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ABSTRACT

The amount of non-rigidity that exists between a
cam and a follower was investigated. A stress condition
for the cam and the follower in contact was determined
from the Smith-Liu equations. Then, by using the theory
of elasticity the deflections caused by the interactions
between the cam and the follower were determined. This
amount of non-rigidity in the system was then represented
by a spring with a determined spring constant.

The end result of this investigation was an expres-
sion for the spring constant representing the non-rigidity
in the system. Several additional avenues for study are
suggested to build upon the results achieved in this

study.
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CHAPTER I

INTRODUCTION

Summary

In brief, an investigation was made of the non-
rigidity between a disc cam and a roller follower. The
non-rigidity was represented by a spring, with a deter-
mined spring constant. The expression for the spring
constant was derived from known contact stress equations
using the theory of elasticity.

This work can be viewed as a first step at modeling
an actual cam-follower system. As such, this work could
be used to study the behavior of a cam-follower system,
as well as perhaps suggest failure criteria for a cam-

follower system.

Background Discussion

In the area of machine design, a large volume of
literature is devoted to the discussion of the behavior
of cams and followers. (For the purpose of this study,

the term "cam"

will be used to describe a rotating disc
cam, while the term "follower" will be used to describe
a roller follower.) The majority of this literature is

occupied with showing how the displacement, the velocity

and the acceleration of the follower may be obtained by



2

choosing a particular cam profile. Typically, one assump-
tion made while generating this information is that the
cam and the follower behave as absolutely rigid bodies.

For the purpose of this study, the cam and the fol-
lower are assumed to be elastic bodies. Due to the forces
that exist between the cam and the follower, small deforma-
tions in each body occur. The cam and the follower are
elastic in the sense that both members will return to their
original shapes if these forces are removed.

This thesis investigates the amount of non-rigidity
that exists between a cam and a follower under typical
operating conditions. The investigation was completed
using a three-part approach, using basic theories of elas-
ticity. The major sections of the investigation are as

follows:

1. The determination of the forces that exist between

a cam and a follower.

The force exerted on the follower by the
cam is determined using a free-body analysis
of the follower. Newton's laws are then
applied to determine the force exerted on

the cam by the follower.

2. The determination of the stresses on the cam and

on the follower.
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The first section of the investigation
yielded the forces on the cam and on the
follower due to the interaction(s) between
these two bodies. The stresses caused by
these interactive forces are then determined
using a published method, the Smith-Liu equa-

tions.

3. The determination of the deformation of the cam

and the follower bodies.

Once the stresses on each body became known,
the deformations of each body were determined

by the theory of elasticity.

By knowing the forces on the cam and the follower,
the spring constanﬁ for a spring representing the non-
rigidity between these two members can be determined, as

discussed in the first section of this chapter.

Discussion of Previous Work

In recent years there has been much work done in
determining the stresses that are caused by the interac-
tions between two cylinders. (For the purpose of this
study, the cam and the follower will be treated as two
cylinders with parallel axes.) Much of this work has been

completed using numerical methods (Ahmadi, Doi, Harnett
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and Manakuchi), although some of the work more closely
related to this has been done experimentally (Midlin).

An extensive computer search failed to locate any
relatively recent work that could be directly applied to
this thesis. The Smith-Liu equations, published in 1953,
still remain the most applicable (at least to this study)

expressions for stress available.



CHAPTER II

DEFINING THE PROBLEM IN CONSIDERATION

Introduction to a Cam and Follower System

In general terms, a cam is a machine element designed
to have rotational motion and a specially formed surface.1
The cam transmits motion to another machine element known
as the follower. The most basic cam mechanism consists
of a cam and follower combination. By rotating, the cam
drives the follower. The cam mechanism is used to trans-
form the rotational motion of the cam into intermittent
rectilinear motion of the follower, which is the output
member.2

cam and follower mechanisms are relatively inexpen-
sive, are not difficult to design or manufacture, and
occupy a small amount of space.3

For these reasons cam and follower mechanisms are
widely used in modern equipment. To meet these many needs

there are a variety of types of cams and followers.

! H. A. Rothbart, Cams: Design, Dynamics and Accu-
racy. (New York: John Wiley and Sons, 1956), p. 26.

2 F. D. Furmon, Cams: Elementary and Advanced. ({New
York, John Wiley and Sons, 1921), p. 32.

3 J. E. Shigley and J. J. Uicker, Theory of Machines

and Mechanisms. (New York: McGraw Hill Book Company,
1980), p. 193.
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One of the more popular cam and follower mechanisms
employs the disc cam in conjunction with the roller fol-
" "

lower. For the duration of this thesis, the term '“cam

will be used to refer to a disc cam exclusively while the

term '"follower'" should be taken to indicate only a roller
follower. A typical disc cam and roller follower are shown
in Figure 2.1.

The cam profile is typically designed to produce a
particular motion of the follower. This motion is usually
dictated by the requirements of the application. Once
the cam profile has been chosen, the displacement, veloc-
ity and acceleration of the follower are also chosen.
The dynamic performance of the follower is a function of
the cam profile. This can be visually represented by
Figure 2.2.

Throughout this investigation, there will be refer-
ences to terms describing physical characteristics of the
cam. These terms are graphically defined in Figure 2.3.

Description of the Coordinate System Used
Throughout the Investigation

The coordinate system used throughout the investiga-
tion will be a right-handed orthogonal system. The coordi-
nates used to refer to the cam will be subscripted with

"

a "o while those used to refer to the follower will

be subscripted with an "f".



Figure 2.1. A Simplified Representation of .
a Cam and Follower.
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The cam and the follower, along the line of contact,
can be considered to be two cylinders with parallel axes.
If there is no force pressing these two bodies together,
there is only a line of contact between them. The
Yf - Yc axis will be colinear with this line and will
be parallel to the axes of the cam and the follower.
The Xc - Xf axis will be tangent to both bodies and
will be drawn through this line of contact. The Xc - Xf
axis lies in a plane that is perpendicular to the line

of contact. The coordinate system is shown in Figure

2.4.



Figure 2.4. The Coordinate System



CHAPTER III

INVESTIGATION OF THE NON-RIGIDITY BETWEEN A CAM AND
A FOLLOWER

Assumptions and Limitations to the Study

As discussed in Chapter I, the determination of the
non-rigidity between the cam and the follower is the
end result of this investigation. Before the first steps
can be taken towards achieving this result, it is
essential that the assumptions made in this study be dis-
cussed in detail. These assumptions are enumerated below.
The limitations to the study as a result of these assump-
tions are handled in the appropriate location(s) through-

out the solution.

1. The cam and the follower are each constructed

of isotropic materials.

2. The axis of rotation of the cam and the axis of

rotation of the follower are parallel.

3. The cam and the follower are each constructed
of perfectly elastic bodies for the loads in con-
sideration. The forces on the cam (by the fol-
lower) will cause changes in the shape of the
cam. By being defined as perfectly elastic, the

cam will return to its original shape upon removal

12
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of the loads. A similar discussion can be applied

to the follower.

The cam and the follower are the only non-rigid
members in the cam system. A typical cam system
may consist of the cam and the follower, a 1ift
rod and a rocker arm. These other members for
the purpose of this investigation are to be con-
sidered to be absolutely rigid bodies. The only
non-rigidity in the system is located at the con-

tact area between the cam and the follower.

The effects of the cam on the follower and the
effects on the follower on the cam are localized.
The deformations of each body caused by the inter-
action of that body with the other are localized,
and thus each body can be treated as a semi-

infinite body.

The width of the cam is the same as the width
of the follower. To use the coordinate system
previously developed, the cam and the follower

have the same dimension in the Y-direction.

The cam and the follower are in a condition of
plane strain. The dimensions in the Y-direction
of the cam and follower are very large with

respect to the width of the area over which the
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cam and the follower are loaded. Additionally,
the loading on the cam and the follower will not
vary in the Y-direction. It is assumed that there
is no axial displacement at any cross section

of the cam or the follower.

The Force on the Follower Exerted by the Cam

To evaluate the forces on the follower due to the
interaction of the cam with the follower, consider first
Figure 3.1, This figure is a simplified representation
of a cam follower system. The distance "e" between the
centerline of the follower and the centerline of the cam-
shaft is defined as the eccentricity.

The follower is constrained by the frame to move only
in a vertical direction. The coordinate L 1is used to
measure the motion of the follower center, with L = O
being arbitrarily chosen when the follower is at the bot-
tom of its stroke. Wf represents not only the weight
of the follower, but also the weight of the other members

(for example, the push rod) that may also be affecting

the forces on the cam.
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The return spring is designed to keep the follower
in contact with the cam. The return spring has a Kknown

spring constant, K which by definition is the amount

R’
of force necessary to compress or extend the spring a unit
length. As the spring must keep the follower in contact
with the cam, it must be exerting a force even when the
follower is at the bottom of its stroke. This force is
called the preload force and designated Fpl' By defini-
tion it is the force exerted by the spring when L = O.

The force exerted by the cam on the follower is di-
rected normal to the cam surface which is typically not
the direction of the follower motion. The angle between
the force exerted on the follower by the cam and a line
drawn parallel to the motion of the follower is defined
as the pressure angle, denoted by P.

When the pressure angle is greater than zero, the
surface of the cam pushes sideways against the follower.
This in turn causes additional resistance to the follower
motion thereby increasing the force required to move the
follower. As the pressure angle is important to the dis-
cussion that follows, a useful means of determining the
pressure angle is shown below.

Figure 3.2 shows a cam with a reciprocating follower.
The follower is constrained to move only in a vertical
direction. The cam is rotating at an angular velocity,

w , where,
cam



Figure 3.2. Location of the Instant Centers of Velocity.
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de

Weoam = at (3.1)

Measured in seconds, dt is the time required for the
cam to rotate through the angle de. The other parameters
shown all retain the same definition that was previously
assigned to them.

An instant center of velocity is defined as the loca-
tion of a pair of concurrent points on two different bodies
for which the absolute velocities of the two points are
equal. The necessary instant centers to derive an expres-
sion for the pressure angle are shown in Figure 3.2. The
instant centers were found by application of Kennedy's
theorem and with the use of a circle diagram.

For the purpose of this discussion, the cam has been
designated as member a, the roller as member b, the
follower stem as member c, and the frame, or the fixed
body, as member d. The instant centers are indicated
with a circle enclosing the two letters designating what
instant center is located at the point indicated.

Since the follower is constrained to move only in
a vertical direction, the velocity of instant center ac
is the velocity of all points of member ¢, the follower.
But, ac 1is also a point on member a, the cam. As such,
the velocity of point ac is a function of the angular

velocity of the cam and the distance from ac to ad,
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the point about which the cam is rotating with respect

to the fixed body.

VaC = (wcam) (ac - ad) (3.2)

Where Vac is the velocity of instant center ac and
Tac - ad) is the distance from ac to ad. All units
must be consistent.

Also, the velocity of ac is the velocity of the

follower.

dL
Vac_E (3.3)

Where %% is the instantaneous velocity of the follower.

Rewriting equation (3.2), using the dimensions "§"
and "e'" as shown in Figure 3.2,
dL
ac - (wcam) (e + §) (3.4)
But,
dL © dL de
dt = @6 dat (3.5)
By definition,
de
at = “cam (3.6)

Also, by definition,
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dL _ L
w

L' =35 = 1 (3.7)

Where L' has units of inches/rad.
By substituting equation (3.7) into equation (3.5)

the following result is achieved:
L' = (e + §) (3.8)
By strictly geometrical considerations,
§=Tan @ (e + L) (3.9)
Where € is the vertical distance from the camshaft

to the pitch circle and

e =\UR - e (3.10)

By substituting egqguation (3.10) into equation (3.9)
and then substituting that expression for § into eguation
(3.8), the final expression for the pressure angle can

be arrived at.

L' - e (3.11)

It is extremely important to note that although equa-
tion (3.11) is valid for all cam positions, L and L'

are functions of the cam profile and are constantly
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changing as the cam rotates. The pressure angle there-
fore is also constantly changing as the cam rotates.

Figure 3.3 1is a representation of a general case
of a cam and follower. The force exerted on the follower
by the cam is directed in a direction that is normal to
the surface of the cam at the point of contact between
the cam and the follower.

In determining the magnitude of this normal force,

the following parameters are utilized:

W, = weight of the follower

F = external forces by other members exerted

on the follower

L, L, I, = the 1lift, velocity and acceleration of

the follower, respectively

FPl = the preload force in the return spring
KR = the spring constant of the return spring
Ff?c = the normal force exerted on the follower
by the cam
21, 22 = dimensions of the cam system as shown in
Figure 3.3
N N = forces normal to the follower stem, exerted
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on the stem at the 1locations shown in

Figure 3.3

u = coefficient of friction between the fol-

lower stem and its guide

® = pressure angle

d = diameter of the follower stem

To determine the direction of the forces due to fric-
tion between the follower stem and its guides a sign func-

tion is defined.

(3.12)

|L

As the expression for the magnitude of this normal
force is determined in several sources,1 it is reprinted

here without derivation.

N Fpla
f/c ~

F

22 cos § - (2 u sign £R1 + U sign iiz - uzd)sin 1)

(3.13)

FT is the sum of the inertial forces, the weight of

the follower and the external forces.

! Robert L. Maxwell, Kinematics and Dynamics of
Machinery. (Englewood Cliffs, N.J.: Prentice-Hall, 1960),
p. 395.
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This force is directed normal to the cam's surface

at the point of contact. By Newton's Third Law, the force

exerted on the cam by the follower will also be given
by equation (3.13).

Discussion on the Expressions for the Force Exerted on
the Follower by the Cam and Vice-versa

Several comments are in order concerning the expres-
sions for the forces Ff?c and Fc?f derived in the
previous section.

The force exerted on the follower by the cam is in
a direction normal to the cam's éurface at the point of
contact. Recalling how the coordinate system defined
in Chapter II was oriented, the force Ff?c is directed
in a positive Zf direction. The force Fc?f is di-
rected in a positive ZC direction. Defining and ori-
enting the coordinate system in the manner described in
Chapter II was to simplify the descriptions of the direc-
tions of the forces nyc and Fc?f' Figure 3.4 shows
the application of these forces to the follower and cam
respectively, with the coordinate system superimposed.

It is important to note that the force exerted on
the follower by the cam (and vice versa) will always be
positive, or at the very minimum, =zero. If the Ff?c
is less than =zero (by algebrically summing the forces
on the follower) then the follower has "jumped" off the

cam and the analysis no longer holds.
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Figure 3.4. The Normal Forces with the
Coordinate System Superimposed.
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It may also be noticed that the effects of rolling
friction between the follower and the cam were ignored
in the analysis to determine the forces on the cam and

on the follower. This was done for two reasons:

1. The magnitude of the rolling friction will be
very small in comparison to the sliding friction

between the follower and its guides.

2. The rolling contact friction that may be present
will not contribute to the further results ob-
tained in this investigation. This will be shown

in a later section.

Expressions for the Stress on the Cam and on the Follower

The first investigation of the contact of elastic
bodies was done by H. Hertz in 1881. He computed and
verified with experiment the load distribution over the
contact area.1 The case under investigation concerns
the contact of two cylinders with parallel axes.

The surface of contact between two cylinders with
parallel axes 1is a narrow rectangle. A Hertzian dis-
tribution of the load pressing these two bodies together

is assumed. For this assumption to be true, the normal

! Stephen Timoshenko, History of the Strength of

Materials. (New York: Dover Publications, 1983), p. 347.
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loads (in this case Ff?c and Fc?f) are distributed
in a semi-elliptical fashion along the width of the sur-
face of contact. The width of the surface of contact
is the dimension of the narrow rectangle in the X-2Z
plane. The integral of the pressures over the contact
area is equal to the force pressing these bodies together.
Figure 3.5 shows the two bodies being pressed together
by the normal force Fc?f' while Figure 3.6 represents
the elliptical distribution of the normal load.

If in addition to the normal load a tangential load
is also considered, then the situation exists which is
represented in Figure 3.7. As any presence of a tangen-
tial load must be associated with that of a normal load.

Fryo = £ Py (3.14)
Where f denotes the coefficient of friction of the sur-
Afaces of contact. It will be shown that for the purposes
of this investigation a tangential load will not be of
interest. Until that is shown, such a load will be con-
sidered to be present and also to be elliptically dis-
tributed over the region of contact as shown in Figure

3.8.
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Figure 3.5. The Two Bodies Being Pressed Together
Under the Action of the Normal Forces.
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Figure 3.6.

A Hertzian Distributed Normal Load.
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Figure 3.7. A Normal Load and a Tangential
Load Acting on a Body.
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Figure 3.8. A Hertzian Distribution of
a Tangential Load.
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The Smith—Liu1 equations are expressions for the
stress on a body due to normal and tangential loads dis-
tributed in Hertzian (elliptical) fashion over a region

on the boundary of the body. These stresses are func-

\

‘ tions of the material of the body, the geometry of the
problem, and the normal load. The tangential load is
considered to be a function of the normal load.

In the development of the Smith-Liu equations, sev-

‘ eral assumptions were made. As these equations will be

|

used throughout the rest of this investigation, it 1is

important to list these.

1. Both the tangential and normal loads are consid-
ered to be distributed in elliptical fashion
over the area of contact, as shown previously.

2. The magnitude of the intensity of the tangential
load is considered to be proportional to that
of the normal load.

3. The boundary of the surface of contact is an
ellipse. (For the case in consideration, it
is a very narrow ellipse and can be approximated

by a narrow rectangle.

1 5. 0. smith and C. K. Liu, "Stresses Due to Tangen-
tial and Normal Loads on an Elastic Solid with Application
to Some Contact Stress Problems," Journal of Applied
Mechanics, June 1952.
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4. The surface of contact is not assumed to be a

flat surface.

The stresses given by the Smith-Liu equations on
either the cam or the follower due to the presence of
an elliptical distribution of a normal force over the

area of contact are:

2 2 2
Pz a” + 2 2 - 27
oN = - % [ ’; LAY M T == - 3x¥] (3.15)
Poz _
OZN = - —TT—_ [a¥y - xV] (3.16)

Where "N" refers to the stresses caused by the dis-
tributed normal force.

If the cam and the follower are subject to a tangen-
tial force that is distributed along a portion of their

boundaries, the stresses caused by this force are:

fPo 2 2 X
oxT———[(Zx - 2a” - 3z%) vy +2ng
2 2 2, x
+ 2 (a” - x - 27) a W] (3.17)
fp
o _2

Opp = = 7 2 y (3.18)
The subscript "T" refers to the tangential force

causing the stress. The coordinate system defined previ-

ously is still in use.
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If the normal load per unit length in the y-direc-

tion applied on the boundary is defined as

~ =

B = c (3.19)

kS

where " is the dimension of the cam in the

YC - Zc plane, then the half width of the contact area

is given by
a =f2BL (3.20)

This half width of the contact area is shown in Figure
3.6, and has units of inches. Equation (3.20) was de-
termined by the conditions of compliance between the two

bodies.

A is defined as

2

1-v¢2 1-v

A= ! (e, e ) (3.21)
1(1 -l—)\ Ef Ec

ZlR. " R

c f

A has units of inches cubed per pound.

The symbols Rf, Ef and Y ¢ represent the radius,

the modulus of elasticity and Poisson's ratio, respec-

tively, for the follower and Rc' Ec and Y e represent

the radius at the point of contact with the follower,
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the modulus of elasticity and Poisson's ratio, respec-

tively, for the cam.

To complete the presentation of the Smith-Liu equa-

tions, the parameters Y, ¥ and PO need definition.

1 (3.22)

y = I 1=
K, 2
\/ﬁﬁ/ﬁ+x1 + K, - 4a
K, K, K,

and

¥ = — (3.23)
X, 2
E—z-\/z K_2 . K1 + K2 - 4a
K1 K1 K1

The expressions K1 and K2 are defined as

2

=~
]

(a + x)% + 2 (3.24)

(a - x)% + 22 (3.25)

=
1]

As a result of the assumption being made that the
load is distributed in elliptical fashion over the con-

tact area, it can be written

p - 2B (3.26)
ma
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Simplifying the Expressions for the Stresses

The Smith-Liu equations are fairly complex and diffi-
cult to use in their present form. By recalling that
the main objective of this investigation is to represent
the non-rigidity between the cam and follower by a spring
with a determined constant several simplifications to
these equations can be made.

To determine a spring constant for the above purpose,
the deflections that occur as the cam and the follower
are pressed together and the magnitude of this pressing
force are required.

To determine the deflections caused by these bodies
being pressed together, the Smith-Liu equations will be
used. The specific deflections that need to be determined

are those of the points that lie in the 2 - Y plane.

Additionally, no integrations will be made with respect
to X so it can be treated as a parameter rather than
a variable.

Therefore, to simplify the Smith-Liu equations the
X-terms in the equations can be set equal to zero. This
is a simplification unique only to this particular prob-
lem and not a general means of using the Smith-Liu equa-

tions.



By implementing this simplification,

K, = a~ + z =K2 (3.27)

As K1 = K2 they will be referenced in the future

without subscripts. That is,
K, = K, = K (3.28)

Substituting equation (3.28) into equation (3.22)

Jo

the expression for ¥ becomes

v =1 1 - K (3.29)
525+K+K-4a2
K K K
which readily yields the result
¥=20 (3.30)

Likewise, by substituting equation (3.28) into equation

(3.23) the expression for ¥ becomes

e

v=-1 1 (3.31)
i 5+K+K—4a2
K K K
which reduces to the expression
[ i (3.32)
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Using the results from equations (3.30) and (3.32)
and again, recalling that the plane of interest is the

Y-Z plane, the‘stress equations can be reduced to

2 2
Po(a + 227) . 2Poz (3.33)

Poa
TN T T T p—— (3.34)
2 2
a + Z
Ogp = O (3.35)
O,p =0 (3.36)

By recalling that an assumption previously made
(Chapter Two) was that the cam and the follower are in

a condition of plane strain, it can be written that

|_|

€ = & (oy - y(oX + Gz)) =0 (3.37)

or

o = y(oX + oz) (3.38)

Substituting equations (3.33) and (3.34) into equa-

tion (3.38) yields




POY(a2 + 222) 2YP z P Ya
o = - + o” _ 0
yN a

In a previous section, the force exerted on the fol-
lower by the cam was determined. In that analysis a tan-
tions (3.35) and (3.36) show that the assumption made
in not considering this force was justified. The tan-
gential force will not contribute to the further results
of this study. As the stresses created by a tangential
distributed load do not contribute to the overall stress
distribution, the subscripts will be dropped and there-

fore o, = O o, = 0 and 0. = © These expres-

xN' Ty yN z zN*
sions will be used in the next two sections to determine

the deflections of interest.

The Deflection(s) of Points on the Follower

The deflection(s), of points on the follower, in

the z direction are the deflections of interest. If

f

wf is defined as these deflections, Hooke's Law can be

written for the strain in the Z-direction of the follower.

1
€,6 = E; [0, - Yg (O ¢ + Oyf)] (3.40)

and from the theory of elasticity,



40

(o5
£
Hh

(3.41)

™
H
Q

zf

N
Hh

The parameters are subscripted with an "f" to dis-
tinguish them as parameters of the follower.
By substituting equations (3.33), (3.34) and (3.39)

into equation (3.40), the expression for the strain be-

comes
P 22 2P
Poa off? f oYf
- + +
, 2 2 / 2 2 ’ 2 2
Ef zf + a Ef a  + zf aEf zf + a
2Y Pz 2P _ y 2 2v.%p 2
N f f f "o°'f
2
P Y."a
s —o L (3.42)
2 2
Ef a + zf
awf
Recalling from eguation (3.41) that €, = 7;5%’

an expression for the deflections of points on the fol-
lower in terms of (x, z) (where, in this case x = 0) can
be found by integration of (3.49). The integration of
this expression 1s not difficult, especially as the
stresses in the Y-2Z plahe are only functions of =z.

Integrating equation (3.42) yields



Y ) I I
We = "TE. sinh” a E sinh a
f f
P z 2
2P Ve ,/ 1 fi _ YePoZe
- 2 sinh™ a Efa
2 2 2 2
\ P Ys a i (ff) \ 2P V¢ zeW 2.7 + @
Ef sinh Efa 2
2 2
- a P Yf f . PoYg @ -1 fﬁ) + F
sinh™ Ef sinh a
(3.43)

A dimensional check of equation (3.43) yields the
units of length for each term--the appropriate units for

deflections.

To determine the constant of integration in equation
(3.43), it 1is necessary to consider the boundary condi-
tions of the system. The follower rotates about an axis
that passes through the geometric center of the cross
section of the follower. 1In a real system the shaft that
the follower rotates about will be designed so that it
will not deflect under the action of the load pressing

the follower to the cam. Additionally the axis Zf will

pass through the center of curvature of the follower,

As a boundary condition to determine the value of this
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constant, and by denoting the radius of the follower as

Rf'
wf(zf = Rf) =0 (3.44)
Rewriting the complete expression for we as
we = f(zf) + F (3.45)
where f(2) 1is the expression preceding "F" in equation

(3.43). Substituting equation (3.44) in equation (3.45)

wf(zf) = f(zf) + F =20 (3.46)
which yields
F = - f(zf) (3.47)

To solve for f(Xf) it is only necessary to substi-

tute = R in the expression for F(zf).

Zf £
Making the substitution and solving for F,

()T ()
E% sinh a Ef sinh a
2p V R P R,Z
Yf £ YESo f
sinh—1 * a




2 2 2 2
) P Y a ) (Rf) 2P _Y¢ [Rf R+ a
Ef sinh a Efa 2
2. 2 2
a® L Be)], Bo¥eRe  Pove @ Y
2 sinh a Efa Ef sinh a

Again, the complete expression for We can be

written

We = f(zf) + F (3.49)

The Deflection(s) of Points on the Cam

By using the results obtained in the previous sec-
tion, particularly equation (3.43), the general expression
for the deflection of points on the cam in the Z. direc-

tion can be written

P a VA P Y a z
w = - o) _ (_g . 2c _ “c
c E sinh a EC sinh a
2 2 2
\ 2POYC z .\ 2c + a EE : iE _ YCPozc
aE 2 2 sinh a Eca




In keeping with the convention previously used, the

subscript "c" refers to parameters of the cam.

To evaluate the constant of integration in equation
(3.50) requires an examination of the system. For any
real cam system, the radius of curvature of the cam at
the point of contact with the follower will be very large
with respect to one-half of the dimension of the contact
area in the X-2Z plane. The proof of this can be found
in Appendix C. As a result, L will be a local deforma-
tion and the same principle applied to the follower can

be applied to the cam. To evaluate C, it can be written

wi(z_ =R_) =20 (3.51)

where RC is the radius of curvature of the cam at the
point of contact with the follower.
Applying equation (3.51) to egquation (3.50) in

a manner similar to that of the previous section

P a R P vy a R
C = _o° 1 1=E1 - _o ¢ 1 ==
EC sinh a Ec sinh a
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a E a
c

2P Y RJRZ 2 2 R Yy P R Z
_“o'cllc¥ e + at a® 1 (_g) , _coc
ak 2 2 sinh

2 2
_ POYC 2P Y Rc RC + a
EC sinh™ 2

2 2
_i% _) P_Yo R _POYca g 59‘
2 sinh~ EC sinh a

(3.52)

Using the notation previously developed

w, = f(zc) + C (3.53)

where f(zc) is defined in equation (3.50).

It can be readily seen that the form for the deforma-
tion of the cam is identical to that of the follower.
Using equations (3.52) and (3.50) would vyield the
deflection of any point that lies in the YC - 2 plane

C

in the Zc direction. The deflections are not a func-
tion of vy.

The expressions for We and W will be utilized
in the next chapter to determine a spring constant for

a spring representing the non-rigidity between the cam

and the follower.



CHAPTER 1V

REPRESENTING THE NON-RIGIDITY BETWEEN A CAM AND
A FOLLOWER BY A SPRING

Introduction

Figure 4.1 represents a Cross section of the cam
and the follower in contact. I1f there is no pressure
between the bodies, there is contact only along the line
drawn perpendicular to the X-2 plane and passing through
the points PC and Pf. PC is a point on the cam that
lies on this line of contact and has coordinates (xc,
, o). P is a point on the follower

f

that also lies on this line and has coordinates (xf, Ygr

, z.) of (o, ¥y

Y C (o]

C

zf) of (o, Yer o).

However, the two bodies are being pressed together
by the normal forces, directed as shown in Figure 4.1.
Due to the action of these forces there is local deforma-
tion at the point of contact and rather than a line of
contact there is contact between the two bodies over a
narrow rectangle.

C and CC are the centers of curvature of the fol-

f
lower and the cam, respectively. Before the two bodies
were pressed together the distance from Cf to Pf would

be the radius of the follower, designated Rf in the

previous chapter. Likewise, the distance RC, the radius

46
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Figure 4.1. The Two Bodies Being Pressed
Together.
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of curvature of the cam, would be the distance from CC
to the point PC before the two bodies were pressed
together,

As the two bodies are pressed together, there s

localized deformation in the vicinity of points Pc and
Pf. This local deformation will cause points Cc and
Cf to approach each other by a certain amount. This

amount will be the sum of the deflection of point PC

in the direction of Zc and the displacement of point

P in the direction of 2

f £°

Displacement of Point PC in the the Zc Direction

The displacement of point Pc in the ZC direction
is not difficult to find, given the fact that equation
(3.50) and equation (3.52) in conjunction with each other
yield the displacement of any point on the 1line with

coordinates of (xc, Yor 2 ) of (o, Yor zc), in the 2

(o] C

direction.
By recognizing that Pc lies on this line and apply-
ing equations (3.50) and (3.52), the displacement of point

can be written as

P in the 2 direction, '
C C P
c
P a R P vy a R
_ o _1(_9\_oc I
%p E sinh a E sinh a
c c c




Displacement of Point Pf in the Zf Direction

The displacement of point Pf in the Zf direction
is also not very difficult to find. Using the same pro-

cedure outlined in the previous section, it can be shown

that

f f f
2P Y R R 2 + a 2 R Y.P R 2
2P Te | ReV Re a? _1(f\+fof
aEf 2 2 sinh a Efa
2 2 2 2
i POYf a i ( Rf) ZPOYf Rf Rf + a
Ef sinh a Efa 2
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Determining the Spring Constant

By definition, a spring is a machine element designed
to give an elastic deflection under a given load. Stated
inversely, a spring is an element which exerts a force

when deformed. This can be shown algebraically as

s s s (4.3)

Where FS is the force being exerted by the spring,
K is the spring constant, and ds is the deflection
of the spring from its free, unstretched position.

For the problem at hand, to replace the elasticity
of the cam and the follower by a spring requires a bit
of analysis.

In order for this spring to accurately reflect the
elastic properties of the cam and the follower, the
deflection of the spring under the applied normal load
pressing together the cam and the follower must be iden-
tical to the actual deflections of points on the cam and
the follower calculated in the previous section.

If such a spring is found, and 1located in such a

manner as to accomplish the above, then the cam and the
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follower will be assumed to be rigid and the only non-
rigidity in the cam system will be the spring itself.

It is extremely important to note that if a spring
constant is calculated for a spring representing the
non-rigidity in the cam system, it is only valid for the
instant of consideration. The spring constant will be
a function of the geometry of the problem, the forces
on the cam and the overall parameters of the problem such
as the modulus of elasticity of the two bodies.

As the cam rotates the spring constant for the spring
representing the elasticity in the cam system will change.
The spring that does represent the non-rigidity in the
cam mechanism will have a constant that is a function
of time.

As previously determined in the first two sections
of this chapter the deflection of the point Pc on the

cam in the direction of ZC will be ap and the deflec-
c

tion of the point Pf on the follower in the direction
of Zf will Dbe apf.
the forces pressing the two bodies together.

These deflections are caused by

Due to these forces C and CC will approach each

f
other by the amount GT' where

(4.4)
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The force pressing these two bodies together is the

N | _ N .
normal force Ff/c (= Fc/f)’ By definition, a spring
constant relates the deflection of the spring to the force
required to cause that deflection. Utilizing equation

(4.3)

Ff C

E 6T (4.5)

N
/

Figure 4.2 shows how the spring representing the
non-rigidity of the cam system will be placed. The spring
will have the value of the spring constant calculated

in equation (4.5).
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Figure 4.2. A Spring Replacing the Non-
Rigidity in the Cam System.




CHAPTER V

DISCUSSION ON THE RESULTS OF THE STUDY

Introduction

The previous four chapters were devoted to determin-
ing the amount of non-rigidity in the cam and follower
system and representing that non-rigidity by a spring.

This chapter will deal with the results obtained in
the previous chapters. It is broken up into sections,
each designed to provide a clean analysis of one aspect

of the results.

Limitations to the Study

There are some specific warnings that must be made
regarding the results of this study. By using the methods
developed throughout the previous chapters a spring con-
stant will be determined for a spring that represents
the non-rigidity in the cam system. The results are valid
only for the instant of consideration. The normal force
pressing the cam and the follower together, the radius
of curvature of the cam and the parameters associated
with the Smith-Liu equations will be constantly changing
as the cam rotates. The spring representing this non-
rigidity will be a function of time and its constant must

be determined at every cam position.

54



Design of a Spring with a Desired Spring Constant

To determine the characteristics of

a spring that

may be used to replace the non-rigidity in a cam system

for a given cam position, the following parameters

considered.
R = 2 inches
c
Re = + inch

as

Wwidth of the cam and the follower = 3 inch

E = E. = 30 x 10° psi

c £

-

e Yg = 0.3

Normal force pressing the cam and the follower

together = 1000 1l1bs.

With the calculations included in Appendix A,

Ky = 2.436 x 10% 1b/in

are

A helical spring with as large a spring constant

the above value would be very difficult to design.

Any elastic body would be suitable for use as a spring.

To

be placed into service as a spring.

is given by

illustrate this principle a longitudinal beam will

The spring constant for a beam used in such a manner
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B L - (5.1)

Where E is the modulus of elasticity of the beam
material, A is the cross-sectional area of the beam
and L is the length of the beam. If the beam is speci-
fied to be constructed of steel with E = 30 x 106 psi
and the cross-sectional area 1is arbitrarily chosen to
be 0.897 square inches, then the length of the beam is
11 inches.

The physical characteristics of the spring that is
chosen could certainly be analyzed to gain insight into
the dynamics of a real cam system. Without drawing any
hard conclusions this approach suggests a possible way

to use the results of this study.

Contact Stress Applications

When discussing contact stresses many authors im-
plicitly assume that the area of contact between the two
bodies in consideration is a flat plane.

It is interesting to analyze the results of this

study while keeping in mind the above statement. In the
calculations in Appendix A, ap = 0.000232 inches and
c
o p = 0.000178 inches. If the area of contact between
f

the cam and the follower was a flat plane, the deflection
of the point on the surface of the body with the smaller

radius of curvature would be significantly greater than
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a corresponding point on the other body as shown in
Figure 5.1.

In determining the deflections of Pc and P there

f
were no assumptions made concerning the shape of the con-
tact area. The only assumption made was that at the
center of the radius of curvature of both the cam and
the follower the deflections were zero. This assumption
was made to solve the boundary conditions.

As can be seen from the deflections calculated in
Appendix A the follower "digs" into the cam surface and
the surface of contact is not a flat plane. The projec-
tion of the surface onto the X-Y plane is still a narrow
rectangle.

This study does not conclude that the surface of
contact is not a flat plane. Rather it proposes that

additional study be made in that area to determine what

the shape of that surface is.

Deflections

The deflections of the points PC and Pf caused
by the action of the normal force pressing the cam and
the follower together are fairly minimal. The dimensions
and parameters used in these calculations are for a typi-

cal cam and follower system as might be found in an auto-

mobile.
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Figure 5.1, Relative Deflection of Bodies
if Contact Is Made over a Flat Plane.
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With these results it may not be unrealistic in de-
signing a cam system to assume that the cam and the fol-
lower are rigid bodies. Additional investigation as sug-
gested by earlier sections in this chapter would be re-

quired before any conclusions can be made.

Importance of Oy and Oy

Throughout the study a point of discussion was how

the stress components O and Oy affected the deflec-

tions of points PC and Pf. This matter is considered

in Appendix B. If o and oy are not considered in

determining the values Qg and Up o the results are
c f

significantly different than if those stresses were con-

sidered.

Comparison of Results

There is a published solution to the case of a cylin-
der with a finite radius of curvature being pressed to-
gether with a cylinder with as infinite radius of curva-
ture.1 The results obtained in this investigation agree

very well with these results, within two to three percent.

As might be expected the deflections of points PC

and Pf are identical for a cam and a follower

! M. F. Spotts, Design of Machine Elements (New York:
Prentice-Hall Book Company, 1971), p. 369.
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constructed of the same material with identical radii

of curvatures at the point of contact.

Importance of the Tangential Force

A rather important conclusion of this investigation
was that the tangential force did not contribute to the

deflections of points P and Pc’ Along the plane

f
of interest, the Y - Z plane, the tangential force did

not affect the expressions for the stress.

Plots of Results

Plots of results from this can be found in Appendix
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APPENDIX A

CALCULATIONS TO DETERMINE A SPRING CONSTANT




The following parameters are known:

R =

2 inches

x
I}

£ 0.5 inches
W = 0.5 inches

30 x 10° psi

c £ -
"% = ¢ = 03
N
2 2
A = 1 Y
T3 7 E E
E §—+R_ C f
c f
A = 1 1-(0.2)2  1-(0.3)°
% % . 015 30 x 10° 30 x 10°
A - 4.8533 x 1078 IN®
LB

Since P = Normal load per unit length,

N
_Fr/c 1000 _ LB
P=—% = o.5° 20003y
a = 2PA _ (2)(2000)(4.85333 x 10°°)
T i
a = 0.00786 inches

2P (2) (2000)

o~ Tma = m(0.00786)

el
1]

P = 161970 LB
INZ
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To help reach a solution,

sinh™| _Eg - sinh” 2
0.00786
. . -1 R
sinh = € . 6.2322

Substituting in numbers,

Q =
Pe 30 x 10°
(161970)(0.3) (0.00786) (6.2322)
30 x 10°
(2)(161970)(0.3) 2(2)°% * (0.00786)2

(0.00786((30 x 10°) 2



2 2
(0.0%786) (6.2322) + (0.3)(161970)(2)

(30 x 10%)(0.00786)

2
(161970) (0.3) é°-°°786) (6.2322)
30 x 10

L (2)(161970)(0.3)% 2 (2)2 + (0.00786)%  (0.00786)°
2 - (6.2322)
(30 x 10°) (0.00786) 2

2

+ _(161970)(0.3)%(2)% _

2
. (161970)(0.3) (Oé00786) (6.2322)
(30 x 107)(Nn.00786) (30 x 107)
aP = 0.000194 in.
C
Likewise, to calculate Ap »
f
ap = Pa ) Eﬁ i Poyfa _ 52
f Ef sinh a Ef sinh a
2 2 2 2
- ZPOYf Rf Rf + a a Cinn” Rf YfPOFf
aEf 2 2 a Efa
2 2 2 2 2
- P Ys a y Re 2POYf Re Re™ + @ a _ Eﬁ
E sinh a E_a 2 2 sinh a
f f
2. 2 2
+ PoYf R ) PoYf a y Eﬁ
Efa Ef sinh a

To help solve for ap s
f
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R

()]

1 — = -1 0.5
sinh a  sinh 0.00786

Re
, -1 — = 4.8460
sinh a
Substituting,
f 30 x 10

(161970)(0.00786)(0.3)(4.8460)

30 x 10°

 _(2)(161970)(0.3) 0.5(0.5)2 + (0.00786)°
(0.00786) (30 x 10°) 2

(0.00786((4.8460) (0.3)(161970) (0.5)°
2 (30 x 10°)(0.00786)

2
(161970)(0.3)“(0.00786) (4.8460)

30 x 10°

(2)(161970)(0.3)2 0.5(0.5)° + (0.00786)°
(30 x 10°)(0.00786) 2

2 2 2
_ (0.02786) (4.8460) + (161970)é0.3) (0.5)
(30 x 10°)(0.00786)

(161970) (0.3)2(0.00786) (4.8460)
(30 x 10°)
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ap = 0.000178 IN

Since a force of 1000 lbs. is pressing these bodies

together,

F F _ 1000
5 a . ~ 0.000178 + 0.000194

K = 2.436 x 10° LB

IN




APPENDIX B

IMPORTANCE OF THE STRESS COMPONENTS O AND Oy
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on of a point with

The generalized equation for a deflecti

coordinates (X, Y, z) of (0O, Y, 0) 1is

o= Poa 1 R Poya ) R
E sinh a E sinh a
2P Y . .2 2 .2 YP_R®
R R + a - a 1 R . o)
ae Z Z sinh a Ea
-P Y2a 2P Y2 R R2 + a a2 R
° 4 Bo22 sinh™’
E sinh a Ea 2 2
+ P Y2R2 P Y2a R
S o sinh™
Ea E

Since in a real system (manufactured with steel,

E = 30 x 106 psi, and Y = 0.3) a <« 1, then a2 <<1. Assum-

2

ing then, that a = 0, then
o = Y
Fo? ., R _o2 4 R
E sinh a E sinh a
2 2
- R a LR _P'® 4, R
E sinh a E sinh a

If the only stress component considered

sis were OE’ then the deflection @

described by the first term only.

in the analy-

would be completely
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If this were true, then,

o= P a
o

£ sinh”

w |

But, the other terms were considered. Substituting

Yy = 0.3 yields

o= P a
e}

E sinh_1

or

o= 0.52P _a
o

This suggests that it 1is important to include the
o, and Oy terms when calculating the deflections, as
this deflection is much different than obtained when using

just the o, term.

Obviously, the a2 terms will contribute to the calcu-

lation of the deflections. However, this analysis has in-
dicated the importance of using all the stress components

in determining the deflections.



APPENDIX C

RELATIVE VALUE OF a COMPARED TO Rc




From the Smith-Liu equations,

2
A= 1 1oy ? S
T, 1 1 E + E
5R—+§— C f
c f
It can also be written
2 2
- 2Rch 1 - Yc \ 1 - Yf
Rc + Rf Ec Ef
or
2 2
A Rf(ZRC) 1 -y 1 - Yf
= E * E
R RC C f
f( + 1)
As RC becomes small with respect to Rf, this
can be written
1oy 2 1 -yt
A = 2R c_, £
o} E E
C £

Again, by the Smith-Liu

of the contact area is given by

can be approximated by

bers are constructed by steel:

equations, the half width

2PA

m

the following if both mem-
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b=—%—
Putting this into the expression for a, and in-

serting numbers,

a = 0.000196 PR,

where P is the normal load per unit length in the

Y-direction.

This shows that a will be much smaller than Rc

for any real system.




APPENDIX D

PLOTS OF RESULTS




Rc=2 inches
R#~=0.5 inches

j_ Q. STEEL MEMBERS
L WIDTH=0.5 inches
> NORMAL LOAD=1000 LBS
o
S
£ 3o
pd
2
5
& c-

<«

gl

()

o L L] - ¥ R 0 1 L 1

00 02 04 06 08 10 12 14 16 1B 20 22
Zc (inches)
Figure D.1. Deflection of Points on the Cam that Lie on
the Y-Z ©Plane as a Function of Z.




79

& Rc=2 inches
Rf=0.5 inches
- STEEL MEMBERS
C.'J WIDTH=0.5 inches
T o NORMAL LOAD = 1000 LBS
£
L
£
Z
2o
g s
2
-
h
o
© R ] L] L]

0.0 0.2 0.4 0.6
| Zf (inches)

Figure D.2. Deflection of Points on the Follower that
Lie on the Y-Z Plane as a Function of 2.
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