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CHAPl'ER I 

INTRODU:TION 

The last several years have seen great activity in the study of 

the properties of the "free electron gas" or plasma, An electronic 

plasma is understood to mean an assembly of electrons which may be 

regarded as nearly free in their response to a disturbance. The 

assembly is assumed to be electrically neutral on the whole, due to 

a stationary positive charge background which will be assumed uniform 

in density. These electrons interact with each other via the long­

range coulomb potential. Due to the nature of this interaction, the 

system exhibits a very interesting collective behavior which evinces 

itself in the existence of plasma oscillations, 

Various consequences of this collective behavior are explored 

below by classical and semi-classical methods. The infinite plasma 

is investigated by a classical electrodynamic approach, while a finite 

plasma is treated in the hydrodynamical approximation of Bloch. A 

quantum mechanical treatment of the infinite plasma is indicated 

briefly. The emphasis below is on the effects of plasma dynamics on 

the stopping of charged particles in condensed states of matter, e.g., 

in the conduction band in metals. 

In Chapter II the plasma system will be regarded as having certain 

electrodynamic properties by virtue of its intrinsic velocity distri­

bution. Without reference to the Bol.tzmann transport equation, the 
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dielectric constant of the linearized plasma will be derived. The 

main features of plasma behavior are found to be codified in the 

dielectric constant: the potential, polarization char.ti;e density and 

stopping power of the plasma due ta uniformly moving -point charges 

are found in a straight forward and physically plausible manner. It 

is shown that the Debye screening of moving charges in a plasma holds 

only for slow particles and that the potential ahead of a fast point 

charge is of the axial quadrupole form·~ 

In Chapter III, the spectral distribution of energy and momentum 

losses experienced by fast electrons interacting with the infinite 

plasma is derived from a correspondence prt.nciple argument. In 

Chapter IT the finite plasma is treated in the hydrodynamical approxi­

mation of Bloch and the effect of the boundaries on the energy loss 

distribution is investigated. It is suggested that surface oscillations 

may explain the low-lying characteristic losses observed in electron 

loss experiments with thin films. 

Historical Background 

The fundamental collective behavior of the classical plasma bas 

been investigated by Rayleigh, 1 La.ngmuir2, and Langmuir and Tonks 3. 

l Lord Rayleigh, Phil. Mag., 6, 11, 117 (1906). 
2 -

I. Langmuir, Proc. Nat. Acad. Sci.,~ 627 (1928). 
3 L. Tonks and I. Langmuir, Phys • Rev., ~ 195 ( 1929) • 
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4-7 Vlasov and his associates have studied the classical plasma ex-

tensively, using Boltzmann's transport equation modified to take into 

account the long-range coulomb forces. Bloch8 applied a hydrodynamical 

theory of the electron gas to the problem of the stopping power of the 

statistical atom, while Kronig and Korringa.9 employed another hydro­

dynamical model to the study of the uniform plasma. Bohm, Pines, Gross 

10-14 and others have treated the classical plasma by a "density fluctua-

tion" method in which emphasis is placed upon the distinction between 

the collective motion of the system, involving plasma oscillations, and 

the response of individual electrons in the assembly. This separation 

is accomplished by dividing the coulomb interactions into long and short­

range parts. In most of the papers mentioned above, the dynamical behavior 

of the plasma has been studied after linearization oi the exact eq~ations 

of motion; i.e., one assumes that departures of the plasma from equilibrium 

are small perturbations around the l.mdisturbed motion of the system. The 

linear approximation will be used throughout this paper. 

-•4 
A. Vlasov, Zhur. Eksptl. i. Teort. Fiz., ~ 291 (1938). 

5 A. Vlasov, J. Phys. (USSR) 2., 25 (1945), 
6 L. Landau, J. Phys. (USSR) 10, 25 (1946). 
7 A. Vlasov, Teoria Mnogikh Chastits (Gitl., Moscow-Leningrad, 1950). 
8 F. Bloch, Ann, Phys., 5, 285 (1933), 
9 R. Kronig and J. Korr~ga, Physica, 10, 406 (1943). See also R. 

Kronig, Physica, 15, 66q (1949). -
lO D. Bohm and D. Pine~ Phys. Rev., 82, 625 (1951). 
11 D. Bohm and E. D. Gross, Phys. Rev., 75, 1851 and 1864 (1949). 
12 D. Pines and D, Bohm, Phys. Rev., 85, 338 (1952). 
13 D, Pines,. Phys. Rev., 92, 626 (1953). 
14 D. Bohm and D. Pines, Phys. Rev., 92, 609 (1953). 
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These investigations of Bohm and Pines have culminated in a quantum 

mechanical treatment13, 14 of the dynamical properties of plasma. Their 

10 approach is an outgrowth of ideas which they developed for the treatment 

of transverse electromagnetic interactions between plasma electrons. It 

involves quantization of the longitudinal electromagnetic field and, in 

12 direct analogy with their classical treatment , requires the introduction 

of a cut-off manentum which divides the region of collective interaction 

fran the region of individual interactions. 

Their treatment bas been extremely fruitful in the elucidation of 

many of the properties of electrons in metals. 15' 16 However, it is 

attended by mathematical uncertainties such as determination of the cut-off 

momentum for plasma oscillations and neglect of the subsidiary conditions 

on the plasma wave function. 

15 D. Pines, Solid State Physics,!_, 386-450 (1955). 
16 

D. Pines, Rev. Mod. Phys.,~ 184 (1956). 



CHAITER II 

CIASSICAL THEORY OF THE INFINITE PIASMA 

Physical Ideas 

A simple classical model3 is sufficient to use in order to illustrate 

the collective nature of the motion of a free-electron gas. Suppose such 

a system is confined between two plane parallel plates of infinite extent, 

coinciding with the surfaces z = 0 and z = a. As mentioned earlier, 

assume the positive ionic background to be stationary and distributed 

uniformly over the volume. Neglect any intrinsic motion which the classical 

point electrons have in the undisturbed state and consider that the motion 

of the assembly may be described in terms of the displacement s(z) of 

electrons fran their original uniform state. If the density of electrons 

in the original state is n, then the change in the density at z due to 
0 

the displacement t(z) is 

(2 .1) 

From Poisson's equation, one may write 

(2.2) 

where E(z) is the electric field at z. This may be integrated to give 
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where E is the constant of integration which may be set equal to zero 
0 

since externally maintained fields are not considered here. 

This shows that a restoring electric field on the electrons is set 

up when they are displaced from their equilibrium positions and that 

this restoring field is proportional to the displacement if it is small. 

The equation of motion of an electronJnoving under the influence of this 

field is then 

(2 .4) 

or 

(2.5) 

[ 2 ]1/2 
where U>p = 4,m0 e /m . This shows that the electrons un~ergo 

simple harmonic oscillation, in this approximation, when disturbed, and 

that the characteristic "plasma frequency" of oscillation is a function 

only of the electronic density and the electronic constants t Typical 

values of n, wp and ha)p for plasmas are given in Table I. 

Table I 

n ~ ~ 
cm-3 sec -1 ev 

Gaseous Dis.charge 1011 1.8 X lOlO 1.2 X 10-, 

Ionosphere 10° 5.6 X 107 3.7 X 10-ts 

Conduction Electrons 1c23 1.8 X 1016 l2 in Metal '' 
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The energy 1:x.u is, of course, the minimum quantum mechanical value of the 
p 

energy required to excite a simple harmonic oscillator of characteristic 

frequency a>p • 

The consequences of the intrinsic velocity distribution of the free 

electron gas are very interesting and are investigated belowo The velocity 

distribution of a Fermi-Dirac electron gas in equilibrium is isotropic and 

is given by1 7 

(2.6) 

where n0 is the electronic density, fFD is normalized so that ,foFDdv = 1, 

~ is the Boltzmann constant, 'T is the temperature., and EF is the Fermi 

energy. At absolute zero 

r;: 0 

F 

In the case of gaseous plasmas in the undisturbed state, it is 

usually true 

goes over to 

0 that kT >> EF , in which case the Fermi-Dirac distribution 

the Maxwell-Boltzmann distribution17, viz. 

17 

(2.8) 

G. Joos, THEORETICAL PHYSICS, (Hafner Publishing Co., New York, 1952), 
p. 623. 
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In all of the applications to metals considered here, it will be 

0 assumed that ~T << EF, i.e., that the assembly is completely degenerate 

and hence that 

The derivation of the oscillatory aspect of plasma motion given 

above assumed that the electrons were stationary until acted upon by 

external forces. The intrinsic velocity of the plasma distribution must 

affect its response to perturbations. Consider that there exists in the 

plasma a harmonic plane -wave with field proportional to Re {exp ({k·r-(l)PtD }. 

An electron having the rms velocity {v2 )1/ 2 of the undisturbed plasma may be -

considered nearly stationary if it moves a small distance compared with the 

'21C wavelength A • k of the disturbance in one period of the plasma 

oscillation. In that case, the derivation given above for the motion of 

the electrons should be valid. This condition may be written 

(2.10) 

or 
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It will be shown below thattbe resonant frequency, ID , of the plasma res 

may be e~panded in a series in powers of the wave vector k 

(2.11) 

which is in accordance with these qualitative considerations. 

The k2 dependence of the resonance frequency shows itself in that 

a perturbation of the plasma which is initially localized in a small 

region of space will propagate in the plasma with a velocity of the 

r 2 ]1/2 order of _(v) . The dispersion relation, Equation (2.11) is an 

important property of plasma, and will be discussed more fully i.n 

Chapter II. 

Another striking feature of plasma behavior is the "Debye shield­

ing1118 of charges located within the plasma. If a stationary point 

charge is placed in the plasma, the electrons move so that the electric 

potential of the charge is modified fran the coulomb law to one which 

decreases very rapidly with distance. The original derivation of Debye 

and H"uckel was an outgrowth of an investigation of the screening of ions 

in electrolytes. One may apply their method to treat electrons in a 

Maxwell-Boltzmann plasma. Suppose that a point charge is introduced 

into such a plasma and that there then exists in its vicinity the 

18 P. Debye and E, Ruckel, Physik z., 24, 185 (1923). 
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stationary electric potential ♦ (r) which is the sum of potentials due to 

the intruder charge and to the plasma electrons • In the volume element 

cir there will then be found 

electrons, if the density of immobile positive charge is 

charge density &n will then be 

which reduces 

if the exponent is small compared with unity. 
/ 

/ 

The potential• must satisfy Poisson's equation: 

(2.12) 

n • The net 
0 

A solution of this equation which is bounded as r ➔ oo and is spherically 

symmetric is 

where 

::: (2.13) 
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In a treatment of the resistance of metals due to foreign illlpurity 

atoms, Mott19 has derived the shielded coulomb potential by using the 

20 Thomas-Fermi equations • In this derivation, it is assumed that the 

positive ions are distributed uniformly and are immobile. A charge center 

introduced into the metal sets up a potential •(r) at a radial distance r 

from the charge. In the Thomas-Fermi method, the electron density at r, 

n'(r), in a degenerate electron gas is given by 

and at r = oo, n' = n = 
0 

Poisson's equation then gives 

A simple solution is obtained if e♦ << EF: then 

where 

19 N. F. Mott, Proc. Camb. Phil. Soc.,~ 281 (1936). 
20 L. H. Thomas, Proc. Camb. Phil. Soc., 23, 542 (1927). 

(2.14) 
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We shall show that the dielectric method describes the collective 

behavior of plasma in both the high and low frequency limits, predicting 

oscillatory behavior when a disturbance possesses Fourier components of 

frequency greater than the plasma frequency, and predicting the "Debye 

screening" effect for slowly-moving charges in the plasma. 

The most conspicuous properties of metals are their high electrical 

and thermal conductivities. 21 Drude first suggested, soon after the 

discovery of the electron, that the properties might be explained by 

assuming that metals contain free electrons in thermal equilibrium with 

positive ions of the solid. The application of Maxwell-Boltzmann statis­

tics led to some well-known difficulties which were largely overcome by 

22 the application of quantum statistics by Sommerfeld. In Sommerfeld's 

model, it is assumed that the conduction electrons move in a potential 

which is constant everywhere inside the metal. Figure l illustrates 

schematically the potential which one assumes in the Sommerfeld picture. 

Here EF is the Fermi energy, ♦to is the work function of the metal and 

Es is the change in potential energy of an electron crossing the metal 

boundary. In reality, rather than a constant potential in the interior 

of the metal, one expects a potential periodic with the period of t~e 

lattice. Bloch23 has shown that an electron can move freely through 

such a periodic field of force, though the connection between its energy 

.21 P. Drude, Am. Physik, 1, 566 (1900). Also see H. A. Lorentz, THE THEORY 
OF ELECTRONS, (G. E.-Stechert and Co., New York, l916). 

22 A. Sommerfeld, z. Physik, 47, l (1928). Also see A. Sommerfeld and 
N. H. Frank, Rev. Mod. Phys., l, 1 ( 1928). 

23 F. Bloch, z. Phys., 52, 555 (1928). 
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' 4'w 
+ Es 
EF t t 

Figure 1. Sommerfeld Model of the Potential Variation in a Metal. 
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and momentum in general differs from that of a free electron in vacuum. 

In many cases, the electronic energy Ek is a quadratic functi.on of the 
➔ 

momentum hk so that 

(2.15) 

as in the case of free electrons, though the effective mass m*· in 

general differs fran the electronic mass m. The effect of the lattice 

upon electronic motion will be ignored below except for the possibility 

of using the effective electron mass rather than the true mass. 

The Boltzmann Transport Equation 

Vlasov4-7 and co-workers in Russia have employed a Boltzmann-type 

transport equation to describe the dynamics of plasma. These equations 

will be considered briefly but only the linearized electrodynamic 

equations will be treated in detail below. 

In ccmplete analogy with the classical treatments of the theory of 

24 gases we may write down an equation for the distribution function 

-+ ➔ ) f(r,v,t of plasma electrons such that the number of electrons in the 

➔ ➔ ➔ ➔ 

spatial interval drat rand in the velocity interval dv at vat time t 

is given by f(r,-;,t)a.rf:-. Suppose that there is a force field of 

magnitude F(r) existing in the medium. The equation of motion of a 

24 J. H. Jeans, THE DYNAMICAL THEORY OF GASES, (Cambridge University Press, 
1916). 
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single electron in this field may be written 

lY=~F 
Let time increase by an infinitesimal amount from t to t + dt. During 

this interval the distribution function will have changed due to the 

motion of electrons in the force field and due to scattering of electrons 

upon each other and upon ions in the medium. The change in the number 

➔ ➔ 

of electrons in the interval dr dv due to their motion in the force field 

is 

If there were no collisions, this would be the only change inf. However, 

collie ions between electrons will have removed some of the electrons from 

➔ 

the interval dv during the time dt and will have deflected electrons 

➔ ➔ 
which were in other velocity intervals into the interval dv at v. The 

- -net gain of electrons in the interval dr dv dt must be proportional to the 

interval size and will ):)e denoted by (*Jc.. 11 t!J~ &ii Jr • Hence 

(2.15) 

➔➔ 

One finds the Boltzmann equation by letting dt ... o and dividing by drdvdt; 

(2.16) 



16 

and t, 1 and~ are unit vectors in the " ' 'it" , z directions, 

-respectively. The force field F may be regarded as arising from 
➔ 

external electric and magnetic fields E t and H t plus the electric ex ex 

and magnetic fields set up by the motion of the plasma electrons 

themselves: viz, 

- ~-e[e!-+ i ~x;] -F (2.17) 

s = ?'ex+ -v~·-tiA 
(2.18a) 

~+ 
-, 

-, 
-t 'vxA-H :=. 

(2.18b) 

➔ 

where the scalar and vector potentials ♦ and A are the solutions of 

(2.19a) 

(2.19b) 

(2.19c) 
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The collision term in equatio~ (2.16) will not be considered in 

detail since it is quite involved for the coulomb interaction law. 

The exact solution of equation (2.16) through (2.19) is clearly 

beyond the reach of analytic methods. One linearizes these equations 

in order to make any progress in their mathematical analysis. One 

assumes that 

(2.20) 

and that f 1 << f 0 so that terms involving squares of f 1 are neglected 

throughout. One finds 

(2.21) 

(2.22) 

where in equations (2.19a) and (2.l9b) f is now replaced by f 1 • 

The zero-order solution f 0 is usually assumed to be the Maxwell­

Boltzmann distribution of particles, equation (2.6) or the Fermi-Dirac 

distribution equation (2.7). The collision term in eq'.l&tion (2.22) is 
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neglected or replaced by a schematic damping term. The linearized 

system forms the basis of Vlasov's approach, and h.as been investigated 

in the main for non-relativistic velocities. This system of eqi.l.8,tions 

will not be considered further here. Instead, the plasma will be 

considered as a dispersive medium with certain dielectric properties 

and a linearized theory will be obtained in an entirely different way 

below. 

The Bohm-Pines Method 

As mentioned above, Bohm, Pines and their co-workers10 -16 have 

devised a method of treating interactions in plasma which does not rely 

upon the Boltzmann transport equation as modified by Vlasov, b·u.t involves 

the use of collective coordinates in momentum space. Their work has been 

of great importance in the free electron theory of metals and has shed 

much light upon problems in this area which had been treated only 

qualitatively before. However, certain mathematical difficulties 

attend their treatment. In order to obtain collective coordinates wcich 

exhibit oscillatory behavior, they introduce a cutoff wave vector 'Which 

separates the region of individual interactions from the region. of col­

lective interactions. 

To illustrate this procedure in a simple manner, following Pines 

10 th and Bohm one 'Writes for the equation of motion of the 1 electron, 
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considering only the scalar potential, 

h i t~ where t e sum runs over all electrons n the plasma except the i 

and tl:e potential has been expanded in a box of unit volume with 

periodic boundary conditions. They introduce the particle density 

p(x) and its Fourier components pk: 

= I ~ (t -rt!,) 
A, 

= r~ ft"') e-~i.~ 

60 that 

The time behavior of the pk 1a given by 

and one finc!s 

Then 

.. -

frcm the equations of motion. 
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Pines and Bohm argue that the sum over k' may be split into two parts, 

➔ ➔ () ➔ _1_ ➔ (1) the sum over those values of k' = k and 2 the s·Lml over k' 'f k and 

the second pa.rt is negligible because the phase factors 

depend upon the positions of the particles and hence tend to cancel out. 

They neglect such terms and call this procedure the "random-phase approxi­

mation". They then find 

(2.24a) 

and attribute the first term on the right-hand side to random thermal 

motion of the individual particles and the second term to interparticle 

➔ 

actions. For sufficiently small k, one has 

(2.24b) 

showing that the Fourier components of the density and hence the density 

itself undergoes harmonic motion. 

The equation (2.24a) for pk is then handled by dividing pk into a 

part having oscillatory characteristics and a part possessing _individual 
➔ 

characteristics. The boundary in k space between these two regions is 

taken to be of the order of k, the Debye wave vector. 
I) 

Using a quantum field approach, employing essentially the same 

approximations as above, they are able to treat many problems in the 

free electron theory of metals. 
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The cutoff wave vector approach has been very fruitful in the hands 

of Pines and Bohm, but is bes.et by the uncertainty characteristic of aey­

cutoff procedure. The dielectri.c approach, on the other hand, is IDlCh more 

straightforward a.nd may be used to treat essentially all the problems con.­

sid.ered by Pines and :Bohm, in both the classical and quantum mecha.n:1.cal 

limits. 

Electrodynamics of the Plasma 

In this section the behavior of a system of classical point ele.ct:rons 

is investigated. A phenomenological approach 1s a.4opte4 1n which the 

•icroscopic behavior of 1nd.1vi4ual electrons 1n the plasma 1s ignored. 

One takes instead a macroscopic point of view and describes the electron 

asseably as homogeneous, isotropic, dispersive medium.. In conventional 

dispersive media, the dielectric constant 1s ass'Ulled to depend only upon 

the frequency ot the applied field. The dielectric constant of plasma 

d.epen4s not only on the frequency but upon the wave num.ber of the applied 

field as will be shown below. The dielectric properties of' plasma h&ve 

been considered by Gertsenshtein.25 in the stuJy ot longitwlinal waves 

passing through ionized media and in an investigati.on of the scattering 

of rac1.io waves by the ionosphere. Gertsenshtein used Vlasov's approa.ch 

an4 treate4 electron collisions by means of a generalized form of the 

Boltzmann transport equation equivalent to the set of equations (2.17) -

(2.22) above. Kowever, the phenomenological treatment, which 1s bue4 

25 M. E. Gertsenshtein, Zhur. Eksptl. 1. Teoret. Fiz., gg, 303 (1952); 
§, 678 (1952). 



22 

on the straightforward application of Maxwell's equations properly modified 

to take into account the motion of the medium, clarifies the physical 

aspects of plasma behavior and facilitates the treatment of problems in-

26 valving the interaction of charged particles with plasma. 

The effect on the plasma of an impressed electric field E(r,t) will 

now be considered. One assumes that the field perturbs the equilibrium 

motion of the electron assembly only slightly and that during the period of 

time in which the electrons may be considered as responding collectively to 

the applied field they execute approximately straight-line motion. 

Let nf(;)d; be the number of electrons per unit volume possessing 

velocities ind; at;, and 
1
{r(;)d; = l. Due to this intrinsic motion, 

the plasma electrons may move through a distance comparable with the wave­

length of the applied field in one period of the applied field. This effect 

may be taken into account by considering that the undisturbed electrons 

constitute an assembly of directed beams and by treating each direction 

component separately. Then consider the beam of density nf(;)d;. An 

➔ ➔ ➔ 

electron in this beam which is at position r at t = o will be at r + vt 
0 0 

at time t and the force on this electron will vary due to its motion in the 

field. At time t this force will be given by 

26 J. Neufeld and R.H. Ritchie, Phys. Rev., 98, 1632 (1955). 
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and if the displacemeut vector of this electron from its undisturbed 

➔ 

path due to the action of the field is denoted by l we have 

1----i= 
WI 

from the classical equation of motion. If one defines the polarization 

➔ 

vector at the point r associated with electrons in the beam having 

➔ ➔ 

directions in dv about v to be 
.:.. ➔ 

and neglects ~ com:i;ared with v one has 

Damping o.f the motion of the polarization vector due to electron-ion and 

electron-electron collisions is represented by the damping constant r­

Since the exact nature of this damping is not important to our discussion, 

it will be neglected at a later point. 

➔ ➔ ➔ 

H, P; and E are now expressed as Fourier integrals, 

(2.26) 



and one finds from equation (2.25) the following relation between 

P7(k,m), E(k,(J)) and H(k,(J)) 

= _ ne1+t~) > ;(-i,w) +-ti.r>< i+(~w)} 
m ( '.0- ,F.;; )2' + ~ ~ ( w -4?, i.,) 

24 

(2.27) 

Maxwell's equations in a medium moving with velocity v are well known27 

and may be written, for a nonmagnetic medium 

C..J. F. - _...Lit 
- C H (2.28a) 

-~ -+I =- 0 
(2.28b) 

~ 
~ ...J...~? ~[ c) __,. ~~xv] + !t"i t-t -+ C. i ·~ PIT ~ 

C t (2.28c) 

,Q,w ~ ~rr- ~Pu-) (2 .28d) E' ::-

-where j and p are applied current and charge densities, respectively, 

relative to the fixed reference system. 

27 M. Abraham and R. Becker, Theorie der Elektrizitat, II, (Leipzig, 
Bo G. Teubner, 1933) p. 245. 
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Expanding !(i!',t) and p(i!',t) as in equation (2.26), substituting 

from equation (2.27), and summing over all velocities, one finds 

A.f.J s p 

) 

At this point one discards the Lorentz terms 

(2.29 a, b) 

(2.29c) 

(2.29d) 

, arguing that 

one is interested only in non-relativistic plasmas and that these terms 

should be smaller than the ones retained by a factor of -i (vi.) '1~ 

which is less than 1/137 in all cases to be considered" The last term 

retained in the brackets of equation (2.29c) may be written 

where the superscripts denote the canponents of the vectors parallel or 
-. 

perpendicular to k. Since for any isotropic velocity distribution 

~ ~ .l. +/ii-) J.-; 
( W-~ .. lr ),._ 4 i."'f (t:J-'rl, iJ-) 

= 0 
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one finds 

c..l -C. (2.30a) 

(2.30b) 

(2 ,30d) 

- .. J. -11 Ek has been divided into components E...,. and E-1':! , perpendicular and 
,(I) A,C.0 .K.,C.0 

➔ 

parallel, respectively, to the vector k. The components of Ek are . ,c.o 

(2.31a) 

(2.31b) 

are the dielectric constants of the plasma associated with the transverse 

and longitudinal electric fields, respectively. The expressions (2.31a.) 

and (2.31b) agree with those obtained by Gertsenshtein25 who, as stated 

previously, used a rather cumbersome method based on the Boltzmann 
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transport equations modified by Vlasov. 

It is clear that the foregoing dielectric constants may be easily 

generalized to include both the effect of bound electrons which may be 

present in the medium as well as the effect of the motion of ions in the 

case of an ionized gas. The set of equations (2.30) may be 'WI'itten in 
., 

terms of the scalar and vector potentials ♦ and A respectively. If we 

let H(r,t) = V x A, then Hka) = ikx·A and then from equation (2.30a) 

ik x E = im/c(ik x A) so that one may write E = w/c A-ik♦• If one 
... ➔ ➔ 

supposes that A is purely transverse, Le., that k• A= o, we find 

In most of the work below only non-relativistic velocities will be 

considered. In the limit c ➔ ~, only the scalar field• and c• are 

needed. Unless otherwise specified,€ will be understood to mean €p. 

Let us consider the physical significance of the dielectric constant 

€k • Equation (2.30d) may be re'WI'itten in terms of the scalar potential 
,Q) 

q> as 

(2.33) 
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and invoking the convolution property of the Fourier integral, 

(2.34) 

where 

(2.35) 

is the Green's function for the scalar potential, i.e., the potential at 

(r,t) due to a unit instantaneous charge at (o,o). -2 -1 Thus k £ may be 

regarded as an operator in configuration space, since it describes the 

potential • at (r,t) as the sum of effects due to electrical charge at 

other space-time points (r',t'). 28 It may be shown by considering the 

position of the singularities of l/£1Jl 1n them plane that only the 

retarded solution is to be taken, i.e., that 

-- 0 

Also, if £ -+ 1 

or the instantaneous coulanb potential. One may regard { k2 ~»2,-L/c2 }-1, 

the Green's tunct1on tor the vector potential, as an operator in the 

same sense. 

28 u. Fane has given a general discussion ot the operator properties ot I; 
Phys. Rev., !Ql, 1202 (19,6). 
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Scalar Potential due to a Moving Point Charge 

It is well known29 that a rast charged particle which interacts 

with matter may be considered to be a point charge with a well-defined 

path as long as one is concerned with processes in which the fractional 

change• in energy and manentum or the particle are small. These con­

ditions are well fulfilled by a proton whose velocity is>> e/"d, i.e., 

tor protons ot energy much greater than 2, kev. In the case of fast 

incident electrons, the recoil may not be neglected entirely and the 

above approximation 11 valid only tor the le11 violent colli1ion1. 

A11ume that a point charge ot magnitude Ze moves with uniform .. 
velocity v0 through the plasma. The charge density due to this particle 

is 

(2.36) 

and one finds fran equation (2.33) 

(2.37) 

29 E, J. Williams, Kgl. Danske Videns. Selkab., Mat-fys. Medd. ;!l, 4 (1935). 



Now assuming +(~ to be isotropic and integrating over angles 

equation (2.31~may be rewritten 

00 .... 

{;w-.:, I- zrr"!f,.. f r .(,,.) .,..,,. - r .,f ( ,/') ,_,. ,I. t.r 
= (...,,. -t~) •~ • l~ - u-) • .. 

27f9'l/ s ~J.t +Ir) 
:, I- ("/4 - -<) .... _ .. 

30 

l 
(2.38) 

where the damping constant r has been set equal to zero. The dielectric 

constant is to be evaluated at m = k 0 v0 fran the delta function of 

equation (2.37) so that the dencminator in equation (2.38) has the 

form (k•V 0/k • t) • 

a) Fast Incident Particle 

[ 2 ]1/2 First consider the case where v0 >> (u ) in the plasma. The 

denominator of equation (2.38) may be expanded by the binomial theorem 

and a series useful for the case of a fast particle will be obtained. 

One finds 

where 

(2.40) 
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< 2} 3 2 { 2} 2 
One has, e.g. , v FD = 5° v F and v MB ::a: 3m ~T " Using the relation 

between ~{11 t) and its Fourier transform., one may write 

One now chooses a cartesian coordinate system in which the z axis is 

➔ ➔ 

parallel to Yo· The components of k in this system wJll be denoted by 

kx' ky and kz• One may integrate over kz immediately, obtaining 

2 2 2 2/ 2 2 2 2 
where k = k + k + U) V • J'OY one takes K = k + k and writes 

X y O X y 

where 8 and 8' are the polar angles of the two dimensional vectors 

land (po Using the identity 

one finds 



32 

2 1/2 2 When (v ) << v0 the term multiplying CDP in the denominator 

will be nearly unity. One observes that the roots of the denominator 

in addition to the pair w = + i:Kv are given by a? = a> 2 (1 + (v2 ) k2 /m2 + ••• ) , 
- p 

and correspond to the existence of plasma oscillations. The a> contour 

should be chosen so as to pass above these singularities. Then for 

positions ahead of the incident particle (z > v0t)the a> contour may be 

closed in the upper half plane and the oscillations will exist only behind 

the particle. Since there is only the singularity a>• ik v0 in the upper 

half plane, the potential ahead of the particle is represented as 

(2.43) 

if we neglect the velocity distribution of the electrons. 

To examine the behavior of this function, one notes that if 

r << v /m, 
0 p one may consider the integrand only for large K. 

In this case, 

where r = J p + ( z -v t) 2 • 
0 

(2.44) 
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When r >> V /0)0 , one looks at the integrand when K is small. We find, 

approximately, 

(2.45) 

which is identical with the potential due to an axial quadrupole. 

The physical reason for this form of the potential is that in 

this approximation the polarization charge lies on a line behind the 

particle and oscillates with the frequency mp. The potential at any 

point in space is thus the sum of that due to the incident charge and 

that of a line charge whose linear density varies sinusoidally with 

distance behind the particle. One sees that the collective effect of the 

plasma is to cause the potential to fall off approximately as the inverse 

cube of the distance for large values of r. This result raises some 

question concerning the procedure of Kwa130 , 31 and Van der Zie132 of 

employing ·an exponentially screened coulomb potential which is valid for 

2 1/2 a slowly moving (V0 << {v) ) particle when calculating individual 

energy transfer to electrons in plasma by fast charged particles. The 

screening parameter for a low velocity incident particle is of the 

• order of the Debye length DFD which in metals may be less than 1 A. 

3o B. Kwal, Compt. rend. 230, 1669 (1950). 
31 

32 
B. Kwal, J. Phys. Radium, 12, 805 (1951). 

A. Van der Ziel, Phys. Rev., 92, 35 (1953). 
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The screening parameter v /w for a relativistic incident particle may 
0 p 
2 be much larger, e • g. , - 10 A • 

For positions behiLd the incident particle, z < v0 , the contour 

of integration must be closed in the lower half of them plane. There 

will then be the contributions from the pair of poles on the real axis 

and the pole at w =-:1.Kv • Neglecting the velocities of the plasma electrons, 
0 

the integral may be written 

(2.46) 

Let 

(2.47) 

Corrections to the position of the poles on the realm axis will 

be considered in the next section. Evaluation of the residue at the 

pole at a> = -iXv 0 gives an expression q>I which is the analytical contin:iation 

of equation (2.43) into the region z < Vt, i.e., q>I is again coulombian 

for points close to the incident charge and falls off roughly as the inverse 

cube of the distance for large distances. That part of q> arising from the 

residue at the poles at .w = + m is purely oscillatory in (z/v -t). - p 0 
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(2.48) 

This represents the potential due to the polarization charge which 

is set into oscillation by the passage of the charged particle. In our 

neglect of damping, the polarization charge continues to oscillate with 

the plasma eigenfrequency m0 • The logarithmic singularity of cp11 at the 

track of the particle is due to the neglect of the K dependence of the 

dielectric constant. In the quantum theory of the dielectric constant 

described briefly below, this singularity does not occur. 

b) Slow Incident Particle 

where 

For v 2 << (v2 } one can approximate equation (2.38) as 
0 

T I ' ' J 

.. 
'eo .... ~ '+-'IT"'-"p1. f -tlc) 4. '! 

• 

(2.49) 

and the constant B depends ·~pen the k:!.nd of statistics ass!.lllled fer the 

plasm.a, i.e., ~ = (:r./2) 1/ 2 ., ~D = [3 -:-./6. 



Substituting equation (2 .49) into equations (2.37) and (2 .41), one finds, 

retaining only the f:.ret two terms of E::;_ub.tlon (2.50), 

where r = Jp'2 + (z~v )2' is the distance from the moving particle to the 
0 

point e.t which the potential is measured. For a degenerate Fermi-Dirac 

gas one finds 

(2.52) 

1 2 
where 2 mvF = EF, which agrees exactly with the result of Mott's derivation 

from the Thomas-Fermi theory, equation (2.14). For a Maxwell-Boltzmann 

velocity distribution, we find 

- (2.53) 

which agrees with the result obtained by the Debye-Huckel method, equation 

(2.13). 
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Validity of the Method 

We shall now examine in more detail the restrictions that have 

to be imposed to justify the present treatment, and we shall consider 

the following: (A) the relative importance of close binary collisions 

and long-range interactions, (B) the applicability of a macroscopic 

picture to a mforoscopical electron assembly, and (C) the applicability 

of the classical (orbital) representation. It is understood that the 

restriction to small disturbances is operative throughout the present 

treatment. 

a) Close Collisions and Long-Range Interactions 

The expressions (2.30) and (2.31) are based on the assumption 

that during the period of the applied fields the electrons execute 

approximately straight-line motions. In reality, however, each electron 

undergoes continual collisions with positive charges and other electrons 

and, as a result of such collisions, deviates progressively from its path 

and continually loses energy. A:ny electron in a plasma will follow its 

rectilinear path at a constant velocity as long as accidental encounters 

with positive ions and other electrons have no appre~iable influence. 

However, as time passes, the collisions with other electrons will have 

a cumulative effect as a result of which the cllrection of the electron 

motion changes and its velocity becomes appreciably different from its 

initial velocity. We shall define as the relaxation time TD the time 

interval during which as a result of the cumulative effect ot binary 



collisions the trajectory of the electron has deviated by an angle of 

,c/2 from its original direction. Similarly the relaxation time TR 

will designate the time interval during which the energy exchanged in 

electronic collisions becomes of the same order of magnitude as the 

initial energy of the electron. The values TD and TR do not differ 

appreciably from each other and can be expressed as33,34 

The values TR and ,.. D can be determined approximately by tneans of 

the following rough arguments which a.re given since they provide a 

better physical insight into the problem than more rigorous cal-culations. 

The energy loss of an incident electron can be expressed as· in 

equation (2.87} below, 

a 

where l1' repre.sents the energy loss over a path tsz. Taking as the 

maximum impact pare.meter p:ms.x = ~ and as the minimum impact parameter 

2/ 2 the collis 1.:on diameter pmin =. 2e mv , we obtain 

33 L. D. Landau, Zubr. Eksptl. i. Teoret. Fizo, 1, 203 (1936}. 
34 S •. ChandrasekhtLr, PRINCIPIES OF STELLAR DYNAMICS, (Chicago, University 

of Chicago Press, 1942) pp. 48-79. 
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Taking tM = - m (v2)/2, we obtain 

The relaxation time for a deviation through an angle of rc/2 from 

the initial direction may be estimated fran the multiple scattering 

theory of Williams 35 which gives for the mean square angle of deviation 

after traversing a path length X through a medium containing Iloscattering 

centers of charge Ze per cm3, 

~ t1rle ~ ,,, X 
~.i.<. IJ'"-)• 

{ 2 21 I 2 1/2 Setting 8 ) i... ,t 4, TD = X (v ) , and Z = 1, we obtain 

,r "'n\,,. < i.r,.. > 'I-. 
~2. e~.,,. L.. (11,~) 

The expressions (2.57) and (2o59) for TR and TD give values of the 

same order of magnitude as the expression (2.54) derived by more rigorous 

considerations. 

35 E. J. Williams, Proc. Roy. Soc. (London), 169, 531 (1939). 
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We shall now consider a term appearing in the denominator of 

(2.54) which for the specific examples of the MB plasma previously 

cited is 

(2.60) 

The individual electron collisions can be neglected if 

(2.61) 

Taking into account (2.57) and (2.60), the above expression (2.61) 

leads to the following inequal1 ty: 

11 < < (2.62) 

The close interactions are, therefore, negligible for an electron 

gas of a relatively low density. For a high-density gas such that the 

close interaction becomes dominant, the assembly loses its "plasma" 

character and become.s similar to a gaseous assembly of uncharged 

particles. 
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b) Macroscopic Treatment 

In our description of plasma, we were concerned with the macroscopic 

behavior of an electron assembly and the Debye length was derived as a 

macroscopic concept. In order to have an agreement with a microscopic 

picture in which there are n discrete particles per cm3, we must require 

that 

1. MB Plasma 

Substituting (2o53) in (2.63), we obtain 

2. FD Plasma 

Substituting (2.52) in (2063), we obtain 

2 where v 8 = e /JfJ. • 

(2.64) 

(2.65) 
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c) Orbital Representation 

l. Validity Criterion. It has been shown in a preceding paragraph 

that an electron having velocity v << {v2 )1/ 2 produces in a plasma a 
0 

potential cp = -e exp (-r/D)r,. To discuss the validity of the orbital 

representation of electronic motion in the plasma, one argues that each 

electron is surrounded by a potential approximately equal to cp. This 

argument is strictly applicable to all electrons with v << {v2)1/ 2 • For 

other electrons, the distribution of the potential does not change 

essentially and qualitatively the potential is still screened at a distance 

of the order of magnitude of D. It will be shown later that a fundamental 

change in the screening potential occurs only for electrons have 

v >> {v2 )1/ 2, and the number of these electrons is negligible in a plasma 

in equilibrium. 

It will now be determined whether or not the motion of an electron 

in a potential q, can be described by means of the classical (orbital) 

representation on which the present treatment is based. According to 

Williams 36 the orbital representation is valid if the following two 

requirements are fulfilled: (a) the uncertainty in the momentum of a 

perturbed electron is much smaller than the classical value of the 

momentum transfer caused by the perturbing field cp, and (b) the wave­

length of the perturbed electron is much smaller than the radius of the 

perturbing field, which is assumed to be equal to D. 

36 E. J. Williams, Rev. Modern P~ys., 17, 217 (1945). 
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The criterion (a) leads to the following inequality: 

:. >> I. (2.66) 

The condition (2.66) can never be satisfied for the whole region 

of space and consequently the orbital picture cannot be generally 

applied. We may associate with each value of v a radius 

such that only for r << R the orbital picture is valid. If, however, 

the region defined by the radius R is sufficiently large so as to 

include most of the space occupied by the scattering potential, 1.e., 

'R »D OV"' (2.68) 

then we may assume that the orbital picture applies to the whole space. 

The inequality (2.68) represents the Williams' requirement (a). 

The requirement (b) leads to the following inequality: 

<< I 
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2. MB Plasma. We shall apply now the inequalities (2.68) and 

(2.69).~ The f'irst of these inequalities correspon'18 to v << v8 or to 

(2 .. 70) 

Substituting (2.53) in the inequality (2~69), we obtain 

(2.71) 

We have fran (2.62) and (2.64) that n << n where n =(1LT/4~e2) 3• max max -~ 

Substituting in (2.71) nmax in place of n, we obtain 

Since v has a range fran zero to infinity, not all the electrons 

satisfy the inequality (2.72). However, if 

the number of electrons that do not satisfy the inequality (2,72) may 

be neglected, and it can be assumed that the inequality (2.69) holds 

true. 
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Substituting (2.72) in (2.73), we obtain 

.,. ~<. ,o .. 01( 

3. FD Plasma. The inequality (2.6.8) requires that 

and substituting (2o52) in (2.69), we obtain 

(2.76) 

Since v has a range of values fran zero to v1 , the inequality 

(2. 76) is not satisfied for all the electrons and the necessary 

requirement is 

d. Conclusion 

Our treatment of the MB plasma is justified if' the following 

inequalities are satisfiedz (2.62), (2.64), (2.70) and (2.74). The 

inequality (2.62) is more stringent than (2.64) and (2. 70) is mor.e 

stringent than (2. 74). Consequently, the criterion for the applicability 

of our method is expressed by (2.62) and (2.70). Tb.is criterion is 

satisfied f'or two representative cases of a Ma plasma: (1) an ionosphere 

6 .. 
in which n0 ..,._ 10 1 T ,.,, 300 X; (2) a gaseous iischarge in which 

11 4• 
n - 10 , T ~ 10 JC. 

0 
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The validity of the treatment of the FD plasma is contigent on 

the inequalities (2.65), (2.75) and (2.77). The inequality (2.75) is 

not cc:mpatible with (2.65) and (2.77) and, therefore, our validity 

criterion is not satisfied. 

The phenanenological treatment of a plasma as a dispersive medium 

can, therefore, be applied rigorously to such cases as electrical 

gaseous discharges, or the ionosphere. Our classical treatment is, 

however, rigorously not applicable to such cases as electrons in the 

conduction band of a metal. However, the approach sketched in the 

summary is capable of describing the quantum mechanical properties of 

plasma. 

a) 

The Polarization Charge Density due to a 

Moving Point Charge 

Fast Part 1c le 

The Fourier transform of the polarization charge density~Pm,may be 

expressed as 

(2.78) 
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where Plm> is the polarization vector. Further, since 

(2.79) 

, - ..... n.-z.,o and - A. ~ E ~ R 1 

(2.80) 

or, in configuration space 

1' ( ,r, • ) = - (:;,'!i r " .... J; (.:p) f , ... e ,2ki ~ w G i-' !; ( ,.,_ It.-.,) e- uot 
a _r:,o _,_ 

Carrying out the kz integration and using the expansion (2.39) f'.or €lw> 

one finds 

(2.81) 

{ 2)1/2 We have postulated v << v O so we find the roots of the 

denominator by successive approximation. The .a, contour is chosen to pass 

above the poles on the real axis, to correspond to zero polarization charge 

ahead of the particle. Then, the root.a of the denominator a.re approximately 

(2.82) 



Evaluating the residues, we find for (z/v.-t) < o 

()o 

f = ~~ r t<,dKJ0 (i<9)S)NI. [ fA (~ --t:) J 
a 

where 

If 

To evaluate this expression, we rewrite it as follows: 

Using an identity proven by ta.mb37 we find 

Coo. [c0. (t~/~-t}"'- y~/<~'>)'12.J 
(\_i/Lfo -t 1 ~- r~-1 '\J'\)) '11.. 

0 

where ~ =- (~/110 --t)<tT~) 1/.P 
The singularity on the surface of the cone 
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(2.83) 

is fictitious; the polarization charge density actually has a finite 

maximum on this surface. 

37 H. Lamb, Proc. London Math. Soc. Sec., g, No. 7, 122 (1909). 
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·, 

This result illustrates the connection between the~ dependence of 

~ and the propagation of disturbances in the plasm.a. The point charge 

generates a conical "wake" of polarization behind it, which is due to 

the spreading out of the disturbance at a velocity given approximately 

r 2 ]1/2 
by _{v} • This conical wake resembles the Cerenkov radiation emitted 

by relativistic particles passing through matter. 

b) Slow Particle 

For the sake of canpleteness, we quote the result for the polarization 

charge dens 1 ty due to a slowly moving (v « [ { v2 ) r/2 )point charge , One 

finds for the Fermi-Dirac plasma 

0-n./of:0 -L 
~ e ._ -t .1L. ;re ~e l1o 

f> = ~ir 0:1:1 rz ,g 1J" IJ .!-

where 
A. 

}. f (1-0.•)[ e_._ E. t•) -le,.t ... ij 
(2.86) 

E.,.. (o_) .. s: e.""J;, /~ -~ 

and a-r/~. We have taken r = Jp + (z-v0 t).2 • The origin ot coordinates 

(r • o) 1s taken at the position of the incident particle and moves with 

the particle. The E coordinate 1s measured along .the path of the particle 

and is taken positive in the direction ot motion of the particle. For the 

MB plasm.a, replace DFD by ~ and the constant /3/24,,r. by (32:rt3) -l/'2 in 

equation (2.86). 



50 

The effect of the motion of the particle upon the polarization is 

again apparent. In first approximation the polarization charge is 

spherically symmetric with the Debye distribution. In second approximation, 

it lags behind the charge by an amount proportional to v 0 /vF since it has 

a cos 8 distribution, where c.os 8 • z/r. One may show that the sign of 

the curly bracket of equation (2.86) is always negative so that the term 

involving v 0 /vF has the effect of subtracting charge for z > o and a,4.ding 

when z < o. 

Stopping Power of Plasma for a Point Charge 

As will be seen below, the energy lost per unit path length to the 

plasma by a point charge moving with constant velocity cannot be calculated 

exactly by a classical theory. This is because close collisions involving 

large energy transfers to plasma electrons are treated incorrectly, leading 

to a logarithmically divergent stopping power, This is usually circumvented 

by using the results of binary collision theory for encounters involving 

small impact parameters and employing classical notions of the collective 

plasma motion tor large illlpact parameters.38 

The first attempt to calculate the .stopping power ot tree electrons 

1n metals was ma4.e by Weizacker39 who neglected interelectronic forces 

and ass:ume4 that metal electrons interact only with the lattice. Kronig 

40 41 and Korringa and Kramers subsequently inclu4e4 the collective effect 

38 For an excellent analysis of stopping power from a classical viewpoint, 
see A. Bohr, JCgl. Danske Vid. Selsk. Mat-f'ys. Me44., ~ No. 19 (1948). 

39 c. F. von Weizacker, Am. Phys., !1, 869 (1933). 
40 R. Kronig and J. :Korringa, Phys ica, !2_, 406, 800 ( 194 3) • 
41 · 

H. A. Kramer&, Phys 1ca, U, 401 ( 194 7) • 
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of electronic motion in classical treatments of the problem. Fermi42 

has calculated the stopping power of a system of stationary classical 

electrons using the dielectric formulation. 

The stopping power of' the classical plasma will be calculated in 

this section. In the Sl.Dllll18,ry a consistent quantum mechanical treatment 

of the problem which includes both the effect of' plasma oscillations 

and of' individual interactions between the incident charge and the plasma 

electrons will be sketched briefly. 

a) High Velocity Particle 

Suppose the space surrounding the particle track is subdivided into 

two regions: (1) the region of binary collisions within a cylinder having 

as axis the track of' the particle and a radius p1; (2) the region of plasma 

interaction outside this cylinder. 

1.. :Sina:,:y Collisions. The contribution of' binary collisions to the 

stopping power as a :function of the impact parameter may be found by the 

following simple argument: Suppose that the incident particle of' charge 

Ze and mass M may be considered to move in a straight line and that a 

certain electron in the medium located at a distance f from the path may 

be treated as tree during the collision. Neglecting the motion of' the 

42 . E. Fermi, Phys~ Rev., ~ 1242 (1939)., 21, 485 (1940). 
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electron during the collision, we may write for its mc:mentum charge &p, 

and in this approximation, only the canponent of momentum perpendicular 

to the particle path makes a contribution. Then the energy E acquired 

by the electron 1s given by 

The number of electrons located between f and f + d/ per unit length is ,t>< 

2'r/d/, so the energy lost per unit path by the incident particle is 

given by 

(2.87) 

The classical value of p 1 is found by noting that the maximum mn 

velocity which can be imparted to the electron in a head-on collision 

is just 2v O • The impact parameter corresponding to this energy transfer 

is 

- classical 

This classical treatment is valid only if the coulc:mb field of the incident 

particle varies negligibly over the wave pocket representing the struck 
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electron, i.e., over the distance ~ = ...fi in a. coordinate system 
mv 

o h 
moving with the incident pe.rticleo Only values of pmin > ~ have 

0 

a meaning and hence the quantum criterion for pmin is 

- Quantum 

One should use the larger of these two values. They are equal when 

v -ze2/1fJ., hence we may write 
0 

(2.8&.) 

2. Plasma Region. We wish to determine the energy lost by the inci-

dent particle to the portion of the plasma in the region f > fl to which the 

dielectric concept applies. The reaction force of the medium upon the inci­

dent particle will be calculated. The result will be in the form of an integral 

over f'requ.ency a) and wave vector ~o The resulting exp;ession will be found to 

diverge for large~ and one will be forced to cut the integration off at some 

interae4iate value of .j1 .. A reasonable value t.o a.ssU11e for ii is l/p1, 
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since the omission of the region inside the cylinder of radius p1 is 

equivalent to the neglection of' wavelengths small than p1 . 

The retarding f"orce with which the medium acts upon the particle 

1s given by -Ze {- E }- t - E Self } tj where E ]- - t is the z -v z ~ z r=v 
0 · · 0 0 

component of the total field 1n the direction of motion of the particle, 

evaluated at the position of the particle, and EzSelf }~ot is the 

self-field of the particle. Hence the energy loss per unit path length 

is given by 

(2.89) 

We have from equation (2.3'7) and (2.89) 

(2.90) 

2 _ _2 2/ 2 .2 2 where k = r + & v 0 • In the approximation v O >> {v } one has 

(,,)pl. ( I-+ (tr&.>~ '1./1.0'I.,. -4- l ~ 1) 

v:l·-t})t( l-+ <""'->~i.;~i. + 11 ') 

(2.91) 
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The zeros of the denominator in them plane are located at 

.,_"I. (l rt) 
Evaluating the 0) integral at these poles one :finds letting \ ~- °rJ'o• J 

I(~ 

r ( i<,Q K' ) f I + K'-<u-'>/1"9 (1 ➔jl~) 1 (2. 93) ) I< i.. i 1..vf 1../u. 1, t ~ 
0 0 

Carrying out the K integration one obtains 

Vo~/ 
In most cases ti) 2 >> l so that we may write 

p 

This expression is nearly identical with that given by Pines 14, viz, 

1n the present notation 

p'-t 0- f-) 1(1.U-01.1 
2~pl 
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except for the terms in fr". If we take Ki= kD, as Pines and Bohin 

recanmend, we find ( K' .. IT.,/ u:>p) 2.. N 1 / (!,4 

so that the second term in the brackets is o(f) according to Pines 

but of' the order of unity in our formula. 

In the limit J ➔ 0 we find the usual formula 

3. Total Stopping Power. By adding the contributions (2.87) and 

(2.97), we obtain for the total stopping power in the case of ~ ➔ 0 

where pmin is given by (2. 77) • The exact value of p1 is unimportant 

1n this limit since it subtracts when one adds the stopping power 1n 

the two regions . 

b) Low Velocity Particle 

The stopping power of an incident particle having charge Ze and 

vel.ocity v << (v2}1/ 2 will now be determined. 
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The energy loss per unit path length may be thought of as being 

due to the retarding field of polarization charge located in the "far" 

region, i.e., to the region outside of a sphere of radius R whose center 

coincides with the position of the incident particle. Thus, if a is the 

polarization charge on the surface of this sphere and pis the polarization 

density in the tar region, 

where the coordinate system is chosen to move with the incident particle 

and to have its origin at the particle position. In this expression 

cose = z/r, 
A -. 

a= -n•P where n is a unit vector normal to the sphere of 

radius R in the outward direction. 

Using the above approximation for Ek- in the Fourier integral 
,CD 

expressions for Pand p and expanding the resulting formulas in a power 

series in~'• V/(v2)1/ 2 we find to the first power in~' and for an 

F-D plasma, 

: 2_"-e'°~p~ ~I )(\-+ ..i. +-h)e"-f'. (o._) 
.fi ro o.- ~o.,_ L o... ~ ~ (2.100) 

-(1-i-.f.)e~SA. (-._) - -£ } 



where a= R/D. If a<< 1, 

(2.101) 

In this phenomenological treatment the region inside a sphere of radius R 

centered at the particle has been excluded fran consideration. The cil.assical 

phencmenological representation is not strictly applicable to an FD plasma. 

However, the expression (2,101) will be applied to an FD plasma, keeping 

iii mind that in the pa.st a classical treatment has been not infrequently 

used with satisfactory results in quantum-mechanical problems. The result­

is confirmed by the quantum mechanical treatment indicated below. 

Although the interaction of a fast particle with the surrounding 

electrons is not subject to an orbital representation, the stopping 

power bas been calculated by using an impact para.meter method and the 

quantum mechanical aspects of the problem have been taken into account 

by assuming that the minimum impact parameter is equal to 1i/m1'· 

The binary collision of a particle having velooity Uo with an electron 

gas having isotropically distributed velocities in the range from zero to 

vF is considered. The wavelength of most o:r the electrons as seen from 

the moving particle will be sanewbat smaller, but of the .same order of 

magnitude as 2:1dC'w£ The space surrounding the incident particle will be 

divided into two regions t Region I within a sphere having its center 

at the position of the particle and radius~~; and region II ccmprising 
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the space outside the sphere. The contribution to the stopping power 

fran the region I is negligible, since in this region the incident 

particle traverses a wave packet that eJG_erts on it electrical forces 

fran various direction, thus giving partial cancellation. Therefore, 

it will be assumed that the total contribution to the stopping power is 

due to the presence of plasma in the region II. 

The expression for the stopping power can, therefore, be obtained 

by substituting R =~~in (2.101). Of particular interest is the case 

of ~D << 1 which has been treated by Fermi and Teller43 in a different 

manner. To determine the stopping power for this case, we substitute 

R =~~in (2.101), obtaining 

(2,102) 

where v5 • e2/~. 

Assuming that YF/ve >> 3.17 x 4~, the formula (2.102) can be expressed 

as 

(2 .103) 

This formula is identical to the corresponding formula by Fermi and Teller, 

The Fermi-Teller formula does not apply to the conduction band of 

metals since it is derived under the assumption that vF >> v0 • 

43 I 

E. Fermi and E, Teller, Phys. Rev.,~ 399 (1947); see also N. Mott, 
Proc. Phys. Soc., (London) 137, 14b2 (1949). 
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In the more exact quantum-mechanical treatment described in the 

summary it is not necessary to make the approximations used above. 

Stopping Power of Plasma due to the Transverse·Field 

We now consider briefly the stopping power of a relativistic 

charged particle in plasma due to the transverse field. Returning 

to equations (2.J?,e.) and (2.~) we may write 

(2,104) 

where 

The energy loss per unit path length of the incident particle denoted 

by - IL. is equal to the electric force 1n the medium acting in the 
➔ 

-v0 direction evaluated at the position of the particle, i.e., the retarding 

reaction of the medium on the particle. Hence 

aw I .. - IY. l. 
(2.105) 
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2 2 2/ 2 where k = K + (.I) v • 

0 
The transverse dielectric constant may be 

expanded as follows; 

The denominator of equation (2.105) may be written 

where 2 2/ 2 ~ = V C • 
0 

We neglect terms involving the ratio of {v2 )/c2 and cohsider 

the roots of ~ in the m plane. There are only two in this approxi.ma tion 

and they are given by 

• V: r J~ f.i) = z ~ ,;:=I=,- Ka+ ""-'P~ /4"' 
v•-~"" 

The co integrand of the express ion for - : ] ...L is consequently an 

odd function of m and dm] = O; there are no radiative losses in 
- di' .l 

a pure plasma in this approximation. Note that if the medium were 

composed of bound electrons radiative losses could exist. For example, 

suppose all electrons are bound with a frequency m and that their 
0 

2 4 N 2 
number density is N; if n = ~ then 

m 
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and 

Now r>2£• may be larger than unity for a range of values of a>; 1n this 

case there may be real roots of Do 1n the a> plane and radiative losses 

can exist. These losses are identical with the well-known Cerenkov 

losses44 fran a charged particle moving faster than the velocity of light 

1n the medium 1n which it finds itself. 

44 Bee, e .gu L. I. Schiff, QUANTUM MECHABICS, (McGraw Hill, New York, 1949), 
p. 262. 



CHAPI'ER III 

DISTRIBUTION OF ENERGY LOOSES EXPERIENCED BY A 

FAST ELECTRON IN THE INFINITE PIASMA 

Consider now the details of the process by which charged particles 

lose energy to electrons in matter. In case the struck electrons are 

bound to a tans, they may absorb energy only by making quantum jumps 

between eigenstates. One would expect that energy analysis of a beam 

of initially monoenergetic fast electrons after passing through an 

assembly of such atans would show losses characteristic of these 

· 45 electronic states. In direct analogy one also expects discrete 

energy losses by electrons incident on metals due to the excitation 

of plasma oscillations in the conduction electrons. 

Pines and Bohm10 have suggested that this mechanism may explain 

a large body of experimental data on discrete losses in metals.46 On 

this picture, energy spectra such as shown in Figures (2) arid (3) 47 

are to be attributed to the successive losses of en~rgy quanta in units 

of' ha>P by the f'ast electrons. Here mp is the plasma frequency 

J 4-iroe2-/m* where n is the effective number of con4uction electrons 

participating 1n plasm.a oscillations and m* is their ef'f'ective mass. 

::Blackstock, et. al., have shown that the results shown are not in­

consistent with this picture since the value of the 14. 7 volt discrete 

4, . 
Experimental results showing this effect in various gases have been given 

46 

by L. c. Van Atta, Phys. Rev.,~ 876 (1931); See also Mott and Massey, 
THE TBEORI OF ATOMIC COLLr.SIONB, (Oxford, Second Edition) P• 261. 

For reviews of this subject, see D. Pines, Rev. Mod. Phys.,~ 184 (1956); 
D. Pines, Solicl State Phys., !, {Academic Press, Inc.~ New York., 1955); 
and R. D. Birkhoff, Handbuch. der Phyailt, ~ 53 (19,7). 

47 Fran Blackstock, Ritchie and Bir~off, Pll,ys. Rev., 100, 1078 (1955). 
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loss unit is approximately equal to ha>P i:f one assum.es three conduction 

electrons per a.tan an4 m* = the electron mass. They have canpare4 the 

energy loss to plasma with a :formula similar to equation (2. 72), using 

p1 - l/k0 and :find good agreement. 

An alternate explanation :for these losses, which has been advanced 

by various workers, is that they are due to interbe.nd transitions o:f 

individual conduction electrons. Evidence in support o:f this has been 

48 presented· showing correlation between the :fine structure of X-ray 

absorption edges and the characteristic loss lines. The plasma interpre­

tation has been strengthened by Watanabe 1s 49 eJq>erimental verification o:f 

the Pines •'Bohm dispersion relation (equation 3.10 below). 

However, it may be shown50 that such a dispersion relation is not 

uniquely a property o:f plasma but is associated with collective interactions 

in sol.ids and appears whenever these interactions are important, e.g., in 

the case o:f the energy shift in insulators due to coul.anb interactions 

between different a.tans in the solid. Since interel.ectronic coulomb :forces 

are less important in the case o:f bound electrons than 1n the case of :free 

electrons, one expects the dependence of energy loss on momentum transfer 

to be correspondingly weaker in the first case. 

48 Leder, Mendl.owitz and Marton, Phys. Rev., 101., 1460 (1956). 
49 ( H. Watanabe, J. Phys. Soc., Jai-an, !!., 112 1956). 
50 R.H. Ritchie, ORNL Health Physics Annual Progress Report, (1957), 

ORNL-2384-, P• 93. 
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It is probably true that no electronic transition in a solid can 

be distinguished unambigously as a one-electron phenanenon, or as a 

collective occurrence involving many electrons o However, it is certainly 

important that one be able to say which description best fits a given 

case. 

Probably the most convincing evidence for the existence of plasma 

13 14 · oscillations has been given by Pines ' who has compared ha>P with the 

observed values of characteristic energy loss in several metals. (mp was 

calculated assuming that all electrons outside the appropriate closed shell 

are :free.) He finds good agreement in just those substances for which one 

would expect the :free electron approximation to be most nearly valid. See 

14 Table II , 

Element 

Humber of 
Valence Electrons 
Assumed 

bu.lp (ev) 

~obs (ev) 

Table II. 

'Be B 

2 3 

19 24 

19 19 

C Ma Al Si Ge 

4 2 3 4 4 

25 11 16 17 16 
22 10 15 17 17 

It may be noted that optical data on the reflection and absorption of 

light by utal surtaces is useful in interpreting ilacrete loss data. In 

particular, optical determination of the transition :frequency, i.e., that 

frequency at which a metal ceases to be a reflector and becanes transparent, 
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furnishes an independent determination of the plasma frequency for that 

metal. Such measurements are available for the alkali metals. The 

optical values agree well with characteristic loss values where the 

51 16 52 latter are available. Hubbard and Ferrell have investigated 

the angular dependence of the energy losses of fast electrons to plasma, 

the first author by a correspondence principle argument and the second 

11 by the Pines-Bohm method. Neither of these results include the dispersive 

properties of the plasma. 

In this section a more general semi-classical formula for the 

transition probability of a fast electron in plasma will be derived, 

while the quantum mechanical method described briefly in the summary 

yields a result valid for all energy and momentum losses.53 

In order to determine the interaction probability of a fast particle, 

16 54 one may empl.oy Hubbard 1s modification of the Weizsacker-Williams treat-

ment ot scattering. One assumes as before that the incident particle may 

be replace4 by a unifOl'Dlly moving point charge insofar as its effect on 

the medium is concernel. One then cal.culates the rate of energy absorption 

by the medium from the moving point charge. This energy absorption per 
"!'I· 

unit path 1ength may be expressed as an integral over a> and i, i.e., 

= 

51 Apparently the first canparison of bleoptical with characteristic loss 

values in the alkali metals was made by Blackstock, Ritchie and Birkhoff, 
Ref. 47. 

52 R. A. Ferrell, Phys. Rev., 101,554 (1956). 
53 See also R. H, Ritchie, Phys-:-Rev., 106, 874 (1957). 
54 E. J. Williams, ICgl, Danske, Vid, Sela., Mat. Fye. Medd., !l, No. 4 (1935), 



In all the work above, this energy absorption was assumed to take 

place in a continuous manner. When considering elementary processes in 

the medium, one must take into account that the quantum of energy cor­

responding to a frequency u.> is i1a> and that associated with the wave vector 

f there is a momentum hi. Then one may consider that the probability 

(l,a>) that the electron shall lose energy tu.> and manentum 'fltper unit 

path length is given by 

(3.2) 

as long as 1XD and 1'lk are small compared with the energy and momentum 

possessed by the particle. This result is proved more generally in 

appendix A. Referring to equation (2.27) one bas 

(3. 3) 

when the incident particle is an electron. The energy loss per unit 

path length in the medium may be found from 

(3.4) 

where Eis the component of electric field in the z direction, if the z 
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incident electron proceeds in the positive z direction. Expressing 

~ in terms of its Fourier representation 

-
-~ • 11~. f n ~ "''~ i..lJf ... ) (3.5) 

we may write immediately for the transition probability per unit path 

length 

(3.6) 

In the appendi.x 1.t is shown that one should replace 6(a> .. k•V ) by 
0 

8(U> - k•v O + 1ik2 /'2m) to account for the recoil of the incident electron. 

Now divide k into k J.. and it11, which are perpendicular and parallel, 

respectively to v0 • We may integrate over i 11 immediately, obtaining 

(3.7) 

- - 2/ since one considers only small manentum transfers, Le., k•v0 >> int '2m. 



Retaining the damping constant -y in the expression f'or £kLo' 

equation (2.3lb) and assuming a>>> k' one f'inds 
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(3.8) 

If' one then substitutes equation (3.8) into (3.7) and employs the 

approximation k.• 8m~h (8 << 1), where 8 is the angular deviation of 

the electron and mv0 is its momentum (See Figure 4), one f'inds 

In this equation P(8,a>)dndco is the probability per unit path length 

that the incident electron shall lose energy-ixo in the interval -fida> 

and scatter through the angle 8 into the small solid angle an ate. 

l 2 2 2 1 2 The quantity & • 5 -fl. ~ k 11J), where the explicit relation 

2 .3._ ~ 2 2 (v }FD = ; 2 ~ has been used. The term in curly brackets exhibits 
m 

a strong resonance if r <<ID. The resonance occurs when p 

·,."12.._ (L)..~ (\ ➔ ,:1. ~v ,£ +•If) 
~ - -r S WI'- ~"' 

Solving this equation by iteration, 
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and fran Figure (4), the energy loss AE = -fu> is given by 

(3.10) 

l 2 where E0 = 2 mv0 • This is just the plasma dispersion relation obtained 

by Pines13, except for terms O(k4).55 

Equation (3.9) contains the major features of the characteristic 

energy-angle distributions of fast electrons to plasma. The resonance 

term yields explicitly the parabolic connection between energy loss and 

angular deflection found experimentally by Watanabe 49 • Figure (5) shows 

a schematic representation of Watanabe,'s result for the energy-angle dis­

tribution of losses., Curves Band B' represent single and double 

eigenlosses, respectively, while curve D illustrates diffuse losses which 

Watanabe attributes to interband transitions in the foils. He finds that 

an equation equivalent to equation (3.10) above represents the eigenlosses 

with good accuracy for several metals (Al, Be, Mg, Ge and C) if he assumes 

the valence electrons are free to participate in plasma oscillations. 

The factor 1n the square brackets of equation (3.9) has the coulomb 

variation given by Ferre1152 . To obtain the total angular distribution 

of the fast electron, one integrates over all energy losses, obtaining 

,, A term proportional to1J.2k4/4m2 appearing in the 4i1per1ion relation ot 
Pine■ 11 4ue to the recoil ot the pla1ma elect:rona an4 ii inclu4e4 in 
the quantum mechanical treatment 4eac:ribe4 below. 
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;; 

Figure 4. Energy-Momentum Diagram for a Fast Electron Losing Energy to a Plasma. 
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Figure 5. Relation Between Energy loss and Scattering Angle for Electrons losing 

Energy in Metals (After Watanabe53) . 
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where k2 = .a> 2 /v 2 + (m"fJ8/h)2. Now, collecting terms and neglecting p 0 

higher powers of m and 1J..2~.:2 /2m compared with E , the energy of the p 0 

incident electron, we find 

where a>p = ~ /2m and ~ = E~. 
2 Now, if one neglects thee term in this expression, one finds 

Ferrell's equation (8) 52 and Hubbard's equation (29) 16 for the angular 

distribution. Further, one sees that instead o.f £(k,a>) for the free 

electron gas, one could have used the classical formula for the dielectric 

constant, 

where N is the atomic density of the medium, and !,1, ~i an4 i.i are the 

oscillator strength, transition frequency and damping constant of the 

1th interband transition, respectively. Assuming that 1n the neighbor­

hood of the J_th transition only the 1th term 1n this series is important, 

substituting this in equation (3.7) .and integrating over k and m, one 



finds, for the probability of scattering through the angle e, after 

th losing energy to the J_ transition, 

a.a. (3.14) 

2 
2 47tNe fj 

where aj s m - • This age.in has the same form as Ferrell's 

equation (8) 52 except that in place of the plasma frequency, there 

appears the one-electron transition frequency '°J' shifted due to mutual 

interaction between electrons 1n the medium. In the frequency Q)j 

2 corresponding to the case of free electrons, then aj • a,P • Thus, if 

the k dependence of the dielectric constant of the conduction electrons 

is neglected, one obtains the same general form for the angular distri­

bution, whether the fast electron has excited interband transitions in 

the solid or whether it has lost energy to plasma oscillations. It may 

be shown.50, using a special model far the dielectric constant of a sOJ.id, 

that this is still true even if the k dependence is retained, although 

1n general one expects a much weaker k dependence in the case of inter­

band transit ions • 



CHAPI'ER IV 

THE INTERACTION OF ELECTRONS WI1rH A. FINITE PLASMA. 

The rapid growth of that field or physics devoted to the study of 

" " 46-49 characteristic energy losses in solids and the premise shown by 

the theoretical interpretation of Pines and others46 cf these losses 

make it likely that fast electron bee.ms will beccme even more important 

in future studies of electronic states of solids. One of the central 

problems in this field is whether such losses occur with the excitation 

of collective oscillations in the conduction electron sea or with inter­

band transitions in the solid. 

In reality these two descriptions are canplementary and represent 

opposite views of the dynamical behavior of electrons in solids. A 

given solid partakes of both of these extreme characteristics but may 

be best described by one or the other of the models. It is probably 

true that no electronic transition can be distinguished unambiguously 

as a one-electron phenanenon or as a collective phencmenon: e.g., in 

Chapter III it was shown that the angular distribution of charged particles 

losing energy to solids is insensitive to the kind of electronic inter­

action occurring. However, it is certs.inly important to be able to say 

which of the descriptions best fits a given case. 
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One expects that the presence of boundaries in a solid will have 

more effect on the response of a plasma than on the response of the 

one-electron model of the solid and hence that surface effects may be 

usef'u.l. in distinguishing between the two types of transitions; e.g., 

in the extreme tight binding approximation :for electronic states in a 

solid., coulomb interactions between electrons bound to different ion 

cores are very weak and in this case the surface effects treated below 

a.re unimportant. It is felt that the bounded plasma model is of con­

siderable interest, since it represents a case where quantum effects 

should appear on a scale of distance much larger than is usual in physics. 

In this chapter, electron energy losses to an idealized model of a 

finite plasma will be considered and the effect of the :finiteness of the 

foil on characteristic energy loss experiments will be investigatea.56 

Ge.bor57 has treated the finite foil problem by malting the assumption 

that the electric field intensity is zero at the bounc!aries of the :foil. 

This is not in accord with experimental work on the optics of thin :tilms, 

since it resu1ts in the prediction that a metal grain 4oes not interact 

with transverse electrcmagnetic radiation originating outside of the grain. 

His conclusion that the probability for plasma loss shou1d decrease strongly 

with decreasing foil thickness is a direct consequence of this assumption. 

56 Ro H. Ritchie, Phys. Revo, 106, 874 (19~7). 
57 D. Ge.bar, Phil. Mag.,!., l (1956). 



The difference which he finds between "coherent" and "incoherent" 

illumination is due to the same assumption. 
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To compare with Ge.bar's treatment, one may expand the field given 

by equation (3.3) in te:rms of a Fourier integral in x, y and t as a 

Fourier series involving only cosine functions of the z coordinate, thereby 

assuming that the electric field intensity is zero both at the boundaries 

and everywhere outside the foil. Then, using the method described above 

to calculate the inte~ction probability P(it,m) in the foil, one finds 

a factor which shows the same limitation obtained by Gabor on x-mcmentum 

transfer to the foii. 58 More realistic boundary conditions will be used 

in the treatment given below and it will be seen that similar z momentum 

teansfer restrictions occur, but that the behavior of the interaction 

cross section predicted below is different from that given by Gabor. 

58 Ga.bar's unconventional application of first-order time dependent per­
turbation theory leads to a result which disagrees with the Pines-Bohm 
formula for the mean free path for plasma loss in thick films. He assumes 
that the wave function of the incident electron is a plane wave with duration 
T >> 1/c»p, where ~ is the energy loss of the incident electron. He finds 
that the total probability of plasma excitation is proportional to the 
duration T which leads to an unrealistic result for an infinitely long wave­
train. The more conventional perturbation theory (L. I. Schiff, QUANTUM 
MECHANICS, McGraw-Hill Book Co., Inc., New York, 1949, second edition, 
p. 200) shows that instead of T one should use a/v, the electron "transit 
time" in the foil. Experimental evidence on the energy variation of mean 
free pa. th for plaa-. loss (Blacks tock, Ritchie and Birkhoff, Phys • Rev., 100, 
1078 (1955) shows 100d agreement with the Pines-Bohm formula and does not­
agree as well with Qabor's Equation (34). 
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Since the methods of Chapter II are not readily adaptable to the 

study of the bounded plasma, the hydrodynamical treatment of Bloch59, 60 

will be employed to describe the response of the finite plasma to an 

incident charged particle. Taking account of the pressure-density relation 

for a degenerate electron gas, Bloch derived the equations of motion of the 

statistical atom. He showed that these equations admit not only the steady 

state solutions familiar from the work of Thomas and Fermi, but also oscil­

lations about this state. He used the approximate correspondence between 

the frequencies of these hydrodynamical disturbances and the actual excitation 

frequencies of the atomic electrons to derive a general formula for the 

stopping power of atoms of atomic number Z for fast charged particles. 

Wheeler and Fireman61 have extended the work of Bloch to obtain a universal 

photoelectric absorption curve for the statistical atan. 

In the following it will be assumed that the plasma has uniform 

density inside the bounded region and that the density decreases abruptly 

to zero at the boundary. 

Only 1rrotational. motion of the electron gas will be considered and 

all velocities will be taken small compared with c. The usual equation 

59 · ,• 
F. Bloch, z. Physik, ~ 363 (1933) i Helv. Phys. A.eta. !., 358 (1934). 

60 H. Jensen, z. Physik, 106, 620 (1937). 
61 J. A. Wheeler an4 Fireman, 110n a Universal Photoelectric Absorption 

Curve 11 , unpublished manuscript. 
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62 of motion in hydrodynamics may be written 

(4.1) 

where v(r,t) 1s the linear velocity of the electron pa at point with 

position vector rand at· time t, Fis the body force per unit mass of 

the gas, pis the hydrodynamical pressure and pis the mass density of 

the gas. The equation of continuity is 

(4.2) 

while the body force Fis taken to be due to the coulomb field of charges 

located in the medium; 

where 

62 See, e.g., L, Page, INTRODlCTION TO THEORETICAL PHYSICS., (New York, 
D. Van Nostrand, 1935, second edition), page 220. 
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and 4ext is the charge detlSity of applied charge in the plasma. In order 

to derive a connection between the pressure and density of the electron 

gas. We shall suppose that the gas is a Fermi-Dirac degenerate system at 

absolute zero. Then n, the density of particles is given by 

where N is the total number of electrons in the volume V,. The total kinetic 

energy E1 is 

(4.4) 

and the pressure pis given by 

= 

where 

One obtains 

(4.6) 



which, together with equations (4.2) and (4.3), defines the Bloch 

approx:1.ma t ion to the plasma system • 

Although somewhat simpler in appearance than the plasma equations 

dealt.with before, these equations must be linearized before progress .. 
can be made in finding their solutions. Expanding p and v about their 

equilibrium values 
J : f• T f I 't-' I I I 

setting p • mn, where n is the number density of electrons and neglecting 

terms involving squares of n1, v, or their products, equations (4.2), 

(4o3) and (4.6) become 

Assuming that the velocity V: 1a derivable from a potential function t, 

so that V. • - vt , the Bloch equations become 

I 

'9" cp • ~~ -+ If.Te S f")Sf1) S' (t- ·"a+) 

(4.&) 

(4.Bb) 

(4.Bc) 
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2 l ( 2 where~ = 3 vF) is the velocity of' propagation in the Bloch electron 

gas. The term 7\jr 1n equation (4.8e.) represents a schematic damping of 

the electronic motion in analogy with the aamping introduced in Chapter I 

in the derivation of the dielectric constant of' the free electron gas. 
I 

The subscript on the number density perturbation lli will be dropped hence­

forth. The applied density of charge has been taken to be that of' a 

classical point charge moving with uniform velocity. 

To establish the connection between this hydrodynamical approach 

and the dielectric constant approach, consider the unbounded plasma. 

Operating on equation (4.8e.) with the Laplacian, on equation (4.8b) with 

~ and combining the three equations ( 4.8) we find 

Going to Fourier space, 

- arr w, ~ ( I.I)• i', Ii. ) 
~p,.+ f 2*,. - Lt~ -w" (4.10) 

and. using the clef'inition of the dielectric constant n • n 1( !. -1), rea € 

where nreal is the density of' externally introduced electrons in the 

pla.sma, we find 

I- (4.11) 



In case v0 << vF, this reduces to the low velocity form of the dielectric 

constant, equation (2.49) 

If v0 >> vF, we may expand equation (4.11) in powers of' k2; the result is 

(4.12) 

which baa the same form as equation (2.39). The numerical coefficient of' 

the k2 term in equation (4.12) is! instead of' J as given by equation 

(2.39). One sees that the main features of the extreme high and low 

velocity behavior of plasma are reproduced by the hydrodynamical model. 

In the work below, when the plasma response to high velocity ~rticles is 

consi4ere4, it is understood that the relation ~ • ~ v12 is to be employed. 

Note that the equation (4.9) for n baa the same form as -the Klein­

Gordon equation and thus may be thought of as describing a meson-like 

"p&rticlen field around a charged particle in plasma.63 

One may employ this similarity to investigate qualitatively quantum 

effects arising because the plasma is confined to a finite range 1n the 

z direction. The hanogeneous form of' the equation for the variation of 

63 · 
See J. Lindhard, Kgl. Danske. Vid. Sele., g§, No. 8 (1954). 
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plasma density around equilibrium may be written 

(4.13) 

One could carry out a quantization of this classical field equation 1n a 

64 manner similar to that employed by landau 1n his quantum treatment of 

the classical hydrodynamical equations. The f'ield n and its conjugate n* 

then becane operators which in the case of' an infinite medium could be 

expanded in plane waves, i.e., 

~ "' e t(~ . ,,. - "" .., ) 

If' one substitutes this into equation (4.13) one f'inds the following 

relation between the energy and momentum of' the "plasmon" 

(4.14) 

showing that the rest energy of the plasmon is ~p and that it has a 

rest mass of' 

which is of' the order of' the electron mass. In this model, a charged 

particle is capable of' exciting nplasmonsff, the quanta of' the hydro­

dynamical field. An amount of energy Jtimp)"+(~t. is required to create 

a plasmon and simultaneously to impart ··to it mc:mentum 'fllt. In the case 

64 -
L. D. Lan4au, J. Phys. tJSSR, ~ 71 (1941). For reference to later work 
in this f'iel4, see Van Xampen, Kgl. :Dlnake. Vi4, Sela., ~ No, 15 (1953), 



ot the finite plasma confined between parallel planes at distance!. apart, 

one would expand the field n in terms of eigenfunctions of the bounded 

region. One knows generally that the minimum value which can be assumed 
➔ 

by the z ccmponent of the wave vector kin this case is 

and hence that the minimum amount of z momentum which can be absorbed 

by the finite medium plasmon is ,.,;_"fl/a. This effect will appear in the 

thin foil case below. 

A Slowly Moving Particle in the Bounded Plasma 

Consider now the case of a stationary or a.lowly moving particle 

in the semi-infinite plasma which is confined to the region z > 0, Assume that 

there 1s a point charge located on the z axis at -z0 , outside of the plasma. 

In the time-independent case, the equation (4.9) becomes, 

(4.15) 

while Poisson's equation reads 

(4.16) 

subject to the boundary condition 

(4.17) 
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This follows from the requirement that the component or -:; = - W 
normal to the surface shall vanish. 

If one expands both n .and cp 1n Fourier integrals in the x and y 

coordinates, e.g., 

The equations (4.15) through (4.17) becane 

tf.~ • (k ,_+ 7i) J ~ =o (4.15a) 

ll;1o _ K ~ f i s ~~ -+ i (~-+ io) J (4.16a) 

(4.17a) 

where ~ =k 2 +k, 2. The source free solution of equation (:4.l5a) which is 
y y 

bounded as z -+ 00 may be written 

and employing the Green's function for equation (.4.16a) one may write 
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If' one imposes the boundary condition (4.17a) the constant A may be 

evaluated. One finds f'or the potential outside the plasma 

0. f (•-•-)/.-
~ ( r, ,~ C,) = - e + -i r Ji J. (, 1/4) e ( 4. 18) 

✓ J~ ,. ➔ •• )"" ~ (' -+ ~t,'•1 ) .... 

-- cp. ... <-P~ 
2 2 2 where p • x + y • The first term on the right hand side of' equation 

(4.l8) is just the potential due to the point charge at (O,O,-z 0 ). 

The second term represents the potential in Z < 0 due to electrons in the 

plasma in the region z > O. To look at its behavior f'or (z-z 0 ), p >> d, 

examine the integrand of' cpi f'or ~ << 1. One finds 

This 1s just the image potential which one finds 1n the classical case of' 

a point charge located approximately distance Z0 from an infinite metal 

surf'ace. 

The expression tor , 1 is of' interest 1n the theory of' the potential 

barrier at a metal surface. 'The reflection and transmission of' electrons 

through metal surtacea 1s of' importance in the theory of' the Shottky effect 

and in predicting thermionic emission :from metals as well as 1n the pre­

diction of' experiments on the reflection of' monoenergetic electrons 
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impinging on metals • Reflection calculations 65 are usually made by 

assuming that the potential acting on an electron outside a metal is 

ot the image torm tor large distances but breaks :town at a tew angetrans 

trom the surface. :Bardeen66 has made a quantum mechanical calculation 

ot this image potential by assuming tree electron wave :functions inside 

the metal an4 requiring that the potential be self-consistent. His 

results show that the classical image potential is valid a f'ew atomic 

radii from the surface but that the potential approaches a nearly 

constant value inside at smaller distances. His results are mainly 

numerical. More recently, Sachs and Dexter67 have calculated an 

approxilllate quantum mechanical correction to the classical image f'orce 

theory using the Thomas-Fermi equations. They find a correction term 

to the classical image tormula which gives approximate agreement with 

the result ot Bardeen. Although they formulate an e_quation which could 

be solved in theory to give the potential function continuously through 

the surface and into the metal, the final expression is only approximately 

applicable outside the metal. 

The Eloch equations employei. here, on the other hand, yield a pre­

diction of' the potential at all points in and outside of' the metal and 

have the same limits of' validity, since they are based in part on the 

Thomas -Fermi equations • 

65 66'() See, e.g., L. A. MacColl, Phys. Rev., ~ 99 1939 ; L. W. Nordheim, 
Proc. Roy. Soc., Al2?;, 626 (1928).; E.Quth and C. J. Mullin, Phys. Rev., 
~ 575 (1941); C. Herring and M. R. lUchols, Rev. Mod. Phys.~ 185(1949). 

66 J. Bardeen, Phys. Rev.,~ 653 (1936). 
•67 R. G. Sachs ant D. L. Dexter, J. Appl. Phys., ~ 1304 (1950). 
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The image potential evaluated at the position of the point charge is, 

f'rcm equation (4.18) 

where .. 
1! ...,(1t) r ~ e·"'~ '-"'I~ 

I 

To obtain, image inside of' the metal, one proceeds as before except that 

z 0 -+ - z0 and there is a source term 

of equation (4.15&).. One finds 

8 .~ ~ t "• ( ,::;Jl/d 
cp(r, 1-,o) = - e I/ I. 2 )i' f ... .a-• 

;. 6(Z - t ) on the right hand side 
d"t! o 

As in the case of the infinite plasma, the potential in the neighborhood 

of' a point charge at greater than a f'ew angstrans :f'ran the surface is of 

the Debye screened form. The image potential is given by q,(O,Z0 ) 

Qo -2.i:o~/tJ 
~ r !tis e 

f l'W\•~~ = - 0 ). ~ ( ~ .., ~-st+, ) 1-

= -~l ~ {-,)~r E\\+~(!/)-~(t)J 
vi.:o l 

The form of the image potential is sketched in Figure (6). For 

com.parison, the dotted line shows the simple image potential ♦ = -e/2'/. 0 • 
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Figure 6. Image Potential in the Neighborhood of a Metal Surface. 
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The discontinuity at z0 • 0 arises f'ram the Sommerfeld assumption that 

the potential in the neighborhood of a metal surface changes abruptly 

at the surface. The inner potential Vi has ~een taken to be 1.1 e2/d 

in the case illustrated in Figure (6). Although the result is of 

qualitative significance only, due to the schematic step function rep­

resentation ass'UDl.ed for the static variation in potential at the surface, 

it does indicate that the simple image potential is valid only at 

relatively large distances fran the surface. The approximation, employed 

by Ma.cC01165, that t,__ = -e/2z for z larger than the value at which .Lllltl,ge o o 

-e/2z0 1s equal to the inner potential Vi, seems to be very unrealistic 

in view of the present results. 

A Fast Particle in the Bounded Plasma 

The case of' a fast moving charge normally incident on the plane 

boundary of a hydro~ical electron gas will now be considered. As 

before, one eliminates the velocity potential +- fran equation (4.8) and 

finds a set of coupled equations in the electronic density n and the 

scalar potential q,. After expanfling b'bth of' these quantities in Fourier 

integrals the equations became 
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with the conditicn that· the z component of velocity at the surface 

located at z • 0 be nil, i.e., 

where 

The solution of equation (4.19a) which is bounded as z ➔ oo is 

(4.20) 

where A is a constant to be determined from equation (4ol9c). The 

solution of (4.19b) may be written in terms of the Green's function 

for the differential equation, i.e., 

Carrying out the indicated integration after inserting the expression 

tor n(z ') from (4.20), one then evaluates the constant A. The potential 

cp may be written 

(4.21a) 

(&<c) (4.21b) 

where the constant■ A.i, Bi are very lengthy and will not be written in 

full. 
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Consider the energy absorbed by the medium from the incident electron. 

Let the electric· potential in the medium minus the vacuum field of the 

particle be CP, (~,t) and let Ip (k,m) be its Fourier transformo The total m m 

energy loss of the electrons is given by 

➔ 

where kz is the z component of k~ This result is an expression of the 

fact that if the electron :undergoes momentum change-mtz in the z direction 

and is deflected through an angle 8 (where 8 << 1) then from conservation 

of. energy and momentum fikz = ~ v0 where ~ is its energy loss o As shown 

in appendix A, the wve properties of the incident electron are taken 

into account, within the domain of validity of the Born approximation, 

by merely replacing 6(kz.o(.l)/v0 ) by v0 6{0>-v0kz +Jflk.2/'2m.) in equation (4.22). 

The additive term hlf..2/'2m. accounts for the recoil of the electron. 

Substituting from equation (4.21) into (4o22) and carrying out the 

indicated integrations, one finds in the limit v » ~, 
00 - 0 

_ ~ ~ C r c.oi.t# /....L -•) 
~ - Cl.~ "II' Oo.,_ i K~\< J._ l't<."'+CJl,,A;,") ' E-

( 4. 23) 



The first te:nn clearly repres~nts the conver~ional energy loss in the 

absence of the boundary, while the second. contains the etfect of' the 
m . 

surra.ce68 o As in Chapter III, set W • ,[ 2,uCcUC .r~(K,m) where P(K,m) 

':'·. 0 

is the probability that th~ electron shall undergo energy loss hID and 

momentum change -ilK perpendicular to the z direction. Then writing K = k;1 

to em.phaisze the similarity with equation (3. 7), one has 

'P(t \ • ..L [ A. ~I.J..) ca~. ~( 6-6)-a ) } ~,~, ~,._ l t..,.-+v>Ycr • .,_ ~~"' -(~,..Ji:>'" ~~ ... , ... 2dt~-c.,);..~J 
(4.24) 

where 

The P' distribution agrees with that found in Chapter III {equation 3.8) m 

tor the infinite medium. Energy resonance occurs at the value given in 

equation (3.10) showing the same connection between energy loss and angular 

deviation as is found for the infinite medillll1 providing.one takes 

J2 • ½ v.,2. The Pb distribution •Y be rewritten as follows, again 

using the fact that ~/v << l; 

~ ~e'ldt t+- \ -,., ·. . Y..t · ~(4 25) 
., = "T'itu.""' (~ '-..-fA>o/11";}~ I l(c.o'I,• ~"-,,,J. .. /r.)'+-t"m'-- ~~ .. ..,~)1,t.~J e . 

~ f>.,_, + 'P +:a. 

6'8 'l'he second. term fount 1n this derivation has been multiplied by 2 to take 
into account both surfaces of a thick but finite foil. As is shmm below, 
a foil is considered thick here if a>> v0 /~. 
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The Pb2 distribution is closely related to P 1111 '. Resonanc~ occurs 

at the same energy, and the connection between energy loss and angular 

deflection is the same as that occuring in the infinite medium, but the 

angillar distribution of eigenlosses is very different. The net effect 

of the P~ term is to decrease the total ener~ loss at hcDP. 

The Pb distribution shows that energy loss may occur at a lowered 
l 

value, viz, :txo1 , where 

(4.26) 

or at an energy ~J • '&J>P/5. + ½ J3/5 JE0~ 8 and that the connection 

between energy loss and angular deflection is markedly different than 

for the infinite medium. Figure (7) shows the distribution of eigenlosses 

predicted by the hydrodynamical theory of the finite plasma. The heavy 

parabola, curve A, indicates the losses of high intensity at the full 

plasma energy. The lighter straight line indicates the losses of lower 

intensity at the lowered plasma frequency, i5a>P/✓2. 

If one now integrates over co, neglecting the k dependence of the 

resonance, one finas 

ii .... 
-w; ( 1tJ.,. • ,.,,.,,.la.tr."')"- (4.27) 

and 

(4.28) 
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If one replaces kJ. by mv ej;{i as in C~pter III one sees that both 
0 

41.stributions are strongly peaked at angles greater than zero ani 
1 "fl'{, 1 

ucrease like 3 for 8 >> 2f, in contrast to the 2 dependence 
8 8 

found f'or the infinite medium. An inte~tion over all angles does 

not require the cutof'f' necessary to obtain a f'inite result in the case 

of' P , • 
at 

Carrying out the integrations over angle, one finds 

'P.,1 .. re.½(T. (4.29) 

The P term subtracts frCIJl a•P 1 , showing that the loss at hm should b2 co ·p 

decrease rapid1y as the foil thickness decreases, ,mile the loss at 

bm /J"2 is negligible caapared with aP • f'or thick f'oils but increases p . 00 

in importance as ~decreases. 

The resonance at the lowered frequency is due to the depolarizing 

eff'ect of the surfaces of the f'oi1. 69 JellBen60 has shown that the 

resonance frequency of plasma contained in a small sphere is less than 

the value appropriate to an infinite plaslla by~ factor of 1f[3 and 

tbat this shift is due to the depolarizing effect of' surface charge on 

the sphere. That the analogous effect occura tor the plane toil 1/J&Y' be 

verified by a simple classical analysis. 

l>§ The Wl'iter is indebted. to Dr. De.vit· Pines .for pointing out this fact 
to him.. 
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Suppose there exists a unif'orm surf'ace charge of superf'icie.l density 

a on the bounding plane z = 0. From Gauss I law the electric f'ield E { o) z 

in the plasma at z = O is given by 

The charge density a is equal to the normal component of' the polarization 

vector Pat the boundary. Since P(z) = + n e~ {z), where ((z) is the 
0 z. 

displacement vector of' electrons in the plasma, the equation of' motion 

of electrons at the boundary is 

or 

Hence electrons at the boundary may undergo harmonic oscillation at the 

reduced plasma frequency LO • Olp/✓2. 

The case of a finite plasma confined between the parallel planes 

Z • 0 e.nd.Z • a will now be considered. The equations to be solved are 

w1 th the conditions that 

A ~ • ~d~, '1. 

where, as before r2 • r' + d -2 - ~ (1))2 + 1,-) • 
JJ 

(4.31b) 

(4.31c} 
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The solution of'.(4.31a) has the f'orm 

(4.32) 

and 

(4.33) 

The constants A and Bare evaluated fran equation (4.31c), but are very 

lengthy and will not be given in full. To simplify the result, one 

2 neglects terms involving~ entirely. The solution found above for the 

s~i-infinite plasma showed that the consequence of retaining terms 

0(~2) was to introduce a weak coupling between energy loss and angular 

deflection. It will be seen that for a foil of thickness a~ VfJl. a much p 

stronger electrodynamic coupling becomes important. 

Af'ter integrating over k• and neglecting the recoil of the inc:ident 

electron, one finds for the interaction probability in the foil in the 

{4.34) 

-+ ~ ~ ~ l..§.:.!.. ,. <,""'>CA~ • c,.,) ""e-"..~ + ~ -•') etc.,.. ] 
(~'-+td/u-1,'-)'- _! (G-1)L ~-tu.a.. . (~•) e ,., 

where £ = l - U> 2 /m2• As in the case a >> v /w one may identify terms p O p 

Pb and Pb~ corresponding to surface effects at the lowered plasma energy 
1 2· 

and at the full plasma energy he.op' respectively. 



102 

The angular distribution of losses at the energy hm 1s of sane . p 

interest. Integrating over the-resonance at CD• CDP' one finds 

As 1n the case of large a, the effect of the surfaces is to decrease the 

probability for scattering through small angles, but is less important 

for large angles. For k.L >> ~/v• the probability distribution _reduces 

to that appropriate to the infinite foil. For k-'- canparable with wp/v0 

and a << v,/U>p' Pk..L .. O. The effect of the finiteness of the foil on 

Pk,. 1s illustrated 1n Figure (8). 

This figure shows the probability of energy loss 1iD and transverse p 

mcmentum loss -flit. in a foil of thickness a, where i.J. is a two-dimensional 

vector perpendicular to the z direction. Dimensionless variables have 

been emplQyed~ 
21ChV0 

and p = 2 _ .. 
e aa>p 

the variable t = SlJ)P/v0 has been plotted on the abscissa 

Pk··, the probability per \JD.it foil thickness, is shown 

on the ordinate. pis given as a f\mction qf t for two different angles 
ha> 

of scatter: e • O and 8 =.-·eE = ~ • One sees that there is a strong 
0 

reduction in scattering probability fort< 21C, and that in general p 

1s an oscillating function of t, tending to have larger values when 

t = 2,m, where n 1s an integer > O, and smaller values when t • (n+l/2),t. 

This effect becomes less pronounced as 8 increases. 
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This reduction in scattering probabili.ty as a function of angle 

should be, observalbe .. experimentally in t;tiin films and if .observed would 

show that the losses associated with .this distr~bution are collective in 

nature. 

This eff:e,ct is understandable O!l, the basis of the uncertainty 

principle, i.e., when b.~x~:;: 1lkx a - hon~ expects fewer plasma eigenlosses 
a4J 

to occur -in the foil. Th.is condition. is just the range t .. = vp :::: 21t, 

This eigenloss distribution does not agree with that derived by ,-

Ferre1.170 who used essentially the same assumptions regarding the physical 

response of th.e foil e.s are ,employed here •. The r~ason for the discrepancy . . . . .• ,. . . 

seems to lie in the fact that F~rre~~ employed th:e procedure of calculating 

the scattering of the incident elec~ran o~ a certain normal mode of 
I 

oscillation in the, foil, while_ the preaent\result •"'3-B found by computing 

scattering on -the partic.uJ..e.r ccmbination ot. modes; excited by the electron 

itself. 

One finds for the total probability fb integrated over-all angles 
2 

"70 .. 
. R. A. Ferrell,. Phys. Rev., 111; 1214 (1958). 
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Now su,bstituting the rational :fraction expansions of cothx and. c.schx 

into this equation and taking t << 11 one finds 

One may also write 

where kc is a cutoff wave vector corresponding to that Ki . in equation 

(2.95). Then the total transition probability for loss at the plasma 

energy in Vt!ry thin films should be 

This formula is clearly wrong when ak < 4.82 
C 

. . . However, the 

present approach will surely break down before the foil thickness becomes 

this small, since k is of the order of the reciprocal of the mean inter­
c 

electrontc spacing. Pb is plotted versus t 1n Figure (9). 
2 

The Pb te:ra shOWB a coupling between 8 and bt.o for small a. It 
l 

is f'ounc1. that resonance occurs at 

Gl • (4.37) 
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showing a splitting in the lowere4 loss for thin foils.. 'l!b.e angular 
l&) 

spread of the lowered loss was found. to be k • ,r 8 - -E. for the 
. [2v. 

case of a .. • above. The probability ot loss at larger angles decreases 

rapidly as is seen by inspecting equation (4.27). Qne expects that the 

splitting will beccme important when the exponent 1n equation (4.37) is of 

the orter ot w:ii ty, 1. e. , for a, ... J"2v/9p. This length 1s of the orter ot 

,o 1 tor fast electrons 1n materials such a■ .ll in which the characteristic 

loa• valla, assumed to be equal to~ 1s 15 ev. The intensity distribution 

as & -f'unction of k.L is found by integrating over 0> and is given by 

The first term in this equation canes from the resonance at m = m a 1/ 2 /f2 
p + 

and the second tran ce = • a 1/ 2 j[2. To find the total interaction probability 
p -

one may now integrate over k.L • The result is shown in Figure (9). 

The net bounc!&ry effect is an increase in total energy loss to the 

conc1.uction electrons above the value which would exist in its absence. 

The total energy loss to the conduction electrons per unit thickness 

increases logarithmically as the foil thickness decreases. 

The possiblity occur• to one that these sub-plasma energy losses may 

be identified with the l.ow•lying losses observell by sm.e experimenters 

using thin foils. It does not seem that the observed values of the losses 
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are 1/J'2 times the nchar&cteristic• los.ses observed in the s•e metals. 

However, it shoul4 be noted that thin metallic f'ilms may have a strongly 

granular st:ructure. The st:rong v&J"iation of' the grain structure with 

substrate .c.aaposition, r&te an4 amount ot c.on4enaat1on, etc., ot thin 

eva:,orate4 m•tallic tillla hU. be~ tiscuase4 by llee.vena • 71 In this 

reference are given electron microg:raphs which clearly show the transition 

f'rcm small grain. •ise to- a state 1n which the grains merge to f'orm a nearly 

unitozm. tilm u the amount ct material leposited. is inerease4 in a series 

ot films • The aurface depolarize. tion effect will certainly be larger for 

a amall grain ot average 41.mension a than tor the um.i-1nf'i.n.1te plane foil -
of thickness & which was treate4 above. 1rb.u.s one would expect the "lowered" 

losses in an actual foil to lie closer to the val.ue ~/[3 appropriate to 

a spherical grain, than to the value ~/.[2. 1.rhis seems to be approximately 

true f'or the lo.w-l.ying losses which have been observed. 

To canpare the probability of loss at the lowere4 eigentrequency 

with the loss probability at the plasma eigenfrequency, we note that 

71 o. s. Heavens, Optical P;rol>ftties of' '?hin Sol14 lilms, (Acacleaic_ Press, 
Inc., Kew York, i955) • 
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now - - 30 l and 1/k ~ 1 A in a typical situation where one has ~14 kev 
~ C 

electrons incident on Al. In most foil experiments done to date a has been 

of the order of several thousand angstrans. Renee, typically, if a•BO00 A 

"'J D.02. 

This ratio is not inconsistent with ratios of low-lying loss probabilities 

to loss probabilities at the characteristic values which have been observed 

experimentally. 

The two most puzzling features about the experimental results on low­

lying losses are (a) that such loss lines seem to be narrower and to occur 

with higher probability than one would expect if they were due to inter-

16 band transitions of individual electrons, and (b) that sane experimenters 

observe these losses while others do not. The depolarization effect seems 

to offer a possible explanation of these features. 

Experimental evidence has recently been obtained by Marton and co­

workers 72 on the low-lying loss in AL They find that it has a value of 

7 ev ccmpared with the characteristic loss value of 15 ev and conclude 

that the low-lying loss is not due to the excitation of surface oscillations. 

However, such a shift downward from the value of 15/[2 ev might be explained 

by irregularities in the foil, or, as suggested by Ferre1173, it might be 

due to the presence of a thick layer of aluminum oxide on the surface of 

72 L. Marton, et. al., Phys. Rev., 110, 1057 (1958). 
73 R. A. Ferrell, "Surface Effects", talk at NBC BubcCllllllittee Conference on 

the Penetration of Charged Particles in Matter, Sept. 15-18, 1958, at 
Gatlinburg, Tenn. 
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the f'oil. Another ef'f'ect, which has not been considered. in the treatment 

given above, is that the electronic density loes not go to zero in a 

4iscontinuous manner at the 1urf'ace of' a metal but varies smoothly with 

distance f:ran the naninal surtace. Th.is 4enaity variation has been canpute4, 

by the Thanu -Fermi method 74 , 
' 

A s:tm},le classical molel which takes into account· in a schematic way 

the variation of' electronic density at the surface is the following: 

Suppose that the density decreases to zero in two steps at distance e 

apart, instead of varying f:ran the full value to zero in a discontinuous 

manner at the surface. Assume that at the first step the density goes 

i'?'an the value n0 to n0/2 and that at the second step it decreases tran 

n0 /2 to zero. Th.en if one assumes that a dielectric constant can be 

usociate4 with each value of the density, one may look f'or source-free 

solutions of Poisson's equation which satisfy the boundary condition 

that the normal canponent of the displacement vector shall be zero at 

each tensity step. One f'in4s that f'or disturbances of long wavelength, 

surface os.cillations occur at trequencies equal to ~, /,[-,,. • .:zfi: 0 

where ~ _is the plasma frequency appropriate to the bulk density n0 • 

One :finds 

74 B. Mrowka and A. Recknagel, Phys. Zeits., ~ 758 (1937). 
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showing a marked deviation fran the value m /[2 found above. One expects p 

in general that surface oscillations will be rather strongly influenced 

by the condition of the surface and that experimental studies of electron 

losses should reveal much about electronic surface states. 

It is clear that the classical argument for the e~istence of surface 

oscillation losses presented here is based on firm enough ground that one 

would expect such a phenomenon to occur irl fact. Even though it may turn 

out that the experimentally observed low-lying losses referred to above 

are not attributable to surface oscillations, such oscillations should 

exist in nature. A study of these phenanena should be very fruitful in 

the elucidation of surfade states of solids. 



CBAPI'ERV 

SUMMARY 

In the preeeding chapters the interaction of non.relativistic 

charged particles with the f'ree electron plasma has been investigated 

in the classical approximation. The wave vector dependent dielectric 

constant of' an infinite plasma has been derived by considering the 

electrodynamic behavior of' an isotropic mixture of directed electron 

beams. The polarization charge density in the neighborhood of an 

intruder charge bas been :found to decrease exponentially with distance 

fran the charge if' the charge moves slowly and to exhibit a rtwake" in 

the case of a rapidly moving charge. The scalar potential at large 

distances f'ran a fast charge was found to be of the quadrupole form 

rather than the Debye shielded form as has often been assumed in the 

literature. The stopping power of the free electron plasma for fast 

particles w.s shown to depend on the mean square velocity distribution 

in the llll.4isturbe4 medium. ana. to have a different form than that given 

in the literature. This dependence was shown to evince itself' in a 

clependence of' energy loss on angular 4.ef'lection in differential stopping 

power experiments with fast electrons interacting with metals. 

The .case of' a bounded plasma has been treated by assuming that the 

plasma el.ectrons obey the Bloch hydrodynamical equations. The image 

potential problem for a slpwl.y moving electron approaching a m~;tal surface 

has been solved in this approsimation and •n explicit represent~tion 
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for the potential bas been found which cliffers,markedly f'ran the result 

obtained f'rcm simple electrostatic theory. The ef'f'ect of the finiteness 

of a foil on the J.osses observed in differential stopping power experiments 

vi.th thin metalJ.ic films bas been calculated in the Bloch approximation. 

It was shown that the angular distribution of electrons losing energy at 

the bulk "plasma" resonance value in thin films is strongly modified fran 

the distribution appropriate to a thick foil. The strong decrease in 

intensity at small angles of scatter is shown to be a consequenC!:! of the 

indeterminanc;r. principle and is an effect which should appear in characteristic 

loss experiments with thin films. This model predicts that the excitation 

of surface oscillations in foils will give rise · to losses in these experiments 

which may account for experimentally observed low-lying characteristic 

losses. In Appendix A the equivaJ.ence of' the semi-classical impact parameter 

treatment and the Born approximation for the interaction of' fast particles 

wi tl?, plasma is proved more generally than has been done before. A simple 

generalization of' the impact parameter treatment which takes into account 

the recoil'of' the incident electron is described. 

A quantum. mechanical generalization of the dielectric treatment of' 

plasma is possible. 75 In this approach, the interaction probability of' 

an 1nci4ent charged. particle with a degenerate Fermi gas is calculated 1n 

75 R. Ho Ritchie, "The Interaction of Charged. Particles with a Fermi-Dirac 
Electron Ge.a", submitted. to Physical Review. 



the Born approxillation, e11.Plo7ins a propagator tor longitudinal inter­

actions in the electron gas in a.nal:ogy with field theory methods and 

using Feym,m;rta76 )Jlethod tor calculating aelf'~ergy-. Tb.is treatment 

takes into account the wave properties ot both the incident and strw::k 

electrons within the framework ot the Born approximation. 

The relativistic extension ot the -work presented above is of 

considerable interest. In particular, a study' of the emission of photons 

by solids ban.barded with f'ast charged particles should be of value in 

distinguishing between collective and one-electron phenanena in metals. 77 

Such a generalization of the appr.o&ch used above is straightforward. 

76 R. P. Feynman, Phys. Kev., ~ 749 (1949); 1§., 769 (1949). 
TT R. A. Ferrell (Phys. ltev. 1 111 1 1214, 1958) has investigated this 

problem in a very ill'Ullfoating unne-r but hia :remll.ts do not include 
retardation effects in a cons 1B tent •Y. 
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APPENDIX 

Equivalence of Classical. and Q.UB!D.tum Mechanical. Treatments 

of the Scattering of Fast Electrons in Plasma 

In this paper, the scattering probability of a fast electron 

interacting with plasma is computed f'ran a correspondence principle 

argument. The energy W tre.usferred :fran the particle to the medium 

is written as an integral. over the particle path of the reaction force 

of the medium on the particle, viz 

(A-1) 

~ where - OZ qtm is the electric field in the medium due to the electron 

minus the sel.f-field of the electron and the electron path is taken to 

be along the .z axis. cpiD. may be written quite ·generally as 

where T0 (r, t; 1•, t ') is the Green• s f'u;nction for the electric potential 

-+ 
in the medium, i.e., the electric potential at r,t due to a unit instan-

➔ , .. ➔ 
taneous el.ectrical charge appearing .at :r ',t'. v0 r,tJr ',t') is a solution 

of' the quantum mecban1c1!.l equation of motion of the plasma. In this 

paper v0 is essentially obtained by semi~lassical methods but is applied 

to problems in which quantum effects are important. It will now be 
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shown that all quantum effects due to the wave nature of' the incident 

electron ( in the Born approximation) are contained in the result obtained 

by the correspondence principle argument of' Chapter III. 

In general, VG(r,t;r' ,t 1 ) may be expand:_d in a Fourier integral in 

the variable t-t f o Defining,'~ (~t-;~~-t.•) 2 * le'W(t;-t•) v& (1i;n'I (A))'"" 

one has from equation (A-2) 

In C'bapter IV we assume that the plasma is inf'ini te 1n the x and y 

{ .. ➔ /.) directions; it follows that v0 r.;•i-•,., may .be expanded as follows: 

\I/-.-,,·.) I r- 1.tic-ff-f')-+l-ta] ,I I.,,.,.., .\ 
V 6' \ n. • ,r t., • ~ff')1 J At< J-4ra € V~ (.. I<',"'& ,co) {A-4) 
➔ .... 

where pis a two dimensional vector which is the projection of r in the 

➔ 
x,y plane and JC is 1n the same plane. It is convenient but 

not necessary to assume that the medium is infinite in the x and y 

41.rections. 'Then f'rom equations (A-1), (A-3) and. (A-4) it follows that 

Arguing as in Chapter llI that W must also be given by 

~ 

\J = f1i [ '"' -\.:, "f (,l ,.., ) (A_-6) 
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and setting the integrands of A-5 and A-6 equal, one obtains for the 

probability P(k,m) of energy loss -!im and. man.entum transfer -flit 1 

where -ft1.= ·K:1:-..·~•.,_, , , . 

(A-7) 

Now one may obtain precisely the same equation by a quantum 

mechanical perturbation-theoretic argument in which the incident electron 

1s treated not as a classical point charge but as a plane wave. Although 

the arguments pr.esented below are not entirely rigorous, they may be made 

so using methods 1n modern quantum field theory 78 • 

Suppose that the incident free electron is expanded 1n terms of 

momentum eigen-f'unctions, so that its :wave functionf(r,t) may be written 

-ft 2 where '°:r • ~ kf' and normalization is in a large cube of side L. One 

takes Cf{t)-+ 6 0 :r as t-+ - ao, so that the electron 1s initially in the .. 
state characterized by momentum bk0 • Due to its interaction with the 

plasm, it may uniergo transitions to states of'. lower energy. The charge 

· 7S See, e.g., s. s. s·chweber, H. A. Bethe and F. deHotfman, "Mesons and 
Fielis", Vollnle I (Row, Peterson ant. Co., Evanston, Ill., 1955). 
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density79 p f corresponding to the transition k ➔ kf is given by 
0 ,o 

f.~{c,4-) • -~, 1 '"P [i(ta•l~),i .;.('4·~)+] 

+ et,wr,plc,c CDKi u,• H ] 

(A...8) 

The amplitude of the electron in the initial state is altered due to 

such transitions and the ebange in amplitude may be written 

(A-9) 

at the end of' a time interval T. The retention of only first-order 

terms in this expansion is equivalent to the use of' first-order perturbation 

theory. ~ 1s the change in energy of the incident electron due to its 

interaction with the plasma; AE is a complex quantity and may be written 

more explicitly as 

(A-10) 

where f7 is the total transition rate of' the incident electron to all 

accessible 1.ower energy states. 

79 See, e.g., N. F. Mott and H. s. w. Massey, "The Theory of' Atanic Collisions'', 
(Oxf'orcl, Second. Edition, 1949), p. 362. 'The methoi of' transition charge 
densities was used 'pyMfL.1.er in his original derivation of the relativistic 
electr,OD.-electron scattering formula (z. f. Physik, 19., 786, 1931). 



If' the potential in the plasma cJ.ne to charge density p0 f' is 

cp~f(r,t), the interaction energy~ will be given by 
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-r/_,.. 

A~ • ~ ~ ~t- r dti' f~ (it,t) 'f :,t: {it,,t) (A-11) 
--r/.., 

where an average over the time interval T is indicated. Hence we put for 
... .. 

the rate f'or the transition k 0 -+ k., 

(A .. 12) 

'The s~lar potential <pm may be written in terms of the Green's fmiction 

.... ,+· ,,... 

where q • k 0 - k:t and n • (.1)0 - '°f' and one must consider only the term 

carresponding to energy absorption by the medi.um. Expanding v0 in the 

cube of s 1de L and in the time interval T, one has 

v,c,,•:•j-t') - L~i I. L e if (it.It') ... +(,.;•)"t - •lea. -(-t-t')iA.1} 

cu 1i (A.-14) 
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'Combining .equations (A..8), (A-12), (A-13) a.n4 (A-14) one finds 

.. 
r :i.e.,.·(\ f1, A.'M•'·', ,,- ) 
o~ c - -tt t.:+ ~ "i e v 6 (. • 1- , .n _ .. 

'Which shows explicitly that the momentum and energy lost by the electr.on 

in the transition o -+f are absorbed by the field. Now P f(q,n) the total 
. 0 

transition probability in the foil per incident electron is equal to the 

transition rate per cm2 of f'o.11 divided by the incident electron flux, 

v,/t3• Th.us 

o,; 

1'6-f (t ,.n.) • ~ ~~ 
• 

~-2£ 
11 er. 1,.2 

~ [,,, e ,,,. v,·1,,.n.) 
- 0. 

Now to compare with equation (B-7) in which the vector k was assumed to be 

distributed. continuously in a three-dimensional space of infinite extent, .. 
one converts f':rcm a sum over final states k:f' to an integral_, i.e., 

Then 

2. _. (-;;)sf.a~ 
\. 

"a. -

'Ptt (\,A) • -, ;: f (lll-11) f •• , e u\• "··( e 'I\ ,,., ) 
"' "to;. ..... 

'I/he only difference in this resuJ.t and the parallel equation (A-7) is that 

instead. of' setting a>• vk._s, as in the classical case, one us.es 

12. • ~ (ft;-.Jtl) 
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➔ - ➔ ... which together with the relation q = k = k0 - k.,:, yields the more 

general result 

which aecounts for the recoil of the electron in its interaction with 

the plasma. 

Thus it has been shown tbat the interaction probability obtained 

by assuming that the incident particle is a classical point charge 

and employing a correspondence principle argument gives essentially 

the same result which one finds from the Born approximation. to the 

corresponding quantum mechanical solution. 
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