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ABSTRACT

Some iterative methods are studied for solving a stiff system

of two ordinary differential equations with smooth and nonsmooth

initial data. Some fundamental conditions required by Sammon [5]

are verified. If the high dimensional systems are considered, two-

term or three-term conjugate gradient methods can be explored. Ac

cording to our examples, these two methods have no significant

difference in the sense of number of iterations. Finally, the Incomplete

Cholesky conjugate gradient method is used to compare with the

classical conjugate gradient method. In all test problems ICCG was

faster than GC .
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CHAPTER 1

DISCRETE APPROXIMATION METHOD FOR PARABOLIC PROBLEM

WITH NONSMOOTH INITIAL DATA

1.1. Introduction

In this paper we consider an example which was used by Peter

Sammon [5] and is related to the numerical solution of parabolic

partial differential equations. This example is a stiff system of

two ordinary differential equations and two different starting

values are used to roughly simulate the case of smooth and non-

smooth initial data for the parabolic initial boundary value

problem.

If M ̂  1 is given, let h" = 1/M , = IR^ and k = 1/(M-1)

Also, let

, cos(kt)

,(t) =

sin(kt)

■sin(kt) cos(kt)

(1.1)

L^(t) = e^(-t)
1  0

0  M
(t) for 0 < t < 1 ,

and let u, (t) be defined by

^ U^(t) + u^(t) = 0 , u^(0) • , (1.2)

for 0 < t < 1



Then it is easy to show that

Uh(t) = ^(-t) exp(- (J for 0 < t < 1
k fr'-^'h

is a solution of (1.2) . In fact.

^ U^(t) = {^ 8^^(-t)) exD(-( 'i t)v, -
1  -k\

k  M I
1  -k|

Mk  Mj

■'I -k sin(:;t) -k cos(kt) \

\ k cos(kt) -k sin(kt)

cos{kt) - k sin{kt) -k cos(kt) - M sin(kt)\^
I ;exp(-

\ sin(kt) + k cos(kt) -k sin(kt) + M cos(kt)

1  -k

k  M
t)u.

-cos(kt) M sin(kt)\

\ -sin{kt) -M cos(kt)
exp(-

1  k\

k  M

t)v.

cos(kt) -sin(kt)\

sin(kt) cos{kt)/

1  00

1 0 M

1  -k'
exp(-

M ,k M
t)v.

= -8u(-t)
1  0

0  M
exp(- I t)v

\k M h

,(-t)
1  0 '

1  8h(t) 8. (-t) exp(-
0  M "

' 1 k\
t) (since 9^(t) = I)
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Hence u^(t) = L^(-t) exp(- |1  k

k  M

t) V. satisfies (1.2).

To show the uniqueness, let f(t, u^(t)) = -i-^(t) u^(t)

then

dt "h''' °

It is obvious that f is continuously differentiable. If we

can show that f satisfies the Lipschitz condition, the uniqueness

follows from the Picard Theorem. Indeed,

||f(t, u^(t)) - f(t, w^(t))l| = ||-L^(t) u^(t) + L (t) w^(t)||

IKh(t)|l |lUj^(t) - w^(t)|l

Claim: is selfadjoint and j|L^(t)]l = M .

Proof: Since is a matrix which contains only real entries,

to show the selfadjoint is equivalent to show I-^(T) = (L^(t))^:

1  0\

0  M

1  0

0  M
[0h(-t)]



cos(l<t) -sin(kt) 1 0 cos(kt) sin(kt)

sin(kt) cos(kt) 0 M -sin(kt) cos(kt)

1  0'

0  M'
'h(t) = ̂ (t)

Since 1-L,(t) is selfadjoint and finite dimension.

|L^(t)l = maxlX.

• th

(1.4)

where is the i eigenvalue of • It is easy to find

all eigenvalues of L^(t) •

Simplifying |t^^(t) - Al| =0 gives

+ M - X(1 + M) = 0

(X - 1)(X - M) = 0

Hence X = 1 and X = M .

By assumption, M ̂  1 ; it follows that maxlx^.| = M . This
i

completes the claim. Therefore,

|lf(t, Uj^(t)) - f(t, w^(t)) I I < M||u^(t) - w^(t)|l

and f satisfies the Lipschitz condition.



It is also easily verified that the

following conditions:

L^(t) is positive definite for 0 £ t £ 1 and (1.6)

satisfies

(i) ||4) 1|^ £ C+(L^(t)(f), (})) for 0 ̂  4) £
2

(ii) sup ^h ||L^(t)(j)|l < Cg (uniformly in h and t)
=l,4£lR^

L|^^^(t) E (^)^ exists for 0 £ t £ 1 and (1.7)
£ > 0 , and

||L|^^^(t) T^(s)|| £ Cj(il) for 0 £ s , t £ 1 and ii > 0

where T^(t) = Lj^^(t) .

Mote: These are fundamental conditions required by Sammon in [6]

of the approximate elliptic differential operators in general equa

tions of the form (1.2). Here we verify the conditions for the

specific l^(t) defined above.

Proof: To show that l^(t) is positive definite, let x = (x^, x^)^
with ||x|| = 1 . We need only to show that (Lj^(t)x, x) > 0 .

Indeed, since l^(t) is selfadjoint, we have that

min{X.} = inf (L, (t)x, x) i = 1, 2
i  ' llxihl ^
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But min{X^} = 1 from the previous calculation; hence

is positive definite.

To prove (1.6)(i), let us consider ||c})|| = 1 first. Then

1 = inf (L^(t)(j), (}))
I I ® I I =1

and

||(i)|| = 1 = inf (L. (t)4), <p) < (L(t)<p, (p) .
IklK

In general, for |I(i)|| / 0 , 1t follows from (1.8) that

IH'IF = IMF(n4n > rrln) 1 l l4> ll(Lf^(t)^, rln)

= ('-^(t)(|>, (j)}

Taking C = 1 we obtain that

^ 1 C^(b^(t)(l), (J)} .

lo shew (I.3)(ii) above, since M = sup (t)o!| ;

(1.8)

sup h^||L^(t)i)|l = sup ||Lj^(t)pjl - h^M = 1
=1, (i)£]R^ I I (j) 1 1=1 ,(j)e]R'"

Taking = 1 + c , where e > 0 is independent in h and t we
D

obtai n



sup h ||L^(t)ll < Cg
lkll=l,4)£lR'

This completes the proof of (1.6).

To show (1.7) holds, we rewrite t^(t) as

Ljt) =

cos^(kt) + Msin^(l<t) (1 - M)cos(kt)sin(kt)

(1 - M)cos(kt) sin(kt) sin^(kt) + M cos^(kt)

Then

Lj;(t) =

-2kcos(kt)sin(kt) + 2kMsin(kt)cos(kt) (1 - M)k cos(2kt)

1 (1 - M)k cos(2kt) 2ksin(kt)cos(kt)-2kM(sin(kt)cos(kt)/

-k sin(2kt) + kM sin(2kt)

(1 - M)k cos(2kt)

(1 - M k cos(2kt) \

k sin(2kt) - k M sin(2kt)

(M - 1) k sin(2kt)

(1 - M) k cos(2kt)

(1 - M) k cos(2kt)

(1 - M) k sin(2kt)

= k(l - M)

-sin(2kt)

cos(2kt)

cos(2kt)'

sin(2kt)'



L(;(t) = 2k'^{l - M)
-cos(2kt) -sin(2kt)

■sin(2kt) cos(2kt)

2k^(l - M)

-sin(|^ + 2kt)

*  cos(-2 + 2kt)

cos(^ + 2kt)

sin(|- + 2kt)

L'''(t) = 2^k^(l - M)
sin(2kt) -cos(2kt)

-cos(2kt) -sin(2kt)

2^k^(l M)

-sin(|^ • 2 + 2kt) cos(^ • 2 + 2kt)

cos(|- • 2 + 2kt) sin(-| • 2 + 2kt)

cos(2kt) sin(2kt)

sin(2kt) -cos(2kt)

2^k^(l - M)

sin(|-

/TTcos(^

3 + 2kt) cos(|- • 3 + 2kt)

3 + 2kt) sin(^ • 3 + 2kt)



Continuing in this way, we obtain

j£)(t) = 2^"^ I<^(1 - M)

-sin(|^(ji - 1) + 2kt) cos(-^(£ - 1) + Zkt)

cos(|-(£ - 1) + 2kt) sin(|-(£ - 1) + 2kt)

Hence, by induction, L|J^^(t) exists for all £ > 0 and 0 < t £ 1
Let

Q =

-sma cosa

cosa sina

where a = ■^(£ - 1) + 2kt . Then set |Q - aI | =0 and we obtain

. 2 . . 2 2
-Sin a + X sma - X sma + X - cos a = 0 .

This implies that x - 1 = 0 . Hence x = ±1 , and | |Q| | = 1

Thus

J^^(t) l | = 2^"^ k^|l - = 2^'^ k^"^ = (2k)^'^

On the other hand, the eigenvalues of T^ = L|^^(t) are 1 and ^
since M £ 1 , | |T^(s) | | = 1 . Therefore
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T,(s)|t < ||l.(^'(t)I| i|Tji =  (2!<)^"^ , £ > 0

Taking G(£) = (2k)^"^ we obtain (1.7). This completes the proof.

In the case £ = 0 it can be shown that ||L|^(t) Tp^(s)||2 is

uniformly bounded. In fact, for £ = 0 ,

Ljt) Tjs) = 0^(-t) (i °) 0jt) 0,(-s)
1  0

'0 M
6h(s)

,(-t)
1  0

0  M

cos(kt) sin(kt) cos(ks) -sin(ks)\ ^

,0 i)-sin(kt) cos(kt) sin(ks) cos(ks)'' M

0|

,(-t)
1  0\

0  M

cos k(t-s) sink(t-s)

\ -sin k(t - s) cos k(t - s)

1  0

0
1
M

1

,(-t)

cos k(t - s) sin k(t - s)

-M sin k(t - s) cos k(t - s)

e^(s)

}^(-t) P(t - s) 0^(s)

where

cos k(t - s)

P(t - s) =

^ sin k(t - s)^

-M sin k(t - s) cos k(t - s)
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Hence

llthC) Th(s)|l2ll|9h(-t>ll2 l t''(t - s)i|2 ||0^(s)l[2 . (1.9)

In order to complete the proof, we need the following Lemma.

If A is an m x n matrix, then

1
(i)

/if

(ii) —

1 < ̂  IIAII2

l/^l|A|l2

Since ||0^I1^= it follows that

||e|,(-t)!|2 < /?|l6|,|i„< 2/7 , |[0^(s)ll2 < 2/7.

Moreover,

l lP(t - s)||^= llP(t - s)|l^ < 1 + |M sin k(t - s)|

= 1 + M sin
(t - s)
(M - 1)

1 +

sin
1 - s

M - 1

1

M

< 1 +

sin ^
M - 1 =  1 + 11 - s 1

si n
t

M

s

1

1 t - s

M - 1 M - 1

<1 + 2
sin B

since 0 < t , s < 1 , where
t - s

M - 1
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But 1 for an B , so

l|P(t - s)||^= ||P(t - s)!|^ < 1 + .

If M>2. then || P(t - s) ||^ = || P(t - s) 1|^ < 1 + |-^ = 1 + 4t .
Therefore, ||l.^(t) Tj^(s)|l2 1 ̂ .

1.2. Numerical Results by Using Obrechkoff Method

Consider the differential equation

y' = A(t)y + f(t) (1.10)

where A(t) is a 2x2 matrix and f(t) e C'(IR^) , then

y" = A'(t)y + A(t)y' + f

= A'(t)y + A(t)(A(t) + f(t)) + f'(t)

((A(t))^ + A'(t))y + A(t) f(t) + f'(t)

the general Obrechkoff method is a multistep-multiderivative method

given by

V  _ V i i V (i)
To "i - Tj .Ig 6lo Vn '

In this example, we choose a specific one
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^n+i ̂  K y,;+i ^ "2
2

Pi •' ^n "■ Pz ^ ^n

with coefficients p^, p^, q2 to be specified. Now, we apply
Obrechkoff method to (1.2). Recall from the previous chapter,

th(t) - 9h(-t) (§ e^Ct) for 0 < t < 1

By simplifying, we obtain

th(t) =
1 + (M - 1) sin^(kt)

^ 2 ^ sin(2kt)

^ 2 ^ sin(2kt)

1 + (M - l)cos (kt)

tyt) =
(M - 1) k sin(2kt) (1 - M)k cos(2kt)

(1 - M)k cos (2kt) -(M - l)k sin(2kt)

Set y = u^(t) and A(t) = -L^(t) ; (1.2) becomes

y' (t) = A(t) y(t) (1.12)

and (2.2) becomes

[1 + kqj A(t„^j) + + A' ))y„^j] (1.13)

= [I + kpj A(t^) + k^PjlA^Ct^) t A'(tj^))yj,]



u

Let

Vl = 1 + MVi) + k\(A2{t„^i) t A'(t„^i))

and

= I + kp^ A(t^) + k^P2(A^(t^) + A'(t^))

Then (2.4) becomes

^n+l ■= f'ni'n

^n+1 ° '^''n+l^ ''n (1-lA)

The results of applying the Obrechkoff Method are given in

Table 1. Such calculations were done in double precisions on an

IBM 360/370 system at The University of Tennessee. Two types of

initial data were used: V|^^^ = (J) was to corresponding to smooth
f ? 1 1initial data and U|)| e (^) was to correspond to less well be

haved initial data.

The rate on Table 1 was taken in the following way:

ln(error using N. stops/error using stops
Rate =

ln(N2/N^)

The coefficients used in Table 1 were chosen as following: Consider

y' = Xy where X is a scalar, then y(t) = y(0) e^^:



15

TABLE 1

ERRORS FOR SINGLE STEP SCHEMES

M Error for VHl = (J) Rate Error for VH2 = (|) Rate

V=l: 5 0.3945 0-1 0.7237 D-1
1.320.88

10 0.1929 D-1 0.2479 D-1
1.140.95

£ = J_
q  1+x

20 0.9445 D-2 0.1057 D-1
1.070.98

30 0.5245 D-2 0.5713 D-2
1.050.99

40 0.4553 D-2 0.4918 D-2
1.040.99

50 0.3721 D-2 0.3880 D-2

V=2: 5 0.3144 D-2 0.1353 D-1
2.121.85

10 0.5911 D-3 0.2440 D-2
2.05

P - 1
1.93

20 0.1529 D-3 0.5271 D-3

q  , x^ 1.97 2.03
1+x-t-^

30 0.7097 D-4 0.2235 D-3
2.021.98

40 0.3952 0-4 0.1229 D-3
2.021.98

50 0.2514 D-4 0.7752 D-4

P2= ^-2 +1 50 0.2944 D-6 0.4951 D-4

V=3: 5 0.8958 D-3 0.1153 D-1
3.37 2.30

p  1+Bx+Bx^ 10 0.5843 D-4 0.1770 D-2
2" 3.18 2.16

(1+ x) 20 0.5438 D-5 0.3525 D-3
1, 1 , 3.10 2.09

30 0.1457 D-5 0. 1457 D-3
3.07 2.05

Pl = 2 -1 40 0.5910 D-5 0.7904 D-4
3.05 2.05

V=4: 5 0.2509 D-4 0.4181 D-3
4.47 2.54

,  , ,10 0.5554 D-5 0.4915 D-4
i.ix+J-x^ 4.24 2.31

£ = —2 1^ .20 0.2799 D-7 0.8755 D-5
q  l+iv+J_x2 4.14 2.17

2 -12 30 0.4863 D-3 0.3494 D-5
4.10 2.12

40 0.1444 D-8 0.1854 D-5
4.08 2.09

50 0.5700 D-9 0.1155 D-5
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y"(t) = Ay' = A^y

Substituting y, y' and y" to (2.2) to obtain

hence

(1 + q^kA + q2'<^^^)yn+i = + P2^^^^^^n

1 + p^k + p^k^A^
■^n+1 ~ T~7 ^r\ '1 + q^k + q^k'^A

" Pi" ^ Pg"' . j2M
1 + qjX + ^

where p's and q's are chosen from the Pade Table except for

V = 3 . In that case, we use a specific approximation to ,

where the quadratic denominator is the square of a linear factor.

From Table 1 we can see that the convergent rate for smooth

initial data is optimal in the sense that it is best possible given

the degree of approximation of to e^ ; while for nonsmooth
initial data, it can not be improved under the conditions listed in

(1.6) and (1.7).

Finally, in this chapter, we will point out a computational method

of applying Obrechkoff method to compare with the true solution. By a

previous claim, we know that

y(t) = exp(-(J 0 1 P 1 1 (1.15)
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is the solution of (1.12). In the following, a particular technique

is employed to satisfy the computation and also to explain the smooth

ness of the initial data used in the example.

Let

B =

•1 k

-k -M
' ̂h =

.1

'h
2

then the eigenvalues of 3 are given by

,  _ "(1 + M) ±/\l - M)^ - 4k^A - 2

It is obvious that A^ / A2

Let u = ( ) be an eigenvector corresponding to A^; then

Bu = A^u

2 2
B t^ B"t"

pBt = (I + Bt + ... + + ... )u

u + But -I- + ..

nn ,n

+ ̂  +
•  n! • • •

A, Ut

U  -I- Aj^ut -I- —2I -t- .

,2 , n
A-, ut

.. + — -t-
n!

2  2
A  t

(1 + A^t -t- — -I-
A? t"

+  j— + ... )u
n! '

A,t

- e u
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^1
Similarly, let v = ( ) be an eigenvector corresponding to A,

"2
We have

Bt ^2^
e  V = e V

since A^ f A2 » u aid v are linearly independent. So can

be represented as the linear combination of u and v , i.e.

Uh = a^u + (1.15)

Hence

Bt , _ Bt, ^ V ^l''^ ^2^e  ~ ® ^*^1^ ^2^ ~ '^1® ^ *^2^

Aj^t A2t
-e (a^^u) +e [0.2^) (1.17)

Now the problem reduces to how to choose and • Since

(B - A^I)u = 0 , we have

•(1 + A^)u^ + k U2 = 0

(1.18)

■ku^ - (M + A^)u = 0

The equations (1.18) are linearly dependent. We can choose u^ = 8^
where 3^ is arbitrary; thus

-(M + A^)3i
'1 k
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Hence

u = 6i

-  (M + xp
k

(1.19)

Similarly, we can choose \x^ = obtain

V = 3,

■(M + X2)
k

1

(1.20)

Substitute (1.19) and (1.20) to (1.16) and choose 3]_ = 62 = 1 > and
we have

"(M + A^)

"h' 61

-(H + Xj)

+ ar (1.21)

If

X  - t(1 + M) +v^(l - M)^ - 4k^" ^ ,A, p ^

^2 "= -(1 + M) -Vil - M)^ - 4k^\^

then

A2 - A ^ = -/(I - M)^ - 4k''^ -(M - 1)



and

20

M + M - 1 = ̂

,  . _ M - 1 - /(I - M)^ - 4k^+ Aj 2 ism- = k

"h ^ "1

k2 >
+

-k'

1

(1.22)

Therefore, by solving the system of equations:

-a

1  |2 _ 12  - a2 k -

(1.23)

ai + a2 = v^-

We obtain and 02 approximately. In particular, for

^h =
rM

f-2k^ ̂
»

'  *^2 • 1  ,

so substituting those to (1.17) we can see that for u
h

V, ̂  -k2
.it '-1

.k^ e ^
1
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= e
-t

+ e

-7-t

a. e
2  ̂

^0

(as k -V 0)

which involves only the slowly varying components, and hence simu

lates a smooth problem.

On the other hand, when v. =
h

3t „ , ,,2 -te  v^ % -2k e + e

1

1

- e
-t

2
-2k'^

+ e

_ 1
[/

which involves substantially the rapidly varying component e

and hence simulates a rough problem.

In this chapter the example used is a 2x2 system; high dimen

sional systems can also be investigated. In this case, we solve n x n

linear systems and for this, one may use the conjugate gradient method

or incomplete Choleski conjugate gradient method that will be disoused

in the latter chapters.
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CHAPTER 2

TWO-TERM AND THREE-TERM CONJUGATE GRADIENT METHODS

In this chapter, we compare the computational results of the

classical two-term conjugate gradient method with the three-term con

jugate gradient method. We are interested in investigating the

number of iterations of both methods. From the following

examples, we did not find any difference of the number of the

iteration between the two-term and three-term conjugate gradient

methods.

We start the discussion by briefly reviewing the classical

conjugate gradient method. Consider the linear equation

Au = b (2.1)

N  N
where A e IR x R and A is symmetric positive definite. If

u = A"^b is the solution of (3.1), the idea to find u would be

avoid competing A~^ and develop an iteration method which will

converge in a finite number of iterations.

Define

F(u) = j l\u - b^u (2.2)

then
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F(u) - F(u) = j u^Au - b''"u - ̂  u Au + b"'"u

= j u'^'au - (Au)''"li - ̂  u "'"au ^ (Au)''"u ,

because Au = b implies that (Au)''"u = b^u

Hence

F(u) = F(u) = j u'^Au - |(Au)^ - 1 u^Au + ̂ "^Au

= ̂ (u - u)''"au - ^(Au)^(u - u)

= -^[(u - Lr)'''A(u - u)]

F(u) = F(u) + ̂ (u - u)"'"a(u - u) (2.3)

Therefore, to find the solution u is equivalent to minimize F(u)

Since A is positive definite, it is obvious that F(u) attends

minimum where u = u .

The first such iteration method is called Steepest Descent.

Since

F(u) = ̂  I a. .u.u + ^ b.u
i,j=l ^ ^ i=l ^ ^

y  a u - b

Thus
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grad F(u) = Au - b

Let

r = b - Au

Steepest descent suggests that iterations move in the direction of

r = grad F(u) .

Set

n+i n n n

We choose to minimize F(u ,i) . We know from calculus that
n  n+1

^ r

F(li^+i) can be minimized by setting = q > hence it is
A—X

easy to show that "

A  - (24)
"  ■

The classical conjugate gradient method comes from the modifi

cation of Steepest Descent by modifying the choice of directions.

The Algorithm is listed in the following.
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Two-Term Conjugate Gradient Algorithm

Uq is arbitrary

r^i = b - flu„

•"o ' ""o

6 = (l-Q. '•q)

for n > 0

0

Ur,., = U„ + \P^
n+l n n n

r  ,, = r - A AP
n+l n n n

"^n+l " ̂ Vr Vl^

3  =

P _Ll = r _^, + S P
n+l n+l n n

It can be shown that rQ, r^, ... and the direction vectors

Pg, P.J , ... satisfy the relations
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(r., Tj) = 0 for i ^ j

(P^, APj) = 0 for i t j (2.5)

(r ., AP.) =0 for i j and i 7^ j + 1
'  vJ

Thus the residual vectors r^, r-], ... are mutually orthogonal and the

direction vectors Pq, P.|, ... are mutually A-conjugate. From the

first relation in (3.5), it follows that 1^5 = 0 for some s £ N .

Thus the two-term conjugate gradient method converges, in the absence

of rounding errors, in at most N iterations. It also can be shown

that the error vector = u^ - u associated with the conjugate

gradient method satisfies

IS+1H2 whenever ^ 0 . (2.6)

Three-Term Conjugate Gradient Algorithm

Ug is arbitrary

Tq = b -

'■•o- ■'q)
n - (rg. Arg)

u, = + Y,r(,
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= Tq - YiAPq

P] = 1

For n > 1

^n+l

n  I/lii *^0 J_ v-1
^  ̂ ^n 'Vt Vl' "n

"n+1 ° fn+l'"'n+l'"n + i^n) " Pn+l'"n-l

Vl = fn+l' ^ ''n' ^ <1 - fn+l'Y-l

This algorithm may be regarded as a polynomial acceleration pro

duce based on the RF method. The details can be found in Hageman and

Young [6].

The examples we used to test these two algorithm are the ill-

conditional tridiagonal matrix
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2  -1

-1 2 -1

0 -1 2

The eigenvalues of A are given by

• 1 2 -1

-1 2

N  N
where A e IR x]R

\ = 4 sin^C I (^^)] , k = 1, 2, N (2.7)

The condition number K(A) is approximately evaluated as

K(A)

max A^.

a;

16(N+1)^ = 4(N+1)^
4(7t)^

If N = ICQ, K(A) 4134 .

The computational results are shown in Tables 2-3 . The

true solutions of Ax = b for different b are chosen as (1, 1,

• • • •' , (-1, -1, -1)^ , (-1, 1, -1, 1, ...)^ and (1, -1,

1> -1 > • ••)''" respectively. Also, those solutions are set in odd and
even order. From those tables we find that the number of iterations
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TABLE 2

TRUE SOLUTION z =

Number of

Unknowns

Number of

Iterations
CPU Time Tolerance

Two-Term 100 50 0.82

Conjugate Gradient 200

500

100

250

3.15

19.37 Q

Method 1000 500 77.35 10"^
2000 1000 308.79

5000 2500 1939.53

Three-Term 100 50 1.08

Conjugate Gradient
200

500

100

250

4.13

25.48 10"®
Method 1000 500 101.28

2000 1000 403.66

5000
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TABLE 3

TRUE SOLUTION z =

1

-1

i
-1

Number of

Unknowns

Two-Term

Conjugate Gradient

Method

Three-Term

Conjugate Gradient

Method

100

200

500

1000

2000

5000

100

200

500

1000

2000

5000

Number of

Iterations
CPU Time

50

100

250

500

1000

2500

50

100

250

500

1000

2500

0.81

3.14

19.38

77.40

310.63

1948.45

1.08

4.13

25.48

101.36

405.65

2547.79

Tolerance

10
-9

10
-9
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of those two methods is the same and they all take exactly N/2 steps

to converge.

We know that the conjugate gradient method works best when the

condition number of A is not two large. This has led to many effects

aimed at preconditioning A in order to reduce its condition number

before the conjugate gradient method is applied. We will discuss such

a method in the next chapter.
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CHAPTER 3

PRECONDITIONED CONJUGATE GRADIENT ALGORITHM

3.1. Introduction

A preconditioned conjugate gradient algorithm described here was

given by Meijerink and Van der Vorst [4]. Let A be a self-adjoint

positive definite matrix, and Aq be a self-adjoint positive defnite

preconditioning matrix of A , i.e., Aq satisfies the estimate

N
^o(AqcI), (p) £ (A<p, <p) ̂  (p) for all <{) e ^ • (3.1)

Consider the equation

11

Ax = b where A is an N x N matrix and x, b e (3.2)

The algorithm is derived from the classical conjugate gradient

algorithm applied to approximately solve Aq^Ax = AQ''b in the inner
product (Ag*, •) . It is easy to see that the preconditioned con

jugate gradient algorithm will converge faster.

Let and be the errors of CG and Chebyshev acceleration

methods respectively, for solving (4.2), where r = (M(A) - M(A))/

(M(A) + M(A)) with M(A) and M(A) the extreme eigenvalues of A .

Clearly, the convergent rate improves as M(A)/M(A) ̂  1 . Since we

intend to apply CG to the system Ag^Ax = Ag^b , the convergence
will be enhanced by selecting Ag in such a way that M(Ag^A)/
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M(Ag^A) is as close to unity as possible. This is equivalent to say
ing in (4.1) should be as close to unit as possible. For ex

ample, if we could select Ag^ = A ^ , then ^j/^g ~ i- ' ̂nd we would
obtain convergence in one iteration. However, this is not practical.

On the other hand, if Ag^ = I , the algorithm is exactly the same as
the ordinary conjugate gradient method applied to (4.2). A precon

ditioned conjugate gradient algorthm is given in the following:

Preconditioned Conjugate Gradient Algorithm

x^ is arbitrary

s° = b - Ax°

d° = Ag^(b - Ax°)

6g = (Ag^s°, s°)

for n > 0

= 6^/(Ad", s")

n+1 n , ^n
X  = X + a„d

n

s  = s - ct^'^d
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.  _ ^n+lx
5n+i - (Aq s , s )

- A-^n+l X Qd  - Aq s + 3^+^d

The iterations stop when 5^ £ y5q » where y is a given

small number.

From this algorithm we can see that the crucial problem is how

to choose Aq as the preconditioning matrix of A . The rest of

this chapter will describe a method of choosing Ag.

The method we will describe is called the Incomplete Choleski Con

jugate Gradient Method, which was developed by J.A. Meijerink and

H.A. Van der Bost in 1976.

3.2 Incompletely Choleski Conjugate Gradient Algorithm

The Imcompletely Choleski Conjugate Gradient Method is based on

the following idea: If K is an arbitrary nonsingular matrix, then

A = K - R represents splitting of the matrix A and an iterated

method for Ax = b is given by

=  (K - A)x^ + b = Rx^ + b (3.4)

<"■ Vl = Y ^ ' "n +
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The more K resembles A , the faster the method will converge.

The algorithm will be constructed in the following way:

Let L = be a lower triangular matrix, so

£.. = 0 if i < j .

Let = = {(i, j)i i = j , 1 1 i 1 n , 1 1 J 1 n}

be a set of places (i, j) where the zero

of L will occur.

Note that contains all pairs of indices of off-diagonal matrix

entries.

TheorGm 3.1. If A is a symmat'-""'c M-matrix, therG exists

for each P c P, having the proper:' that (i. j) ~ P imol ies
n

(j» i) ̂  P > a uniquely defined lower triangular matrix L and a

symmetric nonnegative matrix R , with £. . = 0 if (i, j) ̂ P

and r- = 0 if (i, j) ̂ P , such that the splitting A = LL- - R

is a regular splitting.

The proof of this theorem can be found in [4] and the algorithm

based on this theorem is given in the following:

Incomplete Choleski Conjugate Gradient Algorithm

Xq is arbitrary

r-Q = b - AXu
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Po =

'^0 ~ ^*"0' ^

for n > 0

"n ' «„/"„•

''n+l ° ''n ^ "/n

r .. = r„ - a AP
n+l n n n

Vi = <Vi' "■'-^'''vi'

8n =Vl/''n

P„,T = (Ll'^)'V , t + 6 Pn+l ^ ' n+1 n
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. O . An Application of Incomplete bnoleski Decomposition

2  2
Consider the n x n matnx

-1 0

4  -1

-1 4

-1

-1
I

t'
4

-1

0

-1 0

4  -1

-1 4 I
!
i

■1 I
4  I

'  he"a each submatrix is n x n .

It is obvious that A is symmetric and positive definite.

Places of zero of entries are given by

P  = {(i, j) I |i-j I 0 , 1, n} (3,6)

where n is the half bandwidth of the matrix.

The elements of the diagonal of A are denoted by a^ . The

upper-diagonal elements are denoted by b^. and the elements of the
mth upper-diagonal are denoted by , where i is the index of

the row of A in which the respective elements occur. Theorem 3.1

guarantees the existence of incomplete Choleski decompositions for A
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In the following computation, it is convenient to write the

LL^ decomposition in the form: LdJ , where D is a diagonal
matrix. If the elements of D are denoted by d^. and the elements

of L are denoted analogous to A by a^., b^ and c^. , then it is

easy to verify that the following recurrence relations hold for these

elements:

b, = b, ,

■=1 = 'i

^  1 ^ '~2 ~
®i " dT " " ^i-1 ^i-1 " ^i-m ^i-m (3.7)

i  1> 2, . . .j n
2

v.'here the elements that are not iefined should be replaced by zero.

In our example, a^. = 4 , b^. = b^. = -1 if i ^ kn for k =
1, 2, .. . n-1 and b^. = b^ = 0 if i = kn , and c^. = c^ = -1
for i = 1, 2, . .. n . Hence (4.7) reduces to

/
I

* -1 if i ^ kn
for k = 1, 2, . . .n-1 and

i  = 1, 2, . . .n

0

c. = -1
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/ 4 - d. - a. if i - 1 kn for
1-1 i-m

VM

V  4 - d.
^  1 -m

k = 1, 2, ..., n-1

if i - 1 7^ kn and

•  1 o 21 = 1, 2, ... n

The results are shown in Table 1 (page 15j, and Tables 2-5 below.

We compare the Incomplete Choleski Conjugate Gradient method with the

Classical Conjugate Gradient method. In the following discussion, we

denote Incomplete'Choleski Conjugate Gradient Method as ICCG and

Conjugate Gradient Method as CG . The true solution of Ax = b

T

is X = (1, 1,..., 1) . From Table 4, Table 5, and Figure 1-4, we

can see that the number of iterations i.e., increasing almost linearly

when the size of the matrix increases, but ICCG used approximately

only half the iterations that CG used. The results of CPU time of

comparing both ICCG and CG are also shown on Tables 4-5 .
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TABLE 4

INCOMPLETE CONJUGATE GRADIENT METHOD

Number of Unknowns Number of Iterations CPU Time Tolerance

10^ 10 0.31

22^ 18 2.22

32^ 26 6.48

44^
7i2

34

52

15.68

61.26

10'^

100^ 72 167.17

141^ 100 458.10

17i2 120 804.79

10^ 12 0.36

22^ 22 2.65

32^
44^

31

42

7.68

19.22
10'^

71^ 65 76.35

100^ 89 205.92

141^ 122 558.15

17i2 147 938.79

10^ 14 0.40

22^ 26 3.08

32^
44^

35

47

8.57

21.42 10"^^
71^ 73 85.33

100^ 101 232.78

141^ 140 640.21

171^ 168 1122.64

10^ 16 0.44

22^ 28 3.30

32^ 39 9.47

10-1344^ 52 23.55

7i2 83 96.86

100^ 114 261.98

141^ 172 780.17

171^ 208 1388.66
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TABLE 5

CONJUGATE GRADIENT METHOD

Number of Unknowns Number of Iterations CPU Time Tolerance

10^ 14 0.28

22^ 37 2.96

32^ 55 9.18

44^
7i2

75

120

23.45

97.10

10'^

100^ 168 264.39

141^ 237 751.68

171^ 287 1343.68

10^ 14 0.28

22^ 41 3.27

32^ 61 10.16

44^
7i2

85

140

26.54

113.11

10'®

100^ 197 315.05

141^ 278 881.79

171^ 337 1577.27

10^ 14 0.28

22^ 45 3.59

32^ 67 11.17

44^
7i2

93

152

29.04

122.98 10'^^
100^ 215 343.76

141^ 303 963.63

17i2 368 1720.23

10^ 14 0.28

222
48 3.84

32^
442

72

101

12.05

31.60
10-^3

71^ 165 133.71

100^ 231 369.24

141^ 327 1038.34

171^ 398 1860.36
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Figure 1. CG and ICCG with tolerance 10-7
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Figure 2. CG _ and ICCG vn'th tolerance 10-9
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Figure 3. ICCG with tolerance 10
-11
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Figure 4. CG and ICCG with tolerance 10
-13
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