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ABSTRACT

The joint torques and the joint veiocities of a robot manipuiator depend on the

joint configuration of the manipulator. In a near singular configuration, the joint
velocities required to move the end-effector in certain directions get extremely

high. In some configurations, the joint torques required for the end-effector to

apply a force along a certain direction may also get extremely high. Redundant
manipulators allow the end-effector to reach a desired position and orientation with

an infinite number of joint configurations. Thus joint configurations requiring

lower joint velocities or torques may be chosen to follow a desired trajectory.

Choosing configurations requiring lower (minimum norm) joint veiocities to

track a desired end-effector trajectory results in minimum overall movement of

the joints. We refer to such manipulator motion as efficient motion. Efficient

motion is achieved by maximizing the Manipulator Velocity Ratio (MVR) [2] in the

direction of motion, or in the direction in which it is minimum, depending on the

nature of the end-effector trajectory. Improving the performance criterion that

utilizes the Manipuiability Measure [14] also results in low joint velocities in

certain directions.

Choosing configurations that require the minimum joint torques for a certain

magnitude of external force is also desired in some cases. In order to lower the joint

torques, a performance criterion that is based on the Manipulator Mechanical

Advantage (MMA) [2] Is maximized. Maximizing MMA in the direction of the

applied force results in configurations requiring lower joint torques for a desired

end-effector force.

The control schemes utilized in this thesis use kinematic and local optimization

techniques which are based on the gradient projection method. The control schemes

mentioned above are applied to the NASA Latx>ratory Telerobotic Manipuiator

(LTM). Simulations were performed using a solid model of the LTM on the Silicon

Graphics workstation. The software was written in "C" language for higher speed

and portability.
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CHAPTER 1

INTRODUCTION

1 .1 BACKGROUND

Robot manipulators are computer controlled manipulators consisting of

several links connected together either by revolute or prismatic joints. Usually one

end of the chain Is attached to a supporting base while the other end has a gripper

attached to It and Is free to move In the work space of the robot. The robot

manipulator Itself Is composed of an arm and a wrist sub-assemblies. For a

six-degree-of-freedom robot, such as the Cincinnati Mllacron robot (Figure

1.1), the arm sub-assembly can move with three degrees of freedom that will

result In positioning the mechanism. The wrist subassembly consists of three

rotations referred to as the pitch, yaw, and roll. These rotary motions result In

orienting the mechanism. With six degrees of freedom, a robot end-effector can

attain any position In the workspace of the robot If no singularities occur within Its

work space. Three degrees of freedom are required to achieve translatlonal motion

and another three degrees of freedom are required to achieve rotational motion In a

three dimensional space. Unfortunately, a manipulator Invariably reaches singular

configurations within Its workspace. In such configurations, the joint velocities

required to move the end-effector In certain directions get extremely high.

Whenever a manipulator encounters a singular configuration. It looses a degree of

freedom and becomes unable to move in a certain direction. Therefore, it Is highly

desirable to use manipulators with more than the minimum number of degrees of

freedom required to perform a desired task. Such manipulators are referred to as

redundant manipulators.

Most of the redundant manipulators that exist today are confined to research

work. Two of these robots are the seven-degree-of-freedom CESAR manipulator at

the Oak Ridge National Laboratory (Figure 1.2), and the Laboratory Telerobotic

Manipulator (LTM) at the NASA Langley Research Center. The LTM, shown In
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Figure 1.3, is aiso a seven-degree-of-freedom manipuiator. The arm has three
pitch/yaw joints that provide the shoulder, the elbow, and the wrist joints. The
seventh degree of freedom is provided by the wrist roil motion.

The redundancy of a manipuiator plays an important role in increasing its

flexibility. Flexibility is defined here as the ability of the manipuiator to move in
any direction with a minimal encounter in joint singularities. Redundancy occurs
when the dimension of the joint space is greater than the dimension of the

operational space required to perform a certain task [7]. For redundant
manipulators, the kinematic linear equations relating unknown joint velocities to
given end-effector velocity components in world coordinates do not have a unique
solution. An infinite number of solutions are possible in such a case. Increasing the

flexibility of a manipuiator requires the utilization of the null space of the
Jacobian. The null space of the Jacobian, whose dimension depends on the number of

degrees of redundancy of the manipulator, provides the manipuiator with infinite
number of joint configurations. Since the null space of the Jacobian does not

contribute to the motion of the end-effector, it can be used to select a joint

configuration that can improve the performance of the manipuiator while tracking a

certain desired trajectory.

Several performance measures that utilize the null space and improve the

performance of the manipuiator have been utilized in the past years by several
researchers. These performance measures include the Manipulabiiity Measure,

^detdJ"^) [14], the Manipulator Velocity Ratio (MVR) and the Manipuiator

Mechanical Advantage (MMA) [2]. Luh and Gu [8] used the trace(jj'^) to study the
efficiency and the flexibility of a redundant manipulator. Paul and Stevenson [i 1 ]

used the determinant of J as a performance measure for non-redundant wrists.

Optimization of performance measures can be based on either the global or the

local performance, and on either the kinematic or the dynamic performance [13].

Local optimization may not result in a better overall performance for the desired
trajectory, while on the other hand global optimization may provide a better

solution in terms of overall performance. However, local optimization schemes are

preferred to global optimization schemes due to being less computationally complex

4
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and faster to operate in real time. Dynamic optimization considers the arm

dynamics In the process In order to minimize the required joint torques[6], while

static optimization considers only the arm kinematics. Dynamic optimization can be

used to optimize the kinetic energy and achieve load balance, while kinematic

optimization Is used for handling Important Issues such as avoiding singularities,

Improving the flexibility of the arm, and avoiding collision with obstacles.

1.2 THESIS OBJECTIVES

The joint velocities required to translate and rotate the end-effector with a

given speed depend on the direction of motion as well as the orientation of the

end-effector. Different arm configurations result In different joint velocities.

However, It Is always desirable to choose those joint configurations that require the

least joint velocities. Choosing joint configurations that require lower joint

velocities to track a desired end-effector trajectory results In the minimum overall

movement of the joints. We refer to such manipulator motion as efficient motion.

On the other hand, an Infinite number of joint torques can result In providing a

unique force vector applied by the end-effector on the environment. Choosing joint

configurations that result In lower joint torques can be achieved by utilizing the

redundancy of the manipulator.

Three performance criteria that Improve the performance of the LTM are

utilized In this thesis. These are: The Manipulator Velocity Ratio, The Manipulator

Mechanical Advantage, and the Manlpulablllty Measure criterion. The Manipulator

Velocity Ratio (MVR) Is defined as the norm of the transformed end-effector

velocity vector to the norm of the least norm transformed joint velocity vector [2].

Control schemes that Improve MVR In both the direction of motion and In the

direction of the minimum singular value of the Manipulator Velocity Ratio Ellipsoid

are applied on the LTM. The Manipulator Mechanical Advantage (MMA) Is defined as

the ratio of the end-effector transformed force norm to the norm of the transformed

joint torque vector. Control schemes that deal with Improving MMA In the

direction of the applied force are also utilized. The Manlpulablllty Measure



criterion that can be used in a controi scheme to avoid singularities in ail possible

directions is also applied to the LTM. This performance criterion uses the control

scheme introduced by Yoshikawa. A comparison between these controi schemes that

utilize the null space of the Jacobian along with the least norm scheme for different

performance measures is presented to reflect the feasibility of these controi

schemes for certain tasks. These schemes use local optimization techniques and the

gradient projection method. By simulation, we will also investigate an important

issue concerning the stability of the above controi schemes together with the least

norm scheme.

1.3 THESIS OUTLINE

Chapter 2 presents a kinematic control of redundant manipulators. Chapter 3

presents a controi scheme for improving the efficiency and the mechanical

advantage of redundant manipulators. Chapter 4 deals with a controi scheme

implementation on the NASA Laboratory Teierobotic Manipulator. The kinematic

control software is discussed in chapter 5. Chapter 6 contains computer simulations

that demonstrate the effectiveness of the controi schemes discussed in chapter 4, and

chapter 7 presents conclusions and recommendations.



CHAPTER 2

KINEMATIC CONTROL OF REDUNDANT MANIPULATORS

This chapter presents an efficient gradient projection scheme[3] for a

seven-degree-of-freedom manipulator with a spherical wrist. This scheme avoids

finding the Moore-Penrose inverse of the 6x7 Jacobian and is well suited for real

time implementation. This chapter will show that using this scheme, a closed form

solution for the joint velocities can be obtained.

2.1 THE GRADIENT PROJECTION METHOD

The kinematic equation relating the end-effector velocity vector x

(dimensioned as mxl, where m <= 6) to the joint velocity vector £ (nxl) is given

by the following equation:

X = J£ , (2.1)

where J is an mxn Jacobian matrix. If m = n (i.e. J is a square matrix) and all

columns or rows of J are linearly independent, then the joint velocities required to

achieve a certain end-ettector velocity are unique. The joint velocity vector will be

given by:

fi = J" i . (2.2)

If m < n (i.e. J is rectangular), then numerous joint velocity vectors exist

for a desired end-effector velocity. The joint velocity vector can then be computed

as:

fi = + (I-J''j)i . (2-3)

where J"^ is the Moore-Penrose inverse of the Jacobian. Since J has a rank <= m

and since m < n, this means that £ which is an nxl column vector has components

8



in two subspaces, namely the row space and the null space. Recall from linear

algebra that any space can be divided into two orthogonal complements. The row

space of J has a dimension equal to the rank(J), and the null space of J has a

dimension equal to (n - rank(J)). Therefore, 0. has a component in the row space

of J and another in its null space. The first component in equation (2.3) , J"^ x .

represents the projection of i onto the row space of J. This component is called

the least norm solution of 0 because it is the minimum solution to x = J Q. • The

second component, (I - which is the orthogonal complement of J"*" s,, lies in

the null space of J and is referred to as the null space solution since it does not

contribute anything to the motion of the end-effector. The vector ^ is an arbitrary

velocity vector, and (I - is a projection matrix that projects onto the null

space of J . Since ^ can be any arbitrary vector, it is often appropriately selected

to improve the performance of the robot arm. Let H(0) represents a performance

criterion which is a function of the joint angles. Using the gradient projection

method, this criterion can be improved by substituting KVP(9) for Equation

(2.3) will then become:

0 = -f- K(I-J''J)YH , (2.4)

where the coefficient K is a real number and YH(0) is the gradient of H(0). The

gradient of H(0) is computed as follows:
T

VH = J3H/90J 9H/302 ••• 0H/30^j (2.5)
Since the kinematic control scheme presented in this chapter applies to

seven-degree-of-freedom manipulators, 0 is a 7xi column vector. Let the

end-effector velocity vector be an mxi vector which with its maximum components

can be represented by:



x=[V V V ®h.y ®h.zj , (2.6)

where the first three components of this vector represent the linear veiocity of the

end-effector (hand) and the other three components represent the angular velocity

of the end-effector. The Jacobian used in this case will then be a 6x7 matrix.

if we assume that the rank of J is 6, then there exist six independent coiumn

vectors in J. If these independent coiumns are grouped together seperating the

dependent column from the other six independent columns, then J can be

partitioned as:

J = [a/] , (2.7)

where J* consists of the six independent columns of J and a represents the
«

dependent column of J. If we rearrange the elements of fit with the redistribution

of the columns of J, the kinematic equation of motion can be written as:

X = [aj*]fi .  (2.8)

2.2 HOMOGENEOUS AND PARTICULAR SOLUTIONS

The joint velocity vector fi. can be represented as a combination of a
•  •

particular solution (^) and a homogeneous solution (^):

fl = 4)

Both the particular and the homogeneous vectors are of dimension 7x1. The

particular solution can be determined by choosing the first element in this coiumn

1 0



vector as zero, and the remaining eiements can be obtained from equation (2.8). ̂

can be shown to be:

0

(2.10)

The homogeneous solution can be obtained by arbitrarily choosing the first

element as i, and the remaining eiements of the homogeneous solution can be

obtained by solving for in the following equation:

[aj*]4 = 0 • (2.11)

The homogeneous solution for can then be shown as:

1

... . (2.12)
-J ot

Substituting equations (2.10) and (2.12) into (2.9), we obtain the following:

K

J*"^(i-Ka)
(2.13)

2.3 DETERMINATION OF THE LEAST NORM SOLUTION IN TERMS
«  •

OF fip AND

Let us now derive a relationship between the least norm solution, ,and

the particular and homogeneous solutions for From equation (2.9), the square of

11



the norm of Q can be expressed as:

i2

Mill = llfip+ Ka^ll

= (s,+ Ka,)\+ Ka,) (2.14)

Since we are interested in getting the minimum value of Q. (i.e. the ieast norm), ali

what we need to do is to take the partial derivative of the above equation with respect

to K, set the resuiting equation equai to zero, solve for K, and then determine
•

0  . based on that vaiue of K. K can then be expressed as:
■^min

K = -^ayaJi. (2-15)
Substituting for K in equation (2.9), the least norm solution can be expressed as:

a^ = a,- [aji/ajeja, . &«)
•  •

Substituting partiaiiy for fip and in the above equation, we can show that:

(2.17)

2.4 DETERMINATION OF THE NULL SPACE SOLUTION

Having found the ieast norm solution, we stiil need to determine the nuil space
soiution (the second term in equation (2.4)). In this section we wiil show that the
nuil space solution is the projection of the gradient of the performance criterion

1 2



H(e) onto the null space of the Jacobian. Chapter 3 presents the gradient of several

performance criteria. According to equation (2.4), let the null space solution be

given as:

Kd-j'^DYH = k[Yh\/^^K • (2.18)
It can be proven that (I - J"*"!) is a projection matrix that projects any vector

onto the null space of J. Let us rename this prjection matrix as P. In order for P

to be a projection matrix, it has to satisfy the two following properties [12]:

(i) it equals its square: P^ = P.

(ii) It equals its transpose: P^ = P.

The above conditions can be shown to be true for P = I - J"^J. We stiii need

to show that P projects vectors onto the null space of J. Recall that the least norm

solution for fi., J"^ x. lies in the row space of J. Recall also that the only space

orthogonal to the row space is the null space. Therefore, if we try to project the

least norm solution onto the null space of J we should get a zero for an answer. If

we can prove that using the projection matrix P, then P is indeed a projection

matrix that projects vectors onto the null space of J. The projection of the least

norm solution using P, is represented as:

PCJ^x) = (I-J^J)(j''x)
T+ ' ¥+T T+'

= J X - J J J X

= J^X-J^X = 0 , (2.19)

where J'^J J"^ can be shown equal to J"*" [i 2]. This proves that (I - J'^J) is a

projection matrix that project vectors onto the null space of J. Since fi. can be

decomposed into a homogeneous and a particular solution, the direction in which the

null space solution must lie is the direction of the homogeneous solution (because

the direction of the least norm solution is orthogonal to the direction of the

1 3



homogeneous solution). Therefore equation (2.18) Is valid.

2.5 DETERMINATION OF THE SCALER CONSTANT K

The coefficient K In equation (2.4) was mentioned to be a sealer constant

whose value Is limited by the bounds on the joint velocities. In the following

section, we will Implement a scheme, proposed by Euler et al. [4], for determining

the sealer constant K. The joint velocity vector of a redundant robot consists of a

least norm (min) part and a homogeneous part, written as:

k = L: + L . (2-20)
Tnm n

Let the upper and lower bounds on the 1^"^ joint velocity be ^ and j

respectively, and the upper and lower limits on K be j and ^ which

are determined as follows:

K  . = 018X^(0 .-0 . ■)/Qu- » ("0 ® / »(2-2i)max.i max.i mm.i''' h,i ' ^ max.i h,i / ' ''

and

K . . = minf(0 .-0 . .)/0. . , (-0 -0 ■ .)/0, . ) . (2.22)min,i V*- max.i min.i'" h,i ' ^ max.i mm.i-" h,i / '■

For the joint velocities of a redundant robot of n joints to be within bounds, the
upper and the lower bounds on the sealer constant K should determined as follows:

K  = min(K „ ,, K „ ..., K J , (2.23)
max max.i max .2 max.n

and

K . = max(K . ,, K ..., K . ) . (2.24)
mm mm.i min.2 min.n'

If K Is Chosen for K, then the criterion H(0) will be maximized.
max

otherwise; If Is chosen for K, then H(0) will be minimized. In this case

Kmax 'S greater than If Is less than K^j„, then a value of K does not
1 4



exist such that the joint velocities are within their bounds, in this case, even the

least norm solution results in high joint velocities.

15



CHAPTER 3

EFFICIENCY AND MECHANICAL ADVANTAGE

3.1 INTRODUCTION

The joint velocities required to move the end-effector of a robot manipulator

with a desired velocity depend on the manipulator configuration. Similarly, the

joint torques required for the end-effector to apply a certain force while tracking a

prescribed trajectory also depend on the manipulator configuration. Choosing

configurations that require the minimal joint velocities results in the minimum

overall movement of the joints. Such motion is referred to as efficient motion. On

the other hand, choosing configurations that require the minimum joint torques for

a certain magnitude of external force is also desired in some cases.

In order to minimize the joint velocities of a manipulator, we can improve the

Manipulator Velocity Ratio (MVR) [2] in either the direction of motion of the

end-effector or in the direction corresponding to the minimum singular value.

Improving the performance criterion that utilizes the Manipulabiiity Measure [I4j

also results in low joint velocities. In order to lower the joint torques, a

performance measure such as the Manipulator Mechanical Advantage (MMA) [2] can

be improved. This chapter deals with the derivation of the control schemes that are

based on the above performance criteria.

As we mentioned before, the kinematic equation required to describe the

relationship between the end-effector velocity and the joint velocities is given by

the following:

x = Jfi , (3.1)

where k is an mx1 vector which at most consists of three translational and three

rotational velocities which are v^, Vy, v^, and co^, 0)^, co^ respectively. E is an
#  * •

nx1 vector consisting of ail the n joint velocities: Sj,

1 6



matrix called the Jacoblan, and whose elements are given by Jjj = .

3.2 THE STATIC FORCE RELATIONSHIP

Having defined the kinematic relationship between the end-effector and the n

joints of a redundant manipulator, let us define another relationship between the
actuator drive torques and the resultant force and moment applied at the

manipulator end-effector. In this case, our focus will be upon the forces and

moments which act on the manipulator arm when It Is at rest. Remember that each

joint of the manipulator Is driven by an individual actuator. The torque Inputs from

each of these actuators Is transmitted through the arm linkages to the end-effector

where the resultant force and moment act on the surrounding environment. The

relationship between these joint torques and the force and moment acting on the

end-effector of the arm can be derived from the principle of virtual work [ij.

Recall that the manipulator Jacoblan relating the Infinitesimal joint displacements

39 to the Infinitesimal end effector displacement 3x Is given by:

3x = jafi . (3.2)

Considering the virtual displacements at each Individual joint and at the

end-effector, the virtual work done by the joint torques, and the end-effector forces

and moments can be shown as;

where X Is an nx1 vector consisting of the joint torques applied by the joint

actuators. These torques are X^ X^,..., X^^. We will call F the end-effector force

and moment vector. It Is an mx1 vector which at most consists of three force terms

(f^, fy, f^) and three moment terms (m^, my, m^). J Is the mxn manipulator

Jacoblan defined as above.

The principle of virtual work states that In order for the arm linkage to be at

1 7



equilibrium, the virtual work should vanish for any arbitrary joint and

end-effector displacements. Substituting equation (3.2) into equation (3.3) we get:

=  (3.4)

So whatever may be, must vanish. For this to happen, the following

equation should be satisfied:

T = /f . (3.5)

3 .3 TRANSFORMATION OF THE KINEMATIC EQUATION AND THE

STATIC FORCE RELATIONSHIP

One thing we need to deal with when using the above equations is that we do not

have a consistancy in units. For instance, the x vector has linear velocities and

angular velocities. The linear and angular velocities obviously have different units.

The same thing applies to the force vector F. In addition to that we may also have

different units for different entries. Each element of the joint velocity vector £,

the joint torque vector I , the end-effector velocity vector x , or the end-effector
«

force vector F may have different units. Some elements of the and I vectors

may have a different range of motion when compared with other elements of the

same vector. As a result, we may want to restrict the motion of certain joints more

than the others, or we may be more interested in the end-effector force in a certain

direction than others. As a result of this, we need to introduce weight factors
•  *

associated with each entry of the following vectors: x . fit. E , and T. Taking this

into account, the norms of the above vectors will then have to be modified as follows:

l-l^x = . lil^e " yj^^^0 ̂

1 8



|E|wf = , |t|w = V- ' (3.7)

where eR*"**", Wq eR"*", Wj eR*"*™, and w.jeR"*" are symmetric positive

definite weighting matrices. Let us introduce the following transformations:

Substituting the above transformation equations in the kinematic equation we get the

following:

•  (3.9)

This represents the new form of the kinematic equation with weighting factors

associated with each of its constituents. The norms of the transformed end-effector

velocity and the transformed joint velocity vectors will then become:

|^|w, = ,and |i|wg = .

Similarly if we introduce the following transformed matrices:

(3.10)

then the equation relating the static end-effector force to the joint torques will be

modified as follows:

~ "^mTn ' (3-12)

where the transformed norms of the force and torque vectors can be shown as:

|el,=7^ III"'=vST  (3.13)

1 9



3 . 4 MANIPULATOR VELOCITY RATIO

For a single-input-single-output mechanism such as the 4-bar mechanism,

the velocity ratio is defined as the ratio of output velocity to the ratio of input

velocity. This concept can be extended to a seven-degree-of-freedom robot arm as

the ratio of the norm of the transformed end-effector velocity vector to the norm of

the transformed joint velocities. For a multiple degrees of freedom robot, we call

this ratio as the Manipulator Velocity Ratio (MVR)[2]. Let denotes MVR which

can be written as;

lil^ , (3.14)

where x is the transformed end-effector velocity in whose direction the
%

manipulator velocity ratio is obtained, and is the transformed joint velocity

vector. Substituting equation (3.10) into equation (3.i4),we get:

r, = ■ (3.15)

Since consists of both a homogeneous and a particular part, an infinite

number of can result for a unique end-effector velocity. In order to show the

validity of this, recall that the kinematic equation of motion is:

X = ja . (3.16)

This can also be written as:

X = J(^-H fij)

=  Jfii

= Jfi,"
=> = J^X . (317)

20



(J^=0.) (3.18)
■  • » •

where is the null space solution for , and Is the least norm solution for .
4

This means If we have a least norm solution for Q. and whatever the null space

solution for may be, we will always end up with the same end-effector velocity

because the null space solution does not contribute anything to the end-effector

velocity. Thus, the manipulator velocity ratio will be unique If Is exchanged

with £j. So as a result we have to redefine the manipulator velocity ratio as the

norm of the transformed end-effector velocity vector to the norm of the least norm

transformed joint velocity vector, can be rewritten as;

.  (3.19)

Substituting equation (3.17) after multiplying Its parts by the weighting matrices

Into equation (3.19), we get:

r = _/x^ X /(J^X )^(J^X ) . (3.20)
V  V —V V V

where Is the Moore psuedo-lnverse of J^. The above equation shows that the

MVR depends on the robot joint configuration as well as the transformed

end-effector velocity. In a more compact form, equation (3.20) can be written as:

•  (3.21)

Equation (3.21) Is valid because It can be shown that (1^+)^ = ( [12]. Let us

define iL^ as a unit vector In the direction of motion of the end-effector. It Is

represented as:
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]k, = k,/y[i^k, . (3.22)
Substituting equation (3.22) into equation (3.21), we get:

(3.23)

3 . 5 GEOMETRIC INTERPRETATION OF THE MANIPULATOR

VELOCITY RATIO

Our prime objective in this section is to prove that the surface formed by the

MVR in every possible direction of motion is an ellipsoid of m dimensions. Also

recall that is defined as an mxn matrix (where m < n ), and as an mxl vector.

In matrix algebra, any mxn matrix A can be decomposed as:

A = Q, 2 Qj . (3.24)

where (mxm) and Q2 (nxn) are orthogonal matrices whose columns constitute

the eigenvectors of AA"^ and A'^A respectively. Z is an mxn diagonal matrix that

consists of the square roots of the non zero eigenvalues of both AA"^ and A'^'A

[12]. These diagonal entries symbolized as a^,... ,a^ ( > 02 > ...> ) are

also referred to as the singular values. This decomposition is called the Singular

Value Decomposition (SVD). If we apply this SVD decomposition technique to the

mxn transformed Jacobian, we can decompose it as:

J,= i;z,vj' , (3.25)

where is a rectangular diagonal matrix expressed as [12]:
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2 =
V

a 0
1

0 or

0

0

(3.26)

Uy, 2^, and are defined In a fashion similar to Q^. Z, and Q2 respectively.

Since the number of columns of the Jacobian is more than the number of rows, the

real inverse of the Jacobian can not be found. Instead, another inverse referred to

as the psuedo-inverse can always be found. The psuedo-inverse of the Jacobian can

be written as:

J,t = yztui , (3.27)

where Z^+ is an nxm diagonal matrix whose diagonal entries are the reciprocal

of Oj Squaring equation (3.23) and substituting equations (3.25) and

(3.27) into it, the following can be shown:

The above equation can also be written as:

1 = (r^)U (ZZy)y(r^)

(3.28)

(3.29)

where is an mxm diagonal matrix with the following diagonal entries:

.... Recall that and Hy have the dimensions of mxm and mxl respectively.

Let us define a vector x as follows:

(3.30)

Therefore,
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= r u^U . (3.31)
V—V V

Substituting equations (3.30) and (3.31) into (3.29), it can be shown that equation

(3.29) becomes;

1 = . (3.32)

Equation (3.32) can also be written as:

1 = (1 / a]) + (1 / a^) y] + ... + (1 / a^) . (3.33)

Geometrically y represents the projection of onto the subspace R'"

spanned by the m columns of with respect to the m basis vectors of U^. Each
th

element of y, call it yj, represents the component of along the i'" column of

Uy. That is, y^ (for i = l,..., m) lies in the direction of g.j (where Uj is the

column of U^). The more interesting fact about equation (3.33) is that

geometrically it represents an ellipsoid in an m-dimensional space. The minor axis

of this ellipsoid is along yj„ that lies in the same direction of u^, and the length of

this axis is a . Similarly, the major axis of this ellipsoid lies along y, that points
m  .

in the same direction of g.p and its length is Cj. This ellipsoid, which from now on

will be referred to as the Manipulator Velocity Ratio Ellipsoid, is shown in Figure

3.1.

To be more concise, all what we have done in this analysis is proving that the

set of all points of r^g^ spanning the m-dimensional space is an ellipsoid of m

dimensions. The change from r^g^ to y has rotated the axes of the m-dimensional

space to match the axes of the ellipsoid. In another sense, equation (3.29) also

represents the same Manipulator Velocity Ratio Ellipsoid except that instead of

being referenced to the rotated coordinate frames (yj) that match the axes of the

ellipsoid, it is referenced to the original coordinate frames (r^g.^).
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''m (minor axis)

(majoraxis)

Figure 3.1. Manipulator Velocity Ratio Ellipsoid.
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3.6 MATHEMATICAL PROOF FOR THE RANGE IN WHICH

MVR OPERATES

We have shown geometrically that the vector moves on an elliptical

surface whose major and minor axes have lengths of and respectively and

lie In the directions of the corresponding columns of the matrix (of the singular

value decomposition of J^). Let us now prove mathematically that:

o <= r <= a,
m  V 1

Let

4 = u^a, . (3.34)

If we substitute this vector and Its transpose In equation (3.29), we will get:

l/irj = (1/0^) + (1/0^) 4 + ... + (1/a^) . (3.35)

If all the singular values of the MVR Ellipsoid are equal to the maximum singular

value, I.e,

a = a = ... = o = 3 (3-36)
2  3 m i

then equation (3.35) can be written as:

l/o^ = (1/0^) + (l/o^) + ... + (l/Oj) a^ . (3.3?)
Subtracting equation (3.37) from equation (3.35), we obtain the following:

Hxl - l/o^ = a2 (l/o^ - l/o^) + ... + (1/a^ - l/o^) . (3.38)

But (l/a2-l/aj2) >= 0 (fori = 2 m), so l/r^2 >= 1/0^2^ and therefore

<= a^. In a similar fashion If all the singular values can be set equal to the
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minimum singular value, we can prove that >- 0^^^. Therefore,

(j <= r <= a . (3-39)
m  V 1

If Oj is zero, then the velocity ratio in the direction of will be zero. This

what is actually referred to as a singularity. In this case, the least norm solution

J+2Lv (where Xy "es in the direction of u^) will approach infinity. On the other
hand, the magnitude of the end-effector velocity will be zero [2]. This means that

the end-effector is unable to move in the direction of Uj.

3 . 7 MVR GRADIENT BASED CONTROL SCHEMES

We can now define a performance criterion Hy(0) that can be used to improve

MVR in the direction of motion of the end-effector. Recall that we defined MVR as

the ratio of the transformed end-effector velocity norm to the norm of the least

norm transformed joint velocity vector. Let us define H^(9) as the inverse of the

square of MVR, written as:

H (0) = !/(J.jya. . (3.40)

Any increase for results in a decrease for H.y(0). In another way, in order to

maximize MVR, we have to decrease its performance criterion. To do that we have to

choose a negative sign for the constant K, that has been defined in chapter 2 as a real

sealer number that is based on the joint velocities limits. Differentiating equation

(3.40) with respect to 0j, we get:

aiijde. = - u^(j.jy^taa.jy30ii a,

=-!!i(j.jy[3(j.jy3e,i(j.ji)\ ■ (3.41)

To make the above equation easier to program, let us define a vector Z as:
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I = (J jya, ■ (3.42)

Substituting this equation into equation (3.41), we get:

anyaei = - yiau^jyaai z

= - aciVI

= - at (jyvy ]/a0i

= - [ aa^ z)Va0. kj^ z) + j)'^t aa^ i

But it can be shown [i 2] that,

(3.43)

[ a(j^ z)7aei kjJ z) = z)7 aa^ z)/ae, i . (3.44)

Therefore, equation (3.43) becomes;

duJdQ. = - 2 (J^ z)^[ a(J^ i)/a0i ] . (3.45)

As we mentioned earlier in the chapter, the end-effector velocity vector

consists of linear and rotational parts. In addition to that, the Jacobian also consists

of two parts: one related to linear motion and the other related to rotational motion.
As a result of that we can partition the end-effector velocity vector as:

=

h,x

h.y

h.z

,and
=

CO
h,x

CO
h.y

CO
h,z

(3.46)

We can also partition the Jacobian as:

=  = [7, i*, - iA,].(3.47)
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Before we proceed further in the analysis, we need to note that the Jacoblan

used for computing this performance criterion and the ones that will be dealt with

later In chapter 3 Is the wrist Jacoblan referenced to the base coordinate frame.

Therefore, the velocity vector used In the kinematic equation of motion Is the wrist

velocity vector referenced to the base coordinate frame. Recall that the relationship

between the end-effector velocity and the wrist velocity Is as follows:
0  0 ,

fiJ,, = % .and

0
5L. = v.- (3.48)

ZjjO is a vector representing the unit vector along the z-dlrectlon of the hand frame

In terms of the unit vectors of the base frame. The wrist velocity vector with

respect to base frame coordinates can also be partitioned as:

W,X

w,y

w,z

,and

CO
W,X

CO
w,y

CO
w,z

(3.49)

Since we are now dealing with linear and angular motion, let us define two

performance criteria: one related to linear motion and uses the linear wrist

velocity vector and the upper half part of the wrist Jacoblan, and the other

performance criterion related to rotational motion and uses the angular wrist

velocity vector and the lower half part of the wrist Jacoblan.

3.7.1 MVR IN THE DIRECTION OF THE END-EFFECTOR MOTION

(LINEAR END-EFFECTOR MOTION CASE)

The transformed linear velocity for the wrist Is shown as:

1/2
= w ,x

x.L-Wl
(3.50)
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where ^ 'S given by:

w , =
x,L

^1 0

0 T
'2

0 0

0  0

(3.51)

where y(s) are sealer constants. Substituting equations (3.5i) and (3.49) into

equation (3.50), we get:

Define u^L

where

%JL

'l w,x

'2 w,y

'3 w,z

/Ut =x / \ I yi X
^v,L V

(3.52)

(3.53)

J
.T . 2 2 2
X  X =Yv+Yv+Yv

1  2 w.y '3 w,z •

Let us also define Wq as a diagonal matrix represented by:

w =
e

1 0

0

30
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where e(s) are sealer constants. The transformed linear wrist Jacobian can be

shown as:

(3.56),  1/2 T „-l/2

Zj can also be represented as:

Zl =

'1

(3.57)

Consequently, an element of the gradient vector of the linear part of MVR in the

direction of motion can be written as:

where is an nxi column vector.
vj-

3.7.2 MVR IN THE DIRECTION OF THE END-EFFECTOR MOTION

(ANGULAR END-EFFECTOR MOTION CASE)

The transformed wrist velocity vector can also be found as:

1/2-

K ^ '

where ^ is given by the following:

w
x,A

Y. 0 0

0  Yj 0

0  0 Y,

(3.59)

(3.60)
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Substituting equations (3.60) and (3.49) into equation (3.59), we get:

-w.
vA

'4 w.x

y1/2qj
'5 w.y

y1/2qj
'6 w,z

(3.61)

Also define a unit vector in the direction of motion of the transformed anguiar

velocity vector of the wrist as:

(3.62)

where the norm of this angular velocity vector is given by:

T  . 2 2 2
X  X =Yco+YOJ +iSiv '/I w.x w.v 1
-^ '4 W.x *5 w.y '6 W,vA"^vA z

(3.63)

The transformed wrist Jacobian related to angular motion is:

andz^ is:

J  = w
^vA * e

Za = ^''w^a'^^vA^ ̂ .A .

(3.64)

(3.65)

The eiement of the gradient vector of MVR with respect to anguiar motion can be

shown as:
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where vector.
V.A

3.7.3 MVR IN THE DIRECTION OF THE MINIMUM SINGULAR VALUE

(LINEAR END-EFFECTOR MOTION CASE)

This control scheme utilizes the maximization of MVR (for linear end-effector

motion) in the direction of the minimum singular value of the Manipulator Velocity
Ratio Ellipsoid. The equations derived in section 3.7.1 also apply to this case. The

only change is to replace l vector in the direction of motion) with

which is the last column of the matrix (from the SVD decomposition of the

upper half of the wrist Jacobian, ) that corresponds to the minimum singular

value.

3.7.4 MVR IN THE DIRECTION OF THE MINIMUM SINGULAR VALUE

(ANGULAR END-EFFECTOR MOTION CASE)

This control scheme utilizes the maximization of MVR (for angular

end-effector motion) in the direction of the minimum singular value of the

Manipulator Velocity Ratio Ellipsoid. The equations derived in section 3.7.2 also

apply to this case. Again the only change is to replace (a unit vector in the

direction of motion) with which is the last column of the U.^, matrix (from the

SVD decomposition of the lower half of the wrist Jacobian, ) that corresponds to

the minimum singular value.
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3 . 8 MANIPULATOR MECHANICAL ADVANTAGE

For single-input-single-output type mechanisms, the transmission ratio is

defined as the ratio of the output force to the input force. In multiple degrees of

freedom robot manipulators, a similar performance measure called the Manipulator

Mechanical Advantage is defined as the ratio of the end-effector force vector norm to

the norm of the joint torque vector [2]. This performance measure abriviated as

MMA is denoted by which is written as:

lll\ , (3-67)

where F and x are the transformed force and torque vectors defined previously
-Wf

in equation (3.7). Substituting equation (3.7) into (3.67), we get:

^ ̂ . (3.68)

If we substitute in the above equation the transformed torque defined in equation

(3.12), the result is:

r„ =

Let us define the unit vector in the direction of the transformed force as:

(3.70)

It can be shown then that the above equation reduces to:

(3.71)
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3.9 GEOMETRIC INTERPRETATION OF THE MANIPULATOR

MECHANICAL ADVANTAGE

If we decompose J using the SVD decomposition technique, we can show that:

Jn, = ,tn m m m
(3.72)

where Z is a trianguiar diagonai matrix expressed as [12]:
m

z  =
m

0 0

0

0

(3.73)

where > \|/2 > — > Squaring the right hand side and the left hand side of

equation (3.71), we write:

m  m Tn' m th

if we substitute the transpose of equation (3.72) into equation (3.74), we get:

=  •

The above equation can be written in a different form as:

(3.75)

Let

1 = air U (Z z'^)U'^r u
^ m m m-' m

(3.76)

(3.77)

If we substitute equation (3.77) into equation (3.76), equation (3.76) becomes:
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1 =

which is the same as:

1 = ¥^b5 + v2b2 + ...+xi/^b^ • (3-79)

Geometrically equation (3.79) represents an ellipsoid of m dimensions. The

minor axis of this ellipsoid lies in the direction of and its length is l/y^. The

major axis lies in the direction of and its length is This ellipsoid is the

surface formed by the end-points of vectors r^Mm spanning the m-dimensional

space (see Figure 3.2).

3.10 MATHEMATICAL PROOF FOR THE RANGE IN WHICH

MMA OPERATES

Let us now show mathematically that in general lies between 1/*P^ and

1  . If we let:
m

and we substitute this equation into equation (3.76), we can show:

Ijx = V 4- \|r^ c^ . (3.8i)
m  l l 2^ ^mm

If all the singular values are equal to the maximum singular value, i.e.

¥2 = V3 = - = Vni = ¥1 . (3-82)

then the following can be written:

^2 = \|r2 Cj -f- v2 + ... -I- \|/2 . (3.83)
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(l/(r^)u^ (minoraxis)

(1/ff^) (majoraxis)

Figure 3.2. Manipulator Mechanical Advantage Ellipsoid.
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Subtracting equation (3.83) from equation (3.81), we get:

2  2- Vj) + - + Cm (Vm " ' <'■»">
But

Therefore,

<=0 . (3.85)

(3.86)
>= •

Similarly we can prove that:
r  <= 1/w . (3.87)
m

Thus, Tjjj lies in the following range:

l/\|r <= r <= lA|/„ . (3.88)

If (for i = 1 m) is zero, then the mechanical advantage in the direction

of Uj will approache infinity. In this case, the joint torques produced by the
actuators will be zero.

3.11 MMA GRADIENT BASED CONTROL SCHEMES

We can now define a performance criterion H^(0) that we can use to improve

MMA in the direction of the force vector applied at the wrist. Let us define Hj„(6)

as the inverse of the square of MMA, written as:

H„(8) = jjlaml . (3.89)
In order to increase MMA, should decrease along the trajectory. In this case,
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the sealer constant K should be a negative number. Equation (3.89) can be expanded

as:

H„(e) =

Differentiating equation (3.90) with respect to 0j, we get:

aH„/30, = [a(jIii„)7aei](j^u„) + (jIa„7p(jlM..)/39i).(3 90
it can be shown that the above equation can be reduced to:

3H„/39, = 2{j;;;M„)73(jlu„)/3ei] . 0.92)

We should make it clear that the force vector (including forces and moments)

used in optimizing MMA is the force vector that is applied at the wrist. Since we are

using the wrist Jacobian, we have to be consistent in using the force vector appiied

at the wrist. Knowing the force vector applied at the end-effector, we can determine

the forces and moments applied at the wrist joint using the following relations:

,  (3.93)

and ^ , (3.94)

The hand moments and forces together with the wrist moments and forces are

referred to the base coordinate frame. is the unit vector along the z-direction

of the end-effector frame but referenced to the base frame.

Since we are deaiing with both forces and moments appiied at the wrist

joint, let us define two control schemes: one control scheme determines MMA based

on using only the force components of the force vector applied at the wrist and the

upper half part of the wrist Jacobian, while the other control scheme determines

MMA based on using the moment components of the force vector applied at the wrist

and the lower half part of the wrist Jacobian.
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3.11.1 MMA BASED ON THE FORCE COMPONENTS APPLIED AT

THE WRIST

The transformed wrist applied force vector is derived as follows:

Em,f ~ , (3.95)

where Wjj is the weighting matrix associated with the force components applied at

the wrist. f 'S the wrist force vector, and Em.f 'S the transformed wrist force

vector. Let Wf f be given by:

^  0

„  (3.96)

aj'2 0

0  a; 0

0 0  a
1/2

where a(s) are sealer constants. j is given by:

F f =—W.f
(3.97)

Em,f can be shown as:

1  *

at'2f
2  y

3  z

(3.98)

We can the define a unit vector in the direction of the force applied at the wrist as:
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where

Let us also define w^ as:

(3.99)

(3.100)

w =
t

p,
0

p

0

(3.101)

Where P(s) are sealer constants. The transformed wrist Jacobian related to the

force components Is expressed as:

.  (3102)

The element of the gradient vector of MMA in the direction of the applied force is

then defined as:

where Jw^Uin,f 'S an nx1 column vector.
mj

3.11.2 MMA BASED ON THE MOMENT COMPONENTS APPLIED AT

THE WRIST

The transformed moment vector applied at the wrist can also be found as:

(3.104)F  =
—m,m ,

where is the weighting matrix associated with the moment applied at the

wrist. Ew m '® ^'3® moment vector, and E^.m ^'3® transformed wrist
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moment vector. Let Wj be given by;

and let Ew^ be given by:

4
0 0

3

II

0 af 0
(3.105)

0

0 6

F
—w,m

m
X

m
z

(3.106)

Em^n be shown as:

,m

4  *

6  ̂

(3.107)

A unit vector in the direction of the moment applied at the wrist is expressed as:

iJ^.' Vi,m —mjn'
F

1,111 m,m , (3.108)

where

. /f^ F = (a + a + a m^) . (3.109)
V ̂n.iir iii.m ^ 4 x 5 X 6 z

The transformed wrist Jacobian related to the moment components of the force

vector applied at the wrist is written as:
„l/2

(3.110)

The i^^ element of the gradient vector of MMA in the direction of the applied moment
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is expressed as:

an /ae = 2(j^ u /[a(/ u )/ae.] , (3.111)

where column vector.
mjn '

3.12 DUALITY OF MVR AND MMA

Recall that the Manipulator Velocity Ratio Ellipsoid was defined by the

following equation:

1 = ■ ('"2'

On the other hand, the Manipulator Mechanical Advantage Ellipsoid was defined by

this equation:

1 = air U (Z z'^)U'^r u . (3.ii3)
^ m m m-' m

Comparing these two equations, we deduce the following:

1) The principal axes of the Manipulator velocity Ratio Ellipsoid coincide with

the principal axes of the Manipulator Mechanical Advantage Ellipsoid.

2) The lengths of the principal axes of the Manipulator Velocity Ratio Ellipsoid

are In Inverse proportions with the corresponding principal axes of the

Manipulator Mechanical Advantage Ellipsoid.

This means that the direction In which MVR Is maximum Is also the direction

In which MMA Is minimum. So actually, whenever we maximize MVR In a certain

direction, we will be minimizing MMA In that direction.

3.13 MANIPULABILITY MEASURE CRITERION

In this section, we will use the Manlpulablllty Measure [14] as a performance

criterion for avoiding singularities as well as for Improving the ability of the
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manipulator end-effector to move in different directions. This section wiii present

a control scheme based on this criterion, if we define G as;

G = j/ , (3.114)

where J is the mxn Jacobian matrix. The performance criterion for singularity

avoidance can then be written as:

H = 7det(G)

= c a ... a . (3.115)
1 2 m

In equation (3.115), m is defined as the number of rows of the Jacobian.

An arm configuration approaches a singular configuration when det(G)

approaches zero. This can happen when any singular value, Oj (for i = l, .... m),

approaches zero. This results in a situation in which the arm can not move in the

direction (the column of the U matrix of the SVD decomposition)

corresponding to a^. In order to avoid any singular configuration, the determinant

of G should not approach zero. One way to achieve this is to maximize the product

of the singular values (i.e. aja2...ajjj). Since the volume of the Manipuiability

Ellipsoid [14] is proportional to the determinant of G, this means that if we

maximize the determinant of G we will also be maximizing the volume of the

Manipuiability Ellipsoid. This will also result in the Manipulabiiity Ellipsoid being

more closer to a sphere than an ellipsoid whose major and minor axes vary

considerably in length. The 1^^ element of the gradient of the Manipuiability

Measure criterion can be shown as follows:

dH/de, = [l/2Vdet(G)] [d(det(G)/d6,] , (3.116)

where 1 = 1,2 n. But det(G) can be expressed as the combination of row #i
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and the cofactors of that row. Thus det(G) can be written as:

det(G) =

where gjj Is an entry In G corresponding to the row and the column. A.. Is

the cofactor of a sub-matrix for G. Differentiating det(G) with respect to 1

results In the following expression:
m  , ,

a[ clet(G) ]/3e, = X < l8li + I'^li Sli) ■
i-1

A,. can be shown as:
ii

Ajj = (-l)^^'det(ai.) , (3.119)

where detCa^j) can be written as:

= X 821 ̂ 2i ■
i=2

A2J can also be expressed as:

A2i = (-l)^'''det(a2i) , (3.121)

where det(a2i) for Instance can be expressed as a comolnatlon of either row 1,3,4

..., or m and the cofactors of that row. Repeating the same procedure for all other

cases of cofactors, and substituting these combinations In equation (3.118), the

derivative of the singularity avoidance criterion with respect to 1 can be shown as:

3[ det(G) ]/3e, = X/ i®ij '> ■

Substituting this equation Into equation (3.116), the element of the gradient for

the singularity avoidance performance criterion can be written as:
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an/ae. = [i/^detcG) ] 1 Aii iSii ■
i,j-l

Let us represent gjj in another form as:

g.. = J. / , (3-124)®ij 1 j

where is the row of J. Differentiating gjj with respect to l results in the

following:

'  ,T

i§ij ~

The relationship between elements in the inverse matrix of G and elements in

the cofactor matrix of G is expressed as:

G:| = A.y(det(G) . (3.126)

Substituting equations (3.125) and (3.126) into (3.123), the element of the

gradient can then be written as:

aH/a0i = (l/2)Vdet(G) X [G'\ (jjj f + j[) . (3.127)
i.j-l

As we did in other performance criteria, we will consider the Manipulability

Measure criterion for two cases: one that corresponds to the linear motion of the

wrist and the other that corresponds to the rotational motion of the wrist. This

means that in one case J consists of the upper half part of the wrist Jacobian

(referred to as Jwj), and in another case J consists of the lower half part of the

wrist Jacobian (referred to as Jw^). The gradients of these Manipulability

Measure cases are:

a) an/aej = (i/2)VdeKG ) X (iJi + iJ- jf) . (3128)
i.j"l "1 ̂ 1

and.
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b) 9H/a0j = (l/2)7det(G^) X [G a' (A Jj + i^j
i.j=l ^A^A

Gj and G^ correspond to Jwj and Jw^ respectively.
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CHAPTER 4

CONTROL SCHEME IMPLEMENTATION ON THE NASA

LABORATORY TELEROBOTIC MANIPULATOR

The LTM, shown in Figure 4.1, is a seven degree of freedom manipulator with a

spherical wrist, and whose joints are all revolute joints. Unlike many industrial
robots, the wrist is designed in such away that the wrist singularities occur when

the hand is pointing to its sides and not when it is pointing straight out. The arm has
three pitch/yaw joints that provide the shoulder, the elbow, and the wrist joints.
The seventh degree of freedom is provided by the wrist roll motion.

4 .1 FORWARD KINEMATICS OF THE LTM

The Denavit-Hartenberg notation [5] is introduced as a way of describing these

kinematic relationships between the joints. This method is based on the 4x4 matrix

representation called the homogeneous transformation matrix. The homogeneous

transformation matrix is represented as:

A =

®3x3 ^3x1

0lx3 1
(4.1)

where R is a 3x3 rotation matrix, P is 3x1 position vector, and 0 is a i x3

perspective transformation matrix whose entries are all zeros. The
Denavit-Hartenberg parameters for the coordinate frames attached to the LTM

joints (Figure 4.1) are listed in table 4.1.

The Denavit-Hartenberg transformation matrix, relating the coordinate

frame to the (i-i)^^ coordinate frame is shown as follows [5];
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COORDINATE SYSTEMS WERE ASSIGNED

ACCORDING TO PAUL'S CONVENTION

Figure 4.1. Laboratory Telerobotic Manipulator with coordinate frames

associated with every joint.

Table 4.1. Denavit-Hartenberg table for the LTM.

0i di Oj ai

(deg) (m) (deg) (m)

01 0 -90 0

02 0 90 ag

03 0 90 0

04 0 -90 34

05 0 90 0

06 0 90 0

07 d? 0 0
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a!-^ =
1

cos 0. -COS a. sin 0. sin a. sin 0. a. cos 0.

sin 0j cos a cos 0.

0

0

sm a.

0

-sin Oj cos 0j Ej sin 0.

cos a.

0

d.

(4.2)

The homogeneous matrix , which specifies the position and orientation of

the 7^*^ coordinate frame with respect to the base frame, is the chain product of

successive coordinate transformation matrices of (fori = i,2 7). This

transformation is expressed as:

T® - a'^A^A^A^A^A^A^1? - (4.3)

The position and orientation of the wrist frame ( 5^"^ coordinate frame ) with
respect to the base coordinate frame can in a simiiar fashion be expressed as

foilows:

Appendix A contains a list of the transformation matrices relating successive

coordinate frames to each other. Appendix B contains derivations of the position and

orientation of both the end-effector (hand) and the wrist with respect to the base

coordinate frame.

4.2 THE WRIST JACOBIAN REFERENCED TO THE BASE

COORDINATE FRAME

In the previous section, the position and orientation of the manipulator

end-effector as well as the wrist joint were evaluated in terms of joint rotations.

In this section we are concerned with the linear as well as the rotational velocity at

which the wrist moves. In order for the wrist to move in a specified direction and
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with a specified speed, it is necessary that the other joints motions be coordinated in
a certain way. In order to coordinate the joints motions, we need to derive the
differential relationship between the joints rotations and the wrist location.

Let be the (6x1) infinitesimal location vector of the wrist. The first three

components of this vector are the linear velocity terms of the wrist, while the other

three are the angular velocity terms. Also, let dQ.be a (7x1) vector representing

the infinitesimal displacements (rotations in this case) of the seven joints. Jurist

can then be thought of as a mapping matrix that maps dQ in to dx^ in

should then satisfy the following relation:

diw = Jwrist^^ •

Dividing both sides of the equation by dt, we get

dx^/dt = J^^jstdQ/dt . (4-6)

In a more detailed form, J^^ist represents the following [1]:

wrist

3x^30^ 3x^302 ••.  3x^307

ayw/901 3y^302 ..

dzjde^ dzjde^

3(0 /30. 3(0, /30, . (4.7)

3(0 /30,
/w

3(0 /302 .. 3(0 7302
Jw

3(0 /30, 3(0 /30- .. 3(0 7302

Thus, the wrist Jacobian can represent the relationship between the joint

velocities and the resulting wrist velocities, as well as the relationship between the
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joint displacements and the wrist position. Each column vector of Jwrist

represent the linear and angular velocity of the wrist joint due to unit velocity of
the corresponding joints.

Since the LTM is a seven-degree-of-freedom robot manipulator with

rotational joints, the wrist Jacobian is a 6x7 matrix whose i^^ column vector J| is
given by the following equation;

1(6) =
4-1

(4.8)

where

r. , = a three dimensional position vector of the origin of the wrist frame
^-1,5

from the origin of the (i-l)*^ coordinate frame expressed in the base
coordinate frame.

li- j = is the unit vector along the axis of motion of joint i expressed in

the base coordinate frame.

The wrist Jacobian is then represented as:

••• Vl6,5 (4.9)

bo bi

Appendix C contains derivations for the wrist Jacobian referenced to the base
coordinate frame.

4.3 THE RELATIONSHIP BETWEEN THE END-EFFECTOR AND THE

WRIST VELOCITIES

So far we have derived the wrist Jacobian relating the wrist velocity vector to

the joint velocities. The Kinematic equation of motion using the wrist Jacobian is
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described by the following equation:

\  = J Q , (4.10)
—w wnst* '

where is a 6x1 velocity vector consisting of the three linear wrist velocities

(  . v^ y , v^^) and the three angular wrist velocities ( , co^ y , ). fi
*  • •

is a 7x1 vector consisting of the joint velocities namely, 0^. 02' • ®7*

Knowing either the end-effector or the wrist velocity vector, we will be able

to know the other due to the following relation that exists between the end-effector

and the wrist velocities (linear and angular velocities):

0  0

0  0 0 _0

(4.11)

(4.12)

where is the unit vector along the z-direction of the end-effector frame but

referenced to the base coordinate frame. cOj^ y , are the angular

velocities of the hand (or end-effector), and v,j ̂  , Vj^ y , Vj^ ̂  are the linear

velocities of the hand. Since is actually the third column in the orientation

matrix of the hand, equation (4.12) can be expressed as:

V
w,x

X

A
>

®h.x a
X

V
w,y -

©,.
h.y X S

v
w,z

N
•

a
z

(4.13)

where dy is the distance between the fifth joint and the end-effector.
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4.4 INVERSE KINEMATICS OF THE LTM

The Inverse kinematics of the LTM is based on using the wrist Jacobian

referenced to the third coordinate frame. The inverse kinematic control scheme

discussed in chapter 2 is applied to the LTM. Closed form solutions for the least

norm joint angles are then obtained for two illustrative cases.

4.4.1 THE WRIST JACOBIAN REFERENCED TO THE 3''*' COORDINATE

FRAME

Let the Jacobian used in the inverse kinematic control scheme be the wrist

Jacobian referenced to the third coordinate frame and not the wrist Jacobian

referenced to the base frame. As a result, we will refer the end-effector velocity

vector and the wrist velocity vector to the third coordinate frame. The wrist

Jacobian referenced to the base frame will only be used in the control schemes that

optimize several performance criteria, if Xj, is the hand (end-effector) velocity

vector referenced to the base coordinate frame, then the hand velocity vector

referenced to the third coordinate frame, will be determined by the following

equation:

% " ̂0% ' (4.14)

where is a 3x3 matrix relating the base coordinate frame to the third

coordinate frame. It is given by:

Ro =

^1^3 ^1^2^3''' ̂ 1^3 "^2^3

C1S2 S1S2

C1C2S3+SJC3 8,0283-C,C3 -S2S3

(4.15)

where C, = cos 9, and S, = sin 0.. The wrist velocity vectors can be obtained
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from the following relationships:

3  3

3  3 ,3

(4.16)

(4.17)

where

4 =

S4C6+ C^CgSg

^4^5^ 6" ̂ 4^6

-S5S6

(4.18)

By using the wrist Jacobian referenced to the third coordinate frame, , the

kinematic equation of motion can then be represented as:

•3 t3 o
X = J 2
—W W

(4.19)

where J^3 [5 given by:

4 =

^4^2^3^4"'' ̂2^2^ 3 '^4^^4 0 -3484 0 0 0

■^4^2^3^4 -^4^^4-32 0 ^4^4 0 0 0

-3^82(^84- a^CjC^- a^CjCj 348384 -^4^4 0 0 0 0

-S2^ S3 0 0 -S4 C4S5 ^4^5S6'^ S4C!6

C2 0 1 0 C4 S4S5 84C585- C^Cg

■S2S3 ■C3 0 1 0 C5 -S5S6
(4.20)
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4.4.2 THE PARTITIONING OF pOR USE IN THE INVERSE KINEMATIC

CONTROL SCHEME

If is a full rank matrix, and If SL represents the dependant column, then

2^3 can be written as:

(4.21)• 3 3*

J 3* can be partitioned as:

f*=
w

3*
r'w.l

0

'J 3f(

1  T
w,2 w,3

(4.22)

Where each of the constituents of J^3* jg a 3x3 sub-matrix. If we replace J* by
•  •

J^3* in equations (2.10) and (2.12), then we can compute and i^by simply

determining J^3* -i^^3 and -J^3* -i^. if i and jl are set equal to Xw^ and

respectively In one case (particular solution case), and z and y. are

set equal to and respectively In another case (homogeneous solution

case), then we can determine ^ by solving for It In the following equation:

3*

X = z ' (4.23)

where x and z are 6x1 vectors. If x and z are also partitioned Into two 3x1

vectors, namely Xi and X2 • and z^ and Z2 respectively, then It can be shown [3]

that Xi and X2 are determined as:
■j* 1

(4.24)3* -1
y-1 = K,i h '

and
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3» .1 3* , ,
- •'w.3 (i2 -

•  •

Knowing and ^2 means that we already know and

4.4.3 DETERMINING THE LEAST NORM SOLUTION

Recall from equation (2.17) In chapter 2 that the least norm solution was
•  •

expressed In terms of and . In this section we will get a closed form solution

for the least norm solution using equations (4.24) and (4.25) above, and equations

(2.10) and (2.12) from chapter 2. We will concentrate on getting the least norm

solution for two cases in the following analysis: by eliminating the first column of

the wrist Jacoblan for one case, and the second column of the wrist Jacoblan for

another case.

4.4.3.1 ELIMINATING THE FIRST COLUMN

The particular solution for In closed form can be expressed as follows:

Gpj = 0 . (4.26)

where A = -324484,

^4^4 4484
3
V
w,x

= (1/A)
V ̂4*^3^4 ^4^3^4

(4.27)

.V
3
V

• w,y

6p3 = K^S3S,)ap2 - j/a,C, . (4.28)
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p5 ^4^5^6"^4^6 ^4^5*^6'''^4^6 -S5C6

p6 = (1^6) ^4^5^6 ^4^6 C5S6

C4C5 S.Cj ■S5
P7 L (0 + C,0„,- 0 .3 p2 p4

(4.29)

4

The vector can be obtained by setting the element = 1. and the rest of

the elements of are obtained from equations (4.27), (4.28) and (4.29) by

replacing Gpj with 0^^ . The element of the wrist velocity vector Is also
replaced by the element of vector -g,. The following equations can then be
shown:

^hi = 1

"0h2
= (1/A)

^4^4 ^4^4 ir'^^4^2^3^4"'" ^2^2^3^
82+ ^4^2^3^4

(4.30)

.  (4.31)

®h3 ~ (^4^3^4^^h2" ^4^^2^3^4'^ ^2^4^ " ^2^2^3

®h5 ■C4C5C6-S4S5 ^4^5^6'^4^6 -S5C6 ^2^ "^3®h2

0h6 = (i/Sfi) C4S5S6 ^4^5^6 C5S6 '^2"®h3

9h7 ^4^5 S4C5 -S5 ^2^3^^3®h2'®h4
(4.33)
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4.4.3.2 ELIMINATING THE SECOND COLUMN

By eliminating the second column of , the particular solution for Q. In

closed form can be expressed as follows:

0 - = 0 . (4.34)
p2

pi

ep3

p4

= (1/A)

a?cV. +a!c,S,v„^
'4*^4 *w,x 4 4 4 w,y

{ 44C^(a4S2C3S^+

+ a4S4(a4S2C3S^+a4C2C4+a2C2C3)v^ y- 42a4C2C4S3V^

^4^2^3^4Vx'*" ®4^4^®4^2^3^4''" ̂ ^2^3^^w,y
(4.35)

where A = a42a2C2C42S3.

'«p=' -S4S6+C4C5C6 ^4^6"'" ̂ 4^5^6
.

-C6S5
co^ +S,C6„,
w,x 2 3 pi

V = (1/S^ C4S5S6 ^4^5^6 C5S6 co^ -CJ ,-9-
w,y 2 pi p3

C4C5 S4C5 ■^5 , (a +S,si.-0 .2 3 pi p4

(4.36)

•  * •

Again If we set ej^2 = r®P'ace with and replace the r element of

the wrist velocity vector with the element of the vector -a, we should get the

following solution for
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9^2 = 1 ■
<4.37)

'hi

'h3

'h4

= (1/A)

{"^4C3S4C4(a^S2CjS4+

+ ̂454(340304+ a2)(a4S203S4+ 340^0^+ ajOjOj) + a^a^OjSjO^S^ }
-aXc3S30X+a404(a40304+a2)(a4S2S3S4+a202S3)

(4.38)

®h5 -S4S6+ C4CjCg ^4^6"*" ̂ 4^5^6
-S3 + S2C30^j

0h6 = (l/Sfi)
C4S5S6 ^4^5^6 C5S6 ■^2®hr®h3

®h7
C4C3 S4C5 ^3"'" ^2^3®hr®h4

(4.39)

4.4.4 NULL SPACE SOLUTION

The null space solution, which is the projection of the gradient of the

performance criterion H(0) onto the null space of the wrist Jacobian (see chapter
2), can be found as follows:

K(I - rj) VH = k[Vh\/^ , (4.40)

where VH is the gradient of the performance criterion H. K is a sealer constant
whose value is limited by the bounds on the joint velocities.
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4 . 5 KINEMATIC CONTROL FOR HIGHER EFFICIENCY

Recall that in chapter 3 Efficiency was defined as the ability of the

manipulator to acquire certain configurations that require the minimal joint
velocities that can result In the minimum overall movement of the joints. A

performance criterion based on MVR was defined in chapter 3. A control scheme
that uses the gradient of the MVR criterion is applied to the LTM . An element of

the gradient vector of the linear part of MVR in the direction of motion can be
written as:

where is a 7x1 column vector, whose elements are given as:
vj-

.  (4.42)

= Y,"^,Ps5"^i+ rfS,P5e-"2zj+ yj'2(-S,P5^-CjP5)e5'°Z3 ,
(4.43)

S^S^CPs + a^s^) - a^qs^)

+  - C^S2(P5 + 3282) + C2(P5 - a2C2Cj) ]e^^'^Z2
'2

+  CjSjiPj - a^CjS,) - SjSjCPs - a^CjC^) ]e3"^z3 ^ (4 44)

4  = Yfl(SjC:jS3-C,C3)(Pj+ ajSj) + (SjS3)(P5-a3CjS,)]c-"'2z,
"vjL 1 * y

+ tJ'^-(C,C3S3+ S.CjXp, + ajSj) - (SjSjXPj^- a^CjC,)

+ Yf[ (C,CjS3+S,C3)(P5 -ajCjS,)- (P5 - a3CjC,)(S,C3S3-C,C3) ]EJ"4z3
j  y X 4

(4.45)
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The element of the gradient vector of MVR with respect to angular motion
can be deduced as:

,  (4.47)

where is a 7x1 vector whose entries are shown below:

■'w./aI'I = . (4.48)
=-y/S,e-"2z, + YfC,e->'2z5

■>1 At'l = , (4.50)v,A

(C,CjS3 + S,C3)e;"2z, + 7f( S.qs, -
+ Yf(-8283)6-"% (4.51)

jI^^ZaW = -•*'4"(-84C,n^ + 848,8, +C4a,)e;"2z4
- l'5"(-S6C,iV 848,8, + €4^, )6^"2z5
-T'4'^(-84C,n, H-848,8, +€41^)6-"% , (4.52)

JI AW = ^7", + ^7% + C,^ 'V'" ̂ 5"v^ " 4

''6 ^ "T-z • -7-z '-6+  )Z ^'\ ^ (4.53)

+ Yf[(Py-P5^)/d7]e7^'S
+ T^'^[(Pz-P5,)/^^S"'''^6 . (4.54)

4. 6 KINEMATIC CONTROL FOR HIGHER MECHANICAL ADVANTAGE

The MMA performance criterion that is based on minimizing the joint torques
for a certain external force applied at the wrist was defined in chapter 3. A control
scheme using the gradient of MMA is developed for the LTM. The i^^ element of the
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gradient vector of MMA in the direction of the applied force components is defined

as:

(4.55)

where 'S a 7x1 column vector, whose components are as follows:
taj

JI^ Vft'l = [ - ^ 1 ( Em.f 1 •

(4.57)

^1^2^P5,"'' ̂ ^2^ ■ ^2^5."^^2^1^ ̂
* 3

"""■ys■*■ ■ ^1^2^P5,"'" ^^2^ ^2^p5/ ^^2^1^ ^
^VriC,Sj(P5,-«aC2S,)-S,S,(p,_-a,C,C,)I 1

(4.58)

J' !l„/4] = (f,Pf[(S,qS3.C,C,)(P3+ajSj)4S,S,(p -a^qs,)]
flw ^ y

4" ^yp4'^("((-l(:^^3 4" ^1^3^(P5^4. ajSj) - S2S3(P5^- a^CjCj) ]
+  (qCjCj 4-S,C,)(p,- ajCjS,) - (SjCjS, - CiCjXpj^ - iff,) ] )

X [

(4.59)

Jw^
The i**^ element of the gradient vector of MMA in the direction of the applied

moment is defined as:

3HMMA.n,M = 2<.Vn.>''P(jL^nan)/39i] • '".a.)
where m ® column vector, whose components are as follows:

nun *
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m^u
- [p;xi [ i/Vc^ 1 •

jI = (-S.m,Pf+C,m Pf][l/7S^l . («3)
ixyn

' I + m^SiSjPf + m^qp;'3][ l/y E„,„ 1 .
(4.64)

jI lU^W = { m^CC.CjS, + SjCpPf + m^CSjCjSj - CjCpPj"
nun *

+ ».(-S2S3)Pf }[l/VEl.mEm,ml •
(4.65)

j'. ^..,1'! = (-".l-S6CA^SAs.4C,a,]p;'3 -m [-S^Cjn 4S,S,s^4C,a,]P«nyn »— I I

-mJ-S,C,a.4 V^,4C,aJP« }[i/7Ce.. 1 •
(4.66)

= { tV. ̂ C,5,lPi'3 4 ISA 4 C^aJP^-^ 4 [S^, 4 C,sJPf }
x[1/^E:,„E„^1 . (4.67)

J^^^1!„J7] = { mj (p.-p,)/(l,]Pi''4m.[(p,-p, )/d,lpy3
+ mj (Pj- Pj Vd, IPf ) I lVEl.mEm.m 1 ' <"•">
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CHAPTER 5

KINEMATIC CONTROL SOFTWARE FOR THE LTM

This chapter presents a summary of the major parts of the computer code

developed to move the arm on a certain specified trajectory. For a more detailed

reference on the computer code, the reader can refer to the computer program [9].

The following components of the computer code are addressed In this chapter:

- Time Coordinated Trajectories In Cartesian Space

- Generation of the Euler Angles

- Generation of the Hand Error And the Wrist Error

- Forward Kinematics (Position And Orientation)

- Gradients of Performance Criteria

-  Inverse Kinematics

5 .1 TIME COORDINATED TRAJECTORIES IN CARTESIAN SPACE

In order to move the end-effector across a certain trajectory we need to

specify the starting point as well as the ending point of the trajectory. The position

and orientation of the end-effector at these points, which will be referred to as

nodes), are specified In terms of homogeneous transformations. There are many

ways to move the end-effector from one position to another. To name a few, the

end-effector for Instance may stop at each node (Figure 5.1) In one case. In another

case, the motion between successive nodes can be represented by straight line

motion (Figure 5.2). However, both cases are undesirable. In the first case. It Is

desirable for the end-effector to stop at the last node and not at every node across

the trajectory. In the second case, the velocities and the accelerations are

discontinuous at the node points. The control scheme used In our research to move

the end-effector across a specified trajectory Is based on the algorithm developed by

Paul [1 oj. In order to provide for continuity In position, velocity, and acceleration

during the transition from one node to another (Figure 5.3), Paul defined the
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Figure 5.1. Starting and stopping motion between successive nodes.
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Figure 5.2. Linear motion between successive nodes.
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Figure 5.3. Path transitions.

(Paul R.P. "Robot Manipulators:Mathematics, Programming, and Control",

Cambridge: MIT Press)
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position of the end-effector as a quartic polynomial which is a function of time:

4  3 2q = a^t + 831 a2t-t-a^t-t-aQ . (5.i)

Since we have six boundary conditions at both ends of the transition between

two successive nodes, a fifth order polynomial may be used. However, because of the

symmetry of transition, it can be proven that a quartic poiynomiai is sufficient.

When the first three derivatives of the quartic polynomial are taken, and the

boundary conditions are appiied, the equation describing the end-effector motion can

be shown as:

q = [ (AC t -H AB)(2 - h)h^- 2AB ] h -f- A , (5.2)

where

AC = C - B ,

AB = A-B ,

A , B, and C are end-effector locations shown in Figure 5.3. t is the totai move

time between B and C, and is the acceieration time, t is divided into severai

time steps whose totai number is referred to as nt. The total number of time steps

in the acceieration time is denoted by na. Equation (5.2) appiies only when

the end-effector is in the acceleration or decceleration phase.

After t = t_„, the acceleration phase is completed and the end-effector
cLCC

maintains a constant veiocity motion. The motion of the end-effector can then be

described as:

q = hAC-i-B , (5.4)

where

h = t/Tj . (5.5)

There are three cases which must be deait with for any motion between two

successive nodes. As seen in the flow chart (Rgure 5.4), these are: the zeroth case,
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the first case, and the second case.

The zeroth case Is the case In which the Initial current position and orientation

of the end-effector are obtained from the Initial joint angles supplied to the

program Interactively. Thus, the zeroth case Is chosen only during the first

Iteration. In Figure 5.3, node A Is referred to as the zeroth node (Initial node).

The Cartesian coordinates for node 1 are assigned to C and not to B. Because the

manipulator starts from rest and must accelerate. It must be that A and B have

the same cartesian coordinates, and node 1 Is therefore assigned to C. AB will then

be set equal to zero. If the first node Is also the last node then we must subtract 2na

from nt; otherwise, we subtract na from nt.

Case 1 applies whenever the end-effector Is either In acceleration phase or

constant velocity motion phase. Case i Is executed Immediately after the first

Iteration. Again the desired position and orientation (Euler Angles) of the

end-effector are calculated. If at t = the last node Is not loaded, then the

current position Is assigned to A and the coordinate values of C are assigned to B.

AB and AC are then evaluated.

Case 2 Is dealt with whenever the end-effector is deccelerating to a stop. When

the last node Is loaded, this node which Is assigned to C must actually be node B,

and therefore AB Is set to zero. Figure 5.5 shows the corresponding positions of

points A, B, and C on a trajectory that consists of two nodes.

In all these cases, the desired position and orientation of the end-effector (In

terms of Euler Angles) are obtained from either equation (5.2) or equation (5.4).

The current position and orientation of the end-effector Is calculated from the joint

angles using the forward kinematio equations. The hand error, which Is the

difference between the current position and orientation and the desired position and

orientation of the end-effector. Is then determined. Because the Inverse kinematic

control scheme uses the wrist error Instead of the hand error, the values of the

wrist error are obtained from the hand error using the appropriate equations for

that. The wrist error Is then projected onto the third coordinate frame before
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passing It to the Inverse kinematic routine. The Inverse kinematic routine then

returns the Incremental change In the joint angles, A0. The joint angles are then

updated by the amount AS. The updated values of the joint angles are then passed to

the forward kinematic routine where the new current position and orientation of the

end-effector are obtained. Also the world coordinates of the manipulator elbow and

wrist are obtained. These are sent to graphic routines to draw the LTM arm. Figure

5.6 shows a buble diagram representing the major routines of the computer

software and their Interactions.

5 . 2 GENERATION OF THE EULER ANGLES

In the computer code, the orientation part of the homogeneous transformation

matrix Is used In obtaining the Euler Angles necessary for the orientation. Since the

orientation of the hand Is given In base coordinates, the Euler Angles are also

expressed In base coordinates. Let the end-effector transformation matrix be

represented by:

T =

"x Ox \ Px

n  o a py  y y Fy

n  o a p,
z  z z

0  0 0 1

(5.6)

Let the Euler Angles be denoted by <]), 0, and \|/. (j) Is a positive rotation about

the z-axis, 0 Is a positive rotation about the new y-axis, and y Is a positive

rotation about the new z-axIs (Figure 5.7). It can then be shown that the Euler

Angles can be expressed as [10]:

(5.7)
-1,(|) = tan" [ a^/aj

0 = tan'^[ ( a cos <() a sin (|>)/a ] ,
X  y z

(5.8)
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and \|/ = tan'^[ (HyCos (t) - n^sin <t))/(OyCos ̂  - o^sin (]))] . (5.9)

Thus having known the orientation matrix of the end-effector, we can easily obtain

the Euler Angles using the above equations.

5 .3 GENERATION OF THE HAND ERROR AND THE WRIST ERROR

The hand error is the difference between the current and the desired position

and orientation of the hand (end-effector), while the wrist error is the difference

between the current and the desired position and orientation of the wrist. The

positions and orientations are referenced to the base coordinate frame. As the time

step approaches zero, these finite changes result in linear and angular velocities if

divided by the time increment. Let us represent the desired orientation of the

end-effector in terms of the Euler Angles. This orientation matrix can be obtained

by the following products of matrices:

E((t), 0, v) = R(z, (|)) R(y, 0) R(z, \|r) = [ 2^

where [2^ Xd 2^1 are the current and desired orientation of the

end-effector respectively. The rotation necessary to carry the end-effector

coordinate frame from its current orientation to its desired orientation (Figure

5.8) can be derived as follows [9]:

dfi = dfiy-i- dO^ , (5.11)

where

dg^ = (l/2)[y^xy^-t-z^xz^] ,

dfiy = (1/2)[x,x2^-i-z^xz^] ,and

dg^ = (l/2)[2^xx^-)-y:^xy^] . (5.12)

The above three terms represent the orientation error of the hand. The hand error
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that corresponds to the linear motion of the hand is given by:

h dx = ,

hdy = y^-y^ , and

h dz = Zj - . (5.13)

The wrist error can be deduced from the hand error using the following

relationships:

®wrist ~ ̂ and '

and,

where is the length of the most distal link, and is the the z-axis of the hand

coordinate frame.

5 . 4 GRADIENTS OF PERFORMANCE CRITERIA

The routine that determines the gradients of performance criteria is

implemented on a module seperate from the rest of the program. This routine

consists of finding the gradients of performance criteria for the following cases:

1) Maximization of MVR in the direction of the motion of the end-effector

(linear motion of the end-effector)

2 ) Maximization of MVR in the direction of the motion of the end-effector

(angular motion of the end-effector)

3 ) Maximization of MMA in the direction of the applied wrist force

4 ) Maximization of MMA in the direction of the applied wrist moment

5) Maximization of the Manipulability Measure

(linear part of the wrist Jacobian)

6) Maximization of MVR in the direction corresponding to the minimum

singular value (linear motion of the end-effector)
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7) Maximization of MVR in the direction corresponding to the minimum

singular value (angular motion of the end-effector)

The performance criterion MVR, MMA, and the Manipulability Measure are

discussed in chapter 3.

5.5 FORWARD POSITION KINEMATICS

In this routine, the current position and orientation of the end-effector and the

wrist are calculated with reference to the third coordinate frame and the base frame

too. The wrist position and orientation referenced to the third coordinate frame are

used in the inverse kinematic calculations, while the wrist position and orientation

referenced to the base coordinate frame are passed to graphic routines. Derivations

of the equations of the position and the orientation of the end-effector and the wrist

with respect to the base frame are presented in appendix B. Appendices A and 0

provide detailed references on the homogeneous transformation matrices and the

relationship between the wrist and the hand velocities respectively.

5 . 6 INVERSE KINEMATICS OF THE LTM

The Inverse kinematics control scheme is based on the approach outlined by

Euler et al.[4] which was discussed in chapters 2 and 3. This approach avoids

determining the Moore-psuedo inverse and is therefore less computationally

complex. As a reminder, the Jacobian used in the inverse kinematic control scheme

is the wrist Jacobian referenced to the third coordinate frame. The inverse

kinematic routine is supplied with information such as the wrist error and the

gradient of the performance criterion. It returns the incremental change in the

joint angles, A6. If we are interested in a least norm solution (see equation (2.17)

), then AO is based on the difference between the particular solution and the

component of the particular solution in the direction of the homogeneous solution.
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However, if a performance criterion is optimized, then A0 will consist of the least

norm solution and the null space solution (see equations 2.4 and 2.18). The

direction of the null space solution is obtained from the gradient, while the

magnitude of the null space solution is determined from K which is bounded by the

joint velocities (see chapter 2). The inverse kinematic control scheme operates as

follows [9];

-  If joint angle 4 is between -10 and 10 degrees, then is chosen as

column #4

-  If joint angle 4 is between -so and so degrees, then is chosen as

column #3

- otherwise eliminate column #1

CL denotes the column of the wrist Jacobian that is dependant on the rest of the

columns.
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CHAPTER 6

SIMULATION

The kinematic control schemes for higher efficiency and mechanical advantage

were applied to the NASA Laboratory Telerobotic Manipulator (LTM). Simulations

for the LTM using these control schemes were performed using a 3-D solid model of

the LTM on the Silicon Graphics workstation. The control software was written In

the "C" programing language for higher speed and portability. The LTM manipulator

with the coordinate axes attached to Its joints Is shown In Figure 4.1. The weighting

matrices defined In chapter 3 are chosen as Identity matrices for the simulations

presented In this chapter.

6.1 MAXIMIZATION OF MVR

This section presents simulation results for reducing the joint velocities of the

robot manipulator by maximizing MVR In the direction of motion of the end-effector

or In the direction corresponding to the minimum singular value of the wrist

Jacoblan.

6.1.1 MAXIMIZATION OF MVR IN THE DIRECTION OF MOTION

Figure 6.1(a) shows a trajectory that consists of two nodes that form a closed

path (1 cycle). MVR Is defined here as the ratio of the norm of the transformed

linear wrist velocity to the norm of the least norm transformed joint velocities.

MVR In Figure 6.1(b) was obtained using two control schemes: one that Increases

MVR In the direction of motion of the end-effector, and one that uses the least norm

control scheme. As shown In the plot, the redundancy of the LTM arm played a

major role In Improving MVR, and thus In obtaining joint configurations that

resulted in lower joint velocities. The ieast norm control scheme which minimizes

the instantaneous joint velocities, resuited in configurations that required higher
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minimum joint velocities. As a result the mobility of the manipulator remained

poor or got worse. It should be noted that when the end-effector returned to its

initial position, the least norm scheme resulted In almost the same MVR value for

both the starting position and the ending position of the trajectory. As expected, the

control scheme that improved MVR in the direction of motion resulted in a much

higher MVR value than it did when initially the manipulator started from rest. Even

though the end-effector is returning to the same position, the joint configuration of

the manipulator arm Is different from the starting configuration. As we optimized

MVR along the trajectory, the manipulator configuration at the end position was

substancially improved because of the utilization of the extra degree of joint

redundancy.

Figure 6.2(a) shows a trajectory that consists of a single node (1 cycle).

Figure 6.2(b) shows a plot of MVR versus time for this trajectory using the least

norm control scheme and the control scheme that improves MVR in the direction of

motion. In this case, MVR was defined as the norm of the transformed wrist angular

velocity to the norm of the least norm transformed joint velocities. Again

optimization using the null space resulted In better MVR performance than the least

norm solution.

6.1.2 MAXIMIZATION OF MVR IN THE DIRECTION CORRESPONDING

TO THE MINIMUM SINGULAR VALUE

Figure 6.3(a) shows a closed loop trajectory that consists of two nodes

(1 cycle). MVR, which in this case is based on the upper three rows of the wrist

Jacobian that correspond to the linear motion of the joints, is improved in the

direction of the minimum singular value of the Manipulator Velocity Ratio Ellipsoid.

The plots of MVR versus time shown in Figure 6.3(b) are obtained using the control

scheme that improves MVR in the direction corresponding to the minimum singular

value, and the least norm control scheme. Comparing the results of both schemes, it

is shown that as expected the least norm scheme results in lower values for MVR and

therefore higher joint velocities. The starting and ending position of the
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end-effector result in almost the same value of MVR (higher joint velocitles)uslng

the least norm scheme, while the optimization scheme considerably Improves the

manipulator joint configuration, and thus results in a higher value for MVR (lower

joint velocities) in the direction corresponding to the minimum singular value at

the stopping position.

Figure 6.4(a) shows a trajectory that consists of one node (1 cycle). In this

case, MVR is based on the lower three rows of the wrist Jacobian that correspond to

the rotational motion of the joints. Figure 6.4(b) shows MVR versus time using the

least norm solution and the null space solution where the utilization of the

redundancy of the manipulator resulted In higher MVR in the direction of the

minimum singular value. In this case the orientation of the end-effector was

changing throughout the entire motion.

6.2 MAXIMIZATION OF MMA

Figures 6.5(b) and 6.6(b) show the plots of MMA versus time for the least norm

solution and for the case where MMA is maximized in the direction of the applied

force. Figures 6.5(a) and 6.6(a) show two end-effector trajectories (for 1 cycle)

tracked by the LTM. Each trajectory is tracked using the least norm solution and the

maximization of MMA in the direction of the applied force. In Figure 6.5(b), MMA

considered only the forces applied at the wrist, while Figure 6.6(b) considered only

the moments applied at the wrist. The robot's ability to apply a force or a moment

in the direction of the applied force or moment is considerably Improved using the

optimization control schemes based on MMA as compared to the least norm control

scheme. In Figure 6.6(b), it is shown that maximizing MMA in the direction of the

applied moment did not result in quite an improvement in MMA as compared to the

least norm solution for the short period of time before the end-effector stopped.

This is due to the fact that the manipulator had reached a configuration that

whatever the null space solution was, the manipulator could not get itself In a

configuration that could result in a much better improvement of MMA in the

direction of that applied moment. In both Figures 6.7 and 6.8, the LTM arm is shown
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to be continuously changing to Improve the manipulator configuration that resulted

In the minimum joint torques required for a specified external force applied at the

wrist. In this case the direction of the external force applied at the wrist Is parallel

to a unit vector whose x, y, and z components are positive, equal, and constant. If

this force vector Is projected onto the xz-plane In both Figures 6.7 and 6.8, then Its

component In the xz-plane lies In the direction shown In these Figures. Observing

these Figures, It can be deduced that the moment arm of this projected force at the

elbow joint Is shorter In Figure 6.8 than In Figure 6.7. This results In a higher

moment applied at the elbow using the least norm scheme than If we maximized MMA

In the direction of the applied force. Therefore the MMA based control schemes are

well suited for minimizing joint torques.

6.3 THE MINIMUM SINGULAR VALUE AND THE MANIPULABILITY

MEASURE

Figure 6.9(b) Is a plot of the minimum singular value versus time for

four different control schemes: The control scheme that Improves MVR In the

direction of motion of the end-effector, the control scheme that Improves MVR In

the direction corresponding to the minimum singular value, the least norm control

scheme, and the Manlpulablllty Measure based control scheme[i4]. Figure 6.9(a)

shows the corresponding trajectory for the end-effector (1 cycle). As shown In

Figure 6.9(b), the least norm scheme results In the lowest value of In this

trajectory, the end-effector started from a near singular configuration where

Initially was very close to zero. Using the least norm scheme, the

end-effector hardly escaped the singular configuration mentioned above, and In fact

the value of a . for the first several Iterations was almost the same. However,
mm

the other schemes resulted In joint configurations that avoided this singular
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configuration and improved at a much faster rate than the least norm scheme.

The value of a . obtained using the Manipulabiiity Measure based control scheme
mm

and the control scheme that improved MVR in the direction corresponding to the

minimum singular value were almost very close. Improving MVR in the direction of

motion resulted in values that fluctuated between the values obtained using the least

norm control scheme and control scheme that improved MVR in the direction

corresponding to It should be noted that the control scheme that results in the

hiohest value of a . is the most recommendable in situations where directional
^  mm

changes are frequent because whenever gets smajler, the chances that the

manipulator will encounter a singular configuration in the corresponding direction

will increase.

Figure 6.10 shows a plot of the volume of the MVR Ellipsoid versus time for the

different control schemes used for the end-effector trajectory in Figure 6.9(a). In a

near singular configuration one of the axes of the ellipsoid will vanish, and the

volume of the ellipsoid will approach zero. An ellipsoid that has the largest possible

volume results in an overail better mobility in any direction of motion than any

other ellipsoid because the ellipsoid becomes more circular. If the major and minor

axis of the ellipsoid vary considerably, then any change in the direction of motion of

the end-effector may result in a near singular configuration for the robot

manipulator. In Figure 6.10, the control scheme that improves MVR in the

direction and the control scheme that uses the Manipulabiiity Measure criterion,

resulted in the same volume values for the ellipsoids, and therefore one of them was

omitted to avoid confusion whiie plotting. Since the Manipulabiiity Measure based

control scheme is computationally complex, using the control scheme that increases

MVR in the a . direction will be almost as good in avoiding singular configurations
mm

and improving the mobility of the end-effector in near singular configurations.

Figures 6.11 and 6.12 show the manipulator configuration using the least norm
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Figure 6.11. Manipulator configuration using the least norm solution for the

trajectory in Figure 6.9.
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solution and the maximization of the Manipulability Measure respectively for the

trajectory of Figure'6.9.

6.4 EFFICIENT MOTION AND STABILITY

Figure 6.13 shows three trajectory paths referred to as case #1, case #2, and

case #3. The trajectory for case #1 is a closed loop trajectory consisting of 4

nodes. As shown in Figure 6.13, the directional changes in case #i occur more

frequently at short distances. In Figure 6.14, the total joint motion per cycle for

case #1 was plotted using the above mentioned control schemes and the least norm

scheme. The path for case #i was tracked repeatedly for 44 cycles. The total joint

motion per cycle is defined here as the summation of the absolute values of the

motion of the seven joints per cycle. It was obtained by numerically Integrating

this absolute value of the joint velocities for each cycle. The least norm control

scheme resulted in high joint motion after several repeated cycles, but finally a

limit value for joint motion per cycle was reached. On the other hand, maximizing

MVR in the direction of motion or in the direction of the minimum singular value,

resulted In a steady joint motion attained from the second cycle. The trajectory

tracked by the end-effector during the first cycle is different than the trajectories

tracked for other cycles because the arm was initially at rest (see chapter 5). Due

to this reason, the first cycle was omitted. The total joint motion per cycle resulted

by maximizing MVR in the direction of the minimum singular value was less than

the motion resulted by maximizing MVR in the direction of motion. Maximizing

MVR in the direction of minimum singular value results In MVR ellipsoids with

minimum singular values as large as possible. For the three dimensional ellipsoid

this would be closer to a sphere. Thus the manipulator's ability to arbitrarily

change the direction of the end-effector motion improves. Therefore, for case #i,

where directional changes occur more frequently, maximizing MVR in the direction

of minimum singular value results in more efficient motion. If MVR Is maximized

in the direction of motion for case #1, the manipulator is not prepared for frequent

directional changes resulting in higher value of overall motion.
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Figure 6.13. Trajectory motion for case #1, case #2, and case #3.
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Figure 6.15 shows the total joint motion per cycle using the two MVR control

schemes and the least norm scheme for the longer path referred to as case #2. In

this case also the total cycle joint motion reaches a limiting value for the least norm

solution, the maximization of MVR In the direction of minimum singular value, and

the maximization of MVR In the direction of motion.

The limiting value for the total cycle joint motion using the maximization of

MVR In the direction of motion was less than that using the maximization of MVR In

the direction of the minimum singular value. In case #2, as the directional changes

of the end-effector trajectory occur after longer distances, the manipulator can

re-orlent Itself considerably to Improve Its ability to move In one particular

direction without the need to change suddenly. Therefore more efficient motion Is

achieved by maximizing MVR In the direction of motion as compared to maximizing

MVR In the direction of minimum singular value.

Classification of a trajectory as short or long will depend on several factors

such as: the manipulator geometry, the constraints on the motors speeds, and the

desired maximum end-effector velocity. It Is recommended to Investigate the

determination of such a classification analytically In future work. Due to the

complexity of this problem, such a classification may be determined empirically.

Figures 6.16 through 6.21 show the manipulator configuration at steady state

using the least norm control scheme, the maximization of MVR In the direction of

the minimum singular value, and the maximization of MVR In the direction of

motion for case #1 and case #2. Figure 6.17 shows the manipulator configuration at

steady state using the maximization of MVR In the direction of the minimum

singular value for case #1. As shown In this Figure, the manipulator barely changed

Its joint configurations over this short cycle. If we examine Figures 6.16 and 6.18,

we see that the manipulator configuration at steady state for the same case using the

least norm solution and the maximization of MVR In the direction of motion resulted

In more joint motion and the links of the manipulator opened up. Similarly In

Figures 6.19 and 6.21, the manipulator links opened up while In Figure 6.20 the

links remained quite In close locations. Since the trajectory tracked In this case Is

larger than that for case #1, some of the manipulator joints In Figure 6.20 required
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Figure 6.17. Steady state manipulator configuration cycle using the
maximization of MVR in the direction corresponding to the

minimum singular value for case #1.
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Figure 6.20. Steady state manipulator configuration cycle using the

maximization of MVR in the direction corresponding to the

minimum singular value for case #2.
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more motion than others, while in Figure 6.21 the motion was distributed more

evenly on every joint. As a result the total joint motion at steady state for the

manipulator in Figure 6.21 (where the maximization of MVR in the direction of

motion was utilized) was less than the total joint motion at steady state for the

manipulator in Figure 6.20 ( where the maximization of MVR in the direction

corresponding to the minimum singular value was utilized). It is worth mentioning

here that for both cases, case #1 and case #2, the end-effector was moving in a

clockwise motion while tracking the specified trajectory. In the case where the

least norm scheme was utilized, the manipulator links opened up in a direction

opposite to the direction obtained using the control scheme that maximizes MVR in

the direction of motion.

Figures 6.22 and 6.23 correspond to case #1 and case #2 respectively. These

graphs show that the limit value of the total joint motion per cycle varies with

different starting configurations. However, as the move time between the

consecutive nodes increases, the total joint motion per cycle converges to a

limiting value.

Figure 6.24 corresponds to case #3 in which the end-effector follows a closed

loop trajectory that consists of four nodes also. In this case, results obtained using

the least norm control scheme are compared with those obtained using the control

scheme that maximizes MVR in the direction of motion of the end-effector. Using

the least norm scheme, the manipulator became unstable and very high joint

velocities were reached. On the contrary the MVR control scheme resulted in a

stable joint motion ail the way through from the second cycle.
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 CONCLUSIONS

Control Schemes that maximize MVR in the direction of motion of the

end-effector and in the direction in which MVR is minimum were implemented on

the LTM. Efficient motion was defined as the manipulator motion that results in the

minimum overall movement of the joints. For short trajectories in which the

direction of motion of the end-effector changes rapidly and quite often, it was shown

that maximizing MVR in the direction of the minimum singular value of the

manipulabiiity ellipsoid results in minimum overall movement of the joints. It was

also shown that for long trajectory paths in which the change in the direction

of motion of the end-effector does not happen rapidly, maximizing MVR in the

direction of motion results in more efficient motion. The MVR control schemes

result in stable joint motion for repetitive cycles, while on the contrary the Least

Norm scheme was shown to be least efficient, was often unstable and occasionally led

to high joint velocity configurations. The limiting value of the total joint motion

per cycle was shown to vary with different starting configurations. However, these

variations almost disappeared as the total cycle time was increased. This was due to

more optimization time available while following the desired end-effector

trajectory, it was also shown that maximizing MVR in the direction corresponding

to the minimum singular value was almost as good in avoiding singular

configurations as well as improving the mobility of the end-effector in near

singular configurations as the control scheme that is based on improving the

Manipulabiiity Measure.

It was shown that using the MMA control scheme, joint configurations that

required the minimum joint torques for a certain force applied at the wrist were

achieved. Thus the MMA based control scheme is well suited for avoiding high joint

torques.
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7.2 RECOMMENDATIONS

In this thesis, end-effector trajectories were classified as long or short, and

according to this classification maximizing MVR in the direction of motion of the

end-effector or in the direction in which MVR is minimum resulted in better

efficient motion for one control scheme than the other depending on the nature of the

trajectory. It is recommended to investigate the determination of such a

classification analytically for future work. The geometry of the LTM arm is not

well suited for operating the manipulator with rare encounter of joint limits. In

many cases where the end-effector was tracking a prescribed trajectory joint

limits were encountered frequently. Thus, it is recommended to take into account

multiple performance criteria. The manipulator can for instance improve MVR in a

certain direction while at the same time avoid joint limits. Combining other

criteria such as MVR and/or MMA with a criterion to avoid an obstacle is also needed

in many applications. When the manipulator encounters an obstacle, the weighting

factor associated with the obstacle avoidance criterion will increase, while in an

obstacle-free environment more weight will be imposed on the MVR or the MMA

criterion. Also, combination of MVR and MMA may be optimized in cases where both

obtaining a certain end-effector force and lowering the joint velocities to a certain

range are of importance.

112



LIST OF REFERENCES

113



REFERENCES

[1] Asada, H., and Slotine, Jean-Jacques E. 1986 Rnhot Analysis and Control. Wiley
Inc, New York, NY.

[2] Dubey, R.V. and Luh.J.Y.S. (1988), "Redundant Robot Control Using Task Based
Performance Measures," Journal of Robotic Systems, 5(5), 409-432, October

1988.

[3] Dubey, R.V., Euler, J.A., and Babcock, S.M. 1988. "An Efficient Gradient Projection
Optimization Scheme for a Seven-Degree-Of-Freedom Redundant Robot With a

Spherical Wrist." IEEE International Conference on Robotics and Automation,

April 25-29 1988.

[4] Euler, J.A., Dubey, R.V. and Babcock, S.M. (1988), "Self Motion Determination Based
on Joint Velocity Bounds for Redundant Robots," Proc. of the Second

International Symposium of Robotics and Mfg Research, Education and

Application, Albuquerque, November, 1988, pp. 291-298, ASME Press.

[5] Fu, K.S.,Gonzalez, R.C., LEE, C.S.G. 1987 Rnhntlcs: Control. Sensing. Vision, and
Intelligence. McGraw-Hill, New York, NY.

[6] Hollerbach, J.M. and Suh, K.C., "Redundancy resolution of manipulators through
torque optimization," Proc. IEEE Conf. Robotics and Automation, March, 1985,

pp. 1016-1021.

[7] Lee, S., "Dual Redundant Arm Configuration Optimization with Task-Oriented Dual

Arm Manipulability," IEEE Transactions on Robotics and Automation, Vol. 5,

No.1, February 1989, pp. 78-97.

[8] Luh, J.Y.S. and Gu, Y.L., "Efficiency and Flexibility of Industrial Robots with

Redundancy," Proc. ASME Winter Annual Meeting, PED Vol. 15, Robotics and

114



Manufacturing Automation, ed. M. Donath and M. Leu, Nov. 17-22, 1985,

Miami-Beach, Florida, pp.37-41.

[9] Magness, R.B. Robotic Control of the Seven-Degree-of-Freedom NASA Laboratory

Telerobotic Manipulator. Master Thesis, University of Tennessee, Knoxvilie

(1989).

[10] Paul, R.P. Rnhnt Manipiilatnr.g- Mathematics Pronrammlno. and Control. Cambridge:

MIT Press.

[11] Paul, R.P., and Stevenson, C.N. (1983), "Kinematics of robot wrists," The Int.

Journal of Robotics Research, Vol. 1, No. 2, pp. 33-38.

[12] Strang, Gilbert. 1988 I Inaar Alaehra and lt.<; Applications. Harcourt Brace

Javanovich.

[13] Vukobratovic, M., and Kircanski, M., "A dynamic approach to nominal

trajectory synthesis for redundant manipulators," IEEE Trans. Syst., Man,

Cybern., Vol. SMC-14, No. 4, Juiy/Aug. 1984.

[14] Yoshikawa, T. (1984), "Analysis and Control of Robot Manipulators with

Redundancy,"Robotics Research: The First Int. Symp., ed. M. Brady and R.

Paul, Cambridge, Mass., MIT Press, pp. 735-748.

115



APPENDIXES

116



APPENDIX A

THE DENAVIT-HARTENBERG HOMOGENEOUS

TRANSFORMATION MATRICES

The homogeneous transformation matrices reiating the i^^ coordinate frame to
the (1-1)*^ coordinate frame (for ! = 1,2 7 ) can be shown to be as follows :

=^3

0 -Si 0' C2 0 S2 ^2^2

Si 0 Ci 0
1 S2 0 -C2 ^2S2

0 -1 0 0
^2 =

0 1 0 0

0 0 0 1 0 0 0 1
.

0 S3 o" ■C4 0 -S4 ^4^4'

S3 0 -C3 0 S4 0 C4 ^4S4

0 1 0 0
^4 =

0 -1 0 0

0 0 0 1 0 0 0 1

■C5 0 S5 o' ■^6 0 S6 0'

S5 0 -C5 0 5 S6 0 -^6 0

^6 =
0 1 0 0

0
0 1 0 0

0 0 0 1 0 0 0 1
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a' =A?
0

0

-S7 0 0

C7 0 0

0  1 dy

0  0 1

where = sin(0j) and Cj = cos(0p.
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APPENDIX B

DERIVATION OF THE POSITION AND THE ORIENTATION OF THE

END-EFFECTOR AND THE WRIST w.r.t. THE BASE COORDINATE FRAME

The homogeneous matrix T7O which specifies the position and orientation of

the 7^^ coordinate frame with respect to the base frame is expressed as.

^0 4O.1.2.3.4.5.6T? -

X7 I7 Z7 E7

0  0 0 1

R  S. ^ U

0  0 0 1

n

n.

n
z  z z

0  0 0 1

where

a = normal vector of the hand.

S = sliding vector of the hand, it is pointing in the direction of the finger

motion as the gripper opens and doses.

a » approach vector of the hand, it is pointing in the direction normal to

the tool mounting plate of the arm.

2. = position vector of the hand, it points from the origin of the base
coordinate frame to the origin of the hand coordinate frame.
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n. = C,C,C,C,C,C,C,-S,S,qC;C,C,tC,SAC,C,C,-C,qS,S5qC,.S,C,S5C,C,
- CjCjCjS^SgC^ + SjSjS^SgCj + CjSjC^SgC, + C^Cf.^C^S^S^ - SjSjC^SjS^
+ C1S2S4S5S7 + CiCjSjCjS? + SjCjCjS?

Iiy = SjCjCjC^CjCgC^ + CjSjC^CjCgC^ + SjSjS^CjCgC^-SjCjSjSjCgC^
+ Cf,Sff, - Sff,S,Sf, -C,s,s,sf, + + 8^02030,8587

+ 0jS30,S587 + 8^828,8587 + 8JO283O587 - 0^030587

■*■ V3^5^6^7 S2^3^4^6^7 ■*■ ^2^4^6^7
- 82030,8587 + 028,8587 - 82830587

\ = -^102030,050^87 +8^830,050^87-0j828,050g87 + 0j0283850g87
+ 8103850^87 + 0102038,8^87 - 81838,8^87 - 01820,8^87 + 0102030,8507
- ^1830,8507 + 01878,8507 + O1O283O5O7 + 81O3O5O7

^ " ^1^2^3^4^5^6^7 ' ̂ 1^3^4^S^6^7 " ^1^2^4^S^6^7 ■*■ ^1^2^3^5^6^7
- 0103850^87 + 8107038,8^87 + 01838,8^87 - 81870,8^87 + 8107030,8507

+ €1830,8507 + 81878,8507 + 8^07830507 - O1O3O5O7

- 070,8^87 - 87030,8507 + 078,8507 - S7S3O5O7
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\ ̂ CjC2C3C4C5Sg-SjS3C4C5Sg + CjS2S4C5Sg-CjC2S3S5Sg-SjC3S5Sg
+ CjC2C3S,C,-8,838,0,-c^s^c^c,

^ = ̂,€2030,058, + 0,830,058, + 8,828,058, - 8,0283858, + 0,03858,
+8,02038,0,+0,838,0,-8,820,0,

a_ = - 82030,058, + 028,0,8, + 8283858, - 82038,0, - 020,0,

+ 0,02038,0, - 8,838,0, - 0,830,0, ) + 3,0,03030,-3,8,830, + 3,0,838,

+ 330,02

Py " <^7(^103030,058, +0,830,058,+ 8,828,058,-8,0283858,+ 0,03858,
+ 8,03038,0, + 0,838,0, - 8,830,0, ) + 3,8,03030, + 3,0,830, +3,8,838,

+ a2^i02

Pz = d,( -83030,058, + 038,058, + 8383858, - 83038,0, - 030,0,) - a,S2030,
+ 3,0384-3383

The position and orientation of the wrist frame ( 5^^ coordinate frame ) with
respect to the base coordinate frame can be expressed as foilows :

T° =

%  % E5

0  0 0 1
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"5.

N

X

P5.

0 0 0 1

where

X5 = a vector representing the unit vector along the x-directlon of the 5^"^
coordinate frame in terms of the unit vectors of the base frame.

= a vector representing the unit vector along the y-direction of the 5

coordinate frame in terms of the unit vectors of the base frame.

Zj = a vector representing the unit vector along the z-direction of the 5

coordinate frame in terms of the unit vectors of the base frame.

^5. =

P5, =

■*" ^1^2^4^5 ' ̂ 1^2^3^5" ^1^3^5
S1C2C3C4C5 + C^SjC^Cj + - SjC2S3S5 + CjCgSj

- S2C3C4C5 + + S2S3S5

- C,C2C3S, + 8,838, + C,82C,
- 8,02038, - 0,838, + 8,820,

^2^3^4 ^2^4

^1^2^3^4^5 " ^1^3^4^5 ^1^2^4^5 "*■ ^1^2^3^5 "*■ ^1^3^5
81O2O3O485 + 0,830,85 + 8,828,85 + 8,028305 - 0,0305

- 82030,85 + C28,85 - 8283O5

^4^1^2^3^4 " ^4^1^3^4 ^4^1^2^4 ■*" ^2^1^2
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APPENDIX C

THE WRIST JACOBIAN REFERENCED TO THE BASE FRAME

The wrist Jacoblan is represented by the foiiowing:

we) =
Vto,5 Vl<i.5

lil

where

r. , c = a three dimensionai position vector of the origin of the wrist frame—1-1,5

from the origin of the (i-i)^^ coordinate frame expressed in the base
coordinate frame.

lij j = is the unit vector aiong the axis of motion of joint i expressed in

the base coordinate frame.

J20 = =

-S,

0

^2 =

C1S2

S1S2

^3 =

-S2S3

^7'^z ^7^z

h, =
(S,C,)ny - (S6S7)Sy - (C6)ay

(^6^7)^z" ̂ ^6^7^®z '

(Px- P5 Vci7

(Py- P5 Vd7

(Pz- P5 Vd7
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and

^,5

0

C,P5_

®lP5,

-SjPj - CjPj

Vlis =

!23X%,5 =

^^2^ ■ ^2^P5j,'

'^l^2^P5* ̂ ^2} ^2^P5/ ̂^2*^1^

^1®2^P5 " " ̂1^2^P5/ ̂ ^2^1^

(S.CjS,- CjCjjCp, + ajSj) + (S^SjXpj - a^qs,)
2  y

<Cf^S,+ S,C3)(p, + a,Sj) - (SjSpCp,^- ajCjC,)

(C1C2S3+ SjC3)(p5 - 82^2^1^ " ̂Ps ■ ^1^3^

^4^^4,5 ~ ̂ ^^,5
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APPENDIX D

COMPUTER PROGRAM

/****************************************************************

*  *

*  THIS PROGRAM DETERMINES THE GRADIENT OF THE *

*  FOLLOWING PERFORMANCE CRITERIA: THE MANIPULATOR *

*  VELOCITY RATIO (MVR) , THE MANIPULATOR MECHANICAL ADVAN- *
*  TAGE (MMA) , AND THE MANIPULABILITY MEASURE. THESE ARE *

*  DEALT WITH IN CASES (1) THROUGH (7). THIS PROGRAM *

*  DEPENDS ON OTHER MODULES WHICH CALCULATE NUMERICALLY *

*  THE FORWARD AND THE INVERSE KINEMATICS OF THE LTM, AND *

*  DETERMINE THE DESIRED POSITION AND ORIENTATION OF THE *

*  END-EFFECTOR USING TIME COORDINATED TRAJECTORIES WITH *

*  SMOOTH TRANSITION BETWEEN DIFFERENT NODES OF THE *

*  TRAJECTORY. AN INTERFACE MODULE CONNECTS THIS MODULE *

*  WITH THE ONES MENTIONED ABOVE, AND WITH A GRAPHICS *

*  MODULE WHICH IS USED FOR GETTING SIMULATION RESULTS *

*  USING DIFFERENT PERFORMANCE CRITERIA. *
*  *

*  COMMENTS ARE INCLUDED IN THE PROGRAM TO DESCRIBE THE *

*  DESIGN OF THE CODE. *

*  ROY J. ISSA DECEMBER 1989 *
*  *

****************************************************************/

/* HEADER FILES */

#include <math.h>

♦include <3tdio.h>
♦include "LTM.h"
♦include "global_data.h"

/* DECLARATION OF GLOBALS */

extern int Loops, The_nuin_of_node3, Cycle3_nuin;
extern double x_dtll9],y_dtll9],z_dtll9);
extern double total_time[119] ;
extern float delta_t,EndOfLoopTime;
extern int iteration;
extern FILE *input_file;
extern FILE *singularity;
extern struct global_data Itm, *LTM;
extern JOINT_ANGLES *angle;

static float at,bt,ct;
♦define PYTHAG(a,b) ((at-fabs(a)) > (bt-fab3(b)) ? \

(ct"bt/at,at*3qrt(1.0+ct*ct)) : (bt ? {ct-at/bt,
bt*3qrt(1.0+ct*ct)) : 0.0))

static float maxargl,maxarg2;
♦define MAX(a,b) (maxargl-(a),maxarg2-(b),(maxargl) > (maxarg2) ?\

(maxargl) : (maxarg2))
♦define SIGN(a,b) ((b) >- 0.0 ? fabs(a) : -fabs(a))
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/************************************************************

A ROUTINE FOR DETERMINING THE GRADIENTS OF SEVERAL

PERFORMANCE CRITERIA.
★********★***************************************************/

GetGradientH ( CaseNum,theta,gripper,endeffactor,gH,kKind )

JOINT_ANGLES
int

HOMOGEN_TRANS
INCREMENTS

theta, *gH;

CaseNum, *kKind;
gripper;
endeffector;

I

double ddolCS) [2] ,ddo2[8] [2] ,ddo3C8] [2] ,ddo4[8] [2] ;
double ddo5[8][2],ddo6[8][2],ddo7[8][2];
int i,ii,iii,j,jj,jp;
double cl,c2,c3,c4,c5,c6,c7,sl,32,33,s4,s5,36,37,al,a2,a4;
3tatic float etal,eta2,eta3,eta4,eta5,eta6,eta7,el,e2,e3,

e4,e5,e6,e7;

3tatic float betal,beta2,beta3,beta4,beta5,beta6,beta7;
3tatic float gamal,gama2,gama3,gama4,gama5,gama6,gaina7,

gl,g2,g3,g4,g5,g6,g7;

3tatic float alfal,alfa2,alfa3,alfa4,alfaS,alfa6,alfa7;
double Xa,Xb,Ya,Yb,Za,Zb;

double timec, tiine_inc;
double px,p3x,py,p3y,pz,p3z;
double Xl7,x27,x37,yl7,y27,y37,zl7,z27,z37;
double 11,12,13;

double dhdo[8],z[7],zl[7];

3tatlc float fx,fy,fz,Mx,My,Mz, CoeFl,CoeF2;
double vx,vy,vz,wx,wy,wz,mx,my,mz;
double zhOx,zhOy,zhOz;
double ja[8][8],jza[81[2],jzat[2][8],jat[8][8],jjatl[41 [4],

ua[4] [2];

double mag_xa;
double jzl[8] [2], jzltC2] [8], jl[8] [8] ,ul[4] [2] ,mag_xl,

jjltl[4][4] ;
double jit [8] [8] ,envpty [8] [8], zero (8] C8],uin[8] [8], aelect [1] ;
double rva,rvl,rml,ml;

double bl,b2,b3,b4,b5,b6,b7;

Int cycle, ND, node_num, 1111, cycle_nuin, 11111;
double loop_tlmel, loop_tline2,tline_need;
double jul[8][2],jult[2][8],modulu3,mo, nn2,ju2[8][2];
double ju2t[2][8];
double eta,tau,temp,aumaq,algn,algma,pro,det;
Int m, n,numcol,col,numrow,)c,row;

double dtal,dtav,magtv;
double aCei [6],atC8] [6],r[8] [6],al[61 [61;

double att[6] [6] ,aa[6] [6] ,tmpv[6] [6] ,num[6] [6] ;
double qt[6] [6] ,lnv[6] [6] ,g[8] [8] ;
double 3[8],33[8],zeta[8];

double jac(7][8],jacl[7][8],jacp[91[8][9],b(7][7],nont8];
Int 1 ;

/* DETERMINATION OF THE TRIGONOMETRIC VALUES

OF THE JOINT ANGLES

cl - 003(theta.one);

c2 " C03(theta.two);

c3 » 003(theta.three);

c4 - C03(theta.four);

c5 - 003(theta.five);

c6 » C03(theta.3lx);
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c7 - COS(theta.seven);

si " sin(theta.one);

s2 - sin(theta.two);

s3 - sin(theta.three);

s4 - sin(theta.four);

s5 - sin(theta.five);
s6 - sin(theta.six);

s7 - sin(theta.seven);

/* WEIGHTED FACTORS ASSOCIATED WITH THE FORCE,

TORQUE, JOINT VELOCITIES, AND THE END-EFFECTOR
VELOCITY VECTORS. THESE VALUES ARE SUPPLIED

EXTERNALLY TO THE PROGRAM. */

if(!iteration){
fscanf(input_file, "%e%e%e%e%e%e%e", Sgamal,Sgania2,&gama3,

&gama4,&gama5,SgamaS,&gama7);

fscanf(input_file, "%f%f%f%f%f%f%f", Sbetal,fibeta2,4beta3,
Sbeta4,&beta5,SbetaS,&beta7);

fscanf(input_file, "%f%f%f%f%f%f%f", Setal,fieta2,Seta3,
&eta4,SetaS,&eta6,&eta7);

fscanf(input_file, "%f%f%f%f%f%f%f", Salfal,4alfa2,Salfa3,
Salfa4,SalfaS,&alfa6,4alfa7);

/* DESIRED END-EFFECTOR FORCE 4 MOMENT »/

fscanf(input_file, "%f%f%f%f%f%f", 4fx,4fy,4fz,
4Mx,4My,4Mz); )

/* THE LTM ARM GEOMETRIC LENGTHS (inches)

a2 - 23.0

a4 - 20.0

d7 - 12.0

/* DETERMINATION OF THE END-EFFECTOR POSITION

FOR A MULTI-CYCLE TRAJECTORY MOTION

if ( iteration -• 0 )

(

loop_timel " 0.0;
loop_time2 - 0.0;
ND - 1;

timec - 0.0;

x_d[0] gripper.posl;
y_d[0] - gripper.pos2;
z_d[0] - gripper.pos3;

}

for ( j » 1; j <" The_nuin_of_node3; ++j )
{

loop_tiinel - loop_timel + total_time[ j] ;
>

for ( j - 2; j <" The_num_of_nodes; ++j )
{

loop_time2 - loop_time2 + total_tiine[ j] ;
)

for ( i » 1; i <" Cycle3_nuni; ++i )

if ( fabs( iteration*dalta_t -( loop_timel +
(  loop_tiine2 + EndOfLoopTime )*(i-l)) ) < 0.001 )
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cycle_nuin - i;
time_need - loop_timel + (loop_time2 + EndOfLoopTime)

*(i-1) ;

if ( iteration*delta_t >~ timec SS iteration*delta_t
<- timec+total time[ND) && ND <- The num of nodes )

timec - timec + total_time[ND],
Xa - x_d[ND-l]
Xb - x_d[ND];
Ya - y_d[ND-l]
Yb - y_d[ND];
Za - z_d[ND-l]
Zb - z_d[ND];
ND - ND + 1;

)
if ( ND " The_num_of_nodes +1

>- time need )

S& iteration*delta t

timec - timec + EndOfLoopTime;
Xa - x_d[ND-l]
Xb - x_d[l];
Ya - y_d[ND-l]
Yb - y_d[l] ;
Za - z_d[ND-l]
Zb - z_d[l];
ND - 2;

loop_timel
loop_time2

0.0;

0.0;

DETERMINATION OF THE ORIENTATION OF THE END-EFFECTOR

w.r.t. THE BASE COORDINATE FRAME. •/

xl7 " cl*o2*c3*c4«c5*c6*c7 - sl*s3*c4*c5*c6*c7 + cl*32*34*c5*o6*c7

- c1*c2*33*35*c6*c7 - 3l*c3*35*c6*c7 - cl*c2*c3*34*36*c7 +

3l*33*34*36*c7 + c1*s2*c4*36*c7 + Cl*c2*c3*c4*s5*s7 -

3l*a3*c4*35*37 + 01*32*34*35*37 + c1*c2*33*c5*37 + 3l*c3*c5*37;

x27 " 3l*c2*c3*c4*c5*c6*c7 + cl*33*c4*c5*c6*c7 + 3l*32*34*c5*c6*c7
- 3l*c2*33*35*c6*c7 + c1*c3*35*c6*c7 - 3l*c2*c3*34*36*c7 -

c1*33*34*36*c7 + 3l*32*c4*s6*c7 + 3l*c2*c3*c4*35*37 +

C1*33*C4*35*s7 + 31*32*34*35*37 + 3l*c2*33*c5*37 - c1*c3*c5*37;

x37 - -32*c3*c4*c5*c6*c7 + c2*34*c5*c6*c7 + 32*33*35*c6*c7

+ 32*c3*s4*s6*c7 + c2*c4*36*c7 - 32*c3*c4*35*37 + c2*34*35*37

- 32*33*c5*37;

yl7 ■ -c1*c2*c3*c4*c5*c6*37 + 3l*33*c4*c5*c6*37 - cl*s2*34*c5*c6*37
+ c1*c2*33*s5*c6*s7 + 3l*c3*35*c6*s7 + cl*c2*c3*34*36*37 -
31*33*34*36*37 - c1*32*c4*36*37 + c1*c2*c3*c4*35*c7 -

3l*33*c4*s5*c7 + c1*32*34*35*c7 + cl*c2*s3*c5*c7 + 3l*c3*c5*c7;

y27 - -3l*c2*c3*c4*c5*c6*37 - cl*33*c4*c5*c6*37 - 3l*32*34*c5*c6*37
+ 3l*c2*33*35*c6*37 - c1*c3*35*c6*37 + 3l*c2*c3*34*36*37 +
c1*33*34*36*37 - 3l*32*c4*36*37 + 3l*c2*c3*c4*35*c7 + c1*33*c4*35*c7
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+ 3l*32*s4*35*c7 + 3l*c2*33*c5*c7 - cl*c3*c5*c7;

y37 - 32*c3*o4*c5*c6*37 - c2*s4*c5*c6*37 - 32*s3*35*c6*s7 -
s2*c3*s4*36*s7 - c2*c4*s6*37 - 32*c3*c4*35*c7 + c2*34*s5*c7

- 32*s3*o5*c7;

zl7 - c1*c2*c3*c4*c5*36 - 3l«33*c4*c5*s6 + cl*s2«s4*c5*36 -

c1*c2*s3*s5*s6 - 3l*c3*35*36 + ol*c2*c3*34»c6 - sl*33*34*c6 -

cl*s2*c4*o6;

227 » s1*c2*o3*o4*c5*36 + cl*33*c4*c5*s6 + 3l*32*s4*c5*36

- s1*c2*s3*35*36 + c1*c3*35*s6 + 3l*c2*c3*s4*c6 + cl*33*34*c6

- 3l*s2*o4*o6;

z37 - -s2*o3*c4*c5*36 + c2*s4*c5*s6 + 32*s3»35*36 - 32*c3*34*c6

- c2*c4*c6;

/* DETERMINATION OF THE POSITION OF THE END-EFFECTOR

w.r.t. THE BASE FRAME */

px - c17*c1*c2«c3*c4*c5*36 - d7*3l*33*c4*c5*s6 + d7*cl*32*34*c5*36
- d7*cl*c2*33*35*36 - d7*3l*c3*35*36 + d7*cl*c2*c3«34*c6 -

d7*3l*33*34«o6 - d7*cl*32*c4*c6 + ol*o2*c3*a4*c4 - sl*s3*a4*c4

+ cl*32*a4»34 + a2*c2«cl;

py - d7*3l*c2*c3*c4*c5*36 + d7*cl*33*c4*c5*s6 + d7*3l*32*34*o5*s6
- d7*3l*c2*s3*s5*36 + d7*cl*c3*35*s6 + d7*sl*c2*c3*34*c6 +

d7*cl*33*34*c6 - d7*sl*s2*c4*c6 + Sl*c2*c3*a4*c4 + cl*33*a4*c4

+ 3l*32*a4*34 + a2*c2*sl;

pz - -d7*s2*c3*c4*o5*36 + d7*c2*s4*c5*36 + d7*32*33*35*36 -
d7*s2*c3*s4*c6 -d7*c2*c4*c6 - s2*c3*a4*c4 + c2*a4*34 - a2*32;

/* LINEAR AND ANGULAR VELOCITY OF THE END-EFFECTOR */

vx - endeffactor.dx;

vy - endeffector.dy;
vz • endeffactor.dz;

wx - andaffactor.dThataX;

wy ■ endeffactor.dThetaY;
wz - andaffactor.dThataZ;

/* THE END-EFFECTOR Z-AXIS EXPRESSED IN BASE COORDINATES

zhOx - c1*c2*c3*c4*c5*36 - sl*s3*c4*c5*s6 + cl*s2«34*cS*s6

- Cl*c2*s3*s5*s6 - sl*c3*s5*s6 + cl*c2*c3*s4*c6

- 3l*33*34*c6 - cl*s2*c4*c6;

zhOy - 3l*c2*c3*c4*c5*36 + ol*33*c4*c5*36 + 3l*32*34*c5«36
- s1*o2*33*35*36 + c1*c3*s5*36 + 3l*c2*c3*34*c6

+ c1*s3*34*c6 - 3l*32*c4*c6;

zhOz - - 32*c3*c4*c5*36 + c2*s4*c5*36 + s2«33*35*36 - 32*c3*34*c6

- c2*c4*c6;

/* Tha VELOCITY OF THE WRIST REFERENCED TO THE BASE

COORDINATE FRAME •/

vx - vx - d7*( zhOz*wy - zhOy*wz );
vy « vy - d7*(-zhOz*wx + zhOx*wz );
vz - vz - d7*( zhOy^wx - zhOx*wy );

/* THE MOMEMENT PART OF THE FORCE VECTOR APPLIED

AT THE WRIST */
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mx - MX + d7*( fz*zhOy - fy*zhOz );
my - My + d7*(-fz*zh0x + fx*zhOz );
mz - Mz + d7*( fy*zhOx - fx*zhOy );

/• the position of the wrist w.r.t. THE BASE FRAME

psx - px - ( d7*cl*c2*c3*c4*c5*s6 - d7*sl*s3*c4*c5*36 +
d7*cl*s2*s4*o5*s6 - d7*cl*c2*33*s5*36 - d7*sl*c3*35*36 +
d7*cl*c2*c3*s4*o6 - d7*3l*33*34*c6 - d7*cl*32*c4*c6 ) ;

psy " Py ~ ( d7*3l*o2*c3*c4*c5*36 + d7*cl*33*c4*c5*36 +
d7*3l*32*34*o5*36 - d7*3l*c2*33*35*36 + d7*cl*c3*35*36 +

d7*3l*c2*c3*34*c6 + d7*cl*s3*34*c6 - d7*3l*32*c4*c6 );

p3z - pz - ( -d7*32*c3*o4*c5*36 + d7*c2*34*c5*36 +
d7*32*s3*35*36 - d7*32*o3*s4*c6 - d7*o2*c4*c6 );

/* IF kKind

IF kKind

0 THEN THE PERFORMANCE CRITERION IS MINIMIZED

1 THEN THE PERFORMANCE CRITERION IS MAXIMIZED */

♦kKind

SELECTING A PERFORMANCE CRITERION

IF Ca3eNum - 1 THEN THE MANIPULATOR VELOCITY RATIO
IN THE DIRECTION OF MOTION OF THE END-
EFFECTOR IS MAXIMIZED
(FOR LINEAR END-EFFECTOR MOTION CASE)

IF CaseNum - 2 THEN THE MANIPULATOR VELOCITY RATIO
IN THE DIRECTION OF MOTION OF THE END-
EFFECTOR IS MAXIMIZED
(FOR ANGULAR END-EFFECTOR MOTION CASE)

IF CaaeNum - 3 THEN THE MANIPULATOR MECHANICAL
ADVANTAGE IN THE DIRECTION OF THE FORCE
APPLIED AT THE WRIST IS MAXIMIZED

IF CaaeNum - 4 THEN THE MANIPULATOR MECHANICAL
ADVANTAGE IN THE DIRECTION OF THE MOMENT
APPLIED AT THE WRIST IS MAXIMIZED

IF CaseNum - 5 THEN THE MANIPULABILITY MEASURE USING
THE UPPER HALF PART OF THE WRIST JACOBIAN
IS MAXIMIZED

IF CaseNum - 6 THEN THE MANIPULATOR VELOCITY RATIO IN THE
DIRECTION CORRESPONDING TO THE MINIMUM
SINGULAR VALUE IS MAXIMIZED
(LINEAR END-EFFECTOR MOTION CASE)

IF CaseNum - 7 THEN THE MANIPULATOR VELOCITY RATIO IN THE
DIRECTION CORRESPONDING TO THE MINIMUM
SINGULAR VALUE IS MAXIMIZED
(ANGULAR END-EFFECTOR MOTION CASE)

*/

switch (CaseNum)
(
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case 1:

/*★**★************★***************★**************

MANIPULATOR VELOCITY RATIO

IN THE DIRECTION OF MOTION

(LINEAR MOTION CASE)
*********************★*******★*******************/

for

(

INITIALIZING VARIABLES */

( i - 0; i <- 3; ++i )

for ( ii - 0; ii <" 3; ++ii

(
jjlti[i][ii] - 0.0;

}

for

(

(  i - 0; i <- 7; ++i )

for ( ii " 0; ii <-

}

for

++ii )

t

)

ddol[i][ii] - 0.0
ddo2[i][ii] - 0.0

ddo3[i][ii] - 0.0
ddo4[i][ii] - 0.0

ddo5[i][ii] - 0.0

ddo6[i][ii] - 0.0
ddo7[i][ii] - 0.0
jzl[i][ii] - 0.0;

(  i - 0; i <- 1; ++i )

for ( ii " 0; ii <" 7; ++ii )

{
jzlt[i][ii] - 0.0;

)

for

{

for

(

(  i - 0; i <- 7; ++i )

dhdo[i] - 0.0;
z[i] - 0.0;

(  i - 0; i <- 7; ++i )

for ( ii " 0; ii <• 3; ++ii )

(
jlt(i][ii] - 0.0;

1

for ( i » 0; i <- 7; ++i )

{
for ( ii - 0; ii <• 7; ++ii )

1

jl[i] [ii] - 0.0;
enipty[i] [ii] - 0.0;

WEIGHTING FACTORS ASSOCIATED WITH THE
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VELOCITY OF THE WRIST AND THE JACOBIAN */

gl - pow(gamal,0.5)

g2 - pow(gama2,0.5)

g3 - pow(gama3,0.5)

el m pow(etal,-0.5)
e2 a pow(eta2,-0.5)
63 - pow(eta3,-0.5)
64 m pow(eta4,-0.5)

/* DETERMINING THE END-EFFECTOR DESIRED VELOCITY */

mag_xl - (Xb-Xa)*(Xb-Xa) + (Yb-Ya)*(Yb-Ya) + (Zb-Za)*(Zb-Za);
mag_xl - pow(mag_xl,0.5);
ul[I][l] - (1.0/mag xl) ♦ (Xb-Xa) ;
ul[2][ll - {1.0/mag~xl) ♦ (Yb-Ya) ;
ul[3][l] - (1.0/mag_xl) * (Zb-Za) ;

/* THE TRANSFORMED WRIST JACOBIAN RELATED TO

LINEAR MOTION */

jl[l][1] - -gl*p3y*el;
jl[l][2] - gl*cl*psz*e2;
jl[l][3] " gl*( sl*s2* (ps2+a2*s2) - c2*(psy-a2*o2*3l) )*e3;
jl[l][4] - gl»( (3l*o2*33-cl«c3)*(p3z+a2*32) + (32*33)*

(P3y-a2*c2*3l) )*e4;
jlC2][1] - g2*p3x*el;
jl[2][2] - g2*3l*p3z*e2;
jl[2][3] " g2*( -c1*32*(p3z+a2*32) + c2*(psx-a2*c2*cl) )*e3;
jl[2]t4] -g2*( -(cl*o2*33+3l*c3)*(psz+a2*s2) - (s2*s3)*

(psx-a2*c2*cl) )*e4;
jl[3][2] - g3*(-sl*psy-cl*p3x)*e2;
jl[3][3] " g3*( cl*s2*(psy-a2*c2*3l)-31*32*(p3x-a2*c2*cl))*e3;
jl[3][4] - g3*( (cl*c2*33+3l*c3)*(psy-a2*c2*3l) -

(P3x-a2*c2*cl)*(3l*c2*33-cl*o3) )*e4;

/* THE TRANSPOSE OF THE JACOBIAN */

for ( i - 1; i <- 7; ++i )

{

for ( ii "• 1; ii <- 3; ++ii )

(
jlt[i] [ii] - jl[ii][il;

}

}

/* CALLING THE PSUEDO-INVERSE ROUTINE */

p3uado_inv ( jl,empty,3elect,w );
/* jl is now a 3x3 inverse matrix that contains

the inverse of JJT */

/* THE INVERSE OF JJT */

for ( i - 1; i <- 3; ++i )

(
for ( ii - 1; ii <- 3; ++ii )

{
jjlti[i][ii] - jl[i][ii];

}
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/* Z IS THE PRODUCT OF THE INVERSE OF JJT BY

THE VECTOR IN THE DIRECTION OF MOTION */

for ( i - 1; i <- 3; ++i )

{
for ( iii - 1; iii<" 3; ++iii )

{
z[i] - jjlti[i][iii]*ul[iii][1] + 2[i];

)

1

/* THE MVR FOR LINEAR MOTION */

rvl - X.O/(sqrt(ul[X] [l]*z[l] + ui [2] [X] *z [2] + uX [3] [X] »z [3] ) );

fprintf(singuXarity, "%d %f\n",iteration, rvX);

/* THESE ARE THE ENTRIES OF THE FOLLOWING PRODUCT:

(TRANSPOSE OF THE JACOBIAN)*(Z-VECTOR) */

iX - psz + a2*s2;
12 - pay - a2*c2*3X;
13 - psx - a2*c2*cX;

jzX[X][X] - -gX*psy*eX*z[X] + g2*psx*eX*z[2];
jzi[2][X] - gX*oX*psz*e2*z[X] + g2*sX*psz*e2*z[2]

+ g3*{-sX*psy-cX*psx)*e2*z[3];
jzX[3][X] - gX*( sX»s2*iX - c2»i2 )*e3*z[X]

+ g2*( -cX*s2*iX + o2*i3 )»e3*z[2]
+ g3*( cX*s2*i2 - sX*s2*i3 )*e3*z[3];

jzX[4][X] - gX*( (sX*c2*s3-oX*c3)*iX + (32*33)*i2 )*e4*z[X]
+ g2*(-(cX*c2*33+3X*c3)*iX - (32*33)*i3 )*e4»z[2]
+ g3*((cX*c2*s3+3X*c3)*i2 - i3*(3X*c2*33-cX*o3))*e4*z[3],

j2i[5][X] - 0.0
jzi[6][X] - 0.0
jzl[7][X] - 0.0

/• PARTIAL DIFFERENTIAL OF jzi W.r.t. THETA */

ddoX[X][X] - -gX*(cX*c2*c3*a4«c4 - 3X«33*a4*c4 + cX*32*a4*s4
+ a2*c2*cX)*eX*2[X] + g2*(-3X*c2*c3*a4*c4 - cX*33*a4«c4 -
3X*32*a4*34 - a2*c2*3X)*eX*z[2];

ddoX[2][X] - gX*(3X*32*c3*a4*c4 - 3X*c2*a4*34 + 3X*a2*32)*02*2[X]
+ g2*(-cX*s2*o3*a4*c4 + cX*c2*a4*34 - cX*a2*s2)*e2*z[2];

ddoX[3][X] - gX*(-cX*c3*a4*c4 + 3X*c2*33*a4*c4)*e3*z[X] +
g2*(-sI*c3*a4«o4 - cX*c2*33*a4*c4)«e3*z [2];

ddoX[4][X] - gX*(-32*3X*a4*c4 + oX*33*a4*34 +
3X*c3*c2*a4*34)*e4*z[X] + g2*(oX*32*a4*c4 + 3X*33*a4*34 -
cX*c3*c2*a4*34)*e4*z[2];

ddo2[X][X] - -gX*(-3X*32*o3*a4*o4 + 3X*c2*a4*34 -
a2*32*sX)*eX*z[X] + g2*(-0X*32*c3*a4*c4 + cX*c2*a4*34 -
a2*32*cX)*eX*z[2];

ddo2[2][X] - gX*(-cX*c2*c3*a4*c4 - cX*32*a4*34 -
cX*a2*c2)*e2*z[X] + g2*(-3X*c2*c3*a4*c4 - 3X*32*a4*s4 -
3X*a2*c2)*e2*z[2]+g3*(32*o3*a4*c4-c2*a4*34+a2*s2)*e2*z[3];

ddo2[3][X] - gX*(cX*32*s3*a4*c4)*e3*z[X] +
g2*(3X*32*33*a4«c4)*e3*z[2] + g3*(c2*33*a4*c4)*e3*z[3];

133



ddo2[4][l] - gl*(c2*cl*a4*c4 + cl*c3*s2*a4*34)*e4*z[1] +
g2*(3l*c2*a4*c4 + sl*c3*32*a4*34)*e4*z[2] + g3*(-32*a4*c4
+ c3*c2*a4*34)*e4*z(31;

ddo3[l][l] - -gl*{-3l*c2*33*a4*c4 + cl*c3*a4*c4)*el*z[1]
+ g2*(-cl*c2*33*a4*c4 - 3l*c3*a4*o4)*el*z[2];

ddo3[2][ll - gl*(cl*32*33*a4*c4)*e2*z[l] +
g2*(sl*32*33*a4*c4)*e2*z[2] +g3*(c2*33*a4*c4)*e2*z[3];

ddo3[3]Cl] - gl*(3l*s3*a4*c4 - cl*c2*c3*a4*o4)*e3*2[l]
+ g2*(-cl*33*a4*c4 - sl*o2*c3*a4*c4)*e3*z(2] +
g3*(s2*c3*a4*c4)*e3*z[3];

ddo3[4][l] - gl*(3l*c3*a4*34 + cl*s3*c2*a4*34)*e4*z[1] +
g2*{-cl*o3*a4*s4 + 3l*33*o2*a4*34)*e4*z [2] +
g3*(-s3*32*a4*s4)*e4*z [3];

ddo4(11(11 - -gl*(-sl*c2*o3*a4*s4 - ol*33*a4*34 +
Sl*32*a4*c4)*el*z(l] +g2*(-0l*c2*c3*a4*34 + 3l*33*a4*34 +
cl*s2*a4*o4)*el*z(21;

ddo4(21(ll - gl*(Cl*s2*c3*a4*34 + cl*c2*a4*c4)*e2*z(11 +
g2*(3l*32*o3*a4*34 + 3l*c2*a4*c4)*e2*z(21 + g3*(c2*c3*a4*s4
- s2*a4*c4)*e2*z(31;

ddo4(31(ll - gl*(sl*c3*a4*34 + cl*c2*33*a4*34)*e3*z(11
+ g2*(-cl*c3*a4*34 + sl*o2*s3*a4*34)*e3*z(21 +
g3*(-32*33*a4*s4)*e3*z(3] ;

ddo4(4](l] - gl*(-s2*cl*a4*34 + sl*s3*a4*c4 -
cl*c3*c2*a4*c4)*e4*2(11 + g2*(-sl*s2*a4*s4 - cl*33*a4*c4
-Sl*c3*c2*a4*c4)*e4*z(21 +g3*(-c2*a4*34+c3*32*a4*c4)*e4*z (31;

for ( i - 1; i <- 7; ++i )

{

jzltdl (il - jzKil (11;

/* DETERMINING THE GRADIENT OF THE PERFORMANCE

CRITERION

j - 1;
for (

(

1; i <- 7; ++i )

dhdo(j] - -2.0*j2lt(l (il*ddol[i] (1 + dhdo(j 1 ;
dhdo[j+ll - -2.0*jzlt 1](il*ddo2[i] 11 + dhdoCj+1]

dhdo(j+21 - -2.0*jzlt 11(il*ddo3(il 11 + dhdo(j+21
dhdo(j+31 - -2.0*jzlt 1] (il*ddo4(il 11 + dhdo(j+31
dhdo(j+41 - -2.0*jzlt 11[il*ddo5(il 11 + dhdo(j+41

dhdo(j+5] - -2.0*jzlt 11(il*ddo6[i] 11 + dhdo(j+51
dhdo(j+6] » -2.0*jzlt 11 (il *ddo7(i] 11 + dhdo(j+61

gH->one -
gH->two -

gH->three
gH->four ■

gH->five "
gH->six -
gH->seven

dhdodl ;

dhdo(21 ;
- dhdo(31 ;

■ dhdo(41 ;

■ dhdo(51;

dhdo(6];
- dhdo(7]j
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break;

case 2:

MANIPULATOR VELOCITY RATIO IN THE DIRECTION

OF MOTION (ANGULAR MOTION CASE)

/* INITIALIZING VARIABLES

for ( i " 0; i <» 3; ++i )

(
for { ii - 0; ii <- 3; ++ii )

jjati[il[ii] - 0.0;
)

for

{

( i - 0; i <= 3; ++i )

L - 0; ii <- 1; ++ii )

ua[i] [ii] - 0.0;

for

{

}

for

{

( i - 0; i <- 7; ++i

for ( ii - 0; ii <- 1; ++ii )

ddol[i] [ii]
ddo2[i][ii]

ddo3[i][ii]

ddo4[i] [ii]
ddo5[i][ii]
ddo6[i] [ii]
ddo7[i][ii]
jza[i][ii] '

• 0.0

• 0.0

■ 0.0

■ 0.0

■ 0.0

■ 0.0

■ 0.0

0.0;

}

for ( i "• 0; i <" 1; ++i )

{

for ( ii - 0; ii <« 7; ++ii )

[
jzatCi][ii] - 0.0;

1

for

(

}
for

{

0; i <- 7; ++i )

dhdo[i] - 0.0;
z[i] - 0.0;

( i - 0; i <» 7; ++i )

for ( ii " 0; ii <" 3; ++ii )

(
jat[i][ii] - 0.0;
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for ( i - 0; i <" 7; ++i )

(

for ( ii =■ 0; ii <- 7; ++ii )
(

ja[i] [ii] - 0.0;
zero[i] [ii] - 0.0;

/*

g6 - pow
g5 - pow
g4 " pow
el - pow
e2 - pow
e3 - pow
e4 - pow
e5 » pow
e6 - pow
e7 - pow

/*

mag_xa
mag_xa

ua[l] [1]
ua[2] [1]
ua[3] [1]

/*

WEIGHTING FACTORS

(gatnaS, 0.5)
(gaina5,0.5)
(gaina4,0.5)
(etal,-0.5)
(eta2,-0.5)
(eta3,-0.5)
<eta4,-0.5)
(eta5,-0.5)
(eta6,-0.5)
(eta7,-0.5)

THE ANGULAR VELOCITY OF THE WRIST */

" g4*g4*wx*wx + g5*g5*wy*wy + g6*g6*wz*wz;
- pow(mag_xa,0.5);

(1.0/mag_xa)*g4*wx;
(1.0/mag_xa)*g5*wy;
(1.0/inag_xa) *g6*wz;

THE ANGULAR MOTION PART OF THE WRIST JACOBIAN «/

ja[l] [1] - 0.0;
ja[l] [2] - -g4*sl*e2;
ja[l] [3] " g4*cl«32*e3;
ja[l] [4] - g4*( cl*c2*s3+sl*c3 )*e4;
ja[l) [5] - -g4*( (-s6*c7)*xl7 + (s6*37)*yl7 + c6*zl7 )*e5;
ja[l] [6] - g4*( 37*x17 + c7*yl7 )*e6;
ja[l] [7] - g4«( (px-p3x)/d7 )«e7;
ja[2][1] - 0.0;
ja[2] [2] - g5*cl*e2;
ja[2] [3] - g5*3l*32*e3;
ja[2] [4] - g5*( 3l*c2*33-cl*c3 )*e4;
ja[2] [5] - -g5*( (-36*c7)*x27 + (36*37)»y27 + c6*z27 )«e5;
ja[2][6] - g5*( 37*x27 + o7*y27 )*e6;
ja[2][7] -g5*( (py-p3y)/d7 )*e7;
ja[3][1] - g6*el;
ja[31 [2] - 0.0;
ja[3] [3] - g6*c2*e3;
ja[3] [4] " g6*( -32*33 )*e4;
ja[3] [5] - -g6*( (-36*c7)*x37 + (s6*s7)*y37 + c6*z37 )*e5;
ja[3] [6] - g6*( 37*x37 + c7*y37 )*e6;
ja[3] [7] - g6*( (pz-p32)/d7 )*e7;

for ( i i <- ++i )

for ( ii - 1; ii <- 3; ++ii )
{

jat[i][ii] - ja[ii][ij;
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/* CALLING THE PSUEDO-INVERSE ROUTINE

p3ue<io_inv ( ja, zero, select, w ) ;
/* ja is now a 3x3 inverse matrix */

/* THE INVERSE OF JJT */

for ( i " 1; i <- 3; ++i )

(
for ( ii - 1; ii <" 3; ++ii )

{
jjati[il[ii] - ja[i][ii];

}

}

/* z IS THE PRODUCT OF THE INVERSE OF JJT BY

THE VECTOR IN THE DIRECTION OF ANGULAR

ROTATION OF THE WRIST */

for ( i " 1; i <- 3; ++i )

{

for ( iii - 1; iii <" 3; ++iii )

{

z[i+3] - jjati[i][iii]*ua[iii][1] + z[i+3];
}

)

/* MVR FOR ANGULAR MOTION */

rva - 1.0/(sqrt(ua[l][ll*z[4] + ua[2][1]*z[5] + ua[3][1]*z[6])),

fprintf(singularity, "%f\n", rva);

/* PRODUCT OF:

(TRANSPOSE OF THE JACOBIAN)*(Z-VECTOR) */

jzaCl][1] - g6*el*z[6];
jza[2] [1] - -g4*sl*e2*z[4] + g5*cl*e2*z[5];
jza[3]Cll - g4*cl*s2*e3*z(4] + g5*sl*s2*e3*z[5] + g6*c2*e3*z[6];
jza[4] [1] - g4*(cl*c2»s3+sl*c3)*e4*z[4]

+g5*(3l*c2«s3-cl*c3)*e4*z[5]
+ g6*(-s2*s3)*e4*z[6];

jza[5][1] - -g4«( -s6*c7*xl7 + s6»s7*yl7 + o6*zl7 )*e5»z[4]
- g5*( -s6*c7*x27 + s6*s7*y27 + c6*z27 )*e5*z[S]
- g6*( -s6*c7*x37 + s6*s7*y37 + o6*z37 )*e5*z[61;

jza[6][l] - g4*(s7*xl7 + c7*yl7)*e6*z[4]
+ g5*(s7*x27 + c7*y27)*e6*z[5]
+ g6*(s7*x37 + c7*y37)*36*3[6];

jza[7][l] " g4*( (px-psx)/d7 )*e7*z[4) + gS*( (py-psy)/d7 )*e6*z[5]
+ g6*( (pz-psz)/d7 )*e7*z[6];

/* PARTIAL DIFFERENTIAL OF jza w.r.t. THETA

ddol[2][l] - -g4*cl*e2*z[4] - g5*sl*e2*r[5];
ddol[3][l] - -g4*sl*s2»e3*z[4] + g5*cl*s2*e3*z[5];
ddol[4][l] - g4*(-sl*c2*s3+cl*c3)*e4*z[4]

+ g5*(cl*c2*s3+3l*c3)*e4«z[5];
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ddo2C3][l] - g4*cl*c2*e3*z[4] + g5*sl*c2*e3*z[5] - g6*32*e3*z[6];
ddo2[4][l] - g4*(-cl*s2*s3) *e4*z[4] + g5*(-31*32*33)*e4*z[5]

+ g6* (-c2*33) *e4*z[6] ;

ddo3C4][l] - g4* (cl*o2*c3-3l*33) *e4*z[4]
+ g5* (sl*c2*c3+ol*s3)*e4*z[5]
+ g6*(-32*c3)*e4*z[6];

ddo6[5]tl] - -g4*( -c6*c7*xl7 + c6*s7*yl7 - s6*zl7 )*e5*z(4]
- g5* ( -c6*o7*x27 + c6*s7*y27 - s6*z27 )*e5*z[5]
- g6*( -o6*o7*x37 + o6*s7*y37 - s6*z37 )*e5*z[6],

ddo7[5][l] - -g4*( s6*s7*xl7 + 36*c7*yl7 )*e5*z[4]
- g5*( 36*s7*x27 + s6*c7*y27 )*e5*z[5]
- g6*( 36*37*x37 + 36*o7*y37 )*e5*z[6];

ddo7[6][l] - g4*(c7*xl7 - 37*yl7) *e6*zC4]
+ g5*<o7*x27 - s7*y27)*e6*z[5]
+ g6*(c7*x37 - 37*y37)*e6*z[6];

for ( i - 1; i <- 7; ++i )

jzat[l][i] - jza[i] [1] ;
{

}

/*

j - 1;
for ( i

DETERMINATION OF THE GRADIENT

1; i <- ++i )

dhdo[j] - -2.0*jzat[l] [i]*ddol[i] [1] + dhdo[j1;

dhdo[j+lI - -2.0*jzat[l] [i]*ddo2(i][11 + dhdo[j+l];
dhdo[j+2] - -2.0*jzat[l] [il*ddo3[i][1] + dhdo[j+2];

dhdo[ j+3) - -2.C*jzat[ll[il*ddo4[il[1] + dhdo[j+3];
dhdoCj+4] - -2.0*jzat[l][il*ddo5[i][1] + dhdo[j+4];

dhdo[j+5] - -2.0*jzat[1][i]*ddo6[il[1] + dhdo[j+5];
dhdo[j+6] - -2.0*jzat[l] Cil*cldo7Ci][1] + dhdo[j+6];

gH->one ~

gH->two -
gH->three
gH->four ■

gH->five "
gH->six -
gH->seven

dhdo[l];

dhdo[2] ;
- dhdo[3];

■ dhdo[4];

■ dhdo(5];

dhdo[6] ;
- dhdo[7],

brealc;

case 3:

/*
MANIPULATOR MECHANICAL ADVANTAGE IN THE

DIRECTION OF THE FORCE APPLIED AT THE

WRIST

INITIALIZING VARIABLES

for ( i - 1; i <- 7; ++i )

{
dhdo[i1 - 0.0;
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for ( i 1 <- ++i )

for ( ii

{

0; ii <- 1; ++ii )

ddol[l [111 ■1 0.0
ddo2[l [11] - 0.0
ddo3[l [111 - 0.0
ddo4[l [111 m 0.0
ddo5[1 [ill m 0.0
ddo6[1 [111 m 0.0
ddo7[l [ii] - 0.0

I* WEIGHTING FACTORS

bl - pow(betal,0.5)
b2 - pow(beta2,0.S)
b3 - pow(betas,0.5)
b4 - pow(beta4,0.5)

*/

/* THE MAGNITUDE OF THE FORCE VECTOR */

ml - sqrt( alfal*fx*fx + alfa2*fy*fy + alfa3*fz*fz ) ,
ml » 1. .0 /ml ;

/* THESE ARE THE ENTRIES OF THE FOLLOWING VECTOR
THAT IS THE PRODUCT OF :
(TRANSPOSE OF THE JACOBIAN)*(DIRECTION OF FORCE) */

11 - psz + a2*s2;
12 - psy - a2*c2*sl;
13 - pax - a2*c2*cl;

jul[l]
jul[2]

jul[3]

[11 - ml*(-fx*psy*pow(betal,0.5) + fy*psx*pow(betal,0.5) );
[1] - ml*(fx*cl*psz*pow(beta2,0.5)

+ fy*sl*psz*pow(beta2,0.5)
+ fz*(-sl*psy -cl*p3x)*pow(beta2,0.5));

ml*(fx*pow(betaS,0.5)*( 31*32*11 - c2*12 )
+ fy*pow(beta3,0.5)*( -cl*32*ll + c2*13 )
+ fz*pow(betas,0.5)*( cl*32*12 - 31*32*13

jul[4]

jul[5]
juicei
jul(7]

THE MMA IN THE DIRECTION OF THE APPLIED FORCE '/

rml - 3qrt(jul[l] [l)*julCl] [l]+jul[2] [l]*jul[2] [ll+jul[3] [l]*jul[31 [1]
+ jul[4] [l]*jul[4] [ll+jul[51 [l]*jul[5] [l]+jul[6] [l]*jul[6] [1]
+ jul[7][l]*jul[7] [1]);

rml - 1.0/rml;

fprlntf(alngularlty, "%f\n", rml);

PARTIAL DIFFERENTIAL-OF jul w.r.t. THETA
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ddol[l][l] - -ml*fx*(cl*c2*c3*a4*o4 - 3l*33*a4*c4 +
cl*32*a4*34 + a2*c2*cl)*bl + ml*fy*(-3l*c2*c3*a4*c4 -
cl*33*a4*c4 - 3l*32*a4*34 - a2*o2*sl)*bl;

ddol[2][l] - (3l*32*c3*a4*c4 - 3l*c2*a4*34 +
sl*a2*32)*b2 + (-cl*32*c3*a4*c4 + cl*c2*a4*34 -
cl*a2*32)*b2;

ddol[3][l] - ml*fx*(-cl*c3*a4*c4 + sl*c2*33*a4*c4)*b3 +
ml*fy*(-Sl*c3*a4*c4 - cl*o2*s3*a4*c4)*b3;

ddol[4][l] - na*fx*(-32*3l*a4*c4 + Cl*s3*a4*s4 +
sl*o3*c2*a4*34)*b4 + na*fy*(Cl*s2*a4*c4 + sl*33*a4*34 -
cl*c3*c2*a4«34)*b4;

ddo2[l][l] - -tia*fx* (-Sl*s2*c3*a4*c4 + sl*c2*a4*s4 -
a2*s2*3l)*bl + ml*fy*(-cl*s2*c3*a4*c4 + ol*c2*a4*34 -
a2*32*ol)*bl;

ddo2[2][ll - na*fx*(-cl*o2*c3*a4*c4 - cl*32*a4*s4 -
ol*a2*o2)»b2 + ml*£y*(-sl*o2*c3«a4*c4 - 3l*32*a4*34 -
3l*a2*c2)*b2 + ml*fz«(32*c3*a4*c4 - c2*a4*34 + a2*32)*b2;

ddo2[3][l] - na*fx* (cl*32*33»a4»c4)*b3 +
ml*fy*(3l*32*s3*a4*c4)*b3 + ml*fz*(c2*s3*a4*c4)*b3;

ddo2[4][l] - ml*fx*(c2*cl*a4*c4 + cl*c3*32*a4*s4)•b4 +
nil*fy* <sl*c2*a4*c4 + sl*c3*s2*a4*34) *b4 + ml*fz* (-32*a4*c4
+ C3*c2*a4*s4)*b4;

ddo3[l][l] - -ml*fx*(-sl*c2*33*a4*c4 + cl*c3*a4*c4)*bl +
ml*fy*(-0l*c2*s3*a4*c4 - sl*c3*a4*c4)*bl;

ddo3[21[l] - na*fx* (cl*s2*33*a4*c4) *b2 +
na*fy»(sl»32*s3*a4*c4)•b2 +ml*fz*(c2*33*a4*o4)*b2;

ddo3[3][l] - ml*fx*(3l*s3*a4*c4 - cl*c2*o3*a4*c4)*b3 +
ml*fy*(-cl*s3*a4*c4 - sl*c2*o3*a4*o4)*b3 +
ml*fz*(32*c3*a4*c4)*b3;

ddo3[4][l] - na*fx*{sl*c3*a4*s4 + cl*s3*c2*a4*34)*b4 +
ml*fy*<-cl*c3*a4*34 + 3l*s3*c2*a4*34)*b4 +
ml*fz*(-33*s2*a4*34)*b4;

ddo4[l]tl] - -mX*fx*(-3l*o2*c3*a4*34 - ol*33*a4*34 +
sl*s2*a4*c4) *bl +ita*fy» (-cl*c2«c3*a4*34 + 3l*33*a4*34 +
cl*s2*a4*c4)*bl;

ddo4[2][l] - ml*fx*(0l*s2*c3*a4*s4 + cl*c2*a4*c4)*b2 +
(Sl*32*c3«a4*s4 + 3l«c2*a4«c4)*b2 +

na*fz»(c2*c3*a4*s4 - 32«a4*c4)•b2;

ddo4[3][l] - ml*fx*(3l*c3*a4*s4 + cl*c2*33*a4*«4)*b3 +
na*fy*(-cl*c3*a4*34 + sl*o2*s3*a4*s4)*b3 +
nil*fz* (-32*s3*a4*34) *b3;

ddo4[4][l] - ml*fx*(-s2*ol*a4«s4 + 3l*33*a4*c4 -
cl*c3*c2*a4*o4)*b4 + ml*fy*(-sl*s2*a4*34 - ol*s3*a4*c4 -
3l*c3*o2*a4*c4)*b4 + ml*fz*(-c2»a4*34 + c3»32*a4*c4)*b4;

for ( i - 1; i <- 7; ++i )

{

jult[l] [i] - jul[i] [1] ;

140



/* GRADIENT OF THE PERFORMANCE CRITERION

j -
for

{

1;

( i 1; i <- ++i )

dhdoCj] - 2.0*jult(l] [i]*ddol[i] [1] +
dhdoCj+1] - 2.0*jult[l] [i]*ddo2[i] [1]
dhdo[j+2] - 2.0*jult[l)[i]*ddo3[i][1]
dhdo[j+3] - 2.0»jult[l][il*ddo4Ci]Cl]
dhdo[j+41 - 2.0*jult(l][i]*ddo5[i][1]
dhdo[j+5] - 2.0»jult[l][i]*ddo6[i][1]
dhdo[j+6] - 2.0*jult[l] [i]*ddo7[i] [1]

dhdo[j] ;
+ dhdo[j+l]

dhdo[j+2]
dhdo[j+3]
dhdo[j+4]
dhdo[j+5]
dhdo[ j+6]

gH->one -

gH->two "

gH->three
gH->four '
gH->five '
gH->six "
gH->3even

dhdo[l] ;

dhdo[2];
- dhdo[3];

■ dhdo[4] ;

■ dhdo[5];

dhdo[6];

- dhdo[7] ;

break;

case 4:

MANIPULATOR MECHANICAL ADVANTAGE IN THE

DIRECTION OF THE MOMENT APPLIED AT THE

WRIST

INITIALIZING VARIABLES

for { i " 1; i <- 7; ++i

{

dhdo[i] - 0.0;

for (  i i <- 7; ++i )

for ( ii ;  ii <-

ddol[i][ii]

ddo2[i][ii]

ddo3[i][ii]
ddo4[i][ii]

ddo5[i][ii]

ddo6[i][ii]
ddo7(i][ii]

++ii )

0.0

0.0

0.0

/* WEIGHTING FACTORS

bl

b2

b3

b4

pow{betal,0.5)

pow(beta2,0.5)
pow(beta3,0.5)

pow(beCa4,0.5)
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b5 " pow(betas,0.5)
b6 - pow(beta6,0.5)
b7 - pow(beta?,0.5)

/* MAGNITUDE OF THE APPLIED MOMENT */

modulus - sqrt(alfa4*mx*mx + alfa5*my*my + alfa6*mz*mz);
mo - 1.0/modulus;

THESE ARE THE ENTRIES OF THE VECTOR THAT IS THE

PRODUCT OF:

(TRANSPOSE OF THE JACOBIAN)*(MOMENT DIRECTION)
*/

,0.5)

ju2[l][l] " mo*mz*pow(betal, 0.5) ;
ju2C2][l] - mo*(-sl*mx*pow(beta2,0.5) + cl*my*pow(beta2,0.5)),
ju2[3][l] - mo*(mx*cl*s2*pow(beta3,0.5) + my*sl*s2*pow(beta3,0.5)

+ mz*c2*pow(l3eta3,0.5)) ;
ju2[4][l] - mo* (mx* (cl*c2*s3 + sl*c3) *pow(beta4, 0.5)

+ my*(sl*o2*s3 - cl*c3)*pow(beta4,0.5)
+ mz*(-s2*s3)*pow(beta4,0.5));

ju2[5][l] " -mo*(mx*( -s6*c7*xl7+s6*s7*yl7+c6*zl7)*pow(betaS,i
+ my*(-s6*c7*x27+s6*s7*y27+c6*z27)*pow(betaS,0.5)
+ mz*(-s6*c7*x37+s6*s7*y37+c6*z37)*pow(betaS,0.5));

ju2[6][l], - mo* (mx* ( s7*xl7 + c7*yl7 ) *pow (beta6, 0.5)
+ my*( s7*x27 + c7*y27 )*pow(betaS,0.5)
+ mz*( s7*x37 + c7*y37 )*pow(betaS,0.5));

ju2(7][l] - mo*(mx*((px-psx)/d7)*pow(beta?,0.5)
+ my*((py-psy)/d?)*pow(beta?,0.5)
+ mz*((pz-psz)/d?)*pow(beta?,0.5));

/* THE MMA IN THE DIRECTION OF THE APPLIED MOMENT */

rm2 - sqrt(ju2[l] Cl]*ju2[l] [l]+ju2[2] [l]*ju2[2] (l]+ju2[31 [ll*ju2[3] [1]

+ ju2[4] Cl]*ju2[4] [l]+ju2[5] [l]*ju2[5] [l]+ju2[61 [l]*ju2(6] [1]
+ ju2[7] Cll*ju2[7] [ID;

rm2 - 1.0/tm2;

fprintf(singularity, "%f\n", rm2) ;

/* DIFFERENTIAL OF ju2 w.r.t. THETA */

ddol[2][l] - -mo*cl*mx*pow(beta2,0.5) - mo*sl*my*pow(beta2,0.5);
ddol[3)[1] " -mo*mx*sl*s2*pow(beta3,0.5)+mo*my*cl*s2*pow(beta3,0.5);
ddolC4][l] - mo*mx*( -sl*c2*s3 + cl*c3 )*pow(beta4,0.5)

+ mo*my*( cl*c2*s3 + sl*c3 )*pow(beta4,0.5);

ddo2[3][l] - mo*mx*ol*c2*pow(beta3,0.5) + mo*my*sl*c2*pow(beta3,0.5)
- mo*mz*s2*pow(betas,0.5);

ddo2[4][l] - mo*mx*(-cl*s2*s3)*pow(beta4,0.5)
+ mo*my*(-sl*s2*s3)*pow(beta4,0.5)
+ mo*mz*(-c2*s3)*pow(beta4,0.5);

ddo3[4][1] - mo*mx*( cl*c2*o3 - sl*s3 )*pow(beta4,0.5)
+ mo*my*( sl*c2*c3 + ol*s3 )*pow(beta4,0.5)
+ mo*mz*( -s2*c3 )*pow(beta4,0.5);

ddo6[51[l] - -mo*mx*(-c6*o7*xl7 + c6*s7*yl7 - s6*zl7)*pow(betaS,0.5)
- mo*my*(-o6*o7*x27+c6*s7*y27-s6*z27)*pow(betaS,0.5)
- mo*mz*(-c6*c7*x37+c6*s7*y37-s6*z37)*pow(betaS,0.5);

ddo7[5][l] - -mo*mx*( s6*s7*xl7 + s6*c7*yl7 )*pow(betaS,0.5)
- mo*my*( s6*s7*x27 + s6*c7*y27 )*pow(betaS,0.5)
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- mo*inz* ( 36*37*x37 + 36*c7*y37 ) *pow (betaS, 0.5)
ddo7[6][l] ~ mo*mx*( c7*xl7 - 37*yl7 )*pow(beta6,0.5)

+ mo*my*( c7*x27 - s7*y27 )*pow(betaG,0.5)
+ mo*mz*( c7*x37 - 37*y37 )*pow(betaG,0.51;

for ( i " 1; i <" 7; ++i )

{
ju2t[l] [i] - ju2[i] [II;

1

0 -
for

(

GRADIENT OF THE PERFORMANCE CRITERION

1;

(  i i <- ++i )

dhdo[j] "2 0*ju2t[l] [i]*ddol[i](l] + dhdo[jI;

dhdoCj+11 - 2.0*ju2t[l [i]*ddo2[i][11 + dhdo[j+1]
dhdo[j+2] - 2.0*ju2tCl [i]*ddo3[i][1] + dhdo[j+2]

dhdo[j+3] - 2.0*ju2t[l [i]*ddo4[i][1] + dhdo[j+3]
dhdo(j+4] - 2.0*ju2t[l [i] *ddo5[i][1] + dhdo[j+4]

dhdo[j+5] » 2.0*ju2t[l [i]*ddoG[i][1] + dhdo[j+5]
dhdo[ j+G] - 2.0*ju2t[l [i]*ddo7[i][1] + dhdo[j+G]

gH->one "

gH->two "

gH->three
gM->four "
gH->five "
gH->3ix -
gH->3even

dhdoCU;

dhdo[2] ;
- dhdo[31;

■ dhdo[4];

' dhdo[5];

dhdo[6];

- dhdo[7];

break;

caae 5:

*kKind - 1; /* MAXIMIZING PERFORMANCE CRITERION */

/*****************************************************

MANIPULABILITY MEASURE CRITERION

(using the upper part of the wrist Jacobian)
***********************•******************************/

n - 7;

m " 7;

/* INITIALIZING VARIABLES

for ( i " 1; i <~ 7; ++i )

{

for ( ii ■ 1; ii <■ 7; ++ii )
(

jac[i] [ii] - 0.0;

I

/* THE UPPER 3x7 PART OF THE WRIST JACOBIAN
REFERENCED TO THE BASE FRAME
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jao[l]Cl] - -psy;
jac[1][2] " cl*p3z;
jac[l][3] ■ sl*s2*(psz+a2*s2) - c2*(psy-a2*c2*sl);
jacCl][4] - (3l*c2*s3-cl*c3)*(p3z+a2*s2) + (32*33)*(p3y-a2*c2*3l);

jac[2] [1] - psx;
jac[2][2] - sl*p3z;
jac[2)C3] - -c1*32*(p3z+a2*32) + c2*(p3x-a2*c2*cl);
jac[2][4] - -(cl*c2*33+3l*c3)*(psz+a2*32) - (32*s3)*(p3x-a2*c2*cl);

jac[3][2] - -3l*p3y-cl*psx;
jacC3][3] - cl*s2*(psy-a2*c2*3l) - 31*32*(psx-a2*c2*cl);
jac[3]C4] - (cl*c2*33+3l*c3)*(psy-a2*c2*3l)

-(psx-a2*c2*cl)*(3l*c2*33-cl*c3);

for ( i

{

" 1; i <" 7; ++i )

for ( ii - 1; ii <" 7; ++ii

g[i]til] - 0.0;
)

for ( i

I
for

1; i <- n; ++i )

ii - 1; ii <• n; ++ii )

g[i] [ii] - jac[i] [ii];

for ( i - 1; i <- 9; ++i )

(

for ( ii

[

1; ii <- 8; ++ii )

for ( j - 1; j <- 9; ++j )
(

jacp[i][ii][j] - 0.0;

/* PARTIAL DIFFERENTIAL OF EVERY ENTRY IN THE

WRIST JACOBIAN w.r.t. THETA */

jacp[l][1][1] - -(cl*c2*c3*a4*c4 - 3l*33*a4*c4 +
Cl*32*a4*34 + a2*c2*cl);

jacp[l][1][2] - (3l*s2*c3*a4*c4 - 3l*c2*a4*34 + sl*a2*32);
jacp[l][1][3] - (-cl*c3*a4*c4 + 3l*c2*33*a4*c4);
jacp[l] [1] [4] - (-32*3l*a4*o4 + cl*33*a4*s4 + 3l*c3*c2*a4*34);
jacp[2][1][1] - -(-Sl*32*c3*a4*c4 + 3l*c2*a4*34 - a2*32*3l);
jacp[2][1][2] - (-cl*o2*c3*a4*c4 - cl*32*a4*s4 - cl*a2*c2);
jacp[2][1][3] - (cl*32*33*a4*c4);
jacp[2][1][4] - (c2*cl*a4*c4 + cl*c3*s2*a4*34);
jacp[3][1][1] - -(-3l*c2*33*a4*c4 + cl*c3*a4*c4);
jacp[3][1][2] - (cl*32*33*a4*c4);
jacp[3][1][3] - (3l*33*a4*c4 - ol*c2*c3*a4*c4);
jacp[3][1][4] - (3l*c3*a4*s4 + cl*s3*c2*a4*34);
jacp(4][1][1] - -(-3l*c2*c3*a4*34 - cl*33*a4*34 + 3l*s2*a4*c4);
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jacp[4
jacp[4
jacp[4
jacp[l

jacp[l
jacpCl
jacp[l
jacp[2
jacp[2
jaop[2
jacpC2
jaop[3
jacp[3
jacp[3
jacp[3
jacp[4
jacpC4
jacp[4
jacp[4
jacp[l
jacp[l
jacpCl
jacpCl
jacp[2
jacp[2
jaop[2
jacp[2
jacp[3
jacp[3
jacp[3
jacp[3
jacp[4
jacp[4
jacp[4
jacp[4

[1][2]

[1] [3]

[1] [4]
[2] [1]

[2] [2]

[2] [3]

[2] [4]

[2] [1]
[2][2]

[2] [3]

[2] [4]

[2] [1]

[2] [2]

[2] [3]

[2][4]

[2] [1]

[2] [2]

[2] [3]

[2][4]
[3][1]

[3][2]

[3] [3]

[3][4]

[31 [1]

C3I[2]
[3] [3]

[3][4]

[3][1]

[3] [2]

[3] [3]

[3][4]

[3] [1]

[3][2]

[3] [3]

[3] [4]

cl*s2*c3*a4*34 + cl*c2*a4*c4);

3l*c3*a4*s4 + cl*c2*33*a4*34);

-32*cl*a4*34 + 3l*33*a4*c4 - cl*c3*c2*a4*c4);

-3l*o2«c3*a4*c4 - cl*33*a4*c4 -

3l*32*a4*34 - a2*c2*sl);

-cl*32*c3*a4*c4 + cl*c2*a4*34 - cl*a2*32);

-Sl*c3*a4*c4 - cl*c2*s3*a4*c4);

Cl*s2*a4*c4 + 3l*s3*a4»34 - cl*c3*c2*a4*34);

-cl*s2*o3*a4*c4 + cl*c2*a4*s4 - a2*32*cl);
-sl*c2*c3*a4*o4 - 3l*32*a4*34 - 3l*a2*o2);

sl*s2*s3*a4*c4);

3l*c2*a4*c4 + 3l*c3«s2*a4*34);

-ol*o2*33*a4*c4 - 3l*c3*a4*c4);

3l*32*s3*a4*o4);

-ol*33*a4*c4 - sl*c2*c3*a4*c4);

-cl*c3*a4*34 + sl*s3*c2*a4*s4);

-cl*c2*c3*a4*34 + sl*33*a4*34 + cl*32*a4*c4);

3l*s2*c3*a4*34 + sl*c2*a4*c4);

Sl«o2*s3*a4*34);

Cl*s3*a4*c4 - Sl*c3*c2*a4*c4);
-cl*c3*a4*34

-3l*s2*a4*34

s2*a4»s4 - a2*c2);
0.0;

(-02*c3*a4*c4

0.0;

0.0;

0.0;

(32*c3*a4*c4 - c2*a4*34 + a2*32);
(c2*33*a4*c4);

{-s2*a4*o4 + c3*c2*a4*34);

0.0;

(c2*s3*a4*c4);

(S2»c3*a4*c4);
(-s3*s2*a4»34);

0.0;

(c2*c3*a4*s4 - s2*a4*c4);

(-32*s3*a4*34);

(-c2*a4*34 + c3*32*a4*c4);

/* CALLING THE PSUEDO-INVERSE ROUTINE

p3uedo_inv (g,empty,3elect,w);
/* g is now the inverse of JJT */

/* INITIALIZING AND RECALCULATING THE ENTRIES

OF THE JACOBIAN

for ( i

[

1; i <- 7; ++i )

1; ii <- 7; ++ii )for { ii

(
jac[i] [ii] 0.0;

}

jac[l][1] - -psy;
jac[1][2] - cl*psz;
jac[l][3] - 31*32*(p8z+a2*32) - c2*(p3y-a2*c2*3l);
jac[l][4] - (3l*c2*33-cl*c3)*(p3z+a2*32) + (s2*33)*(psy-a2*c2*sl);

jac[2][1] - psx;
jac[2][2] - 3l*p3z;
jac[2][3] - -c1*32*(psz+a2*s2) + o2*(p3x-a2*c2*cl);
jac[2][4] - -(cl*c2*33+3l*c3)*(psz+a2*32) - (32*33)*(p3x-a2*c2*cl);
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jac[3][2] - -3l*psy-cl*psx;
jac[3][3] - c1*32*(psy-a2*c2*sl) - 31*32*(p3x-a2*c2*cl);
jac[3][4] - {cl*c2*33+3l*c3)*(p3y-a2*c2*3l)

-(p3x-a2*c2*ol)*(3l*o2*33-cl*c3);

/* THE DETERMINANT OF:
(JACOBIAN)*(TRASPOSE OF THE JACOBIAN) */

det - 1.0;

for ( i " 1; i <" 7; ++i )

(
if ( non[i] !" 0.0 )

{
det ■ det*non(i];

1

}

if ( det<0.0 )

{
det " - det;

}

/* THE GRADIENT OF THE MANIPULABILITY MEASURE

CRITERION

for ( i - 0; i <- 7; ++i )

{

3[i] - 0.0;

ss[i] " 0.0;

for ( 1

(
for ( i

1 <- 7 ; ++1 )

- 1; i <- 6; ++i )

for ( j - 1; j <- 6; ++j )
(

1; iii <- 7; ++iii )for ( iii

sCl] 3[

}
ss[ll

s[l] ■

1) + jacp(l)[i][iii]*jac[j](iii]
+ jaopdl [j] [iii]*jac[i] [iii];

■ 33(1] + g[i] C j]*3[l] ;
0.0;

zeta[1]

)

0.5*(sqrt(det))*ss[1]:

gH->one - zeta[l];
gH->two - zetaC2];
gH->three - zeta[3];
gH->four - zeta[4];
gH->five - zeta[5];
gH->3ix - zeta[6];
gH->seven - zeta[7];

break;

caae 6:
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MANIPULATOR VELOCITY RATIO IN THE DIRECTION

CORRESPONDING TO THE MINIMUM SINGULAR

VALUE (LINEAR MOTION CASE)

INITIALIZING VARIABLES

for

{

{ i - 0; i <- 3; ++i )

for ( ii " 0; ii <- 3; ++ii

(

.jjlti[il [ii] - 0.0;

for

(

( i - 0; i <- 7; ++i )

for ( ii "■ 0; ii <- 1; ++ii )
(

ddol[i] [ii] - 0.0
ddo2[i] [ii] - 0.0
ddo3[i] [ii] -0.0
ddo4[i] [ii] -0.0
ddo5[i] [ii] - 0.0
ddo6[i] [ii] - 0.0
ddo7[i] [ii] - 0.0
jzl[i] [ii] - 0.0;

for

(
(  i - 0; i <- 1; ++i )

for ( ii - 0; ii <- 7; ++ii
(

jzlt[i] [ii] - 0.0;

for

(
(  i - 0; i <- 7; ++i )

for
{

dhdo[i] - 0.0;
z[i] - 0.0;
zl[i] - 0.0;

( i - 0; i <- 7; ++i )

for ( ii - 0; ii <- 3; ++ii
(

jlt[i] [ii] - 0.0;

for ( i
[

0; i <- 7; ++i )

for ( ii - 0; ii <- 7; ++ii
(

jl[i][ii]
uni[i] [ii]
ul[i] [ii]

0.0;
0.0;
0.0;
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/* WEIGHTING F

gi » pow(gamal,0.5)
g2 ■ pow (gania2, 0.5)

g3 - pow (gaina3, 0.5)
el - pow(etal,-0.5)
e2 - pow(eta2,-0.5)
e3 m pow(eta3,-0.5)
e4 m pow(eta4,-0.5)

THE TRANSFORMED WRIST JACOBIAN

(UPPER HALF-PART)

jl[l][l] - -gl*psy*el;
jlCl][2] - gl*cl*ps2*e2;
jltl][3] - gl*( al*s2*(psz+a2*32) - c2*(psy-a2*c2*3l) )*e3;
jl[l][4] - gl*( (3l*c2*s3-cl*c3)*(psz+a2*32) + (32*33)*

(P3y-a2*c2*3l) )*e4;
jl[2](l] " g2*p3x*el;
jl[2][2] - g2*3l*p3z*e2;
jl[2][3] - g2*( -c1*32*(psz+a2*32) + c2*(p3x-a2*c2*cl) )*e3;
jl[2][4] - g2*( -(cl*c2*33+3l*c3)*(p3z+a2*s2) - (32*33)*

(p3x-a2*c2*cl) )*e4;
jl[3][2] - g3*(-3l*p3y-cl*p3x)*e2;
jlC3][3] - g3*( cI*32*(p3y-a2*c2*3l)-31*32*(p3x-a2*c2*cl))*e3;
jl[3][4] - g3*( (ol*o2*s3+3l*o3)*(p3y-a2*c2*3l) -

(p3x-a2*c2*cl)*(3l*c2*33-ol*o3) )*a4;

for ( i - 1; i <- 7; ++i )

{
for ( ii " 1; ii <" 3; ++ii )

(
jlt[i][ii] - jl[ii][i);

)

1

/* CALLING THE PSUEDO-INVERSE ROUTINE

p3uecio_inv ( jl,uin,3elaot,w );
/* jl i3 now a 3x3 inverae matrix of JJT */

/* THE INVERSE OF JJT

for ( i ■ 1; i <- 3; ++i )

(

for ( ii - 1; ii <- 3; ++ii )

(

jjlti[i][ii] - jlCi][iil ;
}

z IS THE PRODUCT OF THE INVERSE OF JJT BY

THE VECTOR IN THE DIRECTION OF THE MINIMUM

SINGULAR VALUE

for ( i - 1; i <- 3; ++i )
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(

)

for ( iii " 1; iii<" 3; ++iii )

{
z[i] - jjlti[il[iii] [3elect[0]1 + z[i];

}

/* MVR IN THE DIRECTION CORRESPONDING TO THE

MINIMUM SINGULAR VALUE */

rvl » 1.0/(sqrt (uin[I] [select [0] ] *z [1] + uni[2] [select [0] ] *z[2]
+ um[3][3elect[0]]*z[31));

fprintf(singularity,"%d %f\n",iteration, rvl);

/* ENTRIES OF THE VECTOR THAT CONSISTS OF THE PRODUCT

OF:

(TRANSPOSE OF THE JACOBIAN)*(Z-VECTOR) «/

11 " psz + a2*32;
12 " psy - a2*c2*sl;
13 - psx - a2*c2*cl;

jzl(l][ll - -gl*psy*al*z[l] + g2*psx*el*z[2];
jzl(2][1] - gl*cl*psz»el*z[l] + g2«sl*psz*e2*z[2]

+ g3*(-sl*psy-cl*psx)*e2*z[3] ;
jzl[3][l] - gl*( sl*s2*il - c2*i2 )*e3*z[ll

+ g2*( -cl*s2*il + c2*i3 )*e3*z[2]
+ g3*( cl*s2*i2 - sl*s2*i3 )*e3*z[31;

jzl[4][l] - gl*( (sl*c2*s3-cl*c3) *11 + (s2*s3)*i2 )*e4*z[l]
+ g2*(-(cl*c2*s3+sl*c3)*11 - (s2*s3)*i3 )*e4*z[2]
+ g3*((cl*c2*s3+sl*c3)*i2 - 13*(3l*c2*s3-cl*c3))*e4*z[3],

jzKS][1] - 0.0
jzl[6][1] - 0.0

jzl[7][1] - 0.0

/* PARTIAL DIFFERENTIAL OF jzl w.r.t. THETA */

ddol[l][l] - -gl*(cl*c2*c3*a4*c4 - sl*s3*a4*c4 +
cl*s2*a4*s4 + a2*c2*cl)♦el*z[l] t g2*(-sl*c2*c3*a4*c4 -
cl*s3*a4*c4 - sl*s2*a4*s4 - a2*c2*sl)*el*z[2];

ddol[2] [l] - gl*(sl*s2*c3*a4*c4 - sl*c2*a4*s4 +
3l*a2*s2)*e2*z[l] + g2*(-cl*s2*c3*a4*c4 + cl*c2*a4*s4 -
Cl*a2*s2)*e2*z(2];

ddol[3] [l] - gl*(-cl*c3*a4*c4 + sl*c2*s3*a4*c4)*e3*z [1] +
g2*(-Sl*c3*a4*c4 - cl*c2*s3*a4*c4)*e3*z[2];

ddol[4] [l] - gl*(-s2*sl*a4*c4 + Cl*s3*a4*s4 +
3l*c3*c2*a4*s4)*e4*z[1] + g2*(cl*s2*a4*c4 + sl*s3*a4*s4 -
Cl*c3*c2*a4*s4)*e4*z[21;

ddo2[l] [lJ - -gl*(-sl*s2*c3*a4*c4 + sl*c2*a4*s4 -
a2*s2*sl)*el*z[l] + g2*(-cl*s2*c3*a4*c4 + cl*c2*a4*s4 -
a2*s2*cl)*el*z[2];

ddo2[2] [l] - gl*(-cl*c2*c3*a4*c4 - cl*s2*a4*s4 -
cl*a2*c2)*e2*z[l] + g2*(-Sl*c2*c3*a4*c4 - sl*s2*a4*s4 -
sl*a2*c2)*e2*z[2] + g3*(s2*c3*a4*c4 - c2*a4*s4 + a2*s2)*e2*z[3] i
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ddo2[3][l] - gl*(cl*s2*s3*a4*c4)*e3*z[l] +
g2*(3l*s2*33*a4*c4)*e3*z[21 + g3*(c2*33*a4*c4)*e3*z[3];

ddo2[4][l] - gl*(c2*cl*a4*c4 + cl*c3*32*a4*34)*e4*z[1] +
g2*(3l*c2*a4*c4 + 3l*c3*32*a4*34)*e4*z[2] + g3*(-32*a4*c4 +
c3*o2*a4*34)*e4*z[3];

ddo3[l][l] - -gl*<-3l*c2*33*a4*c4 + cl*c3*a4*c4)*el*z[1] +
g2*(-0l*c2*s3*a4*c4 - 3l*c3*a4*o4)*el*z[2];

ddo3[2]Cl] - gl*(cl*32*33*a4*c4)*e2*z[l] +
g2*{sl*s2*s3*a4*c4)*e2*z[2] +g3*(c2*s3*a4*c4)*e2*z[3];

ddo3[31[l] - gl*(3l*33*a4*c4 - cl*c2*c3*a4*c4)*e3*z[11 +
g2*{-cl*33*a4*c4 - 3l*c2*o3*a4*o4)*e3*z[2] +
g3*(s2*o3*a4*c4)*e3*z[31;

ddo3[41[ll - gl*(3l*c3*a4*34 + ol*33*c2*a4*34)*e4*z[11 +
g2*<-cl*c3*a4*s4 + 3l*s3*c2*a4*34)*e4*z[21 +
g3*(-s3*32*a4*s4)*e4*z[31;

ddo4[ll[ll - -gl*(-3l*c2*c3*a4*34 - ol*33*a4*34 +
3l*32*a4*c4)*el*z[l] +g2*(-cl*c2*o3*a4*34 + 3l*33*a4*34 +
cl*32*a4*c4)*el*z[21;

ddo4[21[ll - gl*<cl*32*o3*a4*34 + cl*o2*a4*c4)*e2*z[11 +
g2*(3l*s2*c3*a4*34 + 3l*o2*a4*c4)*e2*z[21 + g3*(c2*c3*a4*34 -
32*a4*c4)*e2*z[31;

ddo4[31[ll - gl*(sl*c3*a4*34 + ol*c2*s3*a4*34)*e3*z(11 +
g2*(-cl*c3*a4*s4 + sl*c2*33*a4*34)*e3*z[21 +
g3*(-32*33*a4*34)*e3*z[31;

ddo4[41[ll - gl*(-s2«cl*a4*34 + sl*33*a4*c4 -
0l*c3*c2*a4*c4)*e4*z[ll + g2*(-3l*s2*a4*34 - cl*33*a4*c4 -
3l*o3*c2*a4*c4)*e4*z[21 + g3*(-c2*a4*34 + c3*32*a4*c4)*e4*z[31 ,

for ( i - 1; i <- 7; ++i )

(

jzltdl [il - jzl[il [11;
1

/* THE GRADIENT OF THE PERFORMANCE CRITERION

j -
for

{

1;

(  ; - 1; i <- 7; ++i )

dhdo[jl - -2.0*jzlt[ll[il*ddol[il[11 +
dhdo[j+ll - -2.0*jzlt[ll[il*ddo2[il[11
dhdo[j+21 - -2.0*jzlt[ll [il*ddo3[il [11
dhdo[j+31 - -2.0*jzlt[ll[il*ddo4[il[1]
dhdo[j+41 - -2.0*jzlt[ll[il*ddo5[il [11
dhdo[j+51 - -2.0*jzlt[ll[il*ddo6[il[11
dhdo[j+61 - -2.0*j2lt[ll[il*ddo7[il(11

dhdo[j1;
+ dhdo[j+11 ;

dhdo[j+21 ;
dhdo[j+31;
dhdo[j+41 ;
dhdo[j+51 ;
dhdo[j+51 ;

gH->one - dhdo[11;
gH->two " dhdo[21;
gH->three " dhdo[31
gH->four - dhdo[41;
gH->five - dhdo[51;
gH->3ix ~ dhdo[61;
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gH->3even - dhdo[7];

break;

case 7:

/**«****************************************************

MANIPULATOR VELOCITY RATIO IN THE DIRECTION

CORRESPONDING TO THE MINIMUM SINGULAR VALUE

(ANGULAR MOTION CASE)

for

(

}

for

INITIALIZING VARIABLES

( i - 0; i <- 3; ++i )

for ( ii - 0; ii <- 3; ++ii )

{

jjati[i][ii] - 0.0;
}

( i - 0; i <- 3; ++i )

for ( ii - 0; ii <- 1; ++ii )

{

ua[i][ii] - 0.0;

}

*/

for

(

( i - 0; i <- 7; ++i )

for ( ii - 0; ii <- 1; ++ii )

ddol[i][ii]

ddo2[i] [ii]
ddo3[i] [ii]
ddo4[i][ii]

ddoS[i][ii]

ddo6[i][ii]
ddo7[i][ii]

jza[i] [ii] ■

- 0.0

■ 0.0

■ 0.0

■ 0.0

■ 0.0

■ 0.0

- 0.0

0.0;

for

{

(  i - 0; i <- 1; ++i )

for ( ii - 0; ii <" 7; ++ii )

(

jzat[i][ii] " 0.0;

for ( i - 0; i <- 7; ++i )

(

dhdo[i] - 0.0;

z[i] - 0.0;

)
for ( i - 0; i <- 7; ++i )

151



for ( ii - 0; ii <= 3; ++ii )

{
jat [i] [ii] " 0.0;

for ( i

{

0; i <- 7; ++i )

0; ii <- 7; ++ii )for ( ii

{

ja[i][ii]
um[i][ii]

0.0;

0.0;

/* WEIGHTING F

g6 m pow (gaina6, 0.5)

g5 - pow(gaina5,0.5)
g4 - pow (gaina4,0. S)
el at pow(etal,-0.5)
e2 - pow(eta2,-0.5)
e3 pow(eta3,-0.5)
e4 - pow(eta4,-0.5)
eS - pow(eta5,-0.5)
e6 - pow(eta6,-0.5)
e7 m pow(eta7,-0.5)

/* THE WRIST JACOBIAN (3x7 LOWER HALF PART) */

ja[l][1] - 0.0;
ja[l][2] - -g4*sl*e2;
ja[l][3] - g4*cl*s2*e3;
ja[l)(4] - g4*( c1*c2*33+s1*c3 )*e4;
ja[l][51 - -g4*( (-s6*c7)*xl7 + (s6*37)*yl7 + c6*zl7 )*e5;
ja[l][6] - g4*( s7*xl7 + c7*yl7 )*e6;
ja(l] [7] -g4*( (px-p3X)/d7 )*e7;
ja[2][1] - 0.0;
ja[2] [2] - g5*cl*e2;
ja[2][3] - g5*3l*32*e3;
ja[2][4] - g5*( 3l*o2*33-cl*c3 )*«4;
ja[2][5] - -g5*( (-36*c7)*x27 + (36*37)*y27 + c6*z27 )*e5;
ja[2][6] - g5*( 37*x27 + c7*y27 )*e6;
ja(2)[7] - g5* ( (py-p3y)/d7 )*e7;
ja[3][1] - g6*el;
ja[3] [2] - 0.0;
ja[3][3] - g6*c2*e3;
ja[3][4] - g6*( -32*33 )*e4;

ja(3][5] - -g6*( (-36*c7)*x37 + (36*37)*y37 + c6*z37 )*e5;
ja[3][6] - g6*( 37*x37 + c7*y37 )*e6;
ja[3][7] - g6*( (pz-psz)/d7 )*e7;

for ( i - 1; i <" 7; ++i )

for ( ii - 1; ii <- 3; ++ii )

(

jat[i][ii] - ja[ii][i];

}

/* CALLING THE PSUEDO-INVERSE ROUTINE */

p3uedo_inv ( ja,um,3elect,w );
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/* ja is now a 3x3 inverse matrix of JJT */

/* THE INVERSE OF JJT *

for ( i " 1; i <" 3; ++i )

{
for ( ii - 1; ii <- 3; ++ii )

jjati[i][ii] - ja[i][iil;
}

)

/* z IS THE PRODUCT OF THE INVERSE OF JJT BY
THE VECTOR IN THE DIRECTION OF THE MINIMUM

SINGULAR VALUE */

for ( i - 1; i <" 3; ++i )

{
for ( iii - 1; iii <■ 3; ++iii )

z[i+3] - jjati[i] [iii]*um[iii] [select[0]] + z[i+3];
1

/* MVR IN THE DIRECTION CORRESPONDING TO THE MINIMUM
SINGULAR VALUE */

rva - 1.0/(sqrt(um[l][select[0]]*z[4] + um[2][select[0] ]*z[5]
+ um[3] [select[0]]*z[6]));

fprintf(singularity, "%f\n", rva);

/* ENTRIES OF THE VECTOR CONSISTING OF THE PRODUCT
OF;

(TRANSPOSE OF THE JACOBIAN)*(Z-VECTOR) */

jza[l] [1] - g6*el*z[6];
jza[2] [1] - -g4*sl*e2*z[4] + g5*cl*e2*z[5];
jza[3][1] " g4*cl*32*e3*z[4] + g5*sl*s2*e3*z[5] + g6*c2*e3*z[6];
jza[4][1] - g4*(c1*c2*33+s1*c3)*e4*z[4]+g5*(sl*c2*s3-cl*c3)*e4*z[51

+ g6*(-s2*s3)*e4*z[6];
jza[5] [1] " -g4*( -s6*c7*xl7 + s6*s7*yl7 + c6*zl7 )*e5*z[4]

- gS*( -s6*c7*x27 + s6*s7*y27 + c6*z27 )*e5*z[5]
- g6*( -s6*c7«x37 + 36*s7*y37 + c6*z37 )*e5*z[6];

jza[6] [l] - g4*(s7*xl7+o7*yl7)*e6*z[41 + g5*(s7*x27+c7*y27)*e6*z[5]
+ g6*(s7*x37 + c7*y37)•eS'z[6];

jza[7] [l] - g4*( (px-psx)/d7 )*e7*z[4] + g5*( (py-psy)/d7 )*e6*z[5]
+ g6*( (pz-psz)/d7 )*e7*z[6];

/* PARTIAL DIFFERENTIAL OF jza w.r.t. THETA */

ddol[2] [l] - -g4*cl*e2*z[4] - g5*sl*e2*z[5];
ddol[3] [l] - -g4*sl*s2*e3*z[4] + g5*cl*s2*e3*z[5];
ddol[4] [l] - g4*(-sl*c2*s3+cl*c3)*e4»z[4]

+ g5«(cl*c2*s3+3l*c3)*e4*z(5];

ddo2[3I [l] - g4*cl*c2*e3*z[4] + g5*sl*c2*e3*z[5] - g6*s2*e3*z[6] ,
ddo2[4][l] - g4*(-cl*s2*s3)*a4*z[41 + gS*(-sl*s2*s3)*e4*z[5]

+ g6*(-c2*s3)*e4*z[6];

ddo3[4] [l] - g4*(cl*c2*c3-sl*s3)*e4*z(4]

153



+ g5*(3l*c2*c3+cl*33)*e4*z[5]
+ g6*(-s2*o3)*e4*z[6];

<ido6[5][l] - -g4*( -c6*c7*xl7 + c6*37*yl7 - 36*zl7 )*e5*z[4]
- g5*{ -c6*c7*x27 + c6*37*y27 - s6*z27 )*e5*z[5]
- g6*( -c6*c7*x37 + o6*37*y37 - 36*z37 )*e5*z[6];

ddo7[5][l] - -g4*{ s6*s7*xl7 + s6*c7*yl7 )*e5*z[4)
- g5*( s6*s7*x27 + s6*c7*y27 )*e5*z[5]
- g6*( 36*s7*x37 + s6*c7*y37 )*e5*z[61;

ddo7[6][1] - g4*(c7*xl7-37*yl7)*e6*z[4]+g5*(c7*x27-s7*y27)*e6«z[5]
+ g6*(c7*x37 - 37*y37)*e6*z[6];

for ( i - 1; i <- 7; ++i )

{
jzat[l] [i] - jza[i] [1] ;

/* THE GRADIENT OF THE PERFORMANCE CRITERION */

3 -
for

(

(  i - 1; i <- 7; ++i )

dhdoCj] - -2.0*jzat[l][i]*ddol[i][1] +
dhdo[j+l] - -2.0*jzat[l)Ci]*ddo2[i][1]
dhdo[j+2] - -2.0*jzat[lHi]*ddo3Ci] [11
dhdotj+3] - -2.0*jzatCl] [i]*ddo4ti] [1]
dhdo[j+4] - -2.0*jzat[l]Ci]*ddo5[i][1]
dhdo[j+5] - -2.0*jzat[l][i]*ddo6Ci] [1]
dhdo[j+61 - -2.0*jzat[l][i]*ddo7[i][1]

dhdo[j];
+ dhdo[j+1];

dhdo[j+2]i
dhdo[j+3];
dhdo[j+4];
dhdo[j+5];
dhdoCj+6];

gH->one "

gH->two "

gH->three
gH->four ■

gH->five "
gH->six -
gH->seven

dhdoCl];

dhdo[2];

- dhdo[31;

■ dhdo[4];

■ dhdo[5];
dhdo [6] ;

- dhdo[71;

break;

THIS ROUTINE DECOMPOSES THE JACOBIAN USING THE

SVD DECOMPOSITION

GIVEN A MATRIX a[1...m][l...n], THIS ROUTINE

COMPUTES ITS SINGULAR VALUE DECOMPOSITION,

J - U.W.V(T) . THE MATRIX U REPLACES a ON OUTPUT

AND THE DIAGONAL MATRIX OF SINGULAR VALUES W IS

OUTPUT AS A VECTOR W[l...n]. THE MATRIX V, NOT
THE TRASPOSE OF V, IS OUTPUT AS V [1. . . nHl. . . n] .

p3uedo_inv ( a, direction,selection,w )
double a[81[8],direction[8][8], w[8) ;
int 3election[l];
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int flag, i, its, j, j j, k, 1,run;
double o,f,h,3,x,y,z;
double anorm-0.0,g-0.0,scale"0.0;
double rvl[8];

double w[8],V(8] [ 8];

int m,n;

double p[8] [8] ,inv[8] [8] ,wi[8] [8] ,sig[8] [8] ,atransp[8] [8] ;
double psig[81[8],sigt[8][8],pinv[8][8],prod_inv[8]C8],iden[4][4],
int ii,iii;
double att[7][7];

double smallest ;

double det;

int selectionl[1];

double larggest;

m»7;

n-7;

/* INITIALIZING VARIABLES */

for ( i - 1; i <- n; ++i )

{
for ( ii - 1; ii <- n; ++ii )

(

p[i] [ii] - 0.0;
v[i] [ii] - 0.0;

atransp[i][ii] - 0.0;
inv[i][ii] - 0.0;

prod_inv[i][ii] - 0.0;
pinv[i][ii] « 0.0;
direction[i][ii] » 0.0;

/* DECOMPOSING THE mxn MATRIX */

for ( i " 1; i <- n; i++ ) (

1 - i+1;

rvl[i] - 3cale*g;
g-s-scale-0.0;
if ( i <- m ) {

for (k»i;)c<"m;k++) scale +- fabs (a [k] [i] ) ;

if (scale) (

for (k-i;k<-m;k++) (

a[k][i] /- scale;
s +- a[k] [i]*a[k] [i];

1

f-a[i] [i];
g - -SIGN(sqrt(3),f);

h"f*g-s;
a[i] [i]-f-g;
if (i !- n) (

for (j-1;j<"n;j++) (
for(S"0.0,k-i;k<-m;k++) s +-a[k] [i]*a[k] [ j]
f-s/h;

for (k-i; k<»m; k++) a[k][j] +- f*a[k][i];
1

)

for (k-i;k<-m;k++) a[k][i] *- scale;

w[i] - 3cale*g;
g-s-scale-0.0;
if (i <- m SS i !- n) (

for (k-1;k<-n;k++) scale +- fabs(a[i][k]);
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if (scale) {
for ()c=l; )c<=n; k++) {

a[i][k] /- scale;
s += a[il [k]*a[i] [k] ;

}

f-a[i] [1];

g - -SIGN(sqrt(s),f);
h-f*g-s;
a[i] Cl]-f-g;
for (k-l;k<-n;k++) rvl[k]-a[i][k]/h;

if (i !" m) {

for (j-1;j<-m;j++) {
for (s»0.0,k-1;k<-n;k++) s +-a[j][k]*a[i] [k] ,
for (k-1;k<"n;k++) a(j][k] +- s*rvl[k];

}

)

for (k-l;k<-n;k++) a[i)[k] *- scale;

1

)

anorm-MAX(anonn, (fabs (w[i]) +fabs (rvl [i]))) ;

)

for (i-n;i>-l;i—) {

if (i < n) (

if (g) (
for (j-1;j<-n;j++)

v[j) [i]-(a(i] [j]/a[i] [l])/g;
for (j-1;j<-n;j++) (

for (s-0.0,k-l;k<-n;k++) s +- a[i][k]*v[k][j];
for (k-l;k<-n;k++) v[k] [j] +- s*v[k][i];

)

)

for (j-1;j<-n;j++) v[i][j]-v[j][i]-0.0;
}

v[i] [i]-1.0;

g-rvl[i];
1-i;

)

for (i-n;i>-l;i—) (

1-i+l;

g-w[i];
if (i < n)

for (j-1; j<-n; j++) a[i][j;-0.0;

if (g) (
g-l.O/g;
if (i !- n) (

for (j-1;j<-n;j++) {
for (s-0.0,k-l;k<-m;k++) s +- a(k)[i]*a[k][j];
f-(3/a[i] [i])*g;
for (k—i;k<-ni;k++) aCk] [j] +— f*a[k] [i] ;

)

)

for (j-i;jk-m;j++) a[j)(i] *- g;
) else (

for (j-i;j<-m;j++) a(j)[i]-0.0;

}
++a[i)[il;

for (k-n;k>-l;k~) {

for (its-l;its<-30;it3++) (
flag-1;
for (l-k;l>-l;l~) {

nm-1-1;

if (fabs (rvl [1] )+anonn — anorm)
flag-0;
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brealc;

1
if (fabs(w[nm])+anorm — anorm) break;

1
if (flag) (

c-0.0;

S""l. 0 ;

for (i-1;i<-k;i++) (
f-3*rvl[i];

if (faba (f)+anorni !- anorm) (
g-w[i] ;
h-PYTHAG(f,g);
w[i] "h;
h-l.O/h;

c~g*h;
3-(-f*h);

for {j"l;j<"m;j++) {
y-a[j][nm];
z-a[j][i];
a[j][nm]-y*c+z*3;
a[jl[i]-z*o-y«s;

}

z-w[k] ;

if (1 -- k) (

if (z < 0.0) {
w[kl - -z;

for (j-1;j<-n;j++) v[j] [k]-(-v[j][k]),
]
break;

}

X"w [1];

nm-k-1;

y-w t nm] ;
g-rvl[nm] ;
h"»rvl [k] ;

f» ((y-z)*(y+z) + (g-h)*(g+h))/(2.0*h*y) ;
g-PYTHAG(f,1.0);
f-( (x-z) * (x+z)+h» ((y/ (f+SIGN(g, f) ) ) -h) ) /x;

c-s-1.0;

for (j-1;j<»nm;j++) {
i-j+1;
g-rvl [i] ;
y-w[i];
h-3*g;
g-c*g;

z-PYTHAG(f,h) ;
rvl [ j]-z;
c-f/z;
3-h/z;

f-x*c+g*3;
g-g*c-x*3;
h-y*s;
y-y*c;
for (jj-1;jj<-n;jj++) {

x-v[ j j] [ j] ;
z-v[.j j] [i] ;
v[ jj][j]-x*c+z*3;
v[jj][i]-z*o-x*3;

)
z-PYTHAG(f,h);

w[ j]-z;
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if (z) (
Z"1 .^1 ■L ,-
c=f*z;
S"h*z;

)
f-(o*g) + (s*y) ;
x-(c*y)-(3*g) ;
for (jj-1;jj<-m; jj++) {

y-a[ jj] [ j] ;
z-a[ j j] [i] ;
a[jj] [jl-y*c+z*3;
a[jj] [il-z*c-y*3;

1
)
rvl[l]-0.0;
rvl[Ic]-f;
w[k]-x;

/* THE DIRECTIONS CORRESPONDING TO THE SINGULAR
VALUES */

for ( i - 1; i <- n; ++i )
(

for ( j-1; j <- n; ++j )
(

direotionCi] [j] - a[i] [j];
)

}

for ( i - 1; i <- m; ++i )

for ( j-1; j <- m; ++j )
(

atransp[i] [j] -a[j] [i];
}

}

/* THE SINGULAR VALUES OF THE DECOMPOSITION

for ( i - 1; i <- n; ++i )
{

if ( fabs(w[il) < 0.00001 )
(

w[i] - 0.0;

}

for ( i - 1; i <- ra; ++i )
(

for ( ii - 1; ii <- n; ++ii )

{
if ( i ~ ii )
{
3ig[i] [ii] - w[i] ;
)
if ( i !- ii )
{
sigCi] [ii] - 0.0;
)
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for ( i

{

1; i <- n; ++i )

if ( i 1 S4 (fabs(sig[l][1]) > 0.00001) )
(

larggest - 3ig[l]Cl];
selectionl[0] - i;

smallest - sig[l][l];
selection[0] ■■ i;

if ( i 1 && (3ig[ll[1] 0.0) )

larggest - sig[2][2];
selectionl [0] *■ i;
smallest - sig[2][2];
selection[0] « i+1;

)

if ((sig[i] [i] < smallest) && (fabs(sigCi][i]) > 0.00001 ))
(

smallest sig[i][i];
selection[0] - i;

)
if ((sig[i] [i] > larggest) && (fabs(sig[i] [i]) > 0.00001 ) )

{
larggest - sig[i][i];
selectionl[0] - i;

}

THE DETERMINANT OF THE DECOMPOSED MATRIX

det " 1.0;
for ( i - 1; i <- 7; ++i )
{

if ( sig[i][i] !- 0.0 )
(

det - det*sig[i] [i];

DETERMINING THE INVERSE OF THE JACOBIAN

for ( i " 1; i <- m; ++i )
{

for ( ii - 1; ii <- m; ++ii )
(

if ( (i — ii) && (fabs(sigCi)Cii] ) > 0.0) )
{

wi[i] [ii] - 1. O/sigCi) [ii] ;
}
if ( (i "» ii) && (fabs(sig[i] [ii]) — 0.0) )
{

wi[i] [ii] - 0.0;
1
if ( i !- ii )
(

wi[i] [ii] ■ 0.0;
)

for ( i - 1; i <- m; ++i )
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for ( j - 1; j <- m; ++j )

(
for ( iii "1; iii <" m; ++iii )

{

p[i][j] - v[i] [j]
+pCi] [j];

)

)

)
for ( i - 1; i <" m; ++i )

for ( j - 1; j <" m; ++j )
{

for ( iii - 1; iii <- m; ++iii )

inv[i] [j] - pCiHiii] *atransp[iii] [ j] + inv[i][j];
}

}

/* THE INVERSE OF THE PRODUCT OF:
(JACOBIAN)*(TRANSPOSE OF THE JACOBIAN) */

for ( i » 1; i <- n; ++i )

(
for ( ii - 1; ii <- m; ++ii )

{
for ( iii "• 1; iii <" n; ++iii )

prod._inv[i] [ii] - inv[iii] [i] *invCiii] [ii]
+ prod_inv[i] [ii] ;

/* changing the name of a that has contents of u to contents
of procl_inv */

for ( i - 1; i <- n; ++i )

{
for ( ii " 1; ii <- n; ++ii )

a[i][ii] - 0.0;

}

}

for ( i " 1; i <» n; ++i )

(

for ( ii - 1; ii <- n; ++ii )

a[i] [ii] - prodl_inv[i] [ii] ;
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