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ABSTRACT

This thesis discusses a class of linear semi-infinite programming problems
with finite number of variables and infinitely many constraints over a compact
metric space. The “adding constraint method” for solving linear semi-infinite pro-
gramming problems is introduced in Chapter I. The “perturbation method” for
solving regular linear programming problems is introduced in Chapter II. Based
on these two methods, the “perturbation method” for solving linear semi-infinite
programming problems is proposed with a proof for the convergence of the “per-

turbation algorithm”. Some numerical examples are also included in this thesis.
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PREFACE

Semi-infinite programming deals with the problem of minimizing a function
f(z1,---,zp) of variables z;,--,z,, where zi1,---,Zn, are required to meet an
inequality g(zi1,---,Zn;t) = b(t) for every t in some set T. In case of a finite
set T, this is a usual optimization problem with a finite number of inequality
constraints on the variables z;, - - - , z,,, but infinite sets T’ occur quite naturally in
many applications. For instance, in controlling air-pollution in some region T', let
z,--+,Z, be the costs incident to provisions for reducing the emission of some
substance. Then the total cost f(z1,---,za) = X7, ; is to be minimized subject
to the restriction that the concentration g(z, - - -, Z,;t) remains above some given
standard b(t) for every t € T.

Some constraints should be considered in dealing with these applications.
The constraints of the problems depend on the time or the space coordinates and
therefore, may be formulated as semi-infinite programming problems. Another
question is whether a semi-infinite model should be used in practice instead of a
discrete one. The solution of the latter is near to that of the first if sufficient points
are taken into account. In fact, if it were true that generally a discrete problem
could be treated more easily and efficiently, then it would not be worthwhile

to consider semi-infinite programming problems from a practical point of view.

However, there are two aspects which make the problem interesting in practice :

1. A model with constraints depending on some parameter ¢ (time, space, etc.)

given by means of one inequality g(z1,:--,Zn,t) > b(t) rather than a big
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number of unrelated inequalities g;(z;,---,Zn) > b; is preferable with re-
spect to storage requirements as well as simplicity of handling. Even in
cases where the second description is given initially (for instance due to
measurement restrictions) it may be advantageous to transform the data by

some approximation procedure into the first form.

2. In general, at the optimal point, the inequalities are binding (i.e., equality
holds) only in a finite number of points t;,%s, - -,%,, with 7 > n as a rule.
In many cases, especially if T is a subset of Euclidian space R™,m > 2,
this leads to a much higher efficiency of continuous methods, because it is
sufficient to consider only a small number of points in each iteration and,
moreover, the points for the next step can be computed very efficiently by

using derivatives with respect to t for instance.

This paper discusses the linear semi-infinite programming problems. Chap-
ter I provides an “adding constraint” method for solving linear semi-infinite pro-
gramming problems. Basically, it constructs a sequence of finite linear program-
ming problems whose solutions converge to an optimal solution of a linear semi-
infinite programming problem. Chapter II describes the “perturbation” method
for solving finite linear programming problems. The basic idea of the method
is to incorporate a barrier function into the linear objective function such that
the minimizer of the subproblem stays in the interior of the original feasible do-
main. By parameterizing the barrier function, the corresponding minimizers form
a path that leads to the optimal solution of the linear program. Following the path
and gradually reducing the parameter, the perturbation algorithm works. Chap-

ter III outlines a new method to solve linear semi-infinite programming problems



by combining the concepts of the “adding constraint method” for solving linear
semi-infinite programming problems and the “perturbation method” for solving
standard linear programming problems. This method is to find some suitable
approximate solutions for the finite linear programming problems in the “adding
constraint” method and the corresponding approximate solutions also form a path
that approaches the optimal solution of the linear semi-infinite programming prob-
lems. Moreover, a proof for the sequence of the approximate solutions converging
to the optimal solution of the linear semi-infinite programming problem is also
provided in Chapter III to show that this method is reasonable in theory. Some
numerical examples are given in Chapter IV to demonstrate this method. From
the numerical data, it can be shown that the method suggests a very efficient way

to solve linear semi-infinite programming problems.
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CHAPTER 1

THE ADDING CONSTRAINT METHOD FOR
SOLVING LINEAR SEMI-INFINITE PROGRAMMING
PROBLEMS AND ITS APPLICATIONS

1.1 Statement of the Problem and Basic Definitions

Consider the following linear semi-infinite programming problem (LSIP)
which has n non-negative variables and an infinite number of inequality con-

straints:

n
Minimize Z CiT;.

J=1
(LSIP)
Subject to Y _ x;a;(t) > b(t),Vt € T, (1.1)
=1
ijO,jzl,"',", (12)

where T is a compact metric space with an infinite cardinality, a;(t)(j = 1,---,n)
and b(t) are real valued continuous functions defined on T'.

To illustrate, consider the following problem :

Minimize z; + %
Subject to z; + tzo > sint,Vt € [0,1], (1.3)
Z1,T2 2 07 (14)

1



which has 2 non-negative variables and an infinite number of inequality constraints.
T = [0,1] is a compact set with an infinite cardinality, a1(t) = 1,a2(t) = t, and
b(t) = sint are real valued continuous function defined on [0,1]. It is an example

of linear semi-infinite programming problems.

1.2 The Adding Constraint Method

Some basic concepts and methods for solving LSIP can be found in
[1,6,8,9]. One direct way of solving LSIP is to discretize T into a finite num-
ber of grid points {3, t2,---,tm} and then an approximation can be obtained by
solving a regular linear programming problem with n non-negative variables and
m inequality constraints obtained by evaluating (1.1) at {t, t2,- -, t» }. Usually,
a case with more grid points results in better approximation at the cost of solving
a larger size linear program. Also, the choice of grid points has to be taken into
consideration of the behavior of the functions a;(t), =1, 2,---, n and b(t).

To avoid having too many constraints at one time, an “adding constraint”
(or “cutting plane”) method is introduced in [6,8,7]. Basically, it constructs a
sequence of finite linear programming problems whose solutions converge to an
optimal solution of LSIP. Before describing this method, the following problem

LP,, which is a linear programming problem with k explicit constraints can be

defined as follows :
Minimize ) c;z;.
j=1
(LF:)
Subject to ijaj(t,-) > b(t,),’l/ = 1, te ,k, (15)
=1
z;>20,7=1,---,n. (1.6)



The “adding constraint” method works according to the following scheme :
Algorithm 1.2.1

Step 1. Set k =1, choose any t, € T and set Ty = {t1}.
Step 2. Solve LP, with an optimal solution z(k).

Step 3. Find a minimizer tx,; of Gx(t) over T and calculate Gy (ty41), where
Gi(t) = D zj(k)a;(t) — b(t).
i=1
Step 4. If Gk(tx+1) 2> 0 then Stop! z(k) is the optimal solution of LSIP.

Otherwise, set Tiy1 = T} U {tx41}, increment k «— k + 1 and go to

Step 2.

Note that the feasible domain of LP; contains the feasible domain of LSIP,
the minimum value of LSIP must not be less than the minimum value of LF;.
Moreover, z(k) is the optimal value of LP, and if

En: zj(k)a;(te+1) — b(te+1) 2 0,

i=1
then z(k) also belongs to the feasible domain of LSIP. z(k) must be an optimal
solution of LSIP. Therefore, if

> z;(k)aj(ter1) — b(tes1) > 0,

=1
then the iterations can be stopped and z(k) is an optimal solution of LSIP.

Otherwise, set Ti4+1 = Ti U {tk+1} to continue this iterative process.
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Example 1.2.2 Solve the following linear semi-infinite programming problem by

using the “adding constraint method”.

Minimize z.
(LSIP)
Subject to  z, > sint,Vt € [0,1], (1.7)
z; 2 0. (1.8)

Solution: This problem can be solved by the following steps which are based on
Algorithm 1.2.1.

Step 1. Set k =1, choose t; =0 € [0,1] and set T7 = {¢t;} = {0}.
Step 2. Solve LP, which is defined as follows :
Minimize .
(LP)

Subject to z; > sint; =sin0 =0, (1.9)

z; > 0. (1.10)

Since both of the two constraints (1.9) and (1.10) are z; > 0, the

minimum value of z, is 0. This implies the optimal solution z(1) = 0.

Step 3. Find a minimizer ¢, of G1(t) over [0,1] and calculate G;(t;), where
G1(t) =z(1) —sint =0 — sint = —sint.
—sint is a decreasing function on [0, 1], so the minimizer ¢, of Gy (t) is 1

and G;(t2) = G1(1) = —sin1.




Step 4. Since G;(t3) = —sinl < 0, set To = { t3,t2 }={ 0,1 } and then go back

to step 2 to solve LP;.

Step 2. Set k = 2 and solve LP, which is defined as follows:

Minimize z.

(LP)
Subject to z; > sint; =0, (1.11)
T, > sint; = sinl, (1.12)
z; > 0. (1.13)

The feasible domain of LP; = {z; : ; > sin1} is formed by the const-
raints (1.11),(1.12) and (1.13), so the the minimum value of z; is sinl.
This implies the optimal solution z(2) of LP, is sin 1.

Step 3. Find the minimizer t3 of G2(t) = z(2) — sint =sin1 — sint on [0,1] and
calculate G,(t3).
G2(t) is a decreasing function on [0, 1], so the minimizer t3 of Ga(t) is 1
and Gs(t3) =sinl —sint3 =sinl —sin1 = 0.

Step 4. Since Ga(t3) > 0, stop here and conclude that z(2) = sin 1 is the optimal
solution of LSIP.

The proof of {z(1), z(2), - - -, z(k), - - -} converging to an optimal solution of

LSIP can be found in [6]. A refined version which allows to drop some redundant

points in T} is referred to [10].



1.3 The Application of the Adding Constraint Method for
Solving Linear Semi-Infinite Programming Problems

With recent advances in the perturbation method for solving linear pro-
gramming problems which will be introduced in Chapter II, a generalized barrier

perturbation problem LP,,:

n
Minimize E C;T; + /«"k¢k(x)-

i=l
(LE)
Subject to Z:L‘,-aj(t,-) Z b(t,),'& = 1, ceey, k, (114)
j=1
£;20,j=1,---,n, (1.15)

is defined to replace LP;. p > 0 is a barrier perturbation parameter and ¢ (z) is
a GBLP function for solving LP;. (Note that GBLP function will be defined in
Chapter I1.) Under some appropriate assumptions, the later chapter will show that
the sequence {z(ux) : (ux) is the approximate solution of LP,,, for k =1,2,---}
converges to an optimal solution of LSIP by carefully choosing T} and .

Note that LP,, and LP; share the same feasible domain. When the domain
is a bounded set in R", LP,, becomes LP; as p; approaches to zero [2,3,5]. This
means LF,, can be viewed as a ‘“relaxation” of LP; and x(u) is an “approximate”
optimal solution of LP;. That the sequence {z(ux) : z(u) is the approximate
solution of LP,,, for k = 1,2,---} converges to an optimal solution of LSTP will
be shown in Chapter III.



CHAPTER II

THE PERTURBATION METHOD FOR SOLVING
LINEAR PROGRAMMING PROBLEMS

This chapter will introduce a perturbation method to solve regular linear
programming problems. Some notations, assumptions, and preliminaries are de-
scribed in Section 2.1. An “ ideal interior trajectory ” is characterized in Section
2.2. This trajectory is well-defined, continuous, and leads to the optimum when
the barrier parameter approaches zero. A good moving direction is assembled and
an appropriate step size to stay in a close neighborhood of the ideal interior tra-
jectory is found in Section 2.3. The concept of scaling matrix is adopted in Section
2.4 to determine the step size for a general perturbation algorithm. A measure
is defined to be a criterion of closeness to the “ ideal trajectory ” in Section 2.5.
A general perturbation algorithm for solving linear programming problems is pro-
posed in Section 2.6. The sufficient condition is provided in Section 2.7 for the
proof that Algorithm 2.6.1 generates a sequence which converges to the optimal
solution of the linear programming problem.

Based on this concepts of “the perturbation” method for solving linear

programming problems and the “adding constraint” method for solving linear

semi-infinite programming problems, the “perturbation method” for solving lin-




ear semi-infinite programming problems will be developed in Chapter III.

2.1 Notations, Assumption and Preliminaries

Consider the linear programming problem P in its primal standard form

Minimize c'z.
(P)
Subject to Az = b, (2.1)
x>0, (2.2)

where A is an m X n matrix, ¢ and z are vectors of length n, and b is a vector of
length m. Throughout this paper, the following notations and definitions will be

used.

Definition 2.1.1 If z denotes a vector (z1,%2,- - ,Zn)T, then the following nota-

tions are defined :

1. The corresponding capital letter X denotes the n x n diagonal matriz with

the components of x on the diagonal, this means

F.’Bl o --. 0 07
0 zo --- 0 0
X =diag(z1,22,- -, Tn)=| ¢ I : :
0 0 Tn-1 0

| 0 0 --. 0 =z,

2. >0 i and only ifz; >0, forj=1,---,n.
3. 220 ifand only ifz; >0, forj=1,---,n.

4- £ # 0 if and only if there exists j € {1,---,n} such that z; # 0.
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5. z=01ifandonlyifz; =0, forj=1,---,n.

Definition 2.1.2 Ifz is an dimensional vector (z1,Z2,- - ,Zn)T and A is amXxn

matriz, then the following notations are defined :

1.

(lzlle=> |zjl2)% is called the vector two norm of z.
=1

2.
| z |loo= max |z;| ts called the vector sup norm of .

3.

A= Sup#o””im”“ is called the norm of A. Particularly,

| All2= Supzz0 | Az Il is called the two norm of A.

Iz ll2

Definiton 2.1.3 (The gradient of a vector)
Let S be a non-empty set in R*, and let f : S — R, then f is said to be
differentiable at T € int S if there exists a vector 7 f(Z), called the gradient vector,

and a function o : R* — R such that
fl@) = f@)+ V@) (- 2)+ | 2~ 2 |2 &(Z;2 — %), for eachz € 5,

where limy, ,za(Z;z — Z) = 0. Note that if f is differentiable at Z, then there could
only be one gradient vector, and this vector is given by v f(Z) = (%?, “ee m)T,

' Ozy

where -8%(3? is the partial derivative of f with respect to z; at T.

Definition 2.1.4 ¢(z) is called a Generalized Barrier Function for linear pro-

gramming problems (GBLP), if it satisfies the following conditions :




1. ¢(z) : W — R is proper, strictly convez and differentiable, where R =

RU {00} U {—o0} is the extended real line.

2. If {z*} C W) is an infinite sequence converging to T with z; = 0 for at least

one i, then

3. The effective domain of ¢(x) contains Wy. Namely, ¢(z) takes finite value

at least for z € W,.

Several simple observations can be made here :

1. Since ¢(z) is strictly convex and differentiable, it must be continuously dif-

ferentiable on W. In other words, ¢é(z) is continuous on W.

2. ¢(z) is finite on Wy and may or may not assume the value of +00 when

z; = 0 for some 1.

3. Any positive linear combination of GBL P functions is still a GBLP function.

So, mixed barrier functions may be applied for linear programming problems.

4. The functions

n

n n
—Y Inz;, Y z;lnz;, Z%, for r > 0,
i=1

i=1 i=1 i

i Jim (7(")): = —o0.

are all GBLP functions.

Note that the smoothness conditions are imposed in the definition because
functions which are not differentiable or one point discontinuous on the boundary

must be ruled out.
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Definition 2.1.5 Define an augmented primal problem P, associated with a gen-

eralized barrier function ¢(z) as follows:

Minimize Tz + pd(z).

()
Subject to Az =b, (2.3)

z2>0, (2.9)
where ¢(z) is the GBLP function.

This paper considers the standard linear programming problem P which

satisfies the following assumptions :

Assumption 2.1.6

1. The interior feasible domain Wy = {z € R™ : Az = b,z > 0} is nonempty.
2. The feasible domain W = {z € R": Az = b,z > 0} is bounded.
3. A has full row rank. In other words, rank of A = row rank of A = m.

4. P has a unique optimal solution.
2.2 The Ideal Interior Trajectory

For any given u > 0, problem P, has a unique optimal solution on Wj,.
Moreover, when p approaches zero, the curve formed by all the minimizers is
continuous in u and converges to the unique optimal solution z* of P. These

properties can be shown by the following Theorems.
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Theorem 2.2.1 For p > 0 problem P, has a unique optimal solution z*(u) € Wp.

Proof : Since ¢(z) is strictly convex on W, ¢z + u¢(z) is strictly convex too.
Moreover, the feasible domain W is convex and bounded. This assures that F, has
a unique optimal solution z*(u) on W. Furthermore, this solution has to satisfy

the following Karush — Kuhn — Tucker (K — K — T) conditions :

[ c+pvdlz)—ATy—21=0,

Az = b,
g (2.5)
zTA =0,

z>20,A20,

where y € R™ and A € R" are Lagrangian vectors.

Note that the Karush-Kuhn-Tucker (K — K — T') conditions is introduced
in Appendix A.

From the definition of GBLP function, (\V¢(z)); approaches negative in-
finity if z; is zero for some i. Since u is positive, if z; is zero for some %, u(Vé(z));
becomes minus infinity and hence (2.5) could not have any finite solution. There-
fore, z > 0. This implies that z(u) has to lie in W,. Moreover, z > 0, A > 0 and

zTA =0, so A = 0. (2.5) can be reduced to the following system :

c+uvdz)— ATy =0,
Az =b, (2.6)
z>0.

Theorem 2.2.2 {z*(u) : u > 0} characterizes an interior, continuous curve in

Wo.

12



Proof : That {z*(x) : 4 > 0} characterizes an interior curve in W, has already
been shown in Theorem 2.1.2, the continuity part will be proved as follows :
Suppose the curve is discontinuous at i > 0. Then, there exists € > 0 such

that no matter how small Ay is,
I z* (@ + Ap) — z*(G) ||2> 2¢ > 0.

This will lead to a contradiction that z*(& + Ap) is not the minimum of problem
P;ipyu. As it was mentioned before, cTz + fig(z) is strictly convex. Since z*()
is the minimum of P, for z € Wj and || z*(&) — = ||2> €, there exists a number

7 > 0 such that
'z + g(z) > c'z*(B) + iz (B)) + -
In particular,
Tz (@ + Op) + po(z* (B + Lp)) > Fz*(B) + Bé(z" () + T (2.7)

no matter how small Ay is.
(Case 1) :
Suppose that the effective domain of ¢(z) is W. Since W is compact and

#(z) is continuous on W, ¢(z) is bounded. Choose Ay small enough such that
0<| Ap | 6() llo< 3, (28)
where || . ||co is the sup norm. Therefore
c"z"(g) + (B + Ap)p(z* (B)
= c'z* (i) + g (z" (B)) + Dpg(z" ()

13



< Tz (3) + G(z*(B)) + % ........................... by(2.8)
< T2 (i + Ap) + gz (G + Ap)) — % .................. by(2.7)
<2+ Ap) + (B+Ap)E (B + D)) -+ -oveeeenenes by(2.8)

which shows z*(fi + Ap) is not the minimum of Psiap.
(Case 2) :
On the other hand, if ¢(z) takes the value of +00 on the boundary such

that ¢(z*(i& + Ap)) could possibly be unbounded above for small A, then

Tz*(B) + (B + Ap)p(z™(B) < Tz (B + Ap) + (B + Ap)g(z* (B + Lp) (2.9)

is automatically true since the right hand side of (2.9) is unbounded above. Oth-

erwise, if ¢(z*(z + Ap)) is still bounded, then the same argument will follow by

applying (2.8).

Theorem 2.2.3 Given a decreasing positive sequence {u;} such that
kliglo“k =0, if kli’%z (ux) = z*, then z* is the minimum of P.
This indicates that z*(u) is indeed continuous on p > 0.

Proof :
(Case 1) :
Suppose that the effective domain of ¢(z) is W, then for any z € W and
k=12,
" () + prd(z* (1)) < €7z + (). (2.10)

Since W is compact, * must be in W. Taking limit on both sides of (2.10)

and considering the continuity of ¢ can get the result that ¢Tz* < ¢Tz.

14



Moreover, z(ux) > 0 and Az (uy) = b; therefore,
k]im z(ue) =z* > 0 and Az* =b.

Hence z* is the unique optimal solution of P.
(Case 2) :
If ¢(z) takes the value of +00 on the boundary, it will lead to a contra-
diction. Assume that z* is not the minimum of P, but v* is. In this case, there

exists u € Wy satisfying cTv* < T < ¢Tz*. Since
lim py =0,
k00

there exists k large enough and § > 0 such that ¢Tu + pdp(p) < cFz* — 6.

In case z* € W, since it is the limit of {z*(ux)}, when k is large enough
z*(pe) will be in a small neighborhood of z* on which ¢(z*(u4)) is bounded and
takes finite values. Therefore, cTz* — § < cTz*(us) + ped(z*(ux)) for large enough
k. But this contradicts to the fact that z*(u) is the minimum of P,,.

On the other hand, if z* € W\W; and ¢(z) takes the value +oo at z*,

pxd(z* (x)) might not have a limit. However,

li&g}f{/‘kﬁb(x‘ (4x))} 2 0.

Therefore, for large enough k,

0
Tz — 5 < Tz* (ue) + liminf {ppd(z* (ue)) }

6

< Tz () + (2" (1)) + 0%

Consequently, c”p + prd(p) < ¢Tz* — 6 < cTz*(ue) + prp(z* (1)) which again is

a contradiction. Therefore, z* must be the optimal solution of P.
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Theorem 2.2.4 For any positive decreasing sequence {u;} with

Jim s =0,

{z*(ur)} must converge. Moreover, {z*(ux)} converges to the optimal solution of

P.

Proof : Since W is compact, the sequence {z*(ux)} must have at least one limit
point. For each limit point, there exists a subsequence which actually converges
to it. Each limit point is indeed an optimal solution of P can be concluded by
applying Theorem 2.2.3. P is assumed to have a unique optimal solution; therefore,
{z*(ux)} has one and only one limit point and thus converges to it.

Note that the strictly convex condition of the GBLP function is necessary.
Without this condition, there does exist an interior trajectory {z*(u) : p > 0}

which is discontinuous at some u.
2.3 Moving Directions

Moving direction is the soul of an iterative algorithm. Once the trajectory
is defined by a GBLP function, a moving direction is needed to sail along the
trajectory for optimum. Theorem 2.3.1 defines an extended formula for moving

directions to a more general setting.

Theorem 2.3.1 Let ¢(z) be a GBLP function and problem P, be defined as

before :
Minimize c'z + pg(z).
(Pu)
Subject to Az = b,

z20.
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Suppose that Z is a given interior feasible solution of P,, then Az is an optimal
solution of P,, and Az defines a moving direction at T as

Ar = —X[T - XAT(AX2AT) TAX] X (c + 1 v (%))
P] is defined as follows :

Minimize (c+p v ¢(Z))T Az.
()
Subject to ALz =0,

I XAz |3 B2 <1,
where X is an any positive definite symmetric matriz.

Proof : Since A has a full row rank, the null space of A is an n — m dimensional
subspace of R", which is isomorphic to R*™™. Let U be an isomorphism between
the null space of A and R*™ such that each Az in the null .space of A can be
represented in terms of A in R*™ ™, i.e., Az = Uh. In this way, the homogeneous
constraint AAz = 0 can be eliminated and P, can be converted to a problem

minimizing over h € R*™ ™, i.e.,

Minimize (c+ pu v ¢(Z))TUA.

Subject to || X'UR ||2< % < 1,
he R,

where Az = Uh.

The associated Lagrangian becomes
L(h,X) = (¢ +p v $()TUR + A(| X'UR |5 -57)
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with an associated Lagrange multiplier A > 0.

h= o UTX2U) 0T (4 v 4(2)),
and Az = Uh = Z2U(UTX-2U~1)~UT(c + 4 7 $(Z)) can be obtained by taking

aL

5 = 0 and solving for h.

By Lemma 2 of [4], the following identity
X[I - XAT(AXPAT) 'AX) Xz = U(UT XU ) W0z
holds for all £ € R™; therefore,
Az = -X[I - XAT(AX2AT) ' AX]| X (c + p v 6(2)), (2.11)

where '2'1X is omitted since a scale does not affect the moving direction. This

completes the proof.

Corollary 2.3.2 :(General Newton Direction for P,)

Let ¢(z) be a GBLP function which is twice differentiable in the feasible domain.
If choose X~2 to be the Hessian matriz of ¢Tz + ud(z) at Z and denote X~2 by

Hy 2, then Az obtained in Theorem 2.8.1 is the Newton direction in approrimating

P,.
Proof : As in the proof of Theorem 2.2.1, the K — K — T conditions of P, are

ct+pvéz)— ATy =0,
Az =b, (2.12)

z > 0.

Define —u 7 ¢(z) = s, then system (2.12) becomes
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[ ATy +s—c=0,
Az - b=0,
g (2.13)
ﬂv¢(1’)=—3,
{ z > 0.

Notice that problem F, is a convex program with a unique optimal solution,

which is completely characterized by (2.13). The first order approximation to

1Y §(z) + s = 0 yields
~s—uvota) =l (223,

where H;? = 42 ¢(Z).
s=v-H%x (2.14)

can be obtained by simplifying the above equation, where v = —u 7 ¢(Z) + H; *Z.
z=Hi(—c+v+ATy) (2.15)

can be resulted by replacing s in (2.14) with ¢ — ATy and representing z in terms
of y.
y = (AH;AT)"}(b+ AHZc — AH%y) (2.16)

can be obtained by applying A on both sides of (2.15). A moving direction
Az = —H¢[I - H¢AT(AH§AT)—1AH¢]H¢(C +uvy ¢(2_:)) (217)

can be obtained by plugging (2.16) into (2.15). Hence, Az obtained in Theorem

2.3.1 is the Newton direction in approximating B,

19



Theorem 2.3.3 Let ¢(z) be a GBLP function which is twice differentiable in the
feasible domain and X~2 be any positive definite symmetric matriz. Suppose that

T is a current interior feasible solution of P, and
Az = —X[I - XAT(AX?AT) ' AX| X (c+ 1 v 6(F)),

then if || Az ||3 s sufficiently small, T = T+ Az minimizes the following quadratic

function QP over Wy.
(@P) : F(@) = [ 2+ @+ uv 4@ (z-2)+ (-2 X 2(z-2). (218)

Proof : Since AAz =0, AZ = AZ + AAz =b. If || Az ||, is small enough such
that Z is positive, then Z is in Wy. Take Taylor’s expansion of F'(z) at Z to prove

that £ really attains minimum,
F(s) = F@) +(c+pvd(@)+ X e -2) (o-2)+ (2 ~2) X *a—2). (219

If plug Az = —X[I - XAT(AX2AT)1AX]X (c+ v $(Z)) into (2.19), the second

term on the right hand side becomes
(c+ v ¢(x) - XTI - XAT(AXPAT) AKX (c+ 1 v $(2))
= AT(AXPAT) T AXP (e + 1 v 6(2))-
Therefore, for any feasible point z,
[(c+ 1V 6(2) + X2 A]"(z - 3)
=[(c+n v $(@) X?AT(AX?AT) Az ~ £) = 0
Furthermore, X2 is positive definite, hence (2.19) becomes
F(z) = F(&) + 1z ~ 57X %2~ £) 2 F(2)
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for any feasible point z in Wy. Thus, 7 is the optimal solution.

Even though the quadratic approximation is good and the moving direction
guarantees that one step leads to the optimal, the whole procedure is still useless.
“How to choose an appropriate step size” will be considered in the next section.

In (3], Fang and Sheu constructed a primal-dual algorithm provided that
a triplet (Z,%,3) is satisfying AT = b,AT§ + § = ¢, where > 0,5 > 0 are
given. Starting from (%,7,5) the primal search direction not only generates a
new primal feasible solution but also a dual estimate y = (AX?AT)1AX?(c +
p V ¢(%)). Moreover, the moving direction for dual variables is obtained as :

Ay = (AX?AT)TAX?(5 + p v $(2)) in [3].
2.4 Scaling and Step Size

One commonly used technique for determining a step size is to scale the
problem into a transformed space. Let ¢(z) be a GBLP function. Consider the
problem P, and the transformed problem P, under the scaling matrix X formed

by a current interior solution Z as follows :

Minimize 'z + ug(z).

(By)
Subject to Az = b,
z 20,
Minimize oI Xy + ud(Xy).
(P u’)

Subject to AXy=1b,
y2>0.
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Theorem 2.4.1 The problems P, and P, are equivalent. Moreover, the moving
direction obtained from the negative projected gradient at T in P, is the same as

that obtained at e = (1,1,--+,1)T in P, under the transformation z = Xy.

Proof : Define T : {z|Az = b,z > 0} — {y|AXy = b,y > 0} such that
y=T(z) = X 'z.

It is easy to check that if z is a feasible solution of F,, then y = Xz
is feasible to P, and the corresponding objective values of z in B, and y in
P, are equal. Furthermore, since each diagonal element of X is positive, the
sign restriction is preserved under T. Therefore, the problems P, and P,s are
equivalent.

Note that the moving direction in P, is the orthogonal projection of neg-

ative gradient vector onto the null space of AX, namely,
- XAT(AX?A)*AX](%XC + X v 6(Xy)). (2.20)

Since Z is mapped into e = (1,1,---,1)7 in the transformed space, the moving

direction at Z in P, should start at e in P,.

- X’AT(AX2A)‘1AX](£X’c +X v (@)
which is the moving direction at e in the transformed space can be obtained by
plugging in y = e into (2.20).

Az = —X[I - XAT(AXzA)“lAX](%Xc +X v ()

can be obtained by mapping this moving direction back to P, with the inverse

transformation of T'. It is exactly the same as the moving direction obtained di-
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rectly from the “orthogonal” projection in the original space P, with a positive
definite symmetric matrix X 1.

Observe that using the Euclidean norm in the transformed space is actually
the same as using the inner product norm defined by the positive definite matrix

X~ in the original space. More specifically, this means
- 1
Iy ll=ll X7’z |lo= {< 2,2 >3-2}*

where < z,z >3%-1 is a weighted inner product defined by the quadratic form
T X2z, Theorem 2.4.1 therefore indicates that neither a transformed space nor
a scale-invariant GBLP function is necessary for deriving moving directions. They
can be obtained directly in the space {Az = b,z > 0} with different norms.
Since the X~ norm varies according to the current feasible solution 7, it

reflects how far a current point is away from boundafy. Since
ly =l X2z o<l X7 [l % | 2 o<l 2 ||z i | X7 o< 1;

therefore, under the X! norm, a step size less than one retains the interior feasi-
bility of a new solution. The choice of a scaling matrix affects the moving direction.
According to Corollary 2.3.2, only when the scaling matrix is chosen to be the Hes-
sian matrix of ¢(x), the moving direction is a Newton direction and the quadratic
model QP in Theorem 2.3.3 becomes the second order Taylor’s approximation.
But it may cause an ellipsoid too large to be inscribed in the feasible domain. One
strategy is to use X! as the scaling matrix when the Hessian matrix produces an

oversize ellipsoid.
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2.5 Criterion of Closeness

Section 2.2 characterizes an ideal interior trajectory which is continuous in
1 and leads to the optimal solution of P. However, it takes excessive computations
to attain the true minimum z*(x) of P, for each p. Therefore, a “criterion of
closeness” is needed to tell when to reduce the barrier parameter u. The criterion
of closeness can be viewed as an n-dimensional ball around z*(u). Once a current
solution falls inside that ball, then consider it is close enough to z*(u) and start
another iteration with a new parameter u’ < pu.

Restate the K — K — T conditions of problem P, as follows :

[ ATy +s—c=0,

Az —-b=0,
4 (2.21)
is =—-V ¢($)a

z>0.

For a primal algorithm, what it has is a current primal feasible solution
with a moving direction and a dual estimate. If apply the formula for the dual

estimate y in previous definition and define
s=c— ATy =c— AT(AXPAT) 1AX*(c + p v ¢(2)),

then the vector pair (y, s) automatically satisfies the first equation of (2.21). More-
over, I satisfies the second equation for primal feasibility. Therefore, if ,1,3+V¢(-’73),
or equivalently, || %‘s + Vé(Z) ||2, is small, Z becomes close to z*(u) since the

K — K — T conditions(2.21) has a unique solution.
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Expand %s + V#(Z) in terms of Z to get
25+ V(a) = o - ATARAT) AR o+ 70(@) + V(E)
= [ - A7(AXA7) AR e+ V()
= X1 - XAT(AX2AT)-1AX]X(£c +ve(z)),

which shows that X (%s +v¢(Z)) is the moving direction in the transformed space.

Therefore, the criterion function of closeness can be defined as follows :

Definition 2.5.1 Given a primal interior feasible solution T and u > 0, the “cri-

terion function of closeness” d(Z,u) s defined by

d(z, 1) =| X(is + V@) =l I - XAT(AX*AT)*AX]X(%% V@) lls
(2.22)

where s = ¢ — ATy and y is the dual estimate as what was defined previously.

It can be shown that d(Z,u) is the best measure at Z with least square

error among all dual pairs (y, s).

Theorem 2.5.2 d(Z, p) is the optimal solution to the following convexr program-

ming problem :
Minimize || X(%s + () |z -
(CP) s=c— ATy,
y € R™

Proof : An equivalent unconstrained problem :
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=1
Minimize || X [;(c — ATy) + ve(@)] 2 -
can be obtained by plugging s = ¢ — ATy into the objective function. Therefore,
_1 _
I X [;(C — ATy) + vé(@)] |12

—< [i-cT - inA ; W@)Tlx,x% (c— ATy) + V(@) >

2

— X(;}c + V(@) I2 %yrmw)y - ;yrsz[% (c+ V@),

which is a function of y.
y=(AX?AT)IAX2(c+ p v #(2)),

which is the optimal solution of problem CP can be obtained by taking the deriva-
tive of || X [% (c — ATy) + vé(Z)] ||? with respect to y and setting it to be zero.
But y is the dual estimate induced from (Z, u1); therefore, d(Z, 1) is the minimum

of CP by definition.

Theorem 2.5.3 For any u > 0, d(z*(u), u) = 0. Conversely, if d(Z,u) = 0 then

T must be the optimal solution of P,.

Proof : This is an immediate consequence of the above discussion. Observe that
d(Z,p) > 0 which is the minimum value of CP depending on the given primal
feasible solution Z and yu. Because z*(u) is the optimal solution of P, and its
associated dual pair (y*(u),z*(u)) satisfies ATy*(u) + s*(u) — ¢ = 0 as well as
25" (W) = = v ¢(=* (W), || X*(u) (55" (1) + Vé(z* (1)) llo= 0. Hence, it must be
the minimum value of CP at z*(u). In other words, d(z*(u), u) = 0. Conversely,
since F, has a unique solution, if d(Z, x) = 0 then Z must be the optimal solution

of P,.
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Theorem 2.5.4 ForZ € Wy and p > 0, d(Z, u) is continuous in p.

Proof : Let M, be the set of all n x n real matrices and || . ||2 be the matrix two
norm. Define a function h : Wy — M, by h(z) = (AX2AT)"1, and show that h
is continuous in W; as follows :

For y € Wy, let Y = diag(y1,¥2," -+, Yn), then

I A(2) = A(y) l=Il (AX?AT)™* — (AY*AT)7" |,

=|| (AX2AT)[AY?AT — AX2AT)(AY2AT)! ||,

<|| (AXZAT) 7 [la]l A(Y? = X*)AT o] (AY2AT) 7 [lo -

When y is close enough to Z, (AY2AT)~! is bounded and A(Y? — X?) AT tends to
zero; therefore, h is continuous in Wj. Since the composite of continuous functions
is still continuous, d(Z, i) is continuous in 4 from (2.22).

Notice that the function d(Z, u) is only an index showing how close it is
between a current solution Z and the real minimizer z*(u). It is not a distance
function defined on (z, 1), since it says nothing about the distance between two
arbitrary feasible points. In particular, d(z', ) < d(z? 1) does not imply z! is
closer to z*(u) than z? is. Since the d—function is defined by using X~!-norm
under which the space has been distorted according to different current points
and therefore can not reflect the true geometric relations in the original space.
Also, d(Z, 1) is the length of a moving direction under the measure of the scaling

matrix X. Hence, d(Z, 1) has to be less than one to avoid primal infeasibleness.
2.6 The Generic Barrier Function Algorithm

Having all the essential components in hand, a generic barrier function al-

gorithm can be constructed as follows :
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Algorithm 2.6.1

Step 1 (Initialization and Notations)

z° be an initial interior feasible solution of P such that d(z°, uo) < S.
Let f,(z) = Tz + po(z).

Let 0 < 8,8 <1 be two constants and L be the input length of P, 1o > 0 and
Set k :=0.

Step 2 (Check Optimum)
If px < €L then Stop! z* is the solution.

Otherwise, go to next step.

Step 3 (Compute Dual Estimate)
y* = (AXZAT)TAXE (e + 1 v (),
sk = c— ATy*,
r* = Xi(5-8" + (),
where X, = diag(z%,- -, z¥).
Step 4 (Check Criterion of Closeness )
d(z*, ) =] * |2,
if d(z*, ux) < B, then set

Ere1 = (1 — 0)p,
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Z*l = gF — Xk,

k=k+1.

Otherwise, go to next step.

Step 5 (Compute Another Solution Closer to x*(ux))
6 := argming<e<1{fy, (z* — aXpr*) | zF — aXpr* > 0},
zF =z — § X",

Go to Step 3 without updating k and .

2.7 The Condition and the Proof for the Convergence of

the Algorithm

Some properties on the GBLP functions are imposed in Condition 2.7.1
to make sure that Algorithm 2.6.1 converges to the optimal solution of problem
P.

Let ¢(x) be a GBLP function and X = diag(z,,s,---,z,) for z € W.

Condition 2.7.1 There erists M > 0 such that | X 7 ¢(z) ||z < M for each
zeW.

Theorem 2.7.2 For any py > 0, if there is a primal feasible solution z* with
d(z*, ux) > B then Step 5 of Algorithm 2 will eventually generate a primal feasible

solution =’ such that d(z’, u;) < B.

Proof : This is a direct consequence of the descent property of the moving direc-

tion. Recall that
Azk = —Xi[I - XkAT(AX,fAT)'lAXk]Xk(;f_ + Vﬁf’(xk)) = —Xpr*.
k
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Notice that d(z*, ux) =|| r* |l2> B > 0 and d(z*, ux) = 0 if and only if

|| 7* ||2= 0. Consider the directional derivative of f,, along Az* and define

9(t) = fu,(z* + tAz*), so

g0 = Tful*+ Ao
= (Vfu(a")T Ok
= [V(F2* + md(zh))|T Ac*
= (= + Ag(a*)T Az
e
= —mX;?| Ak |2<0
because || Az* ||2= (Az*)T(AzY)
= (i+v¢(x’°»T{Xk[I—XMT(AX%AT)‘IAXAX&{X::[I—XkAT(AXﬁAT)‘lA
XX H— + vé(=*))}
Hr
= ‘;Ti + (k)T {X2[T - XkAT(szATrlAXkJXz}(f; + V()
- (ixz>(c+ 1 B A

Since f,,, is continuously differentiable, g'(t) is continuous at ¢ = 0. Hence,
there exists an interval [—a, a] with o > 0 such that g'() < 0 for all ¢ in [a,a].
This implies that g(t) is monotonously decreasing on [—e, a]. In other words, when
starting at z*, moving along the direction Az* with a step size a, the resulting

point will end up with a lower objective function value. Let
6 := argming<o<1{f, (z* + aAz®)|z* + aAz* > 0},
¥ = z* + §Az*,

30



and repeat the same procedure until | Az* ||;= 0. In this way, this algorithm
generates a sequence of primal feasible solutions with monotonically decreasing
objective value. Since f,, has a unique minimal solution z*(u;). By the continuity
of d(z*,ux) in Theorem 2.5.4, the algorithm will eventually produce a primal

feasible solution z’ with d(z’, ux) < B after taking several runs of Step 5.

Theorem 2.7.3 Under Condition 2.7.1, if {z*} is the sequence generated by Al-
gorithm 2.6.1 satisfying d(z*, u) < B; ie., || X %)+v¢(z") l2< B,k =1,2,---,
then

k]im Xs* = 0.
Proof : There exists such a sequence from Theorem 2.7.2. Also,

k k
I X llz — || X 7 6(z%) o<l Xe(Z= + vo(*)) [|2< 8.
Hr Hx

Condition 2.7.1 implies that || Xis* ||o< px(8 + M).

n
If py — 0, then z:(:z:fs:c )?> — 0. This further implies that either

i=1

k

zF ~—— 0 or sf — 0 for each component i when k tends to infinity. Therefore,

klim XsF =0.

Theorem 2.7.4 If the sequence {z*} in Theorem 2.7.8 converges, it converges to

an optimal solution of P.

proof : Suppose that {z*} converges to a point z*. Since {z*} is a sequence of
primal feasible solutions, Az* = b and z* > 0. If the corresponding sequence {s*}

converges to a dual feasible solution, say s*, then Theorem 2.7.3 generates the
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complementary slackness condition for s* and z*. Thus, z* is an optimal solution
of P.
According to Algorithm 2.6.1, s* is defined by

s" =c— AT(AXFAT) T AXG (c + pe v 9(3F)).

Due to the “unique optimal solution” assumption in Assumption 2.1.6, AX always
has full row rank , for z € W. Consequently, matrix AX?A7 is invertible. On the
other hand, X Vv ¢(z¥) is uniformly bounded by Condition 2.7.1. Therefore, s*

is a well-defined continuous function in both z and uy.

lim s* =s* = c— AT(AX"AT)1AX""c

mr—ro0

can be obtained by taking limit of s*.
Suppose that s* is not dual feasible, i.e., at least one component of s* is
negative, say s; < 0, then there exists a number N; > 0 and a number 7 < 0 such

that s <5 <0, for £ > N;. Moreover,
k+1 k k\2 S? k
z;" =zj — 6(z;) [u—k + (ve(z*));].

However, from Theorem 2.7.3, z; has to be zero and this forces the j-th
component of \7¢(z*) to be negative infinity by the definition of GBLP functions.
This indicates that there exists a number N; > 0 such that (V¢(z*)); < 0, for
k > Np. o = ok — 6(2h)2[L + (V(a*));] > 2, for k > N if N = maz(N;, Ny).
Therefore,

lim.'z:;?>:rj-v>0.

k—o0

This contradicts to z; = 0. Hence, s* must be dual feasible.
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Theorem 2.7.5 (Convergence)
Algorithm 2.6.1 converges to the unigue optimal solution of P under Condition

2.17.1.

Proof : For each p; starting from p°, Algorithm 2.6.1 generates a sequence {z*}
with d(z*, ux) < . Since the feasible domain is compact, there exists a convergent
subsequence {z*™} of {z*}. That {z*™} converges to an optimal solution of P can
be conclude by applying Theorem 2.7.3 and Theorem 2.7.4 to the subéequence.
But problem P is assumed to have a unique optimal solution. Therefore, {z*}

must converge to the unique optimal solution of P.
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CHAPTER III

THE PERTURBATION METHOD FOR SOLVING
LINEAR SEMI-INFINITE PROGRAMMING
PROBLEMS

This chapter will introduce a new method to solve linear semi-infinite pro-

gramming problems by combining the concepts of two methods that were intro-

duced in Chapter I and Chapter II.

3.1 Definitions, Assumption and Preliminaries

Recall that LSIP and LP; problem which were defined in Chapter I :

n
Minimize ) cjz;.

=1
(LSIP)
Subject to > _ zja;(t) > b(t),Vt € T, (3.1)
=1
z; 20,7=1,---,n, (3.2)

where T is a compact metric space with an infinite cardinality, a;(t), for j =
1,---,n and b(t) are real valued continuous functions defined on 7T, and LP, was
defined as follows :



Minimize ic,-xj.
3=1
(LF:)
Subject to zn:mjaj(ti) > b(t),i=1,---,k,
5205=100m

which is equivalent to
Minimize c171 4+ coTa + -+ + CpZp.
(LP:)
Subject to z1a1(t1) + T2a2(t1) + - - - + Znan(t1) > b(t1),

z101(t2) + Zaaa(t2) + - - - + Zpan(t2) > b(t2),

z1a3(tk) + T2a2(t) + -+ - + ZTnan(te) > b(tx),

xj.>_07 j’_‘la"',n’

or

Minimize e1z1 + coTo+ -+ CnTn + 0 Zny1 +0-Zpyo + -+ + 0 Tpyp.
(LP:) Subject to
xlal(tl) + .-+ znaﬂn(tl) = Zpt1 - 1+ Tni2 - O+---+ Tntk* 0= b(tl)y

7101(t2) + -+ + TaGn(t2) + Tny1 - 0= Tny2 - 1+ -+ - + Tpyx - 0 = b(t2),

zla]_(tk) +"'+xnaﬂn(tk)+mn+1 '0+$n+2‘0+"' _xn..'.k’l =b(tk),
sz()) j=1"")n,n+17"'7n+k,
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ie.,

Minimize c\z1+ - +caZn+0-Zppy+-+-+0- Tpps.

al(tl) a,,(tl) -1 0 0 I b(tl)

a (& oo (2 O -1 --- 0 x b(t
Subject to 1(‘ 2) : anE 2) : o : :2 _ (:2) ’

(753 (tk) s a,,(t,,) 0 0o --- =1 Tn+k b(tk)

2;>0, j=1,2---,n+k

Therefore, LP; can be converted into a standard linear programming form

SLP; as follows :

Minimize c(k)Tz.

(SLP,)
Subject to A(k)z = B(k), (3.3)
z;20,j=1,2,---,n+k, (3.4)
where
ai(ty) - an(ts) =1 0 -+ 0
A= | m) el 0 0

ai(te) --- an(te) 0 0 ... —1
is a kX n+k dimensional matrix, B(k) = [b(t1), b(t2), - - - , b(tz)]T is a k dimensional
column vector, ¢(k) = [e1,**,¢n,0,++,0T and = = [Z1,-+, Ty, Tny1, -+ » Trge] T

are n + k dimensional column vectors.
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Note that A(k) and A(k + 1) are related in the following way

0
A(k) 0
A(k + 1) = : ’
ar{te+1) -+ Gn(teq) 0 0 .-+ =1
and A(k) has a full row rank k for all k.

Assume that LSIP and SLP; satisfy the following assumptions:
Assumption 3.1.1

1. Interior Point Assumption :

LSIP has an interior feasible solution relative to (3.2). Since the feasible
domain of LSIP is contained in the feasible domain of SLPy, fork =1,2---,

SLP; also has an interior feasible solution, for k =1,2,---.
2. Bounded Feasible Domain Assumption :

SLP, has a feasible domain Wy, = {z € R"** : " z;a;(t;) — Tn1i = b(t:),

i=1
1=1,2,---,k,and z; >0, j=1,---,n} which is a bounded subset of R***,
fork=1,2,---.

3. SLP; has a unique optimal solution, fork =1,2,---.
4. A(k) has a full row rank k which can be seen by the form of A(k).

Note that SLP; satisfies Assumption 2.1.6 if it satisfies Assumption 3.1.1.
In order to develop a convergent algorithm for solving LSIP, it is necessary

to have the following condition :
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Condition 3.1.2 There ezists My > 0 such that || X 7 ¢i(z) ||2< My for each
z € Wi, and k =1,---, where ¢x(z) is the GBLP function for solving SLFP;.

Let ¢r(z) satisfy Condition 3.1.2. A new method for solving LSIP is
developed by the concept of solving SLP, approximately with the “perturbation
method” instead of solving SLP; exactly in the “adding constraint” method for
solving LSIP. Note that “solving SLFP; approximately” is actually “solving SLP,,

approximately”, and SLP,, is a “relaxed” problem of SLF;.

3.2 The New Algorithm for Solving Linear Semi-Infinite
Programming problems

Algorithm 3.2.1

Step 1.( Initialization and Notations )

Given 0 < 6,, 63, 63, 1 < 1, where 6,, bs, b3, B, are all constants.
Given € > 0 be a sufficiently small number and given €, u; >0, t; € T.
Set T1 = {t]_}.

Set k :=1.

Step 2. Find an initial interior feasible solution z* of SLP: such that

d(a:k, [l,k) S ,Bk. Let

n+k
Fu(®) =D x5 + () = c(k) Tz + prdn (z),
=1

where ¢r(x) is a GBLP function which satisfies Condition 9.1.2.
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Step 3. Find the minimizer tyyy of Gry1(t) which is given by

Gk+1 (t) = iaj(t)xf - b(t)

Jj=1

Calculate

Grntrsr) = Y aj(tes1)zs — btrs).
J=1

Step 4. ( Check Feasibility )
If Gesa(tes1) < —ex,
let Tiy1 =T U {tenr},
€xr1 = (1 — 82)ex,
pr+1 = (1 — 61)px,
Br+1 = (1 — 63)P%. Reset k «— k + 1, go to Step 2.

Otherwise, go to Step 5.

Step 5. ( Check Optimum )
Check p, if ux < € then Stop !

(z%, 75, -, z¥) is an optimal solution of LSIP, where (z¥,z5,-- -, zF)

denotes the first n component of z*, and z* is a n + k dimensional vector.

Otherwise, go to Step 6.

Step 6. ( Compute Dual Estimate of SLFP; )
ye = [A(R) XEAKR)TI P A(K)XE (¢ + pe W (),

sk 1= c— A(k)Tys,
ri = Xi(5osk + Vér(2Y)),

— di k .k k
Xy = diag (7,73, -, Th 1)
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Step 7. ( Check Criterion of Closeness )

Let d(z*, ) = & ||2 -
If d(z*, ux) < By then set
z* = z* — Xyre = 2% + Az,
pre = (1= 61) px,
ex = (1 — &2)€x,
go to Step 8.

Otherwise, go to Step 8.

Step 8.(Compute Another Solution Closer to the Optimal Solution of SLF;)

8 1= argmingce<1{f., (¥ — aXiri) | % — aXere > 0},
z* = z* — 6 X;rs.

Go to Step 6 without updating k and py.

Note that Step 4 checks Gx11(tp41) < —€x or Giy1(tes1) = —éx instead of
checking G41(tk+1) < 0 or Gry1(tk+1) > 0. This method is called “relaxation”

method in numerical practice.

3.3 The Results of the Convergence for Algorithm 3.2.1

Denote the sequence generated by Algorithm 3.2.1be {z(ut) : i =1,2,---,k =
1,2,---}, the sequence or a subsequence of {z(ui) : i =1,2,---,k = 1,2,--},
converges to the optimal solution of LSIP. This can be shown by the following

Theorems :

40



Theorem 3.3.1 Under Assumption 8.1.1, the sequence {z(ui) : i = 1,2,---}

found in Algorithm 3.2.1 converges to the optimal solution z* of SLP, when {ui :

1=1,2,---} is a sequence of positive numbers which decreases to zero.

Proof : Since Algorithm 3.2.1 selects z(u}) satisfying d(z(ui), ut) < B and
¢x(z) satisfying Condition 3.1.2 (or Condition 2.7.1); therefore, {z(ui) : ¢ =
1,2---} converges to z* when {ui : i = 1,2,---} is a sequence of positive numbers
which decreases to zero by Theorem 2.7.5.

Under the Interior Point Assumption on LSTP, the Bounded Feasible Do-
main Assumption on SLF, and the assumption that SLP; has a unique optimal
solution for every k, the approach developed in Algorithm 3.2.1 either terminates
in finite steps or generates an infinite sequence {z(u),k = 1,2,---}.

In Algorithm 3.2.1, e, for k = 1,---, g, for k = 1,-- -, are defined and

the relation between €;, yx k = 2,--- can be seen as follows :

{ €rs1 = (1= G2)ex, if pnsr = (1—81)p,
(3.5)

e = (1 - b)ex, if px=(1-b1)ms

Theorem 3.3.2 If Algorithm 8.2.1 terminates in finite steps when k = k*, then

z*" is the optimal solution of LSIP.

Proof : In this case, the algorithm stops when p;. is sufficiently small and z*°
satisfies
n
Minimumer Y a;(t)z — b(t) > —exe.

=1
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Therefore, when Algorithm 3.2.1 terminates in finite steps, i.e., uz+ is sufficiently

small, €. is sufficiently small can be concluded because of the relation between
€x~ and pg+ in (3.5). Hence,
n
Minimumer Za,- (t)x;? — b(t) > —ex— 0 as k large enough.
J=1
ie.,

iaj(t)xf' —b(t) > 0.

—~
This means z*° is feasible to LSIP.

From the result of Theorem 3.3.1, z*" is the optimal solution of SLP;.;
Moreover, z** is feasible to LSIP, z** must be the optimal solution of LSIP

because the feasible domain of SLP;. contains the feasible domain of LSIP.

Theorem 3.3.3 In Algorithm 8.1, if the approach does not terminate in finite
steps; or say, it generates an infinite sequence {r(ux) : k = 1,2,---}, then there
ezists a subsequence {z(ux,) 11 =1,2,---} of {z(m) : k =1,2,---} and the firstn
component {(z(psx)1, Z(k)as -, (ki) 1§ = 1,2} of {a(uw) 16 =1,++,}
converges to the optimal solution z* of LSIP.

Proof : In this case, however pgy1 = (1—8;)ux < (1—61)*p; foragiven0 < 6, < 1

by (3.5). Hence, {ux : k =1,2,---} decreases to zero.

1. The feasible domain Wy of SLP,( or SLF,,) is contained in Wj_, for k =
2,3,--- because the constraints of SLP;_, are also constraints of SLP;.

Under the Bounded Feasible Domain Assumption, there exists a subsequence

{l‘l’ki} of {/"’k} such that {(x(pk.')l, z(/‘k.' )2’ ot ,-’L'(Nk.-)n)} converges to a pOinta

say, T°.
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2. T is compact, a subsequence {m,} of {44, }; or consequently,

{(z(kmi)1, - - s 2ty )n) } subsequence of {((px:)1, - -, Z(pr:)n)} can be cho-

sen such that {1} converges to a limit point ¢t* € T.

3. Now z* is the optimal solution of LSIP can be shown as follows :

(1) z(px,) > 0 and {(z(ux,)1, - -, Z(ur,)n)} converges to z*, so z* > 0.

(2) Define

G*(t) = 3 a;(t)z — b{{) on T.

=1

Since z* is the limit point of the sequence {(z ()1, -, Z(1k;)n) }

G'(t:) = Ea,-(t,-)x; -b(t)>0, for i=1,2,---. (3.6)
=1
by the definition of z*.

Let £ € T be a minimizer of G*(t) over T. From the way of choosing
te+1 in Step 3,
Gm+1(t) 2 Gmit1(tmit1) (3.7)
can be obtained because tm,+1 is the minimizer of Gp,41(t) . Let m;
approach to oo, then

G 2G() 20

can be obtained by (3.6) and (3.7). Thus z* is a feasible solution of
LSIP.

(8) Since d(z(tm,), m,) < Pm, which approaches to zero as m; approaches

to infinity, z(pm,) approaches to the optimal solution z},. of SLF,,, as

m,; large enough.
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(4) Suppose z* is not the optimal solution of LSIP, under the assumption
that LSIP has an optimal solution, say Z = (£1,%2,---,%Zn)¥. Then

there exists a constant w > 0 such that

n

ECJ‘.’L‘; - ZCJ'SLTJ' > w. (38)

J=1 Jj=1
Since Z is feasible to LSIP, it is feasible to SLF,,, for each m;

therefore,

S5+t () 2 335 )s + i (@) (39)

It is obvious to see that

cT(z(.u?m)h tt ax(ﬂ'mi)n) -~z = cT(x(/*"me)l’ oo ’x(l"mi)n) -’z

+cfz* — Tz, (3.10)
Since {(z(tm, )1, - -y Z(itm; )n) } converges to z*, given a small num-

ber v with w > v > 0, there exists a positive number N, such that
—7 < T (@(bm )1, - 1T (g ) — 2" <y for mi >N (3.11)

Moreover, z(um,) approaches to z},. as m; approaches to infinity
can be concluded from the discussion in (3). So, if given € = (w — ),

then there exists a positive number N; such that for m; > Ny,
Ecj(x:ru)j + by Omi (Tr,) > [E T (Bm; )i + tm;Dm, (T(Bm,))] — €
ij=1 j=1

(3.12)

Hence, when m; > Ny,

S 655 + b (2) 2 [3° €52t )s + b @ im))] — € (3.13)

Jj=1 7=1
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can be obtained by (3.9) and (3.12). Moreover, the inequality (3.13) is

equivalent to

S Csltim)s = 36575 < bl (B) — e Sim +€ (314)
i=1

=1
whenever m; > N and € = 3(w — ). Therefore,

when m; > Max (Nl,Nz),
¢ (@ (me )1, Ty )n) = €T > w =7 >0 (3.15)

can be deduced by (3.8),(3.10),and (3.11). Also,
0 < w—7 < T ((pm,)1,* ** » Tty Jn) =€ F < ptm, [Boms (Z) — Prm (T (oms))]

5(w=1) (3.16)
can be obtained by (3.14) and (3.15).

Note that px+1 < (1 — 8)*u1,k = 1,2, - -; therefore, pn, reduces
to zero as m; approaches to infinity. By the Bounded Feasible Domain
Assumption and the definition of GBLP function, the right sub-term
of (3.16) :

poms [ $mi () — B (2 (i ))]
approaches to zero as m; approaches to infinity. Therefore, 0 < w—v <

2(w — ). This causes a contradiction. Thus z* must be the optimal

solution of LSIP.

Improvement of Algorithm 3.2.1

The purpose of this section is trying to make Algorithm 3.2.1 easier. Two

problems ‘how to find an initial interior feasible solution of SLP;,; whenever
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Grt1(tr+1) < —€x < 0,” and “how to get an interior feasible solution of SLPy;
satisfying d(z**2pg+1) < Bi+1” in step 2 of Algorithm 3.2.1 can be solved by the

following discussion :

3.4.1 Find An Initial Interior Feasible Solution of SLFP,,; Whenever
Grs1(tes1) < —€ <0

Define

J(@) = - asltnn); — bltasn)-

=1

Suppose z* = (z%,z%,---, 2k, )T is an interior feasible solution of SLP; such that
J(z*) < 0 and z**! = (25 + Azk 2k + Azk ... zE  +AzE  zEtl ) is an interior

feasible solution of SLP;,; :

Minimize c(k +1)7z.
(SLPe+1)
subject to A(k+ 1)z = B(k + 1), (3.17)

z2>0. (3.18)

the constraints of SLP;.; can be rewritten as follows :

r 0 z¥ + Az}
Ty + ATE b(tk+1) )’
) a1(te+1) -+ Gn(tgsr) O O ..o —1 xﬁi}c+1

¥+ Azf >0, for j=1,2,---,n+k,

\ Tt = 210 (tk+1)(1'§ + Al’f) = b(te+1) > 0. (3.19)
3.19

Reduce (3.19) to be




A(k)(z* + Ac*) = B(k),
Triher = Lot @5(tes1) (€f + Azk) — b(trsa) > 0, (3.20)

z¥ + Azt >0, for j=1,2,---,n+k.

A(k)AzF =0,
Thiier = Ty ai(ter1) (25 + Azk) — b(tk41) > 0, (3.21)
z§+A:v§ >0, for j=1,2,---,n+k.

can be obtained by reducing (3.20).

By the particular form of the matrix

ai(ty) --- an(tl) -1 0 .-- 0
) = al(:t2) a'n(:t2) (:) —:1 ? ,
ats) - an(te) 0 0 e —1

it is obviously that its null space is spanned by

2 = (1’0’ 0,--- 7070'1(t1)’a1(t2), MR al(tk))Ta

22 = (07 17 0, "t a07 a2(t1)7 a2(t2), ot 7a'2(tk))T7

Zn = (0, 0’ 07 et ala G.n(t]_), a’n(t2)a tet aan(tk))Ta

which are n+k dimensional column vectors. Since A(k)Az* = 0, AzF is the linear

combination of z;,2;,---, 2.

Define ay, 6, and z§* as follows :

n
o 1= sign(}_ a;(te41)Ax}),
=1
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k

O := T Minimum{ > sz : akAxf <0} >0, where0 <7< 1,
~a Azt

it = 5 + OpaxAzh > 0 for j = 1,2,---,n+k,

then
J(z*) = ilaj(tk+1)(x§ + OrarAzE) — b(trs1),
= fufox 3 a(tnin) ] + I, (322)
=
where

0k [ak Z aj(tk+1)A:z§] Z 0,

J=1
by the definition of o, 6 and the assumption: J(z*) < 0. Hence J(z*+!) > J(z*).

Without loss of the generality, repeat this process until J(z**!) > 0. Az* can be
found to satisfy (3.22) by the above discussion, i.e., an initial interior feasible
solution of SLP;.; can be found easily by using the combination of the vectors

21, , 2, and g, Gy.

3.4.2 Find An Interior Feasible Solution z**! of SLP,,; Satisfying
d(z**, prs1) < B

Now the remained problem is “how to get an interior feasible solution
of SLP satisfying d(z*1ui+1) < Br4r.” If there is a primal feasible solution
"+ with d(z¥*', ur11) > Bes1, then Step 8 of the Algorithm 3.1 will eventually
generate a primal feasible solution z' of SLP;4; such that d(z’, ftr41) < Bes1 by
the result of Theorem 2.7.2.

3.4.3 The Revised Algorithm

With the help of the above discussion, an initial interior feasible solution

of SLPgy; such that d(z**?, ixy1) < Brs1 can be found. Algorithm 3.2.1 can be

48



modified as follows :

Algorithm 3.4.1

Step 1. (Initialization and Notations)
Given 0 < 6y, &, 83, By < 1, 61, 62, 83, B are constants, € > 0 sufficiently

small, €3, 1y >0, ¢, €T.
Set T]_ = {tl}.

Setk :=1.

Step 2. Find an initial interior feasible solution z* of SLP;.

If k > 1 then using the discussion of subsection 8.4.1 to find it.

Step 3. (Compute Dual Estimate of SLP, and Step Length of z*)
v = [A(K)XZAK)T] T A(K) X (c + px 7 Bx(2*)),
sg = c— A(k)Ty,
T = Xk(,_,l_ksk + Vér(z¥)),
where X, := diag(z}, 25, - 2% ).
d(z*, px) =[x ll2,
Az* = — X1y,
where ¢r(z) is a GBLP function which satisfies Condition 3.1.2
Let

n+k

S (z) = 2 ¢izi + mde(z) = 'z + Pide(T).
j=1
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Step 4. (Check Criterion of Closeness)
If d(z*, ux) > B then

6 := argmingcac1{fu.(z* — aXprs) | zx — aXpr > 0},
z* = ¥ — §AzF,
go to Step 3.

Otherwise, go to Step 5.

Step 5. (Check Feasibility)

Find minimizer tyy 1 of Gi41(t), where

Gean(t) = Y- ay(t)at — b(t).

=1
If Gry1(te1) < —€x then

Ti1 =T U {trna},

ex+1 = (1 — &),

Pret1 = (1 — 61)u,

Br+1 = (1~ 63)0,

go to Step 2.
Otherwise, (i.e., Gri1(ti+1) > —€x)

go to Step 6.

Step 6. (Check Optimum)
Check py.

If px < € then Stop!

(z%,25,- -, zk) is the optimal solution of LSIP.
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Otherwise,

zF = 2% — Xy = ¥ + AzF,
pre = (1= &1)p,
€ = (1 — b2)ex,

go to Step 3.
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CHAPTER IV

NUMERICAL EXAMPLES AND THE CONCLUDING
REMARK

Compared to the traditional extreme-point methods [6,10], at each itera-
tion k,k =1,2,---, for ux > 0, the perturbation approach solves an approximate
solution of LP,, which is a “relaxed problem” of LP;. In view of the interior-point
method for linear programming problems [5], solving LP,, only requires a partial
amount of computational effort spending for LP;, because the common practice
of employing the perturbation interior-point method for solving LF; is to solve
a perturbed problem {Minimize c(k)Tz + prdr(z) | A(k)z = B(k),z > 0, x(z)
is a convex “barrier function”} and then drive the positive parameter p; to zero
[3]. In the case of this paper, the perturbation approach for solving linear semi-
infinite programming problems takes ¢x(z) as the GBLP function which satisfies
some conditions and reduces the parameter pi such that the approximate so-
lution of LF,, satisfying the “closeness criterion”: d(z*,u;) < Biry1 whenever
Gr+1(te41) < —€.

Some computational experiences on implementing Algorithm 3.4.1 for solv-
ing LSIP will be reported in this chapter in order to demonstrate that the new

method which is developed in Chapter III is very efficient and useful in practice.
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Three sets of commonly seen problems as following were tested.

Problem 1
Minimize
Subject to
Problem 2
Minimize
Subject to
Problem 3
Minimize
Subject to

4.1 Test 1 (The Adding Constraint Method and the En-

.-,n.

7=1 J

n .

> t""z; > sint, Vt e [0,1],
j=1

z; 20, =12,

n

. 1
Zt"lxj 2 -,
pn 2-¢
z] 2 0’ J - 1)27

=1

x.‘iZO, J=12,-.

_ 1
Et.’ 1.’IZJ' > —_;?2-,

vt € [0,1],

..,n.

vt € [0,1],

M.

tropic Perturbation Method for n = 5 Case )

Set n = 5 as a baseline case in the following tests. For the purpose of illus-
tration and comparison, the “adding constraint” method was implemented simply
by using LOQO(an interior-point LP and QP package provided by Vanderbei [11])

to solve LP in step 2 of each iteration. All default parameters of LOQO were kept

53



unchanged and the stopping rule of LOQO was set when the duality gap < 1078,
The stopping rule in Step 4 of Algorithm 1.2.1 was set when G(te41) > 1074 A
starting point with ¢; = 0.5 was used; on the other hand, Algorithm 3.4.1 was

implemented as follows :

the starting point ¢; = 0.5,

6, = 0.75,
0o = 0.75,
63 = 0.05,
£ = 0.95,
€ = 0.1,
e =107¢,
p=0.1.

Moreover, the entropic barrier functions were used as the GBLP functions, i.e.,

n+k r

$r(z) =) zilnz;.
i=1
Hi+1 and €y, for £ = 1,2, - - - were defined as follows :

M1 = (1 - 61)/1* when px >,
i M when p <e.

S (1 —62)ex when € > 1074,
k+l €k when € < 1074



For n = 5 cases, Problems 1,2,3 can be written as follows :

Problem 1

.7

Minimize -
J

o T_I‘Mm
H

Subject to Y _t"~'z; > sint, Vt € [0,1],
j=1

z; >0, j=1,2,---,5.

Problem 2

5

Minimize Z L
=1 J
5

1
Subject to Y t'"'z; , Vt€[0,1],
J=1

z; 20, .7=172a’5

Problem 3

5

.. z;
Minimize E =,
j—l J

1
: -1
Subject to ,24 1z, > e vt € [0, 1],

JZ()’ .7=1’27,5

Numerical results of the tested problems are reported in Tables 4.1.1, 4.1.2,

and 4.1.3.
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Table 4.1.1 The result of Test 1 for Problem 1

Algorithm 1.2.1

Algorithm 3.4.1

Adding Constraint Perturbation
Method Method
Number Number of Number of
Objective Cholesky for Cholesky spent | Objective
k of finding a suitable | after finding a
value initial solution suitable initial value
Cholesky of SLP; solution of SLP;
1 9 0.479430 2 2 0.548731
2 9 0.479430 4 0 0.491573
3 8 0.479430 3 0 0.481737
4 9 0.479430 3 0 0.479730
5 3 0 0.479522
6 3 6 0.479425
Total number
35 18 8
of Cholesky
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Table 4.1.2 The result of Test 1 for Problem 2

Algorithm 1.2.1 Algorithm 3.4.1
Adding Constraint Perturbation
Method Method
Number Number of Number of
Objective Cholesky for Cholesky spent | Objective
k of finding a suitable | after finding a
value initial solution suitable initial value
Cholesky of SLP; solution of SLP;
1 9 0.666670 2 2 0.692265
2 9 0.666670 4 0 0.677401
3 9 0.692859 4 2 0.693360
4 9 0.693446 4 8 0.693454
5 9 0.693489
Total number
45 14 12
of Cholesky
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Table 4.1.3 The result of Test 1 for Problem 3

Algorithm 1.2.1
Adding Constraint

Algorithm 3.4.1
Entropic Perturbation

Method Method
Number Number of Number of
Objective Cholesky for Cholesky spent | Objective
k of finding a suitable | after finding a
value initial solution suitable initial value
Cholesky of SLP; solution of SLP;
1 9 0.800000 2 0 0.875792
2 8 1.000000 2 16 1.000000
Total number
17 4 16
of Cholesky
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The optimal solution of Problem 1 obtained by Algorithm 1.2.1 is z; =

0.040632, z, = 0.877595,z; = 0.000000,z4 = 0.000000,z5 = 0.000000, while Al-
gorithm 3.4.1 provides an optimal solution of Problem 1 : z, = 0.044744,z, =
0.869361, z3 = 0.000000, x4, = 0.000000, z5s = 0.000000. The optimal value of Prob-
lem 1 obtained by Algorithm 1.2.1 is 0.479430, while Algorithm 3.4.1 provided an
optimal value of Problem 1 : 0.479425.

The optimal solution of Problem 2 obtained by Algorithm 1.2.1 is z; =
0.500000, z, = 0.252752, z3 = 0.132483,z, = 0.000000,z5s = 0.114763, while Al-
gorithm 3.4.1 provides an optimal solution of Problem 2 : z; = 0.500000,z, =
0.255819, z3 = 0.125300,z4 = 0.000002,z5s = 0.118858. The optimal solution of
Problem 2 obtained by Algorithm 1.2.1 is 0.693489, while Algorithm 3.4.1 obtained
an optimal value of Problem 2 : 0.693454.

The optimal solution of Problem 3 obtained by Algorithm 1 is z; =
1.000000, z; = 0.000000,z3 = 0.000000, z, = 0.000000,z5 = 0.000000, while Al-
gorithm 3.4.1 provides an optimal solution of Problem 3 : z; = 1.000000,z, =
0.000000, z3 = 0.000000, z, = 0.000000, x5 = 0.000000. The optimal value of Prob-
lem 3 obtained by Algorithm 1.2.1 is 1.000000, while Algorithm 3.4.1 obtained an
optimal value of Problem 3 : 1.000000.

After finding a suitable initial solution of SLFP;, that the “perturbation”

»

method is more efficient than the “adding constraint” method can be found from

the above data.
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4.2 Test 2 (The Minus Logarithmic Perturbation Method
for n = 5 Case)

The baseline case of n = 5 was chosen in the\following tests. The parame-

ters for Algorithm 3.4.1 were set as follows :

the starting point ¢, = 0.5,

6, = 0.75,
6, = 0.75,
63 = 0.05,
p$r = 0.95,
€ =0.1,

€=107¢,
p=0.1,

and the GBLP functions were chosen as minus logarithmic barrier functions, i.e.,
n+k
¢k($) = — Z ln:c,-.
i=1
Moreover, pi+; and €41, for k = 1,2, -- - were defined as follows :

fiag = (1—61)uxr when py >,
M Mk when p <e.

. (1 —8)e when ¢ > 1074,
k+l = €x when ¢ < 1074,

The solution process is shown by Tables 4.2.1, 4.2.2, and 4.2.3.
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Table 4.2.1 The result of Test 2 for Problem 1

Iteration Objective Value
1 0.507489
2 0.509230
3 0.479431
4 0.479425
Problem 1
Minimize ; ﬂ
=17

5
Subject to Y t~!z; > sint, Vt € [0,1],
j=1
z; 20, j=1,2,---,5.

The optimal solution obtained by Algorithm 3.4.1 is z; = 0.041393,z, =
0.876063, z3 = 0.000001, z, = 0.000000,z5 = 0.000000, and the optimal value is
0.479425.
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Table 4.2.2 The result of Test 2 for Problem 2

Iteration Objective Value |
1 0.755381
2 0.690755
3 0.692997
4 0.693446

Problem 2 i

5
z;

Minimize Z =,
]: J

5
Subject to Y t'7lz; > ——, Vt€[0,1],
=1

27—t
z; >0, j=1,2,---,5.

The optimal solution obtained by Algorithm 3.4.1 is z; = 0.500000,z, =
0.256528,z3 = 0.123644,z, = 0.000002, z5 = 0.119800, and the optimal value is
0.693446.
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Table 4.2.3 the result of Test 2 for Problem 3

iteration Objective value
1 0.111728
2 1.000000

Problem 3

5

e e . Ty

Minimize E =,
=1

5
; 1
: -1
Subject to j;t’ z; > e vt € [0,1],
z; 20, 7=1,2,---,5.

The optimal solution obtained by Algorithm 3.4.1 is z; = 1.000000,z, =
0.000000, z3 = 0.000000, z, = 0.000000, zs = 0.000000, and the optimal value is
1.000000.
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4.3 Test 3 (The Minus Perturbation Method and the Ap-
proximately Dividing Interval Method for n = 50 Case)

The baseline case of n = 50 was chosen in the following tests, the parameters

for Algorithm 3.4.1 were set as follows :

the starting point ¢; = 0.5,

6, =0.8,
6, = 0.8,
03 = 0.1,
pr=0.9,
€ =0.1,
€ =105,
p=0.1,

the GBLP functions were chosen as minus logarithmic functions, i.e.,
n+k
¢k(.’L‘) = — Z ln:z:,-.

i=1

Moreover, pk+1 and €x41, for k =1,2, - - - were defined as follows :

- (1 —6)ur when x>,
e I when p < e.

e (1 —682)e;, when ¢ > 1078,
k+l €k when ¢, < 1076,

The solution process is shown by Tables 4.3.1, 4.3.2, and 4.3.3.
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Table 4.3.1 The result of Test 3 for Problem 1

Iteration Objective Value
1 0.677836
2 0.480994
3 0.479434

Problem 1

50
Minimize ) =L
j=17J
w -
Subject to Y _#'"'z; >sint, Vt € [0,1],
=1

£; >0, j=1,2,---,50.

The optimal value obtained by Algorithm is 0.479434, and the iteration

number k is 3.
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Table 4.3.2 The result of Test 3 for Problem 2

Iteration Objective Value
1 0.548778
2 0.863027
3 0.696241
4 0.692564
5 0.692534
6 0.692326
7 0.692281
8 0.692272
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Problem 2

Zj

Minimize —=
J

Me

7

1
—

Subject to th'lxj > %, vt € [0,1],
=1 -

£;>0, j=1,2,---,50.

The optimal value of Problem 2 obtained by Algorithm 3.4.1 is 0.692272,

and the iteration number k is 8.
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Table 4.3.8 The result of Test 3 for Problem 3

Iteration Objective Value
1 5.632994
2 1.000001
Problem 3
D z;
Minimize Y 2.
i=1 J
X 1
Subject to Y t'"'z; > , Vte[0,1],
Jj=1 1 +12

£; 20, j=1,2,---,50.

The optimal value obtained by Algorithm 3.4.1 is 1.000001, and the iter-

ation number k is 2.
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In order to make sure that the solutions generated by Algorithm 3.4.1 are

really close to the true optimum, a brute force approach to approximate Prob-
lem 1, Problem 2, Problem 3 was taken by dividing the interval [0,1] into 550
evenly space points {t(1),%(2),---,t(550)} and replacing the explicit constraints
in Problem 1, Problem 2 , and Problem 3 by 550 liner inequalities evaluated at
t =t(1),---,t(550), i.e., solve Problem 1, 2, 3 by solving the approximate linear

programming problems :

Problem 1’

Minimize

Me

Il
-

i
=17

Subject to Z(SSO)J 1z; > sm(550), i=1,2,---,550,

£; >0, j=1,2,---,50.

Problem 2’
50 .
Minimize > =2.
Subject to (=) 'z; > =1,2,---,550
44550 1252 (550)

z; 20, j=1,2,..-,50.
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Problem 3’

Nz
Minimize Y =L.
=17

> ———— i=1,2-.-,550

Subject to 2(550) z; 2 1+(550)2, t=1,2,---,000,

120, .7 _1a27°",50'

The above corresponding linear programming problems were solved by
a standard linear programming package. The approximated optimum objective
values obtained in this way are 0.479430 for Problem 1, 0.693149 for Problem 2,
and 1.000000 for Problem 3.
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APPENDIX A

KARUSH-KUHN-TUCKER CONDITIONS

This appendix introduces the karush — Kuhn — Tucker Conditions for the

nonlinear programming problem P :

Minimize f(z)
(P)
Subject to gi(z) <0, for i=1,---,k,
hi(z) =0, for i=1,---,1,

€S,
which has inequality and inequality constraints.
Theorem ( Karush-Kuhn-Tucker Conditions )
Let S be a non-empty open set in R*, and let f : R*— R, g; : R" — R for

t=1,---,k,and h; : R* — Rfori=1,---,l, be functions mapping from R" to
R. Consider Problem P to be

75



Minimize f(z)

Subject to g;(z) <0, for i=1,---,k,
hi(z) =0, for i=1,---,1,

Tz €S.

Let Z be a feasible solution and I = {i : g;(Z) = 0}. Suppose that f and
g; for i € I are differentiable at Z, that g; for 7 ¢ I is continuous at Z, and that
h; for i = 1,---,1 is continuously differentiable at Z. Furthermore, suppose that
v9gi(Z) for i € I and h;(Z) for i = 1,---,1 are linearly independent. If Z solves

problem P locally, then there exist scalars A; fori € I and y;, ¢ = 1,- - -, I such that

{ VI(E) + Tier M V 6i(Z) + Zioy v v hi(Z) = 0,

A 20, foriel.

In addition to the above assumptions, if g; for 7 ¢ I is also differentiable
at T , then the Karush-Kuhn-Tucker conditions could be written in the following

equivalent form :

/\,g,(f) 207 fori= 1,"'ak7

A 20, fori=1,--- k.
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Note that A = (Ay,---, A)T and y = (1, -, ¥1)T are called the Lagrangian

multiplier vectors.
Example : Find the Karush-Kuhn-Tucker conditions of the problem F, which
is defined in Chapter II :

Minimize cFz+ po(z),
(B.)
Subject to Az = b,

z > 0.

Solution : First, we assume z*(u) is the optimal solution of P, which can be

written as follows :

Minimize () cixi) + pg(z),
i=1
(Pu)
Subject to —z; <0, fori=1,---,n,

n
bi— Y aiz; =0, fori=1,---,m.
j=1

In this case, f(z) = (X1, ;) + pd(z), n, m are with respect to k,! in the

i=1

above Theorem, S = R™. Furthermore, g;(z) and h;(z) are defined as follows :
gi(z) = —z;, fori=1,---,n,

hi(z) = b; — Za,-j:z:j, fori=1,---,m.

=1
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