ..., m, correspond-
ing to the basic variables xj and sj s J=1, ..., m . The

identity vectory E& is the p element identity vector with unity
in the jzﬂ position.
We next prove the important property that these (m + m)

columns p. and 63 » J=1, ..., m, of the feasible basis are

J
linearly independent if and only if the columns 33 s J=1, «.oum
are linearly independent. To prove the first half of the if and only

if statement (if columns Bj -and a& ,» J=1, ..., m are linearly



independent then the columns 35 »J =1, ..., m, are linearly in-
dependent), we assume the columns Bj and 6& s J =1, ..., m are
Tinearly independent. Also assume that the columns Ej y J =1,
«v+s M, are not linearly independent to get a contradiction.

We know that since the columns Ej s J =1, ..., m, are not
Tinearly independent, that one of the columns is a linear combination
of the others. This means that

Pyt B T et Fmdm = 3p

for some En] » where 1< h< m and some or all ry#0,1

h-1, h+1,..., m .

Thus, we can write that

4 -1 41
Tttt | MRS I I
& €h-1 h+1
a [
m
tro _ - ~ - -
en e;
0 0 0
+ - -
"h-1 | B "ne1 |
€h-1 ®h Ch+1
0 ay
_Y‘m 3 = 3
€m &




or
PIPL Y e P Y ThePhey F e

TmPm = 19 = oo 7 PoThar G 0 T The C

This last line shows us that the columns Bj and 65 are lin-
early dependent. Thus, we have a contradiction with the initial as-
sumption that Ej and ﬁj are linearly independent.

Therefore, if the (m + m) columns Bj and a& are linearly
independent, then the columns Ej »J =1, ..., m, are also linearly
independent. We will now use a similar argument to prove the other
half of the if and only if statement.

Assume that the columns 33 s J=1, ..., m, are linearly in-
dependent. Also assume that the (m + m) columns Bj and ﬁj are
not linearly independent to get a contradiction.

We can now write one column of the (m + m) columns 'Bj and 65
as a linear combination of the others. There will be two cases.

Either



for some or all r #0,i=1, ..., m, some or all Vi #F0, k=

1, ..y h=1, h+l, ..., m,and 1< h<m, or

for some or all r #0,i=1, ..., h=1 , h+1, ..., m , some or all
Vi #0,k=1, ..., m,and 1 <h<m,

For the first case we can rewrite (1-3) as

It is now clear that ™ # 0, since it is the only column with

a nonzero element in its (m + h) position. We also know that
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a.
J

where ' # 0, since the columns | _ }|,j =1, ..., m , are the only
| %
| columns with nonzero elements in the first m positions.
This last statement means that the columns Ej, =1, ..., m,
are linearly dependent, since not all the rj's are zero. Thus we
have a contradiction with the assumption that the columns Ej s J =

1, ..., m, are linearly independent.

For the second case we can rewrite (1-4) as

4 -1 h+1
o T T T | Y The ¥
| & ®h-1 1
= A A = -
Fam 0 0 a,
"m VN * * Yy -
~ - e e
Lem e] m h
From this last line we know that some or all of the r. 's are
a
nonzero, i =1, ..., h-1 , h+1, ..., m , since the columns [ J] s
8.

J
i=1, ..., h=-1, h+1, ..., m , are the only columns with nonzero ele-
ments in the first m positions. Therefore we can write

riay + ... o 1o P e T tran T e,
for some or all rs #0, i=1, ..., h=1, h+1, ..., m, i.e., the
columns a. , j=1, ..., m are linearly dependent. We now again

J
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have a contradiction with the assumption that the columns 55 sy J =
1, ..., m are linearly independent.

This contradiction for the second case along with the contra-
diction in the first case enables us to see that the second half of
the if and only if statement is true; i.e., if the columns 33 sy J =
1, ..., m are linearly independent, then the (m + m) columns Bj
and Gj are also linearly independent.

We now know that the (m + m) columns .

J
independent if and only if the columns E& sy J=1, ..., m are lin-

and aj are linearly

early independent. This completes our proof.

Since we have already assumed that the (m + m) columns Bj
and Ej are columns from the feasible basis, they must be linearly
independent. Therefore from the above proof, the columns Ej s J.=
1, ..., m , must also be linearly independent and thus form a basis -
for AX =D .

In a generalization of the above discussion, we can see that any
feasible solution of problem (1-2) will have the following: m basic
variables Xj with the corresponding m variables Sj also basic
(i.e., m of the xj's are nonzero and not at their upper-bound),
(n - m) basic variables where either xj is basic or its correspond-
ing sj is basic (i.e., (n -m) of the xj's are either at their
upper-bound u; or equal to zero), and the m columns of matrix A
corresponding to the m xj's that are basic and not at their upper-

bound will form a feasible basis for Ax = b .
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With these results, we can take a given feasible solution to
problem (1-2) to form an "effective" basis B from the m columns of
matrix A corresponding to the xj's not at their upper-bound and non-
zero. We can also take the m basic variables xj corresponding to
the "effective" basis B and group them into a set called the "ef-
fective" basic variables. The remaining (n - m) variables xj s
either at their upper-bound or equal to zero, we will call the
noneffective variables. We will show in this development that the
simple upper-bound procedure will use the "effective" basis B » the
"effective" variables, and the knowledge of what the value of each
noneffective variable is equal to (i.e., xj =0 or x.=u, for

J J
x: an noneffective variable) to solve simple upper-bounded problems,

J
Tike (1-1), while not explicitly representing the slack variables.
Hence, we will be able to solve simple upper-bounded problems
using only n instead of 2n variables and an "effective" basis
B of only dimension m , by dealing only with the original variables
Xy - We will now show how to test a current feasible solution to see
if it is optimal using only the "effective" basis and the value of the
noneffective variables.
To begin with, we will take simplex multipliers d = (d], cens
dm) » associated with the "effective" basis B, multiply them on to
(1-1b) and subtract (1-1a) away from this product (note that the sim-
plex multipliers are EBB'1 » where Tp = {cj|xj is an "effective"

variable}). Thus we have the following
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dAiX - T'X=db - z

Or, after rearrangement

N
n
(=R
o
[
(a8
*
x
+
(o]
x

N
n
o
o
1
~
o
>
1
ol
—
<1

From the simplex method we know that aéj - Cj =2, -C, , SO We

J J
have
. n
z =db - . - C.)x.
Lz
j=1
i .~-¢c. =20 .
Since zJ cJ for all aJ e B , we have
z=4db - .Z (zj - cj)xj (1-5)
J£B

where ) s the sum over the set of indices for those vectors not
J#8B
in B ., The equation for z in (1-5) is the difference of db , the

current value of the objective function, and the product of the xj's

that are noneffective with their corresponding zj - cj .

Hence, the current solution will be optimal if two conditions are
met. The first condition is that all noneffective xj = 0 bhave a

corresponding 25 - C5 > 0 . This condition would make the current

solution optimal, since increasing any of these xj's would decrease
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the value of 2z . The second condition is that all noneffective
Xj = uj have a corresponding Z; - C < 0. Conversely, this con-
dition would make the current solution optimal, since decreasing any
of these xj would decrease the value of 2z .

There would therefore be two conditions for which the current
solution would not be optimal. One condition would be, if for some
noneffective, xj = 0 its corresponding Zj - ¢, 1is less than zero,

J

The other condition would be if for some noneffective xj = uj its

corresponding zj - €. 1is greater than zero.

J
Thus, if we wanted increase z , for a nonoptimal solution, we
would choose X, to possibly enter the "effective" basis B . where

X) corresponds to

ze - ¢, = Mz 2 cx, = R
k- Sk ; (zJ cJIxJ uf U z chxJ 0

This possible candidate, Xy to enter the "effective" basis may
have a current value of u, or 0 . We next discuss, in two cases

(xk =0 and Xy = uk) s whether X, enters the "effectiveness"”

basis at at what value.

CASE I: =0

K
Since we want to increase the value of X from its current

value of 0 , we will also have change some or all of the values of

the "effective" variables. In increasing Xp s there are two situ-

ations possible. One is that Xy will increase to its upper-bound

while none of the "effective" variables increase or decrease beyond
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their respective upper-bounds (uj) or lower-bounds (0) . In this

case, xk does not enter the "effective" basis, but has a new
value of U - The other possible situation is that some "effective"
variable does attain one of its bounds before Xk attains its upper-
bound. In this case, we bring X into the "effective" basis. We
next develop a way to determine the value X should attain that
will keep the constraints satisfied.
The current value of the 13& "effective" variable, in terms

of the simplex tableau for the "effective" basis B , is

Xps = Xio = ) Xi.Us
Bi i0 jeu 137

th

where U = {j[xj is noneffective and X3 = uj}' X:: 1is the j—

1

element of x; =B 'p; , and py=b . Since X, = 0, we can

write

Xns: = Xapg = ) XssUs = Xgo X
Bi i0 jeu i3] ik™k

If we let rEi = X:p - 1 X;3Uj » We now have
JeU
=b. - 1-7
Xgi = By = XXk (1-7)
for all i ¢ B,

For those Xk > 0 , we can see that an increase in Xk from
zero will decrease the corresponding "effective" Xgy - Since we

can not let any Xg become negative, we have to restrict the in-
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crease of X, SO that

b >0

i " X%k
or

.
1"

Thus, the increased value of Xy must be less than or equal to

>

the minimum of all the ;l—-'s , for Xik > 0 , to keep the x

ik
from becoming negative; i.e.,

]
Bi °

B} min ‘Ei | )
Xy < —= & — |x; >0 (1-8
k Xk 1] X5 ik
However, for those X3 < 0 , an increase in Xy from zero will
increase the corresponding "effective" xg; 1n (1-7). Since all of

the XBi'S must be kept less than or equal to their upper-bound ug;>

we have
bi"xikxk< uBi

or
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Finally, we can not increase x, above its upper-bound U 3

k

Xy < U (1-10)

o=min{ L , BB (1-11)

where equation (1-11) is the combined restrictions on Xk from
(1-8), (1-9), and (1-10).
If the new value of Xy is 6 = U s then Xy will remain non-

effective with a new value of U - The "effective" variables will

~

, b
be updated accordinly. However, if o = ;f- » then Xy will replace
ik
the variable corresponding to Xg in the "effective" basis. The

variable corresponding to Xgye will decrease to zero and become non-

~

: . : b
effective. The new value of Xgp = Xy will be ;ﬁ- after the trans-
ik
formation of the simplex tableau with the pivot element in the simplex
: , D -u
tableau being L Similarly. if ¢ = -I%F——Jﬂl , then X will
pk

replace the variable corresponding to pr in the "effective" basis.

The variable corresponding to x will increase to its upper bound

Bp
qu and become noneffective. The new value of pr = Xy will

b -u
B
_EEF___JZ after the transformation of the simplex tableau with the
kp
pivot element in the simplex tableau being xpk .
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CASE II: Xp = Up

In this case we want to decrease the value of Xy from its cur-
rent value of up - As in Case I the change in value of Xk will al-
so change the value of some or all of the "effective" variabtes. Two
situations are possible in decreasing the value of Xp One situ-
ation is Xy will decrease in value to zero while none of the "ef-
fective" variables increase or decrease beyond their respective upper-
bounds (uj) or lower- bounds (0) . 1In this situation Xy does not
enter the "effective" basis but has a new value of zero. The other
situation is that some "effective" variable does attain one of its
bounds before Xk attains the value of zero. In this case X is
brought into the "effective" basis. We next develop a way to deter-
mine the value X should attain that will keep the constraints satis-

fied.

As in equation (1-6), the current value of the iEn-"effective"

variable is terms of the simplex tableau for the "effective" hasis

is
Xgi = Xj0 7 L Xif5 7 Xikk
jeU J
J#k
or |
Xps * Xo Xy = Xan = ) X
Bi ik™k i0 jeu ij
jek



19

By letting
b= x - ] (1-12)
i i0 5eU i3
jt
we have that
_A
Xpgi = bi - X (1-13)

If Xik > 0 , then we can see that a decrease in X from u
will increase the corresponding "effective" Xgi Since each Up s
is bounded from above by its corresponding Ugs » We must restrict

the decrease in Xk so that

A

By = by 7 4% L Yy

or

Hence, the decreased value of X must be greater than or equal
by, - ug;
ik
of the XBi'S exceeds its upper-bound, i.e.,

to the maximum of all the

's , for Xk ? 0 , so that none
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b, - Up: “bs - Ups
Xk 2 _l%r_.lil = m?x —lif__gl—1xik > 0 (1-14)
rk Tk
Further if X, < 0 » then a decrease in X, from u, will de-
crease the corresponding "effective" Xgi Again, none of the "ef-
fective" variables can become negative, so we restrict the decrease
in X, so that
A
Xgj = by = Xqux > 0
or
b
X 2 1%y
| Thus to keep all of the "effective" variables nonnegative, the

decreased value of Xy must be greater than or equal to the maximum

b.
of all the L 'g for x.,< 0, i.e.,
Xk ik

N

B b

p _ max{ i | :
X 2 ; Xip < 0 -15
k X0 i xik ik (1 )

Finally, the decrease value of X, must be nonnegative, i.e.,
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Combining the restrictions on Xy from (1-14), (1-15), and

(1-16) we have that the minimum value that X, can attain is given

by

~ug. b
6 = max .I___B_L.’ _E ’0 (1-]7)

If the new value of xk is 8 =0, then xk will remain nonef-

fective with a new value of 0 . The "effegtive" variables will then
b, -u
be updated accordingly. However, if 6 = __Ei___ﬁf., then Xy will
rk
replace the variable corresponding to Xgye in the "effective" basis.

The variable corresponding to Xgy will increase to its upper-bound

uBr and become noneffective . The new value of xBr = xk will be
b

r - YBr after the transformation of the simplex tableau with the
X
pivS% element in the simplex tableau being Xek * Similarly if ¢ =
"
t,’p/xpk » then Xk will replace the variable corresponding to «x

Bp
in the the "effective" basis. The variable corresponding to x

Bp
will decrease to zero and become noneffective. The new value of
b
Xo = x, will be £ after the transformation of the simplex
Bp k xpk

tableau with the pivot element in the simplex tableau being xpk .
After a new value for Xy is found, either from CASE I OR CASE
IT, we test the new feasible solution to see if it is optimal. If
the new solution is not optimal, we repeat the procedure for picking
a candidate and finding its new value. This process is repeated un-

til an optimal solution is found.
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As an example, we will apply the simple upper-bound procedure to

the upper-bounded Tinear programming problem

Max z = x] + 3x3

subject to:
X + Xy + X3 =8
4x] X2_ + Xy = 26
_fo X, t X, o= 4
0<g_x] <5
0 < Xg < 7
O<__x3 <
0<__x4 < ®
0< xg < =

A first feasible solution to this problem will have "effective"
variables Xg = 8, Xq = 26, and Xg = 4 and noneffective variables

Xy = 0 and Xy = 0 . Our initial simplex tableau for the "effective"

basis is therefore:
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1 3 0 0 0
Effective| C P [} P P. P P
vectors B 0 1 2 3 4 5
P3 0 8 1 1 1 0 0
P4 0 26 4 1 0 1 0
P5 0 4 -1 1 0 0 1
Z.-C. . 0 -1 -3 0 0 0
J

Current 0 0 - - -

value -

We have added the rows for the value of the uj's and the cur-
rent value of the variables to the simplex tableau for record-keeping
purposes.

The current solution is not optimal since there Zj - cj< 0 for
for xj = 0 ; namely zy - ¢y = -1 and Z, - Cy = -3 .

We choose X, to be the candidate to enter the "effective" basis
since it has the minimum Zj - cj . We now use the CASE I type pro-

cedure to determine if Xo will enter the "effective” basis and what

its new value will be.

”61=8-o= 8
b, = 26 - 0 = 26
by=4-0= 4



b,
Since all the xiz's are positive, we need to calculate ;l
i2
i=1, 2,3
'E]
— =8/1 =8
X12
b
2= 26/1 = 26
22
b
3
— = 4/]: 4
32
Thus,
by b,
Min{8, 26, 4} = 4 = — = ——
X2 *r2

~

u

for

24

b
From the fact that all the xiz's are positive we have b B .

X

®© .

Hence,

-u
6 = min{— , 2 % Bp s Uy
ré p2
8 =min{4, =, 7}
[
9:4:.).(1_
32

p2
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Therefore Xy will replace Xg in the "effective" basis as the

third "effective" variable. The transformed tableau from a pivot on

x32 1S
1 3 0 0 0
Effective| ¢ 5 5 5 5 5 =
vectors B P0 P] P2 P3 P4 P5
55 0 s 21 0 ] 0 |-1
54 0 ]2} 5{ 0 0 1 -1
P2 3 4 | -1 1 0 0 1
.=C. 2| -4 0 0 0
zJ cJ 1 3
. 5 7 ) o w
uJ
Current
value 0 - - - 0
We still do not have an optimal solution, since Zy - ¢y = -4

where Xq = 0 . Thus Xy is to be the candidate to enter the "ef-

fective" basis. We will again use a CASE I type procedure to deter-
mine if x] will enter the "effective" basis and what its new value

will be.

by=4-0= 4
by = 22 - 0 = 22
by=4-0= 4
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The positive :3]'5 are  X;y = 2 and Xp1 = 5 . For these X11IS
b,
we calculate —
X
il
’Bl
— =4/2 =2
*1
|
b
o= 22/5 = 4.5
21
Thus,
B, F
min {2,4:5) = 2= /xp; = <0
- r2
The only negative X31 is X371 = -1 . For this X;1 we calculate
by - up;
*i1
b3~ Y83 _4-(7) _,.% Y
|
‘ Hence,
| , ~ D - u
1 8 = min br/x s P__Bp > Uy
pl xp]
9 =min{2, 3, 5}
‘ Pl
_,_Db
9 - 2 - ]/X-l]
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Therefore Xy will replace X3 in the "effective" basis as the

first "effective" variable. The transformed tableau from a pivot on

x]] is:
1 3 0 |o 0
Effective| c T ) T I = Y S
vectors B Po Py P P3 Py Ps
P, 1 2 |10 17210 [-1/2
54 0 12 o | o [|-5/2]1 4/2
T>2 3 6 o |1 17410 | 172
Zj'cj 20 0 0 4/21 0 2
- 5 7 (=] [oe] o
Yj
Current - - 0 - 0
value

Now, all zj - cj > 0 for all xj

equals its uj Therefore the current solution is optimal, with

0 and one of the xj

Xy = 2, X, = 6, Xq = 12, and z = 20 .

It should be noted in conclusion of our development of simple
upper-bounded procedure that our example problem was not an accurate
test of the savings involved. In our example m equaled 3 and n

equaled 5 . For an accurate test M should be much larger than

m.
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CHAPTER II

Solving Generalized Upper-Bounded Problems

In this chapter we shall investigate linear programming problems

which have the following form:

Maximize z = ¢c'Xx (2-1a)
subject to:
Ax = b (2=<1b)
n
1 X, = 1 }
J n0+1 J
n
22 X, =1
j=ng+l Y
(2-1¢)
n
yP X; =1
J=np_]+1
J
x>0 (2-1d)

where A is an mxn matrix and n_=n
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This generalized upper-bound problem, as we shall now call it,

has not only the usual m constraints from Ax = b and the non-

negativity restrictions, but also p constraints each of the form

Y Xy = 1 . These p constraints are called the generalized upper-
bound constraints. The n variables X; can appear in at most one
of these generalized upper-bound constraints and need not appear in
any of them. A generalized upper-bound constraint can be thought of
as setting an upper-bound on a subset of the variables.

what we shall do in this development of the generalized upper-
bound technique is to show that instead of using a basis of order
m+ p to solve problem {2.1), that would be necessary according to
the simplex-method approach, we shall take advantage of the simple
structure of the generalized upper-bound constraints to employ a
"working" basis of order m in A modification of the revised sim-
plex algorithm. Since the set of p generalized upper-bound con-
straints is usually large in comparison to the usual m constraints
the problem thus can be solved more effectively in terms of compu-
tational requirements. The main sources for this development of the
generalized upper-bound problem are Linear Programming Methods and
Applications by Saul Gass, Methods and Applications of Linear Pro-
gramming by Cooper and Steinberg, and Optimization Theory for Large
Systems by Leon Lasdon.

The need to efficiently solve generalized upper-bound problems

can arise in many situations. Industries find the need to solve

these type in a wide range of areas including transportation pro -

duction-distribution, and resource allocation. Moreover, generalized
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upper-bound problems are formed when solving nonlinear programming
problems by separable programming techniques.

To begin our development of the generalized upper-bound pro-
cedures, let us rewrite (2-1) in the form of figure (2-2) on page

29 where E& is the j—"'-h column of matrix A .

th column of the coefficient

We will now denote Aj as the j
matrix of the entire problem (2-2)swhere each Aj has m+ p ele-
ments, The problem as stated in figure (2-2), has p + 1 subsets
of the Aj's denoted by Si , for i=0,1, ..., p . The Aj's
that have zeros as their (m + 1)3% to (m+ p)Eh- coefficients are
elements of Sy ; i.e., Sj={ :%j] 1< J<ngt . The Ay's

with unity as their (m + 1)52- coefficient are elements of Si ;

ie., S, ={[§§ Iniqp*lsdend, i=1, ..., p,where & is
the p component identity vector with one in the 1Eh- position.

Assuming full rank for the matrix of the system of equations
(2-2) we note that any feasible basis must be of order (m + p) . In
this feasible basis at least one variable must be positive (hence
basic) in each of the generalized upper-bound constraints. This will
mean that any féasible basis must contain at least one column from
each of the subsets S], 52, cees Sp . The remaining m columns of
the basis can be in any of the Si's.

We will now assume that a first initial feasible basis for (2-2)

is available, denoted by B . This basis matrix 8 is of order

<& + Q and its columns are made up of the Aj's.
/
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Since each subset Si must have at least one column in B (ex-

cept SO) » we now choose one column of B  for each subset Si

and designate that columns as they key column for that S If the

Y i
key column in each S5 is denoted by A, = [ ki] s, 1=1, ...op,
i

3

then the basis B may be ordered so that these p key columns ap-

pear first. Now we can partition B as follows:

(3 = 5 (=) (=]
a — —
k] k2 kp : ay : aj

B = ' ! (2-3)

- ’ ’ .9 i _O_ ) _e__
-— — — ] ] .

. ™~ SN -~ \——V_—/
p key m nonkey
columns columns

where At . Aj e B, Aj € Si i#0, and At € S0 . Or,
[~ ' 7
mep ' Gmxm
B = -- - % - - (2-4)
Top 1 Mpm
L —— "
key nonkey
columns columns
where mep = [ak], akz, cees ak;] . prm is m vectors of p com-

poments that are either zero vectors for columns in S0 or unit vec-

tors, E% » for columns in Si , 1#0, and Gmx consists of the m

m
columns of 33'5 for. Aj a nonkey column of B .
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From (2-2c) we see that each generalized upper bound constraint

can be solved for the variable corresponding to the key column

Substituting these expressions for the variable corresponding to the

key column into (2-2b) yields the m équations

b =a;x; + +a_ X a X + ...+
1M ng "o n0+1 n0+1
< ;1
a, (1 - S Xs) o+ +a. x_ + +
7 jengt ) M
J#k]
n
a, (1 Xp X.) + +3a
a - . a_ X
j#k
i J# b
_ ;0 _ ;1 _
b = a.x, + (a, - a, )x. + +
=1 3 g 3 kT
n, _ _ _ B
) (aj - a, )X, + (ak] + ak2 + ta )
Jenp g P P
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or
B g__ "o "
b - = a. x, + (E -a. %, + +
i=1 Ky 321 37 jzn +1 k1) J
n (2-5)
P - -
Lo ey
J=np_]+1

If we define q; = a; - aki for Aj eS;, 1= 1, ..., p anrd

63 = a. for Aj € S0 , then the m equations of (2-5) can be expres-

J
sed
- 85Tl a
b - a, = qQ.x. + q.x, + ... ¢+
P91 K5 g1 T g 9
"p
¥ q:X.
: 2 JJ
J np_]+1
since 65 =0 for j=k;, i=1,...,p . Ormore convenient-
ly
_ FZ) — g _
b - a, = q.X; (2-6)
=1 Ky g= 9

We will now form our "working" basis and later show that it is a

basis for the system of equations in (2-6).
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If we recall the form of B 1in (2-3) and subtract the key columns
from the nonkey columns that are in the same Si , We have a new ma-

trix of the form

je 1]

=/

T % (2-7)

for Aj and At nonkey columns, Aj € Si s, 1#0, and At € S0 .
By remembering how we defined a& Just after the equation (2-5) we

have that T 1is now

where a;‘, i=1, ..., m, is the order of the ﬁj's in T
i _ - _
We now define a "working" basis B of dimensions m xm to be

the first m rows of the last m column vectors of T . Thus
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Therefore T will now have the form

— ]
a a, * = =
Ay, k « B F B
T=f T, P WL TR M (o)
e, e Opm Toxp Opm
]

We now show B is a set of linearly independent vectors, or in other
words a basis for m space.

Since we appliec elementary coiumn transformations to B to ob-
tain the form T 1in (2-9) the rank of T is the same as B , i.e.,
(m+ p) . Thus the columns vectors of T form a linearly independent

set of <‘l+[> vectors. Hence, the last m columns |_ |, must also
0

Tinearly independent. From the definition of linear independence, we
see that the m-dimensional vectors formed by just the first m com-
ponents of these last m vectors must also be a linearly independent
set; i.e., B forms a basis in m space. Now we wish to show that
T in (2-9) can be computed by matrix multiplication on B .

First et us return to the form of B in (2-4) where

B = mep mxm

pxp Hom
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Since we derived T in (2-7) by elementary column transformations on

B , a matrix can be multiplied by B and produce the same form as T

in (2-7). The matrix we will show that produces the form is

1 -H
R=| PP pxm (2-10)
omxp Imxm
where prm is the same prm from B in (2-4).

The product of B with R will be

BR = | ™P S fop Mo
I H
pxp pxm Omxp Imxm
F + -
BR = ( mxp Ipxp Gmxm Omxp) » | mep prm-+ Gmxm Imxm)
(I

I+ -
pxp Tpxp ¥ Moxm Oxp) » (Tpwp s * o L)

F -
BR = | ™p? Crnxin mep prm

IPXP 1 Opxm

If we recall the definitions of F, G and H 1in (2-4) that H

is made up of column vectors of zeros for Aj € S0 and unit vectors

e, for Aj € Si , 1#0, F 1dis the set of columns {ak], e 3y 1,

p
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and G is the set of Ej's corresponding to the nonkey columns, we

see that Gmx - F

m mxp prm is the difference of the columns aj

with then columns a,  for Aj € Si ,» 1# 0, and that the E&'s
1
for Aj € S0 remain unchanged. We thus have that

for Aj € Si s 1# 0 and At € 50 . From the definition of T in

equation (2-7) with the above form of G - FH we can see that

a5 7 3,

!
[
!
: M=
'
'

|

[}
[}
BR T T,
: 0
]

for At and Aj nonkey columns, At € SO , and Aj € Si R

If we recall the form of T in (2-9) we know from the above

i#0.

that

O ™ Froxn Fpsm = B (2-11)

If we replace Gmxm - mem prm with B , the product of B with

R will be

BR mp (2-12)

IPXP Opxm
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Thus we have that T is (2-9) in the same form as the product of B
with R in (2-12). We now show that B s a basis for the system
of equations in (2-6).
We will start with that B is the current feasible basis for

(2-2) with fé the current feasible solution, where

I

by letting 7T bea p-component column vector of 1's . We will also

need to transform the feasible solution by

so that

BXg = (BR)YB = (2-13)

—1]

We now have BR as the basis matrix for the feasible solution

Vé . If we partition Vh into a p-component vector and a m-component

vector and we write BR in terms of (2-12), we have that (2-13) is

now
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y
B]
mep Bmxm pr b
Ioxp Opm . 1
!
. ptl
Y
- BP+m_
which written in terms of its components is
Y y
B Byt
mep . ¥ Bmxm = b (2'143),
N Y
-Bpe Sptm
- 4
¥
By
I . = 7 -4b).
pp | 1 {1-4b)
1
y
- BpJ

We note that from (2-14b) that Yg. = 1,i=1, ..., p. Using this
1

information in (2-14a) we can show that

(2-15)

I~
—+]
+
ool

-
"
o |

j=1 ! .
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th

where ?i is the i— column of mep . Now if we recall from (2-4)
b
that mep = [Ek]’ e Ekp we can rewrite (2-15) in the form
P g, _
I 3, +B | .ptl= b
=i ! :
d:
L Pt
or - -
y.
I | L
B | =b- ]a. (2-16)
’ i=1 !
yo
L Bpfﬂ

From (2-16) and the definition of B 1in (2-8) we can see that B is

a basis for the system of equations in (2-6).

We now define the system of equations in (2-6) to be the "reduced
system" and that the "working" basis B is a basis for this system,
The use of the "reduced system" is a update procedure of 5'1 which
we show later., Next, we shall show that information can be obtained

from using B!

that will enable us to perform each operation neces-
sary to apply the revised simplex method to the oriainal problem in
(2-2).

To apply the revised simplex method to the problem in (2-2), we
need the inverse of the current basis to determine: the pricing vector

or simplex multipliers D , the vector to be introduced into the basis
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and the vector to leave the basis. We will assume that B is the
current basis, with the current basic feasible solution Yé and that
the corresponding "working" basis is B .

In the revised simplex method we must calculate the row pricing
vector D for the original system to enable us to determine which
vector is to enter the basis. Let 5'=:[d(]), d(z)] , where
a1 = @M, ., a{?)y and @ = ({2, déz)) . The prices
corresponding to the m-equations of (2-2b) is d(]) and the prices
corresponding to the p-equations of (2-2c) is d(z) .

The vector D by definition is

where Eé is the (m + p)-component row vector containing the cj's
(see (2-2a))‘corresponding to the columns of B . The vector Eé is
partitioned into a p-component vector for the first p columns called
Cé]) and an m-component vector for the last m-columns of B , called
2)

ol

B The vector EE can now be written Cﬁ = [Cé]), Céz)] )

To determine D from B we would need to solve the (m + p) x

(m + p) set of equations
(2-17)

Now, we shall show that we can determine D by using the inverse

of the "working" basis B .
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By (2-17) we know that

With a substitution from (2-4) for BR along with the partitions of

D we see that

CaR = [d“), d(z)] F B

mxp mxm
Ipxp Opxm

If we recall the definition of R in (2-10) and the partitions

of CB s We can write

1 -H
- E;m C(z"‘)l P e
B B’ B 0 .

= 1 2 (1)
go [0 -5

o
=
]

o
pa=l
1]
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where the last m components are of the form

(CB(Z) ) CB(])H) = ({ct}g{cj - ¢ ) (2-19)

1

for At’ Aj e B, At and Aj nonkey, At £ S0 , and Aj € Si s 1 #
0 . Equation (2-19) will be true, since H from (2-4) is either zero
vectors for columns At € S0 or unit vectors, Ei’ for columns Aj €

Si , 1#0.

We now define
= (c$? -l (2-20)

so that now

If we take the form of DBR above and substitute it in (2-18),

Eé”’ W] ] [de L (@) dmg]

Hence, we have that

we have

Mg 4 42 < () (2-21A)
Mg w (2-218)
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(])'B_

since d(])F + d(z), 1ike Cé]), has p-componénts and d » 1ike w,

has m-components.

Thus, we can find d(]) from post multiplication by 'E'l which
gives
Moreover, since F . = [?k]’ cees Ek;] from (2-4), the p com-
ponents of d(2) can be found from (2-21A) and (2-22)
a(® < {1 (D
d(z) = Cé]) - d(]) [Ek , , 'a‘k
1 p
(2) _ (1) _ =1 ['— =
d = - WB a, » , 4
- a0 ]
Thus, we now have that
d§2) - Cé]) - W§-1ak s i=1, ..., 0p (2-23)

Therefore, we see from (2-22) and (2-23) that the vector T ,
the set of simplex multipliers (prices) in (2-17), can be determined
for the current (m + p) x (m + p) basis B from the inverse of the
corresponding "working" basis B . This vector D enables us to

determine the zj - cj's for those vectors not in the current feas-
ible basis,
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By definition zj - cj = DAj - cj .

nonbasic vectors by calculating 'BAj - C

Thus, we can price out the

(i.e., z: - c;) for each

J i)
Aj that is nonbasic (not an element of B) . Since our problem is
to maximize z , if all BAj - Cj > 0 , then the current solution is
optimal (In minimization if all ‘5Aj - €5 < 0 , then current solu-
tion is optimal), If some BAJ - Cy< 0 , then we will bring A,
into the current feasible basis, where DAu -c, = M}n {DAj - cj}l
Aj ¢ B} .

In computing DAj - ¢y for each Aj not in B , if Aj € S0

then by definition of SO and the partition of D we have

Z. -C.=DA, - C, = (d(]), d(z)) [%ﬂ - ¢

(2-24)

Otherwise, if Aj € Si ,» 1 #0 , then from definition of Si R

i#0, and fhe partition of D we have

d,
] (1 2 J |-
576 Py m = (), ) ];] %

L - = DA. - = (])- (2)
Zj cj DAJ Cj d aj + di - %

N
1
(2]
]
O
>
]
(g

!
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From (2-22) we have .

From (2-23) we have that dsz) = CéT) - ﬁé']ik_ Thus we have
i i
P, I
- = - =wB 'a.+C, -wWB 'a, -¢
zJ oF DA; ¢ j B ks i
. _=-1 — (1)
z.-c.=DA, -c,=WB '(a,-a, )+C -cC
J J J J J ks B J

for Aj eS, , 1#0

Now that we have found the vector to enter the current basis

(A;: DA, - c, = Min {UAJ - cj}) we must find the vector to be eli-

minated from the current basis, This vector is selected based on
the simplex-method directions for preserving feasibility; i.e., we
need to determine the ratio 6 , which requires the expression of

Ay in terms of the vectors of the current basis B . This expres-
sion of A, is
A, = BX, (2-26)

where YL is a (m + p)-component column vector. If we let X =

u
RVL (2-26) becomes

A = BRY (2-27)
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where we partition 7; we will use two cases, One case for A, ¢ S

and the other for Au £ Si , 1#0.,

CASE 1I: Au € S0
From (2-12) and the definition Sg » equation (2-27) can be

written

- r~

a = (1)

u mep Bmxm ylz )
= 2

00 Llpp %m] Lu

(2-28)

K] - M,z (2

u mxpyu +Bm><myu
7dL .YSU

We can now see that from (2-28)
(M _ =
Yy =0 (2-29)

(1)

If we use Y, = 0 to solve for the top m elements of (2-28), we

have that

- = (2)
a = mep 0 + By,
(2-30)
= = gy(2)
3, = Byh
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or

--1= 2
713, -y
If we recall that YL = RYL, the definition of R 1in (2-10), and

partition 7@ into a p-component vector Xg]) for its first p ele-

ments and a m-component vector X<2) for the last m elements, we can

i
show that
(1) ! (1)
Xu - \‘prm Yu
2 —+-- 2
&ﬁ ) { Imxm Yﬁ )

If we substitute the solutions for yﬁ]) from (2-29) and ySZ) from

(2-30) we have

_
M1 i =
011 o Mpsm ?
2 0 I B™'3
Eoit B K I
0 [aes e
u - : u

Therefore, it is clear that we can compute 7; easly from E'],

since H from (2-4) is made up of columns of zero vectors and unit

vectors E% .
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CASE II: A €S , 1<qg<p
u o = =
From (2-12) and the definition of Si , 1# 0, equation (2-27)

can be written

a;1 - mep B Yu
e (2)
L LIPXP Opxm Yu
n

ks (1) = (2)

o I B

T (1)
Leé_ yu

x =Y, (2-32)

When we substitute e in for yS]) » the first m-components become
[+

7 =fr8 +5,(2)
a, Fed+Byu

If we notice that the 4 th column of F is the key column for Sa

(see (2-4)), we can write
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or

-1(—]- (2) (2-33)

Now if we use the partition of Xh from Case I and the definition

of R 1in (2-10) we can write Yh = RYu as

—
1
X
~<

o
—
<
Yo~ £ —~
-—
e

If we substitute the solutions for yé]) from (2-32) and for yéz)

from (2-33) we have

[ ()] g -

X, Ip><p 'prm €4

2| =1

b Omo  Ima| |85,

- -

x1) & - HE'g |

" R (2-34)
( --1_

N | P
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Now that we have found the solution to (2-26), the vector to leave
the current basis is chosen according to the usual rules. First,
however, if all the components of Xu are less than or equal to zero,
then the problem has an unbounded solution. OGOtherwise, if at least

one X >0 then
U

X X
Br Bi
8 = v—— = Min {~— | X > 0} (2-35)
r U
th

where Xu is the i— component of 7; . Therefore, the vector to be
i
eliminated is the PED column of the current basis B .
From (2-35) we have found that the rzh- element of the current

feasible solution will be eliminated. The new feasible solution is

computed according to the usual formulas:

><>
L]
[an]

(2-36)

><>
n
><

B, " oX i=1, «..omp, 1#r

Thus far we have developed formulas based on the revised simplex
procedure to determine whether a current basis B for the general-
ized upper-bound probiem is optimal or not, how to select a vector to
enter the basis, how to select a vector to leave the basis, and how

to compute the new feasible solution. A1l of these formulas use the
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inverse of the current “working" basis. Thus, we need only show how
to update the "working" basis and its inverse and the development of
generalized upper-bound problem will be complete.

We have already found the vector to be brought into the current
basis (Au) and we have also found that the PEE column of the cur-
rent basis B 1is to be eliminated. We are going to let the rEﬁ
column of B be Ays where Ay e Sz . Alsg we Tet Au € Sa

We need to be concerned of the possibility that the subsets Sz
and Sa are the same set, and whether At is the key column for

S for the following reason. Throughout this discussion we have

Q0
assumed that the current ordered basis B contains p key columns
(one from each Si , i=1, ..., p) and m nonkey columns. If

one of the key columns has to leave the basis, we must choose another
column from the basis, in the same Si as the key column, and de-
signate it as the key column. In so doing, a reordering of the basis
must take place to keep the key columns in the first p columns of

B . This will also mean that the "working" basis and its inverse
will be changed in the reordering.

There are three possible cases we must consider; A, is not a

t

key column, A, 1is a key column and 2 # o , At is a key column

t
and 2 = o .

CASE I: At is not a key column.
Since At is not a key column, the first p columns of B
will remain the same when Au replaces At in the basis B : i.e.,

the key columns remain unchanged. Hence, a reordering of the columns

O
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will not be necessary when we change the basis. At in this case

corresponds to a column in the "working” basis B . Thus, to update

B we need only replace 6£ with g, in B (see (2-8)). To update

=-1

B we return to the "reduced system of (2-6).

The "reduced system of (2-6) we recall is

n -

_ p
Y qjxj =b - Z

3
51 j=1 K

1

and that the "working" basis B 1is a basis for this system (see
(2-16)).

The row vector ({ct}:{cj - Cki}) where g, , q; € B, A €S

and Aj e S;» 1#0,will be the row vector of E&'s correspond-
ing to the basis B of the "reduced system". The 35'5 of the "re-
duced system" are the cj's of the original system if Aj e Sy» or
they are (Cj - ck) if Aj eS;, 1#0.

If we recall equation (2-19)
(Céz) - Cél) H) = ((cj}i{cj - cki}) for A, and

Aj nonkey, At € S0 and Aj € Si s 1#0

and equation (2-20)
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we have that

W= ({ct}g{cj - Cki}) for A, and Aj nonkey ,

(2-37)

At £ SO and Aj € Si s 1#0

i.e., W, is the row vector of Gj's corresponding to the basis B

of the "reduced system".
Hence, in the revised simplex method working with the "reduced

system" we will have available the (m + 1) order basis inverse

R ks (2-38)

at each iteration of the generalized upper-bound procedure. What we

Y4

c
u

are going to show is that the column vector (z)u is the pivot
X
u

1

column to bring §, into B , where z - ¢ = min'{ﬁAj - ¢.}

u J

from the original system and Xéz) is from equation (2-31) or

(2-34).

Thus to find the Ej - &.'s for the "reduced system", we multi-
A
. C.
ply the first row of E'] by the column vectors [ J , where ej
g.
J

is the "reduced system" cj and Ej is the vector from the "reduced

system" being priced out. This Ej - ej will be by definition

A _ _-_1_ A
= wB qj Cj

~N
Y4 -

iT S
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From the definition of C; and the definition of 65 we have

([ -1
wB aj - cj

for Aj € SO and Cj from the

original system (2-2)
(2-39)

N>
1
0>
1]
A

wﬁ"‘(aj ERENCE CE(”:))

for Aj € Si s, 1 =1, 0. D, Cs

and Cg  from the original system
1

‘\ (2-2)

If we recall equation (2-24) and (2-25) we see that (2-39) is
equivalent to them. Therefore, the 2j - ej's for the "reduced
system" are the same as the zj - cj's for the original system.

If we were going to transform -5-1 by bringing Eu into B

in the "reduced system" basis, we would use a pivot column of

E‘"'q'u

The pivot element of E']du will be the element 1n the position

that corresponds to Et's position in B ; i.e., we will pivot on
the (r-p)Eh element of E']ﬁu . Note that §'16u has already been
calculated in (2-31) or (2-34) and is equal to Xéz) . The update

transformation of E'] may be shown as follows
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I 1 AR
-]- :- \riB- ) :- _Zu - Cu 1 : wB : 0

R R I P D B G
< - . = ! - | S
0. B Xu 0+ B f e(r_p)

CASE II: At is a key column and ¢ # o .

In this case, At is the key column for Sz . Since, A_ is

; t
| leaving the current basis B , a new basic column from S2 will have

new basic column to take the place of Ay as the key column of S2 s

where AB is in the Bt'—h column of the current basis 8 ., This

means that we must reorder the columns of the current “asis B and
then perform a reorder transformation of the “working" basis B and
its inverse, so that now AB will be Akz i.e., AB is moved to
the %Eﬂ column of B and At is moved to the nonkey gth column
of B . After the entire reordering process is completed the reorder

to be designated as the key column for S2 . Let AB e B be this
ed B and B™' will be updated in the same manner as CASE I, since

At is now a nonkey column. We now show how to perform the reorder

Let us now recall that the form of B in (2-8) is

w |
n

-

.
0
3

for ﬁri(= Gy » 1=1, .. m, where Ej = (a.
17‘0,and a:].=-a—J

form the current "working" basis B so that AS would seem to have

i akk) for Aj £ Si

transformation of the "working" basis B in the reordering process.
for Aj € S0 . What we need to do is trans-

R
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been the vector we chose to be the key column. We also must realize
that the only columns of B that will change are columns a& , COr-

responding to Aj € SQ .

Thus, to accomplish our transformation of B , we need to change

all columns of B that are of the form ﬁj = (Ej - Et) , where At

is the k . g. - (3. -2
s the key column of S2 and AJ € SQ , to 9 (aJ aB) , where

Aj € S2 and AB is the new key column of 52 . We can make this

transformation as follows:

Nall )
"
Cama
ot
'
i
g
]
o
1]
1
[e1]

‘—'-
A
'
——
o
1
[}
(-'.
o
"

(2-41)

A

Q = (at -a)=-1(3 - at) =-g, if j=38

The transformation in (2-41) can be made in B by postmultiply-

ing B by a matrix that will subtract EB from every column aj s

where Aj e S, and Aj nonkey, and also multiply column qB s 1N

)
the (g - p) position of B , by -1 to form G; - This transform-

ation matrix is
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(2-42)
071 .o, -1-1-1 ..., -10,...,0 | - row (g-p)

(mxm)

where V 1is the unit (m xm) wmatrix, except that now row (g-p)
(where the QED- column of B is the current position of AB) has a
diagonal element of -1 and -1's in the positions that corresponds
to the column positions of ﬁ& in B , where Aj € S2 . The product

~ o~

BV will be the new transformed "working" basis B , i.e., BV =T .
We also need the inverse of this new "working" basis E' for the

reordering process to be complete. The inverse of % is simply

Bv)~! = B!

(2-43)
vl g1 .5

Thus, since we know the current B'] we need to find the form of

V! to be able to find B! . We now show that WV = 1 e,
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We know that V 1is the same as I except for row (g = p) .

mxm

Thus, V can be formed by adding matrix to I that has the

following form

mxm

..30,-1,...,-1,-2,-1,...,-1,0...0} - row (g-p)

~mxm)

Column
(g-p).

where all elements are zero except inrow (g -p) . Row (g - p)

has -1's in positions corresponding to the column positions of ﬁj €

th

B , for Aj € S2 ,and -2 in the (g - p)=— position.

If we call the
e(g_p)u y 1.€.,
L = 8(g-p)

(g - p)t'h row of L, uT , we can form L from
0] [0, 00l 1im20m T 1 0)
L th ! th
d' = {1]- (g-p)"" element (g-p)— element
0
L
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Hence, V 1is now

V= T ¥ €(g-p)t

and VV' will be

YV = (Imxm + E(g_p)uT) (Imxm + é(g_p)uT)

Woe Iy * Blgpyu’ + E(goppu * e(g-p)’@TE(g-DDUT
3 W T * 2§(g-p)“T ékg-p)('z)“T

W=1I. . 2§(g_p)uT - Zé(g_p)uT

W= T

Thus we have that V = V'] .

Now that we know the form of V is the same as V'] » equation

|
i (2-43) can now be written.
|

-_] _

VB (2-44)

Hence, the reordering process is complete once we have trans-

=1 =-1

formed B into B ' , since Ay s no Tonger the key column for

52 . We can now update E'] in the same way as CASE I. We will

also need to update W , since EB has also changed order.

o
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CASE III: At is a key column and 2 = o

In this case the leaving vector At is the key column for SQ .
Since there is the possibility that there are no other columns from
SQ (other than At) in the current basis, we have two possibile
situations. If there is another column from SZ in the current
basis B , we designate it to be the key column and proceed in the
same manner as CASE II in reordering B , B and 'E'] . However,
if there is not another column from S2 that is basic, we must let
AB become the new key column for 52 . The fact that there are no
other elements of S, in the current basis will also mean that none
of the columns of the "working" basis will be affected by AB be-
coming the key column for S, : i.e., no update in the "working"
basis.

We have now finished our development of the generalized upper-
bound method. To summarize the steps needed to solve a generalized

upper-bound problem we 1ist the following steps as a guide;

Step One: Start with an initial feasible basis and initial
feasible solution. Order the basis by designating a basic column for

each upper-bound constraint (i.e., Si » 1 # 0) to be the key column

Place the key columns in the first p columns of the basis (i.e.,

form B) (see (2-3)),
Step Two: Form B by subtracting the key columns from the non-

key columns of B that are in the same Si (i.e., form T) and

partition T as in equation (2-12) . An alternate way to form B R
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is to solve B= G -FH , where G, F, and H are the par-
titioned parts of B (see (2-4) and (2-11)).

Steb Three: Calculate 'E'] by any method available.
Step Four: Form W and calculate W] . (see (2-20)).

Step Five: Begin the iterative process by computing 25 - €5

for each Aj not in the current basis B . (see (2-24) and (2-25)).
If all of the computed zj - cj's are greater than or equal to zero
the current solution is optimal.

Step Six: Find the minimum zj - cj and designate the corre-

sponding column to enter the current basis. (i.e., find Au corre-

sponding to z, - ¢ = m}n {zj - clej ¢ B} = m;n {DAj - leAj ¢ B})
Step Seven: Compute X, (see (2-31) or (2-34)). If all X, <
2lep oeven ;

0 then the problem has an unbounded solution. X

B
P . . i '
Step Eight: Find 6 , the minimum ratio Xu for Xui s greater

1

than zero. The X, of the minimum ratio will correspond to the
1’

B
column to leave the current basis. (i.e., 6 = Y_E' implies the r‘-t-n

u
column of the current basis to leave) (see (2-35)) .

1 according to one of the three cases of

Step Nine: Update B~
the update procedure.

Step Ten: Form the new basic variables, (see (2-36)) and return
to Step Five.

We will now solve an example of a generalized upper-bound problem.

We use for an example the problem
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Maximize z = X]

subject to:

5x|+;10x2+ 5x3+15x4*10x5+15x6+ 5x7+10x8 = 34
5x1+10x2+10x3+ S 20)'(5+'15x5+10x7+10x8 = 38
Xo¥ Xy =]
Xg+ X+ % = ]
X 5+ X =1

where m=2 and p=3.

An initial feasible solution to the problem is Xy = 1/5, x2 =1,

X3 = 0, Xq = 0, Xg = 2/5 , Xg = 3/5 , Xy = c, x8 =1 . Our initial
unordered feasible basis is therefore [Aq, A2, A5 A AS] =

’ 6°
51010 15 10
510 20 15 10
01000
00110
0 0 0 01

Our first step s to order our basis by designating key columns.

We will let A, be the key column for S] = {AZ’ A3} . A6 be the key

2
column for S2 =-{A4, AS’ AG}’ and AZ bg the kev column for S3 =

{As, Ag} -




65

The ordered basis is now

B = [AZ’ A6’ A8’ A], As]

If we parition B in the form of (2-4), to form F, G, and H s We

have

- -
1015 10v5 10 E
_ Lw_15 1005 20 2x3 1 Bax2
B= 3" 97 0% of~ ([T T
0 1 0'0 7 3x3 | Maxz
0 0 1.)0 o0
i .J

We now need to find our "working" basis B . Since we know F,

G, and H from the parition of B above, we have that

00
10 15 10]0] =[5 -5]
10 15 10J[4 o] L5 5

5 fo-n) - oo

The inverse of B may be calculated in many ways. The one we

will use in this case is the elementary row procedure to change

¥ i2><.2] to (1,1 5”']

. 5-5:10 1-111/50
B 11 = ! ~ ! ~
[:2xJ 5 5,07 1 1:0 1/5
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1 -1v s o (100 110 1/10)
2,-1/51/5 o110 1/10]

100 1/101/10] Ly (5]
0 1°-1/10 1/10 2x2

o

Thus, we have
-_1 1/10 1/10
B =
-1/10 1/10

To form w we use H from the partition of B and C

M, ¢, (@)

B:
(0, 0, 0 1, 0) . (Note c is the only nonzero Cj)

We now have

W=(Cé2)_cé1)l~;)=([1,0 . o. o][o1]) [. o]

and

w57 1, o][]/10 1/10] = [1110, 119

-1/10 1/10

We now price out the vectors of the original system not in the

basis, i.e. calculate Z; - G for A3, A4, and A7 . From (2-25)

‘we now have
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- P

-5 - 10

23 - ¢ = [1/10, 1/19] +0-0=-1/2
37 G

10 - 10

15 - 15
24' C4 = []/]0, ]/]O] +0-0=-]

L.5-15J

[ 5 - 10]

+0-0=-1/2

z - ¢, = [1/10, 1710
- [ 1| B

Thus, the minimum zj - Cj is z4 - ¢4 = -1 . This means that
A4 is to enter the current basis. Next we calculate '74 to deter-
mine the mimimum ratio o . We know that A4 £ 52 and therefore from

equation (2-34) X, s

where

i 1710 1/10 [
=1

W L0 110 b

0 0 - _ro

Bl - [o 1] N [1]

0 0 0
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So that now

X
- B
Since only the second element of X4 is positive, the ratio Y—g
42
ééé will be 6; i.e., 8 = 3/10 . From the fact that theminimum

X
ratio is _Eg_ we know that the second column of the basis, Ag » must

X
leave the basis .

We must use Case III of the update procedure to update '§'1 s

since A6 is the key column for 52 and A4 is an element of 52 .
We now make A5 the key column for 52 » because it is the only other
basic column from S, . We do this by multipling B! by V.

The form of V s

%

where the second row is the 5-3 row (i,e., (9.~ p) in develonment),

-1 1 0f]1/10 1/10 110 -1/10
v 0 -1}}-1/10 1/1Q 1/10 -1/10

Thus,
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Note that w has not changed since all cj's =0, j#1 and hence

all (cj - ck_) =0 for Aj € S_i , 1T#0.

! =] -1

We now calculate WB T

with the new B™' (i.e., VB ')

- 1710 -1/10
W o= [1 uﬂ = [1/10, 1/1(1
1710 -1/10

-1

We can now update B to E'] as in equation (2-4 ), where

2 _¢C 111/10 1/10--1

1 o 48 — -

S el I CRRTAL -1/10. | =
: X§2) 0'1/10 -1/10 2

: 320 T/20 Y0 = |= - if--

..-__3[2_0_'_ 1/20_0,_9_ 1 " W*ﬁ—]: 0
v 1/20 0-1/20 |

From the above we see that the new Bl

_ 3/20 1720 )
B! - [ ] w! = [3/20 1/20]

1/20 ~1/20

It is important to note, as we form the new basic variables, that
then leaving vector Ag was moved to the sth position in the basis

and that A, has taken its place.




The form of the new basic variables is
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iB =1 - (3/10)(0) =1 which corresponds to the value of Xo
1 .

iB = 2/5 - (3/10)(_1) = 7/10 1] " L] n n H X5
2 .

XB3 =1 - (3/10)(0) =1 " Xg

v " " " " " n X

XB = 1/5 - (3/10)(-1) = 1/2 1
4

)'EB = 9 = 3/10 n n ] " ] ] X4
5

We start the iterative process over by

z, - c.'s for the vectors not in the basis.

i
A6 and A7 .
5-10
zZ, ~C, = |3/20, 1/20 +0-0= -3/4
yeeye o] (571)
15 - 10
—cp = £0-0= 1/2
26 -cg = [p/20, 1/20) ) 0 /
15 - 10
] 210 0-0-=-3/4
zZ, -C, = {3/20, 1/20 +0-0= -
e | 10 - 10

In this case for A3,

again by calculating the

We arbitrarily choose A3 to enter the basis, since there is a

tie between z3 - c3 and z, - ¢; as

We now calculate 73

the minimum 2z, - c. .
J J




where
= _= = 5 10 -5
gy = a5 -~ a - =
=i -w ] - [5] - [7)
s 3/20 1/20] [5] -3/4
q - =
5 Lz -1720d Lo _1/4
] (0 o0 0
-1= -3/4
HB "4y = {0 1 [ ] = |-1/4
] 0] ;174 [ o]
So that now

><
(]
OO —
\/
1
TN
—
O;O
v‘
L
—h
\ - |
=
i ]

3 - 0

(-3/4) _3/4

| WYY -1/4
The positive elements of X, are X, =1 and X, = 1/4

3 X 3] y 32

B B
the possible candidates for 6 are o+ = ) 204 2 - 7/10
00T Y,

71

Thus



X X 72
B B
Since —— 1is the minimum of the two, 6 = Y— ° 1 and the first
1

Column of the basis, A2 , 1s to leave the basis,

Since A2 is the key column for S] and the only hasic column

from S] , the entering vector A3 must be the new key column for

1

This is a Case III update, where no change in B~ takes place

] -
So §"]

S

=] . .
and WB remain unchanged

3/20  1/20
Bl - Wl - P/zo 1/2@
1/20 -1/20

The form of the new basic variables is

281 =0 =1 which corresponds to the value of Xq
A .

XBZ = 7/10 - (1)(1/4) = 9/20 n " n n n " X5
A

XB =1 - (1)(0) =1 " " " n " " X8

3

284 =1/2 - (1)(_3/4) = 5/4 " n " n " H X.I
)?B = 3/10 - ('l )(_1/4) =11/20 ] " " " " " X4

We again start the iterative process over by calculating 25 -C;

for A, , Ac and A, , the vectors not in the basis.




2y - €y = 3/20, 1/26]

Zy - C4 = 3/20, 1/20]

-

-
z, - c. = |3/20, 1/20] (
6 6 |

Since z; - ¢, s the only hegative Z
basis

We now calculate 7}

I =-1_
€y - HB 97

-_1-

B d5

where

SN
- =5 -5 = -
97 7 97 " % 10

_ 3/20  1/20 -
515, - {
7 1/20 -1/20 >

. 0 01 314
HB™*g, = |0 1 .
o o) LV

We now have

10 -

5
_] +0"0

10
10

5
0

C.
J

- 3/4
100 Lo.0=1/2
- 20
10
o] to-0=-34

. A7 is to enter the

|- [
|- [l
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R
0 0
0} - (&/ 1/4
_ J
X, = - 1
('3/ 4) -3/4
| \-1/4
| -1/4 |
Since the positive elements of X7 are X7 =1/4 and X7 =
X 2 X
B2 _ 9720 By 1
1, the possible candidates for 6 are yn 7 and y—==7 .
. 72 75
Thus, 6 = X—§-= 1 and the third element of the basis, A8 R
74

is to leave the basis.

This will be a CASE III update, where no change in B will
také place. We have a CASE III update, since the leaving vector %&

is the key column for 53 and no other column of S3 is basic. We

will now have that Ay 1is the key column of S3 .

The new basic variables are

XB =1 - (1)(0) = which corresponds to the value of
1

¢ " " 1 1t 1 ]

XB = 9/20 - (1)(1/4) = 1/5
2

i =g = -| " " n " " ]
B

'X‘B - 5/4 - (])(_3/4) - 7/4 1] 1] n n 1n n
4

)?B = -”/20 - (])(_]/4) = 4/5 1} n 3] n ] 1]

X3
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We begin the iterative process again by calculating zj - Cj for
A2, A3, and A8 , which are the vectors not in the basis.

0-5

2, ~c, = (320, 1/20] QO,]O)+0-0=3/4
15 - 10

z5-¢, = [3/20, 1/20] (15 - 20,)+ 0-0=1/2
10 - 5

zg - Cy = [3/20, 1/20] (10_10> 0-0-=3/4

Since there are not any negative zj - cj's , the current so-

lution is optimum. The current solution is X] =7/4 , 0,

iy =

Xq = 1, X4 =4/5 , x. = 1/5 , Xg = 0, Xq = 1 and Xg = 1 , which

5
gives a maximum value of 7/4 for- x]; subject. to the constraints of
the problem.

We have now finished our example of the generalized upper-bound
method. We have shown how given an initial feasible solution vector
we can form E'] and apply the generalized upper-bound method until
an optimum solution is found or we determine the solution is: un-
bounded. In conclusion we would 1ike to state that the generalized
upper-bound method does.entail an extra burden in bookkeeping (i.e.,
what are the key columns and to which Si the columns of B belong),
but the obvious savings in computational requirements and storage
will more than justify the added bookkeeping effort. Problems where

the generalized upper-bound method will be of greatest savings are
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problems where p is large in comparison to m ., It should be noted
that the example problem, where m =2 and p =3 , is not an ac-
curate test of the savings the generalized upper-bound method can
have, since 3 is not large in comparsion to 2 . An examnle of
the savings of the generalized upper-bound method has been renorted
by Hirschfeld in solving an operations‘p1anning oroblem with 50,215

constraints, (627 regular constraints and 49,588 qeneralized unper-

bound constraints) and 282,468 variables. The prohlem was solved

on an IBM System 370/165 in 56,3 central processing unit minutes,

with a total elapsed time of 2% hours.
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