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FOREWORD

In the literature of ideals a left ideal L of a system S has
usually been defined by the inclusion SL € L and a right ideal R by
the inclusion RS € R . On tie other hand a left zero element 3 is
usually defined by the equation za = z and a right zero element by the
equation az = z 5 similarly a left or right identity element e is de-
fined by the equation ea = a or ae = a respectively. The author has

in this paper made the terms left and right when applied tb ideals con-

sistent with the use of the terms left and right when applied to zeros or
identities; thus I is a left ideal of a multiplicative system 8 if
ISC L ; and R is a right ideal of S if SR C R . The reader is

therefore cautioned to interchange the words left and right throughout

this paper when referring to other literature on the subject. If such
an interchange of words is effected; no change in the symbolism is

required.
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SEMIGROUP IDEALS

0. Introduction

In this paper we undertake an analysis of the ideal strycture of
semigroups, with particular reference to finite semigroups of orders two,
three, and four, In Section 1 we define the terms to be used throughout
the paper, and review some elementary and well-known properties of sets,
semigroups, partially ordered systems, and ideals. Section 2 is devoted
to a discussion of the semigroups of ideals of a semigroup, and Section 3
to the semilattices of ideals. In Section li are exhibited the multipli-
cation tables of the semigroups of ideals and the Hasse diagrams of the
semilattices of ideals for the 1l3 semigroups of orders two, three, and
four.

Theorems on one-sided ideals will generally be stated and proved
for lefﬁ ideals; the corresponding theorems for right ideals will then
be obvious by left-right duality, and resulting theorems on two-sided
ideals will follow immediately. However, a number of theorems on two-
sided ideals will be given separately.

The Appendix contains a list; compiled by J. C. Harden, E. E. Posey,
and the author; of all semigroups of orders two, three;, and four, and
their subsemigroups. Throughout the thesis we shall refer to these semi-
groups by the reference numbers assigned to them in the Appendix.

1. Fundamental concepts

We assume that the reader is familiar with the fundamental con-
cepts, terminology, and notation of set theory; remarking only that we

shall use the symbol S; for inclusion and C for proper inclusion,



capital Latin letters for sets and systems, lower case Latin letters
for elements, _ for union and M for intersection.

A system is a set which is "organized" by the introduction of
one or more relations or operations among ité elements or among its
subsets. An important organizing relation of this sort is that of

partial order,1 defined between pairs of elements (but not necessarily

a1l pairs of elements) of a set. A set P is said to be partially
ordered if there is defined in it a binary relation <= such that

(1) a< a forall a £ P (reflexivity),

(2) if a<=< b and b= a then a=b (asymmetry),

(3) if a=b and b= ¢ then a=< ¢ ‘(transitivity)n
We note that the relation a< b need not be defined for all a s bEF,
If it is so defined, i.e., if we adjoin to the above three properties the
requirement

(4) if a € P and b £ P then either a=Db or b < a

(dichotomy), then P is said to be simply ordered, or totally ordered,

or merely ordered.2 A simply ordered subset of a partially ordered set
is often called a chain. It is sometimes convenient to write b = a as
a synonym for a < b , to write a < b as an abbreviation for the

simltaneous pair a < b and a g b , and to write a>b as an

1A comprehensive treatise on partially ordered sets is Garrett
Birkhoff; Lattice Theory, 2nd ed. (New York: American Mathematical

Society, 19I9).

2Some writers are addicted to using "ordered" as a synonym for
"partially ordered."



abbreviation for the simultaneous pair a==b and a % b.

An element a of a partially ordered set P 1is called an upper
bound for a subset X of P if x € X implies x =< a ; note that
a need not be an element of X . An upper bound a for a subset X is

called a least upper bound (1l.u.b.) or supremum (sup) if, whenever p is

an upper bound for X, a = p ; in other words, a 1is a least upper
bound for X provided that (a) x < a forall x £ X, and (b) if
X =<p forall x &€ X then a < p . Clearly, if a subset X has a
least upper bound, the latter is uniqﬁe; for if a and a' are both
least upper bounds for X then a <a' and a' < a, 'ﬁence, by the
symmetry of the order relation, a = a' . By thé same argument, if

a g X and a is an upper bound for X then a=gsup X ; in this case;

a may be called the greatest element of X . We shall also consider

maximal elements of a subset X ; an element p £ X being maximal in X

if there is no element x & X such that x > p ; note that the greatest
element of X (if any) is maximal, but that a maximal element need not be
greatest; and; in the absence of a greatest element, maximal elements need
not be unique,

Analogous definitions will now be given; dual to those in the pre-
ceding paragraph, for the "lower" concepts. Throughout this paragraph,
P will be a partially ordered set, and X an arbitrary subset of P .

If a € P, a is alower bound for X if a ==x for al1 x & X

o

if, in addition; p ¢ P and p <x for all x £€ X imply p <a,

then a is the (unique) greatest lower bound (g.l.b.) or infimum (inf)

of §¢ If @« £ X and a 1is a lower bound for X , then a = inf X
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and a may be called the least element of X . An element p & X 1is
said to be minimal in X if there is no element x &€ X such that

x £ p 3 X may contain more than one minimal element, but if there is a
least element of X it is minimal and no other element of X 1is minimal.

It is easy to prove3 that if X is a chain in P then any maxi-
mal element of X 1is the greatest element of X , and any minimal element
is the least element.

If a partially ordered set P has the properties

(5) each subset consisting of just two elements has a least
upper bound,

(6) each subset consisting of just two elements has a greatest
lower bound, then P 1is called a lattice. It follows readily by mathe=
matical induction that if a partially ordered set P has property (5}
then every finite subset of P has a least upper bound, and similarly
that if P has property (6) then every finite subset has a greatest
lower bound. If a partially ordered set P be assumed merely to have
property (5) , or merely to have property (6) , then P is called a
semilattice, and whenever it is necessary to distinguish between these

two assumptions we may speak of an upper semilattice in the former case

and a lower semilattice in the latter. A complete upper semilattice is

one in which every subset (finite or infinite) has a least upper bound,
and it is obvious that any finite upper semilattice is complete; similarly

for complete lower semilattices and complete lattices.

3Birkhoff, op. cit., p. 9, Th. 1.5,



The most important partial ordering relation is set inclusion,
and an important example of a lattice is the set of all subsets of a
given set, partially ordered by inclusion; this lattice is complete, any
set of subsets having for its least upper bound the union of those sub-
sets, and for its greatest lower bound their intersection, The given
set itself is the greatest element of this lattice, and the émpty set
is the least element. If we modify the example by requiring the given
set A to contain at least two elements and by letting P be the class
of all non-empty subsets of A , we have an upper semilattice in which A
is the greatest element, in which there is no least element, and in
which each element of A 1is a minimal element of P .

A convenient pictorial representation of a finite partially

ordered set is a Hasse diagram, in which elements of the set are repre-

sented as the vertices of a (not necessarily connected) graph in the
plane, with a line segment joining the vertices representing elements a
and b whenever a covers b (i.e., when a > b, and a =2 x =D
implies either a=2x or x = b), the covering element being represented

by a vertex higher than the vertex representing the element covered. For

example, the Hasse diagram of the upper semilattice formed abc

by the set of all non-empty subsets of a set of three ag”/;g\\\gﬁ
elements {a s by c} s ordered by inclusion, is a£:><:%:><:l
i1lustrated by Figure 1. Figure 1

A second method of organizing a set is by introducing an operation
which associates with each ordered pair of its elements a unique element

of the set. Such an operation is often called multiplication, and if ¢




is the unique element associated with the ordered pair ( a , b ) this
relationship is written a - b= c or ab = c¢ . If such an operation

is defined in a set S and if the operation is associative, i.e., if
a(bc) = (ab)c for all elements a , b, and ¢ of S , then the system
consisting of the set and the operation is called a semigroup; no con-
fusion need arise from using the same letter S to denote both the set
and the system. In general, ab and ba need not be the same element
of S ; but if ab = ba for all elements a and b of S, then S is
called a commtative semigroup. Familiar examples of semigroups are the
system of all real numbers under 6rdinany multiplication, the system of
all rational numbers under arithmetical addition, and the system of

2 x 2 matrices over a field under matrix multiplication. The first two
of these examples are commutative, the third non—commutativé; all three,
having infinitely many elements, are examples of infinite semigroups. As
an example of a finite semigroup (iega, one having only a finite number
of elements) we may cite the system consisting of the numbers 41 and =1,
under ordinary multiplication. The number of elements in a finite semi=
group S 1is called the order of S . In the Appendix are listed all
finite semigroups of orders less than 5 . The notion of product of
elements of a semigroup is easily extended tb product of subsets of a
semigroup; if A and B are non-empty subsets of a semigroup S, the
product AB is defined to be the set of all elements ab of S , where

a € A, b € B. Itis easily seen that the associativity of multipli-
cation of elements implies the associativity of multiplication of subsets:

A(BC) = (AB)C .



A finite semigroup may be described completely by giving its
"multiplication table." Thus, if s; and sy are the elements of a
semigroup S , and if sys) =87 , sS15) =8 ; sps] = 8y , and

8232 = S2 , we have the table

Sl Sg
51181 51
82 82 52

in which the first factor in a product of two elements is a row-label and
the second factor is a column-label. We may abbreviate by ommitting the

"s" and writing only the subscripts:

1 2
111 1
212 2

and we may (and, in the sequel, shall) abbreviate further by omitting
the row- and column=labels, understanding that in a semigroup of order
k the row=labels and column-labels are each the sequence 1, ..., k .

Thus, in the present example, the multiplication table may be written

[:T'i
22 .

Two mathematical systems; each consisting of a set of elements

simply

and an 6peration or a relation defined among the elements, are said to
be isomorphic if there is a one-to-one correspondence between the
elements of the two sets under which the operation or relation is pre-
served; the correspondence is then called an isomorphlsm. In particular,
two semigroups S and T are isomorphic if there is a 1 -1 cor-

respondence between the elements of S and the elements of T such that
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if sy corresponds to t; and s, corresponds to tp then s;sp; cor-
responds to t7tp . And two partially ordered sets P and Q are
isomorphic if there is a 1 =1 correspondence between their elements
such that if p; corresponds to g and pp correqunds to b then
Py = Py if and only if %G = 9, - An isomorphism may indeed be looked
upon as a re-naming of the elements of a system;, carried out in such a
way that if a 1is renamed a’' and b 1is renamed b? then ab is

renamed a'b! . An anti-isomorphism is a 1 = 1 correspondence between

two systemé ﬁhich reverses a binary operation or relation; for example,
in an anti-isomorphism between the semigroups above, §1Sp corresponds
to tot; ; and in an anti-isomorphism between the partially ordered sets
above, P = Py if and only if d = q o We shall usually not dis-~
tinguish between two systems that are either isomorphic or anti-isomo-

phic, For example, semigroup No. 2.3 in the Appendix may be written

1 2 01 1 2
11T 1 or 00 O or 1[1 2
2|2 2 101 1 2|1 2 ,

but we 1list only the first of these in the Appendix,

A non-empty subset R of a semigroup S 1is a subsemigroup of S
if the set R and the multiplication defined in S constitute a semi-
group. Since the multiplication is assumed to be associative throughout
S ;, in order that a non-empty subset R be a subsemigroup it is neces-
sary and sufficient that R be closed under multiplication; symbolically:
RR € R . Clearly, S itself is a subsemigroup ofi S ; all other sub-
semigroups of S are said to be proper subsemigroups. If L 1is a non-

empty subset of S such that not only is 1L €1 but IS E L . then



L 1is called a left ideal of S ; similarly, if R 1is non-empty and
SR & R then R is a right ideal of S ; and a subset of S that is

both a right ideal and a left ideal is said to be a two-sided ideal, or

simply an ideal, of S . For example, in the semigroup S displayed on
the left above, the left ideals are (1), (2), and S itself, while S
is the only right ideal and hence the only two-sided ideal. It is ob-
vious that a semigroup S 1is always a two-sided ideal of S , and that
in a commutative semigroup all ideals are two-sided.

Similarly, if T 1is a subset of a semilattice P, T 1is a

subsemilattice of P if, with respect to the partial order defined in

P, T is itself a semilattice; and T 1is a sublattice of P if T is
itself a lattice with respect to the same partial order.

2. Semigroups of Ideals

If 11 and I?

multiplication of subsets of S 1is associative,

(L,1,)S = L (L,S) C LL, -
Hence the product of two left ideals of S 1is a left ideal of S .

are left ideals of a semigroup S , then, since

Therefore we have

Theorem gaio The set of left ideals of a semigroup forms a semi-

group under multiplication.

We shall usually refer to this semigroup formed by the left ideals

of a semigroup S as the left ideal semigroup of S ; similarly, we

speak of the right ideal semigroup of S , and, the two-sided ideals of

S obviously forming a semigroup, we shall refer to it as the two-sided

ideal semigroup of S or simply as the ideal semigroup of S . A com=

mutative semigroup clearly has a commutative ideal semigroup.
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The accompanying Tables I - III list the semiprowps formed by the
left, right, and two-sided ideals of the semigroups of orders two, three
and four., For each (left, right, or two-sided) ideal semigroup, either
its multiplication table is displayed; or the reference number already
assigned to that particular semigroup (or to an isomorph or anti-isomcrph
of it) in the Appendix is given. When the multiplication table of a
(left, right, or two-sided) ideal semigroup is given, a numerical label
is assigned to each ideal and used in the Table. When the tabular form
is omitted, the ideals are simply listed, followed by the reference
number of the semigroup which they form. The omission of a ligt of left
(or right) ideals of a semigrcup indicates that the left (or right)
ideals are all two=sided.

Having defined product of non-empty subsets of a-semigroup S (we
could, as will be remarked later, extend the definition to include the
empty set, but this is irrelevant to our present purposes), and having
observed this multiplication of subsets to be associative, we see that
under this operation the class of all non-empty subsets of S forms a
semigroup which we shall denote by 3~ . Now let us enquire into the
position occupied in 2. by the semigroup of left ideals of S .

Theorem 2.2. The class [ of left ideals of a semigroup S is a right

idedl of ¥ .

Proof. Let M€ X and let LE[ . Then (ML)S = M(IS) & M.,
whence ML &£ [7 and therefore [ <[ .

If A 1is a left ideal of a semigroup S such that AS = A

(instead of merely AS - A), we shall call A a high left ideal of S .
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Similarly, we speak of high right and two-sided ideals. 1In the tables we
shall distinguish a high ideal A by marking it with an asterisk, thus:
#A

Theorem 2.3. The class A of high left ideals of a semigroup S is a

right ideal of X , and hence a right subideal of the right J - ideal

of left 8 - ideals.

Proof. Let M EZ_ and let HE A . Then
(MH)S = M(BS) = MH , whence MH €& A\ and therefore ZA CA.

Two "distributive laws" that we shall use constantly without ex-
plicit mention (but shall not tarry to proveh) are

A -UB =UAB_ , A-N BxQﬂABL s

where A and B_ are arbitrary subsets of a semigi'oup and ‘ L rangss
over an index set of arbitrary cardinality. If we define the product of
the empty set by any set to be the empty set, we see that these laws are
valid even when some of the sets involved are empty. Note that the in-
clusion in the second of these is not in general reversible; a finite
example is found in semigroup No. L.49, in which, if we let S; be the
subsemigroup {1, 3, l;} 5 82 the subsemigroup {l, 2} s and 83 the
subsemigroup {3, h} s we find that Sl(SZﬁ S3) is empty since S5, m 33
is empty, while S$;S; ™ 5,55 = {1, 2} A~ {1, 3; L} = {1} . An exanpls
in which S5, M 5153 ¢ Sl(82 \ 83) even though both sides are non-

empty is given by Dubreil.5

UFor a proof, see Paul Dubreil, gebre, v, 1 (Par15° Gauthier-
Villars, 19116), p. 31, ,

S5Tbid., p. 32.
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3. Semilattices of ideals

Our first concern will be to establish the fact that the left
(right) ideals of a semigroup, partially ordered by inclusion, form a
semilattice, of which the two-sided ideals are a subsemilattice.

Theorem 3.1. The union of any collection of left ideals of a semigroup

S is a left ideal of S .

Proof. Let {Ii} be any collection of left ideals of S , and
let UL, be their union. Then (\JL,)S =U(L S) & UL, , whence UL_
is a left ideal of S . A similar proof holds for right ideals, whence
the theorem follows for two-sided ideals.

Theorem 3.2. The intersection of any collection of left ideals of a

D ——— W—————— r—r

Proof. Let {LL} be any collection of left ideals of S, let
NL_ be their intersection; and suppose /\L_ is non-empty. Then
(NLYS S N(ELS) CNL, , whence NL_ is a left ideal of S ,
Similarly for right and two-sided ideals.

Theorem 3.3. The left ideals of a semigroup S form a complete upper

semilattice, with respect to inclusion, of which the two-sided ideals of

S form a complete upper subsemilattice.

Proof. By Theorem 3.1, the union of any set {IQ} of left ideals
of a semigroup is é left ideal, and since the union ofmany collection of
sets is.the smallest set containing all of them, \UL_ = sup fLL} . Hence
the left ideals of S form a complete upper semila{;tice° Sinée the
union of two-sided ideals is a two-sided ideal; the two-sided ideals of

S also form a complete upper semilattice, which is a subsemilattice of
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the semilattice of left ideals since every two-sided ideal is a left ideal.
The theorem and its proof hold equally, of course, for right ideals.

We note that the semilattices of right ideals and of left ideals
need not be lattices, for two right (or left) ideals may have empty inter-
section and hence no lower bound; for example, No. 2.3 in the Appendix.,

The example just cited is non-commtative and we shall see presently that

any such example must be.

Theorem 3.L. The intersection of any finite set of two-sided ideals of a

semigroup is non-empty.

Proof. If A and B are two-sided ideals of a semigroup S ,
then AB € A4S € A and ABC SB C B, whence ABC A B, Now
denote by TTA; the product MAy «++ A of any set of n two-sided
ideals of S . We shall show by induction that ﬁ}xi - /?\Ai . First,
as we have Just shown, AjAy € Ay M A, . Now suppose that ﬁ'Aig flk\Ai
for some arbitrary k < n ., Then ﬁlAi = (ﬁ'Ai)Akﬂ C (]":TAi)/\ A s
since 'ETAi is an ideal (being an element of the semigroup of ideals of
S ) and the product of two ideals is contained in their intersection.
But, by our supposition, ﬁAi c 'ﬁAi s Whence
('I":I'Ai)m A, & (fﬁAi) e Ak+l-/':ﬁ'Ai . Hence 'ﬁAi (@ ?:\'Ai , and
the induction is complete. Since fTAi is non-empty, f?\Ai is non-
empty, as was to be proved.

We now have immediately the

Corollary 1. The two-sided ideals of a semigroup form a lower semilattice.

Corollary 2. The two-sided ideals of _é_ semigroﬂp form a lattice.

The latfice of two-sided ideals is not necessarily complete,
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however, even though the upper semilattice is complete; for not every set
cf two-sided ideals need have non-empty intersection. For example; con-
sider the multiplicative semigroup of positive integers, and the infinite
set i”g} of two-sided ideals, where I, 1is defined to be the set of
integers greater than k ; the intersection of this set of ideals is

clearly vacuous.

Corollary 3. If a semigroup S has only a finite number of two-sided

ideals (and é fortiori if S itself is finite), the lattice of two-sided

ideals is complete.

Although, as we have seen, two left ideals of a semigroup S may
have empty intersection, so that the semilattice of left ideals of S
may not be a lattice, nonetheless we can show that some elements of the
semilattice may (and, under circumstances to be mentioned presently,
must) have a certain "minimal" character.

We recall that in any partially ordered system P an element a
of a subset X is said to be a minimal element of X {or to be minimal
in X)if x & X and x £ a jointly imply x= a . Since any subset
X of a partially ordered system P 1is obviously itself a partially
ordered system with respect to the partial order defined in P , it was
not necessary to define the notion of minimal element relative to an
arvitrary subset of P ;3 we might as well have given the definition in
the "absolute" form: an element a of P is minimal in P if x £ P,
w £ a jointly imply x = a . We gave the "relativized" form of the
definition because we wished to emphasize thé fact that é minimal element

of a subset X of P need not be minimal in P , although of course an
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clement minimal in P 1is necessarily minimal in every subset X con=
taining that element. This is particularly important because our main
concern will be with seﬁilattices (including lattices); and a subset of
a semilattice T need not be a subsemilattice of T ; nor need a subset
of a lattice be a sublattice. For example, in the iattice of all subsets
of a given set of two or more eiements the non-empty sets form an upper
subsemilattice but not a sublattice, and the subsets each consisting of a
single element do not even constitute a subsemilattice.

Returning to minimal elements, let us consider the complete upper
semilattice oL of left ideals of a semigroup S , partially ordered by
inclusion. A left ideal L of S is then minimal in a subsemilattice
°Cx of oC> if L properly contains no left ideal K of S such that
K & o(h 3 such an ideal I minimal in c[; need nof, of course; be
minimal in o . A left ideal L of S 4is minimal in oL if it pro-
perly contains no left ideal of S . Accordingly we may define a

minimal left ideal of a semigroup S as a left ideal of S which pro-

perly contains no left ideal of S ; in other words, a subset L of a
semigroup S is a minimal left ideal of S if (1) IS &L and

(2) N C L implies NS SF N . Itis impbrtant to note that L may be
a minimal left ideal of S even fhough there is a proper subsef K of

L such that KL € K 3 in this case K 1is a left ideal of the seﬁigroup
L , but need not be a left ideal of S and hence need not be an element
of c[: o Of course, in the semilattice of left ideals of the semigroup
Ly K 1is an element; and if K properly contains no left ideal of the

semigroup L then K 1is a minimal element of the semilattice of left
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ideals of L . Hence it is necessary to distinguish carefully between the
statement " L properly contains no left ideal of S ," which by defini-
tion is equivalent to " L is a minimal left ideal of s ," and the state-
ment " L has no proper ideals ," in which L is thought of as a senmi-
group quite apart from the other left ideals of S . The statement " L
properly contains no left ideals" is ambiguous, and some writers havev
sought to avoid confusion by making the following definitions: if L 1is
a left ideal of a semigroup S and A is a subset of L , then (g) if
ALC A, A isaleft ideal of L , and (b) if ASC A, A isa
left subideal of L (i.e., a left ideal of S contained in L ).

With these £edious terminological preliminaries out of fhe way, we
observe that a finite semilattice must have at least one minimal element,

whence we have at once

Theorem 3.5. If a semigroup S has only a finite number of left ideals,

then S has EE least one minimal left ideal.

Corollary Any finite semigroup has at least one minimal left ideal.

1.
Theorem 3.6. Every minimal left ideal of a semigroup S 1is a high left

ideal of S .

Proof. Let A be a left ideal of S . Then AS C A and
(28)S = A(SS) & AS, whence AS 1is a left ideal of S contained in the
left ideal A . Hence, if A is minimal, AS = A and A is therefore
a high left ideal of S .

The converse of Theorem 3.6 is falses Semigroup No. L.59 in the
Appendix, for example has a high left ideal {l, 2, h} of which the high

left ideals {l}, {2}, and {h} are proper subsets.
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Theorem 3.7. If 17 1is a left ideal of a semigroup S and if L, 1is a

high left ideal of the semigroup Ll s then L, is a left ideal of S .

—— G —— ——— —

Proof. By hypcthesis, 1,5 S;le and Loly = L2 . Hence
LyS = (LyLy)S = Ly(I4S) - Loly = L, , whence L, is a left ideal of S .
By Theorem 3.6 we have at once the |

Corollary. If IL; 1is a left ideal of a semigroup S and if L, 1is a

! - b——— C—— =) —

k) — ———— ——

The Hasse diagrams of the semilattices of one-sided and twé;sided
ideals of semigroups of orders two, three, and four may be found in
Tables I - III, The one-sided ideals are indicated by subscripts L and
R for left ideals and right ideals, respectively; two-sided ideals bear
no subscripts. For each semigroup, all its subsemigroups are also listed,
and with each subsemigroup is given the reference number of its isomorph
or anti-isomorph in the Appendix.

L. Ideal structure of semigroups of orders two, three, and four

We have observed that the following semigroups are isomorphic to
their semigroups of two-sided ideals: 2.2, 2.L; 3.2, 3.7, 3.8, 3.10,
3.16, L1, 4.8, h.38, L.ll, L.h2, L.39, L.L5, L.47, L.765 4.105, L4.115,
L.116, 4.118. No case was found in which a semigroup was isomorphic to a
semigroup of one-sided ideals of that semigroup.

Among the semigroups of order four, there are 28 which are not
isomorphic to their semigroups of left, risht, or two-sided ideals but
which have left, right, or two-sided ideal semipgroupns of order four. Of
these, 4.22, .27, L4.75, L.79, L.80, and L4.82 have two-sided ideal semi-

groups isomorphic to 4.93 L.16, L.19, L.73, L.91, L.92, and L4.93 have
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two-sided ideal semigroups isomorphic to L.L9; L.30, L.31, L.32, L4.77,
and ;.78 have two-sided ideal semigroups isomorphic to 4.55. Also, the
right ideal semigroups of L.7Ls L.87; L.106, L.120 and the left ideal
semigroup of L.107 are isomorphic to L.68; the right ideal semigroups
of .60 and 4,98, and the left ideal semigroup of L.63, are isomorphic to
L4.70; the left ideal semigroups of L.72, L4.98, and 4,103 are isomorphic
to L.o2.

Many distinct semigroups have isomorphic lattices of ideals. In
fact, the 55 commutative semigroups of order four fall into ten classes
of ideal-lattice-isomorphic semigroups, and the entire set of 121 semi-
oroups of order four is divided into just 31 such classes. Table IV
gives the Hasse diagrams of these ideal lattices and lists the semi-

groups whose ideal lattices are isomorphic to each of them.



TABLE I

IDEAL ANALYSIS 2x2 SEMIGROUPS

Subsemigroups Semilattice Ideals Ideal Table
2.1 S 1
#5 1|=1l.1
12
21
2,2 S 12
ﬂlA #(1) 1 |=2.2
|'ﬁ' (1) %8 2
12
2.3 S Left 123
T #(1) 1l N
7 \ #(2) 2 |=3,
22 L)y, (@) * S 3
2.k ? 12
#(1 1 [=2.
T 1) @ 1




TABLE II

IDEAL ANALYSIS 3x%3 SEMIGROUPS

20

(1)

Subsemigroups Semilattice Ideals Ideal Table
3.1 (12)--2,1 S 12
#(12 l}=2,
o2 (12) (s : 2 "
211
211
302 (12)""-2011 ? l 2 3
. #(1) 1
111 (12) (12) 2 |=3.2
111 | S 3
112 (1) ’
303 S 1
#S 1)=l.1
23
231
312
3.4 (12)=2.l4 ? 12
(13)=--2.1 . #(13 1 =2,
13 _ (13) (s ) 2
3
331
3.5 (12)==2.2 S 12
(13)—2.1 | 2(13) 1 [=.
(13) # S 2
23
331
3.6 (12)~-2.L 123k
(13)=~=2.2 . #(1) 1
THRS (12 (13) *513) 2 |=h.9
&11 , 12) 3
13 S L




TABLE IT

IDEAL ANALYSTIS 3x3 SEMIGROUPS (Gontinued)

21

333

Subsemigroups Semilattice JIdeals Ideal Table
3,7 (12)==2,2 S Two Sided 123
| (L3)==2.4 , , #(1) 1
11 (L2);, (13) #(13) 2 [=3.7
é21 #* 5 3
31 Q) Left 123
: #(1) 1
#(13) 2 |=h.68
#(12) 3
# S N
3.8 (L2)=-2.1 S 123
s (13)"""202 , *(1) 1
111 (12) #(12) 2 |=3.8
112 | # 8 3
123 (1)
309 (12)‘“2"3 S *(12), S = 20}4
— (L3)==2.1 (12/\(3 Left 12345
o A/ L, #(1) 111111
111 d f #(2) 222222
), 2y #{12) 3133333
(13) Ll111112
S 5133333
3010 (1.3}"""202 s 1 2 3
(L2)==2,] | #(3) L
113 (13) #(13) 2 123,10
113 I S 3
333 (3)
3,11 (12)==2,1 s' 12
(L3)=--2.2 #(3 1]=2.2
3 (3) % S) 2
213




TABLE II

IDEAL ANALYSIS 3x3 SEMIGROUPS {Continued)

22

Subsemigroups Semilattice Jdeals Ideal Table
312 (12)—2.3 S #(12), %6 = 2.2
—_— (13)—=2.2 , ~ . Left 12345
P (12) — (3)y *(1) 1|T1111
. »(2 222222
113 (@) (g, *élg)ﬂ 3133333
#(13) hji11khk
#S 5133355
3.13 (12)--2.3 S #(12), #8 = 2,2
N, (13)_20? ' .
111 (23}—2.2 (12) Left 123)
222 : _ , #(1) 1
123 @), @y #(2) 2 | =470
#(12) 3
*S I
3.1 (12)—2.3 S Left 1234567
__ (13)—2.3 #(1) 1/1111111
111 (23)==2.3  _~ » ~ #(2) 212222222
222 (2);, (13, (3 #(3) 303333333
O i
. ¥*
), (@) (3)y, #(23) 616666666
4 #* S 17777777
3.15  (12)—2.3 S #(3), #5 = 2.2
(13)—2.2 P .
113 (23)—2.2 (13);, (23); Left 1231
223 N *(3) 1
333 (3, #(23) 2 |=h.102
#(13) 3
®S h




TABLE II
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IDEAL ANALYSIS 3x3 SEMIGROUFS (Continued)

Subsemigroups Semilattice Ideals Ideal Table
3.16 (12)=2,2 ? | 123
— (13)~=2.2 b #(1 1
111, (23)--2.2 (12) *glg) 2 |=3.16
122 N %S 3
123 1) S
3.17 (12)==2,2 S 123)
PR (13)“‘“’”202 \ , *(1) 1 |
111 » (t2) (13) #(12) 2 |=h.bo

3 (1) %S I
3,18 (12)-=2.4 S 123k
— (13)’“"'2011 /\ ,n.(l} 1 |
1311 (12) {13) (12} 2 |al.58
1L : (13) 3




TABLE IIT

IDEAL ANALYSIS lLxly SEMIGROUPS

2

~_"

Subsemigroups Semilattice Ideals Ideal Table
L.l §12)-2,2 S , | 123L
- 13)=2.2 | #(1) 1
1111 (23)==2.2 (1?3) #(12) 2 | w bl
1222 (33)--2.L #(123) 3
1233 (123)}—=3.16 (12) S L
1233 (134)=3.10 I
(23h)'-3010 (l)
) glzg__z,i S 12345678
I 13)—2, #»(1) 1111111711
1111 (1h)—2.Y4 L #(12) 2 12112212
1211 (123)—3.6 (123)  (12h) (a3k) (13) 3 11111111
1111 (124}--3.6 (W) Lij111i1111
1111 (134)—3.18 (123) 512112212
(12)  (13) (L) (12h) 6f12112212
"“~\\‘\\L”,,«"’ (3k) 7]11111111
S 8l12112212
(1) o
T .
Ao @el)—3.2 (123) (124) *(i%) ;
1111 | g ?123) 3
1122 (12) (12L) L
1122 | '3 g
(1)
L.l g12%-202 S 123456
| 13)=-2.L #(1) 111117171
L a3t (12(}3&} o AR
—3. #(12 12312
1111 (124)—3.8 I“-\\\\\\\J %13%? i 11111 i
111 (134)-=3:18 (134) 51112112
(k) (13) S 61123123

1)



IDEAL ANALYSIS Lxly SEMIGROUPS (Continued)

TABLE ITI

25

(12

Subsemigroups Semilattice Tdeals  Ideal Table
b5 (22 s 123456
 (W)—2.2 /\ *(1) 111111
1111 ézh)wzcz _ #(12) 2122122
1212 13)—2.L 3) (124) »(12]}) 3123123
1111 5123)—-306 , (13). Ljl111111
121 (13L)}—3.6 » (123) sl122122
(12)) 3,16 (13)\/(}2) S 61123123
(1)
L6 g.ggmgﬁ ‘ S | 123456
11 (123)—-3.6 /\ :g%) > % > } 2 i 2
1211 (13L)=3.2 23) (13L) 13) 3112111
ﬁlé - {23) kjt21212
(12)\/(13) Y Eiziziid
(1)
L.7 12)—2,L S
A é%?%"’%?a (12mh) et 2
-3, - 12 2
1m1  (124)--3, K/ (15; 3
1112 (12) (12h L
1122 | s 5
(1)
k.8  (12)—2.L s 1234
‘ (13)=-2.L [ #(1) 1
1111 (123)~3.18 (123) {13) 2| 4.8
3 | ' (123) 3
1111 (13) s L
1312 |
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TABLE ITI

IDEAL ANALYSIS Lxli SEMIGROUPS (Continued)

Subsemigroups “Semilattice Ideals Ideal Table
L9 '212)-2.,2 s ' 123456
_ 13)—2.L #(1) 1111111
1111 (2h)—2.k #(12) 2j121222
1212 (123)—3.6 (x23) (12L) (13} 3f111111
1111 (124)—3.10 T - |- (123; Ljr21222
1212 A (12, gir121222
(13) (12) s 61121222
(1)
(12)—2.1 S 1
@S 1 =1.1
(12)=-2.1 s 1
(Ly)—2.1 S 1|=1.1
I.12 ((lhg--z.z lS | 12
. 123 ""‘3‘3 : 3 1| =2.2
123, . . (L) *%2 2'
231L
312
Ll
(1h)—2.2 S 12

(123)—3.3 | =,
(123) 223 1|=2-2
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TABLE IIT

IDEAL ANALYSIS Lxl SEMIGROUPS (Continued}

Subsemigroups Semilattice Ideals Ideal Table
El2)~-201 ? | 12
3l)=n2,1 #(12) 1 |=2.2
(123)--3.5 (12) *(s ‘ 2
(L3h)--3.11
4,15 {12)--2,1 ? 12
—  (3ly)=-2.1 12 |=2,2
1212  {123)--3.5 (12) :(s ) % ’
2121
123
2143
(12)--2.1 S 12310
(13)--2.2 =S %(12) 1
_(lh}""”202 {\123) {.LZh) *(123) 2
(12h)--3.5 T~ #(12)) 3
(123)==3.5 (12) *5 i
(L3)==2.17
(12)--2.1 ﬁ 123
(1h)=-2.2 | #(12) 1
(13)-—~2.2 (124} #(12);) 2 1=3.16
(3h)--2.2 | #S 3
(12L)==3.5
(13h4)=—3.16
.18 (12;-=2.1 S 1223
 @3)—-2.2 | #(3) 1
1231 (3l1) w2 o2 (123) (123) 2 | =314
2132 (1h)--2.2 ) S 3
3333 (123)==3.11 (3)

123h  (1304)--3.16
(12)1)‘“"305




TABLE TOI

TDEAL ANALYSIS Lxl, SEMIGROUPS (Continued)

(13L4)—3.16

Subsemigroups Semilattice Ideals Jdeal Table
(12)=-2,1 S | 123
(13)--2.2 —] #(3) 1
(1h)—2.2 (123) (3L4) #(30) 2 | =h.L9

@h T

13L)—3.17 | *S .
L.20 (12)—2.1 S 123
— (13)—2.2 I #(L) 1
123h  (1h)=--2.2 (3L) #(3L) 2] =3.16
213h (34)—2.2 [ * 5 3
3334 (123)—3.11 (L)
Lhll (12h)--3.11

(13L4)—3.16
L.21 Elzg-zoﬁ S 123
e (13)—2. | *(1L) 1
1114 (1L)--2.1 (13L) =
1234 (123)--3.8 | :(§3h) ‘§ =316
131k (124)=-3.5 (1L) )
Ll (13h)-=3.4
L.22 (12)==2,2 S 123
111h  (1h)=-2.1 (1257”/—-\?3§h) I§i§ﬂ, % =4.9
121); (123)—3.6 ~“-\.,f”' #(12]) 3 ’
111, (124)--3.5 (1k) *S L
Ll (A34)=-3.4

(12;)--202 KS\

(13)--2.2 %) 1

(1) —2.2 (12L) (13h)

(2y)—2.2 \/h :821);) §

(34)-=2.2 (1h) #(13)) L

(123)—3.17 | S S

(12L)—3.16 (L)
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TABLE IIT

IDEAL ANALYSIS lxly SEMIGROUPS (Continued)

Subsemigroups Semilattice Ideals Tdeal Table
glzg-zoz ? 123
13)—2.1

(123)—3.5 (13L) MEER 2 | =3.8
(13L4)—3.1 | %8 3

(13)
ho25 gizg-mzaﬁ ? 123
— 3)=2, %(2) 1 ‘
121,  (1h)—2.1 (124} =
(5522 (1232__3 1o I *(éah) § 3.10
121 (124)—3.11 (2) ‘
L2l (13h)—3.L
L.26 $1§§--20§ f 123
. 1 '-'20‘ *(2) 1
ToLL  (124)--3.11 (12L) I =3,
2222 (134)=-3.1 I *(§2h) § 310
11211 . {2)
211
L.27 glzg-azoﬁ ?

13 “"‘20

A1 (123)—3.6 (12L) *E%;) 2
n21  (124)—3.11 . l *(12]) 3
1111 (13, 5 L
hl12 l

(1)
L.28 (12)—2,2 ﬁ 123
i — (13)"_'20,4 *(l) 1
1111 (123)—3.8 (13) %(13) 2| =3.8
1234  (12L)-—=3.11 , * 8 3
1313 1)
1432
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TABLE III

IDEAL ANALYSIS Lxli SEMIGROUPS (Continued)

Subsemigroups Semilattice Ideals Ideal Table
(12)=-2,2 T 12
(13)=—=2.1 N

(123)—=3.5 (123) *(§23) él 2k
(12&)"’3010
L.30 (12)=-2.1 S 1234
v CTA R (123)/\(1 w82 >
-2 2 2| =.
2122 (123%-3°h “*-~,,/’3 fizﬁi 3 v
211 (12L)—3.L (12) S L
1211 (13L4)—3.18
L.31 (12)=-2.1 123
| (13)-20’4 A *(12) 1
212 (123)--3.L (123) (12L) (123) 2| =4.55
2121 (124)—3.1 ~—— (124) 3
1212 (12) S L
2121 .
4,32 ((1zg-~2°1 1231
123)--3.1 12 1
1222  (12))=3.1 (123) (12L) *glzg) 2| =L.55
2111 (12L) 3
2111 (12) s L
2111
4.33 glzg-ngoh i 123
13) 2.1 1 1
131 (123)=-3.L (123) *Elg%) 2 |=3.2
1131 (124)—~3.2 S 3
3313 (13)
1132




IDEAL ANALYSIS lxl; SEMIGROUPS (Continued)

TABLE III

31

Tdeals

1)

Subsemigroups Semilattice Ideal Table
L.3L Elg)-zoh ? 123
1 ”“201 3
133 (123;-~3ah (123) *§i3§> % =3.2
133 l K 3
3311 (13)
3312
hn 35 (123)“"“3 03 ? 1 2
12 1} =2,
233 (123) *fs 2 2i :
2311
3122
3122
L.36 (12)—2.2 S 12345
___ (13)—2.l »(1 1fT1111
1111 (14)—2.L (123) (13L) *(1%) 2]11212
1233 (123)—3.8 S~ — *5123) 3]12323
1311 (134)—3.18 (13) 13L) Lj11212
1311 J s s|12323
1)
L.37 (13;-—2°ﬁ ﬁ 123L5S
13)—2. :
| TNR N &mmau (13L) ﬁﬁ) %%i%i%
AT ar w MR i
—3e #(13L) Ll1111L
hi11 “‘-?33—*”' #S s{123L5
L.38  (12)—2.2 S 123
—  (13)—2.L | #(1) 1
11 ,(zh;-azoh (123) #(13) 2|  ml.38
1232 (123)—3.8 | %(123) 3
1313 (12h)—3.10 (13) 3 i
1212 | )




IDEAL ANALYSIS Lxlj SEMIGROUPS (Continued)

TABLE TII

(234)—3.16

Subsemigroups Semilattice Ideals  Ideal Table
h39  (12)=2.2 s | 123y
 (13)--2.k | #(1) 1
1111 (123)=—3.8 (13L) *§13) 2| =h.39
123 (13L)—3.2 | #(13l) 3
1311 (13) #S L
113 (l)

1
L.ko (%gga-gnﬁ S “
1111 §2h)w-2:h (123) (12L) *~%g) %
222 (123)—3,10 : 123) 3
N222 (12&3--3010 (12) flzh) L
1222 (234)~~-3.18 (I) S 5

‘ 1
L.l 12)—2.2 S 123)
— ‘§23g-20h | #(1) 1
1111 §123)-3,1o (123) *glz) 2] =411
N222  (234)—3.2 1 123) 3
1222 (12) s b
223 iR
L.L2 (123-2°2 S 12 3
P (13 “’-’202 'l *(1) 1
L1711 (1h;~=202 (123) #(12) 2| =h.h2
1222 (23)=—2.2 l #(123) 3
1233 (2h)—2.2 (12) %S L
1234 (3h)—2.2 |

(123)—3.16 (1)
(12h4)—=3.16
(134)——3.16

32



IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)

TABLE III

33

Ideals

Subsemigroups Semilattice Ideal Table
L.L3 glgg__gog S 123456
- 13)—2.2 1 1{111111
1111 (1h)==2.2 //’//A\\\\} 351%) 2121222
iiii (isggmngoié (123) (12L) #(1L) 3113133
-3, 12 12142
R11L (124)—3.17 [,,,f””//] :gIZﬁ% é 123 g 5 g
(134)—3.17 (13\\\\\v///’, %S 61123456
(1)
L.l gl2%-2°2 S 123L5
_ 13)--2,2 1 111111
1111 (23)=—2.2 (1£h) :Elg) 2112122
1221  (123)==3.16 #(1h) 3]11113
1234 ngh)—_Baé (12) % (12)) hj1212)
k1 (134)=-3.8 . # S 512345
L.L5 glzg-zoz i , 123
13)—2.2 o ‘
1111 (23)--2.2 (124) :gii) % =h.U5
122) §123)_'3°16 I 2 (12L) 3
1234 (12L)—3.8 (1h) % S L
1L (13L4)—3.8 l
(1)
L.L6 §12)—=202 S
. 13)==2,2
1111 (23)--2.2 (123) I§i3) %
1222  (123)--3.16 , #(123) 3
1232 (12h)—3.10 (12) (12L) L
1222 (231)—13,6 (I) s 5
1




IDEAL ANALYSIS Lxl, SEMIGROUPS (Continued)

TAELE III

3k

(1)

Subsemigroups Semilattice Ideals Jdeal Table
Elz)mmzaz ? 12310
13)-=2,2 , 1 1
(23)~-2.2 (12l:) :glg) 2| =b.h?
(2L)--2.L - | #(12l) 3

(123)~3.16 (12) #S Iy
(124)~--3,10 |
(23’-‘»)"‘"308 (1)
s ()22 12345678
— 13)--2.2 #(1) 111111111
1111 (1h)--2.2 _ . #(12) 212112212
1211 (123)--2.17  (123)  (22h)  (3b)  ,93) 3011313133
1131 (124)--3.17 #(1h) L|111lh1Lklk
1114 (134)-=3.17 4 ~ #(123) 5]12315235
(12) (13) (k) #(2L) 6|1214261L6
#(134) 711343477
#S . 8|1L23L45678
(1)
L.L9 ElZ%-—2n2 ? 12345
. (13)-—2.2 #(1 111111
1111 (1k)--2.2 (123) 151%) 2l12122
1212 (3L)-=2.2 _ #(13) 3111333
e A N B
(13L)--3.16 (1) S Plr23hs
4,50 (12)-=2,2 S 12345678
g 513)‘“2°2 #(1) 111111111
1111 1)--2.4 , #12) 212112212
1211 (123)--3.17  (123) (12h) (13L) w(13) 311313133
iiii Eigkim-gog *Elh)) g 1111111 %
1 )==30 4 o #(123 1231523
(12) (13) (k) 2Ly 612112212
\1/ 13L) 7[11313133
S 812315235




IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)

TABLE III

‘ Semilattice

35

i

(1)

Subsemigroups Ideals Ideal Table
st (12222 s 123456
— 13)—2, #(1) 1111111
N1l (1k)--2.L /\ #(12) 21121212
%ﬁ 83133-%%7 (12h) (13L) 2 (1L ﬁ 111133
-3 # (12} 1212
111;1 (13h)—3.8 l\l *%13%3 s/1133 g g
(12) (L) *5 61123456
¢
Le52 (12)—2.2 S 123L56
_— (13)=—2.2" .A a
11 (123)=3.17 /\ :%lg) 2|121222
%%i (124)—3.10 (123) (2L} w(13) 3/11331 3
#(123 Lir23L2L
1212 N glzh; s|121222
(1)\/(12) S 6l12342)
(1)
453 %i%%"§°ﬂ "”,Ji\\\‘\
111 (1)—2.h (123) (12L) * i‘%) %
1111 (123)—3.18 T~ — 123 3
1112 (124)—3.18 (12) Cth; L
1121 (l) 5
1
hoSh (12 _20,-1 S l 2 3 h 5 6
- (13;—«29& /\ »gl) 1311111
11 §123;-~3018 12) 21111111
111% 12))—3,2 (123) (12L) §13'))_ ﬁ 111111
. : 123 111111
1112 l\] (12L) sli11122
(13) (12) 5 6111122




TABLE TII

IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)

36

Subsemigroups Semilattice Ideals Ideal Table
L.55  (12)--2.4 12345678
oRb] Eiﬁ%z:§°ﬁ #(1) 111111111
1111 (123)—3.18  (123)  (12k)  (13h) §i§§ § i i i 1 i i % %
1111 (124)--3.18
[::>‘:::::::><::] k) Llr1111111
1111 (13L4)—3.18 u (123) sf11111111
(12) (13) (@ glzug 6l11111111
A - 134} 7J]11111111
0 s _8li11111111
L.56 Elig—2°h S #(14), (12L), s = 3.2
- 14)--2.3 | ,
1114 (123)—3.2 //’//A\\\\\ Right 1234567
L (12h)--3.9 (123)p  (2b) #(1) 11231133
i SIS R E
*
(12)r L) (12) L{1231133
I, B il
Lr (L)g s 711231014356
R s ), s = 2.2
'iiig ((23§-2:1 (1%3)3 Right 12345
123 123)—3.11 _
132 (12L)--3.12 (1k) :Eig % i 3 g i g
11 . #(1h) 3112313
(g Wy 2(123) Llr123Ls
*.S 512345




TABLE I1I
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IDEAL ANALYSIS Lxl, SEMIGROUPS (Continued)

| Tdeals Ideal Table

Subsemigroups Semilattice
458 (12)--2.) s #(34), #(134), S = 3.10
(13)—2.2 /\
ﬁBb (3h)—2.3 Right 1234567
33§t ggﬁ%—gig (13k) (123)q *53) 1/1231313
—3. 2} 2|1231313
33 [~ #(3L)  3[1231313
(3L) IDr  #(13)  Lf{123L5L5
[T~y g|ra3kiL:
123
Wy (3)g s 711234545
4.59 (12)—2.3 ' S #(124), S = 2.4
g1h)—2.3 /‘]
1111 2h)--2.3 Left 123456789
2222  (13)--2.4 (123);, (124) #(1}) 1111111111
1112 2123)—3,9. - *.%2) 21222222222
Lhlh  (124)—3.1k »(L) 31333333333
(12);, Gy W)y »(2) BfbLLLLLLLL
#(14) 5]/555555555
»(2L) 6l666666666
(1) (@), By, #(Q2b) 7777777777
(123) 8L b Llblhbl
s 9lrrrrr7r77
460 512)-2.1 s #(34), %8 = 2.3
1) --2.2 }
123 (34)--2.3 (3k) Right 1234
S Ghom & Wy W) 2
—3.1 2| g
L3k (134)—3.13 R R :?3‘1)‘) 3 =h.70
*S ly




TABLE III
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IDEAL ANALYSIS Lxlj SEMIGROUPS (Continued)

Tdeals

Subsemigroups Semilattice " Ideal Table
L.61 (12)—2.4 S *(3&), *(13&), = 3.9
(13)--2.2 I
113ﬁ géhg-g.z (1?h) Right 12345
113 --2.3
333L  (13L)—3.10 (3L) w3 3112333
bl3h - (123)—3.10 #(3) 3112333
(12L4)--3.13 (3 R (k)R *(13&) hl123LL
51123L4L
L.62  (12)—2.3 S %(123) ;%5 = 2.2
1T %%%3"3’3 Left 123456789
J==2. (123}  (12L)
2222 (1L)—2.2 | Ly 1[I11111111
3333 (2l)--2.2  %{(2; 2]222222222
122 (123)—3.14 (13), (23)p () #(3) 31333333333
(12h)—3.13 #(12) L(LLLLLLLLL
(234)--3.12 ‘ #(13) 5|555556555¢
@)y, iy () #(23) 6666666666
#(123) 7777777777
#(12h) 8| L LLLLBB
#S 91777777799
L83 (12)—2.3 S #(12), %6 = 2,2
(13)--2.2 ]
111 (23)—2.2 (12} Left 123N
2222 (34)--2.1 1) 1
123L (123)—-3.13  (1)y, (2)g, #(2) 2| =h.70
21,3 #(12) 3
*S L |
Loy  (12)=2.3 Left 123
. (314)“""203 ) *(13) 1
%%iﬁ ééﬁi—-gog . | #(2L) § =3.1h
=—cs3 113) (2b)y (12)y (3L) * S
1133 WIFVL SR PR 123
2Ll #(12) L
#(3l) 2| =3.14
S 3




TABLE III

IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)

39

Jdeals

Subsemigroups Semilattice Ideal Table
L.65 §12)._2°1 S Right 123
3k)--2.1 _ 2(12) 1
1234,  (13)—2.3 (12)g (3k)g #(34) 2| =3.1L
21L3 #* S 3
123
2143
L.66  (12)—2.3 S #(12), #8 = 2,2
_ (3W)—2.3 , | '
1111 -(13)—2.2 Left 12345678
2222 (123)--3.12  (123)y (12h)g, #(1) 111111111
1133 (124)--3.12 ,/,/“*-~‘:><::] %(2) 2l22222222
22hk #(12) 3133333333
(13) (2h);, (@2)  #(13) Lli111LLLLL
- #(2l) 5|2225555%5
#(123) 6133366666
#(124) 7133377777
#S 8133388888
L.67  (12)—2.3 #(3L), %5 = 2,3
(3L4)—2.3
1133 (13)—2.2 Left 123456789
2233 (23)—2.2  (123); (), (@), w3) 1[T11:111111
3333 (123)——3.15 #(h) 2|222222222
Lubh o (13L)--3.12 . #(3h) 3!333333333
-@)-3.12 3L (@), OBy w(23) L{111hKLLLELE
\\\\véﬁﬁ:”””’] #(13) 51111555555
. #(234) 6333666666
(3)y, 1)y, *§13bv 71333777777
#(123) 8111888888
#5 91333999999




Lo

TABLE TTT

IDEAL ANALYSIS Lxl; SEMIGROUPS (Gontinued)

" Subsemigroups Semilattice Tdeals Tdeal Table

ho68 5%5;—203 S *(3)’ *(3’4)3*6 = 306
1133 (23)—2.2 : _ Left 12345678
gg <S%“?h (123), (L3k)y (23h)y *0% 111111111
—=Je 3 2/11111111
L 33 %%gtg-30? :§13§ 3/11333333
—3.7 (13)y (23);, (3L) *(23 ) 15‘ 11 g g g lé 15‘ 15‘

: #(13) 11

#(23) 6|11666666
(3) #(123) 7{11777777
%S 8]/118888288

.69 ngg-—Zoh S 2(1), #(12), %5 = 3.8

| 13)=-2.2
i%%% E%tg-gog (123),  (12b)y Right 12345
-2, 1

1234 (123)—3.8 @2 :8%) 5[11222
1234 (12)4)—3.8 | 2(123) 3{123L45
(134)—-3.15 (1) #(12)) Ll|123L45
28 sl123L45

Ls70 g%g)‘—gog *(123)’ = 2,2 ‘
111 é§:§g Left 123456 78 91011
2222 =2, #(1 111112111 111 11
3335 125§-3°i2 *ézg 2222222 22 2 2 2
333 23h)“§°12 #(3) 3033333333 3 3 3
34)—3. s(12) L|biLbbLl Lk L L L
(%ML*?” 5|555555 55 5 5 5
#»(23) 6|666666 66 6 6 6
_ *Eah) 71333333 73 777
AQn G2 @3 Oy 4 e s St 5 5 s
£><:;><1' ' *&Mim 666666106 10 10 10
WL @y G »5 110888888118111111




L1
TABLE III

IDEAL ANALYSIS Lxl SEMIGROUPS (Continued)

Subsemigroups Semilattice Ideals Ideal Table
L.71 (13)--2.4 ' #(12h), sS=2.1
(12)=-2,3
1111 §1tg-203 Left 123456789100
2222 (2h)--2.3 1) 1[11111111111
itit §i§§§"§°§ :gi% 2122222222222
2o » 3133333333333
<12h>-“3«1% A #(12) L LLLLLLLLLLL
(123);, (3 (2h) #(14) 5]|555558555555
' \ #(2h) 6166666666666
' %0 o *§12§) g 77777777777
13); (T 1 (2 13) . 11111111111
L& L A" @3 9055555555555
N o< B weliiiiiiitang
My @1 Wy s 1|77777777777
h.72  (12)--2,3 S #(3L), s = 2,2
(34)--2.3
223 <(§§3"§°is 153), (13h), (23h) o '
223, (123)~-3. #(3) 1
333h  (13h)—3.12 ? "‘4E~,e” b ‘*Euf 2
3334 (23L)=3.12 (3L) 2(3L) 3
. #(123
(39 Dy ) ¢
Left
#(3L)
*(23l)
#(13L)

#* S




TABLE III

IDEAL ANALYSIS lLxly SEMIGROUPS (Continued)

L2

Subsemigroups Semilattice Ideals Ideal Table
L.73 g1§§-~303 S *(35, #(3L), 4(123); #5=),49
13)--2.
%%33 gzig-zog w3y @by o) Left 12345678
33 3h)--2. L (B w3 111111111
ek o tfhEiaees
G317 Py @y, O  sen Lliiiiiiid
#(123) 511555555
#(A34) 6 21 2L UL 666
(3) w(234) 7112333777
#*S 8112555888
N 83-33 S #(3), #(3L), #S = 3.7
— —2, !,——”——r-‘-~\ .
113 (23)--2.2  (123), (@3h); (23L) Right 1231
223), §3h)--2oh TR =L T () 1
3333 (123;--3.15 (3L) #(3l) 2| =L.68
3333 (134)--3.7 #(123) 3
(234)--3.7 (3) * S N
~ Left 12345
#(3 111111
*?3&) 211111
#(13L) 3/12333
#(234) Llr12LL)L
*8S 5112555
L.75 8%3“33 5 #(3), #(123), (3), S=L.9
133 (23)—2.2  (159) (13l)g, (234) Left 12345678
% 5 X3, 3lizaziise
3333 (13W)--3.6 (13), (23); (3h) *“15) 3113331333
: L )
(234)--3.6 *3123) Lizhylh1bll
(34) . 5]11111111
(3) (a34) 613331333
(234) 712221222
s _8j1Lklhb1lklbl




TABLE III

L3

IDEAL ANALYSIS Lx); SEMIGROUPS (Continued)

Ideals

Ideal, Table

Subsemigrbups Semilattice
(13)—2.4 ‘

ﬁ% (%g-—gia (123) (13h)g Right 123456
1113 (13k)—3.8 :&%) 21111133
123k (12)g (13) #(13) 30111133
#(123) b|111133
1) #(13) s5|123L456
*S 61123456
b (2203 = #(12), (123), (121), 5 =55
T ()—2.h (123 (24 (@), Left 1234567809
2222 (123)—3.9 #(1) 1[111I7111111
1111 (12L4)—3.9 , #(2) 2|222222222
1111 (134)—3.18 (12)  (13)y, (b)) *212) 31333333333
13) L]111111111
(14) 5}111111111
(2) (1), (123) 61333333333
| (124 7({333333333
(133) 8111111111
S 91333333333
L.78  (12)—2.3 s #(12), (123}, (12L), S =h.55

. (13)-—2-’4 /\ ’
1111 ((ggg—-g.g (1%22-~\_,,,53fh) Left 12345678

2222  (123)—3. .

nn QA3 (13), T () Hn 111111111
ezzz s #(12) 3033333333
1) (@) (13) Lfr11111111
(24) 522222222
(123) 633333333
(124) 7133333333
S 8133333333




TABLE III

Lk

IDEAL ANALYSIS Lx)} SEMIGROUPS {Continued)

JIdeal Table

Subsemigroups Semilattice Ideals
h.79  (12)—2.3 S #(12), »(12L), (123}, S=L.9
(13)--2.4 |
1111 (h)--2.2 (123)  (124)  (134);, Left 123456789
2222 (123)--3.9 #1) 11111171111
1111 (12}4)--3,12 : *§g) 2222222222
111y (134)—3.6 (12) (13);, Q) *Ela) 31333333333
#(1h) L1114 bh1h1l
#{124) 5333553535
(2);, 1), (13 6111111111
51352 7jt11Lhbk1b1l
123) 8 1333333333
'8 91333553535
4.80 (12)—2.3 S #(12), *(124), (123), S=k.9
§13)-2,h - .
1111 (‘2u)-—202 (123) (12k) Left 12345678
2222  (123)=-3.9 #(1) 1]11111111
1113 Cl2hg—~3°12 *Ezg 222222222
222} (13, Q2) (2 *512) 3133333333
#(2h) L|222Lh22)
, #(124) 533355335
L. (2)y 13). 6]11111111
(123) 7133333333
8 .8133355335
h.81  (12)—2.3 S #(12), #(123), #S = 3.7
(13)"-2011 )
1111 (2h)—2.2 (123) (12L) Left 123456178
2222  (123)—3,9 - \ * 1; 111111111
1113 (124)—3.12 #(2) 222222222
222 (3);, (@2 @ #(12) 3033333333
#(2L) Ll222L22k]
, #(13) 5]11151155
Ly @) *23%6 33363366
#(124) 7133373377
%8 833383388




TABLE IIT:

IDEAL ANALYSIS lxl; SEMIGROUPS (Continued)

LS

Jdeal Table

Subsemigroups Semilattice Ideals

.82 gigg::g.g S #(12), #(123), (12L), S=L4.9
%%%% Eiﬁ%zzg"ﬁ (123) {12L) Left 1234567
1231 (123)-313 (12) (1), ) 1111111
s G, Eperzea
)32 G Uy #(123) L |333L33h
(). s5frr111111
(124) 63333333
| S 713334331

4.83 12)—2.3 S #(12), #(123), =8 = 3,7

513)-2°h _ ‘,/f”‘~‘-\\ _,

1111 (W)—2.2 (123) (12h), Left 1234567
SR S R ORI PEEEEES
121, (12b)--3.13  (13)y (12) :§1%) 313333333
(13k)--3.7 [””,,,/"] #(13) L]11111LL
3] (2) #(123) 513333355
L L #(124) 63333366
%S 713333377

4.8 (12)--2.2 S #(1h), #(13L), #S = 3.7

MR TA B PN ’ _
111 (123)—3.7  (123)  (13L) Right 1234567
s L1 O R EEE RS
° . 3*

1114 (13) (1) #(1) 3{1231313
L—"1 #(123) L 1234513
* S 511234513
(6B} (L) - (13) 61236713
3k 7]1236713




TABLE III

L6

IDEAL ANALYSIS Lxly SEMIGROUPS (Continued)

Subsemigroups Semilattice Ideals Ideal Table
185 (12)=2.3 #(12), #(123}), =3 5,308
(13)==2.k 5,1”’§\\‘~\
1111 ((1&)_~252 (123) (A3h)y, Left 123L567
2222 (123)--3.9 1) 11111111
1113 (12k)--3.12 r\\\\\“‘-\|_ :%2; 22222222
113,  (134)--3.8 (12) (13),, #(12) 33333333
#(13) L|i111114Lk
#(123) 513333355
(2)g, ) #(134) 61114466
#* S 713335577
‘hoBS (12)--2.3 S #(L), #(124), s = 3.10
$13)—2°h ,
1110 1h)=-2.2 (12L) (13L)q, Left
222y  (24)--2.2 1(l) 1
111} (123)=-3.9 #(2l) 2
Lhhl  (124)--3.10 (2L)y, #(12]) 3
(134)—3,10 (13L) L
() s 5
.87 (12)__203 s #(12), #(123),45 = 3.7
(13)==2.4
1111 Elﬁg-—202 (123) (2L Lett 123456
2222 2)—2.2 ]
101 (123)--3.9 W) 3leaiza
123)  (12h)==3,13 (13), (12) #(12) 31333333
(134)--3.7 %S ) Li333L66
(13 5111111
)L (2)y, (123) 61333333
| Right 123}
#(12)
#(123)

*

~

fun

[\°)

=
B
e




IDEAL ANALYSIS lxl; SEMIGROUPS (Continued)

TABLE ITI

Subsemigroups Semilattice Ideals Ideal Table
.88 {12)--2,3 S #(12), #(123), #5 = 3.8
F— (13)"“"20)4 ) )
1111 ;%?g“”§°2 (123) Left 123456
2202 (2)}) == o2
1113 (123)--3.0 () @3y, e 21322222
123 (12l)—3.13 r-.-..____-1 #(12) 31333333
(13L4)—3.8 ) D) #(13Y Lfr111111
L L #(123) 51333335
* 3 61333556
4.89 (12)=-2.3 S #(12), #(123), #8 = 3,7
——  (13)—2.L /l\
1111 ((lhg*“§°2 S azy. o Left 123L4567¢87°
2222 123""’" o9 123} 12 1, 13 L #(1 1111111111
13 (12 —3.12 *§2§ 2|222222222
il @h)--3.7 - L Ly, *(12) 31333333333
12) A3y @y ,q3) L|1111L1LLL
#(14) 5|1111:51555
2) RS #(123) 61333363666
L L #(124) 71333373777
#(134) 8]111181888
# S 91333393999
4.90 (12)“""203 S *(h), *(12)4), # = 3,16
(13)==2.2 o
533%5 ggﬁg-wzez (12h) (131, Left 123456
222} ) —2.2
: (L 1111111
L3l (3h)—2.2 *glﬁ) 2|122222
Dyl (123)'—3912 (2’-1)1, (l’.&)L #(2L) 31133333
(12’4)"’"3012 )4 *(13)-‘) h 1 2 2 h 2 h
(134) 341 ) #(12L) sl1s5s555
#S 6155656




L8
TABLE III

IDEAL ANALYSIS Lxly SEMIGROUPS (Continued)

Subsemigroups

Semilattice

Ideals Jdeal Table

hoél Elgg-ez,g S #(12), #(123), #(12L), #5 =lk.L9
13)--2,
%%%% (£%%%e—§,iz (123) (124 (A3h); Left 123456789
1131 (120)—3.12 :g%g % % % % % % % % % %
111L  (13L)--3.17 (12) (13);, () #(12) 3333333333
*giﬁg g 1114 % L % g g
# l111151 '
(@), 1) #(123) 6 [333836366
#(124) 7333373777
#{134) 8 |1111L¢5L588
#S 91333676799
.92  (12)=-2,3 S #(12), #(123), #(12L), #8 =L.L9
(13)—-2.2 /\
1111 (2hg-e2°2 (123) (12h4) Left 12345678
2222 (123)~3,12 1) 1Jrf1i11111
1131 Eth)-Bol2 [\\\‘\,zf’/’l ifzi 2122222222
222l, a3y @2 @by, =(12) 3(33333333
| L”’,/f*‘\\\\l #(13) L4 [11131133
#(24) 522225525
(1), (2)y, #(12L) 6133336636
#(123) 733373377
*5 . 8133376678
L.93  (12)--2.3 #(12), #(123), #(12k), #S =l.L9
o G0 s W w asiser
1111 w2 g Le
2202 23) 2,2
ez (22 | ] W 1[EITII1]
111  (12h)--3.12 (12} (1ll)L #(12) 313333333
(134) 3417 r“*--..*“_~1 *glu) Ljr11Lk1bLlk
2 (1) #(123) 513333535
(@), L #(12L) 6133363686
» 8 713336567




IDEAL ANALYSIS Uxl, SEMIGROWPS (Continued)

TABLE IIT

L9

Ideals

Ideal Table

Subsemigroups Semilattice
Lol (12)—2.3 s #(12), #(123), #5 = 3,16
(13)=~2,2 Z/\ ’
1111 gltg-zaz (123) (13L);, Left 1234567
2222 3h)—2.2 1 11111111
1133 (123)—3.12 [-\~\\“‘-J 3§2§ 212222222
113 8’;’{3-'-512‘ (12) (13)g, #(12) 313333333
—3. #(13) Lir11LL4L4Y
l\l #123) 533385555
(2), (1), #(134) 6J111LL66
# 8 713335577
L.95  (12)—2.3 s #(12), #(123), #S = 3.16
(13)==2.2 |
1111 'Elﬁgm—2o2 (123) Left 123L56
2222 2L)—2.2 #(1) 1111111
1133 (igggf-goiz (125"”’\\\?33)L *gz)) 21222222
123 —3, , #(12 31333333
(124)—3.13 [\\\\“‘-~.l' #(13) Llz11LL)L
(134)—3.16  (2)y, - (D) #(123) 5333555
| #8 61333556
1,96 (12)=2.3 5 #(123), #S = 2.2
| (13)—2.3 I
1111 (23)—2.3 (123) Left 12345678
2222 (ly-—2.2 ,//”’//T\\\\‘-\ #(1) 1011111111
3333 (2h)—2.2 #(2) 222222222
Shesh (Bh)—2.2 (12); @3, (@3  #(3) 333333333
(123)~-3.1k [>Q<] #(12) 4L LLLLLLL
(12l4)~-3.13 #(13) 5|555855555
(134)--3.13 (1) (2)1, (), #(23) 6|666566666
(234)—3.13 #(123) 7l7r77777 77
# 9 8lr7777778




TABLE III

IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)

50

Subsemigroups Semilattice Ideals Ideal Table
L.97 (12)—2.3 S #(12), #(123), #5 = 3,16
'EEE] Eiﬁg—-g'g ( |3)
=2, 12
2222 (23)--2.2 | ieit 1
1233 (2h)-=2.2 (12) *52; 2
St PR ) WEF ;
123)—3.1 1), 2
§12h)--3.13 L L :§§23) é
134)—3.16
(234)—3.16
L.98 (12)—2.3 S #(3L), #8 = 2,2
(34)—2. /////”\\\\\ ) |
113 (13;e-2,2 Right 123
gggﬁ E%g)fngog (13h)L (23L4)1, #(3) 1
L (2h)—2:2 ~ 200 2
oy R S
-—3,1
MR N Left 1231
"‘39 3 (B)R (h)R ‘*(3h) 1 -
#(23L) 2 |Z L.102
#(13h) 3
# S L
Lo (12)=—2.3 ) #(L), #(124), #S = 3,16
— (13)--2.2 '
111 (1h)--2,2 (12L) Left 12345
222,  (23)=-=2.2 (L) 11711
123), (2h)--2.2 (1), (2l)y, #(1h) 21122
LLLL (iggg"2°2 *(2L) 3[133
(1219313 @ XA g
(13L)—3.16 * 5 S11Lk

(23h)--3016
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TABLE IIT

IDEAL ANALYSIS Uxl; SEMIGROUPS /Continued)

-

Subsenisroaps Semilattice Ideals Ideal Table

o)  {12)em2,3 #(3hy, #8 = 2,2

5
¢ 3’« ! g °3

" _‘-}b } R /\ ’ Tefi
\Liyjmm2 02 R (23

2234568
: - ‘v #(3) 1211711
SR #hy ozlezzzed
(123)—3.15 ) e F1323233
(121,)—3.15 " *Q3h) L33 3L44L
(130)-3.1s NSl EEE S
235310 (3)g L 51333
ko101 §1z)f.2.3 | Left l1....15
‘ 13)5—2o3 *(1) 1
1111 (1h)==2.3 #(2) )
2222 {23)==2.3 »(3) 3| Table of
3333 (2h)--2.3 2(L) il
Ll (123)—3.1h 2(12) ¢ | all left
(12h)—3.1k #(13) 6
(134)=-3.1k4 #(1h) 7 | Zeros
(234)—3.1h S 2(23) 8
(123) (12h), (A3b)g (23L)g x(34) 10
AT K| ey o
(190
(23)1, (2b)g, (3h)q, *51310 13
#(234) 1L
*#8 15




TABLE III

52

IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)

‘Ideal Table

(234)--3.16

Subsemigroups Semilattice Ideals
4,102 Elzg--2°3 S #(L), #S = 2,2
13)=-2.3 P
%ﬁ%ﬁ gi?g_-gog (12h), (a3k); (23W)g, Left 12345678
< T a(b) 111111111
333l (2h)--2,2 . ‘ *(13) 212222222
Lkl (ig%;f-goih () @y (Gu)g #(2L) 3113333333
== #3L) K jliLLlLllLlblbl
CERBERT. W) Mo iRiiiiiie
-3, .
(23h)—-3.15 #@W) 7 17777777
#s 8118888888
4,103 (12)--2.3 S #(34), #8 = 2.2
13)--2.2
13h gzéi;;zoz : 'ﬂ;///‘\:\\ﬁ) Left 1234
223 3 -_’-2?]7" 13 L 23 L *(3’4) 1
3334 (123)--3.15 =, .102
L3 (13L)=-3.5 \/ KEEN Y I
(234)--3.5 Gl) APt 1
L. 10l gigg--g,g 5 #(L), #(3L), # = 3.16
'éﬁ;ﬁ g;gg;-SZS 3b),  (23k) Left 123L5
333 (2h)--2.2 TS 2|12222
Wil (3h)--2.2 (3L) #(13L) 3112333
ggg;:—ggg 4 #(23L) 1oL Lk
(134)--3.16 * S sli2555
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TABLE III

IDEAL ANALYSIS Ux), SEMIGROUPS (Continued)

Subsemigrouns Semilattice Ideals Ideal Table
12}==2.l S #(3), #(3L), #(13L), S=l.106
(3h)—=2.L A ,

((13)af202' (123)p  (13L) Right 12341856
123)-=3.10
(134)--3.7 #(3) 1j111111
13). (3h) #(13) 2l1234L2}
=3n #(30) 31111112
#(13L) Llr23h2k
(3) (123) sliz2z3b2h
S 61y 23424
(12)==2,1 S #(3), #(3L), #5 = 3.7
(13)--2.2 I
_<3h%mweou (123)g Right
(123)==3.11 ] 2(3) 1
(13L)--3.7 (?h) *giu) 2
%(123 3
(3) #* 8 ) 4
h.107  (12)=-2.2 S #(1h), #(13k4), #8 = 3.7
(13)-=2.4 —
111L ((lh§~~201 (134) (124, Left
121)4 123 3.7 » 'Lh 1
1314 (12&) 3.5 3# Elg}i) 2
W1 (ash)--3.4 (1) %(13L) 3
# 3 h
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TABLE ITI

IDEAL ANALYSIS Lxl SEMIGROUPS (Continued)

Subsemigroups Semilattice Ideals Ideal Table

4108 (12)--2.2 S Two Sided

\ (13)"""20,4 *(1)

1211 (123)=-3.7 (123) (13L) 1(123)

1311 (13L4)--3.18 (13L)
S

1311
Q2);, @13 (1)

Left
#(1
&) *El;)
»#(13)
#(123)
(éBh)

FwEwoHD PRPRPR PR
W HRFFHFRPHE[WERFEFERFEPRPID

onE W N
VU HRHERRPHE[W PR R R R

miEw n
H RPRRPRPE| R -
F FuLwuwFwPhHIE LW HTw
N FLWE WD WLWDDWND W

Right

#(1)
#(123)
(13)
(1l)
(13L)
S

N

oE W N
PHE PP
N Ww W N
PHR PP
H R
HHHHRP P
NDwww

L.109 (12)-=2.2 S Two Sided
(1h)--2.2 T -

P11 (13)--2.4 (123) (13L) #(13)
N211  (123)—3.7 #(123)
1311 (124)--3.17 (k) .

1111 (134)—3.6 (12);,  (13) (1) (13L)
A S

oV LEw D
O N HHWN O

(1) Left
#(1) 1

FRRPHERPRHERW RPHRRER P RP

FwunrRswnRlE PFRERERAN
FRPHPRPRPREHEREW WoRwoHWw

FwunHswoRlon HERR PR
FRHERPPREHEE~N PR PR e eln

PFRRHERPRPHEREH
FWNODHEWPDHLN

Fuw NP Ewno e
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IDEAL ANALYSIS Lx!y SEMIGROUPS (Continued)
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m——

— e

Subsemigroups Semilattice Ideals Ideal Table

,110 (12§4m20ﬁ S Two Sided
(.13 1 ""-‘2 L]
T (1h)~-2.2 ' N :gig)
1111 (123)--3.18 (123) (12L)g (13)y #(13)
1111 (124)-=3.7 #(123)
123k (134)==3.7 %S
(12) (13)  (W)y )

iE e

Right

(1) :8%)
#(13)
#(1l)
#(123)
#(12})
#(13k)
#* S

P
N

OO OHHRION Wik H ]
I NNNFNRHFRPN e

FEERERPHlE PFRRPHERPP
ninnHFnNHEHFElW o RRH]D

@NonEwN

HHHERHRRFRHlH
NMDRONODHODRH D
WWWHWHHMIwW

lo-Fo-Noo) el c- NI SN EEY e SR S Uy W

o111  (12)--2.2 S Two Sided

. (13)--2.4 #(1)
1111 (1’4)"""2 eh ) . *(13)
121 (123)--3.7  (123)p (12h)y (134) #(1h)
1311 (12L)--3.7 #(13L)
2111 (13L)--3.18 %5 .
(13 QW .
Right

mEwnN -

Vi WHHRH| =

(1) :%ia)

~
(i
w
~—
oonEwmnH

HFERHRPHE|IND OFHEFODHEID FREPRRE|

WHWHRERPHF|lwwEsFwHRRlWw PFREPRE]D
ANEHOR|EFRHERERRE WRRHH|W

1THHEFHFHFHRPHIFK PHHHHELH
WHWHHKFHF|IVUVHEHFEMODHE

*

—~

(S

N

=

-
oanEwnN -

AN EHMPODH|IONOWFEE ONHEION g = RN
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TABLE III

IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)

Subsemigroups Semilattice Ideals Idesl Tabls
ko112 (12)=-2.L S Two Sided 12345
(13)--2.L /\ #(1) 111111
m1 o (Ah)--2.2 #(12) 2111112
12 123)--2.18 0 (123) 12y #(13) 31111z
b >::T"{’-n3°8 ‘\j #(123) Lji11i11:
1234 A2 j—3,7 %S cli23y <
(13) (12) B -0
\\\\‘\./’/// Right 123456
#(1) 11111711
(1) #(12) 2111122
#(13) 31111112
#(123) Li11111¢
#(12)) 5j123L5355%
*»5 6l123Lz% =
11,113 (1§gw-2,2 S Two Sided 123%L:
—_ (1b)--2.2 #(1 11111
1111 (13)==2.L *él%) 211271
1211 (123)--3.7  (123) (13k) #(123) 3]1131
Ll (134)~-3.7 /\/\ #(13L) Llt22ki
A3 / ® 5. 5liz3L:s
(12 1 -
N (13)  (h)g Left 123L5¢
(1) 1111311z
() 3(13) 2112221+
#(12) 3111331 ;¢
#(123) Lji11bbr’
#(13)) 5112225 °;
#.5 - 6124456
Right l123Lh50
#(1) 1111113
#(13) 2lt1121¢
#(1) 312325¢
#(123) Ljr11b1s
#(13L) SlL232¢%
*S 6112354z«




TABLE IIT

IDEAL ANALYSIS lxl; SEMIGROUPS (Continued)
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Jdeal Table

Subsenigroups Semilattice Ideals
L1l glﬁ;-—Zog S Two Sided 12345
N 1L)-=2. .
T a9l HUN RS
1211 (123)--3.7 (123) (13L) #(123) 3111313
1 (3l)--3.7 //"\\\\v/,/”"\\ #(13L) Ljiz2h
1134 (12h)--3.17 %S sl123)¢
(12), (13} 1)y o :
Left 123456
#(1) 1j111111.
(1) #(13) 2112212
#(12) 31113313
#(123) Lli1LbbL1k
#(13L) sl12225¢5
#* S 61124456
Right 123456
#(1) 11111112
#(13) 21111212
#(1L) 3j]123255
#(123) Ljr11L41Lk
#(13L) 5123255
*S 61123L56
L.115  (12)--2,2 S . Two Sided 1234
1111 %ﬁ;”’%i *(1) 1,
—=co #(1 2 |=b.11
1212 (13)—2.h (123) (12l)y, *§133) 3 ’
1313 (123)--3.7 #8S L ‘
121 (12h)--3.16
(134)--3.16  (13) (12)1, Left 123456
#(1) 1111111
#(13) 21112222
(1) #(12) 3113333
#(12h) Lli113L43L
#(123) 51115555
%+ 8 61115656




TABLE III
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IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)

Ideal Table

Subsemigroups Semilattice Ideals
L2116 (12)--2.2 S (L), #(1k), »(13L), *5=4.116
‘ (1y)~-2.2
G (2h)--2.2 ~ -Left 12345
21l (13)—-2.L (12L);, (3L a(ly) 111111
h31L  (123)—3.7 ~— #(1))) 2l12222
LLy  (12L4)--3.16 an #(12k) 3112323
- (134)--3.10 | #(13L) Lijt2L2Lk
*8 sli2525
(L)
4.117 gli)-2.2 'S Two Sided - L 231456
— (1h)--2.2 (1 1111111
L (13)—2.k * 1%) 2111212
1211 (123)--3.7  (12L); (123) (13L) »(1) 3113133
1311 (12&)--30;7 #(123) L1141
111)4 (13,-1)""'305 *(13,-1) 5 11 3 2 3 5’
(12);, (W) (13) 8 61113436
Left 12345678
(1) #(1) 1111111112
#(12) 2|12112212
#(13) 3(13113313
#(14) Lf1211L1LL )
#(123) 51151156515
#(l2h) 6|121Lh26L46
#(A34) 713143747
#8 8lis1L458L8
L.118 (12)—2.2 S - #(1), #(13), #(123), #S=L.118
_ (1)--2.2 I
1111 (2L)--2.2 (123) Left
1212 (13)--2.L 2(1) 1
1313 (123)}—3.7 (12)q, (13) #(12) 2
123y (12h)--3.16 #(13) 3
(134)-=3.8 (1) »(123) L
P 5




TABLE III

IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)
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Subsemigroups Semilattice Ideals Ideal Table
4,119 glzgm-goh /\ Two Sided = 123 L5
— 13)=-2.2 1 111111
1111 (L)==2,2 :glg) 2l|12212
ﬁ% ({%g“g«? (123) (13L)y, #(13) 312312

--3.6 2 11411
h13L 828«% z’é 1[2)\(1‘ ) :% ? )3 12 lé 12
e (\/3 Left 123456
#(1) 1111111
(1) #(12) 2l111122
#(13) 31113333
#(123) Ll|1133Lk
#(13L) 51113355
% S 61113366
4.120 (12)==2.1 #(12), #(123), #S = 3.7
(1) =242 /’5\ ?
1221  (123)--3.1 (123) (12L)y, Right 1234
2112 (124)--3.5 T~ #(12) 1
2112 (12) #(123) s
1234 #(12h) 3
# S b




TABLE III

IDEAL ANALYSIS Lxl; SEMIGROUPS (Continued)
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4121  (12)-=2.4

1111
1111
1112
111

(13 ) '""’2 ch

(1h)--2,
(123)--3.18
(12’4)""3 018

(123)

1)y

(12)

(1

(120)

(14)L

Two Sided
#(1)
(12)
(123)
(12k4)
S

Left
*gl)
12)
(L)
(123)
(12k)
S

Right
*El)

12)
(13)
(123)
(12L)
S

aanEwnh -

ovnEw -

12345
111111
211111
311122
Ll11111
cl11122
123456
111111
111111
111111
112122
111111
112122
123456
111111
111111
111122
111122
111111
111122
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. TABLE IV

LATTICE ISOMORPHISMS

NnNHN IO OO
o \456 9.!4555791
$ © @ o O© © © o © 0o O o o ¢ o©

Ll

L.17
L.18
L.20
L.21
L.2k
L.25
L.26
L.28
L.33
L3k
L.
L.
L.
L.
L.
L.
Lo
L.
L
L
L 5
L.112
L.115
L.119




TABLE IV

LATTICE ISOMORPHISMS (Continued)

TTEn

&

112 L13 L1S 117
.65 .60 1,57 4.98 hass L.86
L.63 L.61 L.100 .95

4.97
L18 120 L21 L22
L.82 .56 L.108 L.74 L.78
L4.83 L.58 14,109 L.80 -
L.87 L84 L.113 L.81
4.93 .85 L.11k L.92
L9k L.121
L23 L2k L25 L26
L.59 L.62 L.67 L:.96
L.77
L.79
.89

L.91




LATTICE ISOMORPHISMS (Continued)

TABLE IV
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N~

L27
h.6l

128
L.72

129
L.111

L30

.70
4.71
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APPENDIX

In this appendix, compiled jointly by Messrs. K. S. Carman, J. C.
Harden, and E. E. Posey, are listed what the authors believe to be all
distinct semigroups of orders two,.three, and four; and their proper sub-
semigroups. Two semigroups are regarded as distinct if no isomorphism
(or antimisombrphism) can be set up between them.

Cormutative semigroups of these orders (under the name of "finite
ova") were listed by A. R. Poole in his dissertation,l but were omitted
from the published version.2 We have constructed independently all
semigroups of orders two and three (non-commutative as well as commuta-
tive), and our list of commutative semigroups of those orders agrees
perfectly with Poole's.

In addition té constructing the non-commutative semigroups of
order four, we have examined Poolefs list of commutative semigroups of
that order, and have found what apéear to be a few errors. It should be
pointed out that the copy of roole!s thesis available to us was a carbon
copy borrowed from the library of the California Institute of Technology,
with the subscripts in the semigroup multiplicatibn.tables filied in by
hand, so that it is entirely/possible that the errors noted do not occur
in the original dissertation; indeed, some of these errors are obviously

merely mistakes in eopying. We did not construct the commutative

1A, R, Poole, "Finite Ova,” (Doctoral Dlssertatlon, California
Institute of Technology, 1935). . .

2A. R. Paole, "Finite Ova,“ The American Journal of Mathematics,
59:23-32, 1937, - - ; — T



2a
semigroups of corder four independently, and cannot claim that our exami-
nation of roolefs list was sufficiently exhaustive to preclude the
possibility that it contains errors other than those noted below.
Poole's R Lip} appears as:
upoowp o wy ouy
uwoouUp u3 up
up uy u} uj3
u up u3 uwp
which is non-commutative since u),u3 # uju), . An examination of asso-
ciativity shows that if wuju3y = mu) then the system is not a semigroup
regardless of what the precduct usuj, may be. Changing u)u3 from 1w
to u3z , we have a commutative semigroup, distinct from all others in
Poole!s 1list, which is given in our list as No. L.38.
The multirlication table of roole's R hBO is identical with that
of his R h17; this semigroup appears in our list as No. L4.9. Changing a

single subscript yields a new commutative semigroup, No. 4.5 in our lists

it L7, B hyg L.5

oW Uy 1y 4y
wouy w3 up gy uw wy u
oL R A u o mouow
up ¥y W g 3 u U.h

Poole's T 4o and T Ly are identical, and appear in our list as
No. }j.22. Two changes produce a new commutative semigroup, our

No. 4.23:



3a
T Lo, Ths L.23
uy uy  uy uh o W u’-;
10U owou) u u woou)
wiouy o uy u u w uz w,
uyoouhow, om uy, up ouwy uy

iration fablz 7 L-- in -oclels 1list falls to satisfy the

on, wut can b2 so wmoedified as to becoms a commita-

tive semicroun annarently disting

o+
-y
¢
(=}
=
@
i
}. -
e
[
Y
w
>
in
E.-h
b §
ci
oy
[
ct
i
[N
wn
ct
s
=
0]

include it as Mo, “.7:
R }_!, 1 5’ h 03
L A uy otz U oW
ayp Uz uy Uy Uy W W Wy
up Uy uy U upoup uw W
U, W 10 11:; L'r‘.l ul 'll2 112

Pacistls

7

s e and . Ly seem to be isomorphie; this
semigrour 20 =arg Ln our 1ist as Neo, 4.3, roole's tables and an iso-

morvhisn betweoen then sre svhibited “=zlows

1hip - Houp
oUW U7 e U] up W oup Uy
Uy U 11_'1 js 5 112 B e uh ‘.11 uz U2 ul

u]_ g 113 U '!.3 . o us wy  ur i

. £ o i

‘&1 - ‘ﬁg ‘l& N f—— ] e 1y B 1:-.;5,

i 3 e e -

In Tabls T2 2rs 7isted +the Jour semigroups of order two, of which

e onlz No. 2.7 iz non~commutative. Table TTa contains the sir nened

tative semisrcups of o-der three (Nos. 3.7, 3.9, 3.12, 3.13, 3.1k, 3.15°



ha
and the twelve commutative semigroups of order three, the latter being
identical (to within isomorphism) with Poole's ova of order three. In
Table IIIa we list the 55 cormutative semigrc;ups of order four (Nos., L.l1-
4.55) and the 66 non-commutative semigroups of order four (Nos. 4.56 -
L.121). 7 ’

In Table IVa, the columns are headed by the reference numbers of
the semigroups of order two, and the rows are labeled with the reference
numbers of the semigroups of order three. If No. 3.z (2 =1, ..., 18)
contains k subsemigroups isomorphic to No. 2.y (y = i, seey U), the
letter k is placed at the intersection of the rc;w 3.2 and the*colnmn
2,y. Table Va exhibits similarly the subsemigroups of orders two and
three of the semigroups of order four. Subsemigroups of order one are
simply the idempotent elements of a semigroup, and are not listed
separately since they are visible immediately upon inspection of the
multiplication table of the semigroup.

It would be futils to expect tables of this sort to be entirely
free frém errors. The authors have checked their work repeatedly, and
have rectified several mistakesy but others have douhtless escaped their
notice, They will appreciate receiving corb?cﬁons Lrom uSeré of the

tables.
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TABLE Ia

SEMIGROUYS OF ORDER TWO

2.4

2.3

2.2

2.1

—~
—~

—AN
—AN

—AN
—~

oA
AN

TABLE ITa

SEMIGROUFS OF ORDER THEEE

3.6

355

3.4

3.3

3.2

3.1

(o B Ha
—A-A
A

[3a¥sa¥a!
~ AN
AN

Aoy
—A-dH™N
~A M

[sa W NVl
NN~
—AamMm

AN
—A~-
A

N—HA
NHA
—~ NN

3.8 3.9 3.10 3.11 3.12

3.7

—A AN M
— N~
—AN A

(3NN
N~ M
—~arom

[3a NN\
M
M

~oN A
~o
oA

oo
AN
-

[ N |
AN
A~

3.14 3.15 3.16 3.17 3.18

3.13

4
— -
-

—AdM
AN A
~N A

N ™M
NN
~N—

[saN2aNaaY
—HaoN M
—aN M

— oM
oM
—A oM

—~ N M
NN
—aN A
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TABLE IIIa

ER FOUR

LIIGROUKS OF ORI

o
Y i

L.7

L6

L.5

L.l

L.2

L.1

N HN
A HN
(o o N
HAAHA

AHAHM
AHAA
AN AHA
AHAHA

AN A
N A
AN AHN
A4 A

=4
[ N B |
NN
A~

—A o
~ NN
~
—A e~

e
A A
—ANHAH
A A

N MM
(= K3 e X1al
HAaNN
A

L.11 .12 L.13 L.1l

L.10

h09

L.8

AN N
AN N3
aNHAN
AN AHA

AN N
MNH AN M
NN~
AN A

= =
N4 o
NN HS
AN N3

= e oVl ]
N HN
NH TN
—~N N3

SN 4N
N3N A
N~ M
— o oN 2

AN Ay
A
AN AHN
A A

N4 N
[ e W
AN
A~ A

L.16 .17 4,18 L.19 L.20 L.21

L.15

B = e g |
Ao
AN N
AHAH=

iy g, i, R
aXsaWaa =+
N~ NS
—HoNn N2

(AN aa Wag Wi g
[3aXaN2aNeal
N~ oM
—~ AN MM

— N LT
(3 XsaNoa Waa
M
—A N M A

Ll GV i 5
— oot
NHNN N
AN~

~ Nt
—~N N
NHAN
AN AHA

NN
—A N N3
NN A
AN AHN

.23 L2k L.25 L.26 L.27 L.28

L.22

L2 == sa o\
=K Y=Kaa
~N oot
A A

AN
A
N
A

=N~
N HA
[aVAN oVAN oV oV]
AN g3

IS oV g o)
AN~
NN Gy
AN~

N =
(e aWaa W B
o
— s nm

= .

—
AN AT
e e P ¢

Ba - N
L B Bl I ¢
AN A
L o B o I ¢

L.30 L.31 L.32 .33 L3k L.35

L.29

NHAN N
NHANN
aNNH A
—~ N oM

MmN Hao
DAY N |
M
[ s KA X3A

A Nnq
NN HM
AN Ad
N HNA

N~
NHAHA
AN -~
AN NN

N HoN A
—~ o - oy
AN~ N~
AN AN

AN A
AN AHA
NHNQ
AN AHA

AN
AN AN BAY
Haonono
AHNAH

L.37 L.38 L.39 L.Lo L.l L.L2

.36

—A N N
[ K UKsa XAl
[ SV VA aV]
A

oo m
~~aN N
oo
A~

AN
AN
NN
(e W W

34"
—ANHA
—N oo
~NetH A

[ KSVEAR XS
™
— ol
o N W o |

N
A
—Ao N
A

AN A
A
—HaoaoOMM
A
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TABLE IIIa

R FOUR (Continued)

& UHlE

L

GLOUZS

T

.
SEE

hohh hth ho-’.lé hch? ,-loh8 )-leh,(}

L.L3

[ SN2 P~y
= onm
AN HN
A~

o B B I
—AHNA
HoN A
A

L K =N}
[ KV s Y=
HaoaoN
A=A~

[ SV VRoY)
HaNoONOQ
NN
o s B B |

N4
NN
NN
L e W B |

A=A
L VK s W= ¢
oA
A

L W I
oA
NN A
A

L.51 .52 L.53 L.5k L.55 Li.56

4.50

e P e PR ¢
AN
— o~
e

AHAHA
A
AHAA
A

AN
A
A~
A

NHN A
HHAHN
N A
L W W

—HaHN
AN~
ANAHQ
A

-
—AHN
K e
N~

A~
AN AH
HNHA
A~

1158 li.59 L .60 L.61 .62 L.63

L.57

[ V= s aY
[ VKA Y=g
HaoaoNnAH
HoaHo

[ ISV IR Y= g
I K KA XSY
= KV XaY]
NN~

i i g i ¢
(2o XeaNaA Nl
— N
— = Nt

I g i S 4
Mmoo m
N HONZS
AN N

NN
oA
AN
AN~

s PR S g ¢
oM
MMM
L N A YA

s i R i 4
NN
NN H
AN HAA

.65 166 Li.67 L.68 L.69 k.70

L.6L

= oMt
(= KM X238
HNnuoMNm
=KV Xaa!

L S = e
=AY K Xaa!
AHN N
L e B e W |

Ao Mm
MM oM
oo
AN N3

oo
(30 W20 Wop Phers
NN
[ KV aa P

NN
ANt
HaNHN
HNHN

i gl 0 Piw o o}
(s Vi s g Wi 4
aHoaH
AN

[ Wie i 3 g Wi
M o
AN
—aNH©

L.72 L.73 LTl L.75 .76 L.77

L.71

[ A B |
e AV o e
N
oA

— oMt
A M
HHHN
N A

BAKMEMANA!
[saNsaNeaA N
— N oM
—Haoaonm

g onm
[3aXsaNea Wea\
(= K saX1a\
Ao oM

NN
(A NA WA NIAY
N oM
[ VAN

i i, i i
(XA N2aNaa)
RS A X1\
— oM

AN A3
o
o2
AN

L.79 l;.80 .81 1,82 .83 .8k

L.78

P g e s ¢
~HHA
[ KKV |
~—~

o N
AN~ A
HaNAHN
—ANHAH

AN HA
NN~
AN H
AN HAH

~ N NS
AN AHN
ANAHN
AN AHN

AN
—HN AN
—HNHN
HaNHQ

RN A
HoNH A
AN HA
AN A

—HNAHN
AN AN
Ha N
Haoa AN
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TABLE IIIa

SEMIGROUPS OF ORDER FOUR (Continued)

L.86 L.87 1,88 .89 L.90 L9l

L.85

SN A
HononH
HANAHA
HANAHAH

=
NN
—HooH
—N N~

NN
HaNAHA
N HA
N AHA

NN
HNAHM
HaAHo
NN AHA

N A
HNAHM
HaNHAN
—HNHA

=33
N AH
AN AHZ
AN

N NS
HaNAHM
HaNAHA
HNHAH

L.93 LSk L.95 L.96 L.97 L.98

L.92

3=
LaXsaN2aN1a
o NS
—HoN NS

NNt
HoNenn
Haouoao
HoN A

HoN NS
HAN MM
HAN AN
NN~

NN
NN MM
HNAHN
—HNAHA

AN NS
AN MM
HNAHA
AN AHA

HoN A
HNONAH
HaNN A
HNAHA

o+
HaoN NN
HaoaHo
Ha AN

4.100 L.101 4,102 4,103 L.10L 14,105

L.99

= ¥ Xaa
aYiaYaaXaa)
H<HOOM
MM

P i i i ¢
DAY NP ¢
AN N
NN

St g
Mmoot
oo
oot

~
ot
oo
N

- N2
I NNt
~H NN
NNt

I . o g i 4
Mmoot
o N
o Nt

=33
~NaoNMN2
NN
HNAH3

L.107 L.108 4,109 L.110 L.111 4,112

L.106

N A
HHAM
HHAAN
A

Ha <A
He A
HNNAHA
A A

-
HeHAON
Hea AN
A

A
Hre A
oA
AHHAA

A A
A A
AN Mm
A

S S
A3
—~N N NS
A3

g mnm
LaXaXaaXaal
NH MM
Ha M

Llo11l Lo115 4,116 Ll.117 4,118 L.119

L.113

NNt
Hrd
e AHA
HeAHAA

NNt
HHAH®M
HaNONO
HeAHA

He A
A
HNONH
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