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CHAPTER I

INTRODUCTION

The last several years have seen great activity in the study of
the properties of the "free electron gas" or plasma. An electronic
plasma is understood to mean an assembly.of electrons which may be
regarded as nearly free in their response to a disturbance. The
assembly is assumed to be electrically neutral on the whole, due to
a stationary positive charge background which will be assumed uniform
in density. These electrons interact with each other via the long-
range coulomb potential.’ Due to the nature of this interaction, the
system exhibits a very interesting collective behavior which evinces
itself in the existence of plasma oscillations.

Various consequences of this collective behavior are explored
below by classical and semi-classical methods. The infinite plasma
is investigated by a classical electrodynamic approach, while a finite
plasma is treated in the hydrodynamical approximation of Bloch. A
quantum mechanical treatment of the infinite plasma is indicated
briefly. The emphasis below is on the effects of plasma dynamics on
the stopping of charged particles in condensed states of matter, e.g.,
in the conduction band in metals.

In Chapter II the plasms system will be regarded as having certain
electrodynamic properties by virtue of its intrinsic velocity distri-

bution. Without reference to the Boltzmann transport equation, the
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dielectric constant of the linearized plasma will be derived. The
main features of plasmas behavior are found to be codified in the
dielectric constant: the potential, polarization charge density and
stoppling power of the plasma due to uniformly moving point charges
are found in a straight forward and physically plausible manner. It
is shown that the Debye screening of moving charges in a plasma holds
only for slow particles and that the potential ahead of a fast point
charge 1s of the axial quadrupole formi

In Chapter III, the spectral distribution of energy and momentum
losses experienced by fast electrons interacting with the infinite
plasma.ls derived from a correspondence principle argument. In
Chapter IV the finite plasma is treated in the hydrodynamical approxi-
mation of Bloch and the effect of the boundaries on the energy loss
distribution is investigated. It is suggested that surface oscillations
may expléain the low-lying characteristic losses observed in electron

loss experiments with thin films.

Historical Background
The fundamental collective behavior of the classical plasma has

been investigated by Ra.yleigh,l Langmuire, and Langmuir and Tonks3.

! Lord Rayleigh, Phil. Mag., 6, 11, 117 (1906).
2 I. Langmuir, Proc. Nat. Acad. Sci., 14, 627 (1928).
3 L. Tonks and I. Langmuir, Phys. Rev., 33, 195 (1929).
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Vlasov and his associza.tesl‘-7 have studied the classical plasma ex-
tensively, using Boltzmann's transport equation modified to take into
account the long-range coulomb forces. Bloch8 applied a hydrodynamical
theory of the electron gas to the problem of the stopping power of the
statistical atom, while Kronig and Korringa9 employed another hydro-
dynemical model to the study of the uniform pleasma. Bohm, Pines, Gross
and othe:c'le'lh have treated the classical plasma by a "density fluctua-
tion" method in which emphasis is placed upon the distinction between
the collective motion of the system, involving plasma oscillations, and
the response of individual electrons in the assembly. This separation
is accomplished by dividing the coulomb interactions into long and short-
range parts. In most of the papers mentioned above, the dynamical behavior
of the plasma has been studied after linearization of the exact equations
of motion; i.e., one assumes that departures of the plasma from equilibrium

are small perturbations around the undisturbed motion of the system. The

linear approximation will be used throughout this paper.

b A. Vlesov, Zhur. Eksptl. 1. Teort. Fiz., 8, 291 (1938).

2 A. Viasov, J. Phys. (USSR) 9, 25 (1945).

6 L. Landau, J. Phys. (USSR) 10, 25 (1946).

7 A. Vlasov, Teoria Mnogikh Chastits (Gitl., Moscow-Leningrad, 1950).
8 F. Bloch, Ann. Phys., 5, 285 (1933).

9 g. Kronig and J. Korringa, Physica, 10, 406 (1943). See also R.
Kronig, Physica, 15, 667 (1949).
10

D. Bohm and D. Pines, Phys. Rev., 82, 625 (1951).
11 5. Bohm and E. D. Gross, Phys. Rev., 75, 1851 and 1864 (1949).
12 D, Pines and D. Bohm, Phys. Rev., 85, 338 (1952).
13 p. Pines, Phys. Rev., 92, 626 (1953).
1h D. Bohm and D. Pines, Phys. Rev., 92, 609 (1953).
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These investigations of Bohm and Pines have culminated in a quantum
mechanical 'treeﬁ;mentlB’]"+ of the dynamical properties of plasma. Their
approach 1s an outgrowth of ideas which they developedlo for the treatment
of transverse electromagnetic interactions between plasme electrons. It
involves quentization of the longitudinal electromagnetic field and, in
direct analogy with their classical treatmentla, requires the introduction
of a cut-off momentum which divides the region of collective interaction
from the region of individual interactions.

Their treatment has been extremely fruitful in the elucidation of

many of the properties of electrons in metals.l5’16

However, it 1s
attended by mathematical uncertainties such as determination of the cut=-off
momentum for plasma oscillations and neglect of the subsidiary conditions

on the plasma wave function.

15 . Pines, Solid State Physics, 1, 386-450 (1955).
16 D. Pines, Rev. Mod. Phys., Eﬁy 184 (1956).



CHAPTER II

CLASSICAL THEORY OF THE INFINITE PLASMA

Physical Ideas

A simple classical model3 is sufficient to use in order to illustrate
the collective nature of the motion of a free-electron gas. Suppose such
a system i1s confined between two plane parallel plates of infinite extent,
coinciding with the surfaces z = O and z = a. As mentioned earlier,
assume the positive ionic background to be stationary and distributed
uniformly over the volume. Neglect any intrinsic motion which the classical
point electrons have in the undisturbed state and consider that the motion
of the assembly may be described in terms of the displacement E(z) of
electrons from their original uniform state. If the density of electrons
in the original state is N then the change in the density at z due to

the displacement §(z) is
n s =1, %—E_ (;—g << l) (2.1)

From Poisson's equation, one may write
2 Eft) »-vwre SN (2.2)
o2

where E(z) is the electric field at z. This may be integrated to give

E(2) = ‘\-Te'no! + &, (2.3)
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where Eo is the constant of integration which may be set equal to zero
since externally maintained fields are not considered here.

This shows that a restoring electric field on the electrons is set
up when they are displaced from their equilibrium positions and that
this restoring field is proportional to the displacement if it is small.
The equation of motion of an electron moving under the influence of this

field is then

m§ :-eE(8) = -wren,{ (2.4)

or

2

§ + Wt =0
' (2.5)

where w, = { hﬂnoea/m }1/2

simple harmonic oscillation, in this approximation, when disturbed, and

. This shows that the electrons undergo

that the characteristic "plasma frequency” of oscillation is a function
only of the electronic density and the electronic constantsy Typical

values of n, wb and hmb for plasmas are given in Table I.

Table I
n ¢5 1&%9
cm'gr sec™t ev
Gaseous Discharge 1011 1.8 % 1o16 1.2 % 1o'B
Ionosphere 10° 5.6 X 107 3.7 X 10°°
Conduction Electrons 3 16
nduction 10 1.8 x 10 12




T

The energy hwb is, of course, the minimum quantum mechanical value of the
energy required to excite a simple harmonic oscillator of characteristic
frequency mp .

The consequences of the intrinsic velocity distribution of the free
electron gas are very interesting and are investigated below. The velocity
distribution of a Fermi-Dirac electron gas in equilibrium is isotropic and

is given byl7

., ()d5= 27 {ix,, a5 (meee) ]+ l}"'ae (2.6)

where ng is the electronic density, f_. 1s normalized so that /}FDd;'= 1,

FD
kB is the Boltzmann constant, T is the temperature, and EF is the Fermi

energy. At absolute zero

E.° = %-:-\ (3"'1./111'\)1/3 (2.7)

In the case of gaseous plasmas in the undisturbed state, it is
usually true that kT >> E; , in which case the Fermi-Dirac distribution

goes over to the Maxwell-Boltzmann distribution17, viz,

(2.8)
£, (3)4E :(1:2—;?‘)% Ixp {- 'mr%ﬁa—-r} dc

17 G. Jooz, THEORETICAL PHYSICS, (Hafner Publishing Co., New York, 1952),
p. 623.
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In all of the applications to metals considered here, it will be
assumed that kBT << E; , i.e., that the assembly is completely degenerate

and hence that

) am¥n 88 ) &7 meg < €:
IRV i (% <) )

°© (muz > Ee )

The derivation of the oscillatory aspect of plasma motion given
above assumed that the electrons were stationary until acted upon by
external forces. The intrinsic velocity of the plasma distribution must
affect its response to perturbations. Consider that there exists in the
plesme a harmonic plane wave with field proportional to Re {exp <i|-l?‘;-mptD }
An electron having the rms velocity (vz)l/ 2 of the undisturbed pla;ma may be )
considered nearly stationary if it moves a small distance compared with the
wavelength )\ = z—i of the disturbance in one period of the plasma
oscillation. In that case, the derivation given above for the motion of

the electrons should be valid. This condition may be written

1y /2 <
W[, << (2.10)

R (U €< WO
or
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It will be shown below that the resonant frequency, ©.og” of the plasma

may be expanded in a series in powers of the wave vector k

(2.11)
03:,;‘ H wpz -+ <U-l>&1 4= L

which is in accordance with these qualitative considerations.

The k2 dependence of the resonance frequency shows itself in that
a perturbation of the plasma which is initially localized in a small
region of space will propagate in the plasma with a velocity of the
order of [(vz)]l 2. The dispersion relation, Equation (2.11) is an
important ;roperty of plasma, and will be discussed more fully in
Chapter II.

Another striking feature of plasma behavior is the "Debye shield-

ing"18

of charges located within the plasma. If a stationary point
charge is placed in the plasma, the electrons move so that the electric
potential of the charge is modified from the coulomb law to one which
decreases very rapidly with distance. The original derivation of Debye
and Hlckel was an outgrowth of an investigation of the screening of ions
in electrolytes. One may apply their method to treat electrons in a
Maxwell-Boltzmann plasma. Suppose that a point charge is introduced

into such a plasme and that there then exists in its vicinity the

3e P. Debye and E. Hiickel, Physik Z., 24, 185 (1923).
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stationary electric potential #(r) which is the sum of potentials due to

the iIntruder charge and to the plasma electrons. In the volume element

dr there will then be found

M, £xp { e (i) /QG-T ?‘ dn

(2.12)

electrons, if the density of immobile positive charge is Do The net

charge density ®n will then be

&n = me (l - ixp { ebir) /wgT })
which reduces

M o: -metd /'ﬁgT

if the exponent is small compared with unity.

The potential % must satisfy Poisson's equation:

Vl¢ 2 - Sn

A solution of this equation which is bounded &s r - » and is spherically

symmetric is
b () = st £xp (1 /ows) /i
where
Vs e T L0 a0

(2.13)
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In a treatment of the resistance of metals due to foreign impurity
atoms, Mottl9 has derived the shielded coulomb potential by using the
Thomas -Fermi equationsao. In this derivation, it is assumed that the
positive ions are distributed uniformly and are immobile. A charge center
introduced into the metal sets up a potential #(r) at a radial distance r
from the charge. In the Thomas-Fermi method, the electron density at r,

n'(r), in a degenerate electron gas is given by

') = ‘3!%‘-3 5 am (E,,-- 94’("-))}'%-

andatrzw,n'=n=_8{(2mE)3/2
© 3n3 F

Poisson's equation then gives

YT _af . "
V' = uTe (n.-n) = ?’;Z’f (am)/ [L:,:/- (,:P-ed,)/]

A simple solution is obtained if e¢ << EF: then

e = & /o3
® - (const) K e-m/DFD

where

2 +* - '/3
Day = ot (,n,) (2.14)

19

N. F. Mott, Proc. Camb. Phil. Soc., 32, 281 (1936).
20

L. H. Thomas, Proc. Camb. Phil. Soc., 23, 542 (1927).
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We shall show that the dielectric method describes the collective
behavior of plasma in both the high and low frequency limits, predicting
oscillatory behavior when a disturbance possesses Fourier components of
frequency greater than the plasma frequency, and predicting the "Debye
screening' effect for slowly-moving charges in the plasma.

The most conspicuous properties of metals are their high electrical
and thermal conductivities. Drude21 first suggested, soon after the
discovery of the electron, that the properties might be explained by
assuming that metals contain free electrons in thermal equilibrium with
positive ions of the solid. The application of Maxwell-Boltzmann statis-
tics led to some well-known difficulties which were largely overcome by
the application of quantum statistics by Sommerfeld..22 In Sommerfeld's
model, it is assumed that the conduction electrons move in a potential
which is constant everywhere inside the metal. Figure 1 illustrates
schematically the potential which one assumes in the Sommerfeld picture.
Here EF is the Fermi energy, fm is the work function of the metal and
Es is the change in potential energy of an electron crossing the metal
boundary. In reality, rather than a constant potential in the interior
of the metal, one expects a potential periodic with the period of the
lattice. Bloch23 has shown that an electron can move freely through

such a periodic field of force, though the connection between its energy

2l p. Drude, Am. Physik, 1, 566 (1900). Also see H. A. Lorentz, THE THEORY

OF ELECTRONS, (G. E. Stechert and Co., New York, 1916).

A. Sommerfeld, Z. Physik, 47, 1 (1928). Also see A. Sommerfeld and
N. H. Frank, Rev. Mod. Phys., 3, 1 (1928).

23 F. Bloch, Z. Phys., 52, 555 (1928).

22
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Figure 1. Sommerfeld Model of the Potential Variation in a Metal.



1h
and momentum in general differs from that of a free electron in vacuum.
In many cases, the electronic energy Ek is a quadratic function of the

momentum Hi so that

E« - 't,t‘km/q.m* (2.15)

as in the case of free electrons, though the effective mass m¥ in
general differs from the electronic mass m. The effect of the lattice
upon electronic motion will be ignored below except for the possibility

of using the effective electron mass rather than the true mass.

The Boltzmann Transport Equation

Vlasovh'7 and co-workers in Russias have employed a Boltzmann-type
transport equation to describe the dynamics of plasma. These equations
will be considered briefly but only the linearized electrodynamic
equations will be treated in detail below.

In complete analogy with the classical treatments of the theory of
gaseseu we may write down an equation for the distribution function
f(?};}t) of plasma electrons such that the number of electrons in the
spatial interval dr at T and in the velocity interval dv et Vv at time t
is given by f(?}?}t)d;a;. Suppose that there is a force field of

magnitude F(¥) existing in the medium. The equation of motion of a

24 J. H. Jeans, THE DYNAMICAL THEORY OF GASES, (Cambridge University Press,

1916).
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single electron in this field may be written
5.4 F
Let time increase by an infinitesimal amount from t to t + dt. During
this interval the distribution function will have changed due to the
motion of electrons in the force field and due to scattering of electrons
upon each other and upon ions in the medium. The change in the number

of electrons in the interval d; d;r' due to their motion in the force field

is

(+(T+00t, Gu Eav tude ) - £(R70)] a7 a5

If there were no collisions, this would be the only change in f. However,
collisions between electrons will have removed some of the electrons from
the interval dv during the time dt and will have deflected electrons
which were in other velocity intervals into the interval dv at V. The
net gain of electrons in the interval dr dv dt must be proportional to the

interval size and will be denoted by (%)u“ A7 4G 4F . Hence

(€ (Tevar, e Bar, tadt) - -r(rr,rr;q,)} o = (3) & 5at (2.15)

coll

One finds the Boltzmann equation by letting dt - o and dividing by drdvdt;

3+ TNe + PTG L (E) (2.16)

ol
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where Vq' :Q& 45‘% +Q£ ) %; = '222(-,;‘ +"}‘7'%-‘3'+ ‘@2&}

and ?, 3 and ® are unit vectors in the x , 4 , z directioms,
respectively. The force field.fLmay be regarded as arising from

external electric and magnetic filelds Eex and Hext plus the electric

t
and magnetic fields set up by the motion of the plasma electrons

themselves: viz,

Fo--e B+ 15xF] (2.17)
E < Ex '$¢'_ J_% .A-

ext c (2.18e)
— W, t VXK
H ot (2.18b)

where the scalar and vector potentials % and K'are the solutions of

QN
3
]
n-

r
b=

- - (& PrE, o4z (2.198)

v - hd = -ure (4G £(553,4)45 (2.19b)

VA +Lé =D (2.19¢)
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The collision term in equatior (2.16) will not be considered in
detall since it is quite involved for the coulomb interaction law.
The exact solution of equation (2.16) through (2.19) is clearly
beyond the reach of analytic methods. One linearizes these equations
in order to make any progress in their mathematical analysis. One

assumes that

£me4) = K¢2) +€(RT, &) v (2.20)

and that £, << fo so that terms involving squares of f. are neglected

1
throughout. One finds

1

(gég)c.u ‘o (2.21)

= - 4 =5 - ) (2.22)
Dt + U n'g| + ™ F VU.‘F. - (E.F')COII

vhere in equations (2.19a) and (2.19b) f is now replaced by £1.
The zero-order solution fo is usually assumed to be the Maxwell-
Boltzmann distribution of particles, equation (2.6) or the Fermi-Dirac

distribution equation (2.7). The collision term in equation (2.22) is
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neglected or replaced by & schematic damping term. The linearized
system forms the basis of Vlasov's approach, and has been investigated
in the main for non-relativistic velocities. This system of equations
will not be considered further here. Instead, the plasma will be
considered as a dispersi&e medium with certain dielectric properties
end a linearized theory will be obtained in an entirely different way

below.

The Bohm-Pines Method

As mentioned above, Bohm, Pines and their co-workerrslo'16 ha

ve
devised a method of treating interactions in plasma which does not rely
upon the Boltzmenn transport equation as modified by Vlasov, but involves
the use of collective coordinates in momentum space. Their work has been
of great importance in the free electron theory of metals and has shed
much light upon problems in this area which had been treated only
qualitatively before. However, certain mathematical difficulties
attend their treatment. In order to obtain collective coordinates wkich
exhibit oscillatory behavior, they introduce a cutoff wave vector which
separates the region of individual interactions from the region of col=-
lective interactions.

To illustrate this procedure in a simple manner, following Pines

and Bohmlo one writes for the equation of motion of the ith electron,
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considering only the scalar potential,

T oe % i%z ___} ] m~ZZ £ ul’(a n, ) (2.23)

A
¥4 ¥ R

where the sum runs over all electrons in the plasma except the ith

and the potential has been expanded in & box of unit volume with
periodic boundary conditions. They introduce the particle density

p(x) and its Fourier components Pyt

f(ﬁ) = Z $(k-m,)

fLe(r»)e"B" . Ze-'- Py

A~
¥ (iR
s0 that P r) =37 e! (-R.)
v R
The time behavior of the Py is given by

- Z@a)y . wh]e ™

4
and one finds U, = 'ﬁ N from the equations of motion.

Then

or = -» \d —L;‘.A, - 7] - -4 ’0
Bom - ZEESE L I (g e @A) e R
LX 9 -

/
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Pines and Bokm argue that the sum over k' may be split into two parts,
(1) the sum over those values of k' = K and (2) the sum over k' # X and
the second part is negligible because the phase factors €& L R-R)e
depend upon the positions of the particles and hence tend to cancel out.

They neglect such terms and call this procedure the "random-phase approxi-

mation". They then find
e - —LE-T\;
gk = - Z’&-u; e - wPL?R. (2.2k)
“

and attribute the first term on the right-hand side to random thermal
motion of the individual particles and the second term to interparticle

actions. For sufficiently small f, one has

‘?; + W fp =0 (2.24p)

showing that the Fourler components of the density and hence the density
itself undergoes harmonic motion.

The equation (2.24ka) for Ek is then handled by dividing p, into a
part having oscillatory characteristics and a part possessing. __1ndividual
characteristics. The boundary in X space between these two regions is
teken to be of the order of kD, the Debye wave vector.

Using & quantum field approach, employing essentially the same
approximations as above, they are able to treat many problems in the

free electron theory of metals.
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The cutoff wave vector approach has been very frultful in the hands
of Pines and Bohm, but 1s beset by the uncertainty characteristic of any
cutoff procedure. The dlelectric approach, on the other hand, is much more
stralightforward and may be used to treat essentially all the problems con=
Bidered by Pines and Bohm, in both the classical and quantum mechanical

limits .

Electrodynamics of the Plasma

In this section the behavior of & system of classical point electrons
is investigated. A phenomenological approach is adopted in which the
microscopic behavior of individuel electrons in the plasma is ignored.
One takes Instead & macroscopic point of view and describes the electron
essembly &8 homogeneous, 1sotropic, dispersive medium. In conventional
dispersive media, the dlelectric constant is assumed to depend only upon
the frequency of the applied fleld. The dielectric constant of plasma
depends not only on the frequency but upon the wave number of the applied
field as will be shown below. The dlelectric properties of plasma have
been considered by ‘Gertsenshtein25 in the study of longlitudinal waves
passing through lonized medis and in an investigation of the scattering
of radio waves by the lonosphere. Gertsenshtein used Vlasov's approach
and treated electron collisions by means of a generalized form of the
Boltzmann transport equation equivalent to the set of equations (2.17) -

(2.22) sbove. However, the phencmenological treatment, which is based

22 M. E. Gertsenshtein, Zhur. Eksptl. i. Teoret. Fiz., 22, 303 (1952);
23, 678 (1952).
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on the straightforward application of Maxwell's equations properly modified
to take into account the motion of the medium, clarifies the physical
aspects of plasma behavior and facilitates the treatment of problems in-
volving the interaction of charged particles with plasma.26

The effect on the plasme of an impressed electric field E(F,t) will
now be considered. One assumes that the field perturbs the equilibrium
motion of the electron assembly only slightly and that during the period of
time in which the electrons may be considered as responding collectively to
the applied field they execute approximately straight-line motion.

Let nf(¥)dv be the number of electrons per unit volume possessing
velocities in dv at v, and /;(;)d; = 1. Due to this intrinsic motion,
the plasma electrons may move through a distance comparable with the wave-
length of the applied field in one period of the applied field. This effect
may be taken into account by considering that the undisturbed electrons
constitute an assembly of directed beams and by treating each direction
component separately. Then consider the beam of density nf(V)dv. An
electron in this beam which is at position }’O at t = o will be at }’o + vt
at time t and the force on this electron will vary due to its motion in the

field. At time t this force will be given by

F = -e {E(E+J—t,+§ +-¢‘é-i§x7(r?°+¢?e,¢)}

26 J. Neufeld and R. H. Ritchie, Phys. Rev., 98, 1632 (1955).
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and if the displacemernt vector of this electron from its undisturbed

path due to the action of the field is denoted by _f we have

ool - 57

from the classical equation of motion. If one defines the polarization
vector at the point T associated with electrons in the beam having
directions in &V about v to be Pz (T,t)di& = -ne £(7) £ie)ds
and neglects E commared with v one has

i

° m

Damping of the motion of the polarization vector due to electron-ion and
electron-electron collisions is represented by the damping constant 7.

Since the exact nature of this damping is not important to our discussion,

it will be neglected at & later point.

ﬁ, -P';; and E are now expressed as Fourier integrals,

B () P, (ko) (2.26)
2 | = (Riwt) | =

E(Re) | =z |IKdw Q E ®w)

= a@m -

W (nt) H (] w)
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and one finds from equation (2.25) the following relation between

]_?'_-;(f,w), ﬁ(f,a)) and ﬁ(i,w)

BB - - net€ () b E(&,w) + = Fx H(R ) (2.27)
A m («0-B-F)+ iv (w-R.D)

27

Maxwell's equations in a medium moving with velocity v are well known

and may be written, for a nomnmagnetic medium

Cl & : -t B W (2.28)
o H =0
(2.28b)
WL H = tR/F *%—[*%_‘; *Mpv";]‘“g? (2.28¢)
Qw E = wr(p-dm?B,) (2.284)

where‘j and p are applied current and charge densities, respectively,

relative to the fixed reference system.

2T M. Abraham and R. Becker, Theorie der Elektrizitat, II, (Leipzig,
B. G. Teubner, 1933) p. 2L5.
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Expanding 3(T,t) and p(T,t) as in equation (2.26), substituting

from equation (2.27), and summing over all velocities, one finds

- - . .(L’ —_— —P.——y -

. T W __% F(xds N =, =
CRat = -TE T xRl bRz J(E+iwa) (2.29¢)

SR(& o) & [ 4w

(2.294)

E,-' - - 2. -c(u-)lu' - —_ -
e o f(w_; P50 (0-RF) {? (E+ < Owir )}

At this point one discards the Lorentz terms -é— Fxn , arguing that
one is interested only in non-relativistic plasmas and that these terms
should be smaller than the ones retained by a factor of -£ (U»'z

which is less than 1/137 in all cases to be considered. The last term

retained in the brackets of equation (2.29c) may be written

f

L)Y
by
9

(k-

2)E = R-

l'll

%+ U"*} : GE" + 04(EF)

>

>y

where the superscripts denote the components of the vectors parallel or

perpendicular to X. Since for any isotropic velocity distribution

= O

S‘ Gt elAaF
(W-1eT)" 4 L7 (0-%-F)
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one finds
—~— w —'_
kxEg, = 2 Hzxo (2.308)
ﬁoﬁ -]
* (2.30b)

-ﬁk © has been divided into components ﬁ]'t'lw and -E-:'E"m, perpendicular and
J) J )

parallel, respectively, to the vector K. The components of €x .0 2TC
L)
2 Y S
<+ & £\ A5
€ == g‘ — 2.31a
LA ’~ +3) o
Czo™ - “e f L (2.31Db)

(w-%.5) v (0-w.&)

are the dielectric constants of the plasma associated with the transverse
and longitudinal electric fields, respectively. The expressions (2.313.)
and (2.31b) agree with those obtained by Gertsemshteine5 who, as stated

previously, used a rather cumbersome method based on the Boltzmann
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transport equations modified by Vlasov.

It is clear that the foregoing dielectric constants may be easily
generalized to include both the effect of bound electrons which may be
present in the medium as well as the effect of the motion of ions in the
case of an ionized gas. The set of equations (2.30) may be written in

q
terms of the scalar and vector potentials % and A respectively. If we

let H(r,t) =V x X, then ikm = 1K x'X and then from equation (2.30s)
1K X B = iw/c(iX X K) so that one may write E = iw/c A-iké. If one

supposes that X is purely transverse, i.e., that X-R = 0, we find
(-k‘- wer/er) A - wmy/c (2.328)

e'wd = wrp (2.32p)

In most of the work below only non-relativistic velocities will be
considered. In the limit ¢ - =, only the scalar field ¢ and €' are
needed. Unless otherwise specified, € will be understood to mean €.

Let us consider the physical significance of the dielectric constant
€ . Equation (2.30d) may be rewritten in terms of the scalar potential

K, 05

P as

P - W 06w /R Eg, (2.33)
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and invoking the convolution property of the Fourier integral,

$ao - o e [ lmper)] ptaer) (2.34)
where

-3 - ' L -..-o
Re (5¢) a Gany fu fon e @3 “’”/ﬁ“(—sw (2.35)

is the Green's function for the scalar potential, i.e., the potential at
(¥,t) due to & unit instantaneous charge at (0,0). Thus k2t may be
regarded as an operator in configuration space, since it describes the
potentisl # at (T,t) as the sum of effects due to electrical charge at
other space-time points '(?’,t') .28 It may be shown by considering the
position of the singularities of l/em in the w plane that only the

retarded solution is to be taken, i.e., that

- ot ‘.

e Ge) = o (¢ <o)
Also, if e -1

£e' - SO

-1
or the instantaneous coulomb potential. One may regard { lta-u)ee'k/c2 } )
the Green's function for the vector potential, as an operator in the

same sense.

2 U. Fano has given a general discussion of the operator properties of ¢,

Phys. Rev., 103, 1202 (19%6).



29
Scalar Potential due to a Moving Foint Charge

It is well known29 that a fast charged particle which interacts
with matter may be considered to be a point charge with a well-defined
path as long as one is concerned with processes in which the fractional
changes in energy and momentum of the particle are small. These con-
ditions are well fulfilled by a proton whose velocity is >> e/, i.e.,
for protons of energy much greater than 2% kev. In the case of fast
incident electrons, the recoil may not be neglected entirely and the
above approximation is valid only for the less violent collisions.

Assume that a point charge of magnitude Ze moves with uniform

velocity'Vchrough the plasma. The charge density Aue to this particle

is

Plr.t) e Ze $(R-3¢) (2.36)

and one finds from equation (2.33)

bs., = 37de §(w-R.v,)/ a efu  (2.37)

2 E. J. Williems, Kgl. Danske Videns. Selkab., Mat-fys. Medd. 13, 4 (1935).
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Now assuming ‘F(Q to be isotropic and integrating over angles

equation (2.31yj may be rewritten

where the damping constant 7y has been set equal to zero. The dielectric
constant 1is to be evaluated at w = kovo from the delta function of
equation (2.37) so that the denominator in equation (2.38) has the

form (k-vo/k - g)

a) Fast Incident Particle

1/2
First consider the case where v >> {(uz)] in the plasma. The
denominator of equation (2.38) may be expanded by the binomial theorem
and a series useful for the case of a fast particle will be obtained.

One finds

AN

€ = |- .“f}.&. [14- o) MY+ TR VRS "J (2.39)

wvhere

(U™) = g o £ee) g (2.10)
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3,2 aa () =2
vp end (v )MB = kT Using the relation

>

between ¢(T,t) and its Fourler transform, one may write

2
One has, e.g., {V )FD =

PR¢) - aé:" f‘i {M e)“(“-';-uﬂ) S/“";';')/"'zsfw (2.41)

One now chooses a cartesian coordinate system in which the z axis is
parallel to i The components of X in this system will be denoted by

kx’ ky and kz. One may integrate over kz immediately, obtaining

S“w el(‘xh-h@l‘.,# [%¢,- f]“) \

q) JTL"; ¥ ] « Zhn
where k° = kx2 + ky2 + mz/voa. Xow one takes K> = kxe + ky2 and writes

Khe+yly, = 9K Cn (0-0°)

where © and ©' are the polar angles of the two dimensional vectors

K and @. Using the identity

o
ar T,pv) = [ag etF?

one firnds

L) [ . m(é/.-*)
cQ(j,%,Jc) . 1%,3 fuuu;{«!)f S e

4 .kﬂ»(w'l_- “"; [‘ *<u‘>“%‘+“'])(2oh-2)
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va)l/ 2 « V,the term multiplying mp2 in the denominator

When {
will be nearly unity. One observes that the roots of the denominator
in addition to the pair w = + iXv are given by o = wpa(l + (v2) 1(2/1'.02 + .. 4),
and correspond to the existence of plasma oscillations. The w contour
should be chosen so as to pass above these singularities. Then for
positions ahead of the incident particle (z > vot)the w contour may be
closed in the upper half plane and the oscillations will exist only behind
the particle. Since there 1s only the singularity w = ik Vo in the upper

half plane, the potential ahead of the particle 1s represented &s

-'((l-".") Kl

lp(!’:*ﬁ) - Zegodh’ Toles) © (m) (2.43)

if we neglect the velocity distribution of the electrons.

To examine the behavior of this function, one notes that if
r << vo/mp, one may consider the integrand only for large K.
In this case,

e— I (Z—u;-é) Ze

(-P (‘7-) = 216 g‘aK \J—,(Kf) 2 T (2.)4)4)

where r = Vp + (z-vot)2 .
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When r >> v/mo, one looks at the integrand when K is small. We find,

approximately,
_ AR (_l_
P -t 290 (7 ) (2.45)

which is identical with the potential due to an axial quadrupole.

The physical reeson for this form of the potential is that in
this approximation the polarization charge lies on a line behind the
particle and oscillates with the frequency wb. The potential at any
point in space is thus the sum of that due to the incident charge and
that of & line charge whose linear density varies sinusoidally with
distance behind the particle. One sees that the collective effect of the
plasma is to cause the potential to fall off approximately as the inverse
cube of the distance for large values of r. This result raises some
question concerning the procedure of Kwal3o’31 and Van der Ziel32 of
employing an exponentially screened coulomb potential which is valid for
a slowly moving (Vo << (v2)1/2) particle when calculating individual
energy transfer to electrons in plasma by fast charged particles. The

screening parameter for a low velocity incident particle is of the

o
order of the Debye length DFD vhich in metals may be less than 1 A.

3 B. Xwal, Compt. rend. 230, 1669 (1950).
31 g, Kwal, J. Phys. Radium, 12, 805 (1951).
32 A. Van der Ziel, Phys. Rev., 92, 35 (1953).
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The screening parameter vo/mP for a relativistic incident particle may
be much larger, e.g., ~ ].02 A.
For positions behird the incident particle, z < Vo the contour
of integration must be closed in the lower half of the w plane. There
will then be the contributions from the pair of poles on the real axis

and the pole at w =-1Kvo. Neglecting the velocities of the plasma electrons,

the integral may be written

) = Z o“ A‘vo(i"{b> v w A
cS)( ) = _:r!_ounl(q).[.e (%,me.,)(a‘:,’__wpﬂ (2.46)

Let

Py = Pz )« Pr(n) (2.47)

Corrections to the position of the poles on the real w axis will
be considered in the next section. Evaluation of the residue at the
pole at w = -iKvogives an expression q:I which is the analytical continustion
of equation (2.43) into the region z < Vt, i.e., ¢; is again coulombien
for points close to the incident charge and falls off roughly as the inverse
cube of the distance for large distances. That part of ¢ arising fron; the

residue at the poles at w = .‘!’.“’p is purely oscillatory in (z/'vo-t).
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.?I * a.(ﬁ‘e«q./u;)Sw[wp(?/a-t)] K. (fﬂp/u-o) (2.48)

This represents the potential due to the polarization charge which
is set into oscillation by the passage of the charged particle. In our
neglect of damping, the polarization charge continues to oscillate with
tlLe plasmae eigenfrequency W, The logarithmic singularity of @ at the
track of the particle is due to the neglect of the K dependence of tke
dielectric constant. In the quartum theory of the dielectric constant

described briefly below, this singularity does not occur.

b) Slow Incident Particle

For v02 << (v2) one can approximate equation (2.38) as
EoiokiArfiring B ]
== 1+ Ro /R vp & (2.49)

where

“ o oymat | Flg)d
ko = e, f < (2.50)

and the constant B depends upcn the kind of statistics assumed fcr the

plasma, i.e., B = ('.1/2)1/‘2 » Bpp = J3 =/6.
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Substituting equation (2.49) into equations (2.37) and (2.41), one finds,

retaining only the first two terms of ejustion (2.50),

90y - zee M/ (e

where r = Jpa + (z.-vo)é is the distance from the moving particle to the
point at which the potential is measured. For a degenerate Fermi-Dirac
gas one finds

L, = (kY - 2%, %? (3;) 7

DPD Fo v ( 2. 52)

1 2
where 5 va = EF 9

from the Thomas-Fermi theory, equation (2.14). For a Maxwell-Boltzmann

which agrees exactly with the result of Mott's derivation

velocity distribution, we find

—4- 2 [pV 'Ma:g" - W, e
t\m ( °)M0 * kt—r —*-;fr- (2.53)

which agrees with the result obtained by the Debye-Hlickel method, equation

(2.13).
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Validity of the Method
We shall now examine in more detail the restrictions that have
to be imposed to Justify the present treatment, and we shall consider
the following: (A) the relative importance of close binary collisions
and long-range interactions, (B) the applicability of a mac;oscopic
picture to a microscopical electron assembly, and (C) the applicability
of the classical (orbital) representation. It is understood that the
restriction to small disturbances is operative throughout the present

treatment.

a) Close Collisions and Long-Range Interactions

The expressions (2.30) and (2.31) are based on the assumption
that during the period of the applied fields the electrons execute
approximately straight-line motions. In reality, however, each electron
undergoes continual collisions with positive charges and other electrons
and, as a result of such collisions, deviates progressively from its path
and continually loses energy. Any electron in a plasma will follow its
rectilinear path at a constant velocity as long as accidental encounters
with positive ions and other electrons have no appreciable influence.
However, as time passes, the collisions with other electrons will have
a cumulative effect as a result of which the direction of the electron
motion changes and its velocity becomes appreciably different from its

initial velocity. We shall define as the relaxation time 7. the time

D
interval during which as a result of the cumulative effect of binary
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collisions the trajectory of the electron has deviated by an angle of
n/2 from its original direction. Similarly the relaxation time TR
will designate the time interval during which the energy exchanged in
electronic collisions becomes of the same order of magnitude as the
initial energy of the electron. The values T and TR
appreciably from each other and can be expressed 3533’ 34

do not differ

2, .2y%
T ~ mLu?) (2.54)
® An,e I @0,4(r*) /ae®)

The values TR and T, cen be determined approximately by means of

the fo‘llowing rough arguments which are given since they provide a

better physical insight into the problem than more rigorous calculations.
The energy loss of an incident electron can be expressed as' in

equation (2.87) below,

aw 4ﬂﬂ.€‘+ A" fwy
muoU s f"“'w

(2.55)

|

where AW represents the energy loss over a path Az. Taking as the

maximum impact parameter Prax = DMB and as the minimum impact parameter

the collision diameter p, = 2¢2/mv® , we obtain

- AW 'N‘.?((J't) (2.56)
11,0 " b (B MU /ae*)

4z ~

334, p. Landau, Zuhr. Eksptl. 1. Teoret. Fiz., 7, 203 (1936).

3k S. Chandrasekhar, PRINCIPLES OF STELIAR DYNAMICS, (Chicago, University
of Chicago Press, 1942) pp. 48-79.
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Taking &AW = - m (v2)/2, we obtain

L, D2
T, = —All& ~ -;m Ly 2 - (2.57)
R~ 3T n, et bn (Dugmiov/zer )

The relaxation time for a deviation through an angle of ::/2 from
the initial direction may be estimated from the multiple scattering
theory of Williams35 which gives for the mean square angle of deviation

after traversing a path length X through a medium containing n scattering

centers of charge Ze per cm3 s
grée'n, E r\* |
®e*» ~ m"(u"‘)xa' Q“ l:llj ) (2.58)

2,1/2

Setting (%) ~ ;nz/h, Tp = X/{(v")™'%, and Z = 1, we obtain

T (o)A

(2.59)
° 82 e¥n, 4n (11*)

The expressions (2.57) and (2.59) for TR and Tp give values of the
same order of magnitude as the expression (2.54) derived by more rigorous

considerations.

3 E. 7. Williams, Proc. Roy. Soc. (London), 169, 531 (1939).
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We shall now consider a term appearing in the denominator of

(2.54) which for the specific examples of the MB plasma previously

cited is

bo(Buam wdfaer) ~ 10 (2.60)

The individual electron collisions can be neglected if

wy ' << Te (2.61)

Taking into account (2.57) and (2.60), the above expression (2.61)

leads to the following inequality:

n << otr? (2.62)

The close interactions are, therefore, negligible for an electron
gas of a relatively low density. For a high-density gas such that the
close interaction becomes dominant, the assembly loses its "plasma"

character and becomes similar to a gaseous assembly of uncharged

particles.
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b) Macroscopic Treatment

In our description of plasma, we were concerned with the macroscopic
behavior of an electron assembly and the Debye length was derived as a
macroscopic concept. In order to have an agreement with & microscopic

plcture in which there are n discrete particles per cm3, we must require

that

u@
D>~ (2.63)
1. MB Plasma
Substituting (2.53) in (2.63), we obtain
3
<< (ReT/erer)” ~ 10" TS (2.64)
2. FD Plasma
Substituting (2.52) in (2.63), we obtain
U D) 12,0 05 (2.65)

vhere v_ = ez/ﬁ.
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c) Orbital Representation

1, Validity Criterion. It has been shown in a preceding paragraph
that an electron having velocity v << (ve)l/2 produces in a plasma a
potential @ = -e exp (-r/D)r. To discuss the validity of the orbital
representation of electronic motion in the plasma, one argues that each
electron is surrounded by a potential approximately equal to @. This
argument is strictly applicable to all electrons with v << (v2>l/2. For
other electrons, the distribution of the potential does not change
essentially and qualitatively the potential 1s still screened at a distance
of the order of magnitude of D. It will be shown later that a fundamentel
change in the screening potential occurs only for electrons have
v > <v2>1/2, and the number of these electrons 1s negligible in a plasma
in equilibrium.

It will now be determined whether or not the motion of an electron
in a potential @ can be described by means of the classical (orbital)
representation on which the present treatment is based. According to
Williams36 the orbital representation is valid if the following two
requirements are fulfilled: (a) the uncertainty in the momentum of a
perturbed electron is much smaeller than the classical value of the
momentum transfer caused by the perturbing field @, and (b) the wave-

length of the perturbed electron is much smaller than the radius of the

perturbing field, which is assumed to be equal to D.

36 E. J. Williams, Rev. Modern Phys., 17, 217 (1945).
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The criterion (a) leads to the following inequality:
¢e‘l - elb(p(—n-/o) >> 1. o 66
Aty L (2.66)

The condition (2.66) can never be satisfied for the whole region
of space and consequently the orbital plcture cannot be generally

applied. We may associate with each value of v a radius

R = 0 he (€¥r) (2.67)

such that only for r << R the orbital picture is valid. If, however,
the region defined by the radius R is sufficiently large so as to

include most of the space occupied by the scattering potential, i.e.,

R >0 oy . (‘%U’) > | (2.68)

then we may assume that the orbital picture applies to the whole space.
The inequality (2.68) represents the Williams' requirement (a).

The requirement (b) leads to the following inequality:

% /fmrp << (2.69)
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2. MB Plasma. We shall apply now the inequalities (2.68) and

(2.69). The first of these inequalities corresponds to v << v, or to

T << 135 xlip >(|o4 = (.87 xi0° o (2.70)

Substituting (2.53) in the inequality (2469), we obtain
2 2 2 / 1
U A wmk M/ m e T (2.71)

2
Ve have from (2.62) and (2.6Y) that n << n_  where n__ =(k T/kne )3.

Substituting in (2.71) n .. in place of n, we obtain

G U, = A RTHme" (2.72)

Since v has a range from zero to infinity, not all the electrons

satisfy the inequality (2.72). However, if

S Gy << R T (2.73)

the number of electrons that do not satisfy the inequality (2.72) may
be neglected, and it can be assumed that the inequality (2.69) holds

true.
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Substituting (2.72) in (2.73), we obtain
T << 10° °K (2.74)

3. FD Plasma. The inequality (2.68) requires that

Ve << U (2.75)
and substituting (2.52) in (2.69), we obtain
TR AL (2.76)

Since v has a range of values from zero to v., the inequality

F
(2.76) 1is not satisfied for all the electrons and the necessary
requirement is

Ue > £ Uy (2.77)

d. Conclusion

Our treatment of the MB plasma is Justified if the following
inequalities are satisfied: (2.62), (2.64), (2.70) and (2.74). The
inequality (2.62) is more stringent than (2.64) mnd (2.70) is more
stringent than (2.74). Consequently, the criterion for the applicability
of our method is expressed by (2.62) snd (2.70). This criterion is
satisfied for two representative cases of a MB plasma: (l) an ionosphere

in which n_ ~ 106, T ~ 300" X; (2) a gaseous discharge in which

"

n_ ~10'%, T~ 10" K.
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The validity of the treatment of the FD plasma is contigent on
the inequalities (2.65), (2.75) and (2.77). The inequality (2.75) is
not compatible with (2.65) and (2.77) and, therefore, our validity
criterion 1s not satisfied.

The phenomenological treatment of a plasma as a dispersive medium
can, therefore, be applied rigorously to such cases as electrical
gaseous discharges, or the ionosphere. Our classical treatment is,
however, rigorously not applicable to such cases as electrons in the
conduction band of a metal. However, the approach sketched in the
summary is capable of describing the quantum mechanical properties of

plasmea .

The Polarization Charge Density due to a
Moving Point Charge

a) Fast Particle

The Fourier transform of the polarization charge density) pm)may be

expressed as

Pgw = -L%-Phw (2.78)
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where i{km is the polarization vector. Further, since

B, = S kP (2.79)

and -4 R-E = &I“P
G.—l - P ame 2.80
??m: Tt %}47 = Ze Hﬁ? ar & 6"“2»‘“3) ( )

or, in configuration space
0 oo

, ~ ' W2l - - wit
p(T ) = ——@*,%gfx&wl(wf)fﬂk+e ‘ﬁw ' §lgha) €

-0 N

Carrying out the k integration and using the expansion (2.39) for €

one finds

ed
oe

Zew, g (E-1) s (14 &I RV + e -,)__ (2.81)
1) = mf oKl“-J—o(KP ) e o - QP’"( L4 LRS- w9 )

We have postulated (v2)1/ 2

< v, 80 we find the roots of the
denominator by successive approximation. The w contour is chosen to pass
above the poles on the real axis, to correspond to zero polarization charge

ahead of the particle. Then, the roots of the denominator are approximately

w= [0 & (o> (W + k)] (2.82)



Evaluating the residues, we find for (z/v+t) <o

p = iel__\_‘:’r*’ Ym&x?, (k9)Sim. [3(%‘*)]

(2.83)
where & = [a)p"(\-\- (u"')/.;;-) + (O K"]
If (U2)=>0O
Ze Wp ¢ -t ¢
b S22 S (e 1) ;—ﬂw
To evaluate this expression, we rewrite it as follows:
0o
2" ~ a1 -t )] /B
b =- 5%: f K&k Tq(xp) S [B (/e )]/ (2.81)
(-}
Using an identity proven by I.a.mb3'7 we find
!,
o [0 (1t pe)™]
Ze X (@t} p*/eo™) ™
P=-z w (2.85)
o £ ol <
where o = BAs~t)KU» 1"-/ P

The singularity on the surface of the cone

rd'h
2 (@-wt) = ¢

is fictitious; the polarization charge density actually has a finite

maximmm on this surface.

37 H. Lamb, Proc. London Math. Soc. Sec., 2, No. 7, 122 (1909).
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This result illustrates the connection between the '*é dependence of
€ and the propagation of disturbances in the plasma. The point charge
generates a conical "wake" of polarization behind it, which is due to
the spreading out of the disturbance at a velocity given approximately
by ‘-(vz):ll ¢ « This conical wake resembles the Cerenkov radiation emitted

by relativistic particles passing through matter.

b) Slow Particle

For the sake of completeness, we quote the i‘esult for the polarization

1l/2
charge density due to a slowly moving(v << [(va) :] )point charge. One

finds for the Fermi-Dirac plasma

o""'/ Oep |
- ﬁ:‘eﬁ: = T ?w ;e:f}’f > %3 { (\-a\.v.)[e"1 E, () ~eo. EA.("-)]
o F

(2.86)
+ oo[e“E,.(-M + e'“EIL(a.) + l]}

where

a
En(a) = § € /x

and a-r/DrD We have taken r = Vp + (z-vot)2 . The origin of coordinates
(r = 0) 1s taken at the position of the incident particle and moves with
the particle. The z coordinate is measured along the path of the particle
and is taken positive in the direction of motion of the particle. For the
MB plasma, replace Dy, by D, and the constant J-3/21m by (3213) -1/2 in
equation (2.86).
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The effect of the motion of the particle upon the polarization is
again apparent. In first approximation the polarization charge is
spherically symmetric with the Debye distribution. In second approximation,
it lags behind the charge by an amount proportional to vo/vF since it has
a cos © distribution, where cos © = z/r. One may show that the sign of
the curly bracket of equation (2.86) is always negative so that the term
involving vo/vF has the effect of subtracting charge for z > o and adding

when z < O.

Stopping Power of Plesma for a Point Charge

As will be seen below, the energy lost per unit path length to the
plasma by a point charge moving with constant velocity cannot be calculated
exactly by a classical theory. This is because close collisions involving
large energy transfers to plasma electrons are treated incorrectly, leading
to a logarithmically divergent stopping power. This is usually circumvented
by using the results of binary collision theory for encounters involving
small impact parameters and employing classical notions of the collective
plasma motion for large impact parameters.38

The first attempt to calculate the stopping power of free electrons

39

in metals was made by Weizacker”” who neglected interelectronic forces

and assumed that metal electrons interact only with the lattice. XKronig

and Korringauo and Kramershl subsequently included the collective effect

38 For an excellent analysis of stopping power from a classical viewpoint,
see A. Bohr, Kgl. Danske Vid. Selsk. Mat-fys. Medd., 24, No. 19 (1948).
39 ¢. F. von Weizacker, Am. Phys., 17, 869 (1933).

4o R. Kronig end J. Korringa, Physica, 10, 406, 800 (1943).

"L B, A. Kramers, Physics, 13, ko1 (1947).



51
of electronic motion in classical treatments of the problem. Fermiuz
has calculated the stopping power of a system of stationary classical
electrons using the dielectric formulation.

The stopping power of the classical plasma will be calculated in
this section. In the summary & consistent quantum mechanical treatment
of the problem which includes both the effect of plasma oscillations
and of individual interactions between the incident charge and the plesma

electrons will be sketched briefly.

a) High Velocity Particle

Suppose the space surrounding the particle track is subdivided into
two regions: (1) the region of binary collisions within a cylinder having
as axis the track of the particle and a radius p3 (2) the region of plasma
interaction outside this cylinder.

1. Binary Collisions. The contribution of binary collisions to the

stopping power as & function of the impact parameter may be found by the
following simple argument: Suppose that the incident particle of charge
Ze and mass M may be considered to move in a straight line and that a

certain electron in the medium located at a distance f from the path mey

be treated as free during the collision. Neglecting the motion of the

*2 E. Fermi, Phys. Rev., 56, 1242 (1939); 57, 485 (194%0).
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electron during the collision, we may write for its momentum charge A_ﬁ »

\lg—0F'
= —EE(’?‘" = ZC _S‘:v[;ﬂ"‘f(’;z":l]/z

and in this approximation, only the component of momentum perpendicular
to the particle path makes a contribution. Then the energy € acquired

by the electron is given by

1 fe2\t o z2et
€= am (Vf’) T my®p*

The number of electrons located between f and f + df per unit length is 7x

i/

an?dr , BO the energy lost per unit path by the incident particle is

glven by
W f TZ P
4 = aTZet ATte' N .
A= )B'““’j ﬁﬂﬂo‘é‘“iijo €fp) = Tmor . Min (257

The classical value of Puin is found by noting that the maximum
velocity which can be imparted to the electron in a head-on collision
is Just 2vo. The impact parameter corresponding to this energy transfer

is

S’m ~ ,Ze"'/.m 5,2 - classical

This classical treatment is valid only if the coulomb field of the incident

particle varies negligibly over the wave pocket representing the struck
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A

electron, i.e., over the distance X = — in a coordinate system
)

moving with the incident particle. Only values of Pnin > 55—— have
o

a meaning and hence the guantum criterion for Poin is

fmm. e 11_'/""‘vu'o -~ Quantum

One should use the larger of these two values. They are equal when

v, ~ Zez/‘ﬁ, hence we may write

_zel/muzz_ ZeLAU-‘ > | (2.88a)

fvnm - + /mo, Zez/'w_’ « | (2.88b)

2. Plasma Region. We wish to determine the energy lost by the inci-

dent particle to the portion of the plasma in the region P > fl to which the
dielectrie concept applies. The reaction force of the medium upon the inci-
dent particle will be calculated. The result will be in the form of an integral
over frequency w and wave vector -Q The resulting exp::;ession will be found to
diverge for large & and one will be forced to cut the integration off at some

intermediate value of Y e A reasonable value to assume for &i 1s 1/ Pys
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since the omission of the region inside the cylinder of radius Py is
equivalent to the neglection of wavelengths small than pl.

The retarding force with which the medium acts upon the particle

i Self

is given by -Ze{ Ez Tt -E‘z :lr=v t} where Ez :lx-.:; £ is the
o o o

component of the total fileld in the direction of motion of the particle,

evaluated at the position of the particle, and EzSelf :]r=v & is the
o

self-field of the particle. Hence the energy loss per unit path length

is given by

_gg .- % {F- (E"l::w‘)}’&zt (2.89)

o

We have from equation (2.37) and (2.89)

.
..y

K, =
, 1"52? YK,,oK—S;wJ)w (_éL%‘,,- l) B?  (2.90)

2

5 > (v2) one has

vhere k= = K> + wz/v 02 . In the approximation v

(—14 1) ~ wet (14 et RV ok 01)
e wl_hgph(l_"(o.L)‘k'l—QL_‘_“,)

(2.91)
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The zeros of the denominator in the w plene are located at

W = = (wp’?- -+ <u”‘>‘R") Ve (2.92)
~ D
Evaluating the w integral at these poles one finds letting \“ = UT" )
K

W <ze>“~’*’PIY o { aprS it s
il = VA (H"-t o 2) I 4+ KU )/d)p (Hp )} (2.93)

-]

Carrying out the K integration one obtains

S
o Re) wd {M(u_- T o) + K, } (2.9%)

TR a4y

2
Voexi
In most cases =z >> 1 so that we may write
P
2
W _ () wet {lwg_w_k 1, 2 1 } (2.95)
- = + 8K Uy J200p* ’
= S L B e

This expression 1s nearly identical with that given by Pines lb”, viz,

in the present notation

_ W (ie)li?e"{)m K., (%) + -t } (2.96)
E3 v, Wp 200}
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except for the terms in Bao If we take Ki = kD, as Pines and Bohm

recommend, we find (deo/w?)z- ~ '/Pz

80 that the second term in the brackets is 0(82) according to Pines
but of the order of unity in our formulsa.

In the 1limit B -+ O we find the usual formuls
%M ZeGp (2.97)
( U‘o ) 'e“‘ ( wP S) )

3. Total Stopping Power. By adding the contributions (2.87) and

(2.97), we obtain for the total stopping power in the case of B -+ 0

et .98
_&Nl:= ““‘:nz;_l?é«@/wpfmm) (2:99)

where Pmin is given by (2.77). The exact value of Py is unimportant
in this 1imit since it subtracts when one adds the stopping power in

the two regions.

b) Low Velocity Particle

The stopping power of an incident particle having charge Ze and

velocity v << (ve)l/ 2 w111 now be determined.
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The energy loss per unit path length may be thought of as being
due to the retarding field of polarization charge located in the "far"
region, 1.e., to the region outside of a sphere of radius R whose center
coincides with the position of the incident particle. Thus, if ¢ is the
polarization charge on the surface of this sphere and p is the polarization

density in the far region,

_(%J) o e {aﬂ'o&nmo a(e,R)dé + ar?;ma m&og—p(o,n)é?n} (2.99)

-

where the coordinate system is chosen to move with the incident particle
and to have its origin at the particle position. 1In this expression
cos® = z/r, o= -ﬁ;g vhere n 1s a unit vector normal to the sphere of
radius R in the outward direction.

Using the above approximation for Ef;m in the Fourier integral
expressions for P and p and expanding the resulting formuless in a power

1/2

series in B' = V/(ve) we find to the first power in B' and for an

F-D plasma,

12, 2,/ -
I i(’wna)e“gh(a.) (2.100)
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where a = R/D. If a1,

M\ B ) fn s on .
—(AZ)P B ’ZT—;% QV\‘(DFD/3J7R2> 2.101

In this phenomenological treatment the region inside a sphere of radius R
centered at the particle has been excluded from consideration. The classical
phenomenological representation is not strictly applicable to an FD plasma.
However, the expression (2.101) will be applied to an FD plasma, keeping
in mind that in the past a classical treatment has been not infrequently
used with satisfactory results in quantum-mechanical problems. The result-
is confirmed by the quantum mechanical treatment indicated below.

Although the interaction of a fast particle with the surrounding
electrons is not subject to an orbital representation, the stopping
power has been calculated by using an impact parameter method and the
quantum mechanical aspects of the problem have been taken into account
by assuming that the minimum impact parameter is equal to A /mg.

The binary collision of a particle having velogity Upwith an electron
gas having isotropically distributed velocities in the range from zero to
Ve is considered. The wavelength of most of the electrons aslseen from
the moving particle will be scmewhat smaller, but of the same order of
magnitude as Enxk The space surrounding the incident particle will be
divided into two regions: Region I within a sphere having its center

at the position of the parficle and radius xxF; and region II camprising
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the space outside the sphere. The contribution to the stopping power
from the region I is negligible, since in this region the incident
particle traverses a wave packet that exerts on it electrical forces
from various direction, thus giving partial cancellation. Therefore,
it will be assumed that the total contribution to the stopping power is
due to the presence of plasma in the region II.

The expression for the stopping power can, therefore, be obtained
by substituting R = an in (2.101). Of particular interest is the case
of &rp << 1 vhich has been treated by Fermi and Tellerh3 in a different
manner. To determine the stopping power for this case, we substitute

R = :th in (2.101), obtaining

¢
W, 4 Feomy Ve (2.102)
%1_- ST 43 b 8.7 x ¥V,
2
where Vg = e /E.
Assuming that YF/va>> 3.17 X Ux, the formula (2.102) can be expressed
as

- AW . Z:etm v, Jir
Tié%-tao{

(2.103)
This formuls is identical to the corresponding formula by Fermi and Teller.
The Ferml-Teller formula does not apply to the conduction band of

metals since it is derived under the assumption that A >> Ve

+3 E. Fermi and E. Teller, Phys. Rev., 72, 399 (1947); see also N. Mott,

Proc. Phys. Soc., (London) 137, 1482 (1949).
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In the more exact quantum-mechanical treatment described in the

summary it is not necessary to make the approximations used above.

Stopping Power of Plasma due to the Transverse Field

We now consider briefly the stopping power of a relativistic
charged particle in plasma due to the transverse field.

Returning
to equations (2.%s) and (2.%) we may write
Th, W T o AT Fu (2..108)
E < A c S*z_ fol'e"'/c"}
where
75, © ASEG-O[T - (®a)F /]

The energy loss per unit path length of the incident particle denoted

by -%EE‘J- is equal to the electric force in the medium acting in the

;;o direction evaluated at the position of the particle, i.e., the retarding

reaction of the medium on the particle. Hence

Aw BT A

-
—

T Uor- w/R™
AN o e S:.ur klx S:onw e ove S}

(2.105)
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2 2 2, 2
where kK =K + W /vo . The transverse dielectric constant may be

expanded as follows;

+ ——“2'\. M"i’t—w—'wv'
D T 7% N w* (2.106)

The denominator of equation (2.105) may be written
w l‘u‘l.)
P AR S AR -

+ 28 [1eafr ] 4 (-p )l 4ok = D,

where 52 = voe/cz. We neglect terms involving the ratio of (v2)/c2 and consider
the roots of D, in the w plane. There are only two in this approximation

and they are given by

W= x4 VT‘E'-T[K‘-»LU;'/(."] *

ax
odd function of w and dw ] = 0; there are no radiative losses in

The w integrand of the expression for - :|_L is consequently an

a pure plasma in this approximation. Note that if the medium were
composed of bound electrons radiative losses could exist. For example,

suppose all electrons are bound with a frequency o, and that their

2 lmNez
number density is N; if Q9 = o then
2
e.s. =1 -+ q

@y - o+
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and

D, - K*+ %’;(\-9‘6*)

Now Bae“' may be larger than unity for a range of values of w; in this
case there may be real roots of D° in the w plane and radiative losses
can exist. These losses are identical with the well-known Cerenkov

lossesm‘L from a charged particle moving faster than the velocity of light

in the medium in which it finds itself.

o See, e.g,, L. I. Schiff, QUANTUM MECHANICS, (McGraw Hill, New York, 1949),
p. 262.



CHAPTER III

DISTRIBUTION OF ENERGY LOSSES EXPERIENCED BY A
FAST ELECTRON IN THE INFINITE PLASMA

Consider now the detalls of the process by which charged particles
lose energy to electrons in matter. In case the struck electrons are
bound to atams, they may absordb energy only by making quantum Jumps
between eigenstates. One would expect that energy analysis of a beam
of initially monoenergetic fast electrons after passing through an
assembly of such atoms would show losses characteristic of these
electronic states.hs In direct analogy one also expects discrete
energy losses by electrons incident on metals due to the excitation
of plasma oscillations in the conduction electrons.

Pines and Bohmlo have suggested that this mechanism may explain
a large body of experimental data on discrete losses in met:a,].xax.u6 On
this picture, energy spectra such as shown in Figures (2) and (3)“7
are to be attributed to the successive losses of energy quanta in units
of hw s by the fast electrons. Here mp is the plasma frequency
Jm" vhere n is the effective number of conduction electrons
participating in plasma oscillations and m¥* is their effective mass.
Blackstock, et. al., have shown that the results shown are not in-

consistent with this picture since the value of the 1L4.7 volt discrete

13 Experimental results showing this effect in various gases have been givén
by L. C. Van Atta, Phys. Rev., 38, 876 (1931); See alsc Mott and Massey,
THE THEORY OF ATOMIC COLLISIONS, (Oxford, Second Edition) p. 261.

46 For reviews of this subject, see D. Pines, Rev. Mod. Phys., 28, 184 (1956);
D. Pines, Solid State Phys., 1, (Academic Press, Inc., New Yor ) 1955)3
and R. D. Birkhoff, Handbuch der Physik, 3_11, 53 (19575.

¥7 Prom Blackstock, Ritchie and Birkhoff, Phys. Rev., 100, 1078 (1955).
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loss unit is approximately equal to hwb if one sssumes three conduction
electrons per atom and m¥ = the electron mass. They have compared the
energy loss to plasma with a formula similar to equation (2.72), using
Py ~ 1/k_ and find good agreement.

An alternate explanation for these losses, which has been advanced
by various workers, is that they are due to interband transitions of
individual conduction electrons. Evidence in support of this has been
presentedua showing correlation between the fine structure of X-ray
absorption edges and the characteristic loss lines. The plasme interpre-
tation has been strengthened by Watanabe'su9 experimental verification of
the Pines-Bohm dispersion relation (equation 3.10 below).

50

However, it may be shown” that such a dispersion relation is not
uniquely a property of plasma but is assoclated with collective interactions
in solids and appears whenever these interactions are important, e.g., in
the case of the energy shift in insulators due to coulomb interactions
between different atoms in the solid. Since interelectronic coulomb forces
are less important in the case of bound electrons than in the case of free

electrons, one expects the dependence of energy loss on momentum transfer

to be correspondingly weaker in the first case.

EB’Leder, Mendlowitz and Marton, Phys. Rev., 101, 1460 (1956).

%9 H. Watanabe, J. Phys. Soc., Japan, 11, 112 (1956).

0 g. = Ritchie, ORNL Health Physics Annual Progress Report, (1957),
ORNL-2384, p. 93.
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It is probably true that no electronic transition in a solid can
be distingulished unambigously as a one-electron phenomenon, or &as &
collective occurrence involving many electrons. However, it is certainly
important that one be able to say which description best fits a given
case.
Probably the most convincing evidence.for the existence of plasma

oscillations has been given by Pinesl3’lh

who has compared hw vith the
observed values of characteristic energy loss in several metals. (wb was
calculated assuming that all electrons outside the appropriate closed shell
are free.) He finds good agreement in just those substances for which one

would expect the free electron approximation to be most nearly valid. See

Table IIlu,
Table II.

Element Be B (of Mg Al Bi Ge
Number of
VYalence Electrons 2 3 4 2 3 I 4
Assumed
h“‘p (ev) 19 24 25 11 16 17 16
&E (ev) 19 19 22 10 15 17 17

It may be noted that optical data on the reflection and absorption of
light by metal surfaces is useful in interpreting discrete loss data. In
particular, optical determination of the transition frequency, i.e., that

frequency at which a metal ceases to be a reflector and becomes transparent,
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furnishes an independent determination of the plasma frequency for that
metal. Such measurements are available for the alkali metals. The
optical values agree well with characteristic loss values where the
latter are available.51 Hubba.rd16 and I-"e:rrell52 have investigated
the angular dependence of the energy losses of fagt electrons to plasma,
the first author by a correspondence principle argument and the second
by the Pines -Bohm:Ll method. Neither of these results include the dispersive
properties of the plasma.
In this section a more general semi-classical formula for the
transition probability of a fast electron in plasma will be derived,
while the quantum mechanical method described briefly in the summary
yields a result valid for all energy and momentum losses.53
In order to determine the interaction probability of a fast particle,

6 modification of the Weizsac]s:er-Wil].:l.tamsy+ treat-

one may employ Hubbard’sl
ment of scattering. One assumes as before that the incident particle may
be replaced by a uniformly moving point charge insofar as its effect on
the medium is concerned. One then calculates the rate of energy absorption
by the medium from the moving point charge. This energy absorption per

-y,

unit path length may be expressed as an integral over o and 'ﬁ, i.e.,

L (2% (a0 W () (3.1)

oL Apparently the first comparison of moptica.l with characteristic loss

values in the alkall metels was made by Blackstock, Ritchie and Birkhoff,
Ref. L47.

2 R. A. Ferrell, Phys. Rev., 101, 554 (1956).
73 Bee also R. H. Ritchie, Phys. Rev., 106, 874 (1957).
Sk E. J. Williams, Kgl. Danske. Vid. Sels, Mat. Fys. Medd., 13, No. 4 (1935).
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In all the work above, this energy absorption was assumed to take
place in a continuous manner. When considering elementary processes in
the medium, one must take into account that the quantum of energy cor-
responding to a frequency w is #w and that associated with the wave vector
Zthere 16 a momentum bX. Then one may consider that the probability
(K,») that the electron shall lose energy fw and momentum 2% per unit

path length is given by

PES) - 3o W (R (3.2)

as long as 4w and 4K are small compared with the energy and momentum
possessed by the particle. This result is proved more generally in

appendix A. Referring to equation (2.27) one has

2 Vo =
?‘w c - ‘e S(Fc e ) (3.3)

R sm.n % 2

vhen the incident particle is an electron. The energy loss per unit

path length in the medium may be found from

W . e =
3. €Fa et : I‘}-‘ F'E’ftab (3.4)

where Ezis the component of electric field in the z direction, if the
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incident electron proceeds in the positive 2z directlion. Expressing

¢ in terms of its Fourier representation

-‘g;“;’ . i% Ya (w 3,,(6“' ) vsa‘"*";_‘“’ (3.5)

ve may write immediately for the transition probability per unit path

length

Ploo) « e (g ) 8G-Fa) /0% (36)

mh

In the appendix it is shown that one should replace B(w-k.v o) by
5(w - kv +*ﬁk2/an) to account for the recoil of the incident electron.
Now divide k into k, and Ell’ which are perpendicular and parallel,

respectively to Vo + We may integrate over k immediately, obtaining

P e e W (D) 6

since one considers only small momentum transfers, i.e., k.v_ >> ¥k 2 /em.
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Retaining the damping constant ¥ in the expression for €’
equation (2.31b)and assuming ® >> k' one finds

gm(__'_ ) i 20wy (3.8)

rol  {wop[is oot P v

If one then substitutes equation (3.8) into (3.7) and employs the
approximation k, & aw,/h (6 << 1), where © is the angular deviation of

the electron and mv, is its momentum (See Figure L4), one finds

Plo,0) A0 ho = =20 { stwlo [ 90 )’J(w)

T | i oot |6+ o

In this equation P(6,w)dQd&w is the probability per unit path length
that the incident electron shall lose energy A in the interval fidw
and scatter through the angle © into the small solid angle dQ at ©.
The quantity b= 3—‘& kFa ka/u) , where the explicit relation

(v g—h kF has been used. The term in curly brackets exhibits

a strong resonance if 7y << mp. The resonance occurs when

w?t &%(\43‘ a -%'-l;_-'--lﬂ)

MI-

Solving this equation by iteration,

w” = UP" + % t‘%?‘t‘/«n"
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and from Figure (4), the energy loss AE = % 1s given by

AE - *.‘op + ? WP O
where Eo = %-mvoa. This is Just the plasma dispersion relation obtained

by Pinesl3, except for terms O(kh).55

Equation (3.9) contains the major features of the characteristic
energy-angle distributions of fast electrons to plasma. The resonance
term ylelds explicitly the parabolic connection between energy loss and
angular deflection found experimentally by Whtanabeu9. Figure (5) shows
e schematic representation of Watanabe's result for the energy-angle dis-
tribution of losses. Curves B and B' represent single and double
elgenlosses, respectively, while curve D illustrates diffuse losses which
Watanabe attributes to interband transitions in the foils. He finds that
an equation equivalent to equation (3.10) above repreeents the eigenlosses
with good accuracy for several metals (Al, Be, Mg, Ge and C) if he assumes
the valence electrons are free to participate in plasma oscillations.

The factor in the square brackets of equation (3.9) has the coulomb
variation given by Ferrell52. To obtain the total angular distribution
of the fast electron, one integrates over all energy losses, obtaining

k¥ - T Al
Pe)80 = m.mr, [b, ] (o E o | (3.11)

24, 2 .
EA term proportional to A k /lun appearing in the dispersion relation of

Pines is due to the recoil of the plasma electrons and is included in
the quantum mechanical treatment described below.
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Figure 4. Energy-Momentum Diagram for a Fast Electron Losing Energy to a Plasma.
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2 2, 2 2
where k = .mp /vo + (mwge/h) . Now, collecting terms and neglecting
higher powers of ‘Im)p and ﬁ2k2/2m compared with Eo , the energy of the

incident electron, we find

elw -4
OV = M P Py 440

{91+ (“’p/za})"}' (3.12)

where o =‘h.k§ /2m and o = E/.

Now, i1f one neglects the 62 term in this expression, one finds
Ferrell's equation (8)52 and Hubbard's equation (29)l6 for the angular
distribution. Further, one sees that instead of e(X,w) for the free
electron gas, one could have used the classical formula for the dlelectric

constant,

~ W, -Lg.,w - (3-13)

where N 1s the atomic density of the medium, and £i )’ @ and g, are the

oscillator strength, transition frequency and damping constant of the
ith

interband transition, respectively. Assuming that in the neighbor-
hood of the f‘h transition only the f‘h term in this series is important,

substituting this in equation (3.7) and integrating over X and w, one
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finds, for the probability of scattering through the angle 6, after

losing energy to the th transition,

ks 0( . &‘L
P (AL = = 2 : (3.14)
VORI T {0 Gpayhar ]
boNe2t
where ada = ——1;——1 + This again has the same form as Ferrell's

equation (8)52 except that in place of the plasma frequency, there

appears the one-electron transition frequency w,, shifted due to mutual

J

interaction between electrons in the medium. In the frequency w

J

corresponding to the case of free electrons, then @, = mba. Thus, if

J
the k dependence of the dielectric constant of the conduction electrons
is neglected, one obtains the same general form for the angular distri-
bution, whether the fast electron has excited interband transitions in

the so0lid or whether it has lost energy to plasma oscillations. It may

be shown50

, using a special model for the dielectric constant of a sblid,
that this is still true even if the k dependence is retained, although
in general one expects a much weaker k dependence in the case of inter-

band transitions.



CHAPTER IV

THE INTERACTION OF ELECTRONS WITH A FINITE PLASMA

The rapid growth of that field of physics devoted to the study of

“characteristic” energy losses in solidsh6'h9

and the promise shown by
the theoretical interpretation of Pines and othershs of these losses
make it likely that fast electron beams will became even more important
in future studies of electronic states of solids. One of the central
problems in this field is whether such losses occur with the excitation
of collective oscillations in the conduction electron sea or with inter-
band transitions in the solid.

In reality these two descriptions are complementary and represent
opposite views of the dynamical behavior of electrons in solids. A
given solid partakes of both of these extreme characteristics but may
be best described by one or the other of the models. It is probably
true that no electronic transition can be distinguished unambiguously
as a one-electron phenomenon or as & collective phenomenon: e.g., in
Chapter III it was shown that the angular distribution of charged particles
losing energy to solids 1s insensitive to the kind of electronic inter-

action occurring. However, it is certainly important to be able to say

which of the descriptions best fits a given case.
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One expects that the presence of boundaries in & solid will have
more effect on the response of a plasma than on the response of the
one-electron model of the solid and hence that surface effects may be
useful in distinguishing between the two types of transitions; e.g.,
in the extreme tight binding approximation for electronic states in a
solid, coulomb interactions between electrons bound to different ion
cores are very weak and in this case the surface effects treated below
are unimportant. It 1s felt that the bounded plasma model is of con-
siderable interest, since it represents a case where quantum effects
should appear on a scale of distance much larger than is usual in physics.

In this chapter, electron energy losses to an idealized model of a
finite plasma will be considered and the effect of the finiteness of the
foil on characteristic energy loss experiments will be investigated.56

Gabor57 has treated the finite foil problem by making the assumption
that the electric field intensity is zero at the boundaries of the foil.
This i8 not in accord with experimental work on the opties of thin films,
since it results in the prediction that a metal grain does not interact
with transverse electromagnetic radiation originating outside of the grain.
His conclusion that the probability for plasma loss should decrease strongly

with decreasing foil thickness is a direct consequence of this assumption.

R. H. Ritchie, Phys. Rev., 106, 874k (1957).
D. Gabor, Fhil. Mag., 1, 1 (1956).

3
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The difference which he finds between "coherent” and "incoherent"
illumination is due to the same assumption.

To compare with Gabor's treatment, one may expand the field given
by equation (3.3) 1in terms of & Fourier integral in x, y and t as a
Fourier series 1involving only cosine functions of the z coordinate, thereby
assuming that the electric field intensity 1s zero both at the boundaries
andveverywhere outside the foil. Then, using the method described above
to calculate the intergction probability P(ﬁ}m) in the foil, one finds
a factor which shows the same limitation obtained by Gabor on x-momentum
transfer to the foil.58 More realistic boundary conditions will be used
in the treatment given below and it will be seen that similar z momentum
teansfer restrictlons occur, but that the behavior of the interaction

cross section predicted below is different from that given by Gabor.

587Gabor’s unconventional application of first-order time dependent per-
turbation theory leads to & result which disagrees with the Pines-Bohm
formula for the mean free path for plasme loss in thick films. He assumes
that the wave function of the incident electron is a plane wave with duration
T >>'1/ , wWhere hmb is the energy loss of the incldent electron. He finds
that the total probability of plasma excitation is proportional to the
duration 7 which leads to an unrealistic result for an infinitely long wave-
train. The more conventional perturbation theory (L. I. Schiff, QUANTUM
MECHANICS, McGraw-Hill Book Co., Inc., New York, 1949, second editionm,

P. 200) shows that instead of T one should use s/v, the electron "transit
time™ in the foil. Experimental evidence on the energy variation of mean
free path for plasme loss (Blackstock, Ritchie and Birkhoff, Phys. Rev., 100,
1078 (1955) shows good agreement with the Pines~-Bohm formula and does not
agree as well with Gebor's Equation (3L).
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Since the methods of Chapter II are not readily adaptable to the
study of the bounded plasma, the hydrodynsmical treatment of Bloch’d?®0
will be employed to describe the response of the finite plasma to an
incident charged particle. Taking account of the pressure-density relation
for a degenerate electron gas, Bloch derived the equations of motion of the
statistical atom. He showed that these equations admit not only the steady
state solutions familiar from the work of Thomas and Fermi, but also oscil-
lations about this state. He used the approximate correspondence between
the frequencies of these hydrodynamical disturbances and the actual excitation
frequencies of the atomic electrons to derive a general formula for the
stopping power of atoms of atomic number Z for fast charged particles.
Wheeler and Fireman61 have extended the work of Bloch to obtain a universal
photoelectric absorption curve for the statistical atom.

In the following it will be assumed that the plasma has uniform
density inside the bounded region and that the density decreases abruptly
to zero at the boundary.

Only irrotational motion of the electron gas will be considered and

all velocitlies will be taken small compared with c. The usual equation

551‘. Bloch, Z. Physik,"a___l‘, 363 (1933); Helv. Phys. Acta. 1, 358 (1934).
60 5. Jensen, z. Physik, 106, 620 (1937).

61 J. A. Wheeler and Fireman, "On a Universal Photoelectric Absorption
Curve", unpublished manuscript.
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of motion in hydrodynamics62 may be written

2T % F(N) = F - F4)/p (4.1)

where V(r,t) is the linear velocity of the electron gas &t point with
position vector r end at time t, F is the body force per unit mass of
the gas, p 1s the hydrodynamical pressure and p is the mass density of

the gas. The equation of continuity is
. (pF) = - /et (4.2)

while the body force F is taken to be due to the coulomb field of charges

located in the medium;
- & T
F mv&

where

P s v [LPED - qur | (.3)

See, e.g., L. Page, INTRODUCTION TO THEORETICAL PHYSICS, (New York,
D. Van Nostrand, 1935, second edition), page 220.
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and qext is the charge density of applied charge in the plasma. In order
to derive a connection between the pressure and density of the electron
gas. We shall suppose that the gas is a Fermi-Dirac degenerate system at

absolute zero. Then n, the density of particles is given by

. |
’VL=N/V = Zér-%\%-

where N is the total number of electrons in the volume V. The total kinetic

energy E1 is

g, = & & 2% yf s

o m (4.4)
end the pressure p is given by
pe-d8 o ot (o) (15
vhere x = -g- (+)%
One obtains

e A G REA R R CO
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which, together with equations (4.2) and (4.3), defines the Bloch
approximation to the plasma system.

Although somewhat simpler in appearance than the plasma equa.tionsv
dealt. with before, these equations must be linearized before progress
can be made in finding their solutions. Expanding p and ¥ about their

equilibrium values
= e v
-u‘-| = L L)

7 s
setting p = mn, where n 1s the number density of electrons and neglecting

terms inveolving squares of n,, v, or their products, equations (4.2),

(4.3) and (4.6) become

%'J‘. 2 5P - T Gy, (4.72)
n,"v".“, s M (%.7p)
(ke7c)

Assuming that the velocity V, is derivable from a potential function V¥,

so that Vv, = - 3'/ » the Eloch equations become

Th+ F W= ~HP + MF/ne (4.8a)
&“ - 9P (k.8b)
(k.8c)

G P w 4TeN + 4Te SIV)S(*:)‘(*""E")
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where Ba = % (vFa) is the velocity of propagation in the Bloch electron
ges. The term 7V in equation (4.8a) represents a schematic damping of
the electronic motion in analogy with the damping introduced in Chapter I
in the derivation of the dielectric constant of the freel electron gas.
The subscript on the number density perturbation n, will be dropped hence-
forth. The applied density of charge has been taken to be that of a
classical point charge moving with uniform velocity.

To establish the connection between this hydrodynamical approach
and the dielectric constant approach, consider the unbounded plasma.
Operating on equation (4.8a) with the Laplacian, on equation (4.8b) with

9 and combining the three equations (4.8) we find
ot

H+vn + O n- P“v"‘n = ~wpt §0)Ly) 8(#-wt)  (4.9)

Going to Fourier space,

- | carwpt §(u-F.5)
‘J"‘J wp"'.‘. @‘Q“ - v -w* (4.10)

and using the definition of the dielectric constant n=n__.( % -1),

where n real

plasme, we find

is the density of externally introduced electrons in the

™
We

€ |- (4,11)

walved - A"
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In case vo <L VF

constant, equation (2.L49)

, this reduces to the low velocity form of the dielectric

E—> |+ w;‘/u" h*

If v, >> Vg, we may expand equation (4.11) 4in powers of k2; the result is

€ -» |- -"3:(!-\- U'F"*,"‘/aw‘+n-) (4.12)

which has the same form as equation (2.39). The numerical coefficient of

the X° term in equation (%.12) 1is ]3-'-instead. of g- as given by equation

(2.39). One sees that the main features of the extreme high and low
velocity behavior of plasma are reproduced by the hydrodynamical model.
In the work below, when the plasma response to high velocity particles is
considered, it is understood that the relation BE = g-vrz is to be employed.
Note that the equation (4.9) for n has the same form as the Klein-
Gordon egquation and thus may be thought of as describing & meson-like
Mparticle” field around & charged particle in plasma..63
One may employ this similarity to investigate qualitatively quantum
effects arising because the plasma is confined to a finite range in the

z direction. The homogeneous form of the equation for the variation of

&3 See J. Lindhard, Kgl. Danske. Vid. Sels., 28, No. 8 (1954).
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plasma density around equilibrium may be written

O W > S .
vﬂ-p,z;‘ft, gr ™ O (4.13)

One could carry out a quantization of this classical field equation in a
manner similar to that employed by Landaush in his quantum treatment of
the classical hydrodynamical equations. The field n and its conjugate n¥*
then become operators which in the case of an infinite medium could be
expanded in plane waves, i.e.,

e T.(h.n, -wt)

. ~)

If one substitutes this into equation (4.13) one finds the following

relation between the energy and momentum of the "plasmon”

Wp 2 KO = mwf)‘ + (P;Q)’J (b.14)

showing that the rest energy of the plasmon is &»p and that it has a
rest mass of

My = kap/ ‘j"-
vhich is of the order of the electron mass. In this model, a charged
particle is capable of exciting "plasmons”™, the quanta of the hydro-
dynamical field. An amount of energy m‘ is required to create

& plasmon and simultanecusly to impart to it momentum Ak. In the case

o4 L. D. IAndau, J. Phys. UBBR, 5, T1 (1941) . For reference to later work

in this field, see Van Kampen, Kgl. Danske. Vid. Sels., 26, No. 15 (1953).
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of the finite plasma confined between parallel planes at distance & apart,
one would expand the field n in terms of eigenfunctions of the bounded
region. One knows generally that the minimum value which can be assumed
by the z component of the wave vector X in this case is

ﬁg ~ 94l
and hence that the minimum amount of z momentum which can be absorbed
by the finite medium plasmon is ~4/a. This effect will appear in the

thin foil case below.

A Blowly Moving Particle in the Bounded Plasma
Consider now the case of a stationary or slowly moving particle
in the semi-infinite plasma which is confined to the region z > O, Assume that
there is a point charge located on the z axis at 2, outside of the plasma.

In the time-independent case, the equation (4.9) becomes,

Im-hn =0 (8% ¢/ot)  (29)

while Poisson's equation reads

V"a? = H-TI'Q‘TL + S8 §(2 + z.)] (4.16)

subject to the boundary condition

2P 2 M (4.17)
"% = wred 32
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This follows from the requirement that the component of V= - W
normal to the surface shall vanish.

If one expands both n .and 9§ in Fourier integrals in the x and y

coordinates, e.g.,

M (xq.2) = G ..M,.S.:i.?h.& o+kteraty) N (%, 4y l2)
The equations (4.15) through (4.17) become
H’—; -(*+F) | n =0 (4.158)
&5 -k} g »me{r. + S(a-uz.)]( (b.160)
ﬁ d - +red® % n (2% 0+) (4.178)

where K2=ky2+k&2. The source free solution of equation (4.15a) which is

bounded as z -+ » may be written

n(xlz) = A e Vxled2 &

and employing the Green's function for equation (4.16a) one may write

, 2ne cdlase) O oKle-a] ') D
cp(udi) a-T{e + e n(wl:-)&i}
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If one imposes the boundary condition (4.17a) the constant A may be

evaluated. One finds for the potential outside the plasma

I~ o)/d
3*+ Vi (ase0) $ (g Vg )"
= ?o - "Pb

where p2 = x2 + y2. The first term on the right hand side of equation
(4.18) 1ie Just the potential due to the point charge at (0,0, -zo).

The second term represents the potential in 2 < O due to electrons in the
plasma in the region £ > 0. To look at its behavior for (z-z °), p>4d,

examine the integrand of ¢, for § << 1. One finds

. » e/[g%+ (a-20"

This is Jjust the image potential which one finds in the classical case of
a point charge located approximately distance 2 ° from an infinite metal
surface.

The expression for P, 1s of interest in the theory of the potential
barrier at a metal surface. The reflection and transmission of electrons
through metal surfaces is of importance in the theory of the 8hottky effect
and in predicting thermionic emission from metals as well as in the pre-

diction of experiments on the reflection of monoenergetic electrons
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65 are usually made by

impinging on metals. Reflection calculations
assuming that the potential acting on an electron ocutside a metal is
of the image form for large distances but breaks down at a few angetroms
from the surface. Bara.een66 has made a quantum mechanical calculation
of this image potential by assuming free electron wave functions inside
the metal and requiring that the potential be self-consistent. His
results show that the classical image potential is valid a few atomic
radil from the surface but that the potential approaches a nearly
constant value inside at smeller distances. His results are mainly
mmerical. More recently, Sachs and Dexters7 have calculated an
approximete quantum mechanical correction to the classical image force
theory using the Thomas-Fermi equations. They find a correction term
to the classical image formulas which gives approximate agreement with
the result of Bardeen. Although they formulate an equation which could
be solved in theory to give the potential function continuously through
the surface and into the metal, the final expression is only approximately
applicable outside the metal. |

The Bloch equations employed here, on the other hand, yleld a pre-
diction of the potential at all points in and outside of the metal and
have the same limits of validity, since they are based in part on the

Thomas -Fermi equations.

&5 See, e.g., L. A. MacColl, Phys. Rev., 56, 699 (1939); L. W. Nordheim,
Proc. Roy. Soc., Al2), 626 (1928); E. Guth and C, J. Mullin, Phys. Rev.,
59, 575 (1941); C. Herring and M. H. Nichols, Rev. Mod. Phys. 21, 185(1949).

J. Bardeen, Phys. Rev., 49, 653 (1936).
67 R. G. Sachs and D. L. Dexter, J. Appl. Phys., 21, 130k (1950).
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The image potential evaluated at the position of the point charge is,

from equation (4.18)

% satd,/d e S Mg |
P62 8 Praye = § [t o &) T e, 1) 5t

nsQ

vhere

00
Enlx) r S’e"‘“u/u
\
To obtain @ image inside of the metal, one proceeds as before except that

]
of equation (%.1%).. One finds

Z, = - Z, end there is a source term J-'E 8(2 - zo) on the right hand side
d

c?(?tt>°) = -@Q e\“ f‘*(} /d _ l.{ !4!3'.(!9/3) e‘ k*?.)VHg"/d
f‘w 2-2) d JW (5.., W)z

As in the case of the infinite plasma, the potential in the neighborhood
of a point charge at greater than & few angstroms from the surface is of

the Debye screened form. The image potential is given by ¢(0 ,Zo)
co -2%VH /A
g (gee™™ ¢
= . e
@Mt:,e 3 \ll-ts” (g- + V¥t )

VA NG YR LNCRNCY),

The form of the image potential is sketched in Figure (6). For

comparison, the dotted line shows the simple image potential & = -e/azo.
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Figure 6. Image Potential in the Neighborhood of a Metal Surface.
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The discontinulty at Z, = O arises from the Sommerfeld assumption that
the potential in the neighborhood of a metal surface changes abruptly

at the surface. The inner potential V, has been taken to be 1.1 ee/d

i
in the case illustrated in Figure (6). Although the result is of
qualitative significance only, due to the schemdtic step function rep-
resentation assumed for the static variation in potential at the surface,
1t does indicate that the simple image potential is valid only at
relatively large distances from the surface. The approximation, employed

by MacC 01165

) that &y o0 = -e/azo for z_ larger than the value at which
-e/.?zo is equal to the inner potential Vi, seems to be very unrealistic

in view of the present results.

A Fast Particle in the Bounded Plasma
The case of.a fast moving charge normally incident on the plane
boundary of a hydrodynamical electron gas will now be considered. As
before, one eliminates the velocity poteﬁtial ¥ from equation (4.8) and
finds a set of coupled equations in the electronic density n and the
scalar potential @. After expanding buth of these quantities in Fourier

integrals the equations become

(-};. -—F'") 1 (cwle) - 7,:\';‘-. g et (4.198)

(ga.' K") ?(K,wli) L ('n. + -z e“‘“/tr.) (4.19b)



o4
with the condition that the z component of velocity at the surface

located at z = O be nil, i.e.,

42 - wmed* i @ 20+  (hax)
vhere m2a K4 'dL; - "‘E’»(Q)"-H’:'(a))

The solution of equation (4.19a) which is bounded as z —+ = is

& e \.loi/d'o

l2) = - :
n(kwla) = he o (k.20)

where A is a constant to be determined from equation (4.19¢c). The
solution of (4.19b) may be written in terms of the Green's function

for the differential equation, i.e.,

. ‘(‘!1” e J'-“i'/u'o
, S - - "=
P <012 K 3: ° ™ (M b (K wVn)

Carrying out the indicated integration after inserting the expression
for n(z') from (4.20), one then evaluates the constant A. The potential

¢ may be written
wid) 2 8,8 e h €™ 1A @Y (150)  (h.21m)
P (¥,
O (cult) = B.e* . peur/ (a<g) (4.21b)

where the constants Ai s Bi are very lengthy and will not be written in
full,
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Consider the energy absorbed by the medium from the incident electron.

Let the electric potential in the medium minus the vacuum field of the
particle be q>m(;,t) and let (pm(-];,m) be ite Fourier transform. The total

energy loss of the electrons is given by

L)

W=-e f 2 ‘9"‘(“ : ‘Z_z‘,;%z,-o gﬂ?gnw S(%a = Vrs ) P (Fef(:22)

nbso
2=t
where kz is the z component of X. This result is an expression of the
fact that if the electron undergoes momentum change d’ikz in the z direction
and is deflected through an angle © (where © << 1) then from comservation
of energy and momentum ‘ka AE , where AE is its energy loss. As shown
in appendix A, the wave properties of the incident electron are taken
into account, within the domain of validity of the Born approximestion,
by merely replacing B(kz-w/vo) by v B(w-v k, -+ /an) in equation (4.22).
The additive term hk2/2m accounts for the recoil of the electron.
Substituting from equation (4.21) into (4.22) and carrying out the

indicated integra,tions ’ one finds in the 1limit A >> B,

o b o D] i, )
(4.23)
ez w ("“)
- 4 [ewe Y(-::sm v + a4 G860

(D

vhere a is the thickness of the foil and where ¢ m 1 - TP'_TE
Ji\)

+ 1w - Bk
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The first term clearly represents the conventional energy loss in the
abeence of the boundary, while the Becondmcontains the effect of the

§ 00
surfa.ceGe. As in Chapter III, set W = [Z:thK fdaﬂn?(K,m) where P(K,w)

0 '
is the probability that the electron shall undergo energy loss hm and

momentum change AK perpendicular to the z direction. Then writing K = ky

to emphaisze the similarity with equation (3.7), one has

Pk, ) -T—E;F," { 'T*:I?:\'/;}s'“(-]— ('—:,g')'- (G(c+c ::')IM—“’)N>}

(4.24)
= Q P.o' + Pﬁ'
where
/ e { ‘ wa',- ,
[ el N T R P ARCNRS T

The P_' distribution agrees with that found in Chapter III (equation 3.8)
for the infinite medium. Energy resonance occurs at the value given in
equation (3.10) showing the same connection between energy loss and angular
deviation as 1s found for the infinite medium, providing one takes

52 = % VFQ. The Pb distribution may be rewritten as follows, again
using the‘ fact that B/v << 1;

, et we T o Vs )
Y ® T ) Lw‘- CFTRATE ‘v‘w(h i

2 Pb, + “Pl"&

o8 The second term found in this derivation has been multiplied by 2 to take
into account both surfaces of a thick but finite foll. As is shown below,
a foil is considered thick here if a >> vo/mp.
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The Pbg distribution is closely related to P_'. Resonance occurs

at the same energy, and the connection between energy loss and angular
deflection is the same as that occuring in the infinite medium, but the
angiular distribution of eigenlosses is very different. The net effect

of the P, term is to decrease the total ener\gy loss at mp.

b2

The P.
by

value, viz, hm‘ s where

distribution shows that energy loss may occur at a lowered

Wt s weth T bkuwe/E (4.26)

or at dn energy JE, = mp/JE + %—JS/_s EE © and that the connection
between energy loss and angular dgflection is markedly different than
for the infinite medium. Figure (7) shows the distribution of eigenlosses
predicted by the hydrodynamical theory of the finite plasma. The heavy
parabole, curve A, indicates the losses of high intensity at the full
plasma energy. The lighter straight line indicates the losses of lower
intensity at the lowered plasma frequency, ¥ p/E .

If one now integrates over w, neglecting the k dependence of the

resonance, one finds

P . Swem 2 Ll (+.27)

" TRUSE e (*: + wrt/zmqt .
and

P&, P cﬁl * 7% (4.28)

2 kot e (*&I‘:“’PL'{’F)‘
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Figure 7. The Relation Between Energy Loss and Angular Deflection in the Semi-Infinite Plasma.
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If one replaces k, by mvoeﬂ as in Chapter IIT one sees that both
distributions are strongly peaked at angles greater than zero and
decrease like l_"{ for 6 >>?% » in contrast to the -]-'-é- dependence
found for the infinite mediun. An integration over Sll angles does
not require the cutoff necessary to obtain a finite result in the case
of P_Y.

Carrying out the integrations over angle, one finds

(A
ps‘ - TQA(;-. (k.29)
Pﬁﬂ. - -TGZ/.!'kU', (4.30)
The Pb term subtracts fram ava‘ s Showing that the loss at hn_:p should
2

decrease rapidly as the foll thickness decreases, while the loss at
hmp/J’E ‘is negligible compared with aPm' for thick foils but increases
in importance as 8 decreases.

The resonance at the lowered frequency is due to the depolarizing
effect of the surfaces of the f-oil.69 Jensen60 has shown that the
resonance frequency of plasma contained in a small sphere i1s less than
the value appropriate to an infinite plasms by a factor of 1/\[ 3 and
that this shift is due to the depolarizing effect of surface charge on
the sphere. That the analogous effect occurs for the plane foil .n.my be

Verified by a simple classical enalysis.

@'Ehe writer 1is indebted to Ir. David Pines for pointing out this fact
to him.
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Suppose there exists a uniform surface charge of superfiéial density
g on the bounding plane z = 0. From Gauss' law the electric field E 5 (0)
in the plasma at z = 0 1s given by

Ea(o) =ame

The charge density o is equal to the normal component of the polarization
vector P at the boundary. Since P(z) = + noegz(z), vhere E(Z) 1s the
displacement vector of electrons in the plasma, the equation of motion

of electrons at the boundary is

ME () = ~eEale) = - 21, & F, (o)
or

'.f‘-a(“ * 2_1-_'_:._& £alc)=0

Hence electrons at the boundary may undergo harmonic oscillation at the
reduced plasma frequency w = wp/fa.
The case of a finite plasma confined between the parallel planes

Z =0and 2 =8 will now be considered. The equations to be solved are

I 2 we/re
"}4'..—!" )‘W(i(,luu) = #;:.e (6 < 2<a) (4.31a)
L.
({%’t“‘t) C{’(‘Wh) . 'Hre(n + = e “or/% ) (4.31p)
with the conditions that
lﬁ? ¢ - WJ"%‘ " t=0,a (4.31c)

where, as before r=x?+a? - -:!'-2- (m2+ i) .
P
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The solution 6f.(4.31a) has the form

m I"i et.tu’/u\ L
.32
Niwle) = Ae PG T (4.32)
and
wre g0 ..e-m-z'l
4 - - %0 (¢ *+ WYy Fa n(kwie)de'  (4:33)

The constants A and B ere evaluated from equation (4.31c), but are very
lengthy and will not be given in full. To simplify the result, one
neglects terms involving 52 entirely. The solution found above for the
semi-infinite plasma showed that the consequence of retaining terms
O(Ba) was to introduce a weak coupling between energy loss and angular
deflection. It will be seen that for a foil of thickness & ~ “/wp a much
stronger electrodynamic coupling becomes important.

After integrating over kg and neglecting the recoil of the incident
eilectron, one finds for the interaction probability in the foil in the

limit B = 0,

Pl ) = 11‘1:1; { *_\‘1-...4.3‘7,\. ( )

| (.34)
. *(««»ﬁﬂe-o‘e““‘*+o-e\>e‘=~‘ |
C* 0’70'0\') (C-'-l)" e_'*-'-‘" - (e+) & e

vhere € =1 -w, /a) . As in the case a >> vo/wp one may identify terms

Pb and P.b » corresponding to surface effects at the lowered plasma energy
1 27
and at the full plasma energy hmp, respectively.
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The angular distribution of losses at the energy hmp is of some

interest. Integra.ting over the resonance at @ = mp, one finds

Py, = g{-aP.’+?.,kJu

e

(4.35)
_ et { o _ 3k ( cal. b, o -“-ng)}
L T T P O '"¢/‘45‘ Sunh #,0-

As in the case of large a, the effect of the surfaces 1is to decrease the
probability for scattering through small angles, but is less important
for large angles. For k, >> mp/v.the probability distribution reduces
to that appropriate to the infinite foil. For k; comparable with t.op/y'°

and a << v,/wp , P, = 0. The effect of the finiteness of the foil on

k

P, 1s illustrated in Figure (8).

This figure shows the probability of energy loss ﬁnp and transverse
momentum loss ‘ni{,_ in a foil of thickness a, where iJ_ is a two-dimensional
vector perpendicular to the z direction. Dimensionless variables have
been empé.g_}xlredé the variable t = amp/vo has been plotted on the abscissa
and p = ;;L Pk" » the probability per un'it foil thickness, is shown
on the ordinate. p 18 given as a function qf t for two different angles

hay

of scatter: © = 0 and e‘=w-eE = 2_1!:2 . One sees that there is a strong
o

reduction in scattering probebility for t < 2x, and that in general p
is an oscillating function of t, tending to have larger values when
t = 2qm, where n is an integer > O, and smaller values when t = (n+l/2)x.

This effect becomes less pronounced as 6 increases.
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This reduction in scattering prgbability as a function of angle
should be observalbe experimentally in thin films and 1f observed would
show that the losses associated with this distribution are collective in
nature.

This effect is understandable on the basis of the uncertainty
principle, i.e., when Ap Ax 'hk & ~ h ong expects fewer plasma eigenlosses
to occur in the foil., This condition is Jjust the range t-= Efg

This elgenloss distribution doeg not agree with that derived by
Ferrell?Q wha used,essentially the same assumptions regarding the physical
response of the foil es are .employed here.. The reason for the discrepancy
seems to lie in the fact that Ferre}l employed the procedure of calculating
tpe scattering of the lncident electron on a certain normal mode of
oscillatioh in the foil, while the present result was found by computing
scattering on the particular combination of modes excited by the electron
itself.

One finds for the total probebility P, integrated over-all angles
s

P

-.h'

t‘l; — (4.36)

-:ze ch %'dyx Coshy -t t
(X+ w’

9 R. A. Ferrell, Phys. Rev., 111, 1214 (1958).
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Now substituting the rational fraction expansions of cothx and cschx
into this equation and taking t << 1, one finds

?kz_ = 'T-re'.}_‘b [‘(I\AT"_L -tl.5"7..,+u]

o

One may also write
Vo

where kc is a cutoff wave vector corresponding to that Ki . in equation
(2.95). Then the total transition probability for loss at the plasma
energy in very thin films should be

, [
a?’b -\-T’*, - -'F;GE. f.-QM.(::::"'>

This formule is clearly wrong when ak < 4,82 . . . However, the
present approach will surely break down before the foll thickness becomes
this small, since kc is of the order of the reciprocal of the mean inter-

electronic spacing. P, 1s plotted versus t in Figure (9).

2

The Pb term shows & coupling between © and hw for small a. It
1

is found that resonance occurs at

a w - Q-&.L I/a-
w -‘?" (\ 2 € ) > M*'/& ()-&.37)

QL3
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showing & splitting in the lowered loss for thin foils. The angular

)
spread of the lowered loss was found to be k -%!'9 ~ —L£ for the

Vav,

case of a - = above. The probebility of loss at larger angles decreases
rapidly as is seen by inspecting equation (h.27) . One expects that the
splitting will become important vhen the exponent in equation (4.37) is of
the order of unity, i.e., for & ~ fav,/up. This length 1s of the order of
50 R for fast electrons in materials such as Al in which the characteristic
loss value, assumed to be equal to*nn’ is 15 ev. The intensity distribution

as & function of k,; 18 found by integrating over w and is given by

Py (4) o b di, = ﬁJU: f{,‘_’lh{ Xt -l )

+ o . (k_e..& w,‘o(.'-/l- '7;;);
(4.38)

W | +embutsz)
e (ﬁf + ot /o U"e")t i

The first term in this equation comes from the resonance at @ = wpa",l/ 2/\/'2
and the second from w = mpa_l/ 2/\/-.'2 To find the total interaction probability
one may now integrate over k, . The result is shown in Figure (9).

The net boundary effect 1s an increase in total energy loss to the
conduction electrons above the value which would exist in its absence.
The total energy loss to the conduction electrons per unit thickness
increases logarithmieally &8s the foil thickness decreases.

The possiblity occurs to one that these sub-plasma energy losses may
be identified with the low-lylng losses observed by some experimenters

using thin foils. It does not seem that the observed values of the losses
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are 1N2 times the "characteristic® losses observed in the same metals.
However, it should be noted that thin metallic films may have & strongly
granular structure. The strong variation of the grain structure with
substrate composition, rate and amount of condensation, etc., of thin
evaporated metallic films has been discussed by Heavens. ® In this
reference are given electron micrographs which clearly show the transition
from small grain size to a state in which the grains merge to form a nearly
uniform £ilm ag the amount of material deposited is inereased in a series
of films, The surface depolarization effect will certainly be larger for
a small grain of average dimension & than for the semi-infinite plane foil
of thickness & which was treated above. Thus one would expect the "lowered™"
losses in an actual foil to lie closer to the value hap/f 3 appropriate to
a spherical grain, than to the value mp/J'a. This seems to be approximately
true for the ldw-lyins losses which have been observed.

T.o compare the probability of loss at the lowered eigenfrequency

with the loss probability at the plasma elgenfrequency, we note that

Pb\ ~ AT Je
ar’ Quwp '%‘G’O“c/uov)

7 0. 8, Heavens, Optical Properties of Thin 8o0lid Films, (Acadenic’ Press,

Inc., New York, ).
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Yo
now — ~ 30 X and l/kc ~ 1Kk in & typical situation where one has ~1k kev
electrons incident on Al. In most foll experiments done to date a has been

of the order of several thousand angstroms. Hence, typically, if a=BOQO R
P‘,./a P~, ~ 0. Ol

This ratio is not inconsistent with ratios of low-lying loss probabilities
to loss probabilities at the characteristic values which have been observed
experimentally.

The two most puzzling features about the experimental results on low-
lying losses are (&) that such loss lines seem to be narrower and to occur
with higher probability than one would expect if they were due to inter-
pand transitions of individual electrons,® and (b) that some experimenters
observe these iosses wvhile others do not. The depolarization effect seems
to offer a possible explanation of these features.

Experimental evidence has recently been obtained by Marton and co-
workers72 on the low-lying loss in Al. They find that it has a value of
7 ev compared with the characteristic loss value of 15 ev and conclude
that the low-lying loss is not due to the excitation of surface oscillations.
However, such a shift downward from the value of 15/Jé ev might be explaired
by irregularities in the foil, or, as suggested by Ferre1173, it might be

due to the presence of a thick layer of aluminum oxide on the surface of

72 1. Marton, et. al., Phys. Rev., 110, 1057 (1958).

73 R. A. Ferrell, "Surface Effects”, talk at NRC Subcommittee Conference on
the Penetration of Charged Particles in Matter, Sept. 15-18, 1958, at
Gatlinburg, Tenn.
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the foil. Another effect, which has not been considered in the treatment

given above, 1s that the electronic density does not go to zero in a
discontinuous manner at the surface of a metal but varies smoothly with
di;tunce from the nominal surface. This density variation has been computed
by the Thomas-Fermi methog7h.

A simple classical model which takes into account in a schen’atic way
the variation of electronic density at the surface is the following:
Buppose that the density decreases to zero in two steps at distance &
apart, instead of varying from the full value to zero in a discontinuous
manner at the surface. Assume that at the first step the density goes
from the value n, to n°/2 and that at the second step it decreases from
n°/2 to zero. Then if one assumes that a dielectric constant can be
associated with each value of the density, one may look for source-free
solutions of Poisson's equation which satisfy the boundary condition
that the normal component of the displacement vector shall be zero at
each density step. One finds that for disturbances of long wavelength,
surface oscillations occur at frequencies equal to W, /m__,?
vhere mp is the plasma frequency appropriate to the bulk density' .

One finds

Woe = { &!V«ép

& B. Mrowkas and A. Recknagel, Phys. Zeits., 38, 758 (1937).
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showing a marked deviation fram the value mb/Jé found above. One expects
in general that surface oscillations will be rather gtrongly influenced
by the condition of the surface and that experimental studies of electron
losses should reveal much about electronic surface states.

It is clear that the classical argument for the exlstence of surface
oscillation losses presented here is based on firm enough ground that one
would expect such a phenomenon to occur in fact. Even though it may turn
out that the experimentally observed low-lying losses referred to above
are not attributable to surface oscillations, such oscillations should
exlist in nature. A study of these phenomena should be very fruitful in

the elucidation of surface states of solids.



CHAPTER V

SUMMARY

In the preceding chapters the interaction of non-relativistic
charged particles with the free electron plasma has been investigated
in the classical approximation. The wave vector dependent dielectric
constant of an infinite plasma has been derived by considering the
electrodynamic behavior of an isotropic mixture of directed electron
beams. The polarization charge density in the neighborhood of an
intruder charge has been found to decrease exponentially with distance
fram the charge if the charge moves slowly and to exhibit a "wake" in
the case of a rapidly moving charge. The scalar potential at large
distances from a fast charge was found to be of the quadrupole form
rather than the Debye shielded form as has often been assumed in the
literature. The stopping power of the free electron plasma for fast
particles was shown to depend on the mean square velocity distribution
in the undisturbed medium and to have a different form than that given
in the literature. This dependence was shown to evince itself in a
dependence of energy loss on angular deflection in differential stopping
power experiments with fast electrons interacting with metals.

The case of a bounded plasma has been treated by assuming that the
plasma electrons obey the Bloch hydrodynamical equations. The image
potential problem for a slowly moving electron approaching a metal surface

has been solved in this approximation and an explicit representation.
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for the potential has been found which differs markedly from the result
obtained from simple electrostatic theory. The effect of the finiteness
of a foll on the losses observed in differential stopping power experiments
with thin metallic films has been véé.lculated in the Bloch approximation.
It was shown that the angular distribution of electrons losing energy at
the bulk "plasma" resonance value in thin films is strongly modified from
the distribution appropriate to a thick foll. The strong decrease in
intensity at small angles of scatter is shown to be a consequence of the
indeterminancy principle and is an effect which should appear in characteristic
loss experiments with thin films. This model predicts that the excitation
of surface oscillations in folls will give rise to losses in these experiments
vhich may account for experimentally observed low-lying characteristic
losses, In Appendix A the equivalence of the semi-classical impact parameter
treatment and the Born approximation for the interaction of fast particles
with plesma is proved more generally than has been done before. A simple
generalization of the impact parameter treatment which takes into account
the recoil of the incident electron is described.

A quantum mechanical generalization of the dielectric treatment of
plasma is possible.’”? In this approach, the intersction probability of

an incident charged particle with a degenerate Fermi gas is calculated in

™ R. H. Ritchie, "The Interaction of Charged Particles with a Fermi-Dirac
Electron Gas", submitted to Physical Review.
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the Born approximation, employing a propagator for longitudinal inter-
actions in the electron gas in analogy with field theory methods and
using Feynmn‘576 method for calculating self-emergy. This treatment
takes into account the wave properties of both the incident and struck
electrons within the framework of the Born approximation.

The relativistic extension of the work presented above is of
considerable interest. In particular, a study of the emission of photons
by solids bambarded with fast charged particles should be of value in
distinguishing between collective and one-electron phenomena in metos.lxa.77

Such a generalization of the approach used above 1s straightforward.

0 g, . Feynman, Phys. Rev., 76, 749 (1949); 76, 769 (1949).

7T R. A. Ferrell (Phys. Rev., 111, 1214, 1958) has investigated this
problem in a very illumingting msnner but his restlts do not include
retardation effects in a consistent way.
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APPENDIX

Equivalence of Classical and Quantum Mechanical Treatments

of the Scattering of Fast Electrons in Plasma

In this paper, the scattering probability of a fast electron
interacting with plasma 1s computed from a correspondence principle
argument. The energy W transferred from the particle to the medium
is written as an integral over the particle path of the reaction force

of the medium on the particle, viz

L2yw30
ts 4/»“6

:
W - ' 1.2 = -
W= -e gula [“ ?m. (T, +) (A-1)
-0
where — gﬁ tum is the electric field in the medium due to the electron
minus the self-field of the electron and the electron path is taken to

be along the z axis. 9, may be written quite generally as

Qm(i:,t—) = -efu' (at' \/G(QI, 7)) §()8Gy) 8- o) (A-2)

where vG(:f,t;}",t') 18 the Green's fupction for the electric potential

in the medium, i.e., the electric potential nt ;,t due to a unit instan-
taneous electrical charge appesring at r',t’. YG(?,t;?' ,t') is a solution
of the quantum mechanical equation of motion of the plasma. In this
paper V, » is essentially obtained by semi-classical methods but is applied

G
to problems in which quentum effects are important. It will now be
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shown that all quantum effects due to the wave nature of the incident
electron (in the Born approximation) are contained in the result obtained
by the correspondence principle argument of Chapter III.

In general, V, (r,t;r',t‘) may be expanded in a Fourier integral in
the variable t-t'. Defining,\f(Rt;a%t’) = J—S”e_' to (et Vi (R |w) dw

one has from equation (A-2)

Wl
Q (5 = - o me‘“""guv (Gi'le) S6Y 860 € )

In Chapter IV we assume that the plasma is infinite in the x and y

directions; it follows that V (?‘*?'/ﬂ) may be expanded as follows:

\/&( ’l"’) * @_6 S‘d ddey eL[;.(f.i')*E*.] V, (""Q "a:“’) (A-4)
where p is a two dimensionael vector which is the projection of r in the
x,y plane and _K is in the same plane. . It is convenient but
not necessary to assume that the medium is infinite in the x and y

directions. Then from equations (A-1), (A-3) and (A-4) it follows that
(~2e — Pkgf&? {9«;.«2 .S\(h" %)a’-‘{g‘_"'ew'/%\é(Z’l?,'?c@)}(ﬁé)

Arguing as in Chapter IIT that W must also be given by

P; glm LTS ‘?(-i',w) (k-6)
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and setting the integrands of A-5 and A-6 equal, one obtains for the
probability P(k,w) of energy loss 4 &nd momentum transfer 4k ,

where *13 K\‘.‘h}'**" ) RS

- -QG" , Ve'hy ’" - _
?/k,w) b (m Sm_:i e v&-(’ ‘K/il»/";*f) (A-7)

Now one may obtain precisely the same equation by a quantum
mechanical perturbation-theoretic argument in which the incident electron
is treated not as & classical point charge but as a plane wave. Although
the arguments presented below are not entirely r‘igor.ous, they may be made
80 using methods in modern quantum field theory78.

Buppose that the incident free electron is expanded in terms of

momentum eigenfunctions, so that its wave flmction?(r ,t) may be written

P (%) = 'L%'AZ C,(+) € b ReR - wpt)
£

where W, =% kf2 and normalization is in & large cube of side L. One

takes Cf(t) - Bof a8 t + -», so that the electron is initially in the
state characterized by momentum ﬁo' Due to its interaction with the

plasma, it may undergo transitions to states of lower energy. The charge

h See,,e.:g., S. S. Schweber, H. A. Bethe and F., deHoffman, "Mesons and
Fields", Volume I (Row, Peterson and Co., Evanston, I1l., 1955).
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-

d.ensity79 Pog corresponding to the transition go» kf is given by

Pelrt) = -'-&- iivp [(k:%) R -a’.(w.-ac)(-] (A-8)
+ comphex caniujaie }
The amplitude of the electron in the initial state is altered due to

such transitions and the change in amplitude may be written

’(@ -A.AET/R_l) ~ -1 4ET /4 (A-9)

at the end of a time interval T. The retention of only first-order

terms in this expansion is equivalent to the use of first-order perturbation
theory. AE is the change in energy of the incident electron due to its
interaction with the plasma. AE is a complex quantity and may be written

more explicitly as
AF = (A')n«l = "tr/z‘ (A-10)

where 17 1is the total transition rate of the incident electron to gll

accessible lower energy states,

6 See, e.g., N. F. Mott and H., 8. W. Massey, "The Theory of Atamic Collisions",
(Oxford, Second Edition, 1949), p. 362. The method of transition charge
densities was used by M$ller in his original derivation of the relativistic
electron-electron scattering formula (Z. f. Physik, 70, 786, 1931).
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If the potential in the plasma due to charge density Por i

?:.f(r,t) , the interaction energy AE will be given by
17'-;.
ae %+ (e (o7 p, m6) PR (A1)

.1-/.,,

where an average over the time interval T is Indicated. Hence we put for

the rate for the transition i°+ fk:’

_ /s ot
e = {glm fAt B (78) P2 (A‘t)} (A-12)

The scalar potential P, mBY be written in terms of the Green's function

VG(?,t:;" ,t') as before;

-t
QM(E‘*) = %glﬁlt ('ﬁf E*’)(e n'-‘-)ao )(A-l3)

vhere q = Eo - i} Wy

carresponding to energy absorption by the medium. Expanding VG in the

and §] = w, - and one must consider only the term

cube of side L and in the time interval T, one has

 (itsie) - o if (vl + gy g - theg =(e-t)a}
) L) .

[]
37

x V. (z’l?,w)
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Combining equations (A-8), (A-12), (A-13) and (A-1l4) one finds

Don, fdi e.""""r Vg (2'[7,0)

° -t l-+
which shows explicitly that the momentum and energy lost by the electron
in the transition o -f are absorbed by the field. Now Pof(a,n) the total
transition probability in the foil per incident electron 1s egual to the
transition rate per cm2 of foil divided by the incident electron flux,
w13, Thus

Re (§0)« ET, « -85 6 (4% ig.0)

Now to compare with equation (B-7) in which the vector X was assumed to be
distributed continuously in a three-dimensional space of infinite extent,

one converts from a sum over final states 'ff to an integral, i.e.,

&) {ax

Then
Ee (e "(-,;,—— Slo-n) |ae €3V (2'(5,0)

The only difference in this result and the parallel equation (A-7) is that

instead of setting o = vk:z, as in the classical case, one uses

a3 (k2-ad)
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- -> - ->
vhich together with the relation q = k = ko - k*. yields the more

general result

Ws L 2 2 KR -8 = Uy - KA

which accounts for the recoil of the electron in its interaction with
the plasma.

Thus it has been shown that the interaction probability obtained
by assuming that the incident particle is & classical point charge
and employing a correspondence principle argument gives essentially
the same result which one finds from the Born approximation to the

corresponding quantum mechanical solution.
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