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ABSTRACT

In this thesis, a new analytic ﬁethod for the fusion of range and intensity
edge maps is presented. This method focuses on the integration of registered
information in order to increase one’s confidence in the presence/absence of
edges in a depiéted scene. The algorithm is based on the interaction between
two constraints: the principle of existence, which tends to maximize the value of
the output edge map at a given location if one input edge map features a strong
edge, and the principle of confirmability, which adjusts this value according to
the edge content in the other input edge map at the same location by maximizing
the similarity between them. The latter two maximizations are achieved using
the Euler-Lagrange Calculus of Variations equations. This method was tested
with synthetic range/intensity data. The resulting edge maps combining both
range and intensity data satisfy both principles of existence and confirmability.

This method is extended to another type of registered data, namely color
edge maps. The range-intensity fusion algorithm is used twice in the frame of
its extension to color edge detection. A color component is selected and fused
with each of the other two components. This step provides two intermediate edge
maps which implicitly contain information about the three color components.
These intermediate edge maps are then combined to yield the final color edge
map. Experiments were conducted using not only the red, green, and blue

representation of color information but also other bases.
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CHAPTER 1

Introduction

1.1 Statement of the Problem

Computer vision has traditionally utilized an intensity or color camera as a
source of information. A camera projects the observed 3-D scene onto a 2-D
image plane. The resulting digitized array of data does not explicitly contain
the depth component. Scene analysis involves the extraction of various kinds
of information from the recorded data in order to describe or build a model
of the original scene. In order to perform robotic tasks such as path planning
or autonomous guidance, it is highly desirable to obtain information about the
geometry of the scene. :

Despite their lack of explicit depth information, intensity images contain
many clues regarding the shape of objects, and much research has been per-
formed to explore them. Techniques developed for extracting 3-D infbrmation
from a single intensity image include depth from focusing [1], fexture gradi-
ent (2], and other sources [3]. Research has also been conducted to obtain range

from two or more images. Examples of this approach are stereo-imaging [4]

and motion related techniques [3]. Contrived lighting approaches have also been




examined [5]. All of the above techniques can be classified as indirect methods.
Their performance is limited by several factors including restricting assumptions
and/or heavy computational burden [6].

In order to overcome these problems, researchers have explored direct range
measuring techniques, which involve producing an energy beam, directing i on
the scene, and measuring the reflected signal. Developed measuring systems in-
clude triangulation systems, ultrasonic range finders, and laser range finders [7].
The first two of these systems present inherent performance restrictions. The
triangulation method suffers from the “missing part” problem [6], which is due
to the necessary distance between emitter and receiver. The performance of the
ultrasonic range finder is limited because of the tendency of surfaces to reflect
an acoustic wave with a reflection angle equal to the incident angle, thus failing
to send a strong enough signal back to the receiver when the incident angle is
significant. Laser range finders, however, are more accurate. They provide range
information either by emitting a laser pulse and measuring the time elapsed be-
tween the emission and the detection of the reflected signal, or by emitting a
laser beam modulated by a continuous sinusoidal wave and measuring the phase
shift between the emitted and the reflected waves. By scanning a scene in a
raster fashion, it is possible to record an array of data which contains explicitly
the geometry of the scene.

Important research efforts are being devoted to making laser range finders

faster and better (improvement of the signal to noise ratio, resolution, etc... ).




Also, much research is currently being invested in the open field of range data
analysis [8]. Due to their explicit 3-D information, range data appear to be
more appropriate than intensity data for robotic tasks involving, for instance, |
autonomous guidance.

However, this recent availability of good quality range images certainly does
not render the intensity data obsolete. The question whi‘ch arises from the
simultaneous availability of both sources is how to combine them. This thesis
solves some aspects of this problem.

A preliminary obstacle in their combination is the registration problem. It is
necessary that the pixel location (¢, ;) in the intensity and range images corre-
spond to the very same point in the scene. When utilizing a camera and a range
finder, which are separated from each other by some dista.n‘ce, the registration
task is not a trivial one. However, the use of a laser range finder based on the
phase difference measurement solves this problem. The emitted wave modulated
laser beam is partially absorbed by the object reflecting it. The level of absorp-
tion is related to the reflectance of this object. Consequently, the amplitude of
the reflected wave gives a clue to the luminance of the object in the scene. By
measuring this amplitude (as well as the phase difference), registered brightness
and range data can be obtained. It will be assumed for the remainder of this
work that the range and intensity images are registered.

The integration has one of the two following goals: (1) the exploitation of the

complementarity of range and intensity in order to obtain hybrid information,




i.e., information which could not be extracted from a single sensory source, or (2)
the éxploita.tion of their correlation in order to increase the degree of confidence
regarding the presence/absence of a feature. It is vclea.r that, as far as the second
case is concerned, correlation is sought, not between the range and intensity
data themselves, but between maps of tokens extracted from these data. The
feature or token extraction sfep is necessary in order to present the data in a
similar form. It is understood that the selected token will be likely to appear in
the two maps.

This thesis presents an analytical method for fusing maps of tokens de-
rived from registered range and intensity images. This principle is illustrated in
Fig. 1.1. The goal is to obtain a consistent map of tokens. The token or fea-
ture to be selected can be either intermediate forms (edges, shapes, etc...) or
structured forms (corners, convex hulls, etc...). However, the selected feature
in this study will be limited to edges. The reasons for this choice are both the
simplicity of edge detection in intensity and range images, and the wide area of
applications requiring edge extraction as a preprocessing step, which this work
could effectively improve.

The method presented is based on the interaction of two analytically formu-
lated constraints: the principle of existence, which tends to maximize the value
of the output edge map at a given location if the first edge map features an edge
at this location, and the principle of confirmability, which modifies this value

according to the edge contents in the other edge map at the same location by
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maximizing the similarity between them. The latter two maximization tasks
are formulated mathematically as two minimization functions: if the maximal
possiBle edge value is k, maximizing the existence of an edge can be expressed
as minimizing the following function: (k — edge function). Similarly, maximiz-
ing the similarity between two functions can be expressed as minimizing the
difference between them. A new functional called the fuston functional is de-
rived by calculating the weighted sum of the latter two minimizing functions:
( (existence) + A? x (confirmability) ). The minimization of this functional is
then achieved using the Euler-Lagrange calculus of variation equations.

The reader should sense the generality of this approach: although it is herein
introduced for the integration of range and intensity edge maps, it can easily
be extended to other sensory data and different kinds of tokens can be selected.
The only two requirements are (1) the registration of the input images and (2)
the existence of correlation between the maps of tokens derived from the input
images.

The generality of this method will be demonstrated by extending it to the de-
tection of edges in color images. Color information requires a three dimensional
basis for its representation. The task to be addressed here is one of calculating
independently three edge maps and fusing them. The first approach consists of
reformulating the principles of existence and confirmability for the case of three
inputs and fusing the three edge maps simultaneously. This approach will be

developed theoretically. The other idea involves performing an indirect integra-




tion scheme in which the edge maps are fused by pair (the algorithm performing
the fusion of two edge maps needs to be run several times). This method will

be implemented and tested.
1.2 Related Work

1.2.1 Integration of Range and Intensity Data

To the best of the author’s knowledge, the problem of integrating range and
intensity data appeared with the development of the first laser range finders.
Garvey [9] describes a system equipped with a color camera and a laser range
finder to locate a given object in a scene. The system uses various kinds of
knowledge to distinguish the target object from the other ones, and it has the
ability to plan each of the steps leading to the object location. This planning,
which is based on the optimization of the likelihood of success of the search
and the minimization of the time cost, allows the system to sense only the
data necessary to complete any particular step. In doing so, it best addresses
the problem of sensory data overload. In this work, the data integration is
restricted to choosing at each step which one of the range or intensity data
should be sensed, acquired, and processed.

Duda et al. [10] describe a laser range finder measuring the phase difference
between the emitted wave-modulated laser beam and the reflected wave as well

as the amplitude of this reflected wave. These two measurements yield registered




range and brightness images of the scene. They show how to use the data in
order to perform low level tasks such as the detection of jump boundaries, the
extraction of planar surfaces, and the extraction of the normal view of slanted
planar surfaces. This last task involves combining range and intensity data in
two distinct steps. First, the range data are utilized in order to obtain the
location and orientation of an oblique plane. Second, after this plane haé been
ﬁniformly sampled in its own 2-D cartesian coordinate system, the intensity
value is obtained at these points by interpolating among the recorded intensity
values. The perspective distortion is thus corrected [11].

In a follow up to this work, using the same laser range finder, Nitzan et al. [12]
proposed a sequential algorithm to extract planar surfaces of any orientation.
First, the major horizontal and vertical surfaces are extracted using exclusively
the range data. This step requires that the 3-D cartesian coordinate (z,y, 2) be
computed for every pixel. This task is performed by applying several transfor-
mations to the triplet (7, 7,7) where (¢,j) denote the image plane coordinate of
a pixel and r denotes its associated range value. Major horizontal surfaces are
extracted by detecting spikes in the z-histogram, and major vertical surfaces by
means of the Hough transform. The other surfaces are then obtained using the
intensity data, with the assumption that they have a constant reflectance.

Magee et al. [13] present a method for recognizing 3-D objects in multisen-
sory images. The method utilizes both intensity and range data for recognition

and avoids the time consuming task of sensing and processing an entire range




image. Their approach consists of recording an intensity image, extracting rele-
vant features from it, and selecting the critical areas for which range information
is needed. Depth is then measured for these preselected regions. Aggarwal aﬁd
Magee pursued this approach of intensity guided range sensing in order to de-
termine motion parameters [14,15].

More recently, Bixler and Miller [16] adopted this ideaAfor robot navigation.
They used a low resolution camera in order to obtain a first estimate of the
position of an obstacle, and then sense a selected area around the presumed ob-
stacle with a high resolution sonar in order to compute its exact location. They
utilized these data to build and update the robot world map for navigational
purposes.

Gil et al. [17] address the problem of combining intensity and range edge
maps. In their study, the Kirsh operator was used for the computation of the
intensity gradient, and the range edges were obtained by means of the evaluation
of the surface curvature at every pixel location. Two approaches are proposed for
the edge map combination. The first one consists of extracting edges appearing
in both edge maps by means of a local AND operator. The pixel values from the
intensity edge map are AND-ed with the kxk neighborhood of the corresponding
intensity edge map extracted from the range image. The second one is more
elaborate. It also consists of extracting common edges, but here, this task
is based on a global AND operation. Complete edges are extracted from the

intensity image and traced in the range edge map. During this process, short




gaps in the range edge map, if any, can be filled; also, this approach allows for

the elimination of spurious short edges by setting a minimal edge length.

1.2.2 Integration of Color Data

Color has not received nearly as much attention as intensity as applied to com-
puter vision. Gershon [21] argues that the major factor was of a technological
nature: the memory requirement and the computational burden linked with
color processing were prohibitive. However, today’s computer power and high
memory capabilities have greatly reduced these obstacles. Consequently, color
information is being increasingly used for computer vision applications. An ex-
ample of its use is the CMU Navlab which utilizes a multiclass adaptive color
classification scheme for finding and following roads [22].

As far as edge detection in color images is concerned, very little work has been
published. Again, this‘fact contrasts with the significant amount of publications
devoted to edge detection in intensity images [23).

Robinson [24] discussed the choice of color coordinates for edge extraction.
She considered several bases for the representation of color images (RGB, XYZ,
L*a*b*, etc...) and derived the corresponding edge maps with the Kirsh op-
erator. The visual differences are evaluated quantitatively by means of two
measurements: the energy of the color components and the activity of the edge
map associated to each. The final output edge map for each basis is obtained

by adding the three corresponding edge maps and thresholding the result.
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Nevatia [25] presents an algorithm for color edge detection which represents
an extension of the Hueckel intensity edge detector. He adopts an approach to
obtain the three color componeﬁts by which the three edge maps are computed
separately, but not quite independently: their computation is linked by a con-
straint. It is relevant to highlight the principle of the Hueckel edge detector: it
consists of ﬁtting an optimal step to the circular neighborhood of a pixel, and
of characterizing the actual edge by the parameters of the optimally fitted Step
function. These parameters are: position, orientation, amplitude, and profile.
The algorithm proposed by Nevatia consists of computing the Hueckel edge op-
erator for the three color components with the constraint that, for any given
pixel, the direction of the fitted edge be the same for the three images. In other
words, one of the four parameters characterizing the edge is not free. The final
step consists of the integration of these three edge maps in order to produce
the output edge map. This is performed by linking the edges which present
compatible color characteristics. Edges are said to be compatible if they have a

similar direction when represented in the color space.
1.3 Synopsis

The rest of this thesis is organized as follows. Chapter 2 presents the an-
alytical formulation of the fusion algorithm for two edge maps. Two different

orders of precision are investigated. Chapter 3 describes two approaches for the

11




extention of this algorithm to the fusion of three edge maps. The first approach
consists of fusing three edge maps simultanously; the second one is based on a
pair—w;ise fusion scheme. Chapter 4 deals with the numerical solution. The ex-
periments for the fusion of two and of three edge maps are provided in chapter
5, as well as an evaluation of the performance of the fusion scheme. Finally,

some concluding remarks are given in chapter 6.
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CHAPTER 2

Fusion of Two Registered Edge Maps

2.1 Analytical Formulation

The task addressed in the frame of this chapter is the fusion of the two
edge maps derived from two registered and correlated digital images. The edge
values are normalized between zero and one. In order to ease the mathematical
formulation, these digital arrays of data are modeled by continuous functions.
Let Ey(z,y) and Ey(z,y) denote the two continuous representations of the input
edge maps, and E(z,y) denote the output edge map resulting from their fusion.

The output can be expressed as an unknown functional F' of the two inputs:

E(‘Tay) = F(El(xay)’ EZ(z,y))°

The different steps involved in the data integration process are highlighted in
Fig. 2.1. The focus in the following mathematical developments is the deter-
mination of the fusion functional F. Assuming that F' is analytic, it can be

expanded in a converging Taylor series:
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E(x,y) = F(E](Qf,y), E2(xay))

= F(El(:BanO)’ E2(x0’y0))

+HmF(Bx(a,), Bule0) (Bie,y) ~ Ba(eo, )
+HgFE(,0), Ba(a,1)) (Bae,) = Balzo, )

+ 51 F(Bi,9), Ba(e,0) (Bx(a,y) = Bilao, o)

+ 51 FB(E:), Bz, (Balz9) = B, o)
1 0*

+§T( aElaE2 F(El(x, y)v EZ(w’ y)))
X(E1(z,y) — Ex(Zo, y0)) (Ea(z,y) — Ea(zo, y0))

The above expression can be developed and then factorized in terms of the

powers of the inputs, thereby yielding the formula:

E(z,9) =33 ai(e,v)Ei(z, ) Eiz,v),

1=0 j=0

where Ei(z,y) is the ith power of Ey(z,y), Ei(z,y) is the jth power of Ex(z,y),
and a;j(z,y) are unknown coefficients. Each a;;(z,y) can be expressed as an
infinite sum containing partial derivatives of the functional F* of the orders (i +35)
and higher.

By expanding the functional F' in Taylor series, the problem of determining
F becomes the problem of determining the unknown coefficients of its Taylor se-

ries. However, there are infinitely many a;;’s and it is not possible to determine




accurately each one of them. Consequently, it appears logical to attempt only
a good approximation of the real solution. Each coefficient a;; can be written
as follows: a;; = al;/(¢ 4+ j)! and it has been proveﬁ [26] that the Taylor series
expansion of analytic functions converges, i.e., the a},’s are bound. Therefore,
the value of the a;;’s decreases rapidly with increasing value of (i + j). Sim-
ilarly, the product Ei(z, y)E%(:I:, y) decreases in this same manner as Ey(z,y)
and Ey(z,y) are normalized between “0” and “1”. Thus, the contribution of the
terms (aij(z,y) Ei(z,y) Ej(z,y)) decreases significantly as (i + j) increases.

These considerations allow the approximation of the fusion functional F by a
truncated version of its Taylor series. What must be determined is the number
of terms to be kept. Clearly, the approximation will improve as the order of
truncation becomes higher, as more precision is sought. On the other hand,
the number of unknown coefficients also increases with the order of truncation.
These coefficients can only be determined by means of imposing constraints, and
the higher the order ¢f truncation, the more constraints required. The difficulty
is that each constraint imposes some form of restriction upon the coefficients.
It is imperative that the constraints be meaningful. Otherwise, the restrictions |
imposed upon the coefficients would be erroneous, and the coefficients would
therefore be inaccurate.

Obviously, there must be a compromise between the order of truncation of
the series which may yield a good approximation, and the number of coefficients

which can be determined with accuracy through meaningful constraints. The




next two sections will investigate two different orders of truncation of the Taylor
series.

Note that regardless of the order.of truncation of the Taylor series, it appears
that one coefficient, namely, aoo(z,y), can be discarded (ago(z,y) = 0). This
coefficient’s irrelevance is a consequence of the recognition that all contributions
to E(z,y) must.be related to the inputs E;(z,y) and Ey(z,y):

%

E(z,y)= Y. ai(z,y)Ei(z,y)Ei(z,y).

1,7=0
(4.7)#(0,0)

In the following sections, the dependency upon the independent variables

and y will be assumed, but not explicitly denoted.

o0
i g
E = Z a,-jE{Ez.
§,7=0 X
(3,5)#(0,0)

2.2 First Order Approximation of the Fusion Functional

In this section, the case will be examined for which the Taylor series ex-
pansion of the fusion functional F' is truncated at the first order. This rough

approximation leads to the following equation:
E = a10E1 + amEg, (21)

which is simply a linear combination of the inputs.




2.2.1 Fusion Constraints

In order to determine the coefficients @19 and ag;, three meaningful constraints
can be expressed.
(A) Normalization Constraint

The expression (2.1) can be normalized so that 0 < E < 1. As E; and E,
have already been normalized, this process will affect only the coefficients aq

and ag;:

1
Enorm = —_—\a E + a E
a0 + o, ( 1041 01 2)

= ab + ﬁE%

with o = ay0/(a10 + ao1) and 8 = (1»01/(010 + ao1).
As a result of this scaling, & and 3 are linked by the relation: a + 4 = 1.

For the remainder of this section, the only expression of interest will be the
normalized expression. As no ambiguity exists, the reference to the normaliza-

tion can be omitted:
E = aE,+BE,.

The relation a + 3 = 1 reduces the number of unknowns to one.
(B) Principle of Existence

As the goal of this work is to enhance a feature, if any exists, there must
be a constraint which allows E to be significant. This constraint is called the

principle of existence. As E has been normalized, the highest value it can reach
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is one. Thus, the problem of maximizing E can be expressed as the minimization

of the expression (1 — E). This constraint can be formulated as follows:
//mm(l — E)*drdy Minimum.
Let f denote the function (1 — E):
f = 1-E=1-(aFE, + BE,).
By using the dependency relatioﬁ introduced by the normalization constraint,
f = 1-E;,—(E — Ej)a.

(C) Principle of Confirmability

The key to this third constraint is the fact that the two sensors record two
fairly correlated and registered arrays of data. Consequently, some similarity is
expeéted between the edge maps E; and E,. The expectation is that E; and
E, vary at the same location. This property can be termed the principle of
confirmability. The presence of an edge in one map should be confirmed by the
presence of an edge in the other. Mathematically, the similarity in the variation
of the edges can be expressed as a minimization problem of the difference of

their derivatives:
/ / IV(aE, — BE,)||*dzdy Minimum,

where the symbol V stands for the differentiation symbol with respect to the

two independent variables r and y. Let g denote the minimization function:

g = lIV(aE, - BEy)|?
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= [(aEy - BE;),)* + [(aEy — BE,),)

= g1 +93
with ‘
g1 = (aBy — BE;): = ((Br+ Ez)a — E3),
= (B + Ez)ay + (Erz + Exg)a — By,
and

92 = (aE - BE),

= (El + E2)ay + (Ely + E2y)a - E2y .

The notations which were introduced allow the rewriting of the minimization

problem as follows:
/ / (91 + g% )dz dy Minimum.

2.2.2 Mathematical Developments

The constraints provide the following equation:

a+p = 1,

and the two following expressions to be minimized simultaneously:

[] fdedy,

/</SCBTL€ (g% + g%)dx dy k




with

f 1—E2—(E1—E2)a
g1 = (E1+ Ey)a, + (B + Exp)a — Egp

g2 = (El + E2)ay + (Ely + E2y)a - E2y .

In order to optimally minimize the two above integrals simultaneously, it is

necessary to create the new function
G = f 4+ 2o +0),

and apply the calculus of variations technique to the integral

[ fo Gteds

where G explicitly depends upon the two independent variables ¢ and y, and
upon a(z,y) and its partial derivatives fa(z,y)/0z and da(z,y)/0y. The con-
stant A must be regarded as a weight factor which allows for the emphasis of
either the principle of existence or the principle of confirmability.

If there exists a function @ = a(z,y) which minimizes the integral

// G(z,y,a, 0z, a,)dz dy,
scene

then it must satisfy the Euler-Lagrange (E-L) equation [27,28]:

0G0 (9G\_ 8 (06 _ |
Ja Oz \ oy oy \Oa,) —




With the following explicit expression for G:
G = f+X\(¢+gh)
= (1 — E2 - (E] - Eg)(l)z
+/\.2{((E1 + Ej)ag + (Evp + Eop)a — En)2

+((Ey + Er)ay + (Ey + Eay)a — Eay)?},

the E-L equation is calculated as detailed here:

oG
507 = 2(E2 El)f + /\2 {2(E1x + E2:c)gl + 2(Ely + E2y)92}
0, 0G 0

5,
(aa ) = —(2’\2(E1 + E2)gl) = 2’\2(E1:c + sz)gl + 2)\2(E1 + Ez) 91
8 0G 6
50 (5a) = —<2A2(E1 + Ea)s) = 20 (Bry + En)ga + 20 (Br 4 Bn) 5 2.
y

Finally, the E-L equation yields:

dgr 0
(E; — E)f + N(E, + Es) (-aﬂJraiy?) =0.

By introducing the explicit expression of f, of J¢;/0z, and of d¢g; /0y and by
grouping the terms as coefficients of a and its partial derivatives, the following

equation results:

Elx + E2x Ely + Ely
az‘x+ayy+2 E2a +2E1+E2 O[y

N ( (B, — E,)? ViE; + E2)) o= (1 - Ey)(Ey — E,) V?E,
A2 (Ey + E,)? (Ey + E») AHE; + E,)? E,+E;’

This equation can be written more concisely:

2
v2a+— < V(E1+E2),VCY >+ ((

E, - E, V3 E, + E2)>
——=]a=C,
(E1 + E,)

it B BV
AMEr + Ez)) E, + E,
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with C being the R.H.S. of the previous expression, and < a,b > denoting the
scalar product of the vector a with the vector b.

It must be noted that the signs 6f E\., Evy, Ey;, Eyy, V’E,, and V2E; are
not relevant. Only their moduli are meaningful. This statement results from the
fact that the sign merely indicates if the transition is from a light to a dark area
or vice-versa for'the reflectance picture, or from near to far or far to near for
the range image. Given the different nature of the data, the kind of transition |
encountered has no importance. Only the existence and the magnitude of the
transition is relevant. Therefore, each derivative and laplacian appearing in the
previous equations stands for its own absolute value.

Summary:

The first order approximation of the fusion functional, when modeled con-
tinuously, is equivalent to solving one partial differential equation in « of the
form: .

Via + Aja, + Aray, + Asa=C.
The problem of the existence of a solution will be addressed in the section

devoted to the numerical solution.
2.3 Second Order Approximation of the Fusion Functional

This section aims at improving the integration process by truncating the

Taylor series expansion of the fusion functional F' at a higher order. The second




order truncation yields an expression containing five unknowns. (The constant

term has been dropped here, too).

E = a10E +ankE, + azoEl2 + aozEg + anELE;. (2.2)

2.3.1 Fusion Constraints

The second order approximation differs from the first order approximation by
its degree of complexity. However, both approximations address the same prob-
lem and, consequently, present similarities. Therefore, some of the constraints
expressed below are identical or similar to the ones detailed in section 2.2.1.
(A) Normalization Constraint

The normalization of E is performed by dividing its expression by the suﬁ

of the coefficients a;;:

1

Q10 + @o1 + Az + Aoz + a1

X [aloEl +anE,; + 020E12 + aozEg + a11E1E2]

Enorm

= aF, + BE;+vE? 4+ 6E? + ¢E2,

with
a10
a0 + Qo1 + az0 + ao2 + an
ag1
@10 + ao1 + azo + ap2 + any
a20
aio + ao1 + azo + do2 + a1y

do2
S =

=

aio + Qo1 + A0 + Aoz + a11




and

€= an
aio0 + @o1 + az + ao2 + an

The only expression which will be utilized in the remainder of this section is
the normalized one. Therefore, as no ambiguity will exist, the reference to the

normalization will be omitted:
E = OlEl + ﬂEg + ’)’E12 + 6E3 + €E1E2 .
The coefficients are linked by the dependency relationship:

a+B+y+6+e=1.

(B) Principle of Existence
As explained in section 2.2.1, a constraint is needed which maximizes the

value of the output E. Maximizing F is equivalent to minimizing the expression
(1-E):

/ /scene(l — E)*dzdy Minimum

Let f denote the minimizing function:
By introducing the dependency relationship between the coefficients,

f = 1- E1E2 — E1(1 - Ez)a - Ez(l — El)ﬂ

—El(El - Eg)’)’ - Ez(Eg - E1)6 .
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(C) Principle of Confirmability

This constraint seeks to emphasize the correlation existing between the two
input edge maps: edges are expected to be present in the two maps at the same
location, a correlation exploited by the aforementioned principle of confirmabil-
ity. Within the framework of this second order approximation, the principle of
confirmability must be expressed for the first and second order contributions.
Indeed, it results from the normalization of the inputs that E? is smaller than
E, and E? is smaller than E,. Thus, expressing the principle of confirmability
between (a.Ey +vE?) and (BE;+6E?) would systematically tend to act primarily
on the larger contributions, i.e., the first order terms. Therefore, confirmability

is expressed for both orders:

J [, IIV(aB: - BEp)|dzdy Minimum

/ /n IV(vEf - 6E3)||*dz dy Minimum.
Let g and h denote the minimizing functions:

9 = ||V(aE: - BE,)|?

= [(O‘El - ﬂE2)x]2 + [(aEl - IBEZ)y]2

= gi+gs,

with
g1 = Era, — E,f, + Ey,a — Ey 3

g2 = Elay - EQ,By + E1ya - EQyﬂ
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and

ho= ||[V(vE} - E3)|?

[(YEY = 6E).)” + [(VE} — 8ES), )

h? + R2,

with

hl = Ef’)’z - Eg&z + 2E1E11-’7 - 2E2E235

h2 = Elz’}’y - E225y + 2E1E1y’)’ - 2E2E2y6.

(D) Optimization of ¢

The last constraint is more vague than the previous ones and is more of
an ad hoc type. Let’s examine the expression of E and the influence of the
constraints (B) and (C) on the coefficients. As E; and E; are normalized,
the constraint (B), which seeks to maximize the numerical value of E, tends
to set the coefficient of the largest edge value to one, and the others to zero.
The constraint (C) corrects this tendency by stressing the correlation between
the Ainput edge maps. However, in neither of these constraints is the value of
e emphasized. The coefficient e should follow two tendencies: it must take a
significant value when both E; and E, are significant (and, in addition, should
increase and decrease with the value of E; and E;), and it must take a small
value at any location where only one map features an edge. This constraint will

increase the smoothness of the final edge map.




A straightforward constraint allowing e to be optimized is the following one:
/ / (aEy + BE; + vE? + §E? — u(z,y, Ey, Ey)e)Pdedy Minimum,

where u is a function designed to allow € to vary in the manner described above.
Consequently, u(z,y, Ey, E2) must yield a small value whenever E; = E; so
that € can reach a significant value'(in the interval [0,1]), and it must take a
substantial value whenever E; >> E, or E, >> E;. A solution to this problem
is u(z,y, F1, E3) = R(E), E;), where R denotes the ratio of the highest edge
value to the smallest: R = max(|E;1/E,|,|Ez/E;|). Thus, the above constraint

becomes
// (aEr + BE, + yE? + 6E2 — Re)*dzdy Minimum.

.The requirement that € increase and decrease with the value of E; and E; also
exists in this constraint, as (Re) tends to reach the value of (aEy + BE; +
vE? + § EZ) which is proportional to E; and E;. Let ¢* denote the minimization
function:

i = aEy + BE; + YE? 4+ 6EZ — Re.

By introducing the relation: e =1—(a + 8 + v + 6),

i = (B1+R)a+(E;+R)B+(E}+Ryy+(E;+R)§—R.




2.3.2 Mathematical Developments

at+B+y+ot+e=1

and four expressions to be minimized simultaneously:
/ Fdz dy
scene

/ / (g1 +g3)dwdy

J |

J e,

with

f=1-E

91 (aEl - 5E2)x

i
|
|
l
The constraints provide one dependency relationship:
92 = (aBy - BE2)y
hi = ('7’El2 - 6E§)z
hy = ('YE12 - 6E22)y

i = aFy+BE,++vE?+6E —¢R.
The dependency relation allows the reduction of the number of unknowns

from five to four. By writing e = 1 — o — 8 — 4 — §, the four unknowns to be

determined are a, 8, v, and 4.




The approach for simultaneously solving the four minimization tasks is simi-

lar to that described in section 2.2.2: it is necessary to create a new minimization

function G such that

G = f2+ XN(gf + 93) + p*(h} + RB2) + V%

and to apply the calculus of variations technique. If there exist four functions

a = a(z,y), B = B(z,y), v = v(z,y) and é = §(z,y) which minimize the integral

//scme G(z,y,,az,ay, B, Bz, By, ¥ Ver Vy» 6, bz, 6y )dz dy

then they must satisfy the Euler-Lagrange (E-L) equations:

T ) ) = 0

%) - ) =

5 ) -G = 0

& )~ wan) = 0
Computing the partial derivatives yields the following system:

(@) ~Ei(1-Ex)f +v3(EBi+R)i - NE (52 +%2) = 0
(5) —Ex(1—Ea)f + v2(Ea+ R)i + \2Ey(%2 + & —-‘12 = 0
(¢) —Ei(Br—E)f +v¥ (B} + Ry +p’EY (52 +52) = 0
(¢) —Ex(E2— E\)f +v(E]+R)i + E3 (52 +22) = 0.

Two linear equations of the type

aro+ asB + azy+ a0 +as =0




can be obtained by calculating the difference

(24 2) i (©49)

E, E, E?  E2
Solving this system of two equations allows the elimination of two unknowns,

say v and 9:

’)’=A1(1+A2,3+A3
6=B1a+Bzﬂ+B3.

By plugging these values into the P.D.E.’s (¢) to (d) and again performing the

same additions as above, 1.e.,

two linear relations between a and § are obtained from which a and 8 can be
calculated.

This solution yields the values for «, 3, v, and § which are obtained regardless
of the principle of confirmability. Indeed, the confirmability is implicitly con-
tained in the functions ¢, g2, h1, and h, which play no role in the determination
of the coefficients. This mathematical development shows that, as formulated,
this problem is underconstrained. In order to approximate the fusion functional
by second order truncation of its Taylor series, the series coefficients need to
be further constrained. The generation of additional meaningful constraints is
beyond the scope of this thesis. Once these constraints are formulated, the

resulting solution is expected to be very complex.
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CHAPTER 3

Fusion of Three Registered Edge Maps

3.1 Simultaneous Merging

3.1.1 Analytical Formulation

Let E,, E;, and E; denote the edge maps to be merged. The goal here is to
fuse the three edge maps in order to enhance the edge information in the scene.
The problem can be illustrated as shown in Fig. 3.1. It can be mathematically
modeled in a fashion similar to that adopted for the fusion of two edge maps.

The ouput E can be expressed as a functional of the three input edge maps:
E = F(El,Ez,E3) .

The functional can be expanded in Taylor series as follows:

E=} > > aunBiEiE;,
=0 j=0 k=0
where E7, denotes the nth power of the mth input, and a;;r the unknown co-
efficients. The value of the coeflicients a;;x decreases sharply with increasing

values of ¢, j and k as their denominator is (z + j + k)!, just as the value

of (E{EQE:’,‘) decreases, since Ey, E;,andE3 are scaled between 0 and 1. Con-

sequently, the contribution of (aijkE{EgEg) decreases rapidly with increasing
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Figure 3.1: Steps involved in the simultaneous fusion of three edge maps.



values of (¢ + j + k). The fusion functional may be approximated by the first

order of its Taylor series expansion:
E = agoo + a100E1 + ao10E2 + aoo1 £ .

The contribution of higher order terms are considered negligible. In addition,
the term aggp is set to zero, as all contributions must relate to the inputs. Finally,
by renaming the coefficients in the following manner: a = ajgo, b = do10, and

¢ = dgoy, the expression of E is as follows:
E = aE1 -+ bE2 + CE3 . (31)

In the following section, the problem of formulating and imposing meaningful

constraints for the determination of a, b and ¢ will be addressed.

3.1.2 Fusion Constraints

(A) Normalization Constraint
The normalization of E is obtained by dividing its expression by the sum of

the coefficients:

1
Enorm - m(aEl + bEZ + CE3)

= aF, + BE; +vE;s,

with a = a/(a+b+¢c), B=05b/(a+b+c), vy =c/(a+ b+ c). The reference to

the normalization will be dropped in the remainder of this section:

E =aF, + BE,+ vEs.
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The normalized coefficients are linked by the relationship:

a+pf+y=1.

(B) Principle of Existence

In order to enhance edge information, if any, there must be a constraint
allowing E to reach significant values. As E is normalized, the highest value it
can reach is one. Thus, the problem of maximizing E can be restated as the
task of minimizing (1 — E):

/ / (1 — E)*dz dy Minimum.
Let f denote the minimizing function
f=1—(aE1+ BE; +vEs).
By using the relationship among the coefficients, the unknown « can be replaced
by (1 — a — 3). Thus,
f=1—E3—(E1 -E3)a—(E2—E3)ﬂ.

(C) Principle of Confirmability

As the three inputs are highly correlated, the presence of an edge at a pixel
location in one map should be confirmed by the presence of an edge at the same
location in the other two maps. Consequently, the principle of confirmability can

be expressed for every pair of inputs. This statement leads to the minimization

of the three following expressions:

[ ] I9(aB: - BEy)|*dz dy




[ I9(aB: ~ yEs)lPdz dy

[ I(8E: - vEs)Fdzdy.

For convenience, the following notations will be introduced:

with

with

g = |IV(aEs - BEy)|I*

= [(aB) - BEy)z]* + [(aEy — ﬂEz)l{]z

91 + 92,

g1 = Eray — B33 + Evga + Ep 8

g2 = Eray — B30, + Eyya + Ey

= (IV(aB: - 1B
= 0By — (1 - a = AB] + (B — (1 — a— B)E),]

= h%'i'hg’

h1 = (El + ES)aa: + EBﬂx + (El:r: + E3x)a + E3zﬂ - E3x

hy = (Ey + Es)ay + EsfBy + (E1y + Esy)o + E3y8 — Esy;

= |IV(BE: —vEs)l|®
= [(BE2— (1 - a = B)Es)s]* + [(BE2 — (1 - a = B)E3), [’

2 -2
- 7’1+z27
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with

41 = Eza; + (E; + E3)B; + Esga+ (Eop + E3;)f — E3,

iy = Ezay + (B2 + E3)By + Esya + (Eayy + Esy)8 — E3y .

3.1.3 Mathematical Developments

The constraints lead to one linear equation:
a+fB+y=1

and four expressions to minimize:

J | e

[ L6+ sy

[ [ 0+ by dy

/ /scm(if"'ig)dx dy,
with

f = 1-E

g1 = (aEy - BEy),

92 = (aBEi - BEy),

hl = (aE1—7E3);L-

h2 = (QE1—7E3)y




o= (/BE2_7E3)3

1 = (ﬂEz-’)’Ea)y-

In order to solve simultaneously the four minimization tasks, it is necessary

to create a new functional
G = P4 X(g]+93)+ uP(h] +h])+ 0% +43) (3.2)

and to find its .minimum by means of the calculus of variations. In the equa-
tion (3.2), the coefficients A%, y?, and v? allow the emphasis of either of the
minimizing functions.

If there exists a pair of functions a = a(z,y) and 8 = A(z, y) which minimize

the integral
//mm G(z,y,a, az,ay, B, B, By)dz dy
then they must satisfy the Euler-Lagrange (E-L) equations:

G 8 r G 308G\
%0~ 5aBas) ~ 5ylsa;) =0

G 9 r9G 3 (9G _
o6 ~ s(a5,) ~ 3y(55,) = 0-

The explicit expression of G is as follows:
G = P+ X(g] +93) + #(h] +13) + V73] +43)
= (1 - E3 — (E1 - E3)01 - (E2 - E,I.’t)ﬂ)2
+2{(Broy — Eafe + Erpa — E8)?
+(E1ay - Ez,By + Elya - E2y:3)2}

+/~L2{((E1 + E3)a1‘ - EBIBI + (Elz + EBa:)a + EBzﬂ - EBJ:)2
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+((Ey + Es)ay + E3By + (Evy + Esy)a + Es 8 — E3,)?}
+V2{(E3a1‘ + (E2 + ES)/B:: + ESza + (E2z + E31:),3 - E3x)2

+(Esay + (Ez + E3)fy + Esya + (Eyy + E3y)8 — Esy)*} .

Detailed computations of the terms in the first E-L equation are as follows:

oG
a—a = —2(E1 - E3)f + /\2(2E11-gl + 2E1yg2)
/1'2(2(E11' + E3z)h1 + 2(Eyy + Esy)he) +
V2(2E31,Z'1 + 2E3yi2)
d ,0G a .
éz(aaz) = 6—2(2/\2E1g1 + 2#2(E1 + E3)h1 + 21/2E321)
— 2A2Elzgl + 2/\2E1% + 2”2(E1x + ESz)hl
+2y (E1 + E3)% -+ 2V2E3_.321 + 2v Eggzl
0 6 0G :
Ew BTay) = gy'(?)\ Eig; + 2u*(Ey + E3)hg + 202 Esiy)

)
= 2)\2E,q, + 2A2E1$ +2p%(Eyy + Esy)ha
di

+2u%(E; + Eg)— + 202 By + 202 Es a’; .

The first E-L equation is given by:

091 392

(Br - Bo)f + NEr(5- )+

612

6h1 y Ok 2E3(3“ 02,

The second E-L is calculated similarly:

0ga

hl Bhg
8y A

0
(B2~ B - MEAG + )+ B




0iy iy
2 ——— — ——
V(B + Bs)( 5 + 50 = 0.

The last step toward obtainiﬁg the final expression of the E-L equations
consists of plugging the explicit expressions of f, g1, g2, k1, h2, 11, and i3 into the
above two equations. The heavy computations involved in this undertaking will
not be included in this report. The result is a system of two partial differential

equations which can be written in the following matrix form:

A A Via B, By]Ja,
+ }+

A3 A4 V2,8 BB B4 ﬁz‘
lcl 02] [ay D1 ngl o F1

+ =
C3 C4 ﬂy D3 D4 ﬂ F2

The elements of the first matrix, A;, Az, As, and A4 are:

Al = /\2E12 + /Jz(E] + E3)2 + V2E§
A, = MNEE,+ ,Uz(El + E3)E; + V2E3(E2 + E3)
A3 = MNEE, + ,U2E3(E1 + E3) + V2E3(E2 + Ej3)

A4 = /\2E2E2 + /,L2E§ + I/z(Ez + E3) .
The elements of the second matrix, By, B;, B3, and B, are:

B, = 2)E\E, + 2u*(E E3)(Eyy + Es;) + 202 E3Es,
B, = 2)\E\Ey, +2u*(E, + E3)Es; + 20°E3(E,, + Es,)

B; = 2(—"\2E2Elz + #2E3(E1x + Es;) + V2(E2 + E3)Es;)

By = 2(/\2E2E27: + p*E3Es, + V2(E'2 + E3)(Eor + Es;)) .




The elements of the third matrix, Cy, C3, Cs, and C; are:

C] = 2/\2E1E1y + 2/12(E1E3)(E1y +-E3y) -+ 21/2E3E3y
C, = 2/\2E1E2y + 2,11,2(E1 + E3)E3y + 21/2E3(E2y -+ E3y)
Cs = 2(—/\2E2E1y + #2E3(E1y + E3y) + V2(E2 + E3)Es,)

Cy = 2(/\2E2E2§ + p*E3Esy + v} (E; + E3)(Esyy + E3y)).
The elements of the fourth matrix, Dy, Dy, D3, and D, are:

Dy = NE(Ei+ Eiyy) + ¢*(E1 + E3)(Erze + Eryy + Esgs + Esyy)
+v*E3(Esze + Esyy) — (Ey — E3)*

D; = MEy(Eys+ Evyy) + p*(Er + E3)(Esez + Esyy)
+12E3(Eqr + Eayy + Eszp + Esyy) — (Ey — E3)(Ey — Es)

D3 = NEyEiu+ Eryy) + p*Es(Erze + Evgy + Esgr + Esyy)
+v*(Ey + E3)(Esps + Eayy) + (Ey — Es)(Ey — Es)

Dy = MNEy(Ess+ Egyy) + u2Es(Esge + Esyy)

+V2(E2 + E3)(E2.’L‘l‘ + E2yy + Esz‘ + E3yy) .
Finally, the constants F; and F; are:

Fi = (4(E1+ Es) + vV*E3)(Essr + Eayy) — (Er — Es)(1 — Es)

F, = (#2E3 + Vz(Ez + E5))(Espr + Esyy) + (Ey — E3)(1—E3).
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3.2 Pair—wise Fusion

3.2.1 Motivation for this Method

The pair-wise approach to the problem of the merging of three edge maps pro-
vides an alternate solution to the one expressed in section 3.1. The motivation
for this new method is two-fold. First, it decreases the level of complexity of the
three-input problem by transforming it into several two—inpﬁt problems. Math-
eﬁlatically, this approach changes a complex system of two partial differential
equation (P.D.E.) with two unknowns to several independent P.D.E.’s, each of
them having only one unknown. This less complicated problem has already been
addressed in section 2.2. Secondly, this new method aims at improving the final
result. Indeed, there is an inconsistency in the formulation of the simultane-
ous fusion of three edge maps which c;oncerns the principle of confirmability.
It seems that there is no meaningful principle of confirmability integrating the
three inputs simultaneously. Therefore, confirmability was sought among pairs
of inputs, an approach which appears to be inconsistent with the philosophy
of the method. The line of reasoning is as follows: as a constraint cannot be
expressed which is appropriate for the method of merging three maps simulta-
neously, a slightly modified method is introduced so that a full compatibility
between the method and the constraints can be reached. This idea leads to
the pair-wise integration scheme. It is clear that this approach is not straight-

forward: after the input edge maps have been fused by pair, another step of




processing is necessary in order to combine these intermediate results in a final

output edge map.

3.2.2 Step 1: Pair—wise of Two Input Edge Maps

The input edge maps are fused by pair according to the method given in section
2.2. If the selected pair of input edge maps consists of E; and E;, the map
resulting from their fusion is denoted by E;; and called “intermediate edge map”.
It is expected that E;; = Ej;;. The number of inputs allows for three different

implementations of this fusion algorithm as shown in Fig. 3.2.

3.2.3 Step 2: Combination of Intermediate Maps

The intermediate edge maps obtained as shown in Fig. 3.2 contain redundant
information. Any pair of intermediate edge maps provides indirectly information
about the three original inputs. Combining , for example, E;; and E;; means
in reality combining a result derived from E; and E; with a result derived from
E; and Ej. Consequently, it appears sufficient to utilize only two intermediate
edge maps in order to produce the final output map. The efficiency of such
an approach must be explored. Utilizing only two intermediate edge maps to
produce the output can be considered as privileging one of the three inputs
(E;, for example) fusing it with the other two, and combining the results in

order to produce an output. The pair-wise fusion step provides two optimal

edge maps with regard to the principles of existence and confirmability, and




E | E, E; Input Edge Maps

Pair-wise
Fusion

Pair-wise Pair-wise
Fusion Fusion
‘V

Eq2 Eq3 Eq3 Intermediate
Edge Maps

Figure 3.2: Derivation of the intermediate edge maps.




the weight factor A? allows one of the principles to be emphasized. The two
intermediate edge maps which are derived as explained can then be combined
simply to yield the final edge map. Tests will be conducted using the arithmetic

average (E;; + E;)/2 and the geometric average (E;; . Ey)Y/2.
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CHAPTER 4

Numerical Solution

4.1 Derivation of the Difference Equation

The original problem was the fusion of two discrete edge maps derived from
two discrete input images. In order to ease the formulation of the fusion algo-
rithm, these digital arrays were modeled by continuous functions. By approx-
imating the fusion functional by the first order truncation of its Taylor series,
the problem of fusing the two continuously modeled edge maps was reduced to

one of determining the continuous function a(z,y) in the equation:

E(z’y) = a(x’y)El(xvy) + (1 - a(may))E2($’y) .

It was shown in section 2.2 that, by means of imposing several constraints and
applying the calculus of variations technique, a(z,y) must be a solution of the

partial differential equation (P.D.E.):
Vza(xa y) + A1($7 y)ax(xv y)+

Az(:l}, y)ay(:v, y) + A3($a y)a(wa y) = C(.’L‘, y) 3
with

Elx(w’ y) + E2a:(xa y)
Ei(z,y) + Es(z,y)

Al(wvy) = 2
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Ely(x) y) + E2y(x’ y)
El(ws y) + EZ(Z’ y)

A2(x, y) = 2

Er(z,y) — Ex(z,y) )2

A3(_$, y) = <)‘2(El(a}, y) + Ex(z,y))

V2Ei(z,y) + V2Ey(z,y))
El($, y) + E2($, y)

and

(1 — Ea(e,y))(Ea(2,y) — Ex(2,y))

C(z,y) = A Ey(z,y) + Eq(z,y))?

V2E2($,y)
Ei(z,y) + Ey(z,y)

After having transformed the original discrete framework to the continuous
domain for the convenience of the formulation, it is now necessary to return to
the discrete framework in order to solve the original task. The new notation,
a(z,7), as well as Ay(z,5), Ax(i,J), 4s(i,7), and C(s,5), will be introduced in
order to emphasize the discrete character of the next equations. The transfor-

mation from the continuous to the discrete model is obtained by means of the
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following approximations:

ale,y) = a(ij)
az(z,y) = (a(i+1,j)—a(i-1,7))/2
ay(z,y) = (a(i,j +1)—a(i,j—1))/2

Via(z,y) = a(i+1,j)+ali-1,j)+
a(t,j +1) + ai,j — 1) — 4a(, )
= V2a(s,j). |
By introducing these discrete approximations, the continuous partial differential
equation becomes a difference equation, whose expression is given here:
Ail6rg),
2

(4s(ir) = i) + (1 = 20T ai 1,5y 4 (1 - 2oy )

A , - A ', ) . . . .
w4+ 2280065 41 4 1+ 280G 41,5) = ¢G.g).
The coefficients are also computed discretely, and the derivatives and laplacians

which appear in their expressions are approximated in the very same manner as

the derivatives and laplacians of a(z,y):

1B +1,7) — By = L)l + |Ba(i 4+ 1,5) — Ea(i — 1,5))

A(i5) = ErGyj) + Ea(ir3)

o 1EG +1) = EyGyj = D+ |Ba(iyj + 1) — Eali,j — 1))
42(1,5) = Ei(i,7) + Exir5)

. Ei(i,5) = Ba(i,5) \*, IV2Ei(i, )| + | V2Ea(i, )|
Aalir) (A(El(z‘,j) n Ez(i,j))) By(i,5) + Eali, J)
Ciq) = A BlodBrling) = Buling)) | IVEi.j)

! N2 (Ex(i,) + Ea(ir)))? Ei(i,7) + Ealirj)
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The absolute values were introduced for the computation of the derivatives and
laplacians of E, and E,, as a consequence of the irrelevance of their sign as
explained at the end of the section 2.2. For conciseness, the coefficients of the

difference equation will be written as follows:

A(i
Al(zaJ)
2

Aq(i, g
A5G,
Ry; = 1+—2(2L]—)

M;; = As(i,j)—4

B; = 1+

and
Cij = C(Za] ) .
Thus, the difference equation becomes

Tija(i - l,j) + Lz’ja(i’j -1)+ Mja(i’j) + Rfja(i7j + 1) + Bija(i + I’j)

= Cy. (4.1)

The coefficients of the difference equation can be expressed as a pixel dependent
mask [Fig. 4.1]. This mask, applied at every possible picture element of the two
dimensional array of a(,j), yields the LHS of Eqn. 4.1. Note that this mask
is applicable at every pixel location with the exception of the ones situated

on the boundaries. Therefore, only (N — 2)? equations can be written, which

49




Figure 4.1: Mask representing the coefficient of the LHS of the difference equa-

tion.

involve (N — 2)? + 4(N — 2) unknowns. There are obviously more unknowns
than equations. In order to render this problem solvable, it is necessary to guess
the values of a(i,7) on the boundary, either by assignment to a fixed value, or
by extrapolation. This process transforms the original unbounded problem to a
boundary-valued problem. The task, then, becomes one of solving a system of
(N — 2)? equations with (N — 2)? unknowns.

The resulting system can be written in a matrix form as follows:
Ag = C. (4.2)

In this equation, the vector a has the dimension (N —2)? and was derived from
the original two dimensional array of a(, j)’s by reordering it according to the

following scheme:

a(p) = a(iN +j) = a(i,j),
for1<i<(N-2)and1<j <(N-2). The matrix Aisa (N —2)? x (N — 2)?
matrix and contains the coefficients T;;, Li;, M;;, Ri;, and B;; which are posi-

tioned according to the one dimensional reordering of the a’s. The vector C is of
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size (N —2)?. With the particular reordering of the a’s, the (N — 2)? x (N — 2)2
matrix A takes a simple form. The matrix A can be subdivided into (N — 2)?
submatrices of size (N —2) x (N —2). Let A;; denote these submatrices for
1 <4, 5 <(N -2). Any matrix A;; can be regarded as an (N — 2) x (N —2)
element of the matrix A. For any given i, all matrices A;; are identical to zero
with the exception of A;;—; (if ¢ > 1), A, and A;;41 (if : < N = 2). f‘ur-
thermore, A4;;_1 and A;;4; are diagonal. The only elements of A;; which can
be different from zero are the ones situated on the diagonal, upper diagonal, or
lower diagonal. Consequently, the matrix A is a sparse matrix. At most, five of
its coefficients are different from zero per line and per column, and their location

is known. The next sections will address the task of solving the Eqn. 4.2.
4.2 Direct Solution

The direct solution is straightforward and consists of inverting the matrix A

in order to obtain the unknown vector a:
a=A"1C.

Given the large size of the matrix A, the direct solution can only be implemented
if A presents some nice properties which allow the use of an algorithm, which
avoids most of the computational burden linked with the classical matrix inver-
sion method. Matrices easily invertible include symmetrical, block-symmetrical,

block-diagonal matrices, etc.... Other particular properties have also been ex-
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plored [29]. Despite the fact that A is a sparse matrix and that the location
of its non-zero coefficients follows an apparently simple pattern, the matrix A
does not belong to any of the categories already explored. The 'la.rge number of
its coefficients equal to zero would certainly allow for a reduction of the com-
putational burden in the inversion process, but this task would still be time

consuming. This approach will not be pursued further.
4.3 Iterative Solution

4.3.1 Principle

The purpose of iterative methods is to reach or approximate the exact solution
by a sequence of vectors o), a(® | ..., a® ... constructed according to the

following recurrence formula [30]:

a® = o0 4 FE(C — 4g*-D) (4.3)
or

o® = I- H(k)A)Q(k—l) +H®C (4.4)
where HM, H® .. H® .  is a sequence of matrices, the choice of which

will characterize the iteration process. For instance, the classical process of
successive approximation is reached if H¥) is chosen to be the identity matrix

(H® = I). The stationary process corresponds to the case for which the matrix

HF is fixed for all steps (H*) = H).




The above iteration formulas are obtained by multiplying the original system

by a matrix H before solving it:

HAq = HC
or

(HA-I+I)a=HC
or

a=(I-HA)ga+HC
or

a=a+ H(C - Aa).

The role of the matrix H will be explained in the next paragraph. By selecting
a different matrix H*) at every step, the Eqn. 4.3 and 4.4 are immediately

retrieved from the above derivation.

4.3.2 Convergence

Let a* denote the exact solution. The vector o* fulfills the equation: Aa* =C'.
At a given step (k—1), the algorithm yields the approximation ¥~V of o*. The
residual vector, which is a measure of the difference between the approximate
solution and the exact one, amounts to (C — Aa*~V). It can be seen from the
Eqn. 4.3 that o¢*=1) is modified by a quantity proportional to its residual vector
to yield a¥). The success of the iterative proc.ess, i.e., the guarantee that the

2)

sequence a(V), o(® ... o) ... converges toward a*, requires that the residual
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vector converge toward zero. It has been shown [29] that the convergence re-
quirement will be met if and only if the eigenvalues of the matrix (I — H¥)A)
in the Eqn. 4.4 are s;maller than one in modulus. .It is clear now that the matrix
H can be chosen at every step k in order to fulfill the above convergence condi-
tion. In fact, the matrix H can have two purposes: either to make the method
;:onverge or to increase its speed of convergence. The “best” matrix H*) would
be such that, at every step k, the eigenvalues of (I — H(¥) 4) are smaller than
but close to one in modulus. However, this determination is itself time costly.
It has been shown [29] that a sufficient condition assuring that the eigenvalues
of a given matrix are smaller than one is that any norm of this matrix is smaller
than one. This criterion will be utilized. The matrix H will be equal to kI,
where h is a constant and I stands for the (N — 2) x (N — 2)? identity matrix.
The constant h is proportional to the inverse of the norm of the matrix A. If the

elements of the matrix A are denoted by a;;, the norm is calculated as follows:

N-2
Al = min { 3 lai] |
J=1
for : = 1,2,...,N — 2. It is clear that the selected iterative process is of a

stationary nature.

4.3.3 Implementation

From a programming point of view, it is not possible to implement the iteration

process by means of matrices according to the general scheme:

o® = DotV 4+ B,
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with D = (I-HA) and E = HC. Indeed, the size of the matrix D is prohibitive.
For example, if the resolution of the recorded arrays of sensory data equals
128 x 128, the number of unknowns, after fixing the boundary values, equals
(126)?. Thus, the matrix D would be of size 126% x 1262. As the elements of
D are floating point numbers, its declaration would require about 32 Mbytes of
memory. This size is too large, even for a main frame computer. However, the
reduced number of coefficients different from zero in the matrix D = (I-HA)
allows for an approach requiring minimal memory space. Instead of storing the
coeflicients in large matrices, the original form of the difference equation will be

kept:

o¥(,5) = —hTa® (i -1,5) - hL;a* (i, - 1) +
(1 = hM; )a*V(, 5)

—hR;ja(k_l)(i,j + 1) - hBija(k—l)(i + 1,.7) +hC¢J .

Writing this equation for all ¢’s and j’s, with 1 <7, j < (N — 2), implements the
iterative process with minimal memory requirement. As each of the (IV — 2)?
equations have at most five coefficients, the membry allocation required of this
implementation amounts to less than 5_(N —2)? x 4 bytes, i.e., with N = 128,
320 Kbytes, as compared with the 32 Mbytes for the matrix formulation.

This method can be slightly modified in order to yield a cyclic process, by

which all the available a(¥)(m,n) are utilized when computing a!¥)(s, 5):

a¥(,5) = —hT;aW( - 1,5) - hLiaW(E,j — 1) +
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(1= hM; ;)™ (5, 5)

~hR;;a* V(1,5 + 1) — hBija* V(i +1,5) + hC;;.
This modification presents the advantages of always utilizing the latest infor-
mation and of further reducing the memory requirement, as the vector o is .

cyclically updated (there is no need for having a(*-!) memorized while a® is

being computed).
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CHAPTER 5

Experimental Results

This chapter illustrates by means of synthetic and real data the previ;)usly
described method for edge fusion. The input data consist of range and intensity
images for the fusion of two edge maps and of color images for the pair-wise
fusion of three edge maps.

As explained in the previous chapters, this study focuses on the fusion pro-
cess, not on any of the preprocessing steps from the recorded data to the edge
maps. The operator selected for deriving the edges is the Sobel operator [31].
The Sobel edge detector measures the discontinuity in the data at every pixel
location by approximating its z and y first derivatives. It is widely utilized for
intensity images. However, it is not completely suited for range data. Surfaces
which are slanted with regard to the image plane present a strong first derivative,
while the Sobel operator might yield a very low response at the intersection of
slanted surfaces. For these two cases, the Sobel operator will produce an unsat-
isfactory value. However, the Sobel operator performs well at jump boundaries.
Its use is appropriate for noiseless synthetic images containing few edges.

It is clear that some areas in both images do not contain edges. In order to

avoid running the edge fusion algorithm for these Areas, a threshold on the edge
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intensity must be specified. The edges will be fused only if their sum exceeds this
threshold. Also, a value for A must be specified. The mathematical expression
which is minimized is F(a) = (existence(a) + A conﬁrmability(a)).. As we have
no knowledge of how to choose or constrain A, it is left as a parameter. As
mentioned in the theoretical part, A could be constrained so that its optimal
value can be derived, but addressing this issﬁe goes beyond the scope of this
study. Tests are conducted with several values of A. These values can be chosen
so that both constraints on o have a sensible influence on its computation, or
so that one constraint be privileged.

The a’s obtained should theoretically fall in the interval zero to one. How-
ever, because of numerical errors, some values of a are negative, and some are
greater than one. This result can be explained by the fact that the edge maps’
second derivatives are required in the computation of the a’s, and the high noise
sensitivity of the second derivatives yield erroneous values which affect the value
of the a’s. A pure rescaling between zero and one would compress the sensible
values of « in a narrow interval. In order to eliminate the noise, the a’s must
be multiplied by a factor and then thresholded.

The results are presented as follows: The input edge maps to be fused appear
in the top left and top right corners of the pictures. The map containing the
values of « (scaled between 0 and 255), which is referred to as the fusion function,
appears in the bottom left corner, and the result (a x Inputl + (1 — a) x Input2)

is displayed in the bottom right corner.




5.1 Fusion of Range and Intensity Edge Maps

5.1.1 Test of Synthetic Data

The synthetically created scene consists of a cube on a vertical uniform back-
ground. The background is white, and the cube has been painted in a graded
fashion. Its front side is black, and the two visible lateral sides are black from
their intersection with the front side to their middle part before gradually chang-
ing to lighter shades. Their brightness at their intersection with the back side
of the cube is similar to the brightness of the background. In addition, a light
label appears on the cube’s dark front side. The intensity and range pictures
are displayed in Fig. 5.1 and Fig. 5.2. Their corresponding scaled edge maps are
displayed in Fig. 5.3 and Fig. 5.4.

There exists both differences and similarities in the edge map derived from
the range image and the edge map derived from the intensity image. The label
which appears on the front side of the cube in the intensity edge map is totally
absent in the range edge map. The edges located at the intersection of the back
side of the cube with the background are present in both images, but appear
much stronger in the range edge map than in the intensity edge map. Finally,
the edges located at the intersection of the front side of the cube with the
background are strong in both edge maps. Due to the use of the Sobel operator,
weak edges appear in both maps all over the lateral sides of the cube. They

correspond to the gradual changes either in the range or in the intensity values
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Figure 5.1: Synthetic intensity image.




Figure 5.2: Synthetic range image.
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Figure 5.3: Edge map generated from the synthetic intensity image.




Figure 5.4: Edge map generated from the synthetic range image.
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and are hardly visible. The results of the fusion of these two edge maps are
shown for the following values of A%: 1, 1.5, 2, 3 and 8. They are displayed in

Fig. 5.5 through Fig. 5.9.

5.1.2 Evaluation of the Fusion Scheme

These images allow clear vision of the scope of vﬁiation of the algorithm’s
results. For low values of ), typically, A < 1, the method fa,vors the principle
of existence. This can be observed in Fig. 5.5. The edges related to the label
appear in the fused edge map just as they are in the original intensity edge map.
Also, the strong edges appearing in the range data at the intersection of the back
side of the cube with the background are selected over the corresponding weaker
edges in the intensity data. For these two edges, the fusion function af(s, j) takes
either the value zero when selecting the edges from the intensity edge map, or
the value one when selecting the range edges. The only area for which the
fusion function does not take either of its extreme values is the intersection of
the front side of the cube with the background. At this location, Both maps
feature strong edges, and the fusion function performs an operation close to the
arithmetic average. The performance of the algorithm for low values of a could
be stated as follows: The algorithm performs an operation similar to an “OR”

function. It tends to select the maximum edge value among the two maps.

For large values of A, typically, A > 4, the method strongly emphasizes the

principle of confirmability. The edges which appear in the output edge map are
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Figure 5.5: Fusion of range and intensity with A = 1: original range edge map
(top left), original intensity edge map (top right), fusion function (bottom left),

and resulting fused edges (bottom right).




Figure 5.6: Fusion of range and intensity with A = 1.5: original range edge map
(top left), original intensity edge map (top right), fusion function (bottom left),

and resulting fused edges (bottom right).
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Figure 5.7: Fusion of range and intensity with A = 2: original rangé edge map
(top left), original intensity edge map (top right), fusion function (bottom left),

and resulting fused edges (bottom right).
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Figure 5.8: Fusion of range and intensity with A = 3: original range edge map
(top left), original intensity edge map (top right), fusion function (bottom left),

and resulting fused edges (bottom right).
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Figure 5.9: Fusion of range and intensity with A = 8: original range edge map
(top left), original intensity edge map (top right), fusion function (bottom left),

and resulting fused edges (bottom right).




those which exist in both images. This result can be seen in Fig. 5.9: The label,
which was exclusively present in the intensity edge map, has been eliminated in
the fused edge map. The fusion function at that location selects the ra.née data.
The interaction between the principles of existence and confirmability is most
noticeable for the edges located at the intersection of the back side of the cube
with the background. These edges appear fairly degraded if compared with the
values they reached in the range edge map, but they also appear significantly
stronger than they are in the intensity data. Even though the principle of
confirmability is highly stressed, it does not neutralize the effect of the principle
of existence. For large values of ), the fusion function removes the absent edges
while still emphasizing low edges if these are confirmed. The edges located
at the intersection of the front side of the cube with the background behave
much like they did for A < 1. Obviously, the fusion scheme is not expected to
perform in the areas where the inputs do not present any disparity; there is
nothing to fuse. Finally, an observation of the fusion function reveals several
lines on the lateral sides of the cube. It was mentioned earlier in this chapter
that a minimal threshold on the edge intensity must be specified. Most of the
gradual changes in the range or intensity data yield edge values which are smaller
than this threshold, and therefore, these very weak edges are not fused. These
unexpected lines correspond to areas where the edge intensity is just above the
threshold. Consequently, the edges are fused, but they are not visible in either

of the input maps, nor in the fused edge map. For this reason, these lines should
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be considered insignificant. To summarize, with high values of A, the algorithm
produces an output edge map comparable to but also “smarter” than an AND
operation.

For values of A within the range [1, 4], the outputs vary gradually between the
extremes. These cases are those for which the a's are distributed in the range
[0, 1], and the resulting fused edge mai) presents some characteristics which make
it different from AND/OR types of operatiops. As detailed above, the principle
of existence is highly predominant for A = 1 [Fig 5.5]. The influence of the
principle of confirmability begins to be noticeable with A = 1.5, as illustrated
in Fig. 5.6. By looking at this image, two main tendencies can be observed:
(1) The letter “C,” which appears exclusively in one of the input edge maps,
is substantially reduced in size and intensity in the fused edge map. (2) The
intensity of the vertical edge which is located at the intersection of the back
side of the cube and the packground is decreased. This edge is the range edge
which is the least confirmed in the intensity data, and therefore, is the first to
be affected by the influence of the principle of confirmability.

These two observations remain valid and are emphasized with increasing
values of A, as shown in Fig. 5.7 and Fig. 5.8. For A = 2, only a ghost of the
label is present in the fused edge map, and this ghost has almost disappeared
for A = 3. In addition to these developments, the influence of the principle of
confirmability extends to other areas, as for instance the horizontal edge located

at the intersection of the back side of the cube with the background.
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The power of the algorithm can be illustrated by thresholding the results
obtained with A = 3. The original edge maps are such that the intensity of the
label in the intensity edge rﬁap is very similar to the intensity of the edges at
the intersection of the back side of the cube and the background in the range

"data. It is interesting to compare the performance of the algorithm at these two
locations.. The thresholded version of Fig. 5.8 appears in Fig. 5.10. It is clear
in this image that the method allows the disposal of an unconfirmed edge of a
given intensity and the retention of a very slightly confirmed edge of the same
intensity. This ability is a major strength of the algorithm.

At this point, it would be desirable to test the method on real registered
range and intensity images. Unfortunately, this issue cannot be addressed in
the frame of this thesis. The reason for this is the need for a performing range
edge detector. Range edges in real data cannot be detected by means of a mask.
A good range edge detector should perform noise removal and should detect

both jump boundaries and edges at the intersection of slanted images.
5.2 Fusion of Edge Maps in Color Images

The algorithm designed to fuse two edge maps can be extended to the simul-
taneous and the pair-wise fusion of three edge maps. In this section, the pair-wise
extension is illustrated. As detailed in the section 4.2, this method comprises

two steps. The first consists of fusing two different pairs of inputs and the second
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Figure 5.10: Thresholded version of the fusion of range and intensity with A = 3.

The threshold equals 45 on the scale 0-255.




of combining their results. The functioning of the algorithm which performs the
fusion of two edge maps was illustrated and described in detail in the previous
section. Therefore, no synthetic data are utilized in the frame of this extension;
only real data are tested. The image which is used throughout this section is
represented in two different color bases, and the fusion is performed for these
two representations. The use of color information should provide an edge map
richer than one which would be derived from brightness data only. It would not
be appropriate to select high values of A. Such a choice would stress the prin-
ciple of confirmability which, in turn, would emphasize the uncorrelated areas
from each input map. The resulting fused edge map would certainly contain less
information than the brightness edge map. The principle of existence must be

privileged by choosing low values of A.

5.2.1 Fusion of Color Edge Maps in the RGB Space

The first representation is the widely utilized red, green, and blue (RGB) basis.
Fig. 5.11 displays the test picture in this system, and the corresponding scaled
edge maps appear in Fig. 5.12.

It can be observed from this image that the strength of the red edge map
is concentrated in the branches of the grape vine, in particular those located in
the top third of the picture. The blue image features the most defined edges at
grape boundaries, but also a very significant overall noise. The green edge map

contains edges for both the grape and the vine, while presenting a good overall
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Figure 5.11: Grape image: red component (top left), green component (top

right ), and blue component (bottom left).
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Figure 5.12: Grape image: red edge map (top left), green edge map (top right),

and blue edge map (bottom left).




signal to noise ratio, as well. Its strength appears at the leaf boundaries, which
are located toward the bottom of the grape bunch.

The RGB basis is known for providing highly correlated data. This property
can be easily seen in the edge maps in Fig. 5.12. Even though each picture has a
specific edge content, the information they carry appears highly redundant. For
instance, the large grape bunch in the ﬁliddle of the scene has a fairly similar
representation in the edge maps derived from the green and the blue images.
Due to this very noticeable correlation between the color components and to the
fairly high overall edge activity of the test image, the performance of the fusion
algorithm may not be as clear as in the case of the synthetic range and intensity
images.

The intermediate edge maps appear in Fig. 5.13 and Fig. 5.14. The first one
results from the fusion of the red component with the green component, while
the second one is derived from the red and blue input edge mapé. A low value
of A which favors the principle of existence was selected. These intermediate
edge maps are then combined by either calculating their arithmetic or their
geometric average. The result which appears in the bottom right corner of
Fig. 5.15 is derived by means of the arithmetic average. The red, green, and
blue original edge maps are displayed respectively at the top left, top right, and
bottom left corner of this same figure. Selecting the geometric average provides
a better noise immunition, but also tends to lose edge information, which is not

acceptable.
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Figure 5.13: Fusion of the red and the green component with A = .5: red edge
map (top left), green edge map (top right), fusion function (bottom left), and

intermediate edge map (bottom right).




Figure 5.14: Fusion of the red and the blue component with A = .5: red edge
map (top left), green edge map (top right), fusion function (bottom left), and

intermediate edge map (bottom right).



Figure 5.15: Fusion of the red, green, and blue components with A = .5: red
edge map (top left), green edge map (top right), blue edge map (bottom left),
and fused edge map, which is the result of the combination of intermediate edge

maps (bottom right).




5.2.2 Fusion of Color Edge Maps in the LT\T; Space

The second base utilized for the representation of color information is the LT} T,
which was introduced by Nevatia [25]. The L component is the luminance com-
ponent, while T} and T; contain implicitly the hue and the saturation informa-

tion. For any pixel location (3, ),

L(i,5) = .39r(i,5) + .509(3, ) + .118(3, 5),

C o 7'(").7)
TI(Z,J) - r(z,])-l—g(z,])'*'b(za]),

. g(%])
T2(Za.7) - T(Z,])+g(21])+b(z’])’

where r(2, 1), g(¢,7), and b(¢, j) stand for the red, green, and blue pixel intensity,
respectively. Note that the transformation is not linear. The grape image is
represented in this basis in Fig. 5.16, and the corresponding scaled edge maps
are displayed in Fig 5.17. It is clear that the color components are much less
correlated than they were in the RGB representation. The luminance component
tends to contain all edges, and the T} and T, components stress several edge
areas. For instance, the T} component contains mostly edges corresponding to

the branches of the grape vine.

The decreased degree of correlation allows for an improved observation of

the functioning of the fusion method, as compared to the tests performed in the




Figure 5.16: Grape image: luminance component (top left), 7y component (top

right), and T; component (bottom left).




Figure 5.17: Grape image: luminance edge map (top left), 77 edge map (top

right), and T, edge map (bottom left).




RGB space. Fig. 5.18 and Fig. 5.19 illustrate the derivation of the intermediate
‘maps. The final edge map, which is obtained by calculating the arithmetic

average between the intermediate maps, is displayed in Fig. 5.20.

5.2.3 Evaluation of the Pair—wise Fusion Scheme

As far as the RGB representation is concerned, the observation of Fig. 5.15
shows clearly the visual superiority of the fused edge as compared to any of the
edge maps derived from a single color channel. For clarity, the fused edge map
which appears in the bottom right corner of Fig. 5.15 is enlarged and displayed
in Fig. 5.21. In order to truly appreciate the performance of the algorithm, it
is necessary to make some further comparisons. The result will be compared
against the geometric average of the inputs ((R + G + B)/3) and against the
luminance or brightness edge map which would be derived from an original
black and white picture. These edge maps are displayed in Figs. 5.22 and 5.23,
respectively. Two main achievements of the fusion algorithm can be observed:
The edges intensity appears stronger and smoother in Fig. 5.21 than in the other
two displayed figures. This gain enhances the edges very significantly. These
properties remain valid exclusively for low values of A (< 1). Increasing A over
this value yields a degradation of the final edge map. As mentioned at the
beginning of this chapter, increasing the amount of confirmability emphasizes
the uncorrelated areas in the input edge maps. This edge degradation can be

observed in Fig. 5.24, for which A = 2.
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Figure 5.18: Fusion of the 77 and the luminance components with A = .5: T}
edge map (top left), luminance edge map (top right), fusion function (bottom

left), and fused edge map (bottom right).




Figure 5.19: Fusion of the 7 and the T, components with A = .5: T} edge map
(top left), Ty edge map (top right), fusion function (bottom left), and fused edge

map (bottom right).
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Figure 5.20: Luminance, T}, T3, and output edge maps with A = .5: luminance
edge map (top left), T} edge map (top right), T edge map (bottom left), and
fused edge map, which is the result of the combination of the intermediate edge

maps (bottom right).
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Figure 5.21: Edge map obtained by pair-wise combination of the (red, green)

and (red, blue) edge maps with A = .5.
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Figure 5.22: Edge map resulting from the arithmetic average of the red, green,

and blue edge maps.
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Figure 5.23: Edge map derived from the luminance image.
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Figure 5.24: Edge map obtained by pair-wise combination of the (red, green)

and (red, blue) edge maps with A = 2.
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For the LTy T; base, the superiority of the fused edge map with regard to
the T} and the T, components can be easily seen in Fig. 5.20. This edge map is
enlarged and displayed in Fig. 5.25, allowing a more detailed comparison with the
luminance edge map from Fig. 5.23. The fused edge map features stronger edges
than the luminance edge map for all the areas where the T; or T components
present significant edges, but not for the areas where the luminance component
is predominant. For these areas, the fusion algorithm induces an attenuation
of the edge values. This is noticeable, for instance, in the top left part of the
picture, at the level of the small grape. For the purpose of comparison, the
arithmetic average of the luminance, the T}, and the T, components is also
displayed [Fig. 5.26]. The edges in the fused edge map appear visually superior
to those obtained by calculating the arithmetic average of the three imput edge
maps.

Other bases have been investigated in the frame of these color experiments,
such as the XY Z, LIQ, and L*a*b*. The following ideas can be expressed: (1)
The fusion algorithm works well when the input edge maps are fairly correlated,
as illustrated by means of the RGB space. The fused edge map appears smoother

and more complete than the brightness edge map. (2) Applying the algorithm

to fairly uncorrelated data induces both gain and loss of information.
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Figure 5.25: Edge map obtained by pair-wise combination of the (77, L) and

the (T1,T3) edge maps with A\ = .5.
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Figure 5.26: Edge map resulting from the geometric average of the luminance,

T, and T, edge maps.
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CHAPTER 6

Conclusions

A new method for low level fusion of registered multisensory edge maps has
been presented. The algorithm differs strongly from those previously published
in its analytical formulation. The data merging process is expressed by means of
a fusion functional which is expanded in Taylor series and truncated. Meaningful
mathematically formulated constraints are imposed on the unknown coefficients
of the series, and the calculus of variations theory is applied to determine them.

The fusion of multisensory data is illustrated using registered range and
intensity edge maps. By varying the weight of the cbnstraints, the fused edge
map varies between a result similar to a local OR and a local AND operation
between the two edge maps. When the constraints are weighted in a balanced
fashion, the algorithm performs a true fusion by selecting contribution from the
two inputs simultaneously. This algorithm was extended to the fusion of three
edge maps and illustrated by means of color edge maps. The fused edge map
contains all edges present in the inputs with an increased smoothness.

Another strength of this algorithm is its generality. It can be extended to
other types of registered data. Also, different types of features can be extracted

and fused.
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