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Abstract

In this thesis several methods of interpolating and registering anatomical MRI,
CT, and PET image scans are reviewed. A modified linear interpolation proce-
dure is developed to create three dimensional volumes from two dimensional image
scans formatted according to the DICOM standard. This technique determines
a weighted mean intensity for each unknown voxel using weights based on dis-
tances from known values. The volumes are then processed using a principal axes
registration method which translates the centroids of two volumes to the same
position and rotates the volumes so that their principal axes are aligned. The
principal axes needed to accomplish this task are determined by computing the
eigenvectors of the volume’s covariance matrix. Merging the two procedures pro-
vides an efficient method of determining a global rigid transform to register two
sets of image scans. Both algorithms have linear computational complexity with
respect to the number of voxels in a volume, but the speed of the interpolation
method is highly dependent on the separation between image scans. Interpolation
speed increases as the distance between scans decreases. This technique provides
an excellent coarse registration of images which can be easily followed with more

intensive, local methods.
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Chapter 1

Introduction

1.1 Problem Statement

Medical images have become an integral part in the process of diagnosing and
treating cancer and other disorders. These images are primarily obtained through
computer tomography (CT), magnetic resonance imaging (MRI) and positron
emission tomography (PET) methods. Many times different sets of these images
are obtained from the same part of the subject’s anatomy over time or multiple sets
are taken with differing slice angles or different imaging modalities are used in each
set. It is often desirable to compare images from different sets that correspond to
identical slice of the anatomy. This allows comparison of functional verses highly
detailed anatomic images, for example PET images compared with CT images,

or tracking of anatomical changes such as the growth of a tumor over a period of



time.

In order to make these comparisons, the sets of images must be aligned, or
registered, to each other. In general, the individual images used in registration
represent two dimensional slices separated by a displacement of several millime-
ters. From these slices, a three dimensional volume may be interpolated. The
volumes are then registered and scaled as necessary, and matching slices are ex-
tracted from them.

In our case, we wish to register medical images that are formatted as objects
conforming to the DICOM 3.0 standard which will be described later in this
chapter. The images have an x, y resolution of approximately 0.6 mm with close
to a 10.0 mm displacement between individual images. There are no constraints
on the orientation of the images with respect to the patient or to each other.
It is the goal of this thesis to describe a method to efficiently interpolate three
dimensional volumes from images similar to those described above using a linear
interpolation variant, and then to show how the resulting volumes may be globally
registered using the Hotelling, or Principal Axes, transform.

The rest of this chapter describes concepts used in the interpolation and reg-
istration of medical images and introduces specific examples of each, noting the
methods used in our implementation. A description of the DICOM 3.0 standard

is provided with a discussion of the attributes of the standard applicable to our

situation. Finally, an outline of the rest of the thesis is given.




1.2 Volume Interpolation Overview

Before one volume can be registered to another, both volumes must be interpo-
lated from the individual images in the scan series. This process of interpolation
involves estimating the greylevels of voxels in the volume from the greylevels of
pixels in the images. Methods of interpolation range from simple averaging (lin-
ear interpolation) to algorithms which integrate structural or textural attributes
obtained from nearby pixels in the images. Often the types of images used as well
as the qualities they possess present unique problems to the interpolation process.
This section describes some of the problems encountered in interpolating image
volumes based on medical scans. Following these descriptions is a brief overview

of some of the interpolation methods that can be used to address these problems.

1.2.1 Difficulties in Interpolation

Depending on the parameters of the images, several problems may be encountered
in implementing the interpolation process. These problems are often interdepen-
dent and the solution to one problem may complicate another. Four significant
problems are 1) widely varying resolution along different axes in an image; 2)
large gaps between consecutive images in a series; 3) the need to retain as much
frequency information as is possible; and 4) efficiency.

The first problem is typical of CT, MRI, and PET images. In general, these




images can have a 0.5 mm by 0.5 mm resolution along two axes and yet have up

to a 10.0 mm resolution along the third. When a three dimensional volume is
created, the differences in resolution distort the result. It is desirable to create a
volume that has a uniform resolution throughout so that slices at varying oblique
angles may be easily extracted. If, however, the grossest resolution of the images
is chosen to be the resolution for the volume (e.g. 10.0mm in the x, y, z axes)
too much information would be lost in the interpolation process. If the finest
resolution of the images is used, then the interpolated values are highly unrealistic
and could have large error.

The second problem is similar in many respects to the first. The images that
are obtained can have a separation between them of up to 8.0 mm to 10.0 mm.
Because of this the gaps between the images must still be interpolated from pixels
that are distant and therefore the interpolated values of the voxels in these gaps is
less likely to be accurate. It should be noted that this problem of reduced accuracy
between images does not imply that the volume will necessarily have the reduced
accuracy along the z axis. This is because the images may have been obtained
at any oblique angle. Therefore if the images lie parallel to the y, z plane, the
reduced accuracy will be along the x axis.

Essentially, because of the reduction in accuracy along some direction in the
volume, banding is observed when the volume is viewed as a whole. The planes

in the volume corresponding to an actual scan image are much more accurate




than the planes which represent the gaps. Therefore the planes representing the

images are sharper in appearance, and the planes representing the gaps appear to
be blurred. Also, if a 2-D slice is extracted from the volume that is not parallel
to the original images, it too will exhibit banding.

An immediate solution to the banding problem is to apply a smoothing filter to
the regions of the volume that are sharper in appearance. This creates a volume
that is uniform in appearance which can be more pleasing to the viewer. However,
this effects the seriousness of the third problem.

Many imaging applications use the Fourier transform, therefore frequency in-
formation in an image must be maintained. This introduces the third problem of
needing to avoid unnecessary blurring of a volume so that frequency information
is not lost. Because of this fact, the simple solution above to the banding problem
is not acceptable if the volume is to be used for purposes other than viewing.
Also, multiple interpolations of the same volume (e.g. to rotate or translate the
volume) should be avoided. Solving this problem requires finding an interpolation
method which will create a sharp image in all regions of the volume.

The last problem is the need for an efficient interpolation method. In general,
methods which are more exact have a greater time complexity. A relatively low
resolution volume, about 2.0 mm, can easily require the interpolation of over one
million voxels. Higher resolutions increase the space complexity in a cubic fashion.

Because of the size of the problem, the solution may require less accurate methods.



As can be seen, the solutions to different interpolation problems may be mutu-
ally exclusive or at the least be very difficult to determine simultaneously. There-
fore, before an interpolation method is chosen, careful consideration must be given
to what requirements are most important to the application. For the purposes
of this thesis, it was determined that the most important requirements were to
maintain frequency information in the volume and to be efficient. With this in
mind, we now turn to a brief introduction of five different interpolation methods:
linear, tri-linear, cubic, shape based, and kriging. A more thorough treatment of

these methods will be given in Chapter 2.

1.2.2 Interpolation Methods

Several interpolation methods exist and we now summarize five of these described
by Parrott et al. [16]. Probably the fastest form of interpolation is simple linear
interpolation. It involves taking two points, determining parameters for a line that
would fit between them, and estimating the values of other points lying along the
line. In imaging, the coordinates of the points are simply the coordinates of
two known voxels with function values being the intensity levels of those voxels.
Although it is faster than other methods, it does not take into account information
from other voxels or from the surrounding structure in the image. This makes
linear interpolation less likely to maintain the detail of an image.

Tri-linear interpolation attempts to overcome part of the problem presented



by linear interpolation by considering more points from a volume. Instead of two
points, 8 points are used to calculate a unknown voxel’s intensity level. Because
more information is being used in the calculation, one expects results that are
more accurate. However, this form of interpolation still does not include structural
information from the image. It is also computationally more intensive than linear
interpolation.

Another method which considers only two points in the calculation of the
value at an unknown location is cubic interpolation. This form of interpolation
can be more accurate than linear interpolation because it utilizes the tangents of
the imaging function at the known points. The best-fit cubic equation passing
through those points with the correct tangent values is used to estimate the value
of an unknown point lying between. Thus, if the image function is decreasing at
the known points in the direction of the unknown point, the estimated value at
the unknown point will reflect this aspect. Cubic interpolation does not involve
more than two known points in the computation process, however it could easily
be modified to do so at a greater computation cost.

Shape-based interpolation integrates information about the shape of an image
In a region surrounding the unknown voxel in the calculation of its intensity. This
shape information is based on the contrast between the boundaries of different ma-
terials represented in the image. An image is represented in binary form so that

the boundary of a particular material can be easily determined. Voxels which lie



inside the boundary are interpolated from known voxels also within the boundary.
This method is also computationally expensive because it requires the following
independent steps in the interpolation process: image segmentation, boundary
interpolation, and voxel interpolation. However, it does involve structural com-
ponents of the image as well as several data points per interpolated value.

The final interpolation method we will introduce is known as kriging. This
method estimates a voxel’s value by considering a neighborhood surrounding the
voxel and calculating a weighted average from the known values within this neigh-
borhood. The weights are obtained by solving a system of equations known as
kriging equations. These equations statistically model the spatial relationships
between the known and unknown values. This method can theoretically be the
best linear unbiased estimator because one can minimize the estimation error vari-
ance while keeping the estimation procedure unbiased. Like other methods, it is
computationally expensive because it requires approximating the solution of the
kriging equations for each unknown voxel to obtain the desired weights for the
known values in the neighborhood.

As was mentioned previously, the interpolation method chosen is a linear inter-
polation variant. Instead of using only two points, or the eight points necessary for
tri-linear interpolation, we use a variable number of points in a three-dimensional
neighborhood surrounding the unknown voxel. From these points we calculate a

weighted sum of the known points with weights determined by the distances of




the points to the unknown voxel. This method will be discussed in further detail

in Chapter 2.

1.3 Volume Registration Overview

Once two volumes have been generated using an interpolation method, they may
be aligned by applying one or a combination of multiple registration techniques.
Registration is the process of determining a mathematical mapping, F, from one
image to another which will align, or match, the images. Generally, image regis-
tration algorithms iteratively search a restricted domain for generating F. At each
iteration, F is applied to a source image and the result is compared with a target
image using a similarity function, S. When a transformation, F, is determined
which maximizes S within a given tolerance, the procedure stops and outputs
F. Several techniques for medical image registration have been discussed in the
literature, and a good classification system is given by van den Elsen [19]. In
this section, we review van den Elsen’s work and define terms used in classifying
registration techniques. We then provide an introduction and taxonomy of several

different methods indicating which method we have chosen.

1.3.1 Registration Classification

Van den Elsen [19] provides several categories for differentiating between regis-

tration techniques. These categories are 1) origin of image properties, 2) level of



interaction, 3) domain of transformation, 4) dimensionality, 5) elasticity of trans-

formation, and 6) parameter determination. The first of these categories, origin
of image properties, differentiates between techniques which register images based
on information which is extrinsic to the image and registration techniques based
on intrinsic properties of the image. An example of an extrinsic image property is
a warping of an image due to a known, measurable lens defect, whereas an intrin-
sic property is one based on an internal quality of the image itself such as edges
or polygons which can be abstracted from the image. For the purposes of this
thesis, we confine ourselves to registration methods based on intrinsic properties.

The second category, level of interaction, refers to the amount of user input
necessary during the registration process. Three levels of interaction are given: au-
tomatic, semi-automatic, and interactive. A fully automatic registration method
would determine the transformation needed to match the images without any
human interaction. Semi-automatic methods require some user input during the
registration process, such as initial parameter values for the registration transfor-
mation, selection of image properties to be matched, or termination points for the
algorithm. However, semi-automatic methods need no further input to determine
the actual transformation. With interactive methods, user input is required to
determine the transformation. In this thesis, we restrict ourselves to automatic
and semi-automatic methods.

Domain of transformation, which is the third category, refers to how much of

10



an image is affected when one or more of the parameters to the mapping function

are changed. This domain can be either global or local. A global transforma-
tion affects the entire image whereas a local transformation changes a part or
subsection of the image.

The fourth category is dimensionality and refers to the number of dimensions
of the image that is to be registered. Current methods are typically 2-D or 3-
D; matching slices of a volume or the entire volume itself. If a 2-D method is
chosen, the slices must be obtained from exactly the same plane with respect to
the patient’s coordinate system.

Elasticity of transformation is the fifth category and refers to the degree of
warping that occurs during the transformation to match the images. It can be
designated rigid, affine, projective, or curved. If there is no warping at all, i.e. the
distance between any two points in an image is preserved by the mapping, then
the transformation is considered to be rigid. Transformations of this type are rota-
tions, reflections, and translations. 2-D rigid transformations can be represented
using four parameters, t., t,, s, & as follows:

Tg cosf —sinf || ; te
= +
Y2 sinf +cosf || n ty
Here (z,,y;) represents a point in the original image, (z2, y;) is the resulting point

in the transformed image, 6 is the angle of rotation, and ¢; and t, are the = and
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y translations respectively.

The general case rigid transformation is the affine transform. Here, a mapping,
F, is affine if F(z)— F(0) is linear. For a mapping, M, to be linear, M(z; + ;) =
M(z,)+M(z;), and for every constant ¢, cM(z) = M(cz). Affine transformations
map straight lines to straight lines and preserve parallelism of lines, however angles

and lengths are not preserved. 2-D affine transformations can be formulated as

follows:
T a;; ayp || Ty iz
= +
Y2 az a2 || Y1 ty
where
ai; aiz
azy G22

is any real-valued matrix. Affine transformations include the class of rigid trans-
formations as well as non-uniform scaling and shearing.

A projective transformation simulates the distortion caused by viewing a 3-D
image through an optical system. Again, straight lines are mapped to straight
lines, however parallelism of lines is not preserved. A 2-D projective transforma-

tion is formulated using a 3-D coordinate system as follows:

Z2

€&

gle

Y2
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where

[ a;; a2 a3 T
v | T axn a2 G3 || W%
w as1 @32 Qa3 1

Projective transformations are a superset of the class of affine transformations.
The most general transformation is the curved transformation. A typical for-
mulation of a curved transformation uses polynomial functions. In 2-D this can

be represented as follows:

2 2
Ty = Qoo + @101 + an1y1 + a20z] + anZays + co2y; + - -

y2 = boo + b1oz1 + bory1 + bzoxf + by + bozyf + ...

Curved transformations can map any straight line onto a curve. They are a super-
class of all the previously mentioned transformations, which through inspection
can be seen to be polynomial transformations of low degree. Figure 1.1 gives a
graphic representation of the effect of the different types of transformations.
Parameter determination is the sixth and last classification we will discuss. It
refers to the method used to compute parameters for the image matching trans-
formation, and can be direct or search-oriented. A direct method computes the
parameters for the transformation in a straightforward manner whereas a search-

oriented method uses an initial guess for parameter values and iteratively searches
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Figure 1.1: Effect of transformations on image.
Adapted from P. A. van den Elsen, E. J. D. Pol, and M. A. Viergever. Medical image matching
~ a review with classification. IEEE Engineering in Medicine and Biology, 12:26-39, March
1993.

the parameter space for the best transformation. A similarity measure is calcu-

lated at each iteration to determine the best match.

1.3.2 Registration Algorithms

We now turn our attention to algorithms developed to register medical images.
Several methods will be given a brief description and will be classified using the
terms defined above. All methods discussed can be categorized as intrinsic and
automatic or semi-automatic. We first look at a direct method which computes
a projective transform for 2-D medical images. This global method given by

Barber [5] utilizes low degree polynomials to approximate a general polynomial

14



transform. For two images whose intensities are denoted by the functions f and

m, both the values of f and m as well as the values of f' and m’ are computable
for each pixel. Using a set of these values in conjunction with the polynomial
transform equations and their derivatives one can create an overdetermined system
of linear equations provided that enough independent pixels are used. By solving
the linear system, the parameters to the polynomial transform can be determined,
and thus the registration mapping is determined directly.

Several methods provide a rigid, global transform for both 2-D and 3-D im-
ages using search-oriented techniques. The first method we will discuss, presented
by van den Elsen et al. [18], uses the L,, operator to extract ridges from both
the source and target image functions. The current estimation of the registration
mapping is applied to the source image and the cross-correlation of the result with
the target image is computed. If the cross-correlation is maximized within a spec-
ified tolerance, the algorithm terminates, otherwise the registration parameters
are altered and the similarity is recomputed. In 2-D the L,, operator computes
the second derivative of the image intensity in the direction v, where v and w are
base vectors which form a local, orthogonal, right-handed coordinate system at
the current pixel being evaluated. The effect of this operator is to highlight ridges
in the image intensity function. The image correlation formula used to compare

the ridgeness of the images is often used in image registration and is worth noting
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here. This formula is

C =3 f(=)T(9(z)) (1.1)

where f and g are image intensity functions, T is the current transform to be
tested, and r represents the coordinate vector of a pixel in both images.

Another method designed for globally registering both 2-D and 3-D images
using search-oriented techniques and a rigid transform is given by Woods et al. {20].
This method forms equivalence classes from both the source and target images
based on pixel intensities or ranges of intensities. For corresponding equivalence
classes, the standard deviation of pixel intensities between the source and target
image is computed, and then a weighted average of these standard deviations
is determined. A search of rigid transformations is conducted until a transform
applied to the source minimizes the mean of the standard deviations within a
given tolerance.

A similar method within the same category is given by Ardekani et al. [2]
which also divides the image pixels into individual classes. This method uses an
algorithm called K-means clustering to segment both the target image and the
image resulting from applying the current estimate of the registration transform
to the source image. The K-means clustering algorithm statistically matches
pixels in an image to one of K classes by minimizing the standard deviation of

pixel intensities within each class. As above, the transform which minimizes the

16



standard deviations of pixel intensities between corresponding classes is selected.

Pelizzari et al. [17] have described a method which also employs a search-
oriented technique to determine a global, rigid transform for 3-D brain images.
To determine the registration transform, one volume is considered to be a ‘head’
and the other is thought of as a ‘hat.” The hat is moved about the head using a
rigid transform until the best fit is determined. The head consists of a stack of
prisms obtained by determining the exterior boundaries of cross sections of the
skull. The hat is determined similarly, however it consists of individual points lying
on the surface of the skull. When the mean squared distance between the points
in the hat and their nearest neighbors on the head is minimized, the algorithm
terminates and the appropriate transform is reported.

A method called, chamfer matching, which computes a global, 2-D, projective
transform using a search-oriented technique is presented by Borgefors [7]. This
method computes two secondary images based on the actual images to be regis-
tered. The first is called a distance image and is created by extracting the edges
from the target image and setting each edge pixel to zero. All other pixels in
this image are assigned a value which represents their distance from the nearest
edge pixel. The second image is formed from the source image by extracting the
edges of the image and then selecting pixels along these edges to form a polygon.
This image, called the polygon image is superimposed on the distance image. The

values of pixels in the distance image that correspond to the polygon are aver-
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aged. An average of zero would indicate a perfect match. A search strategy is

implemented to determine the projective transform that results in the best match.

Another method in the same category as chamfer matching is given by Maitre
and Wu [15] and involves dynamic programming to search for the best registration
transform. This method segments edges from both the source and target image.
These edges are then broken down into a sequence of primitives consisting of one
or more pixels. The sequence resulting from the source image is then matched
with the target sequence using dynamic programming. When breaks occur in
the sequence, a temporary storage, designated the ‘refrigerator,’ is used to hold
virtual nodes which are used to extend the sequence through the break. Once the
two sequences are matched, the registration transform is determined from how
the nodes correspond.

Several papers by Bajcsy et al. [8, 4, 3, 11] discuss a method which allows for
elastic deformation of an idealized atlas to a source image. This method, called

elastic matching minimizes the following cost function:

Cost = cost(deformation) — cost(similarity)

where the cost of deformation represents the internal forces in an object resisting
deformation and are modeled by a set of partial differential equations. The cost

of similarity represents the external forces acting on an object computed with a
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similarity function. The method models the brain atlas as a 3-D piece of rubber.
The similarity function is used to compute forces needed to be applied to the model
so that the atlas will match the target image. Using the deformation equations,
the model is allowed to reach equilibrium, balancing the external and internal
forces. The process is repeated until similarity at equilibrium is within a given
tolerance.

The last registration method we discuss is the principal axes method [12] which
creates a 2-D or 3-D, rigid, global transform using a direct calculation. This
method computes the eigenvectors, or principal axes, of each image’s cross corre-
lation matrix and uses these vectors to align and rotate the source image to match
the target as shown in Figure 1.2. One problem encountered is that if the volumes
to be registered represent slightly different sections of the anatomy then error in
registration is likely to occur. In an attempt to solve this problem, Dhawan et
al. [10] extended principal axes registration by iteratively reducing the size of the
larger volume. At each iteration the volumes are registered and the larger volume
is reduced slightly. The algorithm continues until the size of the volumes match.

The principal axes method which will be described in greater detail in Chap-
ter 3 was selected to solve the problem stated in this thesis because it is very
fast compared to search oriented techniques and is somewhat tolerant of small
inaccuracies between images. Our goal for registration is to quickly find an ap-

proximate match between two volumes. Though these volumes might be medical
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Figure 1.2: Steps in principal axes registration.

scans of the chest or abdomen where movement of the patient or internal organs
might preclude an exact match, principal axes registration is not likely to fail
completely. On the other hand, the error involved in employing methods using
correlation as a similarity measure or computing edges within a volume might
prevent a similarity measure from ever being maximized. This would cause a
search-based algorithm to fail to converge to a unique transformation. Registra-
tion using a polynomial method was avoided because the image inaccuracies would
likely create large errors in the registration mapping, and elastic matching was
avoided because determining multiple transformations for individual local regions
makes it more computationally expensive than other algorithms. There is the

possibility of the principal axes method failing to determine a unique transforma-
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tion, however this is very unlikely as it would require the data to be completely

uncorrelated along more than one set of three orthogonal axes in the volume.

1.4 The DICOM 3.0 Standard

The images being utilized for interpolation and registration are stored in the for-
mat specified by the Digital Imaging and Communication in Medicine (DICOM)
3.0 standard [13, 1]. This specification was jointly developed by the American
College of Radiology (ACR) and the National Electrical Manufacturers Associa-
tion (NEMA). The purpose of the standard is to establish a uniform standard for
the tranfer of data definitions and information objects between imaging systems.
It allows equipment and applications which conform to the standard to easily
exchange information and data and is designed to allow additional services and
information classes to be added. In this section, we explore some of the reasons
why the standard was created as well as give a brief history of how it was estab-
lished. We then discuss the organizational structure imposed by the standard and
what effects this has on our interpolation/registration implementation.

In the 1980s, CT and MR data were stored on floppy disks and magnetic tape.
The data on these mediums was not easily accessible by the customer because of
multiple storage formats. Accessing and manipulating the data on different de-

vices became a frustrating and time-consuming task. In order to increase hospital
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productivity, a uniform format needed to be established, however, the scope of
the task was very large and needed support from industry which manufactured
medical imaging devices. Because of this, ACR requested that NEMA act as an
industry representative and cooperate with them in development of a commu-
nications standard. The first ACR-NEMA standard, Ver. 1.0, was released in
1985. Then, in 1991, NEMA joined the ANSI Healthcare Information Standards
Planning Panel and Ver. 2.0 of the standard was designed to be conformant to
the Open System Interconnection (OSI) standard developed by the International
Standards Organization (ISO). Demonstration software was needed, so the Radi-
ological Society of North America (RSNA) contracted the Washington University,
Mallinckrodt Institute of Radiology to develop it. This software was exhibited
at the RSNA annual meetings in 1992 through 1995. Numerous companies also
developed software and applications conformant to the standard and displayed
these at the RSNA meetings. After the second demonstration in 1993, NEMA
members voted and passed the DICOM 3.0 standard.

The DICOM standard effects the interface between different devices and medi-
cal imaging applications. It has been designed to allow point-to-point connections
where all software and hardware is DICOM conformant. Because of the prolif-
eration inter-network communication, the standard also specifies communication
using TCP/IP or OSI networks. In a layered model of network communication,

the DICOM implementation layer lies directly above the OSI and TCP/IP layers
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Figure 1.3: Network model of DICOM.
Adapted from S. C. Horiil, F. W. Prior, W. D. Bidgood, Jr., C. Parisot and G. Claeys.

DICOM: An Introduc-
tion to the Standard, http://www.xray.hmec.psu.edu/dicom/dicom_intro/DICOMIntro.html,
1996

and provides a message exchange system between a medical imaging application
and the network layers (Fig. 1.3).

The standard specifies an object oriented implementation and can be divided
into information classes and service classes. An information object contains im-
age data as well as attributes such as patient name, physician name, acquisition
method, etc., whereas service classes provide network image transfer, image study
management, and print management. For the purpose of our interpolation and

registration, only the information object attributes were accessed. The specific
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attributes obtained from the DICOM image class are the following:

Slice thickness.

e Image position.

Image orientation.

Slice location.

Pixel spacing.

Number of rows.

o Number of columns.

e Bits allocated.

These attributes deal specifically with the positioning and characteristics of a CT,
MR, or PET image. The image position designates the x, y, and z coordinates
of the upper left and corner of the image, and the image orientation specifies the
direction cosines, cos(«), cos(8), and cos(y), of the first row and first column of the
image. Both of these attributes are given with respect to the patient coordinate
system. Figure 1.4 shows graphically how these attributes describe the position
and orientation of an image.

The attributes that were selected are those which allow one to determine the
location and intensity of any pixel in an image with respect to the patient co-

ordinate system. This is necessary in the interpolation step before two volumes
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Figure 1.4: Position and orientation of image with respect to the patient.

are registered. After the registration process is complete, the ultimate goal is to
output the new images in the DICOM format so that they will be accessible by

other applications and storage devices.

1.5 Overview

Several methods of image interpolation have been presented. In Chapter 2 we
explore the algorithms in greater detail paying close attention to the Modified
Linear Interpolation technique which is our method of choice. We describe the
mathematics necessary to implement it and then summarize the procedure itself.

In Chapter 3 we examine image registration. We choose three of the algorithms
for further development and then proceed with a discussion of the principal axes

method. We explain the computation of the principal axes transform using an

25



image’s covariance matrix and the eigenvectors of this matrix, followed by an

outline of the algorithm we have implemented.

The results of the interpolation and registration steps are discussed in Chap-
ter 4. Methods for error analysis are presented followed by an assessment of the
accuracy of the principal axes method.

Chapter 5 provides the conclusion for this thesis. The proceedures and data

are summarized and possible extensions to this work are suggested.
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Chapter 2

Volume Interpolation

In Chapter 1, we introduced several methods of interpolating points from sur-
rounding voxels. These methods can be used in two or three dimensions and each
has features relevant to our problem. We now proceed to give a more detailed
explanation of these algorithms. In particular we will talk about linear, tri-linear,
cubic, shape-based, and kriging algorithms. This is then followed by a discussion

of how our interpolation is actually implemented.

2.1 Interpolation Methods

2.1.1 Linear and Tri-Linear Interpolation

We begin by first considering linear interpolation in a 2-D scenario. This method

of interpolation estimates the value of an unknown pixel, p, represented by a
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vector of the form [z,y]. If p lies on a straight line between two known pixels, p,

and p,, we can compute the linear function, f , passing through all three points

which approximates the actual intensity function, f. We base f on the intensities

f(p1) = f(p1) and f(Pz) = f(p2). Let

~

f(p) = az + by.

Substituting in p; and p, and solving the resulting system for a and b we obtain
f. Then we solve for the intensity level of p by calculating f (p). The extension

of this equation to 3-D involves adding a cz term to its right side and solving the

system of three equations for «a, b, and c.
If the distances from p; to p and p, to p are d; and d, respectively, then the

linearly interpolated intensity of p can be found using the formula

a

f(p) = wif(p1) + w2 f(p2) (2.1)

where

- . (2.3)

This formula can be easily extended to incorporate several voxels and will be
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p3 p4

Figure 2.1: Tri-linear interpolation.
Adapted from R. W. Parrott, M. R. Stytz, P. Amburn, and D. Robinson. Towards statistically
optimal interpolation for 3-D medical imaging. IEEE Engineering in Medicine and Biology,
49-58, September 1993.

used later in this chapter in the description of the interpolation method that was
implemented.

A different modification to the simple linear interpolation method is called
tri-linear interpolation. This method uses 8 points at the corners of a rectangular
prism surrounding the unknown voxel. Let these points be p; through ps as shown
in Figure 2.1. Tri-linear interpolation estimates the values of points a, b, ¢, and
d using p; and p,, ps and p4, ps and ps, and p; and pg respectively with linear
interpolation. Then point e lying halfway between a and ¢ and point f lying
halfway between b and d are then similarly determined. Finally p is determined

by interpolation on points e and f.
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Because of the simplicity of the computation, both linear and tri-linear inter-
polation are very fast. However, linear interpolation uses only two data points to
determine it’s unknown voxel, so little image information is incorporated in the
interpolation process. Tri-linear interpolation incorporates eight points but must
calculate the values of six additional points to simply determine one voxel value.
For our interpolation algorithm we seek a method which applies several points

directly to the unknown value.

2.1.2 Cubic Interpolation

Cubic interpolation changes linear interpolation by factoring in the slope of the
image intensity function at the known pixels when computing the value of an
unknown pixel. This is done by calculating a cubic approximation, f , at point, p,
instead of a linear function. Again, we are approximating the intensity function,
f, between the known points p; and p,. However, to compute the cubic approxi-
mation function, we rely not on the coordinates of p; and p,, but on the distances,
d, and d,, of these points to p respectively. This allows the following derivation
to be used in both the 2-D and 3-D cases. All three points must be collinear and
we are also required to approximate the slopes f'(p1) and f'(pz) in the direction
of p.

Let z represent the distance of a point from p; along the line between p, and

p2, and let z; = 0 (the distance from p; to itself) and z, be the distance from p,
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to p;. Then

~

f(z) = a+b(z2 — z) + c(zy — z)* + d(z — z)° (2.4)

where we impose the following two conditions for a cubic spline having clamped,

or restricted, boundry conditions with two nodes as presented by Burden [9]:
L f(z1) = f(@1), flz2) = f(z2)
2. f(e1) = f'(=1), f'(z2) = f(2)-

Now, computing the derivative of f(z) we get

fi(z) = —=b—2¢(z; — z) — 3d(z, — z)? (2.5)

so, letting £ = z,, and substituting into Equations 2.4 and 2.5 we have

~

a = f(zz) = f(z2)

-

b= —f(z2) = —f'(=2).

Letting z = z; in Equations 2.4 and 2.5, we get

_f(-’h) = f(z1) = a + bz, + cx2 + dz,

f(z1) = f'(z1) = —=b— 2¢cz, — 3dx§
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Figure 2.2: Cubic interpolation.

which we solve for ¢ and d to get

3f(.’[1) —3a — 2b1‘2 + f’(.’l:l)Iz
3 — 223

c=

de —f'(z1) = b — 2cz,
3z2

thus obtaining the needed parameters for f (z). An example of computing f (2)
between z; and z, is shown in Figure 2.2.

Like linear interpretation, cubic interpolation uses only two values to estimate
the intensity of an unknown voxel. In the same manner that we obtain tri-linear
from linear interpolation, cubic interpolation can be extended to tri-cubic inter-
polation. However, for the same reasons that we rejected linear and tri-linear
interpolation, we also choose not to apply cubic or tri-cubic interpolation to our

problem. The reason they are presented here is that cubic interpolation can be
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used effectively in a 3-D scenario with several known voxels if sets of collinear

points are easy to determine. We will describe this case in Section 2.2.1 when we

explain the implementation chosen for our problem.

2.1.3 Shape-Based Interpolation

As was previously mentioned in Chapter 1, shape-based interpolation integrates
boundary information within an image to select which known voxels will be used
to compute an unknown voxel. In brief, shape based interpolation segments an
image into regions inside and outside a chosen boundary structure. When the
boundary crosses a region of unknown pixels, the location of the boundary is
estimated, and voxels are interpolated from known voxels on the same side of the
boundary. We now describe the steps shown in Figure 2.3 required to accomplish
this task.

The first step is to segment the original image into a binary image, S,. This
segmentation process must identify a target structure or gray level within the
image that has significant meaning. An example of this is to threshold a CT image
where the grey levels of different tissue types are known for bone structures. This
would create a sharper contrast along bones in the resulting image.

The second step is to map S, onto a distance data set, S,, corresponding to
the known voxels of S;. For each known voxel in Sy, the minimum distance to the

boundary of the target structure is computed. The corresponding data point in
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Figure 2.3: Shape-based interpolation.
Adapted from R. W. Parrott, M. R. Stytz, P. Amburn, and D. Robinson. Towards statistically
optimal interpolation for 3-D medical imaging. IEEE Engineering in Medicine and Biology,

49-58, September 1993.

S, is given the value of the computed distance, and is made negative if the point

lies outside the specified structure, i.e. the pixel value in S, is 0.

Following the second step, the third step is to create an interpolated distance

scene, S;, with voxels corresponding to both known and unknown voxels of Sp.

The values of S, are interpolated from the known distances in S,.

The fourth and last step is to create a final binary volume, S;, whose values
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are determined by the corresponding distances of S;. If the distance is positive,
the voxel is given the value 1, if negative, it is assigned the value 0. From this
binary scene, it can be determined whether a unknown voxel should be given the
value of voxels inside or outside the boundary.

This form of interpolation would work well on images with few intensity levels
and distinct boundaries. However, in our circumstances we have numerous inten-
sity levels often gradually increasing or decreasing along a given direction in the
image. Shape-based interpolation might still be very effective if used in conjunc-
tion with a different algorithm. Often, between slices, other methods cause much
blurring on the edges of distinct structures such as bones or organs. Shape-based
interpolation could be used to sharpen these edges by determining which side of a
boundry a voxel should be interpolated from, and then a different method could
be used to actually interpolate the value from known voxels on the same side of

the boundary.

2.1.4 Kiriging

Kriging is an interpolation method which incorporates an arbitrary number of
nearby voxels in the calculation of an unknown voxel. The basic kriging equation
computes a weighted sum of the neighboring voxels. Given that Z;(p;) is the image

intensity at voxel p;,

Z(p) = éwizi(Pi) (2.6)

35



where Z (p) is the estimated value of unknown voxel p, and w; is the weight applied
to the intensity of voxel p;. In order to make kriging a theoretically unbiased linear

estimator, we impose the conditions
E(Z-2Z)=0 (2.7)

min E(Z — Z)2. (2.8)

Here F is the expected mean, Z is the actual value at point p, and N/ represents
the estimation error. By substituting Equation (2.6) into Equations (2.7) and (2.8)

we have

E [Z wiZ;(pi)l - E(Z) =0 (29)
07 =23 wi(pi,p) — £(p,p) = 3_ 3 wiw;k(pi, p;) (2.10)

respectively where o2 is the variance and p is the point where the estimated value
is to be computed. Also, x(m,n) represents the covariance between m and n
which is modeled by a function called a semivariogram, y(m,n). Usually y(m,n)
is estimated by structural analysis of the image and can be represented as v¥(Amn)-
By substituting in 4 and a Lagrangian multiplier, n, and then minimizing the

system we obtain the equations

> wiy(hiy) +n=7hy)  (i=1,...,n)
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ij =1.
J

We obtain the weights for the kriging equation by solving this system.

Kriging is an effective interpolation algorithm because it utilizes several vox-
els to compute the value of an unknown voxel and because it is able to utilize
structural attributes of the image through the semivariograms. However, com-
putation time is large because determining each unknown voxel requires solving
the system of equations given by (2.9) and (2.10). We desire a faster and simpler
approach, so instead of using the statistical method of generating the weights, our
implementation uses the distance technique of Section 2.1.1, combining it with
the basic kriging equation which utilizes a neighborhood of points. We describe

this method in the next section.

2.2 Modified Linear Interpolation

In Section 2.1.1, Equations (2.1), (2.2), and (2.3) show that the distances of
known voxels from an unknown voxel can be used to determine weights for linear
interpolation. As was noted at the end of Section 2.1.4, these weights can then
be used in the basic kriging equation instead of the statistically generated weights
involved in kriging. This idea can be realized so that an unspecified number of
voxels can be used in the interpolation with the ability to add additional voxels

at a later time. This is the method chosen for our implementation and we now
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describe 1) how to perform this interpolation method, 2) how to compute voxel
positions from information given in the DICOM image class, and 3) the overall

implementation strategy utilized.

2.2.1 Voxel Intensity Computation

The modified linear iﬁterpolation method in a fashion similar to numerical quadra-

ture computes an estimated image intensity, f(p) at an unknown point p using

the equation

Y wi)
f(p) = =5—
S

i=1
where f(p;) is the value of the image intensity function at point p;, n is the number
of known points in the given neighborhood, and w; is simply the reciprocal of the
distance from point p; to p.
The following steps describe the application of one known value to the esti-
mated sum, f (). These are repeated for each known point within the neighbor-
hood, and at any iteration the current value of f(ﬁ) reflects the modified linear

average of all applied voxels.

~

Algorithm to add f(p;) to the weighted sum, f(p):

1. Determine if voxel p; is within the specified neighborhood surrounding p. If

so, continue, otherwise end.
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2. Calculate the distance, d;, from the center of voxel p; to the center of p.

3. Compute the new value of f(p) using

1
d;

w; =

WePe + W;ip;
we + w;

fp) =
where p. is the value of f (p) from the previous iteration or 0 if this is the

first voxel applied, and w. is the value of w calculated from step 4 of the

previous iteration or 0 if this is the first voxel applied.

4. Compute w, the current sum of the weights of all voxels currently applied
to p using

w = w. + w;.

This will be used in the next iteration as the new value for w,.

One benefit of using this form of linear interpolation is that it uses information
from several surrounding voxels to calculate an unknown voxel. Because little
computation is needed, a second benefit is the speed with which the algorithm
can be performed. A third benefit which greatly simplifies the use of this algorithm
is its ability to maintain a current weighted average so that the number of pixels
applied can be arbitrary. The result of this benefit will be seen in Section 2.2.3,

where the overall implementation strategy is discussed.
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2.2.2 Computing Voxel Positions

Computing the weighted linear sum is a relatively easy task, however, to do so,
one must be able to calculate the distance between a pixel in the source data
image and a voxel in the target volume. To simplify this calculation, the distance
is computed from the centers of the pixel and voxel. The positions of the pixel and
voxel are computed with respect to the patient coordinate system and then the
distance formula is applied. Because the position of the voxel with coordinates
(0,0,0) in the target volume is known with respect to the patient, it is a very
simple task to compute the position of an arbitrary volume voxel. However, the
source data slices have different orientations so it is more difficult to calculate the
positions of individual pixels in these images. In this section, we describe how to
calculate the positions of image pixels using DICOM image attributes so that the
distances needed for linear interpolation can be computed.

There are two attributes from the DICOM image class which are needed to
determine the position of a pixel belonging to an image of that class. The first
is the image position attribute, I, = [z, y, z], which is a vector from the origin of
the patient based coordinate system to the image pixel with indices (0,0). The
second attribute is a pair of vectors, R = [a,,b,,¢,] and C = [a,, b, g;], which
represent the direction cosines for the first row and first column of the image

respectively. Let p;; represent the pixel with coordinates (z,j). Also, let P; be
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a vector representing the position of p;; with respect to the patient coordinate
system, and P]; be a vector representing the position of p;; with respect to peo.
Then Figure 2.4 shows the relation of the image position vector to the patient
coordinate system and to the position vectors of p;;.

Let the image be translated so that the pixel pgo is located at the patient
origin. Then Figure 2.5 represents an image with the angles, a,, &,, and 7., used
to compute the direction cosines, a,, b., and g,, for its first row as indicated. The

direction cosines can be used to calculate P!,

:;» of pixel p;;, using

d;a, + d]-ac
P = db, + djb.

digr + d]gc
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Then P;; can be computed as
Pj=1+ P‘l’]

The distance between P;; and the position vector of nearest the target volume

voxel can be now be calculated.

2.2.3 Implementation Strategy

The interpolation of a complete volume consists of two entirely separate interpo-
lation passes. Both passes utilize the strategy presented in Section 2.1.4, however
only the first pass uses the DICOM attributes explained in Section 2.2.2. We now
proceed to describe these passes.

'The first pass interpolates data from the source images onto the 3-D target
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volume. This pass examines each pixel in a source image to determine within
which target voxel its center resides. Usually the target volume has a lower res-
olution than the source, therefore many pixel centers will fall within the bounds
of one voxel. Each pixel is added to the weighted sum of only that voxel. The
weights for each voxel are maintained in a corresponding array with the same
dimensions as the volume. Because of the order that the source pixels are applied
to the target, a search to find all pixels applicable to one voxel does not need to
be executed. Instead, the image pixels can be traversed in any order desired. The
result of the first pass is a target volume that has the image slices filled in, but
has gaps corresponding to the empty spaces between the source image scans.

The second pass interpolates values to fill in the gaps in the target volume.
Because the necessary data for this pass is already in the volume, the source images
do not need to be consulted. Instead, voxels that have not been set are determined
from neighboring voxels whose values are already known. By doing this, the
computation time required to determine the locations of source image pixels is
eliminated. Since the voxels are in a fixed grid, it is much simpler to determine
their distances with respect to each other. In fact, this can be accomplished before
beginning the interpolation process.

This implementation has a computational complexity of O(v(n + 1)) where v
represents the number of voxels in a volume and n is the size of the neighborhood

used to interpolate one voxel. Because our procedure is linear with respect to
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the number of voxels, it is highly efficient. However, the number of voxels in

an interpolation neighborhood varies greatly, from 27 voxels to easily over 500.
This parameter increases in a cubic fashion when the gaps between medical scans
increase or when volume resolution is made finer. With this growth rate, the
interpolation procedure can take a very long time when the original data is sparse,
and the desired resolution is high.

It is possible to use different methods of interpolation in the two passes. As was
mentioned in Section 2.1.1, cubic interpolation can be used in a 3-D scenario if sets
of collinear can be easily determined. In the second pass of our implementation,
the fact that we use data from only the target volume would allow us to extract sets
of collinear points along the three axes as well as diagonally through a unknown
voxel. Each set could be used to determine a estimated value for the unknown
voxel using cubic interpolation, and then all the values for a given voxel could be
averaged to detbermine the final intensity level.

Now that the interpolation process has been explained, we are ready to exam-
ine registration algorithms that can be applied. Chapter 3 first discusses three
different registration methods, two which provide global registration examples and
one which shows a possible local extension to the method we have selected. Fol-
lowing this discussion is a description of the theory and implementation of the

Hotelling transform.
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Chapter 3

Volume Registration

There are many registration methods that can be used to align 3-D images. In
Chapter 1, we listed several different methods and categorized them according to
the scheme presented by van den Elsen [19]. We now limit the scope of our dis-
cussion to only four different algorithms that we have selected which demonstrate
the wide r:;Lnge of registration techniques. We provide greater detail and are able
to highlight features common to many registration methods. In this chapter we
will discuss registration by polynomial approximation, by feature extraction and
cross-correlation, and by elastic matching. Following this, we will develop the
principal axes or Hotelling transform which is the technique we have chosen to
implement. The theory on which this transform is based will be given, followed

by a discussion of our implementation which registers two 3-D volumes.
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3.1 Registration Methods

We begin this chapter with a detailed discussion of registration by polynomial ap-
proximation, by feature extraction and cross-correlation, and by elastic matching.
These methods show the large scope that registration techniques span. Though
we cannot give a complete analysis of these methods, we will introduce the theory
on which each is based, as well as discuss applicability and attributes of each. We

now begin with polynomial approximation.

3.1.1 Registration by Polynomial Approximation

Determining a registration transformation by using polynomial approximation is
a direct method of registering two images. Barber [5] describes the theory of this
method as well as an iterative approach to its implementation. He computes a
projective, global, transform on 2-D images. In this section we summarize this
method and give a brief discussion of its merits.

Barber refers to the registration mapping as a coordinate transfer function
(CTF). To approximate the CTF which maps an image, m(z,y), onto a second

image, f(z,y), the polynomials

T = ay + 12Z + a13y + a14TY (3.1)

S = @21 + @227 + @23y + a4y (3.2)
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are used where the coeflicients, a;;, are determined through Taylor series approx-
imation.

The first step is to extend the problem to three dimensions by considering
an image function, g(z,y, z), where z adds an additional dimension such that if
the parameters to g are (z1,y1, 21), then the current image function is spatially
identical to f(z;,y;) for all values of z; and y;. However if the z parameter is
z1 + 4z, the image function is identical to m(z;,y;). We also have g(z,y,z) =
g(z + dz,y + by, 2z + 6z) where Iz, dy, and éz specify the change in z, y, and 2.

By computing the first Taylor series approximation of g, we get
d
g(z +bz,y+ 0y, z+ 6z) = g(z,y,2) + dz— + Jy—y + 62—

or

0-5x—+5yd +5zd

Now by identifying g(z,y, 2z) with f(z,y) and g(z,y, z + §z) with m(z,y), and by

rewriting these using Equations (3.1) and (3.2) as examples we get the equation

d
flz,y) = m(z,y)+ (a1 + (a12 — 1)z + asy + a14my)£

d
+(a21 + @22z + (a3 — 1)y + 024$y)—f (3.3)

dy
The values of f and m as well as % and % can be determined for arbitrary

dr dy
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coordinates, z and y, within the images. Also, equations of the form shown in

Equation (3.3) are linear in the parameters a;;, so given at least eight independent
pixels from f and m, we can solve the resulting system. When this linear system
has been solved and values substituted into Equation (3.3), the resulting equation
expresses the image f in terms of m.

As has been previously mentioned, this method is a good example of one of
the few direct interpolation algorithms and is flexible in the following aspects. It
is possible to iterate this procedure to obtain better results. Barber does so by
repeating this technique while combining CTF’s to increase the accuracy of the
final mapping. This method can also be limited to an affine transform by simply
dropping the zy terms from Equations (3.1) and (3.2), or it can be extended to
provide a curved mapping by using polynomials of greater degree.

The similarity between the polynomial method and the algorithm actually im-
plemented is that they both are examples of direct registration. Direct methods
are often faster than search-based methods because they do not need to iteratively
search for an optimal set of transformation parameters. However, with this pro-
cedure, image noise can cause a large degree of error in the transformation. One
possible way to reduce this error would be to repeat the procedure with multiple
sets of independent pixels so that an average set of coefficients can be determined,
but doing so would increase processing time.

We now proceed with a discussion of a typical registration technique using a
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search-based algorithm which compares features between images and computes

the similarities of these features to select a optimal transformation.

3.1.2 Registration by Feature-Extraction

Several registration methods are global, search-based techniques, and many of
these use feature extraction with cross-correlation to compute the similarity of
two images after a test transformation has been applied. The method we will now
discuss is described by van den Elsen [18] and uses what is called the L., operator
to implement its feature extraction. We first give a brief outline of the structure of
a generalized sea.rch-bas;ed registration procedure, followed by a description of the
L., operator for two images, and then conclude with a summary of some features
in this method common to many registration algorithms.

Most search-based algorithms follow these three steps: 1) extract features from
both images, 2) select and apply the next test transformation, 3) compute similar-
ity using cross-correlation. These steps are repeated until an acceptable transform
is found. Several feature extractors have been used for step one including gradi-
ent filters, 2nd derivative filters, and basis functions. The L,, operator given
by van den Elsen is a type of 2nd derivative filter. Step two involves choosing
the next available set of parameters in a transform’s parameter space. Because
this space can be quite large, it can take a long time to perform an exhaustive

search for the optimal parameters, therefore van den Elsen uses what is known
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as a multi-resolution pyramid. This technique involves performing registration on
images whose resolution have been greatly reduced, thus eliminating much of the
parameter space. Once an optimal transform has been determined, the resolution
is increased, and the previous transform is used as an initial guess for the new
search. Finally, in step three, the similarity between the transformed image and
its target is calculated using the cross-correlation formula given as Equation 1.1.

The L., operator for 2-D extracts information about ridges and troughs in an
image. It can be computed by finding the 2nd derivative of the image intensity
function in a direction specified by a vector, v. Vectors v and w form base vectors
to a local, orthogonal, right-handed coordinate system where w is the local gra-
dient of the image intensity function as shown in Figure 3.1. When a pixel being
considered lies on a slope, w will point up the slope in the same direction as the
gradient. As a ridge in the intensity function is crossed, w changes direction to
point along the same line as the ridge. When a pixel is located on the opposite side
of a ridge, w then reverses its original direction. Thus, on a ridge, w lies parallel to
the ridge whereas v lies in a direction perpendicular to the ridge. Because of this,
the image intensity function in the v direction at a ridge pixel is generally very
concave so L., has a large negative value. The opposite is true at the bottom of a
trough where L., has a large positive value. For all other pixels, L., is generally
close to zero, therefore it highlights ridges and troughs in an image.

The procedure described by van den Elsen has at least three features that are
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Figure 3.1: Orthogonal vectors, w and v, in computation of the L,, operator.
Adapted from P. A. van den Elsen, J. B. A. Maintz, E. J. D. Pol, and M. A. Viergever.
Automatic registration of ct and mr brain images using correlation of geometrical features.
IEEFE Transactions on Medical Imaging, 14(2):384-396, June 1995.

common among image registration algorithms. The first is its use of a feature
extractor to isolate properties that are common between the two images to be
matched. This is a requirement for most image registration, and ranges from
simple thresholding to much more complicated techniques such as applying the
L,, operator. The second commonality seen in this algorithm is the use of a multi-
resolution technique which can be applied in many situations and can greatly
reduce computation time by limiting the search space. The third feature common
to many registration techniques is using cross-correlation as a similarity measure
to compare registration results.

The next registration method differs from the previous two because it is an

example of a local technique. It allows for greater flexibility in the registration
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transform and can overcome problems such as warped or distorted images which

cannot be easily registered with a global method.

3.1.3 Elastic Matching

Elastic matching can best be thought of as a rubber sheet or block which contains
an image. Forces can be applied to the sheet or block to stretch or warp it so
that it matches a second image. This method has been employed by Bajcsy et
al. [8, 4, 3, 11] to match an idealized brain atlas to a specific brain image. The
atlas can then be superimposed on corresponding images of different modalities to
help identify specific cranial structures and regions. The method is local, therefore
subsections of the atlas are modified to match local regions in the target image.
In order to obtain an optimal matching, the procedure seeks to minimize the

following cost equation:

cost = cost(deformation) — cost(similarity).

This shows that as energy is spent to deform the atlas the cost of deformation
increases. However, as similarity increases because of the deforming process, the
cost of similarity also increases and balances the deformation cost. In this section,
we discuss the method used to compute the deformation costs as well as similarity

costs, and then give comment regarding the relevance of this method to our own
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registration implementation.

In order to compute deformation costs, one must be able to model the external
forces that need to be applied to a localized region to obtain a minimized cost. The
Navier Stokes equations are used by Bajcsy to accomplish this. These equations

are

+F=0 (i=1,23)

08
w7 Ui+ (At p) o

1

where 6 is the cubical dilation given by

6=

3u1 n aU2 + 3u3
3331 8:52 61233.

In these equations, r = [$1,$2,.'L'3]T refers to the coordinate system of the lo-
cal region before deformation, F' = [F}, F,, F3]T represents the external forces
distributed throughout the elastic region that we wish to compute, x and A
are Lame’s elastic constants which determine the elasticity of the body, and
u = [u1,ug,u3]T is the resulting displacement from applying the forces. The
elastic constants allow us to specify the amount of deformation an object has
when a given force is applied. With larger constants an object becomes stiffer
thus resulting in a local transform similar to a rigid transform. With smaller
constants the effect is the reverse and the resulting curved transform introduces

greater deformation.

The cost of similarity is computed using a normalized cross-correlation func-
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tion similar to that used in the previous section, and is used to find the optimal
transformation. If forces proportional to the gradient vector of the similarity func-
tion are applied to the system, the similarity will increase. By applying greater or
lesser forces, one can compute the local minimum of the cost function thus deter-
mining the desired transformation. To select specific attributes from the images
for use in computing the cross-correlation, Bajcsy decomposes the image func-
tions using an orthonormal system of hermite polynomials. Relevant components
are then used to compute similarity. As with the matching scheme described in
Section 3.1.2, a multi-resolution pyramid can be used to reduce the search space
and computation time.

Elastic matching is not a viable alternative to achieve the goals in this paper
because it requires a large amount of computation time to match all local regions
at different resolution levels. We discuss it here because it illustrates a possible
extension to the current implementation. As has been previously mentioned, some
of the images that we are matching are not fixed over time, e.g. chest images which
change due to movement of internal organs and respiration. Because of this, the
global method we have selected cannot perfectly match some image sets. Elastic
matching could be used as an additional method after global registration when a

closer matching is desired.
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3.2 Principal Axes Method

The algorithm we have chosen to implement is called the principal axes method [12].

It is a global and direct method, therefore there is no search for the optimal trans-
formation parameters. Instead, they are directly computed from the image data.
This method is a modification of the Hotelling transform which can be computed

for a population of random vectors of the form Z = [z;, z2,...,2,]7 using

where A is a matrix representing a linear transformation, and m; is the mean
vector FE(Z) of the population. To give a detailed description of the theory for
this transform, we first present in this section a discussion of linear transforms
and eigenvector computation. Following this is a description of the determination
of an image’s covariance matrix. Finally, we show how this matrix is combined
with eigenvector computation to derive the Hotelling transform and discuss how

this transform is implemented to register the images.

3.2.1 Eigenvector Computation

Eigenvectors of specialized matrices have been discussed by Kolman [14] and can
be computed as follows. An n x n matrix, A, represents a linear transformation

with eigenvectors of A being defined as all vectors a such that Ala]; = c[a]s where
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c is a scalar and is the corresponding eigenvalue of [a;. We can say that a second
matrix, D, is similar to A if

A= P'DP (3.4)

where P is a nonsingular matrix. Basically, D represents the same linear trans-
formation as A but with respect to a different basis.

If D is a diagonal matrix, that is, all the entries of D are zero except on
the diagonal, we say that A is diagonalizable. In this case, each of the nonzero
entries of D are eigenvalues of A, and the corresponding rows of P are the related
eigenvectors which form a basis for D.

It can be shown that if A is real and symmetric, then there exists an orthonor-
mal set of eigenvectors of A such that Equation (3.4) holds. These eigenvectors
(i) form an alternate basis for A, and (ii) when used as the rows of P, define
a transform to convert between this basis and the original basis of A. In other
words, if A is real and symmetric, it can be diagonalized with an orthonormal
basis of eigenvectors. We now discuss how these eigenvectors can be computed.

Given 3 x 3 matrix A, the eigenvalues of A are the real roots of the characteristic

polynomial of A represented by the equation

£(t) = det(tl; — A) = 0

where det specifies the determinant, and I3 is the 3 x 3 identity matrix. Because
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A is a 3 x 3 matrix, the degree of f is 3, and f has the form
B4+pt’+qgt+r=0

where p, ¢, and r are real coefficients. We can directly solve for the roots of f
in the manner given by Beyer [6] thereby obtaining the means to compute the

eigenvectors as follows. We substitute z — £ for ¢ to obtain
P +az+b=0 (3.5)

for f, where

1 2
a—§(3q—P)

and

1
b= —(2p° — .
27(2p 9pq + 27r)

For there to be three real and unequal roots, the condition

must be satisfied. We now can let z = m cos(f), and f becomes
m® cos®(8) + am cos(8) + b = 0. (3.6)
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By the trigonometric identity

4 cos®(8) — 3 cos(6) — cos(30) = 0

it follows from Equation (3.6) that

4 =3 _ —cos(30)

m3  am b
from which we get
m=2 —?a
and
cos(30) = ;r%' (3.7)

Now, any solution 8, satisfying Equation (3.7) also has the solutions 6; + & and
6, + 4. Thus the roots of Equation (3.5) are 2,/3* cos(6:), 2,/ cos(61 + I,

and 2,/=2 cos(6; + 4F).
By substituting back z = t+ & we obtain the eigenvalues of A. We now simply

replace ¢ with the eigenvalues in the matrix equation
(cz— A)a=0
and solve the resulting linear system for the corresponding eigenvectors a. As
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was mentioned previously, these eigenvectors form an orthonormal basis which
can be applied to diagonalize A. We will use this fact in Section 3.2.3 along
with the covariance matrix, which will be discussed next, to derive the Hotelling

transform.

3.2.2 Computing the Covariance Matrix

If we have a set, X, of n dimensional random vectors of the form

£=[z1,Z2,...,2a)7

where the z; are real numbers, then we can define the covariance matrix of X as

C: = E[(Z - 1;)(Z — 2)"] (3.8)

where E represents expected value and 7, is the expected value of X. Each
element of C;, ¢;;, represents the covariance of the elements z; and z; from vectors
in X. Because of this, ¢;; = ¢;i, and therefore C; is a real and symmetric matrix.
We estimate the expected value of M samples of X using

1 M
M

T
k=1

My =
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and we compute the covariance matrix with

1 M -

- =T -
-M— E TEZp — MM,
k=1

C, =

where the Z represent individual vectors in the set X.

In our imaging application, the vectors for X will simply be the coordinates
of pixels in a specified region in the image. These are obtained through image
segmentation such as thresholding, and represent an object in the image which will
be matched to a similar object in the target image using the Hotelling transform.
We now turn our attention to deriving this transform and describing how this is

used to implement principal axes registration.

3.2.3 Derivation of the Hotelling Transform

In this section we combine information presented in Sections 3.2.1 and 3.2.2 to
derive the Hotelling transformation by showing that the diagonalization of the
covariance matrix of a random set of vectors yields a new basis where vectors
represented by this basis are uncorrelated. This implies that the new basis vectors
lie along the principal axes of the random set.

From Section 3.2.2 we know that the covariance matrix, C,, of a set of M
random vectors, X, can be determined and that it is a real and symmetric matrix.

We can find an orthonormal basis of eigenvectors for C,; and use them as rows in
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a matrix, P. In this way we create a transform which can be used to map the

vectors in X to a new orthonormal basis. A diagonal matrix, D, such that

D= PC. P!

corresponds to the linear transform represented by C, but with respect to the
basis of eigenvectors. We now show that D is actually the covariance matrix, Cy,

for the set of vectors Y where

and where Y has a zero mean, m, = 0, because we subtract m, before applying
P. To compute Cy, we use Equation (3.8) from Section 3.2.2 and show that it is

equivalent to D as follows:

Cy




Here we use the fact that the columns of P form an orthonormal set. So P is
orthogonal and P~ = PT.

Because C, is diagonal, the covariance of any two elements of Y, y; and y;
where 1 # j, is equal to zero, so the elements of Y are uncorrelated. This means
that the basis vectors of Y represent the principal axes of the vectors in Y. We

now show how to use this fact to register two 3-D images.

3.2.4 Principal Axes Registration

We now discuss how the Hotelling transform is modified in our implementation so
that it can be used to register two 3-D images. When dealing with image volumes,
we can consider the coordinates of each voxel within a specified structure in the
volume as a three dimensional vector. These vectors form the sets X and Y of
voxel coordinates from the two volumes to be registered. From these sets, we com-
pute the covariance matrices, C; and Cy, and means, m, and m,, of the volumes.
In this case, the mean of a set is simply the centroid of its corresponding volume.
From the covariance matrices, we then compute the principal axes (eigenvectors)
of the structure in the volume. The principal axes of X and Y are used as the
rows for the transform matrices P, and P, respectively. These are ordered so that

angles between corresponding axes are minimized.
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Instead of using the actual Hotelling transform, our implementation creates a
transform which aligns the principal axes of volume 1 to the nearest respective
principal axes of volume 2. In this we are making the assumption that the volumes
to be registered differ by a rotational angle of less than 45 degrees in any direction.
We can make this assumption because the patient oriented coordinate system in
the DICOM image class is essentially the same for different images but may differ
by a translation and small rotation. The transformation mapping the vectors in

X to X' so that X' is registered to Y is

T, =my + PyTP,(z':';c — M)

This transform first moves the centroid of X to the patient origin. It then
rotates the vectors in X using P; so that their principal axes lie along the patient
coordinate system’s axes. These vectors are again rotated by PyT so that their
principal axes align with the principal axes of the vectorsin Y. The centroid of Y is
then added so that the patient coordinate systems of X’ and Y are approximately
identical as is shown in Figure 3.2.

The principal axes transform is very efficient, having a computational com-
plexity of O(n) where n is the number of voxels in the volumes to be registered.
It offers an approximate registration solution which can be followed by a slower,

more accurate method. Because it does not utilize pixel intensity information in
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Figure 3.2: Registration using centroids and principal axes.

the calculation of the registration transform it can be used for images from mul-
tiple modalities, eg. CT, MR, and PET. However, whether the the images being
registered are from the same modality or not, they must be properly segmented
to obtain nearly identical structural information as it is the geometric structure of
an image that is registered. In Chapter 4 we will see examples of the registration
of MR anatomical scans that have been both properly and improperly segmented

as well as the registration of idealized phantom images.
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Chapter 4

Results

In Chapters 2 and 3, we discussed the interpolation and registration of medical
image volumes. This process involves error which can lead to inaccurate results.
Three possible sources of error are 1) incomplete data due to gaps between images
and discrete image registration, 2) rounding and averaging during interpolation,
and 3) noise or inaccuracies in acquisition. In this chapter we describe methods
of assessing the accuracy of registration techniques, followed by an error analysis
obtained by applying one of these methods to our registration algorithm. We then
conclude with examples of phantom slices and anatomical MRI volume slices that

have been extracted from an interpolated and registered set of volumes.
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4.1 Accuracy Verification Methods

In the literature, several methods of assessing the accuracy of a registration match
have been described. Because different forms of registration have unique charac-
teristics, not all verification methods are applicable to a given technique. For
example, the estimated transformation angles of a global rigid transform can be
compared to the true transformation angles if they are known, however in a local
elastic method, the curved nature of the transform precludes this type of compar-
ison. We will now proceed to discuss methodology and applicability of accuracy
verification techniques, namely 1) comparison of artificial versus automatic trans-
form parameters, 2) determination of the amount of overlap between structures
in images, 3) qualitative verification, and 4) comparison of the angles between
principal axes.

The first verification method we discuss involves comparing the parameters
generated by the registration algorithm to parameters determined by some artifi-
cial means. This method was employed by van den Elsen et al. [18] to compare
matching using the L., operator of cranial images and is effective for registration
methods that provide a global rigid transform. In this case, the automatically
generated transform is uniquely decomposed into its constituent parts, i.e. trans-
lations and rotations, and these are compared to artificial transform parameters

obtained by physically aligning the images. Though this method works well, ar-
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tificial parameters obtained in this manner may contain error because they are
based on human judgment.

In our case, we compare identical test volumes that have been artificially trans-
lated and rotated before registration. Because the inverse of this transform is
known in advance, there is no need to physically align the volumes at a later time,
so the error in human judgment is avoided. Unfortunately, comparing transfor-
mation parameters is not a viable method to analyze our registration process
because the calculated transformation matrix is not unique. When the automat-
ically generated matrix is decomposed into translations and rotations about the
X, y, and z axes, the parameters determined may vary greatly from the artificial
parameters and yet effect the same overall transform. Though we do not utilize
this verification procedure, it is similar to the method we employed to determine
the accuracy of our registration algorithm.

When unique parameters cannot be determined, or when a transformation
is local so that there is more than one set of parameters, a second verification
method involving computing the overlap of structures in an image may be useful.
Pellizari et al. [17] registers two phantom cranial volumes obtained from a plastic
skull with geometric markers placed in it. The markers in the target volume are
compared with the markers in the registered volume to ascertain error. Gee et
al. [11] also uses a comparison of this sort. A slice from an elastically registered

brain atlas is compared to a slice from the target image. Actual structures within
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the cranium are examined, and the error is computed by

(volume of intersection of structures)

error = .
(volume of union of structures)

Though this method is very useful when transform parameters cannot be deter-
mined, low resolution may decrease its accuracy. For this reason, comparing the
overlap of structures was not used in our analysis.

The third verification method is suggested by Woods [20] and is a qualitative
evaluation of the images by a human observer. One simply obtains images re-
sulting from the registration process and compares them visually. Obviously this
method involves the likelihood of judgment error, but it is a good way to check the
aesthetic properties of a registration algorithm. Later in this chapter we use this
method to compare individual MRI volume slices generated by our interpolation
and registration implementation. These slices have subtle differences which make
a non-qualitative comparison of the images difficult and error prone.

The final method we discuss for verifying the accuracy of a registration pro-
cedure is to compare the differences in the principal axes and centroids of the
automatically registered volume to the axes and centroids of the target volume.
This is the method we have chosen to implement using mathematically generated
phantom images. Our procedure is to first define a geometric object, r,, for which

the principal axes and centroid are known in advance. The source volume, v,, is
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interpolated from slices extracted from r,. A second object, r;, of identical size
and shape is defined with the desired transform applied to it. We then interpolate
the target volume, v; from slices extracted from r;. Because r, and r; are mathe-
matically defined, it is simple to determine their exact centroids and principal axes
which we label as sets P, and P, respectively. Following this, v, is automatically
registered to v, using the principal axes method, and the calculated transform is
then decomposed into its constituent translations and rotations. These transla-
tions and rotations are applied to P;, the original principal axes and centroid of
vs, to get P.. Finally, P! is compared to P; to determine translation and rotation
error.

By using the centroid and principal axes to determine error, the results of the
transform and not the transform parameters are being compared, therefore it does
not matter if the transform is not unique. Also, this method utilizes the image
attributes on which our registration algorithm is based, and so it is especially
applicable to our situation. We now review the application of this method to a

series of phantom image sets.

4.2 Error Analysis

In this section we discuss the results obtained from registering a source volume

containing a mathematically defined geometric object to a second target volume
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containing an identical object. The objects are 30 x 40 x 60 mm rectangular

prisms. The principal axes of the first rectangle lie along the coordinate axes in
which it is defined, and its centroid lies at the origin. The second rectangle has
been rotated and translated through application of a global rigid transform. The
definitions for these rectangles are used to create sets of two dimensional DICOM
images which are in turn used to interpolate the source and target volumes. The
principal axes and centroids of these volumes are then compared using the fourth
scheme described in Section 4.1. The aspects from these comparisons which we will
concern ourselves with are 1) registration error with respect to volume resolution
given a single set of transformation parameters, 2) registration error resulting
from differing rotation angles about one axis, and 3) average registration error
with respect to volume resolution given several different sets of transformation
parameters.

We first look at the result of comparing the amount of registration error to the
resolution of the registered volumes given a fixed rotation. In Figure 4.1 the y axis
depicts the rotational error in degrees of one of the volume’s principal axes with
respect to the voxel size which is depicted along the x axis. From this graph we see
that the rotational error starts very small at a voxel size of less than 1.0 mm and
gets progressively greater with larger voxel sizes. Resolution is inversely related to
voxel size, so as might be expected, error increases as resolution decreases. This

fact will be seen more clearly in a later graph and it results from the fact that
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Figure 4.1: Comparison of rotation versus voxel size for a phantom image with an initial
rotation of 10 degrees about the y and z axes and an initial translation of 10 mm along
the x, y, and z axes.

lower resolution involves reduced image accuracy. When we compare translational
error to accuracy, we see a similar response as is shown in Figure 4.2.

In both of these figures one can see an oscillation between large and small
amounts of error as the resolution decreases. This can be accounted for by the
fact that the images are represented in a discrete form. Given a very small change
in resolution, the representation of the image remains the same. However, the
principal axes and centroid will change somewhat to accommodate the new res-
olution. This causes a small increase in the amount of error. At some point, if

the resolution continues to decrease, the discrete representation of the image will
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Figure 4.2: Comparison of translation versus voxel size for a phantom image with an
initial rotation of 10 degrees about the y and z axes and an initial translation of 10 mm
along the x, y, and z axes.

adjust due to rounding. At this point, the error is locally maximum. Then, as
the resolution continues decreasing, the error will decrease until the principal axes
and centroid again align with the new discrete representation of the image.

The second comparison made using the results obtained from the phantom
images shows the rotational error in thousandths of degrees with respect to a series
of rotations about the x axis. This is represented by Figure 4.3 with rotations
about the x axis varying from 0 to 20 degrees. The error alternates between high
and low values in the same manner as the oscillation found when changing the

volumes’ voxel sizes. This is similarly a result of the images being represented
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Figure 4.3: Comparison of rotation versus voxel size for a phantom image with an
initial rotation of 0 and 10 degrees about the y and z axes respectively, and an initial
translation of 10 mm along the x, y, and z axes.

in a discrete form. The spike observed in the graph at a two degree rotation is
notable and can possibly be accounted for by realizing that the rectangles are
originally aligned with the x, z plane of the volume’s coordinate system. Since
a line or plane represented in discrete form is greatly distorted when rotated at
small angles relative to its coordinate axes, this behavior can be expected.

The third result which we consider is a comparison between the average rota-
tional error in degrees versus volume voxel sizes when the rotation parameters for
the initial transform are allowed to take several values. The rotation about the x

axis varies in one degree increments from 0 to 20 degrees and the rotations about




error in degrees i
1.20 - %%%Lerror
1.10
1.00
0.90 /
0.80 /

0.70
0.60 /
0.50 /
i
030 /
020

0.10
0.00

/
100 150 200 250 3.00 mm

Figure 4.4: Comparison of average rotation versus voxel size given initial rotations about
the y and z axes of both 0 and 10 degrees.

the y and z axes vary between either 0 or 10 degrees. Figure 4.4 shows the results
of these comparisons. As was mentioned previously, it is clear that the average
error increases as the resolution decreases. However, there is a great difference
between the amount of error between the first axis of the volumes and the second
and third axes. This can be accounted for by noting that the rotation around the
x axis varies from 0 to 20 degrees which apparently has an averaging effect on the
rotation error for the first axis of the registered volumes. The rotations of only 0
or 10 degrees about the y and z axes apparently cause larger errors in the second
and third axes of the registered volumes. It is expected that if the rotations about

the y and z axes were allowed to vary between 0 and 20 degrees, then the resulting
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error would be similar to that of the first axis.

Overall, the registration results are very good. The largest registered rota-
tional error is 1.32 degrees which is quite small. Also, the translational error in
millimeters never exceeds half the value of the voxel size. However, these results
do not show the ability of the principal axes transform to register anatomical
MRI, CT, or PET image volumes. In the next section, we display actual medical

volume slices that have been registered using our implementation.

4.3 Registration of Anatomical Data

Perhaps the final test to apply to any registration algorithm is a qualitative as-
sessment. Ultimately, it is expected that a registration algorithm will be used
so that images can be compared visually, therefore it is definitely the case that
registered images should appear to match each other. We were able to obtain
MR anatomical scans; in this section we compare corresponding slices obtained
from the source, target, and registered source volumes which were interpolated
from those scans. We examine four volume sets; the first of which is an example
of the phantom volumes described in Section 4.2, the second being a cranial and
chest scan series, the third is a cranial series only, and the fourth is a cranial set
showing the effects of improper segmentation.

The first set of images display the accuracy of our registration procedure when
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Figure 4.5: Slices obtained from source, target, and registered source phantom volumes.

the volumes to be registered are virtually identical. We have registered two rect-
angular prisms and give sample slices of the source, target, and registered source
volumes in Figure 4.5 in that order. These slices all correspond to identical loca-
tions in the volumes with respect to the patient origin. As can be seen, there is
no noticeable error.

The second image set represents slices of the cranium and left shoulder. These
images were obtained by registering a source volume which was interpolated from
sagittal scans through the patient to a target volume derived from a set of oblique
scans. Corresponding slices extracted from the source, target, and registered
source volumes can be seen in Figure 4.6 respectively. It is plain that though the
source image represents the slice with the same position as the target image, they
are definitely not visually identical. From this we see that the volumes’ patient
origins are different. However, the target slice compared with the registered source
slice shows the effectiveness of the Principal Axes Method as these slices are

approximately the same. Both the source slice and the registered source slice
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Figure 4.6: MRI slices of cranium and shoulder obtained from source, target, and
registered source volumes.

Figure 4.7: MRI Cranial slices obtained from source, target, and registered source
volumes.

display the banding effect mentioned in Chapter 2.

The third image set represents cranial slices only. These images were obtained
in a similar fashion as the second set except that oblique scans were used for
the source volume and sagittal scans for the target volume. Figure 4.7 shows
the corresponding slices obtained from the source, target, and registered source
volumes. Again, we observe the difference between the source and target slices,
and the similarity between the target and registered source slices.

The final image set in Figure 4.8 displays the error that can occur when volumes

are not segmented properly. It can be seen that the source and target images are

nearly identical before registration, but that the registered source image is rotated
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Figure 4.8: MRI lices displaying misregistration due to improper segmentation.

by approximately 10 degrees about the z axis. This is due to thresholding the
volumes at a level which allowed noise in the original scans to be included in the
registration process. From this we see the importance of correct segmentation of
volumes before registration takes place.

The results of the implemented registration process have been seen to be suc-
cessful. An SGI Indigo 2 workstation was used to perform the interpolations and
registrations on images conforming to the DICOM image class. The registration
procedure itself took under 10 seconds to register medical scans with volume di-
mensions of 143 x 91 x 143 and 134 x 134 x 108 respectively where each voxel
was 2.1mm cubed. However, the interpolation of the source and target volumes
in addition to the reinterpolation of the newly registered volume required approx-

imately 33 minutes due to large gaps between original MR scans..
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Chapter 5

Conclusion

In this thesis we have studied medical image interpolation and registration. We
have considered several forms of interpolation including linear, cubic, shape-based,
and kriging. The method chosen to be implemented was a form of linear inter-
polation which we have designated as modified linear interpolation. This form
combines speed as well as the ability to consider several voxels when computing
an unknown value. Its primary computation utilizes a formula similar to the ba-
sic kriging equation but does not include a specialized method for determining
voxel weights based on an image’s structural attributes. Instead, these weights
are computed using the reciprocal of the distance between voxel centers. The
method is very effective when computing volumes based on complete data sets,
however, in many cases gaps exist between medical scans which ultimately create a

banding effect in the computed volume. This effect can be reduced using blurring
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or lowpass filtering methods. The difficulties experienced with this interpolation

procedure are common to any method that is applied to incomplete data.

Several registration algorithms have been presented among which are polyno-
mial approximation, cross-correlation of features, elastic matching, and principal
axes registration. We have discussed in detail and have chosen to implement the
principal axes method. This method is a modified form of the Hotelling algo-
rithm. It registers images by 1) computing the centroids and principal axes of two
volumes, 2) translating the centroid of the source volume to the patient origin,
3) aligning the source volume’s principal axes to the target volume’s principal
axes, and 4) translating the centroid of the source volume to the centroid of the
target volume. This type of registration utilizes a global and rigid transform and
so provides a coarse registration of two volumes. It is relatively fast compared to
other registration methods and provides the approximate solution that is desired.

Because the principal axes method is fast and provides a coarse registration,
it is an excellent way to begin a more detailed registration process. It can be used
to approximately register two volumes so that a further registration step, such
as polynomial approximation or elastic matching, can fine tune the results. The
initial principal axes registration is very useful before attempting a curved or local
registration method because it greatly reduces the amount of time spent in these
computationally intensive procedures.

The results of the chosen interpolation and registration processes are seen to
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be highly accurate under ideal circumstances. With lower resolution, registration
error increases but is still within an acceptable range. The ability of the principal
axes method to register actual anatomical images is also displayed. Though these
results often depend highly on the image segmentation process, every registration
procedure requires accurate extraction of image properties. Compared to others

this method excels in its simplicity and efficiency
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