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CORRECTIONS

The nuclide considered in this thesis should be Fm256

100
instead of 101Mv256' The reference cited on page 94 states
that the spontaneous-fission half-life of Fm256 is defi-

100

256 35 thought to decay by /6"

nitely 3% hr and that |, Mv
emission (to loorm256). The value of x for looFm256 (when
calculated with the constants used on page 96) is 0.814.

In the calculation of the Gamow integral (page 100 ff)

a factor of 4J2 was omitted. This omission causes an error
in the calculated half-life. If the gorrectly calculated
half-1ife is 10Y sec and the incorrectly calculated one is
10V sec, the relationship u = J2( w + 20.5) - 20.5 re-
lates the two half-lives.

The two errors change the comparison of calculated and
experimental half-lives. The latter error, for example, changes
the 101°8-sec half-life in Table V to 101! sec. The change
of nuclides will increase the activation energy Ep slightly;
for 100Fm256 Ep 1s probably between L.8 and 5.3 Mev. This
increase in Ep will increase the half-1ife calculated by the
method adopted in Chapter VI. When both of these errors are
removed, the best value obtained for the spontaneous-fission

helf-life of .  Fm256 1s 10%® sec. (The table on the following

100
page replaces Table V when the two corrections are made.)

Williem Douglas Foland
Knoxville, June 25, 1958



TABLE V (CORRECTED)

CONSTANTS OF THE BARRIER AND oPONTANEOUS~FISSION HALF-LIFE
WHEN Ef DETERMINES x

% | tom
(Mev) | used x (22 )pax a T"z [ n (a':) ] z'lz [ m (4:.3)]
L.8 az 0.840 | 0.68 0.90 1077 sec Y e
4.8 ag 0.8L45 0.72 0.93 G s W Tegwo
5.3 ag 0.836 0.69 0.91 109'5 sec 1010'2 sec
5.3 ag 0.8L40 0.73 0.94 160 gwa IR et
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CHAPTER I
DEVELOPMENT OF THE MODEL

Many theoretical studies of charged liquid drops have
been made. There are two reasons for such studies: (1) Under
certaln conditions a charged 1iquid drop can be in a dynamical
state which 1s unstable (either classically, quantum-mechan-
ically, or both). (2) The 1iquid drop is an example of a
system of particles held together by saturatedl forces. These
two characteristics of the charged liquid drop have led--both
separately and jointly--to the liquid-drop model of the atomic

nucleus.,

Developments Prior to the Discovery of the Neutron

Lord Rayleigh2 made the first study of the small de-
formations of a charged liquid drop in 1882, He was consid-
ering a charged conducting drop (which might be of mercury)

1p saturated force can arise in two ways, both of which
can be most concisely expressed in mathematical terms: (1)
The potentlal energy of interaction between any two particles
approaches +®@ when thelr separation apgroaches elther some
small finite value or zero. (These are "hard-core" particles.)
(2) The potential energy of interaction contains an exchange
operator which changes the sign of the potential energy of
interaction for anti-symmetric and not for symmetric states,
When two particles have small average separations, their sym-
metry property determines whether they attract or repel one
another. Saturation 1s manifested by the total binding energy
and the volume of the system being both directly proportional
to the number of constituent particles.

27. W. S. Rayleigh, Phil. Mag. 1l, 18} (1882).



2
which he found to be dynamically unstable against small de-
formations when the ratio of electrostatic to surface energy
of the undistorted drop became as great as two. For a
oharged, conducting, spherical drop with charge & and radius
Ro s the électrostatic energy is E;= E’- ‘?‘/ﬁ ;' its surface
energy can be written as E”r— ¢1R-0 where O 1s the energy
per unit area. The Rayleigh condition for instability is
thus E:/E: z 2 ,

Rayleigh used the Lagrangian formulation of mechanics
for considering the small deformations of the drop. With
spherical coordinates for the drop he assumed distortions
such that the distance from the center of the drop to a point

on the surface 1s : ;

nltad) = 2 e, P (e

ns o "y "

integral
where the Pn 's are the Legendre polynomials. The drop
thus has axial symmetry: there is no dependence on the

azimuthal angle ¢ . For the kinetic energy of the drop he

obtained
- >
T = 2l f R> Y (zn*+n) ! (%%*

o
where f ls the mass density (which is uniform and constant).
The potential energy can be difgided: into two parts: a surface
part ( Vs Y and an electrostatic part ( VE ) with V= Vs * Vg .
For |/ Rayleigh obtained o ’ (h=0)(nt2) =
yleigh , V, = am J- 3 Guooinrs)

* Zn 7 Qv
and for V ! Q" n-/ z
8 Ve = T 1rs 2 y s L



The Lagrangian L = T -V 1is separable 4 Au :
and the equation 5’—{_ ;b%)~ ?ffi\ =z 0 gives the equation
for uncoupled coordinates

k8
XY —) ¥ - = d
i + AP G0 - Fp]an =

The system behaves like a collection of uncoupled oscillators
whenever the coefficient of @&, in the differential equation
is positive.3
Rayleigh's study of the charged, liquid drop was
motivated principally by the first of the two reasons noted
above. The second important study of charged liquid drops
was motivated by the second of the two reasons. This study
was begun by Gmnow,""'6 in 1929. He was considering the similar-
ity of the 1liquid drop to the atomic nucleus. From the avail-
able nuclear data Gamow had concluded that O particles retain
their identity inside the nucleus; this implies saturated
forces between particles with resultant surface tension. The
macrophysical analogue is the liquid drop. Gamow extended

his considerations to include charge. The important change

introduced by the charge occurs for the potential: for an

| 3Part of this formulation is found in the work already
cited. The remainder is in

J. W. S. Rayleigh, Theory of Sound (New York: Dover
Publications, 1945), Vol. II, pp. 37I-L.

MG. Gamow, Proc. Roy. Soc. (London) A, 123, 386 (1929).
5Ibid. 126, 632 (1930).

6G. Gamow, Physik. Zeitschr. 30, 717 (1929).



uncharged drop one has a potential well on a desert; for a

charged one, he has a well on a hill (see Figure 1).

Vin) | (uncharged) Vi

P i
’// n

Figure 1. Potential for uncharged and charged liquid

(charged)

drops. ( v(n) 1is potential, a function of position. It 1is

the potential for a molecule being added to the drop.)

Using his quantum-mechanical solution for barrier penetration,7
he was able to give a qualitative explanation of & -decay

based on this analogy of the charged 1liquid drop.

The Weizsgcker Semi-Empirical Formula

Studies of charged liquid drops have become numerous
due to the liquid-drop model of the atomic nucleus. These
studles are usually based on Weizsgcker's'semi-empirical for-
mula for nuclear binding energies published in 1935.8 This

formula expresses the binding energy (B) of a nucleus with

7G. Gamow, Zeits. f. Phys. 51, 204 (1928).
80. F. von Weizsacker, Zeits. f. Phys. 96, 431 (1935).



A nucleons and % protons as

= 2 I X
Pt (1 p(y]- A% -3 22

in which & , /3 5 ¥ and 2, are parameters and € 1s the
magnitude of the charge on the electron. (A/=A-Z' is the
number of neutrons.) The parameters are adjusted to fit
empirical data. It was known that the density of nuclear
matter was nearly constant from one nucleus to another. This
leads to interpretation of the first term as a volume energy,
of the Azl, term as a surface energy, and of the /\_‘/’ term
as electrostatic energy of a spherical body with radius leA?b
and with a uniformly distributed volume charge of magnitude
e

The Weizs;cker formula gives the binding energy for
the ground state of the nucleus. If the nucleus is distorted
from the spherical shape assumed for the ground state, the
binding energy is changed. The new binding energy cannot be
learned through use of the formula alone. The formula can,
however, suggest how one might obtain the new binding energy.
To gain maximum information from the formula--with the aim of
extending this information--one must consider the various
quantities appearing in the formula. The x A part' of the
volume energy is the contribution of the charge-independent,
short-range, nuclear force for A nucleons--all saturated.
There are now two corrections to this: (1) The — 7T All'g
corrects for those nucleons lying in or quite near the surface

of the nucleus; they cannot have completely saturated forces.



(2) The symmetry energy term--the second part of the volume
energy--is a qualitative expression of the Pauli exclusion
principle and the exchange character of the forces. A cor-
rection of this form is necessary because both the kinetic
energy and the potential energy of the nucleus increase with
the (q?kj;)L term.9 This 1is understandable only in terms of
quantum mechanics. The nucleus can have at most four nucleons
in a given energy level--spin difference allows two like
nucleons in a single level. When a level has its quota of one
kind of nucleons, other nucleons of the same kind must be pro-
moted to higher energy levels. The effect 1s associated with
both the Paulil principle and the exchange operator used to
represent the potential. The increased energy reduces the
binding of the nucleus. The electrostatic term in the binding
energy 1is purely classical--the mutual repulsion of the %
protons. Weizsgcker recognized some of the similarity between
a liquid drop and the nuclear model expressed by his formula;
the extension of the information contained in the formula,
however was achieved only after the discovery of neutron-
induced fission. This extension came through the study of

the liquid-drop model.

9J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear
Physics (New York: John Wiley and Sons, 1952), Chapter V1.



The Completion of the Model Following the

Discovery of Nuclear Fission

The discovery by Fermi and his co-workers of the crea-
tion of new isotopes by nuclear reactions in which a neutron
combined with a stable nucleus led him to suggest that it
might be possible to create nuclel beyond uranium--i.e., with
atomic numbers greater than ninety-two.lo Experiments in which
uranium was bombarded with thermal neutrons did lead to the
discovery of transuranic nuclei; they also led to the discovery
of neutron-induced fission.

Shortly after the discovery of fission Meitner and
Frisch11 suggested that the fission phenomenon might be quali-
tatively explained through use of the analogy between the
nucleus and the charged liquid drop. They emphasized the
competition between the .surface tension and the electrostatic
repulsion--the former tending to hold the drop together, the
latter tending to cause it to fly apart. They therefore sug-
gested that for uranium the electrostatic repulsion should be
almost large enough to cancel the surface tension--the nucleus
should have only slight stability in this sense. If one could
cause the nucleus to vibrate in a mode corresponding to the
collective vibrations of a charged drop, he could cause the

nucleus to divide provided the amplitude of vibration became

105, Permi, Nature 133, 898 (193l).
115, Meitner and O. R. Frisch, Nature 143, 239 (1939).
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large enough to enable the electrostatic repulsion to over-
come the surface tension. In order to cause the vibration,
one would have to supply energy to the nucleus. The energy
could be supplied by the neutron: when it enters the nucleus,
a new nucleus--a "compound nucleus"--is formed; and the binding
energy of the neutron becomes kinetic energy of the compound
ﬁucleus. One has, therefore, a qualitative picture of fission.
Meitner and Frisch further suggested that the neutron-
induced fission could be looked upon as a purely classical
phenomenon. They gave two arguments supporting their sugges-
tion: (1) It would seem that the distortions necessary to
produce fission must be large-amplitude distortions. This
would mean that the zero-point distortions demanded by quantum
mechanics must be negligible. (2) Practically all of the
fissions are caused by large-amplitude distortions. The
probability-per-unit-time that a large-amplitude distortion
produce fission via quantum-mechanical "tunnel effects" must
be quite small because of the large mass and barrier involved.
The barrier to be penetrated can be represented by a
simple picture. In Figure 2 V (%) is the potential energy
of distortion--the work one must do on the nucleus to produce
a given distortion--and & 1is a parameter which defines a
given distortion. E;_ is the minimum work one must do on the

nucleus to cause it to divide.



V(o)

Figure 2. The barrier to fission.

Bohr immediately recognized that the proposal of
Meitﬁer and Frisch was promising.12 He emphasized the com-
petition among modes of decay possible for the compound
nucleus formed when the neutron enters a stable nucleus. The
compound nucleus has excess energy which it must lose. It
can lose this energy through radiation, emission of particles,
or fission.13

The analogies proposed by Meitner and Frisch and by
Bohr completed the outline for the liquid-drop model of the
nucleus. The details of the model and its applicability

were first studied by Bohr and Wheaele:r'l)+ who determined some

12N. Bohr, Nature 143, 330 (1939).

13The liquid drop contains, in addition to the analogue
of fission, an analogue of the emission of particles from the
compound nucleus in a nuclear reaction: thermal energy becomes
concentrated in some molecule of the drop which, as a result,
evaporates. This analogue was not considered by Meitner and
Frisch.

1kN. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939).
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of the quantitative predictions of the model and checked these
predictions against known experimental data.

Bohr had suggested that the model contains an explan-
ation of the stablility of heavy nuclei with respect to spon-
taneous fission. To examine this aspect of the model, he and
Wheeler considered the energy released by fission processes
for a number of heavier nucleli. These fission processes were
conceptual binary fissions in which the original nucleus divided
into two identical nuclei. (Whenever 24+ particles were
to be divided, one daughtér nucleus got A , the other &+ /
particles.) They estimated that such fissions release energy
whenever the original nucleus contains around one hundred or
more nucleons. The amount of energy released grows rapidly
with the number of nucleons: they estimated that such a
fission for 28N161 requires the addition of 11 Mev, for

Sn117 releases 10 Mev, and for 92U239 releases 200 Mev.

0
ihey then investigated the liquid-drop model and found that
it provided an explanation for the stability of the nuclei.

The model says that the heavy nuclel are stable because
in a small deformation the surface energy increases more rapiidly
than the electrostatic energy decreases; before fission can
occur, distortions of the drop must become large enough to
reverse this behavior. To examine the explanation, Bohr and
Wheeler described the model quantitatively. They assumed:

(1) The 1liquid is incompressible since nuclear matter has

constant demsity. (2) The initial state corresponds to a



1d

spherical shape. (3) The charge distribution is uniform;

the total charge 1is Ze. ()4.) The surface tension 1s the same
for all nuclei; it 1s a constant. The center of the drop was
chosen as the origin for sphericai coordinates. Distortions
of the drop were then assumed to be such that the distance

from the origin to any point on the surface becomes

A@) = R[1+a, +a, B, () 4 a, B (cov¥) + ]

where 1} is the colatitude, R is the original radius, the
&, 's characterize the distortion, and f;(coa. 3) is the Legendre
polynomial of degree =W .

Upon calculating the change in the energy (surface plus
electrostatic) produced by small distortions, they learned
that the drop, or the nucleus, first becomes unstable for the
RL distortions. (These produce "dumbbell" shapes.) The
spherical drop is unstable with respect to any small distor-
tion of the Fi type when the ratio of electrostatic energy
to sufface energy 1s greater than two.15 For a nucleus this
ratio 1is %*?tg-/}n' R;-D where O 1s the surface tension.
with R =M, AY3(from the assumption of incompressibility) and
with ®”, and O from experimental mass-defect data, they

obtained the ratio for 1238

(electrostatic energy) _ £:
(surface energy) T Foe

157his 1s the same as the Rayleigh criterion (p. 2).
Note, however, that this electrostatic energy 1is due to a
volume charge whereas the Rayleigh electrostatic energy is
due to a surface charge.
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The ratio E:/E; is an important quantity. Since it occurs
so frequently, it is used to define a quantity X as
X= 2" E:/EO. (The zero superscript is the conventional
ground-state notation. The subscript "c¢" on the electrostatic
energy is frequently used; it comes from the words "Coulomb
energy.") From this value one sees that uranium is below the
point where instability sets in. One can furthermore conclude
that all nuclei below uranium will be below the point where
instability sets in: the ratio of the two energies grows as
z‘/R‘,"or* e'L/A g

The fact that the model does not predict instability
for nuclei known to be stable is, of course, no severe test
of the model. Bohr and Wheeler extended their calculations
of the change in energy produced by distortions in order to
be able to consider large-amplitude distortions. They wanted
to calculate the minimum energy one must give the nucleus in
order to cause distortions so large that the nucleus takes on
a critical shape--a shape for which the space-rate of decrease
of electrostatic energy becomes larger than the space-rate of
increase of surface energy. For this shape the nucleus 1is
unstable; it has enough energy for fission. (The critical
shape for the conditions under which Figure 2 1is applicable
occurs for &' such that V(a')= Ea-‘ --this 1s the "top of the
hill.")

The energy necessary for the critical distortion is

denoted by E}--the minimum energy necessary for fission.
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They wrote for this energy

5;: = dral AB.0 fx) (= £° - f )

where f(x) is some unknown function of the X defined on the
previous page. They found f(x) for values of X near unity--
the instability 1limit for P,_ deformations
_ %28 (,_,\3 _ 1n3 _x W v
Fo) = Jp G-x)% - M3CE (i-x)F 4
and near zero (very small charges)

< 0,260 - 2.2¢5 X,
f0x) & They then

connected the two regions with a plausible curve. As uranium
is near X =) , they could achieve a rough prediction of E:-F
for uranium from their curve. Instead of doing this, they
took E_{, from estimates based on experimental data in order
better to determine X for uranium. They conclude that Ef =
6 Mev and x= o074 for U239.16

The classical treatment assumed in the liquid-drop
model was justified by Bohr and Wheeler for the F,_ dis-
tortions. They found the time average of the square of the
amplitudes for the zero-point oscillations: <Q: 72",'.
For 0.'_ they have a frequency of oscillation, Wy for

which they calculate ;,_’- t@,_ = ~ 0.+ Mev. Then they havel7

16‘I‘his value of X 1s smaller than the one given in the
previous case. This value allows the & used in the other case
to be retalned and increases 4, by five per cent. Bohr and
Wheeler considered this agreement a satisfying check on 9 and
,"o

17As Rayleigh showed (see page 3), the different modes
of motion are independent for small amplitudes where they be-
have like simple harmonic oscillators. The time average of



(Q';_>z ~J _5_.-—:?-—— = -‘—-.’.’.5—!- = IS

s [
2 e LI O, O, 94 Mew
IO
where <a:>{ refers to the large-amplitudes which lead to
fission. The large ratio justifies the use of classical

methods for this mode.18

The magnitude of the contribution
of quantum-mechanical "tunnel effect" was also estimated--the
effect had been assumed negligible. Their calculation was
for a very crude barrier, so their estimate of the spontaneous-
fission half-1ife has 1little value. It did indicate the - °
validity of this classical treatment of fission.

A number of other aspects of fission were considered
by Bohr and Wheeler. Among them are the cross-sections for
various events: capture of the neutron by the nucleus; decay
of the compound nucleus by radiation, neutron emission, and
fission; and capture of other particles and of photons by the
nucleus and the subsequent decay of the resulting compound
nucleus. Their results are generall& good; but the treatment
does not further the development of the liquid-drop model, and
it will not be considered in this thesis.

Experimental data showed that uranium fission was pre-

the square of the amplitude of a simple harmonic oscillator
is proportional to its energy.

18There are two steps that require justification for
the liquid-drop model. Replacing quantum mechanics by classical
mechanics is the step considered here. The other step is
replacing the many-body problem by the problem of the con-
tinuous medium.
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ponderantly asymmetric.( For the large-amplitude distortions
which can lead to fission Bohr and Wheeler had considered
only £, and fi deformations and their couplingl9 which
combination must lead to symmetric fission; i.e., division
into two nuclides of equal size. They suggested that asym-
metry might arise after the nucleus passed through the critical
shape, The state of the nucleus is represented by a point
in the hyperspace of the a, 's; the critical shape corresponds
to a saddle point on the poteﬁtialiénergy surface in this
hyperspace. Their suggestion was that the nucleus point
might take some path to fission othei:éhan the path of
steepest ascent to and descent fraal%h; saddle point.

The large-amplitude distof%ioﬁé;were studied in more
detall by Present and Knipp.zo Tﬁéir'éstimateg of the
quantum excitation enefgies--for fhe'distortions represented
by the 0., 's--indicated that one}néedrconsider distortions
through a“ and none higher. Their calculation of the
potential energy of distortion--the potential-energy surface--
shoved‘strong coupling between even and odd harmonics, If

AE 1s the potential energy of distortion,
AE = E° F (x3a,) |

where F (x;a,) 1s a multiple-power series in the &, 's

O g

19Small-am.plitude distortions can be treated as un-
coupled (see page 3), but large-amplitpde distortions cannot,

20
R. D. Present and J. K. Knipp, Phys. Rev. 751
and 1188 (1940). . 2L
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with coefficients linear in X --which has 1its previous defini-
tion. The F(x; 4,) of Present and Knipp extends beyond the
comparable one of Bohr and Wheeler,21 and should provide a
stronger test of the model.

The odd-even coupling of Q, and 4, was considered
for two values of X: X= 0.85 , corresponding to the first
value obtained by Bohr and Wheeler for uranium, and X= 0.7,
corresponding to the value they thought more nearly correcte.
In order to be consistent in retaining small quantities,
Present and Knipp assumed that a; < a:/z. (This assumption
was justified in the result obtained.) For x= & &§ they
found a saddle point at &, =4.65, 4,425 with E;= 6 Mev;
for X=0/75 3 Q.= 0. 66 , qQ,=030 and £

f
the value of E{— is acceptable; for X=0,7 it is not. The

= 13 Mev. (For X= 0,85

application is to uranium.) Present and Knipp tentatively
concluded that the 4.2, coupling would lead to asymmetric
fission with a mass ratio of 2:3 for the resulting nuclei.,

The 0.65 is a large value for d.l; the power series

converges slowly for such large values. Present, Reines,

21W1th the exception of 4:-0.4. ~and dzfl:, the multiple-
power ser;.es of Present and Knipp includes all Q:ll'@: 4-/3 such
that ID?_/ZJ:.’*"; with 2 é/" €% and o4 ’/?‘- < 5. The comparable
series of Bohr and Wheeler contains 4, and Q+ only, and the

inequality has £8 instead of < /2 ,
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and Knippzaz extended the F(X; Q.,) to include powers to 4: o
The convergence remained unsatisfactory, however, for the
saddle point of uranium. The difficulty was due to the large
values of &, at the saddle points. (The /4 distortion
produces the dumbbell shape which represents pretty well the
critical shape.) To avoid the expansion in terms of the large
a4, , Present, Reines, and Knipp chose specific values of @3
and performed expansions in p6wérs of Q4 e In this wﬁy they
obtained ah expansion which 1s valid for X > 48¢. An
extrapolation to AX==0”T,gave a satisfactory activation
energy, E} » for uranium. By including 4, , and 43 in
the calculations, they determined the odd-even coupling for
the large values of X . They conélgded that the critical
shape was symmetrical for X > 9,4/ ; the odd-even coupling
did not account for asymmetric fiésiqn as it had seemed to do
in the earlier paper of Present and Enipp.

Present, Reines, and Knipp also attempted to calculate
the spontaneous-fission lifetime fﬁr v235, (The method used
was the one which %s used in this;thesis. For details see
Chapter IfI.) The predicted lifeﬁime was shorter than the
experimental one., | }

The difficulty of obtaininébbiééise predictions for
uranium from the liquid-drop model“is;gllustrated by the
problem arising in the paper of.Present, Reines, and Knipp:

,,// e iame S — —

o . - P,

'ﬂ* i = s

22 D, Present, F. Reines; and J. K. Knipp, Ph R
. ° . ° ys. OVe
70, 557 (19&6). [ ’ g
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the calculations necessary for the potential energy of dis-
tortion ére quite easy when one 1is interested in small dis-
tortions; when one considers the Iéfgé distortions which
produce fission, however, these calculations become quite
laborious. When the convergence 1is as slow as Present, Reines,
and Knipp indicate, the calculations become prohibitivé. With
the help of an electronic computer Frankel and Metropolisa3
attacked, and were able to solve, the problem of these calcula-
tions--not only for uranium, but for other examples also.
They indicate that their numerical calculations should be
accurate to within a per cent or so for a number of saddle
points; a half-life for spontaneous fission was given for
uranium only.

The model used by Frankel and Metropolis 1s the same
as the model already considered. The distortions they con-
sidered for most of their work include only even harmonics
through P/o o They dild consider /D, and /73 for the
investigation of asymmetric fission; for all other work no
odd harmonics were considered.

In Table I are given coefficlients for saddle-point
shapes for five nuclel as determined by Frankel and Metropolis.zu
From the table it 1s immediately ﬁpparént that power-series

methods are impossible for small values of X and become good

i 23s. Frankel and N. Metropolls, Phys. Rev. 72, 91k 3/
1947).

ZhThey also give drawings of the saddle-point profiles
for these five nuclel,
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SADDLE POINT SHAPES FOR FIVE WCIEIa

a L .. EI_—_: =—=ﬁ==f-=—-
0.9 | 0.23 |0.019[-0.0016] ---- | ----

81| 47| .083|- .006 |-0,006| ----

o7 -55 1. |- .01 |- .01 | -=--

<Th «70 | .193|- .008 |~ .020|-0.0025

65 | 2.4 [1.15 |- 11 |- .22 [+ .03

83ourcet S. Frankel and N. Metropolis,

loc. git. Table I.
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for large values of.X . One can also see that the higher
harmonics contribute decreasingly less and less to the de-

and f:. describe

formations for the critical shapes; &

the critical shape pretty well for the larger values of X,

Frankel and Metropolis conclude that X= 265 1s near
the (lower) limit of the X -region for which the saddle-point
shapes of the nucleus can be described through the Legendre
polynomials: the saddle-point shapes for X< ~0.65 demand a
multiple-valued function K (01‘9') rather than the single-
valued ones possible throﬁgh the Legendre polynomials. (Far
X0, for example, the critical shape approaches two spheres
in contact,)

The activation energy, E,g' ’ was calculated by Frankel
and Metropolis for nuclei near uranium. (Their paper presents
these values graphically.) For 6238Athey obtalned 6;97 Mev,
(X= 074 and E:= 538 Mev were aséumed.)

The paper of Frankel and ggtr?golis is particularly
interesting in that they calculate the half-life -for spontaneous
fission for two values of X . The calculation they performed
1s based on a "Gamow penetration factor™ to be considered in
some detall in Chapter III. This factor is intimately connected
with the kinetic energy of the nhcieué, and their method of
solution can be easily pictured through use of the kinetic

!

energy.
The nucleus was assumed to be distorted so that
hlwnd) = R [1+ 4, B (cnd)+ OCe})]
(This edﬁation has the same meaning as it has on page 1l.) It
was also assumed that a velocity potential exists. They

obtained for the velocity fileld
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daz T (a% P »)
o P (s 7 ).

The kinetic energy of the nucleus was then written as
+
Te g ()
in which 7/ was named the "effective mass." The "mass" 272¢
was found to be
M o= 03 M(1+2)+ O(a))
with M the total mass of the nucleus, One can picture the
"mass" 7 penetrating the potential barrier with both 7/ and
the barrier height depending on A4, . (See page 39.,)

Frankel and Metropolis conclude that the Gamow penetra-
tion factor 1s well represented by 6-'= /0-2355‘ with E;,in
Meve For 'X =074 and 015 they obtalned the respective life=-
times lO%? and 1017 years. (In addition to X and f;o from
above, they assumed #,= /. #7x 'D-mcm.)

Both the activation energy and the lifetime for spon=-
taneous fission were good values for uranium (experimental
half-1ife for U238 15 ~ 1016 years). Bothmust be regarded
as successes of the liquid-drop model. The model failled,
however, to predict preferentiall} asjmmetric fission. Frankel
and Metropolis did not study this aspect of the model as
thoroughly as they did the other two aspects. They added small
amounts of F; and /; "d'eformat:i:.ons to symmetric expansions
to try to determine whether the deformation energy increases

or decreases with lncreasing asymmetrye. Their results seem

to them to suggest strongly that the liquid-drop model does
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not lead to preferentially asymmefric fission.

There have been a number of studies of the liquid-drop
model other than the ones considered in the preceding pages.
Of these studies many work with the model already considered
and follow the procedures already described.25 An unpublished
thesis by Beynamzé considers small asjmmetric deformations of
a charged liquid'arop for which the distance from the center
of the drop to thé surface is a function of both the azimuthal
and colatitude angleé. Considered from the viewpoint of the
distortion energies, these more general distortions seem less
likely to lead to fission than do the Bohr and Wheeler distor-
tionst the increase 1in surface eﬁeiéy would be greater for
the more distorted surfaces, and thé £éduct1on in electrostatic
energy would not be great enough to compensate for the increase,
The asymmetric distortions might be more likely to occur, but
they would seem less likely to lead to fission.

The Liquid-Drop Model as ﬁﬁ Extension

of Weizsgcker'SfFormnla

Upon reflection one can see how the liquid-drop model -
is interpreted by the semi-empiriahl'formula of WGizsgcker

25For a review of the fission calculations see: R. D;
Present, Nucleonics 3, 25 (1948); for 'simple but detailed
treatment of small deformations see: M. S. Plesset, Am. Je.

Phys. 9, 1 (1941).

26E. M. Beynam, "Small, Asymmetric Deformations of a
Charged Drop" (Unpublished Master's thesis, Department of Physics,

The University of Tenndssee) khbxville, June. 1949). i

%,
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and how 1t 1s an extension of thiS formula to states othef
than the ground states of nuclpi.”'TheJmass and charge densities
of the drop are assumed to be‘uniforﬁfanq constant--the cor-
respondingudensities for the npcleﬁs afe, respectively, the
numter densities of nucleons #nd ﬁfotdns. Constant and uniform
density of nuti;ons for any distortion or division demands con-
servation of the volume energy denoted by « A --the main con-
tribution to the binding. energy, arising from the purely nuclear
force. The added assumption of constant and uniform density of
protons requires constant and uniform density of un-paired
particles, ihich; in turn, demands cbnéérvation of the energy
denoted by A /9 (A-(-—z-?-')z --the pairing, or symmetry energy.
The only.. mugyshmmmaaihl&mmmmm And.
electrostatic energibs--precisely thaose conaidered by the
liquid-drdp model,



CHAPTER II

THE PROBLEM CONSIDERED IN THIS THESIS

This thesis will dénsider in some detail the calcula=-
tion of some of the quantities considered by the papers reviewed
in Chapter I. The objective of the thesis is the prediction of
spontaneous=-fission half-lives for nuclei with high atomic

numbers,

Justification for the Thesis

The Rayleigh criterioﬁ for instability of a charged
conducting drop (page 2) 1s also the criterion for instability
of the drop assumed in the liquid:drop’mbdél (page 1l). As
the charge of the drop increases, it abproaches‘instability.
Nuclei, considered in the 1light of this criferion, are expected
to become less stable as their charge increases, This condi-
tion 1s expressed by the formula for the activation energy as

given by Bohr and Wheeler

e A = £ 00t 3 (e ]
4

for large values of X (see page Jj):lf

The high-energy accelerators built during the past decade
have made possible the creation of a number of nuclei with high
atomic numbers--the possible atomic numbers extend now through
2 = 102, Many of these nuclel decay via spontaneous fission.

It is these hjigh-Z nuclel which should provide a good test of
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the liquid-drop model; their values of X are nearer unity
than the X -values of previously known nuclel, and the power
series employed in liquid-drop calculations are expected to
converge rapldly enough to give good results with a few terms
from these serles, The predictions made by the liquid-drop
model for one of these high-2 nuclides will be considered in
this thesis,

The effective mass,jnf, used by Frankel and Metropolis
in their calculations of the spontaneous-fission half-1ife of
uranium 1s incorrect.l This effective mass will be calculated
in this thesis, and the series for 1t will be extended beyond
the linear term obtained by Frankel and Metropolis. The error
in the predicted spontaneous-fission half-life introduced by
this erfor in the effective mass will be evaluated for the
nuclide considered in this thesis;

A problem which 1s interesting, both physicglly and
mathematically, arises in the calculation of the change in
electrostatic energy produced by the distortion of the charged
liquid drop. This problem has no€ been mentioned in any of
the published papers. A contribution to the electrostatic
energy .of distortioﬁ can be easily overlooked in the formula-
tion of the proplem. The evaluation of this particular con-
tribution showaythat it 1s pctuall& null for a number of the

lower powers in the multiple-power series expansion. In none

1the author was told of the exlstence of this error by
R. D. Present,
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of the published papers which calculate the electrostatic
energy of distortion would an error be introduced by the omié-
sion of this particular contribution. The assumption, made
4by the author, that this contribution has been overlooked 1is
based on the fact that it has not been mentioned, and the cal-
culqtioﬁ itself is not trivial.2 The calculation of this
quantity will be made in this thesis, and a number of terms
in its power series expansion will be shown to be zero. (The
entire geries has not been shown to be zero, so the quantity
is not kno;n to be 1dent1cally zero--or to be non-zero.)

Assumptions Gharacteriz;ng~thAlodel Used

A number of assumptions asito the nature of the entire
phenomenon of spontaneous fission have been made in this thesis.

For some aspects of the problem assumptions are absolutely .
necessary; for othérs, assumptions are made because theéy sim~-
plify the problem, The assumptiohs_will not be divided‘into
the two catagories for consideration--some will obviously
belong in the one or the other catégory; others are border=-

line cases. Ekas o /

"

. 2There 1s one exception to this statement., The con-
tribution was overlooked by Present, Reines, and Knipp in one
form of an unpublished calculation., The calculatlon was per-
formed by them in another, independent way for which the con-
tribution does not explicitly occur. Since the result of the
second method agreed with that of the first, the omission of
the particular contribution was not discovered. Only the result
of the calculations was published; the result is correct. (The
author learned of this contributlion to the energy and of this
instance of its omission in talks with R. D, Present.)
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The Liquid Drop

The change in potential energy produced by a deforma-
tion of the drop 1s due to the changes of surface and electro-
static energies, The surface energy of the drop 1is proportional
to the surface area for any condition of the drop--or, the
surface tension, 0 s 1s a constant. The densities of mass
and charge are uniform (no spatial variation) and constant (no
tempofal variation). The values of 52 and “#, are taken from
the Weizsgcker formula. No expliclt assumption about nuclear

forces 1s involvede.

WKB Approximation

The Schrgdinger wave equatioﬁ’hés to be used for one
aspéct only of this thesis: for the calculation of the
probability-per-unit-time of a spontaneous fission, The first-
order WKB approximation to the wave function is assumed to be
a satisfactory solution to the wave equation for barrier-
penetration problems.3 (An intrinsic part of this WKB
approximgtion is the use of the classical action function.)

_ If is expected that thiévassumption is quite satis-
factory for spontaneous fission; the assumption has been made

in theoretical studies of l=>4--dec¢a.§ and has led to good results,

3For the WKB method applied to a many-body system see
W. Pauli, "Kapitel 2, Die allgemeinen Prinzipien der Wellen-
mechanik," Handbuch der Physik Vol. 24/1 (2nd. ed.; Berlin:
Springer, 1933), Pe IEB'TT¥-_—
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Shape of the Drop

The shape of the drop, on 1ts way to fission, is
assumed to be satisfactorily represented by the }7,_ deforma-
£1 onlt ‘

h(eon$) = Ro[1+ 8 + 2, B (e )]

This means that the potential energy of d'eformation is a
function of &, onl;._ ‘

This assumptio;-would seem to be qualitatively justi=
fied on the basis of the importance of the /3_ deformation:
using a E_ deformation only, one can approximate the
critical shape fairly well for the larger values of X (see
Tablé I, page 19); instability of the drop occurs first for °

the /i deformation (see page 11), .

The Kinetic Energy

The velocity fleld, N F which describes the flow of
the fluid inside the drop, is assumed to be irrotatioﬁal:
? x ¥ =0 ¢ This means that a velocity potential, ¢ s exlsts
such that ¢ is a function of position, of 4, , and é& H

¢=¢("//“;Qz.)ér_).- B

The irrotational V' minimizes the classical ,kinetic
energy andmf‘ore, the effective»mé.ss,” s which enters
the penetration factor, énd, consequently, decreases the

half-life for spontane‘oue fission. The assumption that ¢

l"See page 1ll.
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depends on a,z and not on the other &, agrees with the

shape assumed above,

Ad justment of the Potential Energy Barrier

"For the calculation of the half-life for spontaneous
fission the potential energy of distortion is assumed to be
fairly well represented for large A by a function of the
single distortion-amplitude, 4, . If AE 1is the potential
energy of distortion, then AE becomes a function of %, ,
denoted by AF (az) . 1

As 4E 13 the barrier to fission, the error introduced
through use of the 4£{4.) must be evaluated., There are
three reasons for making an adjustment of this A4 £(4.) bar-
rier,

(1) The maximum of the A4F (41) barrier is larger than the
maximum of the saddle-path barrier for which 44 is a
function of all the distortion-amplitudes; 1i.e., 4€ (a,) ,
(See Table I.,) The saddle-path barrier represented by
AE(4.) should be the correct barrier to fission; the
discrepancy therefore suggests th'at one should lower the
4 £ (4,) Dbarrier to make it agree with the 4dE (dn)
barrier, ‘

(2) The maximum of the d4E (4.) barrier should be equal to
the activation energy E.,C of the nucleus; the theoretical
value 1s found to be lower than the empirical estimates
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for Z~ /00 5 The 4E(4n) varrier should therefore
be raised. (This is a circumstance which should improve
-predictions based on the AE(“:f barrier, as this bar-
rier is higher than the A& (4n) barrier.)

(3) The height and width of both the AE (%.) ana 4£(422)
barriers vary with X , and the spontaneous-fission half-
life 1s therefore very sensitive to the value of X, As
X 18 somewhat uncertain for a given nuclide because of
uncertainties in ¥ and /%, 5 one has some difficulty in
making predictions of half-livese.

Two methods of adjusting the potential energy barrier
to compensate for the three difficulties considered have been
investigated: (1) The value of X 1is chosen to give agree-
ment between. the meximum of 4€ (:) and the exp’er\ime‘nt«al.vuyatludé
of E*- o+ (2) The potential energy of distortion AE[42) is
taken through the a:%th term to give a power series dehﬁted
by AEJL (a,,) ;3 then an additive term is introduced to make

AE(4) = AE,(a) + w aRH!
The value of K 1s fixed by making the maximum of this 4& (2a)

equal to the experimental value of E; .

5Estimates to be congggered}l.n Chapter VI place the
activation energy of ;,Mv (the nucleus treated in that
chapter) between L7 %in% 5.0 Meve. The prediction of Frankel
and Metropolis (Phys. Rev. 72, 914 (1947).) places this energy
between 1.5 and 2.5 Mev,

6’l"or the nuclide considered ¥In this thesis this value
is actually predicted by an extrapolation of experimental
values for neighboring nuclides.

~
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The first of these two methods of agjustment should
be satisfactory if the adjusted value of X differs only
slightly from the value one would otherwise predict for the
nuclide. The evaluation of the error caused by using the
second method of adjustment 1s difficult. One would expect
a small error when ¥ ‘Q,_k-H 1s small compared with’ AEk["*)
throughout the range of Qz_ for the spontaneous-fission pro-
cess, The criterion for the validity of the first method of
ad Justment 1i1s met for the nuclide’considered in Chapter VI;
the criterion for the second 1s not. Thus the method of
variation of X was used for adjusting the potential energy

barrier.

‘Symmetry of Fission

We assume that the fission process 1is symmetrical or
nearly symmetrical in the_&nggiii?ééaéeé, or that asymmetry
sets in only after the barrier 1snbéﬁétratéd. The assumption
1s made in order to permit considering only those distortions
represented by‘combinations of even Legendre polynomials.7
The asymmetry appears to be unimportant for calculating 5}
and the litetimes.8

I

Trhe potential energy of distortion is treated as a
function of a4, only for the spontaneous-fission calculationj;
it is not so restricted thronghout other parts of the thesis.

8R. D. Present, Nucleonics 3, 25 (1948).
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Outline of the. Remainder of the Thesis

The remainder of the thesis will consider the aspects
of fission discussed in the first section of this chapter.
Chapter III will consider‘the Gamow penetration factor for the
many-body problem of the nucleus. The problem will be con-
sidered as a particle prbblem, startiﬁg with the Schrgdinger
equation for the systeme. The form of the Gamow penetration
factor which applies to .many particles will be changed into
the form one must have for a continuum--for a liquid drope.
Chapter IV will formulate the electrostatic energy calculation
for the deformed drop and solve for one contribution to this
energy--the contribution which was discussed in the first
section of this chapter and which can easily be overlooked in
formulating the problem. Chapter V will consider the hydro-
dynamics of the 1liquid drop: the kineéic energy will be cal-
culated, and thédeff;ctive mass,hﬁ ,¢i111,be found., Chapter
VI will apply the accumulated results ?o a particular nucleus--
10111256. The spontaneous-fission half-l1ife for this nucleus
will be evaluated., Chapter VII will eéaluato the entirﬁ pPro-
cess as gonsidered in the light of the results achieved in
Chapter VI,



CHAPTER III
THE GAMOW PENETRATIbN FACTOR -

The kinetic energy of the nucleus does not occur in
the expression for the half-1life for spontaneous-fission if
the nucleus is treated as a collection of parti;les. If the
nucleus is treated as a charged 1liquid drop, hbﬁever, the
kinetic energy does occur. It occurs in the Gamow penetration
factor. In this chapter the Gamow penetration factor will be
obtained. The kinetic energy will arise in a natural way; it
will lead to the definition of the effective mﬁss. Both of
these quantities will be obtained in Chgpter Ve

The Simplest Example of the Gamow Factor

Consider the Gamow factor which arises for the simplest
problem possible: a single particle of mass # moves in a
space of a single dimension with a:potentigl energy V(x),
Let the energy eigenvalue be E, Furthermore, let Vix) ve
greater than E when X< X<X --this”1s a classically for-
bidden region of "neggtive kindtic energy." Quantum-mech-
anically there is a non-zero probability that the particrel
will pass thrbugh the barrier. The probability that the
particles passes through the barrier upon reaching 1£ is

called the transparency of the barrier and is given by thef
-2 [Xa
Gamow factor e '{£ dx \,zm[va;-f),
?
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This expression for the transparency can be obtained via the

WKB approximation method. One can assume a wave function

Y= pix)e” % A tx) - and use the SchrOdinger wave
equation to get approximate firnc'tions &) and 4A®x) .

When one leaves this simplest of problems and considers
the many-body problem of the nucleus, the Gamow factor 1s hard
to obtain,

&

The WKB Solution of the l(gnnyody Wave Equatibn

The time-independent wave equation fér the nucleus 1is

Fit V¥ +U¥= EY

A=/ 2'7”
where U 1s the potential energy--;é function of all the
position coordinates of the A ps:u'ticl'es-- E 1s the total
energy eigenvalue, and m/ is tfxe mass of the‘/th particle.
One can now assume a wave function ‘énalogoug to the one
assumed for the one-dimensional case above. It 1s, however,

'eas:l.er to use the more straightforward assumption of

P= e¥5 i (_i_)s + (3PS +
. A e%S{Ms}-
F - kT [EGI 55 ¢ pys]
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is the resulting form of the wave equation, Using now the

approximation s
Sgso'*%.ts, » one has

(59)°= (fa+57s

or

A
> _\2 - > 2
E,'—’Zf(?"s")’ﬁz?%g".zs’ tE’eSaJ =
to linear terms in t o This 1s the first WKB approximation.
(By including no terms in ‘A. » one gets the zero approxima-
tion.)

The WKB method assumes that t can be treated as an -
expansion parameter--as a small one, in fact, so that increasing
powers of t give higher and higher orders of approximations.
By equating "coefficients of Zon on the left and right of

the last equation, one obtains
A e o < 3
1 - 2 o
Tw, B S) = E- r
B ) = U il e (R)

and /
z -
ﬁ—[z 5'+"7¢5;]-0 rar (%) .
The first of these two equations 1s the Hamilton-Jacobi

differential equation for the characteristic action function
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of classical mechanics, The secgn¢ of the two can be

rewritten as

/ — ‘-'P 2 Zs
S A lis s« gt o

by multiplying by the factor e_zS,' .

When all the 7@( are equal, this last equation cén be

written for this hyperspace asl e 2SS -

-

where vz is a hypergradient defined by

- A y 3 : A 3 A 3
= e P e
V/. ™ %: /:. 35 ¥ S_z; * ez.'l sz. > + a; Y2
and 4 A 5— A :
eij. ekt = gik jl « The e;J- are unit vectors, and

the Sij are the Kronecker deltas, The subscripts on the

X, Y , and 2 refer to the particular particles.

A solution to the last differential equation above is
2 5 dr F? b

e " S, A where K, 1s a constant
vector--in the hyperspace, The ‘7 9 and ha’ are parallel,

s, [ %, | g

e = S st % 15200

VA

. A WKB-type solution to the
differential equation? is thus

lThe assumption of equality of mass for all nucleons
is generally made for the liquld-drop model,

2'rhe boundary conditions of wave mechanics are continuity
of ¥ and of all of its first partial derivatives. These con~
ditions are never met by WKB wave functions at the classical
turning points--where e% 1s infinite,
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The Hamilton-Jacobl differential equation for the

£

characteristic function can be written

- 2
(VAS,,) = 2m [E‘U) (A1l 7?‘ = m )
So S
e’ o ’.,,E U , and S; , alone remains, to be

found,

The solution for S, 1is conve<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>