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ABSTRACT

Some iterative methods are studied for solving a stiff system
of two ordinary differential equations with smooth and nonsmooth
initial data. Some fundamental conditions required by Sammon [6]
are verified. If the high dimensional systems are considered, two-
term or three-term conjugate gradient methods can be explored. Ac-
cording to our examples, these two methods have no significant
difference in the sense of number of iterations. Finally, the Incomplete
Cholesky conjugate gradient method is used to compare with the
classical conjugate gradient method. In all test problems ICCG was

faster than GC .
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CHAPTER 1

DISCRETE APPROXIMATION METHOD FOR PARABOLIC PROBLEM
WITH NONSMOOTH INITIAL DATA

1.1, Introduction

In this paper we consider an example which was used by Peter
Sammon [5] and is related to the numerical solution of parabolic
partial differential equations. This example is a stiff system of
two ordinary differential equations and two different starting
values are used to roughly simulate the case of smooth and non-

smooth initial data for the parabolic initial boundary value

problem.
If M>1 is given, let h°=1/M, S = R° and k= 1/(M-1).
Also, Tlet
cos(kt) sin(kt)
o, (t) = ; (1.1)

-sin(kt) cos(kt)

1 0

L, (t) = g, (-t) ( )en(t) for 0<t<l,

0 M

and let uh(t) be defined by

Fu(t) L (0 u(t) =0, u(0) =V, , (1.2)

for 0<t<l




Then it is easy to show that

u (£) = (-t) exp(= (L ¥)t)y, for 0 <t <1

is a solution of (1.2) . In fact,

1 -x 1o-k\ 1 -«
é% uh(t) = (é% eh(-t)) exn(- {k . } t}vh - 5. (-t) (k " ) exp(- (k \ \ t)vh
) ] i ’

\ l -k
s exp(- t)uh
k M

i

'
)

[ -k sin(kt) -k cos(kt) ( cos{kt) - k sin{kt) -k cos{kt) - M sin(kt)Q

sin(kt) + k cos(kt) -k sin{kt) + M cos(kt))

U\ k cos(kt) -k sin(kt)

-cos (kt) M sin(kt) 1k
- exp(- ) thvy

-sin(kt) -M cos(kt)

i\0

cos(kt) ~sin(kt)\

\ 1 0 ( 1 -k v

= - expi-~

Ho w| ™ n
sin{kt) cos{kt)/

. ! t) v, (since 8,(-t) 8 (t) = 1)




[1 o)
= -8, (-t) \0 . l 8, (t) uy(t) = -L, (t) up (t)

1 k
Hence wu, (t) =, (-t) exp(- t) v, satisfies (1.2).
h h KM h

To show the uniqueness, let f(t, uh(t)) = -Lh(t) uh(t) ;

then

[t is obvious that f is continuously differentiable. If we
can show that f satisfies the Lipschitz condition, the uniqueness
follows from the Picard Theorem. Indeed,

[£0ts up(8) = F(ts w(£))]] = [FL, (t) u (£) + L (t) w (t)]]

h

< Ly (eI, (8) = w (2]

Claim: [ (t) s selfadjoint and |[L, (t)]|=M .

Proof: Since Lh(t) is a matrix which contains only real entries,

to show the selfadjoint is equivalent to show Lh(t) = (Lh(t))T:




cos(kt) -sin(kt) 1 0 cos(kt) sin(kt)

sin(kt) cos(kt) 0 M -sin(kt) cos(kt)

Since Lh(t) is selfadjoint and finite dimension,

|1, (£)] = max|As| (1.4)
1

where A is the ith eigenvalue of Lh(t) . It is easy to find

all eigenvalues of Lh(t) .

Simplifying th(t) - \I| = 0 gives

A M- (1 +M) =0

(A -1)x-M) =0
Hence X =1 and x =M,

By assumption, M > 1 ; it follows that max[x,| =M . This
i

completes the claim. Therefore,

HE(Es u (8)) - ft, w (E)) | <Milu (t) - w (t)]]

and f satisfies the Lipschitz condition.
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It is also easily verified that {Lh(t)}05;5} satisfies the
following conditions:
Lh(t) is positive definite for 0 <t <1 and (1.6)
satisfies
. 2
(1) loll? < €L, (t)o, ) for 0#¢c R
(1) sup LhZHLh(t)¢H < CB (uniformly in h and t)
|o]l=1,4eR
L(Q)(t) = (iL)Q L,.(t) exists for 0<t< 1l and (1.7)
h dt h =
2 >0, and

]|Lé2)(t) T (s)]] <C(2) for 0<s,t<1l and g2 >0
where Th(t) = L_l(t) .

Note: These are fundamental conditions required by Sammon in [6]
of the approximate elliptic differential operators in general equa-
tions of the form (1.2). Here we verify the conditions for the

specific Lh(t) defined above.

Proof: To show that Lh(t) is positive definite, let x = (Xl’ xz)T

with [[x]| =1 . We need only to show that (L _(t)x, x) > 0 .

h
Indeed, since Lh(t) is selfadjoint, we have that

min{};} = inf (L, (t)x, x) i=1,2

i xfer
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But min{xi} =1 from the previous calculation; hence [
i

(t)

is positive definite.

To prove (1.6)(i), let us consider |jo]] =1 first. Then

and

I =1 = AT D6 6) < (e, @) (1.8)

In general, for ||| # 0 , it follows from (1.8) that

Iy (g o)

| A

lelf = eFGrem »
= (L (t)e, ¢) .

Taking C+ = 1 we obtain that

bl % < C, (L, (t)e, o) .

To shew (1.3)(i1) above, since M =‘sugﬂLh(t)uH ;
A3
sup hZHLh(t)éH = h®  sup 1L, (t)ell = heM = 1
2 2
loll=1, ¢eR l6lF1,0eR

Taking C, =1+ ¢ , where € > 0 1is independent in h and t we

obtain
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sw il (0] < g
loll-1,0e R

This completes the proof of (1.6).

To show (1.7) holds, we rewrite Lh(t) as

cosz(kt) + Msinz(kt) (1 - M)cos(kt)sin(kt)
Lh(t) =
(1 - M)cos(kt) sin(kt) sin®(kt) + M cos?(kt)
Then
Li(t) =
-2kcos (kt)sin(kt) + 2kMsin(kt)cos(kt) (1 - Mk cos(2kt) )
((1 - M)k cos(2kt) 2ksin(kt)cos(kt)-2kM(sin(kt)cos(kt)
-k sin(2kt) + kM sin(2kt) (1 - Mk cos(2kt) )
((1 - M)k cos(2kt) k sin(2kt) - k M sin(2kt)
(M - 1) k sin(2kt) (1 -M)k cos(2kt))
((l - M) k cos(2kt) (1 - M)k sin(2kt)
-sin(2kt) cos(2kt)
= k(1 - M) ( )
cos(2kt) sin(2kt)
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-cos(2kt)

-sin(2kt)

-sin(g + 2kt)

= 2631 - M) (
cos(Z + 2kt)

2

sin(2kt)

2,3

LV 2°k7(1 - M)

1]

-cos(2kt)

i

-sin(

]

2231 - m)

cos(%—-

cos(2kt)

234

sin(2kt)

sin(

HhVIE

2341 - m)

m

2

cos(

-sin{2kt)

cos(2kt)

cos(Z + 2kt)

2
sin(g-+ 2kt)
-cos(2kt)
-sin(2kt)
2 + 2kt) coscg
2 + 2kt) sin(g
sin(2kt)
-cos(2kt)
« 3 + 2kt) cos(%
- 3 + 2kt) sin(z

. 2 + 2kt)

- 2 + 2kt)

« 3 + 2kt)

. 3+ 2kt)




Continuing in this way, we obtain

Lég)(t) =201 &1 o

-sin(g(z - 1) + 2kt) cos(%(g - 1) + 2kt)
( cos(%(ﬁ - 1) + 2kt) sin(%(z - 1) + 2kt)

Hence, by induction, Léz)(t) exists for all 2 >0 and 0 <t < 1.
Let

-Sing COSq,

CO0Sq, sing

where q ='%(Q - 1) + 2kt . Then set |1Q - AT 0 and we obtain

. 2 . .
-SIn"g + X Sing - ) sing + AZ - cosza

1]
[aw]

This implies that 22 - 1=0. Hence A=zl ,and ||Q]=1.

Thus

On the other hand, the eigenvalues of T, = Lgl(t) are 1 and %

since M> 1, ]|Th(s)H =1 . Therefore
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(2) (2) = (7 2-1
1Ly () T < L™ TR () = (2k)™ 2> 0.
Taking G(2) = (2k)£'1 we obtain (1.7). This completes the proof.

In the case 2 =0 it can be shown that HLh(t) Th(s)||2 is

uniformly bounded. In fact, for ¢ =0,

1 0 cos(kt) sin(kt) cos(ks) =-sin(ks) ‘10
- syl | ( ) 1 ants)
0 M -sin(kt) cos(kt) sin(ks) cos(ks) 0 ®

L gy cos k(t-s)  sink(t-s)y ;g

= g (-t) (o " (_sm ) oo ke S)) (0 %) 8, (s)
cos k(t - s) 5 sin k(t - s)

= 8,(-t) ) 8, (s)

-M sin k(t - s) cos k(t - s)

= eh(-t) P(t - s) eh(s)

where

sin k{t - s)

=

cos k(t - s)
P(t - s) =
-M sin k(t - s) cos k(t - s)
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Hence
Ly (8) To(sNip < I8y (el IPCe = shl, ey (I, - (1.9)

In order to complete the proof, we need the following Lemma.

If A isan mxn matrix, then
. 1
(i) —=|IAl, <||A < v/m{|A
/ﬁl I < [1All 1ALl
. . 1
(i1) = [|AlL, < Al < v [[A]l
o 2 2

Since [le ||, = [/8,[l, 1t follows that

e (-t)ll, < 2y ll,< 2v2 s fle (s, < 2/2 .

Moreover,
P(t - s)[,=1IP(t - s)ll; <1+ [Msink(t-s)
.1 -5
_ . (t - s) SNy —1
1+ ’M sin Mo 1) © 1+ T
M
.t S .t -5
1 sin =7 e tes Sin y—7
- 1 t -5
M-1 M-1
<1l+2 |§J{%J§’ since 0 <t ,s<1, where B = %‘5‘% .
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But 51%—§_§ 1 for all B, so

2T M
M-1

[P(t - s)[=1IP(t - s)l)p <1+

If M>2, then [[P(t - s)[[ =lIP(t - s, <1+5b=1+4r.

Therefore, ||L, (t) Th(s)ll2 <1+ 4t .

1.2. Numerical Results by Using Obrechkoff Method

Consider the differential equation

y' = Alt)y + f(t) (1.10)

where A(t) s a 2 x 2 matrix and f(t) ¢ C'(IRZ) , then

A (t)y + A(t)y' + f

A(t)y + ACE)(A(E) + F(t)) + F'(t)
= (M) + A'())y + A(t) F(t) + £'(t)

the general Obrechkoff method is a multistep-multiderivative method

given by

.M
_ 1
JZO OL1- yi+n - 12‘ k Z BTJ .ym+n

In this example, we choose a specific one
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1 2 n -
Ypa1 ¥ 0 K¥pag * G Ky =

! ! 2 i
n TP <Y, TPy KTy (1.11)

with coefficients P> Pos 49> 9 to be specified. Now, we apply

Obrechkoff method to (1.2). Recall from the previous chapter,

8, (-t) (9 ) 8, (t)

Ly (t)

By simplifying, we obtain

1+ (M- 1) sin®(kt)
L(t) =
é sin(2kt)
(M - 1) k sin(2kt)
L (t) =

(1 - M)k cos (2kt)

for 0<t<1

; M sin(2kt) )

1+ (M- 1)cos?(kt)
(1 - M)k cos(2kt)

-(M - 1)k sin(2kt)

Set y = uh(t) and A(t) = -Lh(t) ; (1.2) becomes

y'(t) = At) y(t) (1.12)
and (2.2) becomes
[T+ Kkay Altn,g) + Koay(A%(t ) + A(t )y )] (1.13)
= {1+ kpy At,) + Ko, (A%(t ) + A'(t,))y, ]




2

5. 2
By = 1+ kg Alt) + Kopp (A%

tn) + At )) .

n

Then (2.4) becomes

Qn+1 In+el T Pnyn
-1
Yor1 = [Qe1d Py Yy (1.14)

The results of applying the Obrechkoff Method are given in
Table 1. Such calculations were done in double precisions on an
IBM 360/370 system at The University of Tennessee. Two types of
initial data were used: vél) E(?) was to corresponding to smooth
initial data and uéz) = (i) was to correspond to less well be-

haved initial data.

The rate on Table 1 was taken in the following way:

In(error using N1 stops/error using N2 stops

1n(N2/N1)

Rate =

The coefficients used in Table 1 were chosen as following: Consider

y' = Ay where A 1is a scalar, then y(t) = y(0) e




ERRORS FOR SINGLE STEP SCHEMES
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TABLE 1

M Error for VH1 = (3) Rate Error for VHZ = Rate
V=1 5 0.3945 D-1 0.7237 D-1
0.88 1.32
10 0.1929 D-1 0.2479 D-1
0.96 1.14
p. 1 20 0.9446 D-2 0.1057 D-1
g 1+ 0.98 1.07
30 0.6245 D-2 0.6713 D-2
0.99 1.05
40 0.4663 D-2 0.4918 D-2
0.99 1.04
50 0.3721 D-2 0.3880 D-2
V=2: 5 0.3144 D-2 0.1363 D-1

2.12




yr(t) =y = kzy

Substituting vy, y' and y" to (2.2) to obtain

2,2

2,2 -
( Wpep = (1% pikh + pokoA

1+ qlkA + q2k A )yn

y = Y. s
n+l 1+ qlk + q2k2>\2 n
hence
l+px+0p x2
PR 1 2" _ p{x)
v q(x)

1+ gy x + q2x2

where p's and q's are chosen from the Pade Table except for
v =3 . In that case, we use a specific approximation to %%%% R
where the quadratic denominator is the square of a linear factor.

From Table 1 we can see that the convergent rate for smooth
initial data is optimal in the sense that it is best possible given
the degree of approximation of g%%% to e ; while for nonsmooth
initial data, it can not be improved under the conditions Tisted in
(1.6) and (1.7).

Finally, in this chapter, we will point out a computational method
of applying Obrechkoff method to compare with the true solution. By a
previous claim, we know that

y(t) = 2 (-t) exp(-(; Kt for 0<t<1 (1.15)
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js the solution of (1.12). In the following, a particular technique
is employed to satisfy the computation and also to explain the smooth-
ness of the initial data used in the example.

Let

then the 2igenvalues of 3 are given by

(1+ M) +,/(1 - M) - 4k° ‘

2

- 4k

A= —

It is obvious that xl # AZ .

Let u=( ) be an eigenvector corresponding to A3 then
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Similarly, let v = ( ) be an eigenvector corresponding to o s

We have

since M a toos U ayd v are linearly independent. So Uh can

be represented as the Tinear combination of u and v , i.e.

Up = aqU + oo,V (1.16)
Hence
At Ast
eBt Uh = Bt(alu + QZV) = ule 1 u + qze 2 v
Alt Azt
=e (alu) +e (azv) (1.17)

Now the problem reduces to how to choose oy and Q- Since

(B - Rll)u =0 , we have

-(1 + ,\1)u1 + k Uy = 0
(1.18)

-ku, - (M + Kl)u =0

1

The equations (1.18) are linearly dependent. We can choose Uy = Bl

where Bl is arbitrary; thus

L = '(M + ;\1)81
1 k
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Hence

k
u =By ( (1.19)

Similarly, we can choose Uy = 62 and obtain

'(M + >\2)
V=5 ( k (1.20)

Substitute (1.19) and (1.20) to (1.16) and choose By = B, = 1, and

we have
-(M + Al) -(M+ %)
K K
vy = By * o, (1.21)
1 1
If
—
N ) a4 VU S .
1 2 &
|
\
} R A I
A, = M
| 2 2
| then
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and

—5 -k
k2
Vi & 0 . + Qo . (1.22)

-
1 2 1
2% k™= vy
(1.23)
Y
ag t oy =V

We obtain oy and oy approximately. In particular, for

-2k
|

1
so substituting those to (1.17) we can see that for u, = ( )

"ji Sl -1
Bt |, o k2 5t ( k ) 12 K (

N
\Y = s
h 1 %

0




1
et ( (as k - 0)

which involves only the slowly varying components, and hence simu-
lates a smooth problem.

1
On the other hand, when vh = ( )

21
k

which involves substantially the rapidly varying component e

and hence simulates a rough problem.

In this chapter the example used is a 2 x 2 system; high dimen-

In this case, we solve n xn

sional systems can also be investigated.

linear systems and for this, one may use the conjugate gradient method

or incomplete Choleski conjugate gradient method that will be discused

in the Tatter chapters.
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CHAPTER 2

TWO-TERM AND THREE-TERM CONJUGATE GRADIENT METHODS

In this chapter, we compare the computational results of the
classical two-term conjugate gradient method with the three-term con-
jugate gradient method. We are interested in investigating the
number of iterations of both methods. From the following
examples, we did not find any difference of the number of the
iteration between the two-term and three-term conjugate gradient
methods.

We start the discussion by briefly reviewing the classical

conjugate gradient method. Consider the linear equation

Au

1]
o

(2.1)
where A ¢ RN X RN and A is symmetric positive definite. If
7=ATb is the solution of (3.1), the idea to find u would be
avoid competing A_] and develop an iteration method which will
converge in a finite number of iterations.

Define

F(u) = ul Au - by (2.2)

1
2




F(u) - F(u) = 1 WAU - bTu - L T Au + by
2 2
= %—uTAu - (Au)Tu - %—U'TA_'+ (AU)TU ,

because Au = b implies that (Au)Tu =b'u .

Hence

F(u) = F(@) = g uhu - o(AD)" - 1 @TAu + JaTA
= 2u - 0)TAu - T T - W)
= 3l - WA - ]
F(u) = F(3) + o(u - 0)TA(u - 0) (2.3)

Therefore, to find the solution u is equivalent to minimize F(u) .
Since A is positive definite, it is obvious that F(u) attends
minimum where u = u

The first such iteration method is called Steepest Descent.

Since
Flu) =+ 3 )
u) = = a..u.u. + b.u
2 iv3=1 13717 4z 1
3F (u) ’Z‘
= a..u, - b
aui J=] 133 1
Thus
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grad F(u) = Au - b

Let

r=>b-Au

Steepest descent suggests that iterations move in the direction of

r = grad F(u)
Set
un+1 N un * An rn
We choose An to minimize F(Un+1) . We know from calculus that

F(u_,,) can be minimized by setting QEJ =0 , hence it is
n+l A ()\=)\
n

easy to show that

(Vs V)

>\n = W) . (2~4)

The classical conjugate gradient method comes from the modifi-
cation of Steepest Descent by modifying the choice of directions.

The Algorithm is Tisted in the following.
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Two-Term Conjugate Gradient Algorithm

Ug is arbitrary

b - Au

| o 0
\
| -
‘ Po= "o
§ = (ro, ro)
for n>20
oQn
>\ =
n
(AP, P,)
Unel = Uy * >‘npn
rn+] =r. - AnAPn
Spa1 = (1 et
g = Sn+1
n 6n
Pn+'l - rn+1 * BnPn

It can be shown that ro, r], ... and the direction vectors

10 - satisfy the relations
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(r., r:) =0 for i #j
(P., APj) =0 for 1 #73] (2.5)
(r., AP.) =0 for i #3j and i #J +1

Thus the residual vectors rg> Ty --- are mutually orthogonal and the
direction vectors PO’ P], ... are mutually A-conjugate. From the
first relation in (3.5), it follows that ro =0 for some s <N .
Thus the two-term conjugate gradient method converges, in the absence
of rounding errors, in at most N iterations. It_a]so can be shown
that the error vector €, = U, - u associated with the conjugate
gradient method satisfies

[epeqllo < lle,ll, whenever e £0 . (2.6)
Three-Term Conjugate Gradient Algorithm
Uy is arbitrary

r =b - Au

_ (Y‘O’ Y‘O)
Y1 © iro, Aro)

Up = U * 717
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ry =T - YA

p]—l
For n z_]
. i L
n+1
(rps Arp)
ooy = (1 - " n 1]
n+l Yn (rn-1’ rn-l) Pn

Untl = pn+1{Yn+1rn * un} + (- pn+1>un-1

S pn+1{'Yn+1Arn * rn} +(1- pn+1)rn—1

This algorithm may be regarded as a polynomial acceleration pro-
duce based on the RF method. The details can be found in Hageman and
Young [6].

The examples we used to test these two algorithm are the il1-

conditional tridiagonal matrix
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i 0 -1 2 N | NN
A= AN | where A e R'xR

The eigenvalues of A are given by

Kt )]

o2 1k )
Ak = 4 sin ['é (N+1 , k=1,2, ..., N (2.7)

The condition number K(A) 1is approximately evaluated as

1
K(A) o —— & ——— =
maki 4G mr)
16(01)% | a(ne1)?
4(ﬂ)2 e

If N =100, K(A)~ 4134 .

The computational results are shown in Tables 2-3 . The
true solutions of Ax = b for different b are chosen as (1, 1,
7 and (1, -1,
1, -1, ...)T respectively. Also, those solutions are set in odd and

even order. From those tables we find that the number of iterations
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TABLE 2
1
1
TRUE SOLUTION z = | .
1

Two-Term
Conjugate Gradient
Method

Three-Term
Conjugate Gradient
Method

Number of Number of .
Unknowns Iterations CPU Time  Tolerance
100 50 0.82
200 100 3.15
500 250 19.37 5
1000 500 77.36 10
2000 1000 308.79
5000 2500 1939.53
100 50 1.08
200 100 4.13 5
500 250 25.48 10
1000 500 101.28
2000 1000 403.66
5000
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TABLE 3
1
-1
TRUE SOLUTION z = ( .
1
-1
Number of Number of CPU Time Tolerance
Unknowns Iterations
Two-Term 100 50 0.81
. . 200 100 3.14
Conjugate Gradient 500 250 19.38 10-9
Method 1000 500 77 .40
2000 1000 310.63
5000 2500 1948.45
Three-Term 100 50 1.08
) . 200 100 4.13
Conjugate Gradient 500 250 25 48 10-9
Method 1000 500 101.36
2000 1000 405.65
5000 2500 2547.79
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of those two methods is the same and they all take exactly N/2 steps
to converge.

We know that the conjugate gradient method works best when the
condition number of A is not two large. This has led to many effects
aimed at preconditioning A 1in order to reduce its condition number
before the conjugate gradient method is applied. We will discuss such

a method in the next chapter.
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CHAPTER 3

PRECONDITIONED CONJUGATE GRADIENT ALGORITHM

3.1. Introduction

A preconditioned conjugate gradient algorithm described here was
given by Meijerink and Van der Vorst [4]. Let A be a self-adjoint
positive definite matrix, and AO be a self-adjoint positive defnite

preconditioning matrix of A , i.e., AO satisfies the estimate
RN
AolAges ¢) < (Ags ¢) < A (Ayp, ¢) for all ¢e K. (3.1)
Consider the equation
. ) N
Ax =b where A isan N x N matrix and x, be R (3.2)

The algorithm is derived from the classical conjugate gradient

-1 - . .
algorithm applied to approximately solve AO Ax = AO]b in the inner

product (A It is easy to see that the preconditioned con-

O.’ .) .
jugate gradient algorithm will converge faster.

Let €, and Eh be the errors of CG and Chebyshev acceleration

methods respectively, for solving (4.2), where r = (M(A) - M(A))/
(M(A) + M(A)) with M(A) and M(A) the extreme eigenvalues of A .

Clearly, the convergent rate improves as M(A)/M(A) -1 . Since we

intend to apply CG to the system Aale = A61b , the convergence

will be enhanced by selecting A0 in such a way that M(AalA)/
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1

M(A5"A) is as close to unity as possible. This is equivalent to say-

0
ing xl/ko in (4.1) should be as close to unit as possible. For ex-

ample, if we could select Aal - a1 , then xl/ko =1, and we would

obtain convergence in one jteration. However, this is not practical.
On the other hand, if A61 = 1 , the algorithm is exactly the same as
the ordinary conjugate gradient method applied to (4.2). A precon-

ditioned conjugate gradient algorthm is given in the following:

Preconditioned Conjugate Gradient Algorithm

x0 is arbitrary

so =b - AxO

@ = ato - w0

8y = (Aé]so, so)
for n>0

<
n
X
>
—+
Q
o
>

sn+] sn - Adn
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_ /a-1on+l  n+l

n+l - CSn+1/6n

dM*1 o pz1gn+l

n
0 * Bn+1d

The iterations stop when 6n < Ydo , where vy is a given

W
3
oY)
—
—

! number.

From this algorithm we cansee that the crucial problem is how
to choose AO as the preconditioning matrix of A . The rest of
this chapter will describe a method of choosing AO'

The method we will describe is called the Incomplete Choleski Con-
Jugate Gradient Method, which was developed by J.A. Meijerink and

H.A. Van der Bost in 1976.

3.2 Incompletely Choleski Conjugate Gradient Algorithm

The Imcompletely Choleski Conjugate Gradient Method is based on
the following idea: If K is an arbitrary nonsingular matrix, then
A = K- R represents splitting of the matrix A and an iterated

method for Ax = b is given by

or X
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The more K resembles A , the faster the method will converge.
The algorithm will be constructed in the following way:

let L = (Qij) be a Tower triangular matrix, so

Qij =0 if i<j.

Let = P = {(i, 34 =3 ,1<i

I A
| A

n,1<j<n}
be a set of places (i, j) where the zero
of L will occur.
Note that Pn contains all pairs of indices of off-diagonal matrix

entries.

Theorem 3.1. If A dis a symm2tric M-matrix, thera exists

for each P < Pq naving the proper:’ that (i, j) °= P implies

i

(3, i) € P, a uniquely defined lower triangular matrix L and a

symmetric nonnegative matrix R , with L ;7 0 if (i, j)e P

]

and rij

is a regular splitting.

. .. . T
=0 if (i, j)# P, such that the splitting A = LL- - R
The proof of this theorem can be found in [4] and the algorithm
based on this theorem is given in the following:
Incomplete Choleski Conjugate Gradient Algorithm

Xg is arbitrary
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Py = (LLN) Try

5 = (rgs (L)1)
for n>0

a = én/Pn, AP )

Xpt1 = Xq ¥ 2yPp

"ne1 T o T APy

_ -1
Spe1 = (rn+1’ (LL7) r‘n+1)

B =36

n+1




37

3.3. £n Application of Incomplete unoleski Decomposition

Consider the n2 X n2 matrix

e et e —
|
|
|
|
e st

‘-»-_\

vhers each submatrix is n xn .
It is obvious that A 1is : mmetric and positive definite.

Places of zero of entries are given by

*

P = {(i, §)| i3] # 0, 1, n} (3.6)

where n is the half bandwidth of the matrix.

The elements of the diagonal of A are denoted by a; . The
upper-diagonal elements are denoted by bi and the elements of the
mth upper-diagonal are denoted by Ci s where i is the index of
the row of A in which the respective elements occur. Theorem 3.1

guarantees the existence of incomplete Choleski decompositions for A .
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In the following computation, it is convenient to write the
LLT decomposition in the form: LDLT , where D 1is a diagonal
matrix. If the elements of D are denoted by di and the elements
of L are denoted analogous to A by a5, bi and Ci s then it is

easy to verify that the following recurrence relations hold for these

elements:

bi = bi s
¢, = ¢
2
~_l—_ _~ e _"2 <>
a; = di =9y bi-] d1-1 i-m d1-m (3.7)
|
i=1, 2, R n2

where the elements that are not {efined should be replaced by zero.

In our example, a, = 4 , bi = bi = -1 if 1 # kn for k =

1, 2, ... n-1 and bi = bi =0 if 1 =kn , and c; = c; = -1

for i=1,2, ... n. Hence (4.7) reduces to

if i #kn

for k ..n-1 and

1}
—
-
[
-

N
1]
]
d



/4 - di-l - 4 it 1 -14#kn for
k=1,2, ..., n-1
~1J
A. = ™~
j di
k 4 - iom if i - 1# kn and

The results are shown in Table 1 (page 15), and Tables 2-5 b27ow.
We compare the Incomplete Choleski Conjugate Gradient method with the
Classical Conjugate Gradient method. In the following discussion, we
denote Incomplete Choleski Conjugate Gradient Method as ICCG and
Conjugate Gradient Method as (G . The true solution of Ax =b
is x=1(1, 1,..., 1)T . From Table 4, Table 5, and Figure 1-4, we
can see that the number of iterations i.e., increasing almost linearly
when the size of the m.trix increases, but ICCG used approximately
only half the iterations that CG used. The results of CPU time of

comparing both ICCG and CG are also shown on Tables 4-5 .
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TABLE 4

INCOMPLETE CONJUGATE GRADIENT METHOD

Number of Unknowns Number of Iterations CPU Time Tolerance

102 10 0.31

222 18 2.22

322 26 6.48

442 34 15.68 107

2

71 52 61.26

100° 72 167.17

1412 100 458.10
1712 120 804.79

102 12 0.36

22° 22 2.65

322 3 7.68 109
a4 42 19.22

712 65 76.35

100 89 205.92

1412 122 558.15
171° 147 938.79

10° 14 0.40

222 26 3.08

328 35 8.57

44 47 21.42 107!
712 73 85.33

1002 101 232.78

1412 140 640.21

1712 168 1122.64

102 16 0.44

222 28 3.30

322 39 9.47

442 52 23.55 10713
712 83 96.86

100° 114 261.98

1412 172 780.17

1712 208 1388.66
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TABLE 5

CONJUGATE GRADIENT METHOD

Number of Unknowns Number of Iterations CPU Time Tolerance

102 14 0.28

222 37 2.96

322 55 9.18

442 75 23.45 1077
712 120 97.10

1002 168 264.39

1412 237 751.68
1712 287 1343.68

10° 14 0.28

222 41 3.27

322 61 10.16

442 85 26.54 108
712 140 113.11

1002 197 315.05

1412 278 881.79

1712 337 1577.27

10° 14 0.28

22° 45 3.59

322 67 11.17

44? 93 29.04

712 152 122.98 1071
1002 215 343.76

1412 303 963.63

1712 368 1720.23

102 14 0.28

222 a8 3.84

322 72 12.05

44° 101 31.60 10713
712 165 133.71

100° 231 369.24

1412 327 1038.34

398 1860.36
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Figure 4. CG and ICCG with tolerance 10
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