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ABSTRACT

The joint torques and the joint velocities of a robot manipulator depend on the
joint configuration of the manipulator. In a near singular configuration, the joint
velocities required to move the end-effector in certain directions get extremely
high. In some configurations, the joint torques required for the end-effector to
apply a force along a certain direction may aiso get extremely high. Redundant
manipulators allow the end-effector to reach a desired position and orientation with
an infinite number of joint configurations. Thus joint configurations requiring
lower joint velocities or torques may be chosen to follow a desired trajectory.

Choosing configurations requiring lower (minimum norm) joint velocities to
track a desired end-effector trajectory results in minimum overall movement of
the joints. We refer to such manipulator motion as efficient motion. Efficient
motion is achieved by maximizing the Manipulator Velocity Ratio (MVR) [2] in the
direction of motion, or in the direction in which it is minimum, depending on the
nature of the end-effector trajectory. Improving the performance criterion that
utilizes the Manipulability Measure [14] also results in low joint velocities in
certain directions. |

Choosing configurations that require the minimum joint torques for a certain
magnitude of external force is also desired in some cases. In order to lower the joint
torques, a performance criterion that is basec on the Manipulator Mechanical
Advantage (MMA) [2] is maximized. Maximizing MMA in the direction of the
applied force results in configurations requiring lower joint torques for a desired
end-effector force.

The control schemes utilized in this thesis use kinematic and local optimization
techniques which are based on the gradient projection method. The control schemes
mentioned above are applied to the NASA Laboratory Telerobotic Manipulator
(LTM). Simulations were performed using a solid model of the LTM on the Silicon
Graphics workstation. The software was written in "C" language for higher speed

and portability.
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CHAPTER 1

INTRODUCTION

1.1 BACKGROUND

Robot manipulators are computer controlled manipulators consisting of
several links connected together either by revolute or prismatic joints. Usually one
end of the chain is attached to a supporting base while the other end has a gripper
attached to it and is free to move in the work space of the robot. The robot
manipulator itself is composed of an arm and a wrist sub-assemblies. For a
six-degree-of-freedom robot, such as the Cincinnati Milacron T3 robot (Figure
1.1), the arm sub-assembly can move with three degrees of freedom that will
result in positioning the mechanism. The wrist subassembly consists of three
rotations referred to as the pitch, yaw, and roll. These rotary motions result in
orienting the mechanism. With six degrees of freedom, a robot end-effector can
attain any position in the workspace of the robot if no singularities occur within its
work space. Three degrees of freedom are required to achieve translational motion
and another three degrees of freedom are required to achieve rotational motion in a
three dimensional space. Unfortunately, a manipulator invariably reaches singular
configurations within its workspace. In such configurations, the joint velocities
required to move the end-effector in certain directions get extremely high.
Whenever a manipulator encounters a singular configuration, it looses a degree of
freedom and becomes unable to move in a certain direction. Therefore, it is highly
desirable to use manipulators with more than the minimum number of degrees of
freedom required to perform a desired task. Such manipulators are referred to as
redundant manipulators.

Most of the redundant manipulators that exist today are confined to research
work. Two of these robots are the seven-degree-of-freedom CESAR manipulator at
the Oak Ridge National Laboratory (Figure 1.2), and the Laboratory Telerobotic
Manipulator (LTM) at the NASA Langley Research Center. The LTM, shown in
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Elbow
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swivel

Figure 1.1. Cincinnati Milacron T3 robot arm.

(K.S. FU, R.C. Gonzalez, C.S.G. Lee,"Robotics: Control, Sensing,
Vision, and Intelligence”, McGraw-Hill Book Company, 1987, p.2)
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Figure 1.2. Seven-degree-of-freedom CESAR research manipulator.
(Courtesy 1&C Division ORNL)



Figure 1.3, is also a seven-degree-of-freedom manipulator. The arm has three
pitch/yaw joints that provide the shoulder, the elbow, and the wrist joints. The
seventh degree of freedom is provided by the wrist roll motion.

The redundancy of a manipulator plays an important role in increasing its
flexibility. Flexibility is defined here as the ability of the manipulator to move in
any direction with a minimal encounter in joint singularities. Redundancy occurs
when the dimension of the joint space ‘is greater than the dimension of the
operational space required to perform a certain task [7]. For redundant
manipulators, the kinematic linear equations relating unknown joint velocities to
given end-effector velocity components in world coordinates do not have a unique
solution. An infinite number of solutions are possible in such a case. Increasing the
flexibility of a manipulator requires the utilization of the null space of the
Jacobian. The nuil space of the Jacobian, whose dimension depends on the number of
degrees of redundancy of the manipulator, provides the manipulator with infinite
number of joint configurations. Since the null space of the Jacobian does not
contribute to the motion of the end-effector, it can be used to select a joint
configuration that can improve the performance of the manipulator while tracking a
certain desired trajectory.

Several performance measures that utilize the null space and improve the
performance of the manipulator have been utilized in the past years by several
;asearchers. These performance measures include the Manipulability Measure,
m [14], the Manipulator Velocity Ratio (MVR) and the Manipulator
Mechanical Advantage (MMA) [2]. Luh and Gu [8] used the trace(JJT) to study the
efficiency and the flexibility of a redundant manipulator. Paul and Stevenson [11]
used the determinant of J as a performance measure for non-redundant wrists.

Optimization of performance measures can be based on either the global or the
local performance, and on either the kinematic or the dynamic performance [13].
Local optimization may not result in a better overall performance for the desired
trajectory, while on the other hand global optimization may provide a better
solution in terms of overall performance. However, local optimization schemes are
preferred to global optimization schemes due to being less computationally complex

4
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and faster to operate in real time. Dynamic optimization considers the arm
dynamics in the process in order to minimize the required joint torques[é], while
static optimization considers only the arm kinematics. Dynamic optimization can be
used to optimize the kinetic energy and achieve load balance, while kinematic
optimization is used for handling important issues such as avoiding singularities,
improving the flexibility of the arm, and avoiding collision with obstacles.

1.2 THESIS OBJECTIVES

The joint velocities required to translate and rotate the end-effector with a
given speed depend on the direction of motion as well as the orientation of the
end-effector. Different arm configurations result in different joint velocities.
However, it is always desirable to choose those joint configurations that require the
least joint velocities. Choosing joint configurations that require lower joint
velocities to track a desired end-effector trajectory results in the minimum overall
movement of the joints. We refer to such manipulator motion as efficient motion.
On the other hand, an infinite number of joint torques can result in providing a
unique force vector applied by the end-effector on the environment. Choosing joint
configurations that result in lower joint torques can be achieved by utilizing the
redundancy of the manipulator. '

Three performance criteria that improve the performance of the LTM are
utilized in this thesis. These are: The Manipulator Velocity Ratio, The Manipulator
Mechanical Advantage, and the Manipulability Measure criterion. The Manipulator
Velocity Ratio (MVR) is defined as the norm of the transformed end-effector
velocity vector to the norm of the least norm transformed joint velocity vector {2].
Control schemes that improve MVR in both the direction of motion and in the
direction of the minimum singular value of the Manipulator Velocity Ratio Ellipsoid
-are applied on the LTM. The Manipulator Mechanical Advantage (MMA) is defined as
the ratio of the end-effector transformed force norm to the norm of the transformed
joint torque vector. Control schemes that deal with improving MMA in the
direction of the applied force are also utilized. The Manipulability Measure
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criterion that can be used in a control scheme to avoid singularities in all possible
directions is also applied to the LTM. This performance criterion uses the control
scheme introduced by Yoshikawa. A comparison between these control schemes that
utilize the null space of the Jacobian along with the least norm scheme for different
performance measures is presented to reflect the feasibility of these control
schemes for certain tasks. These schemes use local optimization techniques and the
gradient projection method. By simulation, we will also investigate an important
issue concerning the stability of the above control schemes together with the least

norm scheme.

1.3 THESIS OUTLINE

Chapter 2 presents a kinematic control of redundant manipulators. Chapter 3
presents a control scheme for improving the efficiency and the mechanical
advantage of redundant manipulators. Chapter 4 deals with a control scheme
implementation on the NASA Laboratory Telerobotic Manipulator. The kinematic
control software is discussed in chapter 5. Chapter 6 contains computer simulations
that demonstrate the effectiveness of the control schemes discussed in chapter 4, and
chapter 7 presents conclusions and recommendations.




CHAPTER 2
KINEMATIC CONTROL OF REDUNDANT MANIPULATORS

This chapter presents an efficient gradient projection scheme(3] for a
seven-degree-of-freedom manipulator with a spherical wrist. This scheme avoids
finding the Moore-Penrose inverse of the 6x7 Jacobian and is well suited for real
time implementation. This chapter will show that using this scheme, a closed form

solution for the joint velocities can be obtained.

2.1 THE GRADIENT PROJECTION METHOD

The kinematic equation relating the end-effector velocity vector X

(dimensioned as mx1, where m <= 6) to the joint velocity vector @ (nx1) is given

by the following equation:

x=1J8 , (2.1)
where J is an mxn Jacobian matrix. If m = n (i.e. J is a square matrix) and all
columns or rows of J are linearly independent, then the joint velocities required to
achieve a certain end-eniector velocity are unique. The joint velocity vector will be
given by:

. 1.
0=J%x . (22)

If m<n (i.e. J Iis rectangular), then numerous joint velocity vectors exist
for a desired end-effector velocity. The joint velocity vector can then be computed
as:

; + e oyt
0=Jx+dA-J D¢ , (23)
where J* is the Moore-Penrose inverse of the Jacobian. Since J has a rank <=m

and since m < n, this means that @ which is an nx1 column vector has components




in two subspaces, namely the row space and the null space. Recall from linear
algebra that any space can be divided into two orthogonal complements. The row
space of J has a dimension equal to the rank(J), and the null space of J has a

dimension equal to (n - rank(J)). Therefore, 8§ has a component in the row space
of J and another in its null space. The first component in equation (2.3) JJrx

represents the projection of X onto the row space of J. This component is called
the least norm solution of @ because it is the minimum solution to x=J0. The

second component, (I - J+J)§, which is the orthogonal complement of J*x,liesin

the null space of J and is referred to as the null space solution since it does not
contribute anything to the motion of the end-effector. The vector Q is an arbitrary
velocity vector, and (I-J +J) is a projection matrix that projects gb_ onto the null
space of J . Since Q can be any arbitrary vector, it is often appropriately selected

to improve the performance of the robot arm. Let H(0) represents a performance

criterion which is a function of the joint angles. Using the gradient projection

method, this criterion can be improved by substituting KVH(8) for Q Equation

(2.3) will then become:
g=J%+KI-JDYH , (24)

where the coefficient K is a real number and VH(0) is the gradient of H(6). The

gradient of H(0) is computed as follows:
T
vu = [omoe, aHe, .. e, | . 23)

Since the kinematic control scheme presented in this chapter applies to

seven-degree-of-freedom manipulators, @ is a 7x1 column vector. Let the
end-effector velocity vector be an mx1 vector which with its maximum components

can be represented by:




T
.L = [vh,x vh.y vh.l O)h_x mh,y mh,Z] s (2~6)

where the first three components of this vector represent the linear velocity of the
end-effector (hand) and the other three components represent the angular velocity
of the end-effector. The Jacobian used in this case will then be a 6x7 matrix.

If we assume that the rank of J is 6, then there exist six independent column
vectors in J. If these independent columns are grouped together seperating the
dependent column from the other six independent columns, then J can be

partitioned as:

J = [aJ*] : 2.7)

where J~ consists of the six independent columns of J and o represents the

dependent column of J. If we rearrange the elements of § with the redistribution

of the columns of J, the kinematic equation of motion can be written as:

. * *

5=[aJ]Q . (2.8)
2.2 HOMOGENEOUS AND PARTICULAR SOLUTIONS

The joint velocity vector @ can be represented as a combination of a

particular solution (Qp) and a homogeneous solution (_Qh):

Q=Qp+Kéh . (2.9)

Both the particular and the homogeneous vectors are of dimension 7xti. The
particular solution can be determined by choosing the first element in this column

10




vector as zero, and the remaining elements can be obtained from equation (2.8). Qp

can be shown to be:

. 0
=1 ... . (2.10)
% T

The homogeneous solution can be obtained by arbitrarily choosing the first
element as 1, and the remaining elements of the homogeneous solution can be

obtained by solving for Q_h in the following equation:

[a J"]éh =0 . (2.11)

The homogeneous solution for 8 can then be shown as:
1
8 =1 .1 . (2.12)
Joa
Substituting equations (2.10) and (2.12) into (2.9), we obtain the following:

K

8 = .y . (2.13)
J "&-Ka)

23 DETERMINATION OF THE LEAST NORM SOLUTION IN TERMS

OF 9 AND 8,

Let us now derive a relationship between the least norm solution, g_min ,and

the particular and homogeneous solutions for 8. From equation (2.9), the square of

11




the norm of © can be expressed as:

el = e + ke N
h

= @+ K8)'®, + K8, . (214)

Since we are interested in getting the minimum value of 9 (i.e. the least norm), all
what we need to do is to take the partial derivative of the above equation with respect

to K, set the resulting equation equal to zero, solve for K, and then determine

Qmin based on that value of K. K can then be expressed as:

K =-00/68 . 215)

Substituting for K in equation (2.9), the least norm solution can be expressed as:

. EEEr S
8. = 8,- [8,6,/0,618, . (216)
Substituting partially for Qp and éh in the above equation, we can show that:
cr T
-8, 9,/, 8,
= . (2.17)

et e
I x-19,8,/6,8]c)
2.4 DETERMINATION OF THE NULL SPACE SOLUTION

Having found the least norm solution, we still need to determine the null space
solution (the second term in equation (2.4)). In this section we will show that the
null space solution is the projection of the gradient of the performance criterion

12



H(8) onto the null space of the Jacobian. Chapter 3 presents the gradient of several
performance criteria. According to equation (2.4), let the null space solution be

given as:
KA-JDYH = K[va'e /6 8]0, (219)

It can be proven that (I - J*)) is a projection matrix that projects any vector
onto the null space of J. Let us rename this prjection matrix as P. In order for P

to be a projection matrix, it has to satisfy the two following properties [12]:

(i) It equals its square: P2 = P,

(ii) It equals its transpose: PT = P,

The above conditions can be shown to be true for P = I-J*J. We still need

to show that P projects vectors onto the null space of J. Recall that the least norm

solution for Q J* L lies in the row space of J. Recall also that the only space
orthogonal to the row space is the null space. Therefore, if we try to project the
least norm solution onto the null space of J we should get a zero for an answer. |If
we can prove that using the projection matrix P, then P is indeed a projection
matrix that projects vectors onto the null space of J. The projection of the least

norm solution using P, is represented as:
PU"® = @-JDJ"®
=J'x -JITx
=J%x-Jx=0 , (219)
where J*J J* can be shown equal to J* [12]. This proves that (I - Jt)) isa

projection matrix that project vectors onto the null space of J. Since Q can be

decomposed ihto a homogeneous and a particular solution, the direction in which the

null space solution must lie is the direction of the homogeneous solution (because

the direction of the least norm solution is orthogonal to the direction of the
13



homogeneous solution). Therefore equation (2.18) is valid.

2.5 DETERMINATION OF THE SCALER CONSTANT K

The coefficient K in equation (2.4) was mentioned to be a scaler constant
whose value is limited by the bounds on the joint velocities. In the following
section, we will implement a scheme, proposed by Euler et al. [4], for determining
the scaler constant K. The joint velocity vector of a redundant robot consists of a

least norm (min) part and a homogeneous part, written as:
6=9_.+9 . (2.20)

Let the upper and lower bounds on the ith joint velocity be Qmui and -Qmaxi

respectively, and the upper and lower limits on K be K . . and K which

max,i min,i

are determined as follows:

')/eh.x ’ - emax i mm,l)/ehl ) » (2.21)

max,1 max, l mm,l

K i = max((e

')/eh,i ’ (-ému.x min, 1)/9h1 ) (2.22)

max,i_ 9min,x

For the joint velocities of a redundant robot of n joints to be within bounds, the

upper and the lower bounds on the scaler constant K should determined as follows:

Kmax = min (Kmax 1> ""max,2” *°7 max,n) ? (2.23)
and
Kmin = max (Kmin'l, Kmin’2, Kmin'n) . (2.24)
If K is chosen for K, then the criterion H(0) will be maximized,

max
otherwise; if K . is chosen for K, then H(6) will be minimized. In this case

K .« is greater than K in- If Kppay is less than K then a value of K does not

min’

14




exist such that the joint velocities are within their bounds. In this case, even the

least norm solution results in high joint velocities.

15




CHAPTER 3

EFFICIENCY AND MECHANICAL ADVANTAGE

3.1 INTRODUCTION

The joint velocities required to move the end-effector of a robot manipulator
with a desired velocity depend on the manipulator configuration. Similarly, the
joint torques required for the end-effector to apply a certain force while tracking a
prescribed trajectory also depend on the manipulator configuration. Choosing
configurations that require the minimal joint velocities results in the minimum
overall movement of the joints. Such motion is referred to as efficient motion. On
the other hand, choosing configurations that require the minimum joint torques for
a certain magnitude of external force is also desired in some cases.

In order to minimize the joint velocities of a manipulator, we can improve the
Manipulator Velocity Ratio (MVR) [2] in either the direction of motion of the
end-effector or in the direction corresponding to the minimum singular value.
Improving the performance criterion that utilizes the Manipulability Measure [14]
also results in low joint velocities. In order to lower the joint torques, a
performance measure such as the Manipulator Mechanical Advantage (MMA) [2] can
be improved. This chapter deals with the derivation of the control schemes that are
based on the above performance criteria.

As we mentioned before, the kinematic equation required to describe the
relationship between the end-effector velocity and the joint velocities is given by

the following:

x=J9 , (3.1)
where i is an mx1 vector which at most consists of three translational and three

rotational velocities which are V,, Vy, V,, and @, © , O, respectively. @ is an

y
nx1 vector consisting of all the n joint velocities; 61, 92, vens Gn. J is an mxn

16



matrix called the Jacobian, and whose elements are given by Ji,j = axi/aej .

3.2 THE STATIC FORCE RELATIONSHIP

Having defined the kinematic relationship between the end-effector and the n
joints of a redundant manipulator, let us define another relationship between the
actuator drive torques and the resultant force and moment applied at the
manipulator end-effector. In this case, our focus will be upon the forces and
moments which act on the manipulator arm when it is at rest. Remember that each
joint of the manipulator is driven by an individual actuator. The torque inputs from
each of these actuators is transmitted through the arm linkages to the end-effector
where the resultant force and moment act on the surrounding environment. The
relationship between these joint torques and the force and moment acting on the
end-effector of the arm can be derived from the principle of virtual work [1].
Recall that the manipulator Jacobian relating the infinitesimal joint displacements

26 to the infinitesimal end-effector displacement ox is given by:

ox = Jo@ . (3.2)

Considering the virtual displacements at each individual joint and at the
end-effector, the virtual work done by the joint torques, and the end-effector forces
and moments can be shown as:

9., =100-Fox, (33)

where T is an nx1 vector consisting of the joint torques applied by the joint

actuators. These torques are T, Ty, ..., T . We will call F the end-effector force

and moment vector. It is an mx1 vector which at most consists of three force terms

(f, fy, f,) and three moment terms (m, my, m,). J is the mxn manipulator

Jacobian defined as above.
The principle of virtual work states that in order for the arm linkage to be at

17

S



equilibrium, the virtual work should vanish for any arbitrary joint and

end-effector displacements. Substituting equation (3.2) into equation (3.3) we get:

Opork = (I-JTE)BO . (3.4)

So whatever 96 may be, amk must vanish. For this to happen, the following

equation should be satisfied:

F . (35)

3.3 TRANSFORMATION OF THE KINEMATIC EQUATION AND THE
STATIC FORCE RELATIONSHIP

One thing we need to deal with when using the above equations is that we do not
have a consistancy in units. For instance, the _)_(_ vector has linear velocities and

angular velocities. The linear and angular velocities obviously have different units.

The same thing applies to the force vector E. In addition to that we may also have
different units for different entries. Each element of the joint velocity vector § ,
the joint torque vector T , the end-effector velocity vector g , or the end-effector

force vector E may have different units. Some elements of the Q and T vectors
may have a different range of motion when compared with other elements of the
same vector. As a result, we may want to restrict the motion of certain joints more
than the others, or we may be more interested in the end-effector force in a certain
direction than others. As a result of this, we need to introduce weight factors

associated with each entry of the following vectors: ; ,9,F,and T. Taking this

into account, the norms of the above vectors will then have to be modified as follows:

I A O [ N [ I D
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IEI“"f= EweE , wo= TwT , 37
£ Tl™. .

where W, e RMX™, wgo e R1X1, W, ¢ RMXM, and w, e RMM are symmetric positive

definite weighting matrices. Let us introduce the following transformations:

12 - . 12 p 12,
J, = wx/ J Wem’ X, = wxfz& and 9 = W 0 . (3.8

Substituting the above transformation equations in the kinematic equation we get the

following:

i‘-v =19 - (3.9)

This represents the new form of the kinematic equation with weighting factors
associated with each of its constituents. The norms of the transformed end-effector
velocity and the transformed joint velocity vectors will then become:

Ix]s, = ’-5& ,and Ié_lwe = JQEQV . (3.10)

Similarly if we introduce the following transformed matrices:

2y 1R 1 _ in
J =W, JW1 , _E_m-wf/z_li and T —WT/I_,(3.11)

m

then the equation relating the static end-effector force to the joint torques will be

modified as follows:
T =JF

=m m=m (3.12)

where the transformed norms of the force and torque vectors can be shown as:

[Elw = JELE, .and |I|wt= TT . 6w



3.4 MANIPULATOR VELOCITY RATIO

For a single-input-single-output mechanism such as the 4-bar mechanism,
the velocity ratio is defihed as the ratio of output velocity to the ratio of input
velocity. This concept can be extended to a seven-degree-of-freedom robot arm as
the ratio of the norm of the transformed end-effector velocity vector to the norm of
the transformed joint velocities. For a multiple degrees of freedom robot, we call

this ratio as the Manipulator Velocity Ratio (MVR)[2]. Letr, denotes MVR which

can be written as:
I, = IXI‘VX/ IQI“’e , (3.14)

where x is the transformed end-effector velocity in whose direction the

X

manipulator velocity ratio is obtained, and Qw is the transformed joint velocity
]

vector. Substituting equation (3.10) into equation (3.14),we get:

fv=\/?sI&v/93ﬁv : (3.15)

Since Q_v consists of both a homogeneous and a particular part, an infinite

number of § can result for a unique end-effector velocity. In order to show the

validity of this, recall that the kinematic equation of motion is:

x=1J8 . (3.16)
This can also be written as:
x=J@+9)
=JQ+JQ
1)
= 9.1 =Jx , (3.17)



(Jg_ =0.) (3.18)

where Qn is the null space solution for 8 , and Ql is the least norm solution for 9 .

This means if we have a least norm solution for 8 and whatever the null space

solution for § may be, we will always end up with the same end-effector velocity

because the null space solution does not contribute anything to the end-effector

velocity. Thus, the manipulator velocity ratio will be unique if 9_v is exchanged

with 9_1. So as a result we have to redefine the manipulator velocity ratio as the

norm of the transformed end-effector velocity vector to the norm of the least norm

transformed joint velocity vector. r, can be rewritten as:

"T' AT ;
l'v = Lv LV/QI Ql . (3.19)

Substituting equation (3.17) after multiplying its parts by the weighting matrices
into equation (3.19), we get:

+T- +° T, .+° )
N P S (3.20)
where J * is the Moore psuedo-inverse of J,- The above equation shows that the

MVR depends on the robot joint configuration as well as the transformed

end-effector velocity. In a more compact form, equation (3.20) can be written as:

T [:T,y T\t
l-v = \/&' 5V/K-V(JVJV) Ev . (3.21)
Equation (3.21) is valid because it can be shown that (Jv*‘)T =(J,D* [12]. Letus

define u, as a unit vector in the direction of motion of the end-effector. It is

represented as:

21



. .T-
1,=1‘-v/\/5v’—‘v . (3.22)

Substituting equation (3.22) into equation (3.21), we get:
r, = /0030, . 6.23)

3.5 GEOMETRIC INTERPRETATION OF THE MANIPULATOR
VELOCITY RATIO

Our prime objective in this section is to prove that the surface formed by the
MVR in every possible direction of motion is an ellipsoid of m dimensions. Also

recall that J_ is defined as an mxn matrix (where m <n), and u, as an mxivector.

v

In matrix algebra, any mxn matrix A can be decomposed as:

T
A=Q11Q, . (324)
where Q, (mxm) and Q, (nxn) are orthogonal matrices whose columns constitute

the eigenvectors of AAT and ATA respectively. T is an mxn diagonal matrix that

consists of the square roots of the non zero eigenvalues of both AAT and ATA

[12]. These diagonal entries symbolized as G s O (c)'1 >0,>.>0 } are

also referred to as the singular values. This decomposition is called the Singular
Value Decomposition (SVD). If we apply this SVD decomposition technique to the
mxn transformed Jacobian, we can decompose it as:

J=UzZV . (3.25)

where Zv is a rectangular diagonal matrix expressed as [12]:
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U,, X ,and V, are defined in a fashion similar to Q,.Z,and Q, respectively.

Since the number of columns of the Jacobian is more than the number of rows, the
real inverse of the Jacobian can not be found. Instead, another inverse referred to
as the psuedo-inverse can always be found. The psuedo-inverse of the Jacobian can

be written as:
+ T
J, =VyI U, ., (3.27)

where L * is an nxm diagonal matrix whose diagonal entries are the reciprocal

of,..,0 Squaring equation (3.23) and substituting equations (3.25) and

1 m*

(3.27) into it, the following can be shown:
2 T T\+y:T
1l =y UEZH'U,u, . (3.28)
The above equation can also be written as:
T T +y,T
1=1q( V,uv)Uv (ZVZV) Uv rtu) (3.29)
where ZVZVT is an mxm diagonal matrix with the following diagonal entries: 012,

cmz. Recall that U, and u, have the dimensions of mxm and mx1 respectively.
Let us define a vector y as follows:
T
y=Uru . (3.:30)

Therefore,
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Y =rul . (331)

Substituting equations (3.30) and (3.31) into (3.29), it can be shown that equation
(3.29) becomes:

1=y @Iy . (332)

Equation (3.32) can also be written as:

1=/ Y+ A/ Y+t U/O)Ye . ()

Geometrically y represents the projection of u, onto the subspace R™
spanned by the m columns of U, with respect to the m basis vectors of U . Each
element of y, call it y,, represents the component of wu, along the ith column of

U,. That is, y; (fori=1,., m)lies in the direction of u; (where w; is the ith

column of U ). The more interesting fact about equation (3.33) is that
geometrically it represents an ellipsoid in an m-dimensional space. The minor axis

of this ellipsoid is along y,, that lies in the same direction of u_, and the iength of
this axis is ©_. Similarly, the major axis of this ellipsoid lies along y, that points

in the same direction of u,, and its length is ©,. This ellipsoid, which from now on

will be referred to as the Manipulator Velocity Ratio Ellipsoid, is shown in Figure
3.1.
To be more concise, all what we have done in this analysis is proving that the

set of all points of r u, spanning the m-dimensional space is an ellipsoid of m
dimensions. The change from r,u, to y has rotated the axes of the m-dimensional

space to match the axes of the ellipsoid. In another sense, equation (3.29) aiso
represents the same Manipulator Velocity Ratio Ellipsoid except that instead of

being referenced to the rotated coordinate frames (y,) that match the axes of the

ellipsoid, it is referenced to the original coordinate frames (r,u,).
24
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Figure 3.1. Manipulator Velocity Ratio Ellipsoid.
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3.6 MATHEMATICAL PROOF FOR THE RANGE IN WHICH
MVR OPERATES

We have shown geometrically that the vector r,u, moves on an elliptical

surface whose major and minor axes have lengths of o, and respectively and
lie in the directions of the corresponding columns of the U, matrix (of the singular
value decomposition of J ). Let us now prove mathematically that:

6 <=T1,6 <=0,

Let

T

a= Uv u, . (3.34)

If we substitute this vector and its transpose in equation (3.29), we will get:

1 = (1/c?) a} + (1/62) dyt ot (Uop)ay . (339)

If all the singular values of the MVR Ellipsoid are equal to the maximum singular
value, i.e,
6. =06 =.=06_=06, (3.36)

then equation (3.35) can be written as:

2 2 2.2
1/02l = (1/0%) a1+(1/021) a,+..+(loda, . (337)
Subtracting equation (3.37) from equation (3.35), we obtain the following:
12 - 1/c? = a2 (1/c? - 1/a2) + ... + a2 (1/c> - 1/0%) (338)
v ; , (1o D+ +ay (o D .
But (I/Giz- 1/0'12) >= 0 (fori=2,..,m),s0 1/r2 >= 1/012, and therefore

r. <= ©,. In a similar fashion if all the singular values can be set equal to the

v 1°

26



minimum singular value, we can prove that 1, >= G_. Therefore,

G, <=1, <=0_. (3.39)

if o, is zero, then the velocity ratio in the direction of u; will be zero. This

what is actually referred to as a singularity. In this case, the least norm solution

J*x, (where x, lies in the direction of u,) will approach infinity. On the other

hand, the magnitude of the end-effector velocity will be zero [2]. This means that

the end-effector is unable to move in the direction of u..

3.7 MVR GRADIENT BASED CONTROL SCHEMES

We can now define a performance criterion H () that can be used to improve

MVR in the direction of motion of the end-effector. Recall that we defined MVR as
the ratio of the transformed end-effector velocity norm to the norm of the least

norm transformed joint velocity vector. Let us define H,(8) as the inverse of the

square of MVR, written as:
H®) = !&Jvﬁfﬂv . (3.40)

Any increase for r, results in a decrease for H (6). In another way, in order to

maximize MVR, we have to decrease its performance criterion. To do that we have to
choose a negative sign for the constant K, that has been defined in chapter 2 as a real
scaler number that is based on the joint velocities limits. Differentiating equation

(3.40) with respect to 6, we get:

03 INRA I/ u,

W I I BAIN/1 3I), - G

9H /e,

To make the above equation easier to program, let us define a vector Z as:
27




z= (JVJ3)+£, . (3.42)

Substituting this equation into equation (3.41), we get:

3H, /36, = -2' 10, J))/38]1 2

-3"1,J, /06,

-3 (0L U 1/0e,

1adT 2"/08,10T 9 + (L2100, /08,1 . (e3)

But it can be shown [12] that,

o 2"/%0,107 2 = G218, D/38,1 . (3.44)

Therefore, equation (3.43) becomes:
3H fa0, = -2 (T} 2[00, /38,1 . (3.45)

As we mentioned earlier in the chapter, the end-effector velocity vector
consists of linear and rotational parts. In addition to that, the Jacobian aiso consists
of two parts: one related to linear motion and the other related to rotational motion.

As a result of that we can partition the end-effector velocity vector as:

o ® l
vh.x h,x
. v .
x =] hy ,and X, = o (3.46)
\/
[ Bz Lmh,z

We can also partition the Jacobian as:

JL=[1L‘ L. qu],ande[JAl I, .. JAq].(m)
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Before we proceed further in the analysis, we need to note that the Jacobian
used for computing this performance criterion and the ones that will be dealt with

later in chapter 3 is the wrist Jacobian referenced to the base coordinate frame.

Therefore, the velocity vector used in the kinematic equation of motion is the wrist
velocity vector referenced to the base coordinate frame. Recall that the relationship

between the end-effector velocity and the wrist velocity is as follows:
0 0

@, =, .nd
z: =xg-mgx§g : (3.48)

Zho is a vector representing the unit vector along the z-direction of the hand frame
in terms of the unit vectors of the base frame. The wrist velocity vector with

respect to base frame coordinates can also be partitioned as:

VW,X O)W,X

XQL =|Ywy| .and X, = o, 1 - (3.49)
v
[ W2 .cow,z

Since we are now dealing with linear and angular motion, let us define two
performance criteria: one related to linear motion and uses the linear wrist
velocity vector and the upper half part of the wrist Jacobian, and the other
performance criterion related to rotational motion and uses the angular wrist
velocity vector and the lower half part of the wrist Jacobian.

3.7.1 MVR IN THE DIRECTION OF THE END-EFFECTOR MOTION
(LINEAR END-EFFECTOR MOTION CASE)

The transformed linear velocity for the wrist is shown as: .

_an:

o W, X L (3.50)

JN
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where w, | is given by:

Y, 0 0
Wx L = O ’Yz O ’
CRCERA

(3.51)

where <y(s) are scaler constants. Substituting equations (3.51) and (3.49) into

equation (3.50), we get:

1/2
¥ Vax
1/2
= A\'Z
le,L YZ w'y
1/2
Y3 vw.z
Defineu, | as:
. -T
u., =X / X X
=v,L Swoy Wl wer ,
where
X X =YV YV YV
TWyLWyL Yl w,X 72 w.y Ys W,z

Let us also define wy as a diagonal matrix represented by:

(3.52)

(3.53)

(3.54)

(3.55)




where €£(s) are scaler constants. The transformed linear wrist Jacobian can be

shown as:
JWv.L - W:‘n J‘VL W;IZ
z;, can also be represented as:
.ZI.
n=|2|= (JWVJ.J:’VL)+EV'L
.Z3.

(3.56)

(3.57)

Consequently, an ith element of the gradient vector of the linear part of MVR in the

direction of motion can be written as:

OH\yg /36, = -2, z)'BU, z)/e8]

where J Tz, is an nx1 column vector
v.L

3.7.2 MVR IN THE DIRECTION OF THE END-EFFECTOR MOTION
(ANGULAR END-EFFECTOR MOTION CASE)

The transformed wrist velocity vector can aiso be found as:

X,

vA

where W, , is given by the following:

A ~

_ -
= We sy A
74 0 O
0 75 0
0 0 7,

(3.58)

(3.59)

(3.60)



Substituting equations (3.60) and (3.49) into equation (3.59), we get:

-

’Y}g’zmw,xl

w2
= |7 a,,

&

vA

172
Lyﬁ m‘”’z.

Also define a unit vector in the direction of motion of the

velocity vector of the wrist as:

wa=i IR A,

VIW v,A

where the norm of this angular velocity vector is given by:

T
vA

v,A

The transformed wrist Jacobian related to angular motion is:

1
J =w /2.] W—1/2 ,
wV,A X WA e

and Zy Is:

z, = || = (J,, AJ:vA)+ﬂv.A

. . 2 2 2
X, K, T Y4mw.i" 75‘°w.'§7 Yem wz °

(3.61)

transformed angular

(3.62)

(3.63)

(3.64)

(3.65)

The ith element of the gradient vector of MVR with respect to angular motion can be

shown as:

OHyyp 498, = -2, 2,0 B, 2)/08] (3.66)
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where J Tz, is an nx1 vector.
v,A

3.7.3 MVR IN THE DIRECTION OF THE MINIMUM SINGULAR VALUE
(LINEAR END-EFFECTOR MOTION CASE)

This control scheme utilizes the maximization of MVR (for linear end-effector
motion) in the direction of the minimum singular value of the Manipulator Velocity
Ratio Ellipsoid. The equations derived in section 3.7.1 also apply to this case. The

only change is to replace u,L (a unit vector in the direction of motion) with u_,
which is the last column of the U, matrix (from the SVD decomposition of the

upper half of the wrist Jacobian, J,, ) that corresponds to the minimum singular
v.L

value.

3.7.4 MVR IN THE DIRECTION OF THE MINIMUM SINGULAR VALUE
(ANGULAR END-EFFECTOR MOTION CASE)

This control scheme utilizes the maximization of MVR (for angular
end-effector motion) in the direction of the minimum singular value of the
Manipulator Velocity Ratio Ellipsoid. The equations derived in section 3.7.2 also

apply to this case. Again the only change is to replace u, (a unit vector in the
direction of motion) with u_, which is the last column of the U, matrix (from the
SVD decomposition of the lower half of the wrist Jacobian, J,, ) that corresponds to

vA
the minimum singular value.
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3.8 MANIPULATOR MECHANICAL ADVANTAGE

For single-input-single-output type mechanisms, the transmission ratio is
defined as the ratio of the output force to the input force. In multiple degrees of
freedom robot manipulators, a similar performance measure called the Manipulator
Mechanical Advantage is defined as the ratio of the end-effector force vector norm to
the norm of the joint torque vector [2]. This performance measure abriviated as

MMA is denoted by r_ which is written as:
Th = lEIWf/ IIIW1 ) (3.67)

where waand L, are the transformed force and torque vectors defined previously
T

in equation (3.7). Substituting equation (3.7) into (3.67), we get:

T = \/E:;Em/lzfm . (3.68)

If we substitute in the above equation the transformed torque defined in equation
(3.12), the result is:

= EREy/ End, JNED @9

Let us define the unit vector in the direction of the transformed force as:

T
Y, =En/ E.E, . (3.70)
It can be shown then that the above equation reduces to:
T
r= 1/ P ln (3.71)
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3.9 GEOMETRIC INTERPRETATION OF THE MANIPULATOR
MECHANICAL ADVANTAGE

If we decompose J using the SVD decomposition technique, we can show that:

J,=UzZ V. . (3.72)
where Zm is a triangular diagonal matrix expressed as [12]:

0
Y . , (3.73)

'y
0

0---0vy0
where ¥, >V, >..>V . Squaring the right hand side and the left hand side of

equation (3.71), we write:

2 =10yl . (3.74)

-m

If we substitute the transpose of equation (3.72) into equation (3.74), we get:

1 = uU E EhuTy . (375)

The above equation can be written in a different form as:

1=ur U EIHUru . (3.76)
Let
T
b= Umr ) B (3.77)

If we substitute equation (3.77) into equation (3.76), equation (3.76) becomes:
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1=b'EIb , (379)

which is the same as:

_ 2, 9.2 2.2
1= w§b1+\y2b2+...+wm b . (3.79)
Geometrically equation (3.79) represents an ellipsoid of m dimensions. The
minor axis of this ellipsoid lies in the direction of u; and its length is 1/‘If1- The

major axis lies in the direction of u_ and its length is llwm. This ellipsoid is the

surface formed by the end-points of vectors r_u_ spanning the m-dimensional

space (see Figure 3.2).

3.10 MATHEMATICAL PROOF FOR THE RANGE IN WHICH
MMA OPERATES

Let us now show mathematically that in general r_ lies between 1/‘1’1 and

1/¥_. If we let:
m
T
¢=Uu , (3.80)

and we substitute this equation into equation (3.76), we can show:

2 92, .52 2 2
r, = vic +yct wtYoCo (3.81)

If all the singular values are equal to the maximum singular value, i.e.

\'[2 = \'}3 = ,. = \Vm = Wl , (3.82)

then the following can be written:

2 — w2 4wl ol 2 .2
wl—wlcl+w1c2+...+w1cm . (3.83)
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Figure 3.2.

(Mo, uy (minor axis)

(lio ) u_ (major axis)
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Manipulator Mechanical Advantage Ellipsoid.
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Subtracting equation (3.83) from equation (3.81), we get:

1/r:l - \y% = ci (\yi - \yi) + .t crzn (\Vrzn - \Vi) . (3.84)
But
\Ifiz - \If? <=0 . (3.85)
Therefore,
r, >= 1/\|11 . (3.86)
Similarly we can prove that:
1 <= l/\|!1‘n . (3.87)

Thus, 1, lies in the following range:

1/\|!1 <=r <=1 . (3.88)

If ‘Pi (fori=1, .., m)is zero, then the mechanical advantage in the direction

of u, will approache infinity. In this case, the joint torques produced by the

actuators will be zero.

3.11 MMA GRADIENT BASED CONTROL SCHEMES

We can now define a performance criterion H (6) that we can use to improve

MMA in the direction of the force vector applied at the wrist. Let us define Hm(e)

as the inverse of the square of MMA, written as:
Tof
H ) = nln]| . -(3.89)
In order to increase MMA, H_(8) should decrease along the trajectory. In this case,
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the scaler constant K should be a negative number. Equation (3.89) can be expanded

as:

H® =dlu)du) . (350)

Differentiating equation (3.90) with respect to Oi, we get:

3H_/36, = UL u )"/30] O% u) + (U5 u) 100, u,)/38,) .Gs)

It can be shown that the above equation can be reduced to:

oH_/06, = 2 u )'[0U} u )08 . (3.92)

We should make it clear that the force vector (including forces and moments)
used in optimizing MMA is the force vector that is applied at the wrist. Since we are
using the wrist Jacobian, we have to be consistant in using the force vector applied
at the wrist. Knowing the force vector appliéd at the end-effector, we can determine
the forces and moments applied at the wrist joint using the following relations:

0 0
Ew = Eh ) (3.93)
0 0 0 0
and M = Mh - Ehx Z1 . (3.94)

The hand moments and forces together with the wrist moments and forces are

referred to the base coordinate frame. _Z_h(’ is the unit vector along the z-direction

of the end-effector frame but referenced to the base frame.

Since we are dealing with both forces and moments applied at the wrist
joint, let us define two control schemes: one control scheme determines MMA based
on using only the force components of the force vector applied at the wrist and the
upper half part of the wrist Jacobian, while the other control scheme determines
MMA based on using the moment components of the force vector applied at the wrist
and the lower half part of the wrist Jacobian.
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3.11.1 MMA BASED ON THE FORCE COMPONENTS APPLIED AT
THE WRIST

The transformed wrist applied force vector is derived as follows:

1
ot = Wf.fIZEw.f . (3.95)

where Wi, is the weighting matrix associated with the force components applied at
the wrist. E, , is the wrist force vector, and E ; is the transformed wrist force

vector. Let wg, be given by:

a’? o0 o0
w,=| 0 a;’z ol - (3.96)
172
i 0 0 o, ]

where o(s) are scaler constants. E_ . is given by:

F .= f . 397

Ijmf can be shown as:
[ b

al/2f
1 °x

_lal2 . )
Em,f = a2 fy (3.98)

12
.a3 fz.

We can the define a unit vector in the direction of the force applied at the wrist as:
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T
u. ;= E ,f/ E.+E (3.99)

,/E_Il'f_m = (af2+a f2+a fz) . (3.100)

Let us also define w, as:

where

w o= B, , (3.101)

where PB(s) are scaler constants. The transformed wrist Jacobian related to the
force components is expressed as:

w2y i
mef Wee Jo, W (3.102)

The it element of the gradient vector of MMA in the direction of the applied force is

then defined as:

MMAf/ae = 2(-] R [a(J um'f)/aei] . (3.103)

where J_Tu_ . is an nx1 column vector.
wm,f m,f

3.11.2 MMA BASED ON THE MOMENT COMPONENTS APPLIED AT
THE WRIST

The transformed moment vector applied at the wrist can also be found as:

F w2E

*m,m Wemwm (3.104)

where w; is the weighting matrix associated with the moment applied at the

wrist. E, . is the wrist moment vector, and Ep . is the transformed wrist
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moment vector. Let Wim be given by: . |

[ 1
a? o0 0
w, =] 0 a;’Z ol > (3.105)
172
i 0 0 o,
and let E, , be given by:
T
m
E,_ = mi . (3.106)
m
e Z-
E..m canbe shown as:
-allzm.
4 X
E .= a;’zmy . (3.107)
ol2m
[ 6 %]

A unit vector in the direction of the moment applied at the wrist is expressed as:

T
lm.m = Em.m / Em.mEm,m ’ (3.108)

/ T 2 2 2
F_m' E m = (a4mx+oc5my+a6mz) . (3.109)

The transformed wrist Jacobian related to the moment components of the force

where

vector applied at the wrist is written as:

_oapy
mem - Wf.mem w,

2
(3.110)

The it" element of the gradient vector of MMA in the direction of the applied moment
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is expressed as:
Mypam /26, = 205w, VBU, w,)/00] . G

w_ . “mm

where J Tu_  is an nx1 column vector.
m,m

3.12 DUALITY OF MVR AND MMA

Recall that the Manipulator Velocity Ratio Ellipsoid was defined by the
following equation:
T T\+y T
1= (rvgv)Uv(Zva) Uv (rvgw) . (3.112)

On the other hand, the Manipulator Mechanical Advantage Ellipsoid was defined by
this equation:
T Ty T
1= gmrmUm(ZmZm)Umrmum . (3.113)

Comparing these two equations, we deduce the following:

1) The principal axes of the Manipulator velocity Ratio Ellipsoid coincide with
the principal axes of the Manipulator Mechanical Advantage Ellipsoid.

2) The lengths of the principal axes of the Manipulator Velocity Ratio Ellipsoid
are in inverse proportions with the corresponding principal axes of the

Manipulator Mechanical Advantage Ellipsoid.

This means that the direction in which MVR is maximum is also the direction
in which MMA is minimum. So actually, whenever we maximize MVR in a certain

direction, we will be minimizing MMA in that direction.
3.13 MANIPULABILITY MEASURE CRITERION

in this section, we will use the Manipulability Measure [14] as a performance

criterion for avoiding singularities as well as for improving the ability of the
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manipulator end-effector to move in different directions. This section will present

a control scheme based on this criterion. If we define G as:

G=JJ , (3.114)

where J is the mxn Jacobian matrix. The performance criterion for singularity

avoidance can then be written as:

H = J det(G)

= g .0 . 3.115
61 2 m ( )

In equation (3.115), m is defined as the number of rows of the Jacobian.
An arm configuration approaches a singular configuration when det(G)
approaches zero. This can happen when any singular value, o, (fori=1, .., m),

approaches zero. This results in a situation in which the arm can not move in the
direction u, (the ith column of the U matrix of the SVD decomposition)
corresponding to o, In order to avoid any singular configuration, the determinant

of G should not approach zero. One way to achieve this is to maximize the product

of the singular values (i.e. 6,0,...G ). Since the volume of the Manipulability

Ellipsoid [14] is proportional to the determinant of G, this means that if we
maximize the determinant of G we will also be maximizing the volume of the
Manipulability Ellipsoid. This will also result in the Manipulability Ellipsoid being
more closer to a sphere than an ellipsoid whose major and minor axes vary
considerably in length. The 1th element of the gradient of the Manipulability
Measure criterion can be shown as follows:

3H/38, = [1/2/det(G)] [0(det(G)/38]] , (3.116)
where 1 = 1,2, .., n. But det(G) can be expressed as the combination of row #1
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and the cofactors of that row. Thus det(G) can be written as:

det(G) = g, 4, + g12A12 + ..+ glmAIm , (3.117)

where g isanentryin G corresponding to the ith row and the jt" column. A is

the cofactor of a sub-matrix a; for G. Differentiating det(G) with respect to 1

results in the following expression:

AL det(G)1/08, = 3, (A, gt B g) - (3.118)

A1i can be shown as:

1+

A, = -1) det(ali) , (3.119)
where det(a,;) can be written as:
det(a ) = 2 8, A2i . (3.120)
i=2
A, can also be expressed as:
24
A, = -1 +ldet(aZi) , (3.121)

where det(a,;) for instance can be expressed as a comvination of either row 1,3,4

.., or m and the cofactors of that row. Repeating the same procedure for all other
cases of cofactors, and substituting these combinations in equation (3.118), the

derivative of the singularity avoidance criterion with respect to 1 can be shown as:

3 det(G) /08, = il( Ay 8) - (3.122)

Substituting this equation into equation (3.116), the 1th element of the gradient for
the singularity avoidance performance criterion can be written as:
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oH/26, = [1/2fdetG) 1, A, g, - (3.123)
i,j=1
Let us represent g;. in another form as:
T
8; = .IiJj , (3.124)

where J; is the ith row of J. Differentiating 8 with respect to 1 results in the

following:

T
i le

* T .y
= J Jj + le J . (3.125)

CoT
& = i J; + J;

The relationship between elements in the inverse matrix of G and elements in
the cofactor matrix of G is expressed as:
G} = Afdet(@) . (3.126)

Substituting equations (3.125) and (3.126) into (3.123), the 1! element of the
gradient can then be written as:

m/06, = (DYERO) %, (61 (I I} + 1D - )

As we did in other performance criteria, we will consider the Manipulability
Measure criterion for two cases: one that corresponds to the linear motion of the
wrist and the other that corresponds to the rotational motion of the wrist. This

means that in one case J consists of the upper half part of the wrist Jacobian
(referred to as Jw)), and in another case J consists of the lower half part of the
wrist Jacobian (referred to as Jw,). The gradients of these Manipulability

Measure cases are:
5 3H/%6, = AYdG) D16, (I Jrd d) - G
b= 1™ ™MW
and,
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by aH/28, = (12JENG,) Y, 16, (I S+ J) - 1)
=1 AVA

VA %A

G, and G, correspond to Jw; and Jw, respectively.
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CHAPTER 4

CONTROL SCHEME IMPLEMENTATION ON THE NASA
LABORATORY TELEROBOTIC MANIPULATOR

The LTM, shown in Figure 4.1, is a seven degree of freedom manipulator with a
spherical wrist, and whose joints are all revolute joints. Unlike many industrial
robots, the wrist is designed in such away that the wrist singularities occur when
the hand is pointing to its sides and not when it is pointing straight out. The arm has
three pitch/yaw joints that provide the shoulder, the elbow, and the wrist joints.

The seventh degree of freedom is provided by the wrist roll motion.

4.1 FORWARD KINEMATICS OF THE LTM

The Denavit-Hartenberg notation [5] is introduced as a way of describing these
kinematic relationships between the joints. This method is based on the 4x4 matrix
representation called the homogeneous transformation matrix. The homogeneous

transformation matrix is represented as:

R3x3 P3)&1
A= 0 . (4.1)
1x3 1

where R is a 3x3 rotation matrix, P is 3x1 position vector, and 0 is a 1x3
perspective transformation matrix whose entries are all zeros. The
Denavit-Hartenberg parameters for the coordinate frames attached to the LT™M
joints (Figure 4.1) are listed in table 4.1.

The Denavit-Hartenberg transformation matrix, relating the ith coordinate

frame to the (i-1)!" coordinate frame is shown as follows [5]:
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Figure 4.1.

-
COORDINATE SYSTEMS WERE ASSIGNED )

ACCORDING TO PAUL'S CONVENTION

Laboratory Telerobotic Manipulator with coordinate frames
associated with every joint.

Table 4.1. Denavit-Hartenberg table for the LTM.

04 0 -90 0
) 0 90 a
03 0 90 0
04 0 -90 a,
05 0 90 0
¢ 0 90 0
6, d; 0 0
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i . ) ) T
cos 9i -cos a., sin ei sin @ sin Oi a, cos Oi

sin Oi Cos @, COS Oi -sin Q. cos (-)i a, sin Gi
= . (4.2)
0 sin o, cos o d,

i-1

i 0 0 0 1

The homogeneous matrix T.,O, which specifies the position and orientation of

the 7t coordinate frame with respect to the base frame, is the chain product of

successive coordinate transformation matrices of Aii-1 (fori=12 ..,7). This

transformation is expressed as:

0 0,1,2,3,4.,5.6
T, = AJAAJALAAA] - (43)

The position and orientation of the wrist frame ( 5t coordinate frame ) with
respect to the base coordinate frame can in a similar fashion be expressed as
follows:

0 0,1,2,3,4
T = A1A2A3A4A5 . (4.4)

Appendix A contains a list of the transformation matrices relating successive
coordinate frames to each other. Appendix B contains derivations of the position and
orientation of both the end-effector (hand) and the wrist with respect to the base

coordinate frame.

4.2 THE WRIST JACOBIAN REFERENCED TO THE BASE
COORDINATE FRAME

In the previous section, the position and orientation of the manipulator
end-effector as well as the wrist joint were evaluated in terms of joint rotations.
In this section we are concerned with the linear as well as the rotational velocity at

which the wrist moves. In order for the wrist to move in a specified direction and
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with a specified speed, it is necessary that the other joints motions be coordinated in
a certain way. In order to coordinate the joints motions, we need to derive the
differential relationship between the joints rotations and the wrist location.

Let dx,, be the (6x1) infinitesimal location vector of the wrist. The first three

components of this vector are the linear velocity terms of the wrist, while the other
three are the angular velocity terms. Also, let d@ be a (7x1) vector representing
the infinitesimal displacements (rotations in this case) of the seven joints. Jist
can then be thought of as a mapping matrix that maps d in R7*! to dx, in R6*1,

J\wrist Should then satisfy the following relation:

dx,, = Jwrist 98 - (45)
Dividing both sides of the equation by dt, we get
dx,/dt = Jyrir d/dt . (4.6)

In a more detailed form, J,,; represents the following [1]:

9 /00,  9x 00, ... 3xJo8;
dy /08, 0y, 08, ... dy, /o6,
3z, /00, 92,0, ... 0z,/09,
Yuist = 30, jo0, 20,0, ... d0,_/6,] - (47)
do, /06, 3w, /30, ... da, [0,
amzw/ael ao)zwlaé2 . amzw/ae7

Thus, the wrist Jacobian can represent the relationship between the joint
velocities and the resulting wrist velocities, as well as the relationship between the
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joint displacements and the wrist position. Each column vector of Jiyrist Will then

represent the linear and angular velocity of the wrist joint due to unit velocity of

the corresponding joints.
Since the LTM is a seven-degree-of-freedom robot manipulator with

rotational joints, the wrist Jacobian is a 6x7 matrix whose ith column vector J; is

given by the following equation:

b XLys
1) = , (48)
b,
where |

L5 = 4 three dimensional position vector of the origin of the wrist frame

from the origin of the (i-1)th coordinate frame expressed in the base
coordinate frame.

b, = is the unit vector along the axis of motion of joint i expressed in

the base coordinate frame.

The wrist Jacobian is then represented as:

byxfys bxns - beXIgs
(e) = . (49)

wrist
By b, .. b
Appendix C contains derivations for the wrist Jacobian referenced to the base

coordinate frame.

4.3 THE RELATIONSHIP BETWEEN THE END-EFFECTOR AND THE
WRIST VELOCITIES

So far we have derived the wrist Jacobian relating the wrist velocity vector to

the joint velocities. The Kinematic equation of motion using the wrist Jacobian is
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described by the following equation:

x =Jwﬁ5l§ , (4.10)

where x, isa 6x1 velocity vector consisting of the three linear wrist velocities

vw‘z) and the three angular wrist velocities ( ONPNC MY ). 8

( v Y w,Z

w,x '’ vw,y '

.

is a 7x1 vector consisting of the joint velocities namely, 6., 0, ... 9.

Knowing either the end-effector or the wrist velocity vector, we will be able
to know the other due to the following relation that exists between the end-effector

and the wrist velocities (linear and angular velocities):

0 0
Q =9 (411)
0 0 0,0
XW = !h- thlh ’ (4'12)

where Z_ho is the unit vector along the z-direction of the end-effector frame but

referenced to the base coordinate frame. ®, , ®, ,®,  are the angular

h,y h,z
velocities of the hand (or end-effector), and vy ., Vi,y ' Vn,z are the linear
velocities of the hand. Since Zho is actually the third column in the orientation

matrix of the hand, equation (4.12) can be expressed as:

. .
®
vw,xT Vh,x h,x a
v v a
wyl = Vhy] - | Cnyxdf v] (4.13)
vw,z vh,z () az
b o L E h’z

where d5 is the distance between the fifth joint and the end-effector.
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4.4 INVERSE KINEMATICS OF THE LTM

The inverse kinematics of the LTM is based on using the wrist Jacobian
referenced to the third coordinate frame. The inverse kinematic control scheme
discussed in chapter 2 is applied to the LTM. Closed form solutions for the least
norm joint angles are then obtained for two illustrative cases.

4.4.1 THE WRIST JACOBIAN REFERENCED TO THE 3" COORDINATE
FRAME

Let the Jacobian used in the inverse kinematic control scheme be the wrist
Jacobian referenced to the third coordinate frame and not the wrist Jacobian
referenced to the base frame. As a result, we will refer the end-effector velocity
vector and the wrist velocity vector to the third coordinate frame. The wrist
Jacobian referenced to the base frame will only be used in the control schemes that

optimize several performance criteria. If x, is the hand (end-effector) velocity

vector referenced to the base coordinate frame, then the hand velocity vector

referenced to the third coordinate frame, X 3, will be determined by the following

equation:

.3 3 .
X = Ro X (4.14)

where R03 is a 3x3 matrix relating the base coordinate frame to the third

coordinate frame. It is given by:

C,C,Cs-5,S; §,CC+CS, -5,C,

W

R = CIS2 8182 C2 , (4.15)

_C1C283+ §,C; S,C5,-C G -SZS3_
where C;=cos 6, and §; =sin 8. . The wrist velocity vectors can be obtained
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from the following relationships:

Q?v i , (4.16)
3 @i" d7Z; , (4.17)
where
[S,Cqt+ C,CsS,]
_Z_i = |8.CsSe- GG | . (4.18)
84S,

By using the wrist Jacobian referenced to the third coordinate frame, JW3 , the

kinematic equation of motion can then be represented as:

3

£=58, (419)
where J .3 is given by:
y =
2,8,8,5,+3,CS, 3,GS, 0 -5, 0 0 0
45,5,C4 4CGCgy 0 3G 0 0 0
28,G8-3,CC-0CC,  38S, G 0 0 0 0
$,G Sy 0 0§ CS CCS+SLC
C, 0 10 C S8 SCSCG
-3233 G 0 1 0 G S8,
(4.20)
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4.4.2 THE PARTITIONING OF J 3 FOR USE IN THE INVERSE KINEMATIC
CONTROL SCHEME

if JW3 is a full rank matrix, and if ¢ represents the dependant column, then

igw3 can be written as:

.3 3* .
x, =[] 18 . (4.21)
J.3* can be partitioned as:
3*
3* Jw,l
Jo = | (4.22)
Jw,2 ‘]w,3

where each of the constituents of Jw3"' is a 3x3 sub-matrix. If we raplace J* by
Jw3"‘ in equations (2.10) and (2.12), then we can compute Q_p and 6, by simply

determining J,,3* -1x 3 and -J,3*-la. If z and y are set equal to x,° and

JW3* '1§w3 respectively in one case (particular solution case), and z and y are

set equal to @ and -Jw3* -1 respectively in another case (homogeneous solution

case), then we can determine y by solving for it in the following equation:

J,y=2z , (4.23)
where y and z are 6x1 vectors. If y and z are also partitioned into two 3x1
vectors, namely y, and y, ,and z, and z, respectively, then it can be shown [3]

that y, and y, are determined as:

3% 1
Zu=J3.%4 > (4.24)

56



3% 3k
L =Jdvs (- Ty - (4.25)

Knowing y, and y, means that we already know Qp and Qh.

4.4.3 DETERMINING THE LEAST NORM SOLUTION

Recall from equation (2.17) in chapter 2 that the least norm solution was

expressed in terms of and . In this section we will get a closed form solution
p

for the least norm solution using equations (4.24) and (4.25) above, and equations
(2.10) and (2.12) from chapter 2. We will concentrate on getting the least norm
solution for two cases in the following analysis: by eliminating the first column of
the wrist Jacobian for one case, and the second column of the wrist Jacobian for

another case.

4.4.3.1 ELIMINATING THE FIRST COLUMN

The particular solution for 8 in closed form can be expressed as follows:

Opl =0 . (4.26)
: c S 3
0., A 394 fVwx
- (1/4) . , (427
0 ,+2,GC,  3,CS |3
p4 Wy
where A = -a,3,S,,
0. = [(aS.5)8,- v 1/a,C
3 = [@,538)8,- v, /aC, - (4.28)
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= (15,

C.CC

6‘5436
C‘tSSS6

¢,Cs

' sp |
S4C5C6+C4S6 -SSCG mw,x- 37p2
$,5:5 CsSs wi,,y- 0
SC -3 3 -
5
475 @+ C36p2- de-

(4.29)

The vector Q_h can be obtained by setting the element Ohl = 1, and the rest of

the elements of Qh are obtained from equations (4.27), (4.28) and (4.29) by

replacing Opi with 8,.. The ith element of the wrist velocity vector is also

replaced by the ith element of vector -a.. The following equations can then be

shown:

h

9115
e116

;

h7

T

= (1S,

é (4.305

p =1
9h2 a4C 4 a4S 4 -(a4SZS3S 4 a2C283)
= (1/A . (431)
6,4 a,+a,C,C, 2,CsS, 2,5,5,C,
6, = [ (38,58, 2,(5,C:84+ C,Cp - 3,C,C; 1/a,C, (432)
CCLS S, SCCtCS SCl 526 -Ssfm
iS5 5,8 sss Csss -C,- 0h3
C,C S.C -S -
A4S 45 5
L 5,8, Cyfy 0y
(4.33)
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4.4.3.2 ELIMINATING THE SECOND COLUMN

By eliminating the second column of Jv;,3, the particular solution for @ in

closed form can be expressed as follows:

9p2 =0 . (4.34)
223 2 3
9 1 a4c4vw,x+ a4C4S4vw,y
pl 3
, {2,C,(2,5,C,8 4+ 2,C,Cy* ,C,CV,
O3] = A) ; N
A +2,8,88,C,8 +8,C,C0C,Cve -2,CC SV, )
L P4, 2 23 | 3
2,8,83C3 V" 8C4(8S,535,+ ,C,8,)v,,

(4.35)

where A = a,2a,C,C,2S,.

. _ 3 :
epS 'S4S o C 4C5C5 C4S6+ S 4C5C6 C685 o, <t S2C3epl
. 3 . i
8] = (LS N CySs3¢ 858 CsSs ) @, -C -0,
. C.C S,C -5 3 noo
4%s 45 5
9,7 o) 5,58 -8,

(4.36)

Again if we set 6, , =1, replace epi with Ohi, and replace the ith element of
the wrist velocity vector with the ith element of the vector -q., we should get the

following solution for @, .:
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4.4.4

NULL SPACE SOLUTION

3 2
o -a4C§C384+ 2,C,5,@,C,Ct )
O
2

: { 4,C,5,C,(,5,C,8,+2,C,C+24.C.C)
O3] = (1A

C,C+aC,C)+2,8C,8.C,S, |
6 +3,5,(8,C,C,+2,)a,8,C8 ,+3,C,C, 3,C.C)) +2,3,G)5,(5,
| Vne

45,C,8,C18 +2,C,8,C,C,+ 1)(8,8,8,8 #,C,S)
(4.38)

9. | ' A 5,456 |
B SSHCLC, CS#SCC €] Sa+S:Cfu
O] = (1S CiS55¢ S35 CsS¢ -C.0,,-8,1
) CC S.C -S .
O s 3 ’ Cy+ 8,830,764

(4.39)

The null space solution, which is the projection of the gradient of the

performance criterion H(6) onto the null space of the wrist Jacobian (see chapter

2), can be found as follows:

Ka-J'HYH = K[vH'e,/6; 6,10, .

(4.40)

where VH is the gradient of the performance criterion H. K is a scaler constant

whose value is limited by the bounds on the joint velocities.
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4.5 KINEMATIC CONTROL FOR HIGHER EFFICIENCY

Recall that in chapter 3 Efficiency was defined as the ability of the
manipulator to aéquire certain configurations that require the minimal joint
velocities that can result in the minimum overall movement of the joints. A
performance criterion based on MVR was defined in chapter 3. A control scheme
that uses the gradient of the MVR criterion is applied to the LTM . An ith element of
the gradient vector of the linear part of MVR in the direction of motion can be

written as:

OHypyp1/06; = -2 (ngLzL)T[B(szLzL)/ 0] , (4.41)

where J Tz, isa 7x1 column vector, whose elements are given as:
viL

J Lzl = 1/sz 811/2'z + Ymps el (0a2)

,

T
¥, &l = Y}'chpsﬁmzl + 7,78 1psﬁmzz+ Ygl,/z(‘slpsy'c1ps)s£”223
(4.43)
T
3, al3) = 708,5,05 + 2, - Colps - 3,C,8)) Ie 12,
+ Y;/2[ -C,S 2(p5,+ a,S,) + Cz(psx' a,C,C)) ]8;1/222
i -
+ Y; [Clsz(psy' 3,C,8) - §;5,(ps - 2,C,Cy) 1831/223 » (4.44)

JvTva_zL[4] = yi/z[ S,C,3, -C1C3)(p51+ a252)+(8283)(p5y- aZCZSl)]ezllzzl
+ 75/2[-(C C,Sy+8,C3)ps +2,5y) - (8,87)®s -3,C,C)) ]g;l/zz2

+ y;’ q (CICZS3+S C )(psy-azc_zs l) - (ps‘- a2C2C l)(SICZS3-C1C3) 18;1/223
(4.45)

T T T
JvazL[s] = JWVJ_;L[s] = JvazL[ﬂ =0 . (4.46)
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The ith element of the gradient vector of MVR with respect to angular motion
can be deduced as:
Oy o/, = -2, 2) B, 2)/08] (0a7)

where J_ Tz, is a 7x1 vector whose entries are shown below:
v,

T — nl2o-172
JWVAZA[I] - Yé €% (4.48)
T 1/2 -112 120 =172
_A[z] S e z +75 C €25 (4.49)

T V2 -172, 172 -12, 12+ o—172
_A[3] C15283 +y 515253 s+ Y, C283 Zg . (4.50)

T - -
3, 2al4) = 12(C\C,8, + 5,Cye; 7z, + 152 5,C,85 - C,Cye, 2
12 112
+ 76/ (-S,5,)€, Pzg (4.51)
T = a2 12,
J, z,[51 = - 4’ (-S¢Cyn, + S¢S;5, +Cea )e "z,
2 2
-‘y;’ (-S¢Cqn, + 86555, +Cqa, )851/ z
2 -172
'Y};/ (-S¢Cqn, +85¢S;s, +Cga, e Pzg (4.52)
T
J,,, 2al6] = 1208, + Cps, )E P2, + T2 S;n, + Cps, Jes 1 2
+ yé’z( S,n +Cys, )s;”zz6 , (4.53)
T - -
3, 2l = T @ ps)/ dp 1)z, + 1@, ps)/ 4 Je 12z
+ P, ps)/ 4 1%z (4.54)

4.6 KINEMATIC CONTROL FOR HIGHER MECHANICAL ADVANTAGE

The MMA performance criterion that is based on minimizing the joint torques
for a certain external force applied at the wrist was defined in chapter 3. A control
scheme using the gradient of MMA is developed for the LTM. The ith element of the

62




gradient vector of MMA in the direction of the applied force components is defined

as:
T

wm.f

Ty T
OHypva s fo6, = 2Q L) [a(mejumf)/aei] , (4.55)

where J Tu_ . is a 7x1 column vector, whose components are as follows:
mf

T T
3, Uil =[-£ps B? + 6,05 B2 11 1/\fEng Bngl > (59

3, 2] = {£0,pBY2+1,8,ps B} + £ p5-C o )8 JI /B By ]
(4.57)
J:M‘-‘mf[3] = { fxﬁélz[ §,5,(ps + a282)-C2(p5y- 3,C,S)1
+,B70-C,8,(ps 2,5 + Cyps - ,C,C)) ]
+fzﬁ;n[ Clsz(Psy' azczsx)'slsz(Psx'azczcl)] }[ 1/ \l E;xrl,fExn,f ]
(4.58)
J:m, U, 4] = {fxﬁim[ (8,C;8; - CCy)ps*a,5y) + 5,5,(p5 - 3,C,5)) ]
+ fyB;’ 2['(C1CZS3 + SIC3)(P51+ aS,) - 3253(p5x- a,C.C))]
+EBUI (CC,Cy + 8,Cpg -2,C,8) - (6,683 - C,CMps, -3,C,C)) ) }
x(1/ E:x.fEm.f ]

(4.59)

T _ T _ T _
me.f !m.f[ o1 = J"",,,,f!"lrn.f[6:I - me’f 1;'m.f[ﬂ =0 . (4.60)

The ith element of the gradient vector of MMA in the direction of the applied
moment is defined as:
T T~ T
Hypyam 198, = 20, )00, u, . )/8] , (4.61)

where JwTum‘m is a 7x1 column vector, whose components are as follows:
mm
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T, w010 = [B)m,) [ 1/yf E_E. 1, (4.62)

J a0 = [-SmB)% + Cm B2 UJEr i Enn ]l o+ (483)

Iy By l2] = [mCS,BY2 +m,$,S 8% + m CBy7I /B LB, ]

(4.64)

J:mgm'm[ﬂ = { m(C,C;S, +5,CBY? + m(S,C,8, - C,C,)B}
+m(-S,SBL2 } 1/,/_,,1.m Eonl >
(4.65)
J:mgmm[s] = {-m [SCn, +5Ss, +CaBl? -m [S,Cra, +5.S;s, +Cea IBL?
‘m 8,0, + SSys,+ Ca, B2 JUAE, (BT

(4.66)

Ty el = { (50 + B 4180, + Cio B2 + (S, + Coe B }
3! 1/ E:mEm,m 1 (4.67)

T, M) = { 0 @ ps )0, 187 + my[ (0, B /4, 18
+mf (0 ps ey BY2 NI Ey (B 1 - (060)
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CHAPTER S

KINEMATIC CONTROL SOFTWARE FOR THE LTM

This chapter presents a summary of the major parts of the computer code
developed to move the arm on a certain specified trajectory. For a more detailed
reference on the computer code, the reader can refer to the computer program [9].
The following components of the computer code are addressed in this chapter:

- Time Coordinated Trajectories in Cartesian Space
- Generation of the Euler Angles
- Generation of the Hand Error And the Wrist Error
- Forward Kinematics (Position And Orientation)
- Gradients of Performance Criteria

. - Inverse Kinematics

5.1 TIME COORDINATED TRAJECTORIES IN CARTESIAN SPACE

In order to move the end-effector across a certain trajectory we need to
specify the starting point as well as the ending point of the trajectory. The position
and orientation of the end-effector at these points, which will be referred to as
nodes), are specified in terms of homogeneous transformations. There are many
ways to move the end-effector from one position to another. To name a few, the
end-effector for instance may stop at each node (Figure 5.1) in one case. In another
case, the motion between successive nodes can be represented by straight line
motion (Figure 5.2). However, both cases are undesirable. In the first case, it is
desirable for the end-effector to stop at the last node and not at every node across
the trajectory. In the second case, the velocities and the accelerations are
discontinuous at the node points. The control scheme used in our research to move
the end-effector across a specified trajectory is based on the algorithm developed by
Paul [10]. In order to provide for continuity in position, velocity, and acceleration
during the transition from one node to another (Figure 5.3), Paul defined the
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Figure 5.1. Starting and stopping motion between successive nodes.

Time

Figure 5.2. Linear motion between successive nodes.
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Figure 5.3. Path transitions.
(Paul R.P. "Robot Manipulators:Mathematics, Programming, and Control”,

Cambridge: MIT Press)
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position of the end-effector as a quartic polynomial which is a function of time:

4 3 2
q =at+at+at+at+a; . (5.1)

Since we have six boundary conditions at both ends of the transition between
two successive nodes, a fifth order polynomial may be used. However, because of the
symmetry of transition, it can be proven that a quartic polynomial is sufficient.
When the first three derivatives of the quartic polynomial are taken, and the
boundary conditions are applied, the equation describing the end-effector motion can

be shown as:
q = [(ACt_JT, +AB)2-hh-2AB]h+A (52)
where
AC =C-B ,
AB = A-B |,
and h = (t+ tm)/Ztacc . (53)

A, B, and C are end-effector locations shown in Figure 5.3. t is the total move
time between B and C, and t,__ is the acceleration time. t is divided into several
time steps whose total number is referred to as nt. The total number of time steps

in the acceleration time (¢,

) is denoted by na. Equation (5.2) applies only when

the end-effector is in the acceleration or decceleration phase.

After t = t,_., the acceleration phase is completed and the end-effector
maintains a constant velocity motion. The motion of the end-effector can then be
described as:

q=hAC+B , (5.4)
where
h=1t/T, . (5.5)

There are three cases which must be dealt with for any motion between two
successive nodes. As seen in the flow chart (Figure 5.4), these are: the zeroth case,
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Figure 5.4.

One 1erason 13 done.
Raacres "\ NO When motion 18 complets
Jagmt

. and rodoncs flag sel.
another iteration sians

Flow chart of the subroutine that determines the desired position

of the end-effector.
(Magness, R.B. Robotic Control of the Seven-Degree-of-Freedom
NASA Laboratory Telerobotic Manipulator. Master Thesis,

University of Tennessee, Knoxville)
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the first case, and the second case.

The zeroth case is the case in which the initial current position and orientation
of the end-effector are obtained from the initial joint angles supplied to the
program interactively. Thus, the zeroth case is chosen only during the first

iteration. In Figure 5.3, node A is referred to as the zeroth node (initial node).
The Cartesian coordinates for node 1 are assigned to C and notto B. Because the

manipulator starts from rest and must accelerate, it must be that A and B have

the same cartesian coordinates, and node 1 is therefore assigned to C. AB will then

be set equal to zero. If the first node is also the last node then we must subtract 2na

from nt; otherwise, we subtract na from nt.

Case 1 applies whenever the end-effector is either in acceleration phase or
constant velocity motion phase. Case 1is executed immediately after the first
iteration. Again the desired position and orientation (Euler Angles) of the

end-effector are calculated. If at t = -, the last node is not loaded, then the

“tac

current position is assigned to A and the coordinate values of C are assigned to B.

AB and AC are then evaluated.
Case 2 is dealt with whenever the end-effector is deccelerating to a stop. When

the last node is loaded, this node which is assigned to C must actually be node B,

and therefore AB is set to zero. Figure 5.5 shows the corresponding positions of

points A, B, and C on a trajectory that consists of two nodes.

In all these cases, the desired position and orientation of the end-effector (in
terms of Euler Angles) are obtained from either equation (5.2) or equation (5.4).
The current position and orientation of the end-effector is calculated from the joint
angles using the forward kinematic equations. The hand error, which is the
difference between the current position and orientation and the desired position and
orientation of the end-effector, is then determined. Because the inverse kinematic
control scheme uses the wrist error instead of the hand error, the values of the
wrist error are obtained from the hand error using the appropriate equations for
that. The wrist error is then projected onto the third coordinate frame before
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Figure 5.5. Time coordinated trajectory consisting of two nodes.
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passing it to the inverse kinematic routine. The inverse kinematic routine then

returns the incremental change in the joint angles, AB. The joint angles are then

updated by the amount A6. The updated values of the joint angles are then passed to
the forward kinematic routine where the new current position and orientation of the
end-effector are obtained. Also the world coordinates of the manipulator elbow and
wrist are obtained. These are sent to graphic routines to draw the LTM arm. Figure
5.6 shows a buble diagram representing the major routines of the computer
software and their interactions.

5.2 GENERATION OF THE EULER ANGLES

In the computer code, the orientation part of the homogeneous transformation
matrix is used in obtaining the Euler Angles necessary for the orientation. Since the
orientation of the hand is given in base coordinates, the Euler Angles are also
expressed in base coordinates. Let the end-effector transformation matrix be

represented by:

y 'y Y
T = . (5.6)
nz oz aZ pz
0O 0 0 1

Let the Euler Angles be denoted by ¢, 0, and y. ¢ is a positive rotation about

the z-axis, @ is a positive rotation about the new y-axis, and Y is a positive
rotation about the new z-axis (Figure 5.7). It can then be shown that the Euler
Angles can be expressed as [10]:

¢ = tan'l[a,/ax] , (5.7)

0 = tan'l[ (a,cos ¢ + aysin o] (5.8)
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Figure 5.6. A buble diagram representing the major routines of the computer
software.

(Magness, R.B. Robotic Control of the Seven-Degree-of-Freedom
NASA Laboratory Telerobotic Manipulator. Master Thesis,

University of Tennessee, Knoxville)
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Figure 5.7. The Eulerian angles.

(Paul R.P. "Robot Manipulators:Mathematics, Programming, and Control",
Cambridge: MIT Press)
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and y = tan'l[ (nycos ¢ - n_sin ¢)/(0ycos ¢-osin )] . (59)

Thus having known the orientation matrix of the end-effector, we can easily obtain
the Euler Angles using the above equations.

5.3 GENERATION OF THE HAND ERROR AND THE WRIST ERROR

The hand error is the difference between the current and the desired position
and orientation of the hand (end-effector), while the wrist error is the difference
between the current and the desired position and orientation of the wrist. The
positions and orientations are referenced to the base coordinate frame. As the time
step approaches zero, these finite changes result in linear and angular velocities if
divided by the time increment. Let us represent the desired orientation of the
end-effector in terms of the Euler Angles. This orientation matrix can be obtained
by the following products of matrices:

E0,6,¥) = R&ORG.OR@Y) =[x, ¥ z] » 10

where [x, ¥y, ZzJand[xy ¥4 Z,] are the current and desired orientation of the

end-effector respectively. The rotation necessary to carry the end-effector
coordinate frame from its current orientation to its desired orientation (Figure
5.8) can be derived as follows [9]:

dg = dQ‘+ de+ dB_L , (5.11)

where
do = (12 yxy,+zxzd
de = (1/2)[ X X X+t 2Z X ;d] , and

d@ = (1/2[xxx;+ ¥y x '3 I (5.12)

The above three terms represent the orientation error of the hand. The hand error
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Representation of the current and the desired orientation of the
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that corresponds to the linear motion of the hand is given by:

hdx = x
hdy = y,-y, , and
hdz =z,-z, . (5.13)

The wrist error can be deduced from the hand error using the following

relationships:

Ourist = Ohana

and, Yoy = Yigna " G Openg® Znand) >+ 514)
where d, is the length of the most distal link, and z,,4 is the the z-axis of the hand

coordinate frame.

5.4 GRADIENTS OF PERFORMANCE CRITERIA

The routine that determines the gradients of performance criteria is
implemented on a module seperate from the rest of the program. This routine
consists of finding the gradients of performance criteria for the following cases:

1) Maximization of MVR in the direction of the motion of the end-effector
(linear motion of the end-effector)

2 ) Maximization of MVR in the direction of the motion of the end-effector
(angular motion of the end-effector)

3 ) Maximization of MMA in the direction of the applied wrist force

4 ) Maximization of MMA in the direction of the applied wrist moment

5) Maximization of the Manipulability Measure
(linear part of the wrist Jacobian)

6 ) Maximization of MVR in the direction corresponding to the minimum
singular value (linear motion of the end-effector)
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7) Maximization of MVR in the direction corresponding to the minimum

singular value (angular motion of the end-effector)

The performance criterion MVR, MMA, and the Manipulability Measure are
discussed in chapter 3.

5.5 FORWARD POSITION KINEMATICS

In this routine, the current position and orientation of the end-effector and the
wrist are calculated with reference to the third coordinate frame and the base frame
too. The wrist position and orientation referenced to the third coordinate frame are
used in the inverse kinematic calculations, while the wrist position and orientation
referenced to the base coordinate frame are passed to graphic routines. Derivations
of the equations of the position and the orientation of the end-effector and the wrist
with respect to the base frame are presented in appendix B. Appendices A and C
provide detailed references on the homogeneous transformation matrices and the
relationship between the wrist and the hand velocities respectively.

5.6 INVERSE KINEMATICS OF THE LTM

The Inverse kinematics control scheme is based on the approach outlined by
Euler et al.[4] which was discussed in chapters 2 and 3. This approach avoids
determining the Moore-psuedo inverse and is therefore less computationally
complex. As a reminder, the Jacobian used in the inverse kinematic control scheme
is the wrist Jacobian referenced to the -third coordinate frame. The inverse
kinematic routine is supplied with information such as the wrist error and the
gradient of the performance criterion. It returns the incremental change in the

joint angles, AO. If we are interested in a least norm solution (see equation (2.17)

), then AO is based on the difference between the particular solution and the

component of the particular solution in the direction of the homogeneous solution.

78




However, if a performance criterion is optimized, then A6 will consist of the least
norm solution and the null space solution (see equations 2.4 and 2.18). The
direction of the null space solution is obtained from the gradient, while the
magnitude of the null space solution is determined from K which is bounded by the
joint velocities (see chapter 2). The inverse kinematic control scheme operates as
follows [9]:

- If joint angle 4 is between -10 and 10 degrees, then ¢ _is chosen as

column #4

- If joint angle 4 is between -80 and 80 degrees, then ¢ is chosen as

column #3
- otherwise eliminate column #1

o denotes the column of the wrist Jacobian that is dependant on the rest of the

columns.
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CHAPTER 6

SIMULATION

The kinematic control schemes for higher efficiency and mechanical advantage
were applied to the NASA Laboratory Telerobotic Manipulator (LTM). Simulations
for the LTM using these control schemes were performed using a 3-D solid model of
the LTM on the Silicon Graphics workstation. The control software was written in
the "C" programing language for higher speed and portability. The LTM manipulator
with the coordinate axes attached to its joints is shown in Figure 4.1. The weighting
matrices defined in chapter 3 are chosen as identity matrices for the simulations
presented in this chapter.

6.1 MAXIMIZATION OF MVR

This section presents simulation results for reducing the joint velocities of the
robot manipulator by maximizing MVR in the direction of motion of the end-effector
or in the direction corresponding to the minimum singular value of the wrist

Jacobian.

6.1.1 MAXIMIZATION OF MVR IN THE DIRECTION OF MOTION

Figure 6.1(a) shows a trajectory that consists of two nodes that form a closed
path (1 cycle). MVR is defined here as the ratio of the norm of the transformed
linear wrist velocity to the norm of the least norm transformed joint velocities.
MVR in Figure 6.1(b) was obtained using two control schemes: one that increases
MVR in the direction of motion of the end-effector, and one that uses the least norm
control scheme. As shown in the plot, the redundancy of the LTM arm played a
major role in improving MVR, and thus in obtaining joint configurations that
resulted in lower joint velocities. The least norm control scheme which minimizes
the instantaneous joint velocities, resulted in configurations that required higher
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Figure 6.1. MVR in the direction of motion vs. time .
(linear end-effector motion case)

81



minimum joint velocities. As a result the mobility of the manipulator remained
poor or got worse. It should be noted that when the end-effector returned to its
initial position, the least norm scheme resulted in almost the same MVR value for
both the starting position and the ending position of the trajectory. As expected, the
control scheme that improved MVR in the direction of motion resulted in a much
higher MVR value than it did when initially the manipulator started from rest. Even
though the end-effector is returning to the same position, the joint configuration of
the manipulator arm is different from the starting configuration. As we optimized
MVR along the trajectory, the manipulator configuration at the end position was
substancially improved because of the utilization of the extra degree of joint
redundancy.

Figure 6.2(a) shows a trajectory that consists of a single node (1 cycle).
Figure 6.2(b) shows a plot of MVR versus time for this trajectory using the least
norm control scheme and the control scheme that improves MVR in the direction of
motion. In this case, MVR was defined as the norm of the transformed wrist angular
velocity to the norm of the least norm transformed joint velocities. Again
optimization using the null space resulted in better MVR performance than the least

norm solution.

6.1.2 MAXIMIZATION OF MVR IN THE DIRECTION CORRESPONDING
TO THE MINIMUM SINGULAR VALUE

Figure 6.3(a) shows a closed loop trajectory that consists of two nodes
(1 cycle). MVR, which in this case is based on the upper three rows of the wrist
Jacobian that correspond to the linear motion of the joints, is improved in the
direction of the minimum singular value of the Manipulator Velocity Ratio Ellipsoid.
The plots of MVR versus time shown in Figure 6.3(b) are obtained using the control
scheme that improves MVR in the direction corresponding to the minimum singular
value, and the least norm control scheme. Comparing the results of both schemes, it
is shown that as expected the least norm scheme results in lower values for MVR and
therefore higher joint velocities. The starting and ending position of the
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end-effector result in almost the same value of MVR (higher joint velocities)using
the least norm scheme, while the optimization scheme considerably improves the
manipulator joint configuration, and thus results in a higher value for MVR (lower
joint velocities) in the direction corresponding to the minimum singular value at
the stopping position.

Figure 6.4(a) shows a trajectory that consists of one node (1 cycle). In this
case, MVR is based on the lower three rows of the wrist Jacobian that correspond to
the rotational motion of the joints. Figure 6.4(b) shows MVR versus time using the
least norm solution and the null space solution where the utilization of the
redundancy of the manipulator resulted in higher MVR in the direction of the
minimum singular value. In this case the orientation of the end-effector was

changing throughout the entire motion.
6.2 MAXIMIZATION OF MMA

Figures 6.5(b) and 6.6(b) show the plots of MMA versus time for the least norm
solution and for the case where MMA is maximized in the direction of the applied
force. Figures 6.5(a) and 6.6(a) show two end-effector trajectories (for 1 cycle)
tracked by the LTM. Each trajectory is tracked using the least norm solution and the
maximization of MMA in the direction of the applied force. In Figure 6.5(b), MMA
considered only the forces applied at the wrist, while Figure 6.6(b) considered only
the moments applied at the wrist. The robot's ability to apply a force or a moment
in the direction of the applied force or moment is considerably improved using the
optimization control schemes based on MMA as compared to the least norm control
scheme. In Figure 6.6(b), it is shown that maximizing MMA in the direction of the
applied moment did not result in quite an improvement in MMA as compared to the
least norm solution for the short period of time before the end-effector stopped.
This is due to the fact that the manipulator had reached a configuration that
whatever the null space solution was, the manipulator could not get itself in a
configuration that could result in a much better improvement of MMA in the
direction of that applied moment. In both Figures 6.7 and 6.8, the LTM arm is shown
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Figure 6.7. Manipulator configuration using the least norm solution for the

trajectory in Figure 6.6.
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Figure 6.8. Manipulator configuration using the maximization of MMA in the
girection of the wrist force for the trajectory in Figure 6.6.
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to be continuously changing to improve the manipulator configuration that resulted

in the minimum joint torques required for a specified external force applied at the
wrist. In this case the direction of the external force applied at the wrist is parallel
to a unit vector whose x, y, and z components are positive, equal, and constant. If
this force vector is projected onto the xz-plane in both Figures 6.7 and 6.8, then its
component in the xz-plane lies in the direction shown in these Figures. Observing
these Figures, it can be deduced that the moment arm of this prbjected force at the
elbow joint is shorter in Figure 6.8 than in Figure 6.7. This results in a higher
moment applied at the elbow using the least norm scheme than if we maximized MMA
in the direction of the applied force. Therefore the MMA based control schemes are

well suited for minimizing joint torques.

6.3 THE MINIMUM SINGULAR VALUE AND THE MANIPULABILITY
MEASURE

Figure 6.9(b) is a plot of the minimum singular value (G_. ) versus time for

four different control schemes: The control scheme that improves MVR in the
direction of motion of the end-effector, the control scheme that improves MVR in
the direction corresponding to the minimum singular value, the least norm control
scheme, and the Manipulability Measure based control scheme[14]. Figure 6.9(a)
shows the corresponding trajectory for the end-effector (1 cycle). As shown in

Figure 6.9(b), the least norm scheme results in the lowest value of O i In this

trajectory, the end-effector started from a near singular configuration where

initially o . ~was very close to zero. Using the least norm scheme, the

end-effector hardly escaped the singular configuration mentioned above, and in fact

the value of O in for the first several iterations was almost the same. However,

the other schemes resulted in joint configurations that avoided this singular

91



15

(186,-15.8,29.1)
Node O z |

Node 1
(34 ,-23,0)

(a) End-effector trajectory motion

—
o
1

(in/rad)

Minimum Singular Value
(4]
1

0.0

Figure 6.9.

"""""""" min. sigma (motion direction)
= min. sigma (least norm case)

min. sigma(sigma min direction)
ewwmmmm  min. sigma (Yoshikawa's scheme)
T v

v v T v T
1.4 2.8 4.2 5.6 7.0 8.4

Time (sec)

(b) o

vs. time
m

Minimum singular value vs. time using different control schemes.

92



configuration and improved ©_. ata much faster rate than the least norm scheme.

The value of ©_. obtained using the Manipulability Measure based control scheme

and the control scheme that improved MVR in the direction corresponding to the
minimum singular value were almost very close. Improving MVR in the direction of
motion resulted in values that fluctuated between the values obtained using the least
norm control scheme and control scheme that improved MVR in the direction

corresponding to ©_. . It should be noted that the control scheme that results in the
highest value of o_. is the most recommendable in situations where directional

changes are frequent because whenever o _. gets smaller, the chances that the

manipulator will encounter a singular configuration in the corresponding direction
will increase.

Figure 6.10 shows a plot of the volume of the MVR Ellipsoid versus time for the
different control schemes used for the end-effector trajectory in Figure 6.9(a). In a
near singular configuration one of the axes of the ellipsoid will vanish, and the
volume of the ellipsoid will approach zero. An ellipsoid that has the largest possible
volume results in an overall better mobility in any direction of motion than any
other ellipsoid because the ellipsoid becomes more circular. If the major and minor
axis of the ellipsoid vary considerably, then any change in the direction of motion of
the end-effector may result in a near singular configuration for the robot

manipulator. In Figure 6.10, the control scheme that improves MVR in the O in

direction and the control scheme that uses the Manipulability Measure criterion,
resulted in the same volume values for the ellipsoids, and therefore one of them was
omitted to avoid confusion while plotting. Since the Manipulability Measure based
control scheme is computationally complex, using the control scheme that increases

MVRin the o . direction will be almost as good in avoiding singular configurations

and improving the mobility of the end-effector in near singular configurations.
Figures 6.11 and 6.12 show the manipulator configuration using the least norm
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Figure 6.10. Volume of the MVR Ellipsoid vs. time using different control schemes.
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Figure 6.11. Manipulator configuration using the least norm solution for the

trajectory in Figure 6.9.
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Figure 6.12. Manipulator configuration using the maximization of the

Manipulability Measure for the trajectory in Figure 6.9.
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o

solution and the maximization of the Manipulability Measure respectively for the
trajectory of Figure '6.9.

6.4 EFFICIENT MOTION AND STABILITY

Figure 6.13 shows three trajectory paths referred to as case #1, case #2, and
case #3. The trajectory for case #1 is a closed loop trajectory consisting of 4
nodes. As shown in Figure 6.13, the directional changes in case #1 occur more
frequently at short distances. In Figure 6.14, the total joint motion per cycle for
case #1 was plotted using the above mentioned control schemes and the least norm
scheme. The path for case #1 was tracked repeatedly for 44 cycles. The total joint
motion per cycle is defined here as the summation of the absolute values of the
motion of the seven joints per cycle. It was obtained by numerically integrating
this absolute value of the joint velocities for each cycle. The least norm control
scheme resulted in high joint motion after several repeated cycles, but finally a
limit value for joint motion per cycle was reached. On the other hand, maximizing
MVR in the direction of motion or in the direction of the minimum singular value,
resulted in a steady joint motion attained from the second cycle. The trajectory
tracked by the end-effector during the first cycle is different than the trajectories
tracked for other cycles because the arm was initially at rest (see chapter 5). Due
to this reason, the first cycle was omitted. The total joint motion per cycle resulted
by maximizing MVR in the direction of the minimum singular value was less than
the motion resulted by maximizing MVR in the direction of motion. Maximizing
MVR in the direction of minimum singular value results in MVR ellipsoids with
minimum singular values as large as possible. For the three dimensional ellipsoid
this would be closer to a sphere. Thus the manipulator's ability to arbitrarily
change the direction of the end-effector motion improves. Therefore, for case #1,
where directional changes occur more frequently, maximizing MVR in the direction
of minimum singular value results in more efficient motion. If MVR is maximized
in the direction of motion for case #1, the manipulator is not prepared for frequent
directional changes resulting in higher value of overall motion.
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Figure 6.13. Trajectory motion for case #1, case #2, and case #3.
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Figure 6.15 shows the total joint motion per cycle using the two MVR control

schemes and the least norm scheme for the longer path referred to as case #2. In
this case also the total cycle joint motion reaches a limiting value for the least norm
solution, the maximization of MVR in the direction of minimum singular value, and
the maximization of MVR in the direction of motion. |

The limiting value for the total cycle joint motion using the maximization of
MVR in the direction of motion was less than that using the maximization of MVR in
the direction of the minimum singular value. In case #2, as the directional changes
of the end-effector trajectory occur after longer distances, the manipulator can
re-orient itself considerably to improve its ability to move in one particular
direction without the need to change suddenly. Therefore more efficient motion is
achieved by maximizing MVR in the direction of motion as compared to maximizing
MVR in the direction of minimum singular value.

Classification of a trajectory as short or long will depend on several factors
such as: the manipulator geometry, the constraints on the motors speeds, and the
desired maximum end-effector velocity. It is recommended to investigate the
determination of such a classification analytically in future work. Due to the
complexity of this problem, such a classification may be determined empirically.

Figures 6.16 through 6.21 show the manipulator configuration at steady state
using the least norm control scheme, the maximization of MVR in the direction of
the minimum singular value, and the maximization of MVR in the direction of
motion for case #1 and case #2. Figure 6.17 shows the manipulator configuration at
steady state using the maximization of MVR in the direction of the minimum
singular value for case #1. As shown in this Figure, the manipulator barely changed
its joint configurations over this short cycle. If we examine Figures 6.16 and 6.18,
we see that the manipulator configuration at steady state for the same case using the
least norm solution and the maximization of MVR in the direction of motion resulted
in more joint motion and the links of the manipulator opened up. Similarly in
Figures 6.19 and 6.21, the manipulator links opened up while in Figure 6.20 the
links remained quite in close locations. Since the trajectory tracked in this case is
larger than that for case #1, some of the manipulator joints in Figure 6.20 required
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Figure 6.15. Total joint motion per cycle for case #2.
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Figure 6.16. Steady state manipulator configuration cycle using the least

norm solution for case #1.



Figure 6.17. Steady state manipulator configuration cycle using the
maximization of MVR in the direction corresponding to the

minimum singular value for case #1.
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Figure 6.18. Steady state manipulator configuration cycle using the
maximization of MVR in the direction of motion for case #1.
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Figure 6.19. Steady state manipulator configuration cycle using the
least norm solution for case #2.
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Figure 6.20. Steady state manipulator configuration cycle using the
maximization of MVR in the direction corresponding to the

minimum singular value for case #2.
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Figure 6.21. Steady state manipulator configuration cycle using the
maximization of MVR in the direction of motion for case #2.
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more motion than others, while in Figure 6.21 the motion was distributed more
evenly on every joint. As a result the total joint motion at steady state for the
manipulator in Figure 6.21 (where the maximization of MVR in the direction of
motion was utilized) was less than the total joint motion at steady state for the
manipulator in Figure 6.20 ( where the maximization of MVR in the direction
corresponding to the minimum singular value was utilized). It is worth mentioning
here that for both cases, case #1 and case #2, the end-effector was moving in a
clockwise motion while tracking the specified trajectory. In the case where the
least norm scheme was utilized, the manipulator links opened up in a direction
opposite to the direction obtained using the control scheme that maximizes MVR in
the direction of motion.

Figures 6.22 and 6.23 correspond to case #1 and case #2 respectively. These
graphs show that the limit value of the total joint motion per cycle varies with
different starting configurations. However, as the move time between the
consecutive nodes increases, the total joint motion per cycle converges to a
limiting value.

Figure 6.24 corresponds to case #3 in which the end-effector follows a closed
loop trajectory that consists of four nodes also. In this case, results obtained using
the least norm control scheme are compared with those obtained using the control
scheme that maximizes MVR in the direction of motion of the end-effector. Using
the least norm scheme, the manipulator became unstable and very high joint
velocities were reached. On the contrary the MVR control scheme resulted in a
stable joint motion all the way through from the second cycle.
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CHAPTER 7
CONCLUSIONS AND RECOMMENDATIONS

7.1  CONCLUSIONS

Control Schemes that maximize MVR in the direction of motion of the
end-effector and in the direction in which MVR is minimum were implemented on
the LTM. Efficient motion was defined as the manipulator motion that results in the
minimum overall movement of the joints. For short trajectories in which the
direction of motion of the end-effector changes rapidly and quite often, it was shown
that maximizing MVR in the direction of the minimum singular value of the
manipulability ellipsoid results in minimum overall movement of the joints. It was
also shown that for long trajectory paths in which the change in the direction
of motion of the end-effector does not happen rapidly, maximizing MVR in the
direction of motion results in more efficient motion. The MVR control schemes
result in stable joint motion for repetitive cycles, while on the contrary the Least
Norm scheme was shown to be least efficient, was often unstable and occasionally led
to high joint velocity configurations. The limiting value of the total joint motion
per cycle was shown to vary with different starting configurations. However, these
variations almost disappeared as the total cycle time was increased. This was due to
more optimization time available while following the desired end-effector
trajectory. It was also shown that maximizing MVR in the direction corresponding
to the minimum singular value was almost as good in avoiding singular
configurations as well as improving the mobility of the end-effector in near
singular configurations as the control scheme that is based on improving the
Manipulability Measure.

It was shown that using the MMA control scheme, joint configurations that
required the minimum joint torques for a certain force applied at the wrist were
achieved. Thus the MMA based control scheme is well suited for avoiding high joint
torques.



7.2 RECOMMENDATIONS

In this thesis, end-effector trajectories were classified as long or short, and
according to this classification maximizing MVR in the direction of motion of the
end-effector or in the direction in which MVR is minimum resulted in better
efficient motion for one control scheme than the other depending on the nature of the
trajectory. It is recommended to investigate the determination of such a
classification analytically for future work. The geometry of the LTM arm is not
well suited for operating the manipulator with rare encounter of joint limits. In
many cases where the end-effector was tracking a prescribed trajectory joint
limits were encountered frequently. Thus, it is recommended to take into account
multiple performance criteria. The manipulator can for instance improve MVR in a
certain direction while at the same time avoid joint limits. Combining other
criteria such as MVR and/or MMA with a criterion to avoid an obstacle is also needed
in many applications. When the manipulator encounters an obstacle, the weighting
factor associated with the obstacle avoidance criterion will increase, while in an
obstacle-free environment more weight will be imposed on the MVR or the MMA
criterion. Also, combination of MVR and MMA may be optimized in cases where both
obtaining a certain end-effector force and lowering the joint velocities to a certain

range are of importance.
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APPENDIX A

THE DENAVIT-HARTENBERG HOMOGENEOUS
TRANSFORMATION MATRICES

The homogeneous transformation matrices relating the ith coordinate frame to
the (i-1)th coordinate frame ( for i = 1,2,...,7 ) can be shown to be as follows :

cC, 0 -5 0 C, 0 S, aG
s, 0 C 0 ol 0 o e,
A
o -1 0 O 2 1o 1 o 0
o 0 0 1 0 0 0 1
C, 0 S, 0 c, 0 -S, a,C,]
, IS 0 G oo A A )
A = A} =
0o 1 0 O 0 -1 0 0
o 0 0 1 0 0 0 1
B I
C5 0 SS 0 C6 0 S6 ()T
L s 0 ¢ o0 s |Ss o G o
A% = A =
o0 1 0 O , 0 1 0 0
0 0 0 1 0 0 0 1
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c, S, 0 0]
s, C, 0 0
AS =
7lo 0o 1 4
0 0 o0 1

where §; = sin(ei) and C, = cos(Oi).
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where

APPENDIX B

DERIVATION OF THE POSITION AND THE ORIENTATION OF THE

END-EFFECTOR AND THE WRIST w.r.t. THE BASE COORDINATE FRAME

The homogeneous matrix T70 which specifies the position and orientation of

the 7th coordinate frame with respect to the base frame is expressed as:

6
AAA,

n 8§ a P

i1 lo o o0 1

n = normal vector of the hand.

s = sliding vector of the hand. It is pointing in the direction of the finger
motion as the gripper opens and closes.

a = approach vector of the hand. It is pointing in the direction normal to
the tool mounting plate of the arm.

p = position vector of the hand. it points from the origin of the base

coordinate frame to the origin of the hand coordinate frame.
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n = C1C2C3C4C5C6C7 ) S1S3C4C5C6C7 + CISZS4C5C6C7 ) C1C23335C6C7 ) SIC3SSC6C7
- C1C2C384S 6(‘7 + SIS3S4S 6C7 + C182C4S 6C7 + C1C2C3C 48587 - sls3c4s 587

+C,8,5,8,8,+C,C,8,C8, +8,CCSS,

n, = $,CCCLLL +CSCLLLT +8,88.CLLCS,CSSLCy
+CCSLCLCy-8,C,C,8,8Cr-C 88,8Cr+8,5,C8LCy+S,CLLSS,

5,8, +5,5,5,55;+8,C,8,CS;-CCLS,

+C.S.C 13,5455

17374
0 = - $,C,C,CCCr + C;S,CsCCr + 5,8,8,CsC +8,C:8,5C; + C,CSCy
-8,C,C 8557 +C,8,858; - $;8:CsS;

s, = -C,C,C,C CLS,+5,8,C,CLCS,-C 8,8, CLS; +CCSS LS,y
+8,C,8,CS; +C,C,C.8,5¢S; - 8,858,868, - C;8,C 8¢ + C,C.CCSC
-8,8,C,5L;+C;8,8,8C; +C,C,8,CC, +8,C,CC,

s, = - 8,CCCCLsS - CSCOLS; -8 8,8,CLeSy +5,C8:5CeS,
-C,CSCS,+8,C,C8, 587+ € 858,S¢5;-5,8,C8¢S; +5,C,C,CSC,
+C,8,C,8Cy +8,5,8,8C; +8,C,8,CC, - C,CCCy
5. = §,C,C,CsCeS; - C,8,CsCeS; - 5,8,85CS; - $,C38,5¢S,

- C,C,SS; - $,C5C,S5C; + C;8,85C, - $,8,C5C;
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a = C,C,C,C,CsS4 - $,8,C,CsS¢ + C;8,8,CS4 - C,C,8:8:8¢ - $,C;S:S¢
+C,C,C,8,Cs - 5,5,8,C6 - €;S,C,C

3, = 8,C,C,C,CsS¢ + C;8:C,Ci8, + 8,8,8,CsS - $,C,8,53¢ + C,C855
+8,C,C8,Co+C,S;8,Cs-S,S,CCs

a, = - 5,C,C,CsS + C,8,Cs8¢ + 8,8,858¢ - $,C;8,C¢ - C,C,Ce

p = di(C,C,CLCsSs- 8,5,C,CsS4+Ci8,8,CsS¢ - C,C.8:88¢- 8,C:8:Ss

+C.C,C8,Cq - 5,5,8Co-C8,CCe) +8,C,C,0C,-2,8,8,C, +a LSS,

+ aZCIC2

p, = dy(S,C,CCCeS+ € S,C,CsS¢ +8,8,8,CsS4 - ,C,555556 + CLC,S:S,
+8,C,C,8,Co +C,5,8,Cq - 5,8,C,Co) +88,C,C,C, +2,0,8,C, +a,8 8,8,

+2,5,C,

D, = d(-5,C1C,CsS¢+ C,,CiS¢+5,8:858¢-5,C,8,Cy- C,C,Ce) -2,8,C:C,
+23,C,5,-2,S,

The position and orientation of the wrist frame ( sth coordinate frame ) with

respect to the base coordinate frame can be expressed as follows :

0 0,1,2,3,4
T, = AjAAZA A
%5 Y5 % Bs
0 0 0 1
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where

X5 = avector representing the unit vector along the x-direction of the sth

coordinate frame in terms of the unit vectors of the base frame.

Y5 = avector representing the unit vector along the y-direction of the sth

coordinate frame in terms of the unit vectors of the base frame.

zZg = a vector representing the unit vector along the z-direction of the sth

coordinate frame in terms of the unit vectors of the base frame.

Xs = C1C2C3C4C5 - SIS3C4C5 + C13254C5 - C1C23385- SIC3S5
Xg = SIC2C3C4C5 + CIS3C4C5 + Slszs4C5 - SIC253S5 +C,C,S;
X = - SZC3C4C5 + C284C5 + 523335

Ys = - C1C2C3S4 + SIS3S4 + C182C4

ys. = -$,C,C38, - C;555, +5,5,C,

¥s, = §,C38,+C,C,

Z, = C1C2C3C4SS - SIS3C4$5 + (:1323485 + (:1(:253C5 + SIC:;C5
zZ, = Sl(:2C3C455 + C133C4SS.+ 31528485 + SIC253C5 - C1C3C5
= - SZC:&CA'S5 + C2S4S5 - SZS3C5

Ps = a,C,C,C,C, - a,3,5,C, + a,C,S,S, + a,C,C,
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APPENDIXC

THE WRIST JACOBIAN REFERENCED TO THE BASE FRAME

The wrist Jacobian is represented by the following:

bpXLys bXLs - DbeXIgs
0) =

Jwrist -
b, b, .. b

where
r,,s = athree dimensional position vector of the origin of the wrist frame

from the origin of the (i-1)th coordinate frame expressed in the base

coordinate frame.
b, = is the unit vector along the axis of motion of joint i expressed in

the base coordinate frame.

0 EA C,S,
b, = |© b =|G b, = $:5,
1 0 C,
[C,C,S; +5,G,] [(SCn, - (S¢Sp)s, - (Coa,]
b, = | $1C255- GGy b, = | SsCrny - SsSps, - Coa,
L -8283 | L(S6C.,)nz- (S6S7)sz - (C6)a2-
- - [ A
S.n_+C,s, (p,- P5 )/d,
b, = | Sy +Cos, b, = | @ Ps)/e
| Sy, + Crs, (" ps /d;
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DX ILys =

bXrn,s =

bix1y 5 =

bxrs =

-'psy.‘ CIPSz W
Ps, bxr s = S1Ps,
| 0 'Slpsy' Cyps,

S;S,(Ps +2,5,) - Cylps - 3,C,S)

-C;8,(ps + 2,5, + Cyps - 2,C,C)

LCISZ(pSy- 3,C,S)) - 5;5,(ps - 3,C,Cy)

(8,C,83- C,C3)(ps +2,57) + (5,5,)(ps - 2,C,5))

{C,CS5+ S,C3)ps + 2,8, - (5,8,)(ps - 2,C,C))

C,C,S5+ Slcs)(Psy‘ 2,C,S8) - (ps - 2,C,C(8,C,85- C,Cy)

|

o o o

hoxrss =beXIgs = l
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APPENDIX D

COMPUTER PROGRAM

\

/*****i*i**********ﬁti**********i************i****t****t******t*

THIS PROGRAM DETERMINES THE GRADIENT OF THE
FOLLOWING PERFORMANCE CRITERIA: THE MANIPULATOR
VELOCITY RATIO (MVR), THE MANIPULATOR MECHANICAL ADVAN-
TAGE (MMA), AND THE MANIPULABILITY MEASURE. THESE ARE
DEALT WITH IN CASES (1) THROUGH (7). THIS PROGRAM
DEPENDS ON OTHER MODULES WHICH CALCULATE NUMERICALLY
THE FORWARD AND THE INVERSE KINEMATICS OF THE LTM, AND
DETERMINE THE DESIRED POSITION AND QRIENTATION OF THE
END-EFFECTOR USING TIME COORDINATED TRAJECTORIES WITH
SMOOTH TRANSITION BETWEEN DIFFERENT NODES OF THE
TRAJECTORY. AN INTERFACE MODULE CONNECTS THIS MODULE
WITH THE ONES MENTIONED ABOVE, AND WITH A GRAPHICS
MODULE WHICH IS USED FOR GETTING SIMULATION RESULTS
USING DIFFERENT PERFORMANCE CRITERIA.

COMMENTS ARE INCLUDED IN THE PROGRAM TO DESCRIBE THE
DESIGN OF THE CODE.

ROY J. ISSA DECEMBER 1989

* ok A kK O X F X X F A A X A X% X % % F X ¥

Yo dr d¢ 7 v dk ve e o sk ok e v e 3 e v o e e o ok e e b 3t ok ot dk ke A o e ok e o e de e kv Tk e 3k ke e o ke e e ok ok ok o ok ok e ke

/* HEADER FILES */

#include <math.h>
#include <stdio.h>
#include "LTM.h"
#include "global_data.h"

/* DECLARATION OF GLOBALS */

extern int Loops, The_num_of_nodes,Cycles_num;
extern double x_d{119],y_d(119],z_d(119]);
extern double total_time{119);

extern float delta_t,EndOfLoopTime;

extern int iteration;

extern FILE *input_file;

extern FILE *singularity;

extern struct global_data ltm, *LTM;
extern JOINT_ANGLES *angle;

static float at,bt,ct;

#define PYTHAG(a,b) ((at=fabs(a)) > (bt=fabs(b)) ? \
(ct=bt/at,at*sqrt (1.0+ct*ct)) : (bt ? (ct=at/bt,
bt*sqrt (l.0+ct*ct)): 0.0))

static float maxargl,maxarg2:; .

#define MAX(a,b) (maxargl=(a),maxarg2=(b), (maxargl) > (maxarg2)
(maxargl) : (maxarg2))

#define SIGN(a,b) ((b) >= 0.0 ? fabs(a) : -~fabs(a))
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/*************************'k*********i*******'ﬁ****i***********

A ROUTINE FOR DETERMINING THE GRADIENTS OF SEVERAL
PERFORMANCE CRITERIA.

****-k'k**************t******tt*******************t******t****t/

GetGradientH ( CaseNum,theta,gripper,endeffector,gH,kKind )

JOINT_ANGLES theta, *gH;

int CaseNum, *kKind;
HOMOGEN_TRANS gripper;
INCREMENTS endeffector;

{

double ddol(8](2]),ddo2(8](2],ddo3(8]1(2],ddo4(8](2]:

double ddoS(8){2]),ddo6(8]1(2],ddo7(8](2];

int i,ii,1iii, 3,33, 3ps

double cl1,c2,¢3,c4,c5,¢6,¢7,81,32,33,34,85,86,s87,al,a2,a4;

static float etal,eta2,eta3,etad,etaS,etab,eta7,el,e2,e3,
ed4,e5,e6,e7;

static float betal,beta2,beta3,beta4,beta5,betaé,beta7;

static float gamal,gama2,gama3,gamad,gama5,gamaé,gama’,
gl,92,93,94,95,96,97;

static float alfal,alfa2,alfa3,alfa4,alfa5,alfa6,alfa7;

double Xa,Xb,Ya,Yb,2a,2b;

double timec,time_inc;

double px,psx,py,pPsY,pPz,psz;

double x17,x27,x37,y17,y27,y37,217,227,237;

double i1,i2,1i3:;

double dhdo(8],z(7],21(7]);

static float fx,fy,fz,6 Mx,My, Mz, CoeFl,CoeF2:

double vx,vy,vzZ,wx,wy,wzZ,mx,my,mz;

double zhOx,zh0Oy,zh0z;

double ja(8)(8],3jza(8)([2],jzat[2](8],jat(8])(8]),jati(4] (4],
uva(4](2];

double mag xa;

double 3jzl{81({2],3jzlt(2)(8],3j1(8](8],ull4](2],mag_x1,
jjicia) (41,

double jlt([8](8],empty(8](8),zero(8](8],um{8](8],select(1l];

double rva,rvl,rml,ml;

double bl,b2,b3,b4,b5,b6,b7;

int cycle,ND,node_num,iiii,cycle_num,iiiii;

double Lloop_timel, loop_time2,time_need;

double jul({8](2],3jult(2]({8],modulus,mo,rm2, ju2(8][2];

double ju2t(2}(8):

double eta,tau,temp,sumsq,sign,sigma,pro,det;

int m, n, numcol, col, numrow, k, row;

double dtal,dtav,magtv;

double af{8](6},at{8]1(6],z(8]([6),ai(6](6};

double att([6](6],aa(6]([6],tmpv[6](6]),num(6][6]:

double qt[6){6),inv([6]([6],g(8](8];

double s[8),ss([8],zeta[B]};

double jac(71(8]1,jacl(7]1(8],jacp(9]1(8](9],b(7]1[7),non(8];

int 1;
/* DETERMINATION OF THE TRIGONOMETRIC VALUES
OF THE JOINT ANGLES */
cl = cos(theta.one);
c2 = cos(theta.two);
c3 = cos(theta.three);
c4 = cos(theta.four);
c5 = cos(theta.five);
c6 = cos(theta.six);
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c7 cos{theta.seven);

sl = sin(theta.one);

s2 = sin(theta.two);

83 = sin(theta.three);

34 = sin(theta.four);

85 = sin(theta.five);

86 = sin(theta.six);

87 = sin(theta.seven);

/* WEIGHTED FACTORS ASSOCIATED WITH THE FORCE,

TORQUE, JOINT VELOCITIES, AND THE END-EFFECTOR
VELOCITY VECTORS. THESE VALUES ARE SUPPLIED

EXTERNALLY TO THE PROGRAM.

if(!iteration) {

*/

fscanf (input_file, "%etetetetetlete", &gamal, sgama2,sgama3,

&gama4, &gama$, &gama6, &gama?) ;

fscanf (input_file, "RLY£ILYILXLIL3£", &betal,sbeta2,sbetasl,

&betad, &beta5, &betaé, &beta’);
fscanf (input_file, "H%£3£ILILHLYL%L", setal,ietal,setasd,

&etad, &eta$, setab, geta’l);

facanf (input_file, "S£YLYLYELYLYL3£", &alfal,salfa2,salfas,

&alfad,galfas, &alfa6,&alfa’);

/* DESIRED END-EFFECTOR FORCE & MOMENT */

fscanf (input_file, "SE£¥LILILVERE", &fx,4fy,sfz,
&Mx, &My, &Mz); }

/* THE LTM ARM GEOMETRIC LENGTHS (inches) */
a2 = 23.0;
a4 = 20.0;
d7 = 12.0;
/* DETERMINATION OF THE END-EFFECTOR POSITION

FOR A MULTI-CYCLE TRAJECTORY MOTION
if ( iteration == 0 )

loop_timel = 0.0;

loop_time2 = 0.0;

ND = 1;

timec = 0.0;

x_d[0] = gripper.posl;

y_d(0) = gripper.pos2;

z_d[0] = gripper.pos3;
for ( 3 = 1; j <= The_num_of_nodes; ++j )

loop_timel = loop_timel + total_time[j];

for ( j = 2; j <= The_num_of_nodes; ++j )

loop_time2 = loop_time2 + total timel[j]:

for (i = 1; i <= Cycles_num; ++i )
{

if ( fabs( iteration*delta_t -( loop_timel +
( loop_time2 + EndOfLoopTime )*(i-1)) ) < 0.001 )
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cycle_num = i;
time need = loop_timel + (loop_time2 + EndOfLoopTime)
*(i-1);

if ( iteration*delta_t >= timec && iteration*delta_t
<= timec+total_time[ND] && ND <= The_num_of_nodes )

{
timec = timec + total_time(ND]:

Xa = x_d[ND-1];
Xb = x_d([ND];
Ya = y d{ND-1];
Yb = y d[ND];
Za = z_d4[ND-1];
Zb = z_d(ND];
ND = ND + 1;

if ( ND == The_num_of_nodes +1 && iteration*delta_t
>= time_need )

timec = timec + EndOfLoopTime;
Xa = x_d[ND-1];

Xb = x_d[1l]:

Ya = y_d(ND-1];

Yb = y_d[1l];

Za z_d([ND-1];

zb = z_d[1]:

ND 2;

}

loop_timel

0.0;
loop_time2 = 0.0

;

/* DETERMINATION OF THE ORIENTATION OF THE END-EFFECTOR
w.r.t. THE BASE COORDINATE FRAME. */

X17 = cl*c2*c3*cd*cS*chb*cT - sl*g3*cd*cS*c6*cT + cl*s2*s4d*cS*xcé*cT
- cl*c2*83*35*C6*c7 - 31%c3*35*%c6*cT - cl*cl*c3*sd*s6*cT +
31*33%34*86*CT + cl*s2*c4*s6*CcT + cl*c2*c3*c4*sS5*sT -
s1*83*Ccq4*85%37 + cl*s2*s4*s5*%s7 + cl*c2*s3*c5*%s7 + sl*c3*c5*s7;

%27 = sl*c2*c3*cd*cS*c6*cT + cl*s3*cd*cS5*cHb*cT + sl*s2*s4*c5*cé*c?
- 81*c2*83*s5*c6*cT + cl*c3*s5*c6*cT - sl*c2*c3*s4*s6*cT -
Cl*33*34*86*CT + s1*s2*c4*86*CT + sl*c2*c3*c4*sS*s7 +
cl*33*cq*g5%87 + s1*s2*s4*s5*%87 + sl*c2*g3*cS5*s37 - cl*c3*cS5*s7;

%37 = -82*c3*c4*cS*c6*CcT + c2*s4*cS5*c6*cT + s2*33*sS*ce*cT
+ 82*c3*s84*86*CT + c2*c4*36*CT - 82*c3*c4*s5*sT + c2*s84*s85%37
~ 32*%33*cS5*s7;

yl7 = -cl*c2*c3*c4*cS*c6*s7 + sl*s3*cd*cS5*c6*s7 - cl*s2*s4*cS5*c6*s7
+ cl*c2*s3*35*c6*s7 + sl*c3*sS*c6*s7 + cl*c2*c3*sd*s6*s7 -
S1*33*34*36%37 - cl*s2*cd*s6*37 + cl*c2*c3*c4*s5*cT -
3l*33%c4*s5%cT + cl*s2*s4*35*%c7T + cl*c2*s3*c5*cT + 38l*c3*cS*c7;

y27 = -gl*c2*c3*c4*cS5*cb*87 - cl*s3*cq*cS*c6*sT - sl*s2*sq*cS*cb*s7?

+ 8l*c2*s3*3S*c6*s7 - cl*c3*35*%c6*37 + sl*c2*c3*s4*s6*s? +
Cl*33*g4*s6%37 - sl*s2*c4*s6*87 + 3l*c2*c3*c4d*sS*cT + cl¥s3*cd*sS*c7
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+ sl*32*s4*35*cT + 81l*c2*s3*cS*c7 - cl*c3*c5*c7;

y37 = 32*%c3*cd*cS5*xc6*37 - c2*xg4*xc5*xch*87 - S2*s3*85*%c6*sT -
82*%Cc3*84*36*87 - c2*cd*s6*37 - 82*c3*cd*s5*cT + c2*84*s5*cT
- 82*s3*c5*cT;

zZ17 = cl*c2*c3*cd*c5*s6 ~ sl*s3*cd*cS5*36 + cl*s2*s4*c5*%s6 -~
cl*c2*s3*85%86 - sl*c3*35%36 + cl*c2*c3*s4*ch6 -~ sl*s3*sd*cé -
cl*s2*cd*ch;

227 = sl*c2*c3*cd*c5*36 + cl*s3*cd*cS*36 + sl*s2*s4*c5*s6
- s1*c2*s3*s5*s6 + cl*c3*s5*s6 + sl*c2*c3*sd*ché + cl*s3*s4d*c6
- 8l*s2*c4d*c6;

237 = -82*c3*c4*cS5*s6 + c2*s4*cS5*36 + 32*33*35*%*36 - 32*c3I*s4*ch
- C2*c4*ch;

/* DETERMINATION OF THE POSITION OF THE END-EFFECTOR
w.r.t. THE BASE FRAME */

px = d7*cl*c2*c3*cd*c5%36 - d7*sl*s3*cd*c5*s6 + d7*cl*s2*s4*c5*s6
- d7*cl*c2*33*35*36 - d7*sl*c3*35%s6 + d7*cl*c2*c3¥sd*c6 -
d7*31*s3*s4*c6 - d7*cl*s2*c4*c6 + cl*c2*c3*ad*cd - sl*s3*ad*cd

+ cl*xs2*a4*x34 + al*c2*cl;

py = d7*sl*c2*c3*c4*cS5*s6 + d7*cl*s3*c4*c5*s6 + d7*sl*s2*s4*c5%s6
~ d7*sl*c2*s3*s5*%36 + d7*cl*c3*s5*s6 + d7*sl*c2*c3*s4d*c6 +
d7*cl*s3*s4*c6 - dT7*sl*s2*c4*ché + sl*c2*c3*ad*c4 + clr¥s3*ad*c4

+ sl*s2*aq*sq4 + a2*c2*sl;

pz = -d7*32*c3*c4*c5%36 + AT*c2*s4*cS5*36 + d7*32*s3*35*%s6 -
d7*s82*c3*s4*c6 -dT7*c2*c4*c6 - s2*c3*ad*cd + c2*ad*s4 - a2*s2;

/* LINEAR AND ANGULAR VELOCITY OF THE END-EFFECTOR */

vx = endeffector.dx:;

vy = endeffector.dy;

vz = endeffector.dz;

wx = endeffector.dThetaX;

wy = endeffector.dThetaY;

wz = endeffector.dThetaz;

/* THE END-EFFECTOR Z-AXIS EXPRESSED IN BASE COORDINATES */

zhOx = cl*c2*c3*c4*cS5%36 - s1*s3%cd4*cS5*36 + cl*s2*s4*cS5*s6
- Cl*c2*83*35*86 - sl*c3*s5*s6 + cl*c2*c3*s4*cé6
~ 8l*g3*s4*c6 - cl*s2*c4d*c6;
zhQy = sl*c2*c3*cd4*c5*%86 + cl*s3*cd*c5*%s6 + s1l*s2*s4*cS5*s6
- 81*c2*83*%35*%36 + Ccl*c3*s5*s6 + sl*c2*c3*sd*cé
+ cl*s3*34*c6 - 31l*s2*c4d*c6h;
zh0z = - 32*c3*c4*c5*86 + C2*sd*c5*36 + 82*s3*35%36 - s2*c3*34*co
- c2*c4*ch;

/* The VELOCITY OF THE WRIST REFERENCED TO THE BASE
COORDINATE FRAME */

vx = vx - d7*( zhOz*wy - zhOy*wz );
vy = vy - d7*(-zh0z*wx + zhOx*wz );
vz = vz - d7*( zhOy*wx =- zhOx*wy ):

/* THE MOMEMENT PART OF THE FORCE VECTOR APPLIED
. AT THE WRIST */
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mx = Mx + d7*( f£z*zhOy - fy*zh0z );
my = My + d7*(-fz*zhOx + f£x*zh0z );
mz = Mz + d7*( fy*zhOx - fx*zhOy );

/* THE POSITION OF THE WRIST w.r.t. THE BASE FRAME */

psx = px - ( d7*cl*c2*c3*c4*c5*s6 - dT7*sl*s3*c4*c5*s6 +
d7*cl*s2*s4*cS5*%s6 - d7*cl*c2*33*s5%36 - d7*sl*c3*s5%s6 +
d7*cl*c2*c3*84*c6 ~ dT7*sl*s3*34*c6 - dT7*cl*s2*c4*c6 ) ;

psy = py - ( d7*sl*c2*c3*c4*cS5*s6 + d7*cl*s3*cd*c5*%s6 +
d7*sl*s2*s34*c5%s6 - d7*sl*c2*33*35%s6 + dT7*cl*c3*s5*s6 +
d7*sl*c2*c3*s4*c6 + d7*cl*s3*s4*c6 - d7*sl*s2*cd*c6 );

psz = pz - ( -d7*s2*c3*c4*c5*s6 + dT7*c2*s4*c5*s6 +
d7*xs2*33*35%86 - d7*s2*c3*s4*cé - dT*c2*c4d*cé );

/* IF kKind = 0 THEN THE PERFORMANCE CRITERION IS MINIMIZED
IF kKind = 1 THEN THE PERFORMANCE CRITERION IS MAXIMIZED */

*kKind = 0;
/* SELECTING A PERFORMANCE CRITERION

IF CaseNum = 1 THEN THE MANIPULATOR VELOCITY RATIO
IN THE DIRECTION OF MOTION OF THE END-
EFFECTOR IS MAXIMIZED
(FOR LINEAR END-EFFECTOR MOTION CASE)

IF CaseNum = 2 THEN THE MANIPULATOR VELOCITY RATIO
IN THE DIRECTION OF MOTION OF THE END-
EFFECTOR IS MAXIMIZED
(FOR ANGULAR END-EFFECTCR MOTION CASE)

IF CaseNum = 3 THEN THE MANIPULATOR MECHANICAL
ADVANTAGE IN THE DIRECTION OF THE FORCE
APPLIED AT THE WRIST IS MAXIMIZED

IF CaseNum = 4 THEN THE MANIPULATOR MECHANICAL
ADVANTAGE IN THE DIRECTION OF THE MOMENT
APPLIED AT THE WRIST IS MAXIMIZED

IF CaseNum = S THEN THE MANIPULABILITY MEASURE USING

THE UPPER HALF PART QOF THE WRIST JACOBIAN

IS MAXIMIZED

IF CaseNum = 6 THEN THE MANIPULATOR VELOCITY RATIO IN THE

DIRECTION CORRESPONDING TO THE MINIMUM
SINGULAR VALUE IS MAXIMIZED
(LINEAR END-EFFECTOR MOTION CASE)

IF CaseNum = 7 THEN THE MANIPULATOR VELOCITY RATIO IN THE

DIRECTION CORRESPONDING TO THE MINIMUM
SINGULAR VALUE IS MAXIMIZED
(ANGULAR END~EFFECTOR MOTION CASE)

switch (CaseNum)
{
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case 1:

/***'k*t*******‘k********t*************************

MANIPULATOR VELOCITY RATIO
IN THE DIRECTION OF MOTION
(LINEAR MOTION CASE)

***********i**********************t****tttt****tt/

/* INITIALIZING VARIABLES */

for (i = 0; i <= 3; ++i )
{
for ( ii = 0; ii <= 3; ++ii )
{
jjledi(il(ii] = 0.0;
}

for (i = 0; 1 <= 7; ++i )

for ( ii = 0; ii <= 1; ++ii )

ddo2[i] (ii]
ddo3{i] (ii)
ddo4 (1] (ii]
ddo5[i] [ii)
ddo6 (i} (ii}]
ddo7(i] [ii) .0;
jz1l(4i) [ii] = 0.0;

{
ddol (i) [ii) .0;
|

LI R I O N I |
ooocoocoo
NI
o
~

for (i = 0; i <= 1; ++i )

for ( ii = 0; ii <= 7; ++ii )
{

jzle (i) [ii] = 0.0;
}

for (i = 0; i <= 7; ++i )
dhdo(i] = 0.0;
z[(i] = 0.0;
for (1 =0; i <= 7; ++i )
for ( i1 = 0; ii <= 3; ++ii )
{
Jle(i] [ii] = 0.0;
}
for (i = 0; i <= 7; ++i )
for ( ii = 0; ii <= 7; ++ii )
{

J1(i1(ii] = 0.0;
empty[i] (ii] = 0.0;

/* WEIGHTING FACTORS ASSOCIATED WITH THE

131



VELOCITY OF THE WRIST AND THE JACOBIAN */

gl = pow(gamal,0.5);
g2 = pow(gama2,0.5);
g3 = pow(gama3,0.5);
el = pow(etal,~-0.5);
e2 = pow(eta2,-0.5);
e3 = pow(eta3,-0.5);
e4 = pow(eta4,-0.5);
/* DETERMINING THE END~-EFFECTOR DESIRED VELOCITY */

mag_xl = (Xb-Xa)*(Xb-Xa) + (Yb-Ya)*(Yb-Ya) + (Zb-Za)*(Zb-Za):;
mag_xl = pow(mag_x1,0.5);

ul{1] (1] = (1.0/mag_xl)*(Xb-Xa);

ul(2](1] = (1.0/mag_xl)*(Yb-Ya);

ul{3] (1] = (1.0/mag_xl)*(Zb~2a);

/* THE TRANSFORMED WRIST JACOBIAN RELATED TO
LINEAR MOTION */
j1{1]1[1] = -gl*psy*el;
j1(1]1[2] = gl*cl*psz*e2;
J1[(1]([3] = gl*( sl*s2*(psz+a2*s2) = c2*(psy-a2*c2*sl) )*e3:
31[(1] (4] = gl*{ (sl*c2*33-cl*c3)*(psz+al2*s2) + (82*s3)*
(psy-a2*c2*sl) )*e4;
3J1{2][1] = g2*psx*el;
§1[{2]) [2) = g2*sl*psz*e2;
JL[21(3) = g2*( -cl*s2*(psz+a2*s2) + c2*(psx-a2*c2*cl) )*e3;
J1(2] (4] = g2*( —-(cl*c2*s33+sl*c3)*(psz+al2*s2) - (s2*s3)~*
(psx~-a2*c2*cl) )*ed;
J1[3]{2]) = g3*(-sl*psy-cl*psx)*e2;

J1[31[3] = g3*( cl*s2* (psy-~a2*c2*sl)-s1*s2* (psx-a2*c2*cl)) *e3;
J1[3][4] = g3*( (cl*c2*s3+3l*C3)*(psy-al*c2*sl) -
(psx—al2*c2*cl) *(sl*c2*s3-cl*c3) )*e4d;

/* THE TRANSPQSE OF THE JACOBIAN */

for (1 = 1; i <= 7; ++i )
( for ( ii = 1; ii <= 3; ++ii )

( Jle (i) (ii)] = 31(ii](i]:
: }

/* CALLING THE PSUEDO-INVERSE ROUTINE */

psuedo_inv ( jl,empty,select,w );
/* j1 is now a 3x3 inverse matrix that contains
the inverse of JJT */

/* THE INVERSE OF JJT */

for (i = 1; i <= 3; ++i )
{
for ( ii = 1; ii <= 3; ++ii )
{
jiredi(ir(idi)] = j1{i1(ii)-
}
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/* z IS THE PRODUCT OF THE INVERSE OF JJT BY
THE VECTOR IN THE DIRECTION OF MOTION */

for (i = 1; i <= 3; ++1i )
( for ( iii = 1; iii<= 3; ++iii )

( z{i] = jjlei(i)[idi)*ul(iii] (1] + z(i];
, }

/* THE MVR FOR LINEAR MOTION */

rvl = 1.0/ (sqrt{ul(1](1]1*z(1] + ul(2](1]*z{2]) + ul(3]([1]*z2[3]));

fprintf (singularity, "$d %£\n",iteration, rvl):;

/* THESE ARE THE ENTRIES OF THE FOLLOWING PRODUCT:
(TRANSPOSE OF THE JACOBIAN) * (2-VECTOR) */

il = psz + a2*s2;
i2 = psy - a2*c2*sl;
i3 = psx - a2*c2*cl;

jz1[1] (1] = -gl*psy*el*z{1] + g2*psx*el*z(2];
3z1{2] (1] = gl*cl*psz*e2*z(l] + g2*sl*psz*e2*z(2]
+ g3* (~sl*psy-cl*psx)*e2*z(3];
JZ1(3] (1] = gl*( sl*s2*il - c2*i2 )*e3*z([l]
+ g2*( =cl*s2*il + c2*i3 )*e3*z(2]
+ g3*( cl*s2*i2 -~ sl*s2*i3 )*e3*z[3];
3zl [4] (1] = gl*( (sl*c2*s3-cl*c3)*il + (32*%83)*i2 )*edq*z(1l]
+ g2* (= (cl*c2*s33+s1*c3)*il - (82*s3)*i3 ) *ed*z (2]
+ g3* ((cl*c2*s3+s1%c3)*i2 - i3*(sl*c2*s3-cl*c3))*ed4*z(3];
jz1l(5)1{1] = 0.0;
jzl{6][1] = 0.0;
jz1[7]1(1] = 0.0;

/* PARTIAL DIFFERENTIAL OF jzl W.r.t. THETA */

ddol[1l] [1] = -gl*(cl*c2*c3*ad*c4 - sl*s3*ad*cd + cl*s2*aqd*s4
+ a2*c2*cl) *el*z{1l) + g2*(-sl*c2*c3*ad*c4d - cl*s3*ad*cqd -
sl*g2%xag*xsq4 - a2*c2*sl)*el*z(2];

ddol (21 {1] = gl*(sl*s2*c3*ad*c4 - sl*c2*ad*sd + sl*a2*s2)*e2*z[l]
+ g2*(-cl*s2*c3*aq*cq4 + cl*c2*a4d*s4 - cl*a2*s2)*e2*z{2];

ddol (3] {1] = gl*(-cl*c3*ad*c4 + sl*c2*s3*ad*cd)*e3*z[l] +
g2* (-sl*c3*ad4*cd - cl*c2*s3*ad*cd)*e3*z(2];

ddol{4) (1] = gl*(-s2*sl*ad*cqd + cl*s3*ad*sqd +
sl*c3*c2*ad*sd)*eq*z[1l] + g2*(cl*s2*ad*c4d + sl*s3*ad*sq4 -
cl*c3*c2*aq*sd) *ed*2z(2];

ddo2([1]1[1] = -gl*(-sl*s2*c3*ad4*cd + sl*c2*ad*s4d -
a2*s2*sl)*el*z[1] + g2*(-cl*s2*c3*ad*c4d + cl*c2*aqd*sq4 -
a2*s2*cl)*el*z(2];

ddo2(2] (1] = gl*(-cl*c2*c3*ad*c4 - cl*s2*a4*sqd -
clr*a2*c2)*e2*z (1) + g2*(-sl*c2*c3*ad*cqd - sl*s2*ad*s4 -
sl*a2*c2)*e2*z[2]+g3* (s2*c3*a4*c4-c2*ad*sd+a2*s2) *e2*2[3);

ddo2{3][1] = gl*(cl*s2*s3*aq*cq)*e3*z{l] +
g2* (sl*s2*s3*ad*c4) *e3*z(2) + g3*(c2*s3*ad*cq) *e3*z[3];
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ddo2([4][1] = gl*(c2*cl*ad*cd + cl*c3*s2*a4*sd)*ed*z[1l] +
g2* (sl*c2*ad*c4 + sl*c3*s2*ad*sd)*edq*z[2] + g3*(-s2*a4d*cé
+ c3*c2*ad*s4) *ed*z(3];

ddo3[1][1) = -gl*(~sl*c2*s3*a4*c4 + cl*c3*ad*c4d)*el*z[1l]

+ g2*% (-cl*c2*g3*ad*cd - sl*c3*ad*cd)*el*z([2];

ddo3({2) (1] = gl*(cl*s2*s3*a4*c4)*e2*z[l] +

g2* (sl*s2*s3*xad*cq4)*e2*z[2] +g3*(c2*s3*ad*cd)*e2*z(3];

ddo3([3]1 (1] = gl*(sl*s3*ad*c4 ~ cl*c2*c3*ad*c4)*e3*z(l]

+ g2*(-cl*s3*a4*cd - sl*xc2*c3*ad*cd)*e3*z(2] +
g3* (s2*c3*a4*c4)*e3*z[3];

ddo3 (4] [1] = gl*(sl*c3*ad*34 + cl*s3*c2*ad*s4)*ed*z(1l] +

g2* (~cl*c3*a4*s4 + sl*s3*c2*a4*sqg)*ed*z[2] +
g3* (-33*32*ad*s4) *ed*z(3];

ddo4{1][1] = -gl*(-sl*c2*c3*a4*s4 - cl*s3*aq*sq +

sl*s2*ad*cq) *el*z[1l] +g2*(-cl*c2*c3*ad*sd + sl*s3*ad*sq +
cl*s2*ad*cq4) *el*z(2]);

ddod4 [2] (1] = gl*{cl*s2*c3*a4*s4 + cl*c2*ad*c4q)*e2*z(l] +

g2* (s1*s2*c3*ad4*sd4 + sl*c2*ad*cd)*e2*z[2] + g3*(c2*c3*ad*s¢
- 82*a4*c4) *e2*z(3];

ddo4([3][1] = gl*ksl*c3*a4*s4 + cl*c2*s3*ad*s4)*e3*z (1]

+ g2* (-cl*c3*a4*34 + sl*xc2*s3*aq*sq)*e3*z[2] +
g3* (-32*33*%a4*s4)*e3*z(3];

ddo4 (4] (1] = gl*(-s2*cl*ad*sd + sl*s3*aq*c4 -

for (i

/t

j=1;
for ( i

cl*c3*c2*ad*cd) *ed*z (1] + g2*(-sl*s2*ad*s4 - cl*s3*ad*cd
-sl*c3*c2*ad*cd) *ed*z[2]+g3* (=c2*ad*sd4+c3*s2*%ad*cd) *ed*z (3]

= 1; i <= 7; ++1i )

jzie (1) (i] = jzlril(l]:

DETERMINING THE GRADIENT OF THE PERFORMANCE
CRITERION */

= 1; 1 <= 7; ++i )

dhdo{j] = =-2.0*jzlt([1l](i}*ddol(i] (1]} + dhdo(j]:

dhdo{j+1] = -2.0*3jzlt[1])(i]*ddo2(i] (1] + dhdo[j+1];
dhdo [j+2] = =2.0*jzlt[1](i]*ddo3(i]} (1] + dhdo(j+2]:
dhdo[j§+3] = =2.0*jzlt (1) (i]*ddod4(i] [1] + dhdo[J+3];
dhdo[j+4] = -2,0*jzlt (1) (i]*ddoS(i][1] + dhdo[j+41];
dhdo(j+5] = =2.0*3jzlt(1](i)*ddo6({i]} (1] + dhdo[]j+5]);
dhdo(j+6] = =2.0*jzlt([1][i)*ddo7[i] (1] + dhdo[]j+6]:

gH->one = dhdo{1];
gH->two = dhdo(2];
gH~>three = dhdo(3]:;
ghH->four = dhdo(4]:
gH->five = dhdo(5}];
gH->six = dhdo(6];
gH->seven = dhdo(7];
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break;

case 2:

/*****'*i*'ﬁ**************t'k*********************t********

MANIPULATOR VELOCITY RATIO IN THE DIRECTION
OF MOTION (ANGULAR MOTION CASE)

t***********t**t*******t**t********i**t****************i/

/*

for (i

for (i

for (i

for (i

for ( i

for ( i

INITIALIZING VARIABLES

= Q;

i <= 3; ++1 )

for ( ii = 0; ii <= 3; ++ii

{
}

= (;

jyatifi) (ii] = 0.0;

i <= 3; ++i )

for ( ii = 0; ii <= 1; ++ii

{
}

= 0;

ua(i) (ii) = 0.0;

i <= 7; ++1 )

for ( ii = 0; ii <= 1; ++ii

{

= 0;

for ( ii = 0; ii <= 7; ++ii )

{
}

= Q;

ddol{i] (ii]
ddo2[i] [ii}]
ddo3{i] (ii)
ddod4 [i]) (ii)
ddoS5(1i) (ii)
ddo6[i] (ii]
ddo7(i] [ii) .0
jza{i] [ii] = 0.0;

LI R I I I A
cococooococoOo
(=

i <= 1; ++i )

jzat (i} (ii] = 0.0;

i <= 7; ++i )

dhdo(i] = 0.0;
z(1i) = 0.0;

= (;

for
{

}

i <= 7; ++i )

(i1 = 0; ii <= 3; ++ii )

jat[i){ii] = 0.0;

135

*/



for (i = 0; 1 <= 7; ++i )
{

[ ]
w
[ I I I B I B B A |

/*

for ( ii = 0; ii <= 7; ++ii )

{

ja(i] [ii] = 0.0;
zero(i] [ii] = 0.0;

WEIGHTING FACTORS */

pow (gamaé,0.5);
pow (gama5,0.5) ;
pow (gama4,0.5);
pow(etal,-0.5);
pow(eta2,~0.5);
pow (eta3, -0.5);
pow(eta4,-0.5);
pow (eta5,-0.5);
pow (eta6,-0.5);
pow(eta7,-0.5);

THE ANGULAR VELOCITY OF THE WRIST */

mag_xa = g4*gd*wx*wx + gS*gS*wy*wy + g6*g6rwzrwz;
mag_xa = pow(mag_xa,0.5);

ua(l] (1] = (1.0/mag_xa)*gd*wx;
ua{2] (1} = (1.0/mag_xa)*gS*wy;
ua[3][1] = (1.0/mag_xa)*g6*wz;

/t

THE ANGULAR MOTION PART OF THE WRIST JACOBIAN */

ja[l]1(1] = 0.0;

ja[1112]
jal11(3]
ja[l]{4]
jal1) [S]
jal1] (6]
jal11(7]
jaf2] (1]
jale] (2]
jal2] (3]
ja(2] (4]
jal21(5]
ja(2] (6]
jaf211(7)
ja(3]1(1]
ja[3]1(2]
Ja[3](3]
ja[3] (4]
jal3] (5]
ja(3) (6]
jal311(7]

-gd*sl*el;

gd*clrs2*e3;

g4*( cl*c2*s3+sl*c3 )*ed:

-g4*( (-s6*c7)*x17 + (86*37)*yl7 + c6*zl7 )*eS;
gé*( s7*x17 + c7*yl7 )*eb;

g4*( (px-psx)/d7 )*e7;

0.0;

gS5*cl*e2;

g5*gl*s2*e3;

gS5*( sl*c2*xs3=-cl*c3 )*e4;

-g5*( (-86*cT)*x27 + (s6*s87)*y27 + c6*z27 )*eS;
g5*( 87*x27 + c7*y27 )*e6;

g5*( (py-psy)/d7 )*el;

gé*el;

0.0;

gé*c2*e3;

g6* ( =-s2*33 )*e4d;

-g6* ( (-36*c7)*x37 + (86*37)*y37 + c6*z37 )*e5;
g6*( 37*x37 + c7*y37 )*e6;

g6*( (pz—-psz)/d7 )*e7;

for (1 = 1; i <= 7; ++i )

{

for ( ii = 1; ii <= 3; ++ii )

{
}

jat (i) [ii]) = Ja(ii](i]):
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/* CALLING THE PSUEDO-INVERSE ROUTINE */

psuedo_inv ( ja,zero,select,w );
/* ja is now a 3x3 inverse matrix */

/* THE INVERSE OF JJT */

for (i =1; i <= 3; ++i )
{
for ( ii = 1; ii <= 3; ++ii )
{
jjatifi) (ii) = ja(i]([ii];
}

/* z IS THE PRODUCT OF THE INVERSE OF JJT BY

THE VECTOR IN THE DIRECTION OF ANGULAR

ROTATION OF THE WRIST */
for (1 = 1; i <= 3; ++i )

for ( iii = 1; iii <= 3; ++iii )

{

z[i+3] = jjati(di){iii)*ua(iii] (1] + z{i+3];
}

/* MVR FOR ANGULAR MOTION */
rva = 1.0/ (sqrt(ua[l](1]*z(4] + ua(2][1])*z(5] + wal(3]1({1]1*z[6]));

fprintf (singularity, "$£\n", «rva);

/* PRODUCT OF:
(TRANSPOSE OF THE JACOBIAN)* (Z-VECTOR) */

jzall]{1l] = g6*el*z[6];

jza[2) [1]) = =-g4*sl*e2*z[4] + gS5*cl*e2*z(5);

jza[3][1] = g4*cl*s2*e3*z[4] + gS5*sl*s2*e3*z[5] + g6*c2*e3*z[6]:
jza{4]1[1] = g4*(cl*c2*s3+sl*c3)*ed*z(4]

+g5* (s1l*c2*s3-cl*c3) *ed*z (5]

+ g6* (-s2*%s3)*ed*z[6];
jza[5] [1] = =gd4*( -s6*cT*x17 + s6*sT*yl7 + c6*z17 )*e5*z(4]

- g5*( -s6*cT*x27 + 36*37*y27 + c6*227 )*eS5*z[5]

- g6*( -36*c7*x37 + s6*s7*y37 + c6*z37 )*e5*z(6]:
jza[6] [1] = g4*(sT*x17 + c7*yl7)*e6*z[4]

+ g5* (87*x27 + c7*y27)*e6*z[S]

+ g6* (37*x37 + cT*y37)*eé*z(6];

jza[7] (1] = g4*( (px-psx)/d7 )*eT*z([4] + g5*( (py-psy)/d7 )*eé*z[5]

+ g6*( (pz-psz)/d7 )*e7*z(6]:

/* PARTIAL DIFFERENTIAL OF jza w.r.t. THETA */

ddoi[2][1] = -gd4*cl*e2*z([4] - gS*sl*re2*z(5]:
ddol[3][1] = -g4*sl*s2*e3*z{4] + gS5*cl*s2*e3*z(5];
ddol (4] [1] = g4*(-sl*c2*s3+cl*c3)*ed*z[4])

+ g5* (cl*c2*s3+sl*c3) *ed4*z(5];
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ddo2{3) [1] = gd4*cl*c2*e3*z[4) + gS*sl*c2*e3*z([5] - g6*s2*e3*z[6];
ddo2(4][1] = g4*(-cl*s2*xs3)*ed*z[4] + g5*(-sl*32*s3)*ed*z(3]
+ g6*(~c2*s3) *e4*z[6];

ddo3{4] (1] = g4* (cl*c2*c3-s1*33) *ed*z[4]
+ gS* (sl*c2*c3+cl*s3) *e4*z (5]
+ g6* (-32*c3) *e4*z(6];

ddo6[5][1] = ~-g4*( -c6*c7*x17 + c6*sT*yl7 - 86*zl7 )*eS*z[4]
- g5*( -c6*cT*x27 + c6*sT*y27 - s6*z27 )*e5*z(5]
- g6*( -c6*c7*x37 + c6*sT*y37 - s6*z37 )*eS5*z[6]:

ddo7([5) (1] = -g4*( s6*s7*x17 + s6*cT*yl7 )*eS*z (4]
- g5*( s6*sT*x27 + 86*cT*y27 )*aS*z[5]
~ g6*( s6*sT*x37 + s6*cT*y37 )*e5*z(6];
ddo7[6]1[1] = gd4*(cT*x17 - s7*yl7)*e6*z[4]
+ g5*(cT*x27 - 8T*y27)*e6*z[5]
+ g6* (c7*x37 - 37*y37) *e6*z[6];

for (4L = 1; i <= 7; ++i )
{

jzat(1]1[i] = jzal[il(1]:
}

/* DETERMINATION OF THE GRADIENT x/

j=1;
for (1 = 1; 1 <= 7; ++i)

dhdo[j] = =-2.0*jzat{l] [i]*ddol (i) (1] + dhdo(j];

dhdo[j+1] = -2.0*jzat{l] [i)*ddo2(i) (1] + dhdo[j+1];
dhdo[j+2] = -2.0*jzat[1l] (i)*ddo3(1i){1] + dhdo[Jj+2};
dhdo(j+3] = -2.0*jzat (1} [i]*ddod4[i][1] + dhdo[j+3];
dhdo(j+4] = -2.0*jzat (1] [i)*ddo5(i][1] + dhdo[j+4]:
dhdo(j+5] = -2.0*jzat[1](i)*ddo6({i] (1] + dhdo(3j+5];
dhdo[j+6)] = -2.0*jzat[1](i]1*ddo7(i]([1]} + dhdo[j+6]:

gH->one = dhdo(1}];
gH->two = dhdo{2];
gH=->three = dhdo[3];
gH->four = dhdol(4];
gH->five = dhdo{51]:
gH->six = dhdo(6];
gH->seven = dhdo(7]:

break;
case 3:

/*t*****t***ti*****ﬁ**tttt'**t*it*tit****ti****ti**t

MANIPULATOR MECHANICAL ADVANTAGE IN THE
DIRECTION OF THE FORCE APPLIED AT THE
WRIST

******i********i******t********t*ﬁ*tti*******i**i*’/
/* INITIALIZING VARIABLES */
for (i = 1; i <= 7; ++i )

{
dhdo(i] = 0.0;
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}

for (i = 0; 1 <= 7; ++1 )
{
for ( ii = 0; ii <= 1; ++ii )
{
ddol[i] [1i)]
ddo2(i] [ii]
ddo3{i] (ii)
ddo4 [1] [id)
ddo5(i] (ii)
ddo6[i] [ii)
ddo7 (i) [ii]

[ I I N I B |
00000 O
PPN
o
~

/* WEIGHTING FACTORS */

= pow(betal,0.5);
b2 = pow(beta2,0.5);
= pow(beta3,0.5);
= pow(beta4,0.5);

/* THE MAGNITUDE OF THE FORCE VECTOR */

ml = sqrt({ alfal*fx*fx + alfa2*fy*fy + alfa3*fz*fz ):
ml = 1.0/ml;

/* THESE ARE THE ENTRIES OF THE FOLLOWING VECTOR
THAT IS THE PRODUCT OF :
(TRANSPOSE OF THE JACOBIAN) * (DIRECTION OF FORCE) */

il = psz + a2*s2;
i2 = psy -~ a2*c2*sl;
13 = psx - a2*c2*cl;

Jul([l]1({1l] = ml*(~-fx*psy*pow(betal,0.5) + fy*psx*pow(betal,0.5));
jul (2} (1) = ml*(fx*cl*psz*pow(beta2,0.5)

+ fy*sl*psz*pow(beta2,0.5)

+ fz*(-sl*psy -cl*psx)*pow(beta2,0.5));
Jul (3] (1) = ml*(fx*pow(beta3,0.5)*( sl*s2*il - c2*i2 )

+ fy*pow(beta3,0.5)*( -cl*s2*il + c2*i3 )

+ fz*pow(beta3,0.5)*( cl*s2*i2 - s1*s2*i3 ));
jul(41[1) = mi*(fx*pow(betad,0.5)*((s1l*c2*s3-cl*c3) *il+(82*83)*i2)

+ fy*pow (betad,0.5)* (~(cl*c2*33+31*c3)*il - (s82*33)*i3 )
+ fz*pow(beta4,0.5)*((cl*c2*c3+31*c3)*i2-(sl*c2*s3-cl*c3)*i3));

jul{s) (1] = 0.0;
jul({61[1] = 0.0:
Jul{7) (1] = 0.0;

/* THE MMA IN THE DIRECTION OF THE APPLIED FORCE */

ml = sqrt{jul (1] (1)*jul{l](21]+jul(2] (1])*3ul(2]) [1]+Jul (3] [1])*jul([3] (1)
+ jJul(4){1)*3ul(4) (11+3ul(S](1]*Jul([S]) [1]1+jul(6][1]*Jul[6] (1]
+ Jull7)1{1)*3ul(7]1(1));

rml = 1.0/rml;

fprintf (singularity, "%£\n", rml);

/* PARTIAL DIFFERENTIAL'OF jul w.r.t. THETA */
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ddol(1])([1l] = -ml*fx*(cl*c2*c3*ad*cq4 - sl*s3*ad*c4d +
cl*s2*ad*s4 + a2*c2*cl)*bl + ml*fy* (-sl*c2*c3*ad*cd -
cl*s3*%ad*cd - sl*s2*ad*34 - al2%c2*sl)*bl;

ddol[2]1{1) = ml*fx* (sl*32*c3*ad*c4 - sl*c2*ad*s4 +
sl*a2*32)*b2 + ml*fy* (-cl*s2*c3*a4*c4 + cl*c2*ad*sd -
cl*a2*32) *b2;

ddol(3]([1] = ml*fx*(-cl*c3*a4*c4 + sl*c2*s3*ad*c4)*b3 +
ml*fy* (-sl*c3*%agd*xcq4 ~ cl*c2*s3*ad*c4)*b3;

ddol(4) (1) = ml*fx*(-32*sl*ad*c4d + cl*s3*ad*sq +
sl*c3*c2*ad*sqd)*bd + ml*fy* (cl*s2*ad*c4d + sl*s3*ad*sqd -
cl*c3*c2*ad*s4) *b4;

ddo2[1][1] = -ml*fx*(-sl*s2*c3*ad*c4 + sl*c2*aq*s4d -
a2*s2*s1) *bl + ml*fy* (-cl*s2*c3*aq*c4d + cl*c2*ad*sqd -
a2xs2*cl) *bl;

ddo2{2] [1] = ml*fx*(-cl*c2*c3*ad*cq4 - cl*s2rad*sd -
cl*a2*c2)*b2 + ml*fy* (-sl*c2*c3rad*cd - sl*s2*ad*sd -
sl*a2*c2)*b2 + ml*xfz* (32*c3*a4*cd - c2*ad*sd4 + a2*s2) *b2;

ddo2[3) [1] = ml*fx*(cl*s2*s3*ad*c4)*b3 +
ml*fy* (sl*s2*s3%a4*cq4)*b3 + ml*fz* (c2*s3*ad*c4) *b3;

ddo2(4] [1] = ml*fx*(c2*cl*ad*c4d + cl*c3*s2*a4d*s4)*b4 +
mi*fy* (sl*c2*ad*cd + sl*c3*s2*ad*s4)*bd + ml*fz*(-s2*ad*cd
+ c3*c2*a4d*s4)*b4; .

ddo3(1)[1] = -ml*fx*(-sl*c2*s3*aq*cd + cl*c3*ad*cd)*bl +
mi*fy* (-cl*c2*s3%*aqd*c4 - sl*c3*a4*cd)*bl;

ddo3(2]) (1] = ml*fx*(cl*s2*s3*ad*c4d)*b2 +
ml*fy* (sl*s2*s3*ad*cd) *b2 +ml*fz* (c2*s3*ad*cd) *b2;

ddo3[3) (1] = ml*fx*(sl*s3*ad*cd - cl*c2*c3*a4*c4)*b3 +
ml*fy* (~cl*s3*ad*cq4 - sl*c2*c3*ad*c4d)*b3 +
ml*fz* (s2%*c3*ad*cqd) *b3;

ddo3[4] (1] = ml*fx*(sl*c3*ad4*s4 + cl*s3*c2*ad*sd4)*b4q +
ml*fy* (-cl*c3*ad*s4 + sl*s3*c2*ad*s4)*bd +
ml*fz* (-33*s2*%a4*34) *b4;

ddo4 (1] {1] = -ml*fx*(-sl*c2*c3*a4*s4 - cl*s3*ad*s4 +
sl*s2*ad*cq) *bl +ml*fy* (-cl*c2*c3*ad*sd + sl*s3*ad*sd +
cl*s2*aq*c4) *bl;

ddod (2] [1] = ml*fx*(cl*s2*c3*a4*sq4 + cl*c2*ad*c4)*b2 +
ml*fy* (sl*s2*c3*ad*s4 + sl*c2*ad*c4d)*b2 +
ml*fz* (c2*c3*aq*sq4 - 32*a4*c4)*b2;

ddo4 (3] [1] = ml*fx*(sl*c3*a4*s4 + cl*c2*s3*aq*s4)*b3 +
ml*fy* (~cl*c3*ad*s4 + sl*c2*s3*a4d*s4)*b3 +
ml*fz* (-32*s3*%a4*34) *b3;

ddod[4])[1] = ml*fx* (-s2*cl*ad*s4 + sl*s3*adf*cqd -

cl*c3*c2*ad*cqd) *bd + ml*fy* (-sl*s2*ag*sq4 - cl*s3*ad*cqd -
sl*c3*c2*ad*cd) *b4 + ml*fz* (-c2*a4*s4 + c3*s2*ad*cq)*b4;

for (i =1; 1 <= 7; ++i )
{ ;
Jult (1) (4] = Jul(il(1];
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}

j = 1;

for (i =1;

{
dhdo {j+1]
dhdo [j+2]
dhdo {j+3}
dhdo [ §+41
dhdo [j+5]
dhdo (§+6]

break;

case 4:

for (1 = 1;
{

}

for (i = 0;
{

{

o
N
LI I I ]

dhdo{j] = 2.

A INITIALIZING VARIABLES

1 <= 7; ++i )

O*jult (1) {i]*ddol{i] [1] +
.0%jult [1] (i]*ddo2{i] (1]
.0*Jult{1) [i] *ddo3(i] (1]
.0*jult{1] [i]}*ddod {1i] (1]
.0*3ule (1] [i]*ddoS(i] [1]
.0*3ult (1] [i]*ddo6(i] [1]
.0%Jult (1] [1]*ddo7(i] (1]

NI SIS SIS

gH->one = dhdo(l];
gH->two = dhdo(2];
gH->three = dhdo(3):
gH=->four = dhdo(4];
gH->five = dhdo(5]:
gH->six = dhdo(6];
gH~>seven = dhdo(7];

1 <= 7; +4i )

dhdo({i] = 0.0;

1 <= 7; ++1 )

for ( ii = 0; ii <= 1; ++ii )

ddol [i] [i4]
ddo2(i] (ii]
ddo3(i] [i1)
ddod [i] [ii]
ddo5[i] {ii)
ddo6[i] [ii]
ddo7(i) (ii)

LI I I I I B |

Coocococoo0

v e e e e e
o

/* WEIGHTING FACTORS */

pow (betal,0.5);
pow(beta2,0.5);
pow(beta3,0.5);
pow (beta4,0.5);
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*/

/* GRADIENT OF THE PERFORMANCE CRITERION */

dhdo(j]:

+ 4+ + +

+ +

dhdo(j+1]);
dhdo [j+2]:
dhdo {j+3];
dhdo [j+4];
dhdo [(j+5);
dhdo{j+61:

/****t*********t***t********i*t*ﬁ***i***i**i**t*********

MANTPULATOR MECHANICAL ADVANTAGE IN THE
DIRECTION OF THE MOMENT APPLIED AT THE
WRIST

***ﬁ******i******'ﬁ*****t******'ki'k***i***********t*****‘k/



b5 = pow(beta5,0.5);
b6 = pow(beta6,0.5);
b7 = pow(beta7,0.5);

/* MAGNITUDE OF THE APPLIED MOMENT */

modulus = sqrt(alfad4*mx*mx + alfaS*my*my + alfa6*mz*mz);
mo = 1.0/modulus;

/* THESE ARE THE ENTRIES OF THE VECTOR THAT IS THE
PRODUCT OF:
(TRANSPOSE OF THE JACOBIAN) * (MOMENT DIRECTION)
*/

ju2(1] [1] = mo*mz*pow (betal,0.5);
Ju2{2] (1] = mo* (-sl*mx*pow(beta2,0.5) + cl*my*pow(beta2,0.5));
ju2(3]1(1) = mo* (mx*cl*s2*pow(beta3,0.5) + my*sl*s2*pow(beta3,0.5)
+ mz*c2*pow(beta3,0.5));
ju2[4]{1] = mo* (mx*(cl*c2*s3 + sl*c3)*pow(betad,0.5)
+ my*(sl*c2*s3 - cl*c3)*pow(beta4,0.5)
+ mz* (-s2*s3) *pow(betad,0.5));
Ju2({5] (1] = -mo* (mx*{ =-s6*c7*x17+s6*s7*yl7+c6*217) *pow(beta5,0.5)
+ my*(-s6*cT*x27+36*s87*y27+c6*227) *pow (betas,0.5)
+ mz* (-86*c7*x37+86*37*y37+c6*237) *pow(beta5,0.5));
Ju2([6] {1} = mo* (mx*( s7*x17 + c7*yl7 )*pow(beta6,0.5)
+ my*( $7*x27 + c7*y27 )*pow(betaé,0.5)
+ mz*( s7*x37 + c7*y37 )*pow(beta6,0.5));
ju2({7] [1] = mo* (mx* ( (px-psx)/d7) *pow (beta7,0.5)
+ my* ({py-psy)/d7) *pow (beta7,0.5)
+ mz* ((pz-psz)/d7) *pow(beta?,0.5));

/* THE MMA IN THE DIRECTION OF THE APPLIED MOMENT */

m2 = sqrt(ju2(1]{1]1*Ju2{1]{1]1+3u2{2] (1]*ju2(2] (2)+3ju2([3] (1] *ju2(3] (1]
+ Ju2(4](11*3Ju2(4] [1]+3u2(5] (1]*ju2(S5] [1]+ju2(6] (1]*Ju2(6] (1]

+ Ju2(7){11*3u2(7]1(1]);
m2 = 1.0/m2;

fprintf (singularity, "%f\n", rm2);

/* DIFFERENTIAL OF ju2 w.r.t. THETA */

ddol([2){1] = -mo*cl*mx*pow(beta2,0.5) - mo*sl*my*pow(beta2,0.5);
ddol[3) (1] = -mo*mx*sl*s2*pow(beta3,(.5)+mo*my*cl*s2*pow(beta3,0.5);
ddol{4] (1] = mo*mx*( =-sl*c2*s3 + cl*c3 )*pow(betad4,0.5)

+ mo*my*( cl*c2*s3 + sl*c3 )*pow(beta4,0.5):

ddo2([3) (1] = mo*mx*cl*c2*pow(beta3,0.5) + mo*my*sl*c2*pow(beta3,0.5)
- mo*mz*s2*pow (beta3,0.5);

ddo2{4] (1] = mo*mx* (-cl*s2*s3) *pow (beta4,0.5)
+ mo*my* (~sl*s2*s83) *pow (beta4,0.5)
+ mo*mz* (-c2*s83) *pow (betad4,0.5);

ddo3{4][1] = mo*mx*( cl*c2*c3 ~ sl*s3 )*pow(beta4,0.5)
+ mo*my*( sl*c2*c3 + cl*s3 )*pow(beta4,0.5)
+ mo*mz*( -s2*c3 )*pow(beta4,0.5);

ddo6({S5]1 (1) = -mo*mx*(-c6*c7*x17 + c6*s7*yl7 - s6*zl17) *pow(beta5,0.5)
- mo*my* (~c6*cT*x27+c6*s7*y27-86*227) *pow (beta5,0.5)
- mo*mz* (-c6*cT*x37+c6*87*y37-36*237) *pow (beta5,0.5);

ddo7(5][1] = -mo*mx*( s6*s7*x17 + 86*c7*yl7 )*pow(beta5,0.5)
~ mo*my*( s6*s7*x27 + s86*c7*y27 )*pow(beta5,0.5)
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- mo*mz*( $6*37*x37 + 36*c7*y37 ) *pow(beta5,0.5);
ddo7(6] [1] = mo*mx*( c7*x17 - 37*yl7 )*pow(betaé,0.5)

+ mo*my*( c7*x27 - s7*y27 )*pow (beta6,0.5)

+ mo*mz*( ¢7*x37 - 87*y37 )*pow(beta6,0.5);

for (1 = 1; i <= 7; ++i )
{

Ju2t (1] (i] = ju2(i][1]:
}

/* GRADIENT OF THE PERFORMANCE CRITERION */

j=1
for (i = 1; i <= 7; ++i )

dhdo{j] = 2.0*ju2t(1][i)*ddol(i] {1] + dhde([]]~
dhdo{j+1] = 2.0*ju2t(1l] (i]*ddo2(i][1] + dhdo[J+1];
dhdo[3+2] = 2.0*ju2t{1][i]*ddo3(i][1] + dhdo[j+2];
dhdo[3j+3] = 2.0*3ju2t[1) [i]*Addo4[i] (1] + dhdo(j+3];
dhdo(3+4] = 2.0*ju2t (1] [i]*ddoS5(i] (1] + dhdo[j+4]:
dhdo{j+5] = 2.0*3u2t[1] (i]*ddo6([i] (1] + dhdo[j+5];
dhdo [j+6] = 2.0*ju2t (1] [(i]*ddo7(i] (1] + dhdo[j+6];
}
gH->one = dhdo(1];
gH->two = dhdo[2];
gH=->three = dhdo(3]:;
gl->four = dhdo(4];
gH->five = dhdo(5]:
gH->six = dhdo(6];
gH->seven = dhdo(7]);
break;
case S:
*kKind = 1; /* MAXIMI2ZING PERFORMANCE CRITERION */

/********tt***t***iﬁtt*************#*ﬁ*********t******

MANIPULABILITY MEASURE CRITERION

(using the upper part of the wrist Jacobian)
*********t******************t*t***********t*k*t*t**t*/

n=7;
m= 7;

/* INITIALIZING VARIABLES */

for (i = 1; i <= 7; ++i )
{
for ( ii = 1; ii <= 7; ++ii )
{
jac{i] {ii] = 0.0;
}

/* THE UPPER 3x7 PART OF THE WRIST JACOBIAN
REFERENCED TO THE BASE FRAME */

143



jac([1l]{1] = -psy:

jac[(1l]{2) = cl*psz;

jac[1]1[3] = sl*s2~*(psz+a2*s2) - c2*(psy-a2*c2*sl);

jac(1][4] = (sl*c2*s3-cl*c3)*(psz+a2*s2) + (82*33)*(psy-a2*c2*sl);
jac([2] [1] = psx;

jac[2} (2] = sl*psz;

jac([2] [3] = -cl*s2*(psz+a2*s2) + c2*(psx-a2*c2*cl);

jac[2] [4] = =(cl*c2*s3+sl*c3)* (psz+a2*s2) - (s2*s3)*(psx-a2*c2*cl);
jac[3][2]) = -sl*psy-cl*psx;

jac{3][3] = cl*s2*(psy-a2*c2*sl) - 3l*s2*(psx-a2*c2*cl);

jac{3]1{4) = (cl*c2*s3+sl*c3)*(psy-a2*c2*sl)

~(psx-a2*c2*cl) * (sl*c2*33-cl*c3);

for (1 = 1;
{

for ( ii = 1;

{
}

for (i = 1;

{

for ( ii = 1;

{
}

for (1 = 1;
{

for ( i1 = 1;

{

/*

jacp(1][1][1]

jacp(1] [1] (2]
jacp(1](11(3]
jacp(1] (1] (4]
jacp(2] (1] (1)
jacp(2][1](2]
jacp(2] (1] (3]
jacp(2] (1} (4]
jacp(3]1 (1] (1]
jaep(3] (1) (2]
jacp(3){1]([3]
jacp(3111] (4]
jacp(4] (1](1]

i <= 7;

i <= n;

i <= 9;

++1i )
1i <= 7; ++ii )
glil[ii] = 0.0;
++1i )
ii <= n; ++ii )
glil(4i) = Jaclil[ii):

++1i )

ii <= 8; ++ii )
for ( j = 1; j <= 9; ++3j )
(
jacp{i) {ii] (3] = 0.0:
}

PARTIAL DIFFERENTIAL OF EVERY ENTRY IN THE
WRIST JACOBIAN w.r.t. THETA

*/

-{cl*c2*c3*aq*c4 -~ sl*s3*aq*cq +

cl*s2*a4*34 + a2*c2*cl);
(sl*s2*c3*ad*cq4 -~ sl*c2*ad*s4 + sl*a2*s2);
(-cl*c3*ad*cqd + sl*c2*s3*a4d*c4);
(=s2*sl*ad*cqd + cl*s3*a4*s4 + sl*c3*cl*ad*s4q);
-(=sl*s2*c3*ad*cqd + sl*c2*ad*34 - a2xs2*sl);
(=cl*c2*c3*ad*cqd - cl*s2*ad*s4 - cl*a2*c2);
(cl*s2*s3*ad*cq);
(c2*cl*aq*cqd + cl*c3*s2*aq*sq);
-(=sl*c2*s3*a4*cq4 + cl*c3*aq*c4):
(cl*s2*s3*aq*c4);
(sl*s3*ad*cq4 ~ cl*c2*c3*ad*cd);
(sl*c3*ad*sq4 + cl*s3*c2*aqd*s4q);
-(-sl*c2*c3*aq*s4 - cl*s3*aq*s4 + sl*s2*ad*cd);
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jacpl41[1](2]
jacp(4][1] (3]
jacpl41([1][4]
jacp(1l] (2] [1]

jacpl[1](2][2]
jacp(11{2]([3]
jacp(1] (2] (4]
jacp (2] (2] [1)
jacp(2] (2] [2]
jacp(2]1 (2] (3]
jacp(2] (2] [4])
Jacp{3]1(2][1]
jacp{31(2] (2]
jacp([3] (2] [3]
jacp[31[2] (4]
jacp(4]) (2] (1]
jacpl4l](2] (2]
jacpl4) (2] (3]
jacp(4] (2] (4)
Jacp(1] (31 (1]
Jacp(1] (3] [2]
jacp(1] (3] (3]
Jacp(1] (3] (4]
jacp(2] (31 (1}
jacp(2] (31 ([2]
jacp(2] (31 (3]
jacp(2][3] (4]
jacp(3] (31 (1]
jacp(31(31(2]
jacp(31([31(3)
jacp{3](3]11{4)
jacp(41(3][1]
jacpl41(3](2)
jacp (4] (31(3)
jacp(4] (3] {4]

(cl*s2*c3*a4*s4 + cl*c2*ad*cd);
(sl*c3*ad*s4 + cl*c2*s3*ad*s4);
(=82*cl*ad*3s4 + sl*s3*ad*c4 - cl*c3*c2*a4*cd);
(~8l*c2*c3*ad*cq4 - cl*s3*ad*cd -

sl*s2*ad*s4 - a2*c2*sl);
(=cl*s2*c3*ad*cqd + cl*c2*ad*s4 - cl*a2*s2);
(-sl*c3*ad*c4 - cl*c2*s3*ad*c4);
(cl*s2*ad*c4 + sl*s3*aq*s4 - cl*c3*c2*a4*sd):
(-cl*s2*c3*ad*cqd + cl*c2*ad*s4 - az2*s2*cl);
(-sl*c2*c3*ad*cd ~ sl*s2*aq*s4 - sl*a2*c2);
(sl*s2*s3*aq4*c4);
(sl*c2*ad*cq4 + sl*xc3*s2*a4d*sd);
(=cl*c2*33*%ad*c4 - sl*c3*ad*cd);
(31*s2*33*ad*c4);
(=cl*s3*a4d*cqd - sl*c2*c3*ad*c4);
(-cl*c3*aq*s4 + sl*s3*c2*ad*sdq);
(-cl*c2*c3*ad*sq4 + sl*a3*xad*s4 + cl*s2*adr*cd);
(sl*s2*c3*aq*3sq4 + sl*c2*a4d*cd);
(=cl*c3*ad*s4 + sl*c2*s3*ad*sd);
(-sl*s2*ad*sd - cl*s3*aqd*cd - sl*c3*c2*ad*c4d);
0.0;
(=c2*c3*aq*cq4 - s2*ad*sq - a2*c2);
0.0;
0.0;
0.0;
(s2*c3¥ad*cq4 - c2*ad*s4 + a2*s2);
(c2*s3*ad*c4);
(=32*%a4*cd + c3*c2*a4d*s4);
0.0;
(c2*s3*a4*cd);
(s2*c3*a4d*c4);
(-s3*s2*aq*s34);
0.0;
(c2*c3*a4*sq4 -~ s2*a4d*c4);
(~82*s3*a4*s4);
(=c2*ad*34 + c3*s2*aq*cd);

/* CALLING THE PSUEDQ-INVERSE ROUTINE */

psuedo_inv (g,empty, select,w);
/* g is now the inverse of JJT */

/* INITIALIZING AND RECALCULATING THE ENTRIES

OF THE JACOBIAN */

for (i =1; i <= 7; ++i )

{

for ( ii = 1; ii <= 7; ++ii )

{

}
}

jac([i] [(ii] = 0.0;

jac(1]{1) = -psy:

jac(1] (2] = cl*psz;

jac(1] (3] = sl*s2*(psz+a2*s2) - c2*(psy-a2*c2*sl);

jac(1l]1[4] = (sl*c2*s3-cl*c3)*(psz+a2*32) + (s2*33)*(psy-a2*c2*sl);
jac(2] (1] = psx;

jac{2] (2] = sl*psz;

jac[2] (3] = =-cl*s2*(psz+a2*s2) + c2*(psx-a2*c2*cl);

jac[2] (4] = -(cl*c2*s3+sl*c3)* (psz+a2*32) - (82*s3)*(psx-a2*c2*cl);
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jac(3)[2] = -sl*psy-cl*psx;
jac[3] (3] = cl*s2x (psy-a2*c2*sl) - sl*s2*(psx-a2*c2*cl);
jac[3][4] = (cl*c2*s3+sl*c3)*(psy~a2*c2*sl)

- (psx-a2*c2*cl) * (s1*c2*33-cl*c3);

/* THE DETERMINANT OF:
(JACOBIAN) * (TRASPOSE OF THE JACOBIAN) */

det = 1.0;
for (1 = 1; 1 <= 7; ++i)
( if ( non[i] != 0.0 )
( det = det*non(i):
} }

if ( det<0.0 )
{

det = - det;
}

/* THE GRADIENT OF THE MANIPULABILITY MEASURE
CRITERION */

for (i = 0; i <= 7; ++i )

s[i] = 0.0;
ss(i] = 0.0;

for (1 =1; 1 <= 7 ; +41 )
for (i = 1; i <= 6; ++i )

for ( j = 1; J <= 6; ++j )
{
for ( iii = 1; iii <= 7; ++iii )

{
s{l] = s[1l] + jacpl(l](i}(iiil*jac[3](iii]
+ jacpll] [j)(iii)*jac(i]) [iii);

}
ss{l] = ss(1] + g(i)(jI*s(l]):
s[1l] = 0.0;
}
: }
zeta([l] = 0.5* (sgrt(det)) *ss{l];
}

gH->one = zetalll:;
gH->two = zeta(2];
gH->three = zeta[3]:
gH->four = zetal[4]:
gH->five = zeta(5]:
gH->six = zeta(6];
gH~->seven = zeta(7];

break;

case 6:
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/*****t***k*k***'kt*****************t******ﬁ***********

MANIPULATOR VELOCITY RATIO IN THE DIRECTION
CORRESPONDING TO THE MINIMUM SINGULAR
VALUE (LINEAR MOTION CASE)

****i*****t***********'k*‘k**********!*****i******i****/

/*

INITIALIZING VARIABLES */

for (i = 0; 1 <= 3; ++4i )

{

for {(

for (

for (

for (

for (

i

i

i

for ( ii = 0; ii <= 3; ++ii )
{

J3lti(i]fii] = 0.0;
}

= 0; 1 <= 7; ++1i )

for ( ii = 0; ii <= 1; ++ii )

{
ddol (i} {ii]
ddo2[i] [ii]
ddo3(i] [ii]
ddo4({i] [ii)
ddoS (i) [ii]
ddoé6 (i] (11]
ddo7(i] [ii] .0;
jzl{i][ii] = 0.0;

LI R I I I B |
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= 0; 1 <= 1; ++i )

for ( ii = 0; ii <= 7; ++ii )
{

jzlt [1] (ii] = 0.0;:
}

= 0; 1 <= 7; ++i )

dhdo[i] = 0.0;
z[i] = 0.0;
z1(i] = 0.0;

= 0; 1 <= 7; 441 )

for ( ii = 0; ii <= 3; ++ii )
{

J1t{i] [ii] = 0.0;
}

= 0; 1 <= 7; ++i )

for ( ii = 0; ii <= 7; ++ii )
{
J1{i]1[ii] = 0.0;
um{i] (i) = 0.0;
ulfi] (ii] = 0.0;
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/* WEIGHTING FACTORS */

gl = pow(gamal,0.5);
g2 = pow(gama2,0.5);
g3 = pow(gama3,0.5);
el = pow(etal,-0.5);
e2 = pow(eta2,-0.5);
e3 = pow(eta3,-0.5);
e4 = pow(eta4,-0.5);
/* THE TRANSFORMED WRIST JACOBIAN

(UPPER HALF-PART)
, */

JL[1] (1] = -gl*psy*el;

J1[1][2] = gl*cl*psz*e2;

J1{1][3] = gl*( sl*s2*(psz+a2*s2) - c2*(psy-a2*c2*sl) )*e3;

J1{1]1[4) = gl*( (sl*c2*s3-cl*c3)*(psz+a2*s2) + (s2*s3)*
{psy-a2*c2*sl) )*ed;

J1[2] [1] = g2*psx*el;

j1(2]) [2] = g2*sl*psz*e2;

J1[{2)[3] = g2*( -cl*s2*(psz+a2*s2) + c2*(psx-a2*c2*cl) )*e3;
31[2)[4] = g2*( -(cl*c2*s3+sl*c3)* (psz+a2*s2) - (s2*s33)*

(psx-a2*c2*cl) )*e4;
J1(3]1 (2] = g3*(=-sl*psy-cl*psx)*e2;
JL3][3] = g3*( cl*s2*(psy-a2*c2*sl)-sl*s2* (psx~a2*c2*cl))*e3;
JL{3) (4] = g3*( (cl*c2*s3+sl*c3)*(psy-a2*c2*sl) -
(psx-a2*c2*cl) * (sl*c2*s3-cl*c3) )*e4;

for (1 =1; i <= 7; ++i )
{
for ( ii = 1; ii <= 3; ++ii )
{
Jle (i)} (idi) = 3J1{ii](4);
}

/* CALLING THE PSUEDO-INVERSE ROUTINE */

psuedo_inv ( jl,um,selazt,w );
/* j1 is now a 3x3 inverse matrix of JJT */

/* THE INVERSE OF JJT */

for (i = 1; i <= 3; ++1i )

for ( ii = 1; ii <= 3; ++ii )
{

jjred (i) (ii] = JL{i](ii};
}

/* z IS THE PRODUCT OF THE INVERSE OF JJT BY
THE VECTOR IN THE DIRECTION OF THE MINIMUM
SINGULAR VALUE */

for (i = 1; i <= 3; ++i )
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for ( iii = 1; iii<= 3; ++iii )

{

z(i] = jjlei(i) {iiil*um(iii] [select[0]] + z[il];
}

/* MVR IN THE DIRECTION CORRESPONDING TO THE
MINIMUM SINGULAR VALUE */

rvl = 1.0/ (sqrt(um(l] [select{0]])*z[1]) + um([2] [select[0]]*z[2]
+ um{3] [select [0]]1*z(3]});

fprintf (singularity, "%d %f\n",iteration, rvl);

/* ENTRIES OF THE VECTOR THAT CONSISTS OF THE PRODUCT
OF:
(TRANSPOSE OF THE JACOBIAN) * (2-VECTOR) */

il = psz + a2*s2;
i2 = psy - a2*c2*sl;
i3 = psx - a2*c2*cl;

jz1(1] (1] = -gl*psy*el*z[l] + g2*psx*el*z[2];
§z1(2]1[1] = gl*cl*psz*el*z{l] + g2*sl*psz*e2*z(2]
+ g3*(-sl*psy-cl*psx)*e2*z(3]:
3z1[3] (1] = gl*( sl*s2*il - c2*i2 )*e3*z[l]
+ g2*( ~cl*32*il + c2*i3 )*e3*z[2]
+ g3*( cl*s2*%i2 - 31*32*i3 )*e3*z[3];
jz1[4]1[1] = gl*( (sl*c2*s3-cl*c3)*il + (832*s3)*i2 )*e4*z[1l]
+ g2*(~(cl*c2*s3+31*c3)*il - (32*s3)*i3 )*ed*z(2]
+ g3*((cl*c2*33+31*c3)*i2 - i3*(8l*c2*s3-cl*c3))*ed*z(3];
jz1(5] (1] = 0.0;
jzl{6] (1] = 0.0;
§z1{7] (1] = 0.0;

/* PARTIAL DIFFERENTIAL OF jzl w.r.t. THETA */

ddol{1l] (1] = =-gl*(cl*c2*c3*ad*c4 - sl*s3*ad*céd +
cl*g2*ad*34 + a2*c2*cl)*el*z{l] + g2*(-sl*c2*c3*ad*cqd -
cl*s3*ad*c4 =~ sl*s2*aq*sq - a2*c2*sl)*el*z(2];

ddol (2] {1] = gl*(sl*s2*c3*ad4*c4d - sl*c2*a4d*sqg +
sl*a2*s2)*e2*z[1] + g2*(-cl*s2*c3*ad*c4d + cl*c2*ad*sd -
cl*a2*s2) *e2*z(2);

ddol([3] (1] = gl*(-cl*c3*a4*cd + sl*c2*s3*ad*cd)*e3*z([l] +
g2* (~31*c3*ad*c4d =~ cl*xc2*s3*ad*cqd)*el3*z(2];

ddol(4)[1] = gl*(-s2*sl*a4*c4 + cl*s3*ad*s4d +
sl*c3*c2*ad*s4)*eqd*z (1] + g2*(cl*s2*ad*cd + sl*s3*ad*s4d -
cl*c3*c2*ad*sq)*eq*z(2];

ddo2({1] (1] = -gl*(-sl*s2*c3*ad4*c4d + sl*c2*ad*sq -

a2*g2*sl) *el*z[1l] + g2*(-cl*s2*c3*ad*c4 + cl*c2*ad*sqd -
az2*s2*cl) *el*z(2];

ddo2[2] (1] = gl*(-cl*c2*c3*ad*c4 - cl*s2*ad*s4 -
cl*a2*c2)*e2*z[1] + g2*(-sl*c2*c3*ad*cq4 - sl*s2*ad*sq -
sl*a2*c2)*e2*z[2) + g3*(s2*c3*ad*cd -~ c2*ad*s4 + a2*s2)*e2*z[3];
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ddo2([3][1] = gl*(cl*s2*s3*ad*cd)*e3*z(1] +
g2* (sl*xs2*s3*ad*cd) *e3*z[2] + g3* (c2*s3*ad*c4) *e3*z (3],

ddo2[4] [1] = gl*(c2*cl*ad*cd + cl*c3*s2*ad*s4) *ed*z[1] +

g2* (sl*c2*a4*c4d + sl*c3*s2*aq*gd)*ed*z[2] + g3*(-s2*ad*cd +

c3*c2*ad*s4q) *ed*z(3];

ddo3([1][1] = -gl*(-sl*c2*s3*ad*c4 + cl*c3*ad*cd)*el*z(l] +
g2* (-cl*c2*s3*aq*c4 - sl*c3*ad*cd)*el*z(2];

ddo3(2) (1] = gl*(cl*s2*s3*ad*cq4)*e2*z[1l] +
g2* (sl*xs2*s3*ad*cqd)*e2*z[2] +g3* (c2*s3*ad*cd) *e2*z[3];

ddo3({3]) (1] = gl*(sl*s3*a4*c4‘- cl*c2*c3*ad*c4)*e3*z[1l] +
g2* (~cl*s3*ad*c4 - sl*c2*c3*ad*cd)*e3*z(2] +
g3* (s2*c3%a4*c4) *e3*z (3]

ddo3[4][1] = gl*(sl*c3*ad*s4 + cl*s3*c2*a4*s4)*ed*z(1l] +
g2* (-cl*c3%ad*s4 + slrs3*c2*ad*sq)*ed*z(2] +
g3x (~s3*s2*ad*xsq) *eq*z(3];

ddo4 (1] [1] = -gl*(-sl*c2*c3*ad*34 - cl*s3*aq*s4d +
sl*s2*ad*cqd)*el*z{1l] +g2* (-cl*c2*c3*ad*34 + sl*s3*ad*sd +
cl*s2*aq*xc4)*el*xz(2];

ddod [2] (1] = gl*(cl*s2*c3*ad*s4 + cl*c2*ad*cd)*e2*z[1l] +

g2* (sl*s2*c3*ad*s4 + sl*c2*ad*cd)*e2*z(2] + g3* (c2*c3*aq*s4 -

s2*a4*c4d)*e2*z(3];

ddo4([31([1] = gl*(sl*c3*a4*sd4 + cl*c2*s3*ad*sqd)*e3*z(1l] +
g2* (-cl*c3*ad*s4 + sl*c2*s3*ad*sd4)*e3*z(2] +
g3* (-s2*xs3*a4*s4)*e3*z(3];

ddod [4] (1] = gl*(-s2*cl*ad*sd + sl*s3*ad*c4d -
cl*c3*c2*ad*cqd) *ed*z{1l] + g2*(-sl*s2*ad*s4 - cl*s3*ad*c4d -

sl*c3*c2*ad*cd) *ed*z[2] + g3*(-c2*ad*sd + c3*s2*ad*c4d) *e4d*z[3];

for (i
{

}

/*

j=1
for (i

=1; 1i<=7;

++i )

jzle (1) {i] = jzi(i)[1}:

THE GRADIENT

= 1; 1 <= 7;

dhdo{j] = =-2.0*jzle(1l])(il*ddol{i] (1] +
-2.
-2.
-2.
-2.
-2.
-2.

dhdo [§+1]
dhdo (§+2]
dhdo [ j+3]
dhdo{j+4]
dhdo [ j+5]
dhdo [j+61

OF THE PERFORMANCE CRITERION */

++1i )

0*jzlt (1] [i]*ddo2(i] (1]
0*jz1lt[1) [i]*ddo3(i] [1])
0*jz1lt (1] [i]*ddod(i][1]
0*jzlt (1] [i])*ddoS(i] (1]
0*jzlt (1] [1] *ddo6 (i) (1]
0*9jz1t (1) (i]1*ddo7(i] (1]

gH->one = dhdo(l]:
gH->two = dhdo(2];
gH=->three = dhdo[3]:
gH=->four = dhdo[4];
gH->five = dhdo[5);
gH->six = dhdo(6];
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dhdo({3];

++ 4+

dhdo{j+1];
dhdo(j+2]:
dhdo (j+3]:
dhdo(j+4]:
dhdo[j+5];
dhdo(j+6]:



gH->seven = dhdo(7]):

break;

case 7:

[ RE KRR KKK RRRRRRARRRR RN KRR RN KRR AR ARRRNRNRRRR KKK,
MANTPULATOR VELOCITY RATIO IN THE DIRECTION
CORRESPONDING TO THE MINIMUM SINGULAR VALUE

(ANGULAR MOTION CASE)
L e e e ey

/* INITIALIZING VARIABLES */

=0; 1 <= 3; ++i )

-

for (
{
for ( ii = 0; ii <= 3; ++ii )
{
jjati{i] (ii] = 0.0;
}

for ( 4 = 0; i <= 3; ++i )

for ( ii = 0; ii <= 1; ++ii )
{

vali) [ii) = 0.0;
}

for (i = 0; i <= 7; ++i )

for ( ii = 0; ii <= 1; ++ii )

{
ddol (1] [i1]
ddo2(i] (ii]
ddo3([i] [ii]
ddo4 (i) [ii]
ddo5(1i] (ii]
ddo6[1i] [ii]
ddo7([1] [i1i])
jza(i] (ii]) = 0.0;

COOO0OO0OOCO
Ne Se Se we Se e e

0.
Q.
0.
0.
0.
0.
0.

for (i = 0; i <= 1; ++i )

for ( ii = 0; ii <= 7; ++ii )
{

jzat (1] [i1i] = 0.0:
}

for (1 = 0; 1 <= 7; ++i )

dhdo(i] = 0.0;
z[(i] = 0.0;

for (1 = 0; i <= 7; ++i )
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for ( ii = 0; ii <= 3; ++ii )
{
jat (i) [ii) = ©.0;
}
}

for (i = 0; 1 <= 7; ++i )
{
for ( ii = 0; ii <= 7; ++ii )
{
‘ja(i](ii]) = 0.0;
um(i] [ii] = 0.0;

/* WEIGHTING FACTORS */

g6 = pow(gama6,0.5);

g5 = pow(gama$5,0.5);

g4 = pow(gama4,0.5);

el = pow(etal,-0.5);

e2 = pow{eta2,=-0.5);

e3 = pow(eta3,~-0.5);

e4 = pow(eta4,~0.5);

e5 = pow(eta5,-0.5);

e6 = pow(eta6,-0.5);

e7 = pow(eta7,=-0.5);

/* THE WRIST JACOBIAN (3x7 LOWER HALF PART)
ja[l](1] = 0.0;

ja[l]{2] = -g4*sl*e2;

ja[ll (3] = g4*cl*s2*e3;

jall) [4] = g4*( cl*c2*33+sl*c3 )*ed;

ja[l] [5] = -g4*( (~s6*c7)*x17 + (86*37)*yl7 + c6*zl7
ja(l}[6] = g4*( 3T*x1l7 + c7*yl7 )*eé;

jafi) (7] = g4*( (px-psx)/d7 )*e?;

jaf2]1{1] = 0.0;

ja(2)[2] = g5*cl*e2;

ja[2] [3] = g5*sl*s2*el;

ja[2][4] = g5*{ sl*c2*s3-cl*c3 )*a4;

ja[2] [S5] = -g5*%( (-s6*c7)*x27 + (s6*s87)*y27 + c6*z27
ja(2] [6] = g5*( 37*x27 + ¢cT*y27 )*e6;

ja(2) (7] = g5*( (py-psy)/d7 )*e7;

ja(3] (1] = g6*el;

jaf31([2] = 0.0;

jal3]1[3] = g6*c2*e3;

ja{3][4] = g6*( -s2*s3 )*ed;

ja{3]) (5] = -g6*( (=-36*c7)*x37 + (36*37)*y37 + c6*z37
ja{3][6] = g6*( 37*x37 + c7*y37 )*eb;

ja[3) (7] = gé6*( (pz-psz)/d7 )*e7:

for (1 =1; i <= 7; ++i )
{
for ( ii = 1; ii <= 3; ++ii )
{
jat (i) [ii] = ja[ii}(i];
}

/* CALLING THE PSUEDO-INVERSE ROUTINE */

peuedo_inv ( ja,um,select,w );
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) *eS;

) *e5;

) *eS:;



/* ja is

/*

for (i

/i

for (i

/*

rva = 1,

/'k

now a 3x3 inverse matrix of JJT */

THE INVERSE OF JJT *
= 1; i <= 3; ++i )

for ( ii = 1; ii <= 3; ++ii )
{

jjati{i) [ii]) = Jal[i]l[ii):
}

z IS THE PRODUCT OF THE INVERSE OF JJT BY
THE VECTOR IN THE DIRECTION OF THE MINIMUM
SINGULAR VALUE */

= 1; 1 <= 3; ++1i )

for ( iii = 1; iii <= 3; ++iii )
{

z[i+3]) = jjati(i](iiil*um(iii] (select(0]] + z[i+3]:
}

MVR IN THE DIRECTION CORRESPONDING TO THE MINIMUM
SINGULAR VALUE */

0/ (sqrt (um(1l] [select(0]}]*z(4] + um(2] [select(0]]*z (5]
+ um(3] [select [0]]}*2(6])):

fprintf (singularity, "%£f\n", «rva);

/* ENTRIES OF THE VECTOR CONSISTING OF THE PRODUCT
OF:
(TRANSPCSE OF THE JACOBIAN) * (2-VECTOR) */
jza(1] (1] = g6*el*z([6];
jza{2] [1] = -g4*sl*e2*z[4] + gS5*cl*e2*z(5];
jza[3] (1] = gd4*cl*s2*e3*z[4] + gS5*si*s2*e3*z([5] + gb6*c2*e3*z[6];
jza{4] [1] = g4*(cl*c2*83+s1*c3)*ed*z[4]+g5* (s1l*c2*s3-cl*c3) *ed*z(5]

+ g6* (-s2*33) *ed4*z(6];

jza{5] (1] = -g4*( -86*c7*x17 + s6*s87*yl7 + c6*217 )*e5*z (4]

- g5%( =-86*cT*x27 + 36*37*y27 + c6*z27 )*e5*%z[5]
- g6*( -36*cT*x37 + s6*87*y37 + c6*z37 )*e5*z[6];

jza(6] [1] = g4* (37*x17+cT*yl7) *e6*z (4] + g5* (s7*x2T+cT*y27) *eb6*z (5]

+ g6*(87*x37 + c7*y37)*e6*z(6];

jza[71[1] = g4*( (px-psx)/d7 )*e7*z{4] + g5*( (py-psy)/d7 )*e6*z(5]

+ g6*( (pz-psz)/d7 )*e7*z[6];

PARTIAL DIFFERENTIAL OF jza w.r.t. THETA */

ddol (2] (1] = -g4*cl*e2*z[4] - g5*sl*e2*z(5];
ddol(3] (1]
ddol{4] (1] = g4*(-sl*c2*s3+cl*c3)*ed*z[4]

~g4*sl*s2*ae3*z(4]) + g5*cl*s2*e3*z(5];

+ gS5* (cl*c2*s3+sl*c3) *ed4*z(5];

ddo2(3] (1] = g4*cl*c2*e3*z(4) + g5*sl*c2*e3*z(5] - g6*s2*e3*z(6];
ddo2[4] (1] = gd*(-cl*s2*33)*ed*z[4] + g5* (-s1l*s2*s3)*eq*z(5]

+ g6*(-c2*s3) *e4*z(6];

ddo3{4] (1] = g4*(cl*c2*c3-s3l*s3)*ed*z(4]
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+ g5*(sl*c2*c3+cl*s3) *ed*z[S5]
+ g6* (-32*c3) *ed*z(6];

ddo6[5] [1] = =g4*( -c6*cT*x17 + c6*sT*yl7 - s6*z17 )*eS*z[4]

- g5*( -c6*cT*x27 + cb*sT*y27 - s6*227 )*eS5*z(5]
- g6*( =-c6*cT7*x37 + c6*3]*y37 - 36*237 )*ed*z[6];

ddo7[5] (1] = -g4*( s6*s87*x17 + s6*c7*yl7 )*e5*z[4]

- g5*%( 86*87*x27 + s6*cT*y27 )*eS5*z[5]
- g6*( 86*s7*x37 + 86*cT*y37 )*e5*z(6];

ddo7([6] [1] = g4* (cT*x17-3T*yl7) *e6*z[4]+g5* (cT*x27-87*y27) *e6*2z[3]

for (i
{

}
/*

=1
for (1

break;

+ g6* (c7*x37 - 8T*y37) *e6*z(6];

= 1; 1 <= 7; ++i )

jzat (1] [i] = jza(i](1]:

THE GRADIENT OF THE PERFORMANCE CRITERION */

= 1; i <= 7; ++1i )

dhdo[j] = =2.0*jzat(1l](i]*ddol(i] (1] + dhdo(j];

dhdo[§+1] = -2.0*jzat (1] {i]*ddo2({i] (1] + dhdo[j+1];:
dhdo(j+2] = =-2.0*3jzat (1] [i)*ddo3({i]) (1] + dhdol[3+2];
dhdo[3+3] = -2.0*3zat[1] (1)*ddo4(i] [1] + dhdo[3+3]:
dhdo[§+4] = -2.0*jzat({1l](1]*ddoS(i] [1] + dhdo[3j+4];
dhdo[§+5] = -2.0*3zat[1] (1]1*ddo6[i] [1] + dhdo(I+5];
dhdo[§+6] = =-2.0%*Jzat (1] [1]*ddo7(i] (1] + dhdo[3j+6];

gH->one = dhdo({l];
gH->two = dhdo(2];
gH=->three = dhdo(3];
ghH->four = dhdo(4];
gH=->five = dhdo[5]:
gH->six = dhdo(6];
gH->seven = dhdo(71:

/***********i***'k**ti******ﬁ**i***ii***************tiﬁ*

THIS ROUTINE DECOMPOSES THE JACOBIAN USING THE
SVD DECOMPOSITION

GIVEN A MATRIX a(l...m]{l...n], THIS ROUTINE
COMPUTES ITS SINGULAR VALUE DECOMPOSITION,

J = U.W.V(T) . THE MATRIX U REPLACES a ON OUTPUT
AND THE DIAGONAL MATRIX OF SINGULAR VALUES W IS
OUTPUT AS A VECTOR W{l...n). THE MATRIX V, NOT
THE TRASPOSE OF V, IS OUTPUT AS V(l...n]J[l...n].

***************t***i**ti***!*********tt***ti‘***t*****t/

psuedo_inv ( a,direction, selection,w )
double a{8](8],direction(8](8],w[8];
int selection(1l];

154



{

int flag,i,its,3,3j.k,1,nm;

double ¢,f,h,s,x,y,2;

double anorm=0.0,g=0.0,scale=0.0;

double rvl1(8];

double w(8],v{8)(8]:

int m,n;

double p(8][8],inv{8)(8],wi{8]([8],3ig(8](8),atransp(8]([8];
double psig(8)(8],sigt(8)([8],pinv(8](8],prod _inv(8](8],iden(4] [4]:
int i4,4ii4i;

double att([7](7]1;

double smallest;

double det;

int selectionl(l];

double larggest;

m=7;
n=7;

/* INITIALI2ING VARIABLES */
for (i =1; i <= n; ++i )

for ( ii = 1; ii <= n; ++ii )

{
pli1[ii]) = 0.0;
v(i] [ii] = 0.0;
atransp(il (ii] = 0.0;
inv([i]) (ii} = 0.0;
prod_inv(i] {ii] = 0.0;
pinv(i] [ii] = 0.0;
direction(i] (ii] = 0.0;

/* DECOMPOSING THE mxn MATRIX */

for (i = 1; i <= n; i++ ) {
1l = i+1;
rvl([i] = scale*g;
g=s=scale=0.0;
if (i <=m) {
for (k=i;k<=m;k++) scale += fabs(af{k][i]):
if (scale) {
for (k=i;k<=m;k++) {
a(k] (1] /= scale;
s += afk] (il*a(k][i]);
}
f=a(i] (i]:
g = -SIGN(sqrt(s),f);
h=f*g-s;
a(i) (i)1=£f~-g;
if (i != n) {
for (j=1;j<=n;j++) |
for(s=0.0,k=1i; k<=m;k++) s +=a(k)(i]*a(k][]]/
f=s/h;
for (k=i;k<=m;k++) a{k][j] += £*a(k][i];
}
}
for (k=i;k<=m;k++) a(k]{i) *= scale;
}
}
w(i] = scale*g;
g=s=scale=0.0;
if (1 <= m && i !'= n) {
for (k=l;k<=n;k++) scale += fabs(a{i][k]):
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if (scale) {
for (k=1;k<=n;k++) {
a[i] [k] /= scale;
s += a[i] (k)*al[i] [k]:
}
f=a(i] [1]):
g = -SIGN(sqrt(s),f):
h=f*g-s;
afi] (1l)=£f-g;
for (k=l;k<=n;k++) rvi(k]=a{i})(k]/h;
if (L '= m) {
for (j=1:j<=m;j++) {
for (s=0.0,k=l;k<=n;k++) s +=a{j][k]*a(i])[k]:
for (k=l;k<=n;k++) a(j][k] += s*rvl{k];
}
}
for (k=l;k<=n;k++) a(i] (k] *= scale;
}
}
anorm=MAX (anorm, (fabs (w{i])+fabs(rvi[i])));
}

for (i=n;i>=l;i-=) ({
if (i < n) {
if (@) |
for (3=1; j<=n; j++)
vijl{i)=(a(i] (j}/a(i]1(1])/g:
for (3=1;3j<=n;j++) |
for (s=0.0,k=l;k<=n;k++) 3 += a(i] [k]*v(k][]j];
for (k=l;k<=n;k++) v([k][j] += s*v(k]([i];
}
}
for (j=l;j<=n;j++) v[i](3]I=v(j](i]=0.0;
}
v[{i](i]=1.0;
g=rvl(i};
1=ji;
}
for (i=n;i>=1;i--) ({
lwi+l;
g=w[i]:
if (i < n)
for (j=1;j<=n;j++) a[i]([:.=0.0;
if (g) |
g=1.0/g:;
if (i !'= n) {
for (j=1;j<=n;j++) {
for (s=0.0,k=1;k<=m;k++) 8 += a{k][i]*a(k][j];
f=(s/a[i) [i])) *g;
for (k=i;k<=m;k++) a(k](j] += £*a(k] [i]:
}
}
for (j=i;j<=m:;j++) aljl(i] *= g;
} else {
for (j=i;j<=m;3i++) a(jl(i1=0.0:
}
++a(i} (i);
}

for (k=n;k>=l;k--) {
for (its=1;its<=30;its++) {
flag=1;
for (l=k;1l>=l;l--) {
nm=l-1;
if (fabs(xvl{l])+anorm == anorm) {
flag=0;

156




break;
}
if (fabs(w[nm])+anorm == anorm) break;

}

if (flag) {
c=0.0;
s=1.0;

for (i=l;i<=k;i++) |
f=g*rvl[i];
if (fabs(f)+anorm != anorm) {
g=w(i];
h=PYTHAG(f,q)
w(i)=h;
h=1.0/h;
c=g*h;
" a=(-f*h);
for (3=1;j<=m;j++) |
y=a(j] [nm];
z=a(3] [i];
a(j] [am])=sy*c+z*s;
a(j] (L)=z*c-y*s;
}

}
zew(k];
if (1 == k) {
if (z < 0.0) {
wik] = =-z; .
for (j=1;3j<=n;j++) v([jl(kI=(-v(j}(k]);
}
break;
}

x=w(l]);

nmek-1;

y=w (nm] ;

g=zvl(nm];

h=rvl (k]

f=((y-z) *(y+z)+(g-h) * (g+h) )/ (2.0*h*y) ;
g=PYTHAG(f,1.0):

f=((x=2)* (x+2)+h* ((y/ (£+SIGN(g,£)))~-h)) /x;

c=s3=1_0;
for (j=1; j<=nm;j++) |

i=j+1;

g=rvl[i];

y=w(i]:

h=s*qg;

g=c*g;

z=PYTHAG(f, h);

rvi(jl=z;

c=f/z;

s=h/z;

f=x*c+g*s;

g=g*c-x*s;

hwy*s;

y=y*c;

for (jj=1l:3jji<=n;3jj++) {
x=v {331 [3]:
z=v(jj} [i]:
v(3jl [l =x*c+z*s;
v(jj) (i) =z*c-x*s;

}

z=PYTHAG(f,h);

wijl=z;
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if (z) {
z=1.0/z;
c=f*z;
s=h*z;
}
f=(c*g)+(s*y);
x=(c*y) - (8*q);
for (jj=1;3j<=m;jj++) {
y=a(3ijl (3);
z=aljj] (1];
aljjl [J1=y*ct+z*s;
aljjl [(i]=z*c~y*s;
}
}
rvl{1l]=0.0;
rvl(k]=£;
wlk]=x;

/* THE DIRECTIONS CORRESPONDING TO THE SINGULAR
VALUES */

for (i =1; i <= n; ++i )

for ( j = 1; § <= n; ++3j )
{

direction{i)[3) = ali][3]:
}

for (i =1; i <=m; ++i )

for ( j = 1; 3§ <= m; ++3 )
{

atransp[i] (3] = a(j)l[i);
}

/* THE SINGULAR VALUES OF THE DECOMPOSITION */
for (i = 1; i <= n; ++i )

if ( fabs(w[i]) < 0.00001 )
{
w(i] = 0.0;
}
}

for (i = 1; i <= m; ++i )
{
for ( ii = 1; ii <= n; ++ii )

( if (i == ii)
;ig[il[iil = w(i];
;f (i t=ii)
%ig[i][ii] - 0.0;
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for ( i
{

/*

det = 1.
for ( i

/*

for (i

}

= 1; 1 <= n; ++i )

if (i == 1 && (fabs(sig[l][1}) > 0.00001) )
{
larggest = sig{1](1];
selectionl{0] = i;
smallest = sig{l]({1l];
selection(0) = i;
}

if (i == 1 && (sig(1l](1] == 0.0) )
{
larggest = sig(2](2];
selectionl([0] = i;
smallest = sig(2](2];
selection([0] = i+1;
}

if ((sig[i][i] < smallest) && (fabs(sig[i][i]) > 0.00001 ))
{

smallest = sig(i](i}];
selection(0] = i;

}
if ((sig(i]([i] > larggest) && (fabs(sig(i]f{i]) > 0.00001 ))
{
larggest = sig[i] [i]:
selectionl (0] = i;

THE DETERMINANT OF THE DECOMPOSED MATRIX */

0;
= 1; 1 <= T7; 4+i )

if ( sig(i) (i) != 0.0 )
{

det = det*sig(i][i];
}

DETERMINING THE INVERSE OF THE JACOBIAN */
= 1; i <= m; ++i )
for ( ii = 1; ii <= m; ++ii )
( if ( (i == ii) && (fabs(sig[i])(ii]) > 0.0) )
wili][ii] = 1.0/sig(i])[ii);
if ( (i == ii) && (fabs(sig(i}[ii]) == 0.0) )
wifi)[ii] = 0.0:
if (i !'= ii)
{ wi{i)(ii] = 0.0;

}
}

for (i =1; i <= m; ++i )

{
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for ( § =1; j <=m; ++3j )
{
for ( iii = 1; iii <= m; ++iii )
{
pli) [J) = v[i)(iii]*wi(iidi] (3]
+p (i1 (3}:
}
}
}
for (i =1; i <= m; ++i )
{
for ( j = 1; j <=m; ++j)
{
for ( iii = 1; iii <= m; ++iii )
{
inv({i] [j] = plil(iii]l*atransp{iii](]j] + inv{i](]]:
}

/* THE INVERSE OF THE PRODUCT OF:
(JACOBIAN) * (TRANSPOSE OF THE JACOBIAN) */

for (i = 1; i <= n; ++i)
( for ( ii = 1; ii <= m; ++ii )
( for ( iii = 1; iii <= n; ++iii )
{ prod_inv([i] [ii] = inv(iii]{i]*inv{iii](ii])
+ prod_inv[i] (ii];

}

/* changing the name of a that has contents of u to contents
of prod_inv */

for (1 = 1; i <= n; ++i )
{
for ( ii = 1; il <= n; ++ii )
{
a[i] (ii] = 0.0;
}
}

for (i = 1; i <= n; ++i )
{
for ( ii = 1; ii <= n; ++ii )
{
afil(ii] = prod_inv({i][ii];

}
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