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ABSTRACT

We have studied the optical absorbance of silver ellipsoidal
particles with parallel principal axes. A simple technique for
producing arrays of silver particles in this configuration is
described. The particles were characterized by scanning electron
microscopy. The optical absorbance of the silver ellipsoids produced
by this technique was measured as a function of wavelength,
polarization, and incident angle of the incident light. Theoretical
analysis of the response of these objects was made using nonretarded
electrodynamics and the bulk optical constants for silver. The dipole
approximation was assumed. The results indicate that resonant
surface-plasmon modes are stimulated along the principal axes of the
ellipsoids and confribute to the absorbance. The calculations are

shown to compare favorably with the measurements.
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CHAPTER 1

INTRODUCTION
A. SUBMICRON PHYSICS

During the past decade a number of new subfields of
condensed-matter science have emerged as new experimental techniques
have developed. Among the new subfields is the area of submicron
physics. This work is concerned with new types of submicron samples
that were especially developed for experiments and theoretical analysis
in the Liquid and Submicron Physics Group at Oak Ridge National
Laboratory in collaboration with the University of Tennessee.

Submicron physics is the study of the physical properties of
structures with one or more dimensions smaller than a micrometer
(micron or 107°® meter). Electromagnetic radiation is an important probe
in this rapidly evolving field. The elastic and inelastic scattering
of radiation by submicron structures and the interaction of atoms,
molecules, and charged particles with submicron structures has received
increasing attention due to both technological applications and
interest in fundamental physics on the submicron size scale. Although
the structures studied have dimensions less than one micrometer they
are frequently of sufficient size so that they retain a variety of
properties of the bulk material from which they are made. This limit
can be as small as a few nanometers. A thorough understanding of the

mechanisms of electromagnetic interactions with these surfaces can
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contribute to advancements not only in surface physics but in medicine,
chemistry, biology, and the electronics industry. Because of the _
rapidity with which optical measurements can be made, and because of
its relative convenience, electromagnetic scattéring is a vital field
in the area of submicron physics. The present work is concerned with
the production of new types of submicron samples that are easily probed
with visible light, are highly effective in surface-enhanced Raman
scattering experiments, and may be of use in a variety of other
experiments.

This work presents a simple technique for producing arrays of
submicrometer particles approximately ellipsoidal in shape. These
particles of silver were produced in a well-defined orientation so that
each sample contained an array of éllipsoids with parallelrprincipal
axes. The samples were probed by measuring the optical absorbance of
the arrays as a function of the wavelength, polarization, and angle of
incidence of the incident light. This work also presents a theory for
describing the major features of the absorbance. The shape and size of
fhe ellipsoids has been used as a parameter to compare the theory with
the measured absorbance. The absorbance peak positions can be
controlled by varying the shape. The heights of the maxima can be
controlled by varying the size. Independent measurements were made
using scanning electron microscopy to characterize the shape.

One intent of this work is to develop a reliable method of

optically determining the shape of particles much smaller than the
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wavelength of light. This is impossible using only elastic scattering
but is a clear possibility using inglastic scattering data from
absorbance measurements. In our samples elastic scattering is only a
small part of the total absorbance. Among the factors that complicate
the shape determination are the effect of the substrate interactions
and the distribution of the shapes of particles for a given sample.
Changes in sample preparation technique can help determine the
contribution of some of these factors.

A well-known surface plasmon related phenomenon is
surface-enhanced Raman scattering (SERS). While some types of
structures have shown promise as substrates for SERS [1.1],[1.2],
structures similar to the ones presented here are many times more
effective in SERS [1.3]. However, the particles formed in reference
[1.3] are not as easily characterized as those produced in this work.
The optical data and sample characterization presented here may add to
the understanding of SERS as well as other surface plasmon related
phenomena. The ability to control the absorbance peak position provides
a means for understanding the physical mechanisms of SERS, al though

these mechanisms remain to be unambiguously determined.
B. BASIC PRINCIPLES

Scattering of electromagnetic waves by any system is related to
the heterogeneity of that system [1.4]. This heterogeneity can be on a

molecular scale or on a scale of aggregations of molecules. The



underlying physics is the same for all systems regardless of scale.
Because matter contains protons and electrons it consists of discrete
electronic charges. If an electromagnetic wave is incident on an
object electric charges are set into oscillatory motion by the electric
field of the wave. The accelerated charges radiate electromagnetic
energy in all directions producing scattered radiation. In addition to
emitting scattered radiation, the excited charges may convert some of
the energy into some other form. This is the process of absorption.
Both scattering and absorption can be modeled for samples down to a few
nanometers in size using macroscopic electrodynamics.

In a metal the conduction electrons are not bound to individual
ion cores and are essentially free, except for damping, to move about
under the influence of an external force. They combine with the ion
cores to form a condensed matter plasma. If the properties of the
metal and the wavelength of the exciting energy are such that the
electron interactions are predominantly collective in nature, this
system will exhibit a resonance in which longitudinal waves of
oscillating charge separation propagate with some damping through the
plasma. This was first shown in work by Bohm and Pines in 1951 [1.5].
This longitudinal wave has, for small damping., an associated energy

quantum known as the volume plasmon. It has an energy of

1
*s
hw =h [ﬂiz_} (1-1)
P s

m*
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where h is Planck’s constant divided by 27, e is the electron charge,
n is the electron density, and m* is the effective electron mass. In
1957 Ritchie [1.6] showed that there are also waves with associated

quanta at the surface of a metal. For a plane semi-infinite boundary
of a free-electron gas, the surface plasmon is the energy quantum and

its energy is related to the volume plasmon energy by

huw
hw =—E2 . (1-2)
sp /5

Review articles by Ritchie [1.7], Steinmann [1.8], Raether [1.9], and
Ferrell [1.10] discuss the plasmon properties and the interactions of
plasmons with photons and charged particles.

The excitation of surface plasmons enable optical scattering to
provide shape data for particles smaller than the wavelength of the
probe. In Chapter II we show that the surface plasmon spectrum is
sensitive to the particle shape. The surface plaémons appear as
resonances in the polarizability of the ellipsoids, and the quantum
connection is provided by the proportionality between frequency and

energy as discussed above.
C. MICROLITHOGRAPHY

Production of submicron structures generally involves some
microlithographic technique. The structures produced can be a variety

of shapes and sizes, can consist of different materials and can be



produced in a variety of ways. In general, microlithography has
greatly benefited from such developments as long-chain polymer resists
and anisotropic, dry etching. The simple techniques generally produce
structures with a distribution of sizes and shapes. Minimizing the
width of the distribution usually involves using a more complex
fabrication process. However, particles of a single shape (spheres)
can be produced by a simp}e process that permits metal smokes with 4-5
nm radii to be formed by vacuum evaporation in the presence of an inert
gas atmosphere [1.11]. This process also gives a narrow size
distribution. Larger spheres in ordered arrays can be produced by a
lift-of f process [1.12] in which the metal étructure is deposited
directly onto the substrate through a mask produced by electron beam
lithography. This process is considerably more complicated.

Heat treating vacuum evaporated thin metal films [1.13]-[1.15]
will form spheroids. This process is very simple but does produce a
reasonably large size and shape distribution. Spheroids and ellipsoids
can be formed indirectly by deposition of metals on a patterned
substrate [1.16]-[1.18]. The patterned substrate consists of ordered
arrays of submicron posts produced by a crossed-grating 1ithography
technique. Production of these ordered arrays requires a series of
somewhat complicated lithographic steps. One type of patterned
substrate that can be made in this way [1.19] consists of quartz posts.
This allows production of individual submicron particles by subsequent

deposition of metal. Random arrays of quartz microneedles can be


https://1.16]-[1.18
https://1.13]-[1.15

produced by using a thin silver island film as an etch mask [1.3].

Metal deposited on these substrates also produces spheroids and
ellipsoids, but with a distribution of sizes and shapes. Ordered
arrays of high aspect ratio metal posts can be produced using electron
beam lithography [1.20], [1.21] and by use éf a deposition mask [1.22].
Lithography techniques are highly developed because of extensive use in
the electronics industry. In general, the many commercial applications
of small structures made by lithography have contributed to the
availability of equipment and techniques for basic physical
investigations.

Using microlithography techniques it is possible to produce
patterned metal structures directly. The main difficulty in using a
direct pattern technique is that the metal surface may become
contaminated during the lithography process or by subsequent use. By
producing a patterned substrate that is reusable, it is possible to
deposit fresh metal just prior to making optical measurements. This
not only provides uncontaminated metal particles but also does not
require the lithography process to be repeated for each new
measurement.

The present work offers a different method for producing patterned
arrays [1.23], [1.24]. These are formed using a monolayer of
polystyrene spheres as a first step in a process that ultimately
produces ordered arrays of microneedles that lean with respect to the

substrate normal. Silver can be deposited on the sides of the needles



so that particles are formed which are approximately ellipsoidal in
shape. Shadowing during the silver deposition helps to determine the
shape and size of the ellipsoids. To form ellipsoids of different
shapes it is only necessary to change the angle of deposition.

This fabrication technique has several advantages over other
patterned substrate methods. The random arrays of needles are easy to
produce yet the stochastic arrangements and the size variation of the
needles form ellipsoids with a large size and shape distribution. The
sphere monolayer productibn process yields a final particle size and
shape distribution that is considerably smaller than those produced by
the island-film technique. Liao [1.19] constructed arrays of larger
posts by using a more complicated, and more costly technique. His
arrays had long and short range order, but his posts were oriented
parallel to the substrate normal. He also deposited silver on the
sides of posts to form particles in an effort to produce new SERS
substrates. The technique presented here is a relatively
straightforward and inexpensive technique for producing small, uniform
ellipsoidal particles and provides the most highly effective SERS

substrates known [1.3].
D. SAMPLE CHOICE

We have chosen silver for study because it is easy to use
experimentally and because it has a relatively sharp surface plasmon

spectrum in the visible spectrum. Optical absorbance can be measured



on other materials using different wavelength ranges as necessary.

With silver surface plasmon oscillations may be observed along each
principal axis of the ellipsoids in the 300-800 nm wavelength range.
For changes in shape the resonance peak position shifts. The peak
position is determined primarily by the real part of the dielectric
function of the material.- Because the slope of the reél part of the
dielectric function for silver is rather steep in the higher-energy
part of this spectral region we expect relatively small shifts in the
absorbance peak position for changes in shape. At longer wavelengths
the real part of the dielectric function varies more slowly with energy
and much larger shifts of peak positions are observed as the particle
shapes are changed. The imaginary part of the dielectric function for
silver grows with increasing wavelength so the longer wavelength peaks

are broadened.
E. ORGANIZATION OF THE PRESENT WORK

In the succeeding chapters we describe an investigation of the
optical absorbance of ellipsoidal particles. The general procedure of
Ritchie et. al. [1.25] is used to establish a theoretical model
applicable to spheroids and ellipsoids. We model our particles as
ellipsoids. The calculations for ellipsoids require the numerical
evaluation of several integrals. Since spheroids are a special case of
ellipsoids and the calculations for spheroids can be evaluated exactly,

we include analytical calculations for spheroids to allow comparison
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with those for ellipsoids. Measurements of the absorbance of our
samples as a function of the incident wavelength, angle, and

polarization are compared with calculations to determine the validity

of the model.



CHAPTER I1

OPTICAL PROPERTIES OF SPHEROIDS AND ELLIPSOIDS
A. INTRODUCTION

This chapter presents an analysis of light scattering and
absorption by metal spheroids and ellipsoids. We assume that they are
much smaller than the wavelength of the incident light and are placed
in a uniform time-varying electric field. Therefore we use
non-retarded electrodynamics and assume the dipole approximation. The
field of the light gives rise to time-varying potentials and charge
densities that are relatively straightforward to calculate. We assume
that the dielectric function characterizing the metal is frequency
dependent and complex, and that the bulk optical properties of the
metal apply to our samples. We use the induced charge densities to
calculate the dipole moments along the principal axes. The optical
absorbance is determined for two polarizations using these dipole

moments and the total cross section.

B. THE NON-RETARDED LIMIT AND THE DIPOLE APPROXIMATION

Maxwell's equations consist of a set of coupled first-order
differential equations which describe the behavior of electromagnetic

fields. They are written in Gaussian units as [2.1]
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- _4ny, 13D
v.D= bmp , V x i o J + c 3¢ °
> > 1 3§ (-0
VeB=20 ,VxE-z—t=0,

where D is the electric displacement vector, H is the magnetic field, B
is the magnetic flux density, E is the electric field, j is the current
density, p is the electric charge density, t is the time, and v is the
del operator. If we use vector and scalar potentials, the Maxwell
equations can be reduced to two second-order equations. Writing the

magnetic field in terms of the vector potential, K.
B=vxi. (2-2)

From Faraday’s law and the fact that the curl of the divergence of any

scalar is zero

0|l=
2(2y

E+ =-vo , (2-3)

where ¢ is the scalar electric potential. In a homogeneous, isotropic
medium where the magnetic permeability is equal to unity, B=H, and

D=eE, the Maxwell equations yield

2 1.3 2y o _ bmp _
v<1>+cat(v A) - (2-4)
and
e 32A > ¢ 30 b

- >
VZA—?W—V(V'A+E_‘)=—_J. (2-5)
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To uncouple the equations and treat & and X separately we assume the

Lorentz gauge [2.2] and the associated Lorentz condition for the medium

e 99
. E o7 _ . 2-6
v A+ e 3t 0 ( )

Thus we have the wave equations for the scalar and vector potentials

2
26 _ € 070 _ _ A4mp 2-7
vee cZ 3¢2 € ( )
-5
op _ e 9%h _ _ 4nd -
v - 75t c (2-8)

respectively, with p the volume charge density and j the current
density.

If we assume a localized source of charges and currents
oscillating with a harmonic time dependence at angular frequency w then

we may write

t

o(F,t) = p(De ¥ (2-9)

3@, 0 = T@detot | (2-10)

The two wave equations reduce to the inhomogeneous Helmholtz equations

V20 + ek?0 = - ﬁ’-;l‘i , (2-11)

and

4l
72K + ek = - —Z— , (2-12)
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where k=w/c is the magnitude of the wave vector. The general solution

to the wave equations above are, [2.3]

N L GlkE [T-T]

o(r) = J o(r") d3r’ (2-13)
-> ->
|t - '

and

IR SR 73 |T-7' |

A(r) = J J(r'") d3r' | (2-14)
T - 7|

where as usual T' locates a source point and T locates a field point.
The harmonic time dependence is understood. If we assume an idealized
charge density so that the charge density and current density are
restricted to a vacuum boundary of the medium then the dielectric
function is unity. In general we shall write any field variable f(?.t)

as

E(E.5) = £(D)e WE (2-15)

If the argument is left understood the function is assumed to be a

->
function of r only.

The electric field now becomes

§=—V¢+—?A (2-16)

and the magnetic field remains as given by Eq. (2-2). The continuity

equation

>
v . 3G, + ap_g:,c_) -0 (2-17)
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If the source dimensions are of order d, then r'{d and if dw/c is
small, then near the boundary kl?—?'l is small. In this case we may
set the exponential terms in the vector and scalar potential
expressions equal to unity. Then each Fourier frequency component of
the potentials satisfies the same equations as in electrostatics. The
magnetic effects are then negligible and the electrodynamics may be
treated with equations that, except for having harmonic amplitudes,
have solutions that are the same as those found in electrostatics. The
limit under which these conditions apply is known as the "non-retarded"”
limit.

For optical experiments, if the particulate dimensions are small
compared to the wavelength of the incident light the spatial variation
of the electromagnetic wave can be neglected over the dimensions of the
particle. For incident plane waves, the general expression,

t

2D . .
g:foelk r-let , can be approximated by ﬁ:ﬁoe 1ot

This is the dipole
approximation [2.4]. Thus, for example, the field inside the particle
is uniform, while outside the field is the superposition of a dipole
field and the applied uniform field. So in a multipole expansion with
multipole summation index £, the only contribution comes from the £#=1

term.



Retardation Correction Terms

In general Maxwell's equations involve e(k,w), a wave-vector and
frequency dependent dielectric function. For optical applications to
metals, and as.long as the source is large enough so that bulk optical
properties are valid, spatial dispersion has little importance, and
only the frequency dependence need be considered. Typically bulk
properties apply for sources with dimensions of the order of or greater
than one nanometer.

The importance of retardation for a given material increases with
size. For silver the effect of retardation is small until the source
dimensions exceed 55nm [2.5]. These effects are well quantified for
spheres by the Mie theory [2.6]. For the dipole mode of a sphere the
boundary conditions giver e(w)=-2 in the nonretarded case, while for

low-order retardation effects

e(w) = - 2 - = — (2-19)

where a is the radius of the sphere. The Mie theory gives a
transcendental eigenvalue equation for which Eq.(2-19) is obtained as
an approximation. The retardation correction neglecting terms of order
higher than (aw/c®) may be obtained by using Eq.'s (2-13) and (2-14)
for & and o and using the binomial expansion of the exponential term
for small arguments. Thus, for zero net charge, we have the following

form with the lowest order correction included;
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(-{-') k2 > > ->
o= | 2/ X p(r')lr - r'|d3r' (2-20)
F-7 2
o =

The potential §° satisfies Laplace’'s equation inside and outside the
source. The idealized charge density is zero everywhere except at the
boundary and is obtained from Poisson’s equation for 3°.

The electric field is obtained from (2-21) and (2-16)

'+ — A, (2-22)
c

> > >
—E> = EO +%j p(r')(r - r') d3_1>‘ lw >

-7

where Eo is ~v®°. We then write

2 2

or
0 k2 -> -> > 3
oY - 5 o(r") | - r'ld r' . (2-21)
> 0 0 k2 Py 330 iw K
E=EY4+— 19" - = | p(")r'd°r +-7; . (2-23)
|
|
|

The boundary conditions are

o

in ’ (2_24)

0]
= out
s

s
where S is the surface of the metal and

E A
] * e
out n

S S

> ~
e(m)Ein < e . (2-25)

where e(w) is the dielectric function of the medium bounded by the
surface S at angular frequency w and e is the unit vector normal to
the surface. Eq .(2-24) is equivalent to the continuity of the

tangential component of the electric field while (2-25) is equivalent
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to the continuity of the normal component of the electric displacement
vector. All field quantities are assumed to be Fourier frequency
components in general, although we have simply used a harmonic time
dependence. Application of the boundary conditions produces an
eigenequation for e(w) that specifies the surface resonance conditions.
This procedure works well for a sphere, but not for spheroids.
For a spheroid the retardation correction gives an eigenequation for
e(w) that requires diagonalizing a complicated matrix. Nevertheless,
the above treatment illustrates the idea of retardation corrections in

a simple way.

C. GENERAL APPROACH

For the calculations applied to spheroids or ellipsoids we choose
a coordinate system in which a constant value of one coordinate
represents the surface of the particulate. We assume the source is
bounded and has no net charge. The charge and current densities arise
from charge displacements from equilibrium. We assume an idealized
surface charge density at the particulate boundary and a spatially
local, frequency dependent dielectric function e(w), for the source.
For the non-retarded limit the potentials due to the surface charge
density oscillations inside and outside the particulate satisfy

Laplace’s equation,

V29, =0 (2-26)
in



v2¢ =0 . (2-27)

Free oscillations ensue and the characteristic frequency is obtained

from the electromagnetic boundary conditions

9

in (2-28)

out

surface surface

=e - V@out (2-29)

surface surface

s(w)en . V@in

at the surface of the particulate where ;n is the unit vector normal to
the surface. The boundary conditions yield an eigenequation and a
value of e that is purely dependent on geometry. To obtain the
corresponding eigenfrequency we match e and the real part of the
complex dielectric function e{w), for the metal from which the
particulate is made. For metals, the real part of the dielectric
function varies.from negative infinity at zero frequency up to zero at
some frequency, usually in the ultraviolet. The dielectric function
thereafter becomes positive, but may pass through zero several times as
frequency increases. The dielectric function eventually remains
positive at sufficiently high frequencies. The total cross section is
a maximum at the resonant frequency. This is true for both the

retarded and the nonretarded calculations.



20

In elementary electrostatics the expression for the dipole moment
in a dielectric sphere of radius a in a uniform electric field is equal

to the electric field multiplied by the polarizability

o= a3[e = 1} ; (2-30)

This expression is obtained from the usual boundary conditions
neglecting retardation. For a harmonic field the dielectric function

depends on the angular frequency and we write
e(w) = e1(w) + iep(w) , (2-31)

where e,(w) is the real part and e,(w) is the imaginary part of the
dielectric function. As will be shown later in this chapter, the cross
section for scattering and absorption of light is a function of the

imaginary part of the polarizability. Thus we encounter the form

3a3€2
Imoa = (2-32)
(El + 2)2 + 622 ’

that has a resonance at e€,=-2, and the imaginary part of the
polarizability is 3a®/e, at the frequency where e,=—2. At half height
of the resonance the value of €, and its value at resonance are
different by an amount which depends on the imaginary part of the
dielectric function. At the half height point where the real part of

the dielectric function is more negative than the resonance value,

€] = - 2 * €2 . (2-33)
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Near resonance we can approximate the real part of the dielectric
function with a Taylor’s series expansion about the surface plasmon

frequency

dey

€] = - 2 + == (w - wsp) . (2-34)

w=w
sp

If e; is small enough so that this linear approximation holds out to
the half height frequency then

€2

w=w  —.
sp ei(wsp)

(2-35)

For small values of the imaginary part of the dielectric function Eq.
(2-32) differs from the resonance value by €,2/2, so that the width of
the resonance is small. Similar arguments may be made for spheroids.
Thus if the imaginary part of the dielectric function is small at
a characteristic frequency, a well-defined resonance state may be
observed in the absorbance spectrum. The quantum of this resonance
oscillation is the well-known surface plasmon [2.7]. The frequency
dependence of e(w) is obtained from bulk optical data. For a

nonmagnetic medium of complex index of refraction n+ik, we have

€ = (n + ik)?2 (2-36)



k is the absorption constant of the bulk material and n is the real

part of the index of refraction. Therefore the bulk optical properties
give the dielectric function. Because the dielectric function is a
function of frequency and mode, the boundary conditions give a
dispersion relation for the geometry to which they are applied. If the
dielectric function is a known function of frequency, the dispersion
relation yields the resonant frequency as a function of the mode
indices. For bound geometries the mode indices are discrete while for
infinite surfaces the mode indices are continuous.

From the boundary conditions the potentials are determined and can
be used to calculate the surface charge density, the volume charge
density, and the induced dipole moment components for spheroids. For
ellipsoids we determine the fields from the potentials and use the
charge displacement vector to determine the dipole moment components.
The radiation zone fields are written in terms of the dipole moments

and used with the time-averaged Poynting vector to calculate the
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absorption and scattering cross-sections. The total cross sections are

used to calculate the optical absorbance.
D. COORDINATE SYSTEMS

We dhave used three coordinate systems to calculate the
electrodynamic properties of ellipsoidal and spheroidal particles. The
most general of these coordinate systems is the ellipsoidal coordinate
system in which there are three principal axes. Each has a unique
length. Oblate and prolate spheroidal coordinates are special cases of
ellipsoidal coordinates. ‘These coordinate systems have two principal
axes that are the same length and thus are specified completely by a
semimajor and a semiminor axis. The spheroidal coordinates are
obtained by a rotation of a system of confocal ellipses about an axis
of symmetry. The oblate and prolate coordinates are distinguished
according to whether the rotation takes place about the major or the

minor axes of the ellipses.
Oblate Spheroidal Coordinates

The oblate spheroidal coordinate system consists of families of
mutually orthogonal confocal spheroids, single-sheeted hyperboloids and
half planes [2.8]. The axis of revolution (the Cartesian z-axis) is
collinear with the minor axes of the ellipses. The origin is at the
ellipse centers and the coordinates are denoted (1,6.¢). A constant

value of m specifies the surface of a spheroid. The coordinate 8
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specifies a hyperboloid where 8 is the angle between the axis of
revolution and the asymptote of the hyperboloid. The azimuthal angle
is ¢ and is measured relative to the x-axis of Cartesian coordinates

about the z-axis as in spherical coordinates. Thus 71 is a "radial

coordinate™ and 8 is a "polar coordinate”. The coordinate ranges are
0 <n<wm»
0 <8< (2-39)
0 <¢ < 27 .

The family of oblate spheroids is generated by
2 2 2
1 + n2 n2
here a is the focal length. The family of single;sheeted hyperboloids

is generated by

%2 + y2 22 9

- = a (2-41)
sin?0 cos?0
where a is the focal length. The transformation equations for
Cartesian coordinates for any spatial point are
L
x = a(l + n2)? sin® cosé (2-42)
L
y = a(l + n2)? sin6 sin¢ (2-43)
z = ancosf . (2-44)

Figure 2-1 shows a set of coordinate surfaces (n,0,¢) [2.9]. It also

shows the focal length a, the asymptote of the hyperbola and the angle



6=const-

q=const;

~

Figure 2-1. A set of coordinate surfaces for oblate spheroidal
coordinates. The focal length, a, is shown along with the angle
to the asymptote, 0, and the azimuthal angle ¢.
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6. Figure 2-2 shows a cross section of the curves generated by a range
of coordinates. The axis of rotation is the vertical axis. The

surface of a spheroid and thus its shape is determined by

n = ng = constant

and the coordinate 71y of a spheroid is related to the minor to major
axis ratio R. If we call the semimajor axis length A then from Eq.'s
(2-42) and (2-43) with 8=n/2
x2 + y2 = a2(1 + np?) = A? (2-45)
f=m/2
and from Eq. (2-44) with 6=0, the semiminor axis is
B = ang . (2-46)
8=0
Combining these two equations we get
. S | (2-47)
(1 +ne?)?
Thus for large values of 7y the axis ratio approaches one and we get a
sphere. For small values of my the axis ratio is small and the particle
is disk-shaped. We will refer to my as the shape parameter for oblate

spheroids.
Prolate Spheroidal Coordinates

The prolate spheroidal coordinates consist of families of confocal

spheroids, hyperboloids of two sheets and half planes [2.10]. The axis



co0s68=0.85

Figure 2-2. A cross section of the oblate spheroidal coordinate

system. The full set of coordinates is obtained by rotation
about the vertical axis.



https://cos0=O.15
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of revolution (the Cartesian z-axis) is collinear with the major axes
of the ellipses. The coordinates are denoted (1',0,¢). A constant
value of 7n' specifies the surface of a spheroid. The coordinate 6
specifies a hyperboloid where 6 is the angle between the asymptoté of
the hyperboloid and the axis of revolution. The angle ¢ is the
azimuthal angle defined as in spherical coordinates. So again n' is a

"radial"™ coordinate and 6 is a "polar” coordinate. The ranges for the

coordinates are

0<8 <7 (2-48)
0 <¢ < 21 .

The family of prolate spheroids is generated by

2 2 2
X+ vy + z° _ az

(T]'2 -1 nv2

(2-49)

where a is the focal length. The family of hyperboloids of two sheets

is generated by

z 2 _ %2 + y2

= a2 (2-50)
cos?g sinze

where a is the focal length. The transformation equations for

Cartesian coordinates for any spatial point are

1
x=a(m'2 - 1)? sind cosé (2-51)

1

= a(n'2 - 1)? sind cosé (2-52)

<
|
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z = an'cosf . (2-53)

Figure 2-3 shows a set of coordinate surfaces (n'.0,¢) [2.11]. It also
shows the focal length a, the asymptote of the hyperbola and the angle
6 . Figure 2-4 shows the curves generated by several sets of
coordinates. The axis of rotation is.the vertical axis.

As in oblate coordinates the surface of a spheroid is determined
by

n' = n§ = constant

and the coordinate 7' is related to the minor to major axis ratio R.
Again calling the semimajor axis A and the semiminor axis B and using

the transformation Eq.'s (2-51),(2-52) and (2-53)

A = an} (2-54)
0=0
B* = x2 + y2 = a2(n}?- 1) (2-55)
f=n/2
1
_B_ (g% 1? 2-56
R == g . ( )

Now we see that for large values of 7' the axis ratio approaches one
and we get a sphere. For small values of ng' the axis ratio is small
and the particle becomes needle shaped. We also refer to 1o’ as the

shape parameter for prolate spheroids.
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A set of coordinate surfaces for prolate spheroidal
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coordinates. The focal length, a, is shown along with the angle
to the asymptote, 6 , and the azimuthal angle ¢.



cos6=0.95
T=1.1 7=2.00

Figure 2-4. A cross section of the prolate spheroidal coordinate

system. The full set of coordinates is obtained by rotation
about the vertical axis.

|
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https://cos0=O.35
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Ellipsoidal Coordinates

The ellipsoidal coordinates consist of families of confocal
ellipsoids, hyperboloids of one sheet and hyperboloids of two sheets
[2.12]. In this coordinate system there is no axis of revolution.
There are three semiprincipal axes and each axis has a unique length.
The semiprincipal axes are (a,b,c) and we assume (adbd>c). The
ellipsoidal coordinates are (1,§.{). To each point in space there
corresponds a unique set of these coordinates. The surface m=constant
specifies the surface of an ellipsoid. The coordinate f=constant is a
hyperboloid of one sheet and {=constant is a hyperboloid of two sheets.

The ranges of the coordinates are
2 <n <o
-b2 < g < - ¢2 (2-57)
-a%2 < < - p?

The family of confocal ellipsoids is generated by

+ y + - l . (2-58)
a2 + n b2 + n c? + n

The families of hyperboloids of one sheet and hyperboloids of two

sheets are respectively generated by

2 2
a2 +& b2+t c2+¢

X

2 y2
+ + =1. (2-60)
a? + z b2 + z c? + z

X
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In each case a,b, and ¢ are held constant. The transformation equations

for Cartesian coordinates for any spatial point are

< = L[+ a?) (g + a®) (g + a?) * (2-61)
. (b2 - a?)(c? - a?)

s - [+ b2 + b2 (g + b2 (2-62)
| (2 - b2)(a? - b2)

LD (E A+ D) (2-63)
| (@% - c2) (b2 - &)

The scale factors or metrical coefficients are

1 L
h]_ =% (ﬂ - E) (n - C) } (2-64)

((n + a2)(n + b2)(n + c?)

r

L
hp =L [ E=mE -0 ) (2-65)

((E + a2) (£ + b2)(E + ¢?)

r

1
h3=3

lyz
((z + a2)(z + b2) (g + c2?)

If we use the abbreviation

R = [(s +aD)(s + b (s + 217 (s=n,£,0) (2-67)

then the lLaplacian of a scalar ¢ is

4

{
24 = 2 3¢
N e R I G l(g - OR) 5 (Rh an
3 3¢ 3¢ ¢
+ (g -n) Rg 3 (RE -a-g) + (n-8) RC 3z (R 3_?;) . (2-68)
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As the values of m approach infinity the ellipsoid becomes a sphere of
infinite radius. As 7 approaches -c® the ellipsoid is flattened into
an elliptical disk lying in the xy-plane. So we also use m here as the
shape parameter for ellipsoids. Any cross section of ellipsoids
appears the same as the figures for oblate and prolate spheroids.
Figure 2-5 shows the ellipsoidal coordinate surfaces for ellipsoids

(n=const.) and hyperboloids (f=const.) and ({=const.) [2.13].
E. THE DIELECTRIC RESPONSE

Using the oblate and prolate coordinate systems we can use
Laplace’s equation and the boundary conditions (2-28) and (2-29) to
obtain the allowed values for the dielectric response function e(w) at
resonance. When used with the experimentall& determined values of the
dielectric function for a material which forms a spheroid or ellipsoid

a dispersion relation for real spheroidal or ellipsoidal particles is

obtained.
Oblate Spheroidal Coordinates

For an oblate spheroid the solution to Laplace’'s equation inside
and outside the spheroid are given in Appendix A. They are

respectively

_ . . P
°, = m%p Almp Qg (1N0)B, (in) Y¢ (84) (2-69)
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g-const.
=const- :
1 y
X

Figure 2-5. A set of coordinate surfaces for ellipsoidal coordinates.

The surfaces are ellipsoids, hyperboloids of one sheet and
hyperboloids of two sheets.

\
|
|
|
z
A $=const.
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= . P
Qout - lgp Blmp le(in) le(lno) Y2m(9¢)

The Pem and Qem are associated Legendre functions with imaginary
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(2-70)

argument and the ng(9,¢) are the real spherical harmonics defined in

Appendix A. We sum over the integers £=1,2,3...; m=0,1,2...1;

p=t1.

The 2=1 terms of the Legendre functions of imaginary argument are

[2.14]
1
Py = i(1 + n?2)? (2-72)
Qo = n cot™in - 1 (2-73)
1
Q11 = (1 + n?)*(cot™In - —1—) (2-74)
1+ n?
The €=1 spherical harmonics are[2.15]
v71(0,4) = -2 coss (2-75)
1072 4m
1 3 .
Y11(6,¢) = Z;'Slne cos¢ (2-76)
-1 _ _3 ind si (2-77)
¥Y7,(8,4) = /4n sin® sin¢ .
The AEmp and BEmp are functions of time. We Fourier analyze them to

remove the time dependence and handle the Fourier components

separately. The Fourier transform is


https://are[2.15

¥w) = fm £(t)el¥Cqr (2-78)

and the inverse transform is

£(t) =-§% fm HO R T (2-79)

So we have

v N
- . . p B
I RZ Bymp Qg(n0) By (i) Y0 (89) (2-80)
mp
3 = 7 B Qulim Py (ing) ng(e¢) ) (2-81)
out gmp Lmp

The orthogonality condition for the real spherical harmonics is

27
m ) [] ] ]
f sind do J dé ng(e¢) Yg,m,(6¢) = % sm 4P (2-82)

2 m
0 0 P
where 62 is the Kronecker delta. Applying this orthogonality condition

to boundary condition (2-28) we get

A =B (2-83)
Lmp 2mp

From Appendix A

€ ¢V :=Z—_—F===_— (2-84)

where hn is a scale factor given in Appendix A. Thus boundary

condition (2-29) gives
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N . . P _ iy [} . . P
e (w) Qz AQmp le(lno)Pim(ln) Ylm'_lz BR,mp le(ln) le(lno) Ylm
(2-85)
[
where we have used L, (in)| = _8 (L, ) for any quantity L, (in).
fm - &m ém
n=To 8(in)

Orthogonality of the real spherical harmonics yields the dispersion
relation for oblate spheroids.

. [ .
sz(lno) le(lﬂ)

m sz(lno) sz(in) h=no

e(w) = ¢ (2-86)

Figure 2-6 shows the dielectric response function as a function of the

shape parameter for the oblate spheroidal geometry. The &=1 terms of

the dielectric response function are

€10 = 1+ 1 (2-87)

-1
(1 + noz)(nocot ng - L

€11 =1 - 2 . (2-88)

-1
(1 + ng2) (ngcot™ ng - np?)

For large mo this dielectric function becomes the value for spheres.

(w) -> - (2-89)




Dielectric Function

Figure

—4.0p (1=1, m=1) .

-6.0L Oblate Spheroids -

_8.0 " | |
0.0 1.0 2.0 3.0

Shape Parameter

2-6. The dieleltric function for the two dipole modes of
surface plasmon oscillations on oblate spheroids as a function
of shape parameter. Large values of the shape parameter

correspond to spherical particles, and small values correspond
to disk-shaped particles.



40

Prolate Spheroidal Coordinates

For a prolate spheroid the solution to Laplace’s equation inside

and outside the spheroid are given in Appendix A. They are

Y]
—_ 1] ] ' p _
n = ) Agmp Qo) P (n") Yo (64) (2-90)
Lmp
f\,' . . p .
fout gép Bymp Qun™") Ppp(ng) Y, (09) . (2-91)

Here Pem and Qem are the associated Legendre functions of real argument
and ng are the real spherical harmonics. The #=1 terms of the

Legendre functions of real argument are [2.16]

Pig = n' (2-92)
5
P11 = (n'2-1)7% . (2-93)
_n' n' +1, 94
Qio = =5 ln(n. - -1 (2-94)
1 L ]
Q11 = (n'2 - 1)4-% L x i) +— : (2-95)

l_nv2
Applying the boundary conditions (2-28) and (2-29) we get the
dispersion relation for prolate spheroids.

P, a(ne) @ (ng)
QM) Py (nd)

e(w) = elm(w) = (2-96)

Figure 2-7 shows the dielectric response function as a function of

shape parameter for the prolate spheroidal geometry. The £=1 terms of

the dielectric response function are




Dielectric Function

-6.0L Prolate Spheroids A

| |
1.0 2.0 3.0 4.0
Shape Parameter

Figure 2-7. The dielectric function for the two dipole modes of
surface plasmon oscillations on prolate spheroids as a function
of shape parameter. Large values of the shape parameter

correspond to spherical particles, and small values correspond
to needle-shaped particles.
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(2-97)

1+

€10 (w)

1
1{
_qt2y N0, b+ 1 12 _
(1 -ny%) 5 9,n(n(.J — t o 1

2

(2-98)
(1 - ny2) 2 ln(%g-t—i) + 12

1 -

€11(w)

As in the oblate case for large mg’' the dielectric function becomes the

value for spheres.

_ L ; 1) (2-99)

e (w)

m

8¢

'
Mo

We can also easily treat the case of a spheroid in a uniform
field. By using the boundary conditions (2-28) and (2-29) the
potentials for a prolate spheroid in a uniform time varying field (in

the dipole approximation) can be written

- W
L 4E A P 2-100
%a= 12 3T E 3 () Y (69) (2-100)
mp lm n'=n5
A P! (n')[t-1]
3 ; 4 = lm
mp m n'=n5
- le(n')]YEm(e«b) R (2-101)
where
W, (ng) =P, _(ng) Q] m(n')l - Q ,(mg) By _(n") (2-102)
n'=n n'=ng
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is the Wronskian for the Legendre functions and Zlm(n’) is defined by

2y p(n") =e(@py (") Q n(Me) =By (o) Q7 _(ng)

|

= L .
n'=ng n'=n
(2-103)

The surface charge density is found from the discontinuity in the

normal component of the electric field vector

= 410 (2-104)

> > ~
(Eout - E) * enl]

| J——
n "'no

N

vwhere en,is the unit surface normal vector. This gives

e, » (Vd, - Vo

n in out)‘ (2-105)

1

o= L
L

g n'=n,

Since we are considering an idealized surface charge density the volume

charge density and the surface charge density are related by [2.17]

o = 2_§££%f;JMLL (2-106)
n
or
' o JaTm m1 N ' tyoD
g _ s(n' -nyp) =3 (-1 (l+m)!E1.mpP1_m(n )Yl_m(9¢)
4r1a(n’? - cos?20) mp e(w)Pi m(n')Ql_m(nB) -P, m(né)Qi m(ﬂ') n'=n}
(2-107)

where we have used the expression for the Wronskian in reference
[2.18]. From the dipole volume charge density we can find the
components of the induced dipole moment by integrating over the volume

of the spheroid [2.19].
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;X - f b, dn J hy d8 ] h, dépx , (2-108)

with similar expressions for y and z. The dipole moment components are

3 (% - D%y () E
-2 - 1](ny2 - 1 "y E
v a [f 1(ng 11 n' x 0 (2-109)
Px T 3PN () - Pri)ei ()] X X
n'=ng
N
o -2a3[e - 112 - D%y (n") E .
p_ = ; ; N = aE (2-110)
y  3e(@Pi1(n")Q11(ng) - Pri(npQii(n)] A
n =n0
5 sl - 124,00 E_ . (2-111)
Pe T 3 @IP], (A0 () - Fro(y)A (T T %te  F
n =n0

Resonances in the spheroid correspond to a maximum in the dipole moment
as a function of frequency. At the resonant frequency Re e(m):eem(w).
We can obtain eem(no’) by setting the denominator of the dipole moment
equal to zero. The dipole moment, however remains finite due to the

imaginary part of e(w).
Ellipsoidal Coordinates

For an ellipsoid the solutions to Laplace’s equation are the
ellipsoidal harmonics and are rather complicated. However following

Stratton [2.20] we may construct a few elementary solutions that will
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be sufficient for calculating the absorbance of light by ellipsoids in
the dipole approximation.

In ellipsoidal coordinates Laplace’s equation is

3 30 3 3d
(g - C)Rn 3 (Rn an) + (¢ - n)Rg 3 (RE ag)
3 3, _ _
+ (n - &) RC 3% (RC ac) 0, (2-112)

where RS has been defined in Eq. (2-67). We assume the ellipsoid
surface is defined by 1=ne and therefore the principal axes have
lengths (a®+ny), (b%+1,) and (c?+1mo) from Eq. (2-58).

Now we consider an ellipsoid in a uniform time varying field E0
which is directed arbitrarily with respect to the reference system and
has known components on ’Eoy 'Eoz along the ellipsoid axes. We assume
the ellipsoid has a dielectric function e(w) and that it is immersed in
a vacuum. If we first examine the on component, the Fourier frequency

component of the potential outside the ellipsoid will be

V] "]

N
= )
<I>out % + 1 out

(2-113)

where ¢o is the potential of the applied field in the dipole

approximation,
1
n " N 2 2 2yY% A
&g = -E__x = -E f(ﬂ +a’)(E + a”) (5 + a’) = C1F1(n)Fr(&)F3(n) ,

oXx oxl (b2 _ az)(cz - a2)

(2-114)
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~

and ¢lout

is the potential due to the ellipsoid. When the boundary

conditions are satisfied, the induced potential, ¢ , will vary

lout

functionally over the surface n=constant in exactly the same manner as

¢0. It will, however, be regular at infinity. We presume, then, that

Caks

is a function of the form
lout

Y

N AN EAGENT (2-115)

where F2()=(£+a?)” and Fo({)=(C+a®)".

If we substitute Eq. (2-114) into Laplace’'s equation, the result
is an o;dinary second-order differential equation which has two
solutions. We already know Fi(n)=(n+a2)% is a solution. To find G,(7n)

we use [2.21]

- fp(x1)dxy
e

Iy, 012

y2(x) = y1(x) dx , (2-116)

where y,(x)=F,(n) and P(x;)=_1_ =d (#nR). This yields the induced

R d
S
potential
4"
C
N a 2
@ =% r—ﬂ‘—— (2-117)
° - Cp ‘ng(n + az)Rn

and so the potential outside the ellipsoid is

ds

'g = F1(n)F2(€)F3(C) [E]_ + '(\:}2 r ?_S—+_a2)—;— (2-118)
no ]

out



where F;(n).F2(§).F3({), and C; are determined from ¢°. The s is a

dummy integration variable. Similarly inside the ellipsoid

v

8, = GFI(ME()F3(D) . (2-119)

The constants C, and C; are determined by the boundary conditions
(2-28) and (2-29). And so since ¢0=—onx the potential inside the

ellipsoid due to the x—-component of the field is

¥
v “Fox™
in = R (2-120)
1+ =2 [e(w) - 114
with
Ay = [ _ds
ng (s + az)RS
and the field inside is
n
E
v _ oXx
Ex. = R . (2-121)
in

1+42l [e - 1]A

We obtain the other field components and the resultant potentials by
simply replacing the parameter a® by b? or c? in the (s+a2) term of A,
and E_by E or E .

ox oy oz

Outside the ellipsoid the potential due to the x-component of the

field is obtained from Eq. (2-118).
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R n

1Py [
" No (s + aZ)RS
= &g

&

, (2-122)
out

R 00
1+4§1[€_1]f — 94
Jno (s + a2)RS

with corresponding potentials for the y and z components. To obtain
the dispersion relation for ellipsoids we set C, equal to zero in Eq.

(2-118) and apply the boundary conditions (2-28) and (2-29).

v N
o, = ¢ (2-28)
in out
n=ng n=ng
~ n, 4"
e(w)e - V@i = en . V@out . (2-29)
n n=ng n=ng

These respectively yield the equations

n n,
C3 = C2A1 (2—123)
and
() ¢ ¢
e1(w)C3 28 1 -C2
T = — + (ng + a2)? |————|. (2-124)
2(ng + a2)?  2(ng + a2)? (ng + a )Rn0

Solving for e,(w) the dispersion relation is

2

R A
no 1

€1(w) =1 -

(2-125)

This yields the allowed values of resonance for charge-density
oscillations along the a-axis of the ellipsoid (parallel to the

x-axis). To obtain the b-axis or the c-axis resonance we simply



replace A; by A, or A; respectively where

Ay = —ds R (2-126)
‘ng (s + bz)RS

Ag = r —d (2-127)
ng (s + cz)RS

Figure 2-8 shows the dielectric response as a function of shape for the

three resonant modes in ellipsoidal geometry;

F. THE SPHEROIDAL AND SPHERICAL LIMITS

Oblate and prolate coordinates are special cases of ellipsoidal
coordinates. If two of the ellipsoidal axes are equal in length then
the integral in the dispersion relation may be evaluated analytically
and the dispersion relation reduces to the values for oblate and

prolate spheroids.

If a=b>c then the ellipsoid is an oblate spheroid and

ds

1
(ng + a?)(ng + c2)? L
ng (s + a%)2(s + c2)

e1(w) = eo(w) =1 - Tm

(2-128)

Calling the integral I, integration by parts gives

i
(s + c2)™®

+ 1 jw ds .
e (a2 - ¢2)(s + a?) 2(a? - c2) ‘np (s + a?)(s + cz)a
" (2-129)
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Dielectric Function

0.0 0.2 0.4 0.8 0.8 1.0
Ratio c/a

Figure 2-8. Dielectric response as a function of axis ratio c/a for
values of the ratio b/a for resonant charge-density-oscillation
modes in silver ellipsoids. Mode 1 is oscillations along the a
axis shown in the dotted area, mode 2 is oscillations along the
b-axis shown in the unshaded area, and mode 3 is oscillations
along the c axis shown in the hatched area.



Evaluating the integral in the second term [2.22] and using the

identity cot™'x=n/2-tan”'x

% 2
I “(no * D T - cot'l[no — ”
= 1 —_—
(a2 - c2)(a% + ng)  2(a? - ¢2) l(a2 - ¢2) a2 - ¢?/
(2-130)

2 2 2 2 2 %
If we note that a®-c“=mg+a“~(ne+c”) and let (mo+a®) =ro(1+mg)” and
1
(no+cz)A=ron where n is the shape parameter and ro is the semimajor

axis for oblate spheroids then

1 d
(ng + a2)(ng + c2) 2 Jw = »
ng (s + a?)(s + ¢2)
becomes
2 -1 2
n(l + n%) cot n - n< ,
and
2
€90 = € = g11] = 1 - . (2-88)

-1
n(l + n?) cot 'n - n?

This is the same result obtained in the oblate calculation for the

(2=1,m=1) mode . For esz(w) we have

e3(w) = 1 - L (2-131)
ds
(ng + a2)(ng + c?)
0 ? ng (s + c2)3/2

(s + a2)



Again calling the integral I, integration by parts gives

-2
(s + c2)5(s + a?)

I =

> 00 d
-2 J = . (2-132)
: ng (s + c?)%(s + a?)?2

no
The second term is the same integral evaluated previously, so carrying

out the integration and substituting the spheroidal parameters gives

1 _ -
(ng +a2) (ng +¢2)? r 3‘1/32 =~ 2n(1+n2) cot™Tn+2n2. (2-133)
Ing(s +c2) (s +a?)

So the result is the allowed values of the dielectric function for the

(2=1,m=0) mode in oblate coordinates;

e3(w) = eqow) = 1 + L . (2-87)

n(l + n2)cot™'n - (1 + n2)

For prolate spheroids adb=c and so

2
(ng + 82)%(no + c?) J

€p = €3 =1 - = . (2-134)

1
no(s + c2)(s + az)/i

The integral is the same form as the one in Eq. (2-129) so

1
2 /2 =] 00
(s + a2) s 1 [ ds . (2-135)

(c?2 - a2)(s + c2) - 2(c? - a?) Jno(s + ¢c2)(s + 32)6

Evaluating the integral in the second term and using a different form

of the result [2.22] we get
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_ 2
(ng + a%) 1 1

(no + a2) +(a? - ¢2?)

I = + Ln [
(c2-a?)(ng + c2)  2(c? - a?) |(a? - c2)

(2-136)

1 1 1
If we let (no+a2)A=ro and (n°+cz)6=r°(n2—1)6 with n and ro the shape

parameter and semimajor axis for prolate spheroids, then

1 Q0
(ng + a2)%(ng + <2) f ds L = n? +% (1-,2) n(: f i)
Inols + c2)(s + a?)
(2-137)
and
1-n2 +1

e2 = e3 = enqu) = 1 - BESID @t Ly 2 (2-89)
This is the (2=1,m=1) mode for prolate spheroids. For ¢,,

cr =1 - 2 (2-138)

1 Li ] ds

(ng + ¢2)(ng + a?) (s + a2) (s + cz)%
no

The integral has the same form as in Eq. (2-132). Evaluating the

integral and substituting the prolate parameters gives

1
n2 -1 +%n(l - n2)en(

€1 = e19w) =1 + (2-97)

n+1
n-1

)

The result is the (€=1,m=0) mode for prolate spheroids.

(ng + a2) - (a2 - ¢2)

)|
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For 7o large compared with a®,b?, or c?Z, Rﬂ approaches no/2 so
Q

that

ds
not | S
2
no ng SS/

and performing the integration

T A

-3/2
no no

w|ro

’

so the dielectric function is

1

€1 y 1 -
> o
no ng 05 ng

3/2,2 -3/2

(2-139)

(2-140)

(2-141)

Thus for large values of mg the dielectric function becomes the value

for spheres.

G. DIPOLE MOMENTS AND THE POLARIZABILITY

In order to calculate the optical absorbance for spheroidal and

ellipsoidal particles we require the total electromagnetic cross

section. The cross section is obtained by using the dipole moment or

equivalently the polarizability.

We have calculated the dipole moment

for a prolate spheroid in vacuum in Eq.’'s (2-109)-(2-111) and the

dipole moment for an oblate spheroid has been previously calculated

[2-23].



For any dielectric we recall

D=E, + 4P, (2-142)
in

in Gaussian units, where D is the displacement vector and B is the
polarization vector. Since the dielectric is linear and isotropic we

write

z_le-11% 2-143
P i Ein . ( )

Using gin from Eq. (2-121) the x-component of the polarization vector

for an ellipsoid is

[e - 1]Eox
P = (2-144)

X Rh
4m(l + —ZQ [e - 1]14})

The polarization vector is the dipole moment per unit volume. Using

the volume of an ellipsoid, the x-component of the dipole moment is

_ _2abcfe(w) - 1}/3 2-145
Py T2 % RndAl[e(m) - 1] Eox ( ‘

Writing the dipole moment in terms of the allowed values of the
dielectric function we get
_ abcle(w) - 1]/3 E (2-146)

1 e(w) - 1 ox °
- sl(w) -1




Si = o E then
ince p_ Eox

_ abcfe(w) - 1]/3 -
a = ) e - 1 ° (2-147)

Teq(w) -1

We obtain ay or o by replacing e,(w) with e;(w) or e3(w) respectively.

As in spheroidal calculations there is a maximum in the dipole moment

when Re e(m):ei(w) with i=1,2 or 3.
H. CROSS SECTIONS

From the expression for the induced dipole moments the scattered
fields in the far (radiation) zone may be calculated using [2.24]

ik
w2et T

> > ~
1 =%"% 14 . 2-148
Ea o [(d x p) x n] (2-148)

A

n is a unit vector in the observation direction, r is the distance from
the scatterer and 3 is the dipole moment of the scatterer.

The total or extinction cross section is defined as the ratio of
the total power taken from the incident wave to incident power per unit
area. It may be obtained using the optical theorem [2.25]. The total
cross section is the sum of the scattering and absorption cross
sections.

If we consider a scatterer with an incident plane monocromatic
wave then the scattered fields propagate outward and are observed at
some distant point. The total fields at all points in space are the sum

of the incident fields and the scattered fields. So
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E=E. +E B=B, +B |, (2-149)
i s i ]

where Ei and Bi are the incident fields and Es and Bs are the scattered
fields. We assume the scatterers are dissapative and will absorb energy
from the incident wave. The absorbed power can be calculated by
integrating the inward-going component of the Poynting vector of the

total fields over a sphere that encloses the scatterer;

P = - -E- § RQ(E X g*) . ﬁda . (2—150)
abs T
sphere

A

Here n is the outwardly directed normal to the sphere of integration

and thus the minus sign is required. If we use Eqs. (2-149), then the

power absorbed is

> > ~

P =-—C—j( Re[E, x B* + E_ x B* + E, x B* + E_ x B*] - nda.

abs T i s i i s s s
sphere

(2-151)

The scattered power can be evaluated as an integral over a sphere of

the outwardly directed component of the scattered Poynting vector;

Re[iz’s x 1'3’;] . hda . (2-152)

scatt 8w sphere

So the total power taken from the incident beam by the scatterer is the

sum of the absorbed and scattered power,



tot 1 s

P =- —S-§ Re [E. x ﬁ; +E, x §: +E x ﬁi] . nda . (2-153)
i sphere

The first term is the time-averaged Poynting vector of the incident

wave and is zero. So

= - _S.J E. x B*x + B x B*] - nd 2-154
L B Re[E, x BX + E_ x Bi] nda . ( )
sphere

Now the incident power per unit area is [2.25]

P,
inc

-] 2 -
area 87 IEOI i (2-135)

so the total cross section is

_ ¢ Z Bx + B Bx1 . &
) o 4 . eRe[E, X Bs + ES X Bi] nda
“tot = Spher X (2-156)
c 2
3= |Eol

In the far zone the electromagnetic wave is transverse and the vacuum

electric and magnetic fields are related by
E=nxE. (2-157)

Using this relationship we write the total cross section as

> ~ 2> ~ ~
* * .
RefE. x (n x ES) + ES X (ni X Ei)] nda

- _ §sphere

= , (2-158)
tot

2
|Eq |



where n, is a unit vector in the direction of propagation of the

A A
incident wave. The two unit vectors, n and n, , may be written in

terms of Cartesian coordinates;

A

= sinf cos¢ i + sind sing ] - cosd k (2-159)

=33

j= Y

i sind® cosd i + sinod sind f - cos@ k . (2-160)

Here we assume that the point of observation is on the minus z side of
the x-y plane and that the angles and are measured with respect to
the positive z-axis as illustrated in figure 2-9.

We will consider incident light that is polarized either in the
plane of incidence (p-polarization) or perpendicular to the plane of
incidence (s-polarization). The plane of incidence is defined by the
propagation vector of the incident light (;i) and the normal vector to

the sample surface (the z-axis). The incident electric fields are

> >
Ei = Eoelk.r(—sin¢ i+ cos® i) , (2-161)
s-pol
> >
Eil = Eoelk.r(cose(cos® i+ sind j) + sin® E) . (2-162)

p-pol

The induced dipole moment is S;& E and thus takes the form of the
incident electric field except that it is calculated in the vicinity of
ik,

the source and therefore the term e 1. With these expressions we

can evaluate the cross sections from Eq. (2-158).

For oblate and prolate spheroids we have symmetry about the z-axis

so that calculations should be independent of the azimuthal angle ¢



Figure 2-9. The angles © and & that the incident propagation vector n,
makes with respect to the z- and x—-axes.
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A
associated with the incident wave. Therefore n, and the expressions

for the incident electric fields reduce to

ﬁi = sin0 j - cos® k , (2-163)
N 2.7 . (2-164)
E, = Ege i,

i

s-pol .

> ikeT
E, = Ege"" "(cos® j + sind® k) . (2-165)

l p-pol

Evaluation of the oblate cross sections have been carried out

previously [2.26] and the results are

. L (2-166)
tot [o] X
s-pol
o - Amw (Im o cos20 + Im o sin20) . (2-167)
tot X z
p-pol

The prolate cross sections have an identical form and will differ only
in the expressions of the polarizabilities.

For ellipsoids there is no azimuthal symmetry and so we use
Eqs. (2-159),(2-160),(2-161), and (2—162).. For s-polarization we use

Eq. (2-161) and the dipole moment is
P = Eg(-a_ sint i + a cosd i . (2-168)

Figure 2-10 shows the relationship between the incident electric vector
and the coordinate system for s-polarization. Carrying out this

calculation we find



plane of
incidence

|
|

-

Figure 2-10. The relationship between the incident electric vector and
the coordinate axes for s-polarization. The angles of incidence
© and ¢ are shown along with the plane of incidence and the
propagation vector.



= —— [Im a sin?¢ + Im ay cos2%] . (2-169)

For p-polarization we use Eq. (2-162) and the dipole moment is

P = Eo(ax cos0O cos?d { + ay cos® sind j + a, sin® ﬁ) . (2-170)

Figure 2-11 shows the relationship between the incident electric field

and the coordinate system for p-polarization. Evaluating Eq. (2-158)

we find

I m

= — 2 '2@ 2
ot [(Im a_ cos d + Im ay sin“®)cos<0

p-pol
+Ima, sinZ0] . ) (2-171)

The details of the evaluation of the cross section for each
polarization is straightforward but long. The major steps in
evaluating the cross sections are included in Appendix B.

It is important to distinguish between the part of the total cross
section due to scattering and the part due to absorption. We define

the scattering cross section as the ratio of the scattered power to the

incident power per unit area [2.27].

c > > ~
—— * L]
8 § Re[Esca x Bsca] nda
- sphere
sca c

8

5 (2-172)
Re ,Eol



plane of
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Figure 2-11. The relationship between the incident electric vector and
the coordinate axes for p-polarization. The angles of incidence
© and ¢ are shown along with the plane of incidence and the
propagation vector.



Carrying out this calculation we find that for spheroids [2.28]

4 2
9 ca = Smu lo_| (2-173)
s-pol  3c*
and
81m)L* 2 2 2 2
Occa = [la | cos20 + |azl sin<0] . (2-174)
p-pol 3¢t y -
For ellipsoids we find
8‘"'(1),4 2 2 2 2
Oca = [la_ ] sin20+ |a |” cos?0] (2-175)
s-pol  3c* X y
and
4 2 2 2
g = 8y [C(Ja_|" cos?® + la_|” sin2¢)cos?0 + la_|” sin20]
sca u X y z
p-pol 3c

(2-176)

The absorption cross section may be found by subtracting the scattering
cross section from the total cross section for each polarization.

A maximum in the cross sction occurs when there is a minimum in
the denominator of the polarizability expressions (see Eq. 2-147).
Therefore a peak in the cross section will occur where Re e(w):ei(w).
The polarizability remains finite, however, due to the imaginary part
of the dielectric function e€(w). The dielectric function is obtained

from the bulk optical data [2.29] for the material from which the
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spheroid or ellipsoid is formed. Figures 2-12 and 2-13 are plots of
oblate and prolate mode energies for the resonant dipole modes of
silver spheroids. Figure 2-14 is a plot of the mode energies for the
resonant dipole modes of ellipsoidal silver particles.

Each component of the polarizability is associated with a
different resonant mode for an ellipsoid. For spheroids, by symmetry,
ax=ay and so we only have a single resonance mode for the x and y
directions. For each polarizability component in the cross section
expressions, we should expect a corresponding maximum in the cross
section. By examining the expression for the polarizabilities in each
case, we see that the total cross sections are proportional to VA™?!
while the scattering cross sections are proportional to V2A™*. This
implies a much stronger dependence on wavelength and particle size for
the scattering cross section. However comparing calculations of the
total and scattering cross section we have found that the ratio of the
scattering cross section to the total cross section is constant if fhe
particle volume is held constant and the shape is changed. The change
in shape changes the wavelength of the peak resonance and also the
magnitude of the dielectric function terms so that the cross section
ratio remains constant. On the other hand, if the volume is allowed to
change then the ratio of scattering to total cross section changes in
proportion to the volume. Figure 2-15 shows the scattering to total
cross section ratio as a function of wavelength for different shapes of

ellipsoids. The ellipsoid volume is not held constant.
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Figure 2-13. The calculated mode energies for the two dipole modes for
prolate silver spheroids as a function of shape parameter.
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ellipsoids. The volume equation is shown and the volume is not
held constant for changes in shape
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I. THE OPTICAL ABSORBANCE

The optical absorbance is defined as

I
A= 1og10[1—°) , (2-177)
t

where I0 is the incident intensity and It is the transmitted intensity.
Light incident on silver particles is transmitted scattered or absorbed

by stimulating surface plasmons. So

I =I_+I +1_, (2-178)

where IS ,I_ , and Ia are the scattered, transmitted, and absorbed

t

intensities respectively. By rearranging we get

Io 1
o _ . (2-179)
It 1 - (IS/Io - Ia/IO)
The scattering and absorption cross sections are related to the
respective intensities by
I
= - Ng (2-180)
I sca
o
and
Ia
_a_ . 2-181
T No . o ( )

Here N is the number of particles per unit area. Since the total cross

section is the sum of the scattering and the absorption sections

I 1
_o _ — (2-182)
T T N0t
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CHAPTER III

EXPERIMENT
A. INTRODUCTION

We describe a simple technique for producing arrays of small
silver particles approximately ellipsoidal in shape. The ellipsoids
were produced in a well-defined orientation so that each sample
contained ellipsoids with parallel principal axes. Samples of this
type were made by producing a patterned substrate and depositing silver
onto the substrate. We have qualitatively characterized the resulting
particles as to size, shape and interparticle spacing by scanning

electron microscopy.
B. SAMPLE PREPARATION

Silver ellipsoidal particles were formed by using microlithography
to produce a large patterned area on a quartz substrate. We then
deposited silver on the substrate to form silver ellipsoids. Figure
3-1 shows a general schematic for the production of silver ellipsoids.

Quartz microscope slides [3.1] were scribed and sectioned into 1 X
1 inch squares. ' The slides were thoroughly cleaned and placed in an
electron beam evaporation system which was evacuated to 3 X 10~7 Torr.
SiO, was evaporated on the slides at a rate of 0.5 nm/sec to a
thickness of 500 nm. The thickness and rate was measured by using a

quartz crystal thickness monitor.



Sample Preparation

IR LLCH A
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. ' above
Deposit Si0, on Coat with .272um

Si0, Substrate

Ag l

Diameter Spheres

—
Deposit Silver at Remove Spheres
Normal Incidence
Ions l
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q
Etch With Deposit Silver
Reactive Ions at an Angle

Figure 3-1. A general schematic for the production of silver

ellipsoids. The patterned substrate allows the formation of
ellipsoids with parallel principal axes.
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The adhesion of the evaporated SiO, to the quartz slide was found
to be sensitive to the cleanliness of the substrate and the pressure of
the evaporation system. The slides were cleaned with a detergent [3.2]
and rinsed in distilled water for 5 min. They were then placed in an
ultrasonic cleaner in an acetone bath for 5 min and then in the
ultrasonic cleaner in a methanol bath for 5 min. The slides were
flooded with methanol directly from the original container and blown
dry with nitrogen. They were placed immediately in the electron beam
evaporator and it was evacuated. Quartz evaporated onto substrates
that were not clean or evaporated at pressures higher than about
6 X 10”® Torr would separate from the substrate and flake off. The
vacuum system for the e-beam evaporator is an oil free cryopumped
system [3.3]. Quartz depositions made in this system were much more
successful because of the lack of o0il contamination and the high
pumping speed of the cryopump.

Quartz was deposited onto the slides to provide a medium in which
to reactive-ion etch the patterned structures. Because of its crystal
structure, the deposited quartz layer etches under reactive-ion etching
approximately ten times faster than the fused quartz of the original
slide. However, it has almost identical optical properties for light
in the 300-800 nm wavelength range.

These coated slides were then covered by a densely packed
monolayer of 272 nm diameter polystyrene spheres [3.4]. This was

accomplished by spin coating the slides with a mixture of the
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polystyrene spheres and distilled,deionized water. The standard
mixture from the manufacturer was diluted from 10% solids to 3.3%
solids. The slides were flooded with the mixture using a microliter
pipette and spun at 1000 rpm in a standard spin coater until dry
(approximately 40 sec). Figures 3-2 and 3-3 are electron micrographs
of a monolayer of spheres. The spheres are ordered in close packed
arrays ranging from a few spheres to several thousand. The arrays are
separated by grain boundaries and include point defects and
dislocations.

The slides were returned to the electron beam evaporator and
coated with a layer of silver 40 nm thick and at a rate of 5 nm/sec.
The densely packed arrays of spheres act as a deposition mask for the
silver coating [3.5] so that the quartz substrate is coated with silver
only at openings between spheres.

The spheres were removed from the substrate by ultrasonic cleaning
in methylene chloride. This leaves small triangular patches of silver
from the sphere openings in ordered arrays on the quartz. The residual
methylene chloride was removed by ultrasonic cleaning in methanol. The
silver patches were used as an etch mask in anisotropic reactive-ion
etching to produce quartz posts on the substrate. Figure 3-4 shows the
deposited silver particles on a quartz substrate.

The etching system is a standard 13.5 MHz rf sputter—etch system
[3.6] with planar parallel cathodes that may be dc biased to drive ions

toward either cathode. The bias voltage may be varied from zero up to
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25KV 1.72K¥ 5.81F 1816

Figure 3-2. A monolayer of 272-nm-diameter polystyrene spheres on a
substrate. The substrate was flooded with a 3.3% solids mixture
of spheres and water and spun at 1000 rpm until dry. A grain

boundary and dislocations are visible. The bar indicates a
length of 5.18 um.
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A monolayer of 272-nm-diameter polystyrene spheres on a

Figure 3-3.

substrate. The substrate was flooded with a 3.3% solids mixture
of spheres and water and spun at 1000 rpm until dry. A grain
boundary and dislocations are visible. The bar indicates a
length of 296 nm. 5

8
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Figure 3-4. A silver-particle array fabricated by depositing silver
over a densely packed array of 272-nm-diameter spheres. The
spheres were dissolved by ultrasonic cleaning in methylene
chloride. The bar indicates a length of 299 nm.
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700 volts. The etch system is evacuated by an o0il based diffusion pump
with an LN, trap and backed by a direct drive mechanical roughing pump.
Base pressures of 10”° Torr are obtainable with this system.

In this case the etching system was biased to drive reactive ions
toward the bottom cathode where the sample was placed. The sample was
thus subjected to anisotropic etching along the sample normal. By
etching with CHF; and using the ordered arrays of silver particles to
mask the substrate directly under each particle, ordered arrays of
posts were produced.

The etch procedure is initiated by roughing the system to 35um and
back-filling with CHF; several times. The system is then pumped to
1 X 10°° Torr. Using a needle valve the pressure is raised to 2um with
CHF; and the etch is begun. We have emperically determined that
etching with an input power of 50 W and a bias voltage of 300 V for
30-32 min produces posts that are approximately 200 nm tall and
somewhat less than 70 nm in diameter. We found that the etch rate
slowed by a factor of two to three if the diffusion pump was throttled
to achieve the etch pressure. The fastest rate consistently occured if
the pump was left open and the 2um etch pressure was reached by
admitting CHF; to the system.

Placing the quartz substrate at a 50° angle with respect to the
bottom cathode produces posts that lean at about a 40° angle with
respect to the substrate normal. This technique produces a large

patterned array of oriented posts. Figure 3-5 is an electron
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Figure 3-5. 8SiO, posts fabricated by reactive-ion etching in CHF,.
The posts have short range order and lean at ~40° with respect
to the substrate normal. Silver is deposited at near normal to
the post axes (e.g., from the left here) to produce silver
ellipsoids. This view is at 50° with respect to the substrate
normal. The bar indicates a length of 299 nm.
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micrograph of a set of etched posts. Silver deposited obliquely
produces elongated particles with parallel principal axes.

Silver ellipsoids were formed on the sides of the posts by using
an evaporation direction in the plane containing the sample normal and
the post axes. The angle was chosen so that'silver would be deposited
at near normal incidence to the side of the posts. The use of these
inclined posts resulted in more uniformly shaped particles than samples
that were etched normally. The shadowing of the posts by one another
helped to prevent silver from being deposited on areas of the substrate
between posts. The angle of the substrate could be varied to produce
particles with different axis ratios. Figure 3-6 shows silver
deposited on a set of posts at 35° with respect to the sample normal.
The silver thickness was measured with the crystal thickness monitor
oriented so silver was deposited along the crystal normal. The post
sides were nearly parallel to the crystal surface so that about the
same depth of silver was deposited on the post sides as was indicated
by the thickness monitor. The direction of deposition is from the left
in this micrograph and the view is at 50° with respect to the sample
normal. The post structures are very durable. They can be chemically

cleaned and reused for subsequent silver depositions without damage to

the posts.
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Silver deposited on a set of posts at 35° with respect to

Figure 3-6.

This view is at 50° with respect to the

The bar indicates a length of 292 nm.

the sample normal.

sample normal.




C. APPARATUS

The absorbance data were taken with a Shimadzu UV-250 recording
spectrophotometer [3.7]. The UV-250 is a double monochromator with a
concave holographic and a planar holographic grating. It has a halogen
and a deuterium light source and is capable of measuring both
absorbance and transmittance over a wavelength range of 190 to 900 nm.
Figure 3-7 is a schematic of the components of the spectrophotometer.
The UV-250 sample chamber contains a sample and a reference cell. The
incoming light is chopped, alternately passing through each cell. The
chopping frequency is 60 Hz. The light from each cell is detected by a
single photomultiplier tube. The reference signal is used as part of a
feedback loop to control the detector gain so that the reference signal
is maintained at a constant level. Thus the sample signal is
proportional to the sample transmittance. The signal is read through
an analogue to digital converter by a microprocessor which makes a
baseline correction, performs a smoothing computation and makes a
logarithmic conversion. The spectrum curves can be output in graphic
form or the data printed out. The UV-250 also has an IEEE interface
which allows direct communication with a PDP 11/02 microcomputer. The
11702 can control the UV-250 to collect data and transfer the data
directly to a floppy disk for analysis.

For all the data taken, a set of quartz posts without any
deposited silver was used in the reference cell. So the measured

absorbance is proportional to the ratio of the intensity of the light
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Figure 3-7. A schematic of the components of the spectrophotometer.
The sample chamber contains a sample and a reference cell and
the light from each cell is detected by a single
photomultiplier.
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passing through the posts with no silver to the intensity of the light
passing through the sample. Since there is a reflectivity difference
vbetween a quartz-air interface and a quartz-silver interface, simply
using a set of posts with no silver may not be an adequate reference.
Absorbance from posts without silver was measured and found to
contribute no structure to the absorbance curves. Because the
reflection and absorption due to quartz posts is relatively small and
without structure, the calculated and experimental absorbance would be
expected to differ only slightly in height but would have identical
structure. Therefore a set of quartz posts without silver is an
adequate reference.

Angular dependence of the absorbance is a primary goal of this
experiment. In order to vary the angle of incidence of the light,
sample mounts were constructed to rotate both sample and reference
slides. The final design utilizes Newport Corporation’s mini series
rotary stages [3.8] and an aluminum slide holder mounted on the rotary
stage. The stages allow the angle of incidence to be set to within +1
degree.

Because the light beam is focused from the last mirror to a point
in the sample chamber, there is an angular spread in the incident
light. This total spread is less than five degrees and since we are

interested in a more general angular dependence this effect may be

neglected.



To measure absorbance as a function of the polarization of

incident light, two Polaroid UV polarizers were mounted in front of the
sample and reference cells of the sample chamber. This allows light to
be polarized along principal axes of the particles. We use the
standard convention for labeling polarization states. P-polarized
light is polarized in the plane defined by the incident wave vector and
the substrate normal. S-polarized light is polarized perpendicular to

this plane.
D. DATA-TAKING PROCEDURE

Samples were prepared for data acquisition cleaning and depositing
fresh silver. The first step in sample preparation was to dip a set of
posts in dilute nitric acid (10X by volume) for about 15 sec. This
would remove any silver left over from the etch mask for a new sample
or remove any deposite dsilver particles if the sample had been
previously used. The posts were then cleaned in an ultrasonic cleaner
with an acetone bath for 5 min and a methanol bath for 5 min. The
posts were flooded with methanol from the original container and blown
dry with nitrogen. The cleaned sample was placed at the desired angle
of silver deposition in the e-beam evaporator and it was evacuated to
1 X 10°® Torr. The silver was deposited at 1 to 2 nm/sec up to the
desired depth. We found that slow deposition rates (<0.5 nm/sec)
produced particles that were ellipsoidal or spheroidal in nature but

closer to a spherical shape than those produced by depositing silver
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more rapidly. We believe that this is due to the small contact area
between the post and the deposited silver. At slower evaporation rates
the silver has more time for its surface tension to form a more
spherical shape.

Once the silver deposition was complete the optical measurements
were begun within a few minutes and all measurements were completed
usually within an hour. This short period of time helped to minimize
the effects due to contamination by air.

To take data a baseline was run on the UV-250 with the polarizers
in place just prior to each measurement. The UV-250 automatically
makes a baseline correction before it displays the absorbance data.
Each change in polarization requires a new baseline to be established
before measurements can be made. The data were transferred to a PDP
11702 via an IEEE interface and a program written by R.J. Warmack. The
data could then be stored on a floppy disk and displayed directly using

a graphics terminal and a PDP 11/23.
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CHAPTER IV

EXPERIMENTAL RESULTS AND COMPARISON WITH THEORY
A. INTRODUCTION

In Chapter II it was shown that the optical absorbance is related
to the total electrodynamic cross section. This cross section is a
function of the incident angle, wavelength, and polarization of the
incoming light. For silver ellipsoidal and spheroidal particles the
dependence of the cross section on these parameters is determined by
the shape and the bulk optical properties of silver. Figure 4-1 shows
the experimental parameters. The angles are measured relative to the
Cartesian coordinate axes shown in the same manner as in spherical
coordinates. The experimental results are displayed as graphs of
absorbance as a function of the wavelength of the incident light and

compared with theoretical calculations of absorbance.
B. RESULTS AND COMPARISONS

The data shown in all figures was taken using a sample with
leaning posts and with 15 nm of evaporated silver at 35° with respect
to the sample normal. Study of scanning electron micrographs revealed
that these silver deposition parameters produced particles with an
average a— and b- seqiprincipal axis lengths of about 60 nm and 35 nm
respectively. The c-semiaxis is approximately parallel to the

direction of evaporation. This makes the dimension of the particle
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>

Figure 4-1. Experimental parameters. The angles © and ® are measured
relative to the z— and x~axes and x is along the post axis.
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along the c-axis approximately equal to the silver thickness.
Therefore, the c-semiaxis length is roughly half the evaporation depth.

Figure 4-2 is the optical absorbance for p-polarized light as a
function of the wavelength at &=0°, ©6=0° (i.e. polarized along the
a—axis). The measured absorbance is the dotted line and the calculated
absorbance is the solid line. There is a shoulder at 460 nm in the
experimental absorbance that is not predicted by the theory. Figure
4-3 is s-polarized data for the same angles. The measured absorbance
here has a strong peak at 520 nm that is not predicted by the theory.
This additional structure in the absorbance curves is believed to be
due to the formation of a second type of particle that has a different
shape and is oriented differently with respect to the post axes. This
second type of particle is a small percentage of the total; most of
which are the type previously described. While both particles are
ellipsoid like in shape, the type 1 particle is nearly prolate with the
b- and c-axes similar in length but shorter than the a-axis. The type
2 particle has oblate characteristics with the a- and b-axes similar in
length but longer than the c-axis. The a-axis of the type 1 particles
are oriented parallel to the post axes and the a-axis of the type 2
particles are oriented perpendicular to the post axes.

The type 2 particle is produced as a result of the packing
arrangement of the spheres used in making the etch mask. Because the
polystyrene spheres from close packed arrays, the silver patches that

form the mask are arranged hexagonally about each sphere. In this
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Comparison of experimental and theoretical absorbance for
p-polarized light for a single ellipsoid.
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Figure 4-3. Comparison of experimental and theoretical absorbance for
s-polarized light for a single ellipsoid. The solid curve
represents the calculations and the dotted curve represents the
data for 15 nm of silver deposited at 35° with respect to the
sample normal. The angles of incidence are $=0° and 6=0°.
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configuration each patch has three nearest neighbors that are within a
few tens of nanometers (see Fig. 3-3). The posts formed in this way
can occasionally produce silver pafticles that bridge these adjacent
posts. Also, because there are grain boundaries and dislocations the
sphere arrays are not always perfectly close packed. When this occurs
the silver particles that form the mask can be within a few nanometers
of each other or even be formed connected together. This in turn
yields posts that are separated by only a few nanometers, are joined
together along the lower part of their lengths separated only near the
top, or are formed as a single structure. Scanning electron
micrographs show that about 14% of the structures are formed from two
posts joined together. About 5% of the structures are formed from more
than two posts. .Deposited silver on these structures can form the type
2 particle and silver deposited on the posts not fully separated or
very close together can bridge between them forming a single particle
supported by both posts. Figure 4-4 illustrates the conditions under
which this might occur.

By adding a second particle to the calculated absorbance that is
an ellipsoid in shape but with its longest axis perpendicular to the
post axis, we can predict all of the peaks that appear in the optical
absorbance. We have used a simple superposition of absorbance from the
two particles to predict the peak positions. Figure 4-5 is the optical
absorbance as a function of wavelength for p-polarization for the the

same angles of incidence as in Figure 4-2 but assuming two kinds of
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Figure 4-4. Conditions under which silver bridges form across the
small gap between close lying posts to form a single ellipsoid.
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longest principal axes perpendicular to each other. The dotted

curve represents experimental data with the same parameters as
those used in Figure 4-2.
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particles for the calculated absorbance. Figure 4-6 is s-polarization
at the same angles for the two particle model. The fitting parameters
used are semiprincipal axis length a=60 nm with axis ratios b/a=0.165
and c/a=0.145 for particle type 1 and a=35 nm with axis ratios b/a=0.84
and c/a=0.14 for particle type 2.

Scanning electron micrographs show that some of the nearby posts
have silver particles bridged together to form a single particle. From
the micrographs, the total number of type 2 particles ranged from 17.5
% up to 22 % on various parts of the sample. This is in reasonably
good agreement with the calculated prediction of 22 %. The additional
number of type 2 particles is due to silver bridging on close lying
posts.

Because the posts are in ordered afrays separated by grain
boundaries, the domains defined in this way are azimuthally oriented in
a random fashion with respect to each other and to the direction of
evaporation. This results in post shadowing during the evaporation
process that varies from one array domain to another and so there is a
distribution of a- and b-axis lengths. We have chosen to use a
Gaussian distribution of shapes centered about the single shape that
most closely matches the absorbance peaks.

Figure 4-7 is absorbance as a function of wavelength for
s-polarized light with incident angles &=0° and 6=0°. Recall that
the angles are measured relative to the z-axis and the x-axis as in

spherical coordinates. For type 1 particles the axes (a,b,c) are
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Figure 4-6. Comparison of measured and calculated absorbance for
s-polarized light for two ellipsoids. The solid curve
represents the calculations using two ellipsoids with the
longest principal axes perpendicular to each other. The dotted
curve represents experimental data with the same parameters as
those used in Figure 4-2.
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Figure 4-7. Comparison of experimental and theoretical absorbance for
s-polarized light at #=0°, 6=0°. The solid curve is
theoretical absorbance using two ellipsoids whose longest
principal axes are perpendicular to one another. A Gaussian
shape distribution has been included. The dotted curve is
experimental data for 15 nm of silver deposited at 35° to the
sample normal.
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parallel to (x,y,z) respectively while for type 2 particles the axes
(b,a,c) are parallel to (x,y,z) respectively. This choice of
coordinate axes makes the post axis parallel to the x-axis. The
calculated curves were generated by choosing shape and size parameters
which gave the best fit to the experimental data. The fitting
parameters used are semiprincipal axis length a=60 nm with axis ratios
b/a=0.165 and c/a=0.145 for particle type 1 and a=35 nm with axis
ratios b/a=0.84 and c/a=0.14 for particle type 2. Axis lengths were
broadened by Gaussian distribution widths 2.5 nm and 1.3 nm for
particle type 1 and 2 respectively. Figure 4-8 and Figure 4-9 are
absorbance as a function of wavelength for s-polarization for $=0° and
0=45° and 90° respectively Figures 4-10,4-11, and 4-12 are absorbance
as a function wavelength for p-polarized light for the same angles and
calculational parameters. Here slightly smaller distribution widths
were used.

For s-polarized light the data shows two absorbance peaks for
which the heights vary only slightly with changing angle. The
additional structure beyond 700 nm is the result of the failure of the
polarizers at those wavelengths. The peak at 340 nm is due to a
charge-density oscillation along the b-axis of the type 1 particles and
the peak at 500 nm is due to charge-density oscillation along the
a—axis of the type 2 particles.

The p-polarized data shows absorbance peaks with heights that vary

as a function of incident angle. At normal incidence (6=0°) there is
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Figure 4-8. Comparison of experimental and theoretical absorbance for
s-polarized light at $=0°, 6=45°. The solid curve is
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Figure 4-9. Comparison of experimental and theoretical absorbance for
s-polarized light at &=0°, 6=90°. The solid curve is
theoretical absorbance using two ellipsoids whose longest
principal axes are perpendicular to one another. A Gaussian
shape distribution has been included. The dotted curve is

experimental data for 15 nm of silver deposited at 35° to the
sample normal.
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Figure 4-10. Comparison of experimental and theoretical absorbance for
p-polarized light at $=0°, 6=0°. The solid curve is
theoretical absorbance using two ellipsoids whose longest
principal axes are perpendicular to one another. A Gaussian
shape distribution has been included. The dotted curve is

experimental data for 15 nm of silver deposited at 35° to the
sample normal.
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Figure 4-11. Comparison of experimental and theoretical absorbance for
p—polarized light at #=0°, ©=45°. The solid curve is
theoretical absorbance using two ellipsoids whose longest

- principal axes are perpendicular to one another. A Gaussian
shape distribution has been included. The dotted curve is
experimental data for 15 nm of silver deposited at 35° to the
sample normal.
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an absorbance peak at 720 nm and a peak at 480 nm. These two peaks
grow progressively weaker with increasing angle and do not appear in
the 90° data. Another peak at 340 nm does not appear in the normal
incidence data and grows with increasing angle. For p-polarization at
normal incidence the electric vector is parallel to the post axis.
Thus a charge-density oscillation is stimulated along the a-axis of the
type 1 particles and the b-axis of the type 2 particles resulting in
the absorbance peaks at 720 nm and 480 nm respectively. For angles
between 0° and 90° the electric vector has a component parallel and a
component perpendicular to the post axis. This stimulates oscillations
along the a- and c-axis of type 1 particles and along the b- and c-axis
of type 2 particles. In the 45° data the absorbance peak at 340 nm is
the result of c-axis oscillations of both particles with resonances at
nearly the same wa&elength. The 720 nm and 480 nm peaks are, as in the
normal incidence data, oscillations along the a-axis of type 1
particles and the b-axis of type 2 particles. At 90° the electric
vector is completely perpendicular to the post axis and stimulates
oscillations only along the c-axes of both types of particles.
Therefore the only absorbance peak is the 340 nm peak in this case.
Figure 4-13 shows a comparison of the experimental results with
the calculations for silver ellipsoids. The allowed values of the
dielectric function were calculated using Eq. (2-125). The optical
data for silver was used to find the oscillation energies of these

values for silver. The triangles and the boxes represent the modes for
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two different shapes. The resonant mode along the a-axis and the

resonant mode along the c-axis is shown. The two modes predict a most
probable shape range for the particle.

In all the absorbance data shown here the measured absorbance is
higher in general than the calculated absorbance. The calculations do
not account for bulk absorbance of the silver that forms the particles.
Also, there is silver deposited on the flat parts of the substrate that
contributes to the absorbance of the samples. For comparison, the
absorbance of a thin film of silver was measured and is shown in
Figures 4-14 and 4-15 for the two polarizations used in this study.
The film thickness was 14 nm.

It may be argued that some of the effects attributed to this
second type of ellipsoid could actually be higher order oscillation
modes resulting from particle size effects. For wavelengths used in
this experiment, higher order modes occur concurrently with effects due
to retardation. The effects of retardation are to broaden and red
shift resonance peaks. To investigate this possibility we made two
additional systematic studies of silver ellipsoids formed on posts.

In the first study we formed ellipsoids with thicker depositions
of silver while keeping the angle of evaporation the same. Since the
average a-axis and b-axis lengths are determined by evaporation angle,
post diameter, and shadowing of posts by one another, these axis
lengths are independent of evaporation depth. The c-axis lengths will

vary directly with the thickness of the evaporated silver. For
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Figure 4-14. The absorbance of a thin silver film for p-polarized
light. The absorbance is due to the bulk absorption of silver.
The thickness is 12 nm. The solid line is for light at normal
incidence, the dotted line is for light at 40° from the normal
and the dash-dotted line is for light at 70° from the normal.
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Figure 4-15. The absorbance of a thin silver film for s-polarized
light. The absorbance is due to the bulk absorption of silver.
The thickness is 12 nm. The solid line is for light at normal
incidence, the dotted line is for light at 40° from the normal
and the dash-dotted line is for light at 70° from the normal.
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thicknesses ranging from 25 to 40 nm we find a substantial rise in the
absorbance peak heights attributed to the type 2 particle relative to
the other peaks for increasing silver depth. We also find a
corresponding rise in the number of bridged posts that appear in
scanning electron micrographs of these samples. Also we have heated
our samples to temperatures ranging from 100 to 200 °C for 1 min and
measured the optical absorbance after annealing. We find a blue shift
in the a- and b-axis resonance positions when compared with the
measurements of the same sample before heating. There is also a slight
increase in the peak height for the absorbance peaks attributed to the
type 2 ellipsoids. The blue shift indicates that the ellipsoids are
less elongated, tending toward a more spherical shape and that the a-
and b-axes are shorter than thoée of the unheated sample. This change
occurs because the surface tension of the silver forms a more
spherically shaped ellipsoid (a lower self-energy configuration) when
the mobility of the silver is increased by the elevated temperature.
The small increase in peak height appears to be due to a superposition
of the absorbance as the resonance positions move closer together plus
an increase in the number of bridged particles.

In the second study the evaporation depth was maintained at 20 nm
and the angle of evaporation was changed. We made evaporations at 25°,
35°, 45°, and 55° with respect to the sample normal. Each time the
absorbance was measured for both polarizations and measurements were

made after heating to 100 °C, 150 °C, and 200 °C for 1 min. Each time
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scanning electron micrographs were made to get a measure of the size
and shape of the ellipsoids. For silver deposited at 25°, a
significant number of nearly oblate ellipsoids were formed on the flat
parts of the substrate. The formation of these ellipsoids decreased to
a negligible number for the 45° and 55° depositions. At all angles the
number of resonance peaks was consistent. There is some structure in
the 25° and 35° absorbance data that does not appear in the other two
measurements. This is due to the decrease of silver on the flat parts
of the substrate at larger angles of deposition. The shoulder
appearing in the s-polarized data at around 400 nm appears to be due to
this silver. With increasing temperature the a- and b-axis resonances
blue shift from the unheated positions. In heating from 150° to 200°
we found that the a-axis resonance of the type 2 particle would red
shift slightly for all angles except the 45° data. For this deposition
angle the peak position continued to blue shift about 5 nm when heated
from 150° to 200° . The red shift can be attributed to additional
bridging of nearby ellipsoids to form a single one. The relative peak
heights for the resonances are about the same for all angles.

For the measurements at thicker depths only the c-axis depth is
altered and is at most 40 nm which is well below the 55 nm limit of
reference [2.4]. Therefore we expect to observe no relative increase in
the additional absorbance peaks if they are due to increased size
effects. In the measurements of the heated samples the a- and b-axis

lengths were shortened by the elevated temperature. In these
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measurements, if the additional absorbance structure is due primarily
to size then we would expect to see a decrease in the relative peak
heights of this additional structure. In both cases we saw a rise in
the heights of the peaks associated with the type 2 ellipsoids. The
purpose in depositing silver at larger angles and.heating the sample
was to produce ellipsoids with dimensions smaller than the higher order
mode limit. The micrographs show that the dimensions at 55 were less
than the spherical limit of reference [2.4]. Again we would expect to
see a change in the absorbance spectra if some of the structure is due
to size effects. The 55° data is consistent with the other
measurements. From this we conclude that while there may be effects of
particle size and retardation in our measurements, the additional
absorbance structure is indeed due a second type of ellipsoid as we
have described.

In a related study, the posts were produced by a field assisted
form of microlithography [4.1]. Silver posts were formed by using a
roughened substrate as one half of a simple capacitor. A high field
was applied and silver evaporated between the capacitor electrodes
perpendicular to the field lines. Concentrated field strength at
roughness points caused silver to be deposited on those points forming
posts. These posts have aspect ratios approaching 7:1. The posts have
parallel major axes and are formed on a low absorbance substrate.
Absorbance measurements were made and compared to the calculations

presented here. Good agreement was obtained in this comparison by



modeling the posts as ellipsoids that are nearly prolate spheroids.

Only a single type of particle was assumed in this comparison. Figures
4-16 and 4-17 show p- and s-polarization comparisons respectively.

The posts formed by this technique are approximately 200 nm in the
largest dimension. This dimension is well beyond the spherical size
limit mentioned earlier; therefore, if the absorbance structure that
we attribute to type 2 particles is due to particle size we should see
some of that structure in the absorbance of these samples. None of the
type 2 particle absorbance structure appears in the measurements for
s-polarized light on these posts. The p-polarized measurements shows
the shoulder at about 500 nm that appears in the measurements of the
present study although it does not appear as strongly in the
field-assisted samples. The data of this study tends to reinforce the
previous conclusions about a second type of particle but raises a
question about the origin of the extra structure in the p-polarized
data. This shoulder also appears in absorbance data of particles
formed on a post substrate produced by a silver-island etch mask
technique [4.2]. The particles formed this way are somewhat smaller
than those of the present study and significantly smaller than those
formed by the field-assisted method. It is reasonable to expect the
absorbance of the smaller particles to have little or none of this
structure if it is due to retardation. The structure is, however,
about the same strength in all of the data. It is apparent that more
work needs to be done to understand the origin of this absorbance

structure.
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Figure 4-16. Measured and calculated absorbance for silver posts

produced by a field-assisted evaporation technique. The
incident light is p-polarized. A single particle is used in
the calculation. A Gaussian distribution is included. The
dotted lines are measured absorbance and the solid lines are
calculated absorbance. The angle of the incident light is
measured from the sample normal.
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Figure 4-17. Measured and calculated absorbance for silver posts

produced by a field-assisted evaporation technique. The
incident light is s-polarized. A single particle is used in
the calculation. A Gaussian distribution is included. The
dotted lines are measured absorbance and the solid lines are
calculated absorbance. The angle of the incident light is
measured from the sample normal.
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C. SUBSTRATE EFFECTS

In all of the comparisons given here the effects of the underlying
substrate have been ignored.‘ The calculations were made for ellipsoids
in vacuum. If they were totally immersed in a dielectric medium, the
resonance is shifted by multiplying the resonance expressions obtained
from the boundary conditions by the dielectric function of the
surrounding medium. The substrate can interact with the charge-density
oscillations shifting the resonances by depolarizing the particle. The
substrates used in this experiment consist of both quartz posts and an
underlying slab of quartz. This interaction cannot be calculated
exactly. However, because the induced fields are due to dipole
oscillations théy are inversely proportional to the cube of the
distance from the center of the ellipsoid. Thus, any dielectric that
is more than a few nanometers from the particle surface will not
interact with the induced fields. Therefore we may neglect the
substrate except for the area of the posts that is in direct contact
with the silver particles.

It is possible to obtain an estimate of the effect of the posts on
the resonances by using a modified thin film approximation [4.3]. The
resonance expression for the dielectric function for each mode of
oscillation is modified in the same manner as for a continuous thin
film on a substrate; a problem that can be solved exactly. This

approximation gives a new resonance position for each mode.




Calculations using this approximation are compared with absorbance

spectra for silver island films modeled as oblate spheroids in
reference [4.3] and demonstrate good agreement. It is most accurate
for very flat, close lying particles on a flat substrate. While the
ellipsoids produced on the posts are very flat they are not close
enough for any interparticle interaction. Averaging over an array of
particles, the interaction is altered from a reciprocal distance cubed
to a reciprocal distance. However this is still a small effect for the
samples prepared in this work. For other samples the effect of this
interaction is to shift the energy of the resonances. They reside on
posts with a large radius of curvature compared to the particle
thickness and so could only be considered approximately flat. This
approximation, then, probably overestimates coupling of the silver with
the substrate.

The effect of the substrate is to red shift the resonance position
of the charge-density oscillations along the a- and b-axis of each type
of ellipsoid but the resonance position of the c-axes is almost
unaffected. Using the approximation to adjust the value of the
dielectric function, the calculations predict a shape that is in better
agreement with the measured shape of the silver ellipsoids. The
fitting parameters used with the substrate effect included are a=60 nm
with axis ratios b/a=0.215 and c/a=0.145 for particle type 1 and a=35
nm with axis ratios b/a=0.8 and c¢/a=0.18 for particle type 2. Table 4-1
is a summary of the fitting parameters used and those measured from the

micrographs.


https://c/a=0.18
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Table 4-1. Fitting parameters and SEM measurements for silver
ellipsoid-like particles.
Fitting parameters for calculations
substrate interaction no substrate interaction
particle particle
type 1 type 2 type 1 type 2

b/a .215 .80 .165 .84
c/a . 145 .18 .145 .14
a-axis length (nm) 60 35 60 35 -
total particle density 53.6 (nm)? 66.8 (nm)?

SEM measurements

particle type 1

particle type 2

b/a .67
c/a .101
a-~axis length (nm) 74

total particle density

1.0
.107
70

49 (nm)?




By studying the parameters here it is obvious that there is a

difference in the axis lengths used to calculate absorbance and those
observed in the micrographs. The largest difference is in the b-axis
length for the type 1 particle and the a-axis length for the type 2
particle. Both lengths measured in the micrographs appear to be about
twice as long as those used to calculate the absorbance. We feel that
this is due to the circular cross section of the posts. This curvature
affects the particle formation in two ways. First, as the post surface
curves away from the direction of evaporation the deposited silver is
thinner. Secondly, the post curvature causes the formation of a
particle shape that is not characteristic of an ideal ellipsoid.
Apparently the resulting particle has an effective optical length along
this direction for both particle types that is roughly half of the

length observed in the micrographs.
D.. CONCLUSIONS

We have shown that the optical absorbance of ellipsoid like silver
particles can be described as the stimulation of charge-density
oscillations on the particle surfaces. Good agreement between the
calculated absorbance and the measured results was obtained by using
nonretarded electrodynamics and experimental optical constants for bulk
silver. A two particle model was used and an estimated substrate

effect on the resonances was included. Interparticle interactions were




neglected since they are necessary only to explain data from more

closely spaced particles. Multiple scattering has been neglected.

Microlithographic techniques were used to produce arrays of silver
particles approximately ellipsoidal in shape. The ellipsoids were
produced in a well-defined orientation so that each sample contained
ellipsoids with parallel principal axes. This allowed determination of
the angular and polarization dependence of the optical absorbance.

This dependence could not have been measured for ellipsoias with random
orientations.

Calculation of correction terms for retardation effects appears to
be possible only by the ﬁse of spheroidal wave functions. These
functions must be evaluated by numerical techniques and utilize at
least nine different normalizations. This makes correlation with other
calculations in the literature very difficult. The solution of this
problem alone is worthy of a thesis project and is beyond the scope of
this experimental work.

While optical absorbance methods are beneficial for determining
shapes much smaller than the wavelength of light, [4.4] our analysis
demonstrates that care must be taken in modeling geometries of
similarly produced particles even for fairly regular substrates. Thus,
for example, while our samples give extremely large enhancements in
surface-enhanced Raman scattering, [4.2] it is difficult to draw

unequivocal relations between the surface plasmon and the Raman

enhancement.
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There are some unresolved problems with the calculations and the
measured absorbance. The experimental absorbance throughout the
visible region is in general higher than the theory can predict. Part
of this may be resolved by including the bulk absorbance of silver. If
the shape distribution ié broadened the peak absorbance will be
lowered. Renormalization to the measured value results in particle
densities that are much too high. This is presently unresolved. There
is also an angular dependence in the data that is yet to be resolved.

The essential result of this work is that a simple model using a
single-particle theory does predict the resonant frequencies and the
polarization dependence. This should give valuable information for
surface-enhanced Raman applications.

By using this sample production technique it may be possible to
reduce the post size and obtain longer range order for the post arrays.
Smaller posts would produce silver ellipsoids with dimensions closer to
or less than the retardation limit and reduction of the shape
distribution from longer range order would result in more narrow peaks
in the absorbance spectrum.

Characterization of particles produced in a well-defined
orientation should prove useful in surface plasmon related phenomena
such as surface-enhanced Raman scattering [4.2], [4.5]

metal-insulator-metal tunnel junctions [4.6], and photoemission.
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APPENDIX A

OBLATE AND PROLATE SPHEROIDAL COORDINATES

Oblate Coordinates

Oblate spheroidal coordinates (7n,0,¢) have three associated
families of mutually orthogonal surfaces. They are confocal ellipses,
single-sheeted hyperboloids and half planes. The scale factors for

oblate spheroidal coordinates are

1

h =a [m_e]‘ (A-1)

n 1 +n
2 2.4
hB = a(n® + cos“0) (A-2)
and
. 2,%
h¢ = a sin6(1 + n°) (A-3)

where a is the focal length of the ellipses. The radius vector is

1 A A A
T=a sinf(1 + nz)é(cos¢i + sin¢gj) + an cosBk (A-4)

A A A

where (1i,j,k) are the Cartesian unit vectors. The unit vectors for the

oblate spheroidal coordinates are

~

2

n + cos“0O

: ~ ~ %A
e, = n _sin® m (cos¢i + singj) + cosﬂ{%}—;t;%rq k  (A-5)

(n®+ cos?6)




~ 2 1 A A s A
e, = cose{%}—i;lu—JA (cos¢i + sin¢gj) - n sinb — k  (A-6)

0 N+ cos“0 (n2+ cosze)A
and
e¢ = —-sing¢i + cos¢j (A-T7)
The element of volume is
dV = a’(n®+ cos®6) dn sin6dod¢ (A-8)
The gradient of a scalar is
1 1 ap ~ ao - 1 ae -
vP = —{ - [—— e +7-e ] + - € ] (A-9)
a (n2+ cosze)A 6n m = 6 78 (n?+ I)Asine o ¢

The divergence of a vector is

v = sl [ (s cos?o)irs n%,1] +

6E

1 a .. 2 2,4} 1 ® (A
a sinf(n°+ cos~B) 860 (1nB(n"+ cos G)AEG) a(l + nz)%SinG 5p (A710)

Laplace’s equation in oblate spheroidal coordinates is given by

[A.1]

2 1 8 [, 2, 8] . 3 [ . 2,00 . n°+cos®6  33%¢
Ve Ta(n“+ cosze)[ n[(n * l)an] + GB[SIn 669] * (I+n®)sin®6 G ¢~

(A-11)
Using the standard separation of variables technique the potential is

written as

¢ = G(n) F(6) H(¢) (A-12)



Dividing by the potential, Eq. (A-11) becomes

(n°+ 1)sin®0[18 [, 2 .8G) , 1 8 [ . »,3F 18%H _
N +cos0 Gonl("* Van) *F 385" %) *Ha¢2 = O

(A-13)
The last term is a function only of ¢ and, therefore, must separately
be equal to a constant. If the constant us -m? then
3°H

W = —mzH(¢) (A-14)

The solutions to Eq. (A-14) are [A.2]

Kmpcos(m¢)

mesin(m¢)

Eq. (A-13) is now

[(1—; g—n[(n2+ 1)%] + %] + [% g—e[sin"’e%] - %2] = 0.
(A-16)
Each of the terms in the square brackets is dependent only on a single
variable, n or 8. Each term must then separately be equal to a
constant, and because the sum is zero, one constant must be the
negative of the other. If the constant is 2(Q+1), then Eq. (A-16) may

be separated into two differential equations



aF m>

1
F 30 [(1“00829)%] - m = —Q(Q+1) (A—17)

and

19 (.2, 148G , m® _ _

The solutions to Eq. (A-17) are the Legendre polynomials [A.3]

F(cosf) = AQm PQm(cose) + BQm QQm(cose) (A-19)

QQm(cosﬂ) may be disregarded because it is infinite at cosf=+1. The
solutions to Eq. (A-18) are the Legendre functions of imaginary
argument [A.4]. Here both functions are included because each function

will be restricted to a region where it remains finite as discussed

below.

The complete solution to Laplace’'s equation is
3=3 % s lc_ P (in) +D in)|[a,_ P 0
= 020 m20 pZ+1 (Cam Pan(3M * Doy, Qg (im) [ |Ay, Py, (cos6)

. [ Kmpcos(m¢) (A-20)

mesin(m¢)

The terms containing 8 and ¢ can be combined into the real spherical

harmonics. They are defined by
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m %
Ang(9,¢) = [£2+6° lﬁ%&:;;gﬁ—m)!] Pgm(cose)(ﬁsicos(m¢) + 8;1cos(m¢))

(A-21)

So we write the solution to Laplace’s equation inside and outside the

spheroid as

_ @ . P -
g[)in - QEO m%O pzil[bﬂm PQm(ln) + DQm QQm(in)] YQm(e’¢) (A-22)

and

_ @ ! . ) p -
%0 = 030 nio pEu1 [CQ.m Fom(1m) + Dy, Qnm(i")] Yon(6:9)  (A-23)

Now we note that as n approaches zero, QQm(in) becomes infinite and as

7 approaches infinity, PQm(in) becomes infinite. The potential must be
!

finite everywhere, requiring that the coefficients DQm and CQm be set

equal to zero. The potential also must be continuous at the spheroidal

boundary. To satisfy this condition the potentials must be written as

_ % iy yP i}
Qin - on m%o pztlAQmp PQm(in) QQm(ln°) YQm(e’¢) (A-24)
3 =% % s A P (ino) Q (im) Y° (6.¢) (A-25)

out - 020 m=0 p=+1 Qmp Qm‘' O Qplin Qm‘"’

These equations are the general form given for the potential in Chapter

II.



Prolate Coordinates
Prolate spheroidal coordinates (n',8,4) have three associated
families of mutually orthogonal surfaces. They are confocal ellipses,

double-sheeted hyperboloids and half planes. The scale factors for

prolate spheroidal coordinates are

'2_ cos30 4
h,= a Fl————72——] (A-26)

1+
2 . 244
he = a(n'® + cos“0) (A-27)
and
2 %
h¢ = a sinf(n'® - 1) (A-28)

where a is the focal length of the ellipses. The radius vector is

T=a sinf(n'? - 1)%(cos¢i + sin¢j) + an' cosbk (A-29)

A A A

where (i,j,k) are the Cartesian unit vectors. The unit vectors for the

prolate spheroidal coordinates are

o n'sinf ( - “) 12 _q %ﬁ (A-30)
e , = 7 (cos¢i + sin¢gj) + cosB [—,g-_ﬁ—] -30
n (n'2- cosze)A n cos“0

~ 2 -1 4% N A n' sinb ~

eg = cosB —72—:—33;26 (cos¢i + singj) - k (A-31)
n (n'? - cos®6)

and

A A

;¢ = -sin¢gi + cos¢j (A-32)
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The element of volume is

dv = a®(n'3- cos®0) dn sin6dode (A-33)

The gradient of a scalar is

%
1[ (n'? -1) 3¢ ~ 1 a ~
vd = = > e 4 a8 €q +
a (n,z_ coszﬁ)% on n (n,z_ coszﬁ)% g0 o
1 30 ~
vy + A-34
('~ 1)%sine % e¢J (A-34)
The divergence of a vector is
1 i) % P
V°g = a(nll_ COS‘B) 5;:[(77'2— 00529) (77'2" I)A‘En']] +
JdE
1 i . 2 2 %E 1 (]
- z Z3v A (sinB(n' - cos®8)"E,)
a sinB(n'“+ cos“0) 36 6 a(l - n'z)%sine d¢
(A-35)

Laplace’s equation in prolate spheroidal coordinates is given by

[A.5]

25 _ 1 a_ 2_ 1,9® 3 _[...2,9¢
V=i cos‘e)[an' [‘"’ ”an'] * 3 [s“‘ 959'] *

12_ 2 2
n cos”0 a“o ] (A-36)

(1-n"%)sin’0 3 ¢ |"

Using the standard separation of variables technique as before, the

potential is written as

¢ = G(n') F(8) H(¢) (A-37)

Dividing by the potential, Eq. (A-33) becomes
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(n'?- 1)sin®8[1 38 (, ,2_ ,\86) , 1 a_[ . 2.8F 13 _
a= vcos6 (G oM "~ Van) *F a8l5i™ %e)| *H 72 = O

(A-38)
The last term is a function only of ¢ and, therefore, must separately

be equal to a constant. If the constant is -m® then

3°H

ZH = n%(4) (A-39)

The solutions to Eq. (A-36) are [A.6]

Kmpcos(m¢)

H(¢) = [ (A-40)

mesin(m¢)

Eq. (A-35) is now

18 [, ,2_ 186 ] _ m® L 8 (.. 2.8 m® _
[Ean' [(” l)an'] 1-n""J [F ae[Sin 956] 1—00592J = 0.

(A-41)

Each of the terms in the square brackets is dependent only on a single
variable, 8 or ¢. Each term must then separately be equal to a
constant, and because the sum is zero the constants must be equal to
each other. If the constant is Q(Q+1), then Eq. (A-35) may be

separated into two differential equations

2,\0F] _ m> _ _
9[(1—005 9)89] 1—_60?91 = Q.(Q+1) (A 42)

1

F

Q)IQ)
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2
18- DE] - E - aa (a-43)

The solutions to Eq. (A-36) are the Legendre polynomials [A.7]

F(cosf) = AQm PQm(cose) + Bﬂm QQm(cose) .(A—44)
QQm(cose) may be disregarded because it is infinite at cosf=+1. The
solutions to Eq. (A-37) are the Legendre functions of real argument
[A.8]. Here both functions are again included because each function -
will be restricted to a region where it remains finite.

The complete solution to Laplace’s equation is
3=3 % s lc_ P (m)+D ()| [A,_ P, (cos6)
220 m20 p2+1|“am Pom an Yom om Fom

. [ Kmpcos(m¢) (A-t5)

mesin(m¢).

The terms containing @ and ¢ can be combined into the real spherical
harmonics. They are defined in Eq. (A-20). So we write the solution to

Laplace’s equation inside and outside the spheroid as

[os]

®in = 020 m%O péﬂ [Cgm Pon(n') + Dy QQm(n')] ng(e.cb) (A-46)
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and

_ 0 ' , ' , p _
Qin - QEO m%O pZiIP%Mn PQm(n ) + DQm QQm(n )] YQm(e'¢) (A-47)

Now we note that as m' approaches zero, QQm(n') becomes infinite and as
7' approaches infinity, an(n') becomes infinite. The potential must

[
be finite everywhere, requiring that the coefficients DQmand Cmee set

equal to zero. The potential also must be continuous at the spheroidal

boundary. To satisfy this condition the potentials must be written as

b ' ' P
%in = 020 m%O p2+180mp Pon(1') Qu(n'e) Yo (6.¢) (A-48)
= $ ! ! P -
Tout = 030 o pZe14amp Pan(M'0) Qu(n') Yo (8.4)  (A-49)

These equations are the general form given for the potential in Chapter

IT1.
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APPENDIX B

THE TOTAL CROSS SECTION

This appendix carries through the major steps between Eq. (2-160)
and the two Eqs. (2-171) and (2-173). Only the important steps are
shown; the algebraic manipulations are omitted.

The numerator of Eq; (2-160) will simplify to
Re[(E,-E]) + nenE_-E]) - (n-B))(n;-E)] (B-1)

The scattered electric field is given by Eq. (2-150). The unit vectors
; and ;i are given by Eqs. (2-161) and (2-162). The form of the
incident field depends on the polarization of the incident light.

To evaluate the cross section for s-polarized light we use Eq.

(2-163) for the incident electric field and Eq. (2-170) for the dipole

moment. If we use a vector identity then
(nxp)xn = p-n(pen) - (B-2)

Making the substitutions for gs' ﬁi. n and n, the total cross section

for s-polarized light becomes




kze—ikreiﬁ'? %
= —Jﬁe[ = axsinzﬁ(l—sinzecosz¢) +

Ttot I
s—-pol

a;coszﬁ(l-sinzesin2¢) + (a:+a;)sin¢ cosd sin®6 sin¢ cos¢] +

kzeikre-ik'r
———— [axsimb sin® sinb sin ¢ + axsin2<1> cosO cos¢p +

r
aysine cosdP sinb cos¢ + aycos2¢ cosO cose] (B-3)
. +iker
Now we use the plane wave expansion for e in terms of real

spherical harmonics and the spherical Bessel functions. It is [B.1]

e
ike 2
T2 am 3 (21)°,(kr) 120 ped1 You(6:#) Y5, (0.0)  (B-4)

The coordinates r, 6, and ¢ are the spherical coordinates of the point
of observation and the angles © and & are the polar and azimuthal
angles of incidence of the wave vector k. In addition if we rewrite
the terms of the cross section containing 6 and ¢ in terms of real
spherical harmonics, we can do the integration easily by virtue of the
orthogonality of the spherical harmonics.

If we evaluate each term in the cross section individually, The

first term is
a:sinzé(l-sinzecosz¢) (B-5)

In terms of spherical harmonics this becomes



asin®e [23E Yoo(6.4) + %J?% Yoo(8.4) - 3{5~ Y22(9"”] (B-6)

1 11127 1

And using the plane wave expansion in Eq. (B-4) the first term is

- Kp
o= - mor Re[ ikr a:sinzqs[jo(kr) 5 v} (0.8) -
iplkr) S v (0.2) + g kr) %Ilg—" Yé2(6,d§)] ] (B-7)

Now the point of observation is a large distance away from the source
when compared to the magnitude of the wave vector so for large values

of r the spherical Bessel functions for 0=0 and Q=2 are [B.2]

jw sin(kr) S -sin(kr) (B-8)
0 kr 2 kr

so
o,= _égg-Re[sin(kr)a: sin®$(1-sin®0 cos?d) e_ikr] (B-9)
Similarly we find for the second and third terms
-4 . %* 2 .2 . 2 —-ikr
Oo= —E—-Re[51n(kr)ay cos“®(1-sin“0 sin“®) e ] (B-10)
and
Og= -ggg-Re[sin(kr)(a;+a;) cos®® sin®6 sin® e_ikr] (B-11)
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For the remaining four terms we use the spherical Bessel function for
0=1 and large r;

i —cos(kr) (B-12)

kr

Combining all seven terms we find

239-Re[e_ikrsin(kr)(a:sinzé + a;coszﬁ) +

Ttot | = ¢
s—-pol
ikr, . 2 2
e 1cos(kr)(ax51n ® + @ cos 2)] (B-13)
If we use Euler’s equation for eiikr [B.3] and use ax=Re ax+iIm & s and

ax=Re ax—1Im & with similar expressions for ay.

1 _ 4w 2 2 _
%ot I = —E—(Im a sin ® + Im @, cos ®) (2-171)
s-pol

For p-polarization we follow the same procedure using Eq. (2-164)
for the incident electric field and Eq. (2-172) for dipole moment. The

total cross section is then
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. DD
kze—lkrelk.r * 2 2 2 2
T ot I = —Jﬁe[ - o, Cos“® cos“®(1-sin”Bcos’¢) +
p-pol

Eol : 20 . 2 * . 2 .2
aycosze sin®®(1-sin®0sin¢) + a_sin © sin“@ -

* ¥ ) .
(ax+ay)00526 sin® cos® sin®6 sing cos¢ +
*  *

(a_+a_)cos® sin® cosP sinfd cosB cos¢ +

~
N

(a;+a:)cos9 sin® sind sinB cosB sing ] +
2 ikr ~ikeT

= Laxcosz¢ cosO cosH + aysinzé cosO cosfO +

azsine cos® sinB cos¢ + azsine sin® sinf sin¢] (B-14)

Using Eq. (B-4) and writing the angular functions in terms of the real
spherical harmonics we evaluate term by term again. We also use the
expressions for the spherical Bessel functions in Eq. (B-8).

Evaluating and combining the ten terms of the cross section

—4nw -ik
O ot —— Re[e

p—-pol

rsin(kr)(a:cosze cos3d + a;cosze sin’® + a:sinze)

+ eikricos(kr)(axcosze cos’d + aycosze sin®® + azsinze)] (B-15)

Using Euler’'s equation again and the expressions for the real and

imaginary parts of the polarizability as before
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_ —4nw 2 2 2 .2 _
T ot | = = [cos“O(Im o cos ® +Im aysin ®) + Im o_sin 0] (B-16)

p-pol
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