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ABSTRACT

An algebraic method for the study of certain muUivariate approxi

mation techniques is developed and examined. This method, introduced

by Gordon [8], employs the properties of a distributive lattice 'i'

M
generated by a set of linear projection operators ^ has

a maximal element M and a minimal element L . The maximal projector

M  combines all the approximation properties of the entire collection

}. while the minimal projector L has only those properties common

to all the , m= 1, 2,..., M .

A comparison of the maximal and minimal projectors for several

examples is explored. These examples serve to illustrate the appli

cations of this algebraic approach to the study of certain approximation

techniques, as well as to provide specific interpolatory meaning to

the algebraic properties of ^ . In particular, an example involving

the use of cubic splines contrasts the maximal method of successive

decomposition with the minimal tensor product technique. Under fairly

mild assumptions, the method of successive decomposition is much more

efficient (in terms of the number of data points required) than is the

tensor product method.

The application of this algebraic approach to other multivariate

techniques is easily seen. This approach provides an interesting and

useful technique for the study of multivariate approximation.
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INTRODUCTION

The following thesis examines an algebraic approach which may be used

to study certain types of multivariate approximation methods. These

results were first developed by William J. Gordon [8] , and we shall

follow his approach closely. Many of his ideas were presented without

proofs, which have therefore been furnished, and revisions and corrections

have been supplied when necessary.

The algebraic structure which is developed in Chapter 1 is that of

a distributive lattice T generated by a set of linear projection oper

ators {P I . The elements of the lattice are partially ordered
m m=i

with a relation £ . Under this relation the lattice will have a unique

maximal element M and a unique minimal element L . Throughout the

paper the emphasis will be upon comparing and contrasting the properties

of M and L . Various properties of the lattice T are developed

algebraically in Chapter 1 and summarized in the main result of the paper.

Theorem 1.5.1.

Specific examples are explored in Chapter 2, to show how the

lattice theoretic approach may be used to study certain multivariate

approximation techniques. Among the techniques examined are the

multivariate analogues of Taylor series expansion, Lagrange polynomial

interpolation, and Fourier expansion in a Hilbert space. Each of the

five examples of Chapter 2 provides concrete meaning to the results of

Chapter 1. In particular, we see what the algebraic relation L < M

means in terms of the multivariate approximation properties of these

projectors.

Chapter 3 is concerned with the contrast of two multivariate tech

niques which employ cubic splines. The technique of successive
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decomposition, which is based upon a maximal projector M , is contrasted

with the tensor product method, which corresponds to a minimal projector

L  . The results of Chapter 3 show that, under certain realistic

assumptions, an approximation of specified accuracy to a function F

may be achieved through successive decomposition with far fewer data

points than required for the tensor product method.

The utility of the algebraic method developed in Chapter 1 is there

fore seen in Chapters 2 and 3, and its application to the study of other

multivariate approximation techniques may be easily realized.



CHAPTER 1

DEVELOPMENT OF THE ALGEBRAIC FRAMEWORK

1.1. INTRODUCTION

In this chapter we shall be concerned with the study of an algebraic

framework which we may use in the study of multivariate approximation

techniques. The framework which we shall develop is that of a distri

butive lattice which is generated by a finite set of M linear

projection operators (projectors). The M projectors are defined over

a linear space F and have as their respective ranges M subspaces

of F . The construction of this distributive lattice will depend upon

,(i) the commutativity of the projectors under ordinary operator multi

plication, (ii) the proper choice of algebraic operations used to

combine the projectors, and (iii) the proper partial ordering chosen to

compare the projectors. Section 2 of this chapter contains the

definitions necessary for us to begin. The lattice is constructed in

Section 3, and its properties are studied in Section 4. Section 5 con

tains the main result of this paper. Theorem 1.5.1, which is stated in

our context of multivariate approximation.

1.2. PRELIMINARY DEFINITIONS

We begin the task of building our algebraic framework with several

definitions.

1.2.1. Definition. Let £ be a relation on a set S which satisfies

the following three properties:
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(i) a _< a for all aGS (Reflexive) ,

(ii) If aj<b and b _< c , then a£c (Transitive) ,

(iii) If a _< b and b £ a , then a = b (anti-symmetric).

Then £ is called a partial ordering on S , and the pair (S, £) is

called a partially ordered set, or poset.

1.2.2. Definition. A lower bound of a set X of elements of a

poset (P, £) is an element a of P satisfying a£ x for all

xe X . A greatest lower bound (g.l.b) c of X is a lower bound of

X  with the property that a £ c for any other lower bound a of X .

Similarly, we may define an upper bound, and least upper bound

(1 .u.b.), of a set X in the obvious way.

By property (iii) of Definition 1.2.1, we see that both the l.u.b.

and the g.l.b. of a set X are unique when they exist.

1.2.3. Definition. A lattice is a poset in which any two elements

have a l.u.b. and a g.l.b.

The lattice which we shall study will be constructed using a set

of linear projection operators (projectors). Therefore we have the

following definitions.

1.2.4. Definition. A projector P is an idempotent linear trans

formation from a linear space F onto a subspace o .

1.2.5. Definition. Given an element F of a linear space F and

a projector P: F ̂  , the element it = P[F] (the image of F under

P) is called an approximation to F ; the element F - tt is called the

remainder, or error of the approximation.



1.3. CONSTRUCTION OF A DISTRIBUTIVE LATTICE OF PROJECTORS

We now turn our attention to the following problem: Given a

collection of M projectors P^, P2,..., from the linear space F

onto the subspaces 0^^, respectively, how may we generate

a lattice from this collection? The answer to this question lies in

choosing the proper way to combine the projectors (i.e. the proper

algebraic operations) and in choosing the proper partial ordering to

place upon the set resulting from these combinations. It is with these

ideas in mind that we proceed.

The operations of addition (+) and multiplication of projectors

will be defined in the usual way for linear operators. Therefore, our

collection of projectors {P^^} will implicitly satisfy the following

associative and distributive laws:

''k(Vm) = • (1)

^  ̂ Pk'm . (2)

""k ^ ' ^k"™ ^ • (3)

for 1 £ k, £, m £ M .

For our construction to proceed, we must assume that the projectors

in our set commute under multiplication, i.e.,

P|^Pm = P^^k fo'' 1 1 k, m £ M . (4)

Although the product of any two commutative projectors is also a pro

jector, the sum of two commutative projectors P|^ and P^ is a
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projector if and only if Pj^P^ = 0 . For this reason we shall use the

Boolean addition defined below.

1.3.1. Definition (Boolean Addition). The Boolean sum © of two

projectors a and b is

a©b = a + b-ab

The following lemma shows that the problem with ordinary addition

mentioned above is not present when the new Boolean addition is used.

1.3.2. Lemma. The Boolean sum P. © P , and the product P.P.
K  ̂ k Jc

of any two projectors from the collection {P^} are also projectors.

Proof. Clearly both Pj^© P^ and P|^P^ are linear operators, and a

simple calculation shows that theyare idempotent. ■

We also see that Boolean sums of projectors retain the commutativity

properties of the original set {P } .
^  m

1.3.3. Lemma. If a = P. © P. . b = P © P . whprp
K  £ m n

1 £ k, £, m, n £ M , then ab = ba .

By using Lemmas 1.3.2 and 1.3.3 and mathematical induction we

arrive at the following lemma, whose proof is omitted.

1.3.4. Lemma. If a and b are linear operators which may be con

structed as combinations of the elements of the set {P } by using the
m  ̂

operations of © and • (i.e., "Boolean polynomials" in the M

variables Pj^,..., P^^), then both a and b are projectors and

ab = ba .
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We shall denote the set of all Boolean polynomials in the projectors

by . We have the following result concerning the set f .

1.3.5. Lemma. The set is closed under the operations of

Boolean addition and operator multiplication. The following properties

hold for all a, b, c e f :

(i) a © a = a , aa = a ,

(ii) a © b = b© a , ab = ba ,

(iii) a(bc) = (ab)c , a © (b© c) = (a © b) © c ,

(iv) a(b© c) = ab© ac , a© (be) = (a© b)(a@ c) .

©roof. The set T is obviously closed under Boolean addition and

multiplication, as the Boolean sum and/or product of two Boolean poly

nomials is again a Boolean polynomial. By Lemma 1.3.4 we have that

aa = a and ab = ba for all a, b £ f . For the remaining properties

note that:

(i) a@a = a + a-aa = a + a- a = a ,

(ii) a©b = a + b-ab = b + a-ba = b®a ,

(iii) a(be) = (ab)c, by property (1) of this section, and

a© (b© c) = a + (b + c - be) - a(b + c - be) =

(a + b - ab) + c - (a + b - ab)c = (a©b)©c ,

(iv) a(b© c) = ab + ac - abc = ab© ac , and

a© be = a + be - abc = (a + b - ab)(a + c - ac) = (a© b)(a© c)

It is the set f which we wish to use as our lattice. That is, we

wish to place a partial order £ on the set T so that the poset

("f, <) will be a lattice. For this purpose we make the following

definition.

1.3.6. Definition, a < b means ab = a .
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1.3.7. Lemma. The relation £ is a partial order on the set ^ ..

.Proof. The proof consists of verifying the three conditions of

Definition 1.2.1.

(i) (Reflexive property). By Lemma 1.3.5, aa = a for all

a e 'i' . Thus a £ a for all a e .

(ii) (Transitive Property). If a£b and b£c then by

Lemma 1.3.5(i i i),

ac = (ab)c = a(bc) = ab = a .

Thus a £ c .

(iii) (Anti-Symmetric). If a £ b and b £a , then a = ab = ba = b .

We wish to use the partial ordering £ as an aid in helping us

decide when one projector b is "better" than another projector a .

That is, if a £ b we would like to be able to conclude that, for any

Fe F , b[F] is at least as good an approximation to F as is

a[F] . As we shall see in Theorem 1.4.3, if a £ b , then

Range(a) c Range(b) . Thus, the ordering £ has a natural interpretation

in terms of the ranges of the projectors: "bigger" (in terms of £)

projectors have "bigger" (in terms of set inclusion) ranges.

Another way to interpret the partial ordering £ is as follows.

Let a £ b and let Fg F . Then, if we approximate F first with

b  (giving the approximation b[F]) and then approximate b[F] with

a  , we have the same information as if we had first approximated F

with a (i.e. ab[F] = a[F]) . Thus, any information contained in

the approximation a[F] is also contained in the approximation b[F] .



As a concrete example of this concept, consider the linear space
3

]R , and let a and b be the transformations whose matrix represen

tations (with respect to the standard basis) are given by

a =

1  0 0"

0  0 0

0  0 0

and b =

"1 0 0"

0  1 0

0  0 0

i.e., a is the projection onto the x-axis, and b is the projection

onto the x - y plane.

It is easy to see that a and b are projectors, a and b

commute, and a £ b . Furthermore, it is also obvious that given any
3

F e ]R , the approximation b[F] contains any information available in

the approximation a[F] . Thus b is at least as good a way to approx

imate F as is a , which is what we wished to conclude from the

relationship a £ b .

Under the partial order £ we have the following result.

1.3.8. Lemma. If a and b are projectors in m , then

(i) 1 .u.b. {a, b} = a© b

(ii) g.l.b. {a, b} = ab .

Proof. Let a, b G i* .

(i) By Lemma 1.3.5 (i v) ,

a(a 0 b) = a © ab = a + ab - ab = a ,

b(a 0 b) = ab © b = ab + b - ab = b .
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Thus a© b is an upper bound for {a, b} . If c is another upper

bound for {a, b} , then

(a© b)c = ac© be = a© b .

Thus a ©I b is the least upper bound for {a, b}.

(ii) By commutativity of a and b we have

(ab)a = ab = (ab)b ,

so ab is a lower bound for {a, b} . If c is any other lower bound

for {a, b} , then (ab)c = a(bc) = ac = c , so that c £ ab . Therefore,

g.l.b.{a, b} = ab . ■

We see then that (¥, _<) is a poset in which any two elements have

both a l.u.b. and a g.l.b.. By Definition 1.2.3 we have the following

theorem.

1.3.9. Theorem. The poset (l*, £) is a lattice.

In fact, by Lemma 1.3.5 we have that the ordered quadruple

(l'» £. ©. •) is a lattice in which the algebraic operations of © and •

are each distributive with respect to the other. That is,

(l'» £»©» •) is a distributive lattice. For brevity we shall refer

to the distributive lattice as ^ .
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1.4. PROPERTIES OF THE LATTICE

In the sense of Definition 1.2.5, given any F s p , any projector

a e provides an approximation to F . We wish to use our partial

ordering £ to identify two particular projectors for study: the

algebraically maximal projector M and the algebraically minimal pro

jector L . By maximal (minimal) we mean that a £ M (L < a) for

all a e . We note that by property ,(iii) of Definition 1.2.1. both

M  and L will be unique if they exist. The existence of M and

L  is the topic of the next lenma.

1.4.1. Lemma. (i) The maximal projector M e is given by

M = l.u.b.LP^} = Pj© P2@ •••© P^^ •

(ii) The minimal projector LG y is given by

L = g.l -b.LPj^} = P]^P2 • • • •

Proof, (i) The fact that l.u.b.{P^} = P^© P2© ...© Pj,^ follows
from Lemma 1.3.8. and a simple induction argument. It remains to see

that this projector is the maximal element M of the lattice "¥ . The

proof is an induction proof, where the induction is done on the number

of projectors in the generating set.

For the case of a lattice generated by two projectors, P^ and P2 ,

the result is easily verified by using the lattice

T = {P^j ^2' ̂ l'^2' ® general case, we shall denote
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by ^ the lattice generated by the projectors P|v|_]^ • By

the induction hypothesis, the maximal element of is

^M-1 ^ ® • • • ® Vl •

Let a e T . Then a = b (+) Pj^c © P^ , where each of b and c is

either 0 or an element of Tj. , . Thus,
M-1

aM = (b @ Pj^^c © P|v|) © P^/j)

= (b ® b P,,) ® (P|,c ® P„c) ® (P„ M„.j © P„)

- b © P^c © P^ = a .

Therefore a £M for all ae T , i.e. M is the maximal element

of the lattice T .

(ii) As in part (i), the fact that g.l.b.{P^} = PiP2'"'^M

from Lemma 1.3.8. and a simple induction argument. The proof that L

is the minimal element of T follows the same induction argument

used in the proof of (i) . ■

The above result leads us directly to the following lemma.

1.4.2. Lemma. The maximal projector M has the property that

P^ ^ ~ Ppi 1 £ m 5 M ; the minimal projector L has the property

that PjP2 ... b = PiP2"*P|V| •

As mentioned in the remarks following Lemma 1.3.7, we may interpret

Lemma 1.4.2. as follows: the maximal projector M provides us with

all the approximation information available from the entire set {P^} ,

whereas the minimal projector L has only those properties common to

all the projectors in the set {P^} . A further interpretation of the

interpolation properties of projectors is given in the theorem below.
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1.4.3. Theorem. Let $„ be the range of P_ , 1 < m < M . Under
m  ̂ m — —

the correspondences , • (multiplication) ̂  n,0 ̂  span of

union, and ̂ c (set inclusion), the lattice is homomorphic to

the distributive lattice generated by the ranges $^ ,m=l, 2,...,M .

Proof. Given a projector a , we shall denote the range of a

by a(F) .

It is clear that (P^©Pj(F) = (P^ + P^ - P/n)(F)

= span(P„(F) U PJF)), and P/„(F) = PjF) n PjF) . If P„ 1 P„ ,

then P^(F) = P^P^(F) = P^(F) n P^(f) . Thus P^(F) C p^(f) .

Therefore the correspondence described above does indeed define a

homomorphism between the two lattices. ■

Given an element Fe f and a projector aE t , the element

TT = a[F] provides us with an approximation to F , and this approxi

mation has a remainder (error) F - tt . For the rest of this section

we shall explore the relationships between the projectors in 'F and

their associated remainder operators. As we shall see, the collection

of remainder operators will also form a lattice 'F' which is isomorphic

to the lattice 'F . Both and may be viewed as sublattices

of a Boolean algebra which contains all possible Boolean combi

nations of the projectors P^^ and the associated remainder operators.

We shall be particularly interested in two decompositions of the identity

operator I which we shall denote by the maximal decomposition and the

minimal decomposition. We begin with a study of the properties of the

identity operator I and the null operator 0 on the linear space

F  .
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Clearly both I and 0 are projectors on F , and for any pro

jector a the following three properties are satisfied:

(i) 0 £ a £ I ,

(ii) aO = Oa = 0 , al = la = a ,

(iii) 0©a = a , I©a = I .

By employing the identity operator we may study the remainders associated

with the projectors in ^ as operators themselves. Hence we have the

following definition.

1.4.4. Definition. If a is a projector, the remainder operator

a' associated with a is defined to be the complement of a :

a' E I

where I is the identity operator on the space f .

1.4.5. Lemma. If a is a projector from F onto a subspace

$  , then a' is a projector from f onto the subspace

$' = {F - aF|F £ F).

Proof, a' is clearly a linear operator, and it is easy to see that

a' is idempotent: a'a' = (I -a)(I -a) = I -a=a' . Furthermore,

the range of a' is which is easily seen to be a subspace of

F  ■

1.4.6. Lemma. Projectors and their complements satisfy the

following rules of composition:

(i) Complementation: aa' = a'a = 0 and a©a' = I .
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(ii) Dualization: {a©b)' = a'b' , (ab)' =a'©b' .

(iii) Involution: (a')' = a .

Proof. (1) aa' = a(I - a) = a - a = 0 = (I - a)a = a'a ,

a©a' =a + a' -aa' =a+(I -a) = I ,

(ii) (a©b)' = I - (a + b-ab) = (I - a)(I - b) = a'b' ,

a' ©b' = (I - a) + (I - b) - (I - a)(I - b) = I - ab

=  (ab)' , and

(iii) (a')' = I -a' = I - (I -a)=a ■

We now wish to expand our study from the lattice f to a larger

algebraic structure which will contain not only but also the

remainder operators corresponding to projectors in Y , as well as the

null operator 0 and the identity operator I . We note that the

lattice does not include the complements of projectors, and thus

does not in general include the identity operator or the null operator.

However, if we allow the unary operation of complementation in addition

to the binary operations of © and • , the resulting structure is

a Boolean algebra, which we define below.

1.4.7. Definition. A Boolean algebra is a distributive lattice

^ with an identity I , which is closed under the operation of comple

mentation.

The lattice m generated by the projectors {P^^} has thus been

enlarged to a Boolean algebra which contains not only ¥ and the

identity and null operators but also all possible Boolean combinations

of the projectors P^ and the complements P^j^ . We shall hereafter
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refer to the complements P' as the remainder R associated with
m  m

.  The remainders also form a distributive lattice 1*' which we

shall call the dual of the lattice 'i' .

1.4.8. Lemma. The set 'i'' of all Boolean polynomials in the

variables , m = 1,2,..., M which are formed using the operations of

multiplication and Boolean addition is a distributive lattice. The

lattices ^ and are anti-isomorphic under the correspondence

ae ijj -y a' e ip' (by "anti-isomorphic" we mean the correspondences a -> a' ,

•  0 and © . yield an isomorphism between T and Y') .

Proof. The proof that 'F' is a distributive lattice is identical

to the proof of Lemma 1.3.9. and therefore will not be given.

The correspondence a a' is clearly a bijection, and by

Lemma 1.4.6,

(a© b)' = a'b'

(ab)' = a' © b' .

Thus the two lattices are anti-isomorphic. ■

We now examine the relationship between the lattices and i*' .

We note that for any projector ae T we may associate a unique dual

projector a e 'j'', which is formed by replacing all of the P^ in the

Boolean expression for a by their corresponding remainders R^ .

We emphasize that the dual projector a is in general not the same

as the remainder a' . For example, if a = P^ © P2 then

a = Rj^ © R2 , while a' = R^R2 .
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We wish to explore the relationship between the maximal and minimal

elements of the two lattices ^ and 'i'' and to use these results to

derive two decompositions of the identity operator for later use. The

following lemma is the dual result of Lemma 1.4.1. The proof is

identical to the proof of Lemma 1.4.1. and is therefore omitted.

Lemma 1.4.10. reveals the relationship between the maximal and minimal

elements of T and I*' .

1.4.9. Lemma. The maximal element M and the minimal element L

of the lattice T' are given by

(i) M = l.u.b.LR^} = Rt © R„© ...S R„
m i d M

(ii) L = g.l .b.{R^} = R^R2...Rn^ .

1.4.10. Lemma. The relationships between the maximal and minimal

projectors of the lattices ^ and are given by

(i) M = l.u.b.LP^} = (g.l.b.lR^})' = (L)'

(ii) L = g.l.b.LP^} = (l.u.b.LRj^})' = (M)' .

Proof. The results follow from Lemma 1.4.9. and parts (ii) and

(iii) of Lemma 1.4.6.
M

(i) (L)' = (g.l.b.LR^})' = ( n R^)' = RJ© R'© ...© R'
m=l

= P^© P2© ... © P,^ = l.u.b.fPj^} = M
M

(ii) (M)' = (l.u.b.lR^})' = (R^ © R2 © ... © R^)' = n R^
m=l

M

=  n P„ = g.l.b.{P„} = L ■
m  ' m

m=l
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If a is any projector in the Boolean algebra , then by Lemma

1.4.6.(i) the identity I may be decomposed as I = a0a' . Since a

and a' are mutually orthogonal, this decomposition may be expressed as

I =a0a' =a + a' . From Lemma 1.4.10 we have the following result,

which gives us the decompositions of the identity, based upon the

maximal and minimal elements of ¥ .

1.4.11. Theorem. With respect to the commutative set of projectors

{Pj^} the identity operator has the following two decompositions:

(i) Maximal Decomposition: I = M©M' = M + M'

= (P-^ © P2 @ • • • © Pj^i) + (R]^R2" •

(i i) Minimal Decomposition: I = L@L' =L + L'

-  (PjP2 • • • R|vi) ® ̂2 ® • ■ • ® ^ ■

1.5. THE LATTICE IN APPROXIMATION THEORY

We now summarize the results of Chapter 1 in the following theorem,

which is the main result of this paper. The theorem is stated in the

context of multivariate approximation and will be examined further in

the examples of Chapters 2 and 3. The content of the theorem is a

condensation of material presented in Sections 1.3 and 1.4. The proof

is therefore not given.

M1.5.1. Theorem. Let be a set of commutative projectors

defined on the linear space F of functions of the N independent

variables x., x., x.. . Denote the range of P by . If the
i  IN ^ m m

collection {P^} satisfies (l)-(4) of Section 1.3, then any F G F

can be expanded as
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F = a[F] + a'[F]

where a is any approximation operator in the lattice m and a' is

its complement in . Among all approximations a[F] to F the

algebraically best approximation is the function tt = M[F] where

M = © P2 © ... © P|^| • The maximal approximation tt is an element

of the linear space span U $2 U ... U and satisfies

P^Cfr] = P^^EF] for m = 1, 2 M .

The algebraically minimal approximation to F is the function

tt' = L[F] where L = minimal approximation tt' is

an element of n ^ and satisfies

P^P2 ... P^[tt'] = P^P2...P^[F] .

The errors (remainders) associated with the maximal and minimal approxi'

mations are, respectively.

F - TT = RjR2. .-Rh^CF]

and

F - tt' = (R^® R2® ...© R^)[F]
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CHAPTER 2

EXAMPLES

2.1. INTRODUCTION

In this chapter we shall examine some ways in which the algebraic

structure developed in Chapter 1 may be employed to study the problem

of approximation of multivariate functions. Five examples will be con

sidered in this chapter. The first three examples deal with the

extension of a univariate approximation technique to a function of

several variables. The univariate techniques employed are the familiar

methods of Taylor series expansion, Lagrange polynomial interpolation,

and orthogonal (Fourier) expansion in a Hilbert space. The last two

examples are concerned with the interpolation of a function on the

boundary of a geometric figure (the surface of a cylinder and perimeter

of a triangle, respectively). These examples reveal some ways in which

the results of Chapter 1 may be used, as well as offering a better

understanding of these results. In particular, the contrast between

the maximal and minimal projectors defined in Chapter 1 is evident in

all five examples. The main results of this chapter are stated as

corollaries to Theorem 1.5.1.

2.2. TAYLOR-TYPE EXPANSIONS

Our first example deals with the approximation of an N-variate

function by means of a Taylor series type expansion. Our linear space

F  will be any linear space of functions F of the N independent

variables x^, x^,..., Xj^ for which the two differentiability
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conditions stated below hold. The first condition is

(0 1 1 ' 0 1 V < K^) (5)

for 1 £ m, £ £ N . Here the operator

^ I
axil "m""

m

is the linear differential operator which takes the partial

derivative with respect to of a function F(x^,..., x^) and

evaluates it on the hyperplane = 0 . We shall also use the notation

(Oj •••» jjj • • • 9 0 )

= — "n'Ix =0 •
F(Xj^,..., 0, Xj,^) = ^ F(x^,..., X

9x^ • -m

The second condition is

Kyi Kyi Kyi
a  d

K2+I ••• K,^+l
1  3x„ 9x.,

2  N

(K^+1, K^+l,..., K^+1)
=  ̂2 5 •.. j X|yj) (6)

exists and is continuous. Here K2,..., is a given set of

positive integers.

We shall use the phrase "any suitable F" to mean any function

satisfying (5) and (6) .
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We shall take the number of projectors to be equal to the number of

variables N , and shall define the projectors to be

"^m .y

Pm" irf 7-1 n dl"!") • (7)y=0 ^ 9x^ x„=0
m m

As before, we shall denote the image of F under P by it (i.e.
^  m m

'^rr. - P..,[F]) . We note that the functions tt may be interpreted as
m m m

being the +1 term truncated parametric Taylor series expansion of

^ hF(x^,..., X|^) , where the expansion is in the m variable and the

parameters are the remaining N-1 variables.

We now explore the properties of the projectors defined in (7) and

the lattice 'F which they generate. Our first task is to show that

the operators P^ are actually projectors.

2.2.1. Lemma. The operator P^ defined by (7) is a projector.

Proof. P^ is clearly a linear operator. We notice first that
j, L.

for F e F and 0 _< y £ , the y partial derivatives with respect

to x„ of TT^ and of F coincide on the hyperplane x^ = 0 , i.e.
m m ^ m

(0,..., y, ..., 0 ) (0,..., y, ..., 0)

m
(Xj^,..., 0, ..., F(X2J..., 0, ..., ̂[^|) ^ ̂  ̂

To see (8) we simply note that
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(Oj •••> ]-ij •••) O)

^[yi y (09«««9 1* 9 •••9 0)
=  E

1=0 9X^ - ^

(Oj ••• » jJj •••» o)

Oj •••»

Thus, for suitable F ,

^ x! j
m  9

TTp (prFi) = pr7T i = E —m m m mJ 11 ^1 "m'^
m  m

'^m x^' „i
'  ff -S- ''Ix =0 °

1=0 9x
m

Therefore9 is idempotent9 and hence P^ is a projector. ■

The main results of this section are stated in the following two

corollaries to Theorem 1.5.1. Gordon [8] credits Stancu [14] with

being the first to obtain these results.

2.2.2. Corollary. If F is a space of N-variate functions which

satisfy (s) and (6) then the set of projectors defined by

(7) generates a distributive lattice The maximal projector

M = P2®' ...@ P|^ has the properties that the approximation

TT = M[F] agrees with F and its normal (pure partial) derivatives on

the N hyperplanes x^ = 0 9 (m = 19 2,...9 N) :
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(0)•.., iJ|^ 0) (Oj..., , ... j 0)
0»««'5 ^1^^ ~ Oj •••!

(0 1 Vij^ 1 . 1 1 m < N) . (9)

The function tt' = L[F] , where L = ... Pj^ is the minimal pro

jector, agrees with F and its mixed partial derivatives at the point

(x^,..., X|^) - (0,..., 0) ;

(Pj' • *'' (Pj^j...j Pj^)
7r'(0,..., 0) = F(0...., 0) (OlP^lK^) (10)

The remainder operator ~ ^ "'S the parametric integral operator

X  K +1
r m . m

~ J-. ^m^^m' ̂ m^ K +1 ^^m '
°  3C

/  ̂ \ m
(x - £ )

where t^ is the Taylor kernel t„(x„; F ) = —
m  ■' m m m k !

m

Proof. The fact that the set of projectors {P^}|||_j generates a
distributive lattice 'f with maximal element M and minimal element

L  follows directly from Theorem 1.5.1 and the commutativity condition

(5) .

To see that (9) holds, let m be given, 1 < m £ N . For each
P.„

3P.„ . 0 < y„ < K , the operator 1 p, commutes with eachm  — "^m — m ^ p 'x =0
dxj^

m

projector P^ , 1 £ £ £ N , for by (5) ,
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^ m ym Kf)p, m £ X V

"IT =0 ^ I ^ ̂  •'Ix =0^lx =0
3x ■" ^ 9x £ ^ Ti

m  m

'^£ x^ „v „Hn

^  9X„m  ""m

Now,

71 = M[F] = (Pj® Pj© ...® P|,)[F]

= PjF]MPi©. ..®P„.i®P„i®.. .®P,)[F]

- Ci® •••©Vi® Vi® • • •®Pn>

Therefore,

Vm y3  ■" I 3 ">
TT '"m^Fyx-O^rr. = 0 ^^  m m ft m m

^ ("l® •••® fm-l® Vl® • •■® 'n' ^i: ffyx.=o
9Xn

%  "m
m

-  (Pi ©. ..© P^-i ©Pm+1 © ••• ©Pn^ "IT =0 '
3Xnf^

ym
aBy property (8), the above expression reduces to F| _« which

y«, x„~u
m

/Q\proves (9) .
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To see (10), we note that for each m , 1 £ m < N , and each y
m

0 < Um < '— m — m

(yi,..., y^) y^ y^

cjv l N 13X^ 9X^

,"1 . "N.j ""l ••• ^N-l' P|, V^lxn-0'-"lxj=0
^^1 ^^N-1

The result (10) then follows by repeated application of (8) .

To prove (11) we note that for each m , 1 £ m £ N , the approximation

\  truncated Taylor series expansion of the function F

where F is viewed as a function of x and the remaining N - 1
m  ̂

variables are treated as parameters. Using condition (6) , we obtain (11)

directly from Taylor's theorem for univariate functions. ■

2.2.3. Corollary. The errors F - tt and F - tt' associated with

the maximal and minimal projectors M and l are, respectively,

R(x^,..., ) ~ ^2 * '

x^ Xm (K^+1,..., K^,+1 )

and

R'(x^,..., X|^) - (R^© R2© ...© R|yj)[F]
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+ (-1)
N-2

N  N N

E

m^=l m2=m^+l m
N-1

+ (-1)' Rj ... R^)[F] (13)

Proof. The relationships R(x^,..., Xj^) = (R^ R^ ... R,^)[F] and

R'(xj,..., X|^) = (R^© R2 ©...© R[^)[F] follow directly from

Theorem 1.4.11.

To prove the rest of (12), we note that by (6) Liebnitz's rule for

differentiation under the integral sign is applicable. Expanding

R1R2 ••• Ri\j[P] by Corollary 2.2.2, we have

RCxj^ ,..., X|^)
K^+1 x^ K2+I

Q  ̂1(^1' ?i) ̂  K^+i ^ ^ ^2(X2' ̂ 2^ ^ K^+l
1

^^3 r^N

0
Q  ̂1^+1 •••

Repeated applications of Liebnitz's rule yields the result (12).

To prove the rest of (13) we shall use induction on N , the number

of projectors. For N = 2, (13) is easily verified, as
2  2 2

Ri © Ro = Ri + Ro - RiRo = E R„ - E E R R . Assuming
^  1 E 1 ^ m -1 m -1 m -m J.1 niom^~l 1 m^*~l ^2 2

that the expansion holds for the sum R^© R2© ... © R|y|_]^ yields
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N-1 N-1 N-1

R^© R2® ...© R,^ = Z R - ( E Z R^ + ...
mj^=l 1 m^=l m2=mj+l l 2

K  N-1
'  ̂ ^ Rm •••Rm + •-. + {-ir~\...n.. ,fn =1 m =^m ^4.1 "^1 *^0 '^I/J.1 1 N-1= (i^k)+1 m^ m2

N-1 N-1
-  z z

mj=l m2=mi+l

N-1

Rfll ~ ( 2 Rm ~ ^ ^ t\ r\ t\..
nij=l '"l N ... m, nio N
. , N-1 N-1 N-1

(-1) ^ 1: ... Z R„ R„ ... R R.,
m^=l m2=mj+l m|^=(ni|^_^ )+l ""l \ ̂

+ ... + Rj ... R|^_J Rj,) .

The first and last terms of (13) are apparent. The remaining terms

result from subtracting corresponding terms from inside the two sets

of parentheses:

. N-1 N-1 N-1

(-1) 2 Z ... Z R R ... R
m^=1 m2=m^+l m|^^j=(m|^)+l '"l ^2 "^K+l

,, , N-1 N-1 N-1

(-1) Z Z ... Z R R^ ... R R,,
mj=l m2=m^+l iTiK=(mK_i )+l "^1 2 '"k

N-1 N-1 N
(-l)*^ Z Z ... Z R^ R^ ... R^

mj=l m2=mj+l m|^^j = (m|^)+l 1 ^2 K+1

We notice that the upper indices of summation in the above expression

may be increased to N , which yields (13) . ■
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We now investigate a simple numerical example to illustrate the

ideas of Corollary 2.2.2. and Corollary 2.2.3. Consider the bivariate

function f(x, y) = e^"*"^ . Using the projectors and defined

by (7) with = K2 = 2 yields the following four approximations

obtained from the lattice ^ = {P^, P^, ̂ 1^2' ̂ 1® ^2^ '

TTj = Pi[F] = F(0. y) + X (0, y) + (0, y)
9 X

=  + xe^ + ̂

2  2

Tt2 = ^ If (*'

= e" + ye'' + ̂  e"
2  2

n' = t[F] = F(0, 0) + y |£ (0, 0) + (0, 0) + X (0, 0)

+ xy IjI (0. 0) + ^ (0. 0) ̂  ^ (0, 0)
oXdy oX

+ ̂  (0, 0) + ̂  (0, 0)
9x 9y ^

2  2 2 2 2 2

= l+ y+ =^+x + xy+^ + ̂  + ̂  +

= M[F] = p^[F] + P^LF] - P^P2[F] =

+ xe^ + + e" + ye" + ̂  e"
2  2 2 2 2 2

-  (1 + y + ̂  + X + xy + ^ ^
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We see that tt^ (tt^) is the three term parametric Taylor series

expansion of F(x, y) as a function of x (resp. y) where the variable

y  (resp. x) is treated as a parameter.

A simple calculation shows that (9) and (10) hold.

The remainder operators Rp R2 and R^R2 are

RlCF] =
X  (x - q) 5^+y

d^i ,

R2[F] =
rY (y - ^"^^2

o  6 d^rt »
0  ̂

and

R1R2 -
^x

0

•y (x - (y - ^2)^
Q  2 2 ® ^^1 k '

and a simple integration reveals I - M = RjR2 and I - 1. = R^ © R2 .

A comparison of the order of magnitude estimates for the errors

F - 7T and F - tt' reveals some specific interpolatory meaning of our

algebraic ordering ^ .

From (12), we see that

R(x2^j..., ^
Xi X2

0

/n

^1^2 ••• ^n ^?N^?2 •••

(K^+1,.
where M = sup F(?1 ». . •» Cm ) By (6), M < 00 . Since each

iSito, xp
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depends only on , the iterated integral above is actually the

product of N single integrals, each of which can be easily evaluated

to obtain the estimate

K^+1 K^+l K,.+l
^1^^ ~ ^2 ••• Xjyj ) .

Similarly, one can show

K.+1 K„+l K.+1

R'(Xj,..., Xj^^) = 0(x^^ ) + 0(X2 ) + ... + (}(Xj^'^ )

Thus, we see that the function u converges to F when x^ ̂  0 for

any value of m , but to deduce that the function tt' converges to F

we need x^ -> 0 for all m = 1,2,..., N . The function tt is therefore

a good approximation to F near any of the hyperplanes = 0 , whereas

it' is a good approximation to F only in a small neighborhood of the

origin. From Chapter 1 we concluded that the relationship L £M

implies that the set of interpolation properties of l is a subset of

the set of interpolation properties of M . This conclusion is seen

clearly in this example, as interpolation on the hyperplanes x^^ = 0

implies interpolation at the origin.

The function tt' is the truncated Taylor series expansion of the

N-variate function F . Another standard truncation of the Taylor

expansion of F is the function

^1 ^2 (u u )x/ x,^ ... x,| *"1 "n'
"" ° •M  • M2 • • ' ' M[\| •
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where Z* denotes summation over all values with

Ul + y2 + ... + y|y| 1 + ... K|^ . The function tt'' is developed

by Stancu [14] . The approach used by Stancu has some similarities

to the algebraic results of Chapter 1. We note, however, that because

the projector which yields tt'' cannot be factored into the projectors

defined by (7) , tt'' will not be obtainable by any of the elements in

our lattice T .

2.2.4. Proposition. The function tt is the unique solution to the

partial differential equation

K^+K2+. . .+K,^+N
^  ■ " (14)Kj+1 Kg+l K|j+1 "'"r *2 "n' "

3x^ ... 3x'|^

subject to the boundary conditions (9) , and tt' is the unique solution

to the system of N partial differential equations

/m.l
tt'(x^,..., x^) = 0 (l<m<N) (15)

3x
m

subject to the conditions (10) .

Proof. To see that tt is a solution of (14) , we recall from (12)

that

F - TT = R =

x^ (K^+1,..., K^+1)

^  tj^ ... t|yj F(^^,..., ̂ 1^) d^j^ ... df^ .

Thus we will show (14) by showing
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(Kj^+1,..., K|yj+1) (K^+1,...,
R(Xj^,..., X|^) = F(Xj,..,, X|y|) . (16)

By condition (6) we may apply Liebnitz's rule for differentiation under

the integral sign to show (14) . Doing so times yields

3x

/  R(x^»... j X|^)

(Kj+1,..., Kj^+1)

since
dh

3Xi
^1

.^1 (x -
t2(x^; Cj) = —^ ] = 1, and the other

3x/
 ^-^1

functions in the integrand are independent of x^ . At this stage R

depends upon x^ only through the upper limit of integration in the

outermost integral. Thus, by (6) ,

rrr '^(^i"
3x^

r^2

0

r^N

0

(Kj+1, K^+l,..., K|^+l)

^(^1' ̂ 2''''' ^^2

Continuing this procedure for the other variables yields (16) , from

which (14) follows.

That TT is the unique solution of (14) subject to the conditions

(9) follows from a standard integration argument.
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Next, we turn our attention to the minimal approximation

tt' = L[F] = P^P2 ••• P|^[F] . From the definition of the projector P^^
in (7) we see that the dependence of tt' upon comes only through

terms (0 1 P 1 through F and its partial derivatives,

which are evaluated at the origin. Thus (15) clearly holds. As above,

the fact that tt' is the unique solution to (15) subject to the con

ditions (10) follows from a standard integration argument. ■

We see therefore that Taylor-type expansions of a suitable function

F  may be studied using the algebraic framework developed in Chapter 1.

The contrast between the maximal projector M and the minimal projector

L  exemplifies the patterns predicted by the relationship L _< M .

It is interesting to note that one of the two standard Taylor series

representations of F (tt' ) corresponds to our minimal projector.

2.3. MULTIVARIATE LAGRANGE POLYNOMIAL INTERPOLATION

As a second example of the way in which the ideas of Chapter 1 may

be applied to yield standard techniques in approximation theory we now

investigate multi-dimensional Lagrange polynomial interpolation. The

following corollary to Theorem 1.5.1. is stated for the case of a bivariate

function F = F(x, y) , and reveals the contrast between the maximal

projector M and the minimal projector L for this case.

2.3.1. Corollary. Let F(x, y)e C([a, b] x [c, d]) and let

a = x^ < X2 < ... < = b and A2: c = y^ < y2 < ••• < ^
be partitions of the intervals [a, b] and [c, d] , respectively. Let
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and {(t)j(y)}jfj^ be the Lagrange interpolation polynomials

for Aj and , respectively:

(17)

^1 X - X
=  n ( _ ^) (i = 1, 2,..., K,) ,

T  K=1 ^i ^
KT^i

2/ X ~
^i(y) = n (j = 1, 2,..., KJ

^^3

Define the projectors and by

1Pi[F] = Z ^ (x) F(x., y) (18)
^  i=l ^ ^

^2
P2[F] = ^ <l> -(y) F(x, y.) . (19)^  j=l J J

The maximal approximation tt = M[F] = (P^ "*■ ^2 ' agrees with
the function F along the mesh lines of the Cartesian product

partition Aj x of [a, b] x [c, d] :

^(x^, y) = F(x. , y) (i = 1, 2,. .., K^) ,
(20)

■rr(x, y^) = F(x, y^) (j = 1, 2,.. ., <2) .

The minimal approximation it' = L[F] = PjP2[F] agrees with F at the
•  K2 mesh points (x^., y^) :



Yj) - F(x^, Yj)

(i = 1, 2,..., j = 1' 2.--" "^2^ •

Proof. From (17) we note that

36

(21)

)  = 6. (1 1 j, < >^2^ •

Using (18) and (19) we have

K, Kp
^  I ^lU) ̂ (y) F(x^, yj) •

-  E

1=1 j=l

Thus, bY (22) ,

.(V y) = (i<k<Ki),
and

tt(x, Yj) = (1 1 j - 2

The minimal projection is given bY

(22)
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^2 ,
k-t^'(x, y) = l[F(x, y)] = z z (})j(x) (^5(y) F(x., y.) ,

i=l j=l J ^ J

and (21) follows readily from (22) . ®

We note again that the set of interpolation properties possessed by

tt' is a subset of the set of interpolation properties possessed by tt

It is also interesting to note that, as in the case of the Taylor-type

expansions of Section 2,2, the most common multivariate Lagrange

interpolation technique (tensor product) corresponds to our minimal

projector L .

2.4. ORTHOGONAL EXPANSION IN HUBERT SPACE

As our final example which deals with the extension of a univariate

technique to multivariate interpolation we consider the technique of

orthogonal (Fourier) expansion in the Hilbert space L (si) , where n

is some closed and bounded subset of Ir'^ . For the example at hand

we will consider the bivariate case and let Q be the rectangle

[a, b] X [c, d] c .

Our discussion of projections in Hilbert space relies upon the

following well-known result.

2.4.1. Lemma. Let (x)}?,^ be a complete orthonormal set for
2  00L  ([a, b]) and let be a complete orthonormal set for

2  ooL  ([c, d]) . Then the set {(f).(x) ii7.(y)}7 • is a complete ortho-
1  J 1 5 J ~

2
normal set for L ([a, b] x [c, d]) .
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2.4.2. Corollary. Let F(x, y) be in the Hilbert space
K  K

F = L^([a, b] X [c, d]) . Let {<(). and be

orthonortnal sets of functions over [a, b] and [c, d] , respectively:

(j)|^(x) dx = 6.j ,^ (i, k = 1, 2,..., K^) ,

rd

ipj(y) i|;^(y) dy = {3, Z = I, 2,..., K^)

(23)

Let

{F = z A.(y) (}).(x)|A.(y) G L ([c, d])} ,
i=l T 1 1 1

(24)

If = {F = z B.(x) ,|^.(y)|B.(x) e L ([a, b])}
•j • ̂ J J J

and define and to be the orthogonal projections from

2
L  ([a, b] X [c, d]) onto $ and lii respectively:

fb
Pi[F] = z (}),-(x) ( F(c, y) <pA^) d^) ,
^  i=l ^ Ja ^

K,
2

Pp[F] = Z ip.
^  j=l ^

 rd

(y)( F(x, n) 4jj(n) dn) .

(25)

Then, the maximal approximation it = Pj^[F] + P^CF] - P2P2[P] satisfies

rb

U, y) (t).(c) d^ = F(5, y) (().(e)dC (i = 1, 2,..., K^), (26a)
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fd fd
tt(x, n) dn = F(x, n) dn (j = 1, 2,..., K„), (26b)

and, among all functions in the space span{$ U H'} , it is the unique

2function which minimizes the L ([a, b] x [c, d]) norm of the remainder:

F - 7T|f = [ |F(x, y) - tt(x, y)|^ dx dy .
Ja Jc

(27)

The minimal approximation tt' = PjP2[F] satisfies

fb

■' (C> n) i|^j(n) d^dn =
fb (-d

a Jc
F(c, n) (c) (n) d^dri

(i = 1, 2,. . ., ; 0 = 1, 2,..., K2) , (28)

and is the unique function f in $ n'i' which minimizes 11F - f|| .

Proof. We begin by verifying that P^ and P^ are projectors
which commute. From (25) P^ and are clearly linear. To see
that P^ is idempotent we note that by (23) .

fb fb
Pi[F] = I (f) (x) ( E (p.(^) F(n, y) (j).(fi) dQ (j) (5) d^)

^  £=1 ^ Ja i=l ^ Ja ^ ^

fb
=  Z (pAx) ( z (}).(c) (J).(?) d^)( F(q, y) (f).(fi) dFi)

£=1 ^ i=l Ja ^ Ja

=  Z (f)Jx) F(fi, y) (j).(Q) dQ = P,[F] .
£=1 ^ Ja ^
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Similarly, one can see that is idempotent. The fact that and

P2 commute follows easily from interchanging the orders of summation

and integration.

Therefore, P^ and P^ generate a lattice with maximal element

M = P]^ © P2 and minimal element L = P^P2 .

The next step is to verify that P^ and P2 are onto $ and h* j

respectively. For this, we simply note that if F = A.(y) (j).(x) G $ ,
J  J

then

Ki
Pi[F] = Z (|).(x) A.(y) ({,.(5) d^ = A.(y) <},.(x) .

i=l Ja ^ ^ ^

By the linearity of P^^ , every element in 0 has a preimage (itself)
2

in L ([a, b] X [c, d]) . Thus P^ is a projection onto all of $ ,

and similarly P2 is a projection onto all of 4' .

We also note that $ and "i* are closed subspaces of

L^([a, b] X [c, d]) . To see this, let

Ki
F« = J: Af'(y) 4,,(x) e ,N  j^l J J

and suppose F . Then, by orthonormal ity of the c|)j's , for

each j , as N 0° A^*^^ converges to a limit, say A.(y) . Since
J  J

each a!'^^ e L^([c, d]) , A.(y) e L^([c, d]) . Thus,
^  J

F = Z A.(y) (f).(x) ̂  0 , i.e. $ is closed. Similarly, is also
j=l ^ ^

closed.

Consider the maximal operator M = P-^ + P2 " ̂1^2 ' subspace

M = span{$ u 'i'} . The range of M is obviously a subset of M , and
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and in the manner used above to show is onto $ we may show M

is actually onto all of M .

We will now show that M is a closed subspace of L^([a, b] x [c, d])

Since orthonormal sets in L ([a, b])

and L ([c, d]), respectively, they may be extended to orthonormal bases

for these spaces. Let and {iiJj(y)}J^^ denote these
bases. By Lemma 2.4.1., the set {0. (x) i|;.(y)}7 is an orthonormal

'  J ' >J *

basis for L^([a, b] x [c, d]) .

Any function F in M may be expressed as

K, K, K,
i  C i 00

F = Z Z a.. (}).(x) ij;.(y) + z Z a.. <t).(x) i(j.(y)
i=l j=l ^ J i=l j=K2+l ^ ^

00 2

+  2 ^ a.. (})-(x) ,j;.(y) ,
i=Kj+l j=l ^ J

CO 00

i.e. F = z Z a,-. c().(x) ii;.(y) , where a,-,- = 0 whenever i >
i=l j=l 1 J TJ 1

and j > K2 .

Thus, if {F|^} is a sequence in M and F^^ ->■ F , then by Parseval 's
formula

00 00

llFu - F|l^ = Z I let!'!" - F. .|^

I M )
where the otl. 's and F. . 's are the Fourier coefficients of the

functions Fj^ and F, respectively, with respect to the basis
,(N)

-i::! * Therefore, as N , a. F. • for all pairsI J TjJ -'- Ij TJ
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of indices i and j . In particular, this means F.. = 0 whenever
^ J

i  > and j > . Thus F ̂  M , i.e. M is closed.

We see therefore that M is the projection onto the closed subspace
2

M  of L ([a, b] X [c, d]) . Thus, by the projection theorem for Hilbert

space, among all functions in M , it = M[F] is the unique function f

2which minimizes the L norm of the remainder ||F - fjl .

Similarly, L = projection onto the closed subspace

$ n 'F , and among all functions f G $ n ii/ , u' = /.[F] is the unique

function f which minimizes the quantity ||F - f|| .

To complete the proof of this theorem it remains only to verify

the relationships (26a), (26b), and (28). To see (26a), we note that

b

it(5. y) (^^•(?)

,b .b

Z  ( F(^, y) 4,^(^) d^)<j,.(5) d^
a  m=l Ja

b  ̂2
(  E 4^.(y) F(5, n) 4^-(n) dn) <!>•(?) d?
j=l J Jc ^a  J=

,b rb "^2

Ja m=l Ja j=l ^ Jc

By integrating and employing the orthonormality of the (jj^'s one sees

that (26a) holds. A similar argument yields (26b). The verification of

(28) is also completed using the orthonormality condition (23) . ^
As in our two previous examples, we see that the relationship L ^ if

has an interpolatory meaning. In this example, the set of Fourier
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coefficients shared by tt' and F is a subset of those shared by

^  and F . From (28) , tt' and F share the coefficients F.^

(with respect to the basis {$. (x) ;f^.(y)}7 ._i) for 1 < i < K, and
1  J 1

^ £ J £ 1^2 ' functions tt and F , however, share the Fourier
coefficients F.j whenever 1 1 i £ or 1 £ j ̂  , which is

easily verified from (26a) and (26b) .

2.5. MULTIVARIATE INTERPOLATION OVER CYLINDRICAL

AND TRIANGULAR DOMAINS

In this section we shall consider two examples in which we

interpolate a function on the boundary of a geometric figure. These

examples differ from the three previous examples in that the projectors

used are intrinsically multivariate projectors instead of parametric

extensions of univariate techniques. The problem of multivariate

interpolation over arbitrary curved element domains has been studied

by Gordon and Hall [10] via the algebraic structure developed in

Chapter 1. As in the previous examples, our main objective is to con

trast the maximal and minimal projectors of Our lattice.

We begin with the problem of approximating a function on the vertical

surface and endcaps of the unit right circular cylinder whose vertical

axis is the z-axis.

Let F = F(r, 6, z) be a trivariate function which satisfies the

following condition:

F  is continuous in its first partial derivatives with
respect to r and 6, and at least piecewise continuous in (29)
its second partial derivatives with respect to r and 6 .

We wish to construct an operator which will interpolate (exactly) to

F  on the surfaces Z, D^^, and D2 defined by
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Z = {(r, 0, z)|r = 1 , O£0£2Tr , 0<_Zj<l} ,

Dj = {(r, 0, z)|0 £ r £ 1 , 0 £ e £ 2tt , z = 0} ,

D2 = {(r, 0, z)|0£r£l , 0£e£2TT , z = 1} .

We shall define the projectors and by

P^LF] = (1 - z) F{r, 0, 0) + z F(r, e, 1) (30)

P2[F] =
r2TT

G(r, 0, 0') F(l, e', z) de' (31)
0

where the Green's function G is the Poisson kernel

1  1 r^G(r, 0, 0') = ̂  [ 5- ] . (32)
1 - 2r cos(0 - e') + r

We see that the function = P^EF] agrees with F on the planes

z = 0 and z = 1 (in particular on the two endcaps and D2) :

j(r, e, 0) = F(r, 9, 0) (33a)

^(r, 0, 1) = F(r, 0, 1) . (33b)7T

Also, for all values of z , the function = P2EF] satisfies
2

Laplace's equation v 7^2 = 0 and the boundary conditions

772(1, 0, z) = F(l, 0, z) (0 £ 0 £ 277 , 0 £ z £ 1) . (34)
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2.5.1. Lemma. The operators and P2 are projectors and

P P = P P

Proof. Pj^ and are clearly linear. It is easily shown that

Pj is idempotent. To see that P2 is idempotent we note that the

integrand in (31)involves values of F only on the surface i , and

by (34), ̂2 ^ ^ • Thus P^EF] = P2[^2^ " ̂2'-''^ *
Since the variable z is merely a parameter in the integral which

defines the operator P^ , the two projectors do indeed commute:

PiP2[F] = P2Pi[F] = (1 - 2)
27T

G(r, e, 0')F(1, e', 0) de'
0

l-2-n
+ 2 I G(r, e, 0') F(l, 0', 1) d0'

JO

The above observations lead us to the following corollary of Theorem

1.5.1.

2.5.2. Corollary. Let M and l be the maximal and minimal elements

of the lattice T generated by the projectors P^ and P^ defined

in (30) and (31) .

For any function satisfying (29) the function it = m[F] coincides

with F on the three bounding surfaces 0^, D^, and z of the unit

right circular cylinder, i.e., tt satisfies all three of the conditions

(33a), (33b), and (34) . Moreover, it is the unique function which satisfies

these boundary conditions and satisfies the partial differential equation

2^2 V [w] = 0
8z
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The function tt' given by tt' = L[F] agrees with F only on the

circumferences of the two disks and D2 :

(1, 0, 0) = F(l, 0, 0) (0 < 0 < 2tt) (35)

•'(1, 0, 1) = F(l, 0, 1) (0 < 0 < 2tt) . (36)

Furthermore, tt' satisfies the pair of partial differential equations

2
V [it'] = 0 and [u'] =0 . The remainders associated with the

3Z

approximations tt and tt' are, respectively:

F - u = RjR^CF] (37)

F - TT = RjEF] + R2[F] - R^R2[F] , (38)

where

RjEF] =
rl

(0, 0, 2)

K^(z; z') F(r, 0, z) dz' (39)

R2[F]
(•2ttrl

K2(r, 0; r', 0') V F(r', 0', z) dr'd0'

Here, K^(z; z') and K2(r, 0; r', 0') are well-known Green's
;n2 2

functions for the differential operators and v respectively,
9Z

subject to homogeneous boundary conditions:
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K(z, z') = ^ (41)

^(z - l)z' z > z'

K2(r, 0; r', 0') = - ̂  log r'

+ 4^ log [
2  2

(r cos 0 - r' cos 0') + (r sin 0 - r' sin 0')

2  ■ 2 ^ (42)
(r COS0 - cos '0') + (rsin0-sin0')

Proof. We note that

M[F] = (1 - z) F(r, 0, 0) + z F(r, 0, 1)

r27T
G(r, 0, 0') F(l, 0', z) d0'

+ (z - 1)
2tt

G(r, 0, 0') F(l, 0', 0) d0'

- z I G(r, 0, 0') F(l, 0', 1) d0' .
Jo

It is therefore easily seen that uCr, 0, 0) = F(r, 0, 0) ,

'^(r, 0, 1) = F(r, 0, 1) and 7r(l, 0, z) = F(l, 0, z) . Furthermore,

since P2[F] = 0 we have = (1 - z) F(r, 0, 0)
2

+ z V F(r, 0, 1) . Thus the function tt does satisfy the partial
2

differential equation V^[tt] = 0 . The fact that tt is the
9z

unique solution to this equation subject to (33a), (33b) and (34)

follows from a standard integration argument.
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It is also easy to verify (35) and (36), as well as the facts that
2

V^[^'] =0 and ^ [^'] = 0 .
3Z

Let us consider the remainder operators and associated

with the projectors and , respectively:

R^[F] = F - P^[F] = F(r, 6, z) - [(1 - z)F(r,e, 0) + zF(r,e,l)]

fZTT
R2[F] = F - P^EF] = F(r, e, z) - J G(r, 9, 6') F(l, 6', z) dS'

We see that

2  2

^2 e, 0) = 0 (43)
9z 9z

(0 < r < 1 , 0 < e < 27t)

R^EF] = V^F , R2(1, 0, z) = 0

(0 £ e £ 2it , 0 £ z £ 1) . (44)

The functions R^EF] and R2EF] are therefore the solutions of the

partial differential equations (43) and (44). The results (39)-(42)

then follow from (43) and (44) (see, for example, Courant and Hilbert

E6]) .

The example above helps to illustrate the fact that the maximal

projector M combines all the approximation properties of the

N
collection » while the minimal projector L has only those
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properties which the projectors have in common. The projector

agrees with F on the two endcaps and D2 , and the projector

agrees with F on the vertical surface Z of the cylinder. The

maximal projector combines these attributes and the maximal approximation

TT agrees with F on the entire surface of the cylinder. The minimal

approximation tt' , however, agrees with F only on the circumferences

of and (i.e. (D^ U 02)0 i) .

As our last example of this chapter we shall develop a method for

interpolation of a continuous bivariate function F(x, y) on the

perimeter of the triangle T whose vertices are (0, 0) , (1, 0) and

(1, 1) . The purpose of this example is to further illustrate how the

maximal projector M combines the properties of the P^ , 1 £ m N ,

while the minimal projector L enjoys only those properties which the

P^ hold in common. The three projectors P^, P2, and P^ defined below

are derived purely to provide exact approximations to F on the edges

of T , and to commute with each other.

We define the following three projectors:

Pl[F] = (^4"^) F(x. 0) . (45)

""(i' y) •

PsLF] = (f^) (^) F(x, x) . (47)
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We note that = P^[F] and = P3[F] are undefined along the

line X = 0 , and that = P2[F] and are undefined along the

line y = 1 . However, since our area of interest is the perimeter

of T , the only singularities which concern us are at the points

(0, 0) and (1, 1) . We shall merely exclude these points and proceed.

It is easy to see that

TT^(x, y) = ̂

rF{x, 0)

(1 - y) F(l, 0)

<0

(y = 0) ,

(X = 1) ,

(X = y) ,

(48)

it2(x, y) ="•

F(l. 0)

F(1. y)

0

(y = 0) .

(X = 1) .

(X = y) ,

(49)

Tr3(x, y) = «

ro

0

'F(x, x)

(y = 0) ,

(X = 1) ,

(y = X).

(50)

A simple computation shows that P^, P2, and P^ commute, and

therefore these three projectors generate a lattice with maximal element

M  and minimal element L given by

M = P^ + P2 + P3 - P1P2 - P1P3 - ^2^3 ^1^2^3

and
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~ ^1 ^2 ^3 ~ °

The maximal and minimal approximations to F are, respectively:

(x, y) = M[F(x, y)] = F{x, 0) + (f^) F(l, y)

+ (|^) (f) F(x, x) - (x - y) F{1, 0) ,

= L[F] = 0

It is easy to see that tt agrees with F on the perimeter of T

(excluding (0, 0) and (1, 1)) , and thus combines the approximation

properties of P^, P^, and P^ . The function tt' , however, agrees

with F only where F = 0 . This result is expected, as P^, P^, and

P^ have no interpolation properties in common.

The examples of this chapter help to illustrate the ideas

of Chapter 1 as well as to reveal the ways in which some common

approximation techniques may be studied by a lattice theoretic approach,

In Chapter 3 we shall examine another example, using cubic splines, to

further illustrate the ideas of Chapter 1.
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chapter 3

an EXWPLE USIN8 CUBIC SPLINES

3.1. introduction

.  investigate the applications of our
Ae our final example we shall mvestig ^„,,ivariate

.  to the problem of interpolating a itiultivalgebraic struc u ,n the Taylor series example of
function by the use of cubic spline . approximated

example we shall apply a finite

to obtain an dat! points. This technique of
sample of function va jgtholofJucceHlvL^
recursive approximation is known

position. I^ie spline pro-

H of successive decomposmon will be base

^.imal proyec ^ . A contrast

approximation assumptions on

the continuity of i" rrf nredetermined accuracy
.  H tn achieve an approximation of predetermpoints required to .occessive decomposition than

.a ,.Ki« less for the method of successiveis considerably less

for the tensor product method. developed for the bi-
a  f successive decomposition will be deve. pThe method of successive

•3 9 and Section 3.3 wi l 1variate case in Section 3.2. and ^
Mr sDlines for the bivanate functionmethod using cubic spime
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In Section 3.4 we shall investigate briefly the method for N-variate

functions with N > 2 .

3.2. THE METHOD OF SUCCESSIVE DECOMPOSITION

FOR THE BIVARIATE CASE

In the Lagrange polynomial example of Section 2.3 we saw how a

bivariate function F = F(x, y) may be approximated by a combination

of univariate functions F(x^., y) and F{x, y^) (1 1 i 1 i

^ 1 J 1 1^2^ where the points (x^., y^) are mesh-points in a two-
dimensional subdivision of [0, 1] x [0, 1] . The maximal projector

M = ® P^ performed the task of fitting a smooth surface Tr(x, y)

through the network of curves F(x., y) and F(x, y.) (1 1 i" 1 K, ;
I  J ^

1 < j < K2) . This technique, known as blending, has been investigated

by Gordon [7], [9], and Gordon and Hall [10] . The function Tr(x, y)

is therefore called a blending function. For the bivariate case, the

error associated with the blending function is F - it = Rj^R2[F] , where

Rj = I - Pj (j = 1, 2) .
In actual applications, however, we are generally not presented with

a network of curves through which to pass a surface, but rather with

a finite collection of sample values extracted from the function F .

It will therefore be necessary to approximate the functions F(x^., y)

and F(x, y.) by some finite parameter univariate scheme. We shall
J

denote these approximations by g.(y) and h.(x) , respectively.
'  J

If the errors in these approximations may be uniformly bounded in

norm, say
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|F(X., y) - g.(y) i| < e

and

||F(x, yj) - hj(x)|| < e (1 < i < ; 1 < j < K2)

then, for small e , the error made by replacing the univariate curves

by their approximations will be less than the error resulting from the

initial blending function approximation (||R2^R2 '^IP • Therefore, the

error involved in using successive decomposition will be of the same

order of magnitude as the error involved in blending the plane curves

F(x., y) and F(x, y.) . Also, since the error will be at least as
J

great as I|R]^R2 F|| , it is unnecessary to approximate the functions

F(x^., y) and F(x, y^) to any higher accuracy than is required by

the initial blending function approximation. The two levels of approxi

mation should therefore be consistent in terms of the accuracy required.

For the bivariate case we shall have two levels of decomposition,

each of which uses two projectors. We shall denote these projectors by

1 1 2 2

^1' ̂ 2' ''l' ^2 ' superscripts denote the level of decom
position.

3.2.1. Lemma. Let F(x, y) be a bivariate function for which the

1 1 2 2projectors and P2 commute. Let P^ and P2 be two projectors

such that P^P^LF] = P^PiCF] and P^pjCF] = pJp^CF] . Then, with
R1 = I - P^- (1 £ i, j £ 2) , the bivariate identity operator I has
J  J

the decomposition
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I = P^P} + P^P^ - pjp^ + (R^p| + R^pl) + r|r1 . (51)

Proof. Since pj and P^ commute, from the results of Chapter 1
we have

I = pj © P^ + rJr2 = pJ + P2 " ̂"1^2

Furthermore, since also I = P^ + R^ = R^ + r2 ^ write (52) as

I = (P2 + R2) P} + (Pj + R^) P2 - PjP2 ■*■ '^l'^2

from which (51) follows immediately. ■

3.2.2. Lemma. If F(x, y) belongs to the normed linear space F .

then with A = P^Pj + P^P^ " Pjp^ and the usual definition of operator
norm, the error operator

I - A = pJr^+ P^R^+ rJr^

satisfies

I II -All lllPjil II ^2 Ik II P) ni l 111 Ih Pi II I IR2II • (53)

Proof. The formula for I - A follows from (51) ; the error

bound (53) follov^s from a simple application of the triangle inequality

and the fact that |1AB| | £ ||A| | | |B|1 for all projectors A and B for

which AB is defined. ■
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3.2.3. Remark. If the linear space F is actually a Hilbert space,

and if P and Q are orthogonal projectors, then the algebraic ordering

P _< Q is equivalent to the ordering in norm given by

l|Px|l 1 ||Qx|| (x G F) . (54)

If F is a Hilbert space and if the Pl (1 £ i, j £ 2) are orthogonal

projectors, then

11(1 - A)[F]|| < ||r2 f|1 + ||r) f|| + ||r} r)[f]|| . (55)

3.3. SUCCESSIVE DECOMPOSITION VS. TENSOR PRODUCTS

IN CUBIC SPLINE INTERPOLATION (BIVARIATE CASE)

We shall now focus our attention on the contrast between successive

decomposition and the method of tensor products for the case when the

projectors used will be based upon cubic splines. We shall deal with

the bivariate case and, for simplicity, we shall use projectors which

are symmetric in x and y . That is, the projectors P? and p1
1  £-

2  2(respectively, P^ and P^) used in the first (respectively, second)

level of decomposition are actually the same projector with the roles

of X and y interchanged. The details of the general bivariate case

are easily inferred.

3.3.1. Definition. Let c'^''^([0, 1] x [Q, i]) denote the class of

bivariate functions F(x, y) defined on [0, 1] x [Q, i] such that
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(i i)F  ' (x, y) E —^ T- F(x, y) exists and is continuous for
8x ay^

0 _< i _< M and 0 _< j _< N .

The normed linear space F which we shall consider will be the space

4 4C  ' ([0, 1] X [0, 1]) equipped with the sup (uniform) norm:

||F(x, y)|l = sup lF(x, y)|
(x,y)e[0,l]x[0,l]

We shall employ the set of cubic splines joints

at the points of the uniform partition of [0, 1] given by

Aj = {0, h^,..., (M^ - l)hj^},

h^ = 1/(M^ - 1) . The cubic splines shall satisfywhere

for A]^ (cardinal splines) (56)

(j)]'(0) = (j)j'(l) = 0 (natural boundary conditions). (57)

The projectors pj and used at the first level of decomposition
are

1Pi[F] = Z (t)^-(x) F(x., y) (x. e A-i) , (58)i  i^l 1 1 1 1

Pp[F] = E (t).(y) F(X, y.) (y.e a,) .
^  j=l J J J i

(59)
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Although the operators pj and (and the other cubic spline
operators used in this chapter) are idempotent linear operators, they

are not really projectors in the sense of Definition 1.2.4, since their

ranges are not subspaces of C^'^([0, 1] x [0, 1]) . For example, the

range of pj is a subspace of C^'^([0, 1] x [0, 1]) . However, since
this fact does not affect the results of this chapter, we shall refer

to these cubic spline operators as projectors for consistency.

We note that each of pj and P^ interpolates the function F(x, y)
as a function of one variable, with the other variable being held as

a parameter. Therefore, the standard error bounds for the univariate

case (Ahlberg, Nielson and Walsh [1]) yield the following results:

i|R'l[F]|llc||F''''°>|| (hj)" , (60)

.  (61)

for some constant a independent of F .

The maximal projector of the lattice generated by p| and P^ ,
M = pj © P2 , yields the blending function S(x, y) = M[F] described
in Section 3.2. We shall therefore call the function S(x, y) the

spline-blended interpolant of F .

3.3.2. Lemma. The spline-blended interpolant S(x, y) given by

S(x, y) = (pj @ Pp)[F] = s ^.(x) F(x., y) + E (}> -(y) F(x, y.) (62)
^  ̂ i=l T T j=i J J
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E  Z 0.(x) (}).(y) F(x., y .
i=l j=l ^ J ^ J

agrees with F along the lines x = x^. and y = y^

(l£ i,j £ M^) of [0, 1] X [0, 1] ,

The error F - S = Rj^R2[F] satisfies

1|r}r1[F]|| < AIIf'"-"'!! (hj)® (63)

for some constant A independent of F .

Proof. The interpolation results follow directly from condition

(56) :

Ml Ml
S(x. , y) = z (t).-(x. ) F(x., y) + z 0--(y) F(x. , y.)

K  ̂.^1 I K 1 i=i J K j

Ml Ml

-  .Z^ ,Z^ <i)^-(x^)(l)j(y) F(X|^, y^)

F(X|^, y) + z ({)j(y) F(x,^, y^) - _z F(X|^, y^
j 1 j 1

M  M
1  '^1

= F(x^, y) , (1 < k < Ml) .

Similarly, S(x, yj^) = F(x, yj^) , (1 £ k < Mi) .

The error result (63) is easily derived from the standard error

results for univariate spline interpolation. In the univariate case,

the error in spline interpolation to an Fe c''^([0, 1]) is given by
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e(x) = f(x) - z (}).(x) F(x.) =
i=l T ^ J

A

G(x, s) ds ,

where G(x, s) is the appropriate Green's function (cf. Birkhoff and

deBoor [3]) •

1  2The actions of the remainder operators and upon F(x, y)

are therefore given by

RJCF] =
A

G(x, s) f(^'°)(s, y)ds

and

R^[F] =
A

G(y, t) F^°'^^x, t) dt .

Thus, for (x, y)e [0, 1] x [o, i] ,

r}R2I^F(x, y)] =
QJQ

G(x, s) G(y, t) F^^'^^(s, t) ds dt

The error result (63) may now be shown by employing the mean-value

theorem and properties of the kernel function G (see Gordon [7 ]

and [ 9]) . ■

The significance of Lemma 3.3.2 is that S converges to F with
O

an error which is O(h^) , and thus, for small h^ , S is a very

good approximation to F . From the obvious extension of the proof

above, we see that in the case of N variables the maximal projector

M = pj©...0P^ will have an error satisfying
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||r}r^ ... rJ[f]|| < cIIf'"'"""'"!! (hj)"^ ,

where c is independent of F .

The maximal projector S(x, y) does provide a good approximation

to F , but the problem with S arises from the fact that we do not,

in general, know the functions F(x., y) and F(x, y.) (1 £ i,j £M,) .

We therefore proceed to the second level of decomposition and

approximate the univariate functions F(x., y) and F{x, y.) by cubic
^  J

spline projectors.

For this second level, we shall define the point uniform parti-

tition of [0, 1] , by

where h2 = 1/(M2 - 1) . We shall use the set of cubic splines

satisfying

and the natural boundary conditions (57) with tf) replaced by \p .

2  2The projectors and P2 will be given by

M2
P^[F] = E 4J|^(x) F(X|^, y) (X|^ E A2) > (65)

k ~ 1

M2

P^CF] = 2 ^j^(y) F(X, y^) (y^G A2) , (66)
i?/"* 1

2  2and they have remainders and R2 satisfying
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l|Rl[F]lllB||F''''°'||(h2)'^ , (67)

for some constant 8 independent of F .

Using the decomposition scheme outlined in Lemma 3.2.1 and Lemma

3.2.2, we derive the following approximation to F , which uses only

numerical data.

3.3.3. Lemma. The function S* given by

Ml M^
S*(x, y) = z (|).(x) E 4,'|,(y) F(x., y. )

i=l ^ k=l ^ ^

Ml M^
+  Z (t).(y) Z ipAx) F(x., y.)
j=l J £=1 ^ ^

M^ M^
-  Z Z ({).(x) (}).(y) F(x., y.)

i=l j=l ^ J ^ J

approximates F(x, y) with an error satisfying

F - S*|| < + (hj)®] , (70)

where

(69)

k = max{8(||pJll l|F'°''"|| + l|P^||||F'°-'"||) , AHfC'"''
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Proof. From Lemma 3.2.2 we have

F - S* = Pj R^[F] + P^R^[F] + rJr^[F] . (71)

Therefore,

F - s*|| <||p;ii iir2[f]|| + ||p1|i i|r2[f:i i| + iir1r1[f]||

and (70) follows from (67), (68) , and (63) .

3.3.4 Remark. We notice that the formula

S* = (P} pI + pIpI - pJp2)[F]

is actually a linear combination of three tensor product approximations

1 ?to F . The function P^^P^EF] is the tensor product approximation
2  1 1 1over the mesh x A2 > and P^ P2 and P^P2 correspond to the meshes

^  and A^ x a^ , respectively. This combination can be achieved

by subtracting (72c) from the sum of (72a) and (72b) below:

1 1 9 1 ? 1I = P2PJ + R2 + rJ - R2RJ (72a)

? 1 9 1 ? 1I = P^P^ + R^ + R2 - R1R2 (72b)

I = PJP2 + rJ + R2 - rJr2 • (72c)

This approach yields the remainder (71) in the form
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F - S* = - R^R^ - R^rJ + r|r^ .

We note that terms involving rJ and R^ alone do not appear. If,
as the case will be, « h^^ , then these are the dominant error

terms in (72a), (72b), and (72c) . It is because of this cancellation

that S* is a much better approximation to F than is any of

.  P1P2 ' O)" P}P2 •

We now consider the tensor product approximation to F over the

cartesian product mesh A x a , where A = {0, h, ..., (M - l)h}
'Xi "Xi M

with h = 1/(M - 1) . We shall use the cubic splines {(})^.(^)}^._j

which satisfy

' «1k (5k^ (")

and the natural boundary conditions (57) with 0 replaced by (p .
If

The projectors and P2 are given by

%

P, = E (!).(x) F(x., y) (x.G a) , (74)
^  i=l ^ ^ ^

%

M

Pp = E (pAy) F(x, y.) (y.e a) , (75)
^  i=l J J J

%  %

and the errors R^ and R2 satisfy

(K)'' . (76)

|R2[F]||lal|F"'''"|l (R)'' . (77)
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Pl\[F] II lAlIF*"'"'11(h)® , (7S)

with a and A independent of F .

The tensor product (bicubic spline) approximation T(x, y) to

F  is given by

%  %

'Xi % M M r\,
T(x, y) = PjP2[F] = E Z (}) (x) c|)^(y) F(x , y^) . (79)

y=l v=l ^ ^

'^ 2 1(It is interesting to note that if we choose = A , Pj^ = P^ and
2  1P2 = ?2 3t)0ve then the expression (69) for S* reduces to (79)) .

3.3.5. Lemma. The bicubic spline (79) agrees with F at the M

'Xj 'Xj

mesh points of A x a and approximates F with an error satisfying

F - T|1 < k[(h)^ + (h)^] , (80)

where

k = max{a(llF^^'°)l| + 1|F^°'^^||) , A|1F^^'^^ I|} .

%

Proof. From (73), we see that for 1 < j, k < M

'Xj o.

M  M

The error associated with T(x, y) = P]^P2[F] is

F - T = \[F] + R^CF] - R^R2[F]
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Thus, (so) follows from the triangle inequality and (76) - (78) .

For « 1 , (h)^ + (li)^ (h)^ . Thus, we may replace (80) by

the (approximate) error bound

F - Ti l < k(h)^ . (82)

We shall now examine the number of points required to approximate

F  by the functions T and S* , respectively, to the accuracy of

2e .

From (70), we see that we may achieve ||F - S*|l j< 2e by choosing

hj = (e/k)^/® , (83)

and

hj = (e/k)^/'' . (81)

From (83) and (84) we conclude that we should have

(hj) = (hj)^ . (85)

The partition A2 should therefore have a much smaller mesh size

than . It is not necessary that ® refinement of A^ , however,

and generally this will not be the case. Thus, the number of distinct

points, n^ , at which we must know the value of F to construct S*

is given by
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Hp = + M2M1 + - 4M^ . (86)

Since (85) implies << we have the approximate point count

Hp 2 . (87)

2
If ^2_ actually a refinement of > then "p = 2 MjM2 - ,

and (87) remains valid for . Since = (h^) ̂  + 1 and

M2 ~ (1^2)"^ + 1 , we see that (87) may be written as

1 + h, 1 + h, ,

"d % , (88)

which, with the relations (83) and (84) yield

np 2(h^)"^ = 2(k/e)^/® . (89)

To approximate F to the same 2e accuracy using T , we see from
%

(82) that we should choose the mesh size h such that

h = (2e/k)^/^ . (90)

The number of mesh-points required would then be

"t = m2 = (^)^ . (91)
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%

For h small (91) yields the aparoximation

^  /I

One way to compute the relative efficiency of methods (69) and (79)

is to consider the ratio

'^n 1 /R
^ = if = 2^ <|l72' ^ • (")

In actual approximation we would not, in general, have any infor-
•x,

mation regarding k and k . If, however, one may assume that k and
%

k  are of approximately the same magnitude, then calculation of the

quantity (93) reveals the superiority of method (69) over method (79) .

Tables listing the quantities n^, n-j-, and p for various values of
%

e  , k , and k are included in the appendix.

3.4. SUCCESSIVE DECOMPOSITION VS. TENSOR PRODUCTS

IN CUBIC SPLINE INTERPOLATION

We shall briefly examine the application of the techniques of

Section 3.3 to functions of three or more variables.

For the trivariate case we shall approximate a function

3  3
F(x, y, z) e C^'^'^( n [0, 1]) , where n [0, 1]) is the

i=l i=l

obvious three-dimensional analogue of C^'^([0, 1] x [o, 1]) defined

in Section 3.3. We shall employ three levels of decomposition, and, as

before, we shall let superscripts denote the level of decomposition.
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Let A,, Ap, and A- denote the M , M„, and point uniform
I, M

partitions of [0, 1] . For each partition A. let {(}).}._, denote
K  J J"-!-

the set of natural cubic splines which have joints at the points of

A|^ and satisfy

At each level j our projectors will be the three-dimensional

analogues of the projectors (58) and (59) of Section 3.3. That is,

will interpolate the function F as a function of the i^*^

variable over the mesh A. .
J

A simple, but tedious, calculation shows that the function S* which

corresponds to our method of successive decomposition approximates F

with an error satisfying

F - S*l| < kKhj)" + (hj)® + (hj)!®] (94)

where h. = 1/(M. - 1) for j = 1, 2, 3 .
J  J

We may approximate F to an accuracy of 3e by setting

h^ = (e/k)^/^^ , (95)

and

h3 = (h^)^ = (h^)^ . (96:

To a good approximation, the number of distinct points required to

achieve this accuracy is
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"d ̂  'TT' (£> (97)
X  ̂ 0

To achieve the same 3e accuracy with the tensor product approach on
'\j % IX, <\, %

the mesh A x A x a , where A has a uniform spacing of h would

require the number of points

%

„  ̂ /ls3/4 ,Kx3/4
"l ̂  ' (98)

Thus, in this case the ratio p = np/n-j- is given by

.11/24 7/24
p  13.7(\-3y^) e^/^^ . (99)

For the case of N variables a similar argument gives the

approximate point counts required for an error of Ne

np , (100)

n-p (l^/Ne)^/^ (101)

and the ratio p = n^/nj

p,cel/'^t''-l-l/2-l/3-...-l/N] _ ,102)

where C depends on k, k, and N .

The estimates (100)-(102) are valid for small N , but because of the

assumptions made in the derivation of (100), the estimates (100) and
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(102) may not be asymptotically valid as N ^ . Also, for extremely
large N , the method of successive decomposition may become quite
cumbersome, and other techniques may be preferred in this case.
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CHAPTER 4

CONCLUSIONS

The algebraic results developed in Chapter 1 provide one with a

framework which may be used for the study of certain multivariate

approximation methods. Since any set of commutative projectors

M
{Pm}m=i generates a lattice ^ , many multivariate techniques which

use projectors may fit nicely into this framework. In particular, the

multivariate analogues of three classical techniques, Taylor series

expansion, Lagrange polynomial interpolation, and Fourier expansion

in a Hilbert space, may be studied by our lattice theoretic approach.

The superiority of the maximal projector over the minimal projector

was seen in Chapter 2, and in Chapter 3 the method of successive decom

position, which is based on a maximal projector, was contrasted with

the minimal method of tensor products. The utility of the lattice

theoretic approach was evident in these examples, and one can see that

this algebraic technique provides an interesting and useful tool for

the study of certain multivariate approximation techniques.
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APPENDIX

The following tables (A1)-(A3) give the approximate numbers of

points required to approximate a bivariate function to an accuracy

of 2e by the method of successive decomposition (n^) and the method

of tensor products (n^) . The constants k and k are defined in

Lemmas 3.3.3 and 3.3.5. Table A1 shows that, under the assumption

that k and k are of the same magnitude, the method of successive

decomposition is much more efficient (in terms of the number of points

required) than is the method of tensor products.
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TABLE A1

Number of points required fo^ successive decomposition and tensor
product methods with k = k (Bivariate function).

£

It

"d "I P = np/n.|-

10"^ 10"® 6.30 X 10^ 7.07 X 10^ 0.887

10"® 10"^ 1.50 X 10® 2.24 X 10® 0.670

10-® 10® 3.56 X 10® 7.07 X 10® 0.504

10"® 10^ 8.43 X 10® 2.24 X 10® 0.377

10"® 10® 2.00 X 10® 7.07 X 10® 0.283

10"® 10"® 3.56 X 10® 7.07 X 10® 0.504

I—'
o

00

10"^ 8.43 X 10® 2.24 X 10® 0.377

10"® 10® 2.00 X 10® 7.07 X 10^ 0.283

10"® 10^ 4.74 X 10® 2.24 X 10^ 0.212

10"® 10® 1.12 X 10^ 7.07 X 10^ 0.160

1—*
o
1

1—»
o

10"® 2.00 X 10® 7.07 X 10® 0.283

10"^® 10"^ 4.74 X 10® 2.24 X 10^ 0.212

o
1—1

1

o
r-H

10® 1.12 X 10^ 7.07 X 10^ 0.160

10"^® 10^ 2.67 X 10^ 2.24 X

5
10^ 0.119

10"^® 10® 6.32 X

o
1——1

7.07 X 10® 0.089

10"^^ 10"® 1.12 X 10^ 7.07 X 10^ 0.160

10"^^ 10"^ 2.67 X 10^ 2.23 X 10® 0.119

10"^^ 10® 6.32 X 10^ 7.07 X 10® 0.089

10"^^ 10^ 1.50 X 10® 2.24 X 10® 0.067

10"^^ 10® 3,56 X 10® 7.07 X 10® 0.050
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TABLE A2

Number of points required fo;ij^ successive decomposition and tensor
product methods with k > k = 1 (Bivariate function)

e k "o "l P = n^/n^

10-^ 108 3.56 X 10^ 7.07 X 10^ 0.503

10"^ loi 8.44 X 10^ 7.07 X 10^ 1.193

10"^ lo8 2.00 X lo8 7.07 X 10^ 2.828

10-^ 108 4.74 X lo8 7.07 X 10^ 6.707

10"^ 10^ 1.12 X 10^ 7.07 X 10^ 15.905

10-8 lo8 2.00 X 10^ 7.07 X lo8 0.283

10-8 loi 4.74 X lo8 7.07 X lo8 0.671

OC
1

o

lo8 1.12 X 10^ 7.07 X 108 1.591

10-8 10^ 2.67 X 10^ 7.07 X 108 3.772

00
1

o
r-H

10^ 6.32 X 10^ 7.07 X lo8 8.944

10-^8 lo8 1.12 X 10^ 7.07 X 10^ 0.160

10-^8 loi 2.67 X 10^ 7.07 X 10^ 0.377

10-^8 lo8 6.32 X 10^ 7.07 X 10^ 0.894

10-18 10^ 1.50 X 108 7.07 X 10^ 2.121

10-^8 10^ 3.56 X 108 7.07 X 10^ 5.030

10-18 108 6.33 X 10^ 7.07 X 108 0.089

10-18 lol 1.50 X 108 7.07 X 10^ 0.212

10-18 lo8 3.56 X 108 7.07 X 10^ 0.503

10-18 108 8.43 X 108 7.07 X 108 1.193

10-18 10^ 2.00 X 108 7.07 X 10^ 2.828
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Number of points required for successive decomposition and tensor
product methods with k = 1 < l< (Bivariate function).

1^

10-6 106 3.56 X 10^ 7.07 X 102 0.503

10-6 loi 3.56 X 10^ 2.24 X 106 0.160

10-6 lo2 3.56 X 10^ 7.07 X 10^ 0.050

10-6 10^ 3.56 X 10^ 2.24 X 10^ 0.016

10-6 10^ 3.56 X 10^ 7.07 X 10^ 0.005

10-6 lo6 2.00 X lo6 7.07 X 106 0.283

10-6 loi 2.00 X lo6 2.24 X 10^ 0.089

10-6 lo2 2.00 X 10^ 7.07 X 10^ 0.028

10-6 106 2.00 X lo6 2.24 X 106 0.009

10-6 10^ 2.00 X lo6 7.07 X lo6 0.003

10-16 106 1.13 X 10^ 7.07 X 10^ 0.160

10-16 loi 1.13 X 10^ 2.24 X 106 0.050

10-16 lo2 1.13 X 10^ 7.07 X 106 0.016

1—'
O
1

1—»
o

10^ 1.13 X 10^ 2.24 X 106 0.005

10-16 10^ 1.13 X 10^ 7.07 X 106 0.002

10-12 lo6 6.33 X 10^ 7.07 X 106 0.089

10-12 loi 6.33 X 10^ 2.24 X 106 0.028

10-12 lo2 6.33 X 10^ 7.07 X 106 0.009

10-12 106 6.33 X 10^ 2.24 X 10^ 0.003

10-12 10^ 6.33 X 10^ 7.07 X 10^ 0.001
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Table A4 gives approximate point counts required to approximate a

trivariate function to an accuracy of 3e , with c = 10"® . Calcu

lations are shown for k = l< , k > l< , and k < ^ .

TABLE A4

Number of points required for successive decomposition and tensor
product methods for various values of k and 'k , with e = 10"

ii

^

1  10°
1  10^
1  10^
1  10®
1  10^

 % [|t P = "p/^T
10"^ 10"® 3.37 X 10^ 1.39 X 10^ 0.243
10 ^ 10 ^ 9.69 X 10^ 7.80 x iq^ 0.124
10° 10° 2.78 X 10^ 4.39 X IQ^ 0.Q63
10^ 10^ 8.00 X 10^ 2.47 X iqO q_032
10^ 10® 2.30 X 10® 1.39 X 10^ 0.017

2.78 X 10^ 4.39 X 10® 0.063

2.78 X 10^ 2.47 X 10® 0.011

2.78 X 10^ 1.39 X 10^ 0.002

2.78 X 10^ 7.80 X 10^ 0.0003

2.78 X 10^ 4.39 X 10® 0.00006

1 1 2.78 X 10^ 4.39 X 10® 0.063

10
0

1 8.00 X 10^ 4.39 X 10® 0.018

10 1 2.30 X

 OLI
0

4.39 X 10® 0.052

10
/I

1 6.60 X 10® 4.39 X 10® 1.505

10^ 1 1.90 X 10® 4.39 X 10® 4.328
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