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ABSTRACT

Digital simulation algorithms are studied with a
goal of establishing guidelines to select accurate
methods for simulating the dynamic response of linear
continuous models. Linear models play a large role in
many simulation applications, especially in applied
industrial process simulation and control. To date no
in depth study can be found in the literature where
digital simulation techniques are surveyed and compared
to provide any guidelines.

One major problem in digital computer simulation is
the conversion of a process oriented model to a digital
computer oriented model. In other words, algorithms are
needed to convert the continuous process equations into
difference equations which can be eventually expressed
as recursive formulas and implemented in digital
computers. Numerical integration schemes are commonly
and widely used; however, with respect to linear models
these methods may be unnecessary and inefficient.
Moreover, the requirememt of relatively small simulation
step size to keep the numerical integration schemes
stable may limit their applications. A major concept in
this work is to capitalize on the use of methods that

take advantage of the models' linearity.



Six optimal discretization methods were applied to

the simulation of three transfer function models under
the criteria of best matching the time domain transient
response. This study indicated the Taylor method, a
relatively new technique, provides perhaps the best
discretization algorithm in the survey. Also two input
approximation methods, one was the popular zero-order
hold with phase compensation, gave good results.

Also presented is a new procedure for calculating
the discrete transition state matrix, P, and discrete
input matrix, Q, which are needed to solve state space
models. The new procedure formulates an augmented matrix
whose matrix exponential provides both P and Q even when

the state transition matrix is singular.
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CHAPTER 1I

INTRODUCTION

The expanding application of digital technigues to
dynamic process simulation and direct digital control
algorithm implementation has made the development and
evaluation of these techniques an important subject
area. In the last decade, the great advancement of
digital computer technology and the dropping cost to
computation capability coupled with the increasing cost
of raw materials and labor have made applications of
digital process simulation and control to industrial
processes not only a possibility, but in competitive
situations it is becoming a necessity. Utilization of
digital simulation methodologies is occurring in all
computer equipment environments ranging from
micro-computers, super-micro-computers programmable
controllers to main frame computers.

The linear or linearized mathematical model plays a
large role in applied industrial process simulation and
control. This research specifically addresses the
various techniques available for linear model
simulation. Digital algorithms are studied with the
goal to provide guidelines in selecting accurate methods

for the dynamic behavior of linear continuous systems.



A major concept in this work is to utilize digital

simulation techniques which are built on the fact that
the models are linear. By taking advantage of the
models' linearity, the simulation development and
application may take less time\and effort, need less
computer memory, use less computation time and be
implemented in smaller computer system environments.

Motivations for linear process simulation are wide
ranging but do include the need to conduct low cost
studies or designs for a system to verify a system's
mathematical model, to build teaching and training
simulators, to forecast the performance of a system to
complex policies to evaluate policy alternatives, and to
implement advanced control strategy algorithms.

The selection of a proper simulation algorithm
depends heavily on the system's mathematical model, on
the specific application, and on the computer
environment in which it is implemented. The "universal"
algorithm for linear model simulation is unavailable, in
its place there is a multitude of methodologies. So far
no in depth study can be found in the literature in
which these methods for designing digital simulations
are surveyed, and compared, so that one can easily, and
comfortably select a proper technique for their

application. The lack of such guidelines frequently



leads to employing only the techniques with which one in

familiar. Sometimes this might not only lead to an
inefficient but also costly simulation, at best, and
inaccuracy results, at worst.

A common situation is the use of Runga-Katta
routines which does not explicitly take advantage of the
fact that the model being simulated is linear. For
example, CSMP or ACSL macros are widelyiused to
implement transfer function block diagram simulation.
The macros convert the block diagrams back into linear
ODE's and then integrate using a classical numerical
scheme as the 4-th order Runga Kutta.

The stated objective of this research is to provide
guidelines to select appropriate and accurate methods
for linear model simulation. The emphasis throughout is
on applications that are immediately and directly useful
to anyone involved in digital simulation and its
implementation.

The next chapter reviews the fundamental literature
to this research which includes sampled data
transformations, z-transforms, and numerous
discretization methods. Chapter III derives simulation
formulations for predeterminated inputs; these formulas
can be applied to either signal input signal output

systems or to multiple input multiple output systems.



Algorithms for matrix exponential computation are

discussed and a Fortran program for calculating matrix
exponential is developed promising. In Chapter IV, a
recent and promising discretization method developed from
truncating Taylor series expansion is compared with
numerous existing methods from both frequency and time
domain analysis. Final guidelines, conclusions and
recommendations for future research are summarized in

Chapter V.



CHAPTER 1II

LITERATURE REVIEW

A schematic diagram of a simulation design
procedure is shown in Figure 2.1. At least four
distinct steps are identified in the diagram. First a
mathematical description of the system is prepared; in
general, the description at this stage is a
processed-oriented continuous model which needs to be
converted to a computer-oriented model, e.g. a numerical
solution procedure. Second an algorithm is selected to
convert the model from the process environment to the
computer environment. Third a computer program to
implement the computer-oriented model is developed.

Finally verification and checkout of the simulation is

required.

2.1 Overview of Modeling

In general, physical processes are often too
complex to be extensively studied experimentally. 1In
addition experimental studies are usually costly and
very time consuming. In order to analyze the dynamic
behavior of a process, we often resort to process
simulation, thus the need for a mathematical description

to describe the physical and/or chemical phenomena



MODELING
LEVEL

SOLUTION
LEVEL

Figure 2.1. Flow Diagram of Simulation Design Process

Mathematically
Oriented
Modeling(Equation)

(Computer Program)

Test, Verify,
and Checkout
the Simulation




taking place in the process. Such a mathematical

description constitutes a process model.

Process models can be developed by two distinct
formalisms, the theoretical and experimental approaches.
Theoretical modeling consists of systematically appling
basic physical laws to system components and to the
interconnection of these components to establish a
process model. Models resulting from this approach are
usually represented in the time domain as a set of
differential and algebraic equations. Experimental
modeling is built around selecting a set of mathematical
relationships and fitting parameters in these
relationships using input-output data. Time and
frequency domain techniques are used in selecting the
best parameters, thus models arising from this approach
may be either in the time domain or frequency domain.

A system model will have various forms due to the
different methods used in establishing the model, or
because of the different questions and concerns the
investigator has for the process. A transfer function
that describes only the final output properties may be
called an external or input-output description. A set
of differential equations that describe the internal as
well as output behavior may be called an internal or

state-variable description.



From a simulation point of view, Process models can

be categorized into three types of simulation-oriented

models.

l. Systems that are described by a state space

model:
X(t) = A X(t) + B U(t)
(2.1)
Y(t) = C X(t) + D U(t)
where: X(t): 1s a nxl state vector.

U(t): 1is a pxl input vector.

Y(t): 1is a gxl output vector.

A : 1is a nxn state transition matrix.
B : 1s a nxp state input matrix.
C : 1s a gxn state output matrix.
D : 1is a gxp feedforward matrix.

In general, a nth-order linear dynamic system
is described by a nth-order linear ODE (Ordinary
Differential Equation) which can be rewritten as n
first~-order linear ODEs by defining new variables.
The set of first-order linear ODEs can be expressed
in the state space form. For illustration,

consider a third-order linear ODE:

y a¥ a (2.2)
+ a + a + any = b,u
des 2 g¢2 L oge 0 0



If the following new variables are defined:

x1 =y
dy

X9 = a0 (2.3)
d2y

R

then, Equation 2.2 can be decomposed into three

first-order linear ODEs

dx

1 _
dt 2
dx

2 _ X3 (2.4)
dt
dx

3 = byu - a,x, - a.x. - a
dt 0 273 T 81% T 3%

These lst-order ODEs can be expressed in matrix

form

Y =[ 1 0 0 J|x| +010][ulys




(2.6)

More general relationships between state space
egquations and high-order differential egquations can
be found in some material (21,22). Numerical
integration methods are commonly used to solve such
equations.

2. Systems that are described by overall
external models
For the single-input single-output case:

Y(s)
= G(s) (2.7)

U (s)

For the multiple-input multiple-output case:

where:
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Y = | Yi(s), «vvy Y _(s) ]T
U=[U(s), ooy U (s) 1T
Y.(s) : i-th output

1

Uj(s) : j-th input

Gij(s): the transfer function relates the

i-th output and j-th input.

Discretization techniques can convert
continuous transfer functions to discrete transfer
functions, then the continuous system's dynamics
are described by "equivalent" difference equations.
Using difference equations, the system's dynamics
can be simulated by recursive formulas.
Alternatively, a continuous transfer function can
be decomposed by various decomposition schemes (21)
and utimately expressed as state space equations.

State space models can be converted to overall
external models using the Laplace transform. Thus
either category of model can be reformulated into
the other category. To illustrate taking the

Laplace transform of Equation 2.1 gives

s X(s) A X(s) + B U(s)

Y(s) C X(s) + D U(s)

N
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Solving for ¥Y(s) in terms of U(s) yields

Y(s)=(sI—A)—1BU+DU

[(sI - &)y L, D] U

Noting that the above equation gives the process

output in terms of the input provides

e
=2
]
'-‘
1]
(]
4]
il

[(sI - A)"Y B 4 D]

3. Systems described by individual transfer
function blocks corresponding to each physical
component or part of the process. Figure 2.2.

illustrates such a systems.

2.2 Review of Numerical Integration

Continuous systems are those whose motions are
characterized by continuous equations. To investigate
the dynamic behavior of contiuous systems involves the
solution of a set of differential and algebraic
equations. The principle difficulty in solving such
equations on digital computers is integration, which
must be done numerically. Limitations on the accuracy

and stability of digital numerical integration schemes

can cause many problems. Numerous algorithms are
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D
R+ E M
—»Q———- G (s) G(s) — ¢
- c
— ——7.
HAs) H,(s)
2 1
+ 1+

Figure 2.2. Block Diagram System Description
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available for digital numerical integration. The Euler,
Trapezoid, and Runge-Kutta methods are reviewed and
discussed in this research. These methods treat
nonlinear as well as linear ODEs. The formulation of
each method is illustrated here in terms of a

differential equation

dx
dt

= £(t,x) (2.9)

2.2.1 Euler's Method
Euler's method (7,14,31) approximates the
integration with the rectangular rule. It provides an

explicit numerical integration formula, see Figure 2.3,

x(kT+T) = x(kT) + T x(kT) (2.10)

where T is a uniform step size.
By substituting Equation 2.9 into the above formula for
X(KkT) and starting from the initial condition on X, the

system's response can be computed iteratively.

2.2.2 Trapezoid Method
Trapezoidal method (14) approximates the

integration with the trapezoidal rule, Figure 2.4, and



é;%% N
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Figure 2.3. Rectangular Rule for Numerical Integration

kT kT+T

Figure 2.4. Trapezoid Rule for Numerical Integration
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gives an implicit integration formula:
T
*x(KT+T) = x(kT) + — [ X(KT) + %(kT+T) 1 (2.11)
2

This numerical integration formula includes the
X(kT+T) term on the right hand side as well as on the
left hand side, thus, to calculate i(kT+T) requires

knowing x(kT+T). Two approaches for solving this

problem will now be presented.
1. If the system is linear, substituting for the
term i(kT+T) according to the system's equation,
Equation 2.9, into Equation 2.11 allows the term
X(kT+T) to be solved analytically.
2. Prediction-Corrector Algorithms:

A different rule, commonly the rectangular
rule is first used, to predict x(kT+T). The
predicted value, for x(kT+T) is then used in
Equation 2.9 to obtain x(kT+T). Then substitute
this value into trapezoidal rule again to correct
the value of x(KT+T). The predictor-corrector

procedure is summarized by the following steps:



o
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(1) x(KT) £( x(kT), kT )

(2) %(kT+T) x(KT) + T x(kT)

(2.12)

(3) x(KT+T) £( x(kT+T), KT+T )

It

x(KT) + L ( %X(KT+T) + x(kT) )
2

(4) x(kT+T)

In Equation 2.12, step (2) is the predictor

step and step (4) is corrector step.

2.2.3 Runge-Kutta Methods

Runge-Kutta methods (7,14) are perhaps the
most popular and widly used numerical integration
techniques. Runge-Kutta methods are based on
implicitly developing increasingly higher orders of
the Taylor series expansion for the function being
integrated. The higher order Taylor series are
developed using combination of the function's
derivatives numerically evaluated over certain
intervals of the dependent (integration) variable.

The forth-order Runge-Kutta is one of the most

common forms presently in use. The algorithm is

1
Xn+1 = X, + (k1 + 2k2 + 2k3 + k4) (2.13)
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where:

T f(xn s tn)

x =

w N

T f(x_+3k t_+%T)
1 b
n n (2.14)

T f(xn+%k2 R tn+%T)

~ =

S
N

T flx +ky , t_ )

2.3 Development of Discrete Transfer Functions

A continuous system model relates inputs and
outputs with continuous equations or continuous
transfer functions. When engineering simulations
are implemented on digital computers, discrete
representations of continuous functions become an
important subject to study. The challenge is to
relate a discrete transfer function, H(z), to its
continuous counterpart, G(s), and to have H(z)
provide a satisfactory approximation of G(s). The
search for the "proper" method of representing
continuous systems discretely has not, so far,
produced one universally accepted "best approach."
It 1= important to have a survey and compare the
available methods. Such a survey forms the central
part of this research.

To set the stage for a comparison of
discretization technicues, sampled-data theory and

z-transformations are reviewed. Next, methods of
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discretization of continuous transfer function are

surveyed.

2.3.1 Overview of Sampled-Data Theory

Sampled-data transformations form the basis of
techniques used to convert continuous systems to
corresponding discrete systems. The
interrelationship between representations of
systems in the continuous-domain (S-domain) and
those in the discrete-domain (Z-domain) are
illustrated in Figure 2.5 (28). The irreversible
conversion from G(s) to H(z) and from differential
equations to difference equations implies that many
approximation methods are available to convert a
continuocus system to many different discrete

systems.

2.3.2 Sampling Frocess

In discrete systems, the signal flow is
represented as a sequence of numbers as compared to
a continuous function in continuous systems. A
continuous signal flow can be translated to a
discrete signal flow (a sequence of numbers) by a
sampling process (20). This process consists of
sampling a continuous signal, f(t), every sampling

interval T (the sampling interval is not



Sampled-Data
Transformation
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Transfer
Function
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Function
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necessarily a constant). A "fictious sampler" is

introduced in the forward path of the continuous
signal flow to sample the continuous signal. 1If
the "sampling duration" is very small compared with
the "sampling interval", the sampler can be closely
approximated by an "impulse sampler" or "ideal
sampler". The mathematical expression for this
sampling procedure may be thought of as being the
result of multiplying the original time function
with a sampling function, which is called the
"Dirac delta funcion or train of unit

impulses", 5T(t). This modulation process may be

described by the following equations
€0

§.(t) = > &(t-nT) (2.15)

n=0

where T is the sample interval and § (t) is the

unit impulse function and is defined as

1 t=0
8(t)={

0 t4£0

The resulting sampled signal is

£5(t) = £(t) 5 (1) (2.16)
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A pictoral representation of sampling process is

shown in Figure 2.6.

2.3.3 Z-Transform

The purpose of this subsection is to review
Z-transforms and their application to the
representation of sampled functions of time. The
use of Z-transforms offers a very simple and
elegant method for analyzing discrete systems. It
allows the development of input-output models for
discrete-time systems (discrete transfer
functions), which constitute the basis for the
dynamic analysis and design of digitally controlled
processes. In other words, Z-transforms play the
same roles for discrete-time systems as that played
by Laplace transforms for the dynamic analysis and
design of continuous systems.

The basic Z-transform (one-sided) is defined
for time functions sampled at uniform intervals.
Recalling the previous section, the continuous
function, f(t), is sampled every time interval T
and represented as a sequence of numbers, £(0),
£(T), £(2T),..., £(nT). The Z-transform is defined

as:

o]
z [f(e)] =D f(uT) 2° (2.17)
n=0
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Although the definition above refers to the
sequence of sampled values of a continuous
function, it is customary to use the following

notation for the Z-transform of a function:

8

F(z) = Z £(nT) 271 (2.18)

where F(z) is the Z-transform of f(t) sampled at

fixed intervals of time, T.

2.3.4 Modified Z-Transform

The Z-transform enables the determination of a
system's response only at the fixed sampling
instants. To obtain response values between
sampling instants, or to generally treat continuous
time functions pessessing time delays, modified
Z-transforms are useful. Consider a delaved
function £(t-8), where & = (k+A)T with 0 < A < 1,

then the modified Z-transform is defined as

oo
-k -n
F(z,m) = zm[f(t)] = z Zo f(nT+mT) 2z (2.19)
n=

where m = 1 - A
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Thus to find the response at any time kT+AT
F(z,m) is evaluated at m = 1- A where 0 < A < 1.
Note that if A= 1 o0or 0, thenm=1 or O
correspondingly and the modified Z-transform

reduces to the Z-tranzform.

2.3.5 Relationship Between Z-Transforms and
Laplace Transforms
By taking the Laplace transform of a sampled
function, the relationship between the Z-transform
and the Laplace transform can be developed. From
the previous section an ideally sampled continuous

function can be described mathematically as:

: ®
f*(t) = ZE f(nT) 6 (t-nT) (2.20)

n=0

The Laplace transform of the sampled function is:

+ oo
F(s) = L[f (t)] =f f*(t) e Sty (2.21)

Substitution of Equation 2.20 into Equation 2.21

gives

o0 Qo
Fi(s) = fo [ 2 £(T) 8(t-nT)] e Star  (2.22)
n=0
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The value of the integral is zero except at

sampling instants, thus the eguation becomes

o0

F(s) = > f£(n1) e MT (2.23)
n=0
if we define:
z = 57 (2.24)

the Z-transform is equal to the Laplace transform
of the sampled function when the substitution of

Equation 2.24 is made

*
F(z) = F (s) (2.25)

T
e’ =z

This is a very important result, since it
shows that the Z-transform is a special case of the
Laplace transform. It allows us to derive
Z-transfer functions directly from Laplace transfer

functions.

2.3.6 Sampling Theorem

Once a sampling operation is cascaded with a
continuous signal, both the frequency and time
domain behavior of the signal are modified. This

emphasizes that the signal is at best an




27

approximation of the original continuous signal.
Also it highlights that different approaches to
sampling the signal (or discretizing a set of
equations) will give different approximations.
An alternative discretized form of F (s) is
obtained using Fourier series. Since 5T(t) is a

periodic function, it can be expressed by a Fourier

series expansion

* 1 < -jnw_t
B () = 4 D f(t) e s (2.26)
=y
on
where W= T . 1s sampling freguency.

The Laplace transform of the previous equation is

[+o]
Flig) = _%._Z F(s + jnw_) (2.27)

The frequency spectrum of a band limited continuous
signal and the spectrum of the corresponding
sampled signal are shown in Figure 2.7.

As indicated in Equation 2.27, F(s) is a
period function with period jwg. In other words,
the s-plane is devided into an infinite number of
periodic strips and the strip between w= -Wg/2 and

W= W /2 1s called the "primary strip." Each strip
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in the left half of the s-plane is mapped into the
unit disc on the z-plane. The selection of
sampling frequency, Wg, determines the s-plane
width of the primary strip. Thus, the sample
frequency plays a crucial role in converting a
continuous function to a discrete function. The
well known sampling theorem developed by Shannon and
Nyquist (2) states that a sampled continuous signal
may be reconstructed from its samples if, and only if,
the frequency content of the signal is lower than
Wg/2. Unfortunately, in the simulation of overall
continuous systems or the digital control of
continuous processes, time delays occur and these
must be considered together with the Shannon
theorem.

In sampled-data processes a continuous signal
is sampled to give a sequence of numbers with a
sample interval, T. Intuitively, it seems that by
increasing the sampling rate (T = 0), the discrete
approximation should asymptotically approach the
continuous output. This assumption is not true for
digital systems with finite word length. The very
small numbers encountered can not be stored
digitally with sufficient accuracy. Addition,

subtraction and multiplication of such numbers
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leads to trunction and roundoff errors. An
important consideration in designing a simulation
work is the trade off between a more accurate

simulation and computer run-off error.

2.4 Discretization of Continuous Transfer Functions
Over the past 30 years several methods of
discretizing continuous transfer functions have
been developed and employed to obtain computational
algorithms for digital computer simulation
(13,20,22). These methods are reviewed in the

following secitons.

2.4.1 Substitution Method

One of the simpliest methods to convert a
continuous transfer function to discrete transfer
function is to a substitute for the continuous
operator s in terms of z. There are many ways to
implement such substitutions.

The Bilinear Transformation (27,32), also
called the Tustin transformation, and the trapezoid
integration method are a common substitution
methods. The Tustin method (38) was originally
presented as a general approach to linear system
analysis through the representation of time

functions in terms of sequences of numbers. The
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practical application of the Tustin method may be
reduced to the use of Tustin's approximation of the

integration operator:

z = e~ ST (2.28a)

s = — In(z) (2.28b)

by truncating the Laurent series expansion of ln(z)

to give
¢ 2 1—2—1
s = ( -1 ) (2.29a)
T 1 4+ 2
or
T 1+ z~1
s~1 2 ( — ) (2.29b)
Z 1 -2

A linear continuous transfer function, G(s),
expressed as a ratio of polynomials in s is readily
digitalized by substituting for s in terms of the
Tustin integration operator.

H(z) = G(s) -1 (2.30)

-1 T (

where T is the sample interval.
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The advantages of the Bilinear transformation
are: (i) it is very easy to apply, (ii) the whole
left-hand side of the s-plane is transformed into
the unit circle in the z-plane, hence there is no
aliasing effect, Figure 2.8, (iii) it is an
intrinsically stable transformation method. One
disadvantage with Bilinear transformation is
"frequency warping" which occures due to the
compression of frequency scale. Again consider the
mapping from the s-plane to z-plane. If s is

jw, T
replaced by jw and z by e in the Bilinear
transformation, Equation 2.29a, the result is
- ;jsz

jw = T (2.31)
jw
T 1 + e z

N

Upon using De Moirre's theorems (20), Equation 2.31

can be rewritten as

w. T
2

2
W = -— tan (2.32)
T

2
The last equation reflects the distortion of
frequency scale in Bilinear transformation as the

relation between w and W, is nonlinear. The
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z-plane
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Figure 2.8. Mapping Relationship of S- and Z-plane
by Bilinear Transformation




2.9. To elimilate this at a specified frequency,

wl, transformation can be modified as

Y1

s = wlT (2.33)

tan
2

then, the continuous transfer function and its
discrete counterpart will have the same frequency

response at frequency w This modified

1
transformation to circumvent frequency compression
around Wy is called the "Bilinear tranformation
with prewarping."

There is a fairly extensive literature on

substitution methods; Some substitution methods are

listed in Table 2.1 (34,32).

34
frequency distortion is also illustrated in Figure
2.4.2 Matched Z-Transform

The matched Z-transform method extensively
uses mapping relations to map poles and zeroes of
continuous transfer functions on the s-plane to
poles and zeroes of discrete transfer functions on
the z-plane. Since the dynamic behavior of

continuous transfer functions is characterized by

its poles, zeroes, and final value; heuristically,
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Figure 2.9. Frequency Distortion Due to
the Bilinear Transformation
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Table 2.1.

Discrete Integrators for Substitution Method

1. S* Method Operator Method Operator
T s+ T:
Tusun 7T Exact = transform F—
1
S
T -+ T -+ |
Madwed-Truxal Fa— : form T T
T L . 7
Tustin S e - Exact o transform ———~
- ro-ay
N
TIosT e+ T e e
Madwed-Toval - mm—o— z form — - S
o (= - [
) AR R T R T3 stz + 1}
Tustin — ——— Exact z transform — ——- 4
T ~ 3
> (- -1 N S B
|
s
Madwed-Truxal T3 23+ 1T+t + ; T3 s+ D
Madwed-Truval = —mMmm———— z form - —
24 (-1 2 -y
T 444 4620+ 40+ 1 T4 T+ D)
Tusun — < Exact z transform  — - <
16 (z -1 6 (z - D
1
54
74 st — lost e 60zt 4+ 262 4] R L
Madwed-Trusa T e z form — R
120 8] |- i

Souce:

Smith, J. M.,

36

Mathematical Modeling and

Digital Simulation for Engineering and Scientists,

Jone Wiley and Sons,

Inc.,

New York,

1977.
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it seems reasonable to expect that if a discrete
transfer function is synthesized such that its
poles, zeores and final value match those of a
continuous transfer function, a useful simulation
model would be obtained.

K H(z) = G(s)

z — 57T
s T
where: zpole = e pole (2.34)
SzeroT
z = e
zero

K = is the gain needed to match the continuous
system steady-state for some specific input.
Some difficulties may be encountered with this
method: (i) since the Z- transfom is not a
one-on-one mapping, if the continuous transfer
function has zeroes with frequency greater than
ws/2 their z-plane positions will be aliased, (ii)
a proper way to map infinite zeroes is difficult to
find. Some literature recommends that the infinite
zeroes all be placed at z=0 (28,34); other papers
recommends they be placed at z=-1 (20). Astrom (1)
proposed a scheme to derive the numerator of
discrete transfer functions while the sampling rate

is high, but no final practical conclusion is

available.
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2.4.3 Input Approximation

The input approximation method is conceptually
unlike the substitution method or the matched
Z-transform method. They are analytical methods
for synthesizing a discrete transfer function
through direct substitution for s in terms of z.
In contrast, the input approximation method first
synthesizes a discrete system to approximate a
continuous system called a pseudo-continuous
system. Then a discrete transfer function that
describes the pseudo-continuous system is derived.
The pseudo-continuous system is synthesized in a
way that its signal flow remains analogous to that
in the continuous system and the continuous
elements also remain the same. First the
continuous signal flow is broken into a discrete
signal flow by inserting a "fictious sampler" to
sample the continuous signal. These
sampled-signals are then reconstructed to
approximate the original continuous signal by some
data-hold device. The reconstructed signal
replaces the original continuous signal as the

process input. Sampling the process output signal
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and making a sampled-data transformation, the
discrete transfer function is obtained. The scheme
presented in Figure 2.10 illustrates this
procedure.

The discrete transfer functions derived from
the input approximation method vary with data-holds
used to reconstruct the continuous signals from the

sampled signals.

2.4.4 Zero=-Order Hold

The zero-order hold is the simplest and most
popular data reconstruction device, so named
because it uses the zero order collating polynomial
to approximate the continuous input signals as a
sequence of "stair-steps". Given a continuous

function, f(t), the mathematical approximation is

f(t) = £(nT) nT =t < nT+T (2.35)

where T is the interval between samples.

The s-domain transfer function is

H (s) = (2.36)
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Figure 2.10. The Process of Synthesizing a Discrete-
Representation of Continuous System
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The time and frequency domain characteristics are

shown in Figure 2.11.

2.4.5 Triangular Hold

Mathematically many sampled-data devices for
resconstructing a continuous signal behave as
truncated Taylor series. Such sampled-data devices
generate more phase lag as higher order
approximations are adopted. The triangular hold is
not subject to these delays, it approximates the
input signal with series of straight-line segments,
Figure 2.12. The mathematical formulation and

s-domain transfer function are

(t - nT)
f(t) = £(nT) + T [£(nT+T) - f(nT)]

eST(l _ e—sT)Z
2

Ts

In a true physical sense this hold is
unrealizable because its transfer function has a
sample period lead which is impossible to implement
in a hardwave system. However, if our concern is
only to use holds in mathematical models from which

discrete transfer functions are derived, then it
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can be used to formulate simulations of continuous
processes. Mathematically the triangular hold
leads to an implicit formulation of the discretized
model that can be solved for linear time invariant

systems.

2.5 Summary

This chapter reviewed several simulation
algorithms for linear systems. They are divided
into numerical integration and discritization of
continuous transfer function methods.
Unfortunately, each of these methods has its
drawbacks. At the same time, the algorithms
reviewed are by no means to include all available
simulation algorithms, but have been selected to

set the stage for the rest of this research.
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CHAPTER III

LINEAR SYSTEM SIMULATION

Mathematical models were categorized into three
types of simulation-oriented models at the beginning of
the previous chapter. The different categories employed
different simulation algorithms. Frequently, the
purpose of a simulation is to investigate the dynamic
behavior of processes under "some specific" input type
rather than an arbitrary input type. This is true
especially in the field of digital computer process
control. From this standpoint, simulations can be
separated into two divisions depending on whether the
inputs to the simulated process are predetermined or
not. In general, it is not possible for digital
simulations to provide exact equivalent responses for
their continuous counterparts in the case of

indeterminant inputs.

3.1 Discrete Approximation
Suppose G(s) is a continuous transfer function, as
shown in Figure 3.1(a), where E(s) is the input to the
system then the corresponding output Y(s) is
Y(s) = G(s) E(s) (3.1)

If the continuous output is sampled, the sampled
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response is expressed as
* . *
Y (s) = {G(s) E(s)] (3.2)
If a sampled-data system, Figure 3.1(b), is used
to approximate the original continuous system, the

output of discrete system is

Y (s) = H (s) E'(s) (3.3)

The ideal discrete system for application here
would be one that yields
yd(t) = y(t) for all t > O (3.4)
However, due to the discontinuous nature of discrete
systems, the best possible case would be
yq(nT) = y(nT) n=0,1,2,... (3.5) (3.5)
or
Yd(s) = Y(s) (3.6)
In order for Equation 3.5 or 3.6 to be satisfied,
Equations 3.2 and 3.3 show the following equality is
needed.
H (s) E (s) ~[G(s) E(s)]™ (3.7) (3.7)
Taking the Z-transform of both sides of Equation 3.7
yields
H(z) E(z) = 2 [ G(s) E(s) ] (3.8) (3.8)
Thus, the discrete transfer function which would allow

the best possible results as stated in Equation 3.5 or

3.6 to be obtained is given by
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Figure 3.1. (a) A Continuous Transfer Function
(b) An Approximating Discrete Transfer
Function



48

Z[G(s) E(s)]
H(z) = (3.9)
E(z)

However, Equation 3.8 or 3.9 shows that H(z) cannot
be obtained independent of E(z), or e(t). This
justifies the previous assertion that an exact discrete
equivalent of the continuous transfer function for an

arbitrary input cannot be obtained.

3.2 Linear System Simulation Formulas

The ideal simulation model is one that will reflect
the exact response of a continuous process for any kind
of input. Actually, it is impossible to obtain the
ideal simulation model as illustrated in the previous
section. Obviously, there exists a great gap between
finding a flexible simulation model and retaining the
accuracy of the simulation. To reduce this gap or to
optimize the overall performance of a simulation is a
tough problem, since so many factors should be taken
into account and usually the importance of the various
factors is different from one case to another. Before
starting to address the question of a general
simulation, it is imperative to consider when it is
necessary to synthesize a simulation model for arbitrary
inputs. Likewise, the question of when will system

performance only be studied for specified inputs should
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be asked. Often simulations are used to analyze system
behavior, formulate design changes, test advanced
control strategies, etc. under certain types of inputs.
In such cases it would seem useful to derive simulation
models for the specified inputs and know that the
simulation gives the same response as its continuous
linear system counterpart. Properly employing these
"exact simulation models" will greatly help to eliminate
many stability and accuracy problems in the simulation
study and faciliate the simulation work.

Based on the above discussion, simulation models in
the following sections are derived for impulse, step,
and ramp inputs. Chapter IV then returns to the broader
problem of simulation models for systems under arbitrary

inputs.

3.3 Pulse Transfer Function

As mentioned earlier, the original purpose for
developing discretization techniques was to observe and
analyze the behavior of continuous systemé subjected to
discrete inputs, e.g. the application of digital
controllers. Sampled-data theory uses the Laplace
transform approach to calculate the response of a
continuous system to equally spaced impulses. The

Z-transformation gives directly the impulse response of
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the continuous system. Therefore, the Z-transformation
of an input-output system is called the "pulse-transfer
function" or "Z-transfer function of a sampled-data

system."

The Z-transform gives the exact response of a
linear continuous process with sampled inputs.

Given a continuous transfer function, G(s), the
pulse transfer function, H(z), is the Z-transformation
of G(s). The Z-transformation is also called the
impulse invariant transformation, since the discrete
transfer functions exactly match the impulse response of
continuous system at every sample instant. Z-transforms
of continuous transfer functions and hence impluse

invariant discrete transfer functions abound in

linerature (18,37).

3.4 Development of Simulation Formulas for Overall

Input-Output Description

A discrete transfer function which performs exactly
as 1ts continuous counterpart under specific inputs can
be derived from Equation 3.9. These discrete transfer
functions can also be realized by cascading an ideal
sampler with an apporpriate data-hold device to the
original system, then applying the sampled-data

transformation to derive the discrete-transfer function.
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3.4.1 Step Invariant Discrete  Transfer Function
Suppose discrete transfer functions are synthesized
to match the step response of continuous transfer
functiqns at each sampling instant. Then,
() 410 E20
e = 0, t<o (3.10)

the Laplace transform of e(t) is

E(s) = L [e(t)] = _1_ (3.11)
S

and the Z-transformation of e(t) is

(3.12)

Substituting Equations 3.11 and 3.12 into 3.9, the step

invariant discrete-transfer function is obtained as

Clz) = 2= 1 5 [ G(s) 4 (3.13)
z s
Equation 3.13 is equivalent to cascading an ideal
sampler followed by a zero-order hold to the continuous
transfer function. Examples of step invariant discrete

transfer functions which have been derived as part of

this work are listed in Table 3.1.

3.4.2 Ramp Invariant Discrete Transfer Function
Suppose discrete transfer funcitons are synthesized
to preserve the ramp input response of continuous

transfer functions. Then



Tabie 3.1.

Step Invariant Discrete Transfer Function

Gls} H(z)
1 T
s z-1
1 T2 (241)
— —_
s 2 (z-1)
a 1 - exp(-aT)
s+a z - exp(-aT)
a
—_— ag = (aT - 1 + exp(-aT)) / a
s(s+a)
a; = (1 - exp(-aT) - aTlexp(-aT}) / a
b1 = -{1 + exp(-aT))
b, = exp(-aT)
a
2 ag = 1 - {(1+aT)exp(-aT)
(s+a}
a; = {aT - 1 + exp(-aT)exp(-aT)
b1 = -2exp(-aT}
b2 = exp(-2aT}
1

(s+a) (s+b)

= (b(l-exp{-aT))-a!l-exp(-bT)))/(ab(b-a;

a; = {a{l-exp(-bT})exp(-aT)
-b(l-exp{-aT})exp(~-bT)} / {ab(b-a)}

b1 = -(exp(-aT}) + exp(-bT})

b, = exp(-{a+biT!}
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Table 3.1. {continued)

(s+a)(s+b)

S

T 7 2
(s+a)”+ b

Gis: ti(z)
a +b2
— ag = 1 - exp(-aT){cos(bT) + a sin(bT) /b}
{
(s+a)®+ b
a; = exp(-2aT})+exp(-aT{a sin(bT}/b -cos{bT)}
b, = -2 exp(-aTlcos(bT}
b2 = exp(-2aT)
s
,_‘_2:2_\4 ao =T exp(-aT)
a; = 0
b1 = -2 exp(-aT)
= - 3
b2 = exp{-2aT}
s

ay = (exp(-aT) - exp(-bT}) / (b-a)
a, =0

b, = -(exp(-aT] + exp{(-bT)}

b, = exp(-(a+b)T)

ag = exp(-aT! sin(bT) /b
a; = 0
b, = -2 exp(-aT)cos(bT)

b2 = exp(-2aT)

¥For second order

systems the discrete transfer function is
an v a,z % 4 ajz7?
H(z) = —2— 1 2

14 blz_ + bzz-

53 ;
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e(t) = t (3.14)
the Laplace transformation of e(t) is,
-1
E (s) =~ (3.15)
s

and the Z-transformation of e(t) is

Tz
E(Z) = W (3.16)

where T is the sampling interval.

Substituting Equations 3.15 and 3.16 into 3.9 yields

2
(z-1) G(s)
T z S

This result equivalent to cascading an ideal sampler
followed by a tranagular hold onto the continuous
transfer function. Again several examples of ramp
invariant discrete transfer functions have been derived

in this work and are collected in Table 3.2.

3.5 Simulation Formulas Based on State Space

Descriptions

The basic approach of solving state space
formulated models is to use sampled values of the input
signals along with interpolating or exXtrapolating
sampled values via some type of data-hold device (ie, an
input approximation algorithm) and then employing the
analytical solution of the state space equation for the

approximated inputs to obtain the output responses. An




Table 3.2. Ramp Invariant Discrete Transfer Function

G(s) H(z)
1 T z + 1
s 2 z -1
1 T z+2z2+1
—;7 6 {(z - 1)
a (aT-1+exp(-aT)) z + (l-exp(-aT)-aT exp(-aT})
(s+a) aT(z - exp(-aT))
a
2 ag = 'aT-2+(2+aT)exp(-aT) ] /T
(s+a)
a; = [2-4aT exp(-aT)-2 exp(-2aT)] /T
a, = [(aT-2)exp(-aT)+!aT+2)exp(-2aT} /T
b1 = -2 exp(-aT)
b, = exp(-2aT)
azb2 9 9
—_— ag = {abT(a-b)-(a“-b")+a exp(-bT))
{s+a)(s+b) -b exp(-aT)! /(T(a-b);
a; = [(a2 b2 +(a2+b2)(exp(-aT)-exp(—bT))
-(a®-b%)exp(-(a+b)T)
-abT(a-b) (exp(-aT)+exp(~bT) ]/ (T(a-b))
a, = (b exp(-bT) -a exp(-aT)
+(a-b)(a+b+abT)exp(-(a+b)T)] /(T(a-b))
b1 = -2 exp(-aT)
b2 = exp(-2aT)
(a4 b2) s 2
a, = [(a“+b")T-2a+4a exp(-aT)cos{bT)

{s+a)”+ b -exp(-aT) secO cos{(bT+8)] /T

ay = [2a-2a exp(—2aT)—(4a+2(a2+b2)T)exp(—aT)
cos (bT)+2exp(-aT)sec® cos(bT+08)]/T

a, = [T(2a+(a2+b2)exp(—2aT)
-exp(-aT)sec@® cos(bT+8)]/T

b, = -2 exp(-aT)cos(bT)
b2 = exp(-2aT)
0 =[tan”! (b-a)/2ab]




Table 3.2. (Continued)

G(s) H(s)
as
a, = [1-exp(-aT)-aT exp(-aT) J/T
(s+a)
a, = (2aT exp(-aT)-1+exp(-2aT) J/T
a, ={(1-aT)exp(-aT)~exp(-2aT) ]/T
by, = -2 exp(-aT)

o
]

2 exp(-2aT)

S

_— a =[b(1-exp(-aT))-a(l-exp(-bT) }/(tab(b-a))
(s+a) (s+b)
a; =[b(1-exp(-aT) (1+exp(-bT))
-a(l-exp(-bT))(1+exp(-aT)) ]/(Tab(b-a))
a, = [b exp(-bT)(1-exp(-aT))
-a exp(-aT)(1l-exp(-bT) ]/(Tab(b-a))
b1 = -(exp(-aT)+exp(-bT))

b, = exp(-(a+b)T)
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2,2

(a®+b") s
ag = [1-exp(-aT){cos(bT)+a sin(bT)/b]/T

(s+a)“+b
a; = {1-2a sin(bT)/b - exp(-2aT)]/T
a, = -[exp(-aT)(a sin(bT)/b-cos(bT))+exp(-2aT) }/T
b, = -2 exp(-2aT)cos(bT)
b2 = exp(-2aT)

For second order systems the discrete transfer function is
a. + a, z lra, z72
0 1 2
H(z) = T =7
1+ b1 z "+ b
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important feature of this approach which is different
from classical numerical approachs is that the
approximation occurs in sampling and reconstructing the
input functions. The responses of the model to the
reconstructed input functions replaces the numerical
approximation of the integration operation. It can be
shown (21) that the analytical solution of the state

space Equation

}.i(t) = A X(t) + B U(t) (3.18) (3.18)

is

Alt-t ) t A( t—r )
X(t) = e X(t_) +ﬁoe BU(r)d (3.19)

where to is the initial time.

Setting to kT, the beginning of a sample

interval, and t = (k+1)T, the end of a sample interval

’

Equation 3.20 can be used to give the solution for the

sample interval KT to (k+1)T

X(k+1) = eAT X(k) + kT+T eA(kT+T- r) Bu(r) d

kT
(3.20)
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The solution of Equation 3.20 requires, however,
that the input function, U(t), be known, or approximated
by some polynomial. Once the data-hold is selected this
polynomial or the sampled-data process is specified and
the integration in Equation 3.20 can be carried out to

obtain the discrete system's state space solution.

3.5.1 Step Invariant Discrete State Space Equation (21)
If the input is assumed constant between sampling
instants, U(t) = U(KT), kTst<kT+T, then the discrete

approximation is given by

X(k+1) = P X(k) + Q U(k) (3.21)

where: P = exp(AT) (3.22)
T

Q=(f, AT gq7 5 (3.23)

Calculation of exp(AT), the matrix exponential of AT, is
treated in section 3.6.2.

If A is invertable, then

Q=(P-1)als (3.24)

Calculation of Q in the case of A being singular (not

invertable) is addressed in section 3.6.5.
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3.5.2 Ramp Invariant Discrete State Space Equation

If the input is assumed to be linear between
sampling instants, the input function can be
approximated as:

U . -u
U(t) =u, + —k+#1 'k (3.25)

k T

for kT < ¢ < (k+1)T

Substituting the approximating ramp input function,

Equation 3.25, into Equation 3.20, the discrete State

Space solution is

X(k+1l) = P X(k) + Q U(k+1) + W U(k)

(3.26)

where: P = exp(AT) (3.27)
If A is invertable, then

Q = [-a7h + L (AT |y, A% B (3.28)

- 1) A‘2] B (3.29)
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3.6 Matrix Exponential Computation

A central problem in employing the discrete state
space equation solutions lies in the matrix exponential
computation, exp(AT), required in Equations 3.21 and
3.22. Numerous algorithms for computing the matrix
exponential, exp(AT), have been proposed based on
various techniques (40) such as eigenvalue/eigenvector
representations, numerical integration, truncated power
series approximations, and rational approximations.

Some of the methods have proposed specific algorithms,
while others are based on less constructive
characterizations. These algorithms have been less than
completely satisfactory. In addressing the utility that
the state space solutions could provide if the matrix
exponential could be calculated, the "mighty algorithm"
which would be suitable to compute the matrix
exponential for any matrix is not sought, but focuses on

those algorithms most suitable for process simulation.

3.6.1 Taylor Series Method

To evaluate the matrix exponential, a common method
often used in industry is the truncated power series (26)
of exp(AT). The fundamental computation technique comes

from a Taylor series expansion of exp(AT),

T2 2 T3 3

A + A+ ... (3.30)
2! 3!

AT
e

=1 + TA +
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There are two proposed approaches to truncate the
infinite series:
1. The first approach is to simply sum the series
until the difference between the current and
previous sum is within a predefined vaule.
2. The second approach is to approximat the
infinite series by r terms according to Takahashi's

criteria (36) where r is determined from

(nr)T ™ - 0.001 ! (3.31)

n is the order of the system, m is the absolute value of
the largest element in the matrix, and the number 0.001
was found by experience to give the best results in the
simulation. Presently, however, the series expansion
calculation of the matrix exponential is not recommended
(19), since usually the difficulty is not truncation of

the series, but truncation of arising from addition.

3.6.2 Pade' Approximation

Pade' approximation (31,26) is one of the rational
function approximations for a continuous function, f(x),
with a rational function, r(x). A rational function

r(x) of degree N has the form

(x)
rix) =p—— (3.32)

q(x)
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where p(x) is a polynomial of x of a degree p and qg(x)
is a polynomial of X of degree g, and p and g sum to N.
Pade' approximation techniques choose the N+1

coefficients in r(x) so that f“(%O) = ék)

(0) for each
k = 0 to N. This is the most significant feature of the
approximation. Pade' approximation is the extension of
Taylor polynomials to rational functions. When p =N
and g = 0, the Pdae' approximation is a Taylor
polynomial of degree N expanded about zero.

The matrix Pade' approximation extensively applies

the scalar Pade' approximation technique to compute the

matrix exponential. The form of the approxitions are

-1
R_(V) = [D
pq‘V) = [ (VT8 N () (3.33)
where
P (p+gq-j)! p! .
N_ (V) = Z v (3.34)
Pq Py (p+q)! 3! (p-j)!
q .
- (p+g-j)!' q! .
Ppq V) % [ 103 (3,35
J= (p+q)! j! (g-j)!
where V is a general square matrix. In the case of the

state space solution given by Equation 3.20 or 3.21 \Y

would be equal to AT. It has been shown that the
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diagonal Pade' approximations (p = g) are preferred over
the off diagonal Pade' approximations (p # q).

The major difficulties for the matrix Pade'
approximation algorithm appear as the norm of computed
matrix becomes large, i.e. as the spread between the
largest and smallest eigenvalue of the computed matrix
grows. An algorithm involving scalar matrix scaling
before the matrix exponential is calculated followed by
a procedure on the result called squaring has been
suggested (26). The scaling and squaring operations are
directed at reducing inaccuracy problems encountered
with matrices having large matrix norms. The method of
Van Loan first reduces the infinite norm of a matrix by
dividing the matrix by two repeatedly until the infinite
norm of the scaled matrix is less than unity. Diagonal
Pade' approximation formulas are used to compute the
matrix exponential. Once the exponential of the scaled
matrix is found, the exponential of the original matrix
is obtained by reversing the scaling procedure, which is
called squaring.

A potential difficulty can arise during the scaling
and squaring procedure. The norm of the scaled matrix
exponential when sguared may be larger than the norm of

the original matrix exponential depending on the value

of m, that is,
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e 11 << || ¥V/m yym

Thus the original goal of the scaling and squaring
operations are not achieved, as the round off errors in
the m-th power of a matrix, say Bm, are usually small
relative to || B ||™ rather than || B™ [] (26,39).

A Fortran program, documented in Applied Control
Laboratories Report 86011, for the matrix exponential
computations has been created according to Van Loan's

algorithm and some new procedures presented in section

3.6.5.

3.6.3 Companion Matrix Method

A class of State Space equations generally arise
upon the formulation of a state space model for a high
order ODE model (SISO systems). The state transition
matrix, A, for such models are generally formed in
2ither the companion canonical form (21) or in the
Jordan canonical form (21) when A has distinct or
repeated eigenvalues respectively. Chapter II equations
2.2 to 2.6 show an illustration for a 3rd order ODE with

distinct eigenvalues.

1ACl Report 8601, Dr. D. D. Bruns, Department of
Chemical Engineering, University of Tennessee, Knoxville,
Tn 37996-2200.



65

A discussion of algorithms which involve the
computation of exp(V), where V is a companion matrix, is
now undertaken. If V is of the companion form, which is

expressed as,

0 0 ...0
A = R * (3.36)
0 0 * o0 1
c

and if all the eigenvalues of V are real and distinct,
then a diagonal matrix related to V can be obtained by a

similarity transformation,

-1
A=P VP (3.37)
or
v=pPAP! (3.38)
where: A is a diagonal matrix.
A = diag ( Al ) AZ y sy '\n ) (3.39)

It can be shown that the P which transforms V to A is

the Vandamonde Matrix (21,26),
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1 1o 1]
AI A2 An
A2 A2 A2
] (3.40)
_x;_l Anz—l X:,—IJ
where \1,..... » An are the real distinct eigenvalues of
V.
-1
When V. = PA P , the series for the matrix exponential

is easily verified to be

Y A -1

e =Pe P (3.41)
Note/that eA can be computed easily, since is a
diagonal matrix
A A A
eA = diag ( e 1 , € 2 Y - n (3.42)

Equations 3.40, 3.41 and 3.42 provide a very easy scheme
to calculate the matrix exponential of V.

when a matrix has real and distinct éigenvalues,
the above procedure looks like a very attractive
technique to calculate the exponential of the matrix.
The results for all steps in the calculation procedure
are based on analytic results, especially for e . This

approach has not been treated numerically in the
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literature that was reviewed in the course of this
research. It is suggest as a topic worthy of addition

investigation.

3.6.4 Jordan Canonical Matrix Method

In general, when V has multiple-order or repeated
eigenvalues, a diagonal matrix can not be obtained under
a similarity transformation. However, there exists a
similarity transformation to generate a Jordan canonical
form of V (21)

v = pgpt (3.43)

where is called the Jordan canonical form

(A 1 0'o o0

0 A 1,0 0
J=(0 0 A0 0 (3.44)

0 0 07X, 0

L _"d_ -

L0 0 0 07l

The repeated eigenvalues form typical blocks associated
with these eigenvalues called Jordan Blocks. In
Equation 3.44 the Jordan Blocks are enclosed by dashed
lines, the upper block is for A1 which is repeated three
times and the two lower blocks are associated with the
distinct eigenvalues AZ and A3 respectively. The J

matrix can be expressed as
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-1
vV = P[Jl,...,Jk]P (3.45)

where Jl’ .o , Jkare Jordan blocks. Then the matrix

exponential for VT can be expressed as

J, T JT -1

- ple ! k") P (3.46)

eVT = ¢ o0 e

The exponentials of Jordan blocks Jijcan be given in

closed form (20), for example, if

A, 1 0 ]
0 A, 1
JL = 0 0 A‘) (3-47)
then
_ )
T
1T =
AT
J. T i 0O 1 T
e 1 - o : (3.48)
|0 0 1 |

Again, as in the case of distinct real eigenvalues,
this section provides the basis for a potentially
attractive method of calculating the matrix exponential

of a matrix that has real repeated eigenvalues. Some




69

problems to be addressed in using the outline provided
here are to decide how close two eigenvalues need to be
before they are considered equal and what effect this

criteria has on the matrix exponential accuracy.

3.6.5 Q matrix Calculation

If the inverse of the state transition matrix, A,
in Equation 3.18 exists, then the Q matrix in Equations
3.21 and 3.22 is easy to calculate according to Equation
3.24.

However, when A is singular, its inverse does not
exist, calculating Q then becomes numerically much more
difficult. One common approach is to numerically
integrate Equation 3.23. Another approach is based on
the Taylor series expansion of Equation 3.23 which is

72
Q = [IT+—2—T——A + ...] B (3.49)

Using a truncated form of this expansion allows Q to be
approximated.

Recently Birdwell (4) has suggested a potentially
much more attractive approach to evaluate Q for step
invariant discrete state space solutions. This revised
algorithm has been developed during the cause of this

study and is presented in the following. The algorithm
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requires an augmented matrix, R, to be formed as

AT B
R = ' (3.50)
0 0
where A : state transient matrix.
B : input matrix.
T : simulation step size.
The matrix exponential of R is
R 2 3
e =I“R+‘2_Rz R (3.51)
P K
0 1
where P and K are obtained as
2 3
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T 12,2 ] B (3.53)
K=[I+—2—|—A+'—3—|—A + ecee .

Comparing the defination of Q given in Equation 3.49 to

Equations 3.53 shows that

Q = K*T (3.54)

Therefore once the matric exponential of R is
obtained using state-of-the-art matrix exXponential
software both the P and Q matrices needed in the
discrete step invariant state space solution, Equation
3.22, are available. This approach provides a new
technique for calculating Q which appears to be superior
to previous approaches. This is the algorithm used for
obtaining both P and Q in the matrix exXponential program
documented in ACL Report 8601 (see footnote on page 64 ).
Detailed evaluation and comparison of this algorithm with
those presently used to calculate Q has not been carried

out but is left as an interesting topic for future study.

3.7 Stability and Accuracy Analysis
In all digital simulations the key goal is to match

the dynamics of continuous equations with discrete
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equations. It is apparent there is no unique
methodology for formulating difference equations.
However, no matter what approach is used the accuracy
and stability of the simulation algorithm should be
considered carefully. The major difference between
classical numerical integration methods and input
approximation methods can be interpreted from Figure
3.2. Since these two approaches are based on different
concepts, it might be expected that the stability and
accuracy of these two categories of methods possess

different characteristics.

3.7.1 Input Approximation Methods

Input approximation methods, previously called
discrete analog methods, first synthesize a discrete
system (or sampled-data system) to emulate the
contiruous system then formulate difference equations of
the synthesized discrete system to simulate the
continuous system. Recall the discrete analog system is
developed by introducing an ideal sampler followed by a
data-reconstruction procedure. Due to these operations,
the questions of stability and accuracy can be analyzed
separately.

Since the system is an open loop system between two
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U(nT) ~U(t) ~y(t)

U(t) Data X = AX+BU -y (nT)
— Reconstruction [ —\—>
T Process Y = CX T
(a)

U(nT) X(nT) X(nT+T)
ult)  \ . Numerical y (nT)
- X = AX+BU *] Integration Cl—>
T Scheme

(b)

Figure 3.2. Digital Methods for Solving the State Space

Equation (a) Input Approximation Method
(b) Numerical Integration Method
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sampling instants, the introduction of error due to the
sampler will not effect the stability. Therefore, the
algorithm's stability is fixed by the stability
characteristics between the reconstructed input signal
and the last sampler. 1In short, the difference egquation
that describes that solution from one sampled period to
another will have the same global stability
characteristics as the continuous process.

An important feature of the difference equations
generated by input approximation methods is that they
are intrinsically stable regardless of step size,
provided that the simulated process is intrinsically
stable.

On the other hand, the accuracy of input
approximation methods depends on how closely
(accurately) the sampled signal can be reconstructed.
Therefore the concern between the input sampler and its
data hold is the reconstruction of the input with
sufficient fidelity to closely approximate the original

input.

3.7.2 Classical Numerical Integration Methods
Stability and accuracy characteristics must be
considered together when solving state space equations

with numerical integration algorithms, since both the
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phase and magnitude distortions due to the
discretization of the continuous integrator are
feedback. To investigate these distortions between
various discrete integrators a variable phase
compenator, Gc(s), and a zero-order hold, Hzo(s), are
cascaded with the continuous integrator, as illustrated
in Figure 3.3. By sampling the input and output

signals, discrete integrators are derived as:

X(z) [ 1
H(z) = —=——— = Z [G (s) H (s) — .
o . 20 =] (3.55)
where Gec(s) = erST
-sT
1 - S

where r is the variable phase parameter. Therefore,

substituting Equations 3.56 into Equation 3.55 gives

sT
H(Z) =7 [ersT 1 - e 1 ]

5 5 (3.57)

and using modified Z-transform to incorporate the phase

compensator provides

-1
Hiz) = FL2 Uil 2 (3.58)

1 -2
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By appropriately selecting the r value the form of
three common integrators can be obtained from the last
equation, the values of 1r and numerical integrators are:

1. when r=0, which means without phase

compensation, the Euler method is obtained

-1
H(z) = —L2___ (3.59)

1- 2-1‘

which gives the difference formula

kel = X + T X, (3.60)

2. when r=0.5, the Trapezoid method is the result

H{z) = = (3.61)

which gives the difference formula

—_ T 2 *
TS Bl N s s E NP (3.62)

3. when r=1, the backwards difference method is

obtained

(3.63)
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which gives the difference formula

Xpee1 = X + T Xy o1 (3.64)

Figure 3.4 illustrates the frequency domain
characteristics of these discrete integrators. The bode
plot of the discrete transfer function is defined as the
magnitude ratio in dB and phase angle in degrees

vs. frequency:

MAG(dB) = 20 log,,| H(ed™) | (3.65)

PHAS (deg) = [ H(ed"™) ] (3.66)

Here the normalized frequency, Wn, is used

wn = (3.67)

where w is the input frequency and Ws is the sample
frequency. The frequency response of the discrete
integrators is compared with the continuous integrator
in Figure 3.4.

Frequency response analysis provides an analytical
indication of the discrete integrators phase and

magnitude distortion from the continuous integrator. As
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such, it might provide a guideline for selecting the
proper numerical integration algorithm. Figure 3.5
shows the magnitude and phase deviations of the discrete
integrators from the continuous integrator. The
deviation of the magﬁitude ratio, EMAG, and the

deviation of phase angle |, EPHAS, are defined as

jwm
ENMAG = 20 log,, —L-Hle"") | (3.68)
| G(jwn) |
EPHAS = £ H(ed"™) - £ G(jwn) (3.69)

The EMAG and EPHAS vs. wn plots provide a clear
comparison of the discrete integrators performance with
different phase compensation. The best choice of r is
around 0.2 and 0.8 from a magnitude standpoint, and the
obvious choice of r, from a phase standpoint, is r=0.5.
In practical applications, one may need to evaluate and
trade off the effects of phase and magnitude distortion
for the simulation.

This discussion built around data sampling followed
by a zero order hold set up a theoretical analysis for
the source of error and instability of three numerical

integrators. Similar analysis techniques are hard to
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extend to higher order numerical integration methods,
however, in general, nth-order numerical integrators
introduce as much as n/2 of the integration step size as
lag which is undesirable from the stability viewpoint
(34).

From the stability viewpoint, input approximation
methods are superior to classical numerical integration
methods for solving a state space equation, since the
former possesses the feature of being intrinsically stable.
However, proceeding accuracy analysis need to include
more complex considerations, e.gq. the error criterion,
computation facility etc., and heavily depends on

practical applicatons.

3.8 Summary

In this chapter, simulation formulas are
synthesized for models having predetermined input
types, called input invariant discrete models.
Input invariant descretizations are developed for
piecewise step and ramp inputs. Discrete models are
presented for both the external or input-output
transfer function discriptions and the interval or
state space formulation. These formulas are suitable
for simulating both SISO and MIMO cases. Finally the

the algorithms for matrix exponential computation are
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discussed and a new procedure for calculating both
the discrete state transition matrix, Q, and the
discrete input matrix, P, by taking the matrix
exppnential of an augmented matrix is introduced

and developed.
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CHAPTER 1V

COMPARISON OF SIMULATION TECHNIQUES

WITH ARBITRARY INPUTS

Simulation algorithms which synthesize discrete
models to approximate linear system behavior subjected
to arbitrary inputs are the topic of this chapter and
the main focus of the thesis. 1In the previous chapter
many formulas for digital simulation of linear processes
with predetermined input types were derived and
discussed. These formulas can work satisfactorily if
the input can be categorized into one of the
predetermined types addressed. However for many
simulations the type of input can not be predetermined
or, perhaps, can not be categorized into a type for
which a discrete invariant model can be formulated. In
such cases one of the discrete invariant algorithms
could be used, anyhow, knowing that the signal
reconstruction is approximate and thus the simulated
response is also approximate. This is very commonly
done especially in the use of the step invariant
discrete algorithm and the application of the matrix
exponential (13). In such applications these formulas
need to be employed with even more caution.

The impossibility of synthesizing exact discrete
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equivalents for continuous systems was demonstrated in
the previous chapter. However, an alternate approach
would still be to attempt to address the problem of
arbitrary inputs as part of the simulation formulation.
Techniques which do this are sperated into three classes
and discussed below; they are: (1) optimal discrete
models and integrators, (2) overall digital redesign,

and (3) optimal discretization methods.

4.1 Optimal Discrete Models and Integrators

Some algorithms synthesize discrete models
containing parameters that can be adjusted for certain
types of inputs (33,35,8). 1In other words, a discrete
model for the given continuous system may not be unique
but may be a function of the input. Optimal values for

the parameters are generally obtained through an

interactive scheme. The procedure is summarized as
follows:
1. Define the performance criterion or objective
function.
2. Select the form of the discrete model
containing the optimizing parameters.
3. Apply an optimization procedure to find the

optimal parameters for the discrete model.
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A similar effort has been employed to find the
optimal discrete representation of the continuous
integrator (15,3); a "random search optimization
algorithm" was used to determine the optimal parameters.
The class of systems being investigated are those which
can be represented by the set of state equations

X =f( X, U)
thus, in general, they can be nonlinear ODEs.

In order to use the optimal discrete model approach
requires the selection of an optimization technique and
algorithm. Therefore the questions of algorithm
suitability and verification of optimality need to be at
least partially addressed. 1In addition, optimization
routines are to complex to apply in some practical
situtations. Perhaps the major drawback of optimal
discrete models and integrators is the selection of a
performance criterion and the dependence of the
optimized model on the criterion. Since any time domain
criteria is input dependent, it is hard to find a
universal performance index in the time domain. The
frequency domain criteria does provide an input
independent and thus, perhaps, a more general
performance index; however, to minimize the frequency

response error will not guarantee the time domain error

is minimal.
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4.2 Overall Redesign

Overall redesign schemes attempt to achieve more
accurate results by developing the discrete equivalent
model to make it match some specific cahracteristics of
the continuous system. Fowler's method (5,12,11),
synthesizes the discrete simulation model by matching
its root loci with that of the simulated continuous
system. Another scheme proposed by Sage (32) is to
approximate the transfer functions of each element in
the continuous system (loops) so that the error squared
is minimized. Compared to Fowler's method, this
technique eliminates the need for inserting a delay in
feedback path, since realizability problems have been
taken into account during the design procedure (27).

A simulation algorithm built on a point-by-point
state comparison method is proposed by Kuo (22,23,24).
The system considered is a continuous feedback system.
It is synthesized by inserting sample- and hold-devices
and then modifying the input gain (or input gain matrix)
and feedback gain (or feedback gain matrix) of the
sampled-data model such that its response is as close as
possible in the time-domain to that of original system
at every sampling instant. However, the piont-by-point
matching scheme is based on the step input. Thus, the
performance of the sampled-data system is only good when

the input frequency is sufficiently low in comparision
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to the sampling frequency. Instead of matching the
time-domain performance, Rattan (29,30) proposed a
similar scheme based on matching the frequency response.
Rattan developed his method by inserting a forward path
compensator, rather than changing system's gains, which
makes the overall frequency response of sampled-data
system as close as possible to that of the continuous
system. Rattan's technique matches the continuous
output more closely than that of Kuo's method for high
frequency inputs.

Overall redesign techniques use either time or
frequency domain optimal schemes to eliminate the
discretization distortion while converting a continuous
system to a discrete system. These methods do provide
accurate results with respect to their stated objective
function; however their performance in a broader context
(e.g. at both high and low frequencies) is not as
satisfactory. 1In addition, the complexity of the design
procedures makes their general application to simulation

building somewhat restrictive.

4.3 Optimal Discretization Methods
The impossibility of synthesizing exact discrete
equivalents for continuous systems has been discussed.

However, the "best" discretization technique for
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arbitrary inputs is of considerable interest. Any
information or guidelines that can be provided during
the building stage of a simulation would be of great
utility. Perhaps such information can be gained by
comparing both the time- and/or frequency-domain
performance of discrete models at their design stage.
The overall redesign methods treated above only
addressed performance criteria in one of the two
domains.

The next section reviews a recent discretization
algorithm, the Taylor method ( 9,10) which incorporates
both time and frequency domain fitting into its
development. This new algorithm is one selected for the

numerical study of linear simulation techniques.

4.3.1 Development of the Taylor Method

A matching pole-zero method is recommanded by
Edwards (19,6). An obstacle in employing such a mapping
technique is that it is not possible to give an easy
formula for mapping infinite zeroes in the s-plane to
corresponding zeros in the z-plane. The zeroes in the
z-plane depend on the discrete approximation function
used to represent the continuous input. Zeroes which
are mapped directly from the s-plane onto the z-plane

will not guarantee accuracy in the time-domain
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performance, unless the sampling period is very small
(1). Again, this points out that from an overall
simulation point of view, discrete models which are
based on both time-domain and frequency-domain
considerations might be expected to be better than those
based on one criteria alone.

Irby (16) presented a technique for numerical
solution of a class of high order differential equations
based on a linear combination of Taylor series
expansions. Recently, Forsythe (10,9) extensively
applied this technique to develop a new algorithm,
called the Taylor method that does possess
considerations both in the time- and frequency-domain.
The concept is that the poles of the continuous transfer
function are mapped directly onto the z-plane, but the
positions of z-plane zeroes are derived by a more
complex procedure involving the use of the Taylor series
expansion. Mapping the poles directly from the s-plane
onto the z-plane will preserve the stability relation
between the discrete and continuous transfer function,
which is a frequency-domain consideration. Using the
Taylor series expansion to locate the zeroes' positions
in the z-plane is directed at making the dynamic
response of discrete transfer function as close to that

of continuous transfer function as possible, which is
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the time-domain consideration. To investigate this

relatively new method consider a continuous transfer

function, G(s),

G(s) = = P (4.1)

the corresponding differential equation is

MyY + MY + My + ..o 4 mqy
(4.2)
= DpX + NyX + NoX + ... 4+ npx

and polynomials of dependent and independent variables

are defined as:

Wy T Mgy + My + moyy 4+ .. 4+ mqy

w
y

nx+nx+nx+...+ X
0 1 2 n

If the equivalent discrete transfer function is

Y(z) ag + a z_1 + azz-2 4 ee. + akz—k

H(z) = - - — (4.3)
X(z) 1 +bjz " +by2"" + ... + b 2zt
r

the corresponding difference equation is
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y(t) + bly(t—T) + bzy(t-ZT) + «ee + b_y(t-rT)
r (4.4)

aox(t) + alx(t—T) + azx(t-ZT) + eeo + akx(t—kT)

Expanding each functional evaluation for Y in the left

hand side of Equation 4.4 with a Taylor series expansion

provides
y(t) = y(t)

12

y(t-T) = y(t) - T y'"(t) + —7 y'(t) - ...

41

y(t-2T) = y(t) - 2T y'(t) + — y'(t) - ...
r2T2

y(t-rT) = y(t) - rT y'(t) + 5 y'(t) - ...
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then substituting these expansions into the left hand

side of Equation 4.4 gives

y(E) + biy(t=T) + by(t-2T) + ... + b_y(t-rT)

1 7] -b1 b1
+b1 —2b2 +4b2
TZ
= +b2 y(t) + T -3b3 y'(t)+ _ET +9b3 y'"(t)+ ...
h+er B -rbr i :r b J
(4.5a)

Likewise making a Taylor series expansion for all

functional evaluations of x in the right hand side of

Equation 4.4 leads to

aox(t) + alx(t—T) + azx(t—ZT) + eee 4+ akx(t—kT)
[ 30 ] [ a1 ] [ 8]
+ay —2a2 7| +4a
= | +a, x(t) + T| -3a x'"(t) + —

(4.5h)
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A set of auxiliary coefficients, fi' is introduced

into Equation 4.2,

( (1 (2
fo(mOy + mly(1)+ cee + mqy q)) + flwy ) + fzwy )+ ..
= fo(nox + nlx(1)+ ee. + npx(p)) + flwil) + f2w£2)+ ..o
(4.6)
Expanding Equation 4.6 yields
f.m
mel 02
(fomo)y + y' +f+Em, ) AMEE S
+f.m
170 +f2m0
(4.7a)
fn
fonl 02
= (fny)x + x' f.n x" +...
00 11
f.n
10 fn
20
or
= 1 (1)
fomoy + EE ( EE fiml—i) y
1=1 i=0
o v (v) (4.7b)
- v
= fonox + zi ( flnv_l) X
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Equating Equation 4.5a to the left hand side of 4.7 and
Equation 4.5b to the right hand side of Equation 4.7

gives Equations 4.8 and 4.9 respectively,

M1 1 1 ... 1

0 -T -2T ... -rT 1
2
0 12 4Tt . . . p2q? b,
21 21 21

0 I O S b,
3! 3! 3! 1
b

. . . . e . T

(4.8)
[~ m 0 0 . 7]
my mO 0 0 ... [~ fO n
m0 m1 m0 0 0 ... fl
= : f2
mq mq_1 cee My 0O ... .
0 mq e m, .




and

1 1
T _2T
72 412
VA A
T3 _8T]
37 3T
_
ng
ny
Ry
n
p
0

.. 1 ]
.. <=kT
.. k1l
7T
.. k73
—3T
0 0 ..
nO 0 0
n1 nO 0
n e o 0
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(4.9)
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Since the s-plane poles are mapped directly onto
the z-plane, the order of the denominator of the
discrete transfer function is the same as that of the
continuous transfer function, therefore, r = g in
Equation 4.8 (see also Equation 4.2 and 4.4). If k
numerator or a-coefficients of the discrete transfer
function (see Eguation 4.3 or 4.5b) are wanted, there
must be k equations to produce them; therefore, k
f-coefficients are needed in Equations 4.6 through 4.9.
At this point, the b-coefficients in H(z) are determined
from the poles of the continuous transfer function using
the s- and z-plane mapping relationship z = exp(sT),
i.e. Equation 2.24. Then, it remains to obtain the
corresponding a-coefficients provided via Equations 4.8
and 4.9. Updating Equation 4.8 by accounting for r = g
and Eguation 4.9 for choosing k a-coefficients in the
discrete transfer function gives Equations 4.10 and

4.11, respectively,



—d

1 1 1 .. 1
0 -T -ZT LI Y -qT
0 g? gTZ e.  (=qT?)
] 1 21
3 3 3
-T -8T e o0 (- T)
0 —31— — ——
o =D am*ill _(-qDk
k! k! k!
n my 0 7
my m, 0 e
m, my 0 0 0 .
mq . my 0 ..
| 0 q° mO ]
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(4.10)



and
1 1 1 ... 1
0 -T 2T ... -kT
T2 412 (-kT)2
0 7T 7T vt T T
-3 _gr3 (-kT)>
0 — 3T e T 3T
Cemk (camk (-kT)¥
0 = kT " T kT |
B ng 0 0 ... -
n1 no 0 o ...
n, n; nj 0 0 ...
np . e no 0o ...
| 0 np . no -

A summary of the methodology to establish the

Taylor Series algorithm is:

1. Select the form of the discrete transfer

function, that is,

99

(4.11)

select the number of terms in
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numerator or a-coefficients of H(z), Equation 4.3.
2. Find the poles of the continuous transfer
function, Equation 4.1.
3. Determine the denominator coefficients of the
discrete transfer function by mapping the poles
on the s-plane directly onto the z-plane. This
is done by employing the pole matching technique
given by Equation 2.34.
4. As the b-coefficients are now known, find the
auxiliary coefficients, fi’ utilizing Equation
4.10.

5. Finally with the f-coefficients known, comput

the numerator coefficients, a.

i of the discrete

transfer function from Equation 4.11.

4.4 Comparison of Discretization Methods

The major task undertaken by this research is a
comparison of linear simulation techniques to answer
some of the questions that arise in building and using a
simulation. This kind of study has not been presented
in the current literature. It is felt it will be of
value especially in view of the wide range of
techniques proposed and the continuing activity in the
area. The ultimate purpose of such a study is important

in establishing quidelines for selecting the "best"
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discretization techniques for a given simulation task.

The derivation of a discrete equivalent model is
basically a fairly simple task; once a discretization
algorithm is selected. However, the major question of
whether this discrete model is of any practical use to
the engineer for simulation and application purposes
remains. The accuracy capabilities of the discrete
model varies with the discretization technique used and
upon the specific application, but it still seems
reasonable that some relative precision level can be
established in comparing some of the most promising
techniques.

The remainder of this section deals with those
discretization techniques selected for the
comparison study used to provide guidelines to

successful simulation.

4.4.1 Comparison Criteria

One of the biggest obstacles in making a comparison
study is the definition of a general performance
criteria, this arises because the time domain error is
input dependent making it difficult to obtain a general
criteria suitable for all inputs. In contrast,
frequency domain performance is the preferred comparison

criteria for a lot of investigators. There are unigue
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relationships between the time and frequency response
characteristics; however, the frequency domain response
can not give us a direct feeling for the transient time
domain performance. Still our ultimate purpose is to
find an optimal time domain discretization technique.

If an ideal discrete equivalent transfer function
is defined as one whose response matches that of the
continuous transfer function at every sample instant
(see Equation 3.5), then a time domain performance
criteria seems to be the natural choice.

Two time domain error indexes. for the open loop
response are selected as objective functions for the
purposes of this research. They provide the major
criteria for quantifying the comparisons and in making
the judgement as to the best digital simulation
algorithms. One error index is directed at the local
error while the other index is concerned with the global
error. The definition of the two error indexes are the

error, ERR, and normalized error, NERR:

(ERR), = - (4.12)

Lk
(NERR)} = — D | (ERR), | (4.13)
k g

where y* is the discrete model output while y is the

continuous process output at each sample instant, and k
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is the running sample interval number. The error, ERR,
provides an indication of the local error, whereas, the
normalized error, NERR, gives information on the global
error.

A secondary comparison in the frequency domain will
also be given in terms of the Bode plot and the errors
in the Bode plot as defined in Equations 3.65 through
3.69. This comparison is included largely due to the
pervasiveness of this criteria in the associated
literature.

Another important decision is the selection of the
input type used as the forcing function. The sine of
unit magnitude, sin(wt), is the input chosen for this
study. The freguency of the input is varied, as well
as, the ratio of the sampling frequency to the input
frequency, defined as the normalized frequency by
Equation 3.67. In this way, insight into establishing
discrete equivalent models which are most suitable for
arbitrary inputs might be gained, and thus, the
discretization methods are more properly evaluated.

Although these error functions for the chosen input

do provide a quantification for how close the response

of the discrete equivalent model is to that of the

continuous system, unfortunately, they by no means offer
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an absolute verdict in determining the adequacy of the

discretization techniques.

4.4.2 Selected Discretization Methods and Linear Models
Six discretization methodologies were selected to
include in the numerical study. They are:
1. Tustin method.
2. Matched pole-zero method with infinite zeroes
mapped to z=0.
3. Matched pole-zero method with infinite zeroes
mapped to z=-1.
4. Input approximation method with zero order
hold and phase compensator.

5. Input approximaiton method with triangular

hold.
6. Taylor method.

The numbering used in this list will be used as a
legend in presenting simulation results throughout the
chapter. "N" will be used instesd of "6" for the Taylor
method and the analytical solution will be designated
with "A". The six discretization methodologies were
chosen to encompass those most commonly used in
engineering simulation (algorithm 4 with r = 0), those
that are very easy to implement (algorithm 1), those

that have received considerable attention in the
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literature (algorithm 1, 2, 3), and those that look most
promising for successful simulation (algorithm 4, 5, 6).

The basis of all these methods has been introduced
in chapter II and first portion of this chapter. The
4th method is the extensive utilization of the input
approximation technique, and its derivation will be
presented in detail in section 4.5.4.

The three linear models chosen for the study were:
I. First order lag, II. Underdamped second order lag,
and III. Nonminimal phase second order process. The
first two proceses contain the two most basic classes of
process characteristics that are often used to describe
higher order processes. The third process represents a
mixture of two first order processes whose gains and
time constant ratios are such that the process is
nonminimum phase.

Thus the study is formed around applying six
different discretization methods to the three different

continuous process models.

4.5 Comparison 1I
The first comparison, called Comparison I, made for

six discretization techniques will be based on a first

order lag system, Gls) - 5 (4.14)

s + 5
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The corresponding discrete models are derived, in turn,

in the following six sections.

4.5.1 Tustin Method

To apply the Tustin method simply substitute for
the continuous operator, S, in both the numerator and
denominator of the continuous transfer function the

relation s = T(z+1)/2(z-1) to give (see Equation 2.29)

S
H(z) = ——+—— T z + 1
s + 5
2 z -1

(4.15)
Tz + T

(aT + 2)z + (aT - 2)

Or upon rearranging to give

H(z) = - (4.16) (4.16)
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4.5.2 Match Pole-Zero Method with Infinite Zeroes Mapped
onto z=0
The first step of match pole-zero method is mapping
the s-plane poles and zeroes directly onto the z-plane.
For the first order system, G(s), consisting of a simple
pole at -5, the pole is mapped onto z-plane according to

Equation 2.34

_ sT
Zpole -~ ¢ s = =5 (4.17)

and the one infinite zero in the s-plane is mapped onto
zero in the z-plane. Thus, the discrete equivalent

transfer function is

Kz
H(z) = (4.18)

(z - e'ST

where K is used to adjust the steady state value of the
discrete system to agree with that of the continuous
sytem. In this study, the K is chosen to match the
discrete system's unit step response with that of
continuous system's. According to the final value

theorem
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= (4.19)

K is therefore

H(Z) = _ST (4-20)

or upon rearrangement is

H(z) = (4.21)

4.5.3 Match Pole-Zero Method with Infinite Zeroes Mapped
Onto z=-1
Remembering that the mapping relationship between

the s- and z-plane, z=exp(sT), maps "the primary strip"
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on the s-plane into the unit circle on z-plane, thus,
mapping the infinite s-plane zeroces to the point z=-1
will make the frequency response at higher frequencies
of the discrete transfer function similar to that of the
continuous transfer function. Intuitively, the mapping
will be more suitable as sampling period approaches
zero.

The discrete transfer function has the same
denominator as Equation 4.21 but has its zero at -1,

instead of O,

H(z) = (4.22)

Again, applying the final value theorem to find K, the

final form of discrete transfer function is

ay + alz_1
H(z) = (4.23)
1 - e_STZ—1
where:
an = a, = ——0
0 1 2

4.5.4 Input Approximation Method with Zero=-Order Hold
and Adjustable Phase Compensator
Sampled-data systems with the zero-order hold

reconstruction of the input signal will introduce as
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much as a half period of time delay in the reconstructed
signal (2). This signal reconstruction distortion is a
principle source of numerical error and instability in
the simulation algorithm. To address this drawback, a
compensator is inserted to eliminate the phase shift and
a modified discrete transfer function is derived. Since
the best phase compensation is under investigation, a
variable phase compensator is introduced. The
synthesizing procedure is presented below and the
configuration of the modified sampled-data process is

illustrated in Figure 4.1. This figure shows

H(z) = Z[ H, _(s) G_(s) G(s) ] (4.24)

where: Hzo(s) is the zero-order hold transfer
function (l-exp(sT))/s.
Gc(s) is the phase compensator transfer
function, exp(rsT), where r is a number
between O and 1.
G(s) is the continuous system transfer function

For the lst-order lag transfer function, Equation 4.24

becomes

“ T ] (4.25)
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The discrete transfer function can be found from

the modified Z-transform table (21), to give for H(z),

H(z) = (4.26)

4.5.5 Input Approximation Method with Triangular Hold
Discrete transfer functions synthesized by the
input approximation method with triangular hold are

available directly in Table 3.2.

4.5.6 Taylor Method

The following step-by-step derivation illustrates
Taylor method for the 1lst- order lag system:
Step 1. Choose the form of the discrete transfer
function to have three numerator coefficients,

-1 -2
aO + 812 + azz

H(z) = 1 (4.27)

1 + blz—

The numerator was structured to have three terms by
carrying out some preliminary comparisons of Taylor
models having 2, 3, and 4 terms. The case with two

numerator coefficients gave relatively poor results

while the use of 4 a-coefficients over 3 a-coefficients
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showed only a small gain. Thus the Taylor method
with three numerator coefficients was selected.

This procedure is illustrated in comparison III.

Step 2. The pole of G(s), s = -5, is mapped directly

onto the z-plane, thus the pole of H(z) is

2 = exp(~5T)

and

b1= _exp(-ST)
Step 3. H(z) has three a-coefficients, therefore three
f-coefficients are required. Expressing Equations 4.10

and 4.11 in matrix form gives

R'B = MF (4.28)
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1 1
B = =
~-5T
| ® -e
m0 0 0 5 0 0
M = m1 mo 0 = 1 5 0
m, m, m, 0 1 5
1 1
R = 0 ~T
T
0 >
1 1 1
R' = 0 -T -2T
0 72 4T2
2T 7T

and T is the sample interval.

If for example T=0.05, A can be computed from Equations

4.28 and 4.29:

.0967

-1 -1

A = R NM*-“R'B = .1428

-.0184

The corresponding difference equation is:
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Yik) = .7788 y(k-1) + .0968 x(k)

+ .1428 x(k-1) - .0184 x(k-2)

The coefficients of H(z) for different value of T

are listed in Table 4.1.

4.5.7 General Form of Discrete Transfer Functions
for First-Order Lag
The discrete transfer functions which are derived
from methods (1) to (5), see Equations 4.16, 4.21, 4.23,
and 4.26 respectively, all possess the following form:
ag + alz_1

H(z) = e (4.30)

1 + blz

The coefficients of H(z) in Equation 4.30 for different

discretization techniques are summarized in Table 4.2.
The discrete transfer function obtained from the

Taylor method was designed to fit Equation 4.27 repeated

here

comparing this equation to Equation 4.30 shows the
simulation algorithm derived from the Taylor method has

another a-coefficient or another zero. The fact that

this scheme has another parameter should give the
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Table 4.1. Coefficients of the Discrete Model In
Comparison I Synthesized by Taylor Method

T a0 al a2
0.1 0.1804 0.2457 -0.0326
0.05 0.0968 0.1428 -0.0184

0.02 0.0404 0.0626 -0.0079
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in

Coefficients of Discrete Models
Comparison I
Method Coefficient
a0 = a*T/(a*T+2)
Tustin al = a*T/(a*T+2)
bl = (a*T-2)/(a*T+2)
Matched al = 1l- exp(=-a*T)
pole-zero a0 =0
(z=0) bl = -exp(-a*T)
Match a0 = (l-exp(=-a*T))/2
pole-zero al = (l-exp(-a*T))/2
bl = -exp(=-a*T)
Input- a0 = l-exp(=-a*r*T)
Approximation al = exp(-a*r*T) - exp(=-a*T)
with Hzo bl = -exp(=-a*T)
Input- a0 = (a*T-l+exp(-a*T))/(a*T)
Approximation al = (l-exp(-a*T)-a*T*exp(=-a*T))/(a*T)
with Htr bl = -exp(=-a*T)
Defined Constants:

T
a
r

wou

For lst-order System:

G(s)

simulation step size

5

magnitude of the phase compensator

a

s +
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resulting simulation algorithm some advantages over the
other methods. Recall that according to this technique
we can pick the number of a- coefficients desired. It
should be noted that method 4 incorporates a variable
phase lead compensator, and thus, also has another
adjustable parameter even though it has only two
a-coefficients. The effect of the number of
a-coefficients used with the Taylor formulation is

partially addressed in section 4.7.

4.5.8 Comparison I

Since the input forcing function is arbitrary, the
selection of the sampling rate will first be based on
the system's dynamic characteristics. For a lst-order
lag system, the system's dynamics are characterized by
its rise time, Tr, or time constant. To simulate its
dynamic behavior, it is reasonable to select the sample
rate to be more than 2 scmples per rise time. For the
present model the rise time is 0.2. Thus, the sampled
periods selected to use in simulation were 0.1, 0.05,
and 0.02 which correspond to 2, 4 and 10 samples per
rise time respectively.

First the frequency response of each discrete
transfer function will be compared with that of the

continuous transfer function. The input approximate
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method with zero-order hold and various phase
compensators are investigated first to select the best
amount of phase compensation, i.e. select the best
value for r. Figures 4.2 and 4.3 show these result
where A labels the continuous transfer function
frequency response. The numerical value indicated on
the other curves is the r value used in the phase
compensator. When r=0 no phase compensation is used, as
the value of r increases more phase compensation is
included up to r=1 where one sample period of
compensation is incorporated into the algorithm.

MAG(dB), PHAS(deg), EMAG(dB), and EPHAS(deg) are of
the same definition as those in Chapter III, Equations
3.65 to 3.69. The best choice of r is around 0.8 from
the magnitude standpoint and around 0.5 from phase angle
standpoint. In the following Comparisons, I, II, III,
the value used in method 4 was selected by trial and

error to eliminate the phase lag due to the zero-order

hold.

The coordinate in these figures and the remainder
of the frequency response figures in this work is that
of the normalized frequency Wn, defined above in
Equation 3.67 as the ratio of the input frequency to the
sample frequency. It is important to keep in mind that

normalized frequency is used in presenting the results
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-

in figure form as the same numerical value of Wn on
different figures does not correspond to the same input
frequency unless the two figures are for the same
sampling frequency, Ws, or sample period, T.

Figure 4.4 illustrates the Bode plot of all five
discrete equivalent models along with the continuous
transfer function for a sample period of 0.1. Figure
4.5 presents the same data as the EMAG (see Equation
3.68) and EPHAS (see Equation 3.69) up to Wn=0.125.
Table 4.3 gives the legend employed in these figures and
the remainder of frequency response figures in this
chapter.

These plots provide an initial evaluation of the
discretization technique in which method 2 and method 4
have the worst performance from the standpoint of phase
shift. The frequency response of method 2 was left off
Figures 4.5 to 4.7 so that scale could be exXpanded in
looking at the remaining results. Figures 4.6 and 4.7
contain additional Bode plots for different sample
periods. Conclusions from this study on the given
lst-order lag model are:

1. From magnitude attenuation standpoint, the
best choice is the Tayler method, while all other
methods relatively had much more error.

2. From the phase angle standpoint, the input
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Table 4.3. List of Discretization Methods

Tustin's Method.

Match Pole-Zero Method with Infinite
Zeroes Mapped to z = O.

Match Pole~-Zero Method with Infinite
Zeroes Mapped to z = -1.

Input Approximation Method with Zero-
Order Hold and Phase Compensator.

Input Approximation Method with
Triangular Hold.

Continuous Transfer Function.

Taylor Method.
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approximation methods gave the best results
followed by the Taylor method. The
implementation of the zero order hold schemes,
however, involves the optimization of the r value
in the phase compensator.

The utilization of the phase compensator with
the zero order hold for input approximation
merits some discussion. The rule of thumb (2)
that the sampling operation is equivalent to
adding a dead time equal to one half the sample
time is illustrated in these results, especially
at smaller sampling times. Recall that the value
of r was optimized based on the phase angle
response. The best values of r were 0.4790,
0.4895, and 0.4957 for sampling times of 0.1,
0.05, and 0.02 respectively. A value of r=0.5
would correspond to compensating for a dead time
eéqual to one half of the sampling time. Another
implication is that in simulations allowing
larger step sizes to be used, the value of r
should be adjusted from the usual 0.5 to obtain
more accuracy.

A surprizing result is that the Taylor method
shows little improvement in either of the

frequency response plots as T is changed from 0.1
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to 0.05 and to 0.02. Also surprizing is the fact
that the Tustin method magnitude ratio becomes
slightly worse as T decreased. Methods 3, 4, and
5 improved in the magnitude ratio plots
approaching the Tustin method results while
methods 1 and 3 improved considerable in their
phase angle response as T decreased. Recall that
the plots' abscissa is the normalized frequency
so that Wn=0.1 in Figures 4.5 and 4.7 corresponds
to w=10 Hz and 50 Hz, respectively, thus the
error plots extend half a decade further in
Figure 4.7 than Figure 4.5 in terms of w.

In identifying the best method, the evaluation
should consider both the magnitude attenuation and phase
shift; however, none of thebdiscretization methods in
our survey provides the best performance in both
magnitude and phase response for the lst-order lag
process.

Plots of the time domain response are now presented
to address our major concern for good representation of
the time-domain process characteristics. Figure 4.8
through 4.11 present the time domain performance of the
discrete models subjected to sinusoid inputs of
amplitude one. The input sinusoid wave frequency is

controlled by the value of NSC (Number of Samples per
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Input Cycle), which is defined of the as the reciprocal

normalized frequency.

Hh
4]
-

(4.31)

NSC =

h
[
£

For example, if the sample period, T, is 0.2 and

the chosen NSC is 8, then,

1
sample frequency, fs = fs = — =5
T
fs 5
input frequency, fi = fi = =
NSC 8

The time domain responses for the sinusoid wave
tests reveal a clear picture of each discrete transfer
function's performance. Methods 2 and 3 was left off the
the figures as they have significantly larger errors.

Conclusions drawn from the time domain response and
the associated indexes for the lst-order lag process
are:

1. The local errors, ERR, are reduced as the
sample period is decreased (as the NSC is
increased); this behavior is intuitively
expected.

2. The major conclusion drawn is that the Taylor

method clearly provides the best digital



135

algorithm for the first order lag process

3. The Taylor method does have errors larger
than the other methods at the beginning of the
simulation. This initial error is usually
comparable in magnitude to the errors the other
methods experience at larger times. The time

frame during which the ERR index of the Taylor

method remains larger ranges from one fourth to
one process time constant (Tr = 0.2).

The phenomena of the Taylor method experiencing
larger initial error than the other methods might arise
from the fact that its numerator has three terms versus
two for the others, thus three sample periods are needed
in a simulation before the full algorithm is in place.
This behavior might be enhanced since a first order
process has an immediate response to an input, e.g. in
the step response of such a process the derivative of
the response has its maximum value at time=0. Some of
the other methods also show this start up
characteristic.

The magnitude of the ERR levels compared to the
magnitude of the input signal (sinunoid wave with
amplitude of one) range from + 3% in Figure 4.8 to +
0.5% in Figure 4.9.

When including the frequency domain criteria, as



136

well as the time domain criteria the best discretization
mehtod within this survey 1is still concluded to be the

Taylor method.

4.6 Comparison II

Comparison II follows the same procedure as used in
comparison I, to evaluate the discretization
methods when used to develop a simulation for an
underdamped second-order lag system. The underdamped

second order lag transfer function chosen for comparison
Il is

10

G(s) = 4.32
s2 + s + 10 ( )

The natural frequency, Wo, and damping

coefficient, £, are

Yo ZJ 10 , is the natural frequency.

£ = -.158 ,is the damping ratio

First reasonable sample periods are chosen based on the
system dynamic behavior. The sample frequencies are
taken to be at least ten times greater than the
conditional frequency and also of high enough frequency
that more than 2 samples are taken per rise time. The

conditional frequency, Wc, and the rise time, Tr, of a
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2nd-order system are defined as follows (21)

2
1 + 1,16+ 1.4
T = J ¢ = 0.4 (4.33)

W o= = 0.5 (Hz) (4.34)

Therefore, the selected sample periods should be less
than 0.2.

One problem with the Tustin method as discussed in
Chapter III is the frequency scale distortion. The
effect is called "frequency warping" due to the
nonlinear frequency transformation. The underdamped
second order lag process provides a good illustration of
the warping phenomena. The reasonant frequency and the
frequency response at this frequency are important
characteristics of this process. To avoid frequency
distortion or warping of the discrete model at the
resonant frequency pre-warping can be incorporated
according to Equation 2.33. This procedure allows the
frequency response of the continuous system and the
approximating discretized system to be the same at one
frequency; here at the resonant frequency. The resonant

frequency, wp, of a 2nd-order system is
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_ / 2
Wy = w1 - 2% - 3 08 (4.35)

and following Equation 2.33 the discrete model with

brewarping at Wp, H(z), is

H(z) = G(s)

s " 2 -1 (4.36)

- w_ T
tan—B__ z + 1
2

Figure 4.12 illustrates the frequency response of the
Tustin method with and without prewarping. The discrete
model with prewarping preserves the frequency response
at the desired frequency; however, it does not preserve
the magnitude and phase response at other frequencies.
It should be noted however that the Bode plot with
prewarping is improved over all frequencies in this
example. In later comparisons, the Tustin method
without brewarping is again used.

The frequency response of the input approximation
discrete models with zero=-order hold and various phase
compensators are shown in Figures 4.13 and 4.14. The
best choice of the r value for the phase compensator is

0.5 from both the magnitude and phase response

standpoint. This is an unusual situtation.
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Figures £.15 and 4.16 contain the frequency domain
comparison of the discretization techniques, discrete
models' coefficients shown in Table 4.4. Note method 2
is again left off of Figures 4.16 to 4.18 as it has
significantly larger deviations compared to all other
methods. Based on these figures the following conclusions
are ' made:

1. The Taylor method and the two input
approximation methods are found to be better than
the others in maintaining both the magnitude
ratio and phase angle.

2. Figure 4.14 shows the optimum value
of r for the phase compensator is 0.5
for the magnitude ratio, as well as, the
phase angle.

3. The Tustin method has considerable accuracy
problems around the resonant frequency. Thus
prewarping would make EMAG and EPHAS zero at
W=3.08 radians or 0.49 Hz which corresponds to
Wn=0.049 in Figure 4.16, as well as, make the
Bode plot errors smaller in general. The
question of what effect this enhancememt would
have on the time domain characteristics has not
been explored.

The time domain performance for each discrete model

(less method 2 as it had significantly more error) is
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in

Table 4.4. Coefficients of Discrete Models
Comparison I1I
Method Coefficient
a0 = sab*t2/dcl
Tustin al = 2*sab*t2/dcl
without a2 = sab*t2/dcl
prewarping bl = (2*sab*t2-8)/dcl
b2 = (sab*t2-4*a*T+4)/dcl
a0 = sab/dc2
al = 2*sab/dc2
Tustin with az = sab/dc2
prewarping bl = (2*sab~2*pw**2)/dc2
b2 = (sab+pw**2-2*pw**a)/dc2
a0 = denom
Matched al = 0
Pole-Zero a2z =0
(z=0) bl = etcos
b2 = e2t
a0 = denom/4
Matched al = denom/2
Pole-Zero a2 = denom/4
(z==1) bl = etcos
b2 = e2t
Input a0 = 1l-p
Approximation al = etcos+p+g
with Hzo a2 = e2t-q
and phase bl = etcos
compensator b2 = e2t
Input a0 = (c2-4*a+cl-2*a*etcos)/(sab*T)
Approximation al = (27¢c2-2%a+cl*etcos~2*%a*e2t)/(sab*T)
with a2 = (c2+cl*e2t)/(sab*T)
Trianguler bl = etcos
Hold b2 = e2t
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Table 4.4. (Continued)

C2fined constant:

1. common constants:

wO = sgrt(a**2+b**2)

eta = a/(2*w0)

wp = wl*sgrt(l-2*eta**2)
sab = a**2+p*%2

et = exXp(-a*T)

e2t = exp(=-2*a*T)

etcos = -2%et*cos(b*T)

t2 = t**2

w2 = w**2

wé = w*4

2. Constants for each methods:

denom = l+etcos+elt

pw = wp/tan(wp*T/2)

dcl = sab*t2+4*a*T+4

dc2 = pw**2+2*pwra+sab

phai = atan(-a/b)

p = exp(-a*r*T)*cos(r*b*T+phai) /cos(phai)

q = exp(-a*(l+r)*T)*cos((1l-r)*b*T-phai) /cos(phai)
ang = atan((b**2-a**2)/(2*a*b))

cl = sab*T+2*a

c2 = -2*a*et*cos(b*T+ang)/cos(ang)

For 2nd-order System:
al+ 1f

(s+a? + b2

G(s) =
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presented in Figures 4.17 and 4.18 from which it is
observed:

1. As expected, the local errors, ERR, again
show a decrease as NSC is increased from 8 to 32.

2. The Taylor mehtod and the two input
approximation methods provide nearly the same
performance capabilities and are clearly superior
to the other techniques. These methods also
provided the best results in terms of the
frequency criteria.

3. In contrast to Comparison I, here the Taylor
method does not exhibit a larger initial error
than the error level it has at later times.
Presently, the only speculation for this
difference would be a possible connection with
the different derivatives of the response at time

zero that 1lst and 2nd order process exhibit.

For the 2nd-order underdamped lag, in both the
frequency and time domains the Taylor and the two input
approximation methods provide the best simulation
capabilities. Many more plots were made for both
domains as part of Comparison II buf have not been

included as they confirm the conclusion made here.
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4.7 Comparison III

The final study, called comparison III, uses a
2nd-order nonminimum phase system. A dynamic
characteristic of such a process is the initial response
is in the opposite direction compared to the later and
final response. This characteristic is shown in Figure
4.1%a. Such behavior is denoted by various names
including inverse response, nonminimum phase response,
wrongway behavior and sagging process.

The 2nd-order nonminimum phase system, G(s),

selected is

1 - s

(s +2) (s + 3)

or

Note that the transfer function can be written as the
sum of two transfer functions. This is equalivent to
the input having an effect on the output through
parallel paths. Often the ninminimum phase
characteristic in physical pProcesses can be explained
due to this type of phenomena.

The eigenvalues of the selected transfer function
are =2 and -3, thus the effective time constants are 0.5
and 0.33, respectively. Based on the smallest time

constantk sample periods chosen for the study are 0.167
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and 0.03 associated with 2 and 10 samples per time
constant. Unit step input responses of the

continuous system and the discrete models with T = 0.03
and 0.5 are shown in Figure 4.19. A sample time of 0.03
is a fairly small step size while that of 0.5 is a large
step size, in fact, it is equal to the larger effective
time constant. This figure is included to show that for
a small enough step size all of the discrete algorithms
being evaluated work well, whereas, if the step size is
obviously too large none of the algorithms can provide a
description of the dynamics. All these simulation
techniques do yield correct steady state result as
discussed earlier.

Before proceeding with the established comparison
study format, this example is used to introduce the
question and show some calculations for applications of
the Taylor method using a different number of numerator
a- coefficient. Recall that this method maps poles of
the continuous transfer function directly to the
z-domian so that number of poles in the equivalent
discrete transfer fundtions is fixed by the continuous
process. However the number of zeroes can be selected
to best fit the Taylor series expansion in the
time-domain. For the 2nd-order nonmininum phase system

the Taylor method was developed using 2, 3, 4, 5, and 6
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terms in the numerator. Figures 4.20, 4.21, and 4.22
show the corresponding frequency response with the
numerical value on each curve indicating the number of
terms in the numerator of the Taylor models. The
discrete transfer function results for the case of 2
terms in the numerator are not shown in Figures 4.21 to
4.25 because it contained significantly greater error
than the other Taylor models. Observations from the
Bode plot errors for the Taylor method with different
degrees of the numerator polynomial are:

1. Initial intuitative feeling might suggest
that the more terms used in the numerator the
better the approximation model. This trend might
be expected to break down if the numerator
contained many more terms than the denominator.
Figure 4.20 to 4.22 are mostly consistent with
this intuition, with both EPHAS and EMAG getting
smaller as additional terms are added in the
numerator. Note that the error in magnitude
ratio with 4 terms is less than with 5 terms.

2. As more terms are added it might be expected
that the error would approach or "oscillate"
about the highest term approximation error. That
is, as a new terms is added it would change the

error in the direction of smaller error and



EMAG

EPHAS

!
L
LEE SLES BLER NLED NLEE IS

[ ]
LN N Sun E Sy SN SN SR Suw GEE N |

154

o
i

ac
ee
ze
249
22
20
18
e
4
1z
10

O N & ®» D

AR LB ERS RS LRI BE LN SEREEREREEA]

(]
[, ]

o
i

10°

Figure 4.20. MAG and PHAS Plots of Comparison III

System with Taylor Method (T

0.167)



155

EMAG
3
J

1o 10~ 107 10°

LRI RRARERIRAR ABARY|

-8.0

LA RARINLIRLELRINIRARENIRINLRAS]

R N P ST S i
3s)

10°

i
o
i

Figure 4.21. EMAG and EPHAS Plots of Comparison JII
System with Taylor Method (T = 0.167)



-.080

-.086

-. 040

LB AR NI AR NSRRI RRRRI AR AN LAARE RAAEE ARLAN AR AL ]

-1 048

[9%)

o
3

12

.10

EPHAS

. D&

.04

. 02

—rrrrrrr v rrrvvrrr o1

- D4
io-*

Figure 4.22. EMAG and EPHAS Plots of Comparison III
System with Taylor Method (T

0.167)

156




TIME D@8MARIN RESPBNSE

ad b 4 ba bt oa b badat adalasly

TIME DOMRIN RESFONSI2E

.o0es T rTTTYTTTYTTY LS A e S A oo o 2 A B A on B e o o o

L
.Gl sudeassbaata it tasas baanadaacadandasaedansafunasdesns

(4] .6 1.0 1.6 2.0 2.6 8.0 9.6 4.0 4.5 6.0

TIME

Figure 4.23. ERR and NERR Plots of Comparison III System

with Taylor Method (T = 0.167, NSC = 8)

157




158

TIME DOMAIN RESPANSE

T A T T T Y T Y T g T

-

=

& j
~

% -

4 7 :

b 4

-

h

i " 1 e i 1 1 i i )

8 4 [ [} ? ] 8

TIME
TIME DBMAIN RESFONSE
- 0030 T T T T T ¥ T T T T T T t T T
-

=4
<2}
z

T s e 8
TIME

L

PITE NN TN E RN NS OE U S NN W

o
-
L 5
O

Figure 4.24. ERR and NERR Plots of Comparison III System
with Taylor Method (T = 0.167, NSC = 16)




159

TIME DEMAIN RESPAONSE
. D0 -

T Y T Y T T T T Y v -T r T Y T

+ 0026
« D020

.ooas §

ERR

.0010 §

i sa b asa s baaaadaaaa ke ol aeaa danaadanat

-
o

TIME DSMAIN RESFPAONSE

1 T T T 1 T 1 T L) T 1 T ¥ v T

.0014 M

.0012 B

-D010

NERR

. 0DDDB

TIME

Figure 4.25. ERR and NERR Plots of Comparison III System
with Taylor Method (T = 0.167, NSC = 32)




160

perhaps have the error change sign. This happens
explicitly in the EPHAS plot in Figure 4.22 and is -
observed in most of the other plots.

The study of the various numerator order models in
the time-domain is presented in Figures 4.23 through
4.25 for a sample time of 0.167 and samples per input
cycle of 8, 16, and 32. The local error in the
simulation, ERR, in relation to 1, the amplitude of the
input, ranges from 0.3 to 1.2

Observations from the error index plots for this
example are:

1. The level of the error indexes decrease as
NSC is increased. For the set of three figures
the error decrease is inversely proportional to
the NSC increase, i.e. when NSC is doubled, the
error indexes are reduced by about half.

2. The phenomena of the approximation
experiencing its largest error indexes at the
start of the simulation again appears. Here the
simulation is equivalent to that of two lst-order
processes in parallel, thus some of the behavior
shown by the Taylor method in Comparison I might
be expected.

3. The initial error phenomena is accentuated as

the order of the numerator is increased. This is
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easily seen in Figure 4.24. The model with six
coefficients in the numerator has the largest ERR
and NERR after one simulation step while the one
with 3 coefficients has the smallest ERR and
NERR. The 4 coefficient model has slightly
larger errors than the 5 coefficient model.

The magnitude of the initial error appears
to be connected with the fact that the n-th
numerator term does not enter into the recursive
formula until the n-th sample time. In Figure
4.24 the plot for 6 numerator coefficients shows
a discontinuity through the first 4 sample times.
Thus in some sense it takes 4 sample times for the
algorithm to get initialized.

As suggested by the magnitude ratio error

plots (Figures 4.21 and 4.22), the higher
coefficent models have the best error
characteristics as the simulation proceeds with
the level of NERR at the ending time on each of
the time-domain plots having the same order from
smallest to largest error as the error exhibited
at the highest frequencies shown in Figures 4.21
and 4.22,

The flexibility that the Taylor method

provides through the numerator coefficent appears




162

to provide a trade-off between the amount of
initial error versus the amount of error that
occurs later in the simulation. For example, in
Figgure 4.24 the results from the 6 term model
have the largest initial ERR and NERR and
smallest final ERR and NERR while the results
from the 3 term model are vice versa.

The performance of the 3 term model will be found
to be similar to that of discrete models synthesized by
the input approximation methods given in later figures.

Due to the tradeoffs discussed between the time and
frequency domains and between initial simulation and
later simulation errors, The 4 term Taylor model is
selected for the Comparison III study. This model also
has only one more numerator term when compared to the
other techniques.

Figurec 4.26 and 4.27 illustrate the freguency
response comparisons for the input approximation method
with zero-order hold and various phase compensation at T
= 0.167. These plots show that the best magnitude match
occures at r around 0.8 while the best phase response
occures at around r=0.4.

Figures 4.28 through 4.31 illustrate the discrete
models frequency response. Discrete models' coefficients

are as given in Table 4.5. The legend of each plots
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Table 4.5. Coefficients of Discrete Models in
Comparison III
Method Coefficient
a0 = ¢ - 2/T
al = 2*c
Tustin a2 = c¢c + 2/7T
b0 = (2/T+a)*(2/T+b)
bl = 2*a*b - 8/T**2
b2 = (2/T-a)*(2/T~-b)
a0 = rl
Match al = -rl*exp(c*T)
Pole=-Zero a2z = 0
(z=0) b0 =1
bl = -(exp(=-a*T)+exp(~b*T))
b2 = exp(-(a+b)*T)
a0 = r2
Match al = r2*(l-exp(c*T))
Pole-~2Zero a2 = -r2*exp(c*T)
(z=-1) bo =1
bl = -(exp(~a*T)+exp(=-b*T))
b2 = exp(-(a+b)*T)
a0 = wl+xl :
Input al = w2+x2-wl*exp(-b*T)-xl*exp(=-a*T)
Approximation a2 = =~wl2¥exp(=-b*T)-x2*exp(-a*T)
with Hzo b0 =1
and phas bl = -(exp(-a*T)+exp(=-b*T))
compensator b2 = exp(~(a+b)*T)
a0 = twl + txl
Input al = tw2 + tx2 - twl*exp(-b*T) - txl*exp(-a*T)
Approximation a2 = -tw2*exp(-b*T) - tx2*exp(=-a*T)
with Htr b0 =1
bl = -(exp(=~a*T)+exp(=-b*T))
b2 = exp(=-(a+b)*T)
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Table 4.5. (Continued)

Defined constants:

p = ={(atc)/(a-b)

q = -1-p

rl = c*(l-exp(-a*T))*(l-exp(~b*T))/(a*b*(l-exp(c*T)))
r2 = rl/2

wl = p*(l-exp(=~r*a*T))/a

w2 = p*(exp(-r*a*T)-exp(-a*T))/a

x1 = gq*(l-exp(-r*b*T))/b

x2 = g*(exp(-r*b*T)-exp(-b*T))/b

twl = p*(a*T-l+exp(-a*T))/(T*a**2)

tw2 = p*(l-exp(=~-a*T)-a*T*exp(-a*T))/(T*a**2)
txl = g*(b*T-1l+exp(=~b*T))/(T*b**2)

tx2 = g*(l-exp(-b*T)-b*T*exp(-b*T))/(T*b**2)

For 2nd-order system:

cC - s
G(s) D et————————
(s+a)(s+b)
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provided lead to the observations:

1.

The effect of the amount of phase

compensation used with the zero-order hold input
approximation method is significant. In Figure
4.29 where r=0.5, method 4 starts to show
significant phase error for Wn larger than about
0.005 and has considerable more error than method
5. In Figure 4.30 where r has been adjusted to
0.46, the response of method is very close to
that of method 5 up to the highest frequencies
plotted.

Again, the Taylor method (4 terms) prossesses
the best discrete model with respect to the
magnitude response.

The two input approximation methods provide

the best phase angle response (when method 4 is
optimized).

Changing the sample period from 0.167 to 0.03

has essentially no effect on the Bode plot errors
exhibited by the Taylor method, while making this
reduction in T causes considerable improvement in
EPHAS for all the methods. Also as T is reduced
the results for EMAG converge for all other

method.

Figures 4.32 through 4.35 illustrate the error



172

indexes used for the time domain response. Method 2 is
again excluded due to its much poorer performance.

The local error levels, ERR, relative to the input
amplitude have a range from + 0.06% to + 1.5%.
Conclusions derived from this study are:

1. The Taylor method, again, gives the best
performance expect for the first two sample
times. The next best methods are the two input
approximation methods.

2. As expected the ERR decreases as T is
decreased or as NSC is increased. This local
error decrease is proportional to the decrease in
T and inversely proportional to the increase in
NSC. These effects on ERR also appears to be
multiplicative, that is, ERR= a (T/NSC). This
relation holds quite well for Figures 4.32 to
4.35.

Incorporating the time and frequency domain
performance, the Taylor method is the recommended
discretization algorithm followed by the input

approximation methods.

4.8 Summary
The major concern of this research, providing

guidelines to seclect the best available digital algorithm
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to simulate an open loop continuous process subjected to
arbitrary inputs, was the theme of this chapter.

Several detailed studies were carried out to develop
such guildelines.

The methods reviewed in the literature were
classified into three different approaches: (1) optimal
discrete models, (2) overall redesign, and (3) optimal
discretization methods. Of these, the approach of
optimal discretization mehtods was selected for this
study.

Specifically six discretization methods, listed in
Table 4.2, were applied to three transfer function
models. The major criteria for the discrete algorithms
was to provide the best time domain transient response,
therefore the local error, ERR, and global error, NERR,
time domain indexes were formulated. The frequency
domain response in Bode plot form was also utilized in
judging the discretized models.

Detail observations and conclusions were given
after completing a study on each transfer function.
Presentation of the final or overall conclusions and
guidelines based on integrating the results from the

three comparsion studies is delayed to Chapter V.
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CHAPTER V

GUIDELINES, CONCLUSIONS AND FUTURE STUDIES

This research studied digital simulation algorithms
with the goal of being able to accurately simulate the
dynamic behavior of linear continuous systems. A major
concept was to employ digital simulation techniques that
incorporate the fact that the models being simulated are
linear. By taking advantage of the fact that the models
are linear, the simulation development may take less
effort, need less computer memory, use less computation
time, and be implemented in smaller computer system

environments.

5.1 Linear Model Simulation

The simulation problem given the most attention in
this work was that of simulating an open loop linear
continuous process. Three types of simulation oriecnted
mathematical descriptions were discussed in Chapter II:
(1) state space model, (2) transfer function or
input-output models, and (3) models made of interacting
processes, e.g. block diagram system descriptions. This
work directly addressed the first two types of
descriptions. It is also well known that state space

representations can be transformed into transfer
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function models and vice versa. The matrix exponential
review and the developmemt of new matrix exponential
software were directed at the state space model
formulation while the discretization methods address the

transfer function model format.

5.2 Optimal Discretization Techniques

Optimal discretization techniques were selected to
provide the procedures to synthesize the needed digital
algorithms. The major reason for choosing the
discretization methods is that they encompass the
zero-order hold discretization algorithm (more correctly
named the input approximation method with zero-order
hold), the step invariant discrete state space equation,
and the relatively new and promising Taylor method.

The zero-order hold discretization is of particular
interest as it is widely used in applied process control
and is very often the technique used to implement
control schemes on programmable controllers. The step
invariant discrete state space equation is an
approximation to linear state space models often used in
formulating a solution.

Six discretization methods were selected from the
wide ranging and numerous techniques available in the

discretization literature. The methods are listed in
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Table 4.2. Method 1 is a substitution procedure,
methods 2 and 3 are matched z-transform techniques,
methods 4 and 5 are input approximation schemes, and
method 6 is a new formulation that includes in its
development concerns for both the frequency and time

domain characteristics.

5.3 Simulation Study for Arbitrary Inputs

The six discretization methods were applied to
three transfer functions (first order lag, underdamped
second order lag and second order nonminimal phase
system) to provide a basis for evaluating the resulting
algorithms. The main objective function for the
comparison was to match the continuous model's time
domain transient response. The frequency response in
terms of errors in the Bode plot also provided

considerable insight.

5.4 Simulation for Arbitrary Input:
Conclusions and Guidelines
The conclusions and observations that are made from
integrating the results from Comparisons I, II and III
are now listed:
1. The discretization methods surveyed all

provide stable discrete approximation models in

open loop simulations.
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All the digital algorithms give good results

if a sufficiently small step size is used; also,
all give poor estimates of the transient response
if too large a step size is employed but do give
the correct steady state value if the forcing
function is held at a constant value. For
example, see Figure 4.19.

Frequency response evaluations only provide
information on the system's steady state
characteristic (magnitude ratio and phase angle).
Thus, if the discrete models' poles and final
values match those of the continuous systems,
they will have satisfactory frequency responses
at low input frequency even when the sample
period is large compared to system's transient
dynamics. Figure 4.19(b) shows simulations using
an obviously too large step size where the
discrete models match the steady state response
exactly but have very poor transient responses.
In the continuous domain, the unique relationship
between the frequency and time responses makes
the frequency-domain analysis a powerful tool.
However, the discontinuous nature of systems in
the z-domain needs to be taken into account

carefully, when shifting the analysis technique
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from the s- to the z-domain. Perhaps, the
frequency response results for discrete models
are only consistent with the steady state time
domain performance in the worst cases. From the
simulation standpoint, the selected sample
frequency should be high enough to reflect
systems' transient behavior and to sufficiently
approximate the input forcing function.

The accuracy of the approximation models

heavily depends on the sample frequency. The
selection of sample frequency should be based on
both the input forcing function frequency and the
system dynamic behavior.

All models have smaller ERR and NERR as the
sample period, T, decreases and as the sample
rate, NSC, increases. The local error is roughly
proportional to T and inversely proportional to
NSC. These two effects are multiplicative so ERR
is roughly given by ERR = a (T/NSC). This
relation holds fairly well for each comparison
over the range of T and NSC studied. The value
of @ is different for Comparison I, IT and I1II.
The rule of thumb that for practical
implementations the sample frequency should be at

least 10 times greater than the input frequency

R
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that is, wn < 0.1, is shown in all frequency
comparisons. When wn > 0.1, significant errors
are appearing in the frequency response plots.
The major conclusion is that the Taylor

method exhibits the best time domain behavior
over the three comparisons as it has the smallest
local error, ERR, and normalize error, NERR. In
Comparisons I and III, this method sometimes has
larger errors for the first one or two sample
periods.

To implement the Taylor method requires the
selection of the number of numerator or
a-coefficients to be used in the model. This
selection involves considering tradeoffs among
the initial error, the local error, the global
(normalized) error and the computation effort.
Empirically the results from this research
indicate that one or two more terms be used in
the numerator than the contains denominator for
optimal results.

The Taylor method in Comparisons I and III

shows a phenomena of having larger error indexes
at the first or second sample times. The study
of the Taylor method with different number of

numerator terms in Figures 4.23 to 4.25 seems to
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confirm that this is arising from the need of
more input data (sample periods) to make a good
approximation of the input forcing funciton.

When this phenomena is present (Comparison II did
not show this character), it appears to be more
prominent as the difference between the numerator
and denominator terms increases. A possible
reason for Comparison II not showing the larger
errors at the initial sample times is noted in
item 9.

The input approximation methods, here

including the Taylor methods, seem to be effected
by the rate at which the output responds to
changes in the input. For illustration, the
derivative of the step response at t = 0 of the
2nd order underdamped lag in Comparison II is 0
and these methods show no large initial errors.
The derivatives of the step response at t = O for
the 1lst order lag and nonminimum phase processes
in Comparisons I and III are not O and the
initial errors are present.

The two input approximation methods

represent the other best simulation methods.

The input approximation with zero-order hold

and adjustable phase compensator has a high
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potential as a good discretization method. For a
selected sampled period, the discrete model can
achieve high accuracy by adjusting the
compensating phase, r, properly. A caution is
the optimal value for r, in terms of the t~-domain
response, could be quite dependent on the type of
input to the model.

Another rule of thumb often found in

proactical applications textbooks is illustrated
by this study: The introduction of a sampler in
a signal path is eguivalent to adding one half of
the sample time as deadtime to the process. This
would translate into using r = 0.5 in the phase
compensator. Values of around 0.5 for r are
generally found to give the best phase angle
plots. This is more true when the sample rates
are high. As larger sample times are used the
best value for r changes from 0.5; see Figure 4.8
where r = 0.478. At least, in some cases the
results are quite sensitive to changes in r; see
Figure 4.29 and Figure 4.30 where r is changed
from 0.5 to 0.46.

If the phase angle response is the only

criterion, the input approximation method with

triangular hold performed better than the other




186

discretization techniques.

14. The matched z-transform methods should not
be used for general process simulation. They
consistently gave poor results in both the time
and frequency domains (Method 2 was usually left
off the comparison figures). Application of
matched pole-zero methods is limited to high
sample frequencies and low input frequency.
Mapping infinite zeroes to z = -1 yields
consistently better performance than mapping
infinite zeroes to z = 0; the later usually
generates unacceptable phase deviation.

15. Tustin method is the simplest scheme to
apply but its use is not recommended for general
simulation. If it is important to match the Bode
plot characteristics at some frequency the method
might be quite useful due to the prewarping
procedure. An example is the discretized notch
filter.

These conclusions are drawn from application of the
techniques to only three relatively simple transfer
functions and only with sin wave inputs. The results
merit testing with higher order linear models and other

inputs.
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5.5 Simulation Methods for Invariant Inputs

Chapter III derived the step and ramp algorithms
for several transfer functions which are tabulated in
Tables 3.2 and 3.3. The step invariant method treats
exactly cases where step changes occur in the input at
the sample times. The ramp invariant method treats
exactly cases where ramp inputs occur between sample
times with slope changes at the sample instant.

Therefore whenever a linear model is subjected to
either of these two input types an exact digital
algorithm can be developed. Examples of situations
where this might occur are in the design of digital
controllers and simulation of a process under digital
control where the controller updates its output at each

sample time.

5.6 New Matrix Exponential Algorithm

An augmented matrix is introduced whose matrix
exponential provides both the discretized matrices
needed in the step invariant discretized state space
equation which is commonly used to solve models stated
in the state space form. A Fortran program has been
developed and run on some simple examples. This new
procedure is being investigated further and compared
with other matrix exponential procedures used for state

space model solution.
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5.7 Future Studies

Finally this work is closed with a list of topics,

small questions and thoughts which provide a starting

point or spark some addition research related to that

reported in this thesis.

5.8 Closely Related Topics

1.

Perform additional comparison following the
format used in this work on higher order transfer
functions.

A specific comparison of interest would be

for a PI and a PID controller. This might
provide a superior implementation for these
control laws.

Investigate the relationship ERR is roughly
proportional to (T/NSC). This might provide a
way for selecting the needed sampling time based
on only one simulation. From an initial
simulation the proportionality constant could be
calculated, then the ratio of (T/NSC) would be
fixed once the desired error level, ERR, is
specified.

Addition error indexes which might be added

to the time domain criteria are a local relative

error, (y*-y)/y, and a global relative error,
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(Y*-y)/AY., where y is the continuous system
output, y* is the discrete model output and Ay is
the magnitude of the largest output from the
continuous model. |

Formulate the Taylor method with a phase
compensator. The Taylor method always performed
very well in terms of the magnitude ratio but
showed some error with respect to the phase
andgle.

Formulate the input approximation method

using a zero-order hold and_phase compensator to
also include a gain compensator. This method
generally performed well but had a larger
normalized error, NERR, than the Taylor method.
This error might reduced via a gain compensator.
Compare the Tustin method with prewarping to

the Taylor method. The example where pregarping
was applied lead to lower errors in both the
magnitude ratio and phase angle over all

frequencies (see Figure 4.12)

5.9 Other Topics

1.

Application and comparison of the new matrix
exponential procedure to existing

matrix exponential procedures. This topic is
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currently being addressed.

Section 3.6.3 outlined a procedure to

calculate the matrix exponential of matrices that
have real and distinct eigenvalues via a
companion matrix while section 3.6.4 present that
for matrices having real and repeated
eigenvalues. The use of the companion matrix
gives a very simple procedure to calculate the
matrix exponential exactly, where as, other
procedures need to invlive approximations. If a
companion matrix exists for matrices with complex
conjugates and would allow the matrix exponential
to be calculated exactly, the basis might be in
place for a new approach to matrix exponential
computation.

Extend the study of digital algorithms to the
simulation of systems involving interacting
subsystems. This question is of considerable
interest if there are any loops that can be
followed through the subsystems as the errors
occurring in the simulation of one subsystem can
be propagated round the loop. The problem of
simulation stability is now ihvolved besides that
of accuracy.

Apply the discretization methods to models

containing deadtime or to stiff models.
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