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ABSTRACT

In the present work, the Integral equation method
has been applied to calculate the pressure distribution
over an arbitrary, three dimensional 1lifting wing and a
three dimensicnal wing with an external store, kept be-
neath the wing. The present study gives a method to cal-
culate the interference effects imposed by an external
store on the wing and vice-versa. The wing alone tran-
sonic solution is analyzed and compared with the experi-
mental results and as well as a wing with an external
store. A theory for the flow field nonlinear velocity
prediction is developed, programmed, and applied to a
wing with an external store configuration and the flow
field velocities are compared with the experimental re-
sults. The numerical methods for solving the triple and
double integrals with limits ranging from -« to +» are
studied and the application of one such method to the
flow field prediction problem 1is briefly 1ndicated.
Future extension of this work is indicated with the

limitations and advantages.
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CHAPTER I

INTRODUCTION AND TECHNICAL BACKGROUND

The external store problem has been receiving consid-
erable attention during the past decade, since there is a
need for developing analytical and numerical methods that
are capable of predicting aerodynamic characteristics about
arbitrary aircraft - store configurations as accurately as
possible. Theoretical studies are important in order to
substantiate the experimental results and to set a guide-
line to understand some basic features of the complicated
transonic flow nature present in the multibody problem.
Various investigators have been working for a long time on
the means of achieving safe store separation. The first
step for this 1s the prediction of the aerodynamic forces
involved. There are several methods for calculating the non-
uniform flow field around the external stores in subsonic
flow as well as some for superscnic flow, based on linear
potential theory. So far, there are no computational tech-
niques available for the transonic case, which happens to be
the area of maln interest since store separation normally
occurs in this régime. Subsonic methods are inaccurate above
the critlcal flow conditions, while the supersonic theories,

based on linear theoriles, are limlted to slender wing-body

configurations. Another inaccuracy that, so far, has not
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been corrected is the ignoring of the viscous flow effects
on the wing and the store. A simple potential flow model
taking the boundary layer effect into account must be con-
structed for better accuracy.

Until 1974, wind tunnel testing and free flight
testing were the only means of analyzing the external store
problem, and there were no adequate theoretical methods
to support the experimental results. Free flight testing
is more costly than wind tunnel tests, which, in turn,
are more costly than the theoretical techniques, so the
development of the theoretical methods was drawn to the
attention of sclentists to reduce the cost involved in
wind tunnel and free flight testing. If a theoretical
technique were to be developed with adequate accuracy to
predict the trajectory, along with an idea of the aero-
dynamic forces involved, this might possibly reduce the
tunnel testing programs and free flight testing. Therefore,
enormous benefits could be derived by the development of
the theoretlcal prediction technigues. Limitations of the
current theoretical methods developed so far are:

1. Subsonic theorles are not accurate above critical
flow conditions, and there are no techniques to calculate
the transonic flows except correction to the linear value to
account for the nonlinear effects.

2. The supersonic methods are limited to slender,

thin bodies.



3. Boundary layer effect has not been taken into
account due to the fact that this requires larger computer
storage and a longer time to run.

In the present work, an approximate theory is
developed to predict pressure distribution on the wing,
fuselage, and pylon with the store, taking into account
the nonlinearity imposed by the transonic nature of the
flow. The method for the calculation of the nonlinear
velocities in the flow field of a wing-body configuration
i1s developed and compared with the experimental results.

This chapter will comment on some of the basic
problems inherent in the store separation problems, high-
lights the technical background, describes the aerodynamic
characteristics of the external stores and reviews the
available theoretical methods that are applicable in sub-
sonic and supersonic flow regions together with the detail-
ed formulations in subsonic theory for the interference
problem.

Chapter II describes the experimental apparatus
and procedures used in the wind tunnel testing, together
with a brief description of the model mounting and the
associated instrumentation for data reduction.

Chapter III describes the formulation and solution
of the two- and three-dimensional transonic flow equation,
using the integral equation method, and solutions of the

integral equation method are indicated by using the



algebraic approximation and by the exponential decay
function for the axial component of the velocity in the

flow field. For the lifting wing configuration, Norstrud's
method of solving the integral equation is outlined and
applied to a wing, and the results are compared with experi-
ments. The application of the exponential decay approxima-
tion, in the case of two-dimensional airfoils, for the
calculation of the pressure distribution on them, i1s studied
and results have been quoted for the subcritical, super-
critical énd discontinuous flows and compared with the other
existing theorles. The results of the finite difference
‘method for the wing alone calculation is compared with the
experiments. The merits of the integral equatlon method

are briefly outlined.

Chapter IV describes the methods for calculating the
interference problem in the case of subsonic and transonic
flows. For transonic flow, an approximate method is formu-
lated and applied to a wing-store interference problem, and
the results are compared with experiments. Chapfter V des-
cribes the nonlinear flow fleld velocity calculation method
and the assoclated numerical work. It also gives the compar-
i1son of the flow field velocity data for a wing and store
configuration with the experiments.

Chapter VI discusses certain significant conclusions

and throws light on problem areas which need further study.




TECHNICAL BACKGROUND

Effect Of The External Stores On The Parent

Aircraft's Handling Qualities

The interactions between the parent aircraft and
the external stores can be distinguished as store-induced
effect on the alrcraft and aircraft-induced effects on the
store [1] . The first category is primarily concerned with
the aircraft's performance losses due to store drag,
the changes to aircraft stability caused by external stores,
and the resulting effect on handling qualities. The
consequences of high aerodynamic drag of external stores
are quite obvious and have been aptly discussed in many
publications. Perhaps more serious, and generally more
common, is the necessity to place even more restrictive
operating limitations on certain aircraft/store
combinations because of dangerous store release or jettison
characteristics. These problems can be avoided, or

significantly reduced, by proper aircraft and store design.

The ability to properly establish weapons system design
criteria depends upon the development and use of accurate
and reliable methods of predicting store trajectories.
Experience has shown that the proper use of accurate

prediction methods will not only result in increased

delivery capability and enhance the safety of weapon




delivery and jettison during flight testing or operational
employment, but considerable savings of time and money can
also be realized. Aircraft and store designs can be
thoroughly investigated using analytical and wind tunnel
models and readily changed as necessary prior to production

or the fabrication of costly full-scale prototypes.

A. Factors in Store Separation

Store separation categories. The store separation

problem can be basically divided into three categories,
depending upon the type of the store. The first category
will be referred to as the jettison problem. This involves
the class of stores such as fuel tanks, gun pods, multiple
bomb racks complete with weapons, etc., which are released
from an aircraft during emergencies or normal operations,
with the primary motive being safe separation. There is

no requirement for accurate delivery. This mode is
considered by far the most dangerous, as many of the iltems
are low density and marginally stable. The second category
is the delivery problem, which involves stores such as
ungulded general-purpose bombs and dispenser munitions
released in a package for the purpose of hitting a target.
This problem not only requires that the item separate
safely from the aircraft but also requires a relatively

unperturbed release for good delivery accuracy. The third
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category 1is the launch transient problem, which is far more
difficult to analyze. This involves items such as direct
attack electro-optical guided bombs which are locked onto
a target before launch. Typically, these weapons have
controls which are active during the release to avoid target
breaklock due to release perturbations. Normally, these
weapons do not pose a danger to the launch aircraft, either
in a jettison mode (controls fixed) or during launch with
active controls. The danger of these stores comes from
control failure and subsequent abnormal deflection soon
after release, which could cause collision with the delivery
alrcraft. As a result, flight control sysfem reliability
is one of the major concerns for this type of store. The
criteria for satisfactory stores separation vary for each
category. A tumbling, empty fuel tank causes no concern
provided there is no danger of aircraft collision within

the desired jettison envelope.

Store separation parameters. There are many

parameters that affect store separation. The more
significant ones are depicted in Figure 1.1. Store
separation is very complex. The above parameters, shown
in Figure 1.1, are highly coupled and react with each
other in a most complicated manner. As was pointed out
in the previous paragraph, different criteria exist for
each category of the store separation problem, and the

above parameters play roles of varying importance in each

of these categories.
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In general, stores having high density, high
inertia, and high aerodynamic stability, will exhibit the
most desirable separation characteristics. It is not always
practical to design stores with these characteristics as
mission requirements can have a significant impact on
external shape and mass properties. For example, a high
density, empty fuel tank would impose an impossible weight
penalty on the aircraft with the fuel tank in the full
configuration or it would be extremely costly, and
impractical, to design a rocket launcher (both full and
empty) to the specifications of high density, high inertia,
and high aerodynamic stability. It is emphasized that store
separation parameters are highly coupled and the variation
of each plays a different role in each case. In general,
the reports and other evidence available in the parametric

studies support the following conclusions:

a. The most significant parameters are store
stability, the bomb ejector rack induced moments, the
alrcraft flow field (function of Mach number and aircraft
attitude), and the aircraft acceleration at release.

b. The effects of bomb rack ejection force,
store weight and dynamic pressure are secondary and
approximately the same for aerodynamically stable stores.

These effects become more important as store stability

decreases.
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c. Store moments of inertia are relatively
unimportant for aerodynamically stable stores but become
more important as store stability decreases.

d. Flight path angle effects are normally small
except for longitudinal store displacement; however, at the
higher dive angles the store will remain in the disturbed
ailrcraft flow field longer--thus the flow field effects
are magnified.

e. Multiple ripple releases are more critical

than single releases because of mutual interference effects

of the store immediately after release, reduction of
eJection force due to multiple rack flexibility, and the
increased probability of store-to-store collision.

. Aerodynamic damping effects are relatively
unimportant; however, in some rather special cases for
large or very heavy stores, the change in the store
aerodynamic damping that can be induced by the motion
(oscillation) of the parent aircraft may be large enough

to cause significant effects on the flight behavior of

the store.

B. Alrcraft Flow Field

The interference flow field about a store-laden
alrcraft may be the most important parameter governing

store trajectory. It is normally quite curvilinear in form

and varies with aircraft, store, store position, adjacent




11

stores, flight conditions, and aircraft attitude. Figure
1.2 shows the velocity components in various lateral

planes measured about 3 M-117 bombs on a Triple Ejector
Rack on the inboard wing station of an F-U4 aircraft at 0.85
Mach number [2]. Attention is directed to the large down-
wash at the nose of the weapon on the bottom station

(approximately 100 ft/sec or 30 m/sec). This typical flow

characteristic produces an extremely large nose-down
aerodynamic pitching moment on large diameter 16-inch
(41 cm) stores at higher Mach numbers and results in

unsatisfactory trajectories for many weapons. Figure 1.3

shows the same results from a wind tunnel oll flow test

conducted at the United States Air Force Academy.

C. Store Separation Prediction Methods

There are basically two classes of methods commonly
used to predict store separation techniques. These are
the purely theoretical techniques and various techniques
based on the use of wind-tunnel data. Each method has its
own utility, and the decision as to which method or methods

to use for a gilven problem must be made on the basis of the

problem itself.
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Present Available Theoretical Methods For The
Analysis Of The External Store Problem

In Subsonic/Supersonic Flow

The theoretical techniques are difficult to apply
and limited in application because of the lack of adequate
transonic theory. They may, however, be used within thelr
realm of applicabllity for studies of non-critical problems
to explain certain phenomena and, in conjunction with wind
tunnel test programs, to reduce the scope of experimental

effort. Reference [3] 1s an excellent report which compares

theoretical techniques and experimental wind tunnel
techniques to full-scale flight test data. At this time,
however, the wind tunnel is the only reliable store
separation prediction technique that can be used with
confidence throughout the flight regime of our present-day

tactical aircraft.

For the subsonic flows below the critical
speed range, Nielsen and others [4], Fernandes of General
Dynamics [4], and Martin of Auburn University [5] developed
panel methods. All these theoretical techniques so far
developed 1in the store separation problems are based on
potential flow theory and do not include viscosity. None

of the techniques can handle supersonic flow except that

of Fernandes, which is applicable to single carriage only.
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The Nielsen and Martin methods were developed to handle
multiple carriage configurations where mutual aerodynamic
interference effects prevall. These methods are
excellently described in [4], and a review of the above
3 methods can be obtained from [5], which are summarized

in the following sections.

Fernandes' method. The theoretical analysis

by Fernandes [6] of General Dynamics under a NASA

Contract for the store separation analysis, predicted the
disturbance flow field produced by an aircraft using linear
theory of source, doublet and vortex distribution.

The lifting problem was represented by a
spanwise and chordwise lattice of swept horseshoe vortices
distributed to increase the number of vortices near the
leading edge of the wing and near the wing-pylon juncture.
The strength of each vortex was determined by satisfying
the boundary condition that there is no flow through the

wing at each control point. Once the strength of each

vortex was known, the Biot Savart Law was used to
determine the wing 1ift induced velocity perturbation.
Similarly, wing thickness effects were represented by a
spanwise and chordwise distribution of elementary éource
strips whose strengths were functions of the slope of the
wing thickness enveloped in the spanwise direction.

The interference between the pylon and the sidewash from
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the flow around the wing were compensated by representing
the pylon with horseshoe vortices to match the boundary
conditions of flow tangency at the pylon surface.

The pylon thickness effects are modelled by using small
source strips similar to those described for modelling
the thickness effects. The secondary components of mutual
interference between wing and pylon are accounted by
mirroring the pylon above the plane ¢f the wing. Similarly,
this method has the capability of treating the jet inlet.
The aircraft fuselage and any additional stores or racks
were represented as bodies of revolution at angle of attack
and were modelled mathematically with source and doublet
singularities placed along their body axis of symmetry.
The strength of each source and doublet was determined by
matching the boundary conditions of no flow normal to the
body surface at several contrecl points. This method also
takes into account for the non-slenderness of the store
configuration and it treats stores with wings, canards
and/or tails of any aspect ratio. This methed predicts
the complete set of interference coefficients on the store
(normal and side force, pitch and yaw moment, and roll
moment coefficilents).

To compute the interference loading, the
store 1s divided axially into small sections. The load on
each section is computed from the local crossflow by use

of a set of loading coefficients which describe the section
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aerodynamic properties. These loading coefficients are

input to the computer program for the prediction of store
loading in nonuniform flow. These coefficients may be
obtained from test data in uniform flow or from theory.

For the supersonic flow, Fernandes predicted
the flow field about the aircraft by using linear theory,
with corrections for shockwave effects. The method
calculates the shock location and calculates the singularity
strengths to match the boundary conditions of a general jet
fighter-bomber aircraft configuration in supersonic flow.
The disturbance velocities are calculated by the program
over the length of the store for each position of interest,
which gives the interference angle of attack and static
pressure as seen by the store. The interference
coefficients are given by the integrated effect of the
variable flow field over the length of the store. These
interference coefficients are to be added linearly to the
store free-air coefficlents to obtain the total store

loading at angle of attack during separation.

The aircraft wing, pylon, and jet inlet
ramps are represented by source distribution according to
linear theory. These aircraft surfaces are divided into
small segments of constant source strength. The source
strengths to represent wing and pylon crossflow are

determined by the "Mach Box" numerical step procedure [T7].

There is, however, one important feature of the store
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loading in supersonic flow which requires special attention.
That 1s the loading on the store body produced by the
variable static pressure in the interference field, termed
the buoyancy loading. To improve the precision of the
buoyancy force prediction, the supersonic prediction
program was coded to calculate the buoyancy loading due
to pressure decay along the Mach lines. The results of
the calculations using this method showed that the
buoyancy loading prediction was negligible. However, this
calculation neglects the moment on the store produced by
the fact that the Mach lines cross the store at an oblique
angle. It should be possible to Iimprove the basic accuracy
of the supersonic prediction method by:

1. Accounting for the strengths of flow-
field disturbances behind finite shockwaves as they may
differ from that given by linear theory.

2. Accounting for the store buoyancy
loading produced by a pressure field which is relatively
constant along lines which cross the store at an oblique
angle. Further studies to improve and evaluate the method
should also include data comparisons between theory and
experiments for the interference loadings. The Fernandes
method of analyzing store separation allows for no
interaction between stores, or between the stores and the
lifting surfaces. All interference effects except the

pylon sidewash interference and the axial nonuniform flow

along the body are assumed negligible.
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Nielsen's method. The method due to Nielsen

[8] accounts more accurately for the mutual interference
effects. The calculations for the wing and pylon were
similar to those used in the Fernandes method, with a
vortex lattice used to account for the lifting wing problem,
and source strips to model the thickness. However, the
Nielsen method allows the lifting surface (wings and
pylons) to be influenced by the thickness effects of the
bodies (fuselage, rack and stores), but the source
distributions to model the bodies were not influenced by
the lifting surfaces. The volume effects of the fuselage,
rack, and stores were calculated independently of the
lifting surfaces. They were calculated for the body in a
uniform flow field.

The maln advantage of Nielsen's method is
that it also considers the effect of a noncircular fuselage
in the canoples and engine air inlets. The shape of the

fuselage cross section is arbitrary and may vary from

one axilal station to the next along the fuselage.
In this manner a fuselage of general cross-sectional
shape can be modelled including camber, canopy, and engine
inlets. The modelling of the engine inlets allows the
inlet to free stream ratio to be one or less.

This method essentially consists of vortex
lattice for the wing portion and sources for the wing

thickness, and sources and doublets for the body portion.
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At each time for a captive store trajectory, this program
calculates the velocity flow fleld at those points occupied
by the store longitudinal axis at that instant, together
with the slender-body theory and viscous cross-flow theory
for the stores iIn the prediction of store airloads.

The trajectory calculation utilizes the
full six degree-of-freedom equations. It 1s not essential
that the principal axis of inertia coincide with the axes
of symmetry of the store. At each step in the trajectory
calculation the flow field in the vicinity of the store,
and the resulting forces and moments acting on the store_
are determined.

The twe disadvantages of Nielsen's technique
are:

1. The variations in angle of attack and
Mach number of the flow around the store are not included
in determining the source distribution representing the
store.

2. The theory treats the multiple store problem as
though the only interference present was between the wing
flow field and the stores. Actually, due to their vroxi-
mity, there arc considerable body-body mutual interference

effects during MER/TER carriage and release of stores,

which has not been taken into account.
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Martin's method. Fred W. Martin of Auburn Univer-

sity [9] devised a method which consists of modelling the
wing with a vortex lattice and body with a three-dimensional
point source distribution. The resulting nonuniform flow
field of the wing i1s used to determine the vortex image
system in the body which preserves the body shape boundary
condition. The necessary vortex image system is located by
applying the Milne-Thompson circle theorem to a pair of
counter-rotating planar vortices in the vicinity of a circle.
The strengths of the image-vortices are determined by satis-
fying the three-dimensional body boundary condition. The

isolated wing solutlon may then be obtalned by considering the

influence at the wing of the body and its image systems.
If this iteration results in a significant change in the
vortex-strength distribution on the wing, a new series of
body images must be calculated.

For the body-body interference, the volume

of each body i1s modelled by a set of three-dimensional

polnt sources distributed along the centerline. The
strength of the sources are found to insure no flow occurs
across the store boundary at the given Mach number (normal
velocity boundary condition). Next, a set of doublets is
found which, combined with the single body sources,
represents warped body effects and the freestream cross

flow due to angle of attack. The third step 1s to use the
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Milne-~-Thompson circle theorem to find a set of image
source-sink palrs for each single body source. Finally,
sets of image doublets are found for each unique pair of
bodies. The body boundary conditions used in this analysis
take into account the flow fleld generated by all previously
determined sources, image pairs, and basic doublets. The
major limitation of Martin's technigque is that to date
the vorfex lattice system used to model the wing planform
has not included sufficient chordwise elements to accurately
model the flow around fighter aircraft wings with complex
configurations of dihedral twist, camber and sweep. The
memory requirements for running the program are enormous
and do not provide a method for readily determining the
strength and location of the single body source distribution
as does Nielsen's technique which provides a separate
source solutlon program. The counterpart of thls method in
supersonic flow is described in Reference [10].

So far, we have reviewed the methods which are not

"global," i.e., the parent aircraft's effect on the store

is considered only as if the store is in the freestream
comprised of the disturbed flowfield due to the parent
aircraft. If a "global" panel method calculation is
performed, in which the complete configuration including
the store is simultaneously represented, then all
interference terms are properly included within the context
of potential flow. The disadvantages of such "global"

calculations are the computational time and cost involved.
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References [ll] and [12] describe one such panel
method, which 1s based on the method for two-dimensional
flows and nonlifting three-dimensional flows indicated in
References [13] and [14] . The latter is described in
somewhat greater detaill in [15]. The three-dimensional
nonlifting method forms the basis on which 1s built the
lifting method [11] as well as other lifting methods
(16, 17, 18, 19]. All these methods of all dimensiona-
lity are "exact" in the sense that no approximations are
made in the basic formulation, as is done in small-
perturbation of lifting-surface theories. The basis of
these methods is a distribution of source density over
the surface of the body about which flow is to be compu-
ted. Application of the normal-velocity boundary condi-
tion on the surface of the body yields an integral equa-
tion for the distribution function of the source density,
where the domain of integration 1s the body surface.
Once thils equation is solved for the source distribution,
flow velocities both on and off the body surface can be
calculated. In 1lifting two-dimensional cases the required
éirculation is produced by a surface vorticity distribu-

tion whose total strength 1s determined from the Kutta

condition [14].
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Discussion of Some Specific Features of the Hess and

Smith Method

A very complete discussion of all the formulas and
logic of the present method of calculating three-dimensional
1lifting potential flow is contained in [11], and the

computer program itself is documented in [20]. 1In the

interest of brevity the mass of details of the method
are not repeated here. Instead certain features are
discussed to show what the method involves and some

alternatives are mentioned.

Induced velocity formulas. The body surface is

approximated by a large number of plane surface elements.
Specific formulas have been derived for the velocities
induced at the control points of the elements by source

and dipole distributions on the elements. A constant

source density 1s used on all elements of both lifting and
nonlifting portions of the configuration (Figure 1.4). The
dipole distribution on each element of a lifting portion
must be a two-variable polynomial of second degree to

handle the various options. To save computing time,
approximate simplified induced-velocity formulas are used

to compute the effect of an element at far-away points.
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Use Of Hess And Smith Method In The Case 0Of

An External-store Interference Study

To 1llustrate the use of the Hess and Smith method
in an interference study, a simplified shape has been selec-
ted but one that has all the essential features of an actual
design. The basic geometry is a rectangular wing mounted as
a midwing on a round fuselage. Two external-store configura-
tions are considered. The first consists of a tip tank. The
geometry and element distribution for this case are shown in
Figure 1.5. The second configuration consists of the same

external store mounted beneath the wing on a short pylon

centered at 60 percent semispan. The geometry and element
distribution for this case are shown in Figure 1.5, There
will be a "hub vortex" trailing downstream from the tip
tank. However, thils does not appear to cause any numerical
problem, and calculated surface velocities near the
downstream end of the tip tank seem entirely reasonable.
Calculations were performed at 6 degrees angle of
attack for the 3 configurations: the clean wing, the wing
with tip tank, and the wing with pylon-mounted external
store. The round fuselage was present in all cases.
Calculated results on the wing are compared in Figure 1.6
Figure 1.6a compares spanwise distributions of section 1ift
coefficient. The addition of the tip tank to the wing

prevents the 1ift from falling to zero at the tip, so that
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there is a large increase in 1lift coefficient in this region.
Moreover, as predicted by various theories, the addition
of a tip tank increases the effective aspect ratio of the
wing and thus increases the section 1ift coefficient all
the way to the fuselage. The effect of the pylon-mounted
external store falls to zero at the wing tip, but at the
fuselage this effect is about the same size as that of the
tip tank but in the opposite direction. The major effect
of the pylon is to reduce 1lift in its vicinity by increasing
lower-surface velocities and thus reducing lower-surface
pressures (Figure 1.6c). Notice that 1lift on the wing cannot
be meaningfully computed at the spanwise location of the
pylon because the lower surface is not exposed to the flow.
Of course, there is a force on the external store, but it
cannot be meaningfully associated with a particular
location on the wing. The bound vorticity distribution
is continuous across the span. The general form of this
function is quite similar to that of the section 1ift
coefficient. Indeed, it looks as if someone had faired a
plausible joining curve between the disjointed portions of
the curve of Figure 1.6c.

Chordwise pressure distributions for the clean wing
and for the wing with the tank are compared in Figure 1.6Db
for a spanwise location close to the tip tank. The increase

in 1ift due to the tip tank is seen to be primarily due to
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increased velocity on the upper surface of the wing.
Figures 1.6c and 1.6d compare chordwise pressure dis-
tributions for the clean wing and for the wing with pylon-
mounted external store. The spanwise location of
Figure 1.6c represents the strip of elements immediately
adjacent to the pylon location. The considerable reduc-
tion in lower surface pressures due to the presence of
the pylon and store is evident. Upper surface pressures
are scarcely affected. Figure 1.6d compares pressure dis-
tributions on the upper surface of the wing corresponding
to a strip of elements that lies directly above the loca-
tion of the pylon. The pressure distribution computed for
the wing with pylon-mounted external store is quite
reasonable except for a "hump" between 65 percent chord and
90 percent chord. Examination of the side view of Figure 1.5
shows that in this region the surface elements on the pylon
and wing have dimensions that are considerably larger than
the local thickness of the wing. Thus, the presence of the
pylon is sensed through the wing on the upper surface. An
increase in element number could remove this pressure "hump".

Therefore, Hess and Smith's formulation for the
potential flow analysis past any arbitrary lifting three-
dimensional body can handle interference problems.
Due to its exact nature of the formulation and the way in

which the interference effects are modelled, in the case
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of disjoint surfaces. Even though Hess and Smith's method
predicts only for the incompressible flow, compressibility
corrections may be made by inputting a value of Mach number
and choosing the Goethert transformation for the correction.

In this option, the body coordinates are transformed by

a value B = l--Mm2 , where M_ = the freestream Mach number,
such that
Xar = X 0 YgtT By s 2= BZ 5 0= Bo.

where the subscript a denotes the transformation. The
velocity components at the control points of the transformed
geometry are now calculated by the Hess and Smith method

as an 1lncompressible calculation and the perturbation

velocity components are computed as

Uap™ Vxap ™ Vxar o
Vat™ Vya T VYai:°° s
W

a_t= Vza - Vzatm 3

where antm, Vyatw’ Vzatmare the components of the uniform
onset flow at an angle of Ba , in the transformed planes.

The Goethert option then computes the final velocity

components as
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1
VX=VX°°+-—2-U.at,
B
= L
Vy = Vy_ Y B Vag o
1
VZ=VZ +‘§Wat >

at each control point. Where Vy Vy s Vg are the

o] @

components of the uniform on set flow in the plysical plane

the total velocity is V? = sz + V. 2+ VZ2 and the

y
pressure coefficient cp can be calculated from




CHAPTER II

EXPERIMENTAL APPARATUS AND PROCEDURES USED IN THE

WIND TUNNEL TESTING FOR THE PRESENT WORK

The lack of accuract experimental data has been a
major restriction to the development of analytical techniques
for computing wing/store interference flow field [21].

Shock waves embedded in the flow fields, often accompanied
by regions of flow instability, make measurement by conven-
tional means unreliable. Mechanical probe interference
sometimes severely alters the quantities belng measured.
The laser velocimeter (LV) is capable of obtaining nonper-
turbed aerodynamic data of the type required. The experi-
mental investigation on wing/store flow field measurement
at transonic speeds, using a laser velocimeter, has been
carried out at Arnold Engineering Development Center, by
Eglin Air Force Base in Florida, and the theoretical studiles
described in the following chapters substantlate these

experiments.

EXPERIMENTAL APPARATUS

A. Test Facility

The Arnold Engineering Development Center (AEDC)
1T tunnel is a continuous-flow, open-circuit wind tunnel
that can be operated over a Mach number range of 0.20 to

1.50.
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The tunnel operates at a constant stagnation pressure of
approximately 2850 psfa with the capability of varying
the stagnation temperature from 80 to 120°F above ambient
temperature. A complete description of the facility is
included in Reference [22].

The four test section walls were perforated, with
the exception of the window areas. A flat-ground and
polished laser velocimeter-quality window was installed
in the sidewall adjacent to the laser velocimeter from
Station 14.6 to Station 26.6. The wing mount and a lower
quality plexiglass port were located between the same
tunnel stations along the opposite walls. The installation

is shown in Figure 2.1.

B. Test Articles

Test hardware included 2 pressure instrumented
1/20-scale store models, 1 of the MK-83 and 1 of the
M-117, in addition to 2 solid models of each store for
the multiple-store configuration. The wing was swept U45°
with a constant 6-inch chord NACA 0005-34 airfoil cross

section. Dimensions of the models are presented in

Figure 2.2. The configuration identification, coordinate

system and the test configuration are given in Figure 2.3.
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Figure 2.2. Model Dimensions [21].
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Figure 2.2. (Continued)
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System Definition LZJ:] .
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Figure 2.3. (Continued)



C. Instrumentation

The standard tunnel system was used to record the
test conditions and model pressures. A shadowgraph system
was used to determine the shock locations for selected
model configurations and Mach numbers. High-speed motion
pictures were obtained for configuration 111 to assess 1its
vibration characteristics and to determine the relative
motion between the store and the wing. Since no significant
vibration was observed, no other configurations were
photographed.

A 2-component laser velocimeter (References [23]

through [28]) was used to provide flow-field measurements.
PROCEDURE

A. Test Conditions

The experimental program was conducted in three
phases. Phase I, involving model configurations 111, 100,
and 011, was designed to investigate the mutual interference
between the selected wing and a single MK-83 store at a
transonic Mach number. The particular tunnel condition,

M, = 0.92, was determined experimentally as the lowest Mach
number for which a shock was firmly established between
the store and the wing lower surface (configuration 111)
(Figure 2.4). Configurations 100 and 011l were tested at
the same tunnel condition so that zero interference data

could be recorded for both the wing and the store.



a. Wind off

g s e
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b. M_ = 0.92

Figure 2.4. Shadowgraphs Showing Shock Between
Wing and Store [21].
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Phase II of the test program included the MK-83
single and multiple configurations (011, 012 and 013).
The models were tested at selected Mach numbers from 0.60
to 1.30.

In Phase III, the 2 M-117 multiple-store
configurations (022 and 023) were investigated at test
conditions similar to those in Phase II.

A complete summary of test conditions is contained

in Chapters III and IV.

B. Data Acguisition

Flow-field surveys were made using the LV system
previously described. Nominally, 1000 individual particle
velocities were recorded for use in the determination of
the flow properties at each selected point in the flow
field. 1In most instances, two minutes were required to
complete an acquisition cycle, including the time required
to reposition the traversing system. Measurement within
the wake or the boundary layer required more time.

The focal volume position relative to the test model
was recorded for each velocity data set. Periodic
corrections were found to be necessary, however, to
minimize spatial error caused by temperature effects.
Since thermal expansion caused significant axial movement
of the wind tunnel, the linear displacement transducer

was used to monitor the test section position. The output



of the device was automatically combined with the
traverse axial position indicator signal by the computer

to provide an accurate relative measurement.

C. Data Reduction

Analysis of the data was conducted using the digital
computer software described in Reference [24]. The
statistical quantities computed for each data set include
mean and mode velocitles, standard deviation, skewness,

flatness factor (kurtosis), and Reynolds stress.

D. Precision of Measurements

Tunnel conditions. Care was taken to allow

the tunnel to stabilize before the relatively long data-
recording period. The resulting variation in mean free-

stream Mach number and velocity were as follows:

Parameter M, =0.60 Mw=0.80 M_=1.0 M_=1.30
AM°° +0.001 +0.002 +0.003 +0.001
AV (ft/sec) +2.0 +2.0 +6.0 +5.0

The sidewalls with windows were an additional source of
Mach number uncertainty. According to the Tunnel 1T
calibration, Reference [29], use of the windows can result
in significant variation in Mach number along the tunnel
centerline. A statistical analysis of the centerline Mach

number resulted in the following values of 20 (where o is
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the standard deviation) from the mean free-stream Mach

number:

M, = 0.60 0.80 1.00 1.10 1.20 1.30

AM +0.005 +0.005 +0.010 #0.035 +0.045 +0.055

Model incidence angle uncertainty was less than 20.05°.
The comparison of the experlimental pressure

distribution on the body with that of the theory is

deferred to the subsequent chapters.




CHAPTER III

THEORY OF THE INTEGRAL-EQUATION FORMULATION IN TRANSONIC
FLOW FOR THE WING-BODY COMBINATION WITH

SHOCKS AND ITS APPLICATIONS

A. Introductilon

One of the most difficult problems yet to be solved
to a certain degree of completion is the three-dimensional
transonic interference problem. At transonic Mach numbers,
three-dimensional effects due to the presence of a fuselage
or wing tip can influence the flow fileld for large distances
in the spanwise direction. For low and moderate aspect-
ratio wings combined with a body, the flow fields are rarely
similar to two-dimensional ones anywhere on the wing except,
perhaps, on certain localized regions. Therefore, the
treatment of the three-dimensional transonic flow problems,
Reference [30], involves more than a trivial extension of
existing two-dimensional methods, which are fairly well
developed by now.

Some of the major complications are:

1. The circulation changes with the spanwise coor-
dinates and has to be determined as part of the solution.

2. The swept and tapered planform shapes complicate
application of wing boundary conditions using finite-

difference methods.
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3. The shocks, which are nearly normal to the
free-stream direction in two dimensions, can be oblique in
the lateral direction for finite-swept wings, thereby
making them difficult to capture sharply because of poor
alignment with the coordinate system.

4, Finally, difficulties in the stabllity of the
results may arise, especially in supersonic regions, in

the finite-difference method.

B. Brief Description of the Flow-Development About Swept

Wing-Body Combination

Figure 3.1 shows the flow development about a simple
swept wing-body combination with increasing free-stream
Mach number.

At moderate subsonic speeds, if the 1ift is not too
large, an important effect of the sweep is to move the
loading forward at the tip. As a result, the first
appearance of supersonic flow occurs in the tip region.
Since the isobars near the wing tip lose much of their
sweep, the supersonic flow generally gives rise to a shock
wave--the initial tip shock which is comparatively weak and
lies almost normal to the free stream (Figure 3.la). This
tip shock, though limited in the spanwlse extent, extends
to considerable distances above and below the wing.

As the free-stream M_ is increased, the initial tip

shock moves rearwards over the wing surface, but its
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Figure 3.1. Shock Formations on Swept Wing-Body
Combination with Increasing M_ . [3@
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influence on the wing is limited by the appearance of a
second shock. This rear shock rapidly develops to affect

a large part of the wing span, particularly the flow ahead
of the initial tip shock (Figure 3.1b). The rear shock may
be regarded as asscociated primarily with conditions at the
wing root. It consists of a compression system propagating
outward from the root which coalesces on the outer part of
the wing to form a shock wave (Figure 3.1b).

With increasing M_ , the rear shock moves aft more
rapidly than the initial tip shock which is overtaken and
disappears. At a sufficiently high M°° the rear shock
reaches the trailing edge. The high local flow velocities
close to the leading edge over the outer part of the wing
lead to flow separation at the leading edge. This starts
near the tip and spreads inboard with increasing o . For
leading-edge sweeps greater than about 30°, the separated
flow rolls up to form a partspan vertex lying obliquely
across the wing. Above a certain stream M_ the flow changes
in type; the leading-edge separation is suppressed, the flow
passes smoothly around the leading edge through a forward
shock wave which appears to originate close to the leading
edge at some spanwise position (Figure 3.1lc). The forward
shock is, in fact, the boundary of disturbances from the
inboard part of the wing leading edge which, because of the
higher local supersonic Mach number, propagate over the

outer wing in a direction more highly swept than the
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leading edge. The Mach number component normal to the
leading edge (M_ cosA) for which the flow attachment occurs
varies considerably, depending on the sweep angle A, and more
particularly on the leading edge profile. 1In general, M_ cosA
has a value between 0.55 and 0.90.

As the free-stream Mach number, M, » 1s increased be-
yond that necessary for flow attachment, the forward shock
moves inboard and rearward and at some stage 1intersects the

rear shock. Outboard of this intersection a strong shock forms

(the outboard shock) which freqﬁently induces a severe flow
separation even though the flow 1s attached behind both the
forward and rear shock (Figure 3.1d). When separation is
present behind either of these shocks, a vortex tends to
form and the associated outflow modifies the flow structure
outboard and becomes an important factor in the ultimate
breakdown in the attached type of leading-edge flow over
the wing. Separation then takes place along almost the
entire leading edge, and the shock waves no longer have a
direct influence upon the surface pressures which are
dominated by a large port-span vortex as for lower subsonlc

M

@

Many of the features described above are shown in the
surface-film pattern of Figure 3.2, obtained at M_ = 0.95
with o = 10°.

Complex flow patterns similar to Figure 3.2 are

largely due to the three-dimensional nature of the wing flow
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Transition Band

Forward Shock
Outboard Shock

Tip Separation

Figure 3.2. Flow Pattern on 50° Swept Win
at M_ = 0.95 and o = 10° . [_351
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and hence to the dominance of the root and tip influence
at transonic speeds. The root affects the flow strongly
behind the forward shock, which therefore indicates the
limit of the root influence and the flow in this region
is partly conical in character. The tip influence at
transonic speeds is delineated by small disturbance from
near the tip leading edge (the tip shock: Figure 3.1lc).
Ahead of the forward, outboard and tip shocks the flow is
almost two-dimensional in character. The extent of this

zone depends on the shock positions which, in turn, are

dependent on wing planform angle of attack, a , and Mach
number, M_ . By making the aspect ratio large, or by de-
liberately attempting to reduce the root and tip influence,
flow can be obtained over a large portion of the wing. This

flow closely resembles that postulated in the simple sweep-

back theory which is so highly desirable.

C. Basic Eguations

The basic equations necessary for the discussion
of inviscid transonic flow consist of a set of partial
differential equations relating the velocity components
and thelr gradients at every point, together with the
auxiliary relation giving the velocity jump through a
shock wave. For thin alrfolls inclined at zero or small
angle of attack, the differential equation can be simplified
by assuming that the shock waves are sufficiently weak that

the flow is irrotational and isentropic, thereby permitting
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the introduction of a velocity potential ¢ . The
quasilinear partial differential equation satisfied by ¢

can be expressed in the form

2 _ g5 2 2 _ g 2 2 _g 2
(a @X )@XX + (a @y )@y + (a @Z )@ZZ

y

- ZQXQyQXy - 2®y©z®yz - 2®Z¢X®XZ =0 , (3-1)

where the subscript notation is used to indicate
differentiation and a is the local speed of sound given

by the relation

2 - 5,2 _Y-1 2 2 2 _ 1 2 _
a 8 5 (@X -+®y e, -U, ), (3-2)

where U, and a, are, respectively, the free-stream
velocity and the speed of sound in the free-stream, and
v is the ratio of specific heats (for air y = 1.4).

It is convenient to introduce the perturbation

velocity potential ¢ , where

¢ = - U,x + 0 . (3-3)

If it is assumed that all perturbation velocities and
perturbation velocity gradients (represented by first
and second derivatives, respectively, of ¢) are small
and that only the first-order terms in small quantitiles
need be retained, Equation (3-1) simplifies to the

well-known Prandtl-Glauert equation of linear theory,
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(a) Coordinate System of the Wing-body Configuration.

-
\\~_———’

(b) Illustraticn of the Application of the Green's
Theorem Over the Wing-body Configuration.

Figure 3.3. Wing-Body Specification Used in the Integral
Equation Methcd.
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2 =
(L=M,2)0, + 0,0+ 8, =0, (3-4)

where the free-stream velocity is directed along the
positive x-axis, as shown in Figure 3.3a, and where

M, = Uy/a, is the Mach number of the free-stream.

It is well known that Equation (3-4) leads to useful
results in the study of subsonic and supersonic flow
about thin wings and slender bodies, but that it is
incapable, in general, of treating transonic flows,
ﬁeference [31]. The failure of linear theory in
transonic range is evidenced by the calculated values
of ¢X growing to such magnitude that they can no longer
be regarded as small quantities when compared with U, .

Second-order theory for thin wings would

involve solution of the equation

2 - 2|y +1
(1-M, )¢xx + ¢yy t by = M [Ik, OxPxx

+ L5 0, (ot 0,) + <¢y¢xy+¢z¢xz>:] . (3-5)
(Reference [32], p. 140). Actually, it is of interest

in retaining higher-order terms only to the extent

that 1s necessary to allow the study of transonic flow.
Examination of the known properties of transonic flow
fields indicates that the first term on the right can

often become of importance and should be retained.

It is assumed in the small disturbance theory of




transonic flow, however, that the remainder of the

terms on the right can be safely disregarded.
The simplified equation is:
=2 XEl g

U XXX
0

2
(1-M,2)0 , + 6,0+ 6,

= ko_o (3-6)

x'xx °?
where

- (y +1)
ko= M2 A= . (3-7)

[e o]

Equation (3-6) is valid only in regions where
the necessary derivatives exist and are contilnuous.
Since these conditions do not hold where shock waves
occur, an additional equation is needed for the
transition through the shock. The necessary
equation is provided by the classical relation for

the shock polar (Reference [32], p. 108),

u, - ak?

7.2 + w2 = (4 -1 . ab , (3-8)
2 - 2 - *2

TET Ya T Ul + a

N
[

where u , v , and w refer to the cartesian velocity,
components with u being parallel to the flow direction
ahead of the shock, the subscripts a and b refer to
conditions ahead of and behind the shock, and a¥* is
the critical sound velocity, which can be expressed

in terms of U, and M, as follows:



a¥ _ y-1 . 2 (
a¥ _ . 3-9)
U \/Y Pl MaE(y+1)

The appropriate simplified equation is obtained from
Equation (3-8) by resolving the velocities into

components parallel to the axes of the coordinate

system and carrying out a small perturbation analysis
analogous to that performed in the derivation of

Equation (3-6). 1In this way, the following relation
is found between the perturbation velocity components

on the two sides of the shock wave:

(1-M2)(u, —ug) + (v =) + (u —w)

u_ +u 2
_ 2 'Y+l a b
= M 5 [ 5 ](ua-ub)
u_ +u 2
- a__b - 3-
= k[ 5 ](ua ub) s (3-10)

where u , v , w are the perturbation veloclty
components parallel to the x , y , and z axes.

This equation corresponds to the shock polar curve
for shock waves of small strength inclined at any
angle between that of normal shock waves and that

of the Mach lines. On either side of the shock wave
the perturbation velocity components are related

to the perturbation velocity potential in the usual

manner:



= 3¢
4= 3%

= 39 = 3¢
v EN > ¥ 9z

b

In addition to satisfying the differential
equation and the shock-wave equation, the perturbation
potential must provide flows compatible with the
following physical requirements:

(a) The perturbation velocities must vanish far
ahead of the wing, and

(b) the flow must be tangential to the wing
surface.

Therefore, the following boundary conditions

are to be specified for the perturbation potential:

At x = == |

- -

=] © [ee)

At the wing surface, W ,

L (3¢ - 23z
ax °?
W
where 93z/3x 1s the local slope of the wing surface in
the x direction. Furthermore, 1t is consistent with
the assumption of small disturbances to satisfy the
second boundary condition on the two sides of the

Xy plane rather than on the actual wing surface.

Equation (3-13) becomes:

(3-11)

(3-12)

(3-13)
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TR
Um Bzw Uoo Bzz=0 X
> o[z . ¥ }
. 35] f[e- S] , (3-114)
C

where the shape of the wing profile is gilven by

%= w[% , %] X (3-15)

Where ¢ 1s the chord of the airfoil section and

s 1is the semispan of the wing. 1In éddition, it is
presumed necessary to prescribe that the direct in-
fluence of a disturbance in the supersonic region
proceeds only in the downstream direction and that

the Kutta condition applies whenever the flow velocity
at the trailing edge is subsonic. Upon solving the
above boundary-value problem for the potentlal, one may
determine the pressure coefficient for planar systems

by means of the formula:

¢ == -2 .2 (3-16)

D. Derivation of Transonic Integral Equation for Transonic

Flow

Since the principal object of the following
analysis is to determine the perturbation velocity
components at any point, it 1s convenient to work

with equivalent equations for u , v and w obtalned
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by differentiating Equation (3-6):
2 2 2 2
(l-Mmz) a9 + 3¢ + 379 _ Kk %% 3°¢ ,
3x2  oy?  az? ax?
with respect to x , y and z , respectively:
2 2 2 2 2
(1-mp 88, 2w, Bu 2 U] (3-17)
ox? 3y ? 3z? 3x?
2 2 2 2 2
(1-m2) 32X 4 3V L 3TV _y aaax [%;J ) (3-18)
ax?2  ay?  az? J
2 2 2 2 2
(- 2) 28 4 20, 20 oy B [%] ; (3-19)
ax? 3y ? 3z?
since
§i§2_¢=u§3=i[ﬁ]
39X 3% 2 9x 9x | 2
We will assume that M_ <1, 1.e., the free
stream is a high subsonic velocity though the local
speeds on the body exceed unity in some areas.
Then normalizing Equations (3-17), (3-18) and
(3-19) by letting
= _ = - - _ k
X =X ) y = By s z = Bz s o = —¢ >
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where
B =q1-M72
Equations (3-6) and (3-17), (3-18) and (3-19) reduce to
the following:
2= 2 by e 27
070 , 836 , 370 - oy o 28 310 (3-21)
3% 3y ? 8z2 3x 9x?
2 52
TR ES (3-22)
X
2 T2
yey = 2L {uT] , (3-23)
9y 9x
2 52
vew = 2 [‘*T] , (3-24)
9z9d

where

vz - 32 N 32 + 32

3% 2 3y 2 3z 2

is thé Laplacian operator 1n the normalized variables
X, vy and z .

Before proceeding, it should be noted that the
introduction of the reduced perturbation velocity

component U permits the ready recognition of regions

of subsonic and supersonic velocities and emphasizes
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the points at which sonic velocity occurs. This
becomes apparent from the approximate relation

between the local mach number, M , and ¢X;

1-M =1-M72-ko (3-25)
or
2 —
.J;.I\L__= 1 - —k__.u_ = ] -1 s
1-M 2 1-M 2

from which it 1is clear, for flows having subsonic
free-stream M_(M_<1), that u<1l when the local
velocity is subsonic, u = 1 when it is sonic, and
u>1 when it is supersonic.

We will now apply Green's theorem to
Equation (3-22). The results for Equations (3-23)
and (3-24) will follow immediately. If o and Q
are any two functions which, together with their
first and second derivatives, are finite and
single valued throughout a region R enclosed by a
surface I , Green's theorem, which follows from

Gauss' divergence theorem, states:

an

” [0 —S% - Qa—o]dz = ”J (QV%0 - oV?Q) dR (3-26)
2 R

where the directional derivatives on the left-hand




side are taken along the normal n , drawn inward,

to the surface.
Now in Equation (3-26) let @ = u and choose
o as the fundamental solution 1l/r; of the Laplace

equation V%0 =0 , i.e.,

g = L+ = L . (3-27)
rs

- - _ - — 1/2
[(X=-E)2+(y-m? +(z-7)2%]

Then we have from Equation (3-26)

=2
[_l__@i_ [E__]dR , (3 -28)

since from Equation (3-22)

v2g = 8- [LT_]
X e

The variables of integration in Equation (3-28)
are £ ,n, ¢ , while X , ¥y , z are the coordinates
of a point P . It must be observed that 1/r; is
singular at r; = 0 and u is diséontinuous at the
shock wave. The point P and the shock must, therefore,

be excluded from the region R . A schematic indication

of the body (wing or fuselage) and the region of
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integration has been shown in Figure (3.3b). The complete
three-dimensional extent of the body has not been pictured.
It suffices, however, to state that the surface I (shown
dashed) 1s composed of a sphere of large radius which forms
the external boundary of R , an infinitesimal sphere sur-
rounding P , and a final surface enveloplng the wing and
body, the wake (for the lifting cases), and the shock waves.
Let us now apply Equation (3-28) to the region
Ru bounded by the Xy-plane and a hemispherical dome of
infinite radius lying above this plane, exclusive of the
subregions surrounding P(X,y,Z) and the shock waves
(Figure 3.3b). Since, furthermore, U may be assumed to
diminish sufficiently rapidly with distance, the contribu-
tions of the integrals over the hemisphere vanish and the
contribution of the surface integral over the small sphere
surrounding P may easily be shown to be Um U(X,y,z) when

the radius €,>0 . We have, therefore, from Equation (3.28)

the following result:




where the subscript u denotes conditions on the

upper side of the §§¥plane, the subscripts 1 and 2
denote values immediately ahead of and behind the
shock wave, and S is the surface of the shock wave.
The volume integral is defined as follows when P

i1s ahead of S

u u
lim +o ~ Eb—el _ fé—ez ~ +oo
€10 J dn f deg J wdE'*J ydg + f yag s
€270 = ) - i‘p+el " Xgteo

(3-30)

where we have written ¢ = (1/rs) « 8%/3E2 (u?/2) and
g1 , €2 are the radius of the small sphere surrounding
P(X,y,z) and the thickness of the surface surrounding

the shock wave surface Su , respectively. Similarly,
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when P is behind S , the volume integral is
I LT Toerow
j” YdR = 2im fdnfdc J pdag + j pdag + f pag
€10 o Ze _ .
u €20 X_=€2 xp+€1
(3-31)

If P is kept fixed in the upper half space
and the region R bounded by the xy-plane and a
hemlspherical dome of infinite radius lying below
this plane is considered, it follows in a similar

manner that

where the subscript 2 denotes conditions on the lower

side of the Xy-plane and the volume integral is

defined as
' o 0 X _-€2 +o0
1 9% (42 — [ =) (5 ~ -
S —|dR = YdR = 2im dn az pdg + YdE
'3 nF2 2
R 3E R £4,+0 e e o 4
L L xs+ez

(3-33)
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Introducing the notation

AE:Eu-uz > A——=_-'___— 3 (3—3)4)

-nl?”j%a%[%i]da , (3-35)

where B represents the wing-body or wing alone and
S represents the sum of the surfaces Su and S2 H
and R = Ru + RQ . The first integral on the right-
hand side of Equation (3-35) will be recognized as
the value of u given by the linearized theory of

subsonic flow past wing or wing-body combination.

L

Denoting this linear value by u, , we have




Equation (3-35) may be regarded as the final integral

equation for u for the nonlifting case. But for
numerical computations, it is advantageous to write

it in another form by integrating the volume integral
twice by parts with respect to & , taking proper
cognizance of the definitions given in Equations (3-30),
(3-31) and (3-33), and to decompose the surface integral
over the shock wave into components parallel to the axes
of the coordinate system. If then n; , n, and ns3 are
the direction cosines of the normal to the shock surface
drawn inward, as shown in Figure 3.3b, the following

equation is obtained from Equation (3-35):
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where EL is given by Egquation (3-36).

Although the integral equation obtained above appears
to be more complicated than Equation (3-35), it is superior
from the point of view of approximate solutions for the
following reasons:

a. The triple integral of Equation (3-35) shows a
very strong influence of the velocities in the neighborhood
of P since they are multiplied by 1/rs; . This influence 1s
largely nullified in the triple integral in Equation (3-37)
because part of the region has a negative influence and part
has positive influence. The predominant influence in
Equation (3-37) is furnished by the term u?/2 standing
outside the integral.

b. The contribution of distant regions is also
diminished in importance in the triple integral of Equation
(3-37) since their influence now varies as 1/r;’ rather than
1/rs as in Equation (3-35).

c. The biggest advantage in using Equation (3-37)
is that the value of the triple integral in this equation
is continuous through a shock wave (due to the presence of
the term u?/2 outside the second derivative) rather than
discontinuous as in Equation (3-35). A point of great
importance in the approximate solution arises from the fact
that the integration by parts provides extra terms (those
containing u?/2) in the integrals along the shock surface S

which combine with those already present in such a way that



71

the contribution of these integrals becomes very small
when the shocks are nearly normal waves, as 1is usually
the case for high subsonic speeds.

In addition to satisfying the integral equation
for u given in Equation (3-37), the velocity
components on opposite sides of shock waves must be
in accord with the simplified relation for the shock
polar given in Equation (3-10), which can be rewritten

in normalized form, using Equation (3-20), as follows:

up +u2|
——2—(111-1).2)2 ,

(3-38)

(Up=-uz)? + (Vvi-v2)? + (wy-wz)? =

or with slight manipulations it can be written in the

following two alternative forms:

up +tuz) - . - -
l_——-é_ (ul—u2)2+(V1—V2)2+ (W1—W2)2=0 (3-39)

and

(T - T2) {ul -?;—2] _ [uz -ugz] # (72 -7a) 7+ (- 7) = 0

(3-40)

If the shock wave 1s a normal wave and the flow

= |

is parallel to the x-axis (i.e., Vi=Va=w;=w,=0 ,

but u; #uz), it can be seen from Equation (3-39) that




u jumps from 1+ A immediately ahead of the shock to

1 - A immediately behind the shock, where

A=3, -U2/2 . On the other hand, Equation (3-40)
shows that the quantity u -u?/2 is equal on the two
sides of the shock. This is consistent with the fact
that the latter quantity corresponds, in the transonic
approximation, to the mass flow, which is continuous
through a normal shock.

The general problem of the three-dimensional
transonic flow about nonlifting bodies requires the
solution of Equation (3-37) while taking account of
the shock relations given in Equations (3-38), (3-39)
and (3-40). This is a formidable task well beyond the
reach of present analysis. We therefore introduce
some further approximations before solutions can be
obtained. They are: (a) all shock waves are assumed
to lie in a plane perpendicular to the x-axis, and
(b) the shock waves are assumed to be normal to the
local flow direction. The first assumption corresponds

to setting n; =ns; =0, and the second leads to the

relations:

75,

72



Hence Equation (3-37) simplifies to

A similar, but slightly more involved
analysis, given in Chapter V, shows that from
Equations(3-23) and (3-24), the equations to

determine v and w are:

- ] 2 ]

vV = v, - T ——|d&dndzg s
L ﬁ L 2 agan s

Wew - [ % i [ emenar

T =W - 9 = |dZTdndz
L ﬁ L 2 agac rs3

Before proceeding further, it should be
observed that the solutions of Equations (3-42),
(3-43) and ( 344) must approach those of the
linear theory when M_<<1 , since u<<1l and
therefore the terms involving u? become negligible,

thereby leaving only

(u,v,w)Meo<< 1 = (up,vy,wp)
Let us now write Equation (3-42) as follows:

u = u, +
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(3-42)

(3-43)

(3-4u)

(3-45)

(3-46)
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where

ool [ B 2 (o] (3-47

Although I is a function of U and is therefore

unknown, it is informative to rewrite Equation (3-46)

by solving for u in terms of I and up, thus

u

11{1-(2%-1) = 1+ /I-L, (3-48)

where

L=2EL-1

Several interesting observations can be made
from Equation ( 3-48). First of all, for real values

of u ,
I2L . (3-49)

Furthermore, the choice of the plus or minus sign
determines whether the local velocity 1s subsonic

or supersonic. A change in sign at a point where the
radical is zero corresponds to a discontinuous jump
in velocity. As pointed out following Equation
(3~40), such discontinuities correspond to normal

shock waves and are permissible when they proceed

from supersonic to subsonic velocities or from plus
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to minus sign in Equation (3-48), when progressing
in the flow direction. Discontinuities in the reverse
direction are inadmissable since they correspond to
expansion shocks, a phenomenon which violates the
second law of thermodynamics.

The values of EL ,
calculated for any given body and are generally

and hence L , can be

characterized by certain regions in which EL> 0 and

other regions in which EL< 0 . The absolute values

of U increase continuously with increasing M, and the
maximum positive values may considerably exceed unity

as sonic velocity 1s approached in the free-stream.

Not very much can be stated at this point about the
values of I , except that they depend on the distributilon

as well as magnitude of u and that the above inequality

must be satisfied.

The starting point for the solution of the full
integral equation derived for the three-dimensional cases
would be to examine the methods needed for two-dimensional
flows given by a number of authors: Oswatitsch, Gullstrand,

]

Spreiter and Alksne, Nixon, and Norstrud.[3oj

The analysis of the two-dimensional case

is based on the following equation:




Approximate solutions of this equation could

conceivably be worked out numerically by starting with
a two-dimensional grid of suitably selected values of
u and iterating until convergence is obtained. If the
first approximation for u is taken to be the results
given by incompressible or linearized subsonic flow
theory, convergence will be obtained only when M 1s

sufficiently small and the flow is subsonic everywhere.

Oswatitsch suggested that mixed flow fields containing
shock waves can be obtained if the starting u-distribution
contains shock waves. The idea then is to start with a
reasonable guess for u , being sure to include a proper
discontinuity complying with the shock relations of
Equation (3-41), then proceed to the solution. It is not
necessary to be highly accurate in the initial guess
for u .

A further simplifying assumption is made by
Oswatitsch and others regarding the variation of u in

the z-direction, which has the effect of reducing the

double integral in Equation (3-50) to a single integral.

Oswatitsch suggested the following relation:
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u(x,z) = =—— (3-51)

where Eé(f,o) is the value of u on the body and b is a
function of X so chosen that the irrotationality
condition 3u/dz = 3w/3x is fulfilled at z = 0 . Thus,
differentiation of Equation (3-51) with respect to z
and insertion of the definition of Equation (3-20) and
the boundary condition, Equation (3-14), yield the

following:

= .= T - T (3-52)

where z represents the reduced ordinates of the airfoil,

related to the actual ordinates by

k Uy

z(x) . (3-53)

z(x) =
83

Substitution of Equation (3-51) into the double integral

of Equation (3-50) permits integration with respect to 7 .
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Thus, by performing this integration and setting z = 0 ,
the following approximate integral equation is obtained

for u
W

T2 (r.=
R LE[g‘X]df , (3-54)

E[E:;E] = E(x) = . S

5
m(l+x?)

[% x| (5-10x% +x"*) = (1-10x2+5x*) an |x|

-—l}g(l+x2)(25-7lx2-X“—x6)jl (3-55)

Equation (3-54) is solved by iteration procedure by
assuming Eﬁ value initially and calculating "b" from
Equation (3-52), substituting back in Equation (3-54)
and calculating new ﬁ% from Equation (3-54) until

convergence 1s obtained.

The solution of Equation (3-50) is discussed by
various authors by using various techniques. Since
Equation (3-50) is a nonlinear Fredholm integral equation
which could conceivably be solved numerically by an
iteration process. However, the double integral in

Equation (3-50) is a source of difficulty in the solution
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of Equation (3-50) by an iterative process. If it could
be reduced to a single integral by introducing a suitable
approximation, the entire problem would be treatly
simplified. For this purpose, a functional relationship
is sought between the u-distribution in the field and the

value of U at the airfoil surface for the same x-location.

Assuming
u(x,z) = u(x,o0) F(z,r) (3-56)

where r(x) is a function so chosen that the irrotationality
condition is satisfied on the airfoil. In particular,
the parameter r(x) is defined according to

u(x, +0)

r(x) = - ——— . (3-57)
=
92y, + 0
Various functions (F(z,r)) have been treated by different
authors. Norstrud [33] discusses the nature of four
functions commonly used. He indicates that there are
almost no differences in these functions once they have
been integrated iIn the z-direction. This fact can be
utilized by employing the most simple analytical function

*(z,r) = e-z/r fo yield the functional relationship

F_‘j

[34]




80

A significant aspect of this approximation is that u is
zero in the region ahead of the leading edge and behind
the trailing edge of the airfoil where r is infinite.
The errors in the velocity on the airfoil resulting from
this approximation should be small because of the
attenuating influence of distance. The approximation
also has a profound effect on the region of integration
of Equation (3-50), allowing certain mathematical
simplifications.

So far, the methods of solving the integral equation
in two dimensions have been dealt with. For three-
dimensional flows, the triple integral in Equation (3-42)
should be simplified to a single integral for solving the
Equation (3-42). But the variation of u with respect to
X,y,2z direction is not known generally and the approximation
cited for u(x,z) in the case of two-dimensional flow would
not be appropriate generally for three-dimensional flow.
The inverse square dependence on z at large z is consistent
with the behavior of a two-dimensional dipole--but not of
a three-dimensional dipole nor of a two- or three-
dimensional vortex. In general, therefore, some other
approximation must be introduced at this point.

Norstrud [34] solved the integral equation method

for the three-dimensional 1ifting wing of arbitrary planform.
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E. The Formulation and Solution of the Three Dimensional

Infegral Equation for Lifting Arbitrary Wing for the

Present Application.

The formal integral solution to the transonic
small-perturbation equation with associated boundary con-
ditions of tangential flow on the wing surface and cons-
tant potential at the far field can be regarded as more
amenable to numerical analysis than the differential for- |
mulation. This 1s especially true for subecritical flows.
For supercritical flows, however, some additional consi-
derations must be given to guarantee the uniqueness of the
flow solution. In either case, the governing integral
equation is first replaced by a system of nonlinear alge-
bralic equations and then the method of parametric differen-
tiation 1s applied to its solution.

Analytical method. Isentroplc and irrotational

steady flow of an ideal compressible gas around a finite
wing 1s kinematically described by a velocity vector

@ = quad ¢ with components u, v, w, defined 1n a body-fixed
cartesian coordinate system x, y, 2 . With further
assumption of small disturbance in the plane normal to the
direction of oncoming flow (i.e., the yz-plane) the
governing partial dlfferential equation for the velocity

potential ¢ = ¢(x,y,2) can be written as
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2 _ +1 2
(1-M. %) 0+ . (%)Mm byt (3-6)

where M_ = (U_/C_) is the freestream Mach number and

Yy designates the ratio of specific heats. Equation

(3-6) 1is a particular form of the set of equations

which can be reduced from the transonic small perturbation

theory, and 1t can be transformed to

b +d _+3__ =37 (3-21)

XX vy Z7 XXX

defining a perturbation velocity potential

- K
¢ = g; ¢
The employed coordinate transformation
1/2
Y,Z = (l-MmZ) ¥,2 corresponds to a Prandtl-Glauert
transformation, and the freestream Mach number is thus
restricted to subsonic flows, i.e., My, < 1 . Equation

(3-21) resembles a Poisson differential equation for

which the potential theory admits the solution

$(x,Y,2) = dTL(x,Y,Z) + §'(x,Y,2)

= fff [F23rp] L azan
H ' & gg E:ﬁ,z rs3 :
- 1/2
where r; = [(x-£)2% + (Y-1)2% + (2-T)?] designates
the inverse of the singular fundamental solution for

the domain of integration and §_= $ﬁx,Y,Z) represents
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the harmonic solution associated with Equation (3-21)

for the same boundary conditions which shall apply for

5 (i.e., tangential flow at the wing surface and finite
velocities at the trailing edge). If now a perturbation
velocity vector in the transformed space x,Y,Z is defined
as (E,G,%) = grad 5 and if we restrict ourselves to

seeking a solution for u(X,Y,0) in the planform plane

Z 2 0, then a differentiation of Equation (3-59) with

respect to x will yield, after some manipulation,
- 1 - — -
a(x,Y,0) -5 u®(x,¥,0) = 9(x,¥,0) +¢' (x,Y,0)

1 2 (E,n,2) 3% (1) pi=qz
+ = IIJ u 3 F [?;]dgdndc ,  (3-60)

-0

where u(x,Y,0) is the disturbance velocity component
in the axial direction, obtalned from the subsonic
linear solution.

To facilitate the solution of this nonlinear
integral equation, an exponential decay in the
Z-direction will be assumed for the perturbation

velocity component 4 = 3(x,Y,Z) as
u(x,Y,2) = 4(x,Y,+0) exp(¥z/r(x,Y,x0)] , (3-61)

+
where the curvature parameter r = r(x,Y, 0) is

approximately evaluated from the irrotationality




condition on the wing surface coordinate

t
ZW Zw(x,Y,tO) as

U -u
(1o 2y /7| P20 7 P 4z %
® Ve dx?

I+

I
[[}

where U, is the total velocity component in the axial

T

direction, obtained from the subsonic linear theory.

Equation (3-62) substituted in the integral
term of Equation (3-60) will then yield the reduced

equation

1

u(x,Y,+0) - 5 22(x,Y,+0) = ng,y,zo) + $i(x,Y,iO)

' {ﬁl‘ [[ 82(E.7,00 BCx-21, [v-7150%)a8an

-—00

o]

(3-62)

+ ﬁ? jJ ﬁz(g,ﬁ,—O) E(IX-EI,IY‘H!,T-)dgdﬁ}, (3-63)

- 00

where the kernel E=E(|x-£|,|Y-n]|;r) takes the form

r-o o

4 [X;g]z EIO(U) - 1 [H1(0) + Ni(0)] # Nz(U)J

r

Here Hv and Nv designate the Sturve and the Newmann
functions respectively of integer order v with the

argument

(3-64)



o = 2{[<x-z> P14 [(Y-ﬁ>/r12}1/2

In the case of lifting flows, the integral term of
Equation (3-60) will give rise to a downwash in the
plane of the wing planform. This can be compensated
by adding an antisymmetric (with respect to Z = 0)
correction potential §' = §'(x,Y,Z) to the harmonic

solution $L, i.e.,

+
F'(x,Y,2) = - & J Y'(Z,¥)tan”

-0

1

—=rd (3-65)

where the vortex strength y'(x,Y) is necessarily

defined as

[0(x,Y,+0) - Jﬁx,y,w)

|-

y'(x,Y) =
- u(x,Y,-0) +GL§X,Y,—O)] . (3-66)

Then a differentiation of Equation (3-65) with respect
to x together with a limiting process for ﬁi(x,Y,Z) as

Z~+0 will yield the identity
$1(x,Y,0) = y'(x,Y)

Since a unique circulation is already implemented
in defining the vortex strength y'(é,y), no further
considerations have to be made with regard to the Kutta

condition at the trailing edge.
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Correction for lifting, discontinuous flows. With

shock surface discontinuities in the flow field a modifi-
cation of Equation (3-66) is necessary in order to assure
the harmonic nature of ¢'(x,Y,0) and, hence, enforce a
smooth continuous derivative 6% . However, instead of

defining the function ¢' we define its gradient in the

Xx-direction as

m(x,Y)

7.(x,Y,0) = [ﬁg(x,Y,+o>-‘;<x,Y,-o)] (3-67)

and let m(x,Y) represent a spanwise-varying scaling
parameter which shall depend on the local circulatilon
around the wing in order to satisfy the Kutta condition.

Hence, one can write

m(x,Y) =2 f [a<E,Y,+0>-aL<E,Y,+o>-a<E,Y,—0>+ZL<E,Y,-0>1
E:—

[ﬁi(E,Y,+O)—ﬁ£<§,Y,-O]'1d§ . (3-68)

o]

It should be emphasized that Equation (3-67) is not
unique and that a better downwash representation at the
leading edge could be achieved with, say, an adoption
of the Riegel's factor [1 + (azw/ax)zj-l/2

From the elementary relation

ai(x,y,m) - ﬁi(x,Y,-O) = [aL(x,Y,+o) -aL(x,Y,-O)]

EIIT(X,Y,+O) +GTSX,Y’_O)] ’
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where the first and second factor on the right-hand side
represents the linearized perturbation velocity due to
1ift and thickness respectively. One sees from
Equation (3-67) that the distribution in chordwise
direction of the x-component of the correction potential
is defined to be of a similar form as the disturbance
due to thickness. This distribution, however, is
modified by an amount proportional to the local chordwise
1ifet.

The solution to the nonlinear integral Equation
(3.60) cannot be obtained analytically for wing configura-
tion of arbitrary planform and thickness distribution.
Hence, a numerical treatment of the general problem 1is
mandatory and the first step in this direction is to dis-
cretize the area of integration in accord with the division
of the wing planform as used for the numerical evaluation
of the harmonic solution. The range of integration shall
be confined to the wing planform and the nonlinear compres-
sibility sources outside the cylinder which encloses the
planform and which have the generatrix parallel to the Z-
direction are therefore not being consildered.

Let the upper and lower surface of the left (or
right) half of the wing planform each be represented by N
number of trapezoidal panels and let the unknown function
u = ﬁ(x,Y,iO) assume a constant value within these speci-

fied panel boundaries; see Figure 3.4. Then Equation (3.63)



//////%% ......w.////////
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can be replaced by a system of 2N algebraic equations

which are nonlinear (i.e., quadratic) with respect to

o= u(x,Y,:0), i.e.,

- - -— - l— -
Fi(ul’u_z"“’u2N)=u' -5 u;-uL+Ci+ z €

where the index i SN shall identify a value on the
upper surface of the wing (or panel). Consequently,
the lower surface values are associated with the range
N<iZ2N

Due to the lateral symmetry assumed for the wing
planform and its position relative to the oncoming flow
(i.e., v_=0) only one-half of the wing need to be
considered in the algebraic system (3-69) since the
influence from two panels which are positioned
symmetrical with respect to the x-axis can be lumped

.=¢g,., +¢, . t U, =u
13 8131 €1j2 (Note that Ll L2

where the indices 1 and 2 refers to each half of the

together as ¢

wing.)

The influence coefficients Eij are integral
representations of the influence function
E=E(|x-E]|,|Y-n|,r) as evaluated over a surface element

AS , i.e. of the form

1
T JJ E(|x-E],]¥-n],r)dEdn-e,
AS J
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Figure 3.5. Influence Pattern with Reference to

the Mid-point of a Rectangular Wing.[3q
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for |x-£| #0 and |Y-n| #0 . Due to the particular
and perhaps unfortunate influence pattern of positive
and negative contributions from the integral terms
of Equation (3-63), care must be exercised in the
numerical evaluation of the coeffilcients eij ; see

Figure 3.5.

This is further illustrated by the series

representations
B () =-4 |2 - 204 prot- .| o]0 (3-70)
P
Y _ 1 1,1 1l .3 > -
E(X)-4-7-§+§X-E§x4m.. x| >0 (3-71)

X

of the influence function E in chordwise and
approximate spanwise directions respectively
where p=2|Y-7|/r and x =2|x-E]/r . Since both
equations (3-70) and (3-71) show similar behavior

at the singular points p=x=0 , but of opposite sign,

we let eii.=0 . Furthermore, we define the influence
coefficients e,, as
1]
2 B8 (1), o(2) , o(3) (%)
eij—T[E +E +E'C/4+EV'] (3=72)
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Equation (3-72) is derived from a simple application
of the mean value theorem of integral calculus by
relating the influence strength eij at the centeroid
of each panel to the influence measure at four points
2=1,2,3,4 located on the four panel boundary lines
(see Figure 3.6). A better approximation of eij would
be achieved, however, if a surface spline function is

(2)

utilized in connection with the four values E and
the local value of E at the centerold; see, e.g.,
Reference [35]. Note that for symmetrical flow problems
it is sufficient to consider only a system of N equations
with the minor modification of doubling the value of
the influence coefficients gij (1,j=1,2,...., N).
However, the following analysis will be presented for a
system of 2N equations.

The function Cy (i=1,2,...,2N) appearing in
Equations (3-69) is a velocity correction function

associated with circulatory flows and 1s easily obtained

from Equation (3-66) as

Ci=%—Ai 1=1,2,...,2N (3-73)

for continuous flow. For circulatory flows with a shock
discontinuity, Equation (3-67) approximately defines

the required correction as




Figure 3.6.

Integration Polints for the Definition
of the Influence Measure from an
Elementary Panel.
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; !
1 Ay .
C; =3By ¥ (]__dij)Bj i=1,2,...,2N (3-74)

where Gij represents the Kronecker delta and where

4, - u -u +u i <N
4 = i Li i+N Li+N -
i —-— —— — -—
u, - u - u + u i >N
\ i Li i-N Li—N
- - 2
u - u i <N
D e S A =
i—(
- 2 - 2
uy, - uL i>N
i-N

In the case of non-circulatory flows, Equations

(3-73) and (3-74) will yield the expected corrections
of C, = 0 . System (3.69) is now completely determined
and the task of finding a vector U, (1 = 1,2,...,2N)

which satisfies Equations (3-69) for given €45 and Uy

will be the subject of the following section.

Methods of solution. Sclutions to the nonlinear

system (3-69) could be obtained by various iteration

or relaxation schemes and each method has 1ts own merits
and limitation. The decisive factor in selecting a
solution technique, however, is the type of flow under
consideration; see Figure 3.7 . Since we are also
interested in obtaining discontinuous soclutions which
shall represent flows with compression shocks, we will

distinguish between three different types of flow problems,
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Figure 3.7. Block Diagram of the Computer Program.




¢ Subcritical flow

e Supercritical flow without discontinuities

¢ Supercritical flow with discontinuities
and Ref. [34] describes some numerical approaches for their
unique solution. In essence, each one of the numerical
methods to be introduced should yield the same solution to

the quadratic Equations (3-69) for identical given flow

configurations.

F. Two-Dimensional Analysis by Exponential Decay Function

For the two-dimensional flow analysis using the
exponential decay function for the perturbation "u"
velocity, the formulation 1s as follows:

For wings of infinite aspect ratio the analysis
becomes two-dimensional and available results for this
case can be utilized in the calculation of flows about
finite wings, Reference [36]. The appropriate integral
equation [as compared to Equation (3-59)1 will then

read

=]

6(x,2) = 0(x,2) + §'(x,2) - g; JJ[Jgﬁggjz’éumg%-déaE (3-75)

where r; = [(x-—§)24-(Z-Z)2]1/2 . A similar assumption
for the decay of the perturbation velocities in the

z-direction as made in the foregoing three-dimensional
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analysis will reduce Equation (3-75) to an equation

involving the unknown quantity @ = 0(x,*Z) of the form

5<X,0>-%ﬁz(x,0)=aL(x,o)+$;{(x,0) Sk -

+ _21;[ T2(£,+0) Eo(|x - E|;r¥)dE

- 00

where the two-dimensional influence function

E, = Eo(|x=£|;r) is given as

|
=
N
——
N
Yy
[
>
—_—

Ea(x)

#{sin(x)E—-Si(x):l -~ cos(x) Ci(x)} (3-76)

Here Si and Ci are the sine and cosine integrals
respectively.

An analegous numerical integration of Equation
(3-75) would involve the determination of influence

coefficients Eij and this leads to a definition of

Ax/2

€ = Ez dz

L
ii 2r

0

which yields after a substitution of Equation (3-76)
in the integrand of Equation (3-75) the following

value
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11 (Xo)

il
m
.—l-
[
>
'~s|><
| SE—

%{cos(xo) Si(xo)-g] - sin(xo) Ci(xo) + %}

The values of the coefficients Eij (where j #1),

however, is determined direct from the influence

function E, as €3y = AXE,(|x=-&|;r)/(b4r) . These
influence coefficients are used in the approximate
integration of the nonlinear influence measure over
the wing; see, e.g., Figure 3.4. The above formu-
lation 1s based on the exponential decay for the u
component velocity in the fileld. The various other
available formulations for the two dimensional tran-
sonic Integral equation method are as follows:
Integral equation method by Oswatitsch [3d
Integral equation method by Gullstrand [3&
Integral equation method by Spreiter [3d
Integral equation method by Nixon and Hancock [3@
The various finlte difference formulations are
discussed in Ref. [30] for the two dimensional and
for the three dimensional transonic flows. The
appreoximate theories, based on the local linearisa-
tion techniques, parabolic methods for the two dimen-

sional flows are described in Ref. [30] .
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G. Results and Discussions Based on the Integral Equation

Method

Two-Dimensional Flows. Figures 3.8 and 3.9 show

the pressure coefficient on the surface of the airfoil for
subcritical flows calculated by assuming the exponential
decay function for the u velocity in the flow field [ 3]

and by solving the integral equation by Newton's iteration

method, and for comparison purposes, the exact values are
also plotted. The prediction by the integral equation
method compares well with the exact values [34, 37].
Figures 3.10 and 3.11 show the pressure coefficient on the
surface of the airfoil for supercritical flows, calculated
by assuming the exponential decay function for the u
velocity component in the flow field and by solving the
integral equation by the method of parametric differenti-
ation, and it is compared with the method of finite
difference algorithms [38]. The comparison between the
two theories is fairly good. Figure 3.12 shows the
discontinuous flow past a parabolic arc airfoil calculated
by the integral equation method by assuming the exponential
decay for the u component of velocity and by applying the
method of steepest descent for solving the integral
equation. The pressure distribution thus obtained is
compared with the numerical solution of Reference [39] and
Reference [4 0, and the comparison is falrly good.

Figure 3.13 shows the discontinuous flow past NACA 0012
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Figure 3.8. Subcritical Flow Past a Non-Lifting
Airfoil% by Newton's Iteration Scheme,
Source ;BUT.
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Solution of Eg. (3-50)
by exponential_decay.
Exact, L37’ uz]

I L ] ] —_—

Figure 3.9.

0.2 0.4 0.6 0.8 1.0
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Subcritical Flow Past a Liftin Aﬁrfoil,
by Newton's Iteration Scheme, T34w.
J
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Figure 3.10. Supercritical Flow Past a Non-Lifting
Airfoil, by Parametric Differentiation,

Source [34].
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Figure 3.11. Supercritical Flow Past a Lifting
Airfoil, by Parametric Differentiation,
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Figure 3.13. Discontinuous Flow Past a Lifting
Airfoil by Method of Steepest Descent,
Source [34].




airfoil obtained by solving the integral equation by
assuming the exponential decay for the u component of
velocity and solving the integral equation numerically by
the method of steepest descent. The pressure distribution
thus obtained is compared with the method indicated in
Reference [41] and the comparison is fairly good.

Three-Dimensional Flows. A lifting wing &t 2

degrees incidence, as shown in Figure 2.2c, was selected
for the application of the three-dimensional integral
equation method described earlier.

The linear velocilty distribution for the wing,
shown in Figure 2.2c¢, was calculated by the method indicated

in Reference [12] for the free-stream Mach number 0.92 and

2 degree angle-of-attack. Goethert's transformation is
made use of in running the Hess and Smith pfogram for the
calculation of the compressible subsonic linear velocity
distribution. The compressible subsonic linear velocity
distribution together with the geometry of the wing and
free-stream conditions form the input to the nonlinear
correction program which solves the transonlc small
perturbation equation by the integral equation method
described earlier 1n this chapter, Reference [34], and the
results obtalned from the program are plotted and compared
with experimental results and are shown in Figure 3.14.
The comparison is fairly good. Since the experimental
values are availlable only for the lower surface of the wing,

only the cp values on the lower surface are plotted and

compared.
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The same wing as shown in Figure 2.2c was analyzed
by the finite difference algorithm [21] and the pressure
distribution thus obtained i1s compared with experimental

results and are shown in Figure 3.15.

The use of an integral equation rather than a
differential equation has some advantages in the numerical
analysis. Since integration 1s essentially a smoothing
operation, the effect of small errors in evaluating an

integral is slight compared to the effect of small errors

in a finite difference representation of a differential
equation, thus giving greater numerical stability M3,H4];
In practice, this means that integral equations converge
more rapidly than differential equations. There are,
therefore, certain advantages of the integral equation
method over finite difference methods. The boundary
conditions can be easily and explicitly treated and true,
discontinuous solutions are easily obtained in contrast to
the finite compression representation of discontinuities in
the finite difference methods. It is indicated in the
Integral equation that only the flow close to airfoil
surface needs to be calculated accurately. In addition,
the numerical procedures are, in principle, more stable
than those for finite difference methods, which leads to
more rapid convergence. Because of these advantages, it is

anticipated that the computing time for the integral

equation method will be lower than that for the existing
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Figure 3.15. Finite Difference Calculation for the
NACA 0005-34 Wing at the Center Section.

(Refer to Figure 2.2c)




finite difference methods. Table 3.1 has been prepared to

highlight these advantages and disadvantages of the integral

equation method and the finite difference method.
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CHAPTER IV

CALCULATION OF INTERFERENCE EFFECTS

BY APPROXIMATE METHODS

Calculation Of Approximate Types

Of Superposition

In the exact solution of interference problems, the
flow equations and the boundary conditions on all of the
individual bodies should be satisfied simultaneously. This
is a formidable problem for three-dimensional flows,
especially with 1ift, even in the case of an incompressible
flow. The method outlined in Reference [12] has this
capability of calculating the incompressible flow past multi-
bodies, satisfying the boundary conditions on all of the
body surfaces simultaneously. There are some approximate
methods available to calculate‘the interference effects in
the case of multibody problem, and in this context the term
superposition is used to denote the approximate calculation
of the flow about two or more bodies by combining the
individual flows about the isolated bodies [45]. The combi-
nation may be done in a number of ways. The different ways

in which solutions may be combined to account for the effects

of the bodies on each other are to different orders of accu-

racy. In interference applications, the problem may be
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stated as that of calculating the flow about a body in the
presence of another body. The several types of super-
position are all illustrated in Figure 4,1.

Figure U4.1a shows a typical problem.

For definiteness, we assume that it is required to calculate
the tangential velocity on the surface of the smaller body
in the presence of the bigger body. The two bodies may be
two-dimensional, axisymmetric, or three-dimensional. For
lifting cases the two overall circulations are shown. If
the calculation 1s performed with both bodies present, the
result is the exact surface velocity VT(exact).

Figure 4,1b shows the individual flow field of the
bigger body at points on the smaller body (without its
presence), These are indicated VS. The velocity vo is the
value at the centroid of the smaller body.

Figure 4.1lc shows the velocity distribution on the
smaller body isolated from the bigger body when it is
immersed in the flow ?m at angle of attack ao. The tan-
gential velocity has been labeled ?T(isolated). The

difference between VT(exact)and VT(isolated)is the inter-

>

. > N
ference effect (i.e., Vinterference B Vexact"visolated’

The effectiveness of a method of calculating interference 1s
to be judged by how well it predicts this difference. Thus,

the velocity distribution ?T(isolated) is a sort of zeroth

order solution.
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Figure 4.1. Types of Superposition.
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Figure 4,14 illustrates a rather accurate type of
superposition consisting of taking the velocity distribution
vs of Figure 4,1b, which is nonuniform, in place of the
uniform initial free-stream velocity %m. This procedure, of
course, neglects the effect of the smaller body on the
larger, but this effect enters only as it in turn affects
the flow field of the larger body in the vicinity of the
smaller body and is thus rather weak., The surface velocity

distribution is denoted as 7 The calculation

T(nonuniform) "
of VT(nonuniform) in three-dimensional cases can be quite
involved if VS is left completely arbitrary. The computing
time by numerical methods can be very large.

Figure 4,1le shows a very simple type of superposition.
Instead of the initial uniform free-stream velocity §w, the
smaller body in a uniform flow given by vo (Figure 4 .1b) is
considered, Thus, the magnitude and angle of attack on the
isolated smaller body is now different from Figure 4.la.
Typically, the surface velocities in this case are obtained
by "scaling-up" those due to a unit free stream; thus
denoting this result by VT(adjusted).

In the simplified superposition scheme of Figure 4.1f
the mutdal interference of the two bodies is neglected and
one simply adds velocities due to the individual bodies.
Adding vectorally the perturbation velocity (?S - ?m) due to

the larger body and VT(isolated) results in the velocity
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distribution VT(superimposed), which, in general, will not
be tangential to the smaller boedy,

Figure 4,1g illustrates that to improve the accuracy
of the case shown in Figure u.lf, one takes the tangential
component of VT(superimposed, thus obtaining
VT(superposed tangential),

Thus there are four types of superposition to compare
with the exact solution of Figure 4.1la and the 'zero

interference" solution of Figure 4.1e.

Comparison QOf Various Tvpes Of Superposition For The

Case About Two Circular Cylinders

The radius of the "larger" cylinder 1s taken as unity,
Parameters of the problem are as fcllows:

1. Radius of the "smaller" cylinder on which the

surface velocities are acquired.

2, Separation distance of the two cylinders.

3., Angle of attack a.

4, Two circulations about the cylinders.

Exact and superposition soiutions have been obtained
for a large number of values of these parameters. The con-
clusions, based on this example, are as follows:

1. The "superposed" solution of Figure 4,1f is

highly unsatisfactory and certainly inferior to

the "superposed tangential" solution of
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Figure 4.1g, Since the latter is as easy to
calculate as the former, the "superposed" solu-
tion is rejected,

2, The "adjusted™ solution of Figure 4.le is always
more accurate than the superposed tangential"
solution of Figure 4,1g,

3, While the accuracy of superposition solutions

increases with increasing distance between the
cylinders, and with decreasing size of the
"smaller" cylinder, the distance effect is much
stronger than the size effect, This i1s clearly
indicated in Figure 4,2,

4, The accuracy of the "adjusted" type of super-
position is satisfactory if the surfaces of the
cylinders are separated by at least one dlameter
of the larger cylinder.

5. The "nonuniform" type of superposition, Figure
4.,1d, is extremely accurate, even when the two
bodies are very close together. This is

illustrated in Figure 4.3 for the two cylinders.

Superposition Techniques For

Wing-Body Combination

The most interesting applications of superposition
techniques are three-dimensional, because 1t 1is for such

cases that computing times and accuracies are most critical.
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Often the flow about a complicated configuration can
be approximated by superpcsing flows about two or more
simple, three-dimensional bodies. The result is considerable
savings in computing time, However, the greatest savings
result when a three-dimensional flow can be approximated by
superposing two~dimensional and axisymmetric flows. For
example; the flow on the wing in the presence of a fuselage
can be be approximated by superposing the axisymmetric flow
about the fuselage and the two-dimensional flow about the
airfoil section from which the wing is derived. The curves
on the wing surface along which superposition must be
carried out are obtained by cutting the wing by planes
perpendicular to its sweep-line, and not by planes parallel
to the free-stream direction,

The general conclusions are that superposition in
three~dimensional cases requlre care, because there 1s often
more than one way to perform the superposition. It is,
however, felt that superposition should be valid over
greater ranges in three dimensions than it is 1in two

dimensions, because, in general, disturbance velocitles

decrease faster with distance from the disturbing body.
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General Method Of Predicting The Forces And Moments
On The Store Mounted On Aircraft

In Subsonic Flow By Superposition

The design of external stores for alrcraft requires a
knowledge of the aerodynamic forces acting on the store.
This information is usually obtained in wind tunnel tests.
However, when a number of combinations of stores are con-
sidered, it is unfeasible to obtain this type of design data
by testing. The availability of the high-speed computers
has opened the possibility of applying aerodynamic theory to
the calculation of forces on stores under interference con-
ditions, If it can be shown that the predictions of the
theory are fairly accurate, then a computer program will be
a useful tool for preliminary design and for the evaluation
of design changes [46],

The flow field data, assumed previously calculated,
and hence known, are in the form of perturbation velocity
components (uA, VA, WA) in an airplane coordinate system
(xA, Vs zA) Which is fixed to the airplane and pitches with
it as the angle of attack is varied (Figure 4.4). The data
may be calculated either at a set of points along a speci-
fied store axis, or at the points of a three-dimensional

grid covering the space of interest, to be interpolated for

the perturbation velocities at any desired point., In sub-

sonic and supersonic flow regimes where linear theory can be
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used, it is sufficient to calculate (uA, wA) for two

Vs
angles of attack and interpolate linearly for other angles
of attack, In the transonic regime it will be necessary to
have at least four sets of data, The store i1s assumed to
be a symmetrical body of revolution and, no

provision is made for fins, pylons, or racks, The store is

oriented at a nose coordinate location (x zN) in the

N TN
alrplane coordinate system and at pitch angle oy There 1is
no yaw angle, The store axis system is (x,y,z).

The store angle of attack is

a' = o+ a. , (4=-1)

The store is located in the nonuniform flow field
produced by the aircraft., At each point along the store

axls, the perturbation velocities u w, are known. The

A Var Ma
three components of the perturbation velocities along the

store axis are given by

u u, cosa W s:i.nOLs ! (4-2a)
v =y ‘ ' L4=-2b
A A\ ( )

= i + W, COSso , L-2¢c

W U, sinag A S ( )

The free-stream velocity vector resolved into the store axes

is given by
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v = U_[cosa' { + sina' k] (4-3)
and the Vélocity potential i1s given by

¢(x,y,z) = U_[x cosa' + z sina' + ¢(x,y,2z) ], (4-4)

where ¢(x,y,z) is the perturbation velocity potential for
the body of revolution (store) at the given angle of attack,
strictly in the nonuniform flow, but in practice the uniform
flow solution is taken,

Introducing the cylindrical coordinates for con-

venience: x,r,0, where

¢(x,r,6) = U [x cosa' + r sina'
(o]

cosf + ¢(x,r,8) ] . (4-5)

The axial, radial and tangential velocity components are

given by equations (4-6a), (4-6b), (U-6c).




X _
u = E; = cosa' + ¢X (46a)
Qr L
= e = 3 t
V., T sina' cosf + ¢r (4-6b)
¢ ¢
= _9 . . . )
Ve = FT‘O = - sina'! sin® + _f'— ) . (4'60)

The tangential flow boundary condition on the store 1is

dRy (x,6)
V. t Vg sin® + w_ cosf = ———  ( ui-us) . (4=-7)

S dx
Here the perturbation velocity components in the field
Ugy, Vg Wo have been added to the radial and axial com-
ponents obtained from potential flow solution,
The radius distribution ¢f the store is given by

dR
- . B _ dR
Rg(x,8) = R(x) ;3 -—=5 .

Substituting Equations ( 4-6a), (4-6b), and l- 6c) into
Equation (4-7), one obtains an expression for the exact

boundary condition:

¢r + sina' cosb + Vg sind + W cosb

_ dR ' _
= HE( cosa' + u_ + ¢ ) . (4=-8)
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Calculation of the Surface Velocities and Pressures

Adding the external field to Equation (4,6), one

obtains an expression for the surface velocity components:

Ugup = Ug *ocosal + o (y4-9a)
Veur Vg + V., siné + Ve coso

= v, + ¢, sing + %? cos8 > (4-9b)
wSur = ws + Vr cosf - Ve sin6

= W + sina!' + o cosf - ?g sineJ . 4-9c)

The pressure coefficient is calculated using the exact

isentropic formula,

S
v-1

Cp= 25 1+ XZui(1-3 -1, (4-10)

YM

2

0

(4-11)
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Calculation of Forces and Moments

The force and moment coefficients are obtained by
integrating the Cp over the surface of the body. 1In the

body axis system,

%
CX = _S]; fR(X) %‘ C(x)dx , (L-12)
0
L
ey = - § [RG0) BGo)ax
0
> (4-13)
2
c, = -3 fR(x) A(x)dx
0
Cy, = 0> (4=14)
MX
2
CMy = _Sl—l fR(X)[ X = X+ R(x) g—g—}%&) A(x)] dr , (4-15)
0
dR(x)

Q
[}

X-XM:+R(X) T B(X) dX] 5 (uﬂ-l6)

L
1
- = R(x)[
M, S jﬁ

A .
where,

S = reference area
2 = store length

x. = axial coordinate of the moment reference point,
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and,
2m
A(x) = ./.Cp(x,e) cos6 deé
0
2T
B(x) = fcp(x,e) siné dé P (4-17)
0
2T
C(x) =./. Cp(x,e) de )
0

Resolving the forces into the wind axes system, one obtains

- s A

CL = CZ cosatl - CX sina!

C, = C . 4.

v = % ) (4-18)
= ? 3

CD CX cosat! + CZ sina! 1

In the case of transonic flow, the difficulties of
determining the nonlinear flow field velocities past the
aircraft configuration and solving the governing nonlinear
equation for a three-dimensional body with the boundary
condition of Equation (4-8) restrict the use of the above
method. The interference problem in transonic flow has

been tackled by the method to be discussed below.
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The Multi~-body Problem In Transonic Flow

By The Present Method

The multibody problem in transonic flow is an
important task since store separation from high performance
fighter aircraft normally occurs in this regime. The
problems inherent in this area are enormous, such as the
mutual interference between the stores and the interference
between the stores and the parent aircraft, the shockwave
formation and its reflection between the adjacent stores
and with the parent aircraft, its effect on the local aero-
dynamic characteristics, and the shockwave-boundary layer
interactions.

In subsonic flow, the theoretical methods so far
developed [6,8,9] treat this problem by superposition
theory, which is valid up to the critical Mach number, How-
ever, in transonic flow due to the effect of nonlinearity,
the solutions can no longer be superposed as in subsonic/
supersonic theories, The only way to treat the nonlinear
problem is by either finite difference solution [47] or
recourse to approximate solutions such as local lineari-
zation method [48],.parabolic method [50], or nonlinear
correction theories [51]. The finite difference solutions
are not economically feasible within the present state-of-

the-art, The only way to tackle the nonlinear solution

is the correction method upon the linear theory values,
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The formulation for the store force predictions in transonic

flow within the scope of this work is as follows:

10

First, the subsonic linear three-dimensional
solution for wing/body/stores configuration by
considering them from the outset as a complete
entity, is determined from the theory outlined

in Reference [12] and this gives the velocity
distribution on the wing surface, and on the
external stores surface at selected points, and
let this value at a particular point on the store
be called "A,"

Then calculate the subsonic linear three-
dimensional solution for the same store alone in
the same free-stream conditions by the method of,
Reference [12] anq let this be called "B" at thé
same point for which the velocity "A" is calcu-
lated,

Finally, calculate the nonlinear three-dimensional
solution for the same store alone in the same
free-stream conditions, either by finite differ-
ence techniques, Reference [52], or by the
approximate nonlinear correction theories,

Reference [51], at the same selected point, and

let this be "C."
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Since the solutions A, B, and C individually satisfy
the tangential boundary conditions at the same point on the
store surface, the nonlinear solution for the configuration

within the present state of this formulation is

A ~-~B+C

’

where A 1s the subsonic linear solution at the point P on
the store surface by considering the wing body and store
configuration as a whole entity and satisfying the Prandtl-
Glauert equation, and the tangential flow boundary condition
on all the bodies simultaneously; B is the store-alone
linear solution, which also satisfies the tangential
boundary condition at the point P on the same store surface;
and C 1s the store-alone nonlinear solution, which also
satisfies the tangential boundary condition at the point P
on the same store. The above formulation may be summarized
as follows:

1., The linear theory solution for the wing, which
includes all of the interference effects due to
the body and stores, and which has to be cor-
rected for the nonlinearity by the integral
equation method, as discussed in Chapter III.

2, The store solution is already a nonlinear solu-
tion.Symbolically, thils may be expressed as

follows:
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vV =V -V +V
3 Dnonlinear 3'Dlinear' 3'Dlinear' 3"Dnonlinear’
wing-body, store store
store alone alone
¥ solution solution

wing solution
corrected for
nonlinearity

by integral
equation method

In the same outline, the problem of multiple stores, pylon,
and fuselage can be treated. The limitations of this
formulation are:

1. All of the interference effects (mutual inter-
ference between each store, store and wing, wing
and pylon, and pylon and stores) are accounted
for only by the linear theory, which, in most
cases, appears to be adequate.

2. Reflections of the shock wave between the
adjacent stores and between the store and wing
cannot be accounted for.

3. Finally, viscosity i1s not considered,

A similar approach using the transonic equilvalence

rule has been suggested by Stahara [49].
Results And Discussion
The above-mentioned method has been applied for a

NACA 005-34 wing with an MK83 store configuration (shown

in Figure 2.3c) for a free-stream Mach number of 0.92,
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a wing angle of attack of 2 deg, and a store pitch angle of
0 deg [53]. From the store-alone nonlinear solution it is
inferred that the local Mach number does not reach unity at
all anywhere on the surface of the store. So, for store
nonlinear solution, the method of Maeder and Thommen [50]
has been used. Figure 4.5 shows the comparison of three
theories, namely, References [0 ], [3€8], and [12]. Figure
4,6 shows the final nonlinear solution on the store with the
presence of the wing, obtained by the above formulation, and
i1t has been compared with the experimental results. The
comparison seems to be moderately good, Figure 4,7 shows the
the final nonlinear solution on the wing with the presence
of the store obtained from the nonlinear correction upon the
linear theory values from the integral equation method.

Even though the above-mentioned formulation of solving the
multibody problem is very approximate, it compares fairly

well with the experimental results.
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[12] HESS AND SMITH

Q [38] JAMESON

v [50,51] MAEDER AND
THOHMEN, WU
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0.7 |

MACH NO. = 0.92
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B = 0.0

Figure 4.5. Comparison of Various Theories for the

Flow Past MK83 Store Alone Configuration.
Refer to Figure 2.2 for Store Geometry.
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CHAPTER V

TRANSONIC FLOW FIELD VELOCITY CALCULATION FOR AN AIRCRAFT

WITH EXTERNAL STORES BY THE PRESENT METHOD

The flow field velocity calculation, using the non-
linear correction method upon the linear velocity, is
discussed in this chapter.

The basic problem reduces to the calculation of the
magnitude and direction of downwash and sidewash at
positions under the wing or fuselage. This flow field,
normally curvilinear in subsonic and transonic flights, will
vary with aircraft configuration, the shape and locations of
the stores, and flight conditions. There are several
methods of calculating the nonuniform flow field around
external stores in subsonic flow, as well as some for
supersonic flow based on linear potential flow theory. So
far, there are no computational techniques available for the
transonic case, which happens to be the main area of interest
since store separation normally occurs in this regime.
Subsonic methods are inaccurate above the critical flow con-
ditions, while the supersonic theories, based on linear
theories, are limited to slender-wing-body configurations.
Here the flow field calculation problem is treated as a non-
linear correction upon the linear subsonic values.

The linear subsonic values at the field points for

which the flow field velocity calculations have to be




144
carried out are determined from the Hess and Smith pro-
gram [12]. For the determination of the linear pertur-
batlon velocity components at these field points, the wing
coordinates and angle of attack are transformed from the

compressible plane to the incompressible plane by the

following Goethert transformations, as explained in

Chapter I.

Derivation Of The Flow Field Velocity Components
By The Present Method, For The Three-Dimensional

Lifting Wing-Body Combination

We start with the nonlinear partial differential

equation (3-6):

(l_MO20)¢XX +¢yy + ¢ZZ = k¢x¢xx (5-1)
where
_ g2 v+l
ko= M - (5-2)

The change of type of the equation 1s an essential
feature of transonic flow and the regions where this occurs

are recognized by the sign of the coefficient of q&x

elli tic (subsonic)
arabolic (sonic) (5-3)
yperbolic supersonic)

1-M2-M2(y+1) &E

(e}
ALV
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Equation (5-1) is, of course, valid only in regions
where the necessary derivatives exist and are continuous.
Across a shock surface the normal component of velocity is
discontinuous while the tangential component, and therefore
¢ , 1s continuous. The necessary relation follows from the
classical expression for the shock polar given in Chapter III.

This approximates in small disturbance transonic theory, to

(see equation 3-10)

)24 (o -4 )°

2
(l—Mm)(¢X1-¢ va z," %z,

2
)T+ (0 ¢

X2

¢xl+¢xz 2
= k 2 (¢X1—¢X2)

(5-4)

where the subscripts 1 and 2 refer to conditions ahead
of and behind the shock.

Equations (5-1) and (5-4) are usually applicable
to the case where the x-axis is parallel to the freestream
at Infinity; but they also apply where the coordinate
system is rotated slightly. Choosing the body-axis system,
where x-axils is aligned in the longitudinal axis of the
wing and body, the relation between the total velocity
potential ¢(x,y,z) and the perturbation velocity potential

$(x,y,2) 1s approximated by:

¢{x,y,2) = U_(x+az) + ¢(x,y,2) (5-5)

where o is the angle of attack.
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The expression for the pressure coefficient Cp
is not invariant with respect to small rotations of the

coordinate system. 1In body axes, the proper expression is

N 2
Cp = - g (¢X-0‘¢Z) - EI—? (¢y +¢)Z ) (5-6)

The Boundary Conditions. The condition at

infinity yields

¢(w) = U (x + az)
or that
(=) = 0 (5-7)
An exception to this statement occurs in the vicinity
of the wake at great distances behind the wing, but no
complications arise due to the relative smallness of
this region. The conditions at the airplane surface
result in the relation
30 . 30 3 3¢ -
= Up(nptang)ing o+ ny g3 + 0y 57 = 0 (5-8)

Q
o}
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where ny s Ny, and n3 are the direction cosines of a

normal to the airplane surface with respect to the x, y,

and z axes, respectively. This relation 1s too general.
2\%
3)

and wings are considered. Then (5-8) reduces to

For our needs nl<<l or (ng +n , 1.e., slender bodies

©
©

Um(nl+an3) +n, 5o+ ny 39 _ 0 (5-9)

Z

g
Q

or

where n is the normal to the curve bounding a cross-
section in a plane normal to the x-axis.
We will now apply Green's theorem for M_<I1.
Let
y+1

= 21y, o= w2 Yrl
g = (ll‘Mw ])2 ’ k = Mw Uw (5_10)

Subsonic free stream flow: M < 1.

Equation (5-1) can be rewrltten as
2 ‘ . _ ' 5 <m2
Bty +¢yy+ Gz = Ko by = Ky (2 (5-11)

and the corresponding expression of Green's theorem

is



148

sjj[wL(Q)-QL(w)]dV = ijg@gv - Q%ﬂ)dz (5-12)

\ 2
where Q and ¢ are arbitrary functions and L is the

Prandtl-Glauert operator:

2
LEBZB— + — + — (5-13)

and g% is the derivative along the conormal defined as

) 3
2 B_y- + n3 —8? (5—1“)

O - og2y 3
v - BBy 3y o
where Ny 5 0, and n3 are the direction cosines of the
normal to the surface drawn into the region V.

Now choose ¢y = % s, Where

Q
il

[ (x-a>2+e‘2{<y—n>2+<z-c>2}] "= r3 (5-15)

so that L(y)

0 and let Q@ = ¢ , the perturbation
velocity potential, in equation (5-12). Then from

(5-11) and (5-12) we obtain

H[% > 5 (%‘) JHG 3% ( )dV (5-16)

In these equations the running coordinates in

the integrations are £,n,z and ¢ are to be calculated at

point P(x,y,z).
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If Equation (5-16) is applied to the infinite
region V consisting of a sphere of large radius which
forms the external boundary V , a sphere of infinitesimal
radius surrounding the field point P(x,y,z), and a final
surface enveloping the wing-body, its wake, and its shock

waves, we obtain the following expression:

_ 1 1l 3 ofl 1 13 a1l
SERE 71 (T RUC) M| R B
A
1

B+W

.

i ﬁ{zj(%gﬁ ¢av( ))dz ﬂmo as( )dv

(5-17)

where B+W denotes the wing-body surface and its wake
and Al and 12 are the shocks, upstream and downstream
shock surfaces, respectively. On the shock surface A
the conormals are directly opposed on the upstream and
downstream faces A

1 and A2 . On the body itself and the

wake, as mentioned earlier, we may approximate

B ., 2 :
av

3n

3
2 3y T 0337

If now the triple integral in (5-17) is

integrated by parts twice with respect to x, the resul-

tant form of (5-17) is
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_ 1 1/3¢ k,2 o 1
¢(x,y,2) = = Il—‘leJ'[Ef(E - §¢£nl>— o35 5 ]dz
B+W

136 k, *? 3 1
-r” a( - 2% nl)-¢ma}dz

1 1[{3¢ k, 2 3 1
Tr H [6(??1‘ - 2% n1>'¢?5 5 ]dz

A2

2
= ,(V” B0, (% %) av (5-18)

+

Equation (5-18) is of particular interest
because the integrals over the shock surfaces may be

shown to vanish as in the nonlifting case. Finally, if
2

£
fhe simplified integral equation is similar to the

we neglect the term nl¢ in comparison with 93¢/3v ,

nonlifting case:

horie) <= (1[5 3 - et der o & fffonc (5 )

QlH

(5-19)

The first integral on the right-hand side of
(5-19) 1s the expression for ¢(x,y,2) in linearized theory
and the spatial integral is a contribution brought about
by the nonlinear term of the basic differential equation

(5-1). It is of interest to remark that a straight-
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forward derivation ignoring the existence of the shock
waves leads to the same equation as (5-19). For the
majority of cases of practical interest, it can be shown
that compensating terms arise and the discontinuif?
surfaces are taken care of by a formal development that
ignores the exlstence of these surfaces. However, if it
1s not possible to ignore so completely the existence of
the discontinulty surface, equation (5-17) will be pre-

ferable to equation (5-19).

Since
a1 __231
3¢ © 9X O

equation (5-19) may be written in the final forms as

2
o(x,y,2) = ¢;(x,y,2) + hk—ﬂ”j%cpg (aig %)dv (5-20a)
v

or

aj+

2
0(x,7,2) = op(x,7,2) - 1= %J’Hl/z% av (5-200)

Introducing the notation
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and the wvariable

-1 X=-£

w = sinh -
8 (y-m° + (z-7)°

= (x=8) 1, [x-E|+ (x-£) +B (y-n)2+8°%(2-2)°
= g [(y-n)%+(z-p°]*

and remembering that ¢ is continuous at the shock
surface the more exact equation (5-17) may be written

in the following two alternative forms:

q) 2
o(x,¥,2) = ¢.(x,y,2) - f%%JJ-4g%>§dz - H£ﬁJQJ€E"%> % av
A

(5-21a)
or
( z) =¢. ( ) -y o dZ— k 9 2 %¢ av
¢x,Ys ¢L Xy¥s52 ",n.a H—TTE ag 2
X '
(5-21b)

The perturbation velocilty components, u, v
and w, are obtained by differentiating ¢ with respect to
X, ¥, 2, respectively from any of the equations (5-20)
or (5-21).
For our use consider (5-20a) for the x-derivative.

After 1isolating the singularity at the field point by

introducing the limits £ = x + € and using the rule of
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differentiating under the sign of integration with vari-

able limits:

g,(s) g5(s) dg
%E:f F(x3;s)dx = %gdx + F{gl(s);s}a—s-l
g, (s) g, (s)
dg
- F{g2(s);8}5§3
we have

X
) 2
) = o) o g by dffone i e

o el (& D

2 y
= up(x,y,2)+ 14 5%4]%¢5 (x31,8) ednd i

[ez+8(y—n)2+82(2-c)

k L. i 821

2]3/7

In the limit as e+o the influence function in
the integrand of the double integral is a two-dimensional

Dirac delta function at the pointn=y, = 2 and of

strength 2ﬂ/82 . The expression for u then becomes
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2 2 /n2
u(x,y,2z) = u (x,y,2z) + é% E-i%&li&l - g%J]]ﬁg(%gr %)dv

Again starting with equation (5-20a) and

differentiating with respect to y, we have

€
20(X,y,2) . 9 ko, 3 Lo 1
PEILE) = Ly (x,5,2) + 514 Do Jgadjy (s 2)an

+ fwlchg(—g—g %)dn
yte

or

I

v(x,y,z) = VL(Xsysz) - TI{ESJ%¢E

k 2 X=€
+ 11 L ,V; dE 4
efc?[ﬂ "H bg(Eoys DAt dc {[(X—E)2+8282+82(z—c)2]3/2

X-~-€
[(X-E)2+82€2+62(Z-C)2]3/2}]
or finally

v(x,y,z) = (x,y,z) - ﬂ Jff agan (5-22b)

where we have made use of the fact that




and the double integral tends to zero in the limit for

all values of £and z.
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Similarly it is easily seen, by differentia- |
|

\

ting (5-20a) with respect to z, that

2
w(x,y,2) = w (x,y,2) - %J_U%(agg - 1) av (5-22¢)
v

By nondimensionalizing the above equations 6-22a,

6-22b, 6-22c, the following equations are obtained:

—_ e _ a2 1 +oo
u (x,y,2) = u + > - = /I
=2 2
5 (g,n,0) 5[] aganaz (5-23)
3g 3
v (x,y,2) = VL -5 IS
=2 2
u d 1
= (£,n,%) B_EB—n[g] dgdnoz , (5-24)
— - 1 Fe
w (X,7,2) = L
=2 a2
% (g,n,0) ﬁﬁ[%]dgdnac ,  (5-25)
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where,
X=3x |, §=\/1—M§~y , Z = 1-M°2°oz,
- Keu
u = =
1-M_
-\}- Kevy )
2,372
(1-M_)
w K w
2,372
(1-17)
- 1
BT T o - o - 217
[ (x=8)" + (y=-n)" + (z2=p "]
with
= w2 (y#l)
k =M, =5 R
and EE ,- and VE, and WE are the values of the velocity

components at (X,y,z) obtained from the usual subsonic
linear theory using the Hess and Smith program [12]. In
Equations (5-23) ,(5-24), and (5-25), the evaluation of the
integral is facilitated by transforming the limits, +x, -,
to +1 and -1, respectively. 1In the formulation of the
integral equation method by Oswatitsch [54] and

Spreiter [31], an algebraic decay is assumed for the

u-component of velocity in the z-direction given by:
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[1+ (2/b)]°

where ﬁﬁ (x,y,0) is the axial component of the velocity in

the x-direction on the wing, and b is a function of X, so

chosen such that the irrotationality condition is fulfilled
at z = 0. Norstrud's [34] formulation considers an

exponential decay for the velocity component u, in the

z-direction, given by

u (X,y,tz) = u (X,y,*0) exp

<| ]

r(Xx,

where r (X,y,*0) is given by

~ l" 1)
w2y, .. (%,¥,0) - u_
r*(%,¥) = J %l-Miﬂl ] i llggar }
(z_7)

In the present work, the triple integral from +» to - is
evaluated with no assumptions being considered for the
u-component velocity decay in the z-direction. The integral

limits are converted to +1 to -1 by the following trans-

formation:
C
n = tan -gt2] , (5-26)
~ T
g = tan LE t3]
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when,

g > e, £y 1

E+—m Y tl->-'l .

The terms n énd z behave similarly.

For the numerical computation of the transformed
integral from +1 to -1 limits, Appendix A
suggest a method by which the integration is performed by a
quadrature, The Integrand 1s evaluated at selected points
(which is duly transformed to &, n, and ¢ , at which u, v,
and w linear velocity components caused by the configuration
are obtained by the Hess and Smith program), The details
are glven below, From Equation (5-23), one obtains:

32 1

77| 48

2
N[ (F-0)2 + (F-m)2 + (Z-0)% ]

_ [2(R-8)° = (F-n)° - (z-0)%]at
_ 5 o _ 2 - 27
[ (x=£)° + (y-n)" + (z-7)7]

where X,y,z are the coordinates of the point p, the area
of interest in the flow field calculation. The terms
(¢,n,%) are the dummy field points which are used for the

triple integral between -1 to +l. Now, substituting for

£, n, and ¢ from Equation(5-26), one obtains




2[f—tan(gtl)]2-[§¥tan(%t2)]2—[E;tan(§t3)]2

_ _ 5/2
[[x—tan(%tl)]2+[y-tan(gt2)]2+[z—tan(%t3)]2]

RPUR-F% FUENS-D FENE-%
sec (2tl) sec (§t2) sec (§t3) dtl dt2 dt3

Similarly, for v and w components,

agi [_1_]= 3 (X=£) (¥=n) s
n r
3V 1(ze)%+ (7-m 2+ (Z-0)?)
agi [_1_] 3 Ge) (Bo)
n
3 [(X=£)%+(F-n)2+(Z-2)°]

The values of tl, t2, and t3 are given by the numerical
method, given in AppendiXx A and the corre-

sponding values of §, n, and ¢ are determined from the

transformation
= T
_ m
n = tan (§ t2)
= r
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The linear perturbation velocities u, v, and w are found
at these (&, n, © points with the given configuration, and
these values are substituted inside the integral term. The
integral is evaluated by the quadrature, as explained in
Appendlx A. Then it 1is substituted in equations (5-23),
(5-24), and (5-25). At present, the term u2/2 in equation

(5-23) is substituted by u2 /2. The configuration is

linear
shown in Figure 5.1. The overall comparison of the velo-
city components seems to agree well with experimental
results, except at some points, because there is no account-
ing for the viscosity and for the shock waves, 1f there
are any, and thelr reflections and interactions, present
in the flow. Moreover, since the field velocity theory
discussed above 1s based on the linear theory values, it
cannot handle shocks. The integral equation theory for the
prediction of the shocks holds good only on the surface of
the body and not in the flow field.

The experimental comparisons are shown in
Figure 5.2 and they seem to be good except near the nose
plane of the stores, where the flow is highly complicated,

and the error may be due to the omission of viscosity in

the calculation and the singular behavior of the flow

properties at the nose stagnation point.
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CHAPTER VI

CONCLUSIONS AND DISCUSSIONS

From the aerodynamic analysis of the external
stores problem, discussed in Chapters III, IV, and V, the
following conclusions can be drawn:

(a) Even though the interference effects are taken
into consideration only by the llnear theory, Reference
[12], the comparison of the filnal results obtained by the
present formulation discussed in Chapter IV, with the experi-
mental values (Figure 4.6), is good on the surface of the
stores. This assures that the interference effects can be
adequately handled by the linear theory even though the
Mach number is high and the nonlinearity enters only through
the store alone solution.

(b) Even though the integral equation method
applied on a body requires that the integration limit be
from -» to 4+« in the z-direction for the wing alone case,
its application to a wing with an external store kept under-
neath has been found to be effective (Figure 4.7). The
linear solution on the wing takes into account the effect of
the external stores and in correcting the above obtailned
linear values on the wing for the nonlinearity, the presence
of the store 1s neglected. The comparison of the above

obtailned nonlinear values on the wing with experimental
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values are 1n fair agreement, even though the presence of
the store is neglected in the nonlinear calculations
(Figure 4.7).

(¢c) The store shapes are usually slender and the
nonlinear solution does not differ much from the linear
solution for the store alone calculation (Figure 4.5). So,
for the transonic flow calculations, it is sufficient to
consider the linear solutlion for the store instead of carry-
ing out the nonlinear calculations in the formulation used
in Chapter VI. *

(d) The entire calculations over the wing store,
including all the interference effects and for the flow
field velocity calculations take about 15 minutes in VAX 11/780
computer and the memory requirements are of the order of
384 kilobytes, while the finite difference calculations
either for a wing alone or for the store body alone, takes
about 30 minutes in VAX 11/780 computer and IBM 370/3031.

(e) The integral equation method and its applica-
tion discussed in Chapter III 1s a potential method and the
results obtained from this theory applied to specific wings,
as shown in Figure 3.14, gives confidence and hope that this
method will be comparable to finite difference methods in
accuracy and much simpler to apply. [Refer Fig. 3.15].
Besldes, the time taken and computer memory space are much
less than that required for finite difference calculation.

The advantages and disadvantages of this integral equation

method have already been outlined in Table 3.1.
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(f) This method can be easily extended to wings
with pylons supporting the multiple store configuration and

any complicated geometry can be analyzed.

Future Scope of This Work

Even though the method of Chapter IV has been

applied and verified for one particular case, it can be

applied to any geometry with pylon and multistore configura-
tion. Since the analysis of the method incorporates various
theories at varlous stages of the prediction program, any
change 1n any part of the method can be easily done without
redoing the entife method. Even though the method and
computer program are developed for the wing and store inter-
ference, wing alone and store alone linear and nonlinear
solutions can be obtalned along with the interference problem.

The relevant improvements that can be incorporated
for future research work are listed below:

1. Include the viscosity model in the linear
theory [55]. Many theories and computer programs are
avallable for incorporating this in the subsonic linear theory.

2. Instead of the present formulation described
in Chapter IV, the formulation of Reference [H6] can be
modified to incorporate solution of the nonlinear governing
equation for transonic flow, with the boundary conditions,
obtained from the nonlinear flow fileld velocities (equation

4L-8) given by the method outlined in Chapter IV.
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3. Inclusion of a trajectory program by solving
the equations of motion and incorporating this in the
present developed program for a captive trajectory store
analysis.

4. The flow field velocity prediction outlined
in Chapter V has to be modified to include the shocks in the
flow field.

5. The reflection of shocks between the wing and
the store at higher transonic Mach numbers have to be account-
ed for and 1ts effect on the boundary layer existing on the
store has to be studied.

6. Another important problem is to look into the
effects of a fuselage, mounted with a pylon and multiple
store configurations. The positioning of the store on the
fuselage will have certain interference effects on the flow
distribution on the wing and on the fuselage, and study the
resulting pressure distributions. Thils could be used in
fighter-aircraft designs.

7. Various wing configurations like swept-forward,
kinked and saw-tooth planforms, should be tried by this
present method, outlined 1n Chapter III.

8. To evaluate the present technique for the
interference calculations, it needs to be checked with other
exlsting theoretical formulations for a multibody problem in

transonic flow, Reference [Uﬂ .
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APPENDIX A

NUMERICAL INTEGRATION

The advancement of the digital computer has
revolutionized the strategies of numerical integration. For
a given integrand, the effort is mostly directed towards
the achlevement of a stable solution with minimum error,
with minimum regard to the number of digits being handled.
In most cases, choice can be made for handling large num-
bers of operations with precise ordinate points and high
precision formulae at a minimal increase in computing time.
In this Appendix, choice has been made for Gauss-Legendre
quadrature, Reference [56], for evaluating the triple in-
tegral with limits ranglng from -« to +w». The advantages
are as follows:

a. PFor a digital computer, the evaluation of the
functional value can be extremely accurate for any ordinate
since the integrand is known exactly.

b. The weights of the functional values are all
positive so that the error in the result cannot exceed (but
can equal) twice the maximum of the errors in the ordinates,
Reference [Sﬂ .

¢. The orthogonal properties of the polynomials
are fully used in this quadrature to minimize the required

number of ordinates.
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The Gaussian-Legendre quadature in one dimension

can be written as

b n
f f(x)dx = I wy; fx) (A-1)
a i=1

where the ordinates Xy and weights w, are fixed values

i
depending on n. A typical list i1s shown in Table A-1.
It is noted that the finite unit (a,b) can easily be

changed to (-1, +1) with a substitution of the form

_ 2x = (atb)

b-a (A-2)

Unfortunately, the substitution breaks down for infinite
limits. (==, +w),

In the case of an integral, in the form of

j ; f(x,y,z) dxdydz

it 1s possible to evaluate this type of integral by
transforming the (-»to +=) limits by the following

substitution
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TABLE A-1l. ABSCISSAE AND WEIGHT COEFFICIENTS OF THE

GAUSSIAN QUADRATURE FORMULA

n aj - Hy n ay Hy
2 57735027 1.00000000 14 +.98628381 03511946
4 *.86113631 34785485 =.92843488 08015809
+.33998104 66214515 +.82720132 12151857
+.68729290 15720317
6 93246951 17132449 = 51524364 18553840
=.66120939 36076157 | %.31911237 20519846
*.23861919 46791393 +,10805495 21526385
8 *.96028986 - 10122854 16 +.98940093 02715246
| *79666648 . 22238103 . +.94457502 06225352
52553241 31370665 *.86563120 09515851
. +.18343464 -36268378 £.75540441 12462897
" 10 *.97390653 06667134 +.61787624 14959599
© %.86506337 14945135 . =.45801678 16915652
=.67940957 * 21908636 - +.28160355 18260342
+.43339539 26926672 - | =.09501251 18945061
*.14887434 29552422 { -
12 +.98156063 04717534
+.90411725 10693933
.76990267 16007833
58731795 20316743
+.36783150 23349254
+.12533341 24914705

n = number of Gaussilan points needed to

evaluate the integral

F(x) given function to be integrated

H. = welghting factors




182

= T

X = tan 5 tl
= iU

y = tan 5 t2 (A-3)
- ul

z = tan 5 t3

to (-1 to +1) limits.

The interesting feature of this substitution
outlined in (A-3) includes:

a. The infinite limits change to the finite
(-1 to +1) limits, for which the standard integration
formulae are available.

b. The transformed function 1s smooth over the
whole region, including the origin.

This type of analysis can be suitably applied
to either single or multiple infinite integrals. For
the evaluation of the triple integral in the finite 1imit
(-1 to +1) the product formula can be applied. With the

transformation outlined in A-3, the infinite region is

transformed into a unit cube, viz:

I

transforms to

f(x,y,z) dxdydz (A=)

A
§lm—8




it

The corresponding points (tl’ t t3) in the finite

2)
region for the x,y,z points in the infinite region,

can be located using the transformations outlined in A-3
and the integratlon can be carrled out. It might be

noted that the disadvantage of this product formula is

the rapld increase in ordinates in the multiple integral.

If four polnts are needed for the evaluation of equation
(A-1), then 64 = 43 points are needed for the evaluation
of equation (A-5). Recently, Irons (Reference 53) has
suggested a quadrature rule with 27 points which 1is

comparable with 64 points Gaussian quadrature formula.

- e |
i—l—'\—ﬁt—‘

Jl’
-1
+B6{f(-b,o,o>+f(b,o,o>+f<o,-b,0)+...6 terms}

+C8{f(-c,—c,-c)+f(c,-c,-c)+...8 terms}

+D12#(-d,-d,0)+...+f(d,0,—d)+...l2 terms}
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1 1
J' J g(tl, t2, t3) dtl dt2 dt3 (A-5)
-1 -1

f(x,y,z) dxdydz = Ay £(0,0,0) (A-6)
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where Al = 0.788073483
B6 = 0.499369002
C8 = 0.478508449
Dl2= 0.032303742

b = 0.848418011
0.652816472

(@)
n

Q.
It

1.106412899

The 64 point product formula has the form:

1 1 1
n=4 n=4 n=4
f(x,y,z) dxdydz= % z z
] k=1 j=1 1=1
wiijkf(xi, Yy Zk) (A=T)

The corresponding values of weights and ordinates
are given in Table A-1. Recall that:

It 1s noted that 1f the integrand is explicitly
defined, Gaussian-Legendre quadrature for single integrals
with M points has (2M-1) degree of exactness. For an n-
cube region, the product formula will usually contain
M points and have the corresponding degree d. Recall
that equation (A-7) has degree (or degree of exactness) d
if it 1is exact for all polynomials in x, y, 2 or degree

less than, equal to d, and there 1s at least one poly-

nomial of degree d + 1 for which it is not exact. |
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In order to compare the two formulae (A-6) and
(A=7) and finally fix a guideline to choose an integra-
tion formula for the specific integration of the fileld

integral, two examples from Reference 59 are chosen, viz:

1
i

1 11
I J Exp (Sinx Siny Sinz) dxdydz ~ 8.081734973
e T (A-8)

K —

1 11
I [ J (4 +x+7+2)7 dxdydz ~ 2.152142833 . (A-9)
-1 -1 -1 -

TABLE A-2. COMPARISON OF THE INTEGRALS OBTAINED FROM

FORMULAS A-6 and A-T.

INTEGRAL A-9 INTEGRAL A-9 SOURCE

Formula A-7 8.081738326 2.152135874 Present
with n = 4
Formula A-6 8.0965445 2.1517344 Ref. (59

In all the calculatlions, double precision 1n
IBM 360 (16 digits) is used. It 1s interesting to note
that equation (A-7) gives fairly accurate values even with
as few as 27 points compared to 64 Gaussian points. How-
ever, in this specific application, the number of evalua-

tions of the triple integral is not very large.
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Another example of the above mentioned technique,

as applied to the integral is shown below:

1 11 ] T nw
1!53_ j J' J sec? 7 81 sec? 7 2 cos 743 dt.dt.dt. = 4
] Z 372 "1 = am
A5 rtan® gt e tan® Sty 41y a3 (a-11)
so that
1 1 71 :
2 2 T
Sec ~2-t Sec" 5 t, Cos = t
]
J > L 3 dtjdtydt, = 2= 320228
-1 -1 -1 [tan 7 t-l + tan V3 tz + 1) o (a-12)

Table A-3 gives the results of equation (A-11)

using different techniques.
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TABLE A-3. COMPARISON OF THE INTEGRAL OBTAINED FROM

EQUATIONS (A-6) AND (A-T).

Technique Result
Equation (A-6) 3.44890704
Equation (A-7) 3.483001
with n = 4

Equation (A-7) 3.3600975
with n = 6

It is interesting that equation (A-6) gives a
better result this time compared to 64 Gaussian. However,
it is obviously inferior to 216 Gaussian point. As stated
earlier, the accuracy is much more important, since the
time taken in all the cases remains almost the same. Hence,
the 216 point Gaussian point integration 1s chosen for the

field integral occurring in the transonic integral equation.
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